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Abstract

We study policy evaluation of offline contextual bandits subject to unobserved confounders.
Sensitivity analysis methods are commonly used to estimate the policy value under the
worst-case confounding scenario within a given uncertainty set. However, existing work
often resorts to some coarse relaxation of the uncertainty set for the sake of tractability,
leading to overly conservative estimation of the policy value. In this paper, we propose
a general estimator that provides a sharp lower bound of the policy value using convex
programming. The generality of our estimator enables various extensions such as sensitivity
analysis using f-divergence, model selection with cross validation and information criterion,
and robust policy learning with the sharp lower bound. Furthermore, our estimation method
can be reformulated as an empirical risk minimization problem thanks to the strong duality,
which enables us to provide strong theoretical guarantees of the proposed estimator using
M-estimation techniques.

Keywords: convex optimization, causality, M-estimation, robust optimization, kernel
methods.

1. Introduction

The offline contextual bandit, a simple but powerful model for decision-making, finds applica-
tions across a spectrum of domains from personalized medical treatment to recommendations
and advertisements on online platforms. For the policy evaluation in this setting, the inverse
probability weighting (IPW) method (Hirano and Imbens, 2001; Hirano et al., 2003) and
its variants are commonly used. These methods rely on the so-called unconfoundedness
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assumption, presupposing full observability of pertinent variables to exclude any influence
from unobserved factors on the action selection and the resulting reward (Rubin, 1974).
However, in practice, this unconfoundedness assumption can easily be violated, since often
times unobserved confounders are not recorded in the logged data. For instance, consider
personalized medicine, where private information such as patients’ financial status is usually
not recorded in medical records yet may impact both the choice of treatments and their
efficacy. An expensive treatment option may be only available for wealthy patients, and
higher financial status may also have a correlation with their health status. In such situations,
if the treatment effect of the expensive option depends on the health status of the patients,
we can potentially overestimate (or underestimate) the true treatment effect due to this
hidden underlying correlation.

To address this, sensitivity analysis offers a solution by establishing a worst-case lower
bound on the policy value. This involves defining an uncertainty set encompassing potential
confounding situations and evaluating the policy value under the most adverse conditions
within this set. Such a worst-case lower bound allows for robust decision-making in the
presence of confounding. A wide range of sensitivity models has been studied over the years
(Rosenbaum, 2002; Tan, 2006; Rosenbaum et al., 2010; Liu et al., 2013).

The main focus of our paper is the marginal sensitivity model by Tan (2006) and its
extensions, which assumes similarity between the observational probability and the true
probability of the action given the context.Recently, Zhao et al. (2019) introduced an elegant
algorithm for Tan’s marginal sensitivity analysis using the linear fractional programming,
which revitalized the study of this model. They also used the bootstrap method to provide an
interpretable estimate of the lower bound. This approach was extended to policy learning in
Kallus and Zhou (2018, 2021), where they established a statistical guarantee for confounding
robust policy learning through lower bound maximization. Notably, their theoretical analysis
included a uniform bound for the estimation error of a class of policies, unlike previous
works that only focused on the evaluation of a single policy.

1.1 Motivation

These sensitivity analysis methods rely on algorithms using linear programming with relaxed
constraints for their tractability, leading to overly conservative lower bound estimates of the
policy value. Such estimates are not necessarily guaranteed to be a consistent estimator of
the true lower bound. To obtain a sharp lower bound, conditional moment constraints must
be leveraged, which are infinite dimensional linear constraints. Recently, Dorn and Guo
(2022) analyzed these constraints and characterized the sharp lower bound of Tan’s marginal
sensitivity model with a conditional quantile function of the reward distribution. Using this
characterization, they proposed the first tractable algorithm to estimate the sharp lower
bound that converges to the true lower bound of the policy value.

In this paper, we revisit the sharp estimation problem from a novel perspective. Instead of
relying on conditional quantile functions, we propose a tractable approximation to the infinite
dimensional conditional moment constraints, enabling the sharp lower bound estimation
to be expressed directly as a convex optimization problem. Unlike the previous two-stage
optimization method introduced by Dorn and Guo (2022), our formulation is more general
and naturally includes their sharp estimator as a special case.
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1.2 Contributions

The generality of our estimator expands the horizon of the sensitivity analysis, both in terms
of theory and applications.

Our major theoretical contributions stem from the reformulation of the lower bound
estimation as an empirical risk minimization using the strong duality. This enables us to
leverage the standard proof techniques for M-estimation to derive consistency and asymptotics
of our estimator, simplifying our proofs compared to the bespoke proofs in previous works
(Kallus and Zhou, 2018, 2021). In particular, we are the first to prove a consistent policy
learning guarantee for the sharp lower bound, which parallels the seminal result in Kallus
and Zhou (2018, 2021) for the classic unsharp bound.

In terms of applications, our convex formulation is less restrictive compared to the
two-stage approach of the previous sharp estimators (Dorn and Guo, 2022; Dorn et al., 2021)
and offers possibilities for various extensions, such as generalization of the classic marginal
sensitivity model (Tan, 2006) using f-divergence, policy learning with the sharp lower bound,
and model selection using the cross validation or the generalized information criterion
(Konishi and Kitagawa, 2008). Furthermore, our estimator can naturally handle both
discrete and continuous treatment, setting it apart from conventional unsharp estimators
(Tan, 2006; Zhao et al., 2019; Kallus and Zhou, 2018), which are unsuitable for cases involving
continuous treatment.

Lastly, we highlight the difference between this paper from an earlier version by the au-
thors (Ishikawa and He, 2023). All the analyses on asymptotic normality and its applications
including hypothesis testing and model selection are the novel results of this paper. This
paper also provides a more comprehensive study of the consistency and specification bias, by
providing the consistent policy learning guarantee for a general Vapnik-Chervonenkis policy
class with the sharp lower bound for the first time, and by characterizing the magnitude of
the specification bias when the kernel cannot be chosen optimally to achieve zero bias.

1.3 Related works

The sensitivity analysis of average treatment effect using quantile regression by Dorn and
Guo (2022); Dorn et al. (2021) was the first approach that consistently recover the true lower
bound under Tan’s marginal sensitivity model, significantly sharpening bounds compared to
traditional methods. Subsequently, this approach was also applied to the conditional average
treatment effects (Oprescu et al., 2023) and individual treatment effect Jin et al. (2022).
In parallel, confounding-robust policy evaluation techniques have evolved from evaluation
to robust policy learning (Kallus and Zhou, 2018, 2021) and to sequential decision-making
settings (Kallus and Zhou, 2020). Recently, the sharp bound introduced by Dorn and Guo
(2022) has also been effectively adapted for sequential decision-making by Bruns-Smith
and Zhou (2023); Bennett et al. (2024). However, extending this sharp bound approach
specifically to policy learning has remained unexplored, and our paper is the first to address
this gap.

In parallel, a growing literature has studied causal inference using modern machine
learning methods, including instrumental variable estimation (Hartford et al., 2017), hetero-
geneous and individual treatment effect estimation (Wager and Athey, 2018; Shalit et al.,
2017; Louizos et al., 2017), and debiased learning frameworks that combine machine learning
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with classical causal inference (Chernozhukov et al., 2018). Kernel-based methods have also
been widely used in causal inference, particularly for testing conditional independence and
representing nonparametric conditional relationships (Gretton et al., 2005; Zhang et al.,
2012; Peters et al., 2017).

Our convex reformulation of the infinite dimensional constraints is inspired by kernel
methods (Scholkopf et al., 1997). The most relevant to our work is by Kremer et al. (2022),
who used kernel methods to represent conditional moment restrictions and estimate model
parameters. While their work focused on the dual formulation, we solve the primal but still
exploit the dual in our theoretical analysis. Muandet et al. (2020a) also studied conditional
moment restrictions, introducing a kernel-based test statistic structurally similar to ours
but for hypothesis testing rather than uncertainty quantification. More broadly, the idea
of using the kernel methods for constraints has been explored in areas such as fairness
(Pérez-Suay et al., 2017), distributional robustness (Staib and Jegelka, 2019; Zhu et al.,
2020), and shape-constrained regression (Aubin-Frankowski and Szabd, 2020). The kernel
methods have also seen growing use in causal inference, including treatment effect estimation
(Singh et al., 2024), instrumental variables (Singh et al., 2019; Muandet et al., 2020b; Zhang
et al., 2023), negative controls (Singh, 2020; Kallus et al., 2021; Mastouri et al., 2021), and
policy evaluation (Kallus, 2018).

1.4 Organization of the paper

The remainder of the paper is organized as follows: In Section 2, we formally introduce the
problem we study and propose a new sharp lower bound estimator of policy value. Section 3
studies the theoretical properties of the proposed estimator through reformulation of our
estimation method via strong duality. In Section 4, we present our numerical experiments,
and Section 5 concludes the paper.

2. Problem Settings and Proposed Method

In this section, we start by introducing the formal definitions for confounded offline contextual
bandits. Then, we discuss a sensitivity analysis model for its policy evaluation. Since the
original formulation of this model requires an intractable optimization, we make a series of
relaxations to motivate our proposed estimator.

Given the abundance of notations introduced herein, we offer a list of common notations
used throughout the paper in Appendix A.

2.1 Confounded offline contextual bandits

Here, we formally define the confounded offline contextual bandits using the graphical models
(Koller and Friedman, 2009; Pearl, 2009). Though a potential outcome framework (Rubin,
2005) is a popular alternative, we employed the graphical models as we find it easier to
formulate our general modeling assumptions that accommodate both discrete or continuous
action space.

The confounded offline contextual bandits are an extension of the standard offline
contextual bandits that have an additional unobserved confounding variable. Let & and T
be the context space and the action space. The model can be described as the probabilistic
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(a) unconfounded case (b) confounded case

Figure 1: Graphical model of unconfounded and confounded contextual bandit

model of the four variables: context X € X, confounder U € U, action (or treatment) T' € T,
and reward (or outcome) Y € R. ! For some unknown base policy Tpase(t|T, u), we obtain an
offline dataset of variables Y, T, and X from the following data generating process: Unlike
the other variables confounder U is unobservable, and that introduces a confounding effect
in the observable data. In confounded offline contextual bandits, the data are generated
according to the following model:

X7U Np(xau)a
T|X, U ~ ﬂ-base(ﬂXa U), (1)
Y‘TaXvU Np(y‘T7X7U>7

but only YV, T, and X are observable and policy mpase(t|z,w) is unknown. This corresponds
to the graphical model in Figure 1b, where the existence of U is the clear difference from
the unconfounded graphical model in Figure 1a. ?

To better understand variables, let us remember the earlier example of personalized
medical treatment. The observational data {(Y;,T;, X;)}"_; corresponds to medical records.
They include basic information about patients such as age, sex, and weight, which corresponds
to context X. Additionally, T" and Y are the medical treatment taken by the patients and
its outcome. However, some information such as the financial status of the patients is
not included in them. Yet, such information can influence the choice of treatment and
the effectiveness of the treatment in either direct or indirect manners. Such a variable
corresponds to confounder U in our model.

Now, we consider the offline evaluation of the policy from the observational data. Given
new policy 7(t|z), we are interested in estimating the expectation of reward Y under the
following probabilistic model:

X7U Np(xau)a
TIX,U  ~n(tX), 2)
Y‘TvXaU Np(y‘TvXa U)

Here, we only consider an observable policy 7(t|z), because it is trivially impossible to
evaluate a policy that depends on unobserved variable U only using the offline data.

1. Though the outcome and the reward are not always the same in general, we assume them to be the same
for simplicity.
2. Alternatively, we could consider the unconfounded case as the situation where confounder U is constant.



IsHikaAwA, HE AND KANAMORI

In confounded contextual bandits, offline evaluation of the above observable policy is still
impossible without any further assumptions. To explain the reason, let’s consider change of
expectations

m(TX)

V(m) = Eren(ix) Y] = Eqr o 1x,0) [<W> Y} : (3)
where Err . ixon)[f (Y, T, X,U)] and Ep 1 x)[f(Y; T, X,U)] correspond to the expec-
tations of f(Y,7,X,U) under the generative processes (1) and (2). Compared to the
unconfounded case, the inverse probability in (3) has a dependence on unobserved vari-
able U. This makes it impossible to construct a consistent estimator unlike the uncon-
founded case, where the inverse probability weighting estimator is consistent. As the
observable variables are only Y, T, and X, any valid estimator must depend only on
them. Ideally, we would like to know conditional expectation of the inverse probability
w(y,t,7) = Epon,. (1X,0) [mw =y, T=tX= 3:} Then, we can construct a
valid unbiased and consistent estimator V,, := %Zl w(Y;, T;, X7 (T;| X;)Y;, because

1
V() = Erempe (1X,0) [ETNWbaSC(.|X,U) [Wbase(T|X 0) Y, T, X] 7r(T|X)Y} ) (4)

However, in practice, it is impossible to know w(y, ¢, z) in the confounded offline contextual
bandits, and it motivates the use of lower bound of the policy value.

Hereafter, for simplicity of notation and analysis, we assume that the conditional
distribution of reward Y given T, X, and U is continuous and that it yields a density function
p(y|t, x,u) when such assumptions are appropriate. We will also assume that 7(7'|X,U) > 0
almost surely under data generating process (1) so that the inverse probability weights are
always well-defined. Additionally, we will use the following simplified notations. To indicate
a part of model (1) that can be identified by the offline data, we use pops to indicate the
observable distribution of (1) so that

pon:t,2) = Y. (0,0 e e, w)pla, ) du?

Similarly, pops(t|z) and peps(z) will denote the corresponding conditional and marginal
distributions, and Eops[f (Y, T, X)] := Eqr, .. (|x,0) [f (Y, T, X)] represents the expectation of
fY, T, X) with respect to pobs(y, t, z). To represent the empirical average that approximates
Eobs, we use [, so that E,[f(Y,T, X)] := %Z?:l Y3, T;, X;) for any f(y,t,x). Finally,
throughout the paper, we assume that we know the true value of pops(t|x) in the estimation
of the policy value and its lower (or upper) bounds for the sake of simplicity.

3. We use notation ¥ to emphasize that unobserved confounder U could be both a summation over a discrete
variable or an integral over a continuous variable. The same notation is used later for treatment 7.

4. In the literature such as Kallus and Zhou (2018); Dorn and Guo (2022), it is commonly assumed that the
probability of action given a context in observational data can be consistently estimated from observable
data. This probability is often referred to as the "nominal propensity score.” However, to maintain
consistent notation, we will refer to it as the observational probability and denote it as pobs(t|z) to
highlight the tractable components of our formulas.
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2.2 Uncertainty sets of base policies

A practical workaround to the above-mentioned issue is partial identification of the policy
value under some reasonable assumption about confounding. More specifically, we first
define uncertainty set £ of mpase(t|x, u) that we believe to contain all possible base policies
underlying the observational data. Then we find infimum policy value Viy¢ (or supremum
Viup) within the uncertainty set as

o m(T]X) 5
bule) =t B (5 e ) Y| ?
In the following, we introduce the conditional f-constraint, a class of constraints that can
express a few reasonable classes of uncertainty sets.

