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Abstract

We propose a novel generative model for time series based on Schrédinger bridge (SB)
approach. This consists in the entropic interpolation via optimal transport between a
reference probability measure on path space and a target measure consistent with the
joint data distribution of the time series. The solution is characterized by a stochastic
differential equation on finite horizon with a path-dependent drift function, hence respec-
ting the temporal dynamics of the time series distribution. We estimate the drift function
from data samples by nonparametric, e.g. kernel regression methods, and the simulation
of the SB diffusion yields new synthetic data samples of the time series.

The performance of our generative model is evaluated through a series of numerical
experiments. First, we test with autoregressive models, a GARCH Model, and the ex-
ample of fractional Brownian motion, and measure the accuracy of our algorithm with
marginal, temporal dependencies metrics, and predictive scores. Next, we use our SB
generated synthetic samples for the application to deep hedging on real-data sets.

Keywords: Generative models, time series, Schrodinger bridge, kernel estimation, deep
hedging.

1. Introduction

Sequential data appear widely in our society like in video and audio data, and simulation of
time series models are used in various industrial applications including clinical predictions
Lyu et al. (2018), and weather forecasts Chen et al. (2018). In the financial industry,
simulations of dynamical scenarios are considered in market stress tests, risk measurement,
and risk management, e.g. in deep hedging Buehler et al. (2019). The design of time
series model is a delicate issue, requiring expensive calibration task, and subject to error
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misspecification and model risk. Therefore, the generation for synthetic samples of time
series has gained an increasing attention over the last years, and opens the door in the
financial sector for a pure data driven approach in risk management.

Generative modeling (GM) has become over the last years a successful machine learning
task for data synthesis notably in (static) image processing. Several competing methods
have been developed and state-of-the-art includes Likelihood-based models like energy-
based models (EBM) LeCun et al. (2006), variational auto-encoders (VAE) Kingma and
Welling (2014), Implicit generative models with the prominent works on generative adver-
sarial network (GAN) Goodfellow et al. (2014) and its extensions Arjovsky et al. (2017),
and recently the new generation of score-based models using Langevin dynamics, Song and
Ermon (2019), Song et al. (2021), Guth et al. (2022), and diffusion models via Schrodinger
bridge, see Wang et al. (2021), De Bortoli et al. (2021). We also mention Henry-Labordere
(2019) for the application of diffusion Schrédinger bridge to calibration of stochastic volatil-
ity models. Generative methods for time series raises challenging issues for learning effi-
ciently the temporal dependencies. Indeed, in order to capture the potentially complex
dynamics of variables across time, it is not sufficient to learn the time marginals or even
the joint distribution without exploiting the sequential structure. An increasing attention
has been paid to these methods in the literature and state-of-the-art generative methods
for time series are: Time series GAN Yoon et al. (2019) which combines an unsupervised
adversarial loss on real /synthetic data and supervised loss for generating sequential data,
Quant GAN Wiese et al. (2020) with an adversarial generator using temporal convolu-
tional networks, Causal optimal transport COT-GAN Xu et al. (2020) with adversarial
generator using the adapted Wasserstein distance for processes, and Signature embedding
of time series Fermanian (2019), Ni et al. (2020), Buehler et al. (2020). We also mention
stochastic differential equations representation of the time series with parametric (e.g.
Neural networks) coefficients that are trained to fit with real samples, see Remlinger et al.
(2021) and Kidger et al. (2021).

In this paper, we develop a novel generative model based on Schrédinger bridge ap-
proach that captures the temporal dynamics of the time series. This consists in the
entropic interpolation via optimal transport between a reference probability measure on
path space and a target measure consistent with the joint data distribution of the time
series. The solution is characterized by a stochastic differential equation on finite horizon
with a path-dependent drift function, called Schrédinger bridge time series (SBTS) diffu-
sion. The drift function is estimated by nonparametric regression, and the simulation of
the SBTS diffusion yields new synthetic data samples of the time series.

While our work builds on Schrodinger bridge framework, it differs in both scope and
methodology from recent approaches that focus on transporting between marginal (or
static) distributions: In Wang et al. (2021), the authors perform generative models by
solving two SB problems. The paper De Bortoli et al. (2021) formulates generative model-
ing by computing the SB problem between the data and prior distribution. In Chizat et al.
(2022), a min-entropy criterion is used to infer a trajectory aiming to recover the law of a
stochastic process given samples from its temporal marginals at various time-points. The
very recent work Chen et al. (2025) proposes momentum SB by considering an additional
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velocity variable for learning multi marginal distributions. Let us mention also the recent
paper Ram Somnath et al. (2023) that combines SB with h-transform in order to respect
aligned data. In contrast, our model targets the generation of entire time series, and in-
terpolates between joint distributions over temporal trajectories. This leads to different
learning objectives: rather than estimating a marginal score, we learn a time-dependent
drift that defines the conditional evolution of the process. Moreover, our drift estimation
strategy is non-parametric and data-driven, relying on kernel-based methods applied to
samples of observed trajectories. While Wang et al. (2021) uses a logistic regression for
estimating the density ratio and then the drift function, which requires additional samples
from Gaussian noises, and De Bortoli et al. (2021) performs an extension of the Sinkhorn
algorithm, we propose a kernel regression method relying solely on data samples, and this
turns out to be quite simple, efficient and low-cost computationally. Compared to GAN
type methods, the simulation of synthetic samples from SBTS is much faster as it does not
require the training of neural networks. As a result, our approach is specifically tailored
to modeling the dynamics of time series from limited observations, rather than static data
generation.

