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Abstract

We study manifold learning with multidimensional scaling for samples of metric space val-
ued data. By adopting a global version of ISOMAP we obtain low-dimensional Euclidean
representations. A key innovation is that we demonstrate that global Fréchet regression
can be utilized for mapping the elements of a convex set in the Euclidean representation
space back to the metric space where the objects reside. We refer to this approach as
Fréchet manifold learning and showcase it with one-dimensional distributions as random
objects, equipped with the Wasserstein metric, which is an important special case of our
general approach. The resulting low-dimensional representations mimic the parametric rep-
resentation in a parametric family of distributions but are entirely learned from the data
without postulating any parametric model. These Wasserstein representations of distri-
butional data can be viewed as an empirical parametrization of a sample of distributions.
The utility of these representations rests on the map from the low-dimensional Euclidean
representation space to the space of distributions, which is obtained with global Fréchet
regression. We illustrate the proposed approach with distributional data for baby names,
bike rentals and age pyramids and further demonstrate how it can be applied for a novel
distributional regression method that features one-dimensional distributions as predictors.

Keywords: distributional data analysis, global Fréchet regression, MDS, metric space-
valued data, nonlinear dimension reduction

1. Introduction

Advances in technology have enabled the acquisition of increasingly complex data such as
functional data and next generation functional data (Wang et al. 2016), functional data
on manifolds (Dai and Müller 2018), and random objects in general metric spaces such as
networks, probability distributions, covariance matrices, point processes and many others
(Dryden et al. 2009; Ginestet et al. 2017; Gervini and Khanal 2019; Dubey and Müller
2022; Gajardo and Müller 2022). Here random objects refer to metric-space valued ran-
dom variables, following the definition in Müller (2016). Since such data typically lie in a
high-dimensional or even infinite-dimensional ambient space, dimension reduction is often
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mandatory for statistical analysis. The literature on dimension reduction in regression is
vast and encompasses methodology ranging from single and multiple index modeling in re-
gression analysis (Xia et al. 2002; Lee et al. 2013; Zhang et al. 2021; Ghosal et al. 2023a;
Bhattacharjee and Müller 2023) to functional principal component analysis (Kleffe 1973;
Ramsay and Silverman 2005; Hsing and Eubank 2015; Li and Song 2017), where the latter
enables unsupervised lower-dimensional approximations for infinite-dimensional data.

More generally, manifold learning is a non-linear dimension reduction tool that has
been shown to be useful for dimension reduction of infinite-dimensional functional data
(Chen and Müller 2012), where data are assumed to lie on a low-dimensional manifold
that is unknown. Manifold learning aims to identify an underlying manifold on which the
data are located and if such a manifold exists provides nonlinear dimension reduction that
facilitates subsequent statistical analysis and circumvents the curse of dimensionality. This
leads to faster rates of convergence compared to fully nonparametric methods under general
smoothness assumptions (Bickel and Li 2007; Lin and Yao 2019), which are known to suffer
from the curse of dimensionality.

ISOMAP, which stands for isometric feature mapping (Tenenbaum et al. 2000), is a key
method in manifold learning for the recovery of an underlying low-dimensional manifold
on which data are assumed to lie. Variants include P-ISOMAP (Chen and Müller 2012)
or Wassmap for distributional image data (Hamm et al. 2023), where the latter employs
the 2-Wasserstein metric (Villani 2003) as the underlying geodesic distance. The ISOMAP
approach approximates the geodesic distance in the manifold by finding shortest paths in
local neighborhoods, followed by multidimensional scaling (MDS) (Borg and Groenen 2005),
applied to the resulting pairwise distance matrix between objects and resulting in a low-
dimensional Euclidean representation. These local neighborhoods are usually constructed
based on all points within a fixed radius in the ambient space metric or alternatively via
a K-nearest neighbor approach. Thus ISOMAP approximates the geodesic distance in the
manifold by finding shortest paths on the weighted graph that is constructed across all data
points, with edge weights corresponding to the distances between neighboring points.

In this paper, we adopt a global version of ISOMAP similarly as in Hamm et al. (2023),
where the object space is assumed to be directly isometric in the ambient space metric to an
unknown but low-dimensional Euclidean space. We apply the multidimensional scaling step
directly and without finding shortest paths with Dijkstra’s algorithm, which is not needed
under the isometry assumption that underpins our approach. That is, we do not focus on
general curved manifolds for which the geodesic estimation step along the locally weighted
graph from ISOMAP would be required, since the isometry condition (in the ambient space
metric) is satisfied by flat manifolds. While the flatness of the manifolds considered limits
its scope, our framework covers important statistical models such as location-scale families
in the special case of distributional data and has broad applicability for other non-Euclidean
data, with random objects residing in more general metric spaces.

While various methods are available for non-linear dimension reduction for the explo-
ration of complex data, they generally only include maps from the space of objects to their
representation in low-dimensional Euclidean space but do not provide a construction for
the inverse map from the Euclidean representation space to the object space. However, the
latter is essential to assign objects to elements in the Euclidean representation space that do
not directly represent an object, i.e., where there is no object that has been mapped to such

2
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elements. To be able to make such assignments is especially relevant for regression models
or principal component representations, as these, when performed in the lower-dimensional
representation space, involve elements of this space that are not images of observed objects
in the object space. This motivates the approach presented in this paper. Another mo-
tivation is that when the objects lie on an unknown manifold in a general metric space,
interpolation is a difficult task as there are no vector operations available in the object
space and interpolation is therefore performed in the representation space, where again the
inverse map back into the object space is not available for the resulting interpolations. Our
approach provides a solution to this quandary by constructing such inverse maps.

Probability distributions are a special case of substantial interest, for which we showcase
the proposed methods in Sections 3-5. Distributional data analysis has recently become an
increasingly popular area for statistics and data analysis with applications in many fields
(Petersen and Müller 2016; Matabuena et al. 2021; Chen et al. 2023; Petersen et al. 2022;
Pegoraro and Beraha 2022; Zhu and Müller 2024; Ghosal et al. 2023b; Gunsilius 2023). As an
illustrative example, consider the simulation setting in Figure 3 below for a manifold in the
2-Wasserstein space that is generated from Gaussian variates with two independent sources
of variation corresponding to a mean shift and a scale variation. This information is not
used in the proposed approach. While it is possible to obtain a data-driven 2-dimensional
Euclidean representation of both mean and variance parameters for each distribution, this
would only entail the inverse map at these Euclidean representation points by plugging in
the parameters, but the inverse map would remain unknown for other Euclidean 2-vectors,
thus preventing interpolation in the object space. The proposed approach overcomes these
limitations.

To obtain the inverse map at all Euclidean representation points is one of the main
challenges that the proposed methodology addresses. To this end we develop novel method-
ology along with theoretical guarantees for the map from the Euclidean low-dimensional
representation back to the object space, which then makes it possible to predict the ob-
ject corresponding to any element in the low-dimensional Euclidean representation space.
Moreover, the inverse map keeps track of the underlying geometry of the data generating
mechanism for many statistical situations of interest, such as location-scale families when
the objects consist of probability distributions. Identifying manifold structure for the case
of probability distributions as random objects is of special interest as it enables an empirical
parametrization of an observed sample of distributions of unknown nature. In contrast to
the classical approach of postulating a parametric family of distributions from the start,
with the exponential family as a prominent example (Efron 1978, 2018), we take the oppo-
site approach by seeking a low-dimensional empirical parametrization for a given observed
sample of random distributions that have smooth densities, thus deriving the family of
distributions from the given data that consist of a sample of distributions.

For the case of functional data as random objects (Wang et al. 2016; Müller 2016)
that fall on a low-dimensional manifold, Chen and Müller (2012) proposed a nonparametric
regression kernel estimator for the inverse map under the assumption that the estimated
ISOMAP representation converges to its target at a given rate. This inverse map required
convexity of the underlying space, which may not hold for general objects lying in a metric
space. Here we develop an alternative approach that harnesses Fréchet regression (Petersen
and Müller 2019), which can be viewed as an implementation of conditional barycenters,
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extending the notion of barycenter or Fréchet mean (Fréchet 1948) in arbitrary metric
spaces. Specifically, we use Fréchet regression in the manifold learning problem as a tool
to construct inverse maps from the low-dimensional Euclidean representation to the object
space. For illustrative purposes and some of the theoretical developments, we focus on
the case of one-dimensional distributional data, where one observes a sample of probability
distributions on the real line. Along the way, we will discuss extensions to Fréchet manifold
learning for more general metric spaces.

The main contributions of this paper are as follows: First, we provide methodology with
theoretical guarantees for the inverse map from the Euclidean representation to the object
space when the general random objects lie in a manifold embedded in the ambient metric
space, which is assumed to be isometric in the ambient metric to a subset of Euclidean
space. Such a global isometry to a low-dimensional Euclidean space has also been recently
considered in Hamm et al. (2023) when working with distributional data but without a
construction of an inverse map, which is an essential step for representing distributional
and other types of random objects. Under the global isometry assumption, we obtain a
pairwise distance matrix from an initial MDS step that leads to an Euclidean distance
matrix (EDM) (Gower 1985); if the dimension of the manifold is known, exact recovery
of the Euclidean configuration that generates the EDM is possible up to a Euclidean rigid
transformation (Young and Householder 1938). obtain rates of convergence in a realistic
setting where the underlying dimension is not known and needs to be estimated from the
data.

Second, we demonstrate that the proposed method allows for consistent prediction of
the object corresponding for any point lying in the convex hull of the observed Euclidean
MDS components and derive rates of convergence for this prediction. This is a highly
desirable property for the inverse map as the MDS representation is only available at the
sample level and therefore prediction of corresponding objects for any other elements the
Euclidean space is challenging.

Third, when the objects correspond to distributional data, i.e., one-dimensional proba-
bility distributions in 2-Wasserstein space, we show through real data applications as well
as numerical experiments that the proposed inverse map enables interpretation of the effect
of each Euclidean MDS component on the distributional response objects.

Fourth, we provide convergence results with rates of convergence for the inverse map
for the case where the distributional data are not fully observed but instead one has only
a sample of observations generated by each of the distributions, as is usually the case in
practice. For this we require increasing sample sizes across the distributions. This scenario
is challenging, as the pairwise distances between the distributional objects are then only
approximately known. There is a connection with the literature on perturbations of MDS,
which have been studied previously for sensor network data in the presence of measure-
ment error (Oh et al. 2010; Javanmard and Montanari 2013). For random objects that
correspond to distributional data, we also provide an extension of our methodology to a
regression framework, connecting either scalar or distributional responses with distribu-
tional predictors, based on a possibly multivariate multiple linear regression utilizing latent
parametrizations of the predictors. We also derive convergence results for this regression
approach.
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The main approach and consistency results are presented in Section 2 for the general case
of arbitrary random objects. In Section 3 we provide specifics for the case of distributional
objects and also additional theory for this special case. In Section 4 we report simulation
results and illustrate our methods with distributions of baby names over calendar years and
distribution of bike rentals over the 24 hours of a day in Section 5. Auxiliary lemmas and
proofs are in the appendix.

2. Fréchet Manifold Learning

2.1 Preliminaries

Our starting point is a m-dimensional random vector θ = (θ1, . . . , θm)T ∈ Θ ⊂ Rm, m ≥ 1,
with distribution F , where Θ is compact, and a totally bounded separable metric space
(Ω, d) with metric d that consists of random objects ν ∈ Ω with metric d. These two spaces
are connected by a map ψ : Θ → Ω, where M = ψ(Θ) ⊂ Ω is the image of ψ. The map
ψ induces a probability distribution on M as it pushes forward the distribution F on Θ
to a distribution Fν on M. We assume that the mean and covariance matrix of θ with
respect to F are well defined, µ = E(θ) and Σ = Var(θ), with Σ being positive definite.
For general metric spaces Ω and smooth maps ψ, M is a Riemannian manifold within the
ambient space Ω.

Consider a sample of latent parameters θ1, . . . ,θn
iid∼ θ with νi = ψ(θi), νi ∈ Ω,

with (θ1, ν1), . . . , (θn, νn)
iid∼ (θ, ν). We assume that a sample of n random objects ν =

(ν1, . . . , νn) is observed, while the underlying latent parameters θi are unknown. Given
the sample ν ∈ Ωn, we obtain low-dimensional global ISOMAP MDS representations of the
objects νi and then aim at mapping back any element in the low-dimensional representation
space. For this, we propose to utilize a suitable notion of regression function from Euclidean
space to object space (Ω, d) as inverse map. For the special case where the random objects
νi are distributions with a suitable metric in the space of distributions, an additional diffi-
culty is that it is usually not realistic to assume that the probability distributions are known
but instead one typically has samples of data that are generated by the distributions, where
each distribution generates one sample. The theory in Section 4 covers this case that is
important for real-world scenarios.

Our basic premise is that the random objects lie on a manifold in the ambient Ω space
M = {νθ0 = ψ(θ0) ∈ Ω : θ0 ∈ Θ}. Given the sample ν ∈ Ωn, we adopt well-known
dimension reduction methods to obtain a corresponding parametric representation of sample
objects νi via MDS and apply global Fréchet regression to provide a suitable map back to
object space, which then allows to obtain interpolated random objects at all Euclidean low-
dimensional representations. The latter is a key difficulty as one often only has the pair
of estimated MDS components and corresponding random objects. Interpolation of these
data is challenging when (Ω, d) is not a linear vector space. Assuming for the moment that
parameters θi are actually observed in addition to the νi, one may view the pairs (θi, νi)
as a form of scatterplot data with Euclidean vectors as predictors and objects lying in a
metric space as responses. This motivates the application of the framework of global Fréchet
regression (Petersen and Müller 2019) to obtain an inverse map back from the Euclidean
representation space to the object space.
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A key difficulty is that the predictors θi are not observed but instead one has a proxy
variable in the form of MDS components, which are well known not to be consistent for the
true parameters θi even if the underlying dimension m is known. However, we demonstrate
that the linear structure embedded in global Fréchet regression allows to overcome this
challenge, so that the estimated inverse map into object space indeed tracks the underly-
ing geometry. When (Ω, d) is the 2-Wasserstein space of probability measures this covers
location-scale models and also distributional data that lie on a geodesic in 2-Wasserstein
space. In the context of manifold learning, it is often assumed that the target manifold is
isometric (in the ambient metric) to a subset of Euclidean space (Javanmard and Monta-
nari 2013; Hamm et al. 2023) that typically is of low dimension. The proposed framework
does not pertain to general curved manifolds since the shortest path geodesic estimation
that is a core step in ISOMAP is not considered. For our theoretical results, we adopt this
framework and assume that the set M is isometric in the ambient metric to an invertible
linear transformation of Θ ⊂ Rm with respect to the ambient distance d as per the following
condition, where 󰀂·󰀂2 is the Euclidean norm in Rm.

(A1) There exists an invertible matrix A ∈ Rm×m such that for any ϑ1,ϑ2 ∈ Θ and corre-
sponding random objects ψ(ϑ1) = νϑ1 ,ψ(ϑ2) = νϑ2 ∈ M it holds that d(νϑ1 , νϑ2) =
󰀂A(ϑ1 − ϑ2)󰀂2.

We remark that this assumption is equivalent to M being isometric (in the ambient
metric) to the subset of Euclidean space given by AΘ = {Aϑ : ϑ ∈ Θ} and corresponds
to the isometry condition for the map ψ when A = Im is the m × m identity matrix so
that Assumption (A1) encompasses the isometry condition as a special case. Assumption
(A1) holds for several important classes of statistical families of probability distributions
in 2-Wasserstein space as we demonstrate in Section 3. For linearly transformed random
parameter vectors θ̃ = Aθ the isometry condition in the ambient space directly holds and
the covariance of the transformed vectors is Σ0 = Cov(θ̃) = AΣAT .

