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Abstract

Finding the parameters of a latent variable causal model is central to causal inference and causal
identification. In this article, we show that existing graphical structures that are used in causal infer-
ence are not stable under marginalization of Gaussian Bayesian networks, and present a graphical
structure that faithfully represents margins of Gaussian Bayesian networks. We present the first du-
ality between parameter optimization of a latent variable model and training a feed-forward neural
network in the parameter space of the assumed family of distributions. Based on this observation,
we develop an algorithm for parameter optimization of these graphical structures using the obser-
vational distribution. Then, we provide conditions for causal effect identifiability in the Gaussian
setting. We propose a meta-algorithm that checks whether a causal effect is identifiable or not.
Moreover, we lay a grounding for generalizing the duality between a neural network and a causal
model from the Gaussian to other distributions.

Keywords: neural networks, Bayesian networks, maximum likelihood estimation, structural
causal models

1. Introduction

Bayesian networks are widely used in probabilistic reasoning and causal inference. They factorize
a probability distribution over an acyclic graph. Among Bayesian networks, causal Bayesian net-
works encode causal relationships between random variables and, simultaneously encoding causal
and probabilistic hypotheses, are useful in interventional inference. Functional Bayesian networks,
as a sub-type of causal Bayesian networks, encode structural equation models (SEMs), which are
useful in both interventional and counterfactual analysis (Pearl et al., 2000). A challenge in the
domain of causal inference is modeling causal relationships with the presence of latent mutual an-
cestral variables assumed to play the role of “confounders” (common causes) of visible variables.
These models are margins of (causal) Bayesian networks.

These margins are constructed over directed (hyper-)graphs; the directed edges encode the direct
causation with respect to the hyper-graph, and the hyper-edges encode the latent common causes.
Conventionally, a type of graph with the combination of directed and bi-directed edges used for
modeling these margins (Bareinboim et al., 2020; Spirtes et al., 2000). However, as shown in various
studies, bi-directed edges are too weak to encode the margins of Bayesian networks (Evans, 2016;
Fritz, 2012; Forré and Mooij, 2017). Despite the earlier convention and as a surprisingly recent
direction in causal inference, common causes are not necessarily assumed to be binary relations
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encoded by bi-directed edges, but multi-ary relations that require hyper-edges to be encoded (Evans,
2016, 2018). A prominent advantage of using hyper-edges is that such structures are stable under
the marginalization of Bayesian networks (Evans, 2016).

The existing classes of the graphical structures that are used to encode the margins of Bayesian
networks, or causal models with latent common causes, range from simple directed acyclic graph
(DAG)-based Bayesian networks through marginalized (hyper-)graphs like acyclic directed mixed
graphs (ADMGs) (Richardson and Spirtes, 2002) and marginal DAGs (mDAGs) (Evans, 2016) to
graphical models with cycles and confounding latent variables (Forré and Mooij, 2017). Despite
mDAGS’ nice statistical properties (Shpitser et al., 2014), as we show in this article, they fail to cap-
ture margins of Bayesian networks when additional constraints are required. As the first contribution
of this paper, we propose new graphical structures that relax mDAGs and are useful to encode the
margins of Gaussian Bayesian networks. These structures are applicable to representing the margins
of both causal and functional Bayesian networks and remain stable under marginalization. We call
these structures the pre-marginalized DAG (pmDAG).

Neural networks are a recent phenomenon in the domain of machine learning. These networks
are usually trained using a mechanism called back-propagation. Hinton (Rumelhart et al., 1986;
Plaut and Hinton, 1987) popularized the term backpropagation as a means for neural networks to
learn the conditional distribution of data. The combination of causal models and neural networks
has recently appeared in the literature. For example, Kocaoglu et al. (2017) introduced causality
to GANSs for getting proper distributions of images based on interdependent image labels. They
construct their generative models in a way that is compatible with a causal DAG. Pawlowski et al.
(2020) construct upon the ideas in Kocaoglu et al. (2017) and add counterfactual analysis to the
research line. Zecevié et al. (2021) have used graph neural networks (GNNs) to train their causal
Bayesian networks. They incorporated interventions by seeing them as lack of neighborhoods in
the graph neural network layers. Among these, the closest to our work is that by Xia et al. (2021).
The authors correspond each structural equation with a feed-forward neural network. By doing so,
they construct an ADMG that is amenable to back-propagation-based gradient descent optimization.
Then, they discuss the problem of causal effect identifiability within this new setting.

As the second contribution of this paper, we show that training a neural network is the dual
problem of parameterizing a Gaussian pmDAG. To this end, we introduce medium structures that
serve both as a pmDAG and a feed-forward neural network. In particular, we show that our approach
is equivalent to the maximum likelihood estimation of the parameter space. Our work extends Xia
et al. (2021) in two dimensions:

(i) We consider the whole causal graph to be dual to a neural network. This is also in contrast
to, e.g. Pawlowski et al. (2020); Kocaoglu et al. (2017), where each function in the structural
system is implemented using a neural network.

(ii) We optimize on the “parameter space” of either functions or Markov kernels, whereas the
previous work train their model on the data domain. Unlike the existing works, we do not train
our model on each individual observation but rather on the parameter space of the observed
marginal distribution.

On these grounds, we note that this article is the first work that shows a general duality between
neural networks and causal models and does not provide a mere combination of the two. This is
especially true when one notices that this work is easily extensible to discrete distributions, which
form a large class of distributions in terms of application. We do not cover this arguably more im-
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portant extension in this article and restrict attention to Gaussian distributions. As an interesting
fact, we do not use any non-linearity in our neural networks when we parameterize for the Gaussian
case. This is without loss of generality. We propose a general factorization property, called the
“synchronized factorization property,” that is applicable in generalizing our solution to other distri-
butions. Furthermore, this article covers both causal (indeterministic) and functional (deterministic)
Bayesian networks. We develop a neural network-based algorithm for the parameter optimization of
Gaussian pmDAGs but further simplify the naive neural network algorithm and name the enhanced
algorithm the “SN?” algorithm.

After proposing the algorithm for training neural networks/parameterizing Gaussian pmDAGs,
we proceed to the [causal effect] identifiability problem (Tian and Pearl, 2002; Tian and Shpitser,
2010; Bareinboim et al., 2020). Do-calculus is the standard mathematical (symbolic) tool for iden-
tifying and estimating causal effects (Pearl, 2012). Compatible with do-calculus, we propose a
meta-algorithm that checks whether a causal effect is identifiable given a pmDAG and a set of iid
observations. This meta-algorithm is almost-surely asymptotically correct.

At the end, we test the performance of our SN? algorithm on synthetically generated Gaussian
data. The SN? has been implemented in CUDA and parallelizes the optimization procedure of the
pmDAG. Given the different basis for this algorithm compared to the existing algorithms, we do not
compare our algorithm to the existing ones. Besides this experiment, we test our SN2 algorithm for
the problem of causal effect identification on some well-known graphical structures and show the
potential of our algorithm in this domain.

1.1 Outline

This paper will be organized as follows:

§2 We introduce the basic graphical and probabilistic definitions in this section. Existing and
proposed graphical structures will be introduced. We proceed to introduce some general
lemmata that we will use throughout this article. We associate this section to the properties of
Gaussian graphical structures. We will use the results in this section throughout this article.

§3 In this section, we talk about the potential of the existing graphical structures to act as the
backbone of our probabilistic models. We conclude that the existing graphical structures
cause a probabilistic problem, namely the marginal instability problem. We conclude that our
proposed graphical structure (pmDAG) is more fitting than the existing ones.

§4 This section is where we begin to define the problem formally. We define the maximum
likelihood estimation of a graphical structure, based on which we propose an approach to pa-
rameterize the graphical structure given a sequence of observations. We relate the maximum
likelihood estimation to the Kullback-Leibler divergence.

§5 This section relates two central concepts: the probabilistic graphical models and feed-forward
neural networks. We further exploit this relationship to convert the problem of finding the
optimal structural system of a graphical structural to the problem of training a feed-forward
neural network. In this section, we introduce the “synchronized factorization property”—an
interesting probabilistic property of neural networks that allows us to train the neural network.

§6 This is the point where we introduce the neural-network training algorithm. We use some
lemmata to show that the neural-network duality of the problem requires no actual neural
network implementation and that the SN? algorithm can be implemented using improved
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methods. Indeed, neural networks are a ladder that we climb at the beginning of this section
and then put aside to develop an efficient algorithm.

§7 In this section, we explain the relationship between our work and the seminal work of Pearl
(Pearl and Mackenzie, 2018; Pearl et al., 2000) on structural equation models. Therein, we
talk about the [causal effect] identifiability problem. We relate our results of parameter-
optimization in §6 to the identifiability problem and show that the SN2 algorithm can be
utilized to solve the latter problem. We propose a meta-algorithm that is capable of solving
the identifiability problem asymptotically.

§8 We divide this section into two parts. In the first part, we measure the performance of our SN2
algorithm in the forward and backward phases. In the second part, we test our algorithm on
observational data and divide the graphical structures into the identifiable and non-identifiable
cases. We discuss the results as evidence that our meta-algorithm works.

§9 We conclude our work in this section. We talk about the advantages and disadvantages of our
approach in comparison to existing methods. Furthermore, we consider the potential of this
work for future research.

2. Preliminaries

This section deals with the basic graphical and probabilistic structures that we use throughout this
article. In the following, we use a cursive typeface for random variables (e.g. V) and a boldface
cursive font for random vectors (set of random variables) (e.g. V). Moreover, we show a proba-
bilistic event of a random variable using italic capital letters (e.g. X) and an outcome (actualization
of a random variable) using italic small letters (e.g. x). For probabilistic events of random vec-
tors, we use bold-italic capital letters (e.g. X) and for the corresponding outcomes we use small
bold-italic letters (e.g. «). We use capital letters with italic typeface (e.g. W) for matrices of non-
stochastic variables, and small bold-italic letters (e.g. x) for vectors of non-stochastic variables.
Non-stochastic variables themselves are usually represented using italic small letters (e.g. x) but
sometimes using italic capital letters (e.g. I). This will be clear from the context. Finally, we use =
to state that two generic objects are identical.!

We denote the probability distribution over a random vector V using Py,. It is defined over
the measurable space of V, which we denote by (Qx,cQx ). We write the margin of Py, over
U cV as Py and define it as Py (U ) =Py (U xQypy), V U € 0Qqy. If Py, is an arbitrary set
of distributions over the generic random vector V, we define the margin of this set over £ €V as
Pu = {PuPy e P}.

Throughout this article, we may use various notations. To see an overview of our notation, we
encourage the reader to refer to Appendix A.

2.1 Graphical Definitions

For graphical structures, we use subclasses of directed acyclic graphs (DAGs) with latent variables.
A DAG is made of a pair (A, =) composed of a finite random vector A of (visible or latent)
variables that form the nodes of the graph and a homogeneous relation on A that specifies the
presence or absence of a directed edge. If B~ C (B,C € .A), we say that B points to C. The

1. Therefore, A = BB should mean that A and B are the same variable, whereas A = B means that A is equal to B
everywhere. One the other hand, P(A = B) = 1 indicates that the two variables are equal P-almost everywhere.
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relation < is such that the edges never form a cycle, i.e. no random variable points to itself directly
or indirectly; formally, A ' A for all A€ A and i €N, with - being the i-th composition of —
with itself. We also define the functions pag : A — A as pag (V) := {Ac A|A>V} and chg :
A - A as chg (V) := {Ae A|V - A} and respectively name them the parents and children of
V. We extend the definition of parents and children by defining the functions pay : £.A4 - PA as
pag (V) := Upeypag (V) and chg : P A - PA as chg (V) := Upey chg (V). Moreover, we define
root(®) := {Ae Alpag(A) =2}, which returns the set of root nodes in the DAG &. Finally, we
define nroot(®) := A root(®) as the set of non-roots of &.

We cover some of the pre-existing species of DAGs and also introduce a new one that serve the
purpose of this article: devising algorithms for parameter-optimization of a DAG given an observa-
tion with the Gaussian assumption. Generally, the variables in a DAG are distinguished based on
observability. They are considered to be either visible or latent. This assumption forms the basis
of many real-world scenarios. This motivates us to define latent variable DAGs (IvDAGS) as the
broadest class of DAGs that we will work with; see Figure 1 for the Venn diagram of IvDAGs and
its subclasses.

Definition 1 IVDAG) Let A=V UL be a random vector (where U denotes the union of two disjoint
sets) composed of the visible V and latent L random vectors. Let — be a homogeneous relation on
A. The pair & = (A=V UL, —) is a latent variable DAG (IvDAG) whenever (a) it is a DAG and
(b) root(®B) c L.

In essence, an IvDAG is a DAG with distinguished observed and latent nodes that has no ob-
served variable within its root nodes. This latter condition is because we want to treat all the IvDAGs
and their subclasses in a unified manner. If there is a visible node in the root, it is never impossible
to add a latent node that points to that visible node and convert the DAG into an lvDAG. Three
IvDAGs are depicted in Figure 2. The latent and visible variables are respectively shown by O and
O and there is an edge from A4 to B iff. A points to B.

Remark 2 We generically refer to all of the classes of graphs in this article as DAGs. As mentioned,
the variables in a DAG can be arbitrarily visible or latent, and we only distinguish between them
when these DAGs are [vDAGs. For those [vDAGs that have no latent variables except for the root
nodes with at most one child, i.e. L =root(®) and card(chg (L)) <1 for all L € L, we reserve the
term visible DAG (vDAG). A vDAG is analogical to a Markovian causal model.

There are many subclasses of IvDAGs in the literature, including marginal DAGs (mDAGsS),
acyclic directed mixed graphs (ADMGs), bow-free acyclic path diagrams (BAPs), or visible DAGs
(vDAGS) (Evans, 2016; Drton et al., 2009; Maathuis et al., 2018); see Figure 1. Among these, the
broadest subclass of IvDAGS is the class of mDAGs (Evans, 2016). The importance of mDAGs
is that they are stable under the “marginalization” of Bayesian networks when we are completely
agnostic about the nature of the latent space. However, as we will show later on, mDAGs are no
longer stable under the marginalization when we make further assumptions about the latent space.
This means that we need a different class that is a supermodel of mDAGs. This issue shall be
dealt with in detail in §3. For completeness, we will bring two equivalent definitions of mDAGs.
Then, we will proceed to introduce the relaxed structures that do not suffer from the aforementioned
instability problem.

Definition 3 (mDAG) The following two definitions are equivalent.
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IvDAGs

Figure 1: Venn diagram of various classes of latent-variable DAGs. vDAGs c BAPs (Drton et al.,
2009) ¢ ADMGs (Maathuis et al., 2018, p. 47) ¢ mDAGs (Evans, 2016) c pmDAGs c
IvDAGs. We primarily work with pmDAGs.

(i) A marginalized DAG (mDAG) is a triple & = (V, —,B ), where (V, ) defines a DAG [of
observed variables V|, and 5 is an abstract simplicial complex on V. The elements of B are
called bidirected faces (Evans, 2016).