We validate our methodology with several numerical experiments. We first test on
some time series models like autoregressive, GARCH models, and also for the fractional
Brownian motion with rough paths. The accuracy is measured by some metrics aiming to
capture the temporal dynamics, the correlation structure and the predictive characteristics.
We also provide operational metrics of interest for the financial industry by implementing
our results on real data-sets, and applying to the deep hedging of call options.

2. Background on Schriodinger bridge and problem formulation

Let 4 be the distribution of a time series representing the evolution of some R%valued
process of interest (e.g. asset price, claim process, audio/video data, etc), and suppose
that one can observe samples of this process at given fixed times of a discrete time grid T
= {ti,i=1,...,N} on (0,00). We set T' = ty as the terminal observation horizon. Our
goal is to construct a model that generates time series samples according to the unknown
target distribution p € P((R?)"N) the set of probability measures on (R?)". For that
objective, we propose a dynamic modification of the Schrodinger bridge as follows. Let €2
= O([0,T];RY) be the set of Re-valued continuous functions on [0, 7], called path space,
X = (Xi)¢ the canonical process: Xi(w) = w(t), 0 < t < T, for w € Q, with initial
value Xo = 0, and F = (F;); the canonical filtration. Denoting by P(£2) as the space of
probability measures on €2, we search for P (representing the theoretical generative model)
in P(2), close to the Wiener measure W (i.e. the probability measure on Q2 s.t. X is a
Brownian motion) in the sense of Kullback-Leibler (or relative entropy), and consistent
with the observation samples. In other words, we look for a probability measure P* €
P(£2) solution to:

P* e a in  H(P|W), 2.1
g, min (P|W) (2.1)
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where PH () is the set of probability measures P on Q with joint distribution s at
(t1,...,tN), i.e, P o (X¢y,..., Xey) "t = p, and H(.].) is the relative entropy between
two probability measures defined by

[InLdP,  #P<W

d
0, otherwise .

H(B|W) = {

Denoting by Ep and Ew the expectation on  under P and W, we see that H(P|W) =
Ep[ln %}g/] = EW[% In %}g/] when P < W. Compared to the classical Schrodinger bridge
(SB) (see Leonard (2014), and the application to generative modeling in Wang et al.
(2021)), which looks for a probability measure P that interpolates between an initial prob-
ability measure and a target probability distribution at terminal time 7', here, we take
into account via the constraint in Pf‘;(ﬂ) the temporal dependence of the process observed
at sequential times t; < ... < ty, and look for an entropic interpolation of the time series
distribution. We call (2.1) the Schrédinger bridge for time series (SBTS) problem.

Let us now formulate (SBTS) as a stochastic control problem following the well-known
connection established for classical (SB) in Dai Pra (1991). Given P € P(2) with finite
relative entropy H(P|W) < oo, it is known by Girsanov’s theorem that one can associate
to P an F-adapted R%valued process a = (a;) with finite energy: Ep| fOT |y |2dt] < oo such
that

dP T 1 [T
In — = AdX, — = 24t 2.2
DT ; ap.d Xy 2/0 || =dt, (2.2)

and X; — f(f asds, 0 <t < T, is a Brownian motion under P. We then have

H(P|W) = Ep E /OT |at‘2dt}.
Therefore, (SBTS) is reformulated equivalently in the language of stochastic control as:
Minimize over o € A, J(a) = Ep {% fOT |ozt]2dt]
subject to dX; = audt +dWy, Xo =0, (X¢,...,X¢y) X 1,

where W is a Brownian motion under P, A is the set of R%-valued F-adapted processes s.t.
Ep[fOT |y |2dt] < oo, and (Xyy, ..., Xiy) X p is the usual notation for P o (Xy,, ..., Xy )"t
= p. In the sequel, when there is no ambiguity, we omit the reference on P in E = Ep and
~ = ~. We denote by V.

sprs the infimum of this stochastic control problem under joint
distribution constraint:

V.

SBTS “—

inf J(«
it J(a),
where A’ is the set of controls a in A satisfying (X;,, ..., Xy ) ~ p with X; = fg agds+W;.
Our goal is to prove the existence of an optimal control o* that can be explicitly derived,
and then used to generate samples of the time series distribution p via the probability
measure P* on (2, i.e., the simulation of the optimal diffusion process X controlled by the
drift o*.
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3. Analytic solution to Schrodinger bridge for time series

Similarly as for the classical Schrédinger bridge problem, we assume that the target dis-
tribution p admits a density with respect to the Lebesgue measure on (R?)N, and by
misuse of notation, we denote by u(xy,...,zxN) this density function. Denote by M7W the
distribution of the Brownian motion on 7, i.e. of (Wy,,..., Wy, ), which admits a density
given by (by abuse of language, we use the same notation for the measure and its density)

W, H ex - M) (3.1)
Tt V21 (tig1 — t;) 2(tig1 —ti) /)’ .
for (z1,...,zn) € (RY)N (with the convention that ty = 0, g = 0). The measure pu is

absolutely continuous with respect to N7W , and we shall assume that its relative entropy is
finite, i.e.,