2.2 Global Fréchet Regression for Manifold Learning

To construct the map ψ from the object space to the Euclidean representation space we
adopt classical MDS (Hamm et al. 2023), where we utilize the distance d in the object
space Ω to obtain the distance matrix Dn with elements [Dn]ij = d2(νi, νj), 1 ≤ i, j ≤ n.
Then for a given dimension r ∈ {1, . . . , n}, classical MDS aims at a lower-dimensional
representation Ψr = (η1 . . .ηn) ∈ Rr×n such that the strain measure (Borg and Groenen
2005) is minimized,

Ψr = argminΨ̃∈Rr×n 󰀂Ψ̃T
Ψ̃− 1

2
JnDnJn󰀂F , (1)

where 󰀂·󰀂F denotes the Frobenius matrix norm and Jn = In − n−11n1
T
n , where In is the

identity matrix and 1n = (1, . . . , 1)T ∈ Rn.
It is well known that when the distance matrix Dn is Euclidean, namely when there

exists a point configuration z1, . . . , zn ∈ Rr∗ for some positive integer r∗ such that [Dn]ij =
󰀂zi − zj󰀂22, the rank of Dn is at most r∗ + 2 independently of n (Gower 1985), and that
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Dn is Euclidean if and only if the matrix −(1/2)JnDnJn is positive semi-definite (Young
and Householder 1938). The optimization problem (1) does not admit a unique solution,
since for any orthogonal matrix Rr ∈ Rr×r, it holds that RrΨr is another solution. If
we knew the dimension r∗ and then obtained MDS components via (1), a well known
result is that the point configuration z1, . . . , zn can indeed be recovered up to an Euclidean
rigid transformation (Young and Householder 1938), i.e., up to translation, rotation and
reflections, as these transformations do not affect the pairwise distances (Dokmanic et al.
2015). In what follows, denote by λ1 ≥ · · · ≥ λn the ordered eigenvalues of −(1/2)JnDnJn.

Under the isometry condition (A1), it is readily seen that Dn is an Euclidean matrix
with r∗ = m, so that recovery of the underlying parametrization up to rigid transformations
is in principle achievable. While in engineering problems such as sensor network location
(Drineas et al. 2006) the embedded spatial dimension r∗ is known in advance, the dimension
is rarely known in manifold learning contexts, and therefore r∗ = m must be obtained in
a data-adaptive way. Lemma 2 in the supplement shows that under mild assumptions on
the covariance matrix Σ0, the estimate m̃ of m given by m̃ = sup{l = 1, . . . , n : λl > 0}
converges to the true underlying dimension m, where we note that the eigenvalues λj are
random.

The standard way of obtaining a solution of (1) is via spectral decomposition (Borg and
Groenen 2005). Under (A1), we have (−1/2)JnDnJn = QΛQT , where Q = (ν1 · · ·νn) ∈
Rn×n contains eigenvectors νi ∈ Rn with corresponding ordered non-negative eigenvalues

λ1 ≥ · · · ≥ λn ≥ 0, Λ = diag(λ1, . . . ,λn) ∈ Rn×n. Then Ψr = Λ
1/2
r QT

r , where Qr =
(ν1, · · · ,νr) ∈ Rn×r and Λr = diag(λ1, . . . ,λr) ∈ Rr×r. Finally, the MDS components ηi

are obtained from the columns of Ψr by setting r = m̃ as the estimated dimension.
The construction of the MDS representation ηi depends on the entire random sample

ν1, . . . , νn and is not defined for a generic point η in MDS space. This poses challenges for
the construction of an inverse map from MDS back to object space, especially for points
η ∈ Rm that are not included among the MDS components ηi. Some approaches were
developed to overcome this problem in the framework of functional data by employing local
constant fitting methods implemented with Nadaraya–Watson kernel type estimators to
map back to function space, however these approaches rely on the vector space structure
of L2 (Chen and Müller 2012) and therefore cannot be generalized to cover more general
object spaces.

For general object spaces, we therefore adopt here a different approach by utilizing the
global Fréchet regression framework (Petersen and Müller 2019). Global Fréchet regression
generalizes classical multivariate linear regression for the case where responses are situated
in a metric space that satisfies certain entropy conditions. The global Fréchet regression
function is defined as a weighted Fréchet mean,

ν⊕(θ0) = argmin
w∈Ω

E(s(θ,θ0)d
2(νθ, w)), (2)

where θ0 ∈ Θ ⊂ Rm and the global weights are given by

s(θ,θ0) = 1 + (θ − µ)TΣ−1(θ0 − µ).

We note that this approach includes negative weights and is not subject to the curse of
dimensionality, in contrast to local approaches. Here m is the reduced dimension and is of

7



Gajardo and Müller

modest size, typically effective dimension reduction means that 1 ≤ m ≤ 4 and therefore
the inversion of Σ is not expected to be problematic. Uniqueness of the minimizer in
(2) and convergence of empirical estimates depend intrinsically on geometric and entropy
properties of the metric space (Ω, d). For many metric spaces of interest, including those of
one-dimensional probability distributions in 2-Wasserstein space and correlation matrices
with various metrics, it has been shown that uniqueness holds and convergence rates for
empirical estimators have been derived (Petersen and Müller 2019).

2.3 Consistency

We show here that one can consistently recover the global Fréchet regression function ν⊕(θ0)
at all unobserved parameter vectors θi = ψ−1(νi) by employing the MDS representation
components ηi. Even if the true dimension m were known, at which there is an isometry
in the ambient space metric between the MDS components and the random objects, the
ηi differ from the θi by an unknown and random Euclidean rigid transformation. If one
had in hand the latent random parameter values θi, an oracle estimate ν̂⊕(·,θ0) of ν⊕(θ0)
would be obtained by adopting the empirical version of global Fréchet regression (Petersen
and Müller 2019), given by

ν̂⊕(·,θ0) = argmin
w∈Ω

n−1
n󰁛

i=1

sin(θ0)d
2(νi, w), (3)

where the empirical weights sin are defined as

sin(θ0) = 1 + (θi − θ̄)T Σ̂
−1

(θ0 − θ̄),

with θ̄ = n−1
󰁓n

i=1 θi and Σ̂ = n−1
󰁓n

i=1(θi − θ̄)(θi − θ̄)T .

Since the θi remain unobserved, (3) is unavailable. However, conditional on the observed
sample νi, the MDS components ηi are available and in the proposed approach we substitute
them for the unknown θi. This leads to the empirical estimates ν̃⊕(η) given by

ν̃⊕(η) = argmin
w∈Ω

n−1
n󰁛

i=1

s̃in(η)d
2(νi, w), (4)

where η ∈ Rr, using an estimated dimension r = m̃. The modified global weights s̃in are

s̃in(η) = 1 + (ηi − η̄)T Σ̃
−1

(η − η̄),

with η̄ = n−1
󰁓n

i=1 ηi and Σ̃ = n−1
󰁓n

i=1(ηi−η̄)(ηi−η̄)T . The MDS components ηi can be
shown to be naturally centered at 0n (Oh et al. 2010), where 0n = (0, . . . , 0)T ∈ Rn. Indeed,
since Jn1n = 0n, and in view of the spectral decomposition (−1/2)JnDnJn = QΛQT , we

have Λ
1/2
r QT

r 1n = 0r. Denoting the canonical basis in Rn by ei leads to

η̄ = n−1
n󰁛

i=1

Λ1/2
r QT

r ei = n−1Λ1/2
r QT

r 1n = 0r.
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Existence and uniqueness of the Fréchet regression (3) depends on properties of the
metric space (Ω, d). If these are satisfied, existence and uniqueness of the MDS based
version (4) follows as we show in Theorem 1. This applies for the reconstructed MDS
components η = ηj , j = 1, . . . , n, as well as the convex hull of these MDS components. We
demonstrate that taking η = ηi in (4) leads to a consistent estimate of the global Fréchet
regression function ν⊕(θ0) evaluated at the true but unobserved parameter θi, i = 1, . . . , n,
as well as at any point lying in the convex hull of the set {θ1, . . . ,θn}. Denote by 󰀂·󰀂1 the
1-norm in Euclidean space and λ01 ≥ · · · ≥ λ0m the ordered eigenvalues of the covariance
matrix Σ0. We require the following mild regularity condition on Σ0.

(A2) The covariance matrix Σ0 possesses a positive eigengap δ0 = minj=1,...,m(λ0(j−1) −
λ0j ,λ0j − λ0(j+1)) > 0 with λ00 = ∞ and λ0(m+1) = −∞.

Theorem 1 Under (A1), (A2) and the regularity conditions (U0)− (U2) in Petersen and
Müller (2019), it holds that

max
i=1,...,n

d(ν̃⊕(ηi), ν⊕(θi)) = Op

󰀓
n−1/(2(α′−1))

󰀔
,

for any α′ > α with α as in (U2). Moreover, for any non-negative weights pj ≥ 0, j =
1, . . . , n, such that

󰁓n
j=1 pj = 1, for convex combinations ηp =

󰁓n
j=1 pjηj and θp =󰁓n

j=1 pjθj,

sup
p=(p1,...,pn) : pj≥0,󰀂p󰀂1=1

d(ν̃⊕(ηp), ν⊕(θp)) = Op

󰀓
n−1/(2(α′−1))

󰀔
.

For completeness, conditions (U0)-(U2) are included in the Appendix. Theorem 1 implies
that

√
n-convergence rate can be arbitrarily closely achieved for recovering the inverse global

Fréchet map ψ−1 over the observed MDS components whenever α as in (U2) can be taken as
α = 2, which is the case for various metric spaces of statistical interest and for distributional
data with the 2-Wasserstein metric under a finite dimension condition in addition to (U0)−
(U2) or alternatively bypassing (U0) − (U2) and using convergence properties directly in
the Hilbert space of which quantile functions form a subset

We remark that a simple alternative approach to obtain an inverse map back to object
space could be obtained via a naive nearest neighbor approach, where the predicted inverse
map at an unobserved MDS point η is then given by the object νi for which its MDS
representation ηi is closest to η in Euclidean norm. However, this approach has several
drawbacks. A major weakness concerns interpretation, specifically understanding the effect
that each individual MDS parameter has on the objects. For example, we could select one
MDS component and fix the remaining MDS parameters at their mean value of 0 while
varying the selected MDS component (i.e., moving along a line in MDS space) to study
the effect on the predicted inverse map back to object space. Then the nearest neighbor
approach will generally not be able to disentangle the effect that each MDS parameter has
on the random objects, as there will be multiple confounding effects so that of the MDS
component of interest cannot be isolated. See Appendix E for a simulation example that
provides an illustrative baseline rather than a comprehensive comparison to demonstrate
this issue for the case of distributional data.
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3. Fréchet-Wasserstein Manifold Learning: Recovering Latent Parameter
Families and Geodesics

We now focus on the important special case of one-dimensional distributional data, where a
metric that has been shown to be very useful in statistical applications is the 2-Wasserstein
distance (Bolstad et al. 2003; Bigot and Klein 2018; Álvarez Esteban et al. 2016), also pop-
ular due to its connection with optimal transport (Villani 2003). For two one-dimensional
probability measures υ1 and υ2 with corresponding CDFs (cumulative distribution func-
tions) Fυ1 and Fυ2 , this distance is

d2W2
(υ1, υ2) =

󰁝 1

0
(F−1

υ1 (t)− F−1
υ2 (t))2dt, (5)

where quantile functions F−1
υj (t) = infs∈R{Fυj (s) ≥ t}, t ∈ (0, 1), are the non-decreasing

and left-continuous inverses of Fυj , j = 1, 2. Let (W2, dW2) denote the 2-Wasserstein space
of absolutely continuous probability measures with finite second moments over R, which
is endowed with the 2-Wasserstein metric d = dW2 , and consider a totally bounded subset
Ω ⊂ W2. This metric leads to the corresponding MDS-based forward map from distribution
space to Euclidean space as defined in Section 2.2, which we adopt in the following and which
has been recently termed Wassmap (Hamm et al. 2023; Cloninger et al. 2025).

In the distributional metric space (Ω, dW2), assumption (A1) holds for translation man-
ifolds (Hamm et al. 2023), i.e. when there exists an absolutely continuous probability
measure µ0 ∈ W2 that serves as a template measure such that for all νϑ0 ∈ M, where
ϑ0 = θT

0 e1 ∈ Θ ⊂ R and m = 1, it holds that νϑ0(·) = µ0(· − ϑ0). Similarly, for dilation
manifolds parametrized by a scaling parameter σ > 0, namely when the space Θ ⊂ R+ is
contained in the positive orthant and there exists an absolutely continuous template mea-
sure µ0 ∈ W2 such that νϑ0(·) = µ0(·/σ), where ϑ0 = σ, following Lemma 3.7 in Hamm
et al. (2023) one may take A =

󰁳
M2(µ0) > 0 in (A1), where M2(µ0) < ∞ denotes the

second moment of µ0.
Another important class of distributions that satisfy (A1) and encompases the two

previous cases are location-scale families, for which there exists an absolutely continuous
probability measure µ0 ∈ W2 with corresponding density function f0 > 0 a.e. satisfying󰁕
R xf0(x)dx = 0 and

󰁕
R x2f0(x)dx = 1, and a two-dimensional parameter θ = (µ,σ)T ∈

R× R+ such that νθ = ν(µ,σ) has density

fν|θ(·, µ,σ) =
1

σ
f0

󰀕
·− µ

σ

󰀖
.

Since the 2-Wasserstein distance between two one-dimensional probability measures w1, w2 ∈
W2 is the L2(0, 1) distance between corresponding quantile functions (5), when w1 and w2

lie in the location-scale class, i.e. for some θ̃j = (µ̃j , σ̃j) ∈ Θ ⊂ R × R+ it holds that
fwj (·) = fν|θ(·, µ̃j , σ̃j), j = 1, 2, the pairwise distance admits a simple well-known form
(Panaretos and Zemel 2019)

d2W2
(w1, w2) = (µ̃1 − µ̃2)

2 + (σ̃1 − σ̃2)
2.

Hence, considering the case m = 2 and a subclass where (µ,σ) ∈ Θ = Θ1×Θ2 with Θ1 ⊂ R
and Θ2 ⊂ R+ are compact, (A1) is satisfied by taking the identity matrix A = I2.

10
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We remark here that location-scale families also cover the important statistical problem
of time warping and deformation models (Bigot and Charlier 2011; Panaretos and Zemel
2019), where the random densities are assumed to be random warps or deformations with
respect to some fixed template density. A simple warping model is g(·) = f0(· − θ), where
θ is a scalar random variable and f0 is some template density function.

Following up on Theorem 1 in the distributional case, the entire 2-Wasserstein space
(W2, dW2) (Petersen and Müller 2019) is not totally bounded, which is a basic requirement
to apply the convergence results, and therefore these conditions need to be checked for the
subset Ω ⊂ W2. This hinges on verifying assumption (U0), which entails existence and
uniqueness of (2) and (3) for all 󰀂θ0󰀂2 ≤ Diam(Θ) < ∞; assumption (U2) is established
analogously as in Proposition 1 in Petersen and Müller (2019), where the constant α can be
taken as α = 2. For assumption (U1), the assumptions listed in Proposition 1 in Petersen
and Müller (2019) are insufficient and need to be complemented by assuming that the space
Ω is finite-dimensional, which is the case for our purposes due to the finite-dimensional man-
ifold representation. Alternatively, one can bypass assumption (U1) altogether by directly
adopting the convergence results of Petersen et al. (2021).

Condition (U0) holds when Ω ⊂ W2 is such that its corresponding quantile space QΩ

consisting of the left-continuous and non-decreasing generalized inverses of the correspond-
ing CDFs is a closed and convex subset of L2(0, 1). This is a consequence of the orthogonal
projection theorem in the Hilbert space L2(0, 1) and in view of the quantile representation
of dW2 (5), provided that the quantile space QΩ consists of continuous functions. Indeed,
if for any probability measure ν0 ∈ Ω its CDF Fν0 is strictly increasing on the interval
{s ∈ R : 0 < Fν0(s) < 1}, the quantile function space QΩ is a subset of the space C(0, 1) of
continuous functions over (0, 1) (see e.g. Proposition A.7 in Bobkov and Ledoux (2019)).

(A3) Suppose that (Ω, dW2) is totally bounded in 2-Wasserstein space and the quantile
space QΩ ⊂ C(0, 1) is closed and convex when viewed as a subset of the Hilbert space
L2(0, 1).

We then have the following result on the recovery of the global Fréchet-Wasserstein
inverse map over the convex hull of the observed MDS components.

Corollary 1 Under (A1) – (A3), for any γ > 0 it holds that

max
i=1,...,n

d(ν̃⊕(ηi), ν⊕(θi)) = Op

󰀓
n−1/(2+γ)

󰀔
.

