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Abstract

A novel approach for generating conditional probabilistic rainfall downscaling at finer
scales from deterministic weather variables at coarser scales with temporal and spatial
dependence is introduced. A two-step procedure is employed. Firstly, marginal location-
specific distributions are jointly modelled conditional on the deterministic coarse weather
variables. Secondly, a spatial dependency structure is learned to ensure spatial coherence
among these distributions. To learn marginal distributions over rainfall values, we introduce
joint generalised neural models that expand generalised linear models with a deep neural
network architecture to jointly fit parameters of the distributions. The spatial dependency
structure is modelled using a censored latent Gaussian copula leveraging the underlying
spatial structure. We construct a distance matrix between locations, transformed into a
correlation matrix by a Gaussian Process Kernel depending on a small set of parameters.
To estimate these parameters, we propose a general framework for the estimation of latent
Gaussian copulas employing scoring rules as a measure of divergence between distributions.
Uniting our two contributions, namely the joint generalised neural model and the censored
latent Gaussian copulas into a single model, our probabilistic approach provides downscaled
rainfall. We demonstrate its efficacy using a large UK data set, outperforming existing
methods.
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1. Introduction

In an era of escalating climate change, the global community is witnessing an intensifying
frequency of high precipitation events. As per the United Nations’ report, flooding emerged
as the most prevalent weather-induced disaster over the two decades culminating in 2015,
impacting 2.3 billion individuals and resulting in an economic toll of approximately 1.89
trillion (Wallemacq and Herden, 2015). In response to the mounting fiscal and societal risks
associated with heavy precipitation and flooding, policy makers are increasingly leveraging
large-scale numerical weather predictors (NWPs) (Randall et al., 2007; Jung et al., 2010)
in conjunction with flood models (FMs) (Qi et al., 2021).

One of the main shortcomings of NWPs is their coarse resolution. State-of-the-art NWPs act
on horizontal scales of 50 km to 100 km, which is insufficient to capture local precipitation.
But to accurately predict possible future flooding scenarios, FMs do need an accurate
prediction of precipitation on a fine grid (for example, a 10 km grid) for all locations
simultaneously in a large area (such as all of the UK). To provide local-scale precipitation
predictions, it is common practice to downscale coarse NWP forecasts to a finer grid with
the use of post-processing methods. Similar to the works by Woo and Wong (2017); Vandal
et al. (2018); Adewoyin et al. (2021); Xiang et al. (2022) and Wang et al. (2023), one of our
main aims is to perform statistical downscaling of rainfall, that is predicting high-resolution
precipitation from low-resolution weather variables.

Furthermore, one would like to have uncertainty quantification about possible rainfall
levels over a large area in order to assess various precipitation-related risks (e.g. risks
of different flooding scenarios) (Schoof, 2013), which is not possible with deterministic
downscaling, motivating our model to provide probabilistic downscaling of precipitation.
Predicting a distribution for rainfall rather than merely predicting the expected value can
also rectify the deficiency in the simulation of extreme precipitation (Watson, 2022), as
point estimates are inherently biased towards the more commonly observed low rainfall
events. To provide accurate estimates of risks of different flooding scenarios through flood
models, we need to be able to predict and sample from the joint distribution of precipitation
from a large area in a spatially-coherent manner rather than only providing probabilistic
prediction of precipitation in a location-specific manner. Unlike implicit generative Machine
Learning based approaches such as Ravuri et al. (2021); Harris et al. (2022); Chen et al.
(2024); Duncan et al. (2022) and Price and Rasp (2022) which do not have access to the
distribution or cannot output precisely zero-valued observations, we would like to obtain an
explicit model for rainfall quantities capable of predicting exact zero amounts, thus retaining
the interpretability of the model’s outputs.

Hence our main aim is the development of a downscaling method for the reliable and
explainable mapping of large-scale atmospheric variables from coarse weather or climate
models to spatially-coherent high-resolution probabilistic predictions of precipitation.

To this aim, we introduce a pioneering two-component probabilistic model for the down-
scaling of rainfall. The first component comprises a novel joint generalised neural model
designed to learn location-specific explicit marginal distributions conditioned on spatio-
temporal covariates through a novel architecture. (Note that here, “joint” refers to the
estimation of marginal density parameters being done jointly, not to be confused with the
estimation of a joint density). The second component is a censored latent Gaussian copula
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approach, specifically designed for censored data, which introduces spatial dependency into
the location-specific downscaling of precipitation. When combined, these two components
generate spatially and temporally coherent joint distributions of rainfall. We provide a di-
agram of our model, termed Cens-JGNM, in Figure 1. We apply our model to an extensive
UK rainfall data set and juxtapose its performance with established benchmark methods.
Our approach has important applications, including:

e The extension of univariate forecasts to joint distributions with coherent spatial de-
pendence. Many models in the Geoscience community exist for reliable location-wise
prediction of censored observations. Our methodology offers an easy extension of
the existing models to simultaneously predict variables of interest at multiple sta-
tions while taking into account both the censoring of data and the inherent spatial
dependency.

e The improvement of rainfall predictions (for single or multiple locations) at a local level
by enhancing their resolution with our approach, taking additional high-resolution in-
formation into account. Rainfall predictions are notably more challenging and have a
shorter prediction horizon compared to other atmospheric variables due to the highly
variable and localized nature of precipitation events. Factors such as complex cloud
microphysics, rapid changes in atmospheric moisture, and small-scale convective pro-
cesses contribute to this decreased predictability as they evolve at a scale significantly
finer than our input data. Consequently, our approach aims to extend the tempo-
ral reach of rainfall forecasts beyond that of standard weather or climate models by
exploiting correlations between more predictable atmospheric features and precipita-
tion. Furthermore, our explicit modelling of distributions ensures explainability and
captures the uncertainty inherent in precipitation downscaling.

e The computationally efficient generation of downscaled total precipitation outputs
that enhance the accuracy of total precipitation predictions from leading NWP models,
such as ERA5, which are known to exhibit significant bias (Lavers et al., 2022). This
problem also extends to data driven approaches which rely on NWP output as training
data and are prone to learning the biases present. As such, prominent data driven
approaches have excluded total precipitation from outputs or diagnostics in (Lang
et al., 2024; Lam et al., 2023).

The remainder of this paper is structured as follows: Section 2 introduces the UK mete-
orological and rainfall data set employed in this study (ERA5 and E-OBS for training and
IF'S for benchmarking) along with our two-component approach. Section 3 details the ap-
plication of joint generalised neural models as a method for learning marginal distributions.
Section 4 explains how censored latent Gaussian copulas can extend marginal densities into
a joint prediction with the correct spatial dependence in the presence of censored observa-
tions. Section 5 showcases the results of censored Gaussian copulas fitted with the joint
generalised neural model marginal distributions to the UK data set. Connections with ex-
isting work are established in Section 6 with this study’s conclusion presented in Section
7.
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2. Data and Statistical Problem

We begin by providing a description of the data in Section 2.1, followed by an explanation of
our statistical problem and approach in Section 2.2. Notation for the main text is included
in Table 1 with deviations from this indicated in the relevant Sections.

Symbol Description Symbol Description

z Set of location {1,...,n} i Individual location

T Set of days t Individual day

Vs Target rainfall over all locations || v; s Target rainfall at location ¢ and
in Z for day s day s

v Latent variable vector over all || v/ Latent variable at location ¢ and
locations Z for day s day s

Xi s Weather variables relevant for || ;s Subset of predictors C H; rele-
location 7 and day s vant to predict y; s

Hs History of &; 5 over all ¢, and for || D Distance matrix € R™*™ of spa-
days relevant to day s tial information for all locations.

F (Conditional) distribution of 8 Latent (conditional) distribu-
rain at location ¢ for day s tion at location ¢ for day s

fis (Conditional) density of rain at i Latent (conditional) density at
location 4 for day s location ¢ for day s

T Joint (conditional) rainfall den- || 7* Latent joint (conditional) den-
sity over Z for day s sity over Z for day s.

c Gaussian copula density in n di- || c* Latent copula density of quan-
mensions tiles from F;:S over 7

P Standard Gaussian distribution || ¢ Standard Gaussian density func-
function tion

Zis Observed data on Gaussian scale z;i s Latent data on Gaussian scale
O (Falps|Hs) ot (Fr (i 7))

Table 1: Notations used throughout the main text.

2.1 Meteorological Data

ERAS5 and E-OBS data: Our model aims to downscale weather variables from the
ERADS reanalysis data set (Hersbach et al., 2020) on a coarse grid to a joint distribution of
rainfall across multiple locations on a finer grid as given by the E-OBS rainfall data (Cornes
et al., 2019). Table 2 summarizes the data sources involved in this work.

The ECMWF employs a physics based weather simulator named the Integrated Forecast-
ing System (IFS) for operational weather predictions and to generate the ERA5 (Hersbach
et al., 2020) reanalysis data, which serves as input data for our work. We use a selection
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of model fields, which can be resolved reasonably well by typical climate models, from the
ERAD5 reanalysis dataset (Hersbach et al., 2020) as input variables for our model, as we
hope to extend our model to climate model inputs in future works. Formally, at 6-hourly
intervals j € {1,2,3,4} on day t € T C N and for locations i € {1,...,n} = Z, we are given
predictors
Xij= (Xz(;z’ s in(,?i)a

representing six weather variables from the ERA5 reanalysis: specific humidity, air tem-
perature, geopotential height (500 hPa), the eastward and northward components of wind
velocity (850 hPa), and total column water vapour. These variables are available four times
per day at a resolution of approximately 5/9° in longitude and 5/6° in latitude (correspond-
ing to roughly 50 km grid spacing over Wales) as produced by the IFS-based reanalysis.

For each day, daily means of these smoothed model fields are computed. However,
because our outcome variables—the 24-hour precipitation accumulations (in millimetres)
from the E-OBS dataset—are recorded on a 0.1° longitude-latitude grid, it is necessary to
interpolate the input fields to the same high-resolution grid. In practice, the original coarse
grid (which covers a spatial extent roughly corresponding to a 20x21 grid) is regridded using
a bivariate spline interpolation scheme on a rectangular mesh to produce a finer 100x 140
grid with 0.1° resolution (approximately 8.5 km spatial resolution). This constitutes our
input weather variables X; s,i € Z,s € T used for modelling. This interpolation not only
refines the resolution but, due to a cropping of the overall extent, ensures that the predictor
and outcome variables are spatially aligned.