(ii) Let & = (A=V UL, ) be an IvDAG and define the homogeneous relation < on root(®)
using

I<J = Ch@(I) ECh@(j).
Then, & is an mDAG iff. (a) L =root(®) and (b) (root(®), <) is an anti-chain.

Part (ii) of the definition asserts that (a) we require every latent variable to be a root node such
that (b) for every root node (latent variable), there is no other root node (latent variable) that points
to a subset of its children. An exemplary mDAG is depicted in Figure 2 (a).

Remark 4 Punctilious readers are aware that a abstract simplicial complex is inclusive of every
subset of the maximal faces. Moreover, every singular subset {V } €'V is in the simplicial complex.
On the contrary, our definition excludes the subsets of every maximal faces. Loosely speaking,
the second part of Definition 3 is equivalent to the canonical graphs of mDAGs in Evans (2016).
However, our class of mDAGs (as in Definition 3) does not perfectly align with the canonical DAGs.
For example, O is a canonical DAG in Evans (2016) but not an mDAG here. Conversely, O—O is
an mDAG according to our definition but is not a canonical DAG in Evans (2016). Nevertheless,
one can always form a bijection between the above two definitions, and the results in Evans (2016)
that we are concerned with are without loss of generality.

In §3, we will argue why these structures are not rich enough to capture the margins of all
Bayesian networks with extra latent-space assumptions. This lack of richness is a result of the
marginal instability of such DAGs. In that respect, we primarily focus on the margins of an im-
portant class of Bayesian networks—the Gaussian Bayesian networks. This result justifies using an
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Figure 2: Three IvDAGs. Every O is a latent variable and every O is a visible variable, and there is
a directed edge (Z, J) iff. Z points to J (Z = J). (a) an mDAG; (b) a pmDAG that is
not an mDAG:; (c) an IvDAG that is not a pmDAG.

even richer structure that we call pre-marginalized DAGs (pmDAGs). We obtain this richer DAG by
relaxing the last constraint in the definition of mDAGs (constraint (b) in Definition 3 (ii)).

Definition 5 (pmDAG) A pre-marginalized DAG (pmDAG) is an vDAG & = (A=Y UL, <) such
that £ =root(®).

From Definitions 1 and 5, it is clear that pmDAGs is a subclass of IvDAGs. From Definitions
5 and 3 (ii) it is readily obvious that mDAGs is a subclass of pmDAGs. Therefore, mDAGs c
pmDAGs c IvDAGs. We represent the important subclasses of IVDAGs in Figure 1.2 To see a
graphical example of each of these classes, refer to Figure 2.

We conclude our graphical definitions with the augmentation of an IvDAG. Augmentation is
done by adding an ““auxiliary” latent node to as the parent of another node. We will use this operation
in various places of this article, especially to relate “deterministic and indeterministic structural
systems” of two pmDAGs (see §2.2 for the definitions).

Definition 6 (augmentation) Let & = (A=V UL, <) be an IvDAG. The augmentation of & w.r.t.
the random variable A € A, denoted by 14(®), is an IvDAG (A'=VUL' ") constructed as
follows:

(a) form L = LU {L} by adding a latent variable L ¢ Ato L,

(b) define =’ on A’ in such a way that < is its restriction,

(c) finally, make L point only to A and do not allow any X € A to point to L.

The augmentation of & w.r.t. the random vector U ¢ A, 14(®), is done by augmenting & once

for eachU eU (in an arbitrary order).

2. Similar to what we have seen with respect to the mDAGs (Remark 4) and its canonical graph, these structures are
conventionally defined using (hyper-)edges. In contrast, we consider that they have latent variables with direct edges
toward the visible variables. This does not cause any discrepancy as there is a bijection between these structures and
the conventional definitions. In the literature some names have been given to structures similar to the latent-variable
DAG:s, including “canonical graph” (Evans, 2016) or “augmented graph” (Forré and Mooij, 2017).
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Figure 3: Augmentation (Definition 6) and exogenization (Definition 13) of an IVvDAG. (a)
an mDAG & = (A=VUL, <), (b) its augmentation w.rt. A, ie. 14(®), which
is an IvDAG, and (c) the deterministic exogenization of 14(®) w.r.t. root(®), i.e.
Troot(@)(lA(Qﬁ))'

See an example of augmentation in Figures 3 (a) and (b). We call the added latent variable £ the
auxiliary parent of A. In order to distinguish this variable, we define the function auxg ¢ : A — A’

as auxg, e (V) = pag (V) N pag (V).?

2.2 Probabilistic Definitions

An IvDAG is the “backbone” that determines functional (deterministic) or probabilistic (indetermin-
istic) relationships between the random variables. The deterministic relationships resemble struc-
tural equation models while the indeterministic relationships revoke Bayesian networks. We call
these relationships “deterministic structural systems” and “indeterministic structural systems”, re-
spectively.* Deterministic structural systems are a joint probability distribution of the root nodes
paired with a set of functions constructed upon a DAG. Indeterministic structural systems, on the
other hand, are a set of Markov kernels. Indeterministic structural systems are the de facto general-
ization of deterministic structural systems and we will use them in place of deterministic structural
systems. Indeed, we sometimes “indeterminate” deterministic structural systems before working
with them (Definition 12).

We define deterministic structural systems in the following, and then generalize them to the
indeterministic structural systems.

Definition 7 ([deterministic] structural system) Let & = (A=V UL, <) be an [vDAG. A [deter-
ministic] structural system of & is a pair (Proot(@), Prroot(®) ) composed of a probability distribution
Proot(e) W-r:t. which root(®) is mutually independent and a set Dyro0t() Of (measurable) functions
D+ Qpa, (V) = Qn that is indexed by nroot(®). We abbreviate deterministic structural system to
“structural system” and write (P, @) as a shorthand for (Pyoo(s)> Paroot(®) )-

We call the set of all structural systems of ® the deterministic structural system model (DSM)
of & and denote it using D(®).

3. We treat a set of one random variable as a single random variable.
4. In this work, structural systems—deterministic or otherwise—convey no causal meaning on their own, unless stated
otherwise. See Remark 10.
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A structural system induces a probability distribution PP 4 using the following system of equa-
tions:

N =@y (pag(N)), V N enroot(®), (1)
where the joint probability P 4 is obtained by recursively invoking the push-backs of functions ® .

Definition 8 (indeterministic structural system) Let & = (A=V UL, <) be an [vDAG. An inde-
terministic structural system of & is a set {K gpa,(4) : ORA X Qpa, (4) > [0,1] } aca of Markov
kernels indexed by A (where Qg = {0}). We denote it using {K4 } 4c.A as a shorthand.

We call the collection of all indeterministic structural systems of an [vDAG & the indeterministic
structural system model (ISM) of & and denote it using 0(®).

Given an indeterministic structural system {k 4 } 4c.4, the following equation, called the recur-
sive factorization, induces a unique probability measure P 4 on \A:

Pa(dz) = T] xa(dralap, o)) 2)

Ae A

for all £ = Q 4 (Cowell et al. (2007, Ch. 5.3) and Forré and Mooij (2017, Theorem 3.2.1)).

Remark 9 As readers might have acknowledged, we did not explicitly associate a measurable
space to the random variables when defining [vDAGs. The probability space depends on the prob-
abilistic assumptions that we hold and gets defined through the deterministic or indeterministic
structural system. Therefore, when defining an [vDAG we make no assumption about its nodes
except for them being random variables (random elements) in the broad sense.

Note that, conversely, we can also uniquely define an IvDAG & given a deterministic struc-
tural system (P, ®) or an indeterministic structural system {k4 } 4c4. In that case, we call & the
corresponding IVDAG of (P, ®) or {k4 } AcA.

Remark 10 Despite their similarity, we do not take a structural system as synonymous with the
structural “causal” model (SCM). Nor do we think of indeterministic structural systems as “causal”
Bayesian networks. No causal assumption is needed for finding the optimal (indeterministic) struc-
tural system. For our solution to work, the DAG does not have to be correspondent (David, 2002);
that is, correspond to the structure of some true/ground-truth causal mechanism/structural causal
model. We associate §7 entirely with how our work is related to the causal identifiability problem.
For the distinction between causal and non-causal Bayesian networks as well as SCMs, see Pearl
et al. (2000) or Bareinboim et al. (2020).

Next, we enter upon defining the probabilistic models of an IvDAG. Parallel to the structural
system models, we will have probabilistic models for an IvDAG.

Definition 11 (probabilistic model) Ler & = (A=V UL, <) be an IvDAG. We call the set of prob-
ability distributions over A that are induced by a deterministic (resp. indeterministic) structural
system of ®, as per Equation 1 (resp. Equation 2), the deterministic (resp. indeterministic) proba-
bilistic model (DPM (resp. IPM)) of &. We denote this set using Q(®) (resp. q(&)).

We show the set of the margins of the members of Q(®) (resp. q(®)) over U < A using Qu (&)
(resp. qu(®)). Formally, Qu(®) := (Q(&))y, (resp. qu(®) = (q(8))y,). In particular, we call
Qv (&) (resp. qy(®)) the marginal DPM (resp. marginal IPM) of the IvDAG & = (A= VUL, ).
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We denote the mapping that takes a structural system to its induced probability using
IM:9(®) - Q(B), where D(&) is the DSM and Q(®) is the DPM. Therefore, for & =
(A=YVUL, ), if the probability measure P4 is induced by (P,®), we may write P4 =
II((P,®)). Similar to the structural system, we denote the mapping that takes an indeterminis-
tic structural system to its induced probability measure using IT: 9(®) — q(®), with 9(®) being
the ISM and q(®) being the IPM. Therefore, for the measure P 4 induced by {k4 } 4c.4 We may
write P4 =TI({Ka4} 4ca).

Now, we consider a straight-forward way that converts a structural system of & into the indeter-
ministic structural system of the same IvDAG. This transformation unifies some of the subsequent
definitions and theorems.

Definition 12 (indetermination) Let & = (A=V UL, ) be an IvDAG. We define the function
Ip: D (B) - 0(®B) as the one that takes in a structural system (P, @) and returns an indeterministic
structural system {K4 } aca the Markov kernels of which are defined as follows:

P4(X) A eroot(®),

3)
1x(®4(y)) Aenroot(®),

Ka(X|y) =={

for every X € 6Q 4,y € Qp, (4 for all A€ A (where Qg = {0}). Here, 1is the indicator function.
We call the mapping 1 the indetermination of &.

In words, indetermination takes in the structural system and converts it to an indeterministic
structural system by forming a Dirac measure for each value of the parents of non-root nodes. It is
therefore easy to see that a structural system and its indetermination are in essence the same thing,
each of which hand in a different tool (i.e. Equations 1 or 2) to work with.

2.3 Gaussian lvDAGs

In above, we introduced some of the necessary notions for this article. We emphasized that a
deterministic or indeterministic structural system may be associated to an IvDAG and that they
induce a probability distribution. From this point and throughout this article, we restrict attention
to the induced distributions that are (jointly) Gaussian. We denote the set of all jointly Gaussian
distributions on a generic random vector V using ‘,B% We assume that these distributions have the
Gaussian density to simplify some theorems that in general hold only almost everywhere. Based
on the discussions in Drton et al. (2009), we consider that assuming zero means for the latent and
observational space is without loss of generality. We define ‘]33(0) ={Pye ‘13%|mean(v; Py)=0}
as the set of these distributions.

For a generic IVDAG, & = (A=V UL, - ) we call Q6 (&):= &BS‘(O) NQ(B) its Gaussian
DPM. Moreover, we call

D9O)() = {(P,®) e D(6) [TI((P, D)) e BE” }

the Gaussian DSM of &. The Gaussian DSM is the set of all structural systems that induce a Gaus-
sian distribution with zero means. Given the Gaussian density, every structural system (P, ®) in

5. A distribution in the marginal IPM/DPM is sometimes referred to as “observational” distribution in the context of
causal inference.

10
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Definition 11 that induces a P 4 € Q(®) is such that ® are linear and root(®) is P-jointly Gaussian.
We therefore define:

960N (B) = {(P,®) e D(B)[Pe 2]32)5)?()6) and @ are linear transformations }.
and assert that ©'9(0) (&) = D) (). To see why this is the case, refer to Appendix B.1 (Theorem
44).

Now that we identified the structural systems in terms of a root distribution and non-root func-
tions, it is appropriate that we also specify every Gaussian structural system using a set of pa-
rameters. Assume that & = (A=V UL, —) is an IVDAG. We specify Py, () by the variance of
each variable A € root(®), i.e. 63 € [0,00). We specify the functions @ using a set of vectors
W = {WY }yenroot(®), Where by € Reard(Pae () such that @y (pag(V)) = @y - pag(V), with “” be-
ing the inner product. Note that, according to Definition 7, the covariance of each two root nodes is
always zero.

It is well-known that the marginal IPM of an IVDAG & = (A=V UL, - ) and the marginal
DPM of its augmentation w.r.t. A are the same. One might therefore ask whether the same is true
for the Gaussian IPM and DPM of the two IvDAGs. Similar to what we defined above, for a generic
IVDAG, & = (A=VUL, <) we call ¢°O(®) = 213?4(0) N q(®) its Gaussian IPM. Moreover, we
call

090(8) = {{Ka baca () MI({K4 baca) e FL” }

the Gaussian ISM of &. Indeed, we can always say that the Gaussian IPM of & and the Gaussian
DPM of &’ = 14(®) are the same. That s,

1°©(8) =259 (&"). )

We show this equivalence in Appendix B.1 (Theorem 48). This hints us that the Gaussian DSM and
Gaussian ISM are as powerful as each other, and that the theorems that we prove for the IPM of an
IVDAG 6 = (A=Y UL, <) apply to the DPM of its augmentation w.r.t. A, vice versa.

3. Marginal Stability of Gaussian IvDAGs

In this section and before we proceed to the main objective of this article, we establish that gener-
alizing mDAGs to pmDAG:s is justified. This amelioration is necessary if we want to parametrize
an important class of structural systems that correspond to the Gaussian probabilistic model. In
particular, we show that in contrast to our pmDAG structure, margins of mDAGs for this class are
not stable when we remove latent variables from IvDAGs to form them. To give you an overview,
we consider the marginal Gaussian IPM of mDAGs. By using the natural operation that removes
latent variables from an IvDAG to form this mDAG, we observe that the marginal IPM changes.
Moreover, we show that as soon as we assume that there is no directed edge between the observed
variables, there appear Gaussian margins that no mDAG can induce. That is, there are margins that
the marginal Gaussian IPM of no mDAG in this class contains. This leads us to the main result of
this section: pmDAGs are better modeling tools than mDAGs when Gaussianity is an assumption.
Two important ingredients that lead to our desired result are the exogenization and coalescence
of an IvDAG, which we take from Evans (2016) and generalize. As opposed to the original defini-
tion, we will have two versions of exogenization: deterministic and indeterministic. The original

11
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Figure 4: Exogenization of an IvDAG w.r.t. a variable. (a) an IvDAG &, (b) its deterministic ex-
ogenization w.r.t. A, i.e. T4(®), and (c) its indeterministic exogenization w.r.t. A, i.e.

