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Abstract

Conformal prediction (CP) was developed to provide finite-sample probabilistic prediction
guarantees. While CP algorithms are a relatively general purpose approach to uncertainty
quantification, with finite-sample guarantees, they lack versatility. Namely, the CP ap-
proach does not prescribe how to quantify the degree to which a data set provides evidence
in support of (or against) an arbitrary event from a general class of events. This paper
uses tools from imprecise probability theory to build a formal connection between CP and
generalized fiducial (GF) inference. These new insights establish a more general inferential
lens from which CP can be understood, and demonstrate the pragmatism of fiducial ideas.
The formal connection establishes a context in which epistemically-derived GF probabil-
ity matches aleatoric/frequentist probability. Beyond this fact, this work illustrates how
tools from imprecise probability theory, namely lower and upper probability functions, can
be applied in the context of the imprecise GF distribution to provide posterior-like, pre-
scriptive inference that is not possible within the CP framework alone. In addition to
the primary CP generalization that is contributed, fundamental connections are synthe-
sized between this new model-free GF and three other areas of contemporary research:
nonparametric predictive inference (NPI), conformal predictive systems/distributions, and
inferential models (IMs).

Keywords: approximate reasoning, Dempster-Shafer theory, foundations of statistics, pos-
sibility theory, safe probability

1. Introduction

The rate at which machine learning algorithms are being developed and advanced for high-
stakes applications is greatly exceeding the pace at which safe and reliable methods for
quantifying their uncertainty are becoming understood. Moreover, it is largely undeter-
mined how to properly quantify uncertainty in their performance guarantees, and there is
no generally accepted standard of accountability of stated uncertainties. As discussed in
Shafer (2021)—among many other references—a trouble with non-frequentist interpreta-
tions of probability is their practical limitations for verifiability. Frequentist interpretations
of probability yield explicit definitions based on probabilistic statements that can be tested
and verified (if only through theoretical simulation), and admit tangible attributes of data
models, such as wvalidity of predictions (e.g., control over type 1 error rates). Notions of
validity are fundamental to developing methods and procedures that have any chance at
being reliable when applied in the context of uncertainty quantification (for prediction and
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inference, alike). It is for these reasons that statisticians must afford a high premium to
repeated sampling properties. CP was developed to provide finite-sample probabilistic pre-
diction guarantees by leveraging the calibration inherent in applying the empirical hold-out
method for training/testing a machine learning prediction rule (Vovk et al., 2005). Growing
momentum for applications and developments of CP has occurred in recent years.

While CP algorithms are a relatively general purpose approach to uncertainty quantifi-
cation, with finite-sample guarantees, they lack versatility; whereas Bayesian approaches,
for instance, are versatile but lacking in guarantees. Namely, the CP approach does not
prescribe how to quantify the degree to which a data set provides evidence in support of
(or against) an arbitrary event from a general class of events. In contrast, within the
Bayesian paradigm, the degree to which a data set provides evidence in support of (or
against) an event is quantified by the posterior probability of the event, for any measurable
event. Bayesian inference, however, operates by the usual Kolmogorov axioms for proba-
bility calculus, and is thereby subject to the false confidence theorem (Balch et al., 2019;
Martin, 2019; Carmichael and Williams, 2018), rendering it provably unreliable. The false
confidence theorem is mathematical justification for the fact that precise probabilistic-based
statistical inferences (e.g., those based on posterior probabilities) are provably unreliable in
the sense that there always exists a false hypothesis (with positive Lebesgue measure) having
arbitrarily large epistemic (e.g., posterior) probability, with arbitrarily large aleatory (i.e.,
frequency/frequentist) probability. This theorem arose to explain a troubling phenomenon
occurring in the Bayesian analysis of satellite trajectory data (Balch et al., 2019). Conse-
quences of the false confidence theorem can, however, be avoided via imprecise probability
calculus (Martin, 2019).

This paper uses tools from imprecise probability theory to build a formal connection
between CP and GF inference (Hannig et al., 2016). These new insights establish a more
general inferential lens from which CP can be understood, and demonstrate the pragmatism
of fiducial ideas. The key observation about the CP framework is that the rank of a
nonconformity score actually defines a data generating association with an auxiliary discrete-
uniform distribution. This article proves that applying the GF inference framework to this
rank-based data generating association leads to a model-free approach—hereafter referred
to as model-free GF—for constructing GF prediction sets, from which CP sets arise. This
also means that the epistemically-derived GF probability matches the aleatoric/frequentist
probability on CP sets. Beyond this fact, this work illustrates how tools from imprecise
probability theory, namely lower and upper probability functions, can be applied in the
context of the imprecise GF distribution to provide posterior-like, prescriptive inference
that is not possible within the CP framework alone. Furthermore, beyond the primary
contribution on CP generalization, this paper synthesizes fundamental connections between
this new model-free GF and three other areas of contemporary statistics research: NPI,
conformal predictive systems/distributions, and IMs.

First, the model-free GF framework turns out to be a generalization of the NPI ap-
proach (e.g., Coolen, 1998; Augustin and Coolen, 2004; Coolen and Coolen-Maturi, 2024)
built from the Dempster-Hill procedure/assumption (Dempster, 1963; Hill, 1968, 1988). At
a high level, NPT is a statistical methodology that assigns uniform probability 1/(n + 1) to
each interval between the order statistics of a real-valued data set of size n, and yields
direct conditional probabilities about future observable random quantities (Coolen and
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Coolen-Maturi, 2024). Within the model-free GF paradigm, the Dempster-Hill assumption
is satisfied trivially and more generally, and under this assumption, non-asymptotic, sub-
exponential concentration inequalities are derived to establish root-n consistency, around
the true distribution of the data, of every probability measure in the credal set of the
imprecise model-free GF distribution.

Second, conformal predictive distributions (e.g., Vovk et al., 2019; Vovk, 2022, 2024)
are also an extension of NPI ideas but with the aim of constructing predictive probability
distribution functions from monotonic nonconformity scores. Conformal predictive distri-
butions correspond to cumulative distribution functions that yield a finite-sample coverage
guarantee under a nonparametric assumption; but unlike usual CP not all nonconformity
measures will produce a conformal predictive distribution (Vovk et al., 2019). This ap-
proach is advertised as fiducial in the sense of constructing a probability distribution from a
pivot, but is more aligned with the confidence distribution characterization of fiducial ideas
(i.e., Xie and Singh, 2013; Schweder and Hjort, 2016) rather than the GF or IM charac-
terizations. In contrast, the model-free GF characterization does not rely on monotonicity
of nonconformity scores, nor does it lead to a precise probabilistic predictive distribution.
In fact, the model-free GF imprecise probabilistic characterization is more aligned with the
NPI prescriptions for inference, while still leveraging CP-calibrated constructions beyond
the Dempster-Hill procedure/assumption.

Third, IM is an alternative characterization of the fiducial principles/approach that
Fisher introduced in the early twentieth century (Fisher, 1930, 1935), but one that is fully
prescriptive, frequentist-calibrated, and built from a reorientation of the epistemic interpre-
tation of the imprecise probability tools developed from DS calculus. The data generating
association implemented to construct the model-free GF distribution by way of the GF
switching principle (Hannig et al., 2016) can alternatively be implemented by way of a pre-
dictive random set to construct an IM (Martin and Liu, 2015) for predictive inference, as in
Cella and Martin (2022). Similar to the model-free GF construction, this IM construction
inherently elicits the formulation of CP sets. The difference between the two constructions
is that model-free GF has belief and plausibility functions corresponding to a basic probabil-
ity assignment function (using the language of Dempster-Shafer (DS) theory; see Definition
9 below) that assigns nonzero mass only to the disjoint set-differences of the nested CP
sets, whereas the IM lower and upper probabilities are more directly associated with the
CP sets. It turns out that the disjoint nature of the focal sets, as in the model-free GF
construction, is necessary for the statistical consistency of the probability measures in the
credal set. The IM predictive distribution in Cella and Martin (2022) was designed instead
to achieve an imprecise probabilistic notion of finite-sample frequentist validity, a property
endowed by consonance (Shafer, 1976; Cella and Martin, 2022); the consonant IM construc-
tion is similarly established using the model-free GF framework in Section 4.2, thereby also
establishing imprecise probabilistic validity.