Let f:R x T x X = R be a function satisfying that f;,(-) := f(-,t,2) is convex and
ftz(1) = 0 for any fixed ¢t € T and # € X. Then, we define the uncertainty set of the
conditional f-constraint % as

obs (11X
]ETNﬂ'basc('leU) |:fT7X (TI'bpasl;((T’H)(,%]))} S /7
gft,z 1= Thase(t|T,u) : and . (6)
Thase(t|2, 1) is proper distribution

Note that the lower bound for this uncertainty set is still intractable, as it involves the
expectation with respect to unobserved variable U. This issue is addressed in the next
subsection, where we introduce relaxation to these uncertainty sets to obtain a tractable
formulation of the lower bound.

Though this class of uncertainty sets has not been studied in prior work, we focus on
this type of uncertainty set because it is designed to include several practically relevant
examples, such as box constraints and f-divergence constraints.

Example 1 (Box constraints) The box constraints are the type of uncertainty set that has
traditionally been adopted in the sensitivity analysis. They can be expressed as uncertainty
set
ar(t, ) < Tpase(t|z, u) < br(t,x)
Ebox = { Thase(t|T,u) : and (7)
Thase (*|Z, w) s proper distribution

for some ar(t,z) and by (t,z). This model includes the well-known marginal sensitivity model
by Tan (2006) and most of its extensions (Zhao et al., 2019; Kallus and Zhou, 2018; Dorn
and Guo, 2022). Tan considered a binary action space and assumed that the odds ratio of
observational probability of action pops(t|z) and true base policy Tyase(t|z,w) are not too far
from 1 so that

-1 < Pobs () (1 — Thase (]|, u)

S = pons (1)) Mot )

5. Alternatively, one may take the infimum not only over 7Tpase (t|2, u) but also over the joint distribution
p(z,u) and the conditional outcome model p(y|t, z,u). In contrast, our formulation assumes oracle access
to the remaining components of the data-generating process. As we will show later, this assumption
enables a sequence of relaxations that lead to a tractable lower-bound estimator.

6. Though this class of constraint contains the f-divergence constraint discussed later in Example 2, we do
not call them ”conditional f-divergence constraint”. This is because it does not become f-divergence in
general, for instance, in the case of the box constraints.
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As pobs(t|z) can be identified from the observational data, we can enforce such constraints
by choosing ar and by in (7) as
1 1

o (%) = T T ) = 1) 060 = T e ) 1)

This model can be expressed in terms of the conditional f-constraint (6) by choosing

(8)

Jra(0) = Ly (t.2) ba(t2)] (0) 9)

for ag(t,x) = povs(t|x)/br(t, x) and bg(t, x) = povs(t|z)/ax(t, x), &, ., where Ij, (W) is a
characteristic function © of interval [a,b] defined as

I[a,b] ('IIJ) = {

Example 2 (f-divergence constraint) Using the f-divergence, we can also define another
class of uncertainty sets that belong to the family of conditional f-constraints. We call such
a constraint and its corresponding sensitivity model the f-divergence constraint and the
f-sensitivity model. To our knowledge, the majority of the existing literature only studies the
box constraints, and we are the first to discuss the use of f-divergence constraint. ®

Before introducing the new uncertainty set, we first recall the formal definition of f-
divergence. Let p(t) and q(t) be the probability mass function over countable set T (or the
probability density function over T C R for some d with respect to the Lebesque measure),
and let f : R — R be a convex function satisfying f(1) = 0. Then, the f-divergence between

the distribution of p(t) and q(t) is defined as Dy[pl|q] :== ¥+ f (%) q(t)dt. The f-divergence

is a rich class of divergence between probability distributions that includes many divergences
such as the Kullback-Leibler (KL), squared Hellinger, and Pearson x? divergences.
Using the f-divergence, we define a new class of uncertainty set as

Ex.u [Df[pobS(t’X)Hﬂbase(t‘X’ Ul <~
Ep = < Thase(t|z, 1) : and , (10)
Thase (|2, w) is proper distribution

0 ifw € [ab],

oo otherwise.

where the expectation Ex yy can be taken with respect to p(z,w) in both (1) and (2), regard-
less of the policy. This formulation naturally fits into the conditional f-constraints (6) as
the divergence term becomes a simple expectation as Ex  [Df[pobs(t|X)||Thase (t| X, U)]] =

Ermmcix0) | (72550805 |

The key distinction between f-divergence constraints and box constraints lies in their non-
uniform nature. While box constraints impose uniform bounds on the odds ratio 7&;5(7%
with respect to context X, f-divergence constraints only limit the overall deviation of the policy
in aggregate. As a result, they allow for base policies that can vary significantly for a limited
range of context values X. Practically, box constraints are appropriate when one wants
a worst-case, uniform robustness guarantee across all contexts. In contrast, f-divergence
constraints are useful when one expects confounding to be concentrated on a subset of the

population and prefers to control the average deviation globally.

7. Please be aware that we use L[, ;) to represent indicator function that takes value in {0, 1}.
8. Indeed, Jin et al. (2022) considered a similar use of f-divergence for sensitivity analysis. However, their
model makes a different type of confounding assumption, as discussed in Appendix B.
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2.3 Relaxation of the uncertainty sets by reparametrization

Having defined the uncertainty set of our interest, we now consider the computation method
of lower bound Vj¢. Unfortunately, directly solving (5) is often too difficult in practice, so we
instead solve a relaxed problem that is more tractable. First, we introduce reparametrization
w(y,t,7) = Epor,.  (1x,0) mﬁf =y, T=tX= x] By relaxing the uncertainty
set of unknown base policy Tpase(t|z, 1), we can construct an uncertainty set of w(y,t,x)
and obtain a convex relaxation of original problem (5).

Without the relaxation, the uncertainty set of base policy £y, . can be translated to the
uncertainty set of the reparametrized weights as

( 3

w(y7 t’ :U) = ETNﬂbase('|XvU) [m|y - y’ T - t’ X -
and
— . obs (T|X
Wft,z = w(y7t,$) . ETNWbase('I—XvU) |:fT7X (ﬂ:ai((i’”\&,()])ﬂ S Y

and
Thase(t|Z, 1) is proper distribution

Using (4), we can obtain the lower bound as

Vine(m) = inf  Egps [w(Y, T, X)n(T|X)Y].

’LUEWft’x

This uncertainty set requires that the conditional f-constraint is satisfied and that the
base policy Tpase(t|z,u) is proper distribution. However, in practice, both conditions are
intractable. Therefore, we will consider the relaxation of these conditions.

RELAXATION OF THE CONDITIONAL F-CONSTRAINT

Let us consider the first condition of (11) on conditional f-divergence. With Jensen’s
inequality, we have

Pobs(T'|X) Pobs (T'1X)
E _OSAV R )| > R E — YT X
TNﬂ-base('|X7U) |:fT,X <7Tbase(T|X’ U) - obs fT;X TNWbase(~|X7U) Trbase(T|X’ U) | » )

where the equality holds when there’s myase(t|2, u) = pobs(t|z) (i-e., no confounding) or when
fr.x(-) is linear almost surely.® Thus, we relax condition Eperyme (1Xx,0) | [T, X (%H <
v in (11) to
Eobs [f1,x (Pobs (T X)w (Y, T, X))] < . (12)
Here, we must emphasize that the above constraint is convex with respect to w(y, t, x).

This convexity translates to the empirical version of the above constraint, and enables us to
estimate the lower bound by solving convex programming.

9. Indeed, the box constraints satisfy this linear condition and no relaxation is made. On the other hand,
the f-divergence constraint relies on strictly convex functions, and thus the equality of Jensen’s inequality
does not hold.
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Additionally, when f; ; does not depend on ¢t and z, there is a simple trick to ensure that
the left hand side of (12) is non-negative. By imposing Eqps [pobs(T| X )w (Y, T, X)] = 1, we
can guarantee 0 = f(1) = f (Eobs [Pobs(T| X)w(Y, T, X)]) < Eobs [f (Pobs(T'|X)w(Y, T, X))]
due to Jensen’s inequality. In the numerical experiments, we observed that this helps to
obtain a more stable implementation of the f-sensitivity model.

RELAXATION OF THE DISTRIBUTIONAL CONSTRAINTS

Now we consider the relaxation of the second condition in (11) that mpase(t|z, u) is proper
distribution, which is equivalent to

iwbase(t'|x,u) dt’ =1 and mpase(t|z,u) > 0 for any t € T,x € X, and u € U. (13)
T

We relax constraint (13) as conditional moment constraints
Eops[w(Y, T, X)|T = t,X = 2| - pops(t|z) =1 for any t € T and x € X (14)
and non-negativity condition
w(y,t,r) >0 forany y e Y,t € T, and z € X.10

To simplify the treatment of the non-negativity condition, we hereafter assume that
the non-negativity condition is already imposed by conditional f-constraint (12) so that
fr.z(u) = oo for any u < 0. This can be assumed without loss of generality because for
any conditional-f constraint Eqpg[fi o (w(Y, T, X)pobs(T'|X))] < v, we can consider a new

f-constraint E pg [ft,x(w(Y, T, X)pobs(T|X))] < for fm(v) = ft2(v) + I[g,00) (V).
The validity of this relaxation can be checked as

Eops[w(Y, T, X)|T = t, X = x| - pobs(t, )

1
Thase (T|X7 U)
T T hase (1) |:7Tbase(T|X’ U)

1
=L ) £.2) du - popg(t
i Thase (t|$, 'LL) Prbase (’U,‘ ? x> u pobs( X x)

1
= Do (b T, u) du
Xm0

= ip(x, u) du = pops ()

u

= Eobs |:]ET~7rbaSC(-X,U) |: ‘Yv Ta X:| ‘T = th = $:| 'pobs(tvl‘)

T =t X = m} * Pobs(t, T)

and the fact that pobs(t|2) = pobs(t, ©)/pPobs(x). Here, pr.._ (¢, x,u) and pr, . (ult,z) denote
the joint and conditional distribution of 7', X, and U under confounded contextual bandits

10. When T is discrete, it is possible to further tighten this condition as w > 1 by using the fact that
Thase(t|z, u) < 1. However, we leave this condition as it is so that it can handle cases where T is not
discrete.

10
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model (1). To summarize, we combine these conditional moment constraints (CMC) with
relaxed conditional f-constraint (12) to define relaxed uncertainty set

IEobs [fT,X (pobs<T‘X)w(Y7 Ta X))] S v
W?\fc = w(y,t,x): and
Eops[w(Y, T, X)|T =t,X = x| - pobs(t|z) =1 for any t € T and = €

and its corresponding lower bound

Vit () == inf  Eops [w(Y, T, X)m(T|X)Y]. (15)
weWgMe

Remark 1 (A comparison to ZSB sensitivity model) Until the recent work by Dorn

and Guo (2022), unsharp estimators of the lower bound had been the de facto standard

in sensitivity analysis. Rather than adopting the conditional moment constraint (14) as

relazation, earlier works — including Tan (2006); Zhao et al. (2019); Kallus and Zhou

(2018, 2021) — relied on the following looser relaxations, leading to unsharp estimates.

Eons[Lr—w(Y, T, X)] = 1 for any t € T,

where 1 denotes the indicator function for event A. This condition can be obtained from condi-
tional moment constraints (14) as Eops[Lr—qw(Y, T, X)] = Eops[Lr=tEops|w (Y, T, X)|T, X]] =
Eobs[17=t/Pobs(T|X)] = 1 for any t € T. Following the naming convention in Dorn and
Guo (2022), we call these constraints the ZSB constraints after the authors of Zhao et al.
(2019).

Combining the above with the relaxation of the conditional f-constraint as in (12), the
following uncertainty set with the ZSB constraints becomes

Eobs [fT,X (pobs(T‘X)w(Ya T7 X))} S v
WZtSjB =w(y,tx): and ,
Eops[lr=w(Y, T, X)| =1 for any t € T

with associated lower bound

VZB (1) .= inf  Egps [w(Y, T, X)n(T|X)Y]. (16)

inf WwEWZSB
ft,z

In practice, for the ZSB constraint to be tractable, we need to assume that action space
T is discrete and finite. This is in contrast to our approach, which directly approximates the
conditional moment constraints and can handle both discrete and continuous action spaces.

Naturally, for the uncertainty sets discussed, one can show inclusion relations Wy, , C
WCMC C WZSB. The former inclusion follows from the definition of WCMC, and the latter
follows from the fact that the ZSB constraint follows from the conditional moment constraints
as discussed above. Under the assumption that the original sensitivity model is correctly
specified — meaning the true base policy Thase(t|z,w) lies within the original uncertainty set
&, — we can ensure that the tightness of the resulting lower bounds aligns with the order

of relaxation, i.e., V > Vips > ViSfMC > VIEfSB.
11

11. Here, it is worth considering under what kind of setting the second equality Vins = V;SMC holds so that
the lower bound of the conditional moment constraints is tight. Surprisingly, a recent work by Dorn

11
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2.4 Low-rank approximation of the conditional moment constraints

Now, we introduce an empirical approximation of conditional moment constraints (14) using
low-rank approximation.

Let us introduce another re-parametrization e(y, t, z) := pops(t|z)w(y, t,x) — 1 for further
tractability so that conditional moment constraints (14) can be written as

Eopsle(Y, T, X)|T =t,X =2]=0 forany te€ T and x € X.

This is equivalent to orthogonality condition Eqpsle(Y, T, X ) (T, X)] = 0 for any function
¥ (t, z). However, imposing this orthogonality condition for all possible v is infeasible if we
impose the empirical version of the orthogonality constraints, as there are infinite choices of
1. To cope with this issue, we apply low-rank approximation to the orthogonality conditions
above. With a collection of basis functions {¥4(t,z)}?_;, we define the kernel conditional
moment constraints (KCMC) for the population as

KOMC & Eop[e(Y, T, X)¢(T, X)) =0 forany d=1,...,D. (17)
We call this approximation the kernel conditional moment constraints because it can be
motivated from the existing kernel methods. In the preliminary version of our work (Ishikawa
and He, 2023), we show that the low-rank kernel ridge regression can also be used to motivate
the KCMC. For example, it cound be considered a version of the kernel formulation of
conditional moment constraints by Kremer et al. (2022) and Muandet et al. (2020a) using
low-rank kernel k ((t,), (t',2")) = Y4 p¥alt, z1)Ya(te, z2). '* Additionally, as we
discuss later in Example 3, the principal components of the kernel PCA (Schélkopf et al.,
1997) can be used as a reasonable collection of basis functions. When we take first D
principal components found by kernel PCA as the basis functions for KCMC, we can prove
that KCMC can approximate the original conditional moment constraints at an arbitrary
precision as D and n go to infinity.
Analogously, the empirical version of the KCMC is also defined by replacing E.,s with
E,. Finally, combining the KCMC approximation (17) and relaxed conditional f-constraint
(12), we can define the uncertainty set

Eobs[f1,x (w(Y, T, X)pobs (T X))] < v
WECZMC = w(y,t,x): and
Eops[(w(Y, T, X)pobs(T|X) —1)1pg) =0 forany d=1,...,D.

and Guo (2022, Section 3.2) showed that this equality holds for average treatment effect estimation
with Tan’s marginal sensitivity model (Tan, 2006). They showed that there exists minimizer w*(y, ¢, z)
of ATE(w) := Eops[w(Y, T, X)1r=1Y] — Eons[w(Y, T, X)1r—oY], which is realizable so that there exists
p(ylt, z,u), Thase(t|z,u), and p(x,u) that is compatible with any pobs(y,t,2) and minimizer w*(y, t, z).
However, they did not provide any realizability results for more general settings discussed in this paper,
such as the evaluation of general policy with non-binary action space and conditional f-constraint. This
is an open question we could not address in our paper.