H(ulpy) = /lnlévdxm 0.
kT
The explicit solution to the (SBTS) problem is provided in the following theorem.
Theorem 3.1 The diffusion process Xy = f[f aids+ W, 0 <t < T, with o* defined as
a; = a™(t, Xp; (X, )y<t), 0<t<T,
with a*(t,x;x;), fort € [ti,tiv1), ;i = (21,...,2;) € (R, x € R, given by

a*(t,x;wi) = Vx IHEW [LW(XtN . '7XtN)‘Xti = iBZ’,Xt =,

KT

where we set X, = (X¢,, ..., Xy,;), induces a probability measure P* = NLW(th, co, X)W,
T

which solves the Schridinger bridge time series problem. Moreover, we have
Vsprs = HPHW) = H(M/WW)

Proof. First, observe that EW[ (th, ..., Xty)] = 1, and thus one can define a probability
measure P* < W with denmty process

dP*

Z = IEW[ \ft] - EW[M’;W(XtI,...,XtN)}ft], 0<t<T.

Notice from the Markov and Gaussian properties of the Brownian motion that for ¢ €
[tiytiy1),1=0,...,N —1, we have Z; = h;(t, X¢; X¢,), where for a path ; = (z1,...,2;)
€ (R, hi(;x;) is defined on [t;,t;41) x RY by
hi(t7 X, Il?z) = EyiNN(O Tox(n—i)) |:ALM (ml, T+ \/tit1 — ﬂ/i—&-h ce
T

N-1
T+ \/tig1 —tYi 1 + Z tjiy1 — thjJrl)}

j=i+1
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fort € [ti,tiv1), * € R and EYiNN(Oa]dx(N—i)) [.] is the expectation when Y = (Yj,1,...,Yn)
is distributed according to the Gaussian law N (0, Iyx(N—4))- Moreover, by the law of con-
ditional expectations, we have

h’L(tJ x; wl) = ]EW |:hi+1(ti+17 Xti+1 y Lq, Xti+1)‘Xt - ‘Ti| )

with the convention that hyx(tn,z;xNn_1,2) = 4 (21,...,2N8-1,2). Therefore, for i

. MT
=0,...,N — 1, and = € (R??, the function (t,z) — h;(t,z;x;) is a strictly positive

CV2([ts, tiv1) x RY) N CO([t;, ti41] x RY) classical solution to the heat equation
ohi(.; x; 1
Z(atz) + §Axhl(, CL‘l) = 0, on [tivti-i-l) X Rd,

with the terminal condition: h;(tj+1,z;@;) = hit1(tit1, z; @i, ) (here A, is the Laplacian
operator). By applying It6’s formula to the martingale density process Z of P* under the
Wiener measure W, we derive

dZt = Vrhi(t,Xt; Xti)dXta
= Z;\VeInhi(t, Xy; Xy4,)d Xy, t; <t <t

for i = 0,...,N — 1. Thus, by defining the process a* by af = V,Inh;(t, Xy; X¢,), for ¢
S [ti7ti+1), 1=0,...,N —1, we have

dp* T . 1 T .
W = exp(/o afdXy — 2/0 |at|2dt),

and by Girsanov’s theorem, X; — fg aids is a Brownian motion under P*. On the other
hand, by definition of P*, and Bayes formula, we have for any bounded measurable function
@ on (RHN:

1
Ep- [0(Xr, ..., Xiy)] = Ew [—W (Xeys oo X )o( Xy XtN)]
T
= H—W(xl,...,xN)Lp(asl,..., Npr (x1, ..., en)dey .. day
W
QO(IL’l,...,XN)M(CUh...,.TN)dIIZl...d{L’N,

which shows that (Xy,,..., X;y) Y w. Moreover, by noting that

. 1, dP* .
Ja®) = Ep| /0 SlaiPat] = Ep[nS] = HEEW) = M) < oo,

where we used in the last inequality the fact that (Xi,...,X:y) K i, this shows in

particular that o* € A“T.
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It remains to show that for any a € .A# associated to a probability measure P <« W
with density given by (2.2), i.e. J(a) = H(P|W), we have

J(@) > H(ulpy). (32)

For this, we write from Bayes formula and since W; = X; — fg asds is a Brownian motion
under P by Girsanov theorem:

1= EW[LW(XH,...,XW)}
KT

T T

1

- Ep[exp(lnlﬁ/v(th,...,XtN)—/0 atth—2/0 \at|2dt)}
T

L T 1 T
> exp (E]}D[]HW(th,...,XtN)—/ Oétth—z/ ’at‘2dt})
0 0

i
= exp (H(uluf) - J(@)),

where we use Jensen’s inequality, and the fact that (X;,,..., X, ) X w in the last equality.
This proves the required inequality (3.2), and ends the proof. O

Remark 3.2 The optimal drift of the Schrodinger bridge time series diffusion is in general
path-dependent: it depends at given time t not only on its current state Xy, but also on
the past values Xy = (Xyy, ..., Xy@)), where n(t) = max{t; : t; < t}, and we have:

dX; = a*(t, Xp; Xp)dt +dWs, 0<t < T, Xo=0. (3.3)

Moreover, the proof of the above theorem shows that this drift function is explicitly given
by

vil?hi(t7 €] :Bz)

