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Abstract

This work introduces Dirichlet Active Learning (DiAL), a Bayesian-inspired approach to
the design of active learning algorithms. Our framework models feature-conditional class
probabilities as a Dirichlet random field and lends observational strength between similar
features in order to calibrate the random field. This random field can then be utilized
in learning tasks: in particular, we can use current estimates of mean and variance to
conduct classification and active learning in the context where labeled data is scarce. We
demonstrate the applicability of this model to low-label rate graph learning by constructing
“propagation operators” based upon the graph Laplacian, and offer computational studies
demonstrating the method’s competitiveness with the state of the art. Finally, we provide
rigorous guarantees regarding the ability of this approach to ensure both exploration and
exploitation, expressed respectively in terms of cluster exploration and increased attention
to decision boundaries.

Keywords: active learning, graph-based learning, semi-supervised classification, learning
theory, uncertainty quantification

1. Introduction

The advent of big data applications in machine learning has necessitated the design of ef-
ficient methods to label data for downstream learning tasks such as classification. Massive
computing capabilities can produce ever-increasing amounts of data, yet obtaining mean-
ingful labels for training accurate machine learning classifiers is often time-intensive and
expensive. Hence, while labeled data (i.e., data for which the practitioner has access to ob-
served labels) can be difficult to obtain, unlabeled data (i.e., data for which the practitioner
does not currently have access to such labels) is ubiquitous in many practical applications.
While supervised machine learning algorithms rely on the ability to acquire an abundance
of labeled data, semi-supervised learning methods leverage both unlabeled and labeled data
to achieve accurate classification with significantly fewer labeled data. Simultaneously, the
choice of training points can significantly affect classifier performance, especially due to the
limited size of the training set of labeled data in the case of semi-supervised learning.
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Figure 1: Active learning process flowchart.

Active learning seeks to judiciously select a limited number of currently unlabeled data
points that will inform the classification task (Settles, 2012). These points are then labeled
by an expert, or human in the loop, with the aim of improving the performance of an
underlying classifier. While there are various paradigms for active learning (Settles, 2012),
we focus on pool-based active learning wherein an unlabeled pool of data is available at
each iteration of the active learning process from which query points may be selected. This
paradigm is a natural fit for applying active learning in conjunction with semi-supervised
learning since the underlying semi-supervised learner also uses the unlabeled pool. These
query points are selected by optimizing an acquisition function over the discrete set of points
available in the unlabeled data pool; an acquisition function is a user-defined quantity that
aims to measure the “utility” of expending the effort to label a currently unlabeled input.
Figure 1 illustrates the active learning process that iterates between (1) using currently-
labeled data to infer a classifier on the unlabeled data, (2) selecting the next query point
from the unlabeled data via the acquisition function, and (3) labeling the query point and
updating the labeled data. In practical applications, the labeling “oracle” is a domain
expert that plays the role of a human in the loop. The number of points that are labeled
at each iteration depends upon the application, but in this work, we focus on the setting
where points are labeled one at a time (i.e., sequential active learning).

Active learning may have a number of different goals, such as ensuring high classifier
accuracy relative to the number of query points or ensuring sampling from all parts of
the feature distribution. Part of the challenge in doing so is that we need an appropriate
vocabulary, as well as computational experiments, to understand tradeoffs between different
goals in active learning. This paper seeks to develop this vocabulary and the associated
computational experiments and does so while proposing a novel active learning method,
which we call Dirichlet Active Learning (DiAL).
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1.1 Setup and Main Contributions

We assume that we have access to a set of inputs X ⊂ Rd which are sampled from an
underlying data-generating distribution with density ρ : Rd → [0,∞). While in application,
this set X represents a discrete set of points, we will also consider the continuum case
where X represents the support of ρ. We seek to classify these inputs x ∈ X into K ≥ 2
classes, and we assume access to an initially labeled set L = {x1, . . . , xℓ} ⊂ X for which
we have observed yj ∈ [K] = {1, 2, . . . ,K} for xj ∈ L. Let YL = {y1, . . . , yℓ} denote the
corresponding set of labels (classes) for the labeled set L. The task in active learning will
be to iteratively augment the labeled data set L ⊂ X by cycling between (1) learning a
semi-supervised learning classifier given current labeled data L with associated labels yj

for xj ∈ L, (2) selecting a query point x∗ from the unlabeled data, U = X \ L, and (3)
labeling said query point and adding it to the labeled data accordingly. As such, this process
generates a sequence of labeled sets L(0) ⊂ L(1) ⊂ L(2) ⊂ . . . as query points are labeled
and added to the labeled set; we refrain from this iteration-explicit notation in favor of
readability and denote the (changing) labeled set simply as L.

Active learning serves as a naturally complementary problem to semi-supervised learn-
ing. At a high level, semi-supervised learning seeks an answer to the question

How do we accurately infer the classification of the unlabeled
data U given the currently labeled data L?

In a complementary fashion, active learning seeks to answer the question

How do we judiciously select currently unlabeled points x ∈ U that, once labeled,
can maximally improve performance in the underlying semi-supervised problem?

An implicit constraint is to perform as few queries as possible; in practical applications,
labeling of query points may be costly or time-consuming, and so an overall budget of
queries may be explicitly imposed. Hence, a goal of active learning is to design methods
which are provably efficient at selecting the query points that are the most useful for the
underlying semi-supervised learning task.

One important aspect of active learning is the inherent tradeoff between using the limited
resource of queries to either (i) explore the extent of the given data set or (ii) exploit the
current classifier’s inferred decision boundaries. Exploration in active learning is often
characterized by querying points from each of a set of salient regions (clusters) in a data
set. In contrast, exploitation in active learning is characterized by querying points where the
current classifier predicts there to be a decision boundary in order to refine and improve the
accuracy of that boundary. Similar to the exploration-exploitation tradeoff in reinforcement
learning (Sutton and Barto, 2018; Agarwal et al., 2021), it is crucial to properly balance
between exploration and exploitation to ensure the greatest benefits from active learning.
In the current work, we not only provide cluster exploration guarantees for our proposed
method but also give a novel asymptotic analysis of its capability to efficiently exploit along
decision boundaries during later stages of the active learning process.

The terminology for the mechanism by which one selects query points is not uniform
across the literature, and we accordingly suggest the following framework. The active
learning query points are selected at each iteration via the combination of what we will term
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an acquisition function and a policy.1 We define an acquisition function A(·,L,YL) : U → R
to be a user-defined criterion to quantify the utility of expending the effort to label a
point x ∈ U . This acquisition function is dependent on the currently labeled data L,YL,
though for ease of notation we drop the explicit dependence and write A(·) = A(·;L,YL).
Indeed it may be said that the “art” of active learning primarily depends on the choice of
acquisition function to reflect the desired properties of the selected query points. With a
chosen acquisition function it remains to decide how to select the next query point x∗ ∈ U
based upon the acquisition function values on the unlabeled data, {A(x)}x∈U . We refer to
the method for selecting the query point from said values as the active learning policy. For
example, a common policy is to select the maximizer, x∗ = argmaxx∈U A(x), or minimizer
x∗ = argminx∈U A(x) depending on the specific properties of the chosen acquisition function.
We also consider a proportional sampling policy that fits naturally into our theoretical
results (Section 5) and is beneficial in our experiments (Section 4).

A novel idea of the present work is to model the influence of the labeled data on the
unlabeled data via what we will term a “Dirichlet random field”. Random fields (i.e., col-
lections of random variables {Fx}x∈X indexed by elements in (a subset of) a topological
space) are convenient structures for statistical processes, such as active learning. For exam-
ple, Gaussian random fields are collections of random variables where the joint distribution
of any finite subset of the random variables is distributed as a multivariate Gaussian (see
Rasmussen and Williams, 2006). Gaussian random fields and Markov random fields are
commonly used in the active learning literature to define acquisition functions that reflect
measures of uncertainty or variance in the underlying statistical model (Zhu et al., 2003b;
Jun and Nowak, 2018; Ji and Han, 2012; Schreiter et al., 2015; Riis et al., 2022; Kapoor
et al., 2007; Krause and Guestrin, 2007). Graph-based random fields are an especially rele-
vant case (Zhu et al., 2003b; Jun and Nowak, 2018; Ji and Han, 2012; Ma et al., 2013; Qiao
et al., 2019; Miller et al., 2020), wherein the index set X is finite and the correlation struc-
ture is determined by the connectivity structure of an associated graph G(X ,W ). Various
previous graph-based methods for semi-supervised and active learning have been framed in
the context of Gaussian random fields, where the correlation structure between the outputs
at nodes (i.e., inputs x ∈ X ) follows a Gaussian distribution influenced by the connectivity
structure of a graph Laplacian matrix (Zhu et al., 2003a,b; Bertozzi et al., 2018; Qiao et al.,
2019) constructed from the set of inputs. While this approach yields a straightforward
Bayesian interpretation of the associated semi-supervised and active learning problems, the
inherent modeling assumption is that of regression, not classification.

Elaborating further on this point, from a “strictly” Bayesian perspective, the posterior
predictive distribution at any given point in a Gaussian random field is inherently supported
outside of the probability simplex, regardless of whether all labeled points’ observations lie
at the corners of the probability simplex. As one uses a measure of variance from Gaussian
random fields to prioritize query points in active learning, these variance estimates are
inherently influenced by values outside of the sensible domain for classification tasks. Our
proposed Dirichlet random field approach, however, constructs a posterior distribution such
that the marginal distribution at each x ∈ X is supported on the probability simplex in an
effort to produce variance estimates that are more faithful to the classification setting.

1. The term “acquisition function” appears in various references such as (Gal et al., 2017).
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The details of the proposed semi-supervised model based on a Dirichlet random field
are given in Sections 2 and 3, but we briefly summarize here: we model the classification of
each x ∈ X via a categorical random variable Y (x) ∼ Cat(P (x)). Inspired by the classical
Bayesian approach, we express our current information about the probability vector P as a
Dirichlet random variable

P (x) = (p1, . . . , pK) ∼ Dir(α1(x), α2(x), . . . , αK(x)).

The Dirichlet posterior belief at each point x ∈ X is updated according to the amount of
information that is propagated from labeled set L according to the respective classes. We
call this information a “pseudolabel”, as the αi parameters of the Dirichlet distribution
are interpreted as observed labels in a classical Bayesian context, whereas in the low-label
learning context we must resort to treating observed labels at x′ ∼ x as proxies for label
observations at x. Using the vector P we can construct a semi-supervised learning classifier
which we call Dirichlet Learning. In the graph-based setting, the propagation operator is
defined via the graph Laplacian matrix.

As a result of the Bayesian-inspired approach of Dirichlet Learning, the variance of the
current estimate of the categorical probabilities at each unlabeled point is readily com-
putable. This variance quantifies classifier uncertainty which we use as an active learning
acquisition function. We term this acquisition function Dirichlet Variance.

For the sake of clarity, we summarize our proposed method Dirichlet Active Learning
(DiAL) in Algorithm 1. In addition, we provide Figure 2 to contextualize DiAL as a
realization of the active learning loop from Figure 1 with (i) Dirichlet Learning used as the
classifier for Semi-supervised Inference and (ii) Dirichlet Variance used as the acquisition
function for Query Point Selection.

Having described the context, we now briefly summarize the main contributions of the
present work as follows.

1) Novel semi-supervised learning classifier (Dirichlet Learning) for use in
efficient active learning.

We introduce a novel semi-supervised learning classifier (Dirichlet Learning) that mod-
els the inferred classifications on unlabeled data via a Dirichlet random field. An
intuitive measure of “uncertainty” (Dirichlet Variance) is readily available for this
classifier, and we find this quantity to be an informative acquisition function for both
exploration and exploitation in active learning. The proposed Dirichlet Learning (clas-
sifier) and DiAL (active learning) frameworks are flexible and easily adapted to any
desired propagation operator from labeled data to the rest of the data set. We special-
ize the framework to graph-based propagations that are very useful for capturing the
clustering structure of the underlying data set. These graph-based propagation oper-
ators are naturally defined on the discrete graph structure, but also conveniently have
intimate connections to continuum-limit second-order elliptic operators that depend
on the underlying data-generating distribution.

2) Theoretical guarantees for exploration of clustering structure by DiAL.

We establish theoretical guarantees that DiAL will initially prioritize the selection
of query points in salient regions (“clusters”) of the domain (Section 5.3). Under
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Figure 2: Utilizing the Dirichlet Learning semi-supervised classifier introduced in Section 2,
DiAL selects query points using the Dirichlet Variance acquisition function (9)
with either the Maximum Value or Proportional Sampling policies (Section 3).

some simple assumptions about the choice of propagation operator as it relates to
the underlying data distribution, we demonstrate that K active learning queries are
sufficient to ensure the labeling of points in K clusters of potentially varying sizes.

3) Novel asymptotic analysis of the later stages of active learning.

We provide an asymptotic analysis of DiAL in the later stages of the active learning
process (Section 5.5). We have not seen previous work, particularly in the graph-based
active learning literature, that characterizes the late-stage asymptotics of active learn-
ing. This novel analysis elucidates that, if scaled properly, Dirichlet Variance as an
acquisition function can lead to querying in regions of the data set where multiple
class-conditional probabilities are high—i.e., where there is inherent population-level
uncertainty in the underlying data distribution. We suggest this is a natural charac-
terization of beneficial exploitation in active learning.

4) Computational efficiency of the proposed method.

We empirically verify the efficacy of DiAL when utilizing a graph-based Dirichlet
Learning classifier to explore data set clustering structure in real-world data sets,
including a comparison to previous methods on hyperspectral imagery (HSI) pixel
classification. We also highlight the very favorable computational complexity of
the acquisition function, comparing it to previous graph-based active learning ac-
quisition functions. See our GitHub repository (https://github.com/millerk22/
dirichlet-active-learning.git) for a Python implementation of DiAL that is (i)
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Algorithm 1 Dirichlet Active Learning (DiAL)

Input: data set X = {x1, . . . , xn} ⊂ Rd, # classes K, initially labeled data L1, . . . ,LK ,
propagation operator K(·, ·), active learning budget B ∈ N+

Output: Classification predictions {ŷ(x)}x∈X
A← α1 ∈ Rn×K , (Aik = α0 for all i ∈ [n], k ∈ [K]) ▷ Dir. hyperparam. matrix
for k ∈ [K] do ▷ Propagate “pseudo-label” from each Lk

Ai,k =
∑

xℓ∈Lk
K(xℓ, xi) for i ∈ [n]

end for
vi ← V ar(Ai,:) for each i ∈ [n] ▷ Initial variances from rows of A
b← 1
while b < B do

if policy = ‘MV’ then
i∗ ← argmaxi∈[n] vi ▷ Max. Value policy

else
Sample i∗ according to P(I∗ = i) = eλvi∑n

j=1 e
λvj

▷ Prop. Sampling policy

end if
Query label yi∗ = k∗ for xi∗
Lk∗ ← Lk∗ ∪ {xi∗} ▷ Update labeled data
Ai,k∗ ← Ai,k∗ +K(xi∗ , xi) ▷ Update Dirichlet hyperparameter matrix
b← b+ 1

end while

specialized to the graph-based semi-supervised classification setting and (ii) integrated
into the GraphLearning (Calder, 2022) Python package.

5) Development of active learning vocabulary and associated computational
tests.

We provide various discussions throughout that seek to clarify important ideas that
are not necessarily original to this work, but we believe help to elucidate the mecha-
nisms underlying active learning. For example, in Appendix C we discuss two distinct
types of “uncertainty” in active learning (population-level and data-conditional un-
certainty) and provide an illustrative example that demonstrates the importance of
designing acquisition functions that ultimately reflect population-level uncertainty.
We suggest that the asymptotic analysis of exploitation provides an important avenue
for continued research in active learning methods. Finally, we introduce the termi-
nology of an active learning policy. While acquisition functions provide a concrete
quantity to reflect the utility of labeling a currently unlabeled point, an active learn-
ing policy identifies how these acquisition function values are ultimately used to select
the next query point. Traditionally, the maximizer of the acquisition function on the
unlabeled data is chosen to be labeled; we find that sampling proportional to the
acquisition function values is a useful active learning policy for both our numerical
and theoretical results.
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Finally, to conclude our introduction, we remark that this work utilizes ideas from
several different fields, including active learning, graph-based learning, and PDE theory in
machine learning. While we provide the most immediately relevant references throughout
the text, in order to make the main results more directly accessible, we delay a more
thorough accounting of the related literature to Appendix A.