12. Instead of the low-rank approximation, we could use the maximum moment restriction (MMR) as in
Kremer et al. (2022) and Muandet et al. (2020a). The MMR is a quadratic form that quantifies the
violation of the conditional moment and upper bounding it leads to an alternative convex uncertainty
set. However, in terms of the theoretical analysis, their approach is more technically involved, and
deriving asymptotic results comparable to ours becomes substantially more complicated than in our
finite-dimensional, low-rank setting, where our theoretical results can be derived as special cases of classic
asymptotics in a finite-dimensional parameter space.

12
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and the associated lower bound with the KCMC as

VEMC(1) = inf  Egps[w(Y, T, X)x(T|X)Y).

inf weWKCMC
ft,z
Likewise, we use its empirical version and define the KCMC estimator as

JROMC () = inf By [w(Y, T, X)7(T|X)Y], (18)

inf wWwEWKOMC
ft,x
where

) En[fr.x (w(Y, T, X)pobs (T|X))] <
W%CIMC = w(y,t,x): and

B [(w(Y, T, X)pobs(T|X) = 1) thg] =0 forany d =1,...,D

As can be seen, the KCMC estimator is the solution of a convex programming with a
tractable feasibility set. Therefore, our estimator can easily implemented using any convex
optimization solvers such as CVXPY (Diamond and Boyd, 2016).

3. Theoretical Analysis

In this section, we study the property of lower bound estimate of the policy value with
the KCMC estimator. We begin the analysis of the KCMC estimator by deriving the
convex dual of the above problems and characterizing their minimizers. Then, we study the
specification error of the KCMC lower bound ‘V;ngC — ViEfCMC‘. We provide a condition
on the orthogonal function set {14(t,z)}2_, under which the specification error can be
bounded. Next, we show the consistency of the KCMC estimator in policy evaluation by
showing the equivalence of the KCMC estimator with a standard M-estimator. We further
prove consistency guarantees for policy learning with the KCMC estimator, in the cases
of a concave policy class and the Vapnik-Chevonenkis policy class. Lastly, we derive the
asymptotic normality of the KCMC estimator and discuss its application to the construction
of a confidence interval and model selection. For the sake of conciseness, we defer some
proofs and detailed regularity conditions to Appendix C.

Before further discussion, we introduce several simplifications of the notations. We

omit subscripts of Wﬁl\fc, W]ch(iMC, VAV%CZMC and Egps, unless they are unclear from the

context. We also introduce r(y,t,z) = (pli%l)) -y and reparametrization w(y,t,z) =
pobs(t‘l‘)w(yv t, LE)

Furthermore, we briefly review the subgradient and the Fenchel conjugate here, as we will
make heavy use of them in this section. The subgradient of convex function f is represented
by df. When we apply the addition operator to the subgradient, it represents the Minkowski
sum. Other operations to the subgradient such as multiplication are similarly defined. The
Fenchel conjugate of f : R — R is defined as f*(v) := sup,{uv — f(u)}, and it has a few
important properties. The Fenchel conjugate is always convex because the supremum of a
family of convex functions is convex. 13 Additionally, there exists maximizer u* that solves

13. In this case, v — vu — f(u) is linear, and therefore, is convex.

13
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f*(v) = max, {vu — f(u)} and it satisfies
u* € 9f*(v) (19)

if f is closed and convex. Function f is closed and convex if its epigraph epi(f) := {(u,1t) :
u € dom(f), f(u) < t} is closed and convex, and these conditions are satisfied in our
problem. A more thorough treatment of the subgradient and the Fenchel conjugate can be
found in (Boyd et al., 2004).

3.1 Characterization of the solution

In this subsection, we derive explicit formulae for the minimizers that give three lower
bounds V,SMC VECMC "and VECMC which are

wine = arg min Elw(Y, T, X)n(T|X)Y],

weWcMC
WgkoMe = arg we%rl(rémc Elw(Y,T, X)n(T|X)Y], (20)
Wkome = arg  min B, [w(Y, T, X)) (T|X)Y].

’wEWKCMC

Here, we know that these problems have minimizers because the above problems are
minimizations of linear objectives under convex constraints. Furthermore, we know that the
strong duality holds for the above convex optimizations, as their feasibility sets have a non-
empty relative interior, satisfying Slater’s constraint qualification. Using these properties,
we obtain the following lemma:

Lemma 1 (Characterization of solutions) Let Wenie: Wkemes and Wkemc be defined
as in (20). Then, there exist function nonvc = T x X — R, vectors nkemc, Mkene € RP, and
constants 1y, 1,07 > 0 such that

* 1 * ﬁCMC(tal’) - T(y’tﬂ $)>
w )€\ —— =) 0fia , 21
CMC(y ) (pobs(t|x)) ft, ( ny ( )
* 1 * T]KCMCT'IP(t?x) B T(yatv‘r)
w tw) e | ———= ) 0fi, , 22
KCMC(y ) (pobs(t|x)> ft, < n/f ( )
~ 1 * ni(CMCTQp(t?x) - T'(y,t,l')
WKCMC (y7 tv x) S <pobs(t|x) > 8ft,a: < n/f/ . (23)
Proof See below. |

*
CHARACTERIZATION OF Wy ic

By using the strong duality, we can transform the original problem for VingC as

VEMC — inf E[w(Y, T, X)r(Y,T, X)]

inf WEWOMC

14
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= inf sup E[wr] — E [nemc (T, X) (@0 — 1] + ng (E[fr.x (@)] —7)
w WCMC5T§6Y_>R7
ng=

= sup inf E[@r] — E [ncme(T, X) (@0 — 1)] + 0y (E[fr.x (@0)] =)
WCMC%Z’;[?(%R w

cMC — T ~ ~
= sup -y +Eemc] — nsE [Sup { (n) w— fT,X(w)H
WCMC37—><6Y_>R7 w ny
ng>

nemce —r
= sup  —nyy + E[nemc] — nsE [f%,x <>} ; (24)
noeme:T XX =R, nf
ny>0
assuming that optimal 7y is positive. This assumption does not hold only when conditional

f-constraint (12) is not tight. However, in such cases,
Vi’ = sup infE[wr] - E [nowc(T, X)(@ — 1)

nCMc:TXX%R w
= sup  fE[@Y, T, X)(r(Y,T, X) — nome (T, X))] + E [neme(T, X)|(25)
UCMC:TXXAR w
and in order for the supremum to be reached for ny = 0, we need (Y, T, X)) —ncmc (7, X) =0
almost surely, which is not satisfied in practice. Therefore, for simplicity in our proofs, we
will focus on cases where ny > 0.
Now, as primal solution w¢,) ;- must satisfy the Karush-Kuhn-Tucker (KKT) conditions,
we can take the maximizers of (24) as n; and névc (t, ). Using property (19) of the Fenchel
conjugate, we can obtain solution form of w¢yc

* 1 * néMC(tv .’E) B T(y,t,x)
w tx) e | ——— ) Ofi s " ;
CMC(y ) <pobs(t|l‘)> ft, ( nf

which proves (21). Here, factor 1/pyps(t|x) in front of the subgradient appears because of
reparametrization w(y, t, z) = pops(t|x)w(y, t, x).

*
CHARACTERIZATION OF Wicne

Now, we derive the characterization of wiqyo. Let ¥(t,z) = (1 (T, X), ... p(T, X)L,
We can use exactly the same technique as the above and reach a similar characterization of
the solution as

VECMC — i E[@(Y, T, X)r(Y, T, X))

inf weWKCMC

=inf sup Efwr]-E[(w - 1)77KCMCT’¢] + 0y (Elfr,x (@)] — )
Y nkomc€eRP,
nr>0

= sup infE[r] —E [(@ — Dgxemc” ¥] + 05 Elfr,x (@0)] — )
"7KCMC>€0RD7 w
ng=

Ty
= sup  —ngy + nKCMCTE[zp] —nsE |:SU~.p { <77KCMC’$7"> W — frx (1[1)}]

nkeMcERD, ny
ns>0
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T
nKoMe' Y — 1
= sup  —npy+nkemc’ E[] —nsE [f?,x ()} : (26)
nkoemcERP, nf
ng>0

Now, using the maximizers of dual problem (26) 1y and Ncne, We can obtain a characteri-
zation of wi o as

1 K ’ t7 - ,t,
wiene (Y, t,x) € <pobs(t|:r)) af* (nKCMC Y(t,x) —r(y :):)) ’

ny
which proves (22).

CHARACTERIZATION OF WKCMC

Again, using the same techniques, we can derive the characterization of wxcmce. By
exchanging E with E,, in the proof for wiqy\c above and writing the maximizers of dual
problem

T
- - KCMC' Y — 1
sup sy + nkemc” En[] — nyE, [f?,x (77 )} : (27)
nkcmcERD, nf
ny>0

as 7y and fxcmc, we get

. 1 . [ Top(t. ) — r(y. 1,
wreme(y, t,x) € () of7, <77KCMC P( Ax) r(y x)) ’
pobs(t’x) un

which proves (23).

For general choice of f; ., it is difficult to derive analytical expressions for solutions njc
and 7y o, as well as wiy . However, we can actually obtain their explicit expressions in
the case of the box constraints.

Example 3 (Solutions for box constraints) Let us consider the box constraints corre-
sponding to (9) of the conditional f-constraint. Here, for notational simplicity, we omit the
subscript of ag and by. For example, we will simply write fi »(W0) = It 2)b(t,e) (W). Then,

we can show that
m(t|z)

tewe(t.a) = (7L ) Q)

where Q(t,x) is defined as the 7(t,x)-quantile of the conditional distribution of Y given

T=tand X =x for 7(t,z) = b(tl;)af% From this dual solution, the primal solution can

also be recovered using (21) as

b(t,z) if y<Qx),

we t,x) =
cme(9: ) {a(t,x) otherwise.

See Appendix C.1 for details.
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3.2 Specification error

Now we study the specification error of estimator VifffCMc (), defined as [VKOMC () — VISMC (7).
It turns out that it is possible to upper bound the specification error if the dual objective
satisfies a Lipschitz condition.

Theorem 2 Let ||f| denote the L2(T x X,pops) norm for any f € L*(T x X, pops). Let
IL, be the projection operator onto the subspace spanned by {11, ..., v¥p} in L*(T X X, Dobs),

and let (n;‘c,néMC) be the solution of dual problem (24) for VlngC Additionally, define

convez functional J : L*(T x X,peps) — R corresponding to the negative of dual objective
(24) for ViSfMC with fized ?7;2 as

J[h] == n3y — E[h] + n}E

£ MT,X)—r(Y,T,X)
t.x 17;; .

Let us choose {{1,...,¥p} such that |[Ilynénic — Néncll < Espec for some egpec > 0. Then,
if J[h] is L-Lipschitz in neighborhood {h : ||h —né&ycll < €spect, or equivalently, if functional
subgradient 0J satisfies ||6.J|| < L for any 6J € |y, =gl <espec 0J[h], we have

CMC KCMC
’V - ‘/inf

inf

| < LITyntne — némell-

Moreover, even if Jh| does not satisfy the L-Lipschitz condition, if

neve € span ({1, ¥p}) (28)

we have no specification error so that

Vini < () = Vg € ().

1

Proof See Appendix C.2. [ ]

In Theorem 2, we provided the upper bound of the specification error in terms of the
Lipschitz constant. A natural follow-up question would be whether it is possible to know
such a constant. Indeed, it is possible to calculate the Lipschitz constant in some cases.

Example 4 (Lipschitz constant for box constraints) Consider the same settings as
Example 5. Then, if the upper bound of the box constraint satisfies b € L*(T X X, Dobs), the
Lipschitz condition for Theorem 2 is satisfied. See Appendix C.5 for details.

Example 5 (Lipschitz constant for bounded conditional f-constraint) Consider an
extension of the previous example where we additionally impose a conditional f-constraint with
fgz s0 that fi (W) = Iiq(t.2)p(t,2) (W) + fgz(ﬁ)) The uncertainty set under this constraint
can be considered as the intersection of the uncertainty sets of the box constraints and the
conditional f-constraint. Interestingly, even for this constraint, we obtain the same Lipschitz
constant as the previous example. See Appendiz C.4 for details.
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Note that the above examples provide a uniform Lipschitz constant for any policy .
This is in contrast to Theorem 2, which only provide pointwise error bounds for fixed policy
m as it assumes that ¢y c is fixed. Unfortunately, the uniform Lipschitz constant alone
cannot provide a uniform bound on the specification error. Bounding the specification
error calls for a uniform bound |[ILynéye — NEumcll, but the derivation of such a bound is
difficult. Thus, in the policy learning, we have no choice but to optimize VKCMC which is
only guaranteed to be lower than VH(SMC.

However, in the policy evaluation, it is possible to provably reduce ||ILynénvice — 1Emc |l
when we pick the orthogonal functions for kernel conditional moment constraints using the
kernel principal component analysis (PCA) (Schélkopf et al., 1997).

Lemma 3 (Convergence of ||[ILyn&yvic — Memcell with kernel PCA) Let k (¢, x), (¢,
be a kernel of feature (T, X). Let @RPOA(t,z) := (QKPCA(L, 2), ..., KPR (¢ ,a:))T be the
kernel principal components that approximates the original kernel as k ((t,z), (t',2")) ~

PRPCA (¢ x)TgoKPCA(t’ x') obtained by applying the kernel PCA to the observations of
{(T;, X;)}1—,. Now, suppose the orthogonal functions are chosen as 1 = @¥PCA(t, z). Then,

if kernel k ((t,x), (t',2")) satisfies a set of reqularity conditions 1*, we have
Aimplim [Ty ncye = nomell =0,
0 n—o00
where plim denotes convergence in probability.
Proof See Appendix C.5. u

Therefore, the kernel PCA can be a useful tool for obtaining an orthogonal basis function
set with (close to) zero specification error. When using finite basis functions, manually
crafting the basis functions satisfying such a condition is practically difficult. However, the
use of kernel PCA allows us to gradually reduce the specification error as we increase the
number of basis functions and the sample size, which enables us to achieve consistency
under an appropriate choice of kernel thanks to Theorem 2 and 4. In practice, the GIC
from Example 8 (or cross-validation) can be used to optimally balance the number of basis
functions(i.e., kernel principal components) and the sample size.

Additionally, with the latter statement in Theorem 2 on the no specification bias, we can
derive the previously proposed sharp estimator by Dorn and Guo (2022) as a special case.