IFS Benchmark data: As a deterministic benchmark, we use precipitation predictions
available from short-term forecast simulations with IFS as they were performed to provide
the background state of the 4DVar data-assimilation when ERA5 was generated. There
are two forecast simulations started each day at 6 am and 6 pm. We extract the pre-
cipitation fields for the first 12 hours of each simulation to reproduce daily precipitation
- this is presently the optimal way to derive meaningful precipitation predictions from a
dynamical model that is consistent with the large-scale fields in the ERA5 reanalysis data.
Note that the IF'S precipitation predictions provide only a deterministic prediction for each
point in space and time, which requires simulating the full three-dimensional state of the
global atmosphere, and are computationally expensive. In contrast, our mapping provides
a probabilistically downscaled rainfall value, requiring only 6 local model fields as input,
and can be generated at a much lower cost once the model is trained. Furthermore, the
precipitation data was mapped directly from the native Gaussian grid of ERA5 (N320)
to the high-resolution grid (0.1° longitude and latitude) of the observations and was not
mapped to the coarse resolution grid at 5/9° longitude and 5/6° latitude first. The IF'S pre-
cipitation predictions have therefore a higher spatial resolution (~ 30km) when compared
to the model fields that serve as input to our model, making it an especially challenging
benchmark.

2.2 Statistical Problem

Our goal is to downscale rainfall over the UK by conditioning on weather predictors while
portraying uncertainty and preserving spatial coherence. We are presented with predictors
in the form of weather variables X';; for days t € 7 and location indices ¢ from the set Z of
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Source

Weather Variables

Description

ERAS5 Dataset

Air Temperature, Spe-
cific Humidity, Geopoten-
tial Height (500 hPa),
Wind Velocity (U/V, 850
hPa), Total Column Wa-
ter Vapour

Historical weather state estimates
from a numerical weather model
with continuous observation assimi-
lation. Provides 6-hourly records at
1-degree resolution. Used as inputs
for our neural network models.

E-OBS Rainfall Daily Total Precipitation Observational records collected

Dataset from a network of weather stations.
Provides daily records at 0.1-degree
resolution. Used as the target
dataset for our neural network
models.

IFS Precipita- Daily Total Precipitation Forecast precipitation estimates

tion Dataset for from the free-running IFS model.

benchmarking Unlike ERAS5, these forecasts rely

solely on internal model physics
without continuous assimilation of
precipitation observations.  Used
as a deterministic baseline for
comparison.

Table 2: Meteorological Datasets.

locations considered. As we want to provide a probabilistic prediction at a time s € T for
rainfall Ys = (y1,5,-- ., Yn,s) simultaneously over all locations in Z, we need to construct a
conditional joint distribution of rainfall over the n locations at time s, written P(Ys|Hs),
conditioning on the history of predictor variables until time s denoted as Hs = {X;; :
i € Z and t < s}. Further, we assume that this conditional dependency is k-Markovian in
nature, that is

P(Ys|Xit:t€Zand t <s) =P(Ys|Xip:i€Z and s —k <t <s).

For this work, we chose k to be 28 days, meaning distributions of precipitation at a location
only depend on the values of the model fields from the last 28 days, which is a reasonable
assumption from a meteorological point of view.

Since this conditional joint density is hard to estimate in one step, we decompose our
approach into two sub-parts using Sklar’s theorem (Sklar, 1959) on copulas, which are
multivariate cumulative distribution functions (CDFs) for which the marginal probability
distribution of each variable is uniform on the interval [0, 1].

Sklar’s theorem uses copula densities on [0, 1] to link the marginal density functions
from n dimensions together, thereby forming a joint probability density function (PDFs)
for random variables in R™. But we notice that the observed rainfall y;; is a non-negative
random variable with a significantly high probability of zero, as a rainfall value for a dry
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day translates to a zero-valued observation, making our observations a case of zero-inflated
data, in which zero-valued data points are over-represented.

Hence, to apply Sklar’s theorem for modelling the joint distribution of rainfall, we
consider our observations Y being censored observations of a latent variable Y; € R"
where

o yz 5 if y;-i s >0
Yi,s 0, " y;ﬁs <0
We assume the conditional marginal densities of the latent variables Y are f;" (y; |Hs), i €

Z,s € T (with distributions F/ (y;,|Hs) ) at location i € Z and model the dependence
between them with a unique copula

C* (Fik,s(yis‘ﬂs)a tee >F;,s(y:,s‘HS)|HS> D)

given H; and D, the latter being a n x n matrix of spatial information for n locations in Z.
Hence Sklar’s theorem (Sklar, 1959) provides us with a joint density, denoted m(Y%5|#Hs), of
the form

u (y:n'ts) = fis (yis’%S)" . "f;zk,s (y;,sr}is)‘c* (Fl*,s (yis“-ts) PR 7F;,s ((y;kl,s‘?-ts) ’%87 D) .

We consider f; ; and Fj , are respectively the conditional marginal density and condi-
tional marginal cumulative distribution function of rainfall at location ¢ and time s given
., which corresponds to the probability density function (with respect to the Lebesgue
+6, measure)

fis (Yis

% ) _ f';:s (yi75 %S) ) lf yi,s > 0
T FL(0Hs), iy =0

and the distribution function

Fz?):s (y’i75‘%8) ) if Yi,s >0

F‘) (y7 ‘H ) = . .
peRETe Pis = Ff, (M), if yis =0

In order to model the joint distribution of rainfall, our approach at first involves directly
modelling the marginal densities f; s (and correspondingly, distributions F; 5) by leveraging
established distributions of zero-inflated data. Examples of such distributions include a
mixture model with mass at {0} and a continuous parametric density for y;; > 0 (Das, 1955;
Shimizu, 1993). To condition the marginal densities f; ; on H,, we consider the parameters
of this distribution family to be functions of Hs in our novel approach termed the joint
generalised neural model (JGNM). This model transforms H into informative summaries
via a function parameterised by a neural network architecture. These summaries are then
employed as predictors within a joint generalised linear model framework (Nelder and Lee,
1991) to jointly model the different parameters of the marginal densities, hence the name.
The initial transformation of predictors into summaries is designed to extract non-linear
trends from the data. More specifically, the temporal and spatial dependency structures
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Input data

Loc 1...Locj..Loc |7]
Loc1

/ Rainfall target —\
Finer grid at

8.5 km spatial
resolution

; Dijy) = \/llut, — latj|? + |lon; — lon,|?

\CoarseweatherVariables X Distance Matrix D J \DailyTotalPrecipitation y /

/— 1) JGNM 4\ /— 2) Censored Latent Copula 4\
10 r  Correlation matrix

D 2.5 (P.i)10)
X it iy 03 Loc ...Loc [1]
‘ - - I
Fi s ) . Locj ...Loc
ConvLSTM '
%80 05 10
Marginalmodel F —— Censoring levels
; A . em. . . Latent copula data
Qany location ZVS(yZ’S’pZ’S’uZ’S’QsZ’S/) K @ Censored copula data my

/ 3) Sample rainfall

~ | 0:75 7 s
0 — E(Za]) (D(ZJ) ’9) Latent 0.50 & 10
c lati i y o
onstruct correlation matrix  Copula 025 ‘g; ’ FZ,’S 4 s ’ ’

Latent copula samples

Rainfall samples

qi’t ) For all locations, get E,s(yz‘,s%pi,s,ﬂi,s» ¢i,s) L fordayt /

JGNM

Figure 1: Diagram of our Cens-JGNM model: Our method takes weather variables
and distances between locations as inputs with the goal of downscaling samples to higher
resolution target rainfall. In part 1), we predict parameters for marginal distributions. In
part 2), we model the dependence with a censored latent copula. Finally, in part 3), we
produce rainfall samples by applying the inverse distributions to latent copula samples.

are captured through distinct neural network architectures, employing convolutional long
short-term memory network (Shi et al., 2015) modules. For each of the locations in Z
and times in 7, the JGNM is trained to output parameters which minimize the negative
log-likelihood of rainfall under the parametric family model for f; s(y;s|Hs). The detailed
description of JGNM and the inference process are elaborated in Section 3.

In the second part, to model the spatial dependency structure we assume a Gaussian
copula for the latent continuous variables Y. To encapsulate the spatial dependency struc-
ture among the n locations, we draw upon the literature on Gaussian processes (Rasmussen
et al., 2006). The correlation matrix ¥ of the Gaussian copula is determined by a covariance
function k , which offers a scalar measure of similarity between the spatial information of
two points. This measure is often referred to as the kernel of the Gaussian process. The
correlation matrix is generated by pairwise evaluation of the kernel on all points. For the
sake of simplicity, we assume that the spatial dependency structure is time-independent,
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and hence X does not depend on H,. The specifics of the parametric form and the infer-
ence of the kernel parameter will be discussed in Section 4. It is important to note that
the computation of the maximum likelihood estimator of the kernel parameters is infeasible
as we do not have knowledge of f7 (y;,) and F/ (y; ) for y;; < 0, Vi € 7. As a result,
we propose an innovative estimation methodology based on the minimum Scoring Rules
estimator (Dawid et al., 2016; Pacchiardi and Dutta, 2022b; Alquier et al., 2022), which
requires only simulations from the censored latent Gaussian copula. We provide a diagram
of our model, termed Cens-JGNM, in Figure 1.

3. Modelling Marginals with the Joint Generalised Neural Model

We will now describe the considered parametric model for the conditional marginal densities
fi,s(yis|Hs) and their corresponding distributions F; s(y; s|Hs) in Section 3.1. Later in
Section 3.2, we describe how to train parameters of these densities with details of our
model’s neural architecture given in Section 3.3.

3.1 Joint Generalised Neural Model

As our goal is to retain explainability in our modelling approach, for marginal densities,
we opt for a parametric form. Additionally, this saves computational costs in Section 4,
where repeated exact evaluations of the distributions are necessary. Due to the zero-inflated
nature of rainfall data, we consider the following parametric form for the marginal density

P(Yis; P, tis, Dis) = [1 — Dis] - 00(Yi,s) + Pis - F(Yis; tis, Dis)s

for y; s € R>g,i € Z,s € T, where y(.) is the Dirac mass measure at 0, p; s € [0,1] is the
probability of positive rainfall and with p; s > 0 and ¢; ; > 0 symbolising the mean and
dispersion parameters! of F which is a continuous density defined on Rsg. Existing studies
(Das, 1955; Fealy and Sweeney, 2007; Little et al., 2009; Ailliot et al., 2015; Holsclaw et al.,
2017; Bertolacci et al., 2019; Xie et al., 2023) argue in favour of a gamma distribution as
the choice of F, following which we will consider the zero-gamma mixture in the rest of this
work with density given by

Yi.s 1/¢is Yi,s 1
P(Yi,s: s thiys, Pis) = [1 = pis] - 0o (yi,s) + i < > exp(— : ) ;
( 1,8 1,8 z,s) [ % s] ( 275) 1,8 ¢i7s i Uis Qbi,s i F(1/¢i,s)
for y; s € R>o,7 € Z,s € T. We further assume that the marginal distributions are influ-
enced by the conditioning predictor variables (Hs) exclusively through their parameters.
For any given y; ¢ and a relevant subset of predictors x; s C Hs, following the literature
on generalised linear models (GLMs) (Dunn and Smyth, 2018) and joint generalised linear
model (JGLMs) (Nelder and Lee, 1991), we can model the parameters (p; s, (i s, ¢i,s) specific
to location ¢ and time ¢t as,
gp(pi,s) =g + <a> mi,s>
g,u(/"i,s) = BO + <B7 mi,s> (1)
96(Pi,s) =0 + (7, ®is)

1. Note here that ¢; s refers to the dispersion parameter while ¢ without subscripts refers to the Gaussian
PDF.
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where (ag, @), (8o, 3) and (70,7) are regression coefficients and g, , (pi,s) = log(pis/(1 —
Pis)) Pis € (0,1), gu, , (1is) = 10g(kis), 9o, ,(Pis) = 10g(¢is) are the link functions. In
practice, since we do not require reversibility of our link function, we are free to choose
an inverse link function that has an appropriate range, but provides a more stable set of
gradients during training. Table 5 details the specific inverse link function used in our
work.