1.1 Related work

Since precise probabilistic approximations from the credal set associated with model-free
GF belief/plausibility functions may be desirable, it is illustrated in this article how one such
approximation can be arrived at based on the principle of maximum entropy. This should
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be consistent with the pignistic transformation based on the generalized insufficient reason
principle advocated for in Smets (1990). A mapping from a credal set to a probability distri-
bution is often referred to as a pignistic transformation; the terminology being that beliefs
are held at the credal level while decisions are made at the pignistic level (Smets, 1990).
The problem of constructing pignistic transformations has been considered, more broadly,
in the approximate reasoning research community. For example, Dubois et al. (2004) pro-
vides conditions and theorems for transforming between possibility /necessity measures and
probability measures. Still, no general theory for such constructions or evaluations of such
mappings exists (Griinwald, 2018), and so there remain many open research questions con-
cerning precise probability approximations of a credal set, especially from a statistical in-
ference perspective.

Imprecise probabilities, and in particular, the roles of [non-additive| belief and plausibil-
ity functions have been extensively developed within the context of DS theory (Dempster,
1966; Shafer, 1976). DS theory has seen varied applications, namely in artificial intelligence
communities (e.g., Bloch, 1996; Vasseur et al., 1999; Denoeux, 2000; Basir and Yuan, 2007;
Denoeux, 2008; Diaz-M4ds et al., 2010), but has largely not been applied in mainstream
statistical literatures. The lack of attention from the statistics communities may be partly
attributed to major barriers to computation (Shafer, 2021). Remarkably, a recent solution
drawing positive attention has been provided in the article Jacob et al. (2021) for the com-
putation of DS inference on categorical data, a problem that had been open for 55 years.
Regardless of the success/failure of the DS theory for inference, the related ideas developed
for lower and upper probabilities in Shafer (1976) are very useful and apply more broadly,
as demonstrated with the IM framework. In particular, the utility of a don’t know category
has hugely important implications on statistical inference, as demonstrated/discussed in
Balch et al. (2019); Martin (2019); Carmichael and Williams (2018); Williams (2021).

Another line of work related to the model-free GF formulation of CP sets is the de-
velopment of risk controlling prediction sets (Bates et al., 2021; Angelopoulos et al., 2023,
2025). In the risk controlling prediction set framework, CP ideas are generalized to provide
guarantees on the expected loss between the response label and CP set, where the specifi-
cation of the loss function is arbitrary (based on minimal assumptions). In principle, the
model-free GF ideas could also be applied to exchangeable instances of loss functions, but
the imprecision of the model-free GF formulation more naturally lends itself to the analysis
of upper/lower previsions of a loss (i.e., supremum/infimum of the expectation of the loss
function, over a credal set of probability measures). Indeed, the risk controlling prediction
set perspective inspired investigation of the latter in Williams and Liu (2024).

The remainder of this paper is organized as follows. Section 2 lays out a general dis-
cussion and motivating remarks on various notions of safety and reliability in prediction
and inference; namely, such notions go far beyond the unconditional validity emphasized
in this article. Section 3 serves to introduce the fundamental ideas for CP and the GF in-
ference paradigm, followed by construction of the framework being proposed for model-free
GF inference. The imprecise nature of this construction is examined in Section 4, including
connections to NPI, conformal predictive distributions, and IMs. An illustration is offered
in Section 5 for the construction of a pignistic transformation from the model-free GF credal
set to a [precise| probability distribution, followed by a brief survey of other such transforma-
tions implicitly considered in the GF literature. Concluding remarks are provided in Section
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6, and the Julia programming language codes to reproduce all numerical illustrations and
figures are publicly available at: https://jonathanpw.github.io/research.html.

2. Safe probability, testing, and inference

The developments in this article are governed by a particular notion of reliability, namely
finite-sample, unconditional, type 1 control of prediction error; commonly this is referred
to as a type of unconditional validity. Consider the following motivating remarks.

At the American Society of Clinical Oncology conference in Chicago in June 2022 (Tie
et al., 2022), it was discussed that a new liquid biopsy can help identify the need for adjuvant
therapy in stage II colon cancer, thereby potentially avoiding post-operative chemotherapy,
which, for colon cancer, can cause peripheral neuropathy. Suppose a machine learning al-
gorithm is trained to identify the need for adjuvant therapy with 95% confidence reported.
How is this confidence defined? Is it defined as the reported error on a test set? Is it
a Bayesian posterior probability? Is it some sort of averaging over a collection of predic-
tions? All of these are widely accepted notions of confidence, but they all represent different
quantifications of uncertainty with varying (if any) guarantees for how the algorithm might
perform on future data. When a meteorologist predicts that there is 95% chance of rain
tomorrow, it might not be so problematic to not understand in what sense 95% chance
is reliable or verifiable (if at all), but when an algorithm says there is 95% chance that a
person does not need post-operative chemotherapy with potentially life-debilitating side ef-
fects, there are serious ramifications for how to interpret that quantification of uncertainty.
Moreover, for such quantification of uncertainty to be reliable there must be a mechanism
for accountability. Finite-sample, unconditional, type 1 error control facilitates such ac-
countability in that 95% confidence is defined unambiguously by the algorithmic attribute
that in no more than 5% of instances of rejecting the hypothesis ‘post-operative chemother-
apy is needed’ will post-operative chemotherapy actually be needed—an error rate that can
be verified on real data of any sample size.

CP and model-free GF are reliable in this sense of unconditional validity for uncertainty
quantification of predictions. For statistical inference of a population parameter, IMs and,
more recently, universal inference (Wasserman et al., 2020; Park et al., 2026) guarantee
the same type of unconditional validity, as does generalized universal inference (Dey et al.,
2025) for a risk minimizer; see also Dey and Williams (2023) on valid inference for machine
learning model parameters. Unconditional validity has limitations, though. For instance,
suppose that of colon cancer patients, 99% are of age 45 years or older, and that the type 1
error rate of rejecting ‘post-operative chemotherapy is needed’ is 4% for such patients but
100% for patients younger than 45. Unconditionally, the error rate is 4.96% in this example,
so the algorithm is reliable with respect to a stated guarantee of 5% error rate, but it is
clearly not safe for young colon cancer patients. A stronger notion of conditional validity,
e.g., finite-sample type 1 error control conditioned on covariate values, is required, but not
readily achievable within the CP or model-free GF constructions, unless further information
is available. Note that this is more general than the special case of all meaningful values of a
covariate being known a priori, in which case Mondrian CP (Vovk et al., 2005; Hjort et al.,
2025, and analogously model-free GF') could be applied (essentially training independently
on each covariate-valued class).
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Beyond unconditional and conditional validity, the article Griinwald (2018) builds an
entire theory of various notions of reliability, therein termed “safety” and hence the title of
this section. Loosely, in the order of strength of the guarantees offered, these notions are:
asymptotic validity, unbiasedness, confidence safety, pivotal safety, calibration, squared-
error optimality, unconditional validity, conditional validity. Calibration of an algorithm
means that an event actually occurs in p - 100% of observed instances, for events that are
predicted to have probability p by the algorithm, e.g., rainfall occurring on approximately
30% of days for which the algorithm predicted ‘probability of rain is 0.3’. More recently,
notions of reliability have been introduced and developed in the context of sequential testing
problems, termed anytime-validity; i.e., reliability in the sense of finite-sample type 1 error
rate control under optional continuation or optional stopping of statistical testing regimes
determined before or after data are observed. These properties are achieved via the con-
struction of e-values and e-processes, by leveraging Markov’s inequality and properties of
non-negative supermartingales such as Ville’s inequality. Furthermore, whereas p-values
generally cannot be combined (e.g., across studies) to produce a p-value, e-values can; e.g.,
the average of e-values is an e-value. See the following references for a current review
on anytime-validity and related topics: Wasserman et al. (2020); Ramdas et al. (2023);
Griinwald et al. (2024); Griinwald (2024).