Moreover, for any non-negative weights pj ≥ 0, j = 1, . . . , n, such that
󰁓n

j=1 pj = 1, and
denoting the convex combinations ηp =

󰁓n
j=1 pjηj and θp =

󰁓n
j=1 pjθj, it holds that

sup
p=(p1,...,pn) : pj≥0,󰀂p󰀂1=1

d(ν̃⊕(ηp), ν⊕(θp)) = Op

󰀓
n−1/(2+γ)

󰀔
.

The following examples showcase situations in which the global Fréchet regression func-
tion admits a closed form and recovers exactly the underlying distributions along with the
latent generating family such as the location-scale family. Example 1 below concerns the
case where the location and scale parameters depend linearly on two independent random
variables in a way that the scale parameter is almost surely positive. We omit the detailed
derivation as it follows from arguments of Petersen et al. (2021).

11
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Example 1 Suppose m = 2, Θ ⊂ R × R+ and let a0, a1, b1, b2 ∈ R be constants such that
b1 + b2θ

Te2 > 0 almost surely for all θ = (ϑ1,ϑ2)
T in the support of Fθ. Consider the

location-scale model,

fν|θ(·,θ) =
1

b1 + b2ϑ2
f0

󰀕
·− a0 − a1ϑ1

b0 + b1ϑ2

󰀖
,

where f0 > 0 is a density function over R such that
󰁕
R sf0(s)ds = 0 and

󰁕
R s2f0(s)ds = 1,

and suppose that Cov(ϑ1,ϑ2) = 0. For simplicity consider Ω = W2. Then, the density
f⊕(·,θ0) of the global Fréchet regression function (2) satisfies

f⊕(·,θ0) = fν|θ(·,θ0),

which means that it recovers the underlying latent location-scale structure.

Example 2 Suppose m = 1, Θ ⊂ R, and θ = ϑ ∈ Θ. Let a0, a1 ∈ R be constants such that
a0+a1ϑ > 0 holds for all ϑ in the support of Fθ. Consider the exponential regression model
νθ ∼ Exp(m(ϑ)) with m(ϑ) = (a0 + a1ϑ)

−1 and suppose Ω = W2. Thus the underlying
latent family νθ has an exponential distribution with a scale that depends linearly on ϑ.
Then, the global Fréchet regression function (2) corresponds to Exp((a0 + a1ϑ0)

−1), where
θ0 = ϑ0 ∈ Θ, i.e., it recovers the underlying latent structure.

The conclusion in Example 2 follows from E(s(θ,θ0)Qθ(t)) = − log(1 − t)(a0 + b0θ0),
t ∈ (0, 1), which is a valid exponential quantile function and as the quantile function of (2)
equals the L2-orthogonal projection of E(s(θ,θ0)Qθ(t)) into quantile space. Here Qθ is the
quantile function corresponding to νθ.

Another statistical situation of interest corresponds to the case where probability mea-
sures νi, i = 1, . . . , n, lie on a geodesic in 2-Wasserstein space between two absolutely
continuous probability measures µ0 and µ1 with finite second moments (Fan and Müller
2025). For this, let m = 1 and θi = ϑi ∈ Θ = [0, 1], i = 1, . . . , n. Suppose that there exists
a unique geodesic µ(t), t ∈ [0, 1], such that µ(0) = µ0, µ(1) = µ1, and νi = µ(ϑi), where
the ϑi may be regarded as random time locations. Theorem 1 in Fan and Müller (2025)
shows that the global Fréchet regression function in (2) recovers the geodesic in the sense
ν⊕(θ0) = µ(θ0) is achieved, for all θ0 = ϑ0 ∈ Θ. By construction of the geodesic, one has
dW2(µ(ϑ̃1), µ(ϑ̃2)) = |ϑ̃1 − ϑ̃2|dW2(µ0, µ1) for any ϑ̃1, ϑ̃2 ∈ Θ so that (A1) is satisfied. We
assume that the geodesic µ(t), t ∈ [0, 1], lies in the distribution space Ω.

Corollary 2 Under (A1) – (A3), suppose that for two distinct probability measures µ0, µ1 ∈
Ω there exists a unique geodesic µ(t), t ∈ [0, 1], contained in Ω such that µ(0) = µ0, µ(1) =
µ1, and the sample of probability measures νi = µ(ϑi), i = 1, . . . , n, with θi = ϑi ∈ Θ = [0, 1]
is observed, where almost surely all ϑi are distinct. Then, for any γ > 0,

sup
p=(p1,...,pn) : pj≥0,󰀂p󰀂1=1

dW2(ν̃⊕(ηp), µ(ϑp)) = Op

󰀓
n−1/(2+γ)

󰀔
,

where ϑp =
󰁓n

j=1 pjϑj and ηp =
󰁓n

j=1 pjηj. If furthermore the distribution of θ = ϑ has

a density fϑ that is continuous and strictly positive over Θ with CDF Fϑ(s) =
󰁕 s
0 fϑ(u)du,

12



Fréchet Manifold Learning

taking any ρ1 > 0, ρ ∈ (0, 1) and the sequence 󰂃n = 1−F−1
ϑ (1− n−ρ) = o(1) as n → ∞, the

event

[󰂃n, 1− 󰂃n] ⊆ [ϑ(1),ϑ(n)] =
󰁱
ϑp =

n󰁛

j=1

pjϑj : p1, . . . , pn ≥ 0, 󰀂p󰀂1 = 1
󰁲
,

occurs with probability at least 1−n−ρ1 as n → ∞. Here ϑ(1) and ϑ(n) are the first and last
order statistics from the sample ϑ1, . . . ,ϑn.

Corollary 2 shows that the geodesic path µ(t), t ∈ (󰂃n, 1−󰂃n), can be uniformly recovered
in the 2-Wasserstein metric by employing the MDS components, where the interval (󰂃n, 1−
󰂃n) asymptotically grows to the entire time window [0, 1], and the uniform recovery over
(󰂃n, 1 − 󰂃n) occurs with a probability that converges to 1 at any polynomial rate. We
remark that here the convex hull is equivalent to a standard coverage interval (Wilks 1948)
employing the first and last order statistics.

4. Fréchet-Wasserstein Manifold Learning Under Uncertainty

The previous developments require knowledge of the exact true pairwise distances [Dn]ij =
d2W2

(νi, νj), i, j = 1, . . . , n, which would be feasible if for example the density functions
fi corresponding to νi were fully observed. However, this may not be the case in practice.

Instead, it is often more common to observe an increasing sample of scalars Yi1, . . . , Yini

iid∼ fi
with ni → ∞ (Petersen and Müller 2016), which is then employed to estimate the required
pairwise distances [Dn]ij via a suitable [D̂n]ij . This introduces further estimation errors that

need to be accounted for in the final empirical estimates for (2). Writing [D̂n]ij = [Dn]ij+󰂃ij ,

where 󰂃ij = [D̂n]ij − [Dn]ij is the estimation error, reveals a connection with the recent
literature on perturbation of MDS components (Oh et al. 2010; Javanmard and Montanari
2013) where a characteristic of the situation we consider here is that the estimation error
can be controlled and shown to be diminishing as the number of observations per density
ni = ni(n) diverges with sample size n.

Suppose that conditional on θi, i = 1, . . . , n, an independent random mechanism gen-

erates a sample Yi1, . . . , Yini

iid∼ νi, where ni ≥ N(n) → ∞ as n → ∞ and νi or equivalently
fi remains unobserved. We can then employ these samples to obtain estimates of [Dn]ij ;
this can be achieved using empirical quantile functions. The estimated pairwise distance
is given by [D̂n]ij =

󰁕 1
0 (Q̂i(t) − Q̂j(t))

2dt, where Q̂i(t) = infs∈R{F̂i(s) ≥ t}, t ∈ (0, 1), is

the non-decreasing and left-continuous generalized inverse of the empirical CDF F̂i given
by F̂i(y) = n−1

i

󰁓ni
j=1 1{Yij≤y}, y ∈ R. The previous increasing sample framework is then

necessary to obtain consistent estimates of the unobserved pairwise distances. We formalize
this requirement in the following condition; see also Petersen and Müller (2016).

(A4) Suppose that conditionally on θi, Yi1, . . . , Yini

iid∼ fi, where ni ≥ N(n) holds for all
i = 1, . . . , n, and the positive-integer sequence N(n) satisfies N(n) → ∞ as n → ∞.

Let D̂n be the n × n matrix with entries [D̂n]ij , i, j = 1, . . . , n. The estimated MDS

components η̂i are given by η̂i = Λ̂
1/2
m̂ Q̂T

m̂ei, where the ei are the canonical basis of Rn and

13
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m̂ is a suitable estimate of the underlying dimension m (see Theorem 2 and Corollary 3
below). Here Λ̂m̂ and Q̂m̂ come from the spectral decomposition (−1/2)JnD̂nJn = Q̂Λ̂Q̂T ,
where Q̂ = (ν̂1 · · · ν̂n) ∈ Rn×n contains the eigenvectors ν̂i ∈ Rn with corresponding ordered
eigenvalues λ̂1 ≥ · · · ≥ λ̂n, Λ̂ = diag(λ̂1, . . . , λ̂n) ∈ Rn×n, Q̂m̂ = (ν̂1 · · · ν̂m̂) ∈ Rn×m̂, and
Λ̂m̂ = diag(λ̂1, . . . , λ̂m̂) ∈ Rm̂×m̂. Here ν̂T

l ν l ≥ 0 are assumed aligned, l = 1, . . . , m̂. It is
easy to show that there is no loss of generality with this eigenvector alignment condition as
the sign of ν̂ l does not alter the empirical global weights ˜̂sin(η̂j), which are defined by

˜̂sin(η̂j) = 1 + (η̂i − n−1
n󰁛

k=1

η̂k)
T ˜̂
Σ−1(η̂j − n−1

n󰁛

k=1

η̂k),

where 1 ≤ i, j ≤ n, and
˜̂
Σ is the sample covariance of the η̂i. The estimated global Fréchet

regression function then becomes

ˆ̃ν⊕(η) = argmin
w∈Ω

n−1
n󰁛

i=1

˜̂sin(η)d
2
W2

(ν̂i, w), (6)

where ν̂i is the unique probability measure with quantile function Q̂i (see e.g. Proposition
A.2 in Bobkov and Ledoux (2019)).

Since uniform convergence across all pairwise 2-Wasserstein distances is necessary, we
require an additional regularity condition on the quantile space QΩ. Denote by J2(ν0) =󰁕
R Fν0(x)(1 − Fν0(x))/fν0(x)dx the J2 functional (Bobkov and Ledoux 2019), where fν0 is
the density function of ν0 ∈ Ω and Fν0(s) =

󰁕 s
−∞ fν0(u)du, s ∈ R, is its CDF.

(A5) Suppose that (Ω, dW2) is totally bounded in 2-Wasserstein space with supν0∈Ω J2(ν0) <
∞, and the quantile space QΩ ⊂ C(0, 1) is closed and convex when viewed as a subset
of the Hilbert space L2(0, 1).

Here we remark that the condition J2(ν0) < ∞ for ν0 ∈ Ω in (A5) implies ν0 is supported
on an interval I in R with an almost surely positive density fν0 on its support (Bobkov
and Ledoux 2019; Bigot et al. 2018); here the support of ν0 is the smallest closed subset
of R with ν0-measure 1 (Bobkov and Ledoux 2019). This implies Fν0 is strictly increasing
over I and hence the quantile function F−1

ν0 is continuous in (0, 1). Thus QΩ is a subset of
the space of continuous functions C(0, 1). The quantile space of bi-Lipschitz functions in
[0, 1] considered in Gajardo and Müller (2022) satisfies the regularity condition (A5) and
has the property that Ω is totally bounded since it is compact. Denote by Qν the (random)
quantile function corresponding to the random probability measure ν.

Theorem 2 Under (A1), (A2), (A4), and (A5), suppose that there exists ρ ∈ (0, 1/3) such
that nN−ρ = o(1) as n → ∞. Let 󰂃 > 0 and consider m̂ = sup{l = 1, . . . , n : n−1λ̂l ≥
nN−ρ󰂃}. If E(󰀂Qν󰀂2L2(0,1)) < ∞, then

n−1
n󰁛

j=1

dW2(ˆ̃ν⊕(η̂j), ν̃⊕(ηj)) = Op(n
3/2N(n)−1/2),

14
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and for any γ > 0,

n−1
n󰁛

j=1

dW2(ˆ̃ν⊕(η̂j), ν⊕(θj)) = Op(n
−1/(2+γ) + n3/2N(n)−1/2).

Moreover, for any non-negative weights pj ≥ 0, j = 1, . . . , n, such that
󰁓n

j=1 pj = 1, and
denoting the convex combinations η̂p =

󰁓n
j=1 pjη̂j and θp =

󰁓n
j=1 pjθj, it holds that

sup
p=(p1,...,pn) : pj≥0,󰀂p󰀂1=1

dW2(ˆ̃ν⊕(η̂p), ν⊕(θp)) = Op

󰀓
n−1/(2+γ) + n3/2N(n)−1/2

󰀔
.

If the distributions in Ω have support included in some compact interval (Petersen and
Müller 2016), faster convergence rates are available. Various applications where data may
be viewed as density functions naturally fall in this category. For example, for age pyramids
in demography histograms are available and corresponding density functions are obtained
via smoothing methods, where the support is often considered to be [0, T ] for some T such
as T = 100 years (Cazelles et al. 2018). Bike rental pickups over the course of a day
at a station can be viewed as event arrival times generated by a temporal point process
(Gajardo and Müller 2022), where the support is [0, 24] hours. Another example is house
price distributions (Chen et al. 2023).

Corollary 3 below provides a version of Theorem 2 for the case where densities have
bounded support. Then a weaker growth rate condition on the lower bound N(n) suffices
for consistent recovery of the global Fréchet regression function uniformly across the convex
hull of the latent parameters. The dimension estimate m̂ is obtained by lower-thresholding
the empirical and perturbed eigenvalues n−1λ̂l by a decaying lower bound that depends on
how densely sampled the probability distributions νi are, as reflected in the growth rate of
N(n).

Corollary 3 Under (A1), (A2), (A4), and (A5), suppose that there exists T > 0 such that
for any ν0 ∈ Ω its corresponding density fν0 has support contained in [0, T ]. Let 󰂃 > 0,
ρ ∈ (0, 1/2), and consider m̂ = sup{l = 1, . . . , n : n−1λ̂l ≥ N(n)−ρ󰂃}. Then

n−1
n󰁛

j=1

dW2(ˆ̃ν⊕(η̂j), ν̃⊕(ηj)) = Op(N(n)−1/2),

and for any γ > 0,

n−1
n󰁛

j=1

dW2(ˆ̃ν⊕(η̂j), ν⊕(θj)) = Op(n
−1/(2+γ) +N(n)−1/2).

Moreover, for any non-negative weights pj ≥ 0, j = 1, . . . , n, such that
󰁓n

j=1 pj = 1, and
convex combinations η̂p =

󰁓n
j=1 pjη̂j and θp =

󰁓n
j=1 pjθj, it holds that

sup
p=(p1,...,pn)T : pj≥0,󰀂p󰀂1=1

dW2(ˆ̃ν⊕(η̂p), ν⊕(θp)) = Op

󰀓
n−1/(2+γ) +N(n)−1/2

󰀔
.
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5. Fréchet-Wasserstein Manifold Learning for Distributional Regression

5.1 Scalar on Distribution Regression

First consider the case of a scalar response Y ∈ R and a distributional predictor ν as defined

in Section 2.1. Suppose that (ν1, Y1), . . . , (νn, Yn)
iid∼ (ν, Y ) and assume (A1) holds with θ̃

the parametrization of ν that achieves the isometry condition on M as defined in Section
2.1 with d = dW2 . This implies dW2(νi, νj) = 󰀂θ̃i− θ̃j󰀂2. A natural regression model for the
response Y on ν can be directly obtained by formulating a linear regression relationship for
Y on the underlying parameter θ̃. For this purpose, suppose that Yi = β0 +βT θ̃i + 󰂃i with
󰂃i a measurement error independent of θ̃i and satisfying E(󰂃i) = 0 and E(󰂃2i ) = σ2 < ∞.
Assume for simplicity the distributions νi are fully observed.

