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In probabilistic Latent Semantic Indexing (pLSI), word frequencies across document cor-
pora are modeled through a low-rank factorization of the expected document-term matrix
into topic-word and topic-document components. In this paper, we study the estimation of
the topic-word matrix under a sparsity structure motivated by Zipf’s law: word frequencies
within each topic exhibit a rapid empirical decay, with most probability mass concentrated
on a small subset of words. Motivated by this observation, we introduce a spectral estima-
tor that adaptively thresholds rare words prior to factorization. We show that the resulting
estimator achieves an ¢;-error rate whose dependence on the vocabulary size p is only log-
arithmic. Our error bounds hold across parameter regimes, including high-dimensional
settings with extremely large vocabularies, a practically important scenario that has re-
ceived limited theoretical attention. Unlike many existing methods, our approach does not
require the separability (or anchor-word) assumption. Synthetic and real-data experiments
demonstrate that the proposed procedure is computationally efficient, statistically reliable,
and effective across domains with widely varying dimensions, sparsity levels, and document
lengths.

Keywords: topic modeling, non-negative matrix factorization, high-dimensional statis-
tics, £4-sparsity.

1. Introduction

Topic modeling has proven to be a useful tool for dimensionality reduction and exploratory
analysis in natural language processing. Beyond text analysis, it has also been successfully
applied in areas such as population genetics (Pritchard et al., 2000; Bicego et al., 2012),
social networks (Curiskis et al., 2020) and image analysis (Li et al., 2010).
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1.1 The Statistical Model

In this paper, we focus on the probabilistic Latent Semantic Indexing (pLSI) model intro-
duced by Hofmann (1999). This simple bag-of-words model involves three variables, namely
topics (which are unobserved), words and documents.

Suppose we observe n documents written using a vocabulary of p words. For each
1 <i < n, let N; denote the length of document i. The corpus matrix D € RP*™ which
is a sufficient statistic under the pLSI model and which records the empirical frequency of
each word in each document, is defined by

t of djind t
Dy, = count of wor ]‘zf‘ln ocument i . 11 <i<ni<j<p.
7

Let {D; : 1 < i < n} denote the columns of D, each of which contains only non-
negative entries that sum up to 1. The pLSI model specifies that the raw word counts for
each document {N;D,; : 1 <i < n} are independently generated, with

NlD*l ~ Multlnomlal(NZ, [Do]*l), (1)

for some matrix Dy € RP*"™ whose columns are {[Dgl« : 1 < i < n}. Here, the columns
of Dg specify how words are assigned to documents, and these columns are required to
be probability vectors with non-negative entries summing up to 1. Note that (1) implies
E(D) = Dy. If we let Z := D — Dy, we can write the observation model in a “signal plus
noise” form:

D =Dy+ Z.

The pLSI model further assumes that, for some unobserved K € N (which denotes the
number of topics), we can factorize Dy as

E(D) = Dy = AW, (2)

for some matrices A € RP*K and W € RE*" Like Dy, the columns of A and W are
required to be probability vectors, so that they can only contain non-negative entries that
sum up to 1. A assigns words to topics, while W assigns topics to documents. In this paper,
we focus more specifically on estimating the topic-word matrix A.

One can think of (2) as equivalent to requiring that the following Bayes’ formula holds
for any word j and document i:

K
P(word j| document i) = ZIP’(Word j| topic k) - P(topic k| document 7).
k=1

In most applications, K < min(n,p) and thus (2) imposes a low-rank structure on
E(D). We note that the number of topics K plays a role similar to that of the number
of principal components in principal component analysis. For technical reasons, we will
assume throughout this paper that K is fixed as n, p and the document lengths N;’s vary.
This is reasonable if one expects a priori that the number of topics covered by the corpus
is small and bounded.
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1.2 Related Work and Unaddressed Issues

Before outlining our contributions in Section 1.3, it is important to provide context by
discussing previous works that are relevant to the estimation of A under the pLSI model.
In particular, we want to highlight some of the unaddressed issues from prior papers that
our work aims to resolve.

1.2.1 THE SEPARABILITY CONDITION

We first present the definition of anchor words and the separability condition.

Definition 1 (Anchor words and separability) We call word j an anchor word for
topic k if row j of A has exactly one nonzero entry at column k. The separability condition
is said to be satisfied if there exists at least one anchor word for each topic k € {1,...,K}.

Observe that the decomposition Dy = AW in general may not be unique, but under the
separability condition, A is identifiable. The separability condition was first introduced by
Donoho and Stodden (2003) to ensure uniqueness in the Non-negative Matrix Factorization
(NMF) framework. The interpretation in our context is that, for each topic, there exist
some words which act as unique signatures for that topic.

The separability condition greatly simplifies the problem of estimating A, as one can
identify the anchor words for each topic as a first step. Prior works exploiting anchor words
mainly differ in how anchor words are used to estimate the remaining non-anchor rows of A.
Arora et al. (2012) start from the word co-occurrence matriz DD’ and apply a successive
projection algorithm to rows of DD” to find one anchor word per topic. The matrix DDT
is then re-arranged into four blocks where the top left K x K block corresponds to the
anchor words identified, and A is estimated by taking advantage of the special structure
of this block partition. More recently, Bing et al. (2020b) consider a matrix B € RP*K
obtained from A via multiplication by diagonal matrices. Unlike A, all rows of B sum up
to 1, so anchor rows of B are simply canonical basis vectors in R¥. The non-anchor rows
of B are then obtained via regression given the anchor rows of B. The topic matrix A can
subsequently be recovered through an appropriate normalization of B.

A major drawback of these methods is that they rely heavily on the separability as-
sumption, which suffices for uniqueness of the decomposition (2) but is far from necessary.
This issue is related to the following question, which is of central importance in the NMF
literature: given a collection of points {ri,...,r,} C RE-1 presumed to lie within the
convex hull of unobserved vertices {v], ..., v} }, when is recovery of these vertices possible?
In the NMF context, separability means that each vertex coincides with a point in the
observed point cloud, in which case we only need to identify which of the r;’s correspond to
simplex vertices. However, this is a very strong assumption and several efforts have been
made to relax it. Javadi and Montanari (2020) show that vertex recovery is still possible
under a uniqueness assumption that generalizes separability. Ge and Zou (2015) introduce
the notion of subset separability which is also much weaker than separability. We note that
many of the separability-based methods proposed in topic modeling, such as those of Arora
et al. (2012), Bing et al. (2020a), and Bing et al. (2020b), have no obvious extension if the
separability assumption is relaxed. This may not be important if the given corpus contains
many specialized words and the topics are sufficiently distinct (an example is a collection of
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research papers), but may matter more if the topics overlap significantly and the vocabulary
is generic (for instance, a collection of high school English essays).

1.2.2 THE SVD-BASED APPROACH OF TRACY KE AND WANG (2024)

Tracy Ke and Wang (2024) are the first to establish the minimax-optimal rate of /-t for

the ¢1-loss ||A — Al :== - K |Aj), — Aji| where, for simplicity, all document lengths
are assumed to be equal to N. Their procedure links topic estimation to the NMF setting
discussed in the previous subsection and is summarized as follows. Let M := diag(n~'D1,)
where 1, := (1,1,...,1)T € R”. Given K, the approach of Tracy Ke and Wang (2024)
considers the first K left singular vectors &1, ..., x € RP of M~1/2D. Elementwise division
of &,...,Ex by &, also known as SCORE normalization (Jin, 2015), yields a matrix R €
RP*(K=1)  whose rows 74,. .., Tp € RE~! can be shown to form a point cloud contained in
a K-vertex simplex (up to stochastic errors). Since this corresponds precisely to the NMF
setup discussed in the previous subsection, the simplex vertices can now easily be recovered
using a suitable vertex hunting algorithm. Once these vertices are identified, A can then be
estimated via a series of normalizations.

The work of Tracy Ke and Wang (2024) is an important contribution that motivates
several other methods for topic modeling, including ours. However, this method was de-
veloped using strong assumptions on the parameter regimes and the behavior of word fre-
quencies. More specifically, Corollary 3.1 of Tracy Ke and Wang (2024) states that the

error upper bound \/}% is only applicable if we assume N > p¥3 or p < N < p*3 and

n > max(Np?,p3, N2p®). As the vocabulary size p is typically large, these are highly unre-
alistic assumptions on (n, N,p). For example, the Associated Press (AP) dataset used by
Tracy Ke and Wang (2024) (a corpus of news articles frequently used for topic model eval-
uation) has n = 2,134 and p = 7,000. A typical AP article has between 300 and 700 words,
so it is clear that none of the above assumptions holds. The error bound provided with-

p? plogn
NNV N
necessarily converge to zero. Several other works that claim to establish minimax-optimal

rates also do so by assuming N > p; see Theorem 4.1 of Wu et al. (2023) and Remark 10
of Bing et al. (2020a).

In this paper, we do not seek to re-establish the rate 4/ %. Rather, we aim to provide

out these assumptions is which, when p is large and grows with n, may not

a consistent error bound valid for all realistic parameter regimes (especially when p >
max(n, N)). We propose to resolve some of the outstanding issues of the estimator of
Tracy Ke and Wang (2024) by leveraging a sparsity structure that is often empirically
observed in text documents, resulting in:

1. Improved error bounds: We observe that even the minimax-optimal rate /-1

of Tracy Ke and Wang (2024) scales significantly with p. As the number of documents
n increases, we can expect several previously unobserved words to be added to the
corpus, whereas the average document length N may not change by much. However,
many of these words may occur rarely, so the effective dimension of the parameter
space may be quite small compared to the observed vocabulary size. This motivates
us to restrict the parameter space by imposing a suitable column-wise sparsity as-
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sumption on A, which enables an error bound that does not scale with p except for
log factors.

2. An increased signal-to-noise ratio: The approach of Tracy Ke and Wang (2024)
may not be suitable if many words in the corpus occur with low frequency. If for each
word j we define h; := 2521 Aj, the theoretical guarantees of Tracy Ke and Wang
(2024) require minj<j<p hj > % for some ¢ € (0,1). Note that since the columns of

A sum up to 1, we always have % ?:1 hj = %. Therefore, since h; roughly indicates
the frequency of word j in the corpus, this assumption restricts the frequencies of the

least frequent words to be of the same order as the average frequency of all words.

Such a restrictive assumption is needed in the analysis of Tracy Ke and Wang (2024)
because when many low-frequency words exist in the corpus, their procedure involves
division by small and noisy numbers. This is a problem with their pre-SVD normal-
ization step where D is pre-multiplied by the p x p diagonal matrix M —1/2 as the
diagonal entries of M := diag(n~'D1,) corresponding to infrequent words are usu-
ally small. This is also an issue with their elementwise division step, thus leading to
higher errors from infrequent words in the point cloud obtained from their procedure
(see Figures 8 and 19 for illustration). Although we also use SCORE normalization
(Jin, 2015), our removal of infrequent words leads to a point cloud with a higher
signal-to-noise ratio.

1.2.3 SPARSE ToPIC MODELING APPROACHES

To our knowledge, Bing et al. (2020b) and Wu et al. (2023) are the only two prior works that,
like ours, impose additional sparsity constraints on A. However, the sparsity assumptions
proposed in these papers are not appropriate for dealing with large p; rather, they are more
suitable for dealing with large K.

1. Bing et al. (2020b) assume that A is elementwise sparse, in the sense that the total
number of nonzero entries of A (denoted as ||A|g) is small. Their proposed procedure
is then shown to satisfy the error upper bound

A Allplog(p VvV n
4 - Al 5 oy Al lgl V) )

We note here that ||Al|p can still be very large. Indeed, let p denote the number of
words whose corresponding rows in A are not entirely zero. Technically we can have
p > P, but words corresponding to zero rows of A are not observed with probability
one, so p covers the entire set of all distinct words observed in the corpus. We have

< ||Allo < Kp. (4)

In fact, one can see that their error bound depends on p from the error decomposition
|A— A|p £ I+1II+ I in Theorem 2 of Bing et al. (2020b). For example, I =
K [plog(nvp) | pKlog(pvn)

Y nN ynN
the bound (3) is not very different from the rate |/ of Tracy Ke and Wang (2024),

for some constant . This, together with (4), shows that
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except for possibly better dependence on K. Moreover, their theoretical results depend
on several strong assumptions on the frequency of anchor words selected by their
procedure. In contrast, our procedure is less affected by the frequency of anchor
words, both in theory and in practice.

. Wu et al. (2023) assume that each row of A has at most s4 nonzero entries. Since A

has K columns, this sparsity assumption is only useful if K is large. Theorem 4.1 of
Wu et al. (2023) then shows that their proposed estimator of A satisfies

A salogn
A— Al S Ky ——.
A Al 5 Ky 5)

However, upon close examination of their proof, the ¢; bound they achieve is actually

K/ ”‘ﬂf% (similar to (3)) so (5) is only possible by assuming that p = O(1) and

using || Ao < psa. Furthermore, their result assumes N3* > p which, as we have
noted in our discussion of Tracy Ke and Wang (2024), is highly restrictive.

In comparison with these two papers, our sparsity assumption is more compatible with the
“large p” setting, and we do not assume p = O(1) as in Wu et al. (2023).

1.3 Our Contributions

We summarize the main contributions of this paper below.

We propose a new spectral procedure (Definition 8) for estimating A. This procedure
takes into account the observation that, in most text datasets, the vocabulary size
p is often large but many words occur very infrequently in the corpus. When K is
unknown, a new estimator of K is also proposed (see Lemma 22).

We introduce a new column-wise £,-sparsity assumption (Assumption 5) for A. This
assumption is motivated by Zipf’s law (Zipf, 1936) and links a word’s frequency of
occurrence in a topic to its rank. Our proposed procedure is then shown to be adaptive
to the unknown sparsity level s in the {,-sparsity definition (15).

We provide an error bound for our procedure using the ¢; loss ||A — Al|; in Theo-
rem 19. Under our sparsity assumption (15), our error bound is shown to be valid
for all parameter regimes and only depends on p via weak factors. The common pre-
processing step of removing infrequent words is incorporated into our procedure and
accounted for in our analysis.

Finally, in Section 2.4, we show that our theoretical results may still hold when the
separability assumption is relaxed, provided that we choose a suitable vertex hunting
procedure for non-separable point clouds in Definition 8.

Extensive experiments with synthetic datasets to confirm the effectiveness of our esti-
mation procedure under a wide variety of parameter regimes are presented in Section 3.
Furthermore, we also demonstrate the usefulness of our method for text analysis, as well as
for other applications where the pLSI model is relevant, in Section 4.
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1.4 Notations

For any set S, let |S| denote its cardinality, and let S¢ denote its complement if it is clear
in context which superset it refers to. For any k € N, let [k] denote the index set {1,..., k}.
We use 14 to denote the vector in R? with all entries equal to 1. For a general vector
v € R? let ||v||, denote the vector £. norm, for r = 0,1,...,00, and let diag(v) denote
the d x d diagonal matrix with diagonal entries equal to entries of v. For any a,b € R, let
aV b :=max(a,b) and a A b := min(a, b).

Let I, denote the m x m identity matrix. For a general matrix Q € R™* and r =
0,1,...,00, let ||Q]|, denote the vector £,-norm of @ if one treats @ as a vector. Let ||Q| F
and ||@Q|lop denote the Frobenius norm (that is, ||Q||r = ||Q]|2) and operator norm of @,
respectively. For any index j € [m] and i € [l], let Q;; or Q(j, %) denote the (j,7)-entry of Q.
For index sets J C [m] and I C [I], let ) ;1 denote the submatrix of () obtained by selecting
only rows in J and columns in I (in particular, either J or I can be a single index). Also,
let @ j« denote the submatrix of ) obtained by selecting rows in J and all columns of Q;
Q+s is similarly defined. This means ()j, and Q.; denote the % row and i*" column of Q
respectively. For an integer k < m A, let 01 (Q) denote the k*" largest singular value of @Q,
and if Q is a square matrix then, if applicable, let A\;(Q) denote the k' largest eigenvalue
of Q. If m =1, then tr(Q) denotes the trace of Q.

Let C, ¢ > 0 denote absolute constants that may depend on K and ¢; we assume that K
and ¢ are fixed, unobserved constants. Let C*,c* > 0 denote numerical constants that do
not depend on the unobserved quantities like K and ¢ (this only matters when we discuss
the estimation of K'). The constants C, ¢, C*, ¢* may change from line to line.

In our paper, for ease of presentation, we assume Ny = --- = N, = N. Our results
also hold if we assume the document lengths satisfy max;cp,) N; < C* mingep,) N; (that is,
if Ny <---x< N,), in which case N = %Z?:l N; denotes the average document length.

2. Our Procedure for Estimating A and Its Theoretical Properties

For simplicity, we will first assume separability in order to explain our procedure. A dis-
cussion of possible relaxations of this condition will be deferred to Section 2.4.