1.2 Summary of Notation

We here briefly summarize various notational conventions used throughout the paper for the
reader’s convenience. We will generally use caligraphic capital letters (e.g., X ,L) to denote
sets, with the lone exception of K(·, ·) to denote a kernel used to define propagations from
labeled data points. We will use subscripts to index entries of a vector and superscripts to
index elements of a set; for example, xi ∈ X will represent the ith element of a set X and xk
will represent the kth entry of a vector x ∈ Rd. We let B(x, δ) denote an open ball centered
at x of radius δ > 0.

2. Dirichlet Learning: The Semi-supervised Inference Model

We consider a set of features X ⊂ Rd, and a set of K ≥ 2 classes. We assume that there is
a relationship between the features and the K classes (categories), which we model with a
joint probability distribution ν over the space Rd × [K]. We consider the marginal of ν on
the inputs to be modeled via the mixture model

ρ(x) =

K∑
k=1

wkρk(x),

where each ρk(x) = P(x|y = k) is the class-conditional distribution’s density for the kth class
and the weights represent the class marginal distribution weights

∑K
k=1wk = 1, wk ≥ 0. Let

ρK(x) = (ρ1(x), ρ2(x), . . . , ρK(x))⊤ ∈ RK be the vector of class-conditional densities at the
input x ∈ X .

Recall that we are given a set of labeled data, {(xℓ, yℓ)}xℓ∈L, where L ⊂ X and yℓ ∈
{1 . . .K} =: [K] are the observed labels, which are drawn from the joint distribution ν.
We will identify the label yℓ with its “one-hot encoding representation”, y(xℓ) = eyℓ ∈ RK ,

where ek is the kth standard basis vector in RK . Semi-supervised classification is the task
of inferring the classification of the unlabeled data {x}x ̸∈L from the observed labeled data
{(xℓ, yℓ)}xℓ∈L. As this is an ill-posed problem, one must incorporate a priori assumptions
about the ground-truth classification of the points in terms of the underlying geometry of
the data set X .

In light of the semi-supervised context, we choose to model the classification y(x) of an
input x ∈ X probabilistically in terms of a categorical random variable Y such that

P(Y = k|p) = pk, p ∈ ∆K ,

where the probability vector p belongs to the K − 1 dimensional simplex, ∆K = {q ∈ RK :
qk ≥ 0,

∑K
k=1 qk = 1}. Thus, we consider semi-supervised learning as estimating input-

indexed probability vectors {p(x)}x∈X given observations of labels at the labeled points in
L. This leads us to the construction of a Dirichlet random field.
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2.1 Dirichlet Random Field

We recall that in the context of classical Bayesian inference, if we have observations of a
categorical variable Y ∈ [K] we model the distribution of the probability of each category
using a Dirichlet distribution, which is a probability distribution on the simplex with density
function given by

φ(α, z) := B(α)

K∏
i=1

zαi−1
i , (1)

where α is a vector in RK
+ , z is vector in ∆K , and B(α) is a normalization constant given

by B(α) =
Γ(

∑K
i=1 αi)∏K

i=1 Γ(αi)
, where Γ is the standard Gamma function generalizing the factorial.

Given a Dirichlet prior distribution with parameters α, if we observe the data Y = j then
our posterior probabilities take the form (α1, . . . , αj+1, . . . αK). In this classical setting one
may interpret the vector α as the total number of observations we have of each category,
usually across repeated experiments.

In light of this aim, for each x ∈ X , let P (x) ∼ Dir(α1(x)+α0, α2(x)+α0, . . . , αK(x)+
α0) be a Dirichlet-valued random variable (with uniform prior Dir(α0, α0, . . . , α0)) to model
our belief about the multinomial probability vector p(x). In contrast with the classical
Bayesian setting, in the semi-supervised setting we do not expect to observe the categorical
variable Y (x) associated with every feature x: instead, we will observe values of Y (x̃) where
x̃ and x are similar.

We therefore will consider a vector α(x) := (α1(x), α2(x), . . . , αK(x))⊤ ∈ RK
+ which

reflects the continuous values of implicit “observations”—what we will term “pseudolabel”—
from each possible class at the feature x. We emphasize that the semi-supervised setting
requires us to lend the strength of an observation at one vertex to nearby vertices which
we will accomplish by using a propagation mechanism that we introduce in Section 2.2.
Hence we call the α(x) pseudo-labels or implied observations because the labels were only
observed at nearby points.

The set of {P (x)}x∈X defines a Dirichlet-valued random field. To interpret this as
a semi-supervised classification model, we consider the mean estimator p̂(x) := E[P (x)],
where

p̂k(x) =
αk(x) + α0

α0K +
∑K

m=1 αm(x)
, (2)

to be the multinomial probability vector used to determine the inferred classification Y (x)
of x; that is, P(Y (x) = k|p̂(x)) = p̂k(x), so that we infer the classification via

ŷ(x) := argmax
k=1,2,...,K

p̂k(x) = argmax
k=1,2,...,K

αk(x). (3)

Here, by design, we have constructed P (x) to be independent from P (x′) (for x ̸= x′).
This stands in contrast to the Gaussian process setting, wherein measurements at different
x’s are permitted to have non-trivial covariance with each other. In a sense, one does
not have as many degrees of freedom to maintain non-trivial correlation between different
x’s because the classification problem takes discrete values while the regression problem
takes real values. Roughly speaking, while pseudo-label information is propagated from
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labeled points (as we will discuss in Section 2.2), our proposed statistical model treats the
classification of each x ∈ X individually.

Furthermore, the uncertainty in our inference can be modeled by the covariance structure
of the random variable P (x). For example, we can model the uncertainty in P (x) by consid-
ering the trace of the covariance matrix C(x) ∈ RK×K , where Ckm(x) = Cov(Pk(x), Pm(x)).
Define α̃k(x) = αk(x) + α0 and β(x) =

∑K
k=1 α̃k(x) so we can write

Tr[C(x)] =
K∑
k=1

V ar(Pk(x)) =
K∑
k=1

α̃k(x)(β(x)− α̃k(x))

(β(x))2(β(x) + 1)
=

(β(x))2 −
∑K

k=1(α̃k(x))
2

(β(x))2(β(x) + 1)
. (4)

Later on, we will use this measure of uncertainty as the basis for our Dirichlet Variance
acquisition function for DiAL. In summary, the salient features of our proposed model,
namely (i) the inferred classification and (ii) the uncertainty in our belief about the inferred
classification, are directly determined by the vectors {α(x)}x∈X .

Example 1 (Running example: inference on finitely sampled data) In many con-
texts, we have a large fixed quantity of unlabeled data X = {xi}ni=1. In that context, we
will denote the point of interest by superscripts, namely p(xi) = pi, α(xi) = αi, ŷ(xi) =
ŷi, β(xi) = βi and C(xi) = Ci, and we will subsequently (see Example 3) view the xi as
the nodes of a graph. It is worth noting here that viewing the set of nodes as a random
field is a common framework for imposing a Bayesian structure with the goal of quantify-
ing uncertainty in semi-supervised learning, especially in graph-based methods (Zhu et al.,
2003b; Miller and Bertozzi, 2024) which usually interpret learning problems in terms of a
Gaussian random field with covariance structure derived from the graph Laplacian (see Sec-
tion A.5). This is a powerful approach, which admits a direct Bayesian interpretation for
graph-based regression problems, but the statistical interpretation for categorical problems is
not as clear. To the best of our knowledge, this is the first work to consider a Dirichlet-valued
random field (which is inherently categorical) for graph-based semi-supervised learning and
our application to active learning.

We also remark that in this finite data context, it may be useful to view the y’s associated
with the x’s as deterministic (but unobserved). In this context, the ground truth ν(xi, ·)
would be concentrated on a single y value.

Remark 1 (Bayesian prior interpretation.) Although the Dirichlet Learning classifier
is not directly derived from a strictly “proper” Bayesian setup, we can interpret the given
model in a Bayesian framework. In the interest of space, we defer details of this interpre-
tation to Appendix B.

2.2 Propagation Operators

Given the framework in the previous section, we are now faced with the question of how
to determine the vectors {α(x)}x∈X from the currently observed labeled data {(xℓ, yℓ)}ℓ∈L.
We introduce propagation of “pseudo-label” from the labeled data via the use of kernels.
In particular, given a positive definite kernel K : X × X → R+, we define the propagation
from input x ∈ X to be the function Kx(·) = K(x, ·) : X → R+.
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Now let Lk = {xℓ ∈ L : yℓ = k} be the subset of the labeled data L that belong to class
k. Then we can define the functions

KLk
(x) =

∑
xℓ∈Lk

Kxℓ(x),

which are simply the accumulation of individual propagations from labeled points xℓ ∈ Lk
to the point x. We then set the concentration parameter at x, α(x) ∈ RK

+ , to be

α(x) = (KL1(x),KL2(x), . . . ,KLK
(x))⊤ =

∑
ℓ∈L1

K(xℓ, x), . . . ,
∑
ℓ∈LK

K(xℓ, x)

⊤

.

The core idea behind our use of a propagation operator is a mechanism for lending
observation at one point to “nearby” points. That is, an observation of a label at one
input x ∈ X can be used to propagate some amount of an observation of the same label
(i.e., pseudo-label) to points that are similar to x. From a modeling standpoint, it could
be reasonable to require this propagation operator, K, to satisfy various properties such
as symmetry (K(x, z) = K(z, x)), normalization (K(x, x) = 1), or a maximum principle
(K(x, x) ≥ K(x, z) for all z ∈ X ).

For our analysis, however, we find that a notion of the ability of K to “separate” the
clustering structure of the underlying class-conditional density over the inputs is quite useful
for providing rigorous guarantees of exploration of clustering structure through the active
learning process. Simply put, we desire that K(x, z) is large when x, z belong to the same
region of large class-conditional density in a mixture model (i.e., cluster) and small when
they do not. We discuss the particulars of this class-separator property in Section 5.3,
which leads to a general-purpose result for guaranteeing exploration of clustering structure
with the use of DiAL when this property holds. Furthermore, key to our numerical results,
we advocate the use of data-dependent propagation operators that better reflect this class-
separation property for clustered data (see Examples 2 and 3).

Example 2 Consider a distribution of data on the square X = [0, 1]2, with density described
by the classical “two moons” distribution. While generally sources do not provide an exact
expression for such a density, we construct this density using a kernel density estimator of
a finite sample: the associated density is displayed in Figure 3(a).

For such continuum data, there are a variety of possible choices for K to describe the
strength of the relationship between two points. One of the simplest such approaches is based
upon radial basis functions (RBF), namely

K(x, x′) = exp(−∥x− x′∥22/2σ2).

This choice of kernel has been previously utilized in active learning tasks (Karzand and
Nowak, 2020). We notice that such a choice of kernel is isotropic and therefore independent
of the underlying distribution of the data.

An alternative choice, which has previously been considered in the discrete setting under
the name “Poisson Learning” (Calder et al., 2020), utilizes partial differential equations to
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construct a data-informed propagation operator. In particular, we can define our propaga-
tion operator via the expression

KP (x, x
∗) = ux∗(x),

where u∗x is the solution to the partial differential equation

−∆ρux∗(x) + τux∗(x) = δx∗(x) for x ∈ [0, 1]2 \ {x∗} (5)

∇ux∗(x) · ν = 0 on ∂[0, 1]2

where here we define ∆ρv := 1
ρ∇· (ρ∇v) . This kernel will not be symmetric, but will satisfy

our normalization and Maximum Principle assumptions, and will be strongly data-adapted.
A finite difference approximation of this solution is displayed in Figure 3, and demonstrates
very attractive data-adapted propagation.

While this approach gives elegant propagation functions which respect data density and
topology, kernel density estimation and finite difference approximation are computationally
challenging in higher dimensions. As a result, this “continuum” Poisson propagation oper-
ator is essentially unusable in practice; this motivates the graph-based approximation of the
Poisson propagation that we introduce next in Example 3.

Example 3 (Running example (ctd): Graph-based propagation operators) Let
G(X ,W ) be a similarity graph with finite node set X = {xi}ni=1 ⊂ Rd with edge weight
matrix W ∈ Rn×n, where the weight 0 ≤ Wij) captures the similarity between xi, xj ∈ Rd;
that is, Wij is to be larger (smaller) when xi and xj are similar (dissimilar). Let D =
diag(d1, d2, . . . , dn) be the diagonal degree matrix with di =

∑n
j=1Wij denoting the degree

of node xi. We consider pseudo-label propagation from labeled xℓ ∈ L to the rest of the
nodes in the graph via the use of graph Laplacian matrices, as mentioned in Section A.5.
The combinatorial graph Laplacian, L = D−W , is a standard graph Laplacian matrix that
is known to be positive, semi-definite with real eigenvalues and eigenvectors, including a
non-trivial null space. The geometric structure of the eigenvectors corresponding to the k
smallest eigenvalues of graph Laplacians forms the basis for spectral clustering (von Luxburg,
2007).

Define a node function gℓ : X → R (equivalently written as a vector gℓ ∈ Rn assuming
the ordering on the nodes X = {x1, x2, . . . , xn} of the graph) to be the solution to the
following “Poisson propagation” (Calder et al., 2020; Miller and Calder, 2023)

(L+ τ In) g
ℓ = eℓ, (6)

for a given τ > 0 where eℓ ∈ {0, 1}n is the ℓth standard basis vector in Rn. We can then
define a corresponding “Poisson” graph propagation operator KP to be

KP (x
ℓ, x) =

gℓ(x)− (minx̃∈X gℓ(x̃))

gℓ(xℓ)− (minx̃∈X gℓ(x̃))
. (7)

We note that this graph-based propagation operator is inherently transductive; that is,
it only applies to the finite node set X that we used to construct our graph. This is em-
blematic of graph-based methods for semi-supervised and active learning, and it contrasts
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(a) Sample with KDE (b) Graph-based Poisson

(c) RBF Kernel (d) Continuum Poisson

Figure 3: Example propagation operators on a synthetic data set (Two Moons) in two di-
mensions. Panel (a) shows both the level sets of the underlying data-generating
distribution ρ(x) and an empirical sample of 1500 points from ρ. Panels (b-d)
show different propagation operators on the domain, where (b) and (d) are re-
spectively graph-based and finite-difference approximations to the Poisson prop-
agation of Equation (5). These are inherently data adaptive propagations that
consider the data density ρ. In contrast, radial basis function (RBF) propaga-
tion, as shown in panel (c), is independent of the data distribution, whereas the
Poisson propagation depends on the data-generating distribution.
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with the inductive capability of other propagation operators like the RBF kernel discussed
in Example 2 to apply to previously unseen data points. Despite this, the pool-based active
learning setting—wherein the active learner has access to a (large) pool of unlabeled data
for labeling and classification—is quite common, and so this data-dependent Poisson prop-
agation operator is an effective choice for effective propagation of labeled information that
respects clustering structure.

Our analysis in Section 5.3 will then justify this choice of propagation that satisfies the
class-separating property for sufficiently clustered data sets; this will, in turn, imply efficient
exploration of clustering structure through our Dirichlet Active Learning (DiAL) process.

It is insightful to contrast our setup and choice of propagation operator from Example 3
with previous Bayesian frameworks for graph-based semi-supervised and active learning.
For simplicity, consider the binary classification task. In the Gaussian process/random field
setting of works such as (Zhu et al., 2003a,b), the graph Laplacian is incorporated into the
prior distribution as over node functions u : X → R as u ∼ N (0, (L+ τI)−1) and reflects an
a priori assumption regarding the smoothness of likely node functions with respect to the
graph topology. The covariance matrix of this prior distribution is intimately connected to
the graph-based propagation operator that we consider here. Intuitively, this graph-based
prior distribution in the Gaussian random field biases the posterior belief given labeled
data toward node functions that have similar outputs for nodes that are connected in the
graph. In this way, the ample supply of available unlabeled data can straightforwardly be
incorporated into the Bayesian framework to admit more sample-efficient learning of the
classification task under the assumption that the classification structure aligns with the
clustering structure of the unlabeled data.

The motivation for our related graph-based propagation operator does not admit the
same direct interpretation in terms of Bayesian inference. The implicit modeling assumption
with its use in Dirichlet Learning is that a data-dependent propagation operator should
reflect the clustering (geometric) structure of the data set. This intuition is indeed what
underlies the choice of the graph Laplacian-based prior distribution in the Gaussian random
field setting but is not directly modeled in the prior belief for each Dirichlet random variable
in our setting. Instead, the data-dependent propagation operator is incorporated implicitly
into the likelihood model, wherein continuously valued amounts of pseudo-label influence
from labeled points are given to other points in a manner that reflects the underlying
clustering structure of the data set. Intuitively, this choice of data-dependent propagation
in the Dirichlet Learning classifier aims to achieve sample efficient exploration of clusters
by DiAL which we discuss in the next section (Section 3).