T4(9).

definition of exogenization is the indeterministic one and associates to the IPM, whereas the de-
terministic one associates to the DPM. The definition of coalescence is the same as the original
definition.

Definition 13 ((in)deterministic exogenization) Let & = (A=V UL, <) be an IvDAG. The de-
terministic exogenization (resp. indeterministic exogenization) of & w.r.t. the variable L € LN
nroot(®), denoted by T (&) (resp. 1(®)), is an IvDAG (A’ =V UL’ ") constructed as fol-
lows:

(a) let " = (A"=VUL" >") be equivalent to & (resp. be the augmentation of & w.r.t. L),

(b) let L' = L"~ {L} and -’ be the restriction of =" over L',

(c) make the parents of L point to its children, i.e. for each A, Be A", if A~ L and L = B, then

let A-" B.
The deterministic exogenization (resp. indeterministic exogenization) of & w.r.t. the random vec-

tor U € Lnnroot(®), is done by deterministic exogenization (resp. indeterministic exogenization)
of & once w.r.t. each U €U (in an arbitrary order).

Deterministic exogenization removes a latent non-root node from the IvDAG. Indeterministic
exogenization also adds a latent root node in its place. Figure 4 demonstrates deterministic and
indeterministic exogenization of a pmDAG w.r.t. a single variable. Now, we are in the position to
talk about coalescence; a graph modification that, unlike exogenization, is applied on the root nodes.

Definition 14 (coalescence) Let & = (A'= VUL, ) be an IvDAG. The coalescence of & w.r.t.
the variable L € Lnroot(B), denoted by Op(®), is an WDAG (A=VUL' ") constructed as
follows:

(a) if there is a variable L' € root(®) (L' # L) such that ch(L) € ch(L") then let L = L~ {L}

otherwise, let L' = L,
(b) then, let ' be the restriction of < over A'.
The coalescence of & w.r.t. the random vector U € L nnroot(®), is done by coalescence of &

once w.r.t. each U €U (in an arbitrary order).

12
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O

(a) (b)

Figure 5: Coalescence of an IvDAG w.r.t. a variable. (a) an IvDAG &, and (b) its coalescence w.r.t.
B,ie. 0p(®).

Coalescence removes a latent root node under the condition that another root node is connected
to all of its children. Similar to exogenization, coalescence is also more easily understood visually.
Figure 5 depicts the coalescence of an IVDAG w.r.t. a variable.

It is known that the marginal IPM of an IvDAG does not change under (indeterministic) exog-
enization or coalescence (Evans, 2016), so by induction an lvDAG can be converted to a pmDAG
or mDAG without disrupting its IPM. We inspect these relations for the IPM under the Gaussianity
assumption, i.e. for qG(O) (®). We start with the DPM and use the result to prove the same claim for
the IPM.

Theorem 15 Let & = (A=V UL, <) be an IvDAG. Then, the Gaussian DPM of & is not stable
under deterministic exogenization. That is, it does not hold that

2301 (©) =90 (1.(9)),
for any L € L nnroot(®).

Proof See Proof of Theorem 15 in Appendix C. |

Corollary 16 For an IvDAG & = (A=V UL, <), the Gaussian IPM of & is not stable under in-
deterministic exogenization, i.e.

150 () = 49O (2()),

for any L € L nnroot(®) does not hold in general.

Proof (sketch) If we augmented &, applied deterministic exogenization, then deterministically
un-exogenized and un-augmented the resulting IvDAG, we would get the indeterministic exoge-
nization. Each step preserves the IPM. See Proof of Theorem 16 in Appendix C for details. |

13
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Example 1 Consider the IvDAG & = (A=Y UL, <) in Figure 3(a), its augmentation &' =
14(8) = (A'=VUL' "), and the deterministic exogenization &" =T 4(8") of &' in Fig-
ure 3(c). According to Equation 4, ¢°) (&) = Q%O)(Qi’). Based on Theorem 15, we have
Q%O\){A}((’ﬁ’) = 0O (&"). By combining these two, we have qg(o)((’j) = Qg(o)((ﬁ"). In words,
the marginal IPM of & and the marginal DPM of &" are the same.

We showed that the deterministic (indeterministic) exogenization does not change the DPM
(IPM) of an IvDAG. We now show that, in general,

a5 (®) a5 (82(8)).

That is, we cannot arbitrarily coalesce latent root nodes without disrupting the IPM. We prove this by
showing that if & = (A=V UL, <) is an mDAG with card(V) > 2 that is a “correlation scenario”
(Fritz, 2012) (i.e. with the property that for all V € ¥V we have pag (V) € root(®)) then the pmDAG
&' = Tyooy ) (1.4(®)) is “unsaturated” (i.e. Qg(o) (®)c ‘133(0)) while the un-coalesced pmDAGS of
&’ can be saturated. This is shown in the following Theorem. We then conclude the desired result
as a corollary.

Theorem 17 Let & = (A=V UL, <) be an mDAG with n = card(V) > 2 such that for all V € V
we have pag(V) € L (i.e. & is a correlation scenario). Also, let &' = Ty () (14(®)). Then,

Qg(o)(ﬁ’) c ‘Bg(o). That is, some Gaussian distributions (with zero means) are not induced by
such a pmDAG.

Proof See Proof of Theorem 17 in Appendix C. |

It follows that converting a Gaussian pmDAG to an mDAG corresponds to altering its IPM. We
demonstrate this result in the following corollary and example.

Corollary 18 For an mDAG & = (A=V UL, <) with n=card(V) > 2 that is a correlation sce-
- G(0) G(0)
nario, gy, (®) <Py,

Proof According to Equation 4 and Theorem 15, Theorem 17 is sufficient for qg(o) (B)c &]33(0) .

Example 2 Consider & and &, in Figures 6 (a) and (b). With the help of &3 and &4 we want
to see whether the IPM qg(o)(éﬁz) remains unchanged under the coalescence & = 0p(®,), Le.
whether qg(o) (&) = qg(o)(Qﬁz).
(a) According to Corollary 18, the vDAG & is unsaturated, i.e. q\G;(O)(ﬁl) c ‘B\G)(O).
(b) We prove that Qg(o)(®4) = ‘Bg(o). To show this, let €3 be the cone of 3-dimensional semi-
definite matrices. Let £ = diag([6%, 6% 67]) and assume that V =@y, (L) =WTL, i.e.
X WA x 0 wex || A

YV]=|way wpx 0 Bl.
Z wWaz Wz 0 C
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() (b) (©)

(d)

Figure 6: Four pmDAGs. (a) an mDAG &) = (A; = VUL, <) (V= (X,), Z£)) that is correla-
tion scenario. (b) a pmDAG &, = (A, = VU L,, =, ) with an additional latent node B
in comparison to &;. (c) another pmDAG &3 = Tyyo(s,)(1.4,()). (d) a final pmDAG
B4 € B3 constructed by removing D and £ from &;.

We show that &4 induces all Gaussian distributions. Fix X. € €3 as the covariance of ¥V and

a
let L(E)=|b d be its Cholesky decomposition (£ = L(Z)L(X)"). It is enough to show
c e f

that the system of equations WTEW = L(X)L(X)" is solvable for W: if ¥ is positive definite,

(_72
. _ A/ . . - . .
let wex = xad f \/ e—ed) (b1 then substitute other w.. variables accordingly. Repeat

the process for covariance matrices that are not positive definite.

(c¢) 3 has two extra latent variables D and & in comparison to &4, and therefore, Qg(o) (B4)
Qg(o) (83) = mg{o) (Lemma 50 in Appendix C). Moreover, &3 = Tyyoy(e,)(14,(8.)). There-

fore, we have q\G)(O)(@Z) - Q\G;(O)(%) _ ;Bg(())‘

We have shown qg(o) (&) c qg(o) (87). Yet, B = 0p(®,). Therefore, the margin has not remained

stable under the coalescence.

The conclusion of the above discussion is that we cannot arbitrarily coalesce root nodes or
exogenize non-root nodes of an IvDAG to construct an mDAG without disrupting the marginal
Gaussian IPM. While exogenization relaxes constraints on the IPM/DPM, coalescence imposes
further constraints on the IPM/DPM. Formally, for an IvDAG & = (A=Y UL, <), we have
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q?,(o) (&) =+ qg(o) (60(®)) and qg(o) (&) =+ qg(o) (t£(®)). Similarly, the marginal Gaussian DPMs
of IvDAGs are also unstable under coalescence or exogenization. To remove the restriction imposed
by coalescence we use a class of IvDAGS that is more relaxed than mDAGs. A natural choice will
be pre-marginalized DAGs (pmDAGs). Note that, we assume that the current pmDAG is not the
result of an exogenization process that has limited the IPM/DPM—this is aligned with the current
literature or linear models.

4. Problem Definition

The main objective of this article is to propose an algorithm that finds a structural system of a
pmDAG that is in some sense optimal given a sequence of observations V. An observation is the
measurement of the visible variables—that are V in & = (A=V UL, - ). The complete DSM is
generally too large for the von Neumann architecture to be able to search in. Therefore, we naturally
consider a sub-model and assign a set of parameters to each structural system in that sub-model,
then we search within the space of all possible sets of parameters until we find an optimal one. This
procedure is called the parameter-optimization of a pmDAG and corresponds to finding an optimal
structural system of &. We mark this optimal structural system of & with a superscript asterisk, i.e.
we denote it using (P*, ®* ) (or, equivalently, (P, ®)*).

The semantics of optimality can be defined in many ways and be varied from scenario to sce-
nario. Among the possible ways one can define optimality, one of the frequent ways of considering
a deterministic structural system to be optimal is when its parameters are set according to the max-
imum likelihood estimation (MLE). MLE is the de facto standard for learning probabilistic models
from an iid sequence of observations (Murphy, 2023). In this section, we formally define the MLE.
Our definition of the MLE allows for the inclusion of arbitrary assumptions as constraints. In this
sense, finding the MLE is a constrained optimization problem. Based on this definition, we will
formally define the problem which we are interested in solving.

Definition 19 (maximum likelihood estimation) Ler & = (A=V UL, <) be a pmDAG and V a
sequence of (iid) observations (v) ., of V. Then, we have:

(i) The likelihood function of & w.r.t. V is any function {g v : D (&) — [0,00) that satisfies

lo.v((P,®)) = H/d%Pv({UIEQV|v,S v})) =  Pa=TI((P,®)),

for all deterministic structural systems (P, ®) € D(®) of &. In short notation, we may write:

fo.y ((F, @)= [] 2 TI((E, @)y, (V < 0)

veV

(ii) Let 3 <®(®) be an arbitrary collection subsetting ©(®). The maximum likelihood estima-
tion (MLE) of & constrained on J and w.r.t. V is the operation defined as:

MLEg v (J) := argmax {{g v ((P, P)) }.
(P, ®)ed

In the most relaxed case, 3 =D (®), and the MLE is not constrained by any other assumption
than those imposed by the pmDAG.°
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The MLE of &—as in many (constrained) optimization problems—is not necessarily unique.
(We discuss the consequence of this non-uniqueness in §7.) A typical optimization algorithm tries
to find a single indeterministic structural system in MLEg y (J). This is exactly what our algorithm
does in §6.

We let the MLE be defined on arbitrary sets J. This generalization is helpful when there are as-
sumptions about the nature of the probability space. For example, if one wants to find (P, ®)* such
that the induced probability P 4 = II( (P, ®)*) is Gaussian with zero means, they let J = ©%(0) (&),

In view of the above discussion, we formally define the problem that we want to solve in this
article. Instead of proceeding with ©Y(0) (&), we restrict attention to a subset of D9(°) (&) defined
as follows:

DO (&) := {(P, @) e D) (&) |V Acroot(®) : 65=1});

the subset where each root node is standard Gaussian. This modification is without loss of generality
as the stability of the DPM under deterministic exogenization suggests. To see the details, refer to
Appendix B.2. Let & = (A=V UL, —) be a pmDAG. Given a sequence of observations V, we
would like to find a (P, ®)* e 6% (&) such that:

(P, @) eMLE@,V(CDG(O’I)(ﬁ)). 5)

That is, among all linear Gaussian structural systems with standard Gaussian root nodes, we seek
one of those that minimize the likelihood function of & w.r.t. the set of observations V.

In the next subsection, we explain the relationship between the MLE and the Kullback-Leibler
(KL) divergence. In this article, we will ultimately use the KL divergence to compute the MLE.

4.1 The MLE and KL Divergence
It is widely known that asymptotically the MLE amounts to minimizing the Kullback-Leibler (KL)

divergence of the observed probability from the induced one (Wasserman, 2013, Ch. 9.5). Formally,

MLEg v (D(®)) - argmin {KL(PY,|TI((P, ®))y,)} 20, as card(V) — oo.
(P, ®)eD(8)

where IP"{, is the probability distribution over the set of observed variables YV given the sequence of
observations V. We prove a slightly different proposition for the Gaussian case.

Theorem 20 Let &= (A=V UL, ) beapmDAG andV a sequence of observations (v) ., of V.
Let PY, be a measure of the estimated Gaussian probability Normal(Q(V'), i(V)) where L(V) :=
mean(V) and (V) := ((cad(V) =1 /card(v)) cov(V') are the sample mean and the (biased) sample
covariance, respectively. Then, we have:

MLEs v (*) = argmin {KL(TI((P, @))y, [PY) }, 6)
D )ex

where + = 90D (&),

6. We assume that the maximum likelihood estimation always exists.
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Ao < A4 < Ay
(a) (b)

Figure 7: A simple pmDAG and its synchronization. (a) a pmDAG & (a bow), and (b) its synchro-
nization ().

Proof See Proof of Theorem 20 in Appendix C. |

Theorem 20 states that if we want to find the deterministic structural system with Gaussianity
and linearity, we can use the KL divergence instead of directly computing the MLE. In the remainder
of this article, especially in §6, we restrict attention to finding a member of the left-hand side of
Equation 6.

Remark 21 A hidden premise in the Proof of Theorem 20, which might not be readily obvious, is
that P& € H(@G(O)((ﬁ)). It is in this case that we can assume the minimum KL divergence of the
search space is symmetric; see Lemma 51 in Appendix C.

In the next section (§5), we introduce the “synchronization” of a pmDAG, which makes the
parameter-optimization straightforward. As we will see, although the MLE is central to our work,
parameter-optimization is not limited to the MLE, and our technique is as well capable of perform-
ing other optimization methods based on different optimality semantics.

5. Synchronization of pmDAGs

Under certain conditions, the set of indeterministic structural systems of a pmDAG is amenable to
gradient-based optimization. For parameterizing the structural system of a pmDAG, we introduce
a transformation of these DAGs that make the optimization straightforward. This transformation
converts a pmDAG into a “medium” object that benefits from favorable characteristics of neural
networks while preserving crucial properties of the pmDAG. These medium objects are called syn-
chronizations.