3. Constructing CP sets from GF inference

Throughout this text the notion of a population parameter will be used to refer to un-
known population quantities of interest. Depending on the context, a parameter may take
an arbitrary value. Most common examples of parameters are objects described in, but not
limited to, scalar-, vector-, or matrix-valued form; though, a population parameter of in-
terest may also be defined as an infinite-dimensional object such as a distribution function,
for example. In the case of prediction, the unknown parameter value is the datum value to
be predicted. For a random sample y,...,y,, of size n, denote y,+1 as the datum value
to be predicted, and assume that these values are, respectively, realizations of the random
variables Yi,...,Y,, Y11 id Y, where Y represents the random variable from a population
model. Moving forward, the shorthand y ~ Y is taken to mean y is an observed instance
of the random variable Y.

Classical statistical inference on the unknown value of 4,41 would be to assume a para-
metric model for Y and construct prediction sets either inspired by large-sample theory
(e.g., an asymptotic confidence interval) or from a Bayesian posterior predictive distribu-
tion. While both approaches are considered reasonable, they both allow the practitioner to
avoid accountability to a stated nominal level of confidence. Without knowledge of the pop-
ulation model, the parametric prediction sets are not guaranteed to achieve their nominal
coverage (at least non-asymptotically), i.e., a purported 1 — « level set, a € (0, 1), may not
contain the realized value of Y,,;1 in at least (1 —«)100% of repeated samples; and Bayesian
posterior credible sets are not promised to be calibrated to any notion of reliability. This
is highly problematic because without rigorous justification of a stated nominal level of
confidence, practitioners can claim any level without consequence, and so it is not clear in
what sense probabilities are meaningful. We need probabilities assigned to prediction sets to
be inherently meaningful in a manner that is mathematically or empirically verifiable, and
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so we must begin by defining the properties they ought to have. Such is the fundamental
principle of the CP approach, discussed next. Note that finite-sample coverage of prediction
sets at stated levels is synonymous with finite-sample type 1 error rate control at stated
levels, attributable to a mathematical duality between these two notions of wvalidity.

For any a priori fixed a € (0,1), suppose that I'? is an « level prediction set for y,11,
constructed from observed data yi,...,y,. Next, assuming y,1+1 ~ Y, let £ be the binary
indicator of the event that I'Y does not contain y,1, and take &;,&2,... to represent a
sequence of independent, repeated samples of £. Then I'? is said to be (conservatively)
valid if €1, &, ... is dominated in distribution by that of a sequence of iid a weighted coin
tosses (Vovk et al., 2005). This notion is stated more concisely in Definition 1.

Definition 1 (Type 1 validity — Cella and Martin, 2022) Let {T'? : a € (0,1)} be
a family of prediction sets constructed from observed data yi,...,Yyn ~ Y, and assume
Unt1 ~ Y. Denoting by P the probability measure associated with Y , the family of prediction
sets is type 1 valid if, for all (a,n, P), P(F% ) Yn+1) >1—a.

Attributable to an emphasis on bounding type 1 errors, conservative validity is often simply
referred to as validity. It turns out that CP sets are valid in this sense, for finite sample
sizes, as discussed next.

3.1 Conformal prediction

The basic principle for any CP set is that it is constructed from an algorithm providing
finite-sample guarantees, called a conformal algorithm and stated here as Algorithm 3.
Perhaps the simplest context for introducing a conformal algorithm is the classification
scenario where exchangeable examples y1,...,y, ~ Y are observed, as in Definition 2, and
the task is to determine whether some new value y is exchangeable with y1,...,y,. Note
that exchangeability of data is a slightly weaker condition than assuming iid data.

The CP strategy is to first define a measure of nonconformity, ¥ : (R™ { xR — R, such
that \Il(yﬁjl, y;), for i € {1,...,n+1}, is a meaningful measure of how different the value y;

is from the values y1, ..., %1, Yit1,---»>Yns1, where g™ = {y1,. .., yni1} \{v:}. Then the

—i
assertion that y,11 is exchangeable with y1, ..., y, is dismissed if the value ‘I/(y’f(f 1) Yn+1)

falls in the « tail region of the empirical distribution of the values \Il(yr_l;rl,yi), for i €
{1,...,n + 1}. When the context is clear, for conciseness let ;(y;) := W(y"$*, y;), for
ie{l,...,n+1}.

Using the conformal algorithm, a CP set denoted by I' is constructed as the set of all y
such that the conformal algorithm returns value 1. As exhibited by Theorem 4, the novelty
of the conformal algorithm is its finite-sample control of type 1 errors at the stated nominal
level a, for any user-specified level o € (0, 1), and it is sufficient to only assume exchange-
ability of the data examples (i.e., a model-free assumption). In fact, the exchangeability of
the data is not necessary so long as t1(Y1),...,tn+1(Ynt1) are exchangeable.

Definition 2 (Exchangeability) A sequence Yy, Yo, ... with probability measure P is said

to be exchangeable if for every integer n > 0, every permutation o on {1,...,n}, and every
P-measurable set F, P{(Yl, Y, € E} = P{(Ya(l), s Yomy) € E}
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Algorithm 3: Conformal algorithm (Vovk et al., 2005).
Input: Nonconformity measure ¥ : [R” { xR — R, measurable; exchangeable
examples y, ..., y,; an arbitrary value y; and significance level a € (0, 1).
Output: Logical value; 1 indicates that y1,...,yn,y are exchangeable, and 0 else.

Denote yn4+1 :=y;
forie{l,...,n+1} do
‘ Compute t;(y;) = ‘I/(?f_l;rl,yi)%

Set pr(Ynt1) = 7%;_1 Z?:—‘_ll H{ti(yi) =t (yn+1) b3

1
2
3
4 end
5
6 return 1{p,(yn+1) > a};

Theorem 4 (Vovk et al., 2005) If the random variables Y1, ...,Y,41 ~ Y are exchange-
able, then a CP set is [type 1] valid, as in Definition 1.

Proof This result is established in Vovk et al. (2005), but I provide an alternative explicit
proof in the Appendix. The proof follows by first observing that a type 1 error is the event
{Pn(Yn+1) < a}, and then showing that P{p,(Yn+1) < a} < a. [ |

While provably valid, the CP approach lacks the versatility to assign confidence to
assertions {yp+1 : B 3 yn+1} if B does not coincide with a CP set at some level. In
Section 3.3, a model-free formulation of GF inference is constructed that is able to assign
GF-based probability the same as the level of a CP set (and is thus valid), but is also able
to assign imprecise probabilities (i.e., lower and upper probabilities) to all other assertions.
The necessary requisites on GF inference are introduced in the next section.

Definition 5 The function p,(y) := n%rl S i (i) > tas1(y)}, as in Algorithm 3, will
be referred to as the ‘conformal p-value function’.