3. DiAL: Query Point Selection

The vector-valued function α(x) = (KL1(x),KL2(x), . . . ,KLK
(x))⊤ : X → RK

+ (which may
be organized as a matrix in the case where X is finite) expresses our information about the
probabilities of the different class labels at every point in X , in terms of the underlying
Dirichlet random field. As discussed earlier, given a particular semi-supervised method
there are many different possible approaches for identifying new points at which to acquire
data. For clarity, we introduce now a distinction between an active learning acquisition
function and policy.
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3.1 Acquisition Functions and Active Learning Policies

An acquisition function A(x;L1,L2, . . . ,LK) evaluated on inputs x ∈ X quantifies how
useful our model believes it would be for the active learner to query its label. This acquisition
function is user-defined and is designed to reflect the desired properties of the query points
to be labeled throughout the active learning process. While this function depends on the
data points in L1, . . . ,LK and their associated labels, we will forego explicitly writing this
dependence in favor of readability; namely, we will write A(x) = A(x;L1, . . . ,LK) with the
understanding of the dependence on the currently labeled data.

Now, with a chosen acquisition function it remains to decide how to select the next query
point x∗ from the set of acquisition function values on the unlabeled data, {A(x)}x∈U . We
refer to the method for selecting the query point from said values as the active learning
policy. Among many possible choices, we focus our attention on two natural choices: (1)
Maximum Value and (2) Proportional Sampling.

Maximum Value policy chooses to query the label of the point that maximizes A on the
unlabeled data

x∗MV = argmax
x∈U

A(x).

The majority of sequential active learning methods previously proposed fall under this
category (Settles, 2012; Miller and Bertozzi, 2024; Balcan et al., 2007; Miller and Calder,
2023; Zhu et al., 2003b; Ma et al., 2013; Ji and Han, 2012; Jiang and Gupta, 2019), where
cases of acquisition functions that are to be minimized can be equivalently rephrased to
maximize the negative of acquisition functions values.

Proportional Sampling selects query points via randomly sampling according to a prob-
ability distribution derived from the acquisition function values over the set of unlabeled
inputs; for example, we can select x∗PS = x for x ∈ U with probability

q(x) ∝ exp (λA(x))

for scaling factor λ > 0. This distribution over x ∈ U encourages the selection of points
with larger acquisition function values at a given iteration. Note that as λ → ∞, this
distribution concentrates on the maximizer x∗ = argmaxA(x), whereas as λ → 0+, the
distribution converges to a uniform distribution over the unlabeled data. In Appendix D.1,
we discuss how we choose λ > 0 for our numerical experiments, and we identify some
properties of the choice of λ in an asymptotic regime of DiAL with Prop. Sampling.

We note that this kind of “softmax” scaling for a sampling distribution has recently been
used in other active learning works to encourage diverse batches of query points (Kirsch
et al., 2023) and to correct for the sampling bias of uncertainty sampling with classifiers
found via empirical risk minimization (Zhan et al., 2022). Furthermore, a similar idea of
“proportional sampling” has been used in randomized numerical linear algebra methods
such as (Deshpande and Vempala, 2006; Musco and Woodruff, 2017; Chen et al., 2025)
for column subset selection and low-rank matrix approximation of positive semi-definite
matrices. Depite this shared idea of proportional sampling distributions for selecting inputs,
the nature of our theoretical results is quite distinct from these previous works.

15



Miller and Murray

3.2 Uncertainty Sampling & Other Common Acquisition Functions

One common active learning approach is to query points where the current classifier has the
most “uncertainty” about the class selection, a framework often referred to as uncertainty
sampling (Settles, 2012; Miller and Calder, 2023). This is often expressed by selecting points
where the classifier’s output class probabilities are most alike. In the context of binary
classification, we could quantify this uncertainty using the “smallest margin” acquisition
function

Aunc(x) = −
(
max
k=1,2

p̂k(x)− min
k=1,2

p̂k(x)

)
= −|p̂1(x)− p̂2(x)|, (8)

where here the p̂ are class probabilities outputted by a semi-supervised algorithm, for exam-
ple using (2) from our proposed Dirichlet Learning model. We have defined the acquisition
function to be the negative of the margin value |p̂1(x)− p̂2(x)| in order to obey our policy
convention of maximization. With this choice of acquisition function, then the MV policy
would select the query point x∗MV = argmaxx∈X A(x) = argminx∈X |p̂1(x) − p̂2(x)|: this
should focus on labeling points that are “closest” to the current classifier’s decision bound-
ary. For the multi-class setting various generalizations are possible for the margin value
given above: for example, one could use maxk∈[K] p̂k(x) −mink∈[K] p̂k(x) or the difference
in the probabilities of the two most likely classes.

Variance-based acquisition functions are also common for use in active learning, espe-
cially in graph-based contexts (Ji and Han, 2012; Ma et al., 2013; Qiao et al., 2019). For
example, both Variance Optimization (VOpt) (Ji and Han, 2012) and Σ-Optimality (ΣOpt)
(Ma et al., 2013) utilize functions of the variance of Gaussian random fields with covariance
structure dependent on a similarity graph as a measure of uncertainty. However, in those
contexts, the observed class labels do not affect the variance of the random fields, and hence
VOpt and ΣOpt serve primarily to ensure that labeled points are spread evenly across the
available data. In a sense, these algorithms are primarily exploratory in nature, and in a way
that is label ambivalent. Our use of Dirichlet random fields for semi-supervised inference
allows the use of the variance of each Dirichlet random variable as an acquisition function;
this will inherently be informed by the observed labels at the labeled data, contrasting with
these other variance-based acquisition functions.

3.3 Dirichlet Variance: DiAL’s Acquisition Function

While one could directly apply the uncertainty sampling acquisition function (8) to our
Dirichlet Learning model outputs at each iteration, we possess significantly more infor-
mation than just the mean probability estimator. In particular, we could instead define
uncertainty in the classifier’s outputs for x to be the variance of the Dirichlet distribution
of the class labels at the point x, which we recall from (4) to be

Avar(x) := Tr[C(x)] =
(β(x))2 −

∑K
k=1(α̃k(x))

2

(β(x))2(β(x) + 1)
. (9)

where β(x) =
∑K

k=1 α̃k(x). This approach uses a very different conceptual approach to
defining uncertainty: instead of uncertainty being an issue of similarly probable class la-
bels under a classifier, it instead becomes a lack of information about the probabilities of
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those class labels. We will term the acquisition function of (9) to be Dirichlet Variance.
Using this acquisition function, we may apply either active learning policy for selecting
the next query point. To be clear, we respectively term the maximum value and propor-
tional sampling policies of the Dirichlet Variance acquisition function to be “Dir. Var. ” and
“Dir. Var. (Prop)”; see (Table 1) for a summary.

Name Policy Formula

Dir. Var. Maximum Value x∗ = argmaxx∈U Avar(x)
Dir. Var. (Prop), Proportional Sampling x ∈ U , q(x) ∼ exp (λAvar(x))

Table 1: Summary of two methods which we study based upon the proposed “Dirich-

let Variance” acquisition functions, Avar(x) =
(β(x))2−

∑K
k=1(α̃k(x))

2

(β(x))2(β(x)+1)
. The first,

Dir. Var. selects a query point via the maximizer of the Dirichlet variance,
while Dir. Var. (Prop) selects the next query point with probability q(x) ∝
exp (λAvar(x))

It is useful here to recall a few properties of the variance of a Dirichlet distribution, and
give their interpretation in the context of active learning.

Property 1 (Variance decreases in total observations) Given Dirichlet distributions
with parameter tα with t > 0, α ∈ RK

+ we have that the variance is monotonically decreasing
in t. When t is large, the variance is of order t−1. This indicates that, holding the propor-
tions of class observations constant, the variance decreases as we observe more data. This
means that after each new acquisition of data in our active learning algorithm our variance
will decrease in expected value.

Property 2 (Non-monotonicity of variance) The variance of the Dirichlet distribu-
tion is not monotone in its individual components. This is readily seen in Figure 4. This
means that following a new query, it is possible that the variance of the Dirichlet distri-
bution at some points may actually increase. Consequently, our proposed algorithm is not
guaranteed to be monotone in its uncertainty, a property which is used to provide perfor-
mance guarantees for some classes of acquisition functions (e.g., VOpt and ΣOpt (Ma et al.,
2013)).

Property 3 (Reduction to uncertainty sampling) Given a particular constant O =∑K
k=1 αk the variance of the Dirichlet distribution is maximized when αk1 = αk2 for all

k1, k2 ∈ [K]. This implies that if the number of total pseudo-labels (i.e., implicit class
observations) is comparable across different x’s then the uncertainty is measured to be higher
at points where class probabilities are similar. Described in another way, if β(x) for each
x were approximately constant during the active learning process, then the algorithm would
reduce to a form of uncertainty sampling that would select query points in regions where the
current classifier has large levels of “data-conditional” uncertainty, see Section 6.

We have chosen to use the variance of the Dirichlet random field as a means of modeling
the current level of uncertainty of a semi-supervised classification problem. This is due to
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(a) Variance of Dir(α1, α2) (b) Variance as function of α2, holding α1 = 1.6
constant.

Figure 4: Demonstration of the non-monotonicity of variance of Dirichlet random vari-
ables in individual components, αi. Panel (a) is a heatmap of V ar[P ] =

α1α2
(α1+α2)2(α1+α2+1)

for P ∼ Dir(α1, α2). The red dotted line in (a) represents a

slice where α1 = 1.6 is held constant, and panel (b) highlights the corresponding
non-monotonicity of the variance as α2 is varied.

its flexibility to capture more information than other previously utilized measures of uncer-
tainty. We provide a more detailed discussion about types of uncertainty in classification in
Appendix 6. In that appendix, we also provide a simple 1D example where using classifier
margin as a measure of uncertainty leads to an unsuccessful active learning algorithm, while
Dirichlet variances lead to success.

4. Numerical Experiments

In this section, we present numerical results to evaluate the utility of our proposed DiAL
framework utilizing a graph-based Dirichlet Learning model and the straightforward use
of Dirichlet Variance as an acquisition function for active learning. In Subsection 4.1, we
begin with an application to pixel classification in hyperspectral imagery (HSI) in order to
compare with the Learning by Active Non-linear Diffusion (LAND) algorithm introduced
in (Murphy and Maggioni, 2019). The experiments in Subsection 4.2 use a setup involving
the common machine learning benchmark data sets MNIST (LeCun and Cortes, 2010) and
FASHIONMNIST (Xiao et al., 2017) to assess the explorative capabilities of active learning
methods; this setup was introduced recently in (Miller and Calder, 2023). In Section 4.3,
we discuss the following two main takeaways from our numerical experiments:2

2. We provide some initial steps in understanding the advantages of Proportional Sampling as an active
learning policy in Section 5, but further work in this vein is warranted.
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Abbr. Name Name Policy Ref.

Dir. Var. Dirichlet Variance MV (present work)
Dir. Var. (Prop) Proportional Dirichlet Variance PS (present work)

LAND Learning by Active Nonlinear Diffusion MV (Murphy et al. , 2019)
Unc. (SM) smallest-margin uncertainty Sampling MV (Settles, 2012)
VOpt Variance Optimization MV (Ji and Han, 2012)
ΣOpt Σ-Optimality MV (Ma et al., 2013)

MCVOpt Model Change with VOpt heuristic MV (Miller et al., 2022)
Rand. Random Selection N/A N/A

Table 2: Acquisition functions of interest in the experiments in Subsections 4.1 and 4.2. See
Section 3 for a detailed explanation of MV (maximum value) and PS (proportional
sampling) policies.

1. Dir. Var. (Prop) (Table 1) performs most favorably for exploration and
overall performance across the range of experiments compared to the
array of acquisition functions using Maximum Value policies.

2. The Dirichlet Variance acquisition function selects query points that em-
pirically improve classifier accuracy comparable to the prior state of the
art (LAND, ΣOpt, VOpt, MCVOpt) with a much lower computational
cost and much greater interpretability.

In each experiment, we calculate the average semi-supervised classification accuracy
over 10 trials as a function of the size of the labeled set to compare DiAL with previous
graph-based active learning methods. For consistent comparisons in each experiment, we
compute these accuracies with our proposed Dirichlet Learning classifier using a value of
τ = 0.1, which was chosen via trial-and-error. We note that an interesting line of inquiry is
to investigate how to properly choose τ ; we leave this for future work. In Table 2, we list
the various acquisition functions that we use for comparison in our experiments.

In order to assess the explorative capabilities of the compared methods in the exper-
iments of Subsection 4.2, we additionally track the proportion of clusters that each ac-
quisition function has sampled from as a function of the labeled set size. See Subsec-
tion 4.2 for additional details of this setup. Please see our GitHub repository (https:
//github.com/millerk22/dirichlet-active-learning.git) for the code to reproduce
our results and figures.

Lastly, we refer the reader to Appendix D.1 for our justification of heuristic choices of
the following hyperparameters: (i) the strength of the uniform prior over classes for each
datapoint (α0) and (ii) the inverse temperature parameter, λ > 0, used in the Proportional
Sampling policy.

4.1 Hyperspectral Imagery (HSI) Pixel Classification

We first demonstrate the effectiveness of using DiAL for improving pixel classification in two
commonly studied hyperspectral imagery (HSI) data sets, Salinas-A and Pavia, mimicking
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(a) Salinas A (b) Pavia

Figure 5: Ground truth classifications of Salinas A (a) and Pavia (b) HSI data sets.

(a) Salinas (b) Pavia

Figure 6: Plots of accuracy results on HSI data sets, Salinas-A and Pavia data sets.

the setup presented in (Murphy and Maggioni, 2019; Cloninger and Mhaskar, 2021). The
goal is to classify the pixels in the image into material classes based on the samples from the
different wavelengths. The Salinas A data set is a common HSI data set that contains 7,138
total pixels in an 83× 86 image in d = 224 wavelengths. This is an image of Salinas, USA
taken with the Aviris sensor and contains 6 classes of plant types arranged in a diagonal
pattern (see Figure 5a). The Pavia data set we use here consists of a 270 × 50 subset of
the original Pavia data set and has spatial resolution 1.3m/pixel. The image contains 6
spatial classes, and was taken over Pavia, Italy by the ROSIS sensor (Figure 5b). Both
of these hyperspectral data sets are available online at http://www.ehu.eus/ccwintco/

index.php/Hyperspectral_Remote_Sensing_Scenes.

We construct k-nearest neighbor graphs with k = 20 using cosine similarity

K(xi, xj) = ⟨xi, xj⟩/∥xi∥2∥xj∥2,
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a common similarity metric for HSI applications.3 The semi-supervised classification task
is to infer the classification of unlabeled hyperspectral pixels in the image into one of a
predetermined number of classes given a subset of labeled pixels. Beginning with one
initially labeled pixel per class, we select pixels sequentially via the acquisition functions
described in the previous section.

In both Figure 6 (a) and (b), we plot the accuracy of our Dirichlet Learning graph-based
semi-supervised classifier 3 on the unlabeled datapoints as labeled sets are chosen via the
different acquisition functions throughout the active learning process.

We briefly comment on the relatively poor performance of smallest-margin uncertainty
sampling in the Laplace learning classifier (i.e., Unc. (SM)) in our comparison. smallest-
margin uncertainty sampling has been known to produce especially poor results due to
the selection of overly-exploitative query points; that is, this commonly used method for
uncertainty sampling can lead to query points that do not properly explore the extent of
the data set and result in poor empirical performance.

We note that the LAND acquisition function is not originally designed for this underlying
semi-supervised learning model. For a consistent comparison of results, we have reported
the accuracy in our Dirichlet Learning semi-supervised learning model, though we do note
that the corresponding accuracy in the Learning by Active Nonlinear Diffusion (LAND)
(Murphy and Maggioni, 2019) was poorer than the results in our model shown in Figure 6.

4.2 Cluster Exploration Experiments

In (Miller and Calder, 2023), the authors introduce an experimental setup designed to eval-
uate how effectively an active learning method selects query points that both (1) explores
the clustering structure of the data set and (2) leads to optimal increases in the accuracy of
the underlying semi-supervised classifier. The ground truth classes in the MNIST (LeCun
and Cortes, 2010) and FASHIONMNIST (Xiao et al., 2017) benchmark machine learning
data sets are used to define “clusters” in an auxiliary problem wherein a modified classifi-
cation structure is imposed; namely, the true class labelings yi ∈ {0, 1, . . . ,K} (e.g., digits
0-9 for MNIST) and reassign them to one of k < K classes by taking ynewi ≡ yimod k; see
Table 3.