Define the matrix Mn ∈ Rn×m whose ith row is given by ηT
i , i = 1, . . . , n, and the design

matrix Xn = (1n Mn) ∈ Rn×(m+1). Let Pi = eTi Xn(X
T
nXn)

−1XT
nYn be the ith prediction,

i = 1, . . . , n. Here the ηi are the MDS components obtained from the distributional objects
νi with the 2-Wasserstein metric as in Section 2.2. The next result shows that the regression
function E(Y |θ̃ = θ̃0) can be consistently recovered at sample points θ̃j by employing a
linear regression fit on the scatterplot (ηi, Yi)i=1,...,n, and also that the squared prediction
error across the sample diminishes as n → ∞. Let m̃ be defined as in Section 2.2 and
consider the estimated version P̂i of Pi obtained after replacing m by m̃.

Theorem 3 Suppose that (A1) and (A2) hold. Consider any fixed j = 1, . . . , n, then

P̂j = E(Y |θ̃ = θ̃j) +Op(n
−1/2),

where the bound is uniform in j. Moreover,

Sn = n−1
n󰁛

i=1

(P̂i − E(Y |θ̃ = θ̃i))
2 = Op(n

−1).

5.2 Distribution on Distribution Regression

The regression problem between two univariate probability distributions on the real line
has received great interest in the literature; see for example Chen et al. (2023) where a
method based on projection to tangent spaces in Wasserstein space followed by a linear
functional regression in the L2 tangent spaces has been developed. Here we propose a
simpler straightforward distributional linear regression model that is based on the low-
dimensional representation of the response and predictor distributional objects.

Consider a (random) probability distribution ν parametrized by θ as described in Sec-
tion 2.1, which serves as predictor. For the response, we consider a second (random)
distribution ν ′ that admits a low-dimensional representation θ′ ∈ Rm as follows. Let
Θ′ ⊂ Rm be compact. A first random mechanism generates an Euclidean vector θ′ ∈ Θ′

and then, conditional on θ′ = θ′
0, ν ′ corresponds to an Ω-valued object ν ′ = ν ′

θ′
0
with

conditional distribution Fν′|θ′(·,θ′
0), which is assumed to exist. Consider a sample of la-

tent parameters θ′
1, . . . ,θ

′
n

iid∼ θ′ which generate corresponding individual random objects

ν ′i ∈ Ω, i = 1, . . . , n, so that (θ′
1, ν

′
1), . . . , (θ

′
n, ν

′
n)

iid∼ (θ′, ν ′). This encapsulates the low-
dimensional representation of ν ′ in terms of θ′. A natural regression approach is then to
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connect the low-dimensional representations θ′ and θ. For this, suppose that the scatterplot

(ν1, ν
′
1), . . . , (νn, ν

′
n)

iid∼ (ν, ν ′) of probability distribution objects is available, where the νi
and ν ′i are assumed fully observed for simplicity; an extension to the case where one has
data that are sampled from these distributions is feasible and proceeds in analogy to the
development in Section 4. For the predictor distribution ν we require the isometry condition
(A1), where we choose d = dW2 and analogously for the response distribution ν ′ as per the
following condition.

(A1’) There exists an invertible matrix A′ ∈ Rm×m such that for any ϑ′
1,ϑ

′
2 ∈ Θ′ and

corresponding probability measures ν ′
ϑ′
1
, ν ′

ϑ′
2
∈ M′ = {ν ′

θ′
0
∈ Ω : θ′

0 ∈ Θ′} it holds

that

dW2(ν
′
ϑ′
1
, ν ′ϑ′

2
) = 󰀂A′(ϑ′

1 − ϑ′
2)󰀂2.

Now let θ̃
′
= A′θ′. Under (A1) and (A1’), we have dW2(νi, νj) = 󰀂θ̃i − θ̃j󰀂2 and

dW2(ν
′
i, ν

′
j) = 󰀂θ̃

′

i − θ̃
′

j󰀂2. A natural linear regression model for ν ′ on ν is to postu-

late a linear relationship for the regression function E(θ̃
′|θ̃ = θ̃0). For this we adopt a

classical multivariate multiple linear regression model (Johnson and Wichern 2007). Let
β0 = (β01, . . . ,β0m)T be the intercept vector, β1, . . . ,βm ∈ Rm be slope vectors and de-
fine the slope matrix Bm = (β1 · · ·βm) ∈ Rm×m. The linear regression model is given by

θ̃
′
= β0+BT

mθ̃+ 󰂃, where 󰂃 = (󰂃1, . . . , 󰂃m)T is an independent m-dimensional measurement
error vector satisfying E(󰂃) = 0m and E(󰀂󰂃󰀂22) = σ′2 < ∞. Assuming 󰂃i = (󰂃i1, . . . , 󰂃im)T

are i.i.d. copies of 󰂃m at the sample level we have θ̃
′
i = β0 +BT

mθ̃i + 󰂃i, i = 1, . . . , n. The
regression function of ν ′ on ν is defined as the global Fréchet regression function of ν ′ on
the Euclidean predictor parameter γ = β0 +BT

mθ̃, given by

ν ′⊕(γ0) = argmin
w∈Ω

E(s̃(γ,γ0)d
2(ν ′

θ̃
′ , w)), (7)

where γ0 ∈ Rm and the global weights are s̃(γ,γ0) = 1+(γ−µγ)
TΣγ

−1(γ0−µγ) with µγ =
E(γ) andΣγ = Var(γ) is assumed to be positive definite. This allows to incorporate random
errors in the parametrization of the response distribution ν ′ if desired, while capturing a
denoised response distribution; see Example 3 below.

An intermediate target assuming knowledge of the θ̃i and both β0 and Bm is then

ν̂ ′⊕(γ0) = argmin
w∈Ω

n−1
n󰁛

i=1

sin(γ0)d
2(ν ′i, w), (8)

with empirical weights sin(γ0) = 1 + (γi − γ̄)T Σ̂
−1
γ (γ0 − γ̄), where γ̄ = n−1

󰁓n
i=1 γi and

Σ̂γ = n−1
󰁓n

i=1(γi − γ̄)(γi − γ̄)T .

However, the intermediate target in (8) relies on unknown quantities. To resolve this, we
utilize as predictors the fitted values of the multivariate multiple linear regression performed
on the MDS components between the response and predictor distributions. Let ηi and η′

i

be the MDS component from the distributions ηi and η′i, respectively, where i = 1, . . . , n.
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Denoting the response matrix Yn ∈ Rn×m whose ith row is given by η′
i
T , i = 1, . . . , n, the

fitted values are then given by the rows of

Ŷn = Xn(X
T
nXn)

−1XT
nYn.

For the empirical estimate of (8), we utilize as predictors the rows of Ŷn. Denoting by
Zi = ŶT

n ei, i = 1, . . . , n, this leads to

ν̃ ′⊕(γ̃0) = argmin
w∈Ω

n−1
n󰁛

i=1

ŝin(γ̃0)d
2(ν ′i, w), (9)

where γ̃0 ∈ Rm, ŝin(γ̃0) = 1+(Zi−Z̄)T Σ̃
−1
Z (γ̃0−Z̄), and Σ̃Z = n−1

󰁓n
i=1(Zi−Z̄)(Zi−Z̄)T .

The next result shows that the global Fréchet regression function in (8) can be consistently
recovered.

Theorem 4 Suppose that (A1), (A1’), (A2), (A3), and the regularity conditions (U0)−(U2)
in Petersen and Müller (2019) hold. If Bm is invertible, then

max
i=1,...,n

dW2(ν̃
′
⊕(Zi), ν

′
⊕(γi)) = Op

󰀓
n−1/(2(α′−1))

󰀔
,

for any α′ > α with α as in (U2).

Similarly as in Example 1 in Petersen et al. (2021) and observing the relation s(θ̃, θ̃0) =
s(β0+BT

mθ̃,β0+BT
mθ̃0) for any point θ̃0 in the space Θ̃ = {Aθ : θ ∈ Θ} with A as in (A1),

the following example shows that in this regression framework we can denoise in certain
situations the response distribution ν ′ by employing the predictor distribution ν.

Example 3 Suppose m = 2, Θ ⊂ R2, and let β01,β11,β02,β12 ∈ R be constants such that
β02+β12ϑ2 > 0 and β02+β12ϑ2+󰂃2 > 0 almost surely for all θ̃ = (ϑ1,ϑ2)

T and 󰂃 = (󰂃1, 󰂃2)
T .

Let θ̃
′
= (β01 + β11ϑ1 + 󰂃1,β02 + β12ϑ2 + 󰂃2)

T . Consider the location-scale model with noise
at both location and scale levels,

fν′|θ′(·) = 1

β02 + β12ϑ2 + 󰂃2
f0

󰀕
·− (β01 + β11ϑ1 + 󰂃1)

β02 + β12ϑ2 + 󰂃2

󰀖
,

where f0 > 0 is a density function over R such that
󰁕
R sf0(s)ds = 0 and

󰁕
R s2f0(s)ds = 1,

and suppose that Cov(ϑ1,ϑ2) = 0. For simplicity consider Ω = W2 and let γ0 = β0+BT
mθ̃0,

where β0 = (β01,β02)
T , θ̃0 = (ϑ01,ϑ02)

T , and Bm contains among its columns the vectors
(β11, 0)

T and (0,β12)
T . Then the density fν′⊕(γ0)

of ν ′⊕(γ0) in (7) satisfies

fν′⊕(γ0)
(·) = 1

β02 + β12ϑ02
f0

󰀕
·− (β01 + β11ϑ01)

β02 + β12ϑ02

󰀖
.
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Figure 1: Box plots for the distributions of the average deviations n−1
󰁓n

i=1 d
2
W2

(ν̂i, νi)
for a simulation setting with compactly supported truncated Gaussian distributions on
[0, 1] obtained from 1000 simulations for increasing sample sizes, where distributions are
estimated from N(n) = 2n sample data generated by the respective distribution.

6. Numerical Experiments

We first consider compactly supported densities fi corresponding to truncated Gaussian
distributions on [0, 1] with mean parameter µi = exp(1 + Ui) and σi = exp(1 + U ′

i)/2,
where the Ui and U ′

i are independent and i.i.d. uniform variates on [0, 1]. Here we suppose

the fi are unobserved and instead we have available a sample Yi1, . . . , Yini

iid∼ fi which is
generated conditional on (Ui, U

′
i), and ni ≥ N(n) = 2n. Figure 1 displays boxplots for 1000

simulations and increasing sample sizes n for for the error metric n−1
󰁓n

i=1 d
2
W2

(ν̂i, νi). It
quantifies the recovery of the oracle global Fréchet regression function as if the (µi,σi) were
observed by using the perturbed MDS components as predictors. Clearly, the perturbed
global Fréchet regression function is seen to converge to the oracle counterpart that in turns
converges to its population level counterpart.

Further simulations show the performance of the methods in recovering the underlying
global Fréchet regression function as well as capturing the underlying geometry of the data
generation mechanism. For simplicity, we consider the densities fi to be fully observed in
what follows. Since the trailing eigenvalues λl, l ≥ m + 1, are numerically not identically
zero, instead of employing the estimate m̂ as in Section 3, we choose m̂ so that the fraction
of variance explained defined as FVE(m̂) =

󰁓m̂
i=1 λj/

󰁓n
i=1 λj first upcrosses 0.999.

First consider a Gaussian location-scale family ν|(µ,σ) ∼ N(µ,σ), where (µ,σ) are
random and generated as follows: µ = µ(U) = exp(1 + U) with U ∼ Unif(0, 1) and
σ = σ(U) = µ/2 depends directly on U , so that this family is parametrized by a single

variate U . We generate n = 500 random variables Ui
iid∼ U , and conditional on Ui we

obtain the Gaussian density fi ∼ N(µ(Ui),σ
2(Ui)). Therefore, there is only one source of
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Figure 2: Visualizing Gaussian distributions N(µ,σ2) in a simulation setting, where µ =
exp(1 + U) with U ∼ Unif(0, 1) and standard deviation σ = µ/2 so that there is a single
source of variation. The left panel displays individual densities fi and the right panel
the density functions estimated with global Fréchet regression for a dense grid of MDS
components over the observed range.

randomness for the observed distributional data fi, i = 1, . . . , n. Figure 2 shows the results
for this setting, where we employ the frechet R package (Chen et al. 2020) to obtain density
estimates f̃⊕(·,η) (4). The left panel displays the observed densities fi colored according to
the values Ui while the right panel contains the estimated global Fréchet regression function
(Petersen and Müller 2019) over a dense grid of observed ηi values. Clearly, the method is
able to keep track of the single intrinsic parameter that originally parametrizes the class of
observed densities. It is also seen that the underlying densities fi can indeed be recovered
via global Fréchet regression and specifically that the single underlying parameter is related
to a mean-shift with increasing standard deviation for the Gaussian densities. We empha-
size that the proposed approach is capable of recovering both shape and parametrization of
this distribution family.

We next consider the situation when both the mean µ and standard deviation σ depend
on independent uniform random variates U and U ′ as follows. We generate µi = exp(1+Ui)
and σi = exp(1 + U ′

i)/2, i = 1, . . . , n, where Ui and U ′
i are i.i.d. copies of U and U ′, re-

spectively. This data generating mechanism is similar as before but has a secondary source
of variation and therefore two underlying parameters. The right panel of Figure 3 shows
the individual densities fi, where it is difficult to disentangle the effect of each underly-
ing parameter. The left panel shows the global Fréchet regression density function when
increasing the first MDS component over its observed range while keeping the second one
at its mean level, which is identically zero, and vice versa for the right panel. Clearly, the
global Fréchet regression density function successfully recovers the mean-shift and vertical
variation that is present in the data generating mechanism.

Turning to another scenario, we consider a family ν|(α,β) ∼ Γ(α,β) of Gamma dis-
tributions with parameters (α,β), where α ∼ Unif(2.5, 4), β ∼ Unif(1.5, 4), with α and β
independent. Thus the distributional data has two sources of variation. Figure 4 shows the
results, where global Fréchet regression is seen to keep track of the two underlying param-
eters, where the first one is related to a mean-shift to the right with an overall flattening of
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Figure 3: Visualizing Gaussian distributions N(µ,σ2) in a simulation setting, where µ =

exp(1 + U1) and σ = exp(1 + U2)/2 with Uj
iid∼ Unif(0, 1), j = 1, 2, so that in contrast

to Figure 2 there are two sources of variation. The left panel shows the density functions
obtained from global Fréchet regression when increasing the first MDS component over its
observed range while keeping the second MDS component at its mean level at zero. The
middle panel shows the density functions obtained analogously when increasing the second
MDS component. The generated sample of densities fi for which the representations in the
left and middle panels are obtained is displayed in the right panel.
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Figure 4: Visualizing Gamma distributions in a simulation setting ν|(α,β) ∼ Γ(α,β), where
α ∼ Unif(2.5, 4), β ∼ Unif(1.5, 4) and α and β are independent, so that there are two
sources of variation. The left panel displays the density functions obtained with global
Fréchet regression when increasing the first MDS component over its observed range while
keeping the second one at its mean level zero, and vice versa for the middle panel. The
right panel displays the individual densities fi.

the density curve, while the second component is also related to a mean-shift, accompanied
by a sharpening of the curve which is related to decreased variance.

We next consider the case when ν|(α,β) ∼ B(α,β) has a beta distribution with param-

eters (α,β), where α = 2 + exp(4 sin(U)), β = 2 + exp(4 sin(U ′)), and U,U ′ iid∼ Unif(0, 1).
Thus, the distributional data has two sources of variation. The results are in Figure 5.
The right panel shows the individual densities where it is seen that there is a mean-shift
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Figure 5: Visualizing Beta distributions in a simulation setting ν|(α,β) ∼ B(α,β), where
α = 2 + exp(4 sin(U1)) and β = 2 + exp(4 sin(U2)) with Uj

iid∼ Unif(0, 1), j = 1, 2, so that
there are two underlying parameters. The left panel shows the density functions obtained
with global Fréchet regression when increasing the first MDS component over its observed
range while keeping the second one at its mean level zero, and vice versa for the middle
panel. The right panel shows the individual densities fi.

as well as vertical variation. Indeed, the density functions recovered from global Fréchet
regression keep track of the horizontal variation with the first MDS component (left panel)
while the vertical variation is embedded in the second component (middle panel), so that
it successfully disentangles the separate sources of variation present in these distributional
data.

Finally, we consider the same beta simulation setting as before except that now β = α
so that there is only a single source of variation in the data. The left panel of Figure 6 shows
the individual densities and the right panel the recovered densities from Fréchet regression
for a dense grid over the observed MDS components. Clearly, the proposed method recovers
the parametrization inherent in this sample of densities.