3.2 GF inference

The motivating assumption for GF inference is an explicit association between data Y and
an auxiliary variable U through some deterministic function G that depends on unknown
population parameters of interest, 6. Expressed as,

Y = G(U,0), (1)

the association is typically referred to as a data generating equation. A key aspect of
the assumption is that the auxiliary variable has a completely known and fully specified
distribution. The auxiliary variable can be understood similarly to the notion of a pivotal
quantity that might be constructed in the context of statistical testing or bootstrapping.
The goal is to build epistemic inference on the unknown 6 by using the assumption of
association (1).

From the GF inference perspective, the association (1) represents a mapping from a
parameter space © to the support Y of the datum Y, and as such, once data are observed,
an inverse mapping would contain valuable information about the unknown value 6. More
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precisely, given an observed data set yi,...,y, generated independently from (1), there
necessarily exists a corresponding set of auxiliary variable values w1, ..., u, such that the
unknown value 6 solves the system of equations, y; = G(u1,0), - ,yn = G(un, ). If the
set of auxiliary values uy,...,u, were known, then this would be a deterministic inverse
problem. Nonetheless, although w1, . . ., u, are unknown, it is assumed that the set comprises
values that were generated independently and identically from the assumed known and fully
specified distribution of the auxiliary variable U.

Accordingly, these facts motivate the formal definition of a GF distribution of 6, pre-
sented next in Definition 6. This definition is interpreted as: the probability that 6 is
contained in a set B is equal to the probability, under the distribution of Uy, ..., U,, that
the limiting quantity is equal to a 6 that lies in the set B. Note that in this definition,
Y1, .-, Yn are regarded as fixed while Uy, ..., U, are random. Thus, the GF distribution is
a distributional statistic for the unknown value 6, inheriting its uncertainty from the distri-
bution of the auxiliary random variable, the same as Y7,...,Y,. In Hannig et al. (2016) this
is referred to as the switching principle. The notion of a distributional statistic for a fixed
but unknown parameter, i.e., 8, is analogous to the role played by the posterior distribution
in the Bayesian framework.

Definition 6 (Hannig et al., 2016) Given an observed data set yi,...,y, generated in-
dependently from (1), a GF distribution on a parameter space © is defined as the weak
limit,
n n
I i —G(U, 0 2) i . — GULO)|% < el
i Largmin S i~ GO | i3~ GO <

where G is a deterministic function, and the distribution of Uy, ..., U, is fully known and
specified.

For discrete-valued data, the limit ¢ — 0 in Definition 6 reduces to setting ¢ = 0, leading
to an imprecise probability distribution over ©. For example, in the case of binomial(m, €)
data, the data generating equation (1) may take the form:

Y = il{Uk < 0},

k=1

where Uy,..., Uy, ig uniform(0, 1). For an observed instance y from this data generating
equation, the GF distribution for # is obtained by replacing the unobserved uy, ..., u,;, that

generated y with an independent copy of the auxiliary variables U7, ..., U}, i uniform(0, 1),
and setting ¢ = 0 in Definition 6. This leads to the imprecise GF distribution for 6
defined by the interval-valued random variable of the form (U*),U* | € O, where

(y)> 7 (y+1)
ur,...,U0p, id uniform(0, 1) and U(*k) denotes the k-th order statistic of Uy,...,U},; ie.,
U (*y) is a random variable characterizing the uncertainty about w,)—the unobserved auxil-

iary value corresponding to the observed data value y.

3.3 Model-free GF inference

The GF inference approach begins with the assumption that data are generated indepen-
dently from a data generating equation as in (1). Such an assumption is model-based, and
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requires explicit knowledge of the deterministic function G in (1) along with the distribution
of the auxiliary variables. Instead, consider Assumption 7.

Assumption 7 The variables Yi,...,Yn+1 € Y are exchangeable and continuous (in the
sense of having a continuous distribution function with respect to the Lebesque measure).

If an injective nonconformity measure W can be constructed for the data, then under
Assumption 7 a model-free data generating association for Y, is given by:

rank{t,+1(Yp4+1)} =V ~ uniform{1,...,n+ 1}, (2)
where rank{t,4+1(Yn4+1)} denotes the position or rank of t,41(Y,41) in the order statistics
(in ascending order) of the sample ¢1(Y1), ..., th+1(Yat1); i€,

n+1
rank{t;(y;)} = 1+ Y 1{t;(y;) > ti(yi)},
i=1

for j € {1,...,n+ 1}. In this model-free approach, the phrase data generating association
is used in place of data generating equation because knowledge of the true auxiliary variable
value in equation (2) does not fully determine the datum value y,4+1. Nonetheless, the GF
inference algorithm can be applied with reference to the datum variable rank{t,,+1(Y5+1)},
as usual, but for inference on y,11. First, replace the unobserved true auxiliary variable
in (2) with an independent copy, V* ~ uniform{1,...,n + 1}. Second, apply the switching
principle to obtain an imprecise GF distribution of the to-be-predicted value y,1 as a
distribution over the random sets,

A, (V*) = ar;g,‘erginﬂrank{tnﬂ(y)} —V*} ={y : rank{to1(y)} = V*}, (3)

as illustrated in Figure 1.

Yy

Figure 1: Hypothetical observed univariate data with y1 = 4, y» = 5, and n = 2. With nonconformity

measure \Il(yﬁjl, Yi) = \mean(y:“) — y;|, the inner black region represents the values of yn41

that would have rank 1 (i.e., A (1) = {y : rank[tn11(y)] = 1}), the outer grey region represents
the values of yn+1 € An(2) = {y : rank[tn+1(y)] = 2}, and the outermost white region represents
the values of yni1 € An(n+1) = {y : rank[tni1(y)] =n+1}.

Remark 8 The continuity requirement of Assumption 7 together with the injectivity as-
sumption about W is to ensure that t;(Y;) # t;(Y;) a.s. for any i # j. Otherwise, equation
(2) is misspecified because the support of the random variable rank{t,+1(Yn+1)} may not
include the entire set {1,...,n+ 1}.

10
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Definition 9 (Shafer, 1976) In DS theory, u : 2¥ — [0,1] is called a basic probability
assignment function if it satisfies p(0) = 0 and Y geov p(B) = 1. With respect to the basic
probability assignment function p, a set B CY is called a focal set if u(B) > 0.

The imprecise GF probability measure (called the basic probability assignment function in
DS theory) denoted by u : 2¥ — [0, 1] has focal sets

n+1 1
WAV = (V= 14 S i) > 600} ) = 0
i=1

where 7' denotes the discrete uniform probability mass function associated with the aux-
iliary variable V*.

An important insight from Figure 1 is that the imprecise GF distribution of y,,11 assigns,
in particular, 1/(n 4 1) probability to the outermost region (beyond where any data were
observed), and as such, it assigns n/(n + 1) probability to the complementary set (within
which all of the data were observed). Moreover, a k/(n + 1) GF prediction set is given by,

Qn(k) = U Ap(v) = {y : rank[tn1(y)] < k}, (5)

1<v<k

for any k € {1,...,n+41}. Theorem 10, below, relates this model-free GF prediction set to
a CP set via the GF contour function:

Fa(y) = p{Qa(V*) 5 y}. (6)

As a simple example, for the hypothetical data displayed in Figure 1, the GF contour is

1 if ye(4,5)
% else

More interesting examples of GF contours, for synthetic Gaussian and Cauchy data, are
plotted in Figure 2. The important implication of Theorem 10 is that Y% := {y : f,(y) > o}
is a [type 1] valid, model-free GF prediction set, as stated in Corollary 11.