(t, ;@) = t € [t t; € (RYY z e RY 3.4
a ( ,(IZ,.’L‘Z) hi(t,LL’;iBi) s [17 z+1)7$z ( ) y L ) ( )
fori=0,...,N —1, where
hi(t, x; a:l) = EYiNN(Oyldx(Nfi)) {p(mz, T4+ /tiv1 —tYip1, ..., (35)
N-1
A Vi — i+ Y V- thjH)},
J=i+1

with p = #LW the density ratio, and Y = (Yiq1,...,Yn).
T

The following result states an alternate representation of the drift function that will
be useful in the next section for estimation.
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Proposition 3.3 Fori =0,...,N—1,t € [t;;ti11), ; = (x1,...,7;) € (R), z € R, we
have

1 E, [(XtiJrl - x)Fi(t,xi,x,XtiH)’Xti = mz}
tiv1 — 1 E/J, [F‘i(ta xi7x7Xti+1)‘Xti = wz]

a*(t,z;x;) = , (3.6)

where

i1 — 2 | |z — @l
Fi(t,zi,x,xi11) = exp (— ,
t(b 20,2, T41) 20t —t)  2(tip1 — i)

and E,[-] denotes the expectation under .
Proof. Fix i € [0,N — 1], and ¢ € [t;,¢;+1). From the expression of p¥¥ in (3.1), we have

EW |:ul:/V(Xt1>"' 7XtN)‘(Xt17"' 7Xti) = (.7)1,-" 7xi)7 Xt = .Z':| (37)
T

N—-1 2
p |zi1 — ] |Zj41 — ;]
=C Ti,  ,IN exp(— > exp<— dz;p1---doy
ny ( ) 2(tit1 — 1) H j "

Ty, ..., TN
—C/Fi(t,xi,w,a;iﬂ)deiH-~~da:N = CEM[Fi(t7mi7waXti+1)|Xti :.’Ei],

where C' is a constant varying from line to line and depending only on ¢ and x; =
(z1,---, ), but not on x, and y; is the density of (X, -+, X¢,) under pu, i.e.,

pi(xy, -, 25) = /,u(ﬂ?h'“ yry)deigr - -doy.

By plugging the new expression (3.7) into a* and differentiating with respect to z, we then
get

1 EN [(th‘+1 —$)Fi(t,$i,$,Xti+1)}Xti = 331,]
ti-‘rl —t ]Ey, [Fi(tax’ia‘r?XtiJrl)’Xti :mz}

a(t, x5 @) =
g

Remark 3.4 In the case where p is the distribution arising from a Markov chain, i.e., in
the form p(dzy,...,xN) = Hfi}l vi(z;,dziq 1), for some transition kernels v; on R?, then
the conditional expectations in (3.6) will depend on the past values X, = (X¢,, ..., X4,)
only via the last value X, .

4. Generative learning of time series

From Theorem 3.1, we can run an Euler scheme for simulating the Schrédinger bridge
diffusion, and then samples of the target distribution p. For that purpose, we need an
accurate estimation of the drift terms, i.e., of the functions a}, for 7 = 0,..., N — 1. We
propose several estimation methods. In the sequel, for a probability measure v on (R%)",
we denote by E,[-] the expectation of random variables under the distribution v.
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4.1 Drift estimation

Estimation of the density ratio. This method follows the idea in Wang et al. (2021).
Denote by p = “LW the density ratio, and observe that the log-density ratio In p minimizes

W
over functions 7 on (R?)" the logistic regression function
Liogistic(r) = E, [ln (1 + exp(—r(X))] + EM7V—V [ln (1 + eXp(T’(X))} )

Therefore, given data samples X (") = (Xt(zn), .. X(m), m=1,..., M from p, and using

Xy
samples Y™ from uYrV , we estimate the density ratio p by

p = exp(rg)
where 7 is the neural network that minimizes the empirical logistic loss function:

M
0 — % Z In(1+ exp(—r(X(m))) +In(1+ exp(r(Y(m))).
m=1
Recalling the expression (3.4) of the Schrodinger drift function, we obtain an estimator
of a* by substituting into (3.5) the above estimate p of p, and then computing the ex-
pectation with Monte-Carlo approximations from samples in N (0, T N_Z-)). Notice that
this method is very costly as it requires in addition to the training of the neural networks
for estimating the density ratio, another Monte-Carlo sampling for estimating finally the
drift.

Kernel regression estimation of the drift. In order to overcome the computational issue
of the above estimation method, we propose an alternative approach that relies on the
representation of the drift term in Proposition 3.3. Indeed, the key feature of the formula
(3.6) is that it involves (conditional) expectations under the target distribution p, which
is amenable to direct estimation using data samples. For the approximation of the condi-
tional expectation, we can then use nonparametric regression, like e.g. the classical kernel
methods.