2.1 The Oracle Procedure to Estimate A Given D

Our oracle procedure concerns how A can be estimated if the non-stochastic matrix Dy,
rather than D, is observed. Let J C [p] be an arbitrary collection of words in our vocabulary.
We first need the definition of a vertex hunting procedure, which is relevant to the NMF
setup discussed in Section 1.2.1.

Definition 2 (Vertex hunting) Given K, a vertex hunting procedure is a function that
takes a collection of points in RE=1 and returns K points in RE-1,

Remark 3 A good vertex hunting procedure should return the vertices of the smallest
simplex with K vertices containing the given point cloud. Throughout the paper, we will
use V(-) to denote such a procedure.



TRAN, L1U AND DONNAT

The following definition of an ideal point cloud is based on the separability assumption.
Any reasonable vertex hunting procedure should be able to successfully recover the simplex
vertices from an ideal point cloud.

Definition 4 (Ideal point cloud) Given K, an ideal point cloud is a collection of points
in RE=L contained in the simplex defined by K wvertices, such that the K vertices themselves
belong to the point cloud.

We are now ready to define the oracle procedure.

Definition 5 (Oracle procedure) Given inputs K, Do, vertex hunting procedure V(-)
and a set of words J C [p], the oracle procedure returns A € RP*K defined as follows:

1. (SVD) Perform SVD on [Do)js to obtain = = [£1,...,¢x] € RVIXE containing the
first K left singular vectors of [Dg) .

2. (Elementwise division) Divide &, ..., x elementwise by &1 to obtain R € RI7I*(E-1)

This means Rj, = &41(5)/61(4), fork=1,..., K =1 and j € J.

3. (Vertex hunting) Treat the rows {r; : j € J} of R as a point cloud in RE~1. Apply
the vertex hunting procedure V(-) on this point cloud to obtain vertices vy, ..., vj.

4. (Recovery of I1) For each j € J, solve for m; € RE from the linear equation

1 ... 1 1
G Bee()
1 U j
In other words, mj satisfies Zszl mj(k) =1 and r; = Zszl mj(k)vg, for each j € J.
Let 1 € RVXE be the matriz whose rows are {m; : j € J}.

5. (Normalization) Normalize the columns of diag(§y)-11 € RIVIXE 50 that the entries of
each column sum up to 1. This yields Aj.. Set Aje, =0 to obtain A.

Our oracle procedure makes use of the SCORE normalization idea which was originally
proposed for network data analysis (Jin, 2015). The elementwise division step (Step 2) is
the most important step, as it provides a connection between singular vectors of Dy (or
associated variables) and the NMF setup described in Section 1.2.1. The words in J are
represented by the point cloud {r; : j € J}, which can be shown to be contained entirely
in some K-vertex simplex. If the simplex vertices are identifiable and the vertex hunting
procedure is successful in recovering them in Step 3, then (6) allows us to exactly recover
the probabilistic weights {7; : j € J} associated with each word in J, which are connected
to A via the relation

diag(&1) - [T = Ay, - diag(V1), (7)

for some vector V; € R¥ containing only positive entries. This explains the column nor-
malization step (Step 5), which essentially reverses the elementwise division step. For more
details, we refer the reader to the proof of Lemma 27 in the appendix.

Based on the relation (7), we can show the following result.
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Lemma 6 Suppose the set J contains at least one anchor word for each topic k € [K],
and the vertex hunting procedure V(-) can successfully recover the simplex vertices from any
ideal point cloud. The oracle procedure in Definition 5 then returns A satisfying Ajexy =0
and

Ay = Ay - diag(lAn|Th ., [ AsxlTY). (®)

The proof of Lemma 6 is identical to that of Lemma 27 provided in Appendix B. The sole
difference is that in Lemma 27, the set J is chosen as in (9) and we use Assumption 3.

Remark 7 Our oracle procedure differs from that of Tracy Ke and Wang (2024) in two
important ways. First, note that Step 1 only requires SVD to be performed on a submatrix
of Dy. In general, we want the set J to contain words that occur with sufficiently high
frequencies in the corpus so that the point cloud generated from our procedure has a higher
signal-to-noise ratio. When p is large, we can often expect the corpus to contain many
infrequently occurring words whose corresponding rows in A should be estimated as zero.
Our oracle procedure yields A which is a good oracle approximation of A if | Ajex||1 is small,
as in that case the diagonal matrix in (8) is close to the identity matrix.

Second, note that we consider the SVD of a submatrix of Dy and not M 1 2D0 as in
Tracy Ke and Wang (2024), where My := diag(n~'Dg1,). This simplifies some parts of
our theoretical analysis and allows us to obtain error bounds that depend less strongly on
p (see Appendix C).

2.2 Estimation Procedure for A Given D

Our procedure to estimate A below is designed to closely approximate the oracle procedure.
Here we first assume K is known. The estimation of K is deferred to Section 2.5, and the
choice of the vertex hunting procedure will be discussed in conjunction with identifiability
assumptions on A.

Definition 8 (Estimation procedure for A) Given inputs K, observation matriz D
and vertex hunting procedure V(-), our estimation procedure returns A defined as follows:

1. (Thresholding) Let M := diag(n='D1,) and p, := pV n. Compute the set of words

=%€@kMuﬁ2a Tﬁ}. ©)

Here, « is a user-specified universal constant (see Remark 9).

2. (Spectral decomposition) Compute the first K eigenvectors él,...,éK e RVl of the
submatriz Gy5 of the p X p matrix G, where

o T_ N
G=DD" - =M. (10)

Here, we assume all entries of §1 are of the same sign, in which case we can choose
§1 to have all positive entries. If some entries of 51 are negative, choose 51 such that
the majority of entries are positive, and apply Remark 10.
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3. (Elementwise division) Divide 52, e ,éK elementwise by fl to obtain R € RIJIX(K-1)

with rows {7 : j € J}. This means Rjk = &1(4)/61(G), for ke [K —1] and j € J.

4. (Vertex hunting) Treat the rows of R as a point cloud in RE=L. Apply the vertex
hunting procedure V(-) to this point cloud to obtain vertices 07, ..., 0%.

5. (Estimation of I1) For each j € J, solve for 75 € RE from

1. 1) ., (1
or oo ) T\ )

Obtain 7; from ﬁj by first setting any negative entries to 0 and then normalizing so

that the entries of w; sum up to 1. Let IT be the matriz whose rows are {7j:jeJ}.

6. (Normalization) Normalize all columns of diag(&1)-11 so that they have unit £1-norm.
This yields Aj,. Set all entries of Aje, to zero to obtain A.

As Steps 3-5 are also based on the SCORE normalization idea (Jin, 2015), we call this pro-
cedure the Thresholded Topic-SCORE (TTS). However, Step 1, Step 2 and Step 6 contain
significant differences when compared with Topic-SCORE of Tracy Ke and Wang (2024).

Remark 9 (Choice of ) The set J in (9) is chosen by examining the row sums of the
observation matrix D, which indicate how frequently the words occur in the corpus. In (9),
« is meant to be a universal constant and thus does not affect our error rates, which are not
optimized over constants. In our theoretical discussion, we choose v = 8 for convenience, but
for most datasets this value of a may result in too many words not meeting the threshold.

In practice, a good choice of « is important for obtaining a good estimator of A. Based
on our experiments, we recommend a smaller value of a, such as o = 0.005. The finite-
sample choice @ = 0.005 used in our experiments is a practical tuning choice and is not
meant to be the constant used in the preceding asymptotic probability bound. This choice
of a should produce reasonable results for commonly observed values of (n, N, p). Based on
what we observe from experiments, if n € [1000,5000], N € [300, 700], p € [5000,10000], we
can typically expect around 10-40% of words to be removed.

Remark 10 (Signs of él’s entries) In the oracle procedure, &; is the first left singular
vector of [Dyls« and so by Perron’s theorem, the entries of & are all positive. In Step 2,
51 is the first eigenvector of GG ;5 which is not necessarily a Perron matrix, so él technically
may contain negative entries. Any word j for which & (j) is negative should have the
corresponding row of A set to zero after Step 2, and then in Step 3 we form the point cloud
by computing ék_l,.l(j)/él(j) for k € [K — 1] and j € J with él(j) > 0 only.

In our theoretical analysis as well as in practice, however, this scenario will not happen
with high probability. This is because G is chosen so that max;e s |él () — &i(y)| is small.
Since any word j that meets our threshold occurs with sufficiently high frequency, & (j)
will also be sufficiently large for any j € J, which implies |£1(5) — £1(j)| < €1(j) and thus
él(j) > &1(g)/2 for all j € J. See Lemmas 40 and 41 in the appendix.

The set J as defined in (9) is data-dependent. It is quite useful to note that J can be
approximated by the non-stochastic sets (11) with high probability. The proof of the lemma
below can be found in Theorem 25(b) in the appendix.

10
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Lemma 11 Let My := diag(n~*Dol,), and let

. o lo
A:{m@%M@ﬁ>%a j&} (1)
where « is from the definition of J in (9) and a— > 1 and ay € (0,1) are some suitably
chosen constants depending on « (for example if « = 8, we can let ay = %, a_ =2). Then
the event € := {J_ C J C J4} occurs with probability at least 1 — o(p,!).

The following lemma bounds the size of J, and is obtained by bounding |J;| and using
Lemma 11.

Lemma 12 (Size of J) With probability at least 1 — o(p,, '),

K N
!ﬂ<<d ”>Ap (12)
4 log pp,

Our procedure requires the eigenvalue decomposition of a symmetric |J| x |J| matrix. The
bound (12) can be significantly smaller than min(n,p) if nN < p? and N < n (ignoring
weak factors), which are reasonable assumptions for many text datasets. We can therefore
expect the eigenvalue decomposition step in our procedure to be more computationally
scalable than the SVD step (on a p x n matrix) of Tracy Ke and Wang (2024).

2.3 Error Bounds for A Under Separability

We first discuss our theoretical results under separability, which is assumed in all of our
proofs in the appendix. We begin by listing the assumptions underlying our analysis.

Assumption 1 (A and W are well-conditioned) Let Yy = n 'WW7T. For some
constant ¢ € (0,1),
ok (A) > VK and ox(Sw) > c. (13)

Assumption 2 (The topic-topic correlation matrix is regular) The entries of AT A
satisfy the following for some constant ¢ > 0:

in ATA(k. 1) > c. 14
o (k, 1) >c (14)

Assumption 3 (Separability) Each topic k € [K] has at least one associated anchor
word j belonging to the set J_ defined in (11).

Assumption 4 (Vertex hunting efficiency) Given K and an ideal point cloud defined
in Definition 4, the vertex hunting function V() recovers the K wvertices correctly. Further-
more, whenever V(-) is given as inputs two point clouds {x1,...,xm} and {z},...,x],}, the
outputs {v1,...,vk} and {v},..., v} satisfy for some absolute constant C > 0 (up to a
label permutation)

! !
max ||vx — v < Cmax ||z; — 2%||2.
a1 — vl < C max |z 5

11



TRAN, L1U AND DONNAT

Assumption 5 (Column-wise {,-sparsity) Let the entries of each column Ay, of A be
ordered as A1y, = -+ 2> Ak For some q € (0,1) and s > 0, the columns of A satisfy

- A4
s (i) < 1

Here, we assume that q is a fized constant, whereas s is allowed to grow with n.

Remark 13 We justify why Assumptions 1, 2 and 3 are reasonable below.

1. Equation (13) assumes the topic vectors in A are not too correlated. The assumption
on W in (13) is necessary even when W is known, as its role is similar to that of
the design matrix in the regression setting. Note that since the columns of A and W
sum up to 1, we always have o1(A4) < VK and o1(Zw) < 1 (see Lemma 26(a) in the
appendix).

2. The matrix ATA € RE*X can be thought of as the topic-topic correlation matrix,
since its entries are inner products of the columns of A. Therefore, (14) is especially
true if the K topics are related to one another. However, even if the corpus covers
unrelated topics, we expect all columns of A to assign significant weights to gram-
matical function words (such as ‘and’, ‘the’ in English) and filler words, which occur
frequently in all documents regardless of the topics involved.

3. In light of Lemma 11, Assumption 3 requires that each topic has at least one anchor
word that occurs in the corpus frequently enough so that it is included in J. Such an
assumption on the frequency of anchor words is also commonly seen in other works
that exploit the separability condition, and Assumption 3 is not strong since the

threshold level of order \/long% in the definition of J_ is quite low. For comparison,

Bing et al. (2020b) make the same assumption but with the threshold level of order
log%, which may be higher than ours if the number of documents n far exceeds the
average document length V.

Remark 14 (Vertex hunting for separable point clouds) Tracy Ke and Wang
(2024) mention two vertex hunting algorithms which are suitable for separable point
clouds, namely Successive Projection (SP) (Aratjo et al., 2001) and Sketched Vertex
Search (SVS) (Jin et al., 2017).

Given a point cloud 71,...,ry,,, SP starts by finding the point r; whose Euclidean norm
is the largest and sets this as the first estimated vertex 0. Then, for each 2 < k < K, we
can obtain 9y, from 01, ..., 0y—1 by setting ¥, as the point r; that maximizes ||(I — Pr_1)rj||2,
where P_1 denotes the projection matrix onto the linear span of 01,...,0r_1. SP can be
shown to satisfy Assumption 4 when the volume of the true simplex is lower bounded by a
constant (Gillis and Vavasis, 2013), which is a simple consequence of Lemma 26(f) in the
appendix.

On the other hand, SVS starts by applying k-means clustering on the point cloud
{r1,...,mm} to obtain cluster centers ¢j,...,¢r, where L is a tuning parameter that is
much larger than K. These clusters are meant to reduce the noise levels in the point cloud.
Next, SVS exhaustively searches for all simplexes whose K vertices are located on these

12
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cluster centers, in order to find the simplex S such that the maximum distance from any ¢
to §'is minimized. In comparison to SP, SVS is more robust to noise in the point cloud but
is computationally much slower if K is not small. SVS satisfies Assumption 4 under mild
regularity conditions (Jin et al., 2017).

Note that these vertex hunting algorithms are only meant for separable point clouds,
as the simplex vertices they produce are designed to belong to the convex hull of the point
cloud. For more implementation details of SVS and SP, we refer the reader to Section A of
Tracy Ke and Wang (2024).

Remark 15 ({,-sparsity) To our knowledge, our work is the first to consider the £,-
sparsity assumption (15) in the topic modeling context, although similar assumptions have
been adopted in other statistical settings such as sparse PCA and sparse covariance estima-
tion (see, for example, Ma, 2013; Cai and Zhou, 2012). (15) imposes an assumption on the
decay rate of the ordered entries of the columns of A, but does not restrict how small (or
large) the smallest (or largest, assuming s > 1) entries of A’s columns can be. Thus, our
theoretical results are valid even in the presence of severe word frequency heterogeneity.

Note that if a column A, has s nonzero entries, then we always have max;c [, j A?j) S S
However, in light of (4) where we observe that ||A|lo > p, there exists at least one column
of A with at least |p/K | nonzero entries, and so s in (15) cannot be much smaller than p if
we impose hard sparsity (¢ = 0) on all columns of A. Therefore, the ¢,-sparsity assumption
(15) gives us more flexibility as it allows for the possibility that most entries of A are small
but nonzero. When ¢ ~ 0, we can approximate the assumption of hard sparsity on all
columns of A, whereas when ¢ is close to 1, then (15) with s = O(1) corresponds to Zipf’s
law, which is the empirical observation that word frequency in text data is often inversely
proportional to word rank.

The restriction that ¢ € (0,1) is primarily due to the fact that we use the ¢; loss
HA — Al|1. Since the columns of A sum up to 1, the columns of A already satisfy ¢,-sparsity
with ¢ = s = 1, but this alone is not sufficient to control the error term ||Ajc||; resulting
from our thresholding step.

We are now ready to discuss our main theoretical results. Let == [él, . ,é K] € RIVIXK
contain the first K eigenvectors of Gy; where G is defined as in (10). Recall its oracle
counterpart = = [&1,...,¢k] € RIVI*K which contains the first K left singular vectors of
[Dolj«. Let {Z;:j € J} and {éj : j € J} denote the rows of = and = respectively.

Lemma 16 (Row-wise error bounds for Z) For all j € [p], let hj := Zle Aji.. With
probability 1 — o(p, 1), there evist w € {£1} and a (K — 1) x (K — 1) orthonormal matrix
O such that, if we define Q := diag(w, *) € REXEK we have

ES —_ h’logpn .
Q=5 — Ejll2 < Cy/ ]717]\7 for all j € J. (16)

The proof can be found in Lemma 40 and is an application of the well-known Davis-Kahan
theorem (more specifically, we need to use the row-wise perturbation version of the theorem
as proven in Lemma F.1 of Tracy Ke and Wang, 2024). We note here that the bound (16)
depends on p only via the log term, and the h;’s, which indicate how frequently one may
encounter word j in the corpus, determine the magnitude of the bound (16).