In what follows, we work with finite chains (totally ordered sets) (O, <). A chain (O, <) is
<-order-isomorphic to {0, ---, card(9) — 1 } and we simply refer to its elements using a subscript O,
(l€{0,--, card(D)—-1}).
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Definition 22 (synchronization) A synchronization of a pmDAG & = (A=V UL, <), denoted by
E(®), is a triple (&, 2, <) composed of & itself and a chain (A, <) with A < P.A, constructed as
follows:
(1) letP=@,C=.A, S =root(®) and [ = 0.
(2) do the following until C = &.
(a) construct the DAG $)= (C,—I¢),
(b) let C=C\ S,
(c) letA;=SU(PnV)u(PnLnpag(C)),
(d) let P=PuUS,
(e) choose @c S croot($)) and let 1 =1+1.
We define the depth of E(&) as |E(®B) | := card(). Moreover, we call each 2; (0<1< |E(&) )
in above a layer of the E(®).

Synchronization assigns the root nodes to 2. It then gradually dissembles & by iteratively
removing (arbitrary) subsets of the root variables from its remainder. These emergent root variables
along with some “relevant” variables are iteratively added to the sets that form the elements of the
chain (2(, <). The relevant variables are either the visible variables that have previously been visited
(i.e. PnV in (c)) or the latent variables that (have previously been visited and) still have a child
in the remnant of & (i.e. PnLnpag(C) in (c)). Notice that, depending on the choices of S,
this procedure generates different Z(®)’s. We will further elaborate on the synchronization in the
following, but if Figure 7 (a) depicts &, the yellow boxes in 7 (b) are the constructed layers 2; in
E(6)= (8,2, <) (0<I< |E(B)]).

Remark 23 The synchronization of a pmDAG produces non-unique structures that form an isomor-
phism class. When we write Z(®), we refer to a generic member of this class. Our theorems are
general enough to apply to any of these members. Moreover, for each of these isomorphism classes
there is only one pmDAG that generates every member of the class.

In our implementation in §6, however, we construct a synchronization with the minimum number
of layers by letting S =root($)) in Definition 22-(2) (e). This construction might not always be the
most computationally efficient construction for the task of parameter optimization.

Let E(&) = (&, 2, <) be the synchronization of & = (A=V UL, ). Similar to the parents
function in IvDAGS, a synchronization of a pmDAG comes with “layer-wise parents” functions. We
define this function via the first appearance function app_ : A — {0, ---, [E(®) | -1}, which s itself
defined as app_(A) :=min {0 </ < |E(&) || A€, }. app.(A) returns the index of the lowest layer
on which A appears. The layer-wise parents functions are denoted by Pag(g) A~ PA;-,0<1<
|E(®) | and defined as:

pag(A) app.(A)=1,

z A) =
pa~(<’5)|l( ) {{_A} otherwise.

In words, the layer-wise parents of 4 are equivalent to its parents in & when it first appears and
are equal to {A} after that. We extend the definition of layer-wise parents by defining Paz(g))
PRA > BA;1, 0 <1< |E(B) | as page)y (U) = UyeuPaz(e); (U). These functions will be used
as an essential tool for working for synchronizations. Similar to an IvDAG, its synchronization also
has a visual (semi-graphical) representation.
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Definition 24 (visualization of synchronization) We draw a synchronization 2(&) = (&, 2(, <) by
following the instruction provided below:

(a) Draw each set; (0<1< |E(B)||) from left to right.
(b) Foreach2; (0<1< |E(B)]),

for each Ae2l; and B € Paz )| (A), draw an arrow from BB € 21;_; to A, using a solid
line (—=) ifapp.(A) =1, or a dashed line (- - -~ ) otherwise.

To see an example of this graphical representation, please refer to Figure 7, where the pmDAG in
7 (a) has been synchronized and it synchronization has been depicted in 7 (b). This procedure is
well-defined, in the sense that for any .4 € ; we have pa E(®)! (A) c2(,_y, and therefore, we can
always pick B € pazg) (A) from 2;_;. We prove this in Lemma 52 in Appendix C.

At this point, synchronizations obviously serve as feed-forward neural networks and 1IvDAGs.
There are indeed two observations that are worth mentioning:

(i) As the visual representation (Figure 7 (b)) suggests, the synchronization of a pmDAG can
be thought of as an IvDAG. It contains latent and visible variables (that repeat in a multiset)
and edges (solid or dashed) that connect them without making a cycle. These edges can be
interpreted as equivalent to the relation — in the IVDAG.

(i) The synchronization of a pmDAG can also be considered a feed-forward neural network. It is
composed of layers 2; (0< < |E(®) ||) and some “weights” between consecutive layers that
are composed of the edges. These “weights” implicate dense layers in the neural networks.

Notice that we do not claim that every feed-forward neural network can be representative of a
pmDAG, but rather, we can transform every pmDAG to a special type of feed-forward neural net-
work called synchronization. In essence, this duality between the two structures in one-directional.

We transformed pmDAGs to synchronizations. We also need a map from the pmDAGs’ ISM
to that of the synchronization (as the ISM is more general than the DSM). The following definition
relates the indeterministic structural system of a pmDAG to that of its synchronization.

Definition 25 (indeterministic structural system of synchronization) Ler & = (A=VUL, <)
be an IvDAG, {xA } e be an indeterministic structural system of &, and E(®) = (6,2, <) be
&’s synchronization. The indeterministic structural system of Z(®) corresponding to {K } 4c4 is
the set of Markov kernels {K 4, : 0Q 4 % Qpa gy (A) = [0,1]} Ay, 0ci< |2(8) | €ach defined as:

Ka(Xly) app<(A) =1,
1x(y) otherwise,

K (X[y) = { ()

forallXeoQy, ye Qpaz(es)u
the shorthand notation.

We denote the mapping that takes {K4 } sca € 0(®) and returns the corresponding indetermin-
istic structural system {K_a; } aen,,0<i< |2(8) | USing E¢ :0(®) — E(0(&)), where we denote the

Ay, for Ae;and 0< 1 < |Z(&) . We use {KA‘, } Aent;, 0<1< |z(e) | @S

range of this mapping using Z(3(®)).”

7. In this sense, we can roughly see the synchronization procedure E as a functor that takes the category of Bayesian
networks into the category of synchronized Bayesian networks.
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For the synchronization E(&) = (&, 2, <) of the pmDAG & = (A=V UL, ) we may write
the inverse of the indeterministic structural system E¢ : 0(®) - E(9(®)) defined in Definition 25
using the following equation:

Ka(X]y) = K apapp_(a) (X1y) ®)

forall X e 6Q4, y € Qp, , (a), for Ae A

Notice that in the indeterministic structural system of Z(®) corresponding to that of & there is
one and only one equation for each variable A that is equivalent to a Markov kernel in the indeter-
ministic structural system of &. For example, ) in Figure 7 (a) and Kyp in Figure 7 (b) are the
same Markov kernels. This implies that we might be able to parameterize & by finding an optimal
{x All } Aet;, 0<1< |2(&) |- This is indeed true, as we will formally prove soon (Theorem 26).

The IvDAG facet of synchronizations has that the constructed indeterministic structural system
of a synchronization induces a probability distribution using the recursive factorization in a similar
manner to Equation 2. Based on Equation 7 this distribution is “coherent” in the sense that for
Ped, and QeA;, (0, L < |E(B)]), P=Q implies P = Q. The margin of this probability
over A is the same as the measure induced by the IVDAG. We denote the mapping that brings every
indeterministic structural system of the synchronization to the induced probability measure over .4
using IT: E(9(®)) — q(®). For this induction, Equation 2 is applicable. It must therefore be trivial
that:

(Es({Ka}aea)) =TI({K4} aca)- )

We would like to find the optimal indeterministic structural system of the pmDAG & and we use
the synchronization of & for doing so. In what follows, we prove that the optimal indeterministic
structural system of & can be derived by minimizing the distance between the observed distribution
and the distribution induced by the synchronization.

Theorem 26 Let &= (A=V UL, ) beapmDAG andV a sequence of observations (v) ., of V.
We let 3 €D (®) be an arbitrary collection and Err an arbitrary distance between two distributions.
Then, we have:

argmin{Err(H(<IP,<I>>>v;P¥;)}=I@1(E@1( argmin {EH(H<*>;P¥;)})), (10)
(P,®)eT *e2¢ (I (7))

where * = {K 41 } aen1,,02i< |2(®) |- EIT can be the KL divergence.

Proof Trivial based on Equation 9 and the fact that I in Definition 12 and Eg in Definition 25 are
injective. |

Now, let us get back to Theorem 20 in §4. We may simply combine it with Theorem 26 and, as
the most important claim of this section, conclude that we can indeed find the MLE of a pmDAG by
utilizing its synchronization and finding the indeterministic structural system of the synchronization
that minimizes the KL divergence.
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Corollary 27 Let & = (A=V UL, =) be a pmDAG and V a sequence of observations (v),.y of
V. Then, we have:

MLEW(*):I@I(EQ( argmin {KL(H(H)IP’X/;)})),

*eZe (o (*))
where » = DO (&) and +» = {Kap } e, 01< |2(0) |-

Before concluding this section, we introduce a nice property of synchronizations. The synchro-
nized factorization property gives a general rule for parameterizing a synchronization.

Theorem 28 (synchronized factorization property) Let E(®) = (&, 2, <) be the synchronization
of the vDAG &. Moreover, let {K a4 } ae,,0¢i< |2(8) | € E(0(®)) be a indeterministic structural
system of E(&). If {K 4 } A, 01|z (0) | induces P4, then:

B Ul UelU
holds for anyU c; (0< 1< |E(®) | ). We call Equation 11 the synchronized factorization property
(SFP) of ().

Proof See Proof of SFP in Appendix C. |

The SFP is specifically useful when we want to parameterize pmDAGs with discrete distribu-
tions. However, we restrict attention to the Gaussian distributions. The next example shows how
the SFP is used:

Example 3 Assume that & = (A=V UL, <) is the pmDAG in Figure 7 (a). The indeterministic
structural system {Ka } acA is given and the marginal probability distribution Py, is required. The

required probability distribution is obtained by applying the synchronized factorization property on
E(®) twice:

P{A,X}(A,X)=fQA K1 (Ala) Kx)1 (X|a)P4(da),
Pasy(0)= [l k() (V)P vy (da ),

forAeoQ o, XeoQy, andY € 6Qy.

6. Parameter-optimization of pmDAGs with Gaussian Distributions

As described in §4, we would like to find an structural system that is (not necessarily uniquely)
optimal. As a reminder, we are going to propose a solution for finding an indeterministic structural
system of Equation 5. When we are working in the parametric setting, as in the Gaussian setting,
this objective is equivalent to finding only the parameters of the indeterministic structural system
that is optimal.
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This constructs {K 4 } e, 0¢<|2(®) | = Z6(Is({P,®@))) for (P,®) e DD (&), which is
the indeterministic structural system corresponding to the structural system (P, @) of & (Definition
25):

e(v) 1=0,
1(oon] (W(T,) Paz(e)| (A)) [>0.
where @ is the standard Gaussian cumulative distribution function (CDF). The parameters of the ker-

nels {K-AV }Agml’(kk |E(®) | are the set of weight matrices W = {W(l) }ng I2(8) | (W(l) = [W(I)Ij]’
TeA_1, T €2) subject to:

K 4 ((=00,v] Ipaz(e) (A)) ’:{ (12)

1 T=J, (13)
w =
e 0 I¢Paz(®)\1 (J)-

We can therefore assume that kg,; (0</< [|[E(&) [) of Definition 25 are linear transformations with
parameters W(;). Equation 12, analogical to a dense (linear) neural-network layer, leads us to the
neural network view of the synchronization. We primarily take a neural network approach to find
the optimal parameters W of E(&).

In light of the duality between the synchronization of a pmDAG and a neural network, we start
by looking at the problem from the perspective of training a feed-forward neural network. This
allows us to retrieve some initial set of equations. Then, we move forward from that naive view
and propose our devised algorithm that outperforms the neural network-based algorithm. Once we
have climbed the ladder, we kick it off.> We name the implemented algorithm, the “SN2” (structural
system neural network) algorithm.

6.1 Neural Network-Based Solution

A feed-forward neural network minimizes a loss function using gradient-based methods. If
we denote the (biased) sample covariance matrix using £, a loss function is any function Err :
dom( W) x dom(i) — R (dom(-) being the domain of -) the minimizing parameters of which is
desired:

W™ = argmin {Err( W;i) |2 (14)
w

where W* is the set of parameters of {® 4, }jzlem,,o <l< |2(®) | We review possible definitions of
Err in full details in §6.1.1. The canonical loss function will obviously be the KL divergence, as it
will give us the maximum likelihood estimation (Theorems 20 and 26).

The neural network-based parameterizer optimizes the loss function using iterative gradient
descent. That is, it obtains W * by computing Err( W;i) and its derivative w.r.t. W, and updating
W iteratively. The solver has a forward phase, where Err( W;)i) is computed, and a backward
phase, where V WErr( W;)i) is computed.

We denote the covariance of 24; by X;( W'). We let Zo( W) = Icaraaty)xcard(21,) by definition. For
0<I< |E(®B)], X;( W) is defined using the recursive equation:

L(W) = Wy L(W) Wy, (15)

8. This is a metaphor set out by Ludwig Wittgenstein (Wittgenstein, 2023).
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Algorithm 1: The neural network-based solver.

gets : (W, M): initial weights, set of weight derivation masks,
(n,1,¢€) : optimization rate, maximum # of iterations, minimum loss improvement,
X : sample covariance matrix.

returns : ( W* X*): set of optimized weights, optimal covariance matrix.
1 begin
2 | L |E(8)] // Initialization
3 Err(g) < o0

for/<1,...,Ldo
‘ Wy < Wy + M(;) o NormalRand (M(,).shape, u= —1)

fori<1,....I1do

forward() // Forward phase
8 Err(;y < tr(i_IZ) —In|X| // (Equation 26; alt. 28 or 30)
9 if |EI‘1‘(I-) —Err(l-_l) | < € then
10 | return
1 AY < 37131 // (Equation 27; alt. 29 or 31)
12 backward() // Backward phase
13 return

14 begin forward()

15 Y1

16 for/ < 1,...,Ldo

18 PR W(Tl) Ay // (Equation 17)
19

20 begin backward()
21 for/ < L,...,1do

22 AW <My o (A(l) AZ) // (Equation 18)
23 AT < 2W;y AL W(TZ) // (Equation 19)
24 W1y < Optimize (W(,), AW, n) // (Equation 20)

On way to derive Equation 15 is using the SFP. It can also derived using the functional relationships
between the layers.

