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Abstract

We study treatment effect estimation with functional treatments where the average po-
tential outcome functional is a function of functions, in contrast to continuous treatment
effect estimation where the target is a function of real numbers. By considering a flexi-
ble scalar-on-function marginal structural model, a weight-modified kernel ridge regression
(WMKRR) is adopted for estimation. The weights are constructed by directly minimizing
the uniform balancing error resulting from a decomposition of the WMKRR estimator, in-
stead of being estimated under a particular treatment selection model. Despite the complex
structure of the uniform balancing error derived under WMKRR, finite-dimensional convex
algorithms can be applied to efficiently solve for the proposed weights thanks to a repre-
senter theorem. The optimal convergence rate is shown to be attainable by the proposed
WMKRR estimator without any smoothness assumption on the true weight function. Cor-
responding empirical performance is demonstrated by a simulation study and a real data
application.

Keywords: Covariate balancing; functional data analysis; functional regression; repro-
ducing kernel Hilbert space

1. Introduction

It is well known that for observational studies where a treatment is not randomly assigned,
the estimation of average potential outcomes or contrasts (such as average treatment ef-
fects) is challenging due to possible confoundedness. This work focuses on estimating the
treatment effect with a functional treatment, in contrast to the vast majority of existing
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work that focuses on binary and continuous treatments. For motivational purposes, we
present a few examples as follows. To investigate the causal effect of temperature patterns
in a year on crop yields in the following harvest season, one could use daily maximum and
daily minimum temperature trajectories as functional treatments (Wong et al., 2019). To
assess human visceral adipose tissue, Zhang et al. (2021) used body shape as a functional
treatment and studied its causal effect on the tissue. In addition, biomedical researchers
may be interested in the causal effect of the activity profile on certain health indicators,
such as body mass index and waist circumference, which are potential indicators of obesity
level (Neovius et al., 2005). The activity pattern of an individual can be recorded by a
tracker during a certain time period, e.g., as in the Physical Activity Monitor data from the
National Health and Nutrition Examination Survey (NHANES) in 2005-2006. One could
transform a trajectory of activity intensity into a distribution of the intensity values (re-
spresented by kernel mean embedding (Muandet et al., 2017)) and take it as a functional
treatment. See Example 2 and Section 5.2 for more details.

There exists extensive literature on the estimation of average treatment effect (ATE) for
binary treatments, which is well summarized by several review papers (e.g., Imbens, 2004;
Stuart, 2010; Ding and Li, 2018; Yao et al., 2021). Extensions to multi-level categorical
treatments (e.g., Yang et al., 2016; Lopez and Gutman, 2017; Li, 2019) and continuous
treatments (e.g., Robins et al., 2000; Hirano and Imbens, 2004; Imai and van Dyk, 2004;
Imai and Ratkovic, 2014; Galvao and Wang, 2015; Zhu et al., 2015; Kennedy et al., 2017;
Fong et al., 2018; Li et al., 2020; Bahadori et al., 2022) are also abundant. Although there
is practical interest in the causal effect of functional variables, existing methods that can
be applied directly to functional treatments are scarce. To the best of our knowledge, only
three related works (Zhao et al., 2018; Zhang et al., 2021; Tan et al., 2022) are devoted to
estimating the causal effects of functional treatments using observational data, but each has
limitations that we seek to address. We will contrast our proposed method with these works
in detail below. We note that functional variables are sometimes treated as confounders
(e.g., McKeague and Qian, 2014; Laber and Staicu, 2018; Ciarleglio et al., 2018; Miao et al.,
2022) and outcomes (Zhao et al., 2018; Lin et al., 2023). Such settings are fundamentally
different from ours, where the functional variables are treatments, accompanied with vector-
valued covariates and a real-valued outcome.

With an unconfoundedness assumption, two modeling strategies are commonly adopted
to estimate causal effects. One is the outcome regression approach, which first estimates an
outcome regression model by treating both the treatments and confounders as predictors,
and then averages the regression prediction on a fixed treatment value over the observed
covariate distribution. The functional linear model, the most common scalar-on-function
model, is often employed for this purpose (Zhao et al., 2018). However, due to the limited
flexibility in characterizing the outcome given the functional treatment and multivariate
covariates using the functional linear model, inconsistent estimation can arise from model
misspecifications. Although some complex scalar-on-function regression models are avail-
able, model misspecification still pose a major risk for causal effect estimation. The other
approach is based on estimating weights that directly address the selection bias of functional
treatments. Compared to the regression approach, weighting methods try to mimic ran-
domized experiments that theoretically balance on all pre-treatment-assignment variables,
and do not involve the direct use of outcome data in constructing weights. As a result,
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they help to preserve the objectivity of the analysis and avoid data snooping (Rubin, 2007;
Rosenbaum et al., 2010). We adopt the weighting approach in this paper.

One of the biggest challenges in weighting for causal effect estimation of functional treat-
ments is that, unlike discrete or continuous variables, the density of functional treatment
is not well established due to its intrinsically infinite dimension (Delaigle and Hall, 2010).
This phenomenon also prevents a direct adaptation of existing estimators for continuous
treatment effects which often requires estimating density functions. To overcome this issue,
we define a weight function through reverse conditioning that is well-defined for functional
treatments and properly adjusts for the selection bias. We also propose a novel estimation
approach that directly computes weights via the idea of covariate balancing. Covariate bal-
ancing has recently become a popular approach in causal inference for observational studies
due to its advantage of providing a stable estimation of weights. For example, covariate
balancing methods have been developed for binary treatments (e.g., Hainmueller, 2012; Imai
and Ratkovic, 2014; Qin and Zhang, 2007; Zubizarreta, 2015; Wong and Chan, 2018; Wang
and Zubizarreta, 2020) and continuous treatments (e.g., Fong et al., 2018; Kallus and San-
tacatterina, 2019; Tübbicke, 2022), and for estimating conditional treatment effects (e.g.,
Wang et al., 2022).

Zhang et al. (2021) and Tan et al. (2022) also adopt the idea of covariate balancing to es-
timate the causal effect of functional treatments by weighting, but with several weaknesses.
The approach by Zhang et al. (2021) relies on a finite approximation of the functional treat-
ment by truncating the tail part of its functional principal components. The weights are
estimated by balancing the correlation between the covariates and the top functional princi-
pal components, which is directly generalized from Fong et al. (2018) to handle continuous
treatments. This approach has several drawbacks. First, there is likely information loss in
selecting only several top functional principal components. Second, only balancing the cor-
relation may not be enough to guarantee the consistency of the final causal effect estimator
unless the true outcome regression has a certain simple parametric form in the selected top
functional principal components. Furthermore, the theoretical properties of their approach
are not studied. Instead of using an approximation of the functional treatment, Tan et al.
(2022) construct functional stabilized weights by balancing a set of growing number of basis
functions. However, they focus on a functional linear marginal structural model, which
imposes additional structure to the causal effect which may well be misspecified. Compared
with Zhang et al. (2021) and Tan et al. (2022), our proposed covariate balancing method
is distinct in the following aspects. (1) Our proposed method does not rely on any finite
approximation of the functional treatment. (2) The balancing weights are constructed to
directly balance the difference between the final causal effect estimator and the true target
function. (3) We do not require a linear functional marginal structural model. (4) Our
estimator attains the optimal rate of convergence under mild conditions. We will further
elaborate on these points as follows.

Inspired by the development in nonparametric functional regression under the frame-
work of reproducing kernel Hilbert space (RKHS) (e.g., Kadri et al., 2010; Zhang et al.,
2012; Oliva et al., 2015; Szabó et al., 2016; Kadri et al., 2016), we adopt the RKHS mod-
eling for the functional treatment effects, which allows for a great flexibility (compared
to a functional linear marginal structural model) in characterizing the effect of different
functional treatments. In particular, we assume that the marginal structural model lies in
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an RKHS of functions with a functional input. With the help of the closed-form solution
of weight-modified kernel ridge regression (WMKRR), we then propose balancing weights
that are capable of controlling the balancing error between a smoothed weighted average
and the population mean of functionals in a large hypothesis class (see (11) for the ex-
plicit form). We will then show that the solution to the optimization objective lies in a
finite-dimensional space by a representer theorem and that the resulting optimization is
convex. The theoretical analysis of the balancing error is not a trivial generalization from
that for the binary treatment effects, since the balancing structure is significantly more
complicated due to the interplay between weighting and smoothing in the formulation, and
the balancing error is a function with a functional input instead of a scalar. Furthermore,
while ignored by Zhang et al. (2021) and Tan et al. (2022), a functional treatment is often
not fully observable in practice and thus requires some pre-processing steps for recovery,
which creates another layer of complication in the theoretical analysis. We provide a careful
and detailed theoretical analysis to deal with all these complications. Asymptotic proper-
ties of the proposed estimator are derived under the complex dependency structure of the
weights and kernel ridge regression. Under appropriate technical conditions, we are able
to show that the proposed causal effect estimator can achieve the optimal nonparametric
convergence rate, without additional modeling assumptions on the true weight function.

The rest of the paper is organized as follows. Section 2.1 provides the basic setup
of the weight-modified kernel ridge regression. Section 2.2 introduces the construction
of covariate balancing weights for functional treatments. Computational details and an
algorithm to construct the proposed balancing weights are presented in Section 3. Section
4 develops the asymptotic properties of the proposed weighted estimator. The numerical
performance of the proposed method is demonstrated by a simulation study in Section 5.1
and an application to a physical activity tracking data set in Section 5.2. The code is
publicly available via the Github link: https://github.com/jiayiwang1017/FFTEE.

2. Functional Treatment Effect Estimation

2.1 Background and motivation

Let A ∈ A be a functional treatment defined on T ⊂ Rd, where d is the dimension of
the input of the function A, and X ∈ X ⊆ Rp be a p-dimensional confounder. Denote
by Y (a) ∈ R the potential outcome had treatment a was given, for a ∈ A. Suppose
that {(Ai,Xi, Yi(·)) : i = 1, . . . , n} are independent and identically distributed copies of
(A,X, Y (·)). In practice, we do not observe all the potential outcomes per subject. In
fact, only one particular case is observed. The observed outcome for the i-th subject is
Yi := Yi(Ai). As such, the available data is {(Ai,Xi, Yi) : i = 1, . . . , n}. The goal is to
estimate the functional treatment effect (FTE) τ : A → R defined by

τ(a) := E{Y (a)}, a ∈ A. (1)

Note that the domain of τ is a possibly infinite-dimensional function space A, and therefore
(non-parametric) estimations of τ are significantly harder than typical continuous treatment
estimations. Throughout the paper, we impose the following two assumptions.
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Assumption 1 (Weak unconfoundedness) Let D(a) be the indicator of receiving treat-
ment a: D(a) = 1 if A = a; D(a) = 0 otherwise. We have

Y (a) ⊥⊥ D(a) | X, for any a ∈ A.

This assumption is the weak unconfoundedness assumption introduced in Imbens (2000),
which only requires the pairwise independence of the treatment with each of the potential
outcomes. It is less restrictive than the strong ignorability assumption (Rosenbaum and
Rubin, 1983): {Y (a), a ∈ A} ⊥⊥ A | X, since weak unconfoundedness only requires the
independence of the potential outcome Y (a) and the treatment to be local at the treatment
level of interest, i.e. D(a) (Imbens, 2000).

Take ρU as the marginal distribution of a random object U , and ρU |V as the conditional
distribution of U given V . Define the weight function w∗ : A×X → R as

w∗(a,x) :=
ρX(x)

ρX|A(x | a)
, (2)

which can be used to adjust the dependence between the treatment A and the confounder
X. In (2), we use densities of the covariates X instead of the densities of the treatment
A, as is commonly done in ATE methods (e.g., Wong and Chan, 2018; Kennedy et al.,
2017). As such, we are able to circumvent the challenge of establishing functional densities
(Delaigle and Hall, 2010). However, this makes the direct estimation of w∗(a,x) difficult as
multivariate joint density of X appears in both the numerator and the denominator. Based
on the definition of w∗, one can observe that

E{w∗(A,X)Y | A = a} = E [w∗(a,X)E(Y | A = a,X) | A = a] = E{Y (a)}. (3)

See detailed derivation in Appendix B.

Remark 1 Indeed, based on the definition of w∗, one has E{w∗(A,X)u(A,X) | A = a} =
EX∼ρX{u(A,X) | A = a} for any function u ∈ RA×X such that the expectations exist and
are finite.

Intuitively, this means that the weight function w∗ helps to adjust the conditional expec-
tation of the observed outcome Y so that the weight-modified outcome Z := w∗(A,X)Y is
an unbiased observation of the treatment effect. This indicates that one can regress Z on A
to recover τ . In addition to Assumption 1, we also require the following overlap condition:

Assumption 2 (Overlap) There exists a positive constant C1 such that w∗(a,x) ≤ C1

for all a ∈ A,x ∈ X .

This assumption plays a similar role as the standard positivity assumption of the condi-
tional treatment density under the settings of continuous treatments (e.g., Assumption 2 in
Kennedy et al., 2017). To significantly relax this assumption, one typically requires a strong
outcome regression model (as a function of x and a) that allows extrapolation to no-chance
or low-chance regions in A × X . We avoid making strong outcome regression modeling
assumptions like functional linear models, at the expense of a strong overlap assumption.

If the true weights w∗
i := w∗(Ai,Xi), i = 1, . . . , n, are known and the functional treat-

ments Ai, i = 1, . . . , n, are fully observed, we can construct the adjusted outcomes Zi = w∗
i Yi
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such that E(Zi | Ai) = τ(Ai) for every i, and then perform a regression over the data
{(Ai, Zi), i = 1, . . . , n} to estimate τ . Here we consider a nonparametric regression model
that allows for a flexible modeling for τ . In particular, we assume that τ lies in an RKHS
HA with a reproducing kernel KA(·, ·), where KA : A × A → R, with the corresponding
inner product ⟨·, ·⟩HA

and norm ∥ · ∥HA
respectively.