Example 6 (Derivation of quantile balancing estimator Dorn and Guo (2022))

Let us consider the box constraints as in Example 3 and choose a(t,x) and b(t,z) to be
the marginal sensitivity model (8) so that 7(t,z) =7 = 1+F Let Q(t,x) be a solution of
T-quantile regression of Y on (T, X). Then, by using a single basis function in the KCMC

so that D =1 and ¢ (t,y) = (pz(t(‘f'?ﬂ» Q(t,x), we recover the original quantile balancing

(QB) estimator by (Dorn and Guo, 2022). *° Especially, if the estimated quantile equals

14. The formal version of this statement can be found in Appendix C.5.
15. Technically, their estimator employs the linear fractional programming technique from Zhao et al. (2019),
but we consider the QB estimator without such a technique here.
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the population gquantile so that Q(t,x) = Q(t,z), both KCMC and QB estimators have no
specification bias.

Furthermore, suppose quantile estimate Q(t, x) is estimated by a linear quantile regression
with D-dimensional features. Then, we can construct D-dimensional basis functions for the
KCMC using the same features and guarantee that the KCMC estimate of the lower bound
is tighter than or equal to that of the QB estimator.

Proof See Appendix C.6. u

Remark 2 (Comparison of the KCMC estimator and the QB estimator) As our
estimator generalizes the previous work, our estimator overcomes some drawbacks of the
quantile balancing estimators. As discussed in Section 1, the quantile balancing estimator
cannot handle policy learning and the f-constraint. Policy learning is also difficult with
the quantile balancing estimator because taking the derivative with respect to policy requires
differentiability of the solution of the above linear programming with respect to parameter Q.
Moreover, the quantile balancing method is designed only for the box constraints and does
not have a proper extension to the f-sensitivity model (10). In contrast, our estimator of
sharper bound VlngC based on the kernel method can naturally handle the above-mentioned
generalized cases of sensitivity analysis.

3.3 Consistency of policy evaluation

Now, we study empirical estimator ViEfCMC and provide convergence guarantees for policy

evaluation and learning. First, we prove the consistency of our estimator for fixed policy 7 by
reducing our problem to the M-estimation (Van de Geer, 2000) using the dual formulation.

CONSISTENCY OF POLICY EVALUATION

To align our analysis with the classic framework of M-estimation, let us introduce loss
function ¢ : © x Z — R, where © C RX for some K and Z := Y x T x X. Then, the
following consistency result holds:

Theorem 4 (Consistency of policy evaluation (informal version)) Define the param-
eter space of (7, nxemc) as © C Ry x RP. Further, define 6* := (M}, Nikeme) as the solution

of dual problem (26) for VECMC () and 6, := (¢, Mkeme) as the solution to dual problem

inf

(27) for VECMC (7). Define £:0 x Z — R as

UKCMCTT/’@ .Z') — r(ya t, 1’))
nf

so that it is the negative version of dual objectives (26) and (27) before taking the expec-
16

Co(t,y, @) = ngy — nkeme” Yt @) + s fi, (

tations. Then, if ly(t,y,x) satisfies a set of regularity conditions™®, we have 0, 20* and

: S
Vit € (m) SVt ME ().

Proof See Appendix C.7 u

16. The formal version of this statement can be found in Appendix C.7.
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3.4 Consistency of policy learning

Here, we provide consistency guarantees for policy learning with the KCMC estimator for a
finite dimensional concave policy class and a Vapnik-Chevonenkis (VC) policy class. Again,
we take advantage of the reduction to the M-estimation. This simplifies the proof compared
to the one in Kallus and Zhou (2021) using the original nested max-min formulation because
the max-max formulation we use is simple and unnested maximization, for which the
well-studied theory of M-estimation can be immediately applied.

For both proofs, we define a new parameter space and a loss function. Let us define
parameter 0 = (5,7¢, nkcmc), 1 = (Nf, nkemc) and its space © = B x H and H = R, x RP.
Define loss function £: © x Z — R as

nkemc’ P (t, x) — (p:i(gg)) Y
nf

fg(t, Y, J") =N = UKCMCTT.Z’(ta $) + nff;:p (29)

so that it is the negative version of dual objectives (26) and (27) before taking the ex-

pectations. Define also 6 := (1}, nkcme, 87) so that f* € argmaxges VECMC (75) and
N = (77;;, 77{{CMC> is the solution of dual problem (26) for V;KXMC

define 6, := (Mg, NkeMmc, B) so that 3 € arg maxgep f/iEfCMC(ﬂﬁ) and 7 := (7, Mkcme) is the

solution of dual problem (27) for ViffCMC at policy 5.

at policy mg«. Similarly,

CONCAVE PoLICY LEARNING

With the above definitions, we can now show the consistency of policy learning with a
concave policy class.

Theorem 5 (Consistency of concave policy learning (informal version)) Assume con-
cave policy class {mg(tlx) : B € B} with convexr parameter space B satisfying that [ —
mg(t|z)y is concave for anyy € Y, t € T and x € X. Then, if loss function (29) satisfies a

set of reqularity conditions'™, we have 0,256* and AirIECMC(WB)gKEfCMC(Wﬁ*).

Proof See Appendix C.8. [ |

An example of concave policy is mixed policy mg(t|x) := >, Bpmi(t|z) for Y-, Br =1, B > 0.
Indeed, policy learning with such a concave policy class is concave; therefore, the globally
optimal policy can be found by convex optimization algorithms.

VAPNIK—CHERVONENKIS POLICY LEARNING

Now, let us discuss the consistency of policy learning with a VC policy class. While the
proof for VC policy class is more involved than the concave policy class, we can prove a
similar consistency guarantee for policy learning with a VC policy class:

Theorem 6 (Consistency of VC policy learning (informal version)) Let {ms(t|z) :
B € B} be a class of policies that is VC. Under a set of reqularity conditions'®, we have
. D,

KOMC ()5 VKOMC ).

inf

17. The formal version of this statement can be found in Appendix C.8.
18. The formal version of this statement can be found in Appendix C.9.
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Proof See Appendix C.9. |

Here, we adopt the same definition of the VC function class as in Van de Geer (2020,
Definition 6.4.1), where they define it as the class of functions whose subgraphs collectively
form a VC set.

3.5 Asymptotic normality of policy evaluation

Now, we consider the asymptotic normality in the policy evaluation settings.

Theorem 7 (Asymptotic normality (informal version)) Under a set of reqularity con-

ditions'?, we have
Jn [I‘Eneé(Z) - Enze*(z)} 2y,
and ) )
Jn [V(e — ")+ Endég*(Z)} 2.
Therefore,

Vil = 0715V /B, 5o (Z) SN (0, VIV,
where V, J are defined as V := VoV Ely:(Z) and J := E [6lg«(Z)5lg«(Z)T]. Convergence

symbol a4 implies the convergence in distribution.

Proof See Appendix C.10. |

Now, let us consider a few applications of the above asymptotic result.

Example 7 (Confidence interval) Under Condition 1 and Condition 3, we know that
empirical objective \/ﬁfEnﬁé has the same asymptotic distribution as /nE,lg«, which is
N (E[tg+(2)], V[l (Z)]). Therefore, the confidence interval of the lower bound VKMC (7r) =
—E[lp«(Z)] with significance level « is

Yy KCMC

Cninf — [Cg, Cr—l&—]
for
Cr = El[lo-(2)) £ V[t (Z)]/n- @71 (1 = /2),

where ®(s) defined as the inverse of the cumulative density function of standard normal
distribution ®(s) = [°_ \/%exp (%tQ) dt. In practice, we can estimate E[lg-(Z)] and
Vo« (Z)] with the sample averages using the M-estimator in place of the true parameter as

E,[65(2)] and Vo [ly(2)).

Example 8 (Generalized information criterion) In the previous example, we approxi-
mated true lower bound E[lg-(Z)] with E[l4(Z)]. Though this approvimation is a correct first

19. The formal version of this statement can be found in Appendix C.10.
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order approximation, we can consider its second order correction as follows, as discussed in
Appendiz C.11:

. 1 A T R
nBaly(Z) — lo- (2))%5 = v/ (e - 9*) V/n( — 0%).

~ A T A
Thus, the bias of E[l;(Z)] can be written as —E [% (9 - 9*) V(0 — 9*)] = —5tr [V1J]

since n - K [(é — 9*) (é — 9*)T] By =1Jv 1. Using this second order bias correction, we can
obtain the generalized information criterion (GIC) (Komnishi and Kitagawa, 2008) *° of the
lower bound as

inf

o - 1 NI
CMC CMC -
KU m) = VN ) — oo [0

where J =B, (6;(2)005(2)T] and V:.=E, [VoV§t;(Z)] when 6 — ly(z) is twice differ-
entiable at 8 = 0*. When the twice differentiability does not hold for the loss function, we
need to derive the analytical form of Hessian V' and construct its estimator. Indeed, the loss
function is not pointwise differentiable in the case of box constraints, and the analytical form
of its Hessian needs to be derived as in Appendix D.

Example 9 (Confidence interval with second order bias correction) Using the sec-
ond order bias correction above, we can obtain a new confidence interval of ViffCMC(W) =
—E[lg«(2)] as
~ VKCMC ~ ~
Cmt = [Cg, cyﬂ
for
~ 1
CE =E[ty-(2)] — 5t (VI £Vl (2)]/n- @711 — a/2).

We examine the benefit of this second order bias correction in our numerical experiments in
Section 4.3.

4. Numerical Experiments

In this section, we present the results of our numerical experiments. Our experiments
demonstrate the applicability of the KCMC estimator in various settings such as sensitivity
analysis with a continuous (treatment) action space, the new f-sensitivity model, policy
learning, construction of confidence interval, and model selection.

4.1 Experimental settings

In all the experiments except Section 4.2, we use synthetic data with a binary action space
sampled from the following data generating process:

X NN(/’L$7I5)7

20. Note that the original GIC corrects bias term E,, [65(2)] —Elt5(2)) 5 — Lr [V~'J], which has multiplier
% instead of ﬁ of our bias adjustment term of the lower bound. This is because the GIC corrects both

underestimation bias of training risk E (I@n [Zé(Z)]) — E[¢p+(Z)] and generalization error E[¢g«(Z)] —

E[¢;(Z)] while our estimator only corrects the former.
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Y(O)’X ~ N(B:Z?OX + Bconst,Oa 1)7
Y(1)|X ~ N(ﬁ;le =+ ﬂCOHSt,la 1)7
1
e )
Y =Y(T), (30)

where

e = (—1,0.5,—1,0, —1)T,
Bro = (0,0.5,-0.5,0,0)T,
Bra = (—1.5,1.5,-2,1,0.5)T,

Beonst,0 = 2.5,
Beonst,1 = 0.5,
B = (0,0.75,-0.5,0, —-1)T.

Though this model is not confounded at all, it has a partially analytical solution of the
policy value lower bound for box constraints. This semi-analytical lower bound can be
computed using the Monte Carlo method, in a similar manner to the synthetic data
in Dorn and Guo (2022, Corollary 3.). In the policy evaluation, we use logistic policy
(T =1|X) =1/ (1 + exp(—BL X)), where 3 = (1,0.5,—0.5,0,0)", and we consider box
constraints I'™! < gﬁ;ﬂfgf&;ﬂi::jg@% < T unless otherwise specified.

Similarly to this, we created a variation of the above synthetic data with continuous
action space. In the continuous version, we replaced the fourth line and the fifth line of data

generating process for the binary data (30) with

1
e~ <1 +exp(—5fX)’1> ’
Y(t) = (1 - )Y(0) + Y (1),

Y = Y(T)

so that reward Y linearly depends on treatment 7" given Y (0) and Y'(1). We can think of
this model as the case where partial treatment (i.e., 0 < 7' < 1) is possible, and its outcome
becomes an interpolation of no treatment 7' = 0 and full treatment T = 1. In the policy
evaluation, we use Gaussian policy 7 (¢t|X) =N (t; prX, 0.25). For the continuous synthetic

data, we consider box constraints ['"1 < %&'ﬁcf) <T.

We also included the same real-world data as Dorn and Guo (2022), which is 668
subsamples of data from the 1966-1981 National Longitudinal Survey (NLS) of Older and
Young Men. These subsamples consist of the 1978 cross-section of Young Men who are
craftsmen or laborers and are not enrolled in school. For this data, we consider box
constraints I'! < e flepres o) <T.

Conditional probability pobs(t|z) needed to construct the estimators was calculated from
the true data generating process in the case of synthetic data, and it was estimated from

the data using the logistic regression with covariate X in the case of the real-world example.
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To solve the convex programming involved in the above estimators, we used MOSEK (ApS,
2019) and ECOS (Domahidi et al., 2013) through the API of CVXPY (Diamond and Boyd,
2016). Lastly, the experimental code necessary to reproduce the following results will be made
fully available at https://github.com/kstoneriv3/confounding-robust-inference.

4.2 Comparison of KCMC estimator to baselines
—— KCMC estimator (D = 20)

——— ZSB estimator
—— quantile balancing estimator (D = 20)

4.4

4.2

4.0

3.8

3.6

3.4

1.0 1.2 1.4 1.6 1.8 2.0
Sensitivity parameter I

Figure 2: Estimated upper and lower bounds of policy value using different sensitivity parameter I"
for the synthetic data of sample size 1000 with binary action space.
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Figure 3: Estimated upper and lower bounds of policy value using different sensitivity parameters.
Synthetic data of sample size 1000 with continuous action space (left) and the NLS data of sample
size 668 with a binary action space (right) are used.
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Figure 4: Estimated upper and lower bounds of policy value with 95% confidence interval with
(right) and without (left) second-order correction. Solid lines and the bands surrounding them
indicate the point estimate (both without second order correction) and its confidence interval.

Figure 2 shows the upper and lower bounds of the policy value estimate for binary
synthetic data for KCMC estimator (18), ZSB estimator (Zhao et al., 2019), and the quantile
balancing (QB) estimator (Dorn and Guo, 2022) %! under different confounding levels T'.
Here, fractional programming is not used in the ZSB estimator and the quantile balancing
estimator in order to match the policy value with the KCMC estimator under no confounding
(i.e., I' = 1.0). The feature vectors for the QB estimator and the KCMC estimator were
chosen so that they represent the Example 6, where the first stage of the QB estimator
solves the modified version of the dual problem for the KCMC estimator. As discussed in
Example 6, the QB estimator is always no tighter than the KCMC estimator under such a
choice of the feature vector, and it can clearly be observed in this example. Indeed, we can
see that the tightness of the bounds loosens as sensitivity parameter I' gets larger. When
compared to the sharp estimators (KCMC and QB), the ZSB estimator has looser bounds.

We also present the bounds of the policy values for the synthetic data with continuous
action space and real-world data in Figure 3. Please note that in the case of synthetic data
with continuous action space, the ZSB estimator cannot be calculated as it requires that
the action space be discrete and finite. In both cases, the tightness of the bounds depends
on the sensitivity parameter and the type of estimators in the same way as the case of the
binary synthetic data.