7. Data Applications

We first illustrate the proposed methodology with the distribution of baby names distribu-
tion over the time window spanning from 1980 to 2020 in the United States. These data are
available from https://catalog.data.gov/dataset and consist of histograms reflecting
the popularity of bay names from 1880 to 2020 at a yearly granularity. These histogram
data are converted to distributional data in a pre-smoothing step (Petersen and Müller
2016; Cazelles et al. 2018; Han et al. 2020).

We consider the 500 most popular male baby names during 1980 and obtain each corre-
sponding density function from the associated histogram by employing the frechet R package
(Chen et al. 2020). The results are shown in Figure 7, where we select two components in
the MDS step. The left panel shows that the first component captures baby names that
were popular early on and then had a consistent decrease in popularity as well as baby
names that were not very popular early on but gained increased popularity consistently
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Figure 6: Visualizing Beta distributions in a simulation setting ν|(α,β) ∼ B(α,β), where
α = 2 + exp(4 sin(U)) and β = α with U ∼ Unif(0, 1) so that there is only a single source
of variation in the data. The left panel displays the individual densities fi and the right
panel the densities recovered by global Fréchet regression when increasing the first MDS
component over its observed range.
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Figure 7: Baby names popularity distribution in the United States from 1980 to 2020 for
the 500 most popular names at the beginning of the time window. The left panel displays
the distributions recovered with global Fréchet regression function when increasing the first
MDS component from its 1% quantile to its 99% quantile (blue to red) while keeping the
second MDS component fixed at its mean level 0, and vice versa for the middle panel. The
right panel shows the observed smoothed density functions.

across time. The second component reflects baby names that became more popular halfway
through the time window followed by a decline in popularity.

As a second illustration, we consider the daily rental bike pickups distribution during
weekdays in 2019 at a popular station in the divvy bike system in Chicago. The data is
publicly available at https://www.divvybikes.com/system-data and contains informa-
tion such as the bike pickup times for specific bike stations. These data recently gained
increased attention and they have been analyzed from a point process perspective (Gervini
and Khanal 2019; Gervini 2022; Gajardo and Müller 2022). Each weekday provides a sam-
ple of random times coming from an underlying density function which we estimate by
first constructing the empirical quantile function and then employing the frechet R package
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to map back to density space via kernel smoothing methods, where the smoothing band-
width is chosen by cross-validation with a minimum bandwidth of 10% of the 24 hours time
window to prevent undersmoothing.

Figure 8 shows the results when employing m = 2 components. The first MDS com-
ponent captures the two modes of the demand around 8am and 5pm, clearly due to bike
use by commuters, while the second component is seen to capture a boost in the demand
around 2pm which may be related to midday commuting or lunch breaks. These findings
are similar to those in Gajardo and Müller (2022), where this dataset was analyzed from a
temporal Cox point process regression perspective.
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Figure 8: Distribution of daily bike pickups at a station in the Divvy bike system in Chicago
during weekdays of 2019, using two MDS components. The left panel displays the recovery
obtained from global Fréchet regression function when increasing the first MDS component
from its 1% quantile to its 99% quantile (blue to red), while keeping the second MDS
component fixed at its mean level 0, and vice versa for the middle panel. The right panel
shows the observed smoothed density functions. Here the units on the x-axis are hours of
day time 0-24h.

As a third data illustration, we analyze age pyramids across countries in the year 2015.
These data consist of histograms corresponding to the population age pyramids for several
countries containing the size of the population for age groups defined by age in years and
are publicly available at

https://www.census.gov/programs-surveys/international-programs/data.html.
They have been previously analyzed from different perspectives such as Functional Data
Analysis and Wasserstein geodesic principal component analysis (Delicado 2011; Bigot et al.
2017; Cazelles et al. 2018). The data are converted to smooth age distributions for each
country and then the proposed Fréchet-Wasserstein manifold learning approach is applied.

The results are in Figure 9. Here the first MDS component is seen to move distributions
with a high fraction of older people towards those with a larger fraction of young people.
The second component paints a more nuanced picture, differentiating distributions that
have densities with a more pronounced peak at middle age around age 38 from those that
don’t have such a peak.
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Figure 9: Age distributions corresponding to population age pyramids across a sample
of countries in 2015, using two MDS components. The left panel displays the densities
obtained from global Fréchet regression when increasing the first MDS component from its
1% quantile to its 99% quantile (blue to red) while keeping the second MDS component
fixed at its mean level 0, and vice versa for the middle panel. The right panel shows the
smoothed observed density functions of the age distributions. The x-axis represents age in
years.

8. Discussion

We develop a Fréchet manifold learning approach for general random objects situated in
a metric space by adopting a version of ISOMAP to obtain low-dimensional Euclidean
representations, which mimics a parametric representation for a family of random objects.
These representations are fully learned from the data without formulating a parametric
model or specifying other characteristics such as the shape of a density. Key for the success
of this Fréchet manifold learning approach is the utilization of Fréchet regression to obtain
a suitable map back from the low-dimensional representation space to the object space.

It is important to note that this map from the low-dimensional representation space
to the object space is also available at unobserved Euclidean representation points and
allows to study the effect that each component has on the objects in the metric space, in
addition to interpolation or extrapolation, and more generally delineating the set of objects
of interest. Specifically for the case of families of distributions as random objects, the
proposed method will find an empirical parametrization that can be used to determine an
underlying parametric family for the observed densities and also as a heuristic diagnostic
for a given a priori parametrization.

The proposed method also has a number of limitations. For example, the global Fréchet
regression output does not necessarily lie in the manifold M as the optimization problem
that defines the conditional barycenter is over Ω. In such cases the resulting regression is not
necessarily an appropriate notion of center conditional on the predictors. The exclusion of
such occurrences can be viewed as a modeling assumption regarding the dependency of the
random objects lying in M = ψ(Θ) ⊂ Ω on the parameter space Θ that also depends on the
geometry induced by the underlying metric d. Indeed, since global Fréchet regression is a
generalization of classical multiple linear regression for responses that are objects lying in a
metric space (Petersen and Müller 2019), some generalized version of linearity of the relation
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between the random objects and the low-dimensional parameters is implicitly assumed; see,
e.g., the location-scale family of probability distributions in Example 1 for an illustration.
Additionally, the global isometry condition (in the ambient space metric) (A1) between the
manifold and a subset of Euclidean space does not cover general curved manifolds in object
space , as the ISOMAP method of constructing geodesics with a neighborhood graph is not
part of our approach.

For general metric spaces (Ω, d), the optimization problem involved in global Fréchet
regression and the estimation of the regression function may be challenging as it depends
on the specifics of the space Ω and the metric d. We remark that for several important
statistical object spaces of interest such as probability distributions in 2-Wasserstein space,
probability distributions with the Fisher-Rao metric, covariance matrices with the Frobenius
and other metrics, Cox point processes and other random objects situated in common metric
spaces there are available approaches to address the respective optimization problems for
global Fréchet regression (Petersen and Müller 2019; Gajardo and Müller 2022).

Appendix A. Additional Assumptions and Rates of Convergence

For completeness, we list here Assumptions (U0)-(U2) that are part of Petersen and Müller
(2019). Let 󰀂·󰀂E be the Euclidean norm on Rm and B > 0. With global weights as above

s(θ,θ0) = 1 + (θ − µ)TΣ−1(θ0 − µ).

and their empirical counterparts

sin(θ0) = 1 + (θi − θ̄)T Σ̂
−1

(θ0 − θ̄),

we define the weighted Fréchet functions

M(w,θ0) = E(s(θ,θ0)d
2(νθ, w)), Mn(w,θ0) = n−1

n󰁛

i=1

sin(θ0)d
2(νi, w).

Then for x ∈ Rm, w ∈ Ω, the additional assumptions are as follows.

(U0) Almost surely, for all 󰀂x󰀂E ≤ B, the objects ν⊕(x) and ν̂⊕(x) exist and are unique.
Additionally, for any ε > 0,

inf
󰀂x󰀂E≤B

inf
d(ω,ν⊕(x))>ε

M(ω, x)−M(ν⊕(x), x) > 0

and there exists ζ = ζ(ε) > 0 such that

P

󰀕
inf

󰀂x󰀂E≤B
inf

d(ω,ν̂⊕(x))>ε
Mn(ω, x)−Mn(ν̂⊕(x), x) ≥ ζ

󰀖
→ 1.

(U1) The entropy integral for the space Ω is finite, i.e.

󰁝 1

0

󰁳
1 + logN(󰂃,Ω, d) d󰂃 < ∞.
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(U2) There exist τ > 0, D > 0, and α > 1, possibly depending on B, such that

inf
󰀂x󰀂E≤B

inf
d(ω,ν⊕(x))<τ

{M(w, x)−M(ν⊕(x), x)−Dd(w, ν⊕(x))
α} ≥ 0.

Appendix B. Auxiliary Results and Proofs

Here we provide detailed proofs. For a matrix R ∈ Rp×q with p, q > 0 integers, denote by
󰀂R󰀂op,2 its operator norm. Recall that θ̃ = Aθ, Σ0 = Cov(θ̃) ∈ Rm×m, λ1 ≥ · · · ≥ λn are
the ordered eigenvalues of (−1/2)JnDnJn, and λ01 ≥ · · · ≥ λ0m are those of Σ0.

Lemma 1 Suppose that (A1) and (A2) hold. Let δ = minj=1,...,m−1(λj−1 − λj ,λj − λj+1)
whenever m > 1 and δ = ∞ when m = 1, with λ0 = ∞ and δ0 as in (A2). Then

|n−1λl − λ0l| = Op(n
−1/2),

where l = 1, . . . ,m and the bound is uniform in l. Moreover, for dimensions m > 1 and for
any 󰂃 ∈ (0, δ0), the event where

n−1δ ≥ δ0 − 󰂃,

holds with probability tending to 1.

Proof [Proof of Lemma 1] Since θ̃ = Aθ, where A is defined as in (A1), we have θ̃i = Aθi,
i = 1, . . . , n, and µ̃n = n−1

󰁓n
i=1 θ̃i. Define B̃n = (θ̃1− µ̃n · · · θ̃n− µ̃n) ∈ Rm×n, the matrix

containing θ̃i − µ̃n on its ith column. Note the relation

−1

2
JnDnJn = B̃T

n B̃n,

which shows that the rank of −(1/2)JnDnJn is at most m, with eigen-equations

B̃T
n B̃nν = λν,

where ν = (ν1, . . . , νn)
T , which imply for all k = 1, . . . , n,

(θ̃k − µ̃n)
T

n󰁛

j=1

(θ̃j − µ̃n)νj = λνk.

Writing θ̃k = (θ̃k1, . . . , θ̃km)T , µ̃n = (µ̃n1, . . . , µ̃nm)T , observe that for any q = 1, . . . ,m,

m󰁛

l=1

n󰁛

j=1

(θ̃kq − µ̃nq)(θ̃kl − µ̃nl)(θ̃jl − µ̃nl)νj = λνk(θ̃kq − µ̃nq),

so that

m󰁛

l=1

n󰁛

k=1

(θ̃kq − µ̃nq)(θ̃kl − µ̃nl)

n󰁛

j=1

(θ̃jl − µ̃nl)νj = λ

n󰁛

k=1

νk(θ̃kq − µ̃nq).
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Setting yq =
󰁓n

k=1 νk(θ̃kq − µ̃nq), q = 1, . . . ,m, it follows that

m󰁛

l=1

n−1
n󰁛

k=1

(θ̃kq − µ̃nq)(θ̃kl − µ̃nl)yl = n−1λyq,

which reveals that n−1λ is an eigenvalue of the matrix Σ̂0 ∈ Rm×m defined element-wise by

[Σ̂0]ql = n−1
n󰁛

k=1

(θ̃kq − µ̃nq)(θ̃kl − µ̃nl),

where q, l = 1, . . . ,m. That n−1λ is a valid eigenvalue of Σ̂0 requires that y = (y1, . . . , ym)T

is non-zero or equivalently 󰀂y󰀂2 ∕= 0. This is easy to verify as otherwise 󰀂ν󰀂2 = 0 which
contradicts the fact that ν is a valid eigenvector of B̃T

n B̃n.
Observe that under (A1) and since Σ is assumed positive definite, so is Σ0. By the

strong law of large numbers, 󰀂Σ̂0−Σ0󰀂F = o(1) almost surely so that by Weyl’s inequality
Σ̂0 is positive definite with probability tending to 1. It then suffices to work conditional on
this event in what follows. Observing Σ̂0 = n−1B̃nB̃

T
n , for any eigenpair (λ, z) of Σ̂0 the

condition n−1B̃nB̃
T
nz = λz leads to

B̃T
n B̃nB̃

T
nz = nλB̃T

nz.

This implies nλ is an eigenvalue of B̃T
n B̃n with corresponding eigenvector B̃T

nz. The lat-
ter quantity is not identically zero and therefore is a valid eigenvector since 󰀂B̃T

nz󰀂22 =
zT B̃nB̃

T
nz, B̃nB̃

T
n is positive definite and 󰀂z󰀂2 ∕= 0 by construction. Therefore, using that

the rank of B̃T
n B̃n is at most m reveals that the positive eigenvalues of B̃T

n B̃n are exactly
those of nΣ̂0.

Note that under (A1) and (A2), the ordered eigenvalues of B̃T
n B̃n are λ1 ≥ · · · ≥ λm ≥

λm+1 = · · · = λn = 0 and the eigenvalues of Σ0 satisfy λ01 > · · · > λ0m > 0. By Weyl’s
inequality, for any l = 1, . . . ,m,

|n−1λl − λ0l| ≤ 󰀂Σ̂0 −Σ0󰀂op,2 = Op(n
−1/2), (10)

which shows the first result. Next, note that

n−1δ ≥ min
j=1,...,m−1

(λ0j − λ0(j+1))− 2󰀂Σ̂0 −Σ0󰀂op,2

= δ0 − 2󰀂Σ̂0 −Σ0󰀂op,2, (11)

where δ0 as defined in (A2) is the eigenspacing of Σ0. In view of (10), we have that for any
󰂃 ∈ (0, δ0) the event where 󰀂Σ̂0 −Σ0󰀂op,2 ≤ 󰂃/2 holds with probability tending to 1. From
(11) we obtain

P
󰀓
󰀂Σ̂0 −Σ0󰀂op,2 ≤ 󰂃/2

󰀔
≤ P

󰀃
n−1δ ≥ δ0 − 󰂃

󰀄
.

The second result follows.
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Fréchet Manifold Learning

Recall the spectral decomposition (−1/2)JnDnJn = QΛQT , where Q = (ν1 · · ·νn) ∈
Rn×n contains the eigenvectors νi ∈ Rn with corresponding ordered eigenvalues λ1 ≥
· · · ≥ λn ≥ 0, Λ = diag(λ1, . . . ,λn) ∈ Rn×n, Qm = (ν1 · · ·νm) ∈ Rn×m, and Λm =
diag(λ1, . . . ,λm) ∈ Rm×m. Also recall the estimated counterparts (−1/2)JnD̂nJn = Q̂Λ̂Q̂T ,
where Q̂ = (ν̂1 · · · ν̂n) ∈ Rn×n contains the eigenvectors ν̂i ∈ Rn with corresponding ordered
eigenvalues λ̂1 ≥ · · · ≥ λ̂n ≥ 0, Λ̂ = diag(λ̂1, . . . , λ̂n) ∈ Rn×n, Q̂m = (ν̂1 · · · ν̂m) ∈ Rn×m,
and Λ̂m = diag(λ̂1, . . . , λ̂m) ∈ Rm×m. Here ν̂T

l ν l ≥ 0 are assumed aligned, l = 1, . . . ,m,
which does not alter the estimates ˜̂sin(η̂j).

Recall the estimate m̃ of the dimension m defined by m̃ = sup{l = 1, . . . , n : λl > 0}.

Lemma 2 Suppose that (A1) and (A2) hold. Then, for any sequence αn → ∞ as n → ∞,

m̃ = m+Op(α
−1
n ).