Remark 2 Note that the reproducing kernel KA is a bivariate function with function inputs.
Based on an additional assumption that A is a Hilbert space, we provide some concrete
examples of KA that are easy to implement in practice. Recall that its inner product and
norm are denoted by ⟨·, ·⟩A and ∥·∥A respectively. The linear kernel KA(a1, a2) = ⟨a1, a2⟩A+
c with a constant c is probably the simplest example. Its corresponding RKHS HA contains
linear functions of the form β0 + ⟨β1, ·⟩A, where β0 ∈ R and β1 ∈ A. As for nonlinear
kernels, examples include the Gaussian kernel with KA(a1, a2) = exp{−2∥a1−a2∥2A/θ} and
exponential kernel with KA(a1, a2) = exp{−∥a1−a2∥A/θ} respectively for some pre-specified
θ > 0.

We consider the weight-modified kernel ridge regression (WMKRR) estimator for τ :

τ̃ := argmin
τ∈HA

1

n

n∑
i=1

(w∗
i Yi − τ(Ai))

2 + λ∥τ∥2HA
, (4)

where λ > 0 is a tuning parameter of the regularization. In (4), the norm ∥ · ∥HA
in the

penalty term measures the “roughness” of the underlying mapping, and therefore encourages
a “smoother” solution to (4) as λ increases. We also allow the functional treatments Ai to be
not fully observed, but densely observed (with noise). In such cases, Ai can be replaced with
the estimated functions Âi in (4). Further discussion on this will be provided in Sections
2.2 and 4.

Unfortunately, the true weights w∗
i , i = 1, . . . , n, are typically unknown in observational

studies. A natural solution is to first directly estimate w∗
i based on its definition, and

then construct the adjusted outcomes based on these estimates. This has been extensively
studied in ATE estimation when the treatment A is a binary random variable (e.g., Feng
et al., 2012; Hirano et al., 2003). However, this approach has several drawbacks. First,
from the definition of w∗ in (2), the estimation of w∗ involves estimating the densities
of X and X | A. Even if one uses a finite approximation of A (see Remark 3 below),
their estimations are still challenging. This is because to make Assumption 1 plausible,
X should include all the confounders that affect both the treatment and outcome, so it
is usually multivariate. This indicates that estimating multivariate density functions is
required, which is known to be difficult: Parametric estimations of multivariate density
functions have a risk of possible model misspecifications, while nonparametric estimations
such as the kernel density estimation suffer from slow rates of convergence in multivariate
settings. Second, the true weights are expected to achieve the balance for covariates in
expectation. However, it is unclear if such balance is enough for finite samples, especially
when the sample size is small and the covariates are sparse (Zubizarreta et al., 2011). Third,
the inverse of the densities can result in instability, especially when the estimated densities
are close to zero.

To overcome the aforementioned problems, we consider finding a stable set of weights
that mimic the role of w∗

i , i = 1, . . . , n, through the idea of covariate balancing. There
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exists extensive literature on covariate balancing techniques for ATE estimation when the
treatment is binary (e.g. Hainmueller, 2012; Imai and Ratkovic, 2014; Qin and Zhang, 2007;
Zubizarreta, 2015; Wong and Chan, 2018; Wang and Zubizarreta, 2020) or continuous (e.g.
Fong et al., 2018; Kallus and Santacatterina, 2019; Tübbicke, 2022), while we consider
covariate balancing for the challenging setup where the treatment is functional.

Remark 3 Zhang et al. (2021) introduce functional propensity scores that are based on
the functional principal components (FPCs) of A and define balancing weights based on
the lower-order FPCs. Then the input of the weight function becomes finite-dimensional,
which resembles the setting of multivariate continuous treatments. However, this definition
relies on the unsupervised dimension reduction of the process A and has the risk of missing
important information. For example, if the higher-order FPC scores are more correlated
with the potential outcome than the lower-order ones, their proposed weight that only depends
on the latter may not properly account for all confounding. In contrast, our method to
be shown below does not rely on such unsupervised truncation of A so it can avoid the
information loss mentioned above.

Remark 4 Tan et al. (2022) introduce a functional stabilized weight (FSW) estimator.
They consider a functional linear marginal structural model τ(a) = α +

∫
T β(t)a(t)dt for

some scalar α and function β, which is restrictive and subject to the risk of model misspeci-
fications. Instead of directly estimating the weight function w∗, they estimate its projection
w∗(a, ·) : X → R for every fixed a ∈ A by attempting to maintain the covariate balance
E{w∗(A,X)b(X) | A = a} = E{b(X)} for any integrable function b. A Nadaraya-Watson
estimator is proposed to approximate the left-hand side of the equation. To obtain the se-
quence of estimated weights, they have to perform the optimization n times, separately for
each observation. The convergence of their estimated weights depends on the smoothness
of the projection w∗(a, ·). In contrast, as shown below, our method does not require the
restrictive linearity assumption above for the marginal structural model. Moreover, our pro-
posed weights are calculated jointly via a single optimization, and we do not require any
smoothness assumption for the function w∗. Furthermore, the final weighted causal effect
estimator can achieve the optimal rate of convergence with a nonparametric modeling of τ ,
i.e., without assuming a linear functional marginal structural model on τ .

2.2 Construction of weights

To motivate our construction, first suppose we have obtained a set of adjusted weights
w = [w1, . . . , wn]

⊺. From (4), we form an estimator of the treatment effect:

τ̂w := argmin
τ∈HA

1

n

n∑
i=1

(wiYi − τ(Ai))
2 + λ∥τ∥2HA

. (5)

Recall that HA is the RKHS with the reproducing kernel KA. We give the following
definition which will be useful in expressing and analyzing the solution of (5).

Definition 1 For a ∈ A, Ka : R → HA is a Hilbert-Schmidt operator such that

f(a) = K∗
af = ⟨KA(a, ·), f⟩HA

,
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where K∗
a is the adjoint of Ka. Define the operator Sa := KaK∗

a. Note that we have

Sa : HA → HA, (Saf)(·) = f(a)KA(a, ·) for any f ∈ HA.

With Definition 1, the estimator (5) can be rewritten as:

τ̂w =

(
1

n

n∑
i=1

SAi + λI

)−1(
1

n

n∑
i=1

KAiwiYi

)
, (6)

where I : HA → HA is an identity operator such that If = f for any f ∈ HA. See, e.g.,
Caponnetto and De Vito (2007) and Smale and Zhou (2007) for more details.

Define m(a,x) = E{Y (a) | A = a,X = x} = E{Y (a) | X = x}. We can then express

Yi(a) = m(a,Xi) + ϵi(a), i = 1, . . . , n, (7)

where ϵi(a) = Yi(a) − m(a,Xi) satisfies E[ϵi(a) | Ai = a,Xi] = E[ϵi(a) | Xi] = 0. This
allows the error to be heteroskedastic with respect to the functional treatment and other
covariates, and leads to τ(a) = EX∼ρX{m(a,X)}. We assume that E[ϵ2i (a) | Xi] ≤ σ20 <∞
for some constant σ0 > 0 (not depending on Xi, a and i). As (Yi(a),Xi), i = 1, . . . , n, are
i.i.d., so are ϵi(a), i = 1, . . . , n. According to (7), the observed data follow

Yi = Yi(Ai) = m(Ai,Xi) + ϵi(Ai) = m(Ai,Xi) + ϵi, i = 1, . . . , n, (8)

where we write ϵi = ϵ(Ai) for short. Clearly, E(ϵi | Ai = a,Xi) = E(ϵi(a) | Ai = a,Xi) =
E(ϵi(a) | Xi) = 0 and, similarly, E(ϵ2i | Ai = a,Xi) ≤ σ20. As such, E(ϵi | Ai,Xi) = 0,
E(ϵ2i | Ai,Xi) ≤ σ20. Following (8), we can decompose the difference between τ̂w and τ as:

τ̂w − τ =

(
1

n

n∑
i=1

SAi + λI

)−1(
1

n

n∑
i=1

KAiwiYi

)
− τ = I1 + I2,

where I1 =

(
1

n

n∑
i=1

SAi + λI

)−1(
1

n

n∑
i=1

KAiwim(Ai,Xi)

)
− τ, (9)

and I2 =

(
1

n

n∑
i=1

SAi + λI

)−1(
1

n

n∑
i=1

KAiwiϵi

)
. (10)

Apparently the estimation error of τ̂w can be bounded by properly controlling the mag-
nitudes of I1 in (9) and I2 in (10). Roughly speaking, term (10) exhibits concentration
(at zero) due to the independence among ϵi’s conditional on the treatments and covariates.
This will be rigorously shown in our theoretical analysis. The primary challenge lies in
controlling (9) since m is unknown in practice. To address this, motivated by Wong and
Chan (2018), Kallus and Santacatterina (2019) and Wang et al. (2022), we assume that m
belongs to a certain class of functions and control (9) for every element in this class.

Explicitly, we assume that m lies in a tensor-product RKHS H := HA⊗HX of functions
defined on A×X . HereHX is an RKHS of functions defined on X , with a reproducing kernel
KX(·, ·), where KX : X ×X → R, and its corresponding inner product and norm of HX are
denoted by ⟨·, ·⟩HX

and ∥ · ∥HX
respectively. Note that the assumption m ∈ H = HA ⊗HX

is compatible with the aforementioned assumption τ ∈ HA due to the following proposition.
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Proposition 1 Under Assumption 5 in Section 4, if supu∈HX
|Eu(X)| ≠ 0, we have HA =

{EX∼ρXg(·,X) : g ∈ H}.
To bound the magnitude of (9), we aim to find weights w̃ = [w̃1, . . . , w̃n]

⊺ such that

Υ := sup
u∈H:∥u∥H≤1

∥∥∥∥∥∥
(
1

n

n∑
i=1

SAi + λI

)−1(
1

n

n∑
i=1

KAiw̃iu(Ai,Xi)

)
− EX∼ρXu(·,X)

∥∥∥∥∥∥ (11)

is minimized with respect to some norm ∥ · ∥. Note that the objective (i.e., the norm) of
the supremum (11) is proportional to ∥u∥H. Therefore, we limit the space to H(1) = {u ∈
H : ∥u∥H ≤ 1}. Since τ(a) = EX∼ρXm(a,X) and m ∈ H, we have∥∥∥∥∥∥

(
1

n

n∑
i=1

SAi + λI

)−1(
1

n

n∑
i=1

KAiw̃im(Ai,Xi)

)
− τ

∥∥∥∥∥∥ ≤ Υ∥m∥H.

Since ∥m∥H < ∞, bounding (11) provides a good control over the discrepancy (9) even if
we do not know the true outcome function m.

While w̃ is well motivated, the criterion in (11) is not directly applicable for the following
reasons First, EX∼ρXu(·,X) is usually unavailable since the distribution of X is unknown.
Thus we propose to replace it with its empirical counterpart

∑n
i=1 u(·,Xi)/n. Second, the

norm ∥ · ∥ in (11) needs to be chosen. A natural choice is L2(A)-norm ∥ · ∥L2 defined by
∥f∥L2 =

√
E{f2(A)} for a function f : A → R. In practice, we will use the empirical norm

∥ · ∥n, which is defined by ∥f∥n :=
√∑n

k=1 f
2(Ak)/n. Finally, the functional treatments

are often not fully observed in practice so we will need to recover Ai by Âi. Two examples
of Âi will be given in Examples 1 and 2 below.

By the above discussion, we use the following criterion for controlling (9):

Q(w, λ, u) :=

∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi
+ λI

)−1(
1

n

n∑
i=1

KÂi
wiu(Âi,Xi)

)
− 1

n

n∑
j=1

u(·,Xj)

∥∥∥∥∥∥
2

n

. (12)

In addition, to simultaneously control the second moment of (10), we introduce the following
regularization term of the weights:

R(w, λ) =
1

n2

n∑
i=1

w2
i

∥∥∥∥∥∥
 1

n

n∑
j=1

SÂj
+ λI

−1

KÂi

∥∥∥∥∥∥
2

n

. (13)

Combining (12) and (13), we define the proposed balancing weights as

ŵ = [ŵ1, . . . , ŵn]
⊺ := argmin

0≤wi≤L,i=1,...,n

[
sup

u∈H(1)
{Q(w, λ, u)}+ ηR(w, λ)

]
, (14)

where H(1) = {u ∈ H : ∥u∥H ≤ 1}, η ≥ 0 is a tuning parameter and L is an upper bound
for the estimated weights and is allowed to be infinity (which means that the domain of the
optimization is 0 ≤ wi <∞, i = 1, . . . , N). In sequel, we write τ̂ in short for τ̂ŵ when ŵ is
computed from (14).

Before we conclude this section, we provide some examples of Âi to recover Ai in practice,
i = 1, . . . , n.

9
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Example 1 Densely observed trajectories. For every Ai ∈ A, i = 1, . . . , n, its noisy
observations {γi,j : j = 1, . . . , N} are measured at {ti,j : j = 1, . . . , N}, a dense grid of T .
More specifically, γi,j = Ai(ti,j)+ εi,j, where E(εi,j) = 0. Under certain assumptions on the
grid points, e.g., ti,j, j = 1, . . . , N , are i.i.d. copies of a random variable T with density ρT ,
common nonparametric regression procedures can be applied to each individual i to obtain
Âi, such as penalized spline regression (e.g., Eilers and Marx, 1996; Claeskens et al., 2009),
smoothing spline regression (e.g., Rice and Rosenblatt, 1983; Gu and Gu, 2013) and other
pre-smoothing procedures (e.g., Zhang and Chen, 2007; Miao et al., 2023).