For each trial with an acquisition function, we select one initially labeled point per
“modulo” class; therefore, only a subset of clusters (i.e., the original true classes) has an
initially labeled point. In order to perform active learning successfully in these experiments,
query points chosen by the acquisition function over the trial must sample from each cluster.
In this way, we have created an experimental setup with high-dimensional data sets with
potentially more complicated clustering structures. We perform 10 trials for each acquisition
function, where each trial begins with a different initially labeled set, and 100 query points
are chosen sequentially by each of the different acquisition functions. To clarify, trials begin
with only 3 labeled points in the MNIST and FASHIONMNIST experiments, so only 3 out
of the 10 clusters begin with labeled points.

With this experimental setup, we can track not only the accuracy of the underlying
semi-supervised classifier on the unlabeled data (accuracy plots), but also the proportion of

3. It should be noted that this similarity metric is different than the kernel used for the propagation operator
in DiAL. This similarity kernel is only used for comparing input pixels for graph construction.
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Resulting Mod Class 0 1 2

MNIST 0,3,6,9 1,4,7 2,5,8

FASHIONMNIST 0,3,6,9 1,4,7 2,5,8

Table 3: “modulo” class labels. Each ground truth class is interpreted as a different “cluster”
so that the resulting class structure has multiple clusters per class. For MNIST
and FASHIONMNIST, there are 10 ground truth classes, and we take these classes
modulo k = 3.

clusters that contain labeled data (cluster exploration plots) throughout the active learning
process. While most work in active learning has only analyzed accuracy (and similar met-
rics) as a function of labeled set size to evaluate the performance of acquisition functions,
we suggest that other metrics such as these cluster exploration plots can be informative.

Remark 2 We note that while we use the experimental setup from (Miller and Calder,
2023) for assessing exploration capabilities in graph-based active learning, our DiAL method
is markedly different from their Unc. Norm method. Whereas they use a Poisson propagation
to reweight the graph around labeled nodes, we use the Poisson propagation to define how
pseudo-label is distributed to similar nodes in the graph for our Dirichlet random field. Thus,
both the underlying semi-supervised classifier and the acquisition function in the current
work are distinct from those used in (Miller and Calder, 2023).

4.2.1 Reduced-size Data Sets for Comparison to LAND

We additionally run active learning experiments on a predetermined, random subset (10%
of the total) of each of these “modified” data sets. This reduced setting allows us to compare
with the LAND algorithm with the publicly-available MATLAB implementation (Murphy)
the authors use since we ran into memory issues when applying to the full MNIST and
FASHIONMNIST data sets. Furthermore, the original forms of the VOpt and ΣOpt ac-
quisition functions are prohibitively expensive for the full MNIST and FASHIONMNIST
data sets; these reduced data sets allow us to also compare against the full calculation of
VOpt and ΣOpt. The random subset is chosen by sampling uniformly at random 10%
of the points from each original class, and we refer to these smaller data sets as MNIST-
SMALL and FASHIONMNIST-SMALL. Figures 7a and 8a display the accuracy results
while Figures 7b and 8b display the cluster exploration results for the MNIST-SMALL and
FASHIONMNIST-SMALL experiments, respectively.

The full MNIST and FASHIONMNIST experiments then exclude comparison with the
LAND acquisition function as well as the full VOpt, and ΣOpt acquisition functions. We
use an approximate VOpt and ΣOpt calculation that utilizes a dimensionality reduction
by projecting onto the eigenvectors corresponding to the r = 50 smallest eigenvalues of the
graph Laplacian, similar to what is done with the MCVOpt (Miller et al., 2022) criterion.
Accuracy and cluster exploration results for both MNIST and FASHIONMNIST data sets
are reported in Figures 9 and 10.
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(a) Accuracy (b) Cluster Exploration

Figure 7: Plots of results on MNIST-SMALL data set, showing both accuracies (a) and
cluster proportion (b) as a function of the active learning iteration (i.e., the size
of the labeled data).

(a) Accuracy (b) Cluster Exploration

Figure 8: Plots of results on FASHIONMNIST-SMALL data set, showing both accuracies
(a) and cluster proportion (b) as a function of the active learning iteration (i.e.,
the size of the labeled data).
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(a) Accuracy (b) Cluster Exploration

Figure 9: Plots of Results on MNIST data set, showing both accuracies (a) and cluster
proportion (b) as a function of the active learning iteration (i.e., the size of the
labeled data).

(a) Accuracy (b) Cluster Exploration

Figure 10: Plots of results on FASHIONMNIST data set, showing both accuracies (a) and
cluster proportion (b) as a function of the active learning iteration (i.e., the size
of the labeled data).
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4.3 Discussion of Numerical Results

We now discuss the results and subsequent implications of the various experiments of Sec-
tions 4.1 and 4.2, as stated briefly in the summary box at the start of Section 4.

4.3.1 Assessing Exploration Capabilities

Recall that plotting cluster proportion as a function of active learning iteration (labeled
set size) allows us to monitor the explorative nature of the selected query points by each
acquisition function; namely, we can characterize a “sufficiently” explorative method as
one that samples from every cluster in fewer iterations than other methods. Then, by
computing the accuracy at each active learning iteration, we can measure how useful the
corresponding query points were for the classification task. Combining both measurements
yields an arguably more complete picture of the utility of a proposed acquisition function.

In the MNIST-SMALL (Figure 7a) and FASHIONMNIST-SMALL (Figure 8a) experi-
ments, we see that the MCVOpt and ΣOpt (Full) acquisition functions often led to the great-
est marginal gains in accuracy compared to all the other methods shown. Dir. Var. (Prop)
performed comparably in terms of accuracy in both experiments, but with a more con-
sistent exploration of clusters across the two experiments (see Figures 7b and 8b). By
comparison, it seems that the query points selected by LAND led to poor performance in
the MNIST-SMALL task while merely sub-optimal performance in the FASHIONMNIST-
SMALL task. An investigation of the cluster exploration plots of both experiments suggests
that the LAND acquisition function struggled to identify query points from each of the 10
clusters in as few queries as the other presented methods. We suggest that this points to
the importance of cluster exploration for the subsequent performance of the classifier in the
active learning process.

In the larger experiments, MNIST and FASHIONMNIST, we observe similar results with
the exception of the ΣOpt acquisition function (possibly due to the spectral approximation
performed to reduce the computational costs for these larger experiments). We highlight
that our proposed Dir. Var. (Prop) method still performs comparably to the best-performing
acquisition functions on the MNIST task, and achieves the best performance of all methods
on the FASHIONMNIST task. These results are encouraging, as across both the large and
small tasks our proposed method has consistently performed well in terms of both accuracy
and cluster exploration.

As a final observation from these experiments, we highlight the consistently poor per-
formance of smallest-margin uncertainty sampling (Unc. (SM)) computed in the Laplace
Learning (Zhu et al., 2003a) model. Such catastrophic behavior of this type of uncertainty
sampling has been observed previously (Ji and Han, 2012; Miller and Calder, 2023), and
further supports our suggestion that exploration of cluster behavior is crucial for success in
the active learning task. We posit that early on, when only a few of the clusters contain
labeled samples, the resulting Laplace Learning classifier’s decision boundaries are most
likely too poor to utilize as the sole mechanism for selecting query points.

4.3.2 Comparing Computational Expense

In addition to the favorable explorative behavior of our proposed DiAL method, we em-
phasize the scalability of both the underlying semi-supervised learning model (Dirichlet
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Aux.Overhead Query Point Selection Semi-Sup. Inference
Abbr. Name Initial Compute Cost Per Unl. Aux.Update Cost Class. Update Cost

Unc. Sampl. - O(K) - K · SpSolve(L, n)
Dir. Var. - O(K) - SpSolve(L, n)

VOpt (Full) O(n3)∗ O(n) O(n2)∗ -
ΣOpt (Full) O(n3)∗ O(n) O(n2)∗ -
MCVOpt O(n2r) O(r +K) O(nr) K · SpSolve(L, n)

Table 4: Computational comparison between acquisition functions, where n = |X |, K is
the number of classes, and r ≪ n is the number of eigenvalues computed in the
auxiliary matrix used in MCVOpt. SpSolve(L, n) represents the cost of a sparse
linear solve with the graph Laplacian matrix L ∈ Rn×n, which we assume to be
sparse pursuant our use of k-nearest neighbor graphs.

Learning) and the Dirichlet Variance acquisition function. That is, updating the Dirich-
let Learning classifier at each active learning iteration and the subsequent calculation of
Dirichlet Variance are relatively cheap to compute. Expanding on this second point, the
computation of Dirichlet Variance scales similarly to the “optimal” scaling of Uncertainty
Sampling (Table 4 and Figure 11) for this pool-based active learning setting. This scaling
is very favorable compared to other acquisition functions like VOpt and ΣOpt that have
been proposed to encourage exploration of clusters (Ma et al., 2013; Ji and Han, 2012;
Miller and Bertozzi, 2024; Miller and Calder, 2023). In their originally proposed form,
both VOpt and ΣOpt require the computation and storage of the inverse of a perturbed
graph Laplacian matrix of size n2, where n is the size of the data set X . We have referred
to this as VOpt/ΣOpt (Full) in the plots of results. MCVOpt (Miller et al., 2022) was
proposed as a more computationally-efficient heuristic for combining VOpt and a type of
uncertainty sampling, without requiring the inversion of said graph Laplacian. However,
MCVOpt still requires the computation of a subset of r ≪ n eigenvalues and eigenvectors
of said graph Laplacian matrix to provide a low-rank approximation to its inverse. We refer
to these additional variables (i.e., the inverse of the graph Laplacian matrix or its low-rank
approximation) as auxiliary matrices since they are not directly used by the underlying
semi-supervised classifiers.

In contrast, the Dirichlet Variance acquisition function requires no such auxiliary matrix
prior to the start of the active learning process and therefore has no additional computa-
tional overhead. Furthermore, VOpt, ΣOpt, and MCVOpt all require updating these aux-
iliary matrices in addition to updating the classifier outputs at each iteration. By requiring
no such auxiliary matrix, Dirichlet Variance requires fewer operations per unlabeled point
than these other acquisition functions.

In Table 4, we display a comparison of the computational requirements of the Dir. Var. ,
VOpt, ΣOpt, Unc. Sampling, and MCVOpt acquisition functions. Initial Compute refers to
the computational cost to initially calculate the associated auxiliary matrix if used by the
acquisition function. Cost Per Unl. refers to the cost of the acquisition function applied to
a single unlabeled point and Aux.Update Cost refers to the cost to update said auxiliary
matrix. Finally, Class. Update Cost refers to the cost of updating the corresponding classifier
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Figure 11: Timing comparison of acquisition function computation per iteration. For
each acquisition function and data set size (n), we plot the average time it
took to compute the corresponding acquisition function over the unlabeled
data. Note that both Dir. Var. acquisition functions scale like O(n) similar
to Unc. Sampling, while VOpt scales quadratically as O(n2). MCVOpt scales
roughly like O(n), with the additional overhead due to computations of or-
der O(r), where r is the number of eigenvalues of the graph Laplacian used.
Note that the additional cost incurred by sampling proportional to acquisi-
tion function values accounts for the timing difference between Dir. Var. and
Dir. Var. (Prop).

at each iteration (if the acquisition function uses the classifier outputs). Costs with an
asterisk (∗) are shown in their originally proposed form—such as full matrix inversion of the
graph Laplacian matrix and storage of manipulations of this n×n dense matrix throughout
the active learning process for VOpt and ΣOpt.

Figure 11 shows a timing comparison between these acquisition functions. For each
acquisition function, we computed the average time over 10 trials to perform one iteration
of the active learning process (i.e., the time required to compute the acquisition function
over the unlabeled data and subsequent selection of query point). Due to the near-identical
form of ΣOpt and VOpt, we only include VOpt in the plot. Figure 11 empirically verifies
the Cost Per Unl. column of Table 4; namely, one iteration of the active learning process
incurs computational cost roughly like

(cost per iteration) = (size of unlabeled data)︸ ︷︷ ︸
≈O(n)

×(cost per unlabeled point).

Thus, VOpt (Full) scales quadratically with data set size, n, while the other acquisition func-
tions scale roughly linearly with n, with additional overhead for MCVOpt due to the extra
computations associated with the r eigenvalues and eigenvectors of the graph Laplacian
matrix. As a result, to facilitate more comparisons on the largest numerical experiments we
utilize a low-rank approximation of VOpt and ΣOpt; see Appendix D.2 for more details.
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5. Theory

In this section, we present a theoretical analysis regarding the use of Dirichlet Active Learn-
ing (DiAL) to both (i) explore in low-data regimes and (ii) asymptotically exploit in high-
data regimes. For analytical convenience, we will work in the continuum regime and make
various assumptions upon the propagation operator and acquisition functions. However,
these theoretical results help to match and explain the type of performance we observed in
our numerical results (Section 4), and we will point out where some of the analysis could
be extended to the discrete data setting or to other kernels and acquisition functions.

5.1 Assumptions and the Continuum Setting

For the sake of concreteness, we will consider a domain X ⊂ Rd that is open and bounded
throughout this section, though the analysis could be extended without significant change
to a compact manifold with proper boundary conditions. Furthermore, we consider a joint
distribution over inputs (X,Y ) ∈ X × [K] that is identified by a density ν(x, y), as well as
the marginal distribution over the inputs identified by a density ρ : X → [0,∞). Lastly, we
will assume that the class-conditional distributions have densities {ρk(x)}Kk=1 and that the

marginal density over inputs can be written as the mixture model ρ(x) =
∑K

k=1wkρk(x)

where
∑K

k=1wk = 1, wk ≥ 0. It is worth noting that the properties of ρ(x) capture the
continuum analog of the clustering structure of a finite data set of points {xi}ni=1 ⊂ X
when they are sampled x ∼iid ρ; that is, regions of X wherein a class-conditional wkρk(x)
is significantly larger than the other components can be used to model clustering structure
in data.

Finally, in contrast to how we have previously defined the domain of the acquisition
function to be the unlabeled data, U = X \ L, we will consider the Dirichlet Variance
acquisition function evaluated on the entire domain X at each iteration in this continuum
setting. This can be interpreted as allowing for “repeated trials” or observations at points
in the domain X . Furthermore, in the continuum setting, the labeled data L constitutes
a discrete set of measure zero with respect to the underlying marginal density ρ, and so
considering the acquisition function on the entire domain X seems natural.

5.2 Summary and Discussion of Theoretical Results

The numerical experiments in Section 4 indicate that DiAL flexibly transitions from low-
label to high-label regimes, or in other words from an exploration phase to an exploitation
phase. As such, our theory seeks to address both regimes. We begin in Section 5.3 by
defining a type of class-separating propagation operators which are, with high probability,
able to discriminate between different components of the mixture model (see Definition 3).
This allows us to describe (Proposition 4) the explorative tendencies of DiAL to effectively
cover the underlying distribution by providing reasonable guarantees that the algorithm will
eventually capture all of the distributional structure and not miss components or clusters.

This flexible framework of a class-separating propagation operator generalizes several
different notions of clustering previously used in the literature. In particular, we show
in Section 5.4 that these assumptions are satisfied under a flexible definition of clustering
described in (Garćıa Trillos et al., 2021), and we build upon their analysis in the context
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of spectral clustering to show that Laplacian-based kernels will be discriminating for such
clustering structures.

Of course, other notions of clustering have previously been utilized to provide exploration
guarantees for active learning algorithms. These include, for example, explicit conditions
on the inter- and intra-cluster distances (Murphy and Maggioni, 2019), ℓp balls that are
well-separated (Karzand and Nowak, 2020), and high-density regions of the data-generating
distribution that are well-separated (Miller and Calder, 2023). As in all of those works, at
this stage we focus on exploration guarantees for our active learning algorithm. We follow
the definitions in (Garćıa Trillos et al., 2021) due to (i) the direct connection to Laplacian-
based methods, upon which the proposed methods in this work focus, and (ii) the fact that
the assumptions given below are much less restrictive than many utilized in other similar
works.

In Section 5.5 we then analytically study the manner in which DiAL will asymptotically
seek more information near classification boundaries. In this case, our analysis is more
formal particularly because one needs to be careful in designing a proper mathematical
model that can capture what one means by asymptotic exploitation. To this end, we derive
a large-sampling limit for DiAL which takes the form of an integro-differential equation
(24). In a small kernel bandwidth limit, this equation demonstrates a clear sampling bias
of DiAL towards regions with greater population-level classification uncertainty: a concrete
statement of this phenomenon can be found in Equation (28). We consider this behavior
to be asymptotically exploitative, in the sense that DiAL with Prop. Sampling (1) will,
in high data regimes, spend most of its time sampling near decision boundaries if the
scaling of λ is chosen properly. This is comparable to the behavior observed for uncertainty
sampling, which focuses all of its attention on such regions, and contrasts strongly with
the behavior of VOpt, which never transitions its attention towards decision boundaries.
Our formal analysis also suggests that the scaling of the inverse-temperature parameter λ
plays an important role in ensuring convergence to this stationary distribution that focuses
along decision boundaries; we provide a numerical demonstration of this behavior in 1D in
Section 5.5.1.