In the backward phase, the constant parameters in W, as described by Equation 13, need to
remain unchanged. Therefore, we define the set of the masking matrices M = {M(}) }o<i< |z(s) |
that project W to the non-constant parameter space, with M) = [m(z)z J] T eAi_y1, T €2)), and:

1 Zepag II)NZT#ET),
S { paz(ey (N AT #T)

0 otherwise.
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Algorithm 2: The neural network-based solver forward and backward phase with accu-
mulated weights.

1 begin forward()

2 W(ag;: R |

for/<1,...,Ldo
4 ‘ Wiy < Wity Wa // (Equation 22)
> L ‘/V(aLC)CT W(aLC)C // (Equation 23)
6

7 begin backward()

5| QeWis AL

9 for/ < L,...,1do

10 AW < Mgy (Wi, )T Q) // (Equation 25)
11 Q<Q W(Tl) // (Equation 24)
12 Wy < Optimize (W(l), AW, n) // (Equation 20)
Letting
A(l) :Zlfl(W) W(]), (16)

allows us to redefine 15 as
2(W) = Wiy A, (17)

decompose the gradient to partial derivatives for each layer 0 </ < |E(®) |, and perform a step-by-

step gradient calculation in the backward phase:

JErr( W, S) JdErr( W3 S)
—F < M ANy ——=—1- 18
aW(l) o (1)0( O] o%, (W) (18)
where o is the Hadamard product and,
JdErr( W;S) JErr( W3S) _
< =2Wy ——— W, 19
X1 (W) O ox,(w) O (1

Once random values are assigned to W, the solver begins the forward phase, in which it com-
putes X;( W) (Eq. 15) step-wisely from layer 1 through layer |Z(®) |, and then, (a monotonic
function of) Err (see §6.1.1). In the backward phase, it takes the partial derivative of (the mono-
tonic function of) Err w.r.t. Xz(s)|( W) (ibid.) and backpropagates it over each layer (Eq. 18),
then updates W by subtracting (a multiplier of) the partial derivatives from W, starting from layer
|E(&) | -1 back to layer 1. The updating procedure is done using an optimizer function, i.e.

w - Optimize( W(H), V Err( W;S); 77). (20)
w

Here, 1 is the hyper-parameters of the optimizer. In the simplest case, Optimize obeys the following
equation:

Optimize (-) = W'D —n. ¥ Err( W), (2D
w
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with 1] being a positive real number indicating the learning rate. Yet, any other optimizer is appli-
cable. This entire process forms Algorithm 1. We call this the covariance method. Alternatively,
one can use what we call the accumulation method. Define the set W3¢ = {W("‘lc)C Yosi<|z(e) | of the
accumulated weight matrices as:

I [=0,
wace _ ] i 22
O [[Wu) otherwise. .
i=1
It is easy to show that:
.
Zjz@) -1 (W) =W(iz@)1-n Wilze)1-1)- 23)
Moreover, we define new matrices Q = {Q;) } (0<1< |E(8) |):
JErr( W, S
Way (—H( )) [=]2(&)]-1,
Q) = oz (W) 24)
Q1) W(Tl) otherwise,
which hand in the derivatives:
8Err( W,S) aceT
T(Z) OCM([)O(W(I) Q(l))? (25)

This alternative approach is in Algorithm 2.

Remark 29 The ultimate goal is finding a structural system in ©6(%! ) (®) (Equation 5). We use an
implicit premise in our neural network approach. For our solution to work, the Optimize function
should not generate a set of weight matrices W corresponding to an indeterministic structural
system that is not in D6, 1)(05). Here, this is automatically achieved, because for arbitrary W
we get an indeterministic structural system of synchronization {K All } Aent; 0<1< |=2(®) | that can be

converted to a structural system that is in D6(0.1) (®). For implementing similar algorithms with
different assumptions, this premise should be considered carefully.

6.1.1 Loss FUNCTIONS

The neural network-based method allows for various loss functions (see Hellinger (1909); Bhat-
tacharyya (1946); Rubner et al. (1998); Kullback and Leibler (1951) for some variations). The
loss function Err is arbitrary. KL divergence (Kullback and Leibler, 1951) has a closed-form for-
mula for multivariate Gaussian distributions and it maximizes the likelihood of the sample data; see
Corollary 27. Bhattacharyya distance (Bhattacharyya, 1946) provides a closed-formed formula for
multivariate Gaussian variables, too. For Hellinger or squared Hellinger loss functions, the closed-
form formulas exist, too. Conversely, the Earth-mover’s distance relies on iterative methods that
compute the square root of the (sample) covariance matrix and its derivative (Lin and Maji, 2017).
If KL(.A|B) is the KL divergence of random vector .A from B, or in case of two Gaussian
distributions, their covariance matrices, then Err = Errgy must satisfy in 14 the following:

W™= arerVnin {KL(Z |z(s) -1(W) I£)}.
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We define Errgg, as:

Brric (W3E) = (2712 20y |-1 (W) ~In [ 26) -1 (W)

) (26)

with the partial derivative of Errg;, with respect to the covariance matrix in the last layer of E(&),
Zjz(e) |1 (W): )
8ErrKL( W,Z)

=2—1_Z (6 —I(W)_l. o
0% |z(s) |1 (W) 15(®) |

For the Bhattacharyya loss function, let Bha(.A|B) be the Bhattacharyya distance between two
random vectors .4 and B. The loss function must satisfy in 14 the following:

W*= argvglin {Bha(ZHE(@) ”,1( W) Hi) },

We define it as an alternative to Equation 26 as:

card(2 jz(e) |-1) IZ1z@) -1 (W) +5]
l b
IZ 26 -1 (W)

ErrBha( W;i) = (%)

(28)

where A is the square root of the positive (semi-)definite matrix A. The above Equation replaces
Equation 27 with the following:

IErrph,( W;E) 1 |
32uz(@>”_1(W):(ZHEw)n—l(W)*Z) ~5Z @) -1 (W) (29)

Finally, if we use the squared Hellinger distance, denoted by SH(.A|B), then Err = Errsy must
satisfy:

W™= argernin {SH(Z [Z(&)|-1 ( W) Hi‘.) }

The squared Hellinger distance defines a third loss function as:

card(2 56 -1

. ) . o
Errgu( W;2) =1-2 2 121206 -1 (W) |2 2oy |1 (W) +E[7F, (30)

which is an alternative to Equation 26. The following partial derivative of Errsy takes the place of
Equation 27:

JErrsy( W2 X 2o —1(W)|_‘i‘ 1s -
: (W:2) (@) A 2/2 2 20 11 (W) P2 ey | (W) 7. GBD)
Ziz@) -1 W) (1212¢0) 121 (W) |+ £])

6.2 The SN? Algorithm

We took a look at the problem from a point of view that was purely based on neural networks.
At first, it might seem that any algorithm implemented based on this perspective takes a massive
amount of memory. To give you an intuition, in Figure 7, the parameters of & is composed of
the vector wy of length 1 and the vector @y of length 2. However, when we transform it to a
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synchronization, as in Figure 7 (b), the set of (constant or variable) parameters is composed of the
matrices W(;) and W(;), which are respectively 1 x2 and 2 x 2, doubling the computational space.

Contrary to this impression and as shown in this subsection, with our Gaussian assumption, an
algorithm can be implemented with almost no memory addition. In order to implement a solver
with reduced memory foot-print, we will need to see what parameters are preserved in either the
forward or backward phases, and which are unused. The following lemmata will lead us to the
desired results. The main results of this subsection are in Corollaries 34 and 37 followed by Remark
38.

Lemma 30 (X-A alternation) Let Z(®) = (8,2, <) be the synchronization of ® and 0 <[ <
||E(Q5) H IfPeA;_1 and P, R €, then k(l)pR =0())PR-

Proof
owpr = Wiy Zan W) e (Equation 15)
= Z Z wWnur O@-1)uy W(I)vR-
Z/{EQ[[,l VEQIH

We have Wup = Oy, where & is the Kronecker delta function. This means:
O(HyPR = Z O(-1)PY W VR
VGu(l)

= Aypr- (Equation 16) H

Lemma 31 (X preservation) Let & = (A=V UL, <) be a pmDAG and E(®) = (&, A, <) its syn-
chronization. Let 0< [ < |E(&) | -z with z>0. Let P, Q € A be two random variables such that
P, Qe and P, Qe Qll+z- Then, O(1+:)PQ = O(1)PO-

Proof The result is trivial for z=0. If z > 1, then we know from Lemma 53 that P, Q € 2;,,_;.
Without loss of generality, we assume 0;,._1)pg = O(;)pg and prove 0(;.;ypg = O(1+z-1)PQ-

6(1+Z)7DQ = [W(Tl+z) Z(I+Z—1) W(1+Z):|’PQ (Equation 15)

= Z Z W(l+2)UP O(l+z-1)UUY W(l+2)VQ
U1 Ve,

= > D Sup ouuy dvo

U1 Ve,
= O(l+z-1)PQ-

Since equality is transitive, the consequent is proven. |

Lemma 32 (A preservation) Let &= (A=V UL, <) be apmDAG and E(&) = (&, 2, <) its syn-
chronization. Let 1 <l < |E(®8) | -z with z>0. Let P, Q € A be two random variables such that
P e Q[[,l, 9[1“,1 and Q€ Qll, Q[Hz- Then, A(I+Z)PQ = k(l)pr.
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Proof For z =0 the result is trivial. For z > 0, the result is simply derived from Lemmata 30 and 31.
We have P € 2;, 2, such that:

)'(l)'PQ = G(I)PQ (Lemma 30)
=0(14+7)PQ (Lemma 31)
= Ai+zyPo- (Lemma 30) H

Lemma 33 (W reduction) Let & = (A=V UL, ) be a pmDAG and E(&) = (&, 2, <) its syn-
chronization. Let 1 <l < |E(B) | -z withz>0. If P €Ay and Q; are two random variables then
wypg is a parameter only if app_(Q) = and P € pag(Q).

Proof This is trivial and can be derived from Equation 13. |

Corollary 34 (i) From Lemmata 31 and 32, both ¥ and A are preserved between two vari-
ables as the algorithm progresses in the forward phase. They are independent of the layer.
Therefore it is needed to compute the values ors and Ars for each pair of variables R
and S once. By assumption, ¥ =L Therefore, if P, Q € 2o, Opg is not a parameter for
{KAp }aen, 021« |2(®) |- This means that if & = (A= VUL, =), opg must be computed only
for Pe Aand Qe V. It is clear from Lemma 30 that the same is true for Apo.

(ii) From Lemma 33, w ;) xy must be stored only when ) is an appears first. Therefore, for each
X e Aand ) €V of variables, at most one w(yxy must be stored. Note also that w(yxy is
not a parameter when both X and X are in L.

Although both A and ¥ are preserved in the forward phase, this is not the case for
JEm(W:£)/ox,(W). This means that for P, Q € A, the equation 9Er(W:£)/ac, po = IE(W:E) /96, po
does not necessarily hold for any two layers 0 </, < |E(®) |. Nevertheless, this does not cause
any memory overhead in our algorithm; the values of JEx(W:£)/ys,,po can be constructed in and
then removed from the memory layer-wisely while the Optimize function is performed in each layer.

Lemma 35 (JErr/dX ;) sufficiency) Let & = (A=V UL, <) be a pmDAG and Z(®) = (&, 2, <)

its synchronization. For 0 <1< |E(&) |, 9E/ox,_,, and 9E/ow,,y only depend on 9E)oz ;. That is:
8Err( W;i) 8Err( W;)A:) 8Err( W;i)
oL (W) W dL,, (W)

8Err( W;i)
ox (W) '’

foralll<m< |E(®)].

Proof Follows directly from Equations 18 and 19, because both JEx(W:S)/oy, ,(w) and
IEn(W:S) [ow,,_,, are functions of JEm(W:S) ox,(w). [ ]
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Lemma 36 (dErr/do disregardance) Ler & = (A=VUL,>) be a pmDAG and ZE(®) =

(6,2, <) its synchronization. Let A,Be€ L and {X,V} ¢ L. For 0<l< |E(&)]|, X,V e,
and A, B €2, implies:

8Err( W;i) 8Err( W;)i) 8Err( W;i) 8Err( W;)i)

(a) il , an (b) il .

8W(,) 86(,)A3

96(1—1)2(3) aG(l)AB

Proof
(a) Assume P e®;_; and Q € 2;. If Q € 2;_y, then IET(W:S) /oy, , 5o = 0 because m(ypo =0in

Equation 18. Otherwise,

8Err( W;ﬁ) Y 8Err( W;i)

- .= nDPU—y - >

Iwnre e, @ Io(uo

is not a function of JEn(W:£)/oo,y 4 as B e L but Q ¢ L. Therefore, Em(W:E)/ow,,_,, Il
aErr( W;i)/ao'(/)AB-

(b) Without loss of generality, assume X ¢ £.  For 9Ex(W:£)/as, vy to depend on
IEn(W:E)/oo )45 We need that X - A or X — B. Yet, A, B e L, and neither X - A nor
X < B. Therefore, 9Em(W:£) /a6, )y IL IEx(W:E)[ac,) 45 u

Corollary 37 (i) From Lemma 36 (a). when computing 9E(W-£) oz, , (W) and 9Ex(W:L)[ow,,_,),
there is no need to have IEx(W:£) [3x,,(W) stored for any other layer than m = 1. From Lemma
36 (b). there is no need to have dE(W:£) /oo,y 45 for any A, B e L.

(ii) Notice that if w(;ypg is not a parameter, there is no need to store the corresponding value of
IEn(W:E) fwiypo. IE(W:E)fw, takes the same size as W;).

The above results show that the SN? algorithm only needs to compute some values that all fit in
card(V) x (card(V) +card(L)) matrices. We formally present it in the following remark.

Remark 38 Given a pmDAG & = (A=VUL,~) assume the SN’ (the covariance

method) algorithm is run for E(®). The space complexity of the algorithm is
O(card(V) x (card(V) +card(L))); if L, A W, aEr;(vI;/;E), ag;((v;};)z)’ and % are

stored in dense matrices, each take card(V) x (card(V)+card(L)) entries (Corollaries 34 and
37).

The actual implementation of our algorithm, the SN? algorithm, takes the structure of a pmDAG
& =(A=VUL,~) in the form of a card(.A) x card(V) binary matrix and an observed sample
covariance matrix £ corresponding to the distribution IP% and randomly returns (the parameters w =
{®y }venroot(s) Of) an optimal indeterministic structural system (P, ®)* e MLE@’V(@G(O’U(QS))
as in Equation 5.