Example 2 Kernel mean embedding of distributions. Alternatively, we often observe
exposure measurements sil, l = 1, . . . , N , from a distribution Pi (e.g., the activity profile as
mentioned in Section 1). In this case, one would like to define functional treatment Ai us-
ing a functional representation of Pi. A popular choice is the kernel mean embedding of the
distribution (e.g., Muandet et al., 2017), which is a functional representation of a distri-
bution like probability density function (PDF) and cumulative distribution function (CDF).
But, unlike PDF and CDF, kernel mean embeddings resides in a Hilbert space without any
additional manifold structures such as positivity, sum-to-one constraint or monotonicity,
and can be readily used as a functional treatment. More specifically, for the i-th individual,
the kernel mean embedding Ai, i = 1, . . . , n, is defined by

Ai =

∫
T
Ke(·, s)dPi(s),

where Pi is the corresponding distribution function, and Ke : T × T → R is a reproducing
kernel. Given observations sil ∼ Pi, l = 1, . . . , N , we can take Âi as the empirical embedding

Âi =
1

N

N∑
l=1

Ke(·, si,l).

3. Computational Details

In this section, we discuss the computation for (14).

3.1 Representer theorem, closed-form expression and convexity

3.1.1 Inner optimization

First, let us focus on the inner optimization of (14), i.e., supu∈H(1)Q(w, λ, u). Note that
it is an infinite-dimensional optimization problem when H is infinite dimensional. The
practical optimization relies on the following representer theorem, which shows that the
solution indeed lies in a finite-dimensional space given data.

Theorem 1 (Representer theorem) The solution to supu∈H(1)Q(w, λ, u) lies in the finite-
dimensional space

Hn :=


n∑

i=1

αiKA(·, Âi)KX(·,Xi) +
n∑

i=1

βiKA(·, Âi)

 1

n

n∑
j=1

KX(·,Xj)

 : αi, βi ∈ R

 .

10
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With Theorem 1, we are able to take a further step and obtain a closed-form representation
of supu∈H(1)Q(w, λ, u). Define

GA := [KA(Âi, Âj)]
n
i,j=1 ∈ Rn×n; GX := [KX(Xi,Xj)]

n
i,j=1 ∈ Rn×n;

ḠX :=

 1

n

n∑
j=1

KX(Xi,Xj)

n

i=1

∈ Rn; ḡX :=
1

n2

n∑
i=1

n∑
j=1

KX(Xi,Xj).
(15)

Then, for any u ∈ Hn, Q(w, λ, u) can be written as

Q(w, λ, u) =
1

n

∥∥GA (GA + nλI)−1 [w ◦
{
(GA ◦GX)α+

(
GA ⊙ Ḡ⊺

X

)⊺
β
}]

−
[(
GA ⊙ Ḡ⊺

X

)
α+ ḡXGAβ

] ∥∥2
2
, for some α ∈ Rn and β ∈ Rn,

where ◦ is the element-wise product between matrices (vectors), ⊙ is the column-wise
Khatri-Rao product, and ∥ · ∥2 is the Euclidean norm of a vector.

We next simplify the constraint u ∈ H(1) in maximizing Q(w, λ, u). By Theorem 1,
it suffices to only focus on the squared RKHS norm of a function u ∈ Hn, which can be
expressed as∥∥∥∥∥∥

n∑
i=1

αiKA(·, Ai)KX(·,Xi) +
n∑

i=1

βiKA(·, Ai)

 1

n

n∑
j=1

KX(·,Xj)

∥∥∥∥∥∥
2

H

= γ⊺GFγ,

where γ = [α⊺,β⊺]⊺ ∈ R2n and

GF =

[
GA ◦GX

(
GA ⊙ Ḡ⊺

X

)⊺
GA ⊙ Ḡ⊺

X ḡXGA

]
∈ R2n×2n.

Note that we can decompose GF as

GF = MM⊺ =

[
M1

M2

]
[M⊺

1 ,M
⊺
2 ],

where M ∈ R2n×q, M1,M2 ∈ Rn×q, q ≤ 2n. Thus finally, we have

sup
u∈H(1)

Q(w, λ, u) =
1

n
sup

γ⊺GFγ=1

∥∥∥GA (GA + nλ)−1 I {diag(w)M1M
⊺γ} − (M2M

⊺)γ
∥∥∥2
2

=
1

n
sup

∥Mγ∥2=1
(M⊺γ)⊺

{
GA (GA + nλI)−1 diag(w)M1 −M2

}⊺

{
GA (GA + nλ)−1 diag(w)M1 −M2

}
(M⊺γ)

=
1

n

[
σmax

{
GA (GA + nλI)−1 diag(w)M1 −M2

}]2
, (16)

where σmax(·) returns the largest singular value of the input matrix. As such, (16) is the
closed-form representation of the objective function in the inner optimization of (14).

11



Wang, Wong, Zhang, Chan

3.1.2 Convexity with respect to weights

We next show that the objective function in (14) is convex with respect to w. First, the
regularization term R(w, λ) in the outer minimization is a quadratic function of w and
hence convex in w. Moreover, the inner maximization has been rewritten as in (16), and
its convexity in w is implied by the following lemma.

Lemma 1 For fixed A ∈ Rn×n, B ∈ Rn×q and D ∈ Rn×q, ϱ(w) = [σmax {Adiag(w)B −D}]2
is a convex function.

Finally, we collect the previous results and express (14) in a practical optimization form.
Notice that

R(w, λ) =
1

n2

n∑
i=1

w2
i

∥∥∥∥∥∥
(
1

n

n∑
i=1

SAi + λI

)−1

KAi

∥∥∥∥∥∥
2

n

=
n∑

j=1

w2
j

{
1

n

n∑
i=1

{[
GA (GA + nλI)−1

]
i,j

}2
}
,

(17)

where Ai,j indicates the (i, j)-th element of matrix A. Therefore we can show that (14) is
equivalent to

ŵ = argmin
0<wi<L,i=1,...,n

1

n

[
σmax

{
GA (GA + nλI)−1 diag(w)M1 −M2

}]2
+η

n∑
j=1

w2
j

{
1

n

n∑
i=1

{[
GA (GA + nλI)−1

]
i,j

}2
}
.

(18)

Due to the convexity of the objective function, common algorithms such L-BFGS-B can be
applied to solve (18) given the smoothing parameter λ and tuning parameter η.

3.2 Tuning parameter selection

Here we discuss how to select λ and η. The smoothing parameter λ needs to be provided in
order to calculate the balancing error (12), and hence the weights. Recall that the weights
are used to form a modified outcome for the WMKRR. Naturally, one would tune λ based on
common methods for kernel ridge regression such as cross-validation, but this becomes very
difficult in our case because of the complicated dependency between the weights and λ. To
address this issue, we propose a simple solution which performs reasonably well in practice.
The idea is to use a simple estimator of the adjusted response to guide the selection of λ.
More specifically, we first obtain the adjusted responses with the FCBPS weights described
in Zhang et al. (2021), as their weights do not depend on λ and can be computed quickly.
Then we apply the leave-one-out cross-validation (LOOCV) to select λ based on the mean
square error computed in the validation set. Finally we use the selected λ to compute the
proposed weights without updating λ further.

As for the hyper-parameter η, it is related to the magnitude of weights so as to achieve
a balance between (9) and (10). Here we propose to use a fitted outcome regression to help
select the best η. To be specific, we fit a KRR to get an estimate for m, and denote it as m̂.
Then we take τ̂REG = 1

n

∑n
i=1 m̂(·,Xi) as the estimator for τ from the regression approach.

12
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Denote by ŵ
(η)
i , i = 1, . . . , n, the weights defined in (14) for each given η. We select the

best η such that

V (η) :=

∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi
+ λI

)−1(
1

n

n∑
i=1

KÂi
ŵ

(η)
i m̂(Âi,Xi)

)
− τ̂REG

∥∥∥∥∥∥
2

n

+

∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi
+ λI

)−1 [
1

n

n∑
i=1

KÂi
ŵ

(η)
i

{
Yi − m̂(Âi,Xi)

}]∥∥∥∥∥∥
2

n

(19)

is the smallest. In Algorithm 1 in Section A in the supplementary material, we summarize
the computation steps to obtain the proposed η̂ with tuning parameter selection.

4. Theory

In this section we provide the rate of convergence for τ̂ . We first introduce a few notations
and assumptions. Given two Hilbert spaces V and W, the operator norm of an operator
B ∈ L(V,W) is defined as ∥B∥L(V,W) := sup∥v∥V≤1 ∥Bv∥W .

Assumption 3 {(Ai,Xi, ϵi(a), a ∈ A), i = 1, . . . , n} are independent. For any a ∈ A,
E(ϵi(a)|Ai,Xi) = 0 for i = 1, . . . , n, and sup1≤i≤n E(ϵi(a)2|Ai,Xi) ≤ σ20 for some constant
σ0 > 0.

Assumption 4 τ ∈ HA and m ∈ H.

Assumption 5 KX and KA are positive definite kernels. KX is continuous and the real
function (a1, a2) 7→ ⟨Ka1c1,Ka2c2⟩HA

is measurable for any c1, c2 ∈ R. There exists a
constant C2 > 0 such that supa∈A |KA(a, a)| ≤ C2 and supx∈X |KX(x,x)|} ≤ C2.

Assumption 6 Either one of the following two conditions is satisfied.

(a) Functional treatments Ai, i = 1, . . . , n, are fully observed without error. In this case,
we take Âi = Ai. This corresponds to κ = 0 in (20) below.

(b) There exists a pseudometric d : A×A → [0,∞) such that:

(i) The mapping K(·) : A → L(R,HA) is Hölder continuous, i.e., there exist con-
stants H > 0 and 0 < h ≤ 1 such that

∥Ka1 −Ka2∥L(R,HA) ≤ H[d(a1, a2)]
h, a1, a2 ∈ A.

(ii) All Â1, . . . , Ân are independent. Each Âi can estimate Ai at a uniform rate
κ = κ(n) over i = 1, . . . , n, i.e.,

max
1≤i≤n

d(Âi, Ai) = Op(κ) . (20)
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Assumption 3 is a standard assumption for the data, which allows for heteroscedasticity
of the errors. Assumption 4 states that the function classes for the target function τ and the
outcome model m are well-specified. Assumption 5 is a boundedness requirement for the
reproducing kernels. It is satisfied for the majority of common kernels including Gaussian
and exponential kernels discussed in Remark 2. As for Assumption 6, we only need one
of the two specified conditions. When all functional treatments are fully observed without
error (Assumption 6(a)), there is no need to recover Ai. So we can simply take Âi = Ai.
Otherwise, we need to recover Ai by Âi. Assumption 6(b) specifies the related conditions
for Âi in this case: the Hölder continuity of the operator Ka and rate of convergence for
Âi. For example, when we take d in Assumption 6(b) as the norm ∥ · ∥ used in constructing
the kernel in Remark 2, the Gaussian kernel and exponential kernel mentioned in Remark 2
satisfy the Hölder continuity condition with h = 1 and h = 1/2 respectively. See Table 1 in
Szabó et al. (2016) for more examples. As for the rate of convergence κ, it can be specified
given different applications. As in Example 1 in Section 2.2, if every Ai, i = 1, . . . , n,
satisfies

∫
T A

2
i (t)ρT (t)dt < ∞ (ρT was defined as in Example 1), one can fix the norm

∥f∥ = [
∫
T f

2(t)ρT (t)dt]
1/2 for each f ∈ A and obtain a nonparametric convergence rate for

κ with typical nonparametric regression approaches. For example, when Ai is a twice-
differentiable univariate function, under appropriate assumptions, the smoothing spline
regression can lead to κ = N−2/5 log n (Raskutti et al., 2012), where log n is due to the
union bound over n functions; the local polynomial kernel smoothing leads to κ = N−2/5

(Zhang and Chen, 2007). In Example 2 in Section 2.2, when Âi, i = 1, . . . , n, are empirical
kernel embeddings, one can take ∥ · ∥ = ∥ · ∥He , the RKHS norm of the kernel embeddings
associated with the reproducing kernel Ke, and let κ = N−1/2 log n. See Section A.1.10 in
Szabó et al. (2015) for more detailed results.

We introduce additional terms before presenting the last technical assumption. De-
fine Sa = KaK∗

a and let S = EA∼ρASA. Here, ρA indicates the marginal distribution
of A. Define the trace norm Tr(·) of a semi-positive-definite operator B : B → B
as Tr(B) =

∑
l⟨BeBl , eBl ⟩B with {eBl } an orthonormal basis of B. Under Assumption 5,

Tr(S) ≤ supa∈ATr(Sa) ≤ C2. Then the spectral theorem yields

S =
L∑
l=1

tl⟨·, el⟩HA
el, (21)

where {el}Ll=1 ⊂ HA such that ⟨el, el′⟩HA
= 1 if l = l′ and 0 otherwise, and t1 ≥ t2 ≥ · · · ≥

tL > 0, with
∑L

l=1 tl = Tr(S) ≤ C2. Here L can be ∞. We also define

N (λ) := Tr{(S + λI)−1S} =
∞∑
l=1

tl
tl + λ

.

As to be shown in the theorems below, the rate of convergence for τ̂ depends on the
decay of the eigenvalues of S. We also note that the theorems below hold for general choices
of kernels.
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Theorem 2 Under Assumptions 1–6, if N (λ)(λn)−1 = O(1), λ ≤ ∥S∥L(HA), κ
2h =

O(λN (λ)n−1), κh = O(λ) and
√∑∞

l=1min{tl, λ}(
√
nλ)−1 = O(1), we have

sup
u∈H(1)

Q(ŵ, λ, u) = Op

[
(1 + η)

N (λ)

n
+ λ

]
, (22)

and R(ŵ, λ) = Op

[
N (λ)

n
+ η−1

(
N (λ)

n
+ λ

)]
, (23)

where ŵ := (ŵ1, . . . , ŵn)
⊺.