4.3 Confidence interval

Figure 4 shows the confidence intervals of upper and lower bounds of policy values discussed
in Example 7 and 9. Since the second order debiasing term corrects the overly optimistic
bounds due to the overfitting, the confidence intervals with the second order correction
provide more pessimistic bounds.

21. For ZSB estimator, use the empirical version of (16). For both ZSB and the QB estimator, we do not use
the linear fractional programming technique (Zhao et al., 2019) to match the estimator values under no
confounding for the purpose of comparison.
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Figure 5: Acceptance rate of the null hypothesis under different null hypothesises with Tan’s box
constraints (I' = 1.5) with significance level a = 0.05. The plot on the left is in the original size and
the one on the right is its zoomed version.

In Figure 5, we show the acceptance rate of the null hypotheses with different values of
true lower bound. The acceptance rate is calculated as the coverage rate of the confidence
intervals for the synthetic data of sample size 2000, simulated 2000 times. As noted earlier,
this synthetic data has an analytically tractable true lower bound and it is indicated by
the grey vertical line. As can be expected, acceptance rates of both confidence intervals
(with and without second order bias correction) reach their peaks near the true lower bound.
However, the confidence interval without second order bias correction has its peaks shifted
towards the optimistic direction due to the overfitting in the dual problem and exhibits
some level of overrejection at the true null hypothesis compared to its counterpart with the
bias correction.

4.4 Model Selection

Here, we show an example use of the GIC discussed in Example 8 for rank selection of the
KCMC. As the KCMC is a finite dimensional approximation of the infinite dimensional
constraints, we have the motivation to increase the rank of the KCMC estimator. On the
other hand, the original KCMC lower bound increases monotonously as we increase the rank
of KCMC constraints. We can even recover the inverse probability weighting estimator?? by
making the KCMC full-rank, but this nullifies the confounding robustness, so we would like
to avoid using the excessively high rank. This necessitates systematic procedures for selecting
the appropriate rank of the KCMC. Fortunately, our dual problem can be interpreted as a
standard empirical risk minimization, where the rank selection can be interpreted as the
model selection where the cross-validation and the GIC can be used as the selection criteria.

In Figure 6, we plotted the KCMC lower bound estimator, its GIC, and its cross validation.
While the original estimator increases monotonically as the rank of the KCMC increases,
the GIC and the cross validation start to decline when the rank of the constraints becomes

22. More precisely, the inverse probability weighting estimator that uses the pobs(t|x) in place of the true
propensity score.
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Figure 6: Estimated policy value lower bound for box constraints (I' = 1.5), its generalized
information criterion, and its 10-fold cross validation (CV) for the synthetic data (n = 1000) with
binary action space.

excessively high. In this example, both the GIC and the cross validation seem to prefer
ranks around 20, though the cross validation tends to be more noisy and also prefers ranks
of around 120.

4.5 f-sensitivity model

In Figure 7, we present the upper/lower bounds and confidence intervals of the policy value
given by the KCMC estimators of f-sensitivity models. Similarly to the example of box
constraints, we can see that the f-sensitivity models can produce a continuous control of the
level of confounding by the sensitivity parameter. We can also confirm that the confidence
intervals behave quite similarly to the case of box constraints.

4.6 Policy learning

Finally, we consider the max-min policy learning with the KCMC estimator. In the policy
learning, we use the gradient ascent on the lower bound estimator similarly to Kallus and
Zhou (2018, 2021).%3 As a baseline, we also implemented policy learning with the ZSB
estimator using the same dataset and initial policy. In Figure 8, we present the learning
curves of both estimators. As can be expected, after the max-min policy learning, the KCMC
estimator achieves a higher lower bound than the ZSB estimator, both on the training data
and the test data.

23. By Danskin’s theorem (Danskin, 1966), we can calculate the gradient for outer maximization as the
gradient at the solution of the inner maximization problem.
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Figure 7: Estimated upper and lower bounds of policy value and their confidence intervals using
f-sensitivity models. The synthetic data of sample size 4000 with binary action space is used.
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Figure 8: Learning curves of the max-min policy learning of logistic policy by the ZSB estimator
(left) and the KCMC estimator (right). Both training and test data are binary synthetic data of
sample size 1000. The training curve and the test curve represent the values of each estimator for
the data.

5. Conclusion

In this paper, we proposed a novel framework of the sensitivity analysis using kernel
conditional moment constraints. Together with the newly proposed conditional f-constraints,
this approach provides a unified formulation of sensitivity analysis that encompasses a
broad class of existing models and extends its applicability to previously intractable settings.
From a theoretical perspective, we exploited convexity properties to recast our estimation
procedure as an empirical risk minimization problem and established consistency guarantees
for both policy evaluation and policy learning using standard tools from M-estimation theory.
Finally, we demonstrated the practical effectiveness of the proposed kernel conditional
moment constraints through numerical experiments, including several novel extensions of
sensitivity analysis.
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Appendix

Appendix A. Notations

notation meaning

Yey reward (outcome)

TeT action (treatment)

XeX context

Uelu unobserved confounder

Thase(t|2,u) unknown (and confounded) base policy from which the data is generated

m(t|x) target policy for policy evaluation (or learning)

Pobs(Y, t,x)  marginal distribution of (Y, T, X) under data generating process (1)

E, Eobs expectation under data generating process (1)

E, empirical average over n samples generated from (1)

& uncertainty set of mpase(t|2, u)

frz(v) a convex function w.r.t. v for fixed t, z satisfying f; ,(1) =1

fiz(u) convex conjugate of f; . (v)

w(y,t,x) reparametrization w(y,t,r) = Erer  1x.0) [mw =y T=tX==x

w(y,t,x) reparametrization w(y, t, z) = pobs(t|x)w(y,t, )

14% uncertainty set of w(y,t,z), such as W%CIMC

W uncertainty set of w(y,t,z) defined using empirical samples, such as WECOCMC

V(n) value of policy m(¢|xz) under confounded data generating process (2)

Ving () lower bound of the value of policy 7(¢|x) under confounded data generating process (2)
Ainf(ﬂ') estimator of Vin¢(m) using empirical samples

Ya(t, ) d-th orthogonal function of kernel conditional moment constraints

goil(PCA(t, x) d-th principal component of kernel PCA fitted to empirical data

o5(t,x) d-th principal component of kernel PCA fitted to population (i.e. infinite data)
. the eigenvalue of ¢}i(t, z)

n the number of samples

D the number of kernel conditional moment constraints

e(y,t,x) reparametrization e(y, t, z) := pops(t|z)w(y, t,x) — 1

r(y,t, ) reparametrization r(y, t,z) = (pﬁ:&%) -y

ly(2) loss function of dual problems (26) and (27).

Oply(2) subgradient of the loss function w.r.t. 0

Z shorthand notation for observable variables (Y, T, X)

fecO parameters of dual loss (17, nkemce) or (nf, nkemc, B)

0* minimizer of population risk Efy(Z2)

On minimizer of empirical risk K, ¢y(Z)

O, e-neighborhood of (n*(53), ) of the partially optimal parameters in policy learning

Table 1: List of common notations used throughout the paper.
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Appendix B. An Alternative f-Sensitivity Model by Jin et al. (2022)

Jin et al. (2022) proposed a similar uncertainty set that approximates the condition
Dielp(Y()|X, T=1)|lp(Y(1)|X,T = 0)] <~ almost surely,

where variable Y (1) is the potential outcome variable for treatment 7" = 1 in Rubin’s
potential outcome framework (Rubin, 2005) with binary treatment. Under the assumption of
unconfoundedness, the potential outcome variable Y (1) must satisfy Y (1) 1L T'|X, and thus
it must satisfy Dy [p(Y(1)|X, T =1)||p (Y (1)|X,T = 0)] = 0 almost surely with respect to
Pobs- Their sensitivity model can be interpreted as a relaxation of this assumption by allowing
the violation of it up to . To highlight the difference in modeling paradigm, our f-sensitivity
model follows the same modeling framework as Tan (2006), which takes into account
the difference between observational policy pops(t|x) and underlying confounded policy
Thase(t|,1). On the other hand, the model by Jin et al. (2022) considers the distributional
shift between observation Y (1)|X = 2,7 = 1 and counterfactual Y (1)|X = z,T = 0, and
therefore, their modeling approach is different from Tan (2006) and its extension.

Appendix C. Omitted Proofs
C.1 Details of Example 3
Here, we consider the box constraints corresponding to (9) of the conditional f-constraint.

For function f; 2 (W) = Ijq(tz)b(t,e) (W), We can derive its conjugate and its subgradient as

a(t,x)v if v<0,
frz(v) =10 if v=0,
b(t,z)v if v >0,

and
a(tv‘r) if v< 0,
af?:l’(v) - [G(t, iL'), b(ta l’)] if v= 0,
b(t,l‘) if v>0.

Substituting the above expression of df;", in the first order condition of (25), we can derive
more explicit expression

1=E[0ffx (nome —7) [T =t,X = z]
=P(r <momc(t, 2)) - b(t, z) + P(r = nemc(t, x)) - [a(t, ©), b(t, 2)] + P(r > nome(t, 7)) - alt, z).

Here, we used the box constraints’ property a(t,z) < 1 < b(¢,x), which follows from the
requirement that f; , must satisfy f; (1) =0 for any t € 7 and z € X. Assuming that the
conditional distribution of (Y, T, X) given T'=t and X = x yields continuous distribution
for any t € 7 and = € X, the second subgradient condition becomes

1 =P(r <neme(t,z)) - b(t, z) + P(r > nomc(t, ) - a(t, x).
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This implies that P(r < nomc(t, z)) L-a(t.2) ; =t 7(t,x), and therefore,

= bto)—alt,z)

()

Hemio(t, ) = <pdmum»

).
where Q(t,z) was defined as the 7(¢, x)-quantile of the conditional distribution of Y given
T =t and X = z. From this dual solution, the primal solution can also be recovered using
(21) as
. b(t,z) if y<Q(t, x),
w, ,t,x) = -
amo(v: ) {a(t, x) otherwise.

C.2 Proof of Theorem 2

Proof As I1yn¢yc is on the subspace spanned by {¢1,...,%p}, we can take njcyc € RP
such that Uf(CMcT"/’ = Ilynépe- Then, due to the fundamental theorem of calculus, we
have

T
Mkeme ¥

Timeme” %) = Jnenc] +/ sup (8J, dh)
Mome 5J€D.J[h]
1
= Jnomc] + / sup (6J,An) ds
0 dJ€dJ[ncmc+sAn]

1
stMd+/ sup 18] - | A7 ds
0 d6JedJ[ncmc+sAn)

< Jnemc] + Ll An]|
for An = Uf{CMCT¢ B U%MC = ynenic — 7T7>(kJMC' As ViSfMC = —J[ntme) and V;In<fCMC 2
SUPpy e ERD {—J[WKCMC 'l,b]} > _J[UECMC ], we get

KCMC cMC KCMC
Vint < Vi < Vi 4 LTynénve — névcll-

To prove the latter statement on no specification error, we take multiplier 7y -y o that
satisfies nfyc = nﬁCMCTQ/). Then, we can see that dual problem (26) for VirlffCMC can be

considered as the restricted version of dual problem (24) for VingC where nconme is constrained

to the subspace spanned by {t1,...,19p}. Therefore, as restricted solution (nEQCMC, 7732)
achieves the same value as the solution of the non-restricted problem, it is clearly a solution

of restricted problem (26). Finally, owing to the strong duality, we can calculate the values

of ViSfMC and ViffCMC by the values of the dual problems, which implies ViSfMC = ViffCMC. |

C.3 Details of Example 4

As discussed previously, in the case of box constraints, df* is bounded so that df;, C [a, b].
Here, we omitted the subscripts and the arguments as a = ag(t, ) and b = bg(t,x) for
notational simplicity. As a and b satisfy a <1 < b, due to requirement f; (1) = 0, we get

32



CONVEX FRAMEWORK FOR CONFOUNDING ROBUST INFERENCE

the following explicit formula for the Lipschitz constant:

Loy =supy ||6J] : 6J € U dJ[h]

h: ||h—776Mc||§€spec

h_
= sup{ [|6J]| : 67 € U E{af;,x< ’ !

h: ||h*7761\/[c”§55pec

<sup{|[dJ|: &J € LT X X, pops), a(t,z) — 1 < 6J(t, ) < b(t,z) — 1}

)\T—t,X—x] -1

= (E[max {1 - a(T, X),b(T. X) - 1}\2>1/2.

As we know 0 < a < b, we can see that b € L?(T x X, pobs) is the sufficient condition to
have finite Lipschitz constant L.

C.4 Details of Example 5

To show that we can still apply the same argument as Example 4, we can calculate the
conjugate and the subgradient of the conjugate as

av_ft?z(a) if v <af19,x(a)7
fia() = sup {ou— fi ()} = 2."(v) it vedfi.([ab]),

u€led] bo— f0,(0)  if v > af2,(b),
and
a if v<dff,(a),
Off,(v) = 0f2, (v) if vedf,([a,b]),
b it v > afo,(b).

for 0f7,([a,b]) := Uselas] Offe(u). As we know that f* is convex, df* is non-decreasing,
and therefore, we have 0f* C [a,b]. As the subgradient of f;, is similarly bounded, we can
obtain the same Lipschitz constant as Example 4.

C.5 Formal Statement and Proof of Lemma 3

The informal statement in Lemma 3 can be formally stated as follows:

Lemma 8 Let us consider solution niyo € L*(T x X,pops) : T x X — R for some
fized policy. Define the orthogonal function class as the principal components obtained
by applying the kernel PCA to the data so that ¢ = @KPCA = (gprPCA,...,go%PCA).
Suppose that kernel k(-,-) used by the kernel PCA is universal in L*(T x X, pops) and has
spectral decomposition k = 25:1 Mgy @ @y, for AT = A5 > ... > 0. Let us introduce
feature map @ : (t,x) — D2, Nyph(t, x)¢l so that k ((t,x), (', 2")) = (®(t,z), (', 2'))n.
Now, assume that there exist constants My and Ms such that |®(T, X)||3, < M and
|2(T, X)®®(T, X)|| < Mz almost surely, where the norm of product ® ® ® is defined as the
Hilbert-Schmidt norm. Additionally, define cq := (néyics ) so that penine = ZdD:1 Capd
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and further assume that limp_. o {D (max1<d<D )\*) (Zd Dil )\*)} = 0. Then, we have

lim plim [|[Iynéne — nomcll =0,

D—oopn—oo

where plim denotes convergence in probability.