Other works have previously considered this broad question of exploitative behavior (i.e.,
the focusing of query point selection along ground truth decision boundaries between classes)
(Dasgupta, 2011; Dasarathy et al., 2015; Balcan et al., 2007; Rittler and Chaudhuri, 2023).
To our knowledge, however, there are relatively few algorithms with rigorous guarantees
that can successfully transition from exploring to exploiting, and the analysis in this section
demonstrates that this is the case with DiAL.

5.3 Exploration Guarantees: General Cluster Discovery

Our first goal will be to establish high-probability cluster discovery guarantees. At a high
level, we will show that given K classes which are derived from K distinct clusters, then
with high probability Dirichlet Learning will sample from each of the classes in K steps.
The subsequent generalization to C > K clusters follows in similar fashion and is addressed
in Remark 6. Of course, such behavior is intimately connected with the particular choice of
kernel, propagation function, and underlying probability densities. In this section, we will
always assume that X is a subset of Rd.
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Our first aim will be to provide an abstract notion describing the ability of a particular
kernel to separate classes. To this end, we give the following definition:

Definition 3 We call a particular propagation operator K a (δ, ζ, ε) class separator of a
mixture model {ρi} if there exist disjoint sets Xi such that ρi(Xi) ≥ 1 − δ and so that for
any x ∈ Xi we have that K(x, x′) > ζ if x′ ∈ Xi and K(x, x′) < ε if x′ ∈ Xj with j ̸= i.

This notion, of course, will be highly dependent upon the kernel and underlying densities,
and we will prove that such a property holds for specific situations in Section 5.4. Under the
assumption that our operator is separating, we then provide the following concrete result
about cluster exploration, which follows from a direct, probabilistic argument.

Proposition 4 Suppose that K is a (δ, ζ, ε) class-separating propagation operator used in
the Dirichlet Learning classifier. If query points are selected using Dirichlet Variance with
Prop. Sampling (see Table 1), then with probability

≥ 1− K

(1− δ)wmin

[
δe2λ/α

2
0 + (1− (1− δ)wmin)e

λ(C−1)/(K(α0+ε)+1)
]
−K2wmaxδ

Dirichlet Active Learning (DiAL) will sample from each of the K classes in K steps, where

C := C(α0, ε, ζ,K) :=

(
1 +

4(α0 + 1)

K(α0 + ε)

) (K − 1)(α0 + ε)4

(K + 1)α2
0

(
α0 +

ζ
K

)2
 (10)

and wmin, wmax are respectively the smallest and largest class weightings.

Remark 5 Note that the bound in Proposition 4 is meaningful when C(α0, ε, ζ,K) < 1
so that the exponential term can be reasonably bounded as λ > 0 is increased. The inner
term will always worsen as λ increases, but this term is kept small by the constant δ ≪ 1.
Consider the elucidating case when ε = 0, ζ = 1, and δ = 0 (i.e., K “perfectly” separates
the classes in the mixture ρ) and α0 =

1
K2 , then straightforwardly we have that

C

(
1

K2
, 0, 1,K

)
=

(
1 +

4(K2 + 1)

K

)
(K − 1)

(K + 1)3
≤ 1

2
< 1,

and so our probability estimate becomes

1− K

wmin

(
(1− wmin)e

−λK/2
)
,

which evidently goes to 1 as λ→∞.

Example 4 The most straightforward application of the previous results would be in the
setting when we use radial basis functions with support on B(0, R) and the supports of the
different mixture components are separated by a distance greater than R and each cluster
has diameter less than R. In that context, it is immediate to check that the kernel would
be a class separator with δ, ε = 0 and with ζ determined by the kernel and the maximum
diameter of the clusters. By making appropriate choices of α0, λ, we can then make the
probability of sampling from the unexplored clusters arbitrarily close to one. This type of
result is analogous to the cluster exploration results given in (Karzand and Nowak, 2020).
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Of course, the simplified setting of Example 4 (used in (Karzand and Nowak, 2020))
requires rather restrictive assumptions regarding the data components in order to obtain
reasonable exploration guarantees. In the next subsection, we provide details for a more
flexible, data-adaptive framework in which we can demonstrate the class-separation prop-
erty.
Proof [Proof of Proposition 4] We will provide a proof by induction. Suppose that the
first J < K samples belong to the sets Xij with ij ̸= ik when j ̸= k, and that yj = ij ,
where the Xi are as in Definition 3. With C(α0, ε, ζ,K) as defined in (10) and letting
ωmin = (1− δ)wmin, we claim that with probability at least

(1−Kwmaxδ)

(
1− δ

ωmin
exp

(
2λ

α2
0

)
− (1− ωmin)

ωmin
exp

(
λ (C(α0, ε, ζ,K)− 1)

K(α0 + ε) + 1

))
that xJ+1 will belong to XiJ+1 , with iJ+1 ̸= ij , for all j ≤ J , and that yJ+1 = iJ+1. In
words: with the given probability, the subsequent sample will be from a Xi for which we
have not yet observed a label, and will have the correct label associated with Xi.

We notice that for any x ∈ Xij , for some j = 1, . . . , J , we have that αij (x) > ζ + α0,
whereas all other αi(x) are less than ε+ α0. This then implies for x ∈ Xij that

Avar(x) =
2
∑

i ̸=k αiαk

β2(β + 1)
≤ 4(K − 1)(α0 + ε)(α0 + 1) +K(K − 1)(α0 + ε)2

(Kα0 + ζ)2(Kα0 + ζ + 1)
=: Alab

var.

On the other hand, for any x ∈ Xi such that ij ̸= i for all j = 1, . . . , J we have that
αk(x) < ε for all k. We then obtain that

Avar(x) =
2
∑

i ̸=k αiαk

β2(β + 1)
≥ K(K + 1)α2

0

K2(α0 + ε)2(K(α0 + ε) + 1)
=: Aunl

var.

Let X̂ denote the complement of all of the Xi. We notice that at all points we have that
the variance is smaller than

Avar(x) ≤
K(K + 1)(α0 + 1)2

(Kα0)2(Kα0 + 1)
=

(K + 1)(α0 + 1)2

Kα2
0(Kα0 + 1)

=: Aback
var .

Now, we notice that the normalizing constant for our sampling distribution will be at
least∫

X
eλV (α(x))ρ(x) dx ≥

∑
ik:k>J

wik

∫
Xik

eλV (α(x))ρik(x) dx ≥ (1− δ)wmin exp
(
λAunl

var

)
.

Now, we can bound

Aback
var −Aunl

var ≤
(K + 1)(2α0 + 1)

Kα2
0(Kα0 + 1)

Alab
var

Aunl
var

=

(
4(K − 1)(α0 + ε)(α0 + 1) +K(K − 1)(α0 + ε)2

K(K + 1)α2
0

)

×
(
K2(α0 + ε)2(K(α0 + ε) + 1)

(Kα0 + ζ)2(Kα0 + ζ + 1)

)
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≤ (K − 1)(α0 + ε)4

(K + 1)α2
0

(
α0 +

ζ
K

)2 (1 + 4(α0 + 1)

K(α0 + ε)

)
= C(α0, ε, ζ,K),

so that

Alab
var −Aunl

var ≤ (C(α0, ε, ζ,K)− 1)Aunl
var.

Hence we have that the probability of sampling in either X̂ or from one of the already
labeled clusters Xij will be at most

P
(
XJ+1 ∈ ∪ik:k≤JXik ∪ X̂

)
= P

(
XJ+1 ∈ X̂

)
+ P (XJ+1 ∈ ∪ik:k≤JXik)

≤

∫
X̂ eλV (α(x))ρ(x) dx+

∫
∪ik:k≤JXik

eλV (α(x))ρ(x) dx∫
X eλV (α(z))ρ(z) dz

≤ δ

(1− δ)wmin
exp

(
λ
(
Aback

var −Aunl
var

))
+

(1− wmin(1− δ))

(1− δ)wmin
exp

(
λ
(
Alab

var −Aunl
var

))
<

δ

(1− δ)wmin
exp

(
λ(K + 1)(2α0 + 1)

Kα2
0(Kα0 + 1)

)
+

(1− wmin(1− δ))

(1− δ)wmin
exp

(
λ (C(α0, ε, ζ,K)− 1)Aunl

var

)
,

where the constant C(α0, ε, ζ,K) satisfies

Alab
var

Aunl
var

≤ C(α0, ε, ζ,K) :=

(
1 +

4(α0 + 1)

K(α0 + ε)

) (K − 1)(α0 + ε)4

(K + 1)α2
0

(
α0 +

ζ
K

)2
 < 1.

We further simplify this expression for the probability of interest as:

P
(
XJ+1 ∈ ∪ik:k≤JXik ∪ X̂

)
≤ δ

(1− δ)wmin
exp

(
2λ

α2
0

)
+

(1− (1− δ)wmin)

(1− δ)wmin
exp

(
λ(C(α0, ε, ζ,K)− 1)

K(α0 + ε) + 1

)
=

δ

ωmin
exp

(
2λ

α2
0

)
+

(1− ωmin)

ωmin
exp

(
λ(C(α0, ε, ζ,K)− 1)

K(α0 + ε) + 1

)
.

It only remains to estimate the probability that a sample which is in XiJ+1 will have label
yJ+1 = iJ+1. Using the definition of our class separators, this conditional probability is
larger than 1−Kwmaxδ.

This proves our induction step, and then by iterating this bound (which was constructed
to be independent of the particular group of indices ij) we obtain our desired result by using
the inequality (1− z)K ≥ 1−Kz.
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Remark 6 We briefly note that while Definition 3 and Proposition 4 are stated in terms of
K clusters (one for each of the K different classes), this setup straightforwardly generalizes
to the situation of multiple, disjoint clusters in each class. If there are a total of M different
clusters—each one belonging to precisely one of the K distinct classes—then the same rea-
soning used to lower bound the Dirichlet Variance values on the unexplored classes extends
to the unexplored clusters belonging to classes that have labeled points in other clusters.

5.4 Exploration Guarantees: Laplacian-based Class Separation

The results of the previous section provide exploration guarantees for DiAL, under specific
assumptions on the propagation operator and upon the underlying class-conditional proba-
bilities. However, most of the computational examples which we gave in Section 4 utilized
propagation operators which were based upon graph Laplacians, and the corresponding
properties of the propagation operator are not immediately obvious. Accordingly, in this
Section we seek to establish class separation guarantees for such propagation operators. As
we do so, we make a number of choices in order to simplify the analysis, and we attempt
to justify them as they are introduced.

5.4.1 Heat Kernel Propagation for Theoretical Analysis

While we have focused on the graph-based Poisson propagation operator introduced in (6)
and (7) for our numerical results, we turn our attention in the continuum regime to a
heat-kernel propagation operator as opposed to the continuum-limit analog of the Poisson
propagation. For a domain X ⊂ Rd, the density-dependent heat kernel Kt(z, x) with source
z ∈ X that solves {

∂tKt(z, x)−∆ρKt(z, x) = 0 x ∈ X , t > 0

K0(z, x) = δz(x)
(11)

where the diffusion operator

∆ρ =
1

ρ
div (ρ∇·) (12)

is self-adjoint with respect to the ρ-weighted inner product. We note that the differential
operators in (11) are with respect to the variable x, while the variable z is the source.
Furthermore, depending on the domain X , one must assume boundary conditions to make
(11) well-defined. In general, we will state the necessary assumptions on the heat kernel,
Kt(z, x), and provide reasonable example situations in which these assumptions hold.

We choose to use the heat kernel for a number of reasons. One main reason that we
choose not to analytically study Poisson propagation is that it induces analytical complica-
tions in continuum settings. For example, it is still an open problem to establish a formal
continuum limit for the graph-based Poisson propagation operator (Calder et al., 2020) due
to the highly singular nature of the right-hand side of the corresponding governing equation

−∆ρu+ τu = (τI −∆ρ)u = δz(x).

Furthermore, by considering the fundamental solution of the Laplacian on Rd, we expect
solutions of this equation to go to infinity at z, a point which is handled in a delicate way
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by solution rescaling in (Calder et al., 2020). The heat equation, in contrast, is much more
amenable to analysis in the continuum setting.

We note, however, that the Poisson propagation can be viewed as an approximation
to a corresponding heat-kernel propagation. Informally, one could consider using a single
backwards Euler step of the heat equation to write

Kt(z, x) = et∆ρδz(x) ≈ (I − t∆ρ)
−1δz(x) = tu1/t(x),

where (τI − ∆ρ)uτ (x) = δz(x) is the continuum-limit analog of the Poisson propagation
(6). This shows the relationship between using the heat kernel propagation Kt(z, x) and
the Poisson propagation, and so we continue with our theory in the heat kernel setting in
the continuum.

5.4.2 A Well-separated Mixture Model

Many of the examples throughout the paper focus on Laplacian-based propagation opera-
tors. These kernels are data-adapted, and it is natural to guess that they will therefore be
well-adapted to cluster separation. An analog of the type of separation that we consider
here has recently been studied in the context of spectral clustering in (Garćıa Trillos et al.,
2021). In the interest of clarity, we only consider population-level distributions and mixture
models, but their work also considers guarantees for finite samples of such a mixture, and
the results we give in this section should extend to that setting as well.

One starting point from (Garćıa Trillos et al., 2021) is the concrete description that they
give for a mixture model to be “well-separated” in an appropriate sense.

Definition 7 (Garćıa Trillos et al. (2021)) Consider a probability density

ρ(x) =

K∑
k=1

wkρk(x)

on Rd with wk ≥ 0 and ρk being probability densities. We call such a density a mixture
model, and each of the ρk the mixture components. We then define the following parameters:

1. Overlapping. The overlapping, S, of a mixture model is defined to be

S := max
i ̸=j

∫
ρiρj
ρ

dx,

2. Coupling. The coupling, C, of a mixture model is defined to be

C := max
k

∫ ∣∣∣∣∇ρkρk
− ∇ρ

ρ

∣∣∣∣2 ρk dx,
3. Indivisibility. The indivisibility, Θ, of the mixture model is defined to be

Θ := min
k

min
u⊥1,

∫
u2ρk=1

∫
|∇u|2ρk.
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In Garćıa Trillos et al. (2021) the authors’ definition also applies to probability distri-
butions defined on manifolds. We choose not to state our results in terms of manifolds as
it doesn’t align with other portions of this work, but all of the results in this subsection
would apply in the manifold setting as well. One of the main assumptions (Assumption 7
in Garćıa Trillos et al. (2021)) in their work is that

ρ, ρk ∈ C1

∆ρ,∆ρk have discrete spectrum

L2(ρ), L2(ρk) each have an orthogonal eigenbasis

(S)

where ∆ρ and ∆ρk are the Laplace-Beltrami operators depending on the densities, ρ and ρk,
respectively (see (12)). We will take this as a standing assumption throughout this section.

In the previous definition, the overlapping S describes the amount to which pairs of
the mixtures have coincident densities, relative to the underlying density. In a case where
the mixtures have disjoint supports, this parameter will be zero. The indivisibility Θ is a
measure of how difficult it is, in terms of Dirichlet energy, to divide any one of the clusters:
this parameter would be large in the case of strongly log-concave mixture components. The
coupling parameter C is somewhat more subtle, and measures a type of relative entropy
between ρ and ρk: again this parameter would be zero for disjoint mixture components.

Garćıa Trillos et al. (2021) then define a well-clustered mixture model via the relation-
ships

S ≪ 1 and
C
Θ
≪ 1. (13)

These conditions, of course, require some knowledge of the underlying distributions, and
may be difficult to verify for a particular data set. However, most natural models of well-
clustered data would satisfy these assumptions. For example, in the case where we have K
clusters with disjoint support we will have S and C both equal to zero. They would also hold
for Gaussian mixtures which are sufficiently separated (and S and C could be quantified in
terms of the means and variances). In this sense, we view these conditions as applicable to
many different models of separated data components.

5.4.3 Laplacian-based Exploration Main Result

With these definitions in hand, we now state our main exploration result, which guarantees
that clusters are explored efficiently: this proposition largely turns out to be a direct con-
sequence of the estimates given by Garćıa Trillos et al. (2021). In summary, we have that
Proposition 10 gives explicit values for which the heat equation kernel Kt(x

∗, x) = et∆ρδx∗

is a (δ, ζ, ε) class separator for the mixture model with parameters S, C,Θ by using values
determined by Proposition 12 presented thereafter. For convenience, we begin by stating
Theorem 8 as a simplified result to provide intuition regarding the main results.