While a JGLM would allow us to have location and time-dependent models for marginal
densities f;(y;s|Hs), we can still seek improvement in the complexity of the model. Notably,
the relationship between predictors and density parameters is linear in the coefficients. As
such, non-linear relationships in the modelling of parameters will not be taken into account
by the marginals. To remedy this, a further improvement of GLMs can be considered by
incorporating neural networks (Goodfellow et al., 2016).

Similar to the DeepGLM model introduced in Tran et al. (2020), we refine the predictors
x; s C M, by training a neural network N, parameterised by 1 to obtain refined features
J\@, (xis). These refined features are used in the place of x; s as predictor variables in the
Equation (1) to arrive at our joint generalised neural model,

Ip(Pis) = ao + (c, Ny (i s))
9u(is) = Bo + (B Ny (xi5))
g¢(¢i,s) =7+ (77N¢(mi,s)>

where (o, ), (8o, 3) and (70,7) are regression coefficients in R and g,(.), 9.(.), 94(.) rep-
resent the link functions.

Thus, our JGNM model can be seen as a distributional learner capable of outputting
multiple parameters given initial weather predictors by capturing linear as well as non-linear
relationships present in the data. Unlike models that output a field of predictions over fixed
points (e.g. Harris et al. (2022); Vosper et al. (2023)), our model only needs predictors to
output parameterised densities. Thus, given predictors x; ; for a new location 7 expected to
follow the same precipitation patterns as in Z, our model can be applied to such locations
outside the training set, thereby enabling, for example, principled interpolation. Indeed, one
only needs to input initial predictors x; ; into Ny in order to have the JGNM parameterise
a distribution; no further distinction is made between locations given the input, meaning
additional locations can be included into our model without needing to retrain it.

3.2 Inference for the JGINM

To ensure our model aligns with the selected distributional assumptions, we learn the aggre-
gated parameters (1, ag, a, Bo, B, Y0,7) using the likelihood specific to the assumed marginal
model in the loss function of the JGNM.

For the gamma mixture, the JGNM loss function contains two segments. The first
segment pertains to p; s and adopts the form of a logistic loss. The second segment is
associated with the parameters p; s, ¢; s and is represented by the negative log-likelihood
(NLL) of the corresponding gamma density. In instances of zero rainfall, only the logistic
component is considered, while in the event of rainfall, both components are evaluated.

The component in the JGNM loss function accounting for rainfall occurrence in terms
of p; s is the logistic loss, also known as binary cross entropy, between occurrence and p; ,

10
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written as

L(pi,s|yi,s) = —H{yi,s = 0} log(pis) — (1 — H{yi,s = 0})log(1 — pis)-

Under a GLM parameterisation the Gamma density for positive rain y; ; > 0 is written as

fi(yi,8|’H8) = P(yi,s:;pi,sa Hi s, Qbi,S)

()" L ()
¢i,sﬂi,s Yi ¢i,s,ui,s F(1/¢z,s>

leading to a negative log-likelihood corresponding to the loss for positive rain of the
form

1
£(Hi,sa ¢i,s|yi,s) = (

1 7,5 M1, s 1,8 —
qﬁls_l)log(yi,s)— OB(Oustie) __Yir _jog(r(gl),

Gis Wi, sPi,s

3.3 Network Architecture

The neural network component [NVy] of the JGNM employs a unique architecture to capture
the spatio-temporal properties of the data. Our proposed model contains a convolutional
long short-term memory network (ConvLSTM) (Shi et al., 2015) — a neural module that
combines convolutional Neural Networks (CNN) and Long Short-Term Memory (LSTM) —
to extract both spatial and temporal trends effectively. ConvLSTM leverages the strengths
of LSTM models, which are recursive models appropriate for time-series data, and convolu-
tional networks, a notable architecture for 2D /3D image data. A comprehensive description
of the architecture can be found in Appendix A.

In addition to the standard ConvLSTM, our architecture is novel in its integration of
several key modules that differentiate it from conventional approaches. Notably, the Time
Distributed 2D Convolution Layer (TD2L) ensures uniform feature extraction across time
steps, while the Time Distributed Temporal Downscaling layer (TDTD) employs a con-
volutional self-attention mechanism to dynamically aggregate temporal information. Fur-
thermore, the Time Distributed Mean Function Layer, composed of dedicated single-layer
perceptrons, provides tailored inverse link functions for each parameter of the predictive dis-
tribution. Instead of employing simple temporal aggregation, we introduce a Convolutional
Self-Attention layer to facilitate the transition within our model from 6-hourly weather field
data to a 24-hourly representation.

Overall, our network comprises several key components with specific sizes and layer
counts. The initial TD2L uses one 2D convolution to transform 16 x 16 x 6 input patches
into 16 x 16 x 64 feature maps. This is followed by two bi-directional ConvLLSTM layers with
skip connections to robustly capture spatio-temporal dependencies. The TDTD layer then
groups every four consecutive time steps, employing a CSA module that uses 4 attention
heads (each with a hidden dimension of 64) to compute dynamic, weighted feature aggrega-
tions. This multi-head CSA module enhances the model’s ability to integrate information
across time before the final downscaling. Finally, the Time Distributed Mean Function
Layer uses three perceptrons to produce the parameters of our predictive distribution.
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4. Censored Latent Gaussian Copula

In this section, we centre our attention on the dependency structure model described in
Section 4.1 and the associated challenges in its estimation, as discussed in Section 4.2. Our
proposed solution is a novel estimation approach based on minimum scoring rules detailed
in Section 4.3, which we validate on simulated data in Section 4.4.

For the latent variables Y3, we assume that their dependence can be modelled by a
Gaussian copula ¢, with density

C* (Fl*,s (yisn'l's) 9 7F;Lk,s ((y;,sn—ts) ‘H&D)

n(2F 6oy 28 5|0, 2(D)6
R

where 2} = &~ (ﬂ*s(yfs\’ﬂs)), ¢ and ® are the PDF and CDF of univariate Gaussian

distributions, and ¢, a Gaussian multivariate density with mean 0 and correlation matrix
¥(D|#) which depends on a matrix of spatial information D through a parameter §. We
construct D as the Euclidean distance based on the latitude and longitude of locations, the
details of which are provided in Appendix B where we also investigate and decide against
using topographical information for D. We assume the dependence structure imposed by
this correlation to be constant in time, hence dropping the dependence on H; in the con-
struction of . This is a tradeoff of simplicity for modelling purposes and sophistication for
predictive prowess. In this way, we model the joint relative intensity as a function of space,
while the exact amounts also depend on temporal information through the marginals. Due
to the Gaussianity assumption on c, the only object to infer is the correlation matrix which
incorporates the spatial dependence into our model.

4.1 Modelling of Spatial Dependency

This reliance on D when constructing the latent Gaussian copula c induces the spatial
dependence on latent variables Y: and hence on the observations Y. To construct the
correlation, we reference the existing literature on Gaussian processes (Rasmussen et al.,
2006) and apply a Gaussian process kernel as an element-wise transformation of the initial
matrix D, which contains spatial information. This transformation ensures the resulting
matrix’s positive definiteness and thus its validity as a covariance of a Gaussian distribution.
The choice of kernel k(D|6) specifies this transformation and typically depends on a few
parameters, here denoted by 6. We use the Matérn kernel (Matérn, 2013), a common choice
in spatial statistics (Gerber and Nychka, 2021; Richards et al., 2024), which provides us with
a correlation matrix ¥(D|6) of the following form:

27 (e Pen " /3y D)
(i) (Pag)|0) = k(D) = 75\ VIv—g= | - Kv (VZr—p=
I'(v) 0 0
where I' is the gamma function and K, is the modified Bessel function of the second kind,
noting that the expression depends on the unknown lengthscale 6 (€ R~() and additional
parameter v usually chosen by the user. In this work, we would consider v to be fixed at 0.5
as for values of v =n +1/2,n € N the Matérn kernel has an equivalent simpler expression
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(as an exponential multiplied by a polynomial of order n), granting us a computational
speedup (Guttorp and Gneiting, 2006) (see details in Appendix D).

A convenient consequence of such a construction for the correlation matrix is that it
becomes straightforward to include additional locations (if we expect them to follow the
same pattern as our training set) in our approach even after fitting it to data. Indeed,
as long as one has relevant spatial information about a new location, the initial distance
matrix D can be expanded to include that new location by applying the learned kernel to
the distances, including it in the dependence structure.

4.2 Infeasibility of Maximum Likelihood Estimation

Traditionally, inference for a Gaussian copula is done using maximum likelihood estimation
(MLE) on its density. However, our Gaussian copula is latent, meaning we do not have ac-
cess to direct realisations 2}, = o1 (FZ*S(yl* S|’1‘-£S)) assumed to come from it. Instead, we

examine the joint density of observed data conditional on the history 7 (Ys|Hs). It can be
obtained by considering the joint density of the latent variables 7* (Y5|#;) and marginal-
ising over censored locations denoted as Cs = {i € Z : y; s = 0}. The marginalisation is
done up to the censoring thresholds of 0, to give the marginalised mass under the latent
joint density 7* (.|Hs) to censored events under 7 (.[#s) in the form of point mass. This is
formalised as:

r(VuH) = / / “ i) T dots

’LECS

:/ / Fs WisIHMs) oo frs (ns|Hs)

(F 1,8 (yl S‘H ) F* ((yns‘,’{' ’D 9 H dyZS
1€Cs

:/ / fio (WislHs) oo frs (s Hs)

bn (2550 MIOEDW H i
Hi:l(ﬁ( zs i€Cs e

While we know the form of the copula by assumption, performing MLE on this expression
is in-feasible due to the unavailability of marginals f/,, F;*; over (—oo, 0] which are needed
for the integration over censored values. Thus, we cannot Vrely on MLE for inference of the
kernel parameter 6.

To circumvent the problematic intractable likelihood expression, we develop a method-
ology using minimum scoring rules estimation (Dawid et al., 2016) for the inference of
parameters of Gaussian copulas, suitable to our case of censored latent Gaussian copulas.