Proof Due to the universal property of the kernel, we can approximate ngcye With
the element of H arbitrarily well. Therefore, for any ¢ > 0, we can take D such that

2
HHW%MC UCMCH <3 fOf P* = (o1, -7<P75)T and D (maxlgng %) (ZS[O:DJA /\;kl) <

g

5. For such a choice of D, we can prove the statement of the theorem by showing
plim,,_, o, [Tl xpeallpsnéne — psnéyell < 5. This is because

Mynénme — nomcl

= [l xpcancme — nomcll

< [Mgreme (neme — He=neme) | + [Mgrreallg-neve — nemcll

< [[Mg=ncne — novell + [[Mpxpeallenéne — névcll

< Mg néne — novell + [Mprpeallpnéne — M nénell + e néve — novcell

= [[Hgxreallpnine — Henovell + 2[ Mg neme — nevells

where we used the non-expansive property of the projection operator in the second line.
Now, as we know Il «niye = Zd 1 Capy, we have

D D 2
[T reaTlpnine — Mo ninell® = |[TMprrea Y capl = Y | cagl
d=1 d=1
D 2
Cd « %
= Z = . \/)\d(HtpKPCA — 1)y
d=1 d
03
< - I — 1)y
121%XD </\;kl ( @KPCA )(,Dd
()

2
=D 1245 D <>\Z}> ‘ d=1 Nt Mlgeensill).

To show that the summation in the last line converges to zero as n — oo, we use the
convergence result of the subspace learned by the kernel PCA in Blanchard et al. (2007,

Theorem 3.1.). Their result states that under conditions || (7, X)|3, < My and ||®(T, X) ®
O(T, X)|| < My almost surely, we have

0 < E |y ®(T, X)||” — E || xrca®(T, X)|I” %o
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as n — 0o, where 2 indicate the convergence in probability.
Indeed, we can re-write this condition as

E ||y ®(T, X)|* - E || xrca®(T, X)|”

=B ||y Y \/Aoi(T, X)h|| — B ||[Tgrea Y 1/ Noi(T, X))
d=1 d=1
o0 oo 2
=E|> /AT, X)pe 0 > /Ml X ) greroa g
d=1 d=1

D o) 2
—E Z,/Aggpg(TX ohll —E Z\/)\ggog(T,X)HLPKPCAQOZ

D
= S NI X0l — 325 /NN (reni Tren o), Bl (T, X), 3(T, X)
d=1 d=1 k=1
D
= SNl Nl = 325 Ny N (Mgvensel Mgerengidy (05 0
d=1 d=1 k=1
D oo o0
= Z Z \/)\»Zklﬁ <H¢KPCA§0;§, H(PKPCAC,D;’;>,H Tag—g
d=1 d=1 k=1
D 00 )
ZZAZ—Z Ai [Tgreeag]
d=1 =1
o o o 9
=D Ni- Z 1= D Ai|[grrengy|
d=1 d=1
o0 oo
:Z)\ (1— ‘|H¢KPCAQD(§||2) — Z A
1 d=D+1

I®
= &

Therefore, we have

plim [Tl kpcallg-néve — M némell?

n—o0

CQ
< plim D - - E ||, «D(T, X)||” —E||II (T, X) py
pim D e (8- (B - 1t ren (T2 1;1 i

2
< D- max <§d) - plim (E T ® (T, X)||> — E HHCPKPCA@(T,X)HQ) +z
d

1<d<D n—00
€
= 57
which concludes the proof. |
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This lemma indicates that convergence of the specification bias to zero can be guaranteed
by employing a universal kernel (Micchelli et al., 2006). However, the current proof lacks
the convergence rate, which is an open question for future work.

In the above proof, the most obscure assumption for readers would be the condition

2
that limp_ {D <max1<d<D %) (Z;":DH /\2)} = 0. This assumption can be approxi-
- = d
mately decomposed into two slightly more interpretable assumptions. First, it requires
2
that maxi<4<p f\—% is bounded so that basis function ¢} for smaller spectrum X} constitutes

proportionally smaller part of function 7y ;. For example, if n¢y ;- happens to coincide
with a function generated from the Gaussian process with kernel &(-, ), it will satisfy this
property with high probability. Second, it requires that Y 2 5. | A} = op(%) so that the
decay of spectrum A} is fast. In fact, this assumption is similar to another assumption
|®(T, X)||?, < M; we made, because this assumption leads to M; > E|®(T, X)|3, =
B3>0 v/ Xiea(T, X)gde2 =32 NElpa(T, X)) - leall® = -2, A%, which implies con-
vergence of its tail part Y ;2 5. ; A% — 0.

C.6 Details of Example 6

Proof We know the analytical form of the dual solution, ng\;-(¢, x) = ( m(tle) ) Q(t,x) as

Pobs (t|)
discussed earlier. Therefore, we can take D = 1 and set 11 (t,y) = (pi(%('f'l» Q(t, ) to meet

condition (28) in Theorem 2 to obtain the kernel conditional moment constraint with no
specification error. Therefore, we can solve (15) in the case of the box constraints as

CMC .
. = Eobs[w(Y, T, X)n(T|X)Y
Vint () 7)< (0) b (1.2) balec( JmTIXY]
subject to
m(T|X) > ]
Eobs[w(Y, T, X)n(T| X)Q(T, X)] = Eops | | ——=~ T,X)|,
(Y, T X)n(T QT X)) = B | (70 ) Q)

where Q(t,z) denotes the 7(t, x)-quantile of the conditional distribution of ¥ given T' =t
and X =z for 7(¢,z) := 1/531();(;@;5(1;%1)

In the case of marginal sensitivity model (8) by Tan (2006), the expression for 7(t, )
can be simplified as 7(x) = 1J+F’ and therefore, Q(¢,x) can be estimated from finite samples
by the standard quantile regression. The quantile balancing (QB) estimator introduced by
Dorn and Guo (2022) relies on this property and estimates the sharp lower bound by solving
the empirical version of the above problem with quantile estimate Q(t, x) obtained by the
quantile regression.

In addition to showing that their two-stage estimator can be considered a special case
of the KCMC estimator, we can also argue that the KCMC estimator can be sharper than
the quantile balancing estimator. For that purpose, we pick an equivalent choice of feature
sets for the KCMC estimator and the QB estimator. When function set {tq(t,z)}2,

D
is used by the KCMC estimator, we can choose {(%ﬁf)) Ya(t, x)} as the feature

of the linear quantile regression. Then, when the solution of the quantile regression is
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Q(t,:v) = fikeme Y(t, ), the QB estimator becomes as tight as the KCMC estimator.
However, in general, the solution of the quantile regression may not coincide Nxcmc even at
an infinite sample limit, since the objective of the quantile regression is not equivalent to the
dual objective of the KCMC estimator, and in such cases, the KCMC estimator becomes
tighter than the QB estimator.

As our estimator generalizes the previous work, our estimator overcomes some drawbacks
of the quantile balancing estimators. As discussed in Section 1, the quantile balancing
estimator cannot handle policy learning and the f-constraint. Policy learning is also difficult
with the quantile balancing estimator because taking the derivative with respect to policy
requires differentiability of the solution of the above linear programming with respect
to parameter Q Moreover, the quantile balancing method is designed only for the box
constraints and does not have a proper extension to the f-sensitivity model (10). In contrast,
our estimator of sharper bound VlngC based on the kernel method can naturally handle the
above-mentioned generalized cases of sensitivity analysis.

|

C.7 Proof and full version of Theorem 4

Let us introduce loss function £ : © x Z — R, where © C RE for some K and Z := Y x T x X.
To prove the consistency of policy evaluation, we assume the following set of regularity
conditions for this loss function:

Condition 1 (Regularity of loss function I)

~

. 0 — ly(z) is continuous for any z € Z.

2. E|ly(Z)| < 0o for any 6 € O.

3. 6* € argmingee E[lg(Z)] is unique.

4. 0" is well-separated, i.e., infg.9_g+|>c E[lg(Z)] > E[lg-(Z)] for any e > 0.
5. E[G(2)] < 0o for Ge(z) = supgee. |j9—o|<- [lo(2)| for some e > 0.
Additionally, we will need the following convergence lemmas:

Lemma 9 (Uniform convergence on compact space (Van de Geer, 2020, Lemma 7.2.1.))
Assume that parameter space (O, || - ||) is compact and satisfies Condition 1. Then,

sup [E,[lo(2)] — E[lg(2)]| Z0.
/e

Lemma 10 (Consistency of convex M-estimation (Van de Geer, 2020, Lemma 7.2.2.))
Suppose 0 +— Ly(z) is convex for any z € Z and that © C RF is convex. Then, for M-estimator
0, € arg mingeo B, [lg(Z)], we have 0, 50*.

With these lemmas, we can prove Theorem 4.
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Theorem 3 (Consistency of policy evaluation (full version)) Define the parameter
space of (1f,Mxcmc) as © C Ry x RP. Further, define 0* = (n}, Nkome) @8 the solution of
dual problem (26) for VECMC(7) and 0, = (¢, Mkeme) as the solution to dual problem (27)
for VIKCMC( ). Define £: 0 x Z — R as

nKCMCT/l;b(t7 x) — T(y, t, .T))

Co(t,y, @) = npy — nkeme” Yt @) + s fi, ( 0

so that it is the negative version of dual objectives (26) and (27) before taking the expectations.

Now, assume Condition 1 holds for the above loss function. Then, we have 0, 250* and
VMO () B VMO ().

Proof

As our dual problem for policy evaluation (26) and (27) are concave maximization, we
can immediately apply the above lemma as follows. We can immediately apply Lemma 10
and get 6,230*. Thus, 6, tend to the inside of compact set {# € © : ||§ —6*|| < e}, in which
we have the uniform convergence of E,[¢5(Z)] to E[¢y(Z)] by Lemma 9. Therefore, we have
VMO () = —Ealty, (2)]% — Elty (2)]% — Eltg=(2)] = VKMO(m). u

1 1

In practice, it is difficult to check some of the conditions in 1, such as the integrability
assumption E|lyg| < oo for any § € © as well as the uniqueness of the solution. However, it is
possible in some cases to verify L! envelope condition E[G.] < 0o, because local Lipschitzness
of f{, : © — R implies the existence of such e. For example, for the box constraints of
Example 3, we know that f;, is upper bounded by by (t,z). For f-constraints (12), the
conjugate function f* for many choices of f-divergence (such as Kullback-Leibler (KL),
squared Hellinger, etc.) is locally Lipschitz.

C.8 Proof and full version of Theorem 5

Here, we simply utilize Lemma 10 analogously to Theorem 4 to prove the theorem.

Theorem 4 (Consistency of concave policy learning (full version)) Assume concave
policy class {mg(t|x) : [ € B} with convex parameter space B satisfying that B — ma(t|x)y

18 concave for any y € y teT and x € X. Assume Condition 1 holds for loss function
(29). Then, we have 0,256* and VEKMC (1 )—>VKCMC( g+ ).

inf inf

Proof Due to the concavity of policy class {ms(t|lx) : B € B}, we know that § —

E |:U~](Y, T,X) (%) Y} is concave for any t € 7 and x € X. Then, we can see that

TIX

max VEMC — max  max minE {@(Y, T,X) <7Tﬁ(|)> Y}

peBb BEB nrcmceERP @ pobs(T‘X
ny>0

—E [(@ — Dnkeme” 9] + 0y (Elfr,x (@)] — )

=max max E[—{y(Y,T,X)]
BEB nkomcERP
ny>0
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=maxE[—(p(Y, T, X)]
0cO
is a concave maximization problem, because E[fy] is the pointwise infimum of concave
functions. Thus, we can apply Lemma 10 and get 6,,236*, which implies 6,, tend to the

inside of compact set {# € © : ||§ — 6*|| < ¢}, where we have uniform convergence guarantee
of E,[¢p(Z)] due to Lemma 9. Therefore, we have

0 < VaMC (mg) — ViROMC (mp0)
= ~Eully, (2)] + Balte- (2)
= [~Balty, (D) +Elty (2)]] + [Balto- (2)] - Elto- (2)]] - [Elts, (2)] - Elto-(2)]
< |~Balts, (2)) +Elty (2)]] + [Enlte- (2)] - Elto- (2)]]
%0

which implies V;XMC (ﬂé)gﬂﬁCMc(ﬂﬁ*). Lastly, due to the law of large numbers, we have

AiEfCMC(WB*)&)ViEfCMC(Wﬁ*), which concludes the proof. |

C.9 Proof and full version of Theorem 6

Let us define O, := {(n,0) : ||n —n*(B)|| <&, 8 € B} for n*(B) := argmin,ey E[lg,(Z)],
which is the e-neighborhood of the partially optimized parameters. Here, we need the
following regularity conditions on the loss function fy(y,t,x) = £, g(y,t, ).

Condition 2 (Regularity of loss function IT)
1. 0 — Ly(2) is continuous for any z € Z.
2. Elp(Z)| < oo for any 6 € ©.
3. n*(B) € argmin,ecy E[l, 3(Z)] is unique for any B € B.
4. n*(B) is uniformly well-separated, i.e., for any e > 0,

96%1\%8 |E[€””B(Z)] - E[gn*(g),g(Z)H > 0.

5. [{y s uniformly Lipschitz continuous, i.e., there exists L >0 such that

sup sup [0f*(v)| < L.
reX T wER 6f*edff,

6. n*(B) is uniformly bounded so that 1) there exist 1y, 7y € R such that 0 < ny < n3(8) <
Ny < oo for any B € B, and 2) ikceme = suPges [|Micmc (B[] < oo
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7. E[G¥(Z)] < o0 and E[GL (2)] < o for

G¥(2) = w(t. o),

nkemc (L, z) — ( (L) ) y

Pobs (t|)

Gg*(z) ‘= sup ft*,x
0eO. nf

for some € > 0.

8. E[R(Z)] < oo for R(z) := supgep ‘ (ptis(ff‘slxz))) y‘

Remark 3 In Condition 2, we required uniform well-separatedness assumption and uniform
Lipschitzness of v — fi,(v), which may not seem obvious to the readers. To put the former
condition in slightly more practical terms, we can consider the Hessian of n— Ely(Z). If
the smallest eigenvalues of the Hessian of Bly(Z) is uniformly lower bounded so that there
exists 6 > 0 such that V)V, Ely(Z) — 61 is positive semidefinite for any 0 € O, we know
that By 5(2) — Elye(g) 5(2) = 26|ln —n*(B)||? for any (n, B) € ©.. With regard to the latter
condition of uniform Lipschitzness, we can think of Example 5. Since the subgradient of f*
can be uniformly bounded by by (t,x), we require that by(t,x) be uniformly bounded. In the
case of Tan’s box constraint (8), we know that by (t,x) = pobs(t|x) — I'(1 — pobs(t|z)) and
Pobs(t|z) < 1, which implies the uniform Lipschitz condition is always satisfied.

We begin the proof by showing uniform convergence supgcg_ ‘En&g(Z ) —Ely(Z) 250 for

some € > (. For the proof of Theorem 6, we need the following lemmas:

Lemma 13 (Stability of VC functions (Vaart and Wellner, 1996, Lemma 2.6.18))
Let F,G be VC classes of functions on Z and RP. Let hy : Z - R, hy : Z — RP be fized

functions. Then, product functions hy - F := {hy - f : f € F} and composite functions
Gohg:={gohy:ge€G} are VC.

Definition 14 (Covering number (Van de Geer, 2020, Definition 6.1.2.)) A class
of functions G is said to be a §-covering of G on Z with respect to Li(Z,E) norm if

sup inf E|g(2)— 3(Z)| <.
gegG §eg®

Additionally, the covering number of G is defined as the minimal cardinality of its &-covering
so that

Ny(4,G,E) = min{‘g(‘s)) . G s a §-covering of G w.r.t. Li(Z,E) norm}.