13
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As a consequence of the above lemma, one can provide error bounds for the point cloud
obtained from our procedure. Again, recall that {r; : j € J} is the oracle point cloud from
Step 3 of Definition 5, and {#; : j € J} is the point cloud from Step 4 of Definition 8.

Corollary 17 (Error bounds for the point cloud) With probability 1 — o(p,,!), there
exists a (K — 1) x (K — 1) orthonormal matriz Q* such that

log pn \ /*
nN ’

max [|Q*7; — 7jlla < C < (17)

Jj€J
The proof can be found in Lemma 41. To elaborate further on (17), we can show that with
high probability,
log pn
thLN

7 —rjlla < C for all j € J. (18)
Observe that unlike (16), the bound (18) is inversely proportional to y/h; due to the fact
that the point cloud is obtained from the elementwise division step. Since we do not
restrict how small min;<j<, h; can be, the error bound (18) may be uncontrollable without
appropriate thresholding of infrequent words. However, with the choice of J as in (9), one
can show minjey h; > c 105# with high probability, which when combined with (18) leads
to (17).

From (18), we can also obtain bounds on how much the probabilistic weights {7; : j € J}

from Step 5 of Definition 8 deviate from the oracle weights {m; : j € J} from Step 4 of
Definition 5. The proof of the following corollary can be found in Lemma 42 of the appendix.

Corollary 18 (Error bounds for IT) With probability 1 — o(p;'),

. log pn \ /*
max [y < € (E0t) (19)
Note that while {Z; : j € J} and {r; : j € J} can be recovered only up to an orthonormal
transformation Q*, the bound (19) does not depend on Q*. We also note that the bounds
(16), (17) and (19) are derived without using the ¢,-sparsity assumption (Assumption 5).

The next theorem is our main result, which provides the error rate for estimating A
using the #; loss ||A — Al|;. Recall the definition of A in Lemma 6.

Theorem 19 (Estimation error for fl) Suppose Assumptions 1—4 are satisfied. Then
with probability 1 — o(p, 1),

1Ay — Aslh < C <logpn>1/4 20)

* = nN ’
1-g
If we further assume the {y-sparsity assumption (Assumption 5) and s (%) _— o(1),
we also have with probability 1 — o(p; '),
logp =R

1 n

[Ags — Agills = [[Ases]1 < Cs ( fN > , (21)
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and therefore with probability 1 — o(p,, 1),

1—gq

log pn \ /* logpn 2
22
(nN) A ’ (22)

for some constant C' that may depend on K and q.

IA-AL<C

The proof of the above statements can be found in Appendix E.

Remark 20 The bounds (20) and (21) can be interpreted as the estimation error and the
approximation error respectively for using an estimator of A whose row support is contained
in the set J. Note that the approximation error (21) is smaller if ¢ is closer to 0; here we
assume s does not grow too quickly relative to n/N. In the most favorable setting where
s=0(1) and 0 < g < 1/2 (strong sparsity regime), the aggregate error (22) is of the order

1/4
(k’f%) , which clearly converges to zero as nlN — oco. On the other hand, if s > 1 and

1-g

1/2 < g < 1 (weak sparsity regime), the bound (22) is dominated by the term s (%) :
Remark 21 We note again that the bound (22), which does not depend on p except for log
terms, is valid for all parameter regimes and in particular for the high-dimensional setting
where p > max(n, N). This justifies the use of our method for many text datasets where
the number of unique words observed across all documents is extremely large. Also, the
bound (22) does not depend on max;¢, h; or minjep, h; and is thus completely unaffected
by variations in word frequencies. In these respects, our result improves upon the theoretical
guarantees presented in prior work (Tracy Ke and Wang, 2024; Bing et al., 2020a; Arora
et al., 2012; Wu et al., 2023).

2.4 Relaxation of the Separability Condition

Our main result (Theorem 19) may also hold under alternative identifiability assumptions on
A if we use a suitable vertex hunting procedure that is effective even for non-separable point
clouds. Recall vf, ..., v} are the simplex vertices from the oracle point cloud {r; : j € J} in
Definition 5 and 97, ..., 0}, are the estimated vertices based on the point cloud {#; : j € J}
in Definition 8. The assumptions we made concerning separability and vertex hunting
efficiency, namely Assumptions 3 and 4, are only useful in our analysis insofar as they allow
the following bound to hold with high probability:

max [|0705, = vill2 < Crnax |77 — i, (23)
for the same orthonormal matrix Q* as in Corollary 17.

However, this bound may also hold if we adopt the identifiability assumption and the
Archetype Analysis (AA) vertex hunting procedure proposed by Javadi and Montanari
(2020). Figure 1 provides an example of a non-separable point cloud where AA recovers
the simplex vertices much more effectively than SP and SV, which only search for possible
vertices within the point cloud itself or its convex hull. Appendix F summarizes important
results from Javadi and Montanari (2020) that are relevant to our paper. In our estimation
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oracle SVS

Figure 1: Top left: a non-separable point cloud (blue) contained in a simplex (black) with 3
vertices. Top right: Estimated vertices from SVS (red). Bottom left: Estimated
vertices from SP (red). Bottom right: Estimated vertices from AA (red).

procedure for A, once we obtain the matrix R whose rows are {rj : j € J} from Step 3 of
Definition 8, the estimated simplex vertices can be obtained via AA by solving the following
minimization problem:

minimize 2(V; R) over V s.t. 2(#;V) < 6% for all j € J. (24)

Here the rows of V' represent the simplex vertices; see Appendix F for the definition of
the distance function Z(-,-). The main theoretical result of Javadi and Montanari (2020)
(Theorem 48) is that the AA algorithm is robust to noise in the point cloud under certain
conditions. In particular, if we replace Assumptions 3 and 4 by the following assumptions:

(i) The matrix R from Step 2 of the oracle procedure (Definition 5) satisfies a-uniqueness
for some absolute constant o > 0. Here, a-uniqueness (described in Definition 47)
is an identifiability assumption on the simplex vertices that is more general than
separability.

(ii) The convex hull of the rows of R contains a (K — 1)-dimensional ball of radius y > 0

1/4
(iii) The vertex hunting procedure V(-) is defined by (24) with § < (%) . This value

of § is chosen based on Corollary 17 and Theorem 48.

then, in light of Theorem 48, (23) continues to hold and our main result, Theorem 19,
remains valid. Alternatively, if we do not wish to use the a-uniqueness condition for identi-
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fiability, we can also assume that the distance from the oracle simplex vertices {v], ..., v} }
to the convex hull of the oracle point cloud {r; : j € J} is not larger than §. In light of
Theorem 49, this assumption can also be used to obtain (23).

Aside from Javadi and Montanari (2020), Ge and Zou (2015) also discuss an alternative
identifiability assumption called subset separability. This notion can be illustrated by the
point cloud in Figure 1 (top left), with K = 3. The point cloud (in blue) is contained in a
triangle but is not separable as none of the triangle’s vertices belongs to the point cloud.
However, each edge of the triangle contains several blue points and thus can clearly be
identified from the point cloud. The vertices can then be identified by taking intersections
of the edges. Ge and Zou (2015) also provides a vertex hunting procedure which, under
subset separability and additional regularity assumptions, can also be shown to be robust
to noise in the point cloud, in the sense of (23).

In terms of computation, Javadi and Montanari (2020) describe two algorithms to solve
the following Lagrangian variant of (24):

Vy = arg;nin[.@(f%; V) +A2(V; R)). (25)

Note that the objective function in (25) is non-convex and thus may have multiple minima.
While AA may significantly reduce statistical error in the vertex hunting step when sepa-
rability is not applicable, the trade-off is that its computational cost may be higher than
that of the SP algorithm for separable point clouds.

2.5 Estimation of K

Our discussion so far assumes K is known. When K needs to be estimated, it is natural to
examine the spectrum of any matrix that should be of rank K under the pLSI model.

Recall the definition of G in (10), and define Gg := (1 — %) DoD{. From Lemma 36,
with probability 1 — o(p,,!) we have (here C* is a numerical constant not dependent on
unobserved constants but may depend on the choice of «)

N nlog p,
1(G = Go)asllop < C*KVE | =22 (26)

Furthermore one can show [Gy] s has rank K with high probability. By a simple application
of Weyl’s inequality, we then obtain the estimator (28) for K.

Lemma 22 Let g, be a quantity satisfying

niN

> g, > C*KVK, (27)
log pp,

C

where C* in (27) is the constant from (26) and c is another constant that may depend on
K. If

. log p,
K = max{k XM (Gry) > gn n (j\g];p }, (28)

then K = K with probability 1 — o(p; ).
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Figure 2: Scree plots of the eigenvalues of Gj; for three synthetic datasets, with K €
{3,5,10}, n = N = 500 and p = 5,000. The x-axis is log-scaled. The largest
eigenvalue is omitted from the plot. The red dots represent the next K —1 leading
eigenvalues, while the blue dots represent the remaining eigenvalues.

The proof can be found in Corollary 37 of the appendix. In (27), the quantity g, needs to be
chosen to override the term C*K+/K but cannot converge to 400 too quickly. Without any
prior information on K, one can choose g, to be a quantity that slowly converges to +o0,
such as g, = 8logp,. If one has prior knowledge on an upper bound for K (for example if
K < 30), the quantity g, can be determined more specifically.

The estimator (28) is based on the bound (26), which depends on K and so we need to
assume g, > C*K+/K. However, one can also show that with probability at least 1 — n%rp,

nlog(n + p
(D~ Do) lop < ) B ER), (29)
(see Lemma 4 of Klopp et al., 2023). This bound does not depend on K. Under similar

assumptions on ok (A) and ox (W), we can consider the following estimator

N 1
K = max{k:ak(DJ*)>4 W}v (30)

and also show that, based on (29), K’ = K with high probability. The advantage of (28)
over (30) is computational: both Step 2 of Definition 8 and (28) use the eigendecomposition
of Gy, whereas (30) requires us to additionally perform SVD on D ,.

There are many choices of the quantity g, that may satisfy (27) when nN is sufficiently
large. In practice, the estimation of K may be sensitive to the choice of the eigenvalue
cutoff, and moreover real datasets may not always adhere to our assumptions. As Lemma 22
suggests the spectrum of G s is useful for estimating K, we note that it is often possible to
determine the eigenvalue cutoff by inspecting the scree plot of G j;’s eigenvalues. Figure 2
displays the scree plots for several synthetic datasets with different values of K. In some
situations, the top K eigenvalues of Gj; are separated from the other eigenvalues by a
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discernible gap, thus helping one to visually determine K. When such a gap is unavailable,
one can use the Kneedle algorithm (Satopaa et al., 2011) to find the point of maximum
curvature of the scree plot; this is a common technique to determine the number of principal
components in principal component analysis.

While this method provides a simple way of selecting K, we note that the principled
estimation of the number of factors (or matrix rank) has a long history. Information-
criterion approaches balance fit and complexity (for example, Bai and Ng, 2002; Alessi et al.,
2010). Spectral-gap rules detect sharp breaks in the spectrum, including the eigenvalue-
and growth-ratio estimators of Ahn and Horenstein (2013). Thresholding or shrinkage of
singular values offers another widely used route, with universal or data-adaptive cutoffs
(Gavish and Donoho, 2014), and related thresholding ideas now underpin procedures for
low-rank inference (for example, Chernozhukov et al., 2023; Choi et al., 2024). In principle,
any of these selectors can be used as a plug-in in our setting by replacing the cutoff in (28)
(or (30)) with the corresponding rule. We propose the spectral-thresholding rule in (28) for
computational alignment with our estimator of G, but the most appropriate choice may
depend on the noise structure, sample size, and modeling goals.

3. Experiments with Synthetic Data

In this section, we assess the empirical performance of our estimator through a series of
synthetic experiments.! The controlled environment provided by these experiments allows
us to better understand the behavior of our method in different parameter regimes.

Throughout this section, we benchmark our estimator’s performance against the fol-
lowing well-established methods: (a) Latent Dirichlet Allocation (Blei et al., 2003), the
Bayesian counterpart to pLSI; (b) the anchor word recovery (AWR) approach of Arora et al.
(2012), a procedure that identifies anchor words from the non-negative factorization of the
second-order moment matrix DD and recovers topics by expressing each word’s weight as
a nonnegative convex combination of the anchor words; (c¢) the Topic-SCORE procedure
of Tracy Ke and Wang (2024); and (d) the Sparse Topic Model solver proposed by Bing
et al. (2020b). This last method also recovers anchor words, then computes each word’s
topic weights using non-negative convex regression against those anchors, with threshold-
ing/regularization to enforce weak sparsity. We note the following regarding the procedure
of Bing et al. (2020b):

e This procedure removes infrequently occurring words in the same manner as ours,
but with the threshold ay/'%8Pn in (9) replaced by T%Pn. This threshold is lower

n
than ours if % is sufficiently small. In practice, however, the constant 7 used in
their threshold is quite large and thus leads to excessive thresholding in some of our
datasets, especially when the word frequencies decay according to Zipf’s law.

e This procedure requires a list of anchor words for each topic k € [K] as input, rather
than just the number of topics K. We therefore need to estimate a partition of anchor
words using a special procedure that is included in their original implementation.

1. The code for our method and all the experiments presented in this section can be found on GitHub at
the following link: https://github.com/yatingliu2548/topic-modeling.
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Clearly, whether the anchor words are estimated and partitioned correctly has an
impact on the overall estimation of A.

We therefore caution the reader that these factors put the Sparse Topic Model solver of
Bing et al. (2020b) at a comparative disadvantage in our experiments.

Data Generation Mechanism. For simplicity, we ensure all documents are of the same
length N. For each experiment, we create a document-to-topic matrix W € REX" by
independently drawing the columns W,; € RX i =1,...,n from the Dirichlet distribution
with parameter oy = 1. We generate the matrix A € RP*E either without anchor words
or with 5 anchor words per topic, in which case whenever word j is an anchor word for
topic k, we set Aji, = danchor Where danchor € {0.0001,0.001,0.01}. In order to mimic the
behavior of real text data, the entries of column k of A corresponding to non-anchor words
are then chosen such that they decay according to Zipf’s law. This means for each column
k of A, we ensure that the frequency f(;) of the 4" most frequent non-anchor word follows

the pattern
1

(7 + baipt) =t

where a,ipr = 1, byipr = 2.7. Each column of A is subsequently normalized to unit ¢;-norm.
The pattern (31) has indeed been empirically shown to hold approximately for word frequen-
cies in real datasets (Zipf, 1936; Piantadosi, 2014). Figure 12a in Appendix G illustrates
the distribution of word frequencies generated under our data generation mechanism.

Having specified both A and W, the observation matrix D is then generated according to
the pLSI model described in Section 1.1. We fit our method and the four benchmarks while
varying the values of n,p, N, and K. In all of our experiments, unless otherwise specified,
the constant « in the threshold (9) is fixed at o = 0.005. We evaluate the estimation error
of all methods relative to the true underlying A by computing the ¢; loss per topic

fj) o (31)

. 1.
L1(AA) = min ?HAH — All,

where P denotes the set of all K x K permutation matrices.

Varying (p, N, K). We first provide a snapshot of our method’s relative performance in
different parameter regimes by fixing n = 500 and varying (p, N, K). Here we specify 5
anchor words per topic and set the anchor word frequency to danchor = 1072, The median
L1(A, A)-errors over 50 trials are plotted in Figure 3. As Figure 3 shows, our method (in
blue) outperforms all other methods in most parameter regimes considered here. Inter-
estingly, the estimation errors of AWR and LDA often appear constant as a function of
document length N. As N increases, the errors from both Topic-SCORE and our method
display a clearer pattern of consistency relative to AWR and LDA; this observation is also
made by Tracy Ke and Wang (2024) in a similar experimental setup. However, our method’s
errors decay to zero much faster than all other benchmarks when the vocabulary size is large
(p € {5000, 10000}).