Proof [Proof of Lemma 2] Define Φ = (θ1 · · ·θn) ∈ Rm×n. The relation (−1/2)JnDnJn =
JnΦ

TΦJn along with rank(Φ) ≤ m implies rank((−1/2)JnDnJn) ≤ m and therefore λj = 0
for all j = m+1, . . . , n. This implies m̃ ≤ m and λm̃+1 = 0. Let M > 0 and αn a sequence
such that αn → ∞. Then

P (αn|m̃−m| > M) ≤ P (m̃ > m+M/αn) + P (m̃ < m−M/αn)

≤ P (m̃ ≥ m+ 1) + P (m̃ < m)

≤ P
󰀃
n−1λm = 0

󰀄

≤ P
󰀃
λ0m ≤ |n−1λm − λ0m|

󰀄

= o(1),

as n → ∞, where the second inequality holds for large enough n, the third is due to m̃ ≤ m,
and the last follows from Lemma 1 and λ0m > 0. The result follows.

Proof [Proof of Theorem 1] From Lemma 2, the event where m̂ = m holds with probability
tending to 1 and therefore it suffices to work conditionally on this event. From Theorem
3.2 along with arguments in the proof of Corollary 3.3 in Hamm et al. (2023), and in view
of (A1), there exists an invertible matrix Rn ∈ Rm×m and a vector bn ∈ Rm such that
the MDS components satisfy ηi = RnAθi + bn. Let An = RnA ∈ Rm×m. Since An is
invertible, we obtain

Σ̃ = n−1
n󰁛

i=1

(ηi − η̄)(ηi − η̄)T = n−1
n󰁛

i=1

An(θi − θ̄)(θi − θ̄)TAT
n = AnΣ̂AT

n ,

and

η̄ = n−1
n󰁛

i=1

ηi = Anθ̄ + bn.
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For any j = 1, . . . , n, it follows that

s̃in(ηj) = 1 + (ηi − η̄)T Σ̃
−1

(ηj − η̄)

= 1 + (θi − θ̄)TAT
n (A

T
n )

−1Σ̂
−1

A−1
n An(θj − θ̄)

= 1 + (θi − θ̄)T Σ̂
−1

(θj − θ̄)

= sin(θj),

which implies ν̃⊕(ηj) = ν̂⊕(θj). In particular, this shows that (4) has a unique solution at
points η = ηj , j = 1, . . . , n. Let R > 0 be such that Diam(Θ) < R. Then

max
i=1,...,n

d(ν̃⊕(ηi), ν⊕(θi)) = max
i=1,...,n

d(ν̂⊕(θi), ν⊕(θi)) ≤ sup
󰀂θ0󰀂2≤R

d(ν̂⊕(θ0), ν⊕(θ0)),

and the first result follows from Theorem 2 in Petersen and Müller (2019). Next,

s̃in(ηp) = 1 + (θi − θ̄)T Σ̂
−1

A−1
n

󰀳

󰁃
n󰁛

j=1

pjηj − η̄

󰀴

󰁄

= 1 + (θi − θ̄)T Σ̂
−1

A−1
n

󰀳

󰁃
n󰁛

j=1

(pj − 1/n)(Anθj + bn)

󰀴

󰁄

= 1 + (θi − θ̄)T Σ̂
−1

󰀳

󰁃
n󰁛

j=1

(pj − 1/n)θj

󰀴

󰁄

= 1 + (θi − θ̄)T Σ̂
−1

(θp − θ̄)

= sin(θp).

Therefore ν̃⊕(ηp) = ν̂⊕(θp), which implies existence and uniqueness of (4) at any point
belonging to the convex hull of η1, . . . ,ηn. Since 󰀂θp󰀂2 ≤

󰁓n
j=1 pj󰀂θj󰀂2 ≤ R, we obtain

sup
p=(p1,...,pn) : pj≥0,󰀂p󰀂1=1

d(ν̃⊕(ηp), ν⊕(θp)) ≤ sup
p=(p1,...,pn) : pj≥0,󰀂p󰀂1=1

d(ν̂⊕(θp), ν⊕(θp))

≤ sup
󰀂θ0󰀂2≤R

d(ν̂⊕(θ0), ν⊕(θ0)).

The second result follows from Theorem 2 in Petersen and Müller (2019).

Proof [Proof of Corollary 2] The first result follows directly from Theorem 1. Recall that
ϑ(1) = mini=1,...,n ϑi, ϑ(n) = maxi=1,...,n ϑi, and Fϑ is the CDF of ϑ. For any 󰂃 > 0, observe

󰁱
ϑ(1) ≤ 󰂃 ∧ ϑ(n) ≥ 1− 󰂃

󰁲
=

󰁱
[󰂃, 1− 󰂃] ⊆ [ϑ(1),ϑ(n)]

󰁲
, (12)
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and

P
󰀃
ϑ(1) ≤ 󰂃 ∧ ϑ(n) ≥ 1− 󰂃

󰀄

= 1− P
󰀃
ϑ(1) > 󰂃 ∨ ϑ(n) < 1− 󰂃

󰀄

≥ 1− P (ϑ(1) > 󰂃)− P (ϑ(n) < 1− 󰂃) + P (ϑ(1) > 󰂃 ∧ ϑ(n) < 1− 󰂃)

= 1− (1− Fϑ(󰂃))
n − [Fϑ(1− 󰂃)]n + (Fϑ(1− 󰂃)− Fϑ(󰂃))

n

≥ 1− (1− Fϑ(󰂃))
n − [Fϑ(1− 󰂃)]n, (13)

Since the density fϑ of ϑ is continuous and strictly positive over the compact set Θ = [0, 1],
there exist constants 0 < L < M < ∞ such that L ≤ infs∈Θ fϑ(s) ≤ sups∈Θ fϑ(s) ≤ M .
Recall that 󰂃 = 󰂃n = 1− F−1

ϑ (1− n−ρ) with ρ ∈ (0, 1). By a Taylor expansion,

0 < 1− Fϑ(󰂃) ≤ 1− Fϑ(1− F−1
ϑ (1− n−ρ)) ≤ 1− L

M
n−ρ,

and 0 < Fϑ(1− 󰂃) ≤ (1−n−ρ). Similarly, 0 < Fϑ(1− 󰂃)−Fϑ(󰂃) ≤ 1−n−ρ(1+L/M). From
(13) we obtain

P
󰀃
ϑ(1) ≤ 󰂃 ∧ ϑ(n) ≥ 1− 󰂃

󰀄
≥ 1− (1− L

M
n−ρ)n − (1− n−ρ)n.

Elementary calculations show that for any two constants ρ1, c0 > 0 and since ρ ∈ (0, 1) we
have limn→∞(1− c0n

−ρ)nnρ1 = o(1) as n → ∞. Therefore, for large enough n,

P
󰀃
ϑ(1) ≤ 󰂃 ∧ ϑ(n) ≥ 1− 󰂃

󰀄
≥ 1− n−ρ1 .

This along with (12) leads to the second result.

Lemma 3 Under the conditions of Theorem 2, suppose that there exists ρ ∈ (0, 1/3) such
that nN−ρ = o(1) as n → ∞. Let 󰂃 > 0 and consider m̂ = sup{l = 1, . . . , n : n−1λ̂l ≥
nN−ρ󰂃}. Let αn be a positive scalar sequence such that αn → ∞ as n → ∞. Then

󰀂D̂n −Dn󰀂F = Op(n
2N−1/2),

n−1󰀂Λ̂m̂ −Λm̂󰀂op,2 = Op(nN
−1/2),

m̂ = m+Op(α
−1
n ),

󰀂 ˜̂Σ−1 − Σ̃
−1󰀂op,2 = Op(nN

−1/2).

Proof [Proof of Lemma 3] From Theorem 5.1 in Bobkov and Ledoux (2019), one has

E(D̂2
ii|θi) = E(d2W2

(ν̂i, νi)|θi) ≤ 2(N + 1)−1J2(νi),

where J2(νi) =
󰁕
R Fνi(x)(1 − Fνi(x))/fνi(x)dx is the J2 functional. Since by assumption

J2(νi) ≤ supν0∈Ω J2(ν0) < ∞, by a conditioning argument it follows that for any i = 1, . . . , n,

E(d2W2
(ν̂i, νi)) = O(N−1), (14)
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where the bound is uniform in i. By the triangle inequality,

dW2(ν̂i, ν̂j)− dW2(νi, νj) ≤ dW2(ν̂i, νi) + dW2(ν̂j , νj),

where i, j = 1, . . . , n. Since (Ω, dW2) is totally bounded, it is bounded and thus there exists
T > 0 such that dW2(νi, νj) ≤ T for all i, j = 1, . . . , n. Also, dW2(ν̂i, ν̂j) ≤ dW2(ν̂i, νi) +
dW2(ν̂j , νj) + T . Therefore

d2W2
(ν̂i, ν̂j)− d2W2

(νi, νj) ≤ (dW2(ν̂i, νi) + dW2(ν̂j , νj))
2 + 2T (dW2(ν̂i, νi) + dW2(ν̂j , νj)).

Similarly,

d2W2
(νi, νj)− d2W2

(ν̂i, ν̂j) ≤ (dW2(ν̂i, νi) + dW2(ν̂j , νj))
2 + 2T (dW2(ν̂i, νi) + dW2(ν̂j , νj)).

Hence

|[D̂n]ij − [Dn]ij | ≤ (dW2(ν̂i, νi) + dW2(ν̂j , νj))
2 + 2T (dW2(ν̂i, νi) + dW2(ν̂j , νj)).

This combined with (14), Jensen’s inequality, and the fact that (x+ y)2 ≤ 2(x2 + y2) holds
for all x, y ∈ R leads to

E|[D̂n]ij − [Dn]ij |
≤ 2E(d2W2

(ν̂i, νi) + d2W2
(ν̂j , νj)) + 2T ({E(d2W2

(ν̂i, νi))}1/2 + {E(d2W2
(ν̂j , νj))}1/2)

= O(N−1/2),

where the bound is uniform in i, j and n. Therefore, since 󰀂z󰀂2 ≤ 󰀂z󰀂1 holds for all z ∈ Rn2
,

we obtain

󰀂D̂n −Dn󰀂F = Op(n
2N−1/2), (15)

and the first result follows. By Weyl’s inequality and using that 󰀂Jn󰀂op,2 = 1, we have

n−1|λ̂l − λl| ≤ n−1󰀂(−1/2)JnD̂nJn + (1/2)JnDnJn󰀂op,2 ≤ (2n)−1󰀂D̂n −Dn󰀂F , (16)

where l = 1, . . . , n. This along with (15) shows the second result. Next, for large enough n
and setting 󰂃n = nN−ρ󰂃, observe

P (m̂ < m)

≤ P
󰀓
n−1λ̂m < 󰂃n

󰀔

= P
󰀓
n−1(λ̂m − λm) + n−1λm < 󰂃n

󰀔

≤ P
󰀓
n−1λm − 󰂃n < n−1|λ̂m − λm|

󰀔

≤ P
󰀓
(n−1λm − λ0m) + λ0m − 󰂃n < n−1󰀂D̂n −Dn󰀂F

󰀔

≤ P
󰀓
−|n−1λm − λ0m|+ λ0m − 󰂃n < n−1󰀂D̂n −Dn󰀂F

󰀔

≤ P
󰀓
(λ0m − 󰂃n)/2 < n−1󰀂D̂n −Dn󰀂F

󰀔
+ P

󰀃
(λ0m − 󰂃n)/2 < |n−1λm − λ0m|

󰀄

≤ P
󰀓
λ0m/4 < n−1󰀂D̂n −Dn󰀂F

󰀔
+ P

󰀃
λ0m/4 < |n−1λm − λ0m|

󰀄
,
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where the third inequality follows from (16) and the last inequality is due to 󰂃n < λ0m/2 for
large enough n since 󰂃n = o(1) as n → ∞. This along with Lemma 1, (15), and observing
that ρ ∈ (0, 1/3) implies nN−1/2 ≤ nN−ρ = o(1) so that n−1󰀂D̂n −Dn󰀂F = op(1), whence

P (m̂ < m) = o(1), (17)

as n → ∞. From (15) and since λm+1 = 0, which was shown in the proof of Lemma 1,

P (m̂ ≥ m+ 1) ≤ P
󰀓
n−1λ̂m+1 ≥ 󰂃n

󰀔
= P

󰀓
n−1(λ̂m+1 − λm+1) ≥ 󰂃n

󰀔

≤ P
󰀓
N1/2n−2󰀂D̂n −Dn󰀂F ≥ 2󰂃N1/2−ρ

󰀔

= o(1), (18)

as n → ∞, where the last equality is due to N1/2−ρ → ∞ as n → ∞. Let M > 0. Similarly
as in the proof of Lemma 2, we have

P (αn|m̂−m| > M) ≤ P (m̂ ≥ m+ 1) + P (m̂ < m) ,

which along with (17) and (18) leads to the third result.
Next, since m̂ = m+ op(1) as n → ∞ and both m̂ and m are integer-valued, the event

where m̂ = m holds with probability tends to 1 and it suffices to work conditional on this

event. Since ηi = Λ
1/2
m QT

mei, i = 1, . . . , n, where the ei are the canonical basis of Rm, and󰁓n
i=1 eie

T
i = Im, we have

n−1
n󰁛

i=1

ηiη
T
i = n−1Λ1/2

m QT
mQmΛ1/2

m = n−1Λm.

Similarly as in Oh et al. (2010), from Jn1n = 0n and (−1/2)JnDnJn = QΛQT one has

Λ
1/2
m QT

m1n = 0m, whence

η̄ = n−1
n󰁛

i=1

ηi = n−1Λ1/2
m QT

m1n = 0m.

Thus

Σ̃ = n−1
n󰁛

i=1

(ηi − η̄)(ηi − η̄)T = n−1
n󰁛

i=1

ηiη
T
i = n−1Λm,

and combining with Lemma 1,

󰀂Σ̃󰀂op,2 = 󰀂Σ0󰀂op,2 +Op(n
−1/2). (19)

Similarly, since η̂i = Λ̂
1/2
m Q̂T

mei, i = 1, . . . , n, we also have n−1
󰁓n

i=1 η̂i = 0m and

˜̂
Σ = n−1

n󰁛

i=1

η̂iη̂
T
i = n−1Λ̂m.
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Therefore

󰀂 ˜̂Σ− Σ̃󰀂op,2 = n−1󰀂Λ̂m −Λm󰀂op,2 ≤
1

2n
󰀂D̂n −Dn󰀂F = Op(nN

−1/2), (20)

where the last inequality follows from (15) and (16).
Since Σ0 is positive definite, which is due to (A2), there exists 0 < L0 < M0 < ∞

such that 󰀂Σ0󰀂op,2 ∈ (L0,M0). Now, for any ε ∈ (0, L0) and in view of (19), we have
that both events 󰀂Σ̃󰀂op,2 ≥ L0 − ε > 0 and 󰀂Σ̃󰀂op,2 ≤ M0 + ε < ∞ hold with probability
tending to 1. It then suffices to work conditional on both events. From (20), the fact that

󰀂Σ̃−1󰀂op,2 = 󰀂Σ̃󰀂−1
op,2 ≥ (M0+ 󰂃)−1, and using Lemma A.3 in Facer and Müller (2003) along

with the relation nN−1/2 ≤ nN−ρ = o(1) as n → ∞, we obtain

󰀂 ˜̂Σ−1 − Σ̃
−1󰀂op,2 ≤ c󰀂Σ̃−1󰀂2op,2󰀂

˜̂
Σ− Σ̃󰀂op,2 ≤

c

L0 − ε
󰀂 ˜̂Σ− Σ̃󰀂op,2 = Op(nN

−1/2),

where c > 0 is a constant. This shows the fourth result.

Proof [Proof of Theorem 2] Similarly as in the proof of Lemma 3 we work conditional
on the event where m̂ = m, which holds with probability tending to 1 as n → ∞. Also,
from the proof of Lemma 3 we have n−1

󰁓n
i=1 η̂i = 0m and n−1

󰁓n
i=1 ηi = 0m, so that

˜̂sin(η̂j) = 1 + η̂T
i
˜̂
Σ−1η̂j and s̃in(ηj) = 1 + ηT

i Σ̃
−1

ηj . Observe

󰀂n−1
n󰁛

i=1

[˜̂sin(η̂j)Q̂i − s̃in(ηj)Qi]
󰀐󰀐󰀐
L2(0,1)

≤ 󰀂n−1
n󰁛

i=1

[(˜̂sin(η̂j)− s̃in(ηj))Q̂i]󰀂L2(0,1) + 󰀂n−1
n󰁛

i=1

s̃in(ηj)(Q̂i −Qi)]󰀂L2(0,1)

≤ n−1
n󰁛

i=1

|˜̂sin(η̂j)− s̃in(ηj)| 󰀂Q̂i󰀂L2(0,1) + 󰀂n−1
n󰁛

i=1

[sin(θj)(Q̂i −Qi)]󰀂L2(0,1)

≤ n−1
n󰁛

i=1

|˜̂sin(η̂j)− s̃in(ηj)| 󰀂Q̂i󰀂L2(0,1) + max
i,j=1,...,n

|sin(θj)| n−1
n󰁛

i=1

󰀂Q̂i −Qi󰀂L2(0,1), (21)

where the second inequality is due to s̃in(ηj) = sin(θj), which was shown in the proof of
Theorem 1. From (14) we have

n−1
n󰁛

i=1

󰀂Q̂i −Qi󰀂L2(0,1) = Op

󰀓
N−1/2

󰀔
, (22)

so that it suffices to control the first term in the upper bound of (21), which we pursue
next.