At any level a € (0,1), the region T¢ is easily determined in the plots in Figure 2
by drawing a horizontal line at the value of o and including all values of y that satisfy
faly) > a (ie, T is a pre-image set of f,,). Although a contour is not understood as a
density function, construction of Y¢ is akin to the construction of highest posterior density
credible sets in Bayesian inference.

11
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Figure 2: Both panels display plots of the GF contour, fn(y) = u{Qn(V*) > y}; the left and right plots
are based on samples of n = 100 realizations from the standard Gaussian and standard Cauchy
distributions, respectively.

Theorem 10 Under Assumption 7 the GF' contour f,(y) is a conformal p-value function.

Proof This result is simply a statement of the fact that using f,(yn+1) in place of p,(yn+1)
in Algorithm 3 defines a conformal algorithm. This follows because

fa(Ynt1) = M{Qn(V*) 2 yn+1}
= p{rank{tp41(ynt1)} < V*}
_ n4+1—rank{tp41(yns1)} +1

nt1 ™)
_ntl-1- E?;Lll g1 (Yna1) > ti(ys)} + 1
n+1
_ St Wtnga (gns) < tilyi)}
n+1
|

Corollary 11 Under Assumption 7 the GF prediction set Y& is [type 1] valid, as in Defi-
nition 1.

Proof Asshown in Theorem 10, f;,(yn+1) is equivalent to py,(yn+1) in Algorithm 3, and so
P(Yy ZYn) = P(fn(yn+1) < a) < a,

as a direct consequence of Theorem 4. |

It is clear from Theorem 10 that CP sets can be constructed from the GF inference
paradigm, namely Y is a CP set. Furthermore, it follows from expression (7) that any

12
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CP set as constructed from Algorithm 3 can be understood as a union of focal sets from
the imprecise GF probability distribution of 4,11 defined by (3). This fact establishes the
fundamental connection between GF inference and CP.

4. Characterizing the imprecision in the model-free GF distribution

The imprecision in the GF distribution is that the probability mass p is only defined for
sets of values A,(v) C Y, for v € {1,...,n + 1}, rather than a mass or density function
defined for all points in Y, as in the precise probability scenario; and the imprecision comes
from the fact that nothing is being assumed about the underlying distribution of the data.
The novelty of the approach is that the GF framework is, nonetheless, versatile enough
to provide inferences and construct CP sets, based on the model-free association (2) with
the sole assumption of exchangeable, continuous data. Inferences can be facilitated by the
construction of belief and plausibility functions, denoted p and 7, respectively, so that for
any event B C Y pertaining to the prediction of y,1, i.e.T{ynH : B3 ypt1}s

n+1

B(B) ==Y {An()} - 1{A.(j) N B # 0}, and
Jj=1

n+1

w(B) == n{A.()} - 1{4.(j) € B}.
j=1

A probability measure A is naturally considered compatible with p if for every measur-
able set B, u(B) < A(B) < fi(B). The set of all such probability measures is called the
credal set of u, and can be expressed as

¢(n) == {A : A(B) <(B), for any measurable set B}.

Further, this construction implies that any probability measure A € % () must assign
the same probability mass as p to any focal set of . This fact is established as a direct
consequence of Lemma 12.

Lemma 12 A probability measure A € €' () if and only if A{A,(v)} = n%rl = pu{Ap(v)},
for everyv e {1,...,n+ 1}.

Proof First, suppose that A € € (u). Then for any v € {1,...,n + 1}, using the fact that
An(1),...,Ap(n + 1) are mutually disjoint,

n+1

(A @)} = 37 1A, ()11{ A () € Aulv)}
j=1

= p{An(v)}

< A{An(v)}

< {An(v)}
n+1

= ZM{An(])}l{An(J) NAy(v) # (D}
=1

= p{An(v)}

13
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The desired result follows by equation (4).

For the converse direction, assume that A{A,(v)} = 1=

reveryv e{l,...,n+1}.

ntl’
Then, for any measurable set B, using the fact that A,(1),...,A,(n + 1) are mutually
disjoint and collectively exhaustive over Y,
n+1
= Z A{BNA,(v)}
v=1
n+1
< ZA{A )}1{A,(v) N B # 0}
n+1
= 1{A,(v)NB
Z n+1 { 7 ®}
n+1
=Y p{An(0)}1{A,(v) " B # 0}
v=1
— (B).

The implication of interest of Lemma 12 is that any probability measure compatible
with the imprecise GF probability measure p must assign uniform (i.e., %H) probability
to each of the mutually disjoint and collectively exhaustive regions A, (1),..., A,(n + 1).
Assuming a density function exists, the probability density associated with any A € €' (u),
however, can have arbitrary shape over each region A, (v), subject to the constraint that it
integrates to +1

4.1 Connection to nonparametric predictive inference

A special case of the model-free GF inference construction is the NPI construction devel-
oped by Coolen and his collaborators since the late 1990s (e.g., Coolen, 1998; Augustin and
Coolen, 2004; Coolen and Coolen-Maturi, 2024), and the so-called “Dempster-Hill proce-
dure” based on the seminal papers Dempster (1963); Hill (1968, 1988). The name Dempster-
Hill procedure is coined in Vovk (2024) and is described as the statement (paraphrased from
Vovk, 2024):

Given data yi, . . ., Yn, the probability that the next observation y falls in (y(i) s Y(i+1))
is 1/(n+1), for each i € {0,...,n}; by definition, y(g) := —oo and y(,1) := oo.

This idea, taken to be the fundamental assumption of NPI, is argued in Vovk (2024) to trace
back as far as Jeffreys (1932). Taking the nonconformity score to be each datum itself, i.e.,
t(Y;) :=Y;, and deriving the model-free GF distribution exactly yields the Dempster-Hill
procedure, by virtue of equation (4). From here, all of NPI follows via the same imprecise
probability calculus of lower and upper probabilities described above (Coolen and Coolen-
Maturi, 2024), but is generalized by model-free GF for arbitrary choices of nonconformity
score.

14
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The Dempster-Hill procedure is used in Vovk (2024) to construct the “Dempster-Hill
pivot”, a continuity-corrected conformal p-value function. This pivot is regarded by Vovk
as an approximate probability distribution function and is used to define a “conformal
predictive distribution”. Such a conformal predictive distribution is defined for noncon-
formity scores such that the conformal p-value function is an increasing function of the
to-be-predicted y, i.e., also generalizing the Dempster-Hill procedure. The model-free GF
paradigm does not, however, rely on monotonicity of the nonconformity score because it
avoids direct construction of a probability distribution function. This is avoided by explicitly
dealing with the imprecise probabilities that arise from the fiducial switching arguments, as
discussed from the beginning of Section 4. GF and conformal predictive distributions can be
regarded as two philosophically different but related interpretations of fiducial predictions
(Vovk embraced such a perspective in Vovk, 2024).

In the context of the Dempster-Hill procedure, the next two results demonstrate the
non-asymptotic, sub-exponential concentration that establishes the root-n consistency of
all probability measures A € € (u). In particular, Theorem 13 demonstrates that point-
wise, |A{(—o0,y]} — F(y)| = op(n™7), for any v € [0,.5), where F' is the distribution
function associated with the true distribution of Y,41 ~ P. Theorem 14 establishes an
even faster rate of convergence on the focal sets; |A{A,(v)} — P{A,(v)}| = op(n™7), for
any 7 € [0,1). These results are expected from well-established consistency properties of
the empirical distribution function, in the context of empirical process theory. Namely, the
disjoint focal sets A, (1),...,A,(n + 1) will be narrower and clustered in regions of high
probability density, and wider and fewer in regions of low probability density.