6.3 Implementation

We have implemented the algorithm on CUDA so that it runs in parallel for each variable on layer
I. The algorithm is an extension of the PyTorch® library. Our PyTorch®-compatible CUDA imple-
mentation of the SN? algorithm is accessible via https://github.com/msaremi/sn2.
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7. Causal Identifiability

So far, we considered no causal meaning for a structural system and its corresponding IvDAG. These
structures are however an essential tool that are widely used in causal inference. In this section, we
talk about a central question in this realm called the [causal] effect identifiability (Bareinboim et al.
(2020, Def. 18) and Pearl et al. (2000, p. 77)). As we will make it formal, effect identifiability
assumes an unknown “causally correspondent” structural system and inspects whether layer £, (in-
terventional) queries can be identified if knowledge of its pmDAG and of the marginal distribution
over the visible variables is present (Bareinboim et al., 2020). How one discovers the pmDAG in a
problem domain is not an easy task per se (Dawid, 2010) and goes beyond the scope of this paper.
Moreover, notice that finding an analytical solution to the problem of effect identifiability when the
structural functions of Equation 1 are linear is considered a difficult task (Wright, 1921; Simon and
Simon, 1977; Fisher, 1966; Drton et al., 2011) and our Gaussian case is not an exception. (Note that
Gaussianity implies linearity; see Theorem 44.)

As the focal point of this section, we assume an underlying deterministic structural system that
generates the data and call it the [causally] correspondent (ground-truth) deterministic structural
system. In essence, in a correspondent structural system, each variable N € nroot(®) calculates the
function @, in Equation 1 and takes its value accordingly based on the values of its parents. This
function is sometimes called a mechanism and is considered independent of the mechanism of other
variables (Peters et al., 2017, ch. 2). We denote the correspondent structural system using (P, ®)™.
We assume that the IVDAG of this correspondent structural system is a pmDAG, call it the [causally]
correspondent pmDAG, and denote it using &*. We also assume that (P, ®)* e 961D (&), which
means that the structural system is Gaussian. Note that if our correspondent IvDAG is not a pmDAG,
we can convert it to a pmDAG using the process of deterministic exogenization introduced in §3.
Also, remember that standardization of root variables is without loss of generality (see §B.2).

The causal identifiability problem is, therefore, as follows: The pmDAG &* = (A=V UL, <)
is known. The structural system (P, ®)* is unknown, yet we know (P, ®)* ¢ D91 (&*). More-
over, the induced distribution Py, is known. The distribution of £ ¢ V if we intervened on T ¢ V
and enforced them to take the value £ € Q7 is required. The identifiability problem asks whether this
distribution can be uniquely identified. For discussing the effect identifiability, we will be working
through some definitions and lemmata. We start with the definition of mutilation, which enforces
variables to take specific values.

Definition 39 (mutilation of structural system) Let (P, @) be a structural system of pmDAG & =
(A=VUL, ). The mutilation of (P, ®) w.rt. V=v (VeV, veQy), denoted by (P, d),,_, =
(P, @), is a structural system defined as follows. We define a new latent variable &y, ¢ A with
Pe, (V) =1y (v) for all V € 6Qy, and let

P/(X V) =Po(X) Bh, (V),
forall X e 6Qp andV € 6Qg¢,,. Moreover, we define ®' as

“loa A2V,

for all A € nroot(®).
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The mutilation of (P, ®) w.rt. U =uw (U SV and u € Q), denoted by (P, ®),,_,,. is done by
mutilating (P, ®) once for each U €U (in an arbitrary order). The mutilation of a set © € D (&) of
structural systems w.r.t. U = w is defined as Dy, := { (P, ®)y;_,,| (P, P) e D }.

The mutilation of a structural system is what we introduced as performing an intervention: it
enforces a set of observed variables 7~ €V to take specific values ¢. Similar to the original structural
system, the mutilated structural system also induces a distribution. As discussed, the task of effect
identifiability is to test whether a margin of this induced probability distribution over an observed
subset £ of V is identifiable given the correspondent pmDAG &* and marginal distribution Py,.
If identifiable, we call this distribution the interventional distribution of € ¢V in (P, ®)7_, and
denote it using P gjgo(7=¢) -

Let & = (A=VUL, ) be apmDAG. For the set © € ©(®) and the probability measure Py,
over V, we define the function SOLg as:

SOLg (D, Py) := {(P, @) e D[II((P, ®))y, =Py },

which is the set of all structural systems of & in ® that induce Py,. We formally define the effect
identifiability problem and subsequently explain it in normal text.

Definition 40 (effect identifiability) We assume that (a) Py :=I1({P, ®)"),,, and (b) (P, P)" €D.
Then, knowing ®*, the interventional distribution of £ €V in (P, ®)7_, (T cV) (P Eldo(T=t) » for
short) is identifiable from ® and Py, iff. the cardinality of the set

H(SOLQ§+ (Qa PV)T:t)g (32)
is 1.

The mental picture of Equation 32 is as follows. We denote the set of all structural systems
of & in ® that are capable of inducing Py, using SOLg+ (D, Py,). For the mutilation of each of
these structural systems, an interventional distribution is induced. These distributions are written
as II(SOLg (D, Py ), ). We are interested in the margin of this distribution over £. Now, if the
induced probabilities are unique over £, i.e. if card(*) = 1, we say that the interventional distribution
of £ given T =t is identifiable.

Remark 41 For the interventional distribution of €V in (P, CID)f,-:t in Definition 40 and when
D =D (B"), whether or not it is identifiable, the notation P(E|do(T =t)) is usually used in the
Pearlian causal inference regime (Pearl et al., 2000; Pearl, 2012). It is an £, (interventional) query
asking “what would the effect of enforcing T =t be on E,” and it is sometime identifiable given that
one has observed V (or, more specifically, has learned Py,).

Now, we specialize the aforementioned problem of identifiability to the Gaussian case by letting
D =900 (®) in Equation 32. We are now in a position to define the main theorem of this section
that relates effect identifiability to the results of the previous sections.

Theorem 42 Let &+ = (A=V UL, =) and (P, ®)* eDCOD (&%), Moreover, let V be a sequence
of observations (v) .y of V such that TI((P, ®)*), = PY,. Then, we have:

SOLg+ (D, P),) =MLEg-+ v (D).

32



NEURAL NETWORK PARAMETER-OPTIMIZATION OF GAUSSIAN PMDAGS

Algorithm 3: The meta-algorithm for the effect identifiability problem.
gets 6" = (A=VUL, >): the correspondent pmDAG,

T,ECV : a pair of random vectors,

teQr : values for the random vector T,

P‘{, € mg(o) : an observational distribution,

Fn : a parameter optimization algorithm (including SN?),
IeN : maximum number of iterations.

false if PP g/4o(77=¢) is detected as not identifiable from 900D (e)

returns : true or false: v .
and Py,; true, otherwise.

1 begin

2 (P,®)* < Fn(®,PY,)

it KL(TI((P, ®)*)y,[P},) > O then
4 ‘ return false

5 fori<1,...,1do

6 (P',®')* < Fn(&,PY,)

7 it KL(TI((P, @)%, ) ¢ [TI((P', @ )%-_,) ) > O then
8 | return false

9 return true

Proof IfI1((P,®)"),, = PY,, this means that the pmDAG is capable of inducing P},. Indeed, every
structural system of the MLE induces IP% and every structural system in 96(0.1) (&™) that induces
PY, is in the MLE. But, this is by definition SOLg (D, PY, ). [ |

Theorem 42 suggests that if the solution space is not empty, the SN? algorithm is indeed capable
of extracting a single member of the solution space. That is, we can obtain a structural system
that induces the observed probability. The effect identifiability, as in Equation 32, requires the
complete set of SOLg+ (@G(O’ D(s*), IF’%) We show that the problem of causal identifiability is
asymptotically possible using the SN? algorithm when it is run multiple times. We can develop a
meta-algorithm® that uses the SN? algorithm to asymptotically test whether the causal effect of one
variable on another variable is identifiable. This will be the subject of the next subsection.

7.1 Causal Identifiability Meta-algorithm

Based on the discussion above, we propose a meta-algorithm that detects whether the distribution

P gao() (T, € € V) is identifiable or not. In the most abstract sense, let us assume that Fn is an al-
gorithm that takes the pmDAG &* = (A=Y UL, =) and the observational distribution IP’% € ‘Bg(o)
and returns a (P, ®)* € MLE@,V(QG(O* 1)((’5+)) at random. A candidate for such an algorithm is
the SN? algorithm; it takes the structure of a pmDAG @ and the observed covariance matrix ¥ and

returns an optimal set of parameters w that correspond to (P, ®)*.

9. We chose the name “meta-algorithm” to indicate that this algorithm is mounted to the SN? algorithm or any other
algorithm. Indeed, one of the inputs of this meta-algorithm is another algorithm.
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The meta-algorithm, Algorithm 3, works as follows. Initially, it retrieves an optimal structural
system by means of the Fn algorithm. We assume that the Fn algorithm always converges. (This
simplifying assumption is, however, not necessarily true for gradient descent-based algorithms such
as the SN2 algorithm.) The meta-algorithm then compares the induced probability distribution
II( (P, ®)*),, with the observed one PY,. If they are not equal, it means that the solution space
is empty (see Theorem 42), and therefore, P g|40(7 is not identifiable from 960D (*) and PY,;
the meta-algorithm returns false. Otherwise, the Fn algorithm is run multiple times and returns
multiple deterministic structural systems (P, ®’)* at random. This is where we check whether the
mutilated structural systems induce the same distribution over £. If the the distributions are not
equal (KL divergence is greater than 0), the meta-algorithm will detect P’ gj4o(7-) as non-identifiable
from DD (&) and PY, and returns false.

If the algorithm does not return unequal distributions over £ in [ iterations, the meta-algorithm
will not recognize P g4o(7) as non-identifiable and returns true. Notice that this meta-algorithm is
refutatively sound in the sense that if the meta-algorithm returns false, then P g4, is definitely
not identifiable from &*, ©, and IP‘{,. On the other hand, this meta-algorithm is almost-surely
asymptotically correct'? in the sense that the greater the I, the higher the confidence that P g1a0()
is identifiable from ©S(1) (") and P% if the algorithm returns true, such that we can be almost
certain about the identifiability as the number of iterations / approaches oo.

8. Experimental Results

We divide this section into two parts. In §8.1, we measure the performance of our SN? algorithm. In
§8.2 we study the effect identifiability problem that we discussed in §7. Our tests were conducted
on an NVIDIA GeForce GTX 970M CUDA 10.2 machine with 3GB of VRAM and a Core i7-
6700HQ CPU. In addition to these, in Appendix D, we compare the numerical stability of different
loss functions using the two proposed accumulation and covariance methods.

8.1 Ablation Study

We study the performance of the SN? algorithm in both the forward and backward phase. Our ex-
periment compares the covariance and accumulation methods. For these tests, we set the number of
threads per block to 256 and used the maximum shared memory for both the forward and backward
CUDA kernels equal to 16KBs.

We conditioned our tests on three parameters, which define the characteristics of random
pmDAGs. The first parameter was the number of visible variables v € N, which we set to 16, 32, 64,
128, 256, and 512. For each of these values, we defined the abundance of latent variables /* € [0, 1)
from which the number of latent variables / is derived using the following formula:

10. Xia et al. (2021) find whether P(&|do(‘T = t)) is identifiable by trying to extract a minimum and a maximum value
for this expression. If the minimum and maximum values are above the error threshold, they report non-identifiability;
otherwise they report identifiability. In the parametric case, like ours, one can always achieve this by defining an end-
to-end model that penalizes for similar distributions of H( (P, @), ) £ in two “twin” networks. Note that, however,
achieving this diversity is never guaranteed, making their solution also almost-surely asymptotically correct.
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Figure 8: Log-log plots of the average performance time of the SN? algorithm using both the co-
variance method and the accumulation method computed for the forward and backward
phases. (a) [* =0 (Markovian pmDAG) and (b) [* = /2.

When [* =0, for each visible variable we only have one auxiliary latent variable as the parent
of a single visible variable. As [* grows, the number of latent variables / tends to co. For our
experiments, we assigned 0 and !/2 to [*. Finally, we define the edge density e* € [0, 1], which
determines the number of edges e on the pmDAG using the following formula:

e= [(lv+#)e*]+v.

If e is set to 0.0 the only edges of the pmDAG are those that connect the auxiliary latent nodes to
the visible nodes. When e* = 1.0, the pmDAG is fully connected. e* takes the values of 0.0, 0.2,
0.4, 0.6, 0.8, and 1.0.

For each values of v, [* and e*, we averaged the performance time on 5 randomly generated
pmDAGSs. Moreover, we used the standard KL divergence error (Err = Errgy)) as our loss function.
We measured the average performance time on the forward and backward phases separately for each
of the covariance and accumulation methods. Figure 8 shows the results of our ablation study. As
seen, the performance time of the forward phase for both the covariance and accumulation methods
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grows almost linearly with respect to the number of visible nodes, whereas the same performance
time of the backward phase grows super-linearly. Another important observation is that the perfor-
mance of the accumulation method is significantly higher than the covariance method, especially
when the edge density of the pmDAG is high. For example, the time ratio of the covariance method
to the accumulation method with v=3512, [* =1/ and e* = 0.4 in the forward phase is 3:75/0.04s ~ 92.
Therefore, using the accumulation method in these cases is recommended.

8.2 The Identifiability Problem

Given a pmDAG & = (A =V UL, <) in Figure 9 we construct the corresponding pmDAG &+ =
Troot(e) (1.4(®)). Our assumption is that &* is a correspondent pmDAG. Here, the objective is to
utilize the SN? algorithm to see whether the interventional distribution of J € V given X =0 (X € V)
is identifiable from &* and the (biased) sample covariance matrix £y,. This distribution is denoted
using P()|do(X’)) in the Pearlian causal inference regime. For the problem of identifiability, we
used the same eight pmDAGs that have been experimented on in Xia et al. (2021, §4). The first
four pmDAGs are called the back-door, front-door, M and napkin, where P(Y|do(X)) is known
to be identifiable, when no assumption is held about the distribution of variables. The second four
pmDAGs are called the bow, extended bow, instrumental variable (IV) and bad M. The interven-
tional distribution P(Y|do(X")) is known not to be identifiable in these pmDAGs. With the Gaussian
assumption, the interventional distribution of )V € V given X = x (x € Q) is identifiable for the IV
pmDAG, too, except for when w’; ,, = 0 (see Figure 9 (e)). For the other cases, the identifiability is
the same as when there is no Gaussian assumption.

As described below, Figure 9 measures the KL divergence of the induced distribution from the
observed distribution and the KL divergence of the induced P y4o(x-0) from the corresponding
ground-truth distribution over 12,000 iterations (epochs).

We first assigned random standard-normally distributed parameters to a pmDAG &* and in-
duced the sample marginal covariance matrix 3y, from that pmDAG. This pmDAG and the corre-
sponding structural system act as the correspondent pmDAG and structural system, and we denote
this structural system using (P, ®)*. Then, for parameter-optimization of a pmDAG we constructed
a pmDAG isomorphic to the correspondent pmDAG with standard-normally distributed random pa-
rameters. After that, we ran the SN algorithm many times until the KL divergence KL(Z[£) error
converged within the 12,000 epochs in ten of the experiments (KL(Z|X) < 107). For training, we
used the Adamax optimizer with learning rate equal to 1073 (Kingma and Ba, 2014). We depicted
the first, fifth, and ninth deciles of the error on the Errgky, plot of each pmDAG.