4.3 Minimum Scoring Rule Censored Gaussian Copula

Introduced in Dawid et al. (2016); Pacchiardi and Dutta (2022a), the idea of minimum
scoring rule estimation is to simulate realisations from the model for a chosen parameter

13
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0 € O and select the best such parameter by comparing the simulated data against obser-
vations. This comparison is done using scoring rules (Gneiting and Raftery, 2007) which
under suitable conditions define a divergence measure between two distributions and can be
generalised to compare two data sets. As defined in Gneiting and Raftery (2007), a scoring
rule S(Py,z) is a function between a distribution Py and observed data z as a realisation
of a random variable Z ~ P*. Hence a minimum scoring rule estimate becomes,

f = argmin S (Py, z) .
0O
If the scoring rule is strictly proper (as defined in Appendix C), this can be shown as asymp-
totically (over repeated samples z) equivalent to minimizing a statistical divergence between
Py and P*. Considering the negative log probability density function of Py evaluated at
the observation as a score function, we can arrive at the maximum likelihood estimation
scheme and correspondingly to the Kullback—Leibler divergence. We provide more details
regarding these connections in Appendix C. Due to the intractability of the probability
density function of the latent Gaussian copula, we choose the energy score,

sP(Pa)=2-E||1z-2f| -E|I1Z-2ZI5], z1Z ~P

which is a strictly proper scoring rule for g € (0,2). In our study, we fix 8 = 0.5 for better
optimisation stability based on preliminary experiments, which we will assume henceforth
for all applications of the energy score. If we can draw m identical and independent samples

z' = (Z},...,2],) from the distribution Py, then an unbiased estimate of the energy score

Sj(Eﬂ) (Py,z) can be constructed as follows:

aB) (o 2 & / B 1 - ! 18
Sy (2,2) = mz: |z — 2, - m(m_l)kz 125 = 2|5 -
. =
The inference of the parameter for the censored latent Gaussian copula model depends

on the crucial observation that we can simulate from this model for any given parameter 6.
As a Gaussian copula is associated to a Gaussian with a given correlation matrix ¥ (Nelsen,
2006), we can infer the correlation matrix directly on the Gaussian scale by transforming
the observed data to the Gaussian scale as z; s = ® 1(F; s(yi.s|Hs)) € R. For a censored
Gaussian copula, we correspondingly deal with a censored Gaussian density. To compute
the minimum scoring rule estimate of §, we define simulations z; = (2 ..., z;, ;) from the
censored Gaussian density (corresponding to the censored Gaussian copula) as

* : * .
r ) e if Zig > d; s
1,8 . *

di,s’ if Zis < di,s

(2)

where z§ = (2, ..., 2, ;) is asimulation from the uncensored Gaussian density N'(-|0, 3(D|0)),

» *n,s

dis = CI’*l(l — pi,s) and p; s corresponds to the mass at 0 for the marginal density model

F; s(:|Hs). Further, we also transform observed rainfall (y; s : 1 <i <n)tozs = (255 :1 < <n)
which is the corresponding output of the (assumedly true) censored Gaussian. We do

so by applying the inferred marginal distribution Fj,(-|Hs) to observation y;,, getting
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Figure 2: Simulation study: We fit a regular and a censored copula for 1000 replicates
with our method, repeating this for increasing sample sizes. (a) The parameter estimation
error distributions for both cases with the associated MSE, with the dotted lines representing
a Gaussian approximation of the error density. (b) The L; norm compares the true and
estimated matrix obtained with the fitted parameter 6. Both the censored and uncensored
copulas show a decreasing error with the observed data size, occurring faster for the latter.

Zis = <I>*1(Fz',s(yi,s!7'ls)) at each location ¢ and time s. Comparing the transformed obser-
vations zg; with m samples from the censored Gaussian with correlation parameterised by

. o m
0, denoted by Zj = {Z;(J) = (21,60 ,z%ys)(ﬂ)}' X for each s € §, we can compute the

minimum scoring rule estimate as follows:

4.4 Inference on simulated data

To empirically validate our estimation procedure, we consider a simulation study with known
parameter values. The experimental setup is as follows. For a given observed sample size of
T = 250, 500, 750, 1000 we sample from a spatial Gaussian copula with a correlation matrix
3* parameterised using 6* = 35 as described in Section 4.1, and from a censored Gaussian
copula with identical correlation where the censoring levels are {1 — Pi}lﬂl ~ U[0.5,0.95].
We fix |Z| = 3 since under a correctly specified model the correlation kernel is applied
entry-wise, hence rendering all dimension pairs informative about 6, meaning inference can
be conducted with any subset of locations. We optimise 8 using our Minimum Scoring Rule
approach of Section 4.3 with the gradient-based Adam (Kingma and Ba, 2014) optimiser to
convergence to obtain our parameter estimate 0, in turn getting 33, The size of simulations
for the Scoring Rule is always set to the observation sample size. We repeat this experiment
1000 times with different optimisation initialisations in U[30, 40] to imitate our initialisation
in practice, see Appendix D.
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In Figure 2a, we show the distribution of estimation errors for § with sample size as well
as the mean squared error, in blue and red respectively for the censored and uncensored
Gaussian copulas. Our minimal SR inference approach recovers the true parameter for
both copula types, with the estimation error shrinking with sample size and approximately
following a Gaussian density (shown as dotted lines fitted on the errors) centred at the true
parameter value. In Figure 2b, we show the L; norm (see Appendix E.1) of correlation
matrix differences ¥; — ¥+, depicting a similar pattern, where the estimated correlation
matrix matches the true matrix better with increasing sample sizes.

In the uncensored case, the error variance decreases more rapidly than in the censored
case. This reflects the loss of information due to censoring. Practically, instead of observing
the full range of copula samples [0, 1], we only observe the range [1—p; 5, 1] ... X [1—pp s, 1],
making only a fraction of the samples fully observed, effectively diminishing our sample size.
While the censored data still carries information about the correlation structure, there is a
loss of information, which explains the slower rate of decreasing error in Figure 2b.

5. Real Data Scenario

Finally, we apply our approach to the data set presented in Section 2. We conduct a compre-
hensive evaluation by comparing our proposed method with other benchmark probabilistic
downscaling methods using standard diagnostics of probabilistic prediction [Appendix E]
in Section 5.1, in addition to a deterministic precipitation prediction provided by IFS data.
We then assess the spatial coherence of the generated samples from all these methods in
Section 5.2. Finally, we investigate the effect of varying lengths of training data on the
performance of our approach in Section 5.3.

5.1 Comparison with benchmark models

We begin by comparing our method (denoted Cens-JGNM) to two competing benchmark
methods: the variational auto-encoder generative adversarial network (VAE-GAN) (Harris
et al., 2022) and the convolutional conditional neural process (ConvCNP) (Vaughan et al.,
2022). Both these methods as well as our own were fitted to the grided data detailed in
Section 2.1 spanning a 20-year period, divided into a training set from 1979 to 1993 and
a validation set from 1993 to 1999. We then compare their forecasting capabilities on a
held-out test set of 20 years, from 1999 to 2019.

Remark: It is worth reiterating that our data does not include precipitation weather fore-
casts as a predictor, unlike the above-mentioned studies of Harris et al. (2022); Vaughan
et al. (2022). Consequently, the performance of the benchmark methods obtained in their
respective articles cannot be directly compared with the performances presented in this study
(of the benchmarks as well as our approach). The inclusion of precipitation NWPMs pre-
dictions would improve a model’s forecasting capabilities for rainfall.

We begin by looking at the Area Under the Curve (AUC) [Appendix E.2] resulting
from a calibration task, as shown in Figure 3a, with corresponding Receiver Operating
Characteristic (ROCs) curves reported in Appendix F. The AUC achieved by the Cens-
JGNM is slightly higher than that of the ConvCNP, and both remain constant across
different precipitation amounts. The VAE-GAN’s AUC is generally lower than the two
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Figure 3: Calibration diagnostics: We show in (a) AUCs [Appendix E.2], (b) Rank his-
tograms [Appendix E.3] of the rank of precipitation observations against simulated samples
and (c) ESFs [Appendix E.4] for our Cens-JGNM approach compared to ConvCNP and
VAE-GAN benchmarks. Figures 3a and 3b indicate the appropriate treatment of marginal
densities by the Cens-JGNM and ConvCNP both employing explicit Gamma densities as
opposed to the implicit approach of the VAE-GAN. Figure 3c reveals that the Cens-JGNM
obtains the best calibration, closely followed by the ConvCNP, with the VAE-GAN incor-
rectly capturing 0 values and underpredicting higher amounts.

other methods and deteriorates for higher precipitation amounts, showing that the two
aforementioned models are better suited for modelling high rainfall events.

In Figure 3b, we show rank histograms [Appendix E.3] to investigate calibration. The
Cens-JGNM and ConvCNP have almost identical performances, displaying a close fit to the
ideal rank, which we attribute to their similar form of marginal densities with the adoption
of a Gamma mixture model. The slight misalignment of ranks on the far right for the two
aforementioned approaches suggests that the parametric form is not entirely accurate in the
tail, and could benefit from a more appropriate treatment of extreme values. On the other
hand, the VAE-GAN displays a poor performance characteristic of under-dispersion with
ranks over-represented at 0 and 1, arguing in favour of a parametric approach for marginal
densities.

The Empirical Survival Functions (ESFs) [Appendix E.4] of each approach are studied in
Figure 3c. The Cens-JGNM has the closest fit to the empirical frequency, suggesting it has
the best calibration out of the three models. As this diagnostic is aggregated over space, we
attribute ConvCNP’s overestimation of realised rainfall to the lack of explicit dependence
modelling leading to miss-calibrated joint forecasts. The under-dispersion and non-explicit
modelling of zero values of the VAE-GAN is exemplified with an incorrect intercept at 0 mm
and a lower frequency for higher amounts.

5.2 Spatial coherence

To assess the spatial fidelity of each model, we compute multiple metrics detailed in Ap-
pendix E. Qualitatively, we also show samples from each model for three different days in
Figure 4. Visually, the ConvCNP displays poor spatial dependence as rainfall values vary
sharply between neighbouring locations. The VAEGAN and Cens-JGNM samples display
adequate spatial smoothness. Notably, all models have a large variability in their samples,
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Figure 5: Spatial and temporal coherence: We show covariance of rainfall against
distance (a), for observed data and all three models. We show a spatio-temporal energy
score across regions of London (b), Glasgow (c¢) and Dublin (d). As evidenced by plot
(a), our Cens-JGNM is the most effective approach at capturing spatial dependence while
the VAE-GAN and ConvCNP capture minimal dependence only. Plots (b,c,d) show the
stronger spatio-temporal predictive performance of our method over benchmarks.

rarely matching the target rain exactly, possibly indicating the stochastic nature of the
rainfall downscaling task.

For quantitative results, we begin by computing the average covariance across distances
in simulated samples from each model and observed data, shown in Figure 5a. For a given
distance (on the x-axis), for all the pairs of locations i, j exactly that far apart, we compute
the sample covariance (on the y-axis) between the values at those two locations over all
days in 7. We show the average covariance over all such pairs 4, j as a line with confidence
bands as the standard deviation over all these pairs. Note that for higher distances, the
number of locations that distance apart greatly decreases, thus leading to more variable
covariance estimates despite the confidence bands shrinking.
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Figure 6: Spectral Distribution: Average ratio of spectral energies across wavenum-
bers be tween predictions for each model and the true observed rainfall values. The high
resolution deterministic benchmark IFS demonstrates the best overall performance, while
Cens-JGNM shows superior results among neural network-based approaches and is similar
to the IF'S, particularly at higher wavenumbers.