Lemma 15 (Covering number of a VC class (Van de Geer, 2020, Theorem 6.4.1))
Let Q be any probability measure on Z and let N1(-,G,Eq) be the covering number of G.
For a VC class G with VC dimension V' and bounded envelope G(z) := sup,eg |9(2)| such
that Eq[G(Z)] < oo, we have a constant A depending only on V (not on Q) satisfying
N1 (0Eg[G], G, Eq) < max(A5~2Y expd/4) for any § > 0.
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Lemma 16 (Uniform convergence (Van de Geer, 2020, Theorem 6.1.2)) Suppose
E[G(Z)] < oo for G(z) = sup,eg g(z) and M&o forany § > 0. Then, supgeg K, g—
Eg|20.

Lemma 17 (L1(Z,E) envelope of n +— 9,£,,3(z)) Under Condition 2, there exist € >

On 2 10) L
0 such that envelopes Gz’ (2) 1= SUPsted, £ (=) |04] and Ge"™CMC (2) := SUPS €0, o r0 o (=) |10l
5 0 €O, 0cO,
satisfy EG-" (Z) < oo and EG?"KCMCZ(Z) < 0.

Proof Let us take ¢ > 0 sufficiently small so that envelopes G¥(z), GI (z), and R(z) are
On
in L1 (Z,E). We can show that {z — 8,,.y(z) : 0 € O} has Li(Z,E) envelope G (2) =

* 7l G¥ R
SUPs,, 1€, ;Lo (2) ‘5,”5‘ <~y+GL (z)+ L (T'KCMCWE?JF (z)) because
0O,

nkenmc” Pt x) — (p:i(ég)) Y
ng
nkemc (t, z) — (pwi(fﬁi)) Y
877f ft,a:
7 ng

aﬁf£9<z) =7+ ftf:p

nkemc! P(t,z) — (;Zi(flﬁ)) Yy

+

Similarly, we can see {z = Oponcfo(2) 1 0 € O} also has L1 (Z, E) envelope G?"KCMCZ

(2) :=

SUD €0, 0o (=) 1] < (L +1)G¥(2) as
0cO,
mg(t|T
[ mxemcT¥(t, @) — (ﬁ(;gg))) y
Onkemclo(z) = P(t,x) {1 — 8ft,a: )
nf
which concludes the proof. |

.

Lemma 18 (Uniform convergence over ©.) Assume policy class {mg(t|z): € B}
VC and that Condition 2 is met. Then, there exits € > 0 such that

S

sup |Enlo(Z) — Elo(Z)|250.
0€O,

Proof Remember that loss function ¢ : © x Z — R is defined as
¢
menic (e 2) — (72 ) v
ng

Co(t,y,x) :=ngy — nkemc” Yt x) + npfie

We choose ¢ such that envelopes G¥(z), Gi (2), and R(z) arein L1(Z,E). Then, {z — fy(z) :
0 € ©.} has L1(Z,E) envelope G£(2) := supgee_ |lo(2)| < vny + kemcGE (z) + 7]ng (2).
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Now, we would like to show that the class of loss functions G, := {{y : § € O} has

N1(5g IEn) P,

0-covering satisfying —0 for some € > 0. First, we know that

gé = {(y,t,x) = nKCMCT"ﬁ(ta x) : (7775) S @a}

Q!={@mwﬁﬁ<;$$%>”ﬁeg}

are VC classes by Lemma 13. Thus, by Lemma 15, there exist

and

EeEs)] +1) -covering of these

log N1(6/3(L+1), gs,En)_>O and logN1(6/3(L+1) gé’,En)_>O. We let

(9) (9) :
Hylne = {”KCMc,k; :
E=1,...,N:1(6/3(L+1),G.,E,)} and BO) = {ﬁk ck=1,...,N1(6/3(L+1),G/ E,)}
denote the parameter sets correspondlng to such coverings. Also, we can take 3?\/[-Inesh of

0,
{ny nfE nr —e,np +€l} asHé) = 3M tk € Z}yN [ny —e, i +e] for M :=2EG: st (Z2),

¢
where G6 K (Z) is as defined in Lemma 17. Clearly, the cardinality of H © does not depend

. log |H O
on the sample size n and # — 0.

satisfying

)

Now, we can show that () := JS X Hl({d()]MC x B becomes d-covering of G.. For any
4)

(nf, Mkomc, B) € O, we can take (77](( ,T}KCMC, BO ) € H](fs) X HS%MC x B®) such that

\W—W’_M4

5
“3(L+1)

oG~ G ) <5

B [mccneT (T, X) — 0 (T, X)]

and

Thus, we have

B e 2~ 0 s D SB[yt o 0|
n (15 mKxemc,f ) nkenic B nanfzea,,feg(Z)‘ nf | s f
0cO,
~ O
<E,G:" ‘Uf - 77;5))
M 6
p.
RCRE
1)
< —. 31
and
En En}é)vnKCMCUB( ) 6775&‘6)777}(((;%1\/[(:]76(6) (Z)‘
. (T X) @ T T (T X)
S]E J()(HKCMCT'IP T)X7< Y7T7X _J() n ¢T7X7 T vy Y7T)X
" 77f5 ( ) pobs(T|X) 77f5 REMC ( ) pobs(T‘X)
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T
~ UKCMCTTP(T, X) - T,}(gg}MC /l:b(Ta X)
<E, sup 10 - ( 75(T|X) > v _ (%(5) (TIX)> v

SI1€0n.r) T, (&) (hor 1), Pobs (11X) Pobs(TTX)
L hreRteT,zeX !

[ T @ T
H( 141 )H nkeme” Y (1, X) — ngeve (T, X)
v .

75(T|X) 7 5(8) (T1X)
() ¥ - ( Y

Pobs (TIX) 1

(rarn) = G ) )

<(L+1)- (En

To(T. X) — 1@ Twr x)| + &
TTKCMC ¢(7 ) U@V ie 'l:b<a )+ n

26 20
<(L+1) -—=— 32
A ST (32)
where J, (h,r,t,x) := —h +nsff, (hn_fT). The subgradients of J,, can be calculated as
OnJy;(hyrt,x) = =1+ Off, (hn_f) and O Jy, (h, 7, t,2) = —=0f, <hn_fr) whose absolute

value can be bounded by |1 + L| and |L| respectively. Finally, by combining (31) and (32),
we get

A

En gnfﬂ?KCMCﬂ(Z) - “gn;‘s),n%Mc:ﬁ(a) (Z)' <9
. . - (8) + . . . 10g|@(5)‘ P.
with high probability as n — oo. Thus, ©'°) is a J-covering of ©. satisfying ——=0.
Thus, we conclude that
sup [Enls(2) 4@@(2)]&0
USCH
by Lemma 16. [

Finally, with the lemmas above, we can prove Theorem 6.

Theorem 5 (Consistency of VC policy learning (full version)) Assume policy class
{ms(t|z) : B € B} is VC and that Condition 2 is met. Then, we have AiffCMC(ﬁé)gViffCMc(ﬁﬁ*).
Proof Here, our aim is to prove the uniform convergence of the KCMC estimator over the
policy class, i.e.

sup
BeB

inf

ViONC (rg) — VISMC () | 250,

Let /() := arg minycg En [l3,(Z)]. Let us also use Lemma 18 to take € > 0 so that

sup
USCH

B,le(Z) — M@(Z))&o.

For this choice of € and any 8 € B, let us define

o - | 14(8) — 7 (B)l
16 = B — Bl |




IsHikaAwA, HE AND KANAMORI

so that it becomes a linear interpolation between 7(5) and n*(3) that is always included in
the € neighborhood of n*(f) so that ||[7(8) —n*(B)|| < €. Since n + £, () is convex for any
z € Z and any 8 € B, we have

" : : I8 ~w @
Eollans O S ) @l @) ()] a2

As the optimality of 7(8) with respect to 8 — Enﬁnﬁ(Z) implies 0 < En[ﬁﬁ(ﬂ)ﬁ(Z)] -
En[gﬁ(ﬁ),ﬁ(z)]v we get

0 < Enlty(5),6(2)] — Enllis),5(2)]-
Since (n*(B), #) and (7(8), ) are included in O,, we can use Lemma 18 to see

0 < sup [Elt58),8(2)] — Ellye(5),5(2)]]

< ;gg[(w 5)8(2)] = Enlti)5(2)]) = (Ellys(5)6(2)] — Enlly(5),5(2)])

3
-~

< Zlég[(Wﬁw),ﬁ(Z)] - En[ﬁmm,a(Z)]) - (Ewn*(ﬁ),ﬁ(z)] - En[%*(ﬁ),ﬂ(z)m

<2 sup_ |Bly5(2)] — Baltys(2)]
("77/8)695

.
=0,

which implies

sup |E[¢5),6(Z)] — Elly(3),5(2)]] 550.

Due to the uniform well-separatedness assumption in Condition 2, this leads to

sup [|7(8) — 1% (8)]| 50,
BeEB

and by definition of 7 (33), we have uniform consistency of 7(3),

sup [|1(8) — 1" (8)]| 0.
BEB

L

Ol |2 2
As n — El, g(z) has a Lipschitz constant E\/‘GEW (Z)‘ + ‘G?"KCMC (Z)| that does not

depend on 3 due to Lemma 17, we obtain

sup B [€5,1(6)(2)] — B [€5,:(5)(2)] | 50
BeEB
i.e.
sup [VAMC (mg) — ViNOMC () | 50,
BeEB
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Then, we have

0> Vi (ms) — Ving ™ (mpe)

> (VIO () = GEOMC (m5)) — (VBN (mge) — VM (s )

+ (ViENC (rg) — VRN () )

> (mfffCMC( ;) = VMO(r5)) = (VMO () = VOV ()
> (m5) = Ving € (mg)| 50
Thus,
Ving(m3) — Vint (1) 50.
and
Vint(m3) = Vine (m50) | < [Vine(m3) = Vane ()| + [Viar (m5) = Vine ()| 230,
which concludes the proof. |

C.10 Proof of Theorem 7

To derive the asymptotic distribution of 6 = (N, Mkcemc), we need the following regularity
conditions in addition to Condition 1.

Condition 3 (Regularity of loss function IIT)
1. E|lg«(2)]? < <.
2. 0 — Ely(Z) is twice differentiable with positive definite Hessian at 6§ = 6* so that
V= VyViEly-(Z) = 0.
3. 0 ly(Z) is differentiable at 0 = 0* almost everywhere, i.e.,
E1{.c2:00500(2) is not differentiable at 9—0+}(Z) = 0.
4. fiy s uniformly Lipschitz continuous, i.e., there exists L > 0 such that
sup sup |6f*(v)| < L.
zEXLET vERSf*EDS] ,

5. H“E‘Gl/’(Z)’2 < 0o andE‘Gg*(Z))Q < oo for

G¥(2) := |y (t,2)],

T mg(tl)
N nkeme” Y(t,x) — <p (t\x)) Yy
G (2):= sup |ff, :
0:(10—6*||<e nf

for some € > 0.
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6. E|R(Z)|? < oo for R(z) := supgep ‘ (pii%@)) y‘

With regularity conditions 3, we can apply the following lemma to immediately obtain
the asymptotic normality of our estimator.

Lemma 20 (Vaart and Wellner, 1996, Example 3.2.12, 8.2.22) Assume Ly is Lipschitz in
the neighborhood of 8 = 0% and is differentiable in quadratic mean at 0 = 0* with respect to
parameter 0, i.e. there existe >0, M : Z — R, and 60y« : Z — RPTL such that

|06, (2) — Lo, (2)| < M (2)]|61 — 62]]

for any 01,05 € {0: |0 — 0%|| < e}, EM(Z)? < 00, and

2

lo(2) = Lo~ (2) = (0 — 07) "S- ()| _ (34)

16— 6|

lim E
0—0*

Further assume that 0 — Ely(Z) is twice differentiable with positive definite Hessian at
0 = 0* so that V := VoV Elp«(Z) = 0. Then, for 020%, we have

Jn [Enzé(Z) - Enee*(Z)} 2y,

" vn [V(é —0*) + B8l (z)} 5.

With this lemma, we prove Theorem 7 as follows:

Theorem 6 (Asymptotic normality (full version)) Ifloss function lyg(z) satisfies Con-
dition 1 and Condition 3, then we have

Jn [fwé(Z) Bl (z)} 20,

and

Jn [V(é — ")+ Enaee*(zﬂ 2.

therefore,
Vnlf — 015V Nk, [60p- (Z)] SN0, VLIV L),

where V is defined as in Condition 3, J :=E [6lg-(2)6lg-(Z)T], and 4 implies the conver-
gence in distribution.

Proof Here, we just have to show that the assumptions in Lemma 20 are satisfied. Due
to Theorem 4, we know that §26*. We can take 60« € 90y- such that E[0lg«] = 0 and
it satisfies the differentiability in quadratic mean (34). Now, we can take M(z) = G :=
SUPg. |g—g+||<e SUPsecar, |0€(2)]|. Thus, it remains to show that

< oQ.

E|62(2)[
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Indeed, using the same argument as Lemma 17, we have

2 Ol |2 2
a2t <|ee (@) +|eemenet(s)
for
On A . oF P
ngf (Z) = sup ’57]]‘4 < ’Y—FGg (Z) + L ( KCMC +€*)G (Z) +R(Z)
O L€y Lo (2) np—e
0:(|0—6% || <e
and 5 ,
G "MET(2) = sup 164]] < (L +1)G¥(2).
50Dy bo(2)
0:]|0—6*||<e

Since we can take ¢ satisfying 77;2 > ¢ > 0 such that

2 . 2 2(p* 2 P 2 2 2

I} — el? I} — el?
and

E (G?”KCMC‘(Z)\Q <(L+1)E ]Gw(Z)f

due to Condition 3, we have E ‘G?‘)Z(Z )‘2 < 00. Therefore, we can apply Lemma 20 to our
problem to conclude the proof. |

C.11 Details of Example 8

Proof Due to the second order expansion in Condition 3, we have
nEa[t5(2) — to-(2)]
VRS (VO 07) [ VIS y-(2) — 510 (DO~ 07
Vi [889+(2)Tv/n(6 — 67)
T ~

" /01 v (E” - E) [‘%t(é—e*)w*(z) — 0ty (Z)} V(0 — %) dt

1 T ~
+ /O VnE [54(9_9%9*(2)_559*(2)} V(-6 dt
= Vil [6tg-(2)]" /(0 — 6%)

A~

1
+/0 0p(1)y/n(6 — %) dt

1 T ~
+ /O VnE [54(9_9*)%*(2)_559*(2) V(-6 dt

= VK, [60g-(Z))T /(0 — 6%) + 0p(1) - Op(v/n|6 — 67]))
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~

1
" /O Vi {VoElly gy (DN — VeEllg- (2]} (0 — 0%)

1
Vil 860+ (2)]T\/R(6 - 6%) + 0p(1) + /O Vi (6 =070V + ol - 6°1)) V(@ — 6%)

D, A T A 1 ~ T .
LI/ (9 - 9*) VYRl -0+ 5vn (0 - 9*) V/n( — 0%
1 A T N
=—~vn (9 - 9*) V/n( — 0%),
2
where we made an approximation /n <En — E) [Mt(é—e*)w* (Z) — 0ly~ (Z)] B, 2 -

Appendix D. Derivation of Hessian for the box constraints

Here, we derive the Hessian of f* in the case of box constraints. For conjugate function

a(t,x)v if v<0,
frz(v) =10 if v=0,
b(t,z)v if v >0,

and its subgradient

a(t, x) if v<0,
Offe(v) =1 [alt,x),b(t,z)] if v=0,
b<t7x) if v> 0,

the gradient of the dual objective 2° is

Vikenmo {nKCMCTEW’] —E [f;“,X (UKCMCT'l,b - 7’)] }
=E[(1-0ffx (mkemc ¥ — 1)) 9] .