Theorem 2 provides the orders of the balancing error (12) and the regularization (13)
with respect to ŵ given the condition that Âi converges to Ai sufficiently fast. In the
discussion after Theorem 3, we provide some specific example for the requirement of N to
satisfy this condition. Based on Theorem 2, we can develop the rate of convergence for
the proposed weighted estimator τ̂ . For instance, if the decay of eigenvalues of S follows a
polynomial rate as shown in Assumption 7 below, we are able to achieve a nonparametric
convergence rate for τ .

Assumption 7 There exists a constant b > 1 such that tl ≍ l−b for any l ≥ 1.

This decay rate is also considered in Caponnetto and De Vito (2007) and Szabó et al.
(2016).

Theorem 3 Suppose that the conditions stated in Theorem 2 hold. Then

∥τ̂ − τ∥n = Op

(
σ0η

−1/2

(
N (λ)

n
+ λ

)1/2

+

(
N (λ)

n

)1/2
)
∥m∥H.

If we further assume Assumption 7 hold, λ ≍ n−b/(1+b), ∥S∥L(HA) ≥ λ, κ = O(n−b/[h(1+b)])
and η ≍ 1, then there exists some constant Cb > 0 such that

N (λ) ≤ Cbλ
−1/b.

Also, we have

∥τ̂ − τ∥n = Op

(
n
− b

2(1+b)

)
∥m∥H.

Based on the conditions of κ listed in Theorem 2 and 3, when λ is chosen optimally, i.e.,
λ ≍ n−b/(1+b), one need κ = O(n−b/[(1+b)h]). Take the Gaussian kernel forKA as an example.
WhenAi, i = 1, . . . , n are twice differential univariate functions and they are estimated using
smoothing splines (see Example 1), this condition requires that N ≫ n5b/(2+2b)(log n)5/2.
If empirical kernel mean embeddings are adopted for Âi, i = 1, . . . , n (see Example 2), this
condition requires that N ≫ n2b/(1+b)(log n)2. Theorem 3 provides the rate of convergence
for τ̂ under Assumption 7. According to Caponnetto and De Vito (2007), this rate is
minimax in estimating the target function τ ∈ HA using the i.i.d data {Ai, w

∗
i Yi}ni=1.
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Remark 5 The proposed causal effect estimator, based on ŵ, enjoys the same minimax rate
of convergence as the ordinary kernel ridge regression estimator using the modified outcome
{w∗

i Yi}ni=1 with the true but unknown weights. However, the theoretical analysis with weights
obtained by (14) is significantly more complicated than the typical analysis for kernel ridge
regression. One reason is that the responses in kernel ridge regression are typically assumed
independent, while the adjusted responses ŵiYi are all dependent since ŵ are obtained by
(14). Moreover, as we do not impose any modeling assumption of w∗, the convergence
between ŵ and w∗ cannot be established or used to show the convergence of WMKRR.
Instead we perform a careful analysis to control the uniform error supu∈H(1)Q(ŵ, λ, u),
which leads to the convergence for τ̂ .

5. Numerical Studies

5.1 Simulation

We first compare the finite-sample performance of different estimators via a simulation
study. We have 200 simulated datasets where n = 200 independent subjects are generated
in each simulated data. The observations (Ai,Xi, Yi) for the i-th subject, i = 1, . . . , n,
in each simulated data are i.i.d. copies of (A,X, Y ) as below. We assume the functional
variables Ai’s are fully observed. The confounders X = [X(1), X(2), X(3), X(4)]⊺ ∈ R4 follow
the multivariate normal distribution with the zero mean vector and the identity covariance
matrix. The functional treatment A is generated by A(t) =

∑4
k=1A

(k)
√
2 sin(2πkt), t ∈

[0, 1], where A(1) | X ∼ N(4X(1), 1), A(2) | X ∼ N(2
√
3X(2), 1), A(3) | X ∼ N(2

√
2X(3), 1)

and A(4) | X ∼ N(2X(4), 1).

The outcome Y is generated by Y | (A,X) ∼ N(m(A,X), 1), where we consider
three choices for m as follows. Let Ψ(x) = x(2)(x(1))2 + (x(4))2 sin(2x(3)) where x =
[x(1), x(2), x(3), x(4)]⊺ and µ(t) = 2

√
2 sin(2πt)+

√
2 cos(2πt)+

√
2 sin(4πt)/2+

√
2 cos(4πt)/2.

• Setting 1: We letm(a,x) = 15Ψ(x)+
∫ 1
t=0 a(t)µ(t)dt. In this case, the treatment effect

τ(a) is linear in a in the sense

τ(a) =

∫ 1

t=0
a(t)µ(t)dt,

and m is additive in Ψ(x) and a.

• Setting 2: We let m(a,x) = 10Ψ(x) + 0.5(a(1))2 + 4 sin(a(1)). Here m is additive in
Ψ(x) and a. Then the treatment effect is

τ(a) = 0.5(a(1))2 + 4 sin(a(1)),

which is nonlinear in a.

• Setting 3: We let m(a,x) = [1 + 2/3Ψ(x)][0.5(a(1))2 + 4 sin(a(1))]. In this case, the
treatment effect τ(a) has the same form as in Setting 3, but Ψ(x) interacts with a in
m.

In this simulation study, we compare the following estimators for τ .
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1. CFB: our proposed (KRR) estimator where weights are obtained from (14).

2. FCBPS: the weighted least squares estimator proposed in Zhang et al. (2021) where
the weights are obtained by using the parametric SFPS estimation described in Zhang
et al. (2021).

3. NPFCBPS: the weighted least squares estimator proposed in Zhang et al. (2021) where
the weights are obtained by using the non-parametric SFPS estimation described in
Zhang et al. (2021).

4. REG: the regression estimator τ̂REG discussed in Section 3.2.

5. FLM: the regression estimator
∑n

i=1 m̂(·, Xi)/n where m is estimated by the classical

functional linear model, i.e., m̂(a, x) =
∫
t a(t)β̂(t)dt+ x⊺γ̂ for some β̂ and γ̂.

6. FGAM: the regression estimator
∑n

i=1 m̂(·, Xi)/n wherem is estimated by the functional

generalized additive model McLean et al. (2014), i.e., m̂(a, x) = f̂1(a)+
∑4

j=1 ĝj(x
(j))

for nonlinear functions f̂1 and ĝj , j = 1, . . . , 4.

7. NW: the estimator without adjusting the response, i.e., w∗
i Yi in (4) is replaced by the

original response Yi for i = 1, . . . , n.

When performing the KRR for CFB, REG and NW, we take KA and KX both as Gaussian
kernels. More specifically, KA(a1, a2) = (

√
2πσA)

−1 exp{−
∫ 1
t=0(a1(t) − a2(t))

2dt/σ2A} and

KX(x1,x2) = (
√
2πσX)−1 exp{−(x1−x2)

⊺(x1−x2)/σ
2
X}, where σA and σX are selected by

the median heuristic (Fukumizu et al., 2009; Garreau et al., 2017). For FCBPS and NPFCBPS,
the number of FPC L is chosen such that the top L FPC scores explain 95% percentage of
the variance. Both FCBPS and NPFCBPS assume a linear model for τ . Therefore only Setting
1 is correctly specified for them. For CFB, we select its tuning parameter by the procedure
described in Section 3 (or Algorithm 1 in the supplementary material) For REG and NW, we
use LOOCV to select the smoothing parameter λ in KRR. Besides the general regression
estimator REG, we also include two additional regression estimators (FLM and FGAM) that use
common scalar-on-function regression models to estimate the outcome function. FLM is the
most restirctive model. FGAM is less restirctive than FLM and we use the function plr in R
package refund to obtain the estimated m.

Two evaluation metrics are provided to assess the performance of these estimators. Take
τ ′ as a generic estimator of τ .

1. Empirical MSE: the mean squared errors (MSE) on sample points:
∑n

i=1[τ(Ai) −
τ ′(Ai)]

2/n.

2. Out-of-Sample MSE: the mean squared errors (MSE) measured on a set of new evalua-

tion points:
∑n′

i=1[τ(A
′
i)−τ ′(A′

i)]
2/n′, where n′ = 100 andA′

i(t) =
∑4

k=1A
′(k)
i

√
2 sin(2πkt)

with A′
i sampled from the marginal distribution of Ai, i.e., A

′(1)
i ∼ N(0, 17), A

′(2)
i ∼

N(0, 13), A
′(3)
i ∼ N(0, 9) and A

′(4)
i ∼ N(0, 5).

Tables 1 and 2 show the empirical MSEs and Out-of-Sample MSEs for the above esti-
mators based on 200 simulated datasets respectively. For both evaluation metrics, NW has
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bad performance among all settings, as it does not adjust for selection bias. For FLM and
FGAM, even though they adjust for the confounders, they perform badly among all settings
due to the misspecifications of outcome regression models. FCBPS and NPFCBPS perform
worse than CFB and REG in Settings 2 and 3 as the assumption of linear model is violated
in these two settings. Even though Setting 1 satisfies the linear assumption, the weights
calculated from FCBPS and NPFCBPS are only able to balance the case where the outcome
model m is linear in both a and x. Therefore, they do not perform as well as CFB. Overall,
CFB achieves the smallest average of MSEs among all five estimators except for Setting 2
where it is outperformed only by REG. Moreover, the MSE associated with CFB has the
smallest standard errors in all three settings, which demonstrates its attractive stability. In
Appendix C, we perform an additional simulation study where covariates X are dependent
and A has a more complex dependence on X. Similar conclusions are obtained.

Table 1: Empirical MSEs for different estimators under three different simulation settings.
Values in the parentheses are the standard errors of MSEs.

Setting 1 Setting 2 Setting 3

CFB 34.82 (1.02) 130.54 (2.77) 138.15 (4.10)
FCBPS 92.91 (2.83) 201 (3.48) 194.57 (4.46)

NPFCBPS 105.17 (2.44) 210.44 (3.44) 228.26 (5.59)
REG 94.22 (4.46) 99.78 (4.11) 182.23 (8.56)
FLM 184.32 (10.73) 252.94 (8.46) 795.44 (70.13)
FGAM 350.48 (16.36) 221.67 (7.94) 2178.39 (254.33)

NW 666.78 (21.43) 306.06 (9.45) 2687.51 (259.31)

Table 2: Out-of-Sample MSEs for different estimators under three different simulation set-
tings. Values in the parentheses are the standard errors of MSEs.

Setting 1 Setting 2 Setting 3

CFB 34.48 (1.03) 133.41 (3.93) 137.87 (4.31)
FCBPS 91.86 (2.82) 205.00 (4.62) 198.17 (5.11)

NPFCBPS 105.39 (2.56) 215.78 (4.62) 231.27 (5.70)
REG 95.69 (4.80) 105.25 (4.26) 172.98 (7.60)
FLM 179.63 (10.23) 263.03 (8.65) 792.71 (64.85)
FGAM 345.62 (17.3) 223.74 (8.72) 2241.57 (301.22)

NW 516.04 (17.29) 252.73 (9.17) 1287.87 (92.64)

5.2 Real Data Application

We apply all seven estimators described in Section 5.1 to analyze a physical activity monitor-
ing dataset. The dataset is extracted from the National Health and Nutrition Examination
Survey (NHANES) 2005–2006. It contains the activity intensity values measured by ac-
tivity monitors. For each participant, the physical activity intensity, ranging from 0 to
32767 cpm, was recorded every minute for 7 consecutive days. See Figure 1a for an illus-
tration. More details on the physical activity measurements in this dataset can be found in
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Figure 1: Left plot: the trajectory of activity values during 7 consecutive days for a par-
ticipant with subject ID 32104 in the physical monitor data. Right plot: Three medoid
density curves by performing a k-medoid cluster algorithm with k = 3. A square root
transformation is performed on the x-axis. Proportion of time spent in sedentary activities
(<100 cpm) are given in parentheses.

https://wwwn.cdc.gov/Nchs/Nhanes/2005-2006/PAXRAW_D.htm. This dataset has been
extensively studied in the literature to explore the relationship between physical activity and
health-related variables. For example, Parker and Holan (2023) and Fishman et al. (2016)
use physical activity data to predict mortality with additional covariates in their models.
Their result suggests an inverse causal relationship between activity level and mortality
rate. Maher et al. (2013) examine the associations between physical activity and obesity in
male and female groups, concluding that moderate-to-vigorous physical activity is inversely
associated with obesity. However, in the aforementioned studies, the analyses rely on either
(non-data-adaptive) summary statistics of physical activity or (unsupervised) functional
principal components, rather than directly exploiting the full information available from
the activity profiles for causal estimation. Furthermore, Parker and Holan (2023) and Fish-
man et al. (2016) employ linear regression models, which may lead to model misspecification.
Maher et al. (2013), on the other hand, does not account for other potential confounders. As
a result, the causal relationship between physical activity and outcomes established in Ma-
her et al. (2013) relies on potentially overly stringent unconfoundedness assumption, given
the observational nature of the data. In our analysis, we aim to investigate the causal effect
of activity profiles on BMI values based on this dataset. Other variables collected in this
dataset are available from https://wwwn.cdc.gov/Nchs/Nhanes/2005-2006/DEMO_D.htm,
from which we have extracted the covariates and outcomes. The covariates X include age,
education level and family poverty income ratio, and the outcome Y is the body mass index
(BMI). The data set was also studied recently in Chang and McKeague (2022) and Lin
et al. (2023). However, they treat physical activity as a functional outcome instead of a
functional exposure.