Theorem 8 Consider a mixture model density ρ with parameters (S, C,Θ) satisfying As-
sumption (S), and let Kt(x

∗, x) = et∆ρδx∗ be the heat kernel with Neumann boundary con-
ditions and parameter t. Suppose further there exist constants κ,M > 0 such that

C ≤ κ, S ≤ κ, Θ ≥
√
κ,
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and ∥e∆ρt∥L1(ρ)→L∞(ρ) ≤
√
M . Then, Kt is a (δ, ζ, ε) class separator with

δ ≤ Cκ1/4, ζ ≥ w−1
max − C

(
| log(κ)κ1/2 +Mκ)

)
, ε ≤ C

(
κ1/4 +Mκ

)
,

where C is a constant that depends only upon K,w, and ∥ρ∥∞.

Theorem 8 simply states specific values of δ, ζ, ε for which the continuum heat kernel
defined on a well-separated mixture model ρ is indeed a class separator. In light of our
generalized exploration result (Proposition 4), this implies that using a Laplacian-based
heat kernel for the propagation operator in DiAL will efficiently explore the clustering
structure (i.e., selecting query points in each of the different clusters of the mixture model).

By combining Theorem 8 and Proposition 4 we then immediately obtain the following
cluster exploration result:

Corollary 9 Consider a mixture model as in Theorem 8, assume that t is chosen so that
M ≤ κ−1/2, α0 = w−1

maxK
−2, λ ∼ − 1

16w2
maxK

log κ and assume that κ≪ 1. Then, for some

exponent α > 0 and constant C > 0, with probability at least 1−Cκα, DiAL with the general
heat kernel propagation will sample from all K classes in exactly K steps.

Corollary 9 intuitively shows that the (data-dependent) heat kernel propagation Kt allows
DiAL to efficiently explore the clustering structure (i.e., select query points in each of K
clusters in K queries) of a well-clustered mixture model with high probability.

We continue with our main result (Proposition 10) that provides explicit expressions
for which the heat-kernel is a (δ, ζ, ε) class separator for a well-separated mixture model
with general values of C,S, and Θ. We note that Theorem Theorem 8 is, after tracking
constants, a simplified version of this Proposition.

Proposition 10 Consider a mixture model with parameters (S, C,Θ) which satisfies As-
sumption (S). Let Kt(x

∗, x) be the heat kernel with parameter t, namely the solution to the
heat equation satisfying Kt(x

∗, x) = et∆ρδx∗ with Neumann boundary conditions. Consider
parameters a, b, σ as in Proposition 12. Then, under the assumptions on parameters stated
in Proposition 12, the kernel Kt will be a (δ, ζ, ε) class separator with

δ = δ̃+a2, ζ =
(1− sin(b))2

wmax
cos(2(σ+ b))− ξ, ε =

(1 + sin(b))2

wmin
cos(π/2− 2(σ+ b))+ ξ,

where

ξ := |eλKt − 1| (1 + sin(b))2

wmin
∥ρ∥∞

+ min
t1,s>0,t1+s<t

eλK+1(t−t1−s)∥et1∆ρ∥L1(ρ)→L2(ρ)∥es∆ρ∥L2(ρ)→L∞(ρ).

Proof We consider a sequence of eigenvalue, eigenfunction pairs (λk, ek) of the operator ∆ρ,

normalized in the ρ-weighted L2 norm. Define g(y) = et1∆δx∗−
∑K

k=1 e
λkt1ek(x

∗)ρ(x∗)ek(y),
with t1 being a parameter that we choose later. We can interpret g as the projection of the
solution to the heat equation onto the “high” Fourier modes. We find that

Kt(x
∗, x) =

K∑
k=1

ek(x
∗)ρ(x∗)ek(x) +

K∑
k=1

(eλkt − 1)ek(x
∗)ρ(x∗)ek(x)
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+ es∆
∞∑

k=K+1

eλk(t−t1−s)ek(x)⟨ek, g⟩ρ. (14)

We can then bound∣∣∣∣∣
K∑
k=1

(eλkt − 1)ek(x)ek(x
∗)ρ(x∗)

∣∣∣∣∣ ≤ |eλKt − 1| max
k=1...K

∥ek∥2L∞(Ek)
∥ρ∥∞,

where we will only need to estimate this term in regions (i.e., a family of disjoint sets Ek

that are defined in Proposition 12, for the purposes of proving (δ, ζ, ε) class separation)
where the eigenfunctions ek are not too large. We can also bound∣∣∣∣∣es∆

∞∑
k=K+1

eλk(t−t1)ek(x)⟨ek, g⟩ρ

∣∣∣∣∣ ≤ ∥es∆∥L2(ρ)→L∞(ρ)

∥∥∥∥∥
∞∑

k=K+1

eλk(t−t1)ek(x)⟨ek, g⟩

∥∥∥∥∥
L2(ρ)

≤ eλK+1(t−t1)∥g∥L2(ρ)∥es∆∥L2(ρ)→L∞(ρ)

≤ eλK+1(t−t1−s)∥et1∆∥L1(ρ)→L2(ρ)∥es∆∥L2(ρ)→L∞(ρ).

Hence we define

ξ := min
t1,s>0,t1+s<t

|eλKt − 1| max
k=1...K

∥ek∥2L∞(Ek)
∥ρ∥∞

+ eλK+1(t−t1−s)∥et1∆ρ∥L1(ρ)→L2(ρ)∥es∆ρ∥L2(ρ)→L∞(ρ).

In turn, we only need to estimate the first term in Equation (14). This is considered in
Proposition 12. That Proposition also provides an upper bound upon ∥ek∥2L∞(Ek)

, which
completes the proof.

The quantity ξ tracks the error induced by using the heat kernel in two ways. The
first term, which is proportional to eλKt − 1, is small when the lowest eigenvalues are too
close to zero. The second term is, in contrast, reliant on higher-frequency information, and
decays like eλK+1t. The operator norm bounds are relatively standard in the literature on
parabolic equations, and are primarily for analytical convenience in estimating the different
terms. As the magnitude of ξ is highly dependent upon the difference in magnitude of the
eigenvalues, we now recall the following result from Garćıa Trillos et al. (2021).

Proposition 11 (Propositions 27 and 38, Garćıa Trillos et al. (2021)) Consider a
mixture model with parameters (S, C,Θ) which satisfies Assumption (S), and suppose that
KS < 1. Then the following bounds hold:(√

Θ(1−KS)−
√
CKS

1− S

)2

≤ λK+1

λK ≤
KC

1−KS1/2
.
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In turn, the main consideration in bounding ξ relates to the choice of t and the operator
norm bounds on the heat kernel. The types of bounds that are implicitly assumed in the
definition of ξ are called ultracontractivity estimates for the heat kernel, and are known
to be finite under various classes of assumptions: a standard reference on the subject is
(Davies, 1989). In particular, these bounds will hold for densities which are compactly
supported and do not degenerate, or for mixtures whose densities are smooth and (asymp-
totically) log-concave. While for empirical data it will be challenging to verify bounds on
ξ, there are many important models, including those used previously in the active learning
literature (Karzand and Nowak, 2020; Cloninger and Mhaskar, 2021), where it is possible
to bound ξ (e.g., Gaussian mixtures, uniform distributions on sets with very small overlap).
Furthermore, if we restrict our “hypothesis class” to be densities for which the heat ker-
nel obeys desired bounds (for example by assuming uniform log-concavity on the mixture
components), then we can completely control all of the remaining terms in Proposition 10
using the parameters S, C,Θ. As a simple illustration, we provide an example detailing the
scaling of the associated constants in the context of a simple 2-component Gaussian mixture
model in Appendix E.

Now, we turn to a key estimate for the heat kernel, regarding the effect of the low Fourier
modes after neglecting decay. For convenience, and following the notation in (Garćıa Trillos
et al., 2021), we define the spectral embedding F to be the mapping from Rd to RK given
by

F (x) := (ei(x))
K
i=1.

Proposition 12 Consider a mixture model with parameters (S, C,Θ). We define the pa-
rameters

Ξ := K
(Λ−

√
S)2

4
+ 4K3/2

(
1√

1−KΛ
− 1

)
,

with

Λ := 4

√Θ(1−KS)
C

−
√
KS

(1− S)

−1

+
√
S.

We assume that

a, b > 0 (15)

a sin(b)
√
wmax

≥
√
Ξ (16)

S <
wmin(1− cos2(σ))

wmax cos2(σ)K2
(17)

Λ−
√
S > 0 (18)

ΛK < 1 (19)

b+ σ <
π

4
(20)

and we let

δ̃ :=
wmaxK

2S
w2
min(1− cos2(σ))

+
1− cos2(σ)

wmin
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Then there exists disjoint sets Ek so that ρk(Ek) > 1 − (δ̃ + a2), which satisfy the
inequalities, for x ∈ Ej , x

∗ ∈ Ek∣∣∣∣∣
K∑
k=1

ek(x)ek(x
∗)

∣∣∣∣∣ = |⟨F (x), F (x∗)⟩| ≤ (1 + sin(b))2

wmin
cos
(π
2
− 2(σ + b)

)
if j ̸= k (21)∣∣∣∣∣

K∑
k=1

ek(x)ek(x
∗)

∣∣∣∣∣ = |⟨F (x), F (x∗)⟩| ≥ (1− sin(b))2

wmax
cos(2(σ + b)) if j = k (22)∣∣∣∣∣

K∑
k=1

ek(x)ek(x
∗)

∣∣∣∣∣ = |⟨F (x), F (x∗)⟩| ≤ (1 + sin(b))2

wmin
if j = k (23)

Proof The ingredients for this proof are all present in the proof of Theorem 10 in Garćıa
Trillos et al. (2021). However, their statements are all made in terms of the overall proba-
bility of points which are in the support of a set of approximately orthogonal cones: in other
words, they estimate probabilities in terms of ρ. This was natural in their unsupervised
setting, whereas in ours we are closer to the supervised setting and care about the labels
associated with each mixture component; that is, we want to estimate the size of sets in
terms of the ρk. We simply sketch how the estimates we use can be obtained by small
modifications of their proofs.

In one of the first main steps in their proof, they identify the functions q̃k :=
√

ρk
ρ as

a system of approximate eigenfunctions, which are almost orthogonal in a way that can be
quantified by S. Specifically, in the proof of Proposition 29, given an angle 0 < σ < π

4 they
define the disjoint sets

Ak :=

x : ρk(x) > cos2(σ)
K∑
j=1

ρj(x)


They then prove that

ρ

(
K⋃
k=1

Ak

)
≥ 1− wmaxK

2S
wmin(1− cos2(σ))

.

We now extend their estimate to apply to the conditional probabilities ρk, as needed in
estimating the class separator parameters in Definition 3. We first notice that the previous
inequality immediately implies that

ρk

 K⋃
j=1

Aj

c ≤ wmaxK
2S

w2
min(1− cos2(σ))

.

On the other hand, by the definition of the Ak we have that for j ̸= k

wjρk(Aj) ≤ (1− cos2(σ))wjρj(Aj) ≤ (1− cos2(σ))ρ(Aj),

which after summing over j ̸= k gives

wminρk

⋃
j ̸=k

Aj

 ≤ (1− cos2(σ)).
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This then implies that

ρk(A
c
k) ≤

wmaxK
2S

w2
min(1− cos2(σ))

+
1− cos2(σ)

wmin
=: δ̃.

In terms of embeddings, they define the mapping FQ := (q̃k)
K
k=1. The proof of Theorem

10 in their paper shows that there exists an orthonormal matrix O so that

W 2
2 (OF♯ρ, F

Q
♯ ρ) ≤ K

(Λ−
√
S)2

4
+ 4K3/2

(
1√

1−KΛ
− 1

)
=: Ξ,

with

Λ := 4

√Θ(1−KS)
C

−
√
KS

(1− S)

−1

+
√
S

Here we have used the notation F♯ρ to denote the standard push-forward measure, which
is defined to be the measure so that F♯ρ(B) := ρ(F−1(B)) for Borel sets B.

Using the definition of the Wasserstein distance, we can also infer that

W 2
2 (OF♯ρk, F

Q
♯ ρk) ≤

Ξ

wmin
.

We also notice that

FQ(Ak) ⊂
{
z :

zk
|z|

> cos(σ),
1

√
wmax

≤ |z| ≤ 1
√
wmin

}
.

In words, the embedding FQ separates the Ak into orthogonal cones with angle σ and places
the mass in Ak at least distance 1√

wmax
from the origin.

Finally, in Proposition 22 of their paper they show stability bounds of cones under the
Wasserstein distance. In particular, given a vector v ̸= 0 and an angle parameter 0 < σ < π

4 ,
if we let the set C be a cone defined by

C :=

{
x :
⟨v, x⟩
|v||x|

≥ cos(σ)

}
then we can define the set Cr := C ∩ (B(0, r))c. By following the proof of Proposition 22 by
Garćıa Trillos et al. (2021), as applied to one cone as opposed to an orthogonal system of
cones, one has that, for a probability measure µ1 with µ1(Cr) > 1− δ, then for any a, b > 0
satisfying

ra sin(b) ≥W2(µ1, µ2)

and assuming that 0 < σ + b < π/4, we will also have that µ2(C̃ ∩ (B(0, r̃))c) > 1 − δ̂,
with C̃ being the cone centered on v with angle smaller than σ + b, r̃ = r(1 − sin(b)) and
δ̂ = δ + a2. We furthermore note that their proof could be extended so that if we have
µ1(C ∩ (B(0, R) \ B(0, r))) with R > r then we will have µ2(C̃ ∩ (B(0, R̃) \ B(0, r̃))) with
R̃ = R(1 + sin(b)).
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Putting these facts together, we then have that if our parameters satisfy equations (16)-
(20) and if we define a cone centered on the k-th coordinate vector with angle σ + b to be

Ck, then for r̃ = 1−sin(b)√
wmax

and R̃ = 1+sin(b)√
wmin

and letting C̃k = Ck ∩ (B(0, R̃) \B(0, r̃)) we have

OF♯ρk(C̃k) ≥ 1− (δ̃ + a2).

We notice that if z ∈ C̃k and z′ ∈ C̃j with j ̸= k then we have that

⟨z, z′⟩ ≤ R̃2 cos(π/2− 2(σ + b)).

On the other hand, if j = k we have that

r̃2 cos(2(σ + b)) ≤ ⟨z, z′⟩ ≤ R̃2.

This then concludes the proof.

Finally, we give the proof of Theorem 8 which presents a simplified result to give intuition
regarding the implications of our main theoretical result (Proposition 10).
Proof (Theorem 8). This simply amounts to choosing the parameters a, b, σ appropriately,
and then bounding all of the terms. Throughout this proof, we let C be a constant that
varies line by line, and may depend upon K,wmin, wmax, ∥ρ∥∞, but does not depend upon
the other parameters. First, we notice that√Θ(1−KS)

C
−
√
KS

(1− S)

−1

≤ Cκ1/4

In turn
Ξ ≤ Cκ1/2

Now let a = κ1/4 and b = κ1/4, and σ = κ1/4. Then δ̃ ≤ Cκ1/2.
We also note that using our assumptions we have that |λK | ≤ κ and |λK+1| ≥ Cκ1/2.

Therefore by setting t = − log(κ)κ−1/2 we have that |eλKt − 1| ≤ C| log(κ)|κ1/2 and
|eλK+1(t−2)| ≤ Cκ. In turn this implies that ξ ≤ C(| log(κ)|κ1/2 + Mκ) Putting this
all together, then gives that our kernel is a (δ, ζ, ε) class separator with δ ≤ Cκ1/2,
ζ ≥ w−1

max − C(| log(κ)|κ1/2 +Mκ) and ε ≤ C(κ1/4 +Mκ).

5.5 Asymptotic Behavior of DiAL Queries

In this section, we identify a formal continuum limit associated with Dirichlet Active Learn-
ing (DiAL), and identify its steady states. For simplicity, we focus our attention on the
case where X is a bounded open set in Rd, and that the underlying features are associated
with a smooth and bounded density ρ(x) =

∑K
k=1wkρk(x) supported on X with smooth

and bounded class-conditional densities ρk(x) for k ∈ [K]. Recalling (9), we furthermore
define V (α(x)) := Avar(x) and assume that our acquisition function samples proportional
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to eλV (α(x)) (i.e., the Proportional Sampling policy introduced in 3). Furthermore, we will
assume that the value of λ is allowed to vary during the sampling process.

In this context, we can view the expected change in the pseudo-labels from the ℓ-th to
(ℓ+ 1)-th observation by the relation

EXℓ+1,Yℓ+1
[αℓ+1

k (x)−αℓ
k(x)|(X1, Y1), . . . , (Xℓ, Yℓ)] =

∫
X

wkρk(z)

ρ(z)
K(z, x) eλ(ℓ)V (αℓ(z))∫

X eλ(ℓ)V (αℓ(z̃)) dz̃
dz,

where αℓ
k(x) ≥ 0 is the k-th entry of the concentration parameter vector αℓ(x) ∈ RK

+ at the
ℓ-th observation.