The Cens-JGNM overall matches the observed covariance the closest of all models, being
aligned to the observed covariance for all distances. The Cens-JGNM and ConvCNP both
slightly overestimate the covariance for large distances, while the VAEGAN underestimates
the covariance significantly across all distances. The standard deviation of the Cens-JGNM
is lower than for observed data, meaning that our model does not greatly differentiate be-
tween different pairs and only cares about the distance between them. This is expected
since distance is the only input into our copula covariance matrix which is the main factor
behind the covariance.

Next, in Figures 5b,5¢, and 5d, we compute the aggregate rainfall across the set of
locations surrounding London, Glasgow and Dublin respectively, over multiple days as ex-
plained in Appendix E.8. We compare the daily values to each model’s forecasts using the
Energy Score since these constitute multivariate data. We compute the score for all sliding
windows of a given period, shown as boxplots. Aggregating the rainfall loses some spatial
information, mostly retaining the specific characteristics of the region. On the other hand,
using the Energy captures the temporal aspect.

Across all days and locations, the Cens-JGNM performs best, followed by the VAEGAN
and ConvCNP. The spread of scores is lower for the Cens-JGNM while those of the two
other models are larger.
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Figure 7: Cens-JGNM samples with fixed noise inputs: We revert observed data to
decorrelated Gaussian noise using an inverse Cholesky operation. We then use this noise
to sample from our Cens-JGNM (bottom row) and compare these samples to observed
data (top row) across 5 different days (each column). The likeness of samples to real data
provides evidence of the good fit of our covariance matrix. It also highlights the stochasticity
intrinsic to rainfall downscaling.

Further, for each model and time step, we compute the power spectrum of the rain-
fall field by applying a two-dimensional Fourier transform, squaring its magnitude, and
azimuthally averaging over circular bins to obtain P(k,t) at each wavenumber k. The ratio
Pored(k,t)/Pons(k,t) is then calculated for each time step and subsequently averaged over
the entire 20-year prediction period to yield the final curves shown in Figure 6. In these
plots, the x-axis represents the wavenumber in radians per meter (inversely related to the
spatial scale), while the y-axis denotes the time-averaged power ratio, R(k). The horizontal
line at y = 1 signifies an ideal match between predicted and observed spectra. Notably, the
IFS (Hersbach et al., 2020), achieves the best agreement with the observed spectra across
all wavenumbers. Among the neural network-based models, our proposed method Cens-
JGNM demonstrates superior performance across the spectra, with an especially strong
performance at high wavenumbers indicating a strong ability to effectively resolve fine-scale
precipitation patterns—while both ConvCNP and VAEGAN show significant overestima-
tion at lower wavenumbers (corresponding to larger spatial scales).

To test the correctness of our correlation matrix (D), we generate samples from
the Cens-JGNM using noise obtained from observed data. The idea is to use a Cholesky
decomposition on the empirical covariance of observed data on the Gaussian scale to recover
a decorrelated Gaussian version of the observed data. If the covariance is correctly specified,
then the samples generated with the fixed observation-based noise as input will closely
match the observed data. We detail this in Appendix E.10. We show the resulting samples
in Figure 7 alongside observed data for five days in the test set.

For each of the days, the fixed noise samples from the Cens-JGNM resemble the observed
data, with higher values of rain occurring in the same regions, and other patterns roughly
being matched in each column. This suggests that the correlation matrix % (D|6) is well
fitted to the data.

It more importantly exemplifies the inherent stochasticity of rainfall data as studied in
this paper. As shown, in Figure 4, the samples obtained by our model are varied and do
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not necessarily match the observed rain. However, marginal diagnostics suggest that our
marginal models are well-calibrated, meaning they should correctly capture the distribution
of observed rain. Now, with Figure 7, we have shown that the copula is also well estimated,
since using the “correct” (obtained from observed data) standard Gaussian noise leads to
samples that match observed data. Therefore, this suggests that observed rain is only a
specific random realisation of standard noise, meaning the realised value could have been
very different by pure chance; the observed data is only a glimpse of the randomness that
could have been observed. This highlights the inherent stochasticity of this modelling prob-
lem, making probabilistic approaches that can capture this stochasticity essential.

We conclude our comparison with Table 3, presenting various diagnostics metrics as-
sessing calibration, accuracy and spatial dependence. these metrics include the Continuous
Ranked Probability Score (CRPS) [Appendix E.5|, energy score [Appendix C], variogram
score [Appendix E.6] as well as the Root Mean Square Error (RMSE) and Mean Absolute
Bias (MAB) [Appendix E.7]. Our Cens-JGNM model outperforms the competing proba-
bilistic downscaling models in all the diagnostics measures, with the exception of the CRPS
where the ConvCNP is slightly better. The ConvCNP focuses all modelling efforts on its
marginal models which we believe is the reason for its strong performance on the CRPS. For
the RMSE and MAB, our Cens-JGNM stands a close second to the IFS benchmark. This
is expected, as the IFS is a challenging benchmark to outperform here as this prediction is
of higher resolution than the input variables used in our study.

Diagnostic Metrics for Probabilistic Forecasting
Model Cens-JGNM ConvCNP VAE-GAN IFS
CRPS 3.5631 3.2678 4.1146 -
Energy Score 15.7253 17.0146 18.5991 -
Variogram Score | 6,862,187 10,333,690 9,091,811 —
RMSE 3.8194 3.9314 4.4903 3.756
MAB 2.1438 2.2179 2.5820 2.118

Table 3: Comparison with benchmarks: Numerical diagnostics for our Cens-JGNM
model against the ConvCNP, VAE-GAN models and the deterministic IFS. As IFS is a
deterministic prediction, we can not compute probabilistic metrics for it. The Cens-JGNM
generally outperforms other probabilistic models. For the RMSE and MAB, our model
stands a close second to the IFS benchmark, which is a difficult benchmark to outperform
due to its higher resolution than the inputs in our training data.

5.3 Robustness on Length of Training Data Set

In addition to comparing our approach against benchmarks, we appraise the robustness
of the Cens-JGNM to reduced amounts of data. We train a Cens-JGNM on increasingly
smaller data samples and compare the resulting forecasts on common test data. There
are four Cens-JGNM versions in total, respectively fitted on 4 years of data (01/1985 to

22



JGNMSs AND CENSORED SPATIAL COPULA FOR RAINFALL

o
Iy
)

== Target rainfall
—— 4 years training
6 years training
—— 8 years training
10 years training

4
®

0.85
1.2
0.80
075 10
S0.70 .
So.

—=— 4 year training
0.60 6 year training —— 4 year training
055 8 year training 6 year tra!nmg
—=— 10 year training 2] — t;oyear trtam.mg

5 —— 10 year training
05075 5 75

e
o

=)
@

e Target rainfall P(rain>0)

Frequency

o

Y
14
IS

1

S
e
N

o
¥

Probability of precipitation > x

e
°

5 10 15 20 25
Precipitation (mm)

o
o
o

0.0 0.2 0.4 0.6 0.8 1.0
Rank of observed rain amongst forecast

(b) Rank histogram

10 15 20
Precipitation threshold (mm)

(a) AUC (c) ESF

Figure 8: Robustness: We show the (a) AUCs, (b) rank histograms, and (c) ESFs for the
Cens-JGNM model versions fitted on decreasing amounts of data (10, 8, 6, and 4 years).
The diagnostics show no trend across data size, indicating that the Cens-JGNM is robust
to reduced amounts of data.

06/1989), 6 years (1983 to 06/1989), 8 years (1981 to 06/1989) and finally 10 years (1979 to
06/1989). All are tested on the same 30 years of data, from 07/1989 to 07/2019. We use the
same diagnostics as in Sections 5.1 and 5.2 above, to determine whether the performance
of our method suffers in settings with a lack of data.

We begin by inspecting the AUCs (with ROCs reported in Appendix F) in Figure 8a.
The different sample sizes have no significant effect, as all four versions achieve similar AUCs.
The models are better calibrated for lower rainfall events, which is explained by the reduced
fitting data, implying that fewer extreme observations are used to train each model. We
also compare their rank histograms in Figure 8b, which again show no significant difference
or trend across model versions. From Figure 8c, showing ESFs, it is again indicated that
periods above 4 years of data are sufficient to ensure the strong performance of our model
as all four versions display nearly identical performance. Importantly, the performance of
these versions matches the performance of the Cens-JGNM trained on 20 years of data in
Section 5.1. Finally, in Table 4, we compare the metrics of the four model versions.

Diagnostic Metrics for Robustness Study
Metric 4 years 6 years 8 years 10 years
CRPS 3.6129 3.4322 3.6996 3.5638
Energy Score 16.0627 16.0571 16.0603 15.9226
Variogram Score | 4,918,176 4,690,858 5,069,616 5,102,977
RMSE 4.0362 4.0237 4.0275 3.9724
MAB 2.2336 2.2336 2.2295 2.1968

Table 4: Robustness: Numerical diagnostics for the Cens-JGNM approach fitted on mul-
tiple reduced amounts of training data. The results indicate no trend in the performance

of our approach across training data quantity.
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6. Related Work

In this section, we review some existing literature connected to our work. We begin in
Section 6.1 by discussing other methods of forecasting rainfall in a univariate context.
Next, in Section 6.2, we explore the estimation issues present in copulas when the likelihood
becomes complicated to evaluate or directly unavailable. Finally, we describe alternative
approaches to probabilistic rainfall forecasting than our two-step procedure in Section 6.3.

6.1 Marginal rainfall estimation

In Little et al. (2009), a study on GLMs used for rainfall density estimation with Markovian
assumptions on temporal dependence recommends the use of a Bernoulli-Gamma mixture
or an ensemble model, motivating our JGNM parametric choice. This comparison study
further reinforces the findings of (Das, 1955; Fealy and Sweeney, 2007; Ailliot et al., 2015;
Holsclaw et al., 2017; Bertolacci et al., 2019; Xie et al., 2023), all reporting success with
marginal models based on Gamma densities. PCA regression was used in Li and Smith
(2009) for precipitation downscaling using CM variables together with mean sea level pres-
sure (MSLP) measurements, alleviating the underprediction problems faced by CMs. Our
JGNM can be seen as a generalisation, where the refinement of variables used in a regres-
sion model is made in a data-driven way. Quantile regression is used by Tareghian and
Rasmussen (2013) to get daily precipitation distributions by conditioning on CM outputs,
increasing the flexibility in the selection of predictors, which our JGNM increases even fur-
ther. Su et al. (2019) applied Bayesian model averaging (BMA) and stepwise regression
models (SRMs) to downscaling. Our approach incorporates a pre-treatment of predictors
as in SRMs with uncertainty quantification as in BMA, combining both strengths under a
single approach.