In our analysis, we focus on white male subjects of age 20–50. Prior to the analysis,
we follow the exact same pre-processing steps described in Lin et al. (2023) to process the
observations of intensity values. These steps are described as follows. First, the observations
with questionable reliability according to NHANES protocol are discarded. Then, for every
subject, the observations with intensity values higher than 1000 or equal to 0 are removed.
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In the dataset, we found that most (∼90%) positive intensity values range between 0 and
1000. Observations with zero intensity values could correspond to activities with varying
intensities, such as sleeping and bathing. Since one cannot accurately distinguish between
these different activities, Lin et al. (2023) excluded these observations from the study. Again,
following Lin et al. (2023), we remove those subjects who have less than 100 remaining
minutes with positive intensity values. This step was introduced to avoid subjects with
small number of observations (i.e., small N) which could lead to inaccurate estimation of
the corresponding functional treatment. In Appendix D, we present a sensitivity analysis,
by varying the cutoff minutes to 50, 75, and 200. The results were consistent with our
conclusions for the cutoff of 100 minutes. Lastly, we removed observations with many
missing covariates. After the above pre-processing steps, the sample size is 427.

Apart from following the pre-processing steps in Lin et al. (2023), we focus on the causal
effect of physical activities within intensity range (0,1000] which includes sedentary to light
intensity physical activities, as the benefit of light-intensity activities is less clear compared
to the ample evidence for the benefit of moderate-to-vigorous activities (Fuezeki et al.,
2017).

Note that the raw activity intensity profiles across different subjects are not aligned
and thus generally incomparable. To address this problem, one may use their distribution
functions to represent them. But these intensity distributions lie in a manifold space.
Instead, we apply the kernel mean embedding (Muandet et al., 2017) with a Gaussian
kernel to generate distributional representations in a Hilbert space, as discussed in Remark
2. Eventually, the treatments A are taken as the kernel mean embeddings of the intensity
distributions. We follow the same procedures in Section 5.1, including the choices of kernels
and tuning parameters, to obtain all the five estimators.

To provide a clear look at how different the estimated causal effects are provided by
different estimators, we present the estimated BMI values for three representative density
curves chosen by performing a cluster analysis using a k-medoid cluster algorithm with k = 3
on the density curves in the dataset. Roughly speaking, the three clusters correspond to a
high, medium and lower proportion of time spent in sedentary activities (<100 cpm), with
representative observations ID 32104, 33387 and 39978 respectively. Figure 1b shows three
medoid density curves while Table 3 shows the corresponding fitted BMI values produced
by different estimators for these three curves. All seven estimators provide the same order
of BMI values for these three curves, indicating that a more active person tends to have a
lower BMI. The result of NPFCBPS , FLM and FGAM are rather similar to that of NW, while CFB,
REG and FCBPS are more similar. The proposed method CFB shows the greatest estimated
difference in BMI values between the representative activity profiles from the high and
medium sedentary time groups.

We compare the performances of the seven methods in categories of estimated average
BMI values with the observed treatment patterns. According to the US Centers for Disease
Control and Prevention, in terms of the BMI value, an adult may be categorized as: under-
weight (BMI ≤ 18.5), healthy (18.5 < BMI ≤ 25), overweight (25 < BMI ≤ 30) and obese
(BMI > 30). We combine the underweight and healthy categories in our dataset because
it only has three underweight observations. We visualize every unique activity profiles and
their estimated BMI values (τ̂(A)) in Figure 2. For a better visualization, we stratify the
collection of curves by the estimated BMI categories. For NPFCBPS, FLM and FGAM, there is
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less variation in the estimated outcome across different density curves compared to other
methods. Regardless of physical activity profiles, almost all the subjects have an estimated
BMI in the overweight or obese range. For instance, the densities estimated by FGAM in the
obese group do not exhibit a distinct pattern compared to the other two groups. In fact, the
density shapes show considerable variation, making it difficult to identify a consistent pat-
tern. The results from NW, which does not adjust for the confounders, are counter-intuitive
since there are clearly two subgroups within the designated obese group, with one subgroup
of individuals who spend considerable less time in sedentary activities. Although the results
of CFB are similar to those of REG and FCBPS, all indicating a steady positive relationship
between the proportion of time spent on sedentary activities and BMI, CFB shows a clearer
effect compared to other methods, which is consistent with the findings in Table 3 shows a
clear effect of changing from high to medium sedentary time spent on BMI. Our analysis af-
firms the recommendation in Fuezeki et al. (2017) that “Currently inactive or insufficiently
active people should be encouraged to engage in physical activity of any intensity”.
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Figure 2: Density curves divided into different categories by their corresponding estimated
BMI values using different estimators (NW, CFB, REG, FCBPS, NPFCBPS, FLM and FGAM). A
square root transformation is performed on the x-axis.
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Table 3: Estimated BMI values for the three representative density curves in Figure 1b by
different estimators. SEQN indicates the respondent sequence number, i.e., subject ID.

SEQN CFB FCBPS NPFCBPS REG FLM FGAM NW

32104 30.38 31.75 30.55 31.31 29.86 29.87 29.36
33387 27.16 29.26 28.96 28.43 28.49 27.95 28.78
39978 26.10 27.23 27.56 26.96 27.20 26.77 26.57

6. Discussion

In this paper, we establish a novel covariate balancing framework for FTE estimation. Our
framework adopts the highly flexible weight-modified kernel ridge regression to characterize
the FTE on the outcome. The proposed weights are obtained by balancing an RKHS of
the functional treatment and can be computed efficiently. The proposed FTE estimator is
guaranteed to achieve the optimal rate of convergence without any smoothness assumptions
of the oracle weight function. Its appealing empirical performance is demonstrated in an
extensive simulation study and a real data application.

In the following, we outline several directions for future work. Assumption 1 can be
restrictive in practice as it requires all the covariates X that adjust the dependence between
{Y (a), a ∈ A} and A are observed. However, this is often not guaranteed in practice, which
leads to the presence of unmeasured confounding. Inspired by the recent development in
causal inference that tackles unmeasured confounding using instrumental or proxy variables,
we will investigate FTE estimation while relaxing Assumption 1 to allow for unmeasured
confounding. In addition, while Theorem 3 provides a convergence result for τ̂ with respect
to the empirical norm, there are fundamental difficulties in calculating the L2 norm for
functions with functional inputs numerically, and obtaining the L2 norm convergence rate.
Obtaining such results probably requires a modification of our method to smooth the weights
in order to establish the convergence of the estimated weight function. In Section 3.2,
we propose a practical way or tuning the hyperparameters η and λ, leveraging an initial
weighted estimator from Zhang et al. (2021) and the estimated kernel ridge regression model
m̂. However, one may want to avoid using these auxiliary estimators. A better tuning
parameter selection method is left as a future direction. Last but not least, statistical
inference remains a challenge for nonparametric function estimations. In our setting, τ
is a function defined over a function space A, which significantly complicates the task
of developing valid inference tools. Bootstrap ideas could be potentially used to perform
inference. We will leave a thorough study and development of inference as a future direction.
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Appendix A. Algorithm

Algorithm 1: Outlines for obtaining τ̂ .

Input: Observed confounders Xi ∈ Rp and approximated treatments Âi ∈ A,
i = 1, . . . , n; smoothing parameter λ > 0; the fitted outcome regression
model m̂ and a sequence of tuning parameters ηk, k = 1, . . . ,K.

1 Calculate GA, GX , Ḡ and ḡX according to (15).
2 Decompose GF and obtain M1, M2 and M .

3 for k = 1, . . . ,K do

4 Optimize (18) by L-BFGS-B algorithm with η = ηk and obtain solution ŵ(ηk).
5 Compute the value of V (ηk) from (19).

6 end
7 Select η̃ such that V (η̃) is the smallest among all V (ηk), k = 1, . . . ,K.

8 Construct the adjusted response Zi = ŵ
(η̃)
i Yi, i = 1, . . . , n.

9 Fix the response as Zi, i = 1, . . . , n and obtain

τ̂ =

(
1

n

n∑
i=1

SÂi
+ λI

)−1(
1

n

n∑
i=1

KÂi
Zi

)
.

Output: ŵη̃ and τ̂ .

Appendix B. Derivations and Proofs

Proof [Derivation of (3)]

E{w∗(A,X)Y | A = a} = E [w∗(a,X)E(Y | A = a,X) | A = a]

=E [w∗(a,X)E(Y (a) | A = a,X) | A = a] = E [w∗(a,X)E(Y (a) | D(a) = 1,X) | A = a]

=E [w∗(a,X)E(Y (a) | X) | A = a] = E
{

ρX(X)

ρX|A(X | a)
E(Y (a) | X) | A = a

}
=

∫
x

ρX(x)

ρX|A(x | a)
E(Y (a) | X = x)ρX|A(x | a)dx =

∫
x
ρX(x)E(Y (a) | X = x)dx = E{Y (a)}.
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Proof [Proof of Proposition 1] Given the discussion of Assumptions in Section 4, under
Assumption 5, the spectral theorem gives

S =

L∑
l=1

tl⟨·, el⟩HA
el,

where 0 < tl+1 ≤ tl, {el}∞l=1 is a basis of KerS⊥. Define the operator T : L2(ρA) → L2(ρA)
to be the integral operator of kernel KA,

(Tρ)(a) = EKA(a,A)ψ(A) =

∫
A
KA(a, a

′)ψ(a′)dρA(a
′)

for ψ ∈ L2(ρA). Based on Remark 2 in Caponnetto and De Vito (2007), it can be shown
that

T =

K∑
l=1

νAl ⟨·, ϕAl ⟩ρAϕ
A
l ,

where {ϕAl }Ll=1 is basis of KerT⊥, T 1/2ϕAl = t
1/2
l ϕAl = el and λ

l
A = tl, l = 1, . . . , L. And we

have

KA(a1, a2) =

L∑
l=1

νAl ϕ
A
l (a1)ϕ

A
l (a2).

As KX is a bounded continuous positive definite kernel, Mercer Theorem yields

KX(x1,x2) =
L∑
l=1

νXl ϕ
X
l (x1)ϕ

X
l (x2),

where 0 < ϕXl+1 ≤ ϕXl are eigenvalues, {(ϕXl }∞l=1 is a set of orthonormal basis in L2(ρX) and

{(νXl )1/2ϕXl }∞l=1 is a set of orthonormal basis in HX .
Next, we prove the direction that EX∼ρXg(·,X) ∈ HA for any g ∈ H.
Given these two sets of basis, for any function g ∈ H, it can be expressed as

g(a,x) =
∑
l1,l2

βl1,l2

√
νAl1

√
νXl2 ϕ

A
l (a)ϕ

X
l (x),

for some coefficients {βl1,l2}∞l1,l2=1 with

∥g∥2H =
∑
l1,l2

β2l1,l2 <∞.

Then we have

∥EX∼ρXg(·,X)∥2HA
=
∑
l1

(βl1,l2)
2

E

∑
l2

√
νXl2 ϕ

X
l2 (X)


2

≤
∑
l1

(βl1,l2)
2E

∑
l2

√
νXl2 ϕ

X
l2 (X)

2

≤
∑
l1

(βl1,l2)
2
∑
l2

νXl2 (β
X
l2 )

2 ≤
(
max
l2

νXl2

)∑
l1

∑
l2

(βAl1,l2)
2 = νX1 (

∑
l1,l2

β2l1,l2) = νX1 ∥g∥2H,
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the second inequality is due to the fact that {ϕXl }∞l=1 is orthonormal in L2(ρX). Note that
KX is bounded, thus νX1 is bounded. The conclusion follows.

Now, we prove the direction that for any function f ∈ HA, there exists a function g ∈ H,
such that EX∼ρXg(·,X) ∈ H.

First, note that these exists a function u ∈ HX , such that

Eu(X) =

∫
x
u(x)ρX(x)dx ̸= 0.

Take

g(a,x) = f(a)
u(x)

Eu(X)
.

One can verify that EX∼ρXg(·,X) = f(·). Since H = HA⊗HX , f ∈ HA and u(x)/Eu(X) ∈
HX , therefore g ∈ H. Therefore, the conclusion is verified.

Proof [Proof of Theorem 1] Take H⊥
n as the orthogonal space of Hn. For any function

u ∈ H, we can decompose it into two orthogonal parts u1 and u2 such that u1 ∈ Hn and
u2 ∈ H⊥

n . Then for any u ∈ H,

Q(w, λ, u)

=
1

n

n∑
k=1


(
1

n

n∑
i=1

SÂi
+ λI

)−1(
1

n

n∑
i=1

KÂi
wiu(Âi,Xi)

) (Ak)−
1

n

n∑
j=1

u(Ak,Xj)

2

=
1

n

n∑
k=1


(
1

n

n∑
i=1

SÂi
+ λI

)−1(
1

n

n∑
i=1

KÂi
wi⟨K((Âi,Xi), (·, ·)), u⟩

) (Ak)

− 1

n

n∑
j=1

⟨K(Âk,Xj), (·, ·)), u⟩

2

=
1

n

n∑
k=1


(
1

n

n∑
i=1

SÂi
+ λI

)−1(
1

n

n∑
i=1

KÂi
wi⟨KA(·, Âi)KX(·,Xi), (·, ·)), u1 + u2⟩

) (Ak)

−

〈
KA(·, Âk)

 1

n

n∑
j=1

KX(·,Xj)

 , (·, ·)), u1 + u2

〉2

=
1

n

n∑
k=1


(
1

n

n∑
i=1

SÂi
+ λI

)−1(
1

n

n∑
i=1

KÂi
wi⟨KA(·, Âi)KX(·,Xi), (·, ·)), u1⟩

) (Ak)

−

〈
KA(·, Âk)

 1

n

n∑
j=1

KX(·,Xj)

 , (·, ·)), u1

〉2

= Q(w, λ, u1).
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On the other hand, ∥u∥H = ∥u1∥H + ∥u2∥H. For any u such that ∥u∥H = 1 and ∥u1∥H > 0,

we can always find another ũ = ∥u∥H
∥u1∥Hu1 ∈ Hn. It is easy to verify that ∥ũ∥H = 1 and

Q(w, λ, ũ) =Q

(
w, λ,

∥u∥H
∥u1∥H

u1

)
=

(
∥u∥H
∥u1∥H

)2

Q (w, λ, u1) =

(
∥u∥H
∥u1∥H

)2

Q (w, λ, u) ≥ Q (w, λ, u) .