From data samples ngn) = (Xt(lm), .. .,Xt(;?)), m=1,..., M from u, the Nadaraya-
Watson estimator of the drift function is given by

M
S - o) Fie, XM e, XK, (@ - XT)

tit1 i » i i

At oawy) = — M=l @)
fipr —1 S (m) () geri (m)
Y EREX" a, XK, (@ — X

(it 7RSS |

m=1

for t € [ti,tis1), x; € (RY):, 2 € R i =0,...,N — 1, where K* is a multivariate kernel
function operating on ¢ arguments, each of dimension d, i.e., a symmetric density function
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on (RY)! and K (i) = ﬁKi(xl/hl,...,xi/hi) with a vector of bandwidth h; =
(hi,...,hi) € (0, oo) We shall use the standard multiplicative kernel

where K is a kernel function on R¢, like e.g. the Gaussian kernel, or the quartic kernel:
K(z) o< (1—|z]*)?1}3)<1. We point out the limitations of kernel regression methods for very
high dimensional data (in d and/or N), as it is well-known they suffer from the curse of
dimensionality. Indeed, in this case, the bandwidth has to be chosen large, hence inducing
a high bias. In such instances, a more suitable course of action would involve employing
LSTM neural networks to approximate the conditional expectation inherent in the drift
function.

LSTM network approximation of the path-dependent drift. The conditional expectations
in the numerator and denominator of the drift terms can alternately be approximated by
neural networks. In order to achieve this, we need a neural network architecture that fits
well with the path-dependency of the drift term, i.e., the a priori non Markov feature of
the data time series distribution p. We shall then consider a combination of feed-forward
and LSTM (Long Short Term Memory) neural network.

pi
@—> LSTM ——»/ Concat —> FENN —> W, (t, %0, (%), x)

Figure 1: Architecture of the neural network

For i =0,..., N — 1, the conditional expectation function in the numerator:

(t,wi,$) € [tivti+1) X (Rd)z X Rd
— K, (Xti+1 — X)) F(t, Xy, X4, Xti+1)‘(Xti7 Xe) = (i, a:)],

is approximated by Wy, (¢, pt,, ), where Wo, € NNyi 41,4 s a feed-forward neural network
with input dimension 1 + k + d, and output dimension d, and p, is an output vector of
dimension k from an LSTM network, i.e., p, = vy, (x;) with ¢y, € LSTM, 4 at time ¢;.
This neural network is trained by minimizing over the parameter § = (6¢, 6,) the quadratic
loss function

N—
~ 2
Z E th+1 - )F(T7 XtuX? Xti+1) - ‘I/Hf (Tv war(Xti)')X)

1=0

10
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Here E is the empirical loss expectation where (X4, .., Xty ) are sampled from the data
distribution p, 7 is sampled according to an uniform law on [t;,t;11), and X is sampled
e.g. from a Gaussian law with mean X, for 7 = 0,..., N — 1. The conditional expectation

function in the denominator is similarly approximated.
The output of this neural network training yields an approximation:

tel0,7),zec (RY® zeR—s a(t,z;z),

of the drift term function, which is then used for generating samples (X;,,..., X, ) of p
from the simulation of the diffusion:

dXe = a(t, Xp; X)) dt + dWi, Xo = 0. (4.2)

4.2 Schrédinger bridge time series algorithm

From the estimator & of the drift path-dependent function, we can now simulate the SB
SDE (4.2) by an Euler scheme. Let N; be the number of uniform time steps between two
consecutive observation dates t; and t;11, for ¢ = 0,...,N — 1, and t};i =1t + Niﬁ, k=
0,...,N; — 1, the associated time grid. The pseudo-code of the Schrédinger bridge time
series (SBTS) algorithm is described in Algorithm 1.

Algorithm 1: SBTS Simulation

Input: data samples of time series (Xt(lm), e ,ngn)), m=1,...,M, and N;.
Initialization: initial state zg = 0O;

for:=0,...,N—1do

Initialize state yg = x;;

for k=0,...,N: —1do

Compute a( "is Uk x;) e.g. by kernel estimator (4.1);

Sample g5, € N(0,1) and compute

1 1
— — 3 tﬂ— . c P [
Yk+1 Yk + Nﬂ' a( ko Yk; ml) + \/]Tgka

™

end

Set ziy1 = Yn, -
end
Return: z1,--- ,zn

The complexity of our algorithm with kernel drift estimation is of order O(M N N).
Indeed, in the computation of the drift from ¢; to t;41,4 =0,..., N — 1, at time i k=
0, Nz — 1, we have to evaluate H;':1 Kh(Xt(;n) — x;) (resp. Z;‘:l Kh(Xt(;n) — x;) for the
multiplicative (resp. additive) kernel, for all paths m = 1,--- , M. These values are then
stored, and therefore, when computing the kernel for the next interval, i.e., [ti+1,tit2],
there is no necessity to recompute the entire product (resp. sum), and we only need to

compute K ;L(Xt(z)1 — xi+1), which reduces the computational process by a factor N.