Deep Learning (DL) methods have been used effectively in Geosciences, such as Li et al.
(2021) applying DL methods to forecast location-wise densities of solar energy. In Adewoyin
et al. (2021), expanding on previous DL models applied to rainfall forecasting such as Shi
et al. (2015); Vandal et al. (2017); Miao et al. (2019) and Pan et al. (2019), the authors
achieved state-of-the-art performance in point-wise prediction, showing that DL methods
can be used to downscale rainfall based on CM forecasts. We directly improve on their
approach by incorporating uncertainty quantification in the marginals.

6.2 Copula estimation problems

As is common when the copula is latent or in the presence of zero-inflated data (both
being the case in our work), MLE-based inference becomes complicated or unavailable and
alternatives need to be considered.

For extreme rainfall modelling, Huser and Wadsworth (2019) assume a censored copula
for extreme values, targeting the full likelihood for inference, but only for up to 15 locations,
noting that a high dimension is a limiting factor for Gaussian copulas, reinforcing the
conclusions of Huser et al. (2017). Modelling extreme rainfall through a Brown-Resnick
process, Richards and Wadsworth (2021) resort to a composite likelihood approach as an
alternative to a computationally unfeasible MLE. More recently, in Richards et al. (2022)
and Richards et al. (2023), authors use a censored Gaussian copula model for the dependence
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of extreme rainfall events, circumventing the unavailable likelihood by adopting a pseudo-
likelihood approach with spatially-informed sub-sampling. Outside of rainfall forecasting,
DOBRA and LENKOSKI (2011) model graphical binary and ordinal variables in a Bayesian
framework with a latent Gaussian copula, requiring an approximation to the likelihood
function with the extended rank likelihood of Hoff (2007). Thus, as was summarised in
Huser et al. (2016), while the use of these pseudo-likelihoods allows for inference, performing
inference in higher dimensions remains an open problem. Our minimum scoring estimate
approach provides a direct solution by not relying on likelihoods, additionally ensuring exact
and computationally efficient parameter inference.

In the presence of zero-inflated data, Yoon et al. (2020) introduce a truncated latent
Gaussian copula as an analogue to censored copulas and develop an estimator for the latent
correlation matrix expanding on a rank-based procedure from Fan et al. (2017). This
approach is expanded by Chung et al. (2022) to a Bayesian setting on graphical models for
zero-inflated count-data data where inference is performed using Gibbs sampling. While
their approach allows for higher dimensions, it is framed inside the Bayesian paradigm,
whereas our minimum scoring rule approach is exact and can be used in both frequentist
and Bayesian settings (with extensions following the works of Pacchiardi et al. (2024b)).

Recent advances in likelihood-free inference have led to the development of alternative
methods for copulas inference. Alquier et al. (2022) use the maximum mean discrepancy
(MMD) as a function to minimise in order to learn the parameters of copulas, obtaining
a covariance estimator robust to miss-specification. Similarly, Janke et al. (2021) employ
the energy distance (a possible instance of the MMD) as a loss function in the training
of a generative network to approximate a copula distribution, avoiding the necessity for
hyperparameters for the MMD. Our work extends their approaches to a spatial setting
while accounting for censored observations.

6.3 Alternative probabilistic forecasting approaches for rainfall

Non-homogeneous hidden Markov models for rainfall occurrence are considered by Hughes
et al. (1999) with extensions for amounts by Charles et al. (1999), modelling occurrence
and amount of rainfall separately, which we do jointly with our JGNM. We further avoid
their conditional independence assumptions on the spatial dependence structure with our
censored copula approach. Frost et al. (2011), a review of six downscaling methods (namely
Chandler (2002); Timbal (2004); McGregor (2005); Mehrotra and Sharma (2007); Chiew
et al. (2009) and a HMMs-based (Charles et al., 1999) implementation of Kirshner (2007)),
found that HMMs displayed weaknesses in capturing spatial correlation. Applying Bayesian
HMMs to rainfall, Song et al. (2014) (expanding on the approach of Li and Smith (2009))
uses a covariance matrix construction with spatial distances used only in error correlation.
Holsclaw et al. (2017) assume a more complicated time-dependency in transition proba-
bilities, which calls for a Polya-Gamma-based MCMC sampling scheme. Bertolacci et al.
(2019) use a spatial structure captured through a Gaussian process with marginal densities
modelled by mixtures of expert models. Our approach extends these methods with direct
and richer spatial modelling through the censored latent Gaussian copula.

Ensemble Model Output Statistics (EMOS), introduced by Gneiting et al. (2005) and
improved by the works of Dabernig et al. (2017); Moller and Gro (2016, 2020), models
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rainfall using an appropriate density of which parameters are estimated with linear regres-
sion equations incorporating spatio-temporal effects. Rasp and Lerch (2018) use neural
networks instead of linear regression equations, further improved by Mlakar et al. (2024),
performing estimation jointly across all future times and locations. Our approach simi-
larly estimates distributions jointly in a spatio-temporal manner, however, we additionally
employ the censored latent copula to impose the correct spatial dependence for any given
forecast.

Machine learning approaches include Watson et al. (2020), with the use of Generative
Adversarial Networks (GANSs) to increase the resolution of rainfall forecasts while simulta-
neously aiming to correct biases. This work was expanded upon by Price and Rasp (2022)
by using a conditional GAN based on coarse weather variables. Similarly, Harris et al.
(2022) substitutes the GAN generator with a variational auto-encoder for conditional fore-
casts, adapted to cyclone-induced rainfall by Vosper et al. (2023). Alternatively, Pacchiardi
et al. (2024a); Chen et al. (2024) use generative neural networks with the energy score as
a loss function to avoid the problematic training of GANs. All these approaches learn an
implicit likelihood and suffer from drawbacks such as the inability to generate zero values.
Our JGNM model ensures explainability and a proper fitting of zero values and we com-
pared our spatial dependence to the study of Harris et al. (2022), demonstrating improved
performance. Further, our model can be evaluated on new locations after training, unlike
most of these methods. Vaughan et al. (2022) employ a convolutional conditional neural
process model with parametric marginals, explicit modelling of zero values and inclusion of
out-of-sample locations. Their approach is very similar to the JGNM, although their model
fails at capturing spatial dependence to the same extent as our censored copula method,
as evidenced in Section 5.1. Ascenso et al. (2023) use a convolutional network approach
with a modified loss function to enforce the spatial coherence of rainfall. We have a simi-
lar focus on spatial dependence with the energy score but additionally provide uncertainty
quantification and interpretability.

7. Conclusion

In this paper, we introduced a novel method for spatio-temporal downscaling of zero-inflated
data. We described our first component of the model, JGNM as a distributional learner
capturing temporal trends in conjunction with surrounding information to describe distri-
butions for quantities of interest at a location. The JGNM is very flexible and can be
evaluated at any location, even one outside of the learning set. We also introduced cen-
sored latent Gaussian copulas as an answer to the spatial dependence modelling of censored
data. We explained the intractability of the likelihood of this model, prohibiting the use
of regular MLE-based methods. Hence we offered a scoring-rule-based inferential scheme,
resulting in cheaper and more robust parameter inference. Our censored latent Gaussian
copula methodology allows for the automatic inclusion of new locations, making our com-
plete approach capable of accommodating additional locations added to the model without
requiring parameter re-estimation. We compared our model to competitive benchmarks
focusing on the same task (Vaughan et al., 2022; Harris et al., 2022). We demonstrated our
model’s ability to correctly capture uncertainty to the same or better extent as competi-
tors. Furthermore, we showcased our model’s superior capture of spatial dependence over
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benchmarks, rendering our approach better suited for scenarios where spatial coherence is
desired.

This work is an important improvement towards more reliable post-processing tech-
niques as well as precipitation downscaling capable of correctly capturing uncertainty and
spatial dependence. Moreover, while the main motivation of our work is rainfall down-
scaling, our methodology can effortlessly be applied to any spatio-temporal probabilistic
prediction, with or without censoring. Therefore, we believe that our work is not only of
interest to the weather science community but indeed relevant to the broader multivariate
forecasting community. Further, we have used model fields as predictor variables, which can
be resolved reasonably well by typical climate models, hence one possible future direction
could be to use the developed methodology for post-processing of climate models.

Another possible extension of our model is the construction of the correlation matrix
of the latent censored Gaussian copula in Section 4.1. Specifically, in the initial distance
D, one could include information on differences in weather variables to better capture the
spatial dependence. In fact, it is possible to extend our copula approach to explicitly capture
temporal dependence by adapting the kernel parameter according to temporal information.
Other improvements particular to the modelling of extreme rainfall events could be made
to the JGNM by considering extreme value distributions (Behrens et al., 2004; MacDonald
et al., 2011; Ding et al., 2019; Gao et al., 2021; Richards et al., 2022), either entirely or
by adding them as a mixture term in the tail. Finally, we acknowledge that imposing a
Gaussian correlation structure, while computationally appealing and leading to easy spatial
modelling, might be too restrictive, especially for extreme variations in rainfall levels at
nearby locations. In this context, we could consider other types of copulas, no longer
restricted to Gaussian dependence structures (Janke et al., 2021; Wadsworth and Tawn,
2022; Richards et al., 2023).
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Appendix A. Network Architecture

Our joint generalized neural model (JGNM) is designed to predict rainfall by parameterizing
a three-parameter distribution. The model takes as input 6-hourly weather fields from the
ERAS reanalysis and predicts three parameters (p, p and ¢ ) for a predictive distributions
for daily precipitation at a given point on a high-resolution grid.

Specifically, the input data consists of low-resolution weather fields

X; e REOEX6 5 — 1 112,

where each X'; represents one 6-hour time step over a 28-day period (4 time steps per day).
These fields span a 20 x 21 grid covering the region of interest and include 6 weather variables
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(specific humidity, air temperature, geopotential height at 500 hPa, eastward and northward
wind components at 850 hPa, and total column water vapour). Note that precipitation is
deliberately excluded from the input.

Following the approach in Adewoyin et al. (2021), we first perform bilinear interpolation
to map the input from the coarse 20 x 21 grid to a finer 100 x 140 grid, matching the 0.1°
resolution (approximately 8.5 km) of the observed rainfall data. Due to computational
limits, we then partition the interpolated grid into 16 x 16 sub-sections which form the
input to our neural network. For each sub-section, the 6-hourly data for all 6 variables is
organized into a sequence of matrices

x; € RIOAOX6 5 — 1 112

Thus, the input for a 28-day period is represented as a sequence of shape (112,16, 16,6).
The model first applies a Time Distributed 2D Convolutional Layer (TD2L) that pro-
cesses each x; independently with the same 2D convolution, transforming it into a hidden

representation
h;fDZL c R16%16%64

Next, the sequence of hidden representations is fed into a stacked Convolutional LSTM
(ConvLSTM) module. This module consists of two bi-directional ConvLSTM layers with
skip connections, which capture both spatial and temporal dependencies in the data. In
our experiments, the ConvLSTM layers are configured with an input dropout of 0.25 and a
recurrent dropout of 0.35.