We note that in these experiments, the approach proposed by Bing et al. (2020b) does
not perform very well. In particular, for small p and small N, the number of topics returned
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Figure 3: Median £ (A, A) errors for all methods based on 50 independent trials. Here the
number of documents is fixed (n = 500). In each panel, the errors are plotted as
a function of document length N (log-scaled on the x-axis). The panels display
results for different values of (p, K), as specified by row and column labels.

by this method is smaller than the expected number of topics K, which prevents us from
comparing its results with all four other methods. On inspection, we find that this is due
to over-thresholding of the vocabulary, which leaves too few words to reliably estimate
the matrix A. To provide a fair comparison with Bing et al. (2020b), we also compare all
five methods using the data generation mechanism proposed by Bing et al. (2020b). This
means that the non-anchor entries of each column of A no longer display the Zipf’s law
pattern (31), but instead are generated from a Uniform distribution. We note that this data
generation mechanism ensures all the non-anchor words for each topic are of roughly equal
frequency and is thus also favorable to Topic-SCORE (Tracy Ke and Wang, 2024), which
assumes min;ep,) hj > ch where h := % ?:1 hj. The results are displayed in Figure 14 of
Appendix G. Under this uniform data generation mechanism, our method (with o = 0.005)
displays identical performance relative to Topic-SCORE, and both SCORE-based methods
still perform well relative to other benchmarks in most parameter regimes. As expected,
we also find that fewer words are removed by thresholding, in comparison with the Zipf’s
law setting where our {,-sparsity assumption (15) is more likely to hold with small s and
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Figure 4: £1(A, A)-errors from all methods as a function of n, for K € {5,10} with p and
N fixed. Vertical error bars centered about the median errors indicate the errors’
interquartile ranges computed based on 50 independent trials.

many more words occur infrequently. These experiments empirically suggest that 1) TTS
improves upon the performance of Topic-SCORE when the columns of A exhibit a Zipf’s
law (or {,-sparsity) decay pattern, and 2) our procedure’s performance remains reason-
able and is similar to that of Topic-SCORE when the £,-sparsity assumption (15) is violated.

Varying the number of documents n. We now focus on the effect of varying n on the
estimation error. Fixing this time N = 500 and p = 10,000, the ﬁl(fl,A)—errors are
presented in Figure 4 with K = 5 and K = 10. Our method (in blue) consistently
outperforms other methods and also displays a clear trend of consistency as n increases.
When K increases, the estimation problem becomes more difficult due to the larger
number of parameters, and so more documents are needed to achieve a reasonable perfor-
mance. Nonetheless, our method still performs well when K = 10 and n is reasonably large,
whereas the error from Topic-SCORE decays to zero very slowly with this larger value of K.

Varying the dictionary size p. Figure 5a shows how the El(fl, A)-errors vary as the vocabu-
lary size p increases, with N = 500, K = 5 and n € {1000, 5000, 10000}. We do not include
the errors from the procedure of Bing et al. (2020b) as they are higher than those of LDA.
As expected, the errors for all methods increase with the dictionary size p. However, our
method mostly outperforms the other benchmarks, even in some high-dimensional param-
eter regimes where p > max(n, N). The performance of Topic-SCORE only converges to
ours when p is too large relative to n, a setting which is challenging for all methods.
Additionally, our method also outperforms most other benchmarks in terms of compu-
tational runtime when p is large. We provide in Figure 18 of Appendix G a visualization
of how the runtimes for all methods scale with p. Our method’s runtime is similar to
that of AWR and is consistently better than that of Topic-SCORE, primarily due to our
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Figure 5: £1(A, A)-errors as a function of the dictionary size p (left) and the number of
topics K (right). Vertical bars around median errors indicate interquartile ranges.

thresholding of infrequent words before performing eigendecomposition.

Varying the number of topics K. Figure 5b shows how the El(/l,A)—errors vary as K
increases, with n = p = 1000 and N = 500. The main observation here is that LDA and
AWR may be preferable to our method if K is a priori known to be large while the dataset
we possess is relatively small. As Figure 5b illustrates, the SCORE-based methods perform
worse than LDA and AWR when K > 15, but this is because the number of documents is
quite small in this experiment (n = 1000). If n and N are large enough, one can expect
our method to accommodate a larger number of topics; see Figure 4 for an illustration.

Relazxation of the separability assumption. Section 2.4 suggests that the vertex hunting
algorithm of Javadi and Montanari (2020) may reduce the vertex hunting error in some
situations when separability fails to hold. Figure 6 compares the overall £; (A, A)-errors as
a function of n when we use Successive Projection (SP), Sketched Vertex Search (SVS) and
Archetype Analysis (AA) in the vertex hunting step of TTS. As expected, when there are
no anchor words, using the AA algorithm rather than SP/SVS can significantly improve
the estimation of A, especially when K is large. Again, this is because SP and SVS are
not designed for non-separable point clouds and also perform better with small K. In
fact, the AA algorithm also often works well under separability, since the a-uniqueness
condition used by Javadi and Montanari (2020) is satisfied. The main trade-off for this
stronger statistical performance is the computational cost of solving the non-convex opti-
mization problem required by AA. Nonetheless, the fact that our method accommodates
non-separable datasets makes T'T'S more widely applicable compared to methods based on
anchor word identification, such as those proposed by Bing et al. (2020b) and Arora et al.
(2012).
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Figure 6: El(/l,A)—errors as a function of n when we use three different vertex hunting
algorithms in the vertex hunting step of TTS. Here, p = 10* and N = 500 are
fixed, and K € {5,10,15}. The number of anchor words per topic is either 0, 1,
or 5. Results are averaged over 50 independent experiments.

The importance of appropriate thresholding. Figure 7a shows how the El(A, A)-error varies
as the threshold level in (9) increases from zero, and Figure 7b shows the corresponding
percentage of words removed. For this dataset, the performance of our method when o = 0
(no thresholding) is not too different from Topic-SCORE. As the threshold level increases,
infrequent words that contribute noise to the point cloud are removed, thus leading to an
improvement in the estimation of Aj,. However, an excessively high threshold means we
set too many rows of A to zero, and so the error from estimating A jc, becomes higher. This
explains the pattern observed in Figure 7a, which demonstrates the importance of choosing
a balanced threshold in our procedure.

As we mentioned, the universal parameter a should be independent of (p,n, N, K). Our
recommended value of @ = 0.005 is obtained based on numerous such experiments with
synthetic data where we vary the values of (p,n, N, K). This choice of a also works well in
all real data applications of Section 4, where several parameter regimes are involved.

Additional experiments and conclusion. We also evaluate the impact of other aspects of
the data generation mechanism on our estimator’s performance. We find that changing
Oanchor, Which controls the frequency of anchor words, does not significantly impact the
overall performance of T'TS. This is an advantage of SCORE-based methods over methods
that rely on identification of anchor words, which are often affected by the frequency of
anchor words both in theory and in practice. Additionally, when we increase the parameter
azipt in (31), we find that our estimator’s performance improves significantly. This is not
surprising as a larger a,pr means the ordered entries of A’s columns decay to zero faster,
and our theoretical results also show that a strong sparsity regime (when ¢ is close to 0
in Assumption 5) is favorable to our method. Further details about these experiments are
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deferred to Appendix G. Finally, we check the performance of our method on a set of semi-
synthetic experiments based on the Associated Press dataset, which is included in the R
package tm (Feinerer et al., 2015), thereby allowing us to test a different data generating
mechanism. The results are also presented in Appendix G.

Overall, we have illustrated that our method (a) performs well in a wide variety of
parameter regimes, and notably in the high-dimensional setting where p is large, and (b)
performs well even if our sparsity assumption is violated (see the discussion on the uniform
data generation mechanism, and also note that we use a weak sparsity regime with a,pr ~ 1
in most of our experiments). This makes our method applicable to the vast majority of
real-world text datasets, which often are high-dimensional and exhibit Zipf’s law decay.
However, alternative methods such as LDA and AWR may still be competitive in some
settings, especially when the pLSI model fails to hold or if the number of documents n and
the document length N are unusually small relative to the number of topics K.

4. Practical Applications in Text Analysis and Beyond

In this section, we deploy our method on real-world datasets. Given the results of the previ-
ous section, we focus here on the comparison of our method with Topic-SCORE (Tracy Ke
and Wang, 2024) and LDA (Blei et al., 2003).

Real datasets seldom have ground truth for A, and some may even lack an obvious
choice for the number of topics K. Consequently, in this section we evaluate the estimators’
performance using, when appropriate, the following metrics:

(a) Topic Resolution as a measure of topic consistency. We fit each estimator on two disjoint
halves of the data and report the cosine similarity between estimated topics (after an
appropriate permutation of the columns of A). Mathematically, letting AW e {1,2}
denote the estimated topic-word matrices obtained for each half of the data, we define
the “average topic resolution” 7 as the mean cosine similarity (a classical similarity
metric in natural language processing) between aligned topics:
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where IIx denotes the set of all permutations of [K]. Thus, higher resolution indicates
better-defined and more consistent topic vectors (although this does not necessarily
mean better ¢1-error).

(b) Multiscale Topic Refinement and Coherence (Fukuyama et al., 2023): In the absence of
an obvious number of topics K, we fit the method for multiple values of K and analyze
the resulting topic hierarchy to check the stability of our estimator. We follow in par-
ticular the methodology of Fukuyama et al. (2023), which was developed to guide the
choice of an appropriate number of topics K for LDA (Blei et al., 2003) by investigating
the relationships among topics of increasing granularity. Given a hierarchy of topics, the
method evaluates which topics consistently appear, constantly split, or are merely tran-
sient. We use these tools here, together with the associated package alto (Fukuyama
et al., 2023), to analyze our estimator. The method of Fukuyama et al. (2023) starts by
computing the alignment of topics across the hierarchy using the transport distance: for
each K, this method computes how the mass of topic j € {1,---, K} is split amongst
the K + 1 topics at the next level of the hierarchy. We refer the reader to the original
work by Fukuyama et al. (2023) for a more detailed explanation of topic transport align-
ment. Once the relationships between consecutive topic models have been established,
the method of Fukuyama et al. (2023) allows visualization of (a) topic refinement (that
is, whether topics increase in granularity, as indicated by a small number of ancestors in
the hierarchy; or conversely, whether topics are perpetually recombined from one level
of the hierarchy to the next); and (b) topic coherence (whether a topic appears across
multiple values of K). We therefore favor methods with improved topic coherence and
topic refinement, since these are markers of topic stability.

We explore the comparison between our method, LDA and Topic-SCORE under diverse
parameter regimes (with varying n, N and p).

4.1 Research Articles (High p, High n, Low N)

For our first experiment, we consider a corpus of 20,140 research abstracts belonging to
(at least) one of four categories: Computer Science, Mathematics, Physics and Statistics.?
After pre-processing of the data (including the removal of standard stop words, numbers,
and punctuation), our dataset involves a dictionary of size p = 81,649 and n = 20, 140
documents with an average document size of N = 157 words.

We first evaluate the topic consistency of all methods in estimating the topic-word
matrix A using the mean topic resolution defined in equation (32). Table 1 displays the
average topic resolution over 25 random splits of the data. As highlighted in the introductory

2. The data is available on Kaggle at https://www.kaggle.com/datasets/blessondensil294/
topic-modeling-for-research-articles/code?resource=download. Although the original data set
comprises six topics (with the addition of Quantitative Biology and Finance), due to the low represen-
tation of these last two topics (< 4% of the data), we drop them from our analysis.
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Methods Average Topic Resolution (1) Interquartile range
LDA (Blei et al) 0.304 (0.270,0.330)
TTS (this paper) 0.332 (0.310,0.360)
Topic-SCORE (Ke et al) 0.145 (0.093,0.179)

Table 1: Average Topic Resolution on research article data. The interquartile range for the
average topic resolution was computed over 25 random splits of the data.

Top 10 most representative words per topic

Computer Science | learning, network, networks, model, can, neural
deep, using, models, data

Physics model, can, system, field, energy, systems
magnetic, models, using, phase
Mathematics problem, can, algorithm, show, method, paper
results, also, time, using
Statistics data, model, can, learning, using, models

method, approach, based, paper

Table 2: Most common words found by our method

paragraph to this section, topic resolution can be taken as an indicator of the stability of the
estimator of A between two separate portions of the data. A method that produces higher
topic resolution with a narrower interquartile range indicates a more stable estimation of
the topic-word matrix A. As shown in Table 1, our approach consistently outperforms
LDA and Topic-SCORE on this metric; it offers the highest average topic resolution score.
Topic-SCORE’s performance exhibits more significant fluctuations, as indicated by its larger
interquartile range.

Taking a closer look at the estimation of A, we consider the 10 most representative words
generated by each of the three methods for every topic (obtained by selecting the top 10
largest entries in each column of /Al) The results are presented in Tables 2, 3, and 4. For the
topics of Computer Science and Statistics, the top 10 most representative words produced
by our method agree with 70% of LDA’s most representative words in the corresponding
topics. There is much less agreement for the topic of Physics, but upon closer inspection we
find that some of the words produced by our method in that category (such as ‘magnetic’,
‘energy’) are more indicative of the topic of Physics, whereas all of the top 10 words for
Physics produced by LDA are generic words that can appear in other categories.

In contrast, the results of Topic-SCORE (Table 4) seem to diverge substantially from
those of LDA and our method. It appears that the top 10 most representative words for
Physics, Mathematics and Statistics from Topic-SCORE are dominated by infrequently
occurring words and foreign words; the foreign words can be traced back to a few rare
abstracts written in English and followed by a foreign language translation. This supports
our hypothesis that Topic-SCORE amplifies the effects of infrequent words, unless significant
ad hoc data pre-processing (removal or merger of rare words, and removal of documents
with significant numbers of rare words) is applied.
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Top 10 most representative words per topic
Computer Science | data, network, learning, networks, can, model
using, new, paper, based

Physics show, data, analysis, two, can, problem
results, field, system, performance
Mathematics can, used, models, using, model, paper
number, method, proposed, approach
Statistics model, results, show, can, learning, method

using, based, data, also

Table 3: Most common words found by LDA

Top 10 most representative words per topic

Computer Science | data, can, model, using, learning, show
results, method, paper, also

Physics della, quantum, theory, del, year, teoria
quantistica, per, nel, delle
Mathematics die, der, collectors, problem, able, assumptions
coupon, wir, based, one
Statistics der, und, music, automatischen, learning, sheet

die, musikverfolgung, deep, algorithms

Table 4: Most common words found by Topic-SCORE

In order to further investigate the performance gap between TTS and Topic-SCORE,
we visualize the point cloud from both methods in Figure 8. As expected, we observe that
the Topic-SCORE point cloud is severely stretched by a set of low-frequency words that
include several foreign words. Again, with the presence of many rare words in the dataset,
the lack of thresholding and the use of the pre-SVD multiplication step in Topic-SCORE
contribute to a significant distortion of the point cloud. In comparison, the thresholding
approach we adopt yields a more compact point cloud. As demonstrated in Figure 8(b),
our method effectively recaptures the essential vertices of the point cloud simplex. A closer
look at the words surrounding each vertex, as shown in Figure 8b, allows us to easily
identify which simplex vertex belongs to which topic (Physics, Math, Computer Science
and Statistics when moving in the anticlockwise direction). Under this “large p” regime
and in the presence of a myriad of rare words that may introduce significant noise, our
method not only distinguishes words effectively but also clusters them into well-defined
topics.

We note that this dataset comes with manually curated topic labels for each document.
As a final verification, we analyze the performance of the different methods when used
for recovering the ground truth labels for each document. Having estimated A, it is quite
natural in light of the pLSSI model to perform regression of D against A in order to yield an
estimator of W. To this end, we use the estimation procedure for W of Tracy Ke and Wang
(2024), where the problem of estimating W given A is reduced to a weighted constrained
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Figure 8: Comparison of the 3-dimensional point clouds from TTS (right) and Topic-
SCORE (left), projected on the first two axes for visualization. Estimated vertices
are colored red, and the point clouds are represented by gray dots. Most out-
lying words in Topic-SCORE’s point cloud are thresholded away by TTS, thus
contributing to higher point cloud stability for our method.

linear regression problem:

K 2

R 1 1 A

Wi = arg min — g SV <Djz' - g Ajkwk> , i€ n], (33)
wEAK Pj:ij>0 33 k=1

where Ag = {w € R¥ 1wy, >0, S wy = 1}. We strongly emphasize that the aim of this
experiment is to evaluate the estimation of A, and we do not claim here that our method
provides state-of-the-art results in the estimation of W. Other potentially better estimation
procedures are available for W, many of which do not require estimating A first. Rather,
as topic labels are available for this dataset, we use this simple estimation procedure for W
via A as another way of comparing the quality of A obtained from TTS, Topic-SCORE and
LDA. Since the W obtained from (33) depends on A as input, it stands to reason that a
better estimation procedure for A may be reflected in a better agreement between W and
the provided topic labels for each document, if we use (33) to estimate W.

Let yx; = 1 if document i is labeled as belonging to topic k (and yi; = 0 otherwise). We
compute the average ¢; distance D(W,y) and cosine similarity S; between the permuted
matrix W and the provided labels y for each topic k as follows:

I . i Sy Wit
D(W,y) := min 7Z‘Wg(k)i — Yril, Sk = max —* ! (k) .
K ki o€k || Wy |2l Yk |2

Here, a smaller value of the ¢; distance or a larger value of the cosine similarity score
between y and W indicate greater alignment with the provided topic labels. The results
are displayed in Table 5.