11
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5. Numerical experiments

In this section, we demonstrate the effectiveness of our SBTS algorithm on several examples
of time series models, as well as on real data sets for an application to deep hedging. The
algorithms are performed on a computer with the following characteristics: Intel(R) i7-
7500U CPU @ 2.7GHz, 2 Core(s). Code and data are available at GitHub-SBT'S

We shall take the quartic kernel as it tends to produce similar estimates than the Gaus-
sian kernel, and it is less costly to compute power functions than exponential in Gaussian
density. The choice of the bandwidth is much more critical, and it is a matter of tradeoff
between bias and variance as largely documented in the statistical literature, see e.g. the
textbooks Wand and Jones (1995), Héardle et al. (2004), Scott (2014). The value of the
bandwidth can be chosen according to the rule-of-thumb, Direct Plug-In (DPI), or cross
validation. In practice, we propose a simple approach to select the bandwidth, by consid-

ering it as a hyper-parameter to fine-tune. Given a train set X = (X7, .-+, Xi% )m=1,. .M,
a test set Y = (V!,--- ¥ )4=1,.. @, both from real data, and a list of bandwidths
H = {hy,--- ,hg}, we generate L realizations of }A/t‘fv given the first real values of the
series (Y1,--- Y ) for each ¢, using (4.1). Then, we choose h* € H such that it
minimizes
1 L1 ’
_ G5l q
MSBy =5 |7 D Yiv — Y
q=1 =1
with ﬁ(]]\}l the [-th generated realizations of ﬁ‘fv given (Y .- ¥ ). Discussion and

example about the sensitivity to the choice of the bandwidth is provided in Alouadi et al.
(2025).

5.1 Evaluation metrics

In addition to visual plot of data vs generator samples path, we use some metrics to
evaluate the accuracy of our generators:

e Marginal metrics for quantifying how well are the marginal distributions from the
generated samples compared to the data ones. These include

— Classical statistics like mean, 95% and 5% percentiles

— Kolmogorov-Smirnov test: we compute the p-valued, and when p > « (usually
5%), we do not reject the null-hypothesis (generator came from data of reference
distribution)

o Temporal dynamics metrics for quantifying the ability of the generator to capture
the time structure of the time series data. We compute the empirical distribution of
the quadratic variation along the time grid 7 Zz]'i_ol 1 X, — Xu |2

e Correlation structure for evaluating the ability of the generator to capture the multi-
dimensional structure of the time series. We shall compare the empirical covariance
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or correlation matrix induced by the generator SBTS and the ones from the data
samples on the time grid 7.

e Predictive score: We train a post-hoc sequence model to predict the latter part of a
time series given the first part, using synthetic data. Then, we evaluate the trained
model on real dataset. Performance is measured in terms of mean absolute error
(MAE) that we shall compare with the TimeGAN method in Yoon et al. (2019).

5.2 Toy autoregressive model of time series

We consider the following toy autoregressive (AR) model:

th = b+€1,
th = Blth + €2,

th = B2Xt2 + \V/ |Xt1| + €3,
where the noises ¢; ~ N (0, 01-2), 1 =1,...,3 are mutually independent. The model param-

eters are b= 0.7, 01 = 0.1, 09 = 03 = 0.05 and ; = s = —1.

We use samples of size M = 1000 for simulated data of the AR model. The drift of
the SBTS diffusion is estimated with a kernel of bandwidth A = 0.05, and simulated from
euler scheme with N, = 100. The runtime for generating 500 paths of SBTS is 8 seconds.

In Figure 2, we plot the empirical distribution of each pair (Xy,, X;,) from the AR
model, and from the generated SBTS. We also show the marginal empirical distributions.
Table 1 presents the marginal metrics for the AR model and generator (p-value and per-
centiles at level 5% and 95%). In Table 2, we give the difference between the empirical
correlation from generated samples and AR data samples. This shows that our generated
SBTS model has accurately recovered the true marginal distributions, and captured well
the correlation.

EE Data E Data N Data
. SBTS . SBTS - SBTS

Figure 2: Comparison between the true and generated distribution for each couple (Xi,, X:;) with
i,j € [1,3] with i # j
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p-value | g5 s 495 o5
Xy 1098 0.535 | 0.528 | 0.855 | 0.861
X, 1074 -0.873 | -0.861 | -0.516 | -0.514
Xy | 0.90 1.243 1.251 1.808 1.793

Table 1: Marginal metrics for AR model and generator (§ for percentile)

th Xt2 Xt3
X, |0 0.014 | -0.01
X, 0014 | 0 0.013
X,, | -0.01 [0.013 [0

Table 2: Difference between empirical correlation from generated samples and reference samples

5.3 A multivariate autoregressive Gaussian model

We consider an illustrative example as in Yoon et al. (2019):

Xti+l = ¢Xti t €t with Et; ™~ N(Ov olg + (1 - U)Hd)’

where 1, is the d x d matrix with unit elements, and I; is the identity matrix. The
coefficient ¢ € [0, 1] controls the correlation across time steps while o € [—1,1] controls

the correlation across the components (features).

We want to illustrate the predictive characteristics of our SBTS method, i.e. its ability
to capture the conditional distribution over time. We simulate the conditional mean in
the SBTS model, and compute the predictive score as the mean absolute error between
this conditional mean and the true value given in the AR model by ¢.X;,. It is compared
with the predictive score of the TimeGAN method Yoon et al. (2019), and the results
are reported in Table 3 in the two-dimensional case d = 2. We note that the scores are

comparable, but the SBTS has a better prediction than TimeGAN

when varying temporal correlations.

Temporal correlation (fixing o = 0.8)

Feature correlation (fixing ¢ = 0.8)

Settings | ¢=02 | ¢=05 | ¢=038 c=02 | ¢=05 [ o0=08
Predictive score (lower the better)
SBTS .161 + .016 | .180 £ .026 .244 + .014 | .325 £ .052 .295 £.038 .244 + .014
.640 £0.003 | 0.412 +0.002 | .251 £ .002 .282 1+.005 | .261 £+.002 | .251 4-.002

Table 3: Predictive score for SBTS vs TimeGAN

5.4 GARCH Model
We consider a GARCH model:

{XtiJrl = Otiy1€ti4

o2 = o+ 1 X? + a X7 i=1,...

i—17
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with ag = 5, @y = 0.4, ag = 0.1, and the noises &, ~ N(0,0.1), 7 = 1,..., N, are ii.d.
The size of the time series is N = 60.