By assuming that we take a large number of discrete steps in one unit of “continuous
time”, the law of large numbers then formally leads to the evolution equation

∂tα(x, t) =

∫
X

wkρk(z)

ρ(z)
K(z, x) eλ(t)V (α(z,t))∫

X eλ(t)V (α(z̃,t)) dz̃
dz

=:

∫
X
ηK(z)K(z, x)q(z, t) dz, (24)

where we have introduced the notation ηK(x) ∈ RK
+ as the vector of weighted class-

conditional densities concatenated together and q(x, t) as the sampling distribution ac-
cording to Dirichlet variance. This evolution equation provides a convenient means of
understanding the effect of newly observed labels on our future acquisitions in the limit
of a large number of observations. Furthermore, it is natural to consider kernels that are
increasingly localized when analyzing the large-sample limits of kernel methods (Devroye
et al., 1996). With that in mind, it is instructive to consider a limiting case where K(z, x)
is given by the Dirac mass δz(x). In that case, we can write (24) as simply

∂tα(x, t) = q(x, t)ηK(x), (25)

from which we see that the trajectories of the α(x, t) ∈ RK
+ lie along the corresponding rays

Rx = {aηK(x) : a ≥ 0}, whose speed is determined by the sampling q(x, t).
We can then write

α(x, t) =

(∫ ⊤

0
q(x, s) ds

)
ηK(x), (26)

from which we can define the amount of sampling that has occurred at x up to time t ≥ 0
as

βx(t) :=

K∑
k=1

αk(x, t) =

∫ ⊤

0
q(x, s) ds,

since the entries of ηK(x) sum to 1. By appealing to (26), we can now write the variance
at x as

V (α(x, t)) =

∑
i ̸=j αi(x, t)αj(x, t)

β2
x(t)(βx(t) + 1)

=

∑
i ̸=j ηi(x)ηj(x)

βx(t) + 1
=

∑K
k=1 ηk(x)(1− ηk(x))

βx(t) + 1

=:
G(x; η)

βx(t) + 1
,
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where this function

G(x; η) =

K∑
k=1

ηk(x)(1− ηk(x)) ∈
[
0, 1− 1

K

]
(27)

is a measure of the population level uncertainty as in Section 6.

We now assume that the distribution of points sampled by the acquisition function,

namely q(x, t) = eλ(t)V (α(x,t))∫
X eλ(t)V (α(z,t)) dz

is asymptotically convergent as t → ∞. The question

of whether this actually always occurs for solutions of the evolution equation (25) is not
simple, but as q will be weakly compact in t it is natural to guess that it will approach
some steady state q̄(x). If one were to use this time-independent distribution throughout
the entire stochastic process, we would obtain the simple sampling relationship

β̄x(t) =

∫ ⊤

0
q̄(x) = tq̄(x),

with corresponding pseudo-label densities ᾱ(x, t) = tq̄(x)ηK(x).

The assumption that q(x, t) → q̄(x) as t → ∞ suggests then that ∂tα(x, t) ≈ ∂tᾱ(x, t)
for large enough t. From this, we can approximate βx(t) ≈ β̄x(t) = tq̄(x) for t large. Thus,
we expect that

q(x, t) ∝ exp

(
λ(t)G(x; η)

tq̄(x) + 1

)
≈ exp

(
λ(t)G(x; η)

tq̄(x)

)
(28)

as t→∞. This gives a non-linear algebraic relation that allows us to narrow our search for
possible limiting sampling distributions. At this point, we consider two cases for the scaling
of λ(t): when (i) λ(t) = λ0t

p = o(t) for p < 1 and (ii) λ(t) = λ0t for λ0 > 0.

Case 1: When λ(t) = λ0t
p for p < 1, then the the exponent in the last expression of

(28) decreases like t−(1−p) for every x ∈ X and the result is that the limiting distribution is

uniform over the domain, q(x, t)→ q̄(x) =
(∫

X dz
)−1

. Roughly, we have that the equivalent
expression yields

q(x, t) =

(∫
X
exp

{
λ0

t1−p

(
G(z; η)

q̄(z)
− G(x; η)

q̄(x)

)}
dz

)−1

→
(∫

X
dz

)−1

as t → ∞ implying that the limiting distribution q̄(x) is uniform over X when λ(t) =
o(t). We can interpret this as asymptotic exploration that samples throughout the domain
irrespective of the corresponding marginal density ρ(x) in contrast to passive sampling via
said marginal distribution.

Case 2: Now consider the case when λ(t) = λ0t. The expression (28) the becomes
autonomous in the large t limit, and suggests that the limiting distribution in this case
satisfies

q̄(x) ∝ exp

(
λ0G(x; η)

q̄(x)

)
. (29)

In the next section, we provide numerical simulations that suggest that for moderate values
of λ0 this q̄(x) emphasizes regions of greater population-level uncertainty; namely, where
multiple conditional probabilities (ηi(x) = P(Y = i|X = x)) are simultaneously large. In
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other words, this limiting distribution asymptotically exploits in regions around the true
decision boundaries. For λ0 ≪ 1, however, we expect (29) to imply that q̄(x) behaves like
the uniform distribution on X .

We notice that the two cases here both give asymptotic sampling densities which are
independent of ρ. In large sample regimes, we posit that independence on ρ ought to be
viewed positively, meaning that we will explore (Case 1), or exploit (Case 2), in a fashion
that is unbiased by the density ρ.

Of course, several steps in this derivation are formal. The passage to “continuous time”
is likely justifiable using stochastic approximation techniques under appropriate scalings,
but the details would be significant. The use of non-Dirac kernels certainly will increase
the number of possible steady-state sampling densities, but given a density with compact
support it also seems plausible that one could show that sampling density steady states need
to be “close” to the one given by the Dirac mass kernel. Finally, the existence of steady-state
densities is not completely obvious, especially in light of the α large approximations that
we made. On the other hand, we do anticipate that it should be possible to demonstrate
that sampling densities associated with the evolution equation (25) do converge to the type
of steady states we have formally described here.

Although the work here is informal, we think that it gives valuable insight into the
behavior observed in Figure 14, where DiAL effectively transitions from exploration to
exploitation (see Section A.3 for more discussion about this tradeoff in the literature). We
leave more rigorous proofs of the types of formulas given in this section for future work. We
now present some numerics to illustrate the behavior of (28) in the two cases of λ(t) that
we’ve considered here.

5.5.1 Numerical Demonstration

We return to the mixture of Gaussians setup of Section 6 and numerically solve the evolution
equation (25) for α(x, t) up to t = 1010 in order to simulate convergence of q(x, t)→ q̄(x) for
various scalings of λ(t). In panel (b) of Figure 12, we plot the corresponding distributions
q̄(x) for algebraic scalings of λ(t) = tp for some values of p ∈ [0, 1]; note that the case of
p = 0 corresponds to λ(t) = λ0 = 1. In panel (c), we plot q̄(x) for λ(t) = λ0t for a range of
values of λ0.

As suggested by our analysis above, we see in panel (b) that for λ(t) constant (and
for sufficiently small powers p < 1), the limiting distribution q̄(x) corresponds to uniform
sampling over the whole domain. We can interpret this as asymptotic exploration that
samples throughout the domain irrespective of the corresponding marginal density ρ(x) in
contrast to passive sampling via said marginal distribution. As p→ 1, however, we observe
that q̄(x) focuses on the regions of the domain that lie near the true decision boundary
between the classes; we can interpret this as asymptotic exploitation. Similarly, in panel
(c) of Figure 12, we observe the influence of λ0 on q̄(x), including the expected behavior as
λ0 ≪ 1 corresponding to the uniform distribution.

These numerical experiments simply demonstrate the intimately coupled nature of the
scaling of λ(t) and the limiting distribution q(x, t) → q̄(x) of this stochastic process that
represents Dirichlet Active Learning (DiAL). In addition to further work on analyzing the
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(a) Setup of 2 classes

(b) q̄(x) when λ(t) = tp (c) q̄(x) when λ(t) = λ0t

Figure 12: Numerical demonstration of the effect of λ(t) on the steady state distribution
q̄(x) in a 1D setting. With class-conditional distributions p(x|y = 0), p(x|y = 1)
show respectively in gray and purple panel (a), we numerically solve (25) up to
t = 1010 for different scalings of λ(t) to simulate convergence of q(x, t) → q̄(x).
Panels (b) and (c) suggest that the limiting behavior when λ(t) = λ0t for λ0 ≫ 0
corresponds to asymptotic exploitation, whereas when λ(t) = λ0t

p for p < 1 or
λ0 ≪ 1 corresponds to asymptotic exploration.

steady states of the stochastic process associated with DiAL, we suggest that an in-depth
numerical exploration into this process is warranted pursuant our findings here.
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Appendix A. Related Literature

A.1 Active Learning and Acquisition Functions

Acquisition functions for active learning have been introduced for various machine learning
models, including support vector machines (Tong and Koller, 2001; Balcan et al., 2007;
Jiang and Gupta, 2019; Hanneke and Yang, 2015), deep neural networks (Ren et al., 2021;
Gal et al., 2017; Kushnir and Venturi, 2020; Cai et al., 2017; Sener and Savarese, 2018; Ash
et al., 2020), and graph-based classifiers (Miller et al., 2020; Miller and Bertozzi, 2024; Miller
et al., 2022; Qiao et al., 2019; Ma et al., 2013; Ji and Han, 2012; Zhu et al., 2003b). Our
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experiments primarily focus on graph-based classifiers as the underlying semi-supervised
classifier due to their straightforward ability to capture clustering structure in data and their
superior performance in the low-label rate regime—wherein the labeled data constitutes a
very small fraction of the total amount of data (Calder et al., 2020; Miller and Calder,
2023). While there has been progress in adapting deep neural networks to better handle
small amounts of labeled data for semi-supervised classification tasks (Berthelot et al., 2019;
Sohn et al., 2020; Yang et al., 2023), most active learning methods for deep learning assume
a moderate-to-large amount of initially labeled data when evaluating their methods in the
active learning process.

A.2 Conformal Prediction and Active Learning

Related to the design of uncertainty criteria for query point selection in active learning,
conformal prediction has recently emerged as a prominent model-agnostic technique that
can convert heuristic uncertainty scores into statistically rigorous prediction sets under ex-
changeability assumptions (Vovk et al., 2022; Shafer and Vovk, 2008; Angelopoulos and
Bates, 2023). Recent work in various application areas has explored the use of confor-
mal prediction in the active learning process to identify conformally calibrated acquisition
function values (Gwon et al., 2025; Nguyen et al., 2026). Whereas conformal prediction
traditionally uses a held-out “calibration” set of labeled datapoints for constructing pre-
diction sets, the straightforward application to active learning is delicate: the repeated use
of a single calibration set to identify query points makes the subsequent model updates
adaptively dependent on the calibration data, which can undermine the standard exchange-
ability assumptions that underlie the statistical guarantees in conformal prediction. While
outside the scope of the current work, a promising line of future work would be to explore
a mathematically justified application of conformal prediction techniques to calibrate the
uncertainty scores used within the DiAL framework.

A.3 Exploration versus Exploitation

As mentioned in the main body of the paper, an important aspect of active learning is
the inherent tradeoff between using the (in-practice) limited resource of queries to either
(i) explore the given data set or (ii) exploit the current classifier’s inferred decision bound-
aries. This tradeoff is reminiscent of the similarly named “exploration versus exploitation”
tradeoff in reinforcement learning (Sutton and Barto, 2018; Agarwal et al., 2021). Simi-
lar to reinforcement learning, there is a clear motivation for ensuring that exploration is
performed before exploitation in the active learning process. Broadly speaking, however,
most active learning acquisition functions are designed to exhibit one of these two behav-
iors, though some methods do seem to empirically balance both characteristics (Krause and
Guestrin, 2007; Huang et al., 2010; Karzand and Nowak, 2020; Miller and Bertozzi, 2024).
An important contribution of the current work is to present a mathematical analysis that
gives qualitative guarantees about the explorative and exploitative characteristics of query
points that are chosen by the proposed acquisition function, Dirichlet Variance.

Prior work to establish theoretical guarantees for active learning has primarily focused
on proving sample-efficiency results for linearly-separable data sets—frequently restricted to
the unit sphere (Balcan et al., 2009; Dasgupta, 2006; Hanneke, 2007)—for low-complexity
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function classes using disagreement or margin-based acquisition functions (Hanneke, 2014;
Hanneke and Yang, 2015; Balcan et al., 2009, 2007). These provide convenient bounds on
the number of query points necessary for the associated classifier to achieve (near) perfect
classification on these data sets with simple geometry. These results demonstrate that a
proposed acquisition function is sufficient to select query points that will (near) optimally
refine the associated classifier’s decision boundaries to best match the assumed ground-truth
decision boundaries; that is, these classical statistical guarantees for active learning focus
on the exploitative behavior of the associated methods.

In contrast, theoretical guarantees for graph-based active learning methods primarily
demonstrate that a proposed acquisition function sufficiently explores an assumed clustering
structure for the data set (Murphy and Maggioni, 2019; Dasarathy et al., 2015; Miller and
Calder, 2023; Dasgupta and Hsu, 2008; Dasgupta, 2011; Cloninger and Mhaskar, 2021).
Occasionally, this clustering structure is assumed to be hierarchical (Dasgupta and Hsu,
2008; Dasgupta, 2011; Cloninger and Mhaskar, 2021). Sufficient exploration of clustering
structure is characterized by a guarantee that—given assumptions about the clustering
structure of the observed data set X—the active learning method in question will query
points from all clusters. The low-label rate regime of active learning—a significant focus of
this current work—is the natural setting for establishing such explorative guarantees.

In summary, while classical statistical analysis of disagreement-based and margin-based
active learning methods has focused on exploitative guarantees, the analysis of graph-based
active learning has focused on explorative guarantees. In the current work, we not only
provide explorative guarantees for our proposed acquisition function but also give a novel
asymptotic analysis of the exploitative capabilities of the acquisition function later on in
the active learning process.

A.4 Computational Complexity of Active Learning

Computational complexity is an additional consideration that is vital to the practical ap-
plication of active learning methods. In the assumed setting of sequential active learning,
the computational burden at each iteration is encountered in two main ways: (i) the cost
to evaluate the acquisition function on a single, currently unlabeled data point and (ii) the
size of the set of unlabeled data chosen to evaluate said acquisition function. Addition-
ally, some active learning methods require the computation of “auxiliary” variables, such
as covariance matrices (Ji and Han, 2012; Ma et al., 2013; Miller et al., 2020; Miller and
Bertozzi, 2024), eigenvector matrices (Murphy and Maggioni, 2019; Miller and Bertozzi,
2024), or graph paths and distances (Murphy and Maggioni, 2019; Cloninger and Mhaskar,
2021; Dasarathy et al., 2015) to be stored and oftentimes updated throughout the active
learning process. Finally, some graph-based active learning methods (Murphy and Mag-
gioni, 2019; Cloninger and Mhaskar, 2021) do not exactly follow the assumed interactive
labeling scheme displayed in Figure 1; instead, these methods more closely resemble coreset
methods (Bachem et al., 2017) since the labels of the selected data points do not influence
the choice of any subsequently selected points. Such methods incur other computational
costs that do not fit into the paradigm we now discuss.

Reducing the number of unlabeled points on which to evaluate the acquisition function
is a way to reduce computational cost, and various heuristics have been suggested previ-
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ously such as uniform random subsampling (Gal et al., 2017; Miller and Bertozzi, 2024) or
graph-based local restrictions (Chapman et al., 2023). While this is an interesting direction
for research, we assume that the acquisition function is evaluated on the entire unlabeled
data pool, as is standard in pool-based active learning (Settles, 2012). As such, the pri-
mary source of computational complexity follows from the cost of evaluating the acquisition
function on a single unlabeled data point.

Uncertainty sampling (Settles, 2012; Miller and Calder, 2023) is a category of acquisition
functions that use the current classifier’s outputs to approximate the “uncertainty” of the
inferred classification of unlabeled data;4 the most “uncertain” points are then selected to
be queried. Different measures of uncertainty in the classifier outputs (e.g., smallest mar-
gin, entropy, ℓ2-norm) determine the different acquisition functions in uncertainty sampling.
While uncertainty sampling has not always empirically demonstrated optimal exploration
versus exploitation behavior, it is generally among the most computationally efficient kind
of acquisition functions—the current classifier’s outputs are the only required quantity at
each active learning iteration, which is readily available in our assumed setting (Figure 1).
The cost per unlabeled data point simply scales as the number of classes in the classification
problem at hand. This is in contrast to other acquisition functions, such as Variance Mini-
mization (Ji and Han, 2012) and Σ-Optimality (Ma et al., 2013), that require computations
that scale as the size of the entire data set in order to evaluate the acquisition function at
a single unlabeled data point.