Table 5 indicates that our method improves the estimation of W overall and provides
the best topic alignment on average, when using (33) to estimate W. This suggests that
our procedure yields a more accurate estimator of A.
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Methods Scs Sphys SMath  SStat S D(W, y)
LDA (Blei et al. (2003)) 0.671 0.576 0.534 0.493 0.569 0.403
TTS (this paper) 0.610 0.748 0.636 0.494 0.622 0.305
Topic-SCORE (Tracy Ke and Wang (2024)) | 0.670 0.545 0.588 0.373 0.544 | 0.348

Table 5: The evaluation of W obtained via estimating A first by using the three methods.
S is the average cosine similarity across all K topics

4.2 Single-Cell Analysis (Low p, High n, Low N)

In this subsection, we consider a different application area for our methodology: the analysis
of single-cell data. We revisit the mouse spleen dataset presented by Goltsev et al. (2018).
This dataset consists of a set of images from both healthy and diseased mouse spleens. Each
sample undergoes staining with 30 different antibodies via the CODEX process, as detailed
by Goltsev et al. (2018). In Chen et al. (2020), each spleen sample is divided into a set
of non-overlapping Voronoi bins, and the count of immune cell types is recorded in each
bin. In this framework, each bin can be viewed as a document and cell types correspond
to words. It is of interest to determine appropriate groupings of cell types (topics), as this
may help one study the interactions between cells.

Since this dataset does not come with ground-truth labels, we sample two disjoint sets
of size n = 10,000 out of the 100,840 Voronoi tessellations across all spleen samples (where
10,000 is a number chosen to be large enough to ensure a “high n” regime while still
allowing all methods to have reasonable computational runtimes). By contrast, there are
only 24 different cell types (p = 24), while the average “document” length is N = 11.2 with
an interquartile range of (6,16). While Chen et al. (2020) focus on evaluating estimators
of the matrix W, here we repurpose the use of this dataset to study our estimator of A. In
this dataset, the precise number of topics K is unknown. We thus apply the three methods
for different values of K and use the metrics introduced at the beginning of this section
(topic resolution, topic coherence and refinement) to compare the three methods. The
results are presented in Figures 9 and 10.

Discussion of the results. Due to the structured nature of this dataset, all methods perform
remarkably well, exhibiting an average topic similarity above 0.95. In more detail, we see
that our method outperforms Topic-SCORE in terms of topic resolution. In particular,
Topic-SCORE (in red) appears to have more variable performance, as reflected in its larger
interquartile ranges and its jittery resolution as a function of K. Interestingly, in this specific
instance, LDA seems to score higher on topic resolution (although we again emphasize that
all methods perform very well on this metric). Additionally, Figure 10a shows the refinement
and coherence of the topics for our method as K increases, in contrast to those of LDA
in Figure 10b. In this data example, our method seems to provide topics with higher
refinement (fewer ancestors per topic) and higher coherence (note in particular the stability
of topic 1, 2, and 18) compared to LDA. In Figure 10b, it can be observed that topics 1, 2,
and 18 are dispersed across different branches within the refinement plot as K varies.
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Figure 10: Comparison of the refinement and coherence of topics recovered using our
method (left) and LDA (right).
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Figure 11: Topic resolution (measured by the average cosine similarity between halves of
the data) of our method (in blue) and Topic-SCORE (red) on the microbiome
dataset of Yachida et al. (2019). Topic resolution is averaged over 25 random
splits of the data.

4.3 Microbiome Examples (Low p, Low n, High N)

We finish our discussion with an application of our method to microbiome data analysis.
In particular, we reanalyze two datasets that have been previously analyzed through topic
modeling: the colon dataset of Yachida et al. (2019) and the vaginal microbiome example
of Callahan et al. (2017), which was reanalyzed by Fukuyama et al. (2023) using LDA.
Microbiome data are represented in the form of a count matrix. In this matrix, each column
corresponds to a different sample, while each row represents various taxa of bacteria. The
entries within the matrix represent the abundance of each bacterial taxon in a given sample.
Taking samples to be documents and bacteria as words, topic modeling offers an interesting
way of exploring communities of bacteria (“topics”) (Sankaran and Holmes, 2019). For the
sake of conciseness, we present the results here for the colon dataset of Yachida et al. (2019),
and refer the reader to Appendix H for the results on the other dataset.

After pre-processing and eliminating species with a relative abundance below 0.001%,
this dataset contains microbiome counts for p = 541 distinct taxa from n = 503 samples.
In contrast, the length of each “document” is extremely high, with around N = 43 million
bacteria per sample. We test all three methods for different values of K and display the
average topic resolution in Figure 11. On this metric, our method exhibits significantly
better results than both LDA and Topic-SCORE for up to 15 topics. After 15 topics, LDA
outperforms all SCORE-based methods in terms of topic resolutions. However, this comes
at a much higher computational cost: while each of the SCORE methods in this example
could be fitted in under a minute, each of the LDA fits took on the order of tens of minutes.
Note that LDA’s high topic resolution could also be due to the higher weight of the prior
in the estimation of the topic-word matrix A, which, due to the relatively small size of the
dataset, could have a stabilizing effect on estimation. On the other hand, the performance
of Topic-SCORE quickly drops to 0.65 as K increases, before reaching a plateau at around
K ~ 10. By contrast, for small K, our method exhibits a resolution up to 40% higher than
Topic-SCORE (for K = 10) before also decreasing as the number of topics increases.

To understand the gap in performance between Topic-SCORE and our method, we again
visualize the point clouds obtained by both methods. The visualization can be found in
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Figure 19 in Appendix H. Similarly to our first example with text analysis, we observe that
the point cloud of Topic-SCORE is heavily distorted; in contrast, ours is more compact.

5. Conclusion and Future Work

In this paper, we introduce Thresholded Topic-SCORE (TTS), a new estimation procedure
for the topic-word matrix A that is based on eigenvalue decomposition and thresholding.
Our procedure is shown to perform well under the column-wise ¢,-sparsity assumption
(15), which is exhibited by many real-world text datasets but to our knowledge has not
been considered in prior works. TTS also accommodates non-separable data, simply by
adopting a suitable vertex hunting algorithm such as Archetype Analysis from Javadi and
Montanari (2020). Empirical results show that our method is competitive for a diverse
range of parameter regimes, especially in the “large p” setting where many words occur
infrequently in the corpus. Overall, TTS is a compelling alternative to existing methods
when p is large and the number of topics K is relatively small.

This paper suggests several potential research directions. First, the estimation of W
is also of interest in applications, and the minimax-optimal ¢i-error rate for estimating
W has been established (see, for example, Klopp et al., 2023). However, the problem of
estimating W essentially involves n independent sub-problems (one for each column of W),
and consequently the minimax-optimal error rate for W scales significantly with n. One may
consider imposing additional structural assumptions on how the n documents are related
to one another, in order to design an estimation procedure whose error decays to zero as
n — oo.

Second, the minimax-optimal /;-error rate given the /,-assumption (15) remains an
open problem. The minimax lower bound arguments of Tracy Ke and Wang (2024) are
not directly applicable, as they are based on constructing hypotheses of A whose columns
contain entries that are of roughly equal magnitudes (that is, the columns do not exhibit
{q-decay).

Third, our proposed method only makes use of the word counts for the documents, as
the underlying pLSI model disregards the order of words in a document. Other language
models, such as the multi-gram topic model, make use of word orders. An extension of our
method using tensor factorization may be possible in this setting, as the corpus is stored
using a multi-way tensor (Zheng et al., 2016).
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All proofs in this appendix make use of notations described in Section 1.4. Assump-
tions 1-4 (which include separability) are assumed in Appendices A—D, whereas the sparsity
assumption (Assumption 5) is further imposed in Appendix E.

Appendix A. Properties of the Set J
Lemma 23 (Weak sparsity of A) Order the {5 row norms of A so that

[Awll2 = -+ = [[Ag)«ll2s

Then the matriz A satisfies maxcpy) [l Ag)«ll2 < K.

Proof Observe that for any j € [p],

P p
iAGllz <D 1Akl <D0 1Akl = K,
=1 =1

since A contains only non-negative entries and each column sums up to 1. |

Lemma 24 If My := diag(n 'Dol,) and hj := || A1, then for any j € [p],
ok (Zw)h; < Mo(j,7) < hy.

Proof Note that

and observe that h; := Zﬁil Aji, and for each k € [K] (recall Sy := 2 WWT),

n

1o 1o
ok (Sw) < Sw (k k) = ~ > W< - > Wi <1
=1 i=1

Theorem 25 Define p, :=pVn, 7, := IOJ%%. Let
J = {] € [p] M(]v]) > aTn}a Ji = {] € [p] MO(.]a.]) > OéiOZTn},

for some suitably chosen a > 0 and 0 < ay <1 < a_. The following statements hold:

(a) For a fized j € [p], we have

P(IM(j, ) — Mo(j, )| = t) < 2exp (—nNt*/2).
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(b) The event

E:={J_CJCJ.}

occurs with probability at least 1 — o(p,*). Here, we can select « = 8, a = %, a_ = 2.
Note that this implies that on £, minjcjh; > ajar,.
(c) We have
1A I < [2K (B) ™ Ap] (BTa)? = o(1)
where B = —2=* - = 18

~ 2
W) = o) S C, and the same is true of ||Ajes||7 on event £.

—1 -1
(d) |Jy] < B np=Ep

< S T— Ap, and the same is true of |J| on event £.

(¢) ox(Az) > VK for some absolute constant ¢ > 0 on event E. This implies |J| > K
and [Do| j« have rank K on £.

The'f’e exists an absolute constant c € 0,1 SUCh/ that the entries o A AJ* are all
Jx
g?"e(lte?" than ¢ on event 8

Proof

(a) Denote Z := D — Dy. We introduce the set of p-dimensional one-hot vectors
{Tim :1<i<n,1<m< N},

for each word in the dataset; note that Tjy,, ~ Multinomial(1, [Dp].;) and these one-hot
vectors are mutually independent. It follows that each column of Z satisfies

| X
Zui = 5 3 (T — B[]
m=1
Note that for a given j € [p]:
- N R . .
M(]:]) - MO(]a]) = E szi = WZ Z(Tlm(]) - E[Tlm(])])v (34)
i=1 i=1 m=1

and since |Ti,(7) — E[Tin(j)]| < 1, we can apply Hoeffding’s inequality to conclude

P(IM(j, ) — Mo(j, )| = t) < 2exp (—nNt*/2).
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(b) Note that a— > 1. We have

P(J- Z J) =P (Ujes {M(j,5) < ama})

where in the last step we used |J_| < p. We want to choose 1 —

< Y P(M(5,5) < at)
jeJ_

< Z P (M(j,5) — Mo(j,j) < ath — a_aty,)
jeJ_

< Y P(IM(.5) — Mo(j, §)| = (a- — L)ar,)
jeJ_

2

equivalently (a— — 1)a > 2.

Note that 0 < ay < 1. If a > 2, we further have

P(J £ J4) =P (Uess {M(yj) > ama})

Again, we want to choose 1 —
%, a_ = 2.

choice is a = 8, a4 =

< N P(M(G,4) — Mo(4,4) > (@ — aay )7)
jes

<> P (IM(j,j) — Mo(j. )| > (1 — ay)a logpn>

— niN
]€J+

Nn(l - ay)?a?l
< 3 2o (G

(1—ay)?a?
2

(a——1)%2a2

< —1or

< —1 or equivalently (1 — a4 )a > 2. A suitable

When « < 2 (the practical range we use; see Remark 9), we need a tighter regime for
«. Instead of using Hoeffding’s inequality, we replace Hoeffding by Bernstein to obtain

a sharper tail bound:

P(M(,7) —

0(d4,J) = t) < eXp( max; m Var(Tim(j)) +t/3

nNt?/2 > ‘

For j € J¢, we have My(j,j) < ayar,. Combined with Lemma 24 and Assumption 1,
we have Var(Tp,(j)) < [Dolji = Sp AjpWhi < by < ox' (Sw)Mo(j,§) < ¢ lajam,.

36



SPARSE TOPIC MODELING VIA SPECTRAL DECOMPOSITION AND THRESHOLDING

Let o/, = max{c 'ay, (1 — ay)/3}. Note that 0 < ay < 1. We further have

P(JZ J.)=P (UjeJc {M(j.4) > arn})

< 3" POM(.J) ~ Mol d) > (@ — aay)r)

]EJC

- - log p

<) P (IM(J,J) — Mo(j,5)| > (1 — ay)a nN")

jese
< Z 2exp [ — Nn(l — ay)?a?72/2

, clajar, + (1 —ay)ar,/3

]EJfr

Nn(l — ay)?ar,/2
ey

For any fixed ¢, > 1, if

o 20/, (14 ca) [logpy
T (11— ay)? nN '’

then
P(J & J4) < 2p,% = o(p, ).

If a < /=5 logp" then few or no entries are thresholded. In this case, many infre-

quent /noisy words remain and decrease the signal-to-noise ratio as shown in Figures 7
and 8.

(¢) From Lemma 24, we have

Mo(5,5) = ox(Ew)[|Ajlln = o (Bw) | Aj[2,

and so if we define

_ 16
L= {] c [p] : ||Aj*||2 > 57%} where 3 := O';(E(:/V) - O'K(EW)

then L C J_ by definition of J_, and thus ||Aje.||F < ||ALe«||r. Now, if we order the
Ly row norms [[A(p),ll2 > -+ > [|A(p)«ll2 and apply Lemma 23,

1ALellE =D 14503 = Y min(| 4.3, 577)
jeL J¢L

p 2
K
< Zmln HA])*HZaﬁz ; S Z <]-27/327—73>

/ min (3272, K2t ~2)dt.
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Let to satisfy 3272 = K*t~2 or tg = ﬂ% We continue:

o0
|ALes||% < tof%72 +K2/ t2dt

to
= toB%2 + K2ty = 2to 572

log pn,
— 9K B, = 2K f3 (ﬁp = o(1).
n

given our assumption that ox (Xy) > ¢ for some absolute constant ¢ > 0. Moreover, it
is also clear from the definition of L that

[ ALesIF < p(Bra).

For all j € J. :={j € [p] : Mo(j,J) > a7y}, note that h; > My(j,j) > atar,. Then
observe that

p
K = Zhj > Z hj > |Ji|aarr, = 4|J 4| 7.
=1 JEJ L

<.

Here we use the assumption that ox(A) > ¢V K for some absolute constant ¢ > 0.
Observe that by Weyl’s inequality for singular values, on event £ we have

ok (Ag) = ok (A) — [[Agesllop
> ok (A) = [|[Asesllr

> VK —o(1) > eVK /2.

1/4
when nN is sufficiently large, since in part (c¢) we have shown ||Aje.||r < C <1°gp ") .

Hence, Ay, has rank K on &£, and by Sylvester’s rank inequality,

K =rank(Ay,) + rank(W) — K < rank([Dyg]s«) < rank(A,) = K.

Here we use the assumption that the entries of AT A are bounded below by an absolute
constant. For any k,l € [K], since ATA = AL_A;, + AT, Aje., on event & the (k,1)-
entry of Ag*A J« satisfies

(AT ALY (k1) = (ATA) (B, 1) = Ay
Jg¢J
> ¢ — [[Agekll2l|Aerll2

> e~ [ Ageclp = c—o(1) > ¢/2,

when nlV is sufficiently large.
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Appendix B. Properties of Unobserved Quantities
Lemma 26 The following statements are true:
(a) 01(A) < VK and o1(Ew) < 1, where Sy == 1WWT.

(b) If 2 € RVIXE contains the first K left singular vectors of (Do) ., then 2T Ay, is invert-
ible. If V := (ETAy,) ' € REXK then V satisfies the following:

(Z) AJ *

(ii) The singular values of V' are the inverses of the singular values of A j.

(iii) The columns Vi,..., Vi of V are eigenvectors of the matriz © := EWAZ;AJ*,
associated with the eigenvalues
2([D
Me(©) = ZillDolr) ey ke
n

(c) The matriz Og := Ny AT A € REXK sqatisfies the following:

(i) The entries of ©¢ are all positive and bounded below by an absolute constant ¢y > 0.

(i) The gap between its first two eigenvalues is bounded below by an absolute constant
co > 0.

(iii) The entries of the unit-norm leading positive eigenvector of Og are all bounded

below by an absolute constant c3 > 0.

(d) On event £, the results of part (c) also apply to ©, possibly with smaller absolute
constants c1, ca,c3 > 0.