Observe

|˜̂sin(η̂j)− s̃in(ηj)| = |η̂T
i
˜̂
Σ−1η̂j − ηT

i Σ̃
−1

ηj |

≤ |(η̂i − ηi)
T ˜̂
Σ−1(η̂j − ηj)|+ |(η̂i − ηi)

T ˜̂
Σ−1ηj |

+ |ηT
i
˜̂
Σ−1(η̂j − ηj)|+ |ηT

i (
˜̂
Σ−1 − Σ̃

−1
)ηj |. (23)
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Define auxiliary matrices Ψ1 = (η̂1 · · · η̂n) ∈ Rm×n, Ψ2 = (η1 · · ·ηn) ∈ Rm×n, and

recall that the estimated MDS components Ψ1 satisfy Ψ1 = Λ̂
1/2
m Q̂T

m. This implies η̂i =

(λ̂
1/2
1 ν̂1i, . . . , λ̂

1/2
m ν̂mi)

T , where ν̂li is the ith component of ν̂ l, l = 1, . . . ,m, i = 1, . . . , n.

Similarly we have ηi = (λ
1/2
1 ν1i, . . . ,λ

1/2
m νmi)

T with νli the ith component of ν l. Note that

󰀂η̂i − ηi󰀂22

≤
m󰁛

l=1

(λ̂
1/2
l ν̂li − λ

1/2
l νli)

2

≤ 2

m󰁛

l=1

λ̂l(ν̂li − νli)
2 + 2

m󰁛

l=1

(λ̂
1/2
l − λ

1/2
l )2ν2li

≤ 2

m󰁛

l=1

λl(ν̂li − νli)
2 + 2󰀂Λ̂m −Λm󰀂op,2

m󰁛

l=1

(ν̂li − νli)
2 + 2󰀂Λ̂m −Λm󰀂2op,2

m󰁛

l=1

λ−1
l ν2li

≤ 2λ1n
−1

m󰁛

l=1

󰀂ν̂ l − ν l󰀂22 + 2n−1󰀂Λ̂m −Λm󰀂op,2
m󰁛

l=1

󰀂ν̂ l − ν l󰀂22 + 2mn−1λ−1
m 󰀂Λ̂m −Λm󰀂2op,2,

(24)

where the third inequality is due to the fact that |λ̂1/2
l −λ

1/2
l | ≤ λ

−1/2
l |λ̂l−λl| and |λ̂l−λl| ≤

󰀂Λ̂m−Λm󰀂op,2, and the fourth inequality follows from the relation a2j ≤ n−1
󰁓n

i=1 a
2
i , which

is valid for any scalars aj ∈ R, j = 1, . . . , n, along with the fact that 󰀂ν l󰀂2 = 1.

By Corollary 1 in Yu et al. (2015), for any l = 1, . . . ,m we have

󰀂ν̂ l − ν l󰀂2 ≤ 23/2δ−1󰀂(−1/2)JnD̂nJn + (1/2)JnDnJn󰀂op,2 ≤ 21/2δ−1󰀂D̂n −Dn󰀂op,2,

where δ is defined as in Lemma 1 and we use that 󰀂Jn󰀂op,2 = 1. Using (24),

󰀂η̂i − ηi󰀂22 ≤ 4mλ1n
−1δ−2󰀂D̂n −Dn󰀂2op,2 + 4mn−1δ−2󰀂Λ̂m −Λm󰀂op,2󰀂D̂n −Dn󰀂2op,2

+ 2mn−1λ−1
m 󰀂Λ̂m −Λm󰀂2op,2

= Un,

where i = 1, . . . , n, and Un is defined through the last equality and does not depend on i.
Using Lemma 1 and Lemma 3,

󰀂η̂i − ηi󰀂22 ≤ Un = Op

󰀃
n3N−1

󰀄
. (25)

Also note that for any i = 1, . . . , n,

󰀂ηi󰀂22 = 󰀂Λ1/2
m QT

mei󰀂22 =
m󰁛

l=1

λlν
2
li ≤ n−1

m󰁛

l=1

λl

n󰁛

i=1

ν2li ≤ n−1λ1,

which combined with Lemma 1 leads to

󰀂ηi󰀂2 ≤ n−1λ1 = Op(1). (26)
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From the proof of Lemma 3, we have 󰀂Σ̃−1󰀂op,2 = Op(1), whence with Lemma 3,

󰀂 ˜̂Σ−1󰀂op,2 ≤ 󰀂 ˜̂Σ−1 − Σ̃
−1󰀂op,2 + 󰀂Σ̃−1󰀂op,2 = Op(1). (27)

In view of (23), (25), and (26), it follows that

|˜̂sin(η̂j)− s̃in(ηj)| ≤ 󰀂η̂i − ηi󰀂2󰀂
˜̂
Σ−1󰀂op,2󰀂η̂j − ηj󰀂2 + 󰀂η̂i − ηi󰀂2󰀂

˜̂
Σ−1󰀂op,2󰀂ηj󰀂2

+ 󰀂ηi󰀂2󰀂
˜̂
Σ−1󰀂op,2󰀂η̂j − ηj󰀂2 + 󰀂ηi󰀂2󰀂

˜̂
Σ−1 − Σ̃

−1󰀂op,2󰀂ηj󰀂2

≤ Un󰀂 ˜̂Σ−1󰀂op,2 + n−1U1/2
n 󰀂 ˜̂Σ−1󰀂op,2λ1 + (n−1λ1)

2󰀂 ˜̂Σ−1 − Σ̃
−1󰀂op,2

= Rn,

where j = 1, . . . , n, and Rn as defined through the last equality is uniform in j. Thus

n−1
n󰁛

i=1

|˜̂sin(η̂j)− s̃in(ηj)| 󰀂Q̂i󰀂L2(0,1) ≤ Rn n−1
n󰁛

i=1

󰀂Q̂i −Qi󰀂L2(0,1) +Rn n−1
n󰁛

i=1

󰀂Qi󰀂L2(0,1),

where Rn = Op(n
3/2N−1/2), which follows from (25), (27), Lemma 1 and Lemma 3. This

combined with (22), the fact that E(󰀂Q1󰀂L2(0,1)) ≤ [E(󰀂Q1󰀂2L2(0,1))]
1/2 < ∞ and the weak

law of large numbers leads to

n−1
n󰁛

j=1

󰁫
n−1

n󰁛

i=1

|˜̂sin(η̂j)− s̃in(ηj)| 󰀂Q̂i󰀂L2(0,1)

󰁬
= Op(n

3/2N−1/2).

Combining this with (21), (22), maxi,j=1,...,n|sin(θj)| = Op(1), which follows by employ-
ing the developments in the proof of Theorem 1 in Petersen and Müller (2019) along with
compactness of Θ, and the fact that

dW2(ˆ̃ν⊕(η̂j), ν̃⊕(ηj)) ≤ 󰀂n−1
n󰁛

i=1

[˜̂sin(η̂j)Q̂i − s̃in(ηj)Qi]󰀂L2(0,1),

which is due to properties of the orthogonal projection from the Hilbert space L2(0, 1) onto
the closed and convex subset QΩ, leads to the first result.

Next, analogous arguments as in the proof of Theorem 1 show that dW2(ν̃⊕(ηj), ν⊕(θj)) ≤
sup󰀂θ0󰀂2≤R dW2(ν̂⊕(θ0), ν⊕(θ0)) with R = diam(Θ) < ∞. The second result follows from
the triangle inequality, using that Ω is totally bounded, and analogous arguments as the
ones in Proposition 1 in Petersen and Müller (2019) which show that the conditions of

Theorem 2 are satisfied, whence sup󰀂θ0󰀂2≤R dW2(ν̂⊕(θ0), ν⊕(θ0)) = Op

󰀓
n−1/(2(α′−1))

󰀔
for

any α′ > 2.

Finally, the last result follows by analogous arguments as before by observing the relation

|˜̂sin(η̂p)− s̃in(ηp)| ≤
n󰁛

j=1

pj |˜̂sin(η̂j)− s̃in(ηj)|,
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where
󰁓n

j=1 pj = 1 with pj > 0 for all j = 1, . . . , n, and ηp =
󰁓n

j=1 pjηj .

Proof [Proof of Corollary 3]
Note that dW2(ν̂i, ν̂j) ≤ T and dW2(νi, νj) ≤ T . Similarly as in the proof of Lemma 3,

we have

|[D̂n]ij − [Dn]ij | ≤ 2T (dW2(ν̂i, νi) + dW2(ν̂j , νj)),

and

E(󰀂D̂n −Dn󰀂2F ) =
n󰁛

i=1

n󰁛

j=1

E{([D̂n]ij − [Dn]ij)
2}

≤ 8T 2
n󰁛

i=1

n󰁛

j=1

E(d2W2
(ν̂i, νi)) + E(d2W2

(ν̂j , νj))

= O(n2N−1),

where the last equality follows from (14). This shows that 󰀂D̂n−Dn󰀂F = Op(nN
−1/2) and

analogous arguments as in the proof of Lemma 3 imply n−1󰀂Λ̂m̂ −Λm̂󰀂op,2 = Op(N
−1/2),

m̂ = m+Op(α
−1
n ), and 󰀂 ˜̂Σ−1−Σ̃

−1󰀂op,2 = Op(N
−1/2). The result follows from E(󰀂Q1󰀂2L2(0,1)) ≤

T 2 < ∞ and analogous arguments as in the proof of Theorem 2.

Proof [Proof of Theorem 3] Similar to the proof of Lemma 2, the event where m̃ = m
holds with probability tending to 1 and it thus suffices to work conditional on this event.
Similar to the proof of Theorem 1, there exists an invertible matrix Rn ∈ Rm×m and a
vector bn ∈ Rm such that ηi = Rnθ̃i + bn for all i = 1, . . . , n. Define

Θ̃n =

󰀳

󰁅󰁅󰁃

θ̃
T
1
...

θ̃
T
n

󰀴

󰁆󰁆󰁄 ∈ Rn×m,

and Yn = (Y1, . . . , Yn)
T , and 󰂃n = (󰂃1, . . . , 󰂃n)

T . Recall that the MDS components are
centered across the sample, i.e.

󰁓n
i=1 ηi = 0m×1 so that 1TnMn = 01×m. Since

Yn = (1n Θ̃n)

󰀕
β0
β

󰀖
+ 󰂃n,

it follows that the least squares predictions are given by

Xn(X
T
nXn)

−1XT
nYn = (1n Mn)

󰀕
n−1 01×m

0m×1 (MT
nMn)

−1

󰀖󰀕
1Tn
MT

n

󰀖
Yn

=
󰀃
n−11n Mn(M

T
nMn)

−1
󰀄󰀕 n 1Tn Θ̃n

0m×1 MT
n Θ̃n

󰀖󰀕
β0
β

󰀖

+
󰀃
n−11n Mn(M

T
nMn)

−1
󰀄󰀕󰁓n

i=1 󰂃i
MT

n󰂃n

󰀖

= R̃1 + R̃2,
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where R1 and R2 are defined by the last equality. Let b̃n = RT
nbn and observe Mn =

Θ̃nR
T
n + 1nb

T
n = Θ̃nR

T
n + 1nb̃

T
nR

T
n . Since 1TnMn = 01×m, it follows that 1nb̃

T
nR

T
n =

−n−11n1
T
n Θ̃nR

T
n which shows that Mn = JnΘ̃nR

T
n . Thus MT

nMn = Rn(Θ̃
T
nJnΘ̃n)R

T
n

and Mn(M
T
nMn)

−1MT
n = JnΘ̃n(Θ̃

T
nJnΘ̃n)

−1Θ̃
T
nJn and therefore

R̃1 =
󰀃
1n Θ̃n

󰀄󰀕β0
β

󰀖
=

󰀳

󰁅󰁅󰁃

β0 + θ̃
T
1 β

...

β0 + θ̃
T
nβ

󰀴

󰁆󰁆󰁄 ,

which corresponds to the regression function E(Y |θ̃ = θ̃0) at the sample points θ̃0 = θ̃i.
Next, note that for any j = 1, . . . , n,

eTj R̃2 = n−1
n󰁛

i=1

󰂃i + eTj JnΘ̃n(Θ̃
T
nJnΘ̃n)

−1Θ̃
T
nJn󰂃n = n−1

n󰁛

i=1

󰂃i + Ujn,

where Ujn is defined through the last equality. By conditioning and using that E(Ujn|Θ̃n) =
0 and Weyl’s inequality, we obtain

Var(Ujn) = E(Var(Ujn|Θ̃n)) = σ2n−1E(eTj JnΘ̃n(n
−1Θ̃

T
nJnΘ̃n)

−1Θ̃
T
nJnej)

≤ σ2n−1E
󰀓
λmin

󰀓
n−1Θ̃

T
nJnΘ̃n

󰀔
󰀂Θ̃T

nJnej󰀂22
󰀔

≤ σ2n−1E
󰀓
[λmin (Σ0) + 󰀂n−1Θ̃

T
nJnΘ̃n −Σ0󰀂op,2]󰀂Θ̃

T
nJnej󰀂22

󰀔

= σ2n−1E
󰀓
[λmin (Σ0) + 󰀂n−1Θ̃

T
nJnΘ̃n −Σ0󰀂op,2]󰀂θ̃j − ¯̃

θn󰀂22
󰀔

= O(n−1),

where
¯̃
θn = n−1

󰁓n
i=1 θ̃i and the bound is uniform in j which follows from the compactness

of Θ along with standard arguments and noting that n−1Θ̃
T
nJnΘ̃n is the sample covariance

matrix of the θ̃i. Therefore

eTj R̃2 = Op(n
−1/2),

eTj Xn(X
T
nXn)

−1XT
nYn = E(Y |θ̃ = θ̃j) +Op(n

−1/2).
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Recall that Pi = eTi Xn(X
T
nXn)

−1XT
nYn is the ith prediction, i = 1, . . . , n, and the

average squared prediction Sn = n−1
󰁓n

i=1(Pi − E(Y |θ̃ = θ̃i))
2. Observe

ESn = n−1
n󰁛

i=1

E[(eTi R̃2)
2]

= n−1
n󰁛

i=1

E
󰁫󰀓

n−1
n󰁛

i=1

󰂃i + eTi JnΘ̃n(Θ̃
T
nJnΘ̃n)

−1Θ̃
T
nJn󰂃n

󰀔2󰁬

= n−1σ2 + n−1
n󰁛

i=1

E
󰁫󰀓

eTi JnΘ̃n(Θ̃
T
nJnΘ̃n)

−1Θ̃
T
nJn󰂃n

󰀔2󰁬

= n−1σ2 + σ2n−1
n󰁛

i=1

Var(Uin)

= O(n−1),

where the third equality follows from Jn1n = 0n and the bound follows from the fact that
Var(Uin) = O(n−1) uniformly in i, which was shown before. Thus Sn = Op(n

−1).

Proof [Proof of Theorem 4] Similar to the proof of Theorem 1, there exists an invertible

matrix R′
n ∈ Rm×m and a vector b′

n ∈ Rm such that η′
i = R′

nθ̃
′
i + b′

n for all i = 1, . . . , n.

Since the MDS components η′
i are centered, we have b′

n = −n−1
󰁓n

i=1R
′
nθ̃

′
i and thus

η′
i = R′

n(θ̃
′
i −

¯̃
θ′) holds for all i = 1, . . . , n, where

¯̃
θ′ = n−1

󰁓n
i=1 θ̃

′
i. Recall that β0 =

(β01, . . . ,β0m)T is the intercept vector, β1, . . . ,βm ∈ Rm are slope vectors and Bm =
(β1 · · ·βm) ∈ Rm×m. By the multivariate multiple linear regression model,

θ̃
′
i =

󰀳

󰁅󰁃
βT
1

β0

...