For each pmDAG, we also measured the KL divergence of the induced interventional distri-
bution P y40(x=0) 0of YV from the ground-truth distribution IP’S,‘ do(X=0) - We define this divergence
as:

KL yjgo(-0) = KL(TI((B, @)'y_o) , [TI((P, @) o) )

We used the same deciles for these values, too. As a result of Theorem 42, it is expected that the
KL divergence of the induced interventional distribution of ) given X =0 from its ground-truth
distribution converges for the identifiable cases. Interestingly, for tor the five identifiable cases this
distance has converged and for the three non-identifiable cases this distance has not converged. This
is indicative of the proposed meta-algorithm being capable of distinguishing the identifiable and
non-identifiable cases.
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Figure 9: The identifiability problem for eight pmDAGs. (a), (b), (c), (d), (e): identifiable pmDAGs.
1), (g), (h): unidentifiable pmDAGs. On each row, top: the pmDAGs; middle: KL diver-
gence of the induced marginal covariance matrix from the sample marginal covariance
matrix; bottom: average effective distance w.r.t. X and ). Ten experiments have been
done for each pmDAG over 12,000 iterations. The plot line is the median, while the
colored area marks the first and ninth deciles. (a) back-door; (b) front-door; (c) M; (d)
napkin; (e) IV; (f) bow; (g) extended bow; (h) bad M. pmDAGs are equivalent to those
experimented on in Xia et al. (2021). The difference is the Gaussianity assumption in our

experiments.
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This experiment shows that one can implement the meta-algorithm (Algorithm 3) to
solve the identifiability problem in the Gaussian case. For a generic pmDAG &, when-
ever the interventional distribution of &€ given 7T =t is not identifiable, the value of
KL(TI((P, ®)4) £ ITI((P', @' )3_y) 8) is expected to be positive for each two solutions that the
SN? algorithm returns.

9. Concluding Notes

We showed that the existing graphical structures are not rich enough to capture the margins of Gaus-
sian Bayesian networks. To address this problem, we generalized marginalized DAGs and proposed
pre-marginalized DAGs (pmDAGs), which do not suffer from this problem. We restricted attention
to the Gaussian assumption, and showed that these networks can be considered as the backbone
of both deterministic structural systems (representing SCMs) and indeterministic structural systems
(representing [causal] Bayesian networks). Furthermore, we showed that the optimal parameters
for these structural systems can be obtained using methods that minimize the KL divergence of the
sample and induced marginal distributions.

We showed that training a feed-forward neural network is dual to the problem of parameter-
optimization of a pmDAG. Unlike the usual combination of neural networks and causal models,
known collectively as neural causal models (NCMs), our algorithm works in the parameter space
of the problem and considers the entire causal network as an object isomorphic to a feed-forward
neural network. We proposed an algorithm, called the SN? algorithm, that takes in a pmDAG and
the covariance matrix of the observational margin of this pmDAG and returns an optimal set of pa-
rameters for the linear functions relating the variables in the pmDAG. The algorithm is implemented
on CUDA and is compatible with PyTorch®.

Finally, we investigated the effect identifiability problem. We considered the Gaussian sce-
nario and showed that, compatible with the general case, effect identifiability is not always possible.
We proposed a condition for the identifiability of the distribution of a random vector in mutilated
pmDAGs. We showed that this condition in combination with the SN? algorithm hands in a meta-
algorithm that can be used to test effect identifiability. This meta-algorithm is asymptotically com-
plete. This straight-forward computational method for the identifiability problem is, however, not
the only computational method. As part of our study on pmDAGs, it turned out that the unique-
ness of the weights on the causal paths is a powerful sufficient condition for identifiability. We did
not reflect this result in this work. However, exploring such computational methods further could
expand this research direction.

The duality between causal graphs and neural networks leads us to interchanging solution for
problems of these two domains. We showed that one of these problems, called the parameter opti-
mization problem, can be solved by considering this duality. In terms of performance, our method
might be superior to the existing NCMs as it transfers the whole causal DAG to a single neural
network with no non-linearity. This is especially true as we can significantly optimize our neural
network solution and provide optimized algorithms like the SN? algorithm. On the other hand, our
solution requires explicit representation of the marginal observed probability space. This might not
always be possible when the number of dimensions is staggeringly high, for example, in the realms
where causality is investigated in the image domain.

In order to show the duality between the two domains we introduced the notion of synchroniza-
tion and the synchronized factorization property. Although not part of this article, we assert that the
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solutions that we presented for the Gaussian case are easily generalizable to the discrete distribu-
tions (with uniformly distributed latent space). (It is noteworthy that unlike the Gaussian settings,
discrete distributions are compatible with mDAGs.) Therefore, this article acts as also a prelude for
the more general scenarios. Of course, such a generalization is a potential subject for our future
work.
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Appendix A. Summary of Notation

Notation Description First appearance

14(®) augmentation of pmDAG & w.r.t. the random variable I/ Def. 6 (Page 7;

auxg ¢ (V) the extra parent(s) of V in IvDAG &' compared to IvDAG Page 8
(G

(P, D) deterministic structural system Def. 7 (Page 8)

D(B) deterministic structural system model (DSM) of pmDAG Def. 7 (Page 8)
(G

{KA} Ac indeterministic structural system Def. 8 (Page 9)

0(®) indeterministic structural system model (ISM) of pmDAG Def. 8 (Page 9)
(G

Q(B) deterministic probabilistic model (DPM) of pmDAG & Def. 11 (Page 9)

q(®) indeterministic probabilistic model (IPM) of pmDAG & Def. 11 (Page 9)

II((P, ®)) induced probability measure of the deterministic structural Page 10
system (IP, @)

II({K4 }4ca) induced probability measure of the indeterministic Page 10
structural system {K4 } 4c4

Is((P, ®)) indetermination of the deterministic structural system Def. 12 (Page 10)
(P, @)

Q00 () Gaussian DPM of pmDAG & Page 10

D60 (®) Gaussian DSM of pmDAG & Page 10

D1600)(®) linear Gaussian DSM of pmDAG & Page 11

10 (&) Gaussian IPM of pmDAG & Page 11

200 () Gaussian ISM of pmDAG & Page 11

Tr(®) deterministic exogenization of IvDAG & w.r.t. variable £ Def. 13 (Page 12)

T0(®) indeterministic exogenization of IVDAG & w.r.t. variable £  Def. 13 (Page 12)

or(®) coalescence of IVDAG & w.r.t. variable £ Def. 14 (Page 12)

D001 (@) Gaussian DSM of pmDAG & with standardized latent Page 17
variables

E(8) synchronization of pmDAG & Def. 22 (Page 18)

Eo({K4}aea) indeterministic structural system of synchronization £(®)  Def. 25 (Page 20)
corresponding to {K4 } 4c.4

Y ((P,P)) projection of (P, ®) onto IVDAG & Lem. 45 (Page 41)
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Appendix B. Further Notes on pmDAGs with Gaussian Distributions
B.1 General Properties of Gaussian pmDAGs

In this sub-section, we provide some basic statements regarding the Gaussian pmDAGs. These
statements were claimed trough-out the article but were usually too trivial to consume the main
body of the work.

Theorem 44 proves that for a structural system to induce a jointly Gaussian distribution, the
joint probability distribution of the root nodes must be Gaussian and the functions associated to the
non-root nodes must be linear transformations. Lemma 43 is a preliminary for that theorem.

Lemmad3 Let X and Y be two random variables and Py a probability distribution for
X. Also, let fi,f>:Qx — Qy be two measurable functions. If Px y(X eXAfi(X)eY) =
Py y(X eXAfo(X)eY)forall X e cQu,Y € 6Qy, then f = f> are equal up to P x-measure zero.

Proof Pry(XeXnfi(X)eY) = Pry(XeXAfo(X)eY) means that we have
Py(Xnfii(Y)) = ]P’X(Xﬂfz‘](Y)). We assume Py (f7'(Y)N f5'(Y)) > 0. Now, we choose
X = 7Y (Y)~ f5'(Y). This implies P (X) = Px (@) =0, which violates the assumption. Therefore,
IP’X(fl‘l(Y) NS (Y)) =0, and f) = f> are equal up to Py-measure zero. [ |

Theorem 44 For any IvDAG & = (A= VUL, <), we have ©'6(0) (6) = 900 (@),

Proof ©'C(0)(®) c ©9)(®) is trivial because the linear transformation of a jointly Gaus-
sian distribution is jointly Gaussian. We only need to prove ©'C(0)(&) 2 60 (&): Let
(P, ®) e D) (). It is obvious that P € ‘ng?()ej)
distribution is Gaussian and P is one of those margins. According to Lemma 43 in Appendix C,
the functions @ are equal to linear transformations up to Pro.(e5)-measure zero. With the Gaussian

density assumption, we have that & are linear transformations. |

because every margin of the induced Gaussian

In the following, we prove Equation 4. We first consider the problem in the more general settings
and introduce the operation called projection. Then, we specialize the result to the Gaussian case,
and proceed to proving Equation 4.

Lemma 45 Let & = (A=V UL, ) be an IvDAG and &' = 14(®) its augmentation w.r.t. A. We
represent auxe ¢ (A) using € 4. We define the function ¥g : D(&") - 0(®) as the one that takes
in a structural system (P, ®) of &' and returns an indeterministic structural system {K4 } AcA Of

& defined as follows:

Ka(Xly) =Pe, ({e e Qe (v, €) e DL (X))

for every X € 6Q 4,y € Qp, , () for all A€ A. These are trivially well-defined Markov kernels. We
call ¥g ((P, ®)) the projection of (P, ®) onto &. Then, (P, ®) and its projection induce the same
probability distribution over A. That is,

(P, ®)) 4 =Y ((P, P))).
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Proof We assume that &' = (A’ =V UL’ - ). We denote the probability distribution induced by
the structural system (P, @) using P 4,. We denote the indetermination of (P, @) using {K4 } 4c4’»
the projection of (P, ®) onto & using {x’; } 4c4, and the induced probability distribution of the
projection using P’4. The goal is to show P4 =P'4. Fix © € Q 4. We have:

P T 004

P A’( H dx 4 x Q¢ A) (by definition)
AcA

Ae A

Jf o)

QEA |~A€A

B f f [T xa(dralvpag (a)seea) Koy (deg, | {0}) (Equation 2)
Q£A|A€A Ae A

=] /KA(dxAlxpaﬁ(A),EEA)KEA(deSA|{O})
AE‘AQgA

= H ldxA(q>A(Xpa®(,4),€5A)) P, (deg ) (Equation 3)
Ae.ﬁbgA

=TT Pe({e € Qel (xpag ), €) € P4 (dxa) })
Ae A

= [T ' (dxalpag () (by definition)
AcA

ZPQ\(HCWA) =

AeA

The projection function that we defined above can be specialized for the Gaussian pmDAGs.
Let = (A=VUL, - ) be an IVDAG and &' =14(®) its augmentation w.r.t. A. Let ¢ denote the
standard Gaussian cumulative distribution function (CDF). The projection of (P, ®) e D% (&")
onto & is {k4 } 4ca €000 (&) iff.

KA((—OO,X:Hy):: (P*(X;CI)A(:U,O),CD_A(O, C_ng)), (33)

for every X € Q 4,y € Qpq, () for all A€ A, and where £ 4 = auxg, ¢ (A) and

ﬂ
0 (x;u,0):= {(p( +) °*0 (34)

1(_o (1) otherwise.

Lemma 46 Let & = (A=V UL, <) be an IvDAG. We define:

29O (&) = {{Kkadaea € (B)|ka((-00,x]|y) = @* (x;P4(y,0), D 4(0, 1)) where ® are linear},
where ©* is defined in Equation 34. Then, we have 9¢(0) (&) = 2'0(0) (@),

Proof We use the fact that the induced probability P 4 is uniquely decomposed to regular condi-
tional probabilities P 4, (4) Up to P’ 4-measure zero and those probabilities uniquely determine
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P 4 (Gelman and Speed, 1993). These conditional probabilities of jointly Gaussian distributions are
defined as:

Alpag (A) =y ~Normal(u =P 4(y,0), 67 = %(0,1)).

We let the Markov kernels k4 be equal to these conditional probabilities. As before, given the
Gaussian density, uniqueness holds. |

Lemma 47 Let &= (A=V UL, =) bean lvDAG and &' =14(®) its augmentation w.r.t. A. Then,
P (D6O)(8)) =290 (8).

Proof Welet &' = (A'=VuL’ ') c

(P, @) e 090 (&)

- (P, ®)) € ‘B%O) (by definition)
— TI({P, @) 4 € F5"
— I(¥e((P, ))) e PL (Lemma 45)
— Yo ((P,@)) 290 (®) (by definition)
2:
(@4} aca 00 (®)
= {Patacac 060 (@) (Lemma 46)

But, based on Equation 34, there is a (P, ®) € ©9()(&') such that {® 4} 4en € P ((P,®)). In
other words, {® 4} 4c4 € Vo (DEO)(&")). [ |

Theorem 48 Let & = (A=V UL, > ) be an IvDAG and &' = (A’ =V U L', <) its augmentation
w.r.t. A. Then, the Gaussian IPM of & and the Gaussian DPM of &' over A are the same. That is,

1°©(8) =259 (&").

Proof 2: Let (P, @) be a structural system of &’ that induces P 4/. According to Lemma 47, there
is an indeterministic structural system {k4 } 4e4 = V& ( (P, ®)) that induces P 4. Therefore, P 4 is
in ¢%0(®).

c: It is proven similarly. If {K4 } 4c.4 is an indeterministic structural system of &, there is a
(P, @) e ‘Pg ({x4 } 4ca) that induces P 4. [ |
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B.2 Standardization of Root Nodes is without Loss of Generality

In this section, we explain why restricting to the subset of Gaussian DSM, 90(0.1) (®), is without
loss of generality. We remember from §2.3 that every structural system (P, ®) € @G(O)(Qi) of
a pmDAG & is specified by the variance 63‘ of each variable A € root(®) and a set of vectors
W = {Wy }yenroor(e) for the variables 1V e nroot(®). Assume that the pmDAG & = (A=VUL, <)
and its structural system (P, @) are given. We consider the following procedure:

(a) Construct the WDAG &' = (A’ =V U(LUS), <) such that &' = 1,50(s) (8).

(b) Construct the pmDAG &" = (A" =V US, =") such that &" = T, () ().

For any A eroot(®), we let P4 = pag (A). If for all A € root(&) we have 6’2A =land Wwp, 4 =064,
and for J € nroot(&) and 7 € pag(J) we let w7 ; = wz.7, we will get a structural system (P', ")
of & such that ]P’;Om(@) = Proor(e) and & root(®) = Prroot(s)- Indeed, both IVDAGs induce the same
probability distribution over ,A. The pmDAG & has a nice property. It has a structural system
(P, ®") e ©6(0)(&') that induces the same probability distribution as (P’, ®') (over V), and it is
isomorphic to & (it has the same graphical structure as &). This constitutes the basis for the claim
that without loss of generality we can assume the variances of the root nodes are always equal to 1.
We formalize this wording in the following theorem, which can be acknowledged without a formal

proof.