(e) There exist absolute constants ¢,C > 0 such that on &£, the entries of the first column
of V' satisfy

C
< k) <
\F_krg[lfgv() i]cqel%vl() VK’

and if &1, ...,&x are the columns of =, then for any j € J, its first column satisfies
ch; Ch;

\/—Sfl() NIt

(f) Let Q € REXE pe defined by QT = [diag(V1)] ™'V, and note that the entries of the first
row of Q are all equal to 1. If vi,... v} € RE=L are defined by the relation

1 ... 1
Q:<’U* ’U*>’
1 .. K

c<og(Q) <o(Q)<C.

Consequently, vy, ..., v} are affinely independent (which means the simplex defined by
their convex hull is non-degenerate) and maxye (g ||vill2 < C.

then we have

39



TRAN, L1U AND DONNAT

Proof

(a) The k™ diagonal entry of AT A is || A2 < || Asxll1 = 1, so tr(AT A) < K which implies
01(A) < VK. Similarly,

o1 (Sw) = Ul(W:ITW) < tr(W;TW) _ Z?IJLWM‘% < 2iml JLW*ifl 1
(b) By singular value decomposition, we have
[Do)s = EABT,
where A = diag(o1,...,0x) € REXK contains the singular values of [Dp]j« and B €

R™ K contains its right singular vectors. Here 2’2 = BT B = Ix.. Then

= =ZABTBA™! = [Dg] ;. BA™! = A;,WBA™Y,

If we let V. =WBA~! € REXK then = = A, V. Furthermore, since
=2 =574,V = I,
we can see that V can be defined as the inverse of 27 A ,, thus proving (i). Also, since

=T= T AT
EE=V"A; ALV = Ik,

we have VVTAL A;,VVT = VVT which implies VVT = (AL _A,,)~! and (ii) follows.

Now let &1,...,&x be the columns of =, and let Vi, ..., Vi be the columns of V. Note
that & = Ay Vj. Since [Dy] s« [Do]??*fk = U,%{k and Xy = %WWT, we have

1 o2 o2
ApSw AL ALV = ApSw AL = E[DO]J* [Do]7.&k = f&k = ;kAJ*Vk:-

Multiplying both sides by (A%, As)7' AT, on the left, we have

P
SwAL ALV, = %Vlm

and so Vi,..., Vi are eigenvectors (not necessarily orthonormal) of © := EWA:L?*A Txs
associated with eigenvalues a,% /n for k=1,..., K. This proves (iii).

(c) For any 1 < k,l < K, (i) follows from our assumptions:
ZEW (k,s)- (AT A)(s,1)

> AAt Swik,
_tzrél[rfl{] UZW s)

V

it (ATAY() - S )
tu€[K]

AT A (¢ »
tgg[r;q( )(t,u) - ox(Bw) > ¢

AV
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Let v(0¢) := A1(0g) — A2(Op) > 0 denote the gap between the first two eigenvalues of

©9. The proof of (ii) is an asymptotic argument. If we consider a sequence {@((]n)} that
varies with n as n — oo, then (ii) follows if we can establish that

liminf v(0") > 0.

n—o0

Assume to the contrary that liminf, ’y(@én)) = 0. Then there exists a subsequence

{@(()nm)};‘,fb’zl such that the gap between the first two eigenvalues decays to zero. Since
166 llop < 1557 lop | A® 12, < K

and K is fixed as n varies, there must exist a further subsequence that converges to

some matrix @(()OO). By part (i), this matrix @(()OO) has entries that are bounded below by

some absolute constant ¢ > 0, and yet its first two eigenvalues are equal (by eigenvalue

continuity). By Perron’s theorem (see Section 8.2 of Horn and Johnson, 2013 for a
(o0)

reference), such a matrix O’ cannot exist.
(iii) is also proven in a similar manner. Let n(()n) € RE denote the leading unit-norm

positive eigenvector of @((]n); its entries are all positive by Perron’s theorem. Suppose

there exists some k € [K] such that

lim inf n((]n)(k) =0.

n—oo
Note that the mapping from a matrix in RE*K with strictly positive entries to its
leading unit-norm positive eigenvector is continuous (this will be further elaborated in
part (d)). Again, this implies that there exists a subsequence {@énm)} that converges

to some @((JOO) having strictly positive entries, and yet its leading eigenvector contains a
zero entry. This contradicts Perron’s theorem.

In light of Theorem 25(f) which shows A7 A, has entries bounded below by ¢ > 0 on
&, (i) is proven similarly as in part (c).

We will first show (iii). Note that we refrain from applying the asymptotic arguments
of part (c) directly to O since, unlike Oy, © depends on J which is random. Also, the
sin @ theorem is not applicable to eigenvectors of © and ©g as these matrices are not
symmetric. Hence, we opt for the approach presented below.

Define the open domain
E ={V e REXK . w(k,1) > 0 for all k,1 € [K]},

and define f : E — RX as the function mapping a matrix in E to its leading unit-norm
positive eigenvector. Also, fix Uy € E and 1 < k,I < K. For any real-valued ¢ in a
neighborhood of zero, consider the function

0(t) := £(Tg + tegel ),

where e, and e; are the k™ and I canonical basis vectors of R¥ respectively.
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Since the algebraic multiplicity of the first eigenvalue of any matrix in E is 1 (Perron’s
theorem), by Theorem 2 of Greenbaum et al. (2020), for any ¥y € E and any k,[ €

[K], the function f,g;o(-) is continuously differentiable around 0 (more specifically, one

can write f,g;o (t) = % for some eigenvector function x(¢) that is analytic in a

neighborhood of 0). Therefore, the function f itself is continuously differentiable on
E, and we can define its derivative f/(¥) as a matrix in RE**X containing all the
partial derivatives of f at ¥ € E. Since these partial derivatives are all continuous,
. B — RE*XK ig a continuous function.

Now if ¢ > 0 is an absolute constant such that all the entries of ©y and © are greater
than ¢ (the latter on event &), then © and Og belong to the set

E = {0 e RE*K . w(k,1) > ¢ for all k,l € [K] and | ¥|op < K},

which is a compact subset of E. Let 1 and 7y be the unit-norm positive first eigenvectors
of ©® and O respectively. On event &, by Theorem 9.19 of Rudin (1976),

In = mollz = [1£(©) = £(80)ll2 < max (L) [[op|© — ol
< ClEwllopll AT A = A Asillp
= C|Zwllop| AJex AsesllF < CllAsesllE = 0(1),
where we note that ATA = AT A ;. + AL., Aje.. Hence, for any k € [K],
n(k) = no(k) — lln = noll2 = ¢ — o(1) > ¢/2,

if nN is sufficiently large. We have shown ming n(k) > ¢/2 > 0 on €£.
As for (ii), we have shown in (b)(iii) for © (and the proof is similar for ©¢) that

)\k(G) _ G%([DO]J*)’ )\k(90) _ O-I%(DO)'

n
Note that since [|Allop < VK and |[W]op < v/,
max[oy([Do] 7.), 0k (Do)] < | Allopl|W llop < VEn,

and by Weyl’s inequality for singular values (which can be applied after appending zero
rows to the matrix Ay, so as to match the dimension of A),

AR(0) — Ap(©y)] < 12xD0ls) = ok (Do)llow([Dols) + o(Do)

<

n
[ A sesllop W lop (2v/ K2)
n

< 2\/EHAJC*HOP =o(1).
on event &, so

[A1(©) = A2(O)] = [A1(B0) = A2(O0)| — o(1)
>c—o(l)>c¢/2,

if nN is sufficiently large, for some absolute constant ¢ > 0.
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(e) By Theorem 25(e), on the event £ we have
O'K(A]*) > C\/E.

Therefore,

C
Vi(k) < |Villa < o1(V) = 0t (Ays) < —,
1?61% 1(k) < [[Vill2 < 01(V) UK( J)_\/E

and since

Ville > ox (V) =07 (As) > 07 (A) >

=l

and m‘fl is the unit-norm leading positive eigenvector of ©, on event £ we have

: . Vl(k:)} c
min Vi (k) = ||Vi||2 min § ——= » > —,
i Vit =l i { >

Since & = Ay, Vi, it follows that on event £, for any j € J,

Chj . Ch]
— < < —=.
\/E = fl (]) = \/I?
(f) It can be seen by the definition of @) that
ox(V)
ok (Q) > >c>0,
( mane[K] Vl(k)
and W)
o1
01(Q) £ ——75 <C,
( minge (g Vi (k)
for some ¢,C' > 0. Thus, max¢ (g [[vj]l2 < C and @ has independent columns, which
implies v, ..., v} are affinely independent.
|
Lemma 27 Let Aj,...,Ajk be the columns of Aj.. Under Assumption 4 on the vertex
hunting function V(-), the oracle procedure in Definition 5 returns
Aj = Ay diag(|[An - 1A (35)

on event E.

Proof Note that from Lemma 26(b)(i), we have = = A, V. Let 1; be the vector of size
|J| with entries all equal to 1. Now, by the definition of R,

(1, R] = [diag(&1)]'E = [diag(&1)] " AV

T
Recall from Lemma 26(f) the definition Q7 := [diag(V7)] "V = <v1* v%“ > . Then
1 DY K
T
. ) . - 1 .01
10,2 = [diog(e)] . - ding0i)Q" =11 (1 L) (36)
S %
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where II is defined as follows:
IT := [diag(€1)] ' Ay - diag(V1) € RIVIXE, (37)

From (36) and (37), we can see that II contains only non-negative entries and the rows
of IT sum up to 1. This means the rows of R (the point cloud) lie inside the convex hull of
simplex vertices {v},..., v} } C RE-L

By Assumption 3, for each topic there exists at least an anchor word for that topic in
the set J on event £. This means that the point cloud contains at least one point on each
vertex vj,...,v}. By Assumption 4, the vertex hunting procedure V(-) returns precisely
the vertices v3,...,v}. Now let {m; : j € J} C RE denote the rows of II. From taking the
transpose of (36), IT is then estimated correctly by solving

(1 o1 > (1)
N . | T = )
Ul oo UK TJ
Now, by the definition of II in (37),

diag(&) I = AJ* . diag(Vl),

and thus (35) follows if we normalize diag(&;) - II to ensure its columns sum up to 1. [ ]

Appendix C. Concentration Inequalities Involving Z = D — D,

Remark 28 This section contains all the concentration inequalities necessary for our anal-
ysis, and is comparable to Section E in the appendix of Tracy Ke and Wang (2024).

Lemma 30 and Lemma 31 are similar to Lemmas E.1 and E.2 of Tracy Ke and Wang
(2024) in that they are simple applications of Bernstein’s inequality. However, it is crucial
to note that our results are applicable even when min;c,) h; is extremely small, as we
only restrict our attention to j € J4 (where J is defined in Appendix A). In contrast,
Lemmas E.1 and E.2 of Tracy Ke and Wang (2024) require minjep, h; > c¢K/p (or at least
min;ep,) hj > (Nn)~!logn).

Lemma 32 in our paper is based on standard techniques for deriving concentration in-
equalities for U-statistics. Our results here can be compared to Lemmas E.3-E.6 of Tracy Ke
and Wang (2024), which use a truncation argument and the fact that the product of two
sub-Gaussian variables is sub-exponential. Our bounds do not depend on p except for
log factors and are applicable to all parameter regimes (in particular when p > n VvV N),
whereas the bounds in Lemmas E.3-E.6 of Tracy Ke and Wang (2024) depend heavily on p
and mincpp) hy.

Lemma 29 (Bernstein’s inequality) Let Xi,..., X, be independent random variables
with E(X;) = 0, Var(X;) < 02, and | X;| < b almost surely for all i. Let c® :=n"13""  o2.

77

Then for any t > 0,

n 2

_1 ‘ nt=/2
44
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Lemma 30 Denote iLj := hj A 1. With probability at least 1 — o(p,!),

. . . | hjlogpn, .
|M(j,5) — Mo(j,5)| < C \/JnT for all j € J;. (38)

Proof Similar to (34), for a fixed j € J4 we have

M(j,j) - Mo(j, ) = Z = Y (Tinls) ~ BT ().

Note that since Ty, (7) ~ Bernoulli(Dy(7,4)), |Tim(7) — E[Tim(5)]] < 1 and

Var(Tim(j)) < Do(j,i) = Y AjpWii <Y Aji = hy.

(and also Var(Tjm,(j)) < 1). We apply Bernstein’s inequality to conclude for any ¢ > 0:

nNt2/2 )

P(IM(5,5) = Mo(4,5)| = 1) < 2exp (—,;. Y /3

One can choose t = C*4/ hjlf% ort = % depending on whether h; > 105;% holds.
Thus with probability at least 1 — o(p;,2),

. . [ hjlogp, logpy
M — M, < O J
M (j5,7) 0(j,7)| £ C*max N
lﬁ'logpn
< O* oy ]
—_— nN b

since if j € Jy, then hj > ayay/ 10516" > < f]%,p » when nN is sufficiently large so that

logp” < 1. We then take union bound over j € J. n

Lemma 31 Denote {Z;:j € Jy} CR" as the rows of Z in J4, and {W), : k € [K]} CR"”
as the rows of W. With probability at least 1 — o(p, 1),

h log py
yszk\gc*\/% forallj € J, and k € [K]. (39)

Proof Note that

N
Zji = 5 32 (Ton(i) ~ ElTin()]), (40)

m=1
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and so for any j € J; and k € [K],
Z]TWk = ZZjiWki N Z Z Wi (Tim (3) — E[Tim (5)])-
=1 i=1 m=1
We note that [ Wii(Tim(j) — ElTim ()] < n and Var[niWi(Tin(j) — ElTin (G)])] < 12,

so by Bernstein inequality, for any ¢ > 0,

Nt?/2
PUZTWi| > 1) < 2exp [ —— /2
! n2h;j +nt/3

We can let t = C*y/ "hj}\,& and again by noting that h; > agm/% > c*bng% ifjeJyg,
we obtain (39).
|

Lemma 32 With probability at least 1 — o(p,, '),

hjhy1og py
272~ (28 7)) < c*\/w for all j,1 € Jy with j # 1. (41)
nh?log p, hjl
27 7; —E(Z0 7;)| < o*\/ gp \/” OBPn porallje Jp.  (42)
Tim (j

Proof Denote X, (j) := - . Fix j,1 € J4. By (40), note that

n

7217 = Z Z;iZ; = ]\}2 > Z Zsz

i=1 m=1 s=1
1 . 1 ,
-~ N2 Z Z Xim (7) Xim (1) + el Z Z Xim () Xis (1)
i=1 m=1 i=1 1<m,s<N
m#s
n N -1
- Nvl + ‘/27

where we define
n

N
Vi= o ;;Xmmxim(l)
V= _12 > Xim(i)Xis(D).

i=1 1<m,s<N
m;és

Note that E(V3) = 0, and we need an upper bound on |V; — E(V7)| and |Va|. We will deal
with V3 first. Define Sy as the set of permutations on {1,..., N} and N’ := | N/2]. Also
define

1 .
WiXi, ..., Xin) = 57 > Xiom-1(5)Xi2m(D),
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Then by symmetry (note that the inner sum over m, s in the definition of V5 has N(N — 1)
summands),

Vo — Z?:l ZWESN Wi(Xivﬂ'(l)’ c ’Xi:“(N))
2T N! '

Define, for a given m € Sy,
Qr = Z N,Wi(XTr(l)v s 7X7r(N))a
i=1

so that N'Vy = %ZWESN Q. For arbitrary t,s > 0, by Markov’s inequality and the
convexity of the exponential function,

> resy E(€*9)
N! ’
Also, define Q = @, for m being the identity permutation. Observe that

P(N/sz > t) < efstE(esN’Vg) < e~ st

n N’
Q= Z Z Qim where Qim = X 2m—1(7)Xi2m(l)

i=1 m=1

so @ is a (double) summation of mutually independent variables. We have |Qim| < 1,
E(Qim) = 0 and E(Qfm) < Ejizl. The rest of the proof for V5 is similar to the standard
proof for the usual Bernstein’s inequality and one can skip to the conclusion (43).

If we denote G(x) = EI;%_”C , observe G(z) is increasing. Hence,

22
E(e5@im) :E<1+5Qim+ ° 5 +>

=E[l + s*Q%,G(sQim)]
< E[1 + 5%Q?%,G(5s)]

<1 +82ﬁjillG(S) < 682FL]'EZG(5)‘

Hence, o
e B (e59) = exp(—st + N'nh;hs*G(s)),

Since this bound is applicable to all the other @, and not just m being equal to the identity
permutation, we have

P(N'Vy > t) < exp(—st + N'nh;hs*G(s)) = exp (—st + N'nhih(ef — 1 — s)) .