Following the ConvLSTM, a Time Distributed Temporal Downscaling (TDTD) layer
reduces the sequence length from 112 (6-hourly intervals) to 28 (daily values) by applying
the same downscaling operation on non-overlapping groups of 4 time steps. The TDTD
layer integrates a convolutional self-attention (CSA) module, a Gaussian Error Linear Unit
(GeLU) activation (Hendrycks and Gimpel, 2016), and two 2D convolutional layers to ef-
fectively aggregate temporal information.

Finally, the output from the TDTD is passed through a Time-Distributed Mean Func-
tion Layer. This layer comprises three single-layer perceptrons, each acting as an inverse
link function mapping the extracted features to one of the three distribution parameters.
Consequently, the model generates parameter predictions:

i, di,pi € RIOAC 4 =1 28,

which represent daily predictive distributions of total rainfall at each location within the
16 x 16 grid, corresponding to the initial inputs x;,j = 1,...,112. Finally, these spatially
segmented 16 x 16 sub-images are combined to form a complete spatial prediction over the
entire target region.

A schematic of the overall architecture is shown in Figure 9.

A.1 Convolutional Self-Attention (CSA)

The Convolutional Self-Attention (CSA) module is designed to reduce the temporal res-
olution of a sequence of three-dimensional feature maps, preserving maximal information
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Figure 9: Joint Generalised Neural Model (JGNM) architecture. The JGNM
takes as input a sequence of 112 tensors of shape 16 x 16 x 6, corresponding to 6-hourly
weather fields over 28 days. After initial processing by a Time-Distributed 2D Convolutional
Layer (TD2L), the data passes through stacked bidirectional ConvLSTM layers capturing
spatiotemporal dependencies. A Time-Distributed Temporal Downscaling Layer (TDTD)
then aggregates temporal information from 6-hourly intervals to daily intervals, reducing
sequence length from 112 to 28. Finally, a Time-Distributed Mean Function Layer outputs
daily predictive parameters p;, p;, ¢; € R9*16 parameterizing a predictive zero-gamma
mixture distribution for total rainfall at each grid point. These 16 x 16 predictions are
subsequently combined into the full spatial grid of size 100 x 140.

from the original input while simultaneously incorporating long-range dependencies. In our
implementation, the CSA module transforms an input tensor

bvtinuahv )
x € ROtmputhwie)

where b is the batch size, tinpyt is the initial sequence length, h and w denote the spatial
dimensions, and c is the number of channels, into an output tensor with a reduced temporal
dimension toutput = tinput/s (with s the downscaling factor).

Positional Embedding and Sub-sequence Formation: The input tensor is first par-
titioned into non-overlapping sub-sequences of length s. For each sub-sequence

b7 7h7 k)
Tljij4a € ROT0D,

we flatten the spatial dimensions to obtain

(b,s,d)

i;[jij+5] eR withd =h X w X c.
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A learnable temporal positional embedding P € R(1:59) is then added to each sub-sequence

to incorporate information about the order of the elements:

/ o~

Vjijrs) = Ljsgrs) + P
Query, Key, and Value Generation: For each sub-sequence l‘/[j:j sy We compute the at-
tention components as follows. The query vector is obtained by averaging the sub-sequence

along the temporal dimension:

1 j+s—1
b,d
Ujigts) = Z NS R*A,
t=j

The key and value tensors are taken as the reshaped (but unaveraged) sub-sequence:

~ b,s,d _ A b,s,d
K(jijrs) = Tljjrs) € RO-=4), Uljij+s] = Tjij+s] € RO,

Multi-Head Projection: To enable the model to capture multiple types of relationships,
we perform multi-head attention. For each head h € {1,..., H}, the query, key, and value
are linearly projected:

h h K h \%4
Q" = g Wits K" =iy g Wi, VP = v Wi,
where W,? , W,f( , W}Y € R¥¥dniaden are learned projection matrices. This results in:
Qh c R(bvdhidden)7 Kh, VI e R(®:5:dnidden)

Scaled Dot-Product Attention: For each head, attention weights are computed using
scaled dot-product attention:

h Kh T
Attentionh = softmax<62<>> Vh,
Vdhidden

where the softmax is applied over the s (temporal) dimension, yielding an output of shape
R(b:dnidden) for each head.

Aggregation and Output Projection: The outputs from all H heads are concatenated:

Concat (head17 ..., head H) c RGH ‘dhidden)7

and then projected with a learned matrix WO e R dnidden:doutput) to produce the final
sub-sequence representation:

:L'E;;:I_);t) = Concat (headl, ey headH)WO.

Reshaping to Recover Spatial Dimensions: Finally, the output for each sub-sequence
is reshaped back to the original spatial dimensions, resulting in a tensor

x(output) c R(bytoutput7h7w7c)7
which represents the temporally downscaled sequence of feature maps.

In our implementation, we set h = 4, w = 4, ¢ = 6, s = 4, dnidden = 64, doutput = 64,
and use H = 4 attention heads. As tinpus
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A.2 Time Distributed Mean Function Layer

[p13]

In Table 5, we list the inverse link functions (mean functions) used in the Time Dis-
tributed Mean Function Layer for the Zero-Gamma mixture density. Note that these func-
tions serve as activation functions mapping the real-valued output of the neural network
back to the target parameter space. For example, with reference to our link functions
introduced in Section 3.1, the inverse of g, for u is implemented as

g, () = (6.0 - ReLU(z + 0.4)) + 1 x 1077,

which ensures p € [0, 00) while maintaining numerical stability. A similar formulation holds
for ¢ via the inverse of gg.

Parameter Range ¢! : Mean (Inverse Link) Function

p (0,1) sigmoid(z)
o [0,00) (6.0 - ReLU(z +0.4)) + 1 x 107°
¢ [0,00) (6.0 - ReLU(z +0.5)) +1 x 1076

Table 5: GLM Mean Functions: Inverse link (activation) functions used in the Time
Distributed Mean Function Layer of the Zero-Inflated JGNM.

Appendix B. Construction of Distances Matrix

Within a latent Gaussian copula, one needs to estimate a correlation matrix X, which
we construct as a function of an initial distance matrix D. As we want the copula to
be spatially informed, we consider the latitude and longitude of locations as well as the
topography given by geopotential height at a given location. For a given parameter value
a € R>o, we construct the distance matrix D* by computing for all pairs of locations i, j:

D iy = \/\lati — lat;j|? + |lon; — lon;|? + |a - (topo; — topo;)|?.

Here, a serves to adequately weigh the importance of topography on the resulting correlation
matrix ¥ = k(D*|#). With a — 0, our copula model relies on geographical distances only
while a — oo makes the dependence rely uniquely on topography.

In a preliminary experiment, we experimented with optimising a, 0 jointly, as well as
setting a at pre-defined values (chosen at a = 0,0.005, and 0.03) to only optimise #. We
show the Energy score values for different setups in Table 6 computed using forecasts after
each optimisation set-up.

Set-up ‘ a=0.0 a=0.005 a=0.03 a=0.07226 (joint optimisation)
Energy Score ‘ 15.7253  15.7394 15.7382 15.7852

Table 6: Energy score values for different values of a
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Figure 10: Samples with varying levels of topographical dependence: We optimise
0 for various fixed values of a as well as a joint optimisation set-up, and show samples

for two days row-wise. The samples with higher topographical dependence are no longer
realistic and over-rely on topography.

1999-07-02

The best Energy score was obtained from the set-up where the topography was ignored
by setting a = 0. The joint optimisation was unstable and obtained the worst score among
all setups. We believe the reason for this issue was the presence of collinearity between to-
pography and geographical distances, as locations close by will also share similar elevations.
We show samples for two days (each row) from each optimisation outcome (each column)
and target rain for the day, below in Figure 10. The samples were obtained with fixed noise
coming from a Cholesky decomposition on observed rain, see Appendix E.10.

The realism flaws of relying excessively on topography become obvious. For higher values
of a, the regions with rainfall are no longer determined by geographic closeness but rather
by sharing the same elevations. This is particularly identifiable for the areas of Scotland
which as a mountainous region ends up having the model misrepresent the dependence of
samples.

Appendix C. Scoring Rules as a Divergence

Assume we have observed data from distribution P* and want to choose a parameter 6
which parameterises a second distribution P? such that the two distributions are as close
to each other as possible. A divergence D is then defined as a function of two distributions
such that (i) D(P*||P?) > 0 and (ii) D(P*||P?) = 0 <= P* = PY. Therefore, a diver-
gence can be used to optimise a parameter to recover the best possible model P? for the
data generating distribution P* .

One possible choice of divergences is scoring rules (SRs). As defined in Gneiting and
Raftery (2007), a scoring rule S(P,z) is a function between a distribution ¢ and observed
data z as a realisation of a random variable Z ~ P*. Then the expected scoring rule is
defined as S(P,z) := Ez.p-S(P? Z). The SR is termed proper if relative to a set of
distributions P, if the expected SR is minimised when P* = P?:

S(P*,P*) < S (739,73*) v PO P e P.
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Furthermore, a SR is termed strictly proper, if the minimisation above is unique:
S (P*,P*) < 8 (P",P*) VPO P e P st. Pt £ PP

By considering the quantity Dgr(P*||P?) := S (P*,P?) — S (P*,P*) for a strictly proper
SR, one can see that it defines a divergence. Indeed, (i) is verified by the SR being proper and
(ii) is verified by the additional requirement of being strictly proper. This permits the use
of strictly proper SRs as divergences to perform inference on parameters of a distribution.
For the choice of SR, we introduce the Energy Score as:

SE (PB,Z) =2 By pol|Z' — 2| — Ez; z,~po |27 - Zl2”§

where 5 € (0,2) is a hyperparameter regulating the severity of the divergence for in-
correct distributions P?. The energy SR is a strictly proper SR for the class of P such
that Ez/p|Z'||® < oo, see Gneiting and Raftery (2007) and is also known as a rescaling of
the energy distance mentioned in section 4.2. It is possible to obtain unbiased estimates of
SE (730, z) by repeatedly sampling z’ m times from P?, as

Se (1211 < j < m).2) ZHZ D A

jk 1
k#j

where z are observations and z’ are samples. As such, we have a method for infer-
ring parameters of a distribution by comparing the observations to simulated samples and
minimising DSR using the unbiased estimate of the SR. This is equivalent to choosing
0* = arg min Sk (779 ) since the first part of Dgg is constant in 6.
6

Appendix D. Optimisation procedure

Here, we detail the training of 8 from Section 4 as done in practice in experiments.
We choose a Matern kernel with v = 0.5, as for this value its expression simplifies
Guttorp and Gneiting (2006) into:

5(D;0) .5y = exp(—Dy; j/6)

letting us implement a custom version of the kernel in Pytorch (Paszke et al., 2019)
which allows for efficient gradient-based optimisation of our copula model.