Theorem 13 Let Yi,...,Y, “ P be a collection of continuous random variables and
ti(Y:) =Y fori € {1,...,n}. For any A € €(un), y € R, v € [0,.5), ¢ > 0, and
n>4nY /e —1,

2

P("V‘A{(—Oo,y]} —F(y)| > 6) <4e= 5" 1{F(y) > 0}.

Proof Denote B := (—o0,y|. For any A € € (u), by definition, u(B) < A(B) < fi(B), and
|A(B) = P(B)| < max {|u(B) — P(B)|, [i(B) — P(B)|}.

A union bound then gives
P(n”‘A{(—oo,y]} ~ F(y)| > e) < P(m}ﬁ(B) - P(B)| > e) + P(m\ﬁ(B) - P(B)| > e),

which suggests that the desired result follows by establishing the stochastic concentration
of the belief and plausibility functions around P(B) = F(y). The latter concentration is
established next.

Let M, be the number of focal sets having a nonempty intersection with B:

My, == [{v : (=00, y] N Ap(v) #0}|.

Due to the choice of #;(Y;) := Y; for the nonconformity score, A, (1) = (—00,Y(y)], An(2) =
(Ya),Y)l, -y An(n + 1) = (Y{n),00), and so M, = 1+ > 1{¥; < y}, which implies
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that Z, := M, — 1 ~ binomial(n,pp), where pp := P(B) = F(y). Then, by definition,
(B) = My/(n+1). Accordingly,
6 )
> _
nY

1 € M, —1
<1 > — P - >
- {n—i—l 2n“f}+ <’ n+1 PB

:p< >2n> ®)

where the final equivalence follows by assumption. If pgp = F(y) = 0, then all of the above
terms are 0 due to the fact that Z,, = 0 with probability (1 — pg)™ = 1. Conversely, if
pp = F(y) > 0, then by the triangle inequality

— DB

P@ﬂMBy<HBM>e):P<n+1

Zn,
n+1

— DB

P(nV‘E(B) _p(B)‘ > e) < P(!Zn—n-pB’ +pPB > <n2—;71)6>

(n+1)e (n+1)e
< P(]Zn —E(Z,)| > P + 1< pp > R
(n+1)e

< 26_2{ Yo/ +0,

where the last approximation is an application of the Hoeffding inequality (regarding Z,
as the sum of n independent Bernoulli(pp) random variables), and the assumption that
n > 4n" /e — 1. The more concise expression in the theorem statement employs the fact
that n+1 > n > 1 implies (n + 1)(%) > n 41 > n, so that

2
+1 +1 3 —
e 2{(7;717)6}2/" = 6_216272"/(”"'1)(”7) —o —<nt QW'

Next, employ a similar argument to establish the concentration of the belief function:

n

Hv : Ap(v) C (—oo,y]}‘ = Z Y; <y} = Z, ~ binomial(n, pp),
1=1

so that, by definition, u(B) = Z,/(n + 1). Then

— DB

€ I
P(V B)— P(B >:P n ) <965
n‘ﬁ( ) ( )‘>e (n—i—l >n7>_e 2 ,

where the inequality is established using the same arguments following after the final ex-
pression in equation (8). Using the fact that 1/2 > 1/8, it follows that both the belief

2
=2y

and plausibility stochastic concentrations can be bounded above by 2e™ s . Adding
these two bounds, as indicated by the union bound derived at the beginning of the proof,
establishes the theorem statement. |
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Theorem 14 Let Yq,...,Y, “ P be a collection of continuous random variables and
ti(Y;) ==Y, fori e {1,...,n}. For any A € €(u), v e {1,...,n+ 1}, 7 € [0,1), and

e >0,
P(nT\A{An(v)} — P{A,(v)}| > e) =1 (1= b))+ (1 — ),

where by, := maux{n—_lH - n%,()}, Cp = min{n%—l +

€
nTo

1}. In particular,

1—71

1—(1=b)"+(1—cp)" <e ™ ¢

for all n > max{”Te_e, nfie}.

Proof By continuity and independence, denoting Y(gy := —o00 and Y{,41) := oo, for any
ve{l,...,n+ 1}, Wy := F(Y{)) — F(Y(y—1)) ~ beta(1,n). Then, by Lemma 12,

P(nT}A{An(v)} — P{A,(v)}] > e) - P(nT -

1 €
=1-P||W, - < —
(‘ " n+1‘_n7>

=1—P(bp <Wy, <c¢y).

Next,

Cn

P(by < Wy < ) = /b n(l—2)" Vde = —(1—2)"| = (1—bn)" — (1 — )™

bn

Finally, for all n > max {*=5, —€—1} it follows that b, = 0 and

' nT—e

1—71

1—(1=by)"+ (1 —co)" = (1—cp)" <e ™ <e e,

where the first inequality follows by the property of the exponential function that 1+z < e*
for all z € R. In particular, set © = —¢,, and then, noting that ¢, € (0,1), take the n-th

power of both sides. The second inequality follows from nc, = 15 + 5 > n' e |

4.2 Connection to the inferential models framework

A related construction to the model-free GF setup is the nonparametric IM construction
introduced in Cella and Martin (2022). The difference is that, whereas the model-free GF
is determined by a basic probability assignment function over the disjoint random focal sets
A, (V*), the nonparametric IM is determined via a contour function over nested predictive
random sets. In the notation of Section 3.3 the nonparametric IM is defined by the contour
function fn(y) = p{(V*) 3 y}, recalling Q,(:) as defined in (5), which is the same as
the GF contour function given in (6). Furthermore, whereas the GF plausibility and belief
functions are given by 7i(-) and p(-), respectively, in Section 4, the IM plausibility and belief
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functions can be expressed as:

n+1

CB) = 3 u{Au(i)} - 1{Qu(i) N B £ 0}, and
j=1

n+1

¢B) =3 u{Au()} - 1{2u0) < BY.
j=1

The nested random sets in the IM construction result from the IM being built to satisfy
a notion of validity for imprecise probabilities, as stated next in Definition 15.

Definition 15 (Type 2 validity — Cella and Martin, 2022) Let II be an upper prob-
ability constructed from observed data yi,...,yn ~ Y, and assume yp+1 ~ Y. Denoting by

P the probability measure associated with Y, the lower and upper probability pair (IL, TI) is
type 2 wvalid if, for all (a,n, P), P{ﬁ(B) <« and Y11 € B for some B} < a.

The utility of an imprecise probability that satisfies type 2 validity is a guarantee that for
any event B containing the true value of the quantity to-be-predicted (e.g., corresponding
to a null hypothesis), the upper probability (be it a measure of plausibility, possibility, etc.)
assigned to B will not be too small too often (over replications of y1,...,Yn,Yn+1). This
ensures finite-sample type 1 error protection for general purpose imprecise probabilistic
inference, i.e., without pre-specifying or fixing an event/hypothesis B.

Mathematically, type 2 validity is achieved by the IM because ((-) is a consonant plau-
sibility function. A consonant plausibility function is a plausibility function II that satisfies
II(B) = sup,cp f(y), for any B C Y, for some function f : Y — [0,1] with sup,cy f(y) = 1.
It is established on page 122 of Cella and Martin (2022) that ((B) = sup,cp fn(y), where
again, f,(-) also appears as the GF contour function in (6) used to construct the CP sets
from the model-free GF distribution. Therein lies the GF-IM—CP connection.

Notice that (¢,() are constructed here from the GF mass function u(-), demonstrat-
ing that a consonant plausibility function—and thus a type 2 valid imprecise probabilistic
predictor—is available within the model-free GF context, as well (consonance was also im-
plicit in establishing the GF-CP connection in Theorem 10). Note that it is the belief
function ((B) = 1—((B) = 1 —sup,cpe fu(y) that yields k/(n+ 1) when B is a k/(n+1)
level CP set, i.e., when B = Q, (k).