Now we choose s = log (1 + m) > 0. Then
ih

P(N'Vo >1t) <exp |—tlog |1+ % +N’n/~lﬂ~ll % —log | 1+ %
N’nhjhl N’nhjhl N/nhjhl

= exp —N’niLizZH % ,
’ N'nh;hy
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where we define the function H(z) = (1+x)log(1+z)—x. Note that we have the inequality

322

H(z) >
@) > 5752

)

for all x > 0. Hence,

t2/2
P(N'Va>t) <exp —% ,
N'nhjh; +t/3

or by rescaling,

N'nt?/2
B(N'Vy > N'nt) < exp | /2 ) (43)
hihy +t/3
We can choose t2 = C;\;ﬁjlhl log p,, and note that iszNzl > (oz+oz)21°ng% if j,1 € J,. Hence,

with probability 1 — o(p,!) (even after taking union bound over j,1 € J,),

N nh;h log pr,
Vs < C 1/%,

As for Vi, we can just apply the usual Bernstein’s inequality. Let j;; = E[Tin ()] = [Dol;i
and define p;; similarly; note j;; < h Since Xim (j) = Tim (J) — 1ij,

Xim () Xim(1) = Tim () Tim (1) — ,UijTim(l) — it Tim (j) + Mg il (44)
If j # 1 then T}y, (5)Tim (1) = 0 and so

Var[Xim (7) Xim (1)] = Var [1i; Tim (1) + piTim (7))
< Elpij Tim (1) + piaTym (5)]
= ,Uzzj:u'il + M?zﬂz‘j = Mz‘juiz(uij + fLir)
< pigha < hjhi,

since pi; + py < 1. Hence, by Bernstein’s inequality,

P (Vi —E(V1)| > t) < 2exp (—M) :

}Nljill + t/3

which is similar to (43), so we obtain with probability 1 — o(p;,;!) that

7“/1 E(V)| <7 /nh hllogpn /nh hllogpn

and (41) is proven.
If j = [ then since T2, (5) = Tim(j), (44) leads to

X (5) = Tam () (1 = 2ij) + pi,
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and since |1 — 2p;;| < 1 and Var(Tim (7)) = pij (1 — 1ij),
Var[X;,, ()] < pij < by,

and so we obtain (42) since with probability 1 — o(p,!)

n C* nﬁlogpn
—|Vi —E < -y L=
NW1 )l = N N

Corollary 33 With probability 1 — o(p,, '), the following statements hold:

K log pn
1ZWils, |2 < c*,/% foralll <k <K. (45)

. | nhKlogp, .
11227 —B(ZZ7)a. | < O\ "B for all j € . (46)
nlog py,
11227 —E(Z2Z")s,0,]lr < O K\ =E (47)

Proof This follows from (39), (41) and (42) after squaring the error bounds and summing

them up. We note that ZjeJ+ h; < ];:1 hj =K. m

Appendix D. Estimation Errors for Singular Vectors and the Point Cloud

We will use the following theorem (a row-wise perturbation bound for eigenvectors) from
Tracy Ke and Wang (2024).

Lemma 34 (Lemma F.1 of Tracy Ke and Wang, 2024) Let By and B be mxm sym-
metric matrices with rank(By) = K, and assume By is positive semi-definite. For 1 < k <
K, let 52 and 8, be the k™ largest eigenvalues of By and B respectively, and let ug and ug
be the k" eigenvectors of By and B. Fiz 1 < s < k < K. If for some c € (0,1), suppose
(by default, if s =1 then §°_| — 6% = 00)

min(dg_l - 527518 - 52+1,lré1[iKn] 510) > CHBoHo;n 1B — BOHOp < (C/g)HBOHOP'

Write Uy = [u?, ..., ul],U = [us, ... ug] and == [u),...,u%]. There exists an orthonormal
matriz O such that for all1 < j <p,
5 -
I(UO = Uo)jsllz < —— (1B = Bollopl|Zjsll2 + VEI|(B — Bo)jsll2)-
cl[Bollop
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If we define n
.= DDT — M.
G N

1
GQ = <1 - N> Dng,

then the above lemma can be applied to the submatrices G j; and [Ggl; (see Lemma 40).

Lemma 35 With probability 1 — o(p,, '), we have

. nK lo
(G = Go)pr,llop < CRY[ =20

and for any j € Jy, row j of (G — Go)j, s, has €z norm satisfying

nh;log p,
1(G = Go)ja, Il < €7y =0

Proof From basic properties of the multinomial distribution, we can show that

1

T

E(ZZ7) = Cov(Zy) =Y Cov(Dy) = %MO
i=1 =1

and therefore

1
G—GO:DDT—X[M—<1—N)DOD§
n 1
= (Dog+ Z)(Dog+2)F — —M — (1 - — ) DyD¥
Do+ 2)(Do+ 27— 3 = (1= ) Dub
1
— 72DT + Dz + 727 — M+ —DyDT
0+ 0 + N +N 0470

n
= 7D} + DoZ" + (227 - E[2Z1]) + ~ Mo = M),

and so we can write (G — Go) s, 7, = E1 + E2 + E3 where
Ey = (ZD§ + DoZ");, ., .
By := (22" —E[2Z%)) ;..
n

E3 = N(MO — M)y,

We can deal with Fj3 first. From (38), with probability 1 — o(p;!) we have

C*n | (max;cy h; log p C* |nlo
HE?)Hop S ( JEJ+ .7) mn S ~ gpn7
N nN N N
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and for any j € J4,

n o o Cc* /nﬂlogpn
H[ 3]] H2 7\7’ (]7]) 0(]7])| — ZV _7\7

From (46) and (47), with probability 1 — o(p;!)

N nlo
|Ballop < 1 Ballr < O K| =0

nh;K lo n
|E2ljulle < € =220,

If we denote A1, ..., Ax as the columns of A and W7y,..., W} as the rows of W,

K
DoZ" =" Ap(ZWi)",
k=1

and so from (45) and the fact that Zle | Akll2 < Zle Akl < K,

K
“ nK log p,
1B1llop < 21[P0Z 1551 lop < 2D | Akll2l| Zs, s Wil < © K\/?

k=1

Let Zi,...,Z, denote the rows of Z. From (39), (45) and the fact that Zszl Ap(j) = hy
and h; < K, for any j € Jy:

K K
B jellz <7 Ak ZrWilla + D 12 Wil gl
k=1 =1

< C*hﬂ/i”Kxgp” + C*K\/inhj}\(;gp"
nh;log py,

< C*'Ky —L>=

— N )

Since the bounds for ||E||op and [|[E1];«||2 dominate those for Ey and Es, our result follows.
|

Lemma 36 With probability 1 — o(p, '), we also have

nkK logp,

(G = Go)gslop < O7E Y[ F= 1B (48)
hjlog py

1(G = Go)alls < €\ [ 2R

51
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Proof This is simply a consequence of the previous lemma and the fact that J C J; with
probability 1 —o(p,!), which implies that (G — Gp).;; is a submatrix of (G — Gy), s, . Note
that we refrain from applying the argument of the previous lemma directly to (G — Gy) s,
since J and Z are not independent (whereas J; is a non-random index set). |

Corollary 37 Let g, be a quantity satisfying

nN

> gn > C*KVK, (49)
log pn

Cc

where C* in (49) is the constant from (48) and c is another constant to be determined. If

X 108 P
K::max{k:)\k(GJJ)>gn n(;\g]p },

then K = K with probability 1 — o(p; ).

Proof We have shown in Theorem 25(e) that [Go] s has rank K on £. By Weyl’s inequality,

« nlog p, nlogp,
Aci1(Gs) < (@ = Go)gslop < CTEVE [ F8PE < gu [ S50

This implies K < K. On the other hand, again by Weyl’s inequality,

A (Gr) = A ([Gols)l < C*KVEW < gn\/"k;vm7

and since G := (1 — %) DoD¥', by Theorem 25(e) and Assumption 1,

nlog py,
N )

Axc([Golss) > (1 - }V) nlow(As) 2ok (Sw) > cKn > 24,

when nNN is sufficiently large and ¢ in (49) is chosen appropriately. Hence,

Ak (Grr) 2 Ak ([Golar) = Ak (Grr) = Ak ([Goly)| > Qn\/nk])\fmv

and thus K < K with probability 1 — o(p;;!). [ ]

1>

Recall that = contains the first K eigenvectors of Gj; and = contains the first K left
singular vectors of [Dy] ., or equivalently the first K eigenvectors of [Go]s;. We will provide
a coordinate-wise error bound for = in Lemma 40. First we need a few lemmas.

Lemma 38 For any j € J, ||Z«]|2 < Ch;.
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Proof Note Z = A,V so Zj, = A;V. By Theorem 25(e), on the event £ we have

orx(As) > VK.

Therefore,
1Zjull2 < 1V llop | Ajillz = o (Ag) " Ajell2 < Chy,

where the equality uses Lemma 26(b)(ii), and the last inequality uses that K is fixed. H
Note that on event &, [Dy] s« and hence [Go|ss has rank K.

Lemma 39 On event &,

enK < A\ ([Golss) < nK for all k € [K] and A1 ([Golyg) > en+ ,Jax Me([Golag)-

Proof We note that [DoD{];; = AJ*WWTA% = nAJ*EWAF‘;*. Hence,
M([Gola) < nllAI21Zwlop < nK.

Ak ([Golss) > nlok (As)*ok (Sw) > enK,

where the last inequality uses Theorem 25(e) and Assumption 1. We also note that for
any two matrices P and @), the nonzero eigenvalues of P() are the same as those of QP.
Thus the nonzero eigenvalues of [DODE |7s are the same as the nonzero eigenvalues of
WWTAT A;, = nO. We have already shown in Lemma 26(d) that the gap between the
first two eigenvalues of © are at least an absolute constant on £. Hence, our result follows.

|

Lemma 40 (Row-wise estimation error for Z) Denote {Z; : j € J} as the rows of =
and {Z; : j € J} as the rows of . With probability 1 —o(p, '), there exist w € {£1} and an
orthonormal matriz 0 € RE-DXE=1D) qych that, if Q := diag(w, ) € REXK " we have

- h;log pn )
Q= —Zjill2 < = i
192=; ]|2_C\/H7N for all j € J.

Proof Let & and & be the first eigenvectors of [G]s and [Golss respectively. The gap
between the first two eigenvalues of [Go|ss is at least cn, which is much greater than

C*K+/ "KI# (the high-probability bound on [[(G — Go).s|lop). By applying Lemma 34,
there exists w € {£1} such that with probability 1 — o(p, 1), for all j € J,

i) ~ &) < ¢l E=C0aslop T VRING = Gyl

.. /nlogpn nh; logpn
h]\/N Jr\/ N
<C

n

<c /hjlogpn’
n
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where we applied h; < K.

Let 2% = [£,...,Ek] contain the other (K — 1) eigenvectors of [Golys, and define Z*
similarly. Again, since the smallest nonzero eigenvalue of [Go| s is at least cnK, there exists
an orthonormal matrix Q* € RK=Dx(K=1) gych that for all j € J,

- hj log pn
ZEOF ) Ll < Oy 22
I Jislla < O/ F

We then define 2 = diag(w, 2*) and combine the above results. [ |

Lemma 41 (Estimation error for the point cloud) With probability 1 — o(py1), all
entries of & have the same sign and there exists an orthonormal matriz Q* € RUK—1Dx(K-1)
such that

log p \ /*
o |07~y < € (2ER2)

Proof First, we note that WLOG, we can assume w = 1. This is because from the previous
y o . lngn
lemma, for any j € J, since h; > cy/ =",

v . h;1log log pn \ /*
|w§1(])_§1(])’§C TSC}U N )

whereas we also know from Lemma 26(e) that

£1(j4) > chj > 0.

We can see that |wé1(j) — €1(j)| < €1(j) with high probability as nN is sufficiently large,
and this implies w&; () > &()/2. If &1 is defined such that the majority of its entries are
positive (and in fact its entries are all of the same sign with high probability), we can simply
assume w = 1 from now on.

Denote {Z; : j € J} as the rows of Z and {Z; : j € J} as the rows of Z. Now, since by

definition,
() =t6007= (o) = 102,

it follows that

1 A 1
1575 = rjll2 ‘51(]') N )
:‘ 1z oz G0)-80),
&) &) )
<& = Ejll2 + [Iryll21€1 () — &.G))
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We have noted in Lemma 27 that the point cloud {r; : j € J} lies entirely in the convex
hull of v7,...,vk, and Lemma 26(f) shows that max,cg [[vpll2 < C, so we also have
max;ey ||rj]2 < C. We have also noted before that

&) > 84U

> Chj

with high probability. Therefore, with probability 1 — o(p;,, 1), for all j € J:

R log pn,
OF — iy < C
192575 = 7jll2 < hinN
log pn \ /"
<C
<o)
since minje s hj > ¢ bf% with probability 1 — o(p;!). u

Lemma 42 If we denote the rows offI from our proposed procedure as {7j : j € J} and
the rows of II from the oracle procedure as {mj : j € J}, then with probability 1 — o(p; 1),

logpn> 14

T —milly < C
a7 = w511 < € (25

Proof Recall that 7?3? € R¥ is the unnormalized vector solving

1 ... 1)., (1 1 ... 1 \., (1
or o) T ) T \arer L e ) T iy )

Therefore,
o A1 (1
;=@ <er where Q= gege L Qrir )

We also have

Consequently,

175 = milla < 1@ lop 12775 = 7ll2 + Q7" = @ flopy/llrs13 + 1.

Note that max;ec s ||rj]|2 < C since the r;’s are in the convex hull of v, ..., v}. Also, since
QT = [diag(V1)]71V, we have ||Q~!||op < C since

and ||V Y|op = 01(A4) < VK.
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Now, we note that with probability 1 — o(p;!),

1Q = Qllop < 1Q ~ Qllr < \/7(;2% 1927 0% — vgl2

* A lngn 1/4
< \/Er;lea}cHQ 7y —rill2 < c( S > = o(1),

where we used Assumption 4, since in the oracle procedure the vertex hunting algorithm
correctly returns v7,...,vy. Therefore,

A1 =1 — 1A=L — A1 A—1 A -1 log p \ /*
107" = Q@7 lop = 1@7H(Q = Q)@ llop = @7 llopl|@ = QlloplIQlp = € =5 :

Here we note ox(Q) > ox(Q) — ||Q — Qllop > ¢ —o0(1) > ¢/2 if nN is large enough, so
Q@ lop < C. Therefore, we obtain

~o log p, \ V/*
|75 —mjlla < C N :

1
[~ O

Now if we define 7; =

i

7 Where 77 (k) = max(73(k),0), then since ||7;[|1 = [|m;[l1 = 1,

<

175 = mill < 75 = 75l + (177 — 750l
= L= {175 I ll75]x + 175 — 7]l
= [lmjlle = 1751 + 175 — 750
< 2|m; — 75l

<2||mj — 75l < 2VEK|F] — mill2

1/4
<C <10gpn> ‘

niN
|
Appendix E. Estimation Error of A
In this section, we will additionally impose the £,-sparsity assumption (15) for ¢ € (0,1).
Lemma 43 Under Assumption 5, if 3 := o;?(itv) and 1, = \/lof%, on event £
K _
[Ageslly < 3— qs(ﬁTn)l .. (50)

Remark 44 We assume from now on that s does not grow too quickly relative to n/N so
that the RHS of (50) is o(1).
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Proof On event £ we have J_ C J, so j ¢ J implies My(j,j) < a_ar, where 7, := \/lof%.