βT
m

󰀴

󰁆󰁄
󰀕
1

θ̃i

󰀖
+ 󰂃i,

where i = 1, . . . , n. Thus, using that η′
i = R′

n(θ̃
′
i −

¯̃
θ′), it follows that

η′
i = R′

n

󰀳

󰁅󰁃
βT
1 (θ̃i − ¯̃

θ)
...

βT
m(θ̃i − ¯̃

θ)

󰀴

󰁆󰁄+R′
n(󰂃i − 󰂃̄), (28)

where 󰂃̄ = n−1
󰁓n

i=1 󰂃i and i = 1, . . . , n. Recall that the response matrix Yn ∈ Rn×m is
given by

Yn =

󰀳

󰁅󰁃
η′
1
T

...

η′
n
T

󰀴

󰁆󰁄 ,
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which contains on each row the MDS components from the sample of distributions ν ′1, . . . , ν
′
n.

With Θ̃n as in the proof of Theorem 3, in view of (28), it follows that

Yn = JnΘ̃nBm′R′
n
T
+ Jn

󰀳

󰁅󰁃
󰂃1

T

...
󰂃n

T

󰀴

󰁆󰁄R′
n
T
,

Define the auxiliary matrix En ∈ Rn×m whose ith row is given by 󰂃Ti , i = 1, . . . , n. The
(multivariate) fitted values are given by

Xn(X
T
nXn)

−1XT
nYn =

󰀃
n−11n Mn(M

T
nMn)

−1
󰀄󰀕 0Tn

MT
n

󰀖
(Θ̃nBmR′

n
T
+EnR

′
n
T
) = HnUn,

where Hn = Mn(M
T
nMn)

−1MT
n , Un = Θ̃nBmR′

n
T +EnR

′
n
T , and the first equality follows

by using that Jn1n = 0n and MT
n1n = 0m which implies MT

nJn = MT
n . Recall the m-

dimensional predictors Zi = (HnUn)
Tei, i = 1, . . . , n, with estimated covariance Σ̃Z =

n−1UT
nHnUn ∈ Rm×m, which follows by noting that Hn1n = 0n so that Z̄ = 0m. The

global weights evaluated at points x = Zj , with j ∈ {1, . . . , n}, are given by

ŝin(x) = 1 + (Zi − Z̄)T Σ̃
−1
γ (γ̃0 − Z̄) = 1 + neTi HnUn(U

T
nHnUn)

−1UT
nHnej .

Observe

(UT
nHnUn)

−1 = (UT
nMn(M

T
nMn)

−1MT
nUn)

−1 = (MT
nUn)

−1(MT
nMn)(U

T
nMn)

−1,

so that

HnUn(U
T
nHnUn)

−1UT
nHn = Hn.

From the proof of Theorem 3, we haveHn = Mn(M
T
nMn)

−1MT
n = JnΘ̃n(Θ̃

T
nJnΘ̃n)

−1Θ̃
T
nJn,

whence

ŝin(x) = 1 + neTi JnΘ̃n(Θ̃
T
nJnΘ̃n)

−1Θ̃
T
nJnej .

This shows that the global weights ŝin(x), i = 1, . . . , n, at a point x = Zj are exactly the

ones obtained by employing the predictor distribution parameters Θ̃n at a point x = Θ̃
T
nej .

Denote by Ui = β0 +BT
mΘ̃

T
nei ∈ Rm, Ū = β0 + n−1

󰁓n
i=1Ui = n−1BT

mΘ̃
T
n1n and ΣU =

n−1
󰁓n

i=1(Ui − Ū)(Ui − Ū)T = n−1BT
mΘ̃

T
nJnΘ̃nBm. Observe

1 + (Ui − Ū)TΣ−1
U (Uj − Ū) = 1 + n(eTi − n−11Tn )Θ̃n(Θ̃

T
nJnΘ̃n)

−1Θ̃
T
n (ej − n−11n) = ŝin(x),

where the first equality uses that the slope matrix Bm is invertible. Thus the global weights
ŝin at points x = Zj are exactly the same as the ones obtained by employing as predictors
γ1, . . . ,γn at a point x = γj , j = 1, . . . , n. This implies ν̃ ′⊕(Zj) = ν̂ ′⊕(γj). The result

follows from Theorem 2 in Petersen and Müller (2019) and using that 󰀂γ󰀂2 = 󰀂β0+BT
mθ̃󰀂2

is uniformly bounded due to the compactness of Θ.
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Appendix C. Computational Details

This section provides a general algorithm (see Algorithm 1) to obtain the estimated
regression map ν̃⊕(η) in (4), employing global Fréchet regression (2) for the case of fully
observed random objects situated in a general metric space (Ω, d). We note that computing
the MDS components requires obtaining the eigendecomposition of a dense n × n matrix,
which may be challenging for very large sample sizes n. Furthermore, as pointed out in
Section 8, the optimization problem defining the global Fréchet regression depends on both
the space Ω and the metric d. For the most important special cases there are algorithms
that can solve this optimization problem, see e.g. Petersen and Müller (2019) for more
details. Such spaces include covariance matrices with the Frobenius and other metrics,
Hilbert spaces with the canonical metric, where the solution can in principle be found
explicitly, and probability measures in 2-Wasserstein space, where the solution is equivalent
to solving a quadratic optimization program.

For the important case of distributional data under uncertainty as discussed in Section
4, where only samples of observations coming from each underlying probability distribution
are available, we refer to Algorithm 2. We remark that the optimization problem (6)
can be solved along the lines of the quadratic program described in Petersen and Müller
(2019). Indeed, denoting byQ(ˆ̃ν⊕(η)) the quantile function corresponding to the probability
measure ˆ̃ν⊕(η), similar to the proof of Proposition 1 in Petersen and Müller (2019),

Q(ˆ̃ν⊕(η)) = argmin
q∈{Q(w0):w0∈Ω}

||n−1
n󰁛

i=1

˜̂sin(η)Q̂i − q||L2(0,1),

where || · ||L2 is the L2 norm. Thus solving this problem for q over a dense grid of points in
(0, 1) leads to the quadratic constrained optimization problem considered in Petersen and
Müller (2019).

For the case where Ω consists of probability distributions with bi-Lipschitz quantile
functions over (0, 1), a similar quadratic program has been considered in Gajardo and
Müller (2022). In the applications and numerical examples presented here, we solve the
optimization problem (6) by utilizing the frechet R package (Chen et al. 2020). While the
theoretical asymptotic results for the estimation of the dimension m are tied to the growth
rate of the lower bound N(n) with sample size n, in practice one can select m̂ based on
a fraction-of-variance explained approach where m is selected such that

󰁓m̂
j=1 λ̂j/

󰁓n
j=1 λ̂j

first upcrosses α, for large values of α such as 95%.
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Input : Random objects ν1, . . . , νn and the metric d.
Output: The estimated map ν̃⊕.

Obtain Λ,Q from the spectral decomposition (−1/2)JnDnJn = QΛQT with
corresponding ordered eigenvalues λ1 ≥ · · · ≥ λn.
m̃ ← sup{l = 1, . . . , n : λl > 0}
for j ← 1 to m̃ do

νj ← j-th column of Q
end
Qm̃ ← (ν1 · · ·νm̃) ∈ Rn×m̃

Λm̃ ← diag(λ1, . . . ,λm̃) ∈ Rm̃×m̃

Ψm̃ ← Λ
1/2
m̃ QT

m̃

for i ← 1 to n do
ηi ← i-th column of Ψm̃

end

Σ̃ ← n−1
󰁓n

i=1 ηiη
T
i

For η ∈ Rm̃, construct the map ν̃⊕(η) as follows:
for i ← 1 to n do

s̃in(η) ← 1 + ηT
i Σ̃

−1
η

end
ν̃⊕(η) ← argmin

w∈Ω
n−1

󰁓n
i=1 s̃in(η)d

2(νi, w)

Algorithm 1: Case of fully observed random objects.

Appendix D. Additional Simulations

We investigate here the effect of fitting the global Fréchet regression function with fewer
MDS components than the true underlying low dimension m. The simulation example
from Figure 3 in Section 6 illustrates the situation of Gaussian densities with two sources
of variation, namely a mean shift and a variance shift, which leads to vertical variation.
Since the random data generating mechanism produces each variation component indepen-
dently (i.e., the mean and variance parameters are generated independently), the underlying
correct dimension is m = 2 and the manifold satisfies the isometry condition (A1).

Investigating the case when one erroneously assumes that there is only one component,
Figure 10 shows the densities resulting from global Fréchet regression fitted with only a
single MDS component. This demonstrates that in this underspecified case the inverse map
is not able to track the underlying geometry of the manifold, which is generated from two
independent sources of variation. Instead, it produces a mixture of both mean and variance
shift as if both variations were dependent on each other, while they were independently
generated. Unsurprisingly, the image space of this inverse map does not coincide with the
correct manifold. Specifically, it is unable to produce Gaussian densities with large mean
and small variance (i.e., a large vertical variation pushed to the right), see e.g. the right
panel in Figure 3, and neither does the isometry condition hold when setting m = 1.
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Input : Sample of scalars Yi1, . . . , Yini , i = 1, . . . , n, and estimated dimension m̂.
Output: The estimated map ˆ̃ν⊕.

for i ← 1 to n do

F̂i ← empirical CDF of the sample Yi1, . . . , Yini

Q̂i ← left-continuous generalized inverse of F̂i

end
for i ← 1 to n do

for j ← 1 to n do

[D̂n]ij ←
󰁕 1
0 (Q̂i(t)− Q̂j(t))

2dt
end

end

Obtain Λ̂, Q̂ from the spectral decomposition (−1/2)JnD̂nJn = Q̂Λ̂Q̂T with
corresponding ordered eigenvalues λ̂1 ≥ · · · ≥ λ̂n.
for j ← 1 to m̂ do

ν̂j ← j-th column of Q̂
end

Q̂m̂ ← (ν̂1 · · · ν̂m̂) ∈ Rn×m̂

Λ̂m̂ ← diag(λ̂1, . . . , λ̂m̂) ∈ Rm̂×m̂

for i ← 1 to n do

η̂i ← i-th column of Λ̂
1/2
m̂ Q̂T

m̂

end
˜̂
Σ ← n−1

󰁓n
i=1(η̂i − n−1

󰁓n
k=1 η̂k)(η̂i − n−1

󰁓n
k=1 η̂k)

T

Let η ∈ Rm̂.
for i ← 1 to n do

˜̂sin(η) ← 1 + (η̂i − n−1
󰁓n

k=1 η̂k)
T ˜̂
Σ−1(η − n−1

󰁓n
k=1 η̂k)

end
ˆ̃ν⊕(η) ← argmin

w∈Ω
n−1

󰁓n
i=1

˜̂sin(η)d
2
W2

(ν̂i, w) where ν̂i has quantile function Q̂i.

Algorithm 2: Fréchet-Wasserstein Manifold Learning Under Uncertainty.
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Figure 10: Density functions obtained with global Fréchet regression when using only a
single MDS component (blue to red from lower to higher MDS values) for the Gaussian
simulation setting in Figure 3, which has two independent sources of variation, correspond-
ing to mean and vertical shifts.
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Figure 11: Comparison between the proposed inverse map back to distribution space with
a naive nearest neighbor approach that predicts the inverse map as the distribution whose
MDS component is closest to the unobserved MDS point. The simulation setting consists
of Gaussian variates generated with two independent sources of variation giving rise to
distinct mean and vertical shifts. The left panel shows the observed distributions fi, the
middle panel the proposed inverse map at unobserved MDS points along the horizontal
line (ψ1, 0)

T ∈ R2 with ψ1 ranging from 0 to the 99% quantile of the observed first MDS
components and the right panel the naive nearest neighbor approach to construct the inverse
map.

Appendix E. Comparison with a naive nearest-neighbor approach

Upon the suggestion of a referee, we compared the proposed inverse map in the distribu-
tional case with a naive nearest neighbor approach where the predicted inverse map at an
unobserved MDS point η is given by the distribution fi such that its MDS component
ηi is closest to η in the Euclidean norm. For this comparison, we considered a Gaussian
location-scale family ν|(µ,σ) ∼ N(µ,σ), where the parameters (µ,σ) were independently
generated according to the following scheme.
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First, random variables µi
iid∼ µ, i = 1, . . . , n, are generated, where

µ ∼ truncN([a1, b1], µ1,σ1) has a truncated Gaussian distribution over the compact interval

[a1, b1], a1 < b1, µ1 ∈ R and σ1 > 0. Secondly, random variables σi
iid∼ σ are generated from a

mixture of truncated Gaussian variates over the compact interval [a2, b2], 0 < a2 < b2, as fol-
lows. For each i = 1, . . . , n, with probability p ∈ (0, 1) generate σi ∼ truncN([a2, b2], µ2,σ2)
and otherwise, with probability 1− p, generate σi ∼ truncN([a2, b2], µ3,σ3), where µj ∈ R,
σj > 0, j = 1, 2. The sample of Gaussian distributional objects is then given by fi ∼
N(µi,σ

2
i ), i = 1, . . . , n, where we consider n = 900, µ1 = 0, σ1 = 1.5, a1 = −10, b1 = 10,

p = 0.5, µ2 = 1.4, σ2 = 0.01, µ3 = 1, σ3 = 0.01, a2 = 0.6, b2 = 6. Thus, there are
two sources of variation in the distributional data consisting of a mean shift and a vertical
variation as shown in the left panel of Figure 11.

We compared both inverse map methods across the unobserved MDS region consisting
of the horizontal line (η1, 0)

T ∈ R2 with η1 ranging from 0 to the 99% quantile of the
observed first MDS components, where η = (η1, η2)

T . Figure 11 displays the results for the
comparison between the proposed inverse method (middle panel) and the nearest neighbor
approach (right panel). Clearly, the nearest neighbor inverse map approach is not able
to disentangle both forms of variation and instead contains a mixture of both, especially
towards the boundaries of the observed MDS components where a vertical variation in
addition to mean shift is being predicted. However, the global Fréchet regression function
is able to fully capture the mean shift single variation that is present along the horizontal
line where the second MDS component is held constant at its mean value 0.

Another issue that affects the nearest neighbor approach is that it leads to an inverse
map that is piecewise constant within the distribution space, since the nearest neighbors
remain the same over smaller regions along the MDS line. This is problematic when there
are sparsely populated or empty regions in the MDS space, as then the prediction would
remain the same (at a constant level in the distribution space). The proposed inverse map
does not inherit these problems and correctly captures the horizontal mean-shift variation
represented by the first MDS component in a continuous fashion.
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Fréchet Manifold Learning

Ivan Dokmanic, Reza Parhizkar, Juri Ranieri, and Martin Vetterli. Euclidean distance ma-
trices: essential theory, algorithms, and applications. IEEE Signal Processing Magazine,
32(6):12–30, 2015.

P. Drineas, A. Javed, M. Magdon-Ismail, G. Pandurangan, R. Virrankoski, and A. Savvides.
Distance matrix reconstruction from incomplete distance information for sensor network
localization. In 2006 3rd Annual IEEE Communications Society on Sensor and Ad Hoc
Communications and Networks, volume 2, pages 536–544, 2006.

Ian L. Dryden, Alexey Koloydenko, and Diwei Zhou. Non-Euclidean statistics for covariance
matrices, with applications to diffusion tensor imaging. The Annals of Applied Statistics,
3(3):1102 – 1123, 2009.

Paromita Dubey and Hans-Georg Müller. Modeling time-varying random objects and dy-
namic networks. Journal of the American Statistical Association, 540(117):2252–2267,
2022.

Bradley Efron. The geometry of exponential families. The Annals of Statistics, 6(2):362–
376, 1978.

Bradley Efron. Curvature and inference for maximum likelihood estimates. The Annals of
Statistics, 46(4):1664–1692, 2018.

Matthew R. Facer and Hans-Georg Müller. Nonparametric estimation of the location of a
maximum in a response surface. Journal of Multivariate Analysis, 87(1):191–217, 2003.

Jianing Fan and Hans-Georg Müller. Conditional Wasserstein barycenters and interpola-
tion/extrapolation of distributions. IEEE Transactions on Information Theory, 71(5):
363–410, 2025.
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