The hyperparameters for the training and generation of SBTS are M = 1000, N, =
100, and a bandwidth for the kernel estimation h = 0.2 (larger than for the AR model
since by nature the GARCH process is more "volatile”). The runtime for generating 1000
paths is 120 seconds.

In Figure 3, we plot four sample paths of the GARCH process to be compared with
four sample paths of the SBTS. Figure 4 represents samples plot of the joint distribution
between (X; and the terminal value X;,) of the time series. Figure 5 provides some
metrics to evaluate the performance of SBTS. On the left, we represent the p-value for
each of the marginals of the generated SBTS. This confirms that our model has accurately
recovered the true marginal distributions. On the right, we compute for each marginal
indexi=1,..., N = 60, the difference between p; and p; where p; (resp. p;) is the sum over
j of the empirical correlation between X; and Xy, from GARCH (resp. generated SBTS),
and plot its mean and standard deviation. This shows that generated SBTS captures
accurately the correlation in the time series.

0.8
0.41
S wn
£ & 0.0 -4}
o )
—0.4]
_08 4
0 10 20 30 40 50 60 0 10 20 30 40 50 60
time time

Figure 3: Samples path of reference GARCH (left) and generator SBTS (right)

0.81
0.6
0.4
0.2
0.0
—0.2 1
—0.4

Xty

—0.61
-0.8

Figure 4: Samples plot of the joint distribution (X, X¢y)
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100% A wk * * * * 10% A = Average
s N * Lt * * o* m Std
* * * * * * K *
* * * * i*
* * 5%.
* * * * * =
o * * * * * o
=) * * T o
S 50% * * * * o 0%q
a * S
* * (]
_5%.
*
*
10% +=——==- e e e LT LR L
—10% 4
0 10 20 30 40 50 60 0 10 20 30 40 50 60
Marginal index Marginal index

Figure 5: Left: p-value for the marginals X:,. Right: Difference between the term-by-term empirical
correlation from generated samples and reference samples.

5.5 Fractional Brownian Motion

We consider a fractional Brownian motion (FBM) with Hurst index H that measures the
roughness of this Gaussian process. We plot in Figure 6 four samples path of FBM with
H = 0.1, and samples paths generated by SBTS. The generator is trained with M =
1000 sample paths, and the hyperparameters used for the simulation are N, = 100, with
bandwidth h = 0.05 for the kernel estimation of the Schrodinger drift. The runtime for
1000 paths is 100 seconds.

SBTS
o

0 10 20 30 40 50 60 0 10 20 30 40 50 60
time time

Figure 6: Samples path of reference FBM (left) and generator SBTS (right)

Figure 7 represents the covariance matrix of (Xy,,..., X, ) for N = 60 of the FBM
and of the generated SBTS, where each entry corresponds to the covariance between Xy,
and Xy,), i,j € [1,60]. The values are visualized through a color-coded heatmap. We also
plot in Figure 8 the empirical distribution of the quadratic variation ZZ]\L 61 | Xt — Xt K
for the FBM and the SBTS. These figures allow for a direct comparison of second-order
temporal dependencies between real and generated data, and the similarity suggests that
the generative model accurately captures the time dependent covariance and quadratic
variation structure of the observed time series.
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FBM

-1.0
SBTS

0.0

Figure 7: Covariance matrix for reference FBM and SBTS
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Finally, we provide estimate of the Hurst index from our generated SBTS with the

. SBTS
fBrm

10 20 30 40 50
Q

Figure 8: Quadratic variation distribution

standard estimator (see e.g. Gairing et al. (2020)) given by:

N-1
) log ( Z [ Xt — Xti’2)
H= -|1- =0 .
2 [ log N ]

for N = 60, we get: H = 0.102, Std = 0.003.
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5.6 Application to deep hedging on real-data sets

In this paragraph, we use generated time series for applications to risk management, and
notably the pricing of derivatives and the computation of associated hedging strategies
via deep hedging approach. We use samples of historical data for generating by SBTS
new synthetic time series samples. We then compute deep hedging strategies that are
trained from these synthetic samples, and we compare with the PnL and the replication
error based on historical dataset. This experiment can be considered as a reinforcement
learning task. The general backtest procedure is illustrated in Figure 9.

—> SBTS —> DatasetSB

80
% > Training
Deep Hedging
AData ASB
Dataset 10% > Validation
PnLS%
PnLD3®
——> Backtest ——> B
PnLtest
10%
>  Test PnLEjs‘ta

Figure 9: Procedure of backtest for deep hedging

We consider stock price S from the company Apple with data (ticker is AAPL) from
january 1, 2010 to january 30, 2020, and produce M = 2500 samples of N = 60 successive
days, with a sliding window. The hyperparameters for the generation of SBTS synthetic
samples are N; = 100, bandwidth A = 0.05.