Type 2 validity, however, is not satisfied by (u, ) based on the following argument.
The focal sets Ap(1),..., A, (n+ 1) are mutually disjoint and collectively exhaustive, and
so for any y € Y, there exists a single j € {1,...,n + 1} such that y € A,,(j). Accordingly,
2({y}) =1{An(5)} = 1/(n + 1), which implies that for any o € [1/(n+1),1),

a<l1

= P[a({Yn41}) < a and Yoq1 € {Voq1}]
< P{i(B) < o and Y;,11 € B for some B}.

Thus, while type 2 validity is satisfied for belief and plausibility pairs constructed from

2,(V*), ie., the union of A,(1),...,A,(V*), it is not satisfied for belief and plausibility
pairs constructed directly from A, (V*). This demonstration of type 2 invalidity of the
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model-free GF construction for general sets is an instance of the philosophy set forth by ‘safe
probability’ of Griinwald (2018): one can use the GF method for making valid probabilistic
assessments of certain events, but applying it to arbitrary events may not make sense.

There do, nonetheless, remain utilities to imprecise inference based on (u, ). First,
even though it is not type 2 valid, it does guarantee type 1 error protection for events B
that correspond to CP sets, as established by the developments in Section 3.3. Second,
consistency, as in Theorems 13 and 14, follows more directly from the (u, ) construction
versus the (¢, () construction: a clear advantage of model-free GF versus nonparametric IM.
Third, based on the characterization of Lemma 12, the (u, 1) construction makes it easy
to find pignistic transformations, i.e., the credal set € (u) simply consists of all probability
measures assigning 1/(n + 1) probability over each A, (v). Such a pignistic transformation
is illustrated, and others are discussed, in the following section. Furthermore, using this
illustration, Figures 4 and 5 give a visual depiction of the differences between the (consonant)
nonparametric IM (¢, ¢) versus the model-free GF (u, 7). Moreover, Section 5 is a case study
illustration of the advantages of model-free GF for both deriving pignistic transformations
and establishing statistical consistency, compared to nonparametric IM.

5. Illustration of a pignistic transformation

The preceding developments make a case for the essential role of imprecise probabilistic
reasoning in finite-sample, valid inference. If, however, a decision maker is pressed to make
a decision, a transformation from the credal level to the pignistic level might be considered,
i.e., the choice of a single probability distribution from the credal set. Such transforma-
tions have been considered previously (e.g., see Smets, 1990; Dubois et al., 2004), but no
general theory for their construction/evaluation exists (Griinwald, 2018). Rather than at-
tempting to propose general principles here, this section serves to simply illustrate how
such a transformation can be constructed based on the well-studied concept of a maximum
entropy distribution (MED) with respect to the Lebesgue measure. The optimality of such
a concept in this context is postponed to future work. Nonetheless, the usual intuition for
maximizing entropy is a desire to be least informative or maximally ignorant with respect
to unknown information.

It is well-known that the MED over a bounded interval is uniform, and so the MED over
the credal set ¢’(u) should have a density 7, that is flat over each focal set A, (v). Such a
construction might require the modification of A, (1) and/or A,(n+ 1) so that the support
of 7y is restricted to [k xmax] for arbitrarily small/large data-dependent choices of x2in
max_so that uniform densities will integrate over these focal regions. The MED is
derived by integrating the conditional uniform density on every focal set with respect to

the GF measure associated with the auxiliary variable: for y € [k™", g8X]

and K

n+1 n+1 1 1 .

Tt 1y € An(v) if |Ap(v)] > 1
m(y) = Zﬂgw(y | v) - 7 (v) = Z {)\{An(v)} n+11 { n(v)} 4 14n ~ (10)
=1 =1 5An(v) (y) S+l if ‘An(v)’ =1
where ) is the Lebesgue measure on Y, |- | denotes the cardinality of a set-valued argument,
and 04, (v)(+) is the Dirac delta function for a singleton set A, (v). It is established shortly,
by Lemma 17 and Theorem 18, that 7y is in fact the density associated with the MED over
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€ (). Moreover, sampling from this distribution is intuitive, and is described by Algorithm
16; see Figure 3 for an empirical illustration.

Algorithm 16: Sampling according to the MED density m) from equation (10).

Input: Prediction regions A,(1),..., A,(n+ 1).

Output: A realized instance of the random variable with density function 7
1 Sample v* ~ uniform{1,...,n+1};
2 Sample y* ~ uniform{A4, (v*)};
3 return y*;

n
y*
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Figure 3: Histograms of samples from m, computed by Algorithm 16, and based on data sets of size
n = 10,000 from the standard Gaussian distribution (left panel), standard Cauchy distribution
(middle panel), and a mixture distribution (right panel). The nonconformity measure is ¢(y;) :=
yi. The black lines are plots of the respective density functions associated with the data.

Lemma 17 The probability measure I1})(-) := f(.) Ty (y) dy € € ().

Proof For any j € {1,...,n+ 1},

1 1 _ 1 . .
WG = [ ) dy = {IA"”) O N I R
An(5) fAn(j) A, W)  mdy =g i [An() =1
Thus, 1T} € €’(u) as a consequence of Lemma 12. [

Theorem 18 The probability distribution having density function m,; is the MED over all

probability measures in € (1), supported on [K2P, gPaX],

Proof As illustrated by Lemma 12, the MED has a density residing in the set of density
functions 2 such that for every ¢ € 2 and for every v € {1,...,n+ 1},

1
q(y) dy = ~
/An(v) (> n+1

If [Ay(v)] = 1, then q(y) = 04, () (y) - n%rl over A, (v). Alternatively, over the non-singleton
focal set regions, the MED over ¢’() can be found via the method of Lagrange multipliers
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constrained to the set 2. The constrained entropy functional has the form

max

J[q]:—/ﬁn a(y)log{a(y)}dy + Bj[/A(,)q(y)dy—nil
" )I>1 v

min . !
" Ji1An(j

)

and can be minimized using standard techniques from calculus of variations (a standard
text on this subject is Gelfand and Fomin, 2000). The first-order condition for an optimum,
based on the functional derivative is

= losla) -1+ > By A} =0

3 An(H)>1

Thus, the MED density has the form ¢(y) = e g an (> A HYEAR G} subject to the
constraint

1 _ / e 125 an () >1 Bil{yEAn ()} dy = / e~ 118 dy = 6—1+5U)\{An(v)}’
n+1 An(v)

An(v)
and so q(y) = m . n%rl for y € A, (v) for every v € {1,...,n + 1}. Therefore,
n+1 1 1 .
v=1 5An(v) (y) - %H if |[Ap(v)| =1
=7, (y).
[ |
1.00 | 100 | 1.00
5 5
o o
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S S
0.25 | 0.25 0.25
0.00 0.00 0.00

Figure 4: Based on the n = 100 data points drawn from the standard Gaussian distribution, as sum-
marized by the histogram in the left panel, the middle and right panels display histograms of
samples of size 10,000 drawn, respectively, from Algorithm 16 and its analogue by replacing
Ay, (v*) (corresponding to model-free GF) with €, (v*) (corresponding to nonparametric IM,
i.e., consonant). The nonconformity measure is t;(y;) := |mean(y™T") — y;|. For reference, the

contour function is provided as the black line in the middle and right panels.
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An analogous sampling procedure to Algorithm 16 can be constructed by sampling
from €, (v*) rather than A, (v*) in Algorithm 16. A comparison of both such algorithms in
Figures 4 and 5 gives a visual depiction of the differences between the consonant IM con-
struction (¢, ¢) versus (u, ). The point of these figures is to highlight the modal tendency
of the consonance prop&ty.
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Figure 5: Based on the n = 100 data points drawn from a mixture of two Gaussian distributions, as
summarized by the histogram in the left panel, the middle and right panels display histograms
of samples of size 10,000 drawn, respectively, from Algorithm 16 and its analogue by replacing

Arn(v*) (corresponding to model-free GF) with €, (v*) (corresponding to nonparametric IM,

i.e., consonant). The nonconformity measure is t;(y;) := |mean(y™T") — y;|. For reference, the

contour function is provided as the black line in the middle and right panels.