The conclusion follows.

Proof [Proof of Lemma 1] Consider any vectors w1 ∈ Rn and w2 ∈ Rn, and t ∈ [0, 1]. For
β ∈ Rq, we have

∥[Adiag{tw1 + (1− t)w2}B −D]β∥22
= ∥t [Adiag(w1)B −D]β + (1− t) [Adiag(w2)B −D]β∥22
≤t ∥[Adiag(w1)B −D]β∥22 + (1− t) ∥[Adiag(w2)B −D]β∥22 .

The inequality is due to the convexity of ∥ · ∥22. Suppose that β is the right singular vector
of Adiag{tw1 + (1− t)w2}B −D that corresponds to the largest singular value. Then

[σmax {Adiag(w)B −D}]2

= ∥[Adiag{tw1 + (1− t)w2}B −D]β∥22
≤ t ∥[Adiag(w1)B −D]β∥22 + (1− t) ∥[Adiag(w2)B −D]β∥22
≤ t [σmax {Adiag(w)B −D}]2 + (1− t) [σmax {Adiag(w2)B −D}]2 .

The second inequality is due to the definition of the largest singular value. Then conclusion
follows.

Proof [Proof of Theorem 2]

First, we derive the bounds for supu∈H(1)Q(w∗, λ, u) and R(w∗, λ)

Take the function z(a;u) = EX∼ρXu(a,X) for u ∈ H(1). Take SA = 1
n

∑n
i=1 SAi ,

SÂ = 1
n

∑n
i=1 SÂi

. It’s easy to see that supu∈H(1)Q(w, λ, u) can be bounded by the following
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components:

sup
u∈H(1)

Q(w∗, λ, u)

≲ sup
u∈H(1)

∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi
+ λI

)−1 [
1

n

n∑
i=1

(
KÂi

{
w∗
i u(Âi,Xi)− z(Âi;u)

}
−KAi {w∗

i u(Ai,Xi)− z(Ai;u)})]∥2n (24)

+ sup
u∈H(1)

∥∥∥∥∥(SÂ + λI
)−1

(
1

n

n∑
i=1

SAi −
1

n

n∑
i=1

SÂi

)
(SA + λI)−1

[
1

n

n∑
i=1

KAi {w∗
i u(Ai,Xi)− z(Ai;u)}

]∥∥∥∥∥
2

n

(25)

+ sup
u∈H(1)

∥∥∥∥∥∥
(
1

n

n∑
i=1

SAi + λI

)−1 [
1

n

n∑
i=1

KAi {w∗
i u(Ai,Xi)− z(Ai;u)}

]∥∥∥∥∥∥
2

n

(26)

+ sup
u∈H(1)

∥∥∥∥∥∥
(
1

n

n∑
i=1

SAi + λI

)−1 [
1

n

n∑
i=1

KAiz(Ai;u)

]
− z(·;u)

∥∥∥∥∥∥
2

n

(27)

+ sup
u∈H(1)

∥∥∥∥∥∥z(·;u)− 1

n

n∑
j=1

u(·,Xj)

∥∥∥∥∥∥
2

n

(28)

Next, we consider to bound (24), (25), (26), (27) and (28) one by one. Note that under the
fully observed case (Assumption 6 1), Âi = Ai for i = 1, . . . , n, and we only need to focus
on (26) - (28).

First, follow the proof in Section A.1.11 of Szabó et al. (2015), by Assumption 6, we
have

∥∥∥∥∥
(
1

n

n∑
i=1

SÂi

)
−

(
1

n

n∑
i=1

SAi

)∥∥∥∥∥
2

LHA

≤ 1

n

n∑
i=1

∥∥∥SÂi
− SAi

∥∥∥2
LHA

= Op

(
H2Ch

2 κ
2h
)
.

And note that for any function f ∈ HA,

∥f∥2n =

∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi

)1/2

f

∥∥∥∥∥∥
2

HA

.
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• For (24).

(24)

≤

∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi

)1/2(
1

n

n∑
i=1

SÂi
+ λI

)−1
∥∥∥∥∥∥
2

LHA

×

∥∥∥∥∥ 1n
n∑

i=1

(
KÂi

{
w∗
i u(Âi,Xi)− z(Âi;u)

}
−KAi {w∗

i u(Ai,Xi)− z(Ai;u)}
)∥∥∥∥∥

2

HA

.

By the spectral theorem,∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi

)1/2(
1

n

n∑
i=1

SÂi
+ λI

)−1
∥∥∥∥∥∥
2

LHA

≤ 1

λ
.

And by Hölder continuous in Assumption 6,∥∥∥∥∥ 1n
n∑

i=1

(
KÂi

{
w∗
i u(Âi,Xi)− z(Âi;u)

}
−KAi {w∗

i u(Ai,Xi)− z(Ai;u)}
)∥∥∥∥∥

2

HA

≲
H2

n

n∑
i=1

[
d(Ai, Âi)

2hC2
1C

4
2

]
= Op

(
H2C2

1C
4
2κ

2h
)
.

Then

(24) = Op

(
H2C2

1C
4
2κ

2h

λ

)
.

• For (25), by similar proof, we can show that

(25)

≤

∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi

)1/2(
1

n

n∑
i=1

SÂi
+ λI

)−1
∥∥∥∥∥∥
2

LHA

∥∥∥∥∥
(
1

n

n∑
i=1

SAi −
1

n

n∑
i=1

SÂi

)∥∥∥∥∥
2

LHA

× sup
u∈H(1)

∥∥∥∥∥(SA + λI)−1

[
1

n

n∑
i=1

KAi {w∗
i u(Ai,Xi)− z(Ai;u)}

]∥∥∥∥∥
2

HA

= Op

(
H2C2

1C
4
2C

h
2 κ

2h

λ

)
1

λ

× sup
u∈H(1)

∥∥∥∥∥(SA + λI)−
1
2

[
1

n

n∑
i=1

KAi {w∗
i u(Ai,Xi)− z(Ai;u)}

]∥∥∥∥∥
2

HA

.
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By later argument (see the proof for bounding (26)), we can prove that

sup
u∈H(1)

∥∥∥∥∥(SA + λI)−
1
2

[
1

n

n∑
i=1

KAi {w∗
i u(Ai,Xi)− z(Ai;u)}

]∥∥∥∥∥
2

HA

= Op

(
N (λ)

n

)
.

Then by the condition κ2h = O(λ2), we have

(25) = Op

(
H2C2

1C
4
2C

h
2 κ

2h

λ

N (λ)

nλ

)
= Op

(
N (λ)

n

)
.

• Next, we focus on controlling term (26).

We have

sup
u∈H(1)

∥∥∥∥∥∥
(
1

n

n∑
i=1

SAi + λI

)−1 [
1

n

n∑
i=1

KAi {w∗
i u(Ai,Xi)− z(Ai;u)}

]∥∥∥∥∥∥
2

n

= sup
u∈H(1)

∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi

)1/2(
1

n

n∑
i=1

SAi + λI

)−1 [
1

n

n∑
i=1

KAi {w∗
i u(Ai,Xi)− z(Ai;u)}

]∥∥∥∥∥∥
2

HA

≤

∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi

)1/2(
1

n

n∑
i=1

SAi + λI

)−1

(S + λ)
1
2

∥∥∥∥∥∥
2

L(HA)

× sup
u∈H(1)

∥∥∥∥∥(S + λ)−
1
2

[
1

n

n∑
i=1

KAi {w∗
i u(Ai,Xi)− z(Ai;u)}

]∥∥∥∥∥
2

HA

. (29)

We start with bounding the first term:∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi

) 1
2

(SA + λI)−1(S + λI)
1
2

∥∥∥∥∥∥
L(HA)

=

∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi

) 1
2

(S + λI)−
1
2

{
I − (S + λI)−

1
2

(
S −

(
1

n

n∑
i=1

SAi

))
(S + λI)

1
2

}−1
∥∥∥∥∥∥
L(HA)

≤

∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi

) 1
2

(S + λI)−
1
2

∥∥∥∥∥∥
L(HA)

×

∥∥∥∥∥∥
{
I − (S + λI)−

1
2

(
S −

(
1

n

n∑
i=1

SAi

))
(S + λI)−

1
2

}−1
∥∥∥∥∥∥
L(HA)

.
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From Caponnetto and De Vito (2007), we can show that if n ≥ 2CηκN (λ)/λ, where
Cη = 32 log2(6/η), and λ ≤ ∥S∥L(HA),∥∥∥∥∥(S + λI)−

1
2

(
S −

(
1

n

n∑
i=1

SAi

))
(S + λI)−

1
2

∥∥∥∥∥
L(HA)

≤ 1

2
, (30)

with probability at least 1− 2η/3. And therefore under the same condition, we have∥∥∥∥∥∥
{
I − (S + λI)−

1
2

(
S −

(
1

n

n∑
i=1

SAi

))
(S + λI)−

1
2

}−1
∥∥∥∥∥∥
L(HA)

≤ 2. (31)

with probability at least 1− 2η/3.

Then we bound ∥(
∑n

i=1 SÂi
/n)1/2 (S + λI)−1/2 ∥L(HA). Notice that∥∥∥∥∥∥

(
1

n

n∑
i=1

SÂi

) 1
2

(S + λI)−
1
2

∥∥∥∥∥∥
2

L(HA)

=

∥∥∥∥∥(S + λI)−
1
2

(
1

n

n∑
i=1

SÂi

)
(S + λI)−

1
2

∥∥∥∥∥
L(HA)

≤
∥∥∥(S + λI)−

1
2 S (S + λI)−

1
2

∥∥∥
L(HA)

+

∥∥∥∥∥(S + λI)−
1
2

(
S − 1

n

n∑
i=1

SÂi

)
(S + λI)−

1
2

∥∥∥∥∥
L(HA)

=
∥∥∥S 1

2 (S + λI)−
1
2

∥∥∥2
L(HA)

+

∥∥∥∥∥(S + λI)−
1
2

(
S − 1

n

n∑
i=1

SÂi

)
(S + λI)−

1
2

∥∥∥∥∥
L(HA)

For the first component, it’s easy to see that∥∥∥(S + λI)−
1
2 S (S + λI)−

1
2

∥∥∥
L(HA)

=
∥∥∥S 1

2 (S + λI)−
1
2

∥∥∥2
L(HA)

≤ 1

because of the spectral theorem.

And by (30), we have∥∥∥∥∥(S + λI)−
1
2

(
S − 1

n

n∑
i=1

SÂi

)
(S + λI)−

1
2

∥∥∥∥∥
L(HA)

≤

∥∥∥∥∥(S + λI)−
1
2

(
S − 1

n

n∑
i=1

SAi

)
(S + λI)−

1
2

∥∥∥∥∥
L(HA)

+

∥∥∥∥∥(S + λI)−
1
2

(
1

n

n∑
i=1

SÂi
− 1

n

n∑
i=1

SAi

)
(S + λI)−

1
2

∥∥∥∥∥
L(HA)

≤Op(1) +
1

λ
Op

(
HC

h/2
2 κh

)
≤ Op(1).

The last inequality is due to the condition for κ that κh = O(λ).
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Then we have ∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi

) 1
2

(S + λI)−
1
2

∥∥∥∥∥∥
2

L(HA)

= Op(1) .

And overall we show that∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi

) 1
2

(SA + λI)−1(S + λI)
1
2

∥∥∥∥∥∥
L(HA)

= Op(1) . (32)

Next, we bound the second term in (29). Take ri as independent Rademacher random
variables. It’s easy to see that E{w∗

i u(Ai, Xi)−z(Ai;u)} = 0 for every i and u ∈ H(1).
Due to symmetrization inequality, we have

E sup
u∈H(1)

∥∥∥∥∥(S + λI)−1/2

[
1

n

n∑
i=1

KAi {w∗
i u(Ai,Xi)− z(Ai;u)}

]∥∥∥∥∥
2

HA

≤4E sup
u∈H(1)

∥∥∥∥∥(S + λI)1/2 1
n

n∑
i=1

KAi{riw∗
i u(Ai,Xi)}

∥∥∥∥∥
2

HA

+ 4E sup
u∈H(1)

∥∥∥∥∥(S + λI)1/2 1
n

n∑
i=1

KAiriz(Ai;u)

∥∥∥∥∥
2

HA

(33)

Let’s focus on the first term in (33).

E sup
u∈H(1)

∥∥∥∥∥(S + λI)1/2 1
n

n∑
i=1

KAi{riw∗
i u(Ai,Xi)}

∥∥∥∥∥
2

HA

=E sup
u∈H(1)

〈
(S + λI)−1/2 1

n

n∑
i=1

KAi{riw∗
i u(Ai,Xi)},

(S + λI)−1/2 1

n

n∑
i=1

KAi{riw∗
i u(Ai,Xi)}

〉
HA

=E sup
u∈H(1)

1

n2

n∑
i=1

n∑
j=1

rirjw
∗
iw

∗
ju(Ai,Xi)u(Aj ,Xj)

×
〈
(S + λI)−1/2KAi , (S + λI)−1/2KAj

〉
HA

≤ 1

n2
E sup

u∈H(1)

n∑
i=1

(w∗
i )

2u2(Ai,Xi)
〈
(S + λI)−1/2KAi , (S + λI)−1/2KAi

〉
HA

+
1

n2
E sup

u∈H(1)

∑
i ̸=j

rirjw
∗
iw

∗
ju(Ai,Xi)u(Aj ,Xj)

〈
(S + λI)−1/2KAi , (S + λI)−1/2KAj

〉
HA

= (i) + (ii) (34)
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We first deal with the (i). For every u ∈ H(1), ∥u∥∞ = sup(a,x) |⟨K((a,x), (·, ·)), u⟩H| ≤
sup(a,x) |K((a,x), (a,x))| ≤ C2κ. By contraction inequality and symmetrization in-
equality, we have

E sup
u∈H(1)

n∑
i=1

(w∗
i )

2u2(Ai,Xi)
〈
(S + λI)−1/2KAi , (S + λI)−1/2KAi

〉
HA

≤nC2
2κ

2E
〈
(S + λI)−1/2KA1 , (S + λI)−1/2KA1

〉
HA

≤nC2
2κ

2E∥K∗
A1

(S + λI)−1KA1∥L(HA)

≤nC2
2κ

2E{Tr(K∗
A1

(S + λI)−1KA1)}

=nC2
2κ

2E{Tr((S + λI)−1KA1K∗
A1

)} = nC2
2κ

2

∫
a
Tr
{
(S + λI)−1Sa

}
dρA(a)

≤nC2
2κ

2Tr
{
(S + λI)−1S

}
= nC2

2κ
2N (λ).