Remark 5.1 Since we only observe a single realization of the time series, generating train-
ing samples via sliding windows implicitly relies on an assumption of (local) stationarity.
This assumption is necessary to justify treating overlapping segments as approrimately
drawn from the same underlying distribution. In real-world applications such as finance,
raw asset prices are typically non-stationary due to trends and volatility regimes. How-
ever, it is standard practice to apply preprocessing transformations—such as computing
log-returns—to induce stationarity. In our deep hedging experiment with Apple stock data,
we follow this approach by modeling log-returns instead of prices. This transformation
ensures that the stationarity assumption underlying our learning framework is more ap-
propriate. A more detailed discussion of this preprocessing and its impact on generative
modeling is provided in our companion paper Alouadi et al. (2025).

We plot in Figure 10 four sample paths of the SBTS diffusion to be compared with the

real ones from Apple. We illustrate the excess of kurtosis of the real data by plotting in

Figure 11 the tail distribution for the return Ry, = S;Z: —1: z in log-scale — P[|R| > z],
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and found that the excess of kurtosis of real data is 1.96, to be compared with the one
from SBTS, and equal to 2.34. Figure 12 represents the empirical distribution of the Apple
time series data vs SBTS, while Figure 13 shows their covariance matrices.

1.4 1.4
1.34 1.34
1.24 1.24
= %)
X 1.1 5 1.1
<< %)
vor \/W\/J il B W
0.9 0.9
0.8+ y v v . v v 0.8 +— v v v y v .
0 10 20 30 40 50 60 0 10 20 30 40 50 60
time time

Figure 10: Four paths generated by Schrodinger bridge(Right) vs real ones (Left)

100 9
10—1 4
=
A
E —— Data
T —— SBTS
—— Gaussian
10—2 4

Figure 11: Plot of tail distribution for the return: x in log-scale — P[|R| > z]. Excess of kurtosis for
real-data = 1.96, for generated SBTS = 2.34

Data
mm SBTS

80 1

60 1

Density

40 -+

20 1

0.05 0.06

Figure 12: Comparison of quadratic variation distribution
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-0.0175
Empirical Covariance Matrix SBTS -0.0175
-0.0150
- 0.0150

0.0125
0.0125

0.0100
0.0100

0.0075 0.0075

0.0050 0.0050

0.0025 0.0025

0.0000 0.0000

Figure 13: Covariance matrix for real-data and generative SBTS

The synthetic time series generated by SBTS is now used for the deep hedging of ATM
call option ¢g(St) = (S7—50)+, i.e., by minimizing over the initial capital p (premium) and
the parameters of the neural network A the (empirical) loss function, called replication
error:

N-1
E[PoLPA%,  with  PnLP® = p+ > A(ti, S1,)(Su,, — St) — 9(St).
=0

We then compare with the deep hedging on historical data by looking at the PnL and repli-
cation errors. The historical data set of Apple is split in the chronological order, namely
training data set from 01,/01/2007 to 31/12/2017, validation data set from 01/01/2018 to
31/12/2028, and test set from 01,/01/2019 to 30/01/2020. As pointed out in Wang and Ruf
(2022), it is important not to break the time structure as it may lead to an overestimation
of the model performance.

In Figure 14, we plot the empirical distribution of the PnL with deep hedging obtained
from real data vs SBTS, and backtested on the validation and test sets. It appears that
the PnL from SBTS has a smaller variance (hence smaller replication error), and yields
less extreme values, i.e. outside the zero value, than the PnL from real data. This is also
quantified in Table 4 where we note that the premium obtained from SBST is higher than
the one from real data, which means that one is more conservative with SBTS by charging
a higher premium.
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Density
Density

= Data
=3 SBTS

= Data
=3 SBTS

—002 0.0 0.02 0.04 ~0.06 —0.04 ~0.02
PnL PnL

Figure 14: Deep hedging PnL distribution with backtest from validation set (left) and test set (right).

Training Set Validation Set Test Set
Premium | Mean Std Mean Std Mean | Std
Data | 0.0488 0.000165 | 0.011 | -0.00754 | 0.0193 | -0.015 | 0.015
SBTS | 0.0506 0.0023 0.011 | -0.0051 | 0.0186 | -0.012 | 0.013

Table 4: Mean of PnL and its Std (replication error).

6. Conclusion

We proposed a novel generative model based on the dynamics of the Schréodinger bridge
formulation that captures the temporal structure of time series. We use a nonparametric
kernel estimator of the drift, offering an interpretable and computationally efficient alter-
native to neural network-based models.

In a companion study Alouadi et al. (2025), we further evaluate our method (SBTS)
on diverse synthetic and real-world datasets, benchmarking it against a broad range of
baselines including GANs, COT-GAN, and diffusion-based models like TSGM. We also
conduct robustness checks (e.g., bandwidth and Markovian order sensitivity), parameter
recovery experiments, and runtime comparisons. These results confirm the practical ef-
fectiveness of SBTS, particularly for low-to moderately high-dimensional time series (e.g.,
datasets with 6 to 28 features such as Google stock, UCI Energy, and Air Quality data).

While kernel methods may suffer in very high-dimensional settings due to the curse of
dimensionality, we address this by proposing an alternative drift learning strategy based
on LSTM networks (Section 4.1), better suited to such contexts. Overall, SBTS offers a
compelling, flexible, and efficient solution for generative modeling of time series data.
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