5.1 Other pignistic transformations from the GF literature

Although heuristic methods have been discussed and evaluated empirically (Hannig, 2009),
mapping GF imprecise distributions to precise distributions has remained largely an open
question for research in the GF literature. Recall the example of the imprecise GF distribu-
tion constructed for the parameter of a binomial distribution in Section 3.2. The existing
GF inference literature suggests mapping the imprecise GF distribution to a precise dis-

tribution by taking some point in the interval (U(*y), U(*y +1)]’ which can be expressed as
suggested in Hannig (2009) as Ry(y) = U, o T DU, ) — U(*y)), for some random variable

D supported on or in [0, 1]. There are five options for the choice of D discussed in Hannig
(2009). The first is the maximum entropy D ~ uniform(0, 1), and the second is the maxi-
mum variance D ~ uniform{0, 1}, which amounts to arithmetic averaging of the densities
of the endpoints. The third choice is D ~ beta(0.5,0.5), which leads to the Bayesian poste-
rior of Ry(y) using the Jeffreys prior. This also corresponds to the geometric mean of the
densities of the endpoints, and is advocated for by Schweder and Hjort (2016). The fourth
choice is

0 with probability U(*y)
D|Uf,....U; =<1 with probability 1 — U(*erl) ,
uniform(0,1)  with probability Uy — Uy

22



MODEL-FREE GENERALIZED FIDUCIAL INFERENCE

resulting in Ry(y) ~ beta(y + 1,n — y + 1). The fifth choice is simply to take the midpoint
of the interval (i.e., D = 0.5). It is observed in simulation studies presented in Hannig
(2009) that the second choice is optimal in some sense, though, there is a lack of intuition
for why it seems to work better than simply taking the midpoint of the interval between
the auxiliary endpoints.

6. Concluding remarks

Systematic investigation of pignistic transformations is critical to the broader understand-
ing and appeal of imprecise probabilistic reasoning to mainstream statistical and machine
learning communities, which are mostly familiar only with precise probabilistic reasoning
derived from the Kolmogorov axioms. As stated previously, however, pignistic transforma-
tions have not received much attention, even in the imprecise probability literature. One
notable exception is the brief Section 3.2 of Dubois et al. (2004) where such transformations
are considered as a converse to the main results of the paper, and the proposed transforma-
tion relies heavily on a unimodality assumption. Another example is Smets (1990), relying
on the insufficient reason principle. There remain many open research questions concerning
pignistic transformations, particularly from a statistical inference perspective. Exploring
optimization strategies—as motivated in this article by Theorem 18—in a new research area
of calculus of variations on credal sets could be fruitful for new constructions of credal sets
and pignistic transformations guided by finite-sample frequentist validity properties.
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Appendix A. Probability dilation

One final remark on the topic of reliability is in order. An important issue is raised about
the phenomenon of dilation in Griinwald (2018) concerning conditional validity as it relates
to imprecise probability; see also Seidenfeld and Wasserman (1993). Consider the following
simple illustration modified from Griinwald (2018). Suppose it is of interest to predict the
event {U = 1} for some random variable U ~ Bernoulli(0.4). In this case P(U = 1) =
0.4. Now assume further that U depends in some unknown way on some other random
variable V' ~ Bernoulli(0.5) that is observed. Without knowing how U depends on V, an
imprecise probabilistic assessment might model the uncertainty by including all probability
distributions P on {0,1} x {0,1} that satisfy:

04=PU=1)=PU=1|V=0)-05+PU=1|V=1)-05
Consequently, the imprecise probabilistic assessment yields P(U =1 | V = v) € [0,0.8]
regardless of the observed value v € {0,1}. This means that after having gained information

about V', we actually know less about the event {U = 1} than we did ignoring V, i.e.,
information about {U = 1} is lost. This phenomenon of dilation is indeed perplexing
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because the obvious remedy of ignoring V' conflicts with the precept that information should
never be useless. I offer, however, the reconciliation that while information should never be
useless, we must know how to use it for it to be useful; otherwise, it should not be used, as
in the illustration.

Of course, imprecise probabilities are not necessarily a consequence of information lost
due to dilation. The developments in this article illustrate how imprecise probabilities are
a natural consequence of frequentist calibration.

Appendix B. Proof of Theorem 4

Proof Any realization of nonconformity scores ¢1(y1),...,tn+1(yn+1) can be described
as a collection containing unique values, ai,...,arx, for some K < n + 1 and occurring
with frequencies nq,...,ng, respectively (with 2521 ny = n + 1). Using the fact that
t1(Y1),...,tnt1(Yny1) are exchangeable (because Y7, ..., Y, 11 are exchangeable) as in Defi-
nition 2, it follows by definition that any realization t1(y1), . . ., tn+1(yn+1) can be understood
as some permutation of the values in the bag (i.e., a collection of elements with no ordering),

B ::Za(l),...,a(l),a@),...,a(Q),...,a(K),...,a(K) S,

ni ng ng
where a(y) is the k-th order statistic (in ascending order) of the values a1, ...,ax. As such,
the observed nonconformity scores t1(y1),...,tn+1(ynt1) are just one of (n + 1)! equally

possible permutations that could have been recorded, assuming y,+1 was generated from
equation (1).
Next, with reference to the bag B, it can be determined that

n+1 if tnhy1(Yn+1) = aq)
gl n+1-n if thy1(Ynt1) = ag)
S ti(wi) = tapi(yns)} = ntl—ni—ny i traa(yna) = ag) .
=1 .
(K if th11(Ynt1) = a)

Furthermore, there are n! - n; permutations of the values in B in which the last reported
value, t,11(Yn+1) = a(j), so it must be the case that

(Zﬂl)u:nn*h if v=n+1
(Z:rqz)':nLJfl if v=ntl-m
n+1 =y ifvs o
= ifv=n+1-n1—n
p<Z1{ti(Y¢) > tny1(Yns1)} = v ’ B> =y
i=1
(Zlfﬁv = 7?7}:1 it v=ng
0 else

24



MODEL-FREE GENERALIZED FIDUCIAL INFERENCE

Note that in the special case without repeated values (i.e., ny = --- = nx = 1), the above
expression reduces to a discrete uniform probability mass function. In any case,

P(Fg % Yn+1 ‘ B) = P{pn(Yn—H) hye! ’ B}

n+1
:P<§:Hu0azuﬁﬂzﬁﬂ}§am+1wzﬁ

=1
[t i <K
0 if by =K'

where ko :=min{j € {0,...,K} : n+1— Zi:onk < a(n+1)} and ng := 0. Observe
from the construction of k. that,

ko
nK+nK—1+"'+nka+1:n+1_znk§a(n+1)a
k=0

and divide by n + 1 on all sides. Thus, in any case,
Py Z2Y41) = /P(Fﬁ ZYn1 | B)dv(B) < a- /dV(B) = a,
where v(-) is any probability measure describing the uncertainty in observing the bag B. B
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