Our proposed acquisition function, Dirichlet Variance (see (9)), can indeed be classi-
fied as a novel type of uncertainty sampling that naturally fits within the proposed semi-
supervised learning model (Dirichlet Learning) which we introduce in Section 2. See Sec-
tion 4.3.2 for further discussion about and comparison of computational complexity among
the compared methods.

A.5 Graph-based Learning

Graph-based methods have been shown to be useful models for semi-supervised and active
learning, especially in the low-label rate regime (i.e., when the amount of labeled data
is significantly smaller than the amount of unlabeled data). Generally speaking, these
methods construct a similarity graph G(X ,W ) from a finite set of inputs X = {x1, . . . , xn},
where the edge weight matrix W ∈ Rn×n records the pairwise similarities Wij ≥ 0 between
inputs xi, xj ∈ X . For example, edge weights computed by the Gaussian (RBF) kernel
are Wij = exp(−∥xi − xj∥22). The task of semi-supervised classification then amounts to
identifying how to use both the labeled data (i.e., label yj at labeled node xj ∈ L) and the
similarity graph G(X ,W ) to infer labels on the set of unlabeled nodes U = X \L. Especially
relevant to our work is the subset of graph-based methods that are inspired by numerical
methods for partial differential equations (PDE), wherein the semi-supervised learning task
reduces to identifying a graph function u : X → RK where the output u(x) ∈ RK reflects the
inferred classification of node x ∈ X (Bertozzi and Flenner, 2016; Calder et al., 2020; Calder
and Slepčev, 2020; Zhu et al., 2003a; Zhou et al., 2004). A central component in nearly all
graph-based methods is the graph Laplacian matrix, L ∈ Rn×n; this matrix is a graph-based
analog of the Laplace operator (Chung, 1997; von Luxburg, 2007). Common examples of

4. See Example 6 for a discussion about uncertainty in semi-supervised learning and active learning.
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the graph Laplacian matrix are the combinatorial L = D −W , the random walk Lrw =
I−D−1W , and the symmetric normalized Ln = I−D−1/2WD−1/2 graph Laplacians, where
D = diag(d1, d2, . . . , dn) is the diagonal degree matrix with di =

∑n
j=1Wij . A common

rationale that motivates the use of graph-based methods for semi-supervised learning is that
the graph Laplacian matrix is effective for identifying clustering structure in the underlying
data set. This is a primary observation and motivation for the use of spectral clustering in
unsupervised clustering (see von Luxburg, 2007, and the references therein).

We also mention that these graph-based methods for semi-supervised learning (classi-
fication and regression) have intimate connections to second-order elliptic PDEs. Namely,
significant work has been done to connect the graph Laplacian matrix, its eigenvalues and
eigenvectors, and the corresponding semi-supervised classifiers to “continuum limit” coun-
terparts which can be thought of the limit of the discrete graphs as the number of nodes
n→∞, under proper assumptions regarding the graph scaling (see, for example, Calder and
Slepčev, 2020; Calder et al., 2023). This analysis is enlightening since the continuum-limit
PDE formulation acts as a proxy for the large data limit scenarios often faced in applica-
tions, wherein the amount of unlabeled data is especially large. This allows one to analyze
the properties of the second-order elliptic equations as opposed to the discrete graph struc-
ture thereby informing the behavior of the methods in the discrete setting. For example,
continuum limit analysis has been used to propose a “properly-weighted” graph-based semi-
supervised classifier that resolves the degenerate behavior of the Laplace learning classifier
(Zhu et al., 2003a) in the presence of extremely low label rates (Calder and Slepčev, 2020).
Portions of our theoretical analysis in Section 5 for Dirichlet Learning in the graph-based
setting rely on a continuum limit formulation and we introduce further notation and setup
at that point in the paper.

Similar to graph-based methods for semi-supervised learning, graph-based active learn-
ing can then be framed in terms of selecting unlabeled nodes x ∈ U based on properties such
as the graph-based classifier u given the currently labeled data, L. As mentioned previously,
however, various acquisition functions have been proposed from a statistical perspective of
the graph-based semi-supervised learning problem (Zhu et al., 2003b; Jun and Nowak, 2018;
Ji and Han, 2012; Ma et al., 2013; Qiao et al., 2019; Miller et al., 2020). Namely, some
graph-based semi-supervised classifiers can be viewed as the maximum a posteriori (MAP)
estimator of a Gaussian random field whose correlation structure is related to the graph
Laplacian matrix of the associated graph G(X ,W ).

For example, the Laplace learning semi-supervised classifier u : X → R for binary
classification introduced by Zhu, Ghahramani, and Lafferty (2003a) can be viewed as the
MAP estimator of the Gaussian random field with density

p(u) ∝ exp

(
−1

γ
E(u)

)
= exp

−1

γ

N∑
i,j=1

wij(u(x
i)− u(xj))2

 ,

where E(u) =
∑N

i,j=1wij(u(x
i) − u(xj))2 is called the graph Dirichlet energy and γ > 0

is interpreted as a “temperature” parameter (see Zhu et al., 2003b). Given observations
(labels) yj ∈ {±1} at the labeled nodes xj ∈ L, the corresponding posterior distribution
reflects fixing the outputs u(xj) = yj while interpolating the values at the unlabeled nodes
according to the graph topology. Other works have considered variants with Gaussian ob-
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servation models (Bertozzi et al., 2021; Zhou et al., 2004), binary Markov random fields (Jun
and Nowak, 2018), and other non-Gaussian observation models (Qiao et al., 2019; Bertozzi
et al., 2021). Each admits computation (or numerical approximation) of the uncertainty in
the classifier under the respective Bayesian models. The statistics of the underlying poste-
rior distribution, given the observed labeled data, can be computed for use as acquisition
functions to identify which currently unlabeled points would reduce measures of the under-
lying posterior covariance matrix (Ji and Han, 2012; Ma et al., 2013) or the overall expected
error (Zhu et al., 2003b; Jun and Nowak, 2018).

While this convenient Bayesian interpretation underlies each of these aforementioned
graph-based semi-supervised learning models, there is an implicit assumption that the
prior distribution over node functions u follows a Gaussian law—thus, the most “natu-
ral” Bayesian modeling choice is that of continuous-valued outputs like that of regression
problems, not classification problems. We directly address this shortcoming with our novel
Dirichlet Learning classifier (see Section 2) for semi-supervised learning that explicitly mod-
els the classification task in a Bayesian-inspired manner. Our proposed Dirichlet Variance
acquisition function is then a natural choice for both its computational efficiency and the-
oretical interpretation for measuring the uncertainty in the underlying Dirichlet Learning
classifier.5

Appendix B. Bayesian Prior Interpretation

Although the Dirichlet Learning model is not directly derived from a properly Bayesian
setup, we can interpret the given model in a Bayesian framework. For simplicity, assume
that the set X is finite, and consider the randommatrix P ∈ Rn×K

+ whose ith row corresponds
to the Dirichlet random variable P(xi) defined at xi; that is, P is the concatenation of all
the Dirichlet random variables over our set X . Let the kth entry of the probability vector
P(xi) ∈ ∆K (i.e., the (i, k)th entry of the matrix P ∈ Rn×K) be denoted as Pk(x

i) ∈ [0, 1].
Let (X,Y ) ∈ X × [K] represent an observation of an input-output pair with instance
(X,Y ) = (x, y) for some x ∈ X .

We seek a formula for the prior belief (with density π(P|α0)) on P given our model-
ing assumption captured in the pseudo-label propagation from labeled points in Dirichlet
Learning defined via K : X × X → R+. Recalling the definition of the probability density
function φ(α, z) for a Dirichlet random variable in (1), then by appealing to Bayes’ law we
can then write

π(P|α0) =
∑
x∈X

K∑
y=1

P(P|x, y, α0)π(x, y)

=

(∏
z∈X

φ(α01,P(z))

)∑
x∈X

K∑
y=1

∏
z∈X

Γ(α0)
K−1Γ(α0 +K(x, z))Py(z)

K(x,z)

Γ(Kα0 +K(x, z))
P(Y = y|x)π(x)

∝

(∏
z∈X

φ(α01,P(z))

)∑
x∈X

(∏
z∈X

Γ(α0 +K(x, z))
Γ(Kα0 +K(x, z))

)
π(x)


K∑
y=1

∏
z∈X

Py(z)
K(x,z)Py(x)

 .

5. Classifier “uncertainty” is admittedly an ambiguous term, and we refer the reader to Section 6 for a
discussion of different types of uncertainty in active learning.
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Now, if we set π(x) = 1
|X | to be an uninformative prior on the observation data’s input,

then we can further simplify as

π(P|α0) ∝

(∏
z∈X

φ(α01,P(z))

)∑
x∈X

w(x):=︷ ︸︸ ︷(∏
z∈X

Γ(α0 +K(x, z))
Γ(Kα0 +K(x, z))

) s(P,Kx):=︷ ︸︸ ︷
K∑
y=1

Py(x)
∏
z∈X

Py(z)
K(x,z)


=

(∏
z∈X

φ(α01,P(z))

)∑
x∈X

w(x)s(P,Kx),

where have recalled the definition of Kx : X → R+ as the propagation function from
x ∈ X . The quantity w(x) then corresponds to a measure of “centrality” that weights
each x ∈ X , while s(P,Kx) captures a measure of “alignment” between the probability
distribution represented by P and the chosen kernel’s propagation at x ∈ X , Kx(·). The
interpretation of w(x) as a measure of centrality simply follows from the observation that
the ratio of the Γ functions increases as K(x, z) increases; thus, a more “central” point x
that is similar to a greater proportion of the data set will have a larger weight w(x). See
Example 5 for a simplified example to demonstrate how the quantity s(P,Kx) captures the
“alignment” between p and the kernel propagation, Kx.

Example 5 (Kernel and probability alignment) Consider a binary classification set-
ting where the data set is clustered simply into two disjoint sets X = X1 ∪ X2 and that the
kernel K perfectly discriminates between these clusters:

K(x, z) =

{
1 if there exists k ∈ {1, 2} s.t. x, z ∈ Xk

0 otherwise
.

If the probability matrix P reflects this clusteredness (e.g., P1(x) = 1 if x ∈ X1 and 0
otherwise), then∏

z∈X
Py(z)

K(x,z) =
∏
z∈Xy

Py(z)
K(x,z)

∏
z ̸∈Xy

Py(z)
K(x,z) =

∏
z∈Xy

1K(x,z)
∏
z ̸∈Xy

0K(x,z)

=

{∏
z∈Xy

11
∏

z ̸∈Xy
00 if x ∈ Xy∏

z∈Xy
10
∏

z ̸∈Xy
01 if x ̸∈ Xy

=

{
1 if x ∈ Xy

0 if x ̸∈ Xy

=⇒ s(P,Kx) =
∑
y=0,1

Py(x) · χ{x ∈ Xy} = 1,

where we have defined 00 = 1.
In contrast, consider a P̃ that is very misaligned with the clustering structure, such as

one that splits the clusters in half as shown in Figure 13(b):

P̃1(z) =

{
1 if z ∈ X+

0 if z ∈ X−
, p̃2(z) =

{
0 if z ∈ X+

1 if z ∈ X−
.
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(a) Perfectly aligned P (i.e., s = 1) (b) Misaligned P̃ (i.e., s = 0)

Figure 13: Example of clusters and probability matrix P setup for Example 5. The data
set can be written as the union of 2 disjoint clusters, X = X1 ∪ X2, where
the circles respectively represent X1 and X2. The coloring of regions represents
the classification of the points in each cluster and the dotted line denotes the
decision boundary between classes according to the different probability matrices
P. In the case of panel (a), the classification proposed by P perfectly aligns with
the clustering structure and leads to a large value of s = 1. In contrast, the
horizontal decision boundary characterizing P̃ in panel (b) is exactly misaligned
with the clustering structure and results in a value of s = 0.

Then, defining Xk,± = Xk ∩ X±, we have∏
z∈X

P̃1(z)
K(x,z) =

∏
z∈X1,+

1K(x,z)
∏

z∈X1,−

0K(x,z)
∏

z∈X2,+

1K(x,z)
∏

z∈X2,−

0K(x,z)

=

{
0 if x ∈ X1

0 if x ∈ X2

.

With a similar computation for P̃2(z), we can see then that s(P̃,Kx) = 0. This simple
example highlights how this quantity s(P,Kx) measures the alignment between the class
probabilities of an instance P and the geometry of the data as reflected by the kernel.

To summarize, the prior probability for a very misaligned P̃ is π(P̃|α0) = 0, while the
prior probability for a very well-aligned P is π(P|α0) =

(∏
z∈X φ(α01,P(z))

)∑
x∈X w(x) >

0. This demonstrates the corresponding prior’s preference for probability outputs p that are
well-aligned with the inherent clustering structure of the data set.

Appendix C. Discussion of Two Types of Uncertainty

We briefly discuss here the various concepts of “uncertainty” in active learning. Namely,
we suggest there are (at least) two types of uncertainty to consider and model in the active
learning process: (1) data-conditional uncertainty and (2) underlying population-level clas-
sification uncertainty. Data-conditional uncertainty reflects the idea that given the current
labeled data and assumed hypothesis class, how uncertain is the current classifier about the
inferred classifications on the unlabeled data? Both the traditional notion of “uncertainty
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sampling” and our proposed Dirichlet random variable’s measure of variance reflect two
ways of modeling this data-conditional uncertainty. We notice that for Dirichlet Variance,
we expect the data-conditional uncertainty to go to zero in the limit of infinitely many la-
beled data points (see Property 1 at the end of this section). However, the variance goes to
zero at different rates in regions with different population-level uncertainty, a phenomenon
we explore in the computations below and in Section 5.5.

On the other hand, the underlying population-level uncertainty reflects the inherent
uncertainty of the data-generating distribution (e.g., regions where class-conditional distri-
butions are large for multiple classes). We also note that in the large, labeled data limit
it is natural to guess that the data-conditional uncertainty associated with “uncertainty
sampling” will approach what we call the population-level uncertainty.

Various types of goals for active learning algorithms can be explained in terms of
these uncertainties. For example, in settings with very few labeled data points the data-
conditional uncertainty is expected to be quite high, and the goal of an active learning
algorithm is often to appreciably decrease this uncertainty across a wide range of points.
This type of behavior is sometimes called exploratory behavior. On the other hand, as
the number of labeled data points increases, a possible goal for active learning is to focus
attention on regions with high population-level uncertainty, with the goal being to effec-
tively learn high-quality decision boundaries. Good active learning algorithms likely need
to balance these two goals and transition reasonably from one to the other as more labels
are obtained: we discuss this more in Section 5.

Example 6 (1D visualization of two types of uncertainty) Consider the binary clas-
sification case (with labels y ∈ {0, 1} as opposed to y ∈ {1, 2}) with ground-truth, class-
conditional distributions ρ0(x) = p(x|y = 0) and ρ1(x) = p(x|y = 1) shown as the green and
gray shaded regions in Figure 14(a). The black dashed line represents the population-level
uncertainty, wherein these class-conditional probabilities are both large. In particular, this
black dashed line is computed as min{p(x, y = 0), p(x, y = 1)}, peaking at the locations
when the conditionals are both relatively large. The implicit assumption when applying
uncertainty sampling acquisition functions for active learning is that they should focus on
sampling in these regions of “large” population-level uncertainty. However, as we illustrate
in this example, regions of high data-conditional uncertainty according to a given model
class of functions do not necessarily reflect population-level uncertainty.

The example begins with two initially labeled points, chosen from the largest clusters of
the respective class-conditional distributions; in panel (b) these are labeled as blue x’s while
in panel (c) these are labeled as red squares. Panels (b) and (d) show the evolution of the
Dirichlet Variance acquisition function as thirty query points are sequentially selected to
maximize Dirichlet Variance at each iteration. The selected query point at each iteration is
randomly assigned a label of y = 1 with probability p(y = 1|x). Similarly, panels (c) and (e)
show the evolution of the smallest margin acquisition function (Unc. (SM)) using an SVM
classifier using the RBF kernel (specifically for K(z, x) = exp

(
−γ|z − x|2

)
where we set the

kernel bandwidth γ = 2). Note that while the blue line of panel (d) has larger values in the
three regions between the clusters of opposing labels, the red line of panel (e) has maximum
values at only the two rightmost regions between clusters.
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The blue and red dotted lines in Figure 15 respectively show kernel density estimators
from the selected query points of the two experiments; note that while query points selected
by Dirichlet Variance concentrate around the regions