Next, we study the term (ii). Based on the proof in Proposition 1, we have KA(·, ·) =∑∞
l1=1 ν

A
l1
ϕAl1(·)ϕ

A
l1
(·), where νAl1 are eigenvalues and ϕAl1(·) are eigenfunctions (orthonor-

mal basis of L2(ρA)). KX(·, ·) =
∑∞

l2=1 ν
X
l2
ϕXl2 (·)ϕ

X
l2
(·), where νXl2 are eigenvalues

and ϕXl2 (·) are eigenfunctions (orthonormal basis of L2(ρX). Since the reproduc-
ing kernel for H is K((·, ⋆), (·, ⋆)) = KA(·, ·)KX(⋆, ⋆), we have K((·, ⋆), (·, ⋆)) =∑∞

l=1 νlϕl(·, ⋆)ϕl(·, ⋆), where νl = νAl1ν
X
l2

and ϕl(·, ⋆) = ϕAl1(·)ϕ
X
l2
(⋆) for some l1, l2

such that ν, l = 1, . . . ,∞ is nonincreasing. Take Φ(·, ⋆) = {
√
νϕl(·, ⋆)}∞l=1. H(1) =

{u(·, ⋆) = ⟨β,Φ(·, ⋆)⟩ :
∑∞

l=1 β
2
l ≤ 1}. Take E(1) = {β :

∑∞
l=1 β

2
l ≤ 1}, then

(ii) ≤ E sup
β∈E(1)

{ ∞∑
l=1

(βl)
2

∞∑
l′=1

(βl′)
2

} 1
2

×

[∑∞
l=1

∑∞
l′=1

{∑
i ̸=j

〈
(S + λI)−

1
2KAi , (S + λI)−

1
2KAj

〉
HA

rirjw
∗
iw

∗
j

√
νlϕl(Ai,Xi)

√
νl′ϕl′(Aj ,Xj)

}2
] 1

2

≤
[∑∞

l=1

∑∞
l′=1

∑
i ̸=j E

〈
(S + λI)−

1
2KAi , (S + λI)−

1
2KAj

〉2
HA

(w∗
i )

2(w∗
j )

2νlϕ
2
l (Ai,Xi)νl′ϕ

2
l′(Aj ,Xj)

] 1
2

≤

 ∞∑
l=1

∞∑
l′=1

∑
i ̸=j

E
{
(w∗

i )
2
〈
(S + λI)−

1
2KAi , (S + λI)−

1
2KAi

〉
HA

νlϕ
2
l (Ai,Xi)

}

E
{
(w∗

j )
2
〈
(S + λI)−

1
2KAj , (S + λI)−

1
2KAj

〉
HA

νl′ϕ
2
l′(Aj ,Xj)

}] 1
2

=

∑
i ̸=j

E

{
(w∗

i )
2
〈
(S + λI)−

1
2KAi , (S + λI)−

1
2KAi

〉
HA

( ∞∑
l=1

νlϕ
2
l (Ai,Xi)

)}

E

{
(w∗

j )
2
〈
(S + λI)−

1
2KAj , (S + λI)−

1
2KAj

〉
HA

( ∞∑
l′=1

νl′ϕ
2
l′(Aj ,Xj)

)}] 1
2

.

The first inequality by adopting Cauchy Schwarz inequality. The second inequality is
due to that ri, i = 1, . . . , n are all independent Rademacher random variables. The
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third inequality is because that (Ai, Xi), i = 1, . . . , n are independent pairs and

〈
(S + λI)−1/2KAi , (S + λI)−1/2KAj

〉2
HA

≤
〈
(S + λI)−1/2KAi , (S + λI)−1/2KAi

〉
HA

〈
(S + λI)−1/2KAj , (S + λI)−1/2KAj

〉
HA

Note that

∞∑
l=1

νlϕ
2
l (Ai,Xi) = KA(Ai, Ai)KX(Xi,Xi) ≤ κC2.

Then

E

{
(w∗

i )
2
〈
(S + λI)−1/2KAi , (S + λI)−1/2KAi

〉
HA

( ∞∑
l=1

νlϕ
2
l (Ai, Xi)

)}
≤C2

1κC2E
〈
(S + λI)−1/2KAi , (S + λI)−1/2KAi

〉
HA

≤C2
1κC2N (λ)

Now we prove that

(ii) ≤ C2
1κC2

n2

{√
n(n− 1)N (λ)

}
≤ C2

1κC2

n
N (λ).

Combine the bound of (i) and (ii) into (34), we have

E sup
u∈H(1)

∥∥∥∥∥(S + λI)1/2 1
n

n∑
i=1

KAi{riw∗
i u(Ai,Xi)}

∥∥∥∥∥
2

HA

≤ C2
2κ

2N (λ)

n
+
C2
1κC2

n
N (λ)

(35)

Next we deal with the second term in (33). For u ∈ H(1), by previous construc-

tion of H(1), we can express u(a, x) =
∑

l1

∑
l2
βAl1β

X
l2

√
νAl1ν

X
l2
ϕAl1(a)ϕ

X
l2
(x) for some

coefficients βAl1 and βXl2 . Then

∥z(·;u)∥2HA
=
∑
l1

(βAl1)
2

E

∑
l2

√
νXl2 β

X
l2 ϕ

X
l2 (X)


2

≤
∑
l1

(βAl1)
2E

∑
l2

√
νXl2 β

X
l2 ϕ

X
l2 (X)

2

≤
∑
l1

(βAl1)
2
∑
l2

νXl2 (β
X
l2 )

2 ≤
(
max
l2

νXl2

)∑
l1

∑
l2

(βAl1)
2(βXl2 )

2 = νX1
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Then {z(·;u) : ∥u∥H ≤ 1} ⊂ {z : ∥z∥HA
≤ νX1 }, we can follow previous strategy and

prove that

E sup
u∈H(1)

∥∥∥∥∥(S + λI)1/2 1
n

n∑
i=1

KAiriz(Ai;u)

∥∥∥∥∥
2

HA

(36)

≤ (νX1 )2E sup
z∈{z:∥z∥HA

≤1}

∥∥∥∥∥(S + λI)1/2 1
n

n∑
i=1

KAiriz(Ai)

∥∥∥∥∥
2

HA

≤ (νX1 )2κ2N (λ)

n
+

(νX1 )2C2
1κ

n
N (λ)

And overall, there exists a constant c1 > 0 depending on νX1 , κ, C1, C2, such that

E sup
u∈H(1)

∥∥∥∥∥(S + λI)−1/2

[
1

n

n∑
i=1

KAi {w∗
i u(Ai,Xi)− z(Ai;u)}

]∥∥∥∥∥
2

HA

≤ c1N (λ)

n
.

And combine the result with (32), we have

sup
u∈H(1)

∥∥∥∥∥∥
(
1

n

n∑
i=1

SAi + λI

)−1 [
1

n

n∑
i=1

KAi {w∗
i u(Ai,Xi)− z(Ai;u)}

]∥∥∥∥∥∥
2

n

= Op

(
N (λ)

n

)
.

• Next, we consider to bound (27). By the above arguments,

sup
u∈H(1)

∥∥∥∥∥∥
(
1

n

n∑
i=1

SAi + λI

)−1 [
1

n

n∑
i=1

KAiz(Ai;u)

]
− z(·;u)

∥∥∥∥∥∥
2

n

≤νX1 sup
z∈{z:∥z∥HA

≤1}

∥∥∥∥∥∥
(
1

n

n∑
i=1

SAi + λI

)−1 [
1

n

n∑
i=1

KAiz(Ai)

]
− z

∥∥∥∥∥∥
2

n

Take zλ = (S + λI)−1Sz. We can verify that

∥zλ − z∥2HA
=
∥∥[(S + λI)−1S − I

]
z
∥∥2
HA

=
∞∑
l=1

[
νAl

νAl + λ
− 1

]2
⟨z, ϕAl ⟩2HA

≤
∞∑
l=1

⟨z, ϕAl ⟩2HA
= ∥z∥2HA

.

∥zλ − z∥2L2(ρA) =
∥∥∥√S

[
(S + λI)−1S

]
z − z

∥∥∥2
HA

=
∞∑
l=1

νAl

[
νAl

νAl + λ
− 1

]2
⟨z, ϕAl ⟩2HA

=

∞∑
l=1

 λ√
νAl + λ/

√
νAl

2

⟨z, ϕAl ⟩2HA
≤

∞∑
l=1

(
λ√
2λ

)2

⟨z, ϕAl ⟩2HA
= λ/2∥z∥2HA

.
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Next, we derive the bound for

sup
z∈{z:∥z∥HA

≤1}
∥zλ − z∥2n.

Take z′ = zλ−z, given that ∥z′∥HA
≤ √

c2∥z∥HA
≤ √

c2 and ∥z′∥L2(ρA) ≤
√
c3λ∥z∥HA

≤√
c3λ for some positive constants c2 and c3. Follow the same proof of Lemma 42 in

Mendelson (2002), we can show that the Rademacher complexity

E sup
z′∈{z:∥z∥HA

≤√
c2,∥z∥L2(ρA)≤

√
c3λ}

∣∣∣∣∣ 1n
n∑

i=1

riz
′(Ai)

∣∣∣∣∣
2

≤ c4
n

( ∞∑
l=1

min{νAl , λ}

)

for some constant c4 > 0 depending on c2 and c3. Next, we apply Corollary 2.2 in
Bartlett et al. (2005), we can verify there exists a constant b > 0 such that ∥z′∥∞ ≤ b
for any ∥z′∥HA

≤ √
c2. Then for any x > 0, if λ ≥ 10b{c4

∑∞
l=1min{νAl , λ}/n}1/2 +

11b2x/n, we have

{z′ ∈ {z : ∥z∥HA
≤

√
c2} : ∥z′∥2L2(ρA) ≤ c3λ} ⊆ {z′ ∈ {z : ∥z∥HA

≤
√
c2} : ∥z′∥2n ≤ 2c3λ},

with probability at least 1− exp(−x). Note that vAl = tl, then as long as√∑∞
l=1min{tl, λ}/(

√
nλ) = Op(1), we have ∥z′∥2n = Op(λ). The above inequalities

also holds for Âi, i = 1, . . . , n as Âi are independent samples from A. Then we have
the following the inequality

sup
z∈{z:∥z∥HA

≤1}

∥∥∥∥∥∥
(
1

n

n∑
i=1

SAi + λI

)−1 [
1

n

n∑
i=1

KAiz(Ai)

]
− z

∥∥∥∥∥∥
2

n

≤2 sup
z∈{z:∥z∥HA

≤1}

∥∥∥∥∥∥
(
1

n

n∑
i=1

SAi + λI

)−1(
S − 1

n

n∑
i=1

SAi

)(
zλ − z

)∥∥∥∥∥∥
2

n

+ 2 sup
z∈{z:∥z∥HA

≤1}
∥zλ − z∥2n

≤

∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi

)1/2(
1

n

n∑
i=1

SAi + λI

)−1

(S + λI)
1
2

∥∥∥∥∥∥
2

L(HA)

c2 sup
v∈{z:∥z∥HA

≤1}

∥∥∥∥∥(S + λI)−
1
2

(
S − 1

n

n∑
i=1

SAi

)
v

∥∥∥∥∥
2

HA

+ c3λ (37)

The operator norm in (37) can be bounded via (32). It remains to bound

sup
v∈{z:∥z∥HA

≤1}

∥∥∥∥∥(S + λI)−
1
2

(
S − 1

n

n∑
i=1

SAi

)
v

∥∥∥∥∥
2

HA

.
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Note that ESAi = S, then we can apply the symmetrization equality again

sup
v∈{z:∥z∥HA

≤1}

∥∥∥∥∥(S + λI)−
1
2

(
S − 1

n

n∑
i=1

SAi

)
v

∥∥∥∥∥
2

HA

≤ 4E sup
v∈{z:∥z∥HA

≤1}

∥∥∥∥∥(S + λI)−
1
2
1

n

n∑
i=1

SAiriv

∥∥∥∥∥
2

HA

,

where ri, i = 1, . . . , n are independent Rademacher random variables.

Follow the similar proof in proving term (26), we can show that

E sup
v∈{z:∥z∥HA

≤1}

∥∥∥∥∥(S + λI)−
1
2
1

n

n∑
i=1

SAiriv

∥∥∥∥∥
2

HA

≤ c5
N (λ)

n

for some constant c5 > 0 depending on κ. And overall, we prove that

(27) = Op

(
N (λ)

n
+ λ

)
• Last, we bound the term (28). First, fixed any a ∈ A, we derive the bound for
E supu∈H(1)[z(a;u)−

∑n
j=1 u(a,Xj)/n]

2.