To initialise the optimisation, we choose a 6 value which minimises the Frobenius norm
of (D;#) — 3 where 3 is the empirical covariance matrix of the observed rainfall trans-
formed to the Gaussian scale z; s = ® 1 (F; 5(y;.s|Hs)). This serves as an initial guess with
a somewhat similar correlation matrix to that of the censored data and led to a more stable
optimisation in initial experiments. In particular, for certain combinations of D and 6, the
resulting correlation matrix had many entries close to zero, which caused vanishing gradi-
ents in the Scoring Rule loss. Choosing an initialisation in this way prevented this issue in
our experiments.
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Throughout our whole optimisation, we take a fixed standard Gaussian sample with 103
realisations over all locations of size (103, Z). We then compute the correlation matrix
with a given 6 from our optimisation step and perform a Cholesky decomposition on the
correlation matrix. We then multiply the decomposed matrix with the fixed noise sample
to obtain a sample from an |Z|-dimensional Gaussian with covariance matrix X(D;6). We
then compute the Scoring Rule loss over minibatches of 103 days by comparing observed
rainfall on the Gaussian scale to the censored samples obtained through a Cholesky decom-
position of the matrix, following Section 4.3. We perform 500 gradient steps with the Adam
optimiser (Kingma and Ba, 2014), with a learning rate of 0.2 and with gradient clipping.

The resulting optimisation converges for all experiments with a smooth optimisation
surface based on the trace of parameter estimates and Scoring rules throughout iterations.
The optimisation is not challenging as the parameter # is one-dimensional and takes about
3 hours on a single Intel Xeon Platinum 8260 (Cascade Lake) CPU.

Appendix E. Description of Diagnostics

Here we describe the different diagnostics used.

E.1 L1 Norm of matrix differences

To compare two matrices, we use the L; norm for matrices. This is simply the sum of
absolute entry-wise differences between the matrices. For matrices A, B, it is expressed as:

|
Ei:l,j:l’A(iJ) - B(i,j)‘

E.2 AUC of calibration task

We seek to verify the accuracy of our model’s daily estimated probabilities for a given
amount of rainfall compared to the observed amount. To achieve this, we assess the sen-
sitivity of the detection of heavy precipitation. We convert our forecasting task into a
classification task by asking the following question: “Will there be precipitation exceeding
a given amount?” The answer to this question will depend on a probability threshold, which
our model has to surpass in order to emit a signal, or rather, give a positive answer to the
question. This threshold 7 is subjective and can be chosen as any value in [0, 1].

For a given threshold, a test that correctly predicts heavy rain (as in rain exceeding a given
amount) is known as a true positive. But if the test predicts heavy rain on a day it did not
occur, this is known as a false positive. By treating precipitation at each day and point in
space as separate independent events, a true positive rate (the proportion of points and days
with heavy rain which was correctly detected) and the false positive rate (the proportion of
points and days with no heavy rain with a positive signal) can be obtained.

In order to detect heavy rain, we compare the threshold 7 with 1 — Fj;(¢), that is 1 minus
the CDF for location ¢ at time ¢ evaluated at the heavy rain value ¢ € R>o. The higher the
value of 7, the more mass under the PDF on the right of ¢ we need in order to be confident
enough to issue a positive signal. On the contrary, assuming 7 = 0, we then classify all
forecasts irrespective of location, time, or predictors as a positive.

By changing this threshold 7, we can construct a receiver operating characteristic (ROC)
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curve plotting the true and false positive rates at each of these thresholds. Different levels
of precipitation g can be tested, for example, 5 mm for light rain up to 25 mm for extreme
events. The area under the ROC curve (AUC) can be used to assess how well the prediction
for different levels of precipitation in the face of uncertainty was captured by the model. The
closer the AUC gets to 1, the more confidence we can have in the heavy rainfall prediction
capabilities of the examined model.

E.3 Rank histogram

Another way of assessing the calibration of a density is through rank histograms. This
consists of computing the percentile value associated with an observation under a model, the
percentiles being called the observation ranks. For the Cens-JGNM and ConvCNP models,
as we have explicit models for marginal densities for every location ¢ € Z, we can compute
the ranks of observed rain directly using the model’s CDF corresponding to location ¢ and
day t. In the case of 0-valued observations, we sample uniformly a value from the censored
range [0, 1—p; ] following the explicit modelling of 0. For the VAEGAN model, we sample m
times from the model to obtain an empirical distribution Fi’t for days ¢ and location 7. Then,

we can estimate Fj;(yis) as Fje(yie) = Sopy 1{vis > yﬁ)}, that is the percentile of the

observed rainfall with respect to our model’s simulations {yifz) cke{l,...,m}}. We note
that to break ties in ranks of 0-valued rain, for the VAE-GAN, we add a meteorologically
insignificant amount of rain to observations and simulations, following the original VAEGAN
paper (Harris et al., 2022). By obtaining the rank of observations across days, we can
construct a histogram of ranks. If the model is perfectly calibrated, the ranks will be
uniformly distributed on [0, 1], as should be the case for a CDF of its own realisations. We
can assess our model’s properties by inspecting the dissimilarities of the histogram to a flat
line (Hamill, 2001). For instance, if the model is over-dispersed, the ranks will tend to group
in the middle while under-dispersion will manifest itself as most ranks falling within the
extremes of the histogram. Equally, one can determine the bias of the model by observing
unequal proportions of ranks on either side of the histogram, where an agglomeration on
the right is indicative of under-prediction while agglomeration on the left indicates over-
prediction.

E.4 Empirical Survival Function (ESF)

To further assess the calibration of our model, we test whether the estimated frequency of
a type of event (eg. precipitation > x) over the testing period has matched the observed
frequency. The estimated frequency of achieving a rainfall realisation above a level x € R>(
is obtained by generating samples from our model and looking at the proportion of samples
exceeding x. This is then compared to the actual observation frequencies for values higher
than z. A well-calibrated model’s sample frequency should follow the observation line
closely, while a poorly calibrated model will deviate significantly from it. We refer to
these plots as empirical survival function plots as they correspond to an approximation of
1- Fi,s(yi,s|Hs)'
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E.5 CRPS

We also rely on numerical metrics to evaluate the effectiveness of our approach. Firstly, we
consider the continuous ranked probability score (CRPS) (Matheson and Winkler, 1976),

written as
oo

CRPS(Fip.yis) = — / (Fly) — e > vie})? dul,

—00

which can be shown to be equal to

1
CRPS(F 1, yit) = S EvivanFi Y1 = Yo| = Evar,, |Y — yig

The above expectations can be estimated without bias through repeated sampling from the
given model. The CRPS is a generalisation of the mean absolute error and indeed simplifies
to it when considering a model with point-wise predictions. This metric is applied location-
wise and favours well-calibrated forecasts.

E.6 Variogram score

To specifically target the spatial coherence of our model, we resort to the Variogram score,
written as:

n

S\(,p) (Ftayt) = Z Wil (‘ykt - yl,t‘p — Ey~F, |Yk,t - Yi,t
k=1

p)2.

Again, we can appeal to repeated sampling of n samples in order to estimate the expectation.
We take p = 1 for simplicity. The weights wy; are chosen to represent the spatial nature
of the problem. As such, we choose wy; to be 1 over the distance from location k to [ and
setting wir, = 0. This score takes into account the whole joint distribution and compares
the smoothness of observed data against that of model forecasts. An ideal forecast would
have a Variogram score of zero.

E.7 RMSE and MAB

Finally, we assess the models’ performances by two quantitative metrics: the root mean
squared error (RMSE) and mean absolute bias (MAB). In order to compute these quantities,
we need to convert our probabilistic forecasts into point-forecasts. We do this by relying
on the median of m forecasts for any given place and time. We can then compute the two
metrics as:

n T n T
(

1 o, 1 ~
RMSE = T 2 ; Vit — Yig), MAB= T 2 ; Vit — Uil
i=1 t= i=1 t=

where 7; ; is the median for time ¢ and location i, y; ¢ is the recorded amount of rainfall at
time ¢ and location i, and T is the total number of days considered.
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E.8 Spatio-Temporal Energy Score

To assess a model’s predictive performance for flood events, we test its effectiveness on
aggregate rainfall prediction over a given region of locations Z' € Z. Specifically, we compute
the aggregate rain over all locations i € Z’ for all days s in a period of days s+ = (s,s+1,...),
ranging from 1 to 7 days. This gives us one multivariate realization of aggregate daily
rainfall for multiple days yst, which we can compare against forecasted values using m
model samples {y/, ny };”:1 ~ Py with the Energy Score of Appendix C (in the case of 1 day,
this reduces to the CRPS (Gneiting et al., 2005)). We compute this energy score for all
sliding windows of s+ days in our experiments. The expression is as follows:

SRspa—temp(Pea YS+) = SE({ngr,j };nzlv YS+)-

E.9 Spectral Energy Plot

Mathematically, we define the time-averaged spectral ratio as

T

=1

where T is the total number of time steps. Here, the power spectrum P(k,t) for a field
f(x,y,t) is computed from its 2D Fourier transform:

P(k,t) = (|F{f(z, 5. )})

with the averaging (-) taken over all Fourier components corresponding to the wavenum-
ber k. This concise formulation quantifies the average proportional difference in spectral
energy between the predicted and observed fields across spatial scales.

pred k t
obs k t

k2+k2=k

E.10 Samples with fixed decorrelated noise.

Here we describe the experiment shown in Figure 7 of the main text. We begin by trans-
forming observed data to the Gaussian scale, using

Zi,s = ®_1(Fi,s(yi,s|%s>)'

We then compute the empirical covariance of these zg = (215, . . ., 2n,5) Observations, call
it 3. Then, we compute z = z - (Chol(3))~! where Chol represents a Cholesky decomposi-
tion, which (assuming 3 is the correct covariance) will give decorrelated standard Gaussian
data. Next, we use this z as an input to a Cholesky decomposition-based-sampling with
our X(DJ#), to obtain . = ® (z - Chol(X(D|h))), which (assuming z is standard Gaussian)
will be a sample from the latent Gaussian copula with correlation matrix 3(D|6). We then
transform this back to the data scale with g; , = F;; (uis)-

Assuming that 3 is correct, this generated sample g];  should match closely the observed
rainfall y; ¢ across all i. If ¥(D|f) and the covariance of the data closely match, it is
straightforward to see that they should cancel in the transformations used above, meaning
the generated samples should be identical. As such, the closer the samples, the more
evidence there is that the correlation matrix of the copula model is correctly fit.
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Appendix F. ROC for Experiments
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Figure 11: Benchmarking: ROCs for two benchmark methods, namely the (a) the VAE-
GAN and (b) ConvCNP as well as our (c¢) Cens-JGNM approach. Our model demonstrates
the best performance, closely matched by the ConvCNP while the VAE-GAN achieves the
lowest performance of the three methods.
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Figure 12: Robustness: ROCs for robustness experiments where our Cens-JGNM ap-
proach was fitted on (a) 10, (b) 8, (c) 6 and (d) 4 years of data. No clear trend can be
noticed, suggesting our approach is robust to any data amount size above four years.

Appendix G. Code Reproducibility

The code for the joint generalised neural model can be found at https://github.com/
Rilwan-Adewoyin/NeuralGLM. Code for all figures shown and for the censored latent Gaus-
sian copula can be found at https://github.com/Huk-David/SpaDep_VCop/tree/4Paper.
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