Therefore, the second-order derivatives are:

VTIKCMcngCMC {WKCMCTE[":D] —nsE [f%,X (WKCMCT".D - T)]}

24.

25.

Though this approximation is not justified by our previous asymptotic theorem, it is valid when {§¢y :
|0 — 6| < e} is a Donsker class, for which the uniform central limit theorem holds. Though proving the
Donsker property for general f. ; is difficult, we can still show that Example 5 with f_, = f° not depending
on t and z satisfies this condition. To sketch the proof, we first show that 92 (z) consists of terms that
are VC classes by using reparametrization v = (1/n¢, nxkemce /) and stability of VC classes (Vaart and
Wellner, 1996, 2.6.18) along with the fact that f;, (v) = max{f°" (v), min{a¢,.v—f°(as,z), be,ev—f°(be,2)}},
Off »(v) = min{b; o, max{as,0f°" (v)}} and that Of* is monotone. Then, we use the fact that VC
classes have bounded uniform entropy and are Donsker class (Vaart and Wellner, 1996, 2.5.2, 2.6.7), and
their permanence (Vaart and Wellner, 1996, 2.10.6, 2.10.20, 2.10.23) to show {64y : |6 — 07| < e} is a
Donsker class.

For the box constraints, it can be shown that the dual objective becomes —yny + "7KCMCT]E[’$] —
E [ frx (’r]KCMCT’l/J — r)} and that its supremum is reached when ny — 0.Furthermore, when we extend
the domain of the dual objective from n; > 0 to ny > 0, we know that lim, . P(f)y = 0) — 1, so 7y
does not need any asymptotic analysis.
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= VikemcE [(1 — 8f£/‘:,X (UKCMCT’l.b — 7")) 'l,bT]
=-E [{VUKCMCE [8fiF,X (nKCMCTV,b - 7“) T, X] } wT]

= —E [{VixencE [a(T, X)1r_ (nkemc’ ¥ — 1) + (T, X)1g, (nkemc’ ¥ —7) | T, X] } 9T ]

=-E [{VﬁKCMca(Ta X)P [(nKCMCT’lP — 7“) < O|T, X]
+Vienc 0T, X)P [(UKCMCTU’ — 7") > 0|7, X] } 1/)T]

=-E [{VﬁKCMca(Tv X)P [ngCMC¢ < T‘T, X] + v’?KCMCb(T’ X>P [ngCMCw > T’T? X] } 'l»bT]

= —E [p3p" {0(T, X) — a(T, X)}p, (nicenc®|T> X)] ,

where p,(-|t, z) is the probability density function of r(Y, T, X) conditioned on T' = ¢, X = z.

References

MOSEK ApS. Mosek optimization suite, 2019.

Pierre-Cyril Aubin-Frankowski and Zoltan Szabd. Hard shape-constrained kernel machines.
Advances in Neural Information Processing Systems, 33:384-395, 2020.

Andrew Bennett, Nathan Kallus, Miruna Oprescu, Wen Sun, and Kaiwen Wang. Efficient
and sharp off-policy evaluation in robust markov decision processes. Advances in Neural
Information Processing Systems, 37:112962-113000, 2024.

Gilles Blanchard, Olivier Bousquet, and Laurent Zwald. Statistical properties of kernel
principal component analysis. Machine Learning, 66(2):259-294, 2007.

Stephen Boyd, Stephen P Boyd, and Lieven Vandenberghe. Convex optimization. Cambridge
university press, 2004.

David Bruns-Smith and Angela Zhou. Robust fitted-g-evaluation and iteration under
sequentially exogenous unobserved confounders. arXiv preprint arXiv:2302.00662, 2023.

Victor Chernozhukov, Denis Chetverikov, Mert Demirer, Esther Duflo, Christian Hansen,
Whitney Newey, and James Robins. Double/debiased machine learning for treatment and
structural parameters, 2018.

John M Danskin. The theory of max-min, with applications. STAM Journal on Applied
Mathematics, 14(4):641-664, 1966.

Steven Diamond and Stephen Boyd. CVXPY: A Python-embedded modeling language for
convex optimization. Journal of Machine Learning Research, 17(83):1-5, 2016.

A. Domahidi, E. Chu, and S. Boyd. ECOS: An SOCP solver for embedded systems. In
European Control Conference (ECC), pages 3071-3076, 2013.

Jacob Dorn and Kevin Guo. Sharp sensitivity analysis for inverse propensity weighting via
quantile balancing. Journal of the American Statistical Association, 2022.

49



IsHikaAwA, HE AND KANAMORI

Jacob Dorn, Kevin Guo, and Nathan Kallus. Doubly-valid/doubly-sharp sensitivity analysis
for causal inference with unmeasured confounding. arXiv preprint arXiv:2112.11449, 2021.

Arthur Gretton, Olivier Bousquet, Alex Smola, and Bernhard Schélkopf. Measuring statisti-
cal dependence with hilbert-schmidt norms. In International conference on algorithmic
learning theory, pages 63—77. Springer, 2005.

Jason Hartford, Greg Lewis, Kevin Leyton-Brown, and Matt Taddy. Deep iv: A flexible
approach for counterfactual prediction. In International Conference on Machine Learning,
pages 1414-1423. PMLR, 2017.

Keisuke Hirano and Guido W Imbens. Estimation of causal effects using propensity score
weighting: An application to data on right heart catheterization. Health Services and
Outcomes research methodology, 2(3):259-278, 2001.

Keisuke Hirano, Guido W Imbens, and Geert Ridder. Efficient estimation of average
treatment effects using the estimated propensity score. Econometrica, 71(4):1161-1189,
2003.

Kei Ishikawa and Niao He. Kernel conditional moment constraints for confounding robust
inference. In International Conference on Artificial Intelligence and Statistics, pages
650-674. PMLR, 2023.

Ying Jin, Zhimei Ren, and Zhengyuan Zhou. Sensitivity analysis under the f-sensitivity
models: Definition, estimation and inference. arXiv preprint arXiv:2203.04373, 2022.

Nathan Kallus. Balanced policy evaluation and learning. Advances in neural information
processing systems, 31, 2018.

Nathan Kallus and Angela Zhou. Confounding-robust policy improvement. Advances in
neural information processing systems, 31, 2018.

Nathan Kallus and Angela Zhou. Confounding-robust policy evaluation in infinite-horizon
reinforcement learning. Advances in Neural Information Processing Systems, 33:22293—
22304, 2020.

Nathan Kallus and Angela Zhou. Minimax-optimal policy learning under unobserved
confounding. Management Science, 67(5):2870-2890, 2021.

Nathan Kallus, Xiaojie Mao, and Masatoshi Uehara. Causal inference under unmea-
sured confounding with negative controls: A minimax learning approach. arXiv preprint
arXiv:2103.14029, 2021.

Daphne Koller and Nir Friedman. Probabilistic graphical models: principles and techniques.
MIT press, 2009.

Sadanori Konishi and Genshiro Kitagawa. Information criteria and statistical modeling.
2008.

50



CONVEX FRAMEWORK FOR CONFOUNDING ROBUST INFERENCE

Heiner Kremer, Jia-Jie Zhu, Krikamol Muandet, and Bernhard Schélkopf. Functional gener-
alized empirical likelihood estimation for conditional moment restrictions. In International
Conference on Machine Learning, pages 11665-11682. PMLR, 2022.

Weiwei Liu, S Janet Kuramoto, and Elizabeth A Stuart. An introduction to sensitivity
analysis for unobserved confounding in nonexperimental prevention research. Prevention
science, 14(6):570-580, 2013.

Christos Louizos, Uri Shalit, Joris M Mooij, David Sontag, Richard Zemel, and Max Welling.
Causal effect inference with deep latent-variable models. Advances in neural information
processing systems, 30, 2017.

Afsaneh Mastouri, Yuchen Zhu, Limor Gultchin, Anna Korba, Ricardo Silva, Matt Kusner,
Arthur Gretton, and Krikamol Muandet. Proximal causal learning with kernels: Two-stage
estimation and moment restriction. In International Conference on Machine Learning,

pages 7512-7523. PMLR, 2021.

Charles A Micchelli, Yuesheng Xu, and Haizhang Zhang. Universal kernels. Journal of
Machine Learning Research, 7(12), 2006.

Krikamol Muandet, Wittawat Jitkrittum, and Jonas Kiibler. Kernel conditional moment test
via maximum moment restriction. In Conference on Uncertainty in Artificial Intelligence,

pages 41-50. PMLR, 2020a.

Krikamol Muandet, Arash Mehrjou, Si Kai Lee, and Anant Raj. Dual instrumental variable
regression. Advances in Neural Information Processing Systems, 33:2710-2721, 2020b.

Miruna Oprescu, Jacob Dorn, Marah Ghoummaid, Andrew Jesson, Nathan Kallus, and Uri
Shalit. B-learner: Quasi-oracle bounds on heterogeneous causal effects under hidden con-
founding. In International Conference on Machine Learning, pages 26599-26618. PMLR,
2023.

Judea Pearl. Causality. Cambridge university press, 2009.

Adridn Pérez-Suay, Valero Laparra, Gonzalo Mateo-Garcia, Jordi Munoz-Mari, Luis Gémez-
Chova, and Gustau Camps-Valls. Fair kernel learning. In Joint European Conference
on Machine Learning and Knowledge Discovery in Databases, pages 339-355. Springer,
2017.

Jonas Peters, Dominik Janzing, and Bernhard Scholkopf. Elements of causal inference:

foundations and learning algorithms. The MIT Press, 2017.

Paul R Rosenbaum. Overt bias in observational studies. In Observational studies, pages
71-104. Springer, 2002.

Paul R Rosenbaum, PR Rosenbaum, and Briskman. Design of observational studies, vol-
ume 10. Springer, 2010.

Donald B Rubin. Estimating causal effects of treatments in randomized and nonrandomized
studies. Journal of educational Psychology, 66(5):688, 1974.

51



IsHikaAwA, HE AND KANAMORI

Donald B Rubin. Causal inference using potential outcomes: Design, modeling, decisions.
Journal of the American Statistical Association, 100(469):322-331, 2005.

Bernhard Schélkopf, Alexander Smola, and Klaus-Robert Miiller. Kernel principal component
analysis. In International conference on artificial neural networks, pages 583-588. Springer,
1997.

Uri Shalit, Fredrik D Johansson, and David Sontag. Estimating individual treatment effect:
generalization bounds and algorithms. In International conference on machine learning,
pages 3076-3085. PMLR, 2017.

Rahul Singh. Kernel methods for unobserved confounding: Negative controls, proxies, and
instruments. arXiv preprint arXiv:2012.10315, 2020.

Rahul Singh, Maneesh Sahani, and Arthur Gretton. Kernel instrumental variable regression.
Advances in Neural Information Processing Systems, 32, 2019.

Rahul Singh, Liyuan Xu, and Arthur Gretton. Kernel methods for causal functions: dose,
heterogeneous and incremental response curves. Biometrika, 111(2):497-516, 2024.

Matthew Staib and Stefanie Jegelka. Distributionally robust optimization and generalization
in kernel methods. Advances in Neural Information Processing Systems, 32, 2019.

Zhigiang Tan. A distributional approach for causal inference using propensity scores. Journal
of the American Statistical Association, 101(476):1619-1637, 2006.

Aad W Vaart and Jon A Wellner. Weak convergence. In Weak convergence and empirical
processes, pages 16-28. Springer, 1996.

Sara Van de Geer. Empirical Processes in M-estimation, volume 6. Cambridge university
press, 2000.

Sara Van de Geer. Empirical processes theory. 2020. URL www.stat.math.ethz.ch/~geer/
empirical-process2020.pdf.

Stefan Wager and Susan Athey. Estimation and inference of heterogeneous treatment
effects using random forests. Journal of the American Statistical Association, 113(523):
1228-1242, 2018.

Kun Zhang, Jonas Peters, Dominik Janzing, and Bernhard Scholkopf. Kernel-based
conditional independence test and application in causal discovery. arXiv preprint
arXiv:1202.3775, 2012.

Rui Zhang, Masaaki Imaizumi, Bernhard Scholkopf, and Krikamol Muandet. Instrumental
variable regression via kernel maximum moment loss. Journal of Causal Inference, 11(1):
20220073, 2023.

Qingyuan Zhao, Dylan S Small, and Bhaswar B Bhattacharya. Sensitivity analysis for
inverse probability weighting estimators via the percentile bootstrap. Journal of the Royal
Statistical Society: Series B (Statistical Methodology), 81(4):735-761, 2019.

52


www.stat.math.ethz.ch/~geer/empirical-process2020.pdf
www.stat.math.ethz.ch/~geer/empirical-process2020.pdf

CONVEX FRAMEWORK FOR CONFOUNDING ROBUST INFERENCE

Jia-Jie Zhu, Wittawat Jitkrittum, Moritz Diehl, and Bernhard Scholkopf. Worst-case risk
quantification under distributional ambiguity using kernel mean embedding in moment
problem. In 2020 59th IEEE Conference on Decision and Control (CDC), pages 3457-3463.
IEEE, 2020.

53



	Introduction
	Motivation
	Contributions
	Related works
	Organization of the paper

	Problem Settings and Proposed Method
	Confounded offline contextual bandits
	Uncertainty sets of base policies
	Relaxation of the uncertainty sets by reparametrization
	Low-rank approximation of the conditional moment constraints

	Theoretical Analysis
	Characterization of the solution
	Specification error
	Consistency of policy evaluation
	Consistency of policy learning
	Asymptotic normality of policy evaluation

	Numerical Experiments
	Experimental settings
	Comparison of KCMC estimator to baselines
	Confidence interval
	Model Selection
	f-sensitivity model
	Policy learning

	Conclusion
	Notations
	An Alternative f-Sensitivity Model by Jin et al. (2022)
	Omitted Proofs
	Details of Example 3
	Proof of Theorem 2
	Details of Example 4
	Details of Example 5
	Formal Statement and Proof of Lemma 3
	Details of Example 6
	Proof and full version of Theorem 4
	Proof and full version of Theorem 5
	Proof and full version of Theorem 6
	Proof of Theorem 7
	Details of Example 8

	Derivation of Hessian for the box constraints