By symmetrization inequality, we have

E sup
u∈H(1)

[
z(a;u)−

∑n
j=1 u(a,Xj)

n

]2
≤ 4E sup

u∈H(1)

 1

n

n∑
j=1

rju(a,Xj)

2

Again by previous construction of H(1), we have H(1) = {u(·, ⋆) = ⟨β,Φ(·, ⋆)⟩ :∑∞
l=1 β

2
l ≤ 1}. Take E(1) = {β :

∑∞
l=1 β

2
l ≤ 1}.

E sup
u∈H(1)

 1

n

n∑
j=1

riu(a,Xj)

2

≤ E sup
β∈E(1)

 1

n

n∑
j=1

rj
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l

βl
√
νlϕl(a,Xj)
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≤E sup
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β2l

) 1

n
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j=1

rj
√
νlϕl(a,Xj)
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νlE
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rjϕl(a,Xj)

2

≤ 1

n
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l

νlEϕ2l (a,X1) =
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n
KA(a, a)EKX(X1,X1) ≤

1

n
κC2KA(a, a).

Then we can show that

E

 sup
u∈H(1)

∥∥∥∥∥∥z(·;u)− 1

n

n∑
j=1

u(·,Xj)

∥∥∥∥∥∥
2
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 sup
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(
1√
n

)
.
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Combine the bounds derived for (26), (27) and (28), the bound for supu∈H(1)Q(w∗, λ, ∥·
∥n, u) follows.
To bound the penalty term R(w∗, λ), note that

R(w∗, λ, ) =
1

n2

n∑
i=1

(w∗
i )

2

∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi
+ λI

)−1

KÂi

∥∥∥∥∥∥
2

n

≤ C1

n2

n∑
i=1

∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi
+ λI

)−1

KÂi

∥∥∥∥∥∥
2

n
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n2

n∑
i=1

∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi

)1/2(
1

n

n∑
i=1

SÂi
+ λI

)−1

(S + λI)
1
2

∥∥∥∥∥∥
2

L(HA)

∥∥∥(S + λI)−
1
2KÂi

∥∥∥2
HA

.

∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi

)1/2(
1

n

n∑
i=1

SÂi
+ λI

)−1

(S + λI)
1
2

∥∥∥∥∥∥
L(HA)

≤

∥∥∥∥∥
(
1

n

n∑
i=1

SÂi

)1/2(
1

n

n∑
i=1

SÂi
+ λI

)−1(
1

n

n∑
i=1

SÂi
− 1

n

n∑
i=1

SAi

)

× (SA + λI)−1(S + λI)
1
2

∥∥∥∥∥
L(HA)

+

∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi

)1/2(
1

n

n∑
i=1

SAi + λI

)−1

(S + λI)
1
2

∥∥∥∥∥∥
L(HA)

= Op(λ
−1κh) +Op(1) = Op(1).

The last two equalities are due to (32) and the condition of κ.∥∥∥(S + λI)−
1
2KÂi

∥∥∥2
HA

=
∥∥∥(S + λI)−

1
2

(
SÂi

− SAi

)
(S + λI)−

1
2

∥∥∥
L(HA)

+
∥∥∥(S + λI)−

1
2SAi(S + λI)−

1
2

∥∥∥
L(HA)

≤
∥∥∥(SÂi

− SAi

)
(S + λI)−1

∥∥∥
L(HA)

+
∥∥SAi(S + λI)−1

∥∥
L(HA)

≤ 1

λ

∥∥∥SÂi
− SAi

∥∥∥
L(HA)

+
∥∥SAi(S + λI)−1

∥∥
L(HA)

It’s easy to verify that

E∥SAi(S + λI)−1∥L(HA) ≤ E
{
Tr
(
(S + λI)−1KAiK∗

Ai

)}
≤ Tr{(S + λI)−1S} = N (λ).

Then combine with all the bounds, we obtain

R(w∗, λ) = Op

(
N (λ)

n

)
+Op

(
κh

λ

)
≤ Op

(
N (λ)

n

)
.
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The last inequality is due to the condition of κ.

Now we are ready to bound supu∈H(1)Q(ŵ, λ, u) and R(ŵ, λ). Since ŵ is the solution
of (14), by the basic inequality, we have

sup
u∈H(1)

Q(ŵ, λ, u) + ηR(ŵ, λ) ≤ sup
u∈H(1)

Q(w∗, λ, u) + ηR(w∗, λ).

Therefore, we have

sup
u∈H(1)

Q(ŵ, λ, u) ≤

{
sup

u∈H(1)
Q(w∗, λ, u) + ηR(w∗, λ)

}
= Op

[
(1 + η)

N (λ)

n
+ λ

]
,

R(ŵ, λ) ≤ η−1

{
sup

u∈H(1)
Q(w∗, λ, u) + ηR(w∗, λ)

}
= Op

[
N (λ)

n
+ η−1

(
λ+

N (λ)

n

)]
.

Proof [Proof of Theorem 3] By Theorem 2, we can derive that

Q(ŵ, λ,m) = Op

[
∥m∥2H

(
N (λ)

n
+ λ+ η

N (λ)

n

)]
,

R(ŵ, λ, ) = Op

[
η−1

(
N (λ)

n
+ λ

)
+

N (λ)

n

]
.

From the decomposition, we have

∥τ̂ − τ∥n =

∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi
+ λI

)−1(
1

n

n∑
i=1

KÂi
ŵiYi

)
− τ

∥∥∥∥∥∥
n

=

∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi
+ λI

)−1(
1

n

n∑
i=1

KÂi
ŵim(Âi,Xi)

)
− 1

n

n∑
j=1

m(·,Xj)

∥∥∥∥∥∥
n

(38)

+

∥∥∥∥∥∥ 1n
n∑

j=1

m(·,Xj)− τ

∥∥∥∥∥∥
n

(39)

+

∥∥∥∥∥∥
(
1

n

n∑
i=1

SÂi
+ λI

)−1(
1

n

n∑
i=1

KÂi
ŵiϵi

)∥∥∥∥∥∥
n

(40)

(38) = {Q(ŵ, λ,m)}1/2 = Op

[
∥m∥H

(
N (λ)

n
+ λ+ η

N (λ)

n

)1/2
]
.

From the bound of (28) in Theorem 2, we have

(39) = Op

(
∥m∥H√

n

)
.
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Notice that under Assumption 3,

E


∥∥∥∥∥∥
(
1

n

n∑
i=1

SAi + λ

)−1(
1

n

n∑
i=1

KAiŵiϵi

)∥∥∥∥∥∥
2

n

| Ai, i = 1, . . . , n


≤ σ20R(ŵ, λ) = σ20 Op

[
η−1

(
N (λ)

n
+ λ

)
+

N (λ)

n

]
.

Then

(40) = Op

(
σ0η

−1/2

(
N (λ)

n
+ λ

)1/2

+

(
N (λ)

n

)1/2
)
.

Under Assumption 7 and the conditions of η and λ stated in Theorem 3, we note that
N (λ) ≍ λ−1/b. Follow the proof of Lemma S7 in Wang et al. (2020), to satisfy the condition√∑∞

l=1min{tl, λ}/(nλ2) = O(1), we need nλ−(1+1/b) = O(1), which is the same condition
for N (λ)(λn)−1 = O(1). Then we can see that when λ ≍ n−b/(1+b), the conditions are
satisfied and λ ≍ (N (λ)/

√
n.

The bound of ∥τ̂ − τ∥n follows.

Appendix C. Additional Simulation

In this section, we conduct an additional simulation study where X are dependent and
A has a more complex dependence structure on X. More specifically, we introduce the
latent variable Z = [Z(1), Z(2), Z(3), Z(4)]⊺ ∈ R4 follow the multivariate normal distribution
with the zero mean vector and the identity covariance matrix. The functional treatment
A is generated by A(t) =

∑4
k=1A

(k)
√
2 sin(2πkt), t ∈ [0, 1], where A(1) | Z ∼ N(4Z(1), 1),

A(2) | Z ∼ N(2
√
3Z(2), 1), A(3) | Z ∼ N(2

√
2Z(3), 1) and A(4) | Z ∼ N(2Z(4), 1). Then

we generate confounders X = [X(1), X(2), X(3), X(4)]⊺ ∈ R4 as X = [exp(Z(1)/2), Z(2)/(1+
exp(Z(1))), (Z(1)Z(3)/25+0.6)/2, (Z(2)+Z(4))/2]. The introduction of the latent variable Z
is to ensure the orthogonality of the principal components A(l), l = 1, . . . , 4, while preserving
complex dependencies both among the covariates X and between A and X. The outcome
Y is generated by Y | (A,X) ∼ N(m(A,X), 1), where we consider three choices for m
as follows. Let Ω(x) = z(2)(z(1))2 + (z(4))2 sin(2z(3)) where z = [z(1), z(2), z(3), z(4)]⊺, and
µ(t) = 2

√
2 sin(2πt) +

√
2 cos(2πt) +

√
2 sin(4πt)/2+

√
2 cos(4πt)/2. Here Ω(·) is a function

of X as Z itself is a function of X.

• Setting 1: We let m(a,x) = 15Ω(x)+
∫ 1
t=0 a(t)µ(t)dt. In this case, the treatment effect

τ(a) is linear in a in the sense

τ(a) =

∫ 1

t=0
a(t)µ(t)dt,

and m is additive in Ψ(x) and a.

• Setting 2: We let m(a,x) = 10Ω(x) + 0.5(a(1))2 + 4 sin(a(1)). Here m is additive in
Ψ(x) and a. Then the treatment effect is

τ(a) = 0.5(a(1))2 + 4 sin(a(1)),

which is nonlinear in a.
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• Setting 3: We let m(a,x) = [1 + 2/3Ω(x)][0.5(a(1))2 + 4 sin(a(1))]. In this case, the
treatment effect τ(a) has the same form as in Setting 3, but Ψ(z) interacts with a in
m.

Same as the description in Section 5.1, we compare estimators mentioned in Section 5.1
and use two evaluation metrics introduced in Section 5.1 to present the simulation results.

Table 4: Empirical MSEs for different estimators under three different simulation settings
described in Appendix C. Values in the parentheses are the standard errors of MSEs.

Setting 1 Setting 2 Setting 3

CFB 53.97 (1.33) 130.75 (2.93) 154.65 (4.72)
FCBPS 274.1 (38.85) 296.77 (32.85) 1350.72 (455.9)

NPFCBPS 103.88 (3.06) 211.97 (3.72) 254.24 (10.72)
REG 83.38 (6.27) 95.32 (2.36) 164.92 (8.32)
FLM 243.06 (18.23) 603.85 (23.01) 1780.32 (219.2)
FGAM 362.37 (19.71) 238.03 (9.41) 2137.04 (266.4)
NW 682.64 (21.27) 313.74 (9.27) 2732.82 (278.42)

Table 5: Out-of-Sample MSEs for different estimators under three different simulation set-
tings described in Appendix C. Values in the parentheses are the standard errors of MSEs.

Setting 1 Setting 2 Setting 3

CFB 58.28 (2.06) 144.96 (5.57) 186.09 (11.48)
FCBPS 267.13 (32.91) 310.52 (27.9) 1304.48 (401.61)

NPFCBPS 103.17 (3.13) 229.3 (5.58) 270.22 (11.9)
REG 86.42 (7.96) 105.57 (3.48) 160.91 (8.45)
FLM 245.29 (17.65) 632.48 (25.52) 1821.75 (213.19)
FGAM 392.3 (26.8) 257.24 (12) 2890.63 (647.76)
NW 523.46 (15.75) 254.91 (7.58) 1215.51 (74.72)

Appendix D. Sensitivity Analysis for the Cutoff

In this section, we vary the cutoff values to 50, 75 and 200. For cutoff values of 50 and
75, we observe two and one density curves, respectively, that differ significantly in shape
from the rest. The highest estimated densities for these curves exceed 0.015, while the
rest remain below 0.0125. To avoid the influence of outliers, we exclude these anomalous
samples from the analysis. After the pre-processing, the sample sizes are 430, 429 and 423
for cutoff values 50, 75, 200 respectively.

As with Figure 2, which was produced using a cutoff value of 100, we present the activity
profiles along with their estimated BMI values in Figures 3, 4, and 5, corresponding to cutoff
values of 50, 75, and 200, respectively. Similar patterns across all methods in Figures 3-5
are observed, consistent with those shown in Figure 2.
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Tables 6, 7 and 8 provide the estimated BMI values for three representative density
curves with cutoff values of 50, 75, and 200, respectively. We obtain the same conclusion
that all seven estimators provide the same order of BMI values for these three curves,
indicating that a more active person tends to have a lower BMI. The results from CFB, REG
and FCBPS are more similar, and show a greater difference in BMI values between the curve
with ID 33387 and 32104.
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Figure 3: Density curves divided into different categories by their corresponding estimated
BMI values using different estimators with cutoff value 50. See details in Figure 2.

Table 6: Estimated BMI values for the three representative density curves with cutoff value
50. See details in Table 3.

SEQN CFB FCBPS NPFCBPS REG FLM FGAM NW

32104 30.30 31.50 30.52 31.25 29.92 29.81 29.39
33387 27.50 29.16 28.94 28.44 28.50 27.94 28.77
39978 25.81 27.24 27.55 26.99 27.18 26.83 26.72
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Figure 4: Density curves divided into different categories by their corresponding estimated
BMI values using different estimators with cutoff value 75. See details in Figure 2.

Table 7: Estimated BMI values for the three representative density curves with cutoff value
75. See details in Table 3.

SEQN CFB FCBPS NPFCBPS REG FLM FGAM NW

32104 30.12 31.49 30.56 31.27 29.94 29.84 29.39
33387 27.44 29.16 28.94 28.44 28.51 27.94 28.78
39978 25.75 27.24 27.53 26.99 27.18 26.83 26.71
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Figure 5: Density curves divided into different categories by their corresponding estimated
BMI values using different estimators with cutoff value 200. See details in Figure 2.

Table 8: Estimated BMI values for the three representative density curves with cutoff value
200. See details in Table 3.
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