Theorem 49 Let & = (A= VUL, <) be a pmDAG and (P, ®), (P, @) e %) (&) be two struc-
tural systems of & such that 6;% = 1 for each variable A € root(®) and

- wzg 67 IEI‘OOt(@),
z W17 7 e nroot(®),

forallTe A, J €chg(Z), then the following holds:

(P, ®') e MLEg v (29 ) (8)) — (P, ®) e MLEg (29)(8)).

Appendix C. Lemmata and Theorems

Proof of Theorem 15 We define the deterministic exogenization of a structural system (P, ®) e
D (&) w.rt. the variable L € L nnroot(®) as the function Tg »: D () - D(T,(®)) that returns
the structural system (P, ®') e D(T,(®)) defined as follows:

PP, ¢:4:={‘PcO(‘PAXidpa@(A)\{c}) ﬁepa@_(v‘l), V¥ Ac A~ (L),
D4 otherwise,

where “id” is the identity function. This function simply removes the measurable function corre-
sponding to the exogenized node and redefines the functions corresponding to its children.

As noted, we use weights w4 to represent the functions.Now, let us consider the IvDAG in
Figure 10 (a). The variable U, ..., U, can be arbitrarily visible or latent. The same is true for the
variables V, ..., V,. Each U; (1 <i < n) only points to A and A points to each V; (1 <i<n). V;
does not point to any other variable. In this IVDAG, the structural function for each variable V; is
computed using Py, := Wy, 4 A+ wy,¢,C;.
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T ul
U . U,

(a) (b)

Figure 10: The IvDAGs that we us in the Proof of Theorem 15. (a) an IvDAG & before determin-
istic exogenization, (b) the same 1IvDAG after deterministic exogenization w.r.t. A, i.e.

TA(®).

After exogenization, for two variables V; and V; (1 <i, j < n), the structural functions will be:

m
(I){;[_ (pa@/(Vj)) =Wy, A Z WAy, + @Vicici
k=1

m
q)gjj (pa@I(Vi)) = ﬁ)VjA Z ﬁ}AUk + @V,'Cjcj
k=1

It is seen that for these variables, we have a restricting relation:
E¢,[Vi] = cEc,[V;].

where c is a constant. As seen, this puts a constraint on the functions ®; .» Whereas we do not expect
such a constrain on the IVDAG aster exogenization (Figure 10 (b)). |

Proof of Corollary 16 Let X =V UL be a vector of visible random variables V and latent
random variables £. Let & = (A= VU (LU {L}),>)and &' = (A =VU(LU{L'}),>"), such
that &' = 7,(®). Now we augment & and &'. Let 8, =14(&) = (A, = VU((LU{L})US),—>2)
and &) =14/(®) = (A, =VU((LU{L'})US),=}) be the augmentation of & and &’ (such that
the same S’s in S point to the same variables X' in X). Now, we deterministically exogenize £ and
L' from these two IVDAGs. We have &3 =T, (1) = (A3 =VU(LUS),=>3) and &, =T (&)) =
(A, =VU(LUS),=}). But 3 and & are the same IvDAG. Following this result, we can show
that:

6(0) ) (Equation 4)

(Equation 4) &
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Lemma 50 For two IvDAGs &) = (A1 =VIUL|, 1) and & = (A, =Vo,U Ly, ) be two
IvDAGs, if (a) V1 =V, (b) £1S Ly, and (c) for all T, T € Ay, if T =1 J then T —, J, then
we say that &1 is a sub-DAG of &, . We denote this by writing & € &,. For two I[vDAGs &, and
B, such that B, € &1, we have Qg(o)(éiz) c QS(O)(Qﬁ ).

Proof We note that any function @ in the structural system (P, ®) is a linear transformation
(Theorem 44). Removing an edge is equivalent to setting the corresponding linear coefficient to
zero. Removing a latent node is equivalent to removing all the incoming an outgoing edges (and
then removing that node). Therefore, the DPM of &, is obtained by restricting to the sub-DSM of
®| where some linear coefficients are equal to zero. |

Proof of Theorem 17 Let & = (A= VUL, - ) be an mDAG that is a correlation scenario. Also, let
&' = (A'=VuL',>") such that & = T, (s (1.4(B)). We consider three collectively exhaustive
cases for & and prove that for each case Qg(o) (&) c ‘,]3?;(0).

(i) Let £L= {P}. Thatis, one latent node points to all visible nodes. This resultsin L' =S U {P'}
such that S is indexed by V, each Sy € S points only to V € V, and chg (P') = V. Let
€ be an arbitrary positive value. If for distinct X', ), Z € V we have |cov(X,))|> € and
lcov(X, Z)| > &, this implies that |cov(), Z)| > e*var ! (X) (var(X) >0, from Cauchy-
Schwarz inequality). This forms a space strictly smaller than the cone of n-dimensional posi-
tive semi-definite matrices. Therefore, Qg(o) (&) c ‘133(0).

(ii) Let £ =P such that P is indexed by V and each Py € P points only to all V' e YV~ {V}.
This means that £’ =S UP’ such that S and P’ are indexed by V, each Sy, € S points only
to V €V and each Py, € P’ points only to all V' € V\ {V}. Moreover, let € be an arbitrary
positive value. We arbitrarily pick two nodes X', ) € V. Forany Z e V\ {X,) } we assume
that (a) cov?(X, Z) +¢& > var(X ) var(Z) and (b) cov?(), Z) +& > var()) var(Z). We have:

cov? (X, Z) + &> var(X) var(Z) —

2
) _2 -2 ~2 -2 =2 -2
€2 ( > WAXGA) ( > WAZGA) —( > WAXGAWAZ) ==

Aepags(X) Aepagr(Z) Aepag (X)npag (Z)
€>var(Z2) Y. WO
Aepag (X)\pagr(Z)
This implies that (a) W%,Z X672"z < ﬁg) and, similarly, (b) W%"zy&%'z < @ This means
that for the nodes X and ) themselves, we have:

2
€
cov? (X, ) < ( > Var(Z)) .

Zev{X, Y}

For very small values of €, i.e. when Z’s are highly correlated with both X’ and ), we have
that X and Y are almost independent. This excludes the case that all variables V € V are
highly correlated. Therefore, again, QS(O) (&) c ‘Bg(o).“

(iii) We consider any other mDAG & over V. Then, &’ will be a sub-DAG of &' in (ii). According
to Lemma 50, we have QS’,(O) (&) c ‘B\G;(O). [ |
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Lemma 51 Let €, be the cone of n-dimensional positive definite matrices. Let ¥ be a non-stochastic
variable with Qy € €,,. Let X, € Qx be an n-dimensional matrix. Then:

argmin {KL(Z|2) } = argmin {KL(Z|Z) }.
2 T

Proof LetX* e argminy {KL(X|Z)}. Then,

a 2 - - —_ A
SpKL(E[£) =0 = ¥~ Psr ey =0 = £=17,

From Gibbs’ inequality KL(ZH)i) >0, and since KL(iHi) =0, * = £ is the global minimum of
KL():Hi) That is,

arg;nin {KL(ZH)A:) 1= {2} (35)

The same can be proven for KL(Z|X):

argmin {KL(Z|Z)} = {£}. (36)

pa
From Equations 35 and 36, argminy {KL(Z|£) } = argminy {KL(Z|Z)}. [
Proof of Theorem 20 We let X( (P, ®)) := cov (V;II( (PP, ®)),,). Moreover, let m = card(V') and
n = card(V). The log-likelihood estimation will be:
U,y ((P, @) :=Inle v (({P, P))
=—§ {In[Z((P, ®)) [ +tr(((P, @)™ £(V)) +nin(27) },
and the KL divergence is computed using:
1 e A
KL(PYITI((B, ®))y,) = 5 {In[£((B.@)) [ +tr(Z((B, @)™ £(V)) ~In [E(V) | ~n}.
We see that the log-likelihood and KL divergence have a linear relationship, i.e.
Us,v({B, @) =-aKL(Z((P,®))[£(V))+B.

with o =m and B = —m2—In|£(V)|-mn—mn2In(27). The monotonicity of the KL divergence
w.r.t. the log-likelihood and the monotonicity of the log-likelihood w.r.t. the likelihood function
proves that we can minimize the KL divergence to get the MLE. We only need to prove that the KL
divergence is symmetric in its minimum point. This is proven in Lemma 51. Therefore,

MLEg v (J) = argmin {KL(TI((P, ®)),, |P3,) }. [ |
(P, ®)eT

11. For a similar proof for this case, see Evans (2016, Lemma A.2.).

47



SAREMI

Lemma 52 Let & be a pmDAG and E(®) = (&, 2, <) its synchronization. For each0<1< |E(®)
lf‘A € Qll, then paE(®)|l (A) c Qll_l.

>

Proof Either app_(.A) =1 or not. If app_(.A) = [, it means that layer [ is the first layer that A is
met. Therefore, it was a root node in the remainder of &’ in Definition 22. As per 22 (¢), all of its
parents must be in ;_;. If app_(A) # [, A has already been visited. If its a visible variable, it must
also be in 2(;_; as per 22 (c). Otherwise, it has a non-visited child in the remainder of &’. Since it
has a non-visited child in iteration /, it must have had a non-visited child in iteration / — 1; therefore
Ae_;. We have A€2l;_; and paz g, (A) = {A}. Therefore, the consequent holds in all cases. B

Proof of SFP We denote the regular conditional probability using ..

PU(X) = [ Pu\pag(@,)‘, ) (X|y)deaE(6)‘, U ()’)

QpaE(®)‘l )
= f H IP>U|Paz(qs)|1 ) (Xuly)dppﬂz(es)u ) »)
Q Ued
Paz(e) (L)
= / ul—L]P’mpaE(@)l, W) (Xulprojpai(@ll () ) APpa gy @) (V)
Oz @)
= f [T < (Xu!Projpam)l, ) ()’)) APpa gy @) (V)
o U
Paz(e)i M)
B 0| IT i )| .
UeU

Lemma 53 Let E(®) = (&, 2, <) be the synchronization of &. For0<l; <l <l3< |E(&)
and P €, implies P € 2,,.

, Peld,

Proof From Definition 22 (2) (¢), since P accumulates nodes from A’ in each iteration, once V € YV
appears in 2;, it will remain present in any 2l;, [ > /1. For the same reason and given that nodes are
removed from C, £ € £ remains present 2(;, until none of its children remains in C. |

Appendix D. Numerical Stability of the SN2 Algorithm

We consider an optimization algorithm that is based on gradient descent to be numerically stable
if the gradient of the objective function w.r.t. the parameters tends to be a finite vector. In our
case, we define the numerical stability over [ iterations of the SN? algorithm as the probability
that V w Err( W;)i) remains finite within / iterations of the algorithm, when the stochastic gradient
descent (SGD; Equation 21) optimization is used. We denote the numerical stability over [ iterations
for pmDAG & and with learning rate 1 using pg (1;7).

In our setup, we test the numerical stability on eight pmDAGs, which are the same DAGs present
in the §8.2 of this article, namely: (a) back-door, (b) front-door, (c) M, (d) napkin, (e) 1V, (f) bow,
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(a) (b) ©) )
/2\ T\%/T ;

A? 8Ty x0T Cy Oy
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)
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1

Es

R0
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9}

(11;100)

P

m(n)
(=Y, )

— i i i i i — i i i i i — i i i
107 1072 10° 107 1072 10° 107 1072 10°
Learning rate (1)

—o— Errgp, + Accum  —=— Errgp, + Covar  —e— Errgy, + Accum  —— Errgy, + Covar
Errsy + Accum  --o-Errgy + Covar

—eo—Errgp, —® Errg;, —+ Errsy

Figure 11: On each row, top: the pmDAGs; middle: the estimated success rate of the SN? algorithm
within 100 iteration given the learning rate 1) using three loss functions and two meth-
ods; bottom: the posterior probability that the accumulation method has a higher success
rate than the covariance method. 200 experiments have been done for each pmDAG and
learning rate and the results have been averaged out.. (a) back-door; (b) front-door; (c)

M; (d) napkin; (e) IV; (f) bow; (g) extended bow; (h) bad M. pmDAGS are equivalent to
those experimented on in Xia et al. (2021).
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(g) extended bow, and (h) bad M. These pmDAGs have been depicted in Figure 11. We construct the
pmDAG &' = T o0(e) (14(®)) first. The goal is to test the numerical stability against different loss
functions, namely the KL divergence, Bhattacharya, and squared Hellinger loss functions. More-
over, we would like to compare the stability when using either of the covariance or accumulation
methods.

We estimate numerical stability by running the SN? algorithm N times and dividing by N the
number of times the gradient has remained finite within the [ iterations. We denote this estimation
using P (N;1). We estimate the numerical stability over I = 100 iterations for the pmDAGs by
setting N = 200. To see how pg/(n;1) reacts to the learning rate, we estimated it for six different
learning rates 7 € {107*,1073,1072, 107", 10°, 10' }.

As seen in Figure 11 (Middle), the numerical stability is robust when using the Bhattacharya
loss function. Conversely, when we use the KL divergence loss function, the numerical stability of
SN? becomes very sensitive to the learning rate 7n: If we set 1) = 10 it is never the case that SN?
remains numerically stable within 100 iterations. It is, therefore, important that when using the
KL divergence loss, the value of 1 is chosen small enough so that the algorithm remains stable.
The squared Hellinger distance falls in-between,; its stability tends to drop more mildly than the KL
divergence when 1 gets bigger. The reason behind the instability of the KL divergence and squared
Hellinger loss functions requires further investigation.

Secondly, we measure the probability that the accumulation method is more stable than the
covariance method. We denote the numerical stability using the accumulation method by p@,cc (n;1)

and the one using the covariance method by pg,ov (n;1). Then, we compute the posterior probability:

() :=P(per “(m:I) > pg (1) 1Par (1), Par " (1)),

where pg,(1;1) ~Beta(a =1, B = 1) are the non-informative priors, and the likelihood variables
are N P, (1:1) |pgs, (1) ~Binomial(N =200, pg, (1;1)). Note that pac©(1;1) and pS°Y (1;1) are
sufficient statistics and completely represent the samples.

We report 7(7) in Figure 11 (Bottom). We observe that, for both the KL divergence and Bhat-
tacharyya distance, when the numerical stability is near O or near 1, there is no difference in terms
of which method works better. Therefore, for the Bhattacharyya loss function, (1) is always equal
to 1/2. For the KL divergence loss function, the accumulation method tends to be [slightly] more
robust (7 > 1/2). Although this difference is negligible, one might prefer the accumulation to the
covariance method in order to get better numerical stability. The superiority of the accumulation
method, however, is more prominent in the squared Hellinger distance. It remains immune to the
change of learning rate when using the accumulation method, but tends to lose numerical stability
as 1 increases when the covariance method is used. Therefore, the accumulation method should
always be preferred when using this loss function.
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