Since o (Ew)h; < Mo(4,7), j ¢ J implies A, < h; < B, for any k € [K] on €. Then
with probability 1 — o(p,!), for any k € [K],

p
[Aserlls = min(Ajy, Br,) <> min(Ay, B7)
J¢J Jj=1

p 0
< Zmin(sl/qj_l/q,ﬁm) < / min(sl/qt_l/qaﬁTn)dt-
i=1 0

Now, let tg := s(87,) "7 so that sl/qtal/q = [B7,. Then continuing from the above display,

o0
HAJ%ngtM%h+sUf/ t~Yaqy

to

_ 1
= tof + 1 - Sl/qt(l) Va = to BT
—q 1—¢q
1

1—q8

(BTn)l_qy

and the result follows by summing up this bound across k € [K]. Note that the assumption
q € (0,1) ensures the integrals above converge. [ |

Lemma 45 On event &, if Ay, is defined as in (35),

K

A*—A* — Ac* <
[Ase = Agills = | Ay ||1_1_q8

(ﬁTn)l_q- (51)

Proof We note that the colunlns of Ay, sum up to 1, the columns of A sum up to 1, and
as a result of the definition of Ay, in (35),

Ajo— Ajo = Ay - diag(||Aer|1, - - - [[Aserc ),

Then ||Aj, — Ay.lli = ||[Ajes |1 and our result follows from the previous lemma. [ |

Theorem 46 With probability 1 —o(p;; '), for some constant C' that may depend on K and

q, we have
1—
logpn )" logpn\ 2
S .
niN nN

Proof Consider the unnormalized matrices

A=A <C

AS, = diag(£,))IT and A, = diag(&)1T
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Then with probability 1 — o(p;, 1), for any j € J,

1(A° = A%) il = 1E1(G) 75 — &)l
<& )17 — il + 16() — &)

logpn \/*  [h;logpn
< .
<C hj< =< ) IR
log p \ /4
< Ch; 2

where again we note that on event &, h; > a+a\/1°§% if j € J. Since Z?Zl h; = K, with
probability 1 — o(p,; 1),

Ao 10 Ingn 1/4_
JA5. = A< 0 (=2m) = o)), (53)

Now, A, and A, are defined by normalizing the columns of Af}* and flf’,*, so we have
for each j € J and k € [K]

P Ao e Aw
s A AR
” Jk||1 || JkH]_ Jk|lI1
Therefore, for each j € J and k € [K],
S A AS
|Aje — Ajy| = | =25 — &
1AL ATl
Mg Ayl | i
Dk Tkl > | — R
[ ATl TIIAG L 1A

< ‘Ajk - ~§k’ + ‘fi]kHAZk - flf}klh

B ATkl

_ 145 - A L Akl 4G, — A5
[ ATl [ Akl AT% N

Now,
S(BTn)liq >c

1
[Agklln =1 = | Aser]t > 1 - .

for some absolute constant ¢ € (0,1) as nN becomes sufficiently large. Furthermore, since
by definition of II we have A9, = diag(&)II = Aj.diag(Vh), so A9, = Vi(k)Aj, and

minke[K] ‘/1(]{3) > \/%, SO

1Al = Vi(k)[[Asklls > e,
and thus

10 10 10 RS Ingn 1/4
1ATell > 1Al — [[AGg — AJklli > ¢ = C N > c/2
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as nN becomes sufficiently large. Hence, we have from (54), (52) and (53) that

1 1 logpn 1/4
[Aj — Azl < Chy | = ;

and so for any j € J,

1 A logpn 14
1450 = Ayl < on (2502)

which, since }7_, h; = K, implies

1A= Al < o (22" (55)
Jx Jx|[1 > N .
We combine (50), (51) and (55) to obtain what we need to prove. [ |

Appendix F. Results on Archetype Analysis (Javadi and Montanari,
2020)

To facilitate our discussion on relaxing the separability assumption, we summarize the
results of Javadi and Montanari (2020) in this section.

We first introduce the notations in this paper. For a point u € RY and a matrix
V e R™*4, et

P(u; V) :=min{||u — V|3 : 7 A™},

where
A™:={z € R™: 271, =1 and z; > 0 for all j € [m]}.

In words, Z(u;V) is the square of the distance between u and conv(V'), where conv(V)
denotes the convex hull of the rows of V. If U € RP*? is a matrix with rows u1, ... Up € R?,
we generalize the above definition by letting

U V)= D(u; V).

=1

Now, consider a factorization of the form X, = WyHj, where the rows of X, € R™*(K-1)
form a point cloud, Wy € R™*X is a matrix of weights whose rows are in AX and the rows

of Hy € REX(K=1) are the K simplex vertices.
Definition 47 (a-uniqueness) We say that the point cloud Xo = WoHy satisfies unique-

ness with parameter o > 0 (or a-uniqueness) if for all H € REXE=D with conv(Xy) C
conv(H), we have

P(H; Xo)"? > 9(Ho; X0)'/* + o[2(H; Ho)'* + 2(Ho; H)'?). (56)
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The motivation behind this assumption is quite clear. Any H with conv(Xy) C conv(H)
is a plausible explanation of the data. For Hj to be identifiable, we want 2(H; Xy) >
P(Hy; Xo) if H # Hy, and so (56) is a quantitative formulation of this requirement. Note
that if Xg = WyHy is a separable factorization, then it always satisfies uniqueness with
a = 1. Indeed, whenever conv(Hp) = conv(Xy), one has Z(H;Xoy) = Z(H;Hp) and
9 (Ho; Xo) = Z(Ho; H) = 0.

The vertex hunting procedure considered by Javadi and Montanari (2020) is as follows.
Suppose we observe X which is a noisy version of Xj:

X=Xo+2Z=WyHy+ Z. (57)

Let @1,...,2Zm be the rows of X. We can obtain an estimator H of H by solving the
following optimization problem (Archetype Analysis):

minimize 2(H; X) s.t. P(x;; H) < 6% for all i € [m)], (58)
1/4

where § > max;c(y) || Zix 2. In light of Corollary 17, we want to choose § > C <k’§% in

our context, where C' is the constant in (17) (replace Xy in (57) with the point cloud matrix
R from our oracle procedure, and X with the point cloud matrix R from Definition 8).

The main theoretical result of Javadi and Montanari (2020) is that their vertex hunting
procedure is robust to noise in the point cloud.

Theorem 48 (Theorem 1 of Javadi and Montanari, 2020) Suppose X satisfies the
a-uniqueness assumption, and conv(Xg) contains a (K —1)-dimensional ball of radius > 0.
Consider the vertex hunting procedure defined by (58), with 6 = maX;e(y,) | Zix|l2- If

ap
Zislls < —
max [ Zicll> < 3577
then N
i C2K
1 - ol < 52

Here, the constant C' may depend on p and the mazimum/minimum singular values of Hy,
and we ignore the vertex label permutation (by redefining H if necessary).

Using similar proof techniques as in the above theorem, we can also show the following
robustness result for Archetype Analysis without using the a-uniqueness condition (the
proof is omitted for brevity). In (59), we do not need to assume separability (in which case
one has Z(Hy; Xo) = 0), but we want the distance from the vertices in Hy to the convex

1/4
hull of the point cloud Xy to be no larger than §. Again, § =< (lof%) when applied to

our topic modeling setup.

Theorem 49 Using the same assumptions as in Theorem 48 except the a-uniqueness con-
dition, if maxcy,) || Zixll2 < 0 < ﬂé‘ﬁ, the vertex hunting procedure (58) satisfies for some
constants Cp,Cy > 0:

|H — Hol% < C12(Ho; Xo) + Ca6°. (59)
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In practice, the vertex hunting procedure defined by (58) is difficult to use. When
applied to real datasets, one may prefer to work with the Lagrangian form of (58):

Hy = argmin[2(X; H) + AZ(H; X))].
H

Algorithms to solve this non-convex optimization problem are available in Section 4 of
Javadi and Montanari (2020).
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Appendix G. Synthetic Experiments: Additional Results

This appendix supplements the synthetic experiments presented in the main text. In par-
ticular, we discuss and illustrate here in more detail the Zipf law used in our experiments
and provide further plots to assess the impact of additional model parameters (including
the intensity of the anchor words, value of the Zipf law coefficients, etc).

G.1 Zipf’s Law: Illustration and Comparison

Most of the synthetic experiments we use in this paper rely on the generation of documents
where word frequencies follow a Zipf’s law distribution (see (31)). Figure 12a illustrates
instances of such frequency distributions for a dictionary of size p = 10,000 words as we
vary the parameters of this distribution (namely, the values of a;pr and B.pr). Figure 12b
compares the frequency heterogeneity resulting from sampling frequencies f(;)’s from a Zipf
law distribution (31) to frequencies sampled from a Uniform distribution:

f(j) o Uniform(0, 1).

These two figures illustrate in particular the fast decay in word frequencies under Zipf’s
law. In fact, for the reference Zipf law (aupr = 1 and bype = 2.7), only 10% of words
have frequencies above 0.001—making the rest of the words extremely rare. As shown in
Figure 12a, this decay increases rapidly as the parameter «.;,s increases. By comparison,
for the uniform distribution, all word frequencies are of the same order of magnitude. One
of the main assumptions in this paper is the weak sparsity of the row sums of the topic
matrix A, described in Assumption 5 of the main text: maxye[x) max;e(y) jAC(Ij) x < 8, which,
as argued in the main text, is best reflected by Zipf’s law.

G.2 Synthetic Experiment: Uniform Distribution of Non-Anchor Words

In this paragraph, we describe the results of our synthetic experiments using a Uniform
distribution for the generation of non-anchor words.
Data Generation Mechanism. In this setting, the data is generated as follows:

Vie{l,---,n}, W;~ Dirichlet(1x)
Vk € [K] and VJ S {]., ce ,5}, Aj+5(k:71),k =0 . (60)
Vk € [K] and Vj € {5K +1,---p}, Aj; ~ Uniform(0, 1)

This is thus an identical generation setup as in the main text, but using a Uniform distri-
bution rather than a Zipf law to generate the frequencies. As noted in the previous section,
this corresponds to a setting in which all frequencies have roughly the same amplitude (ho-
mogeneous frequencies), which does not agree (a) with our Assumption 5 (weak-sparsity);
and (b) observations or realistic models of word frequencies in real documents (Corral et al.,
2015). Nonetheless, we run our simulation pipeline in this setting and report the results in
Figure 13a. Results are averaged over 50 experiments, using K = 5, qgirichiet = 1, and 5
anchor words with intensity d4ycpor = 0.001.

Analysis of the results. We note that Topic-SCORE (Tracy Ke and Wang, 2024) and our
method perform similarly in these conditions. As shown in Figure 13b, our method does
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(a) Examples of word frequency distributions (b) Comparison of the word frequencies
under various Zipf law parameters. Note the generated under a Uniform distribution (red)
quick decay of the frequencies as the value of & and a Zipf law (blue) with parameter a,ips = 1
increases. and byipr = 2.7.

Figure 12: Comparison of word frequencies in a dictionary of size p = 10, 000 under various
generation mechanisms. The x and y axis are presented on a log-scale.

not threshold much in this regime — as is probably to be expected, since the frequencies
of all the words are of the same order. As highlighted in the main text, this suggests that,
whilst designed to leverage the weak sparsity of the matrix A, our method is robust to
various frequency regimes. Our method is, in fact, able to perform satisfactorily even in
homogeneous (and less sparse) settings. Interestingly, in these regimes, AWR becomes an
alternative approach (in particular, as the number of words p increases).

G.3 Varying Additional Parameters

In this subsection, we evaluate the effect of other parameters in the data generation mech-
anism detailed in Section 3. In particular, we assess here (a) the effect of the anchor word
frequency danchor (Figure 15); and (b) the impact of the Zipf law coefficient a.;,¢.
Discussion: Effect of the frequency of the anchor words. As observed in Figure 15, the
frequency of the anchor words does not appear to have a great impact on the results of the
SCORE-based methods. Increasing the frequency of anchor words does seem to improve
the performance of the Sparse Topic Estimation Method of Bing et al. (2020a) and LDA
(Blei et al., 2003).

Discussion: Effect of the parameter a;,r. As observed in Figure 16, our method offers
significant improvement over others as the word frequency heterogeneity increases. In fact,
both the Sparse Topic Estimation of Bing et al. (2020a) and our method’s ¢; errors decrease
significantly as the heterogeneity of the word frequency (high a.;,r) increases. This is
reassuring, since these are the only two of the five methods that actively leverage sparsity
of the topic matrix to improve estimation.
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(b) Percentage of thresholded words as a function of corpus length, dictionary size and document

Figure 13:

length.

Comparison of the different methods under the uniform frequency generation
mechanism detailed in (60). Results are shown for a fixed number of topics
K =5, averaged over 50 independent trials, and plotted as a function of corpus
size n. For low values of p, the “Sparse Topic Estimation” method of Bing et al.
(2020b) does not appear because the number of topics it estimated was smaller
than the true value K = 5; therefore we were unable to evaluate it and do not
report it in the plots.
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Figure 14: Same experiments as depicted in Figure 13. Results are displayed as a function
of document length N.

G.4 Semi-Synthetic Experiments

Data Generation Mechanism. To ensure the realism of our experiments, we now propose
to evaluate the performance of our method on a semi-synthetic dataset. To this end, we
consider the Associated Press Dataset, a dataset of 2,246 documents with 10,473 terms. We
fit an LDA model on the induced document-term matrix and vary the number of topics to
obtain an underlying Ay and Wy. For each experiment, we select a subset of documents
by sampling ¢ € {1,--- ,n} without replacement, and concatenate the selected columns of
W; to construct the topic-to-document matrix W. Having obtained A and W, we then
sample each column of the matrix D from a multinomial distribution as before. We note
that: (a) this data generation mechanism matches the one assumed by LDA, so it comes
as no surprise that LDA performs better in this set of experiments than in the previous
subsection; and (b) this data generation mechanism does not impose as much sparsity as the
Zipf law. Indeed, the A matrices imputed by LDA, which serve as ground truth here, are less
heterogeneous than in our other synthetic experiments. Nonetheless, our method improves
slightly over Topic-SCORE for corpora of moderate size, across most data regimes. We also
note that both SCORE methods outperform AWR across all data regimes. Interestingly,
LDA exhibits impressive accuracy in this particular regime.
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Figure 15: Effect of the anchor word frequency dgnchor On the results. Here the number of
topics is fixed to K = 3 and the dictionary has size p = 5, 000. Consistently with
the experiments presented in the main text, each topic has 5 anchor words.
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the experiments presented in the main text, each topic has 5 anchor words with
frequency § = 0.001.
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Figure 18: Median computational time for each method as a function of corpus size n over
50 independent synthetic experiments.

Computational Speed.
Finally, we report here the computational speed measured in our experiments. All exper-

iments here were performed on the University of Chicago cluster. We observe a substantial

increase in the time required by Topic-SCORE as the number of documents n increases.
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(a) Point cloud for K = 3 in Topic-SCORE (b) Point cloud for our method

Figure 19: Comparison of the point clouds R obtained by our method (right) and Topic-
SCORE (left). Vertices are colored red. Note in particular how the point cloud
on the left is stretched by a few outliers.

Appendix H. Real-World Experiments: Additional Results

In this section, we provide additional visualization plots for microbiome data analysis to
evaluate the estimated topic representatives obtained by LDA, Topic-SCORE, and our
method. We focus on two microbiome datasets: the colon dataset of Yachida et al. (2019),
as before, with low p, low n, and high N; and the vaginal microbiome data of Callahan
et al. (2017), with moderate p, moderate n, and high N.

H.1 Microbiome Dataset from Yachida et al. (2019) (Low p, Low n, High N)

As depicted in Figure 11, our approach consistently demonstrates a higher average topic
resolution compared to Topic-SCORE. To understand the reasons for the gap in performance
between Topic-SCORE (Tracy Ke and Wang, 2024) and our method, we compare their
respective point clouds in Figure 19. The left plot in Figure 19a shows the adverse impact
of pre-SVD normalization on Topic-SCORE’s point cloud. It is evident that the outliers
from small h; skew the point cloud, thereby compromising the quality of its subsequent
vertex hunting. In comparison, our point cloud in Figure 19b shows an equilateral triangle
formed by the three estimated vertices. Our method combines the thresholding phase with
spectral decomposition and guarantees a higher signal-to-noise ratio.
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Figure 20: Topic resolution (measured by the average cosine similarity between halves of
the data) of our method (in blue), Topic-SCORE (red), and LDA (purple).

H.2 Microbiome Dataset from Callahan et al. (2017) (High N, Mid p, Mid n)

We also reanalyze the dataset of Callahan et al. (2017), which serves as an example in
Fukuyama et al. (2023) to exemplify their topic refinement procedure. This dataset com-
prises ASV counts for 2,699 different bacterial species from 2,179 longitudinal samples
collected throughout pregnancy in 135 individuals (Callahan et al., 2017). In this case, the
average sample length is around N = 157,500. Based on the refinement results of LDA,
Fukuyama et al. (2023) conclude that the topic analysis should be done using K = 7 topics,
or with up to K = 12 if one allows for the possibility of spurious topics. We thus fit up
to 12 topics and plot the average resolution (Figure 20) and refinement of the methods in
Figure 21. We find that our method compares favorably to Topic-SCORE in terms of its
average resolution and is broadly similar to LDA. For a low number of topics (K < 7), our
method seems even preferable to LDA in terms of topic resolution, achieving better resolu-
tion at much greater speed. The topic coherence seems slightly higher for LDA at K =7,
the recommended choice of K by Fukuyama et al. (2023), than for the other methods. For
K > 8, our method seems to yield topics that are more recombined from one level of the
hierarchy to the next than those observed in LDA. This concurs with the choice of K =7
by the authors, but seems to highlight the fact that for high values of K, in datasets of
moderate sizes, LDA appears a preferable choice. However, we note that Topic-SCORE
seems to (1) exhibit more recombination of topics early on in the hierarchy (see bottom
topics in Figure 21a); and (2) put very little mass on topics as K increases (indicated by
the small size of the rectangles in Figure 21a): as K increases, most of the dataset’s mass
is distributed along roughly 5 or 6 topics. This could in particular mean that the method
does not really identify more than 6 topics.
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Figure 21: Topic coherence and refinement (as computed by the method of Fukuyama et al.,

2023) for the different methods in the vaginal microbiome dataset of Callahan
et al. (2017). Topics are colored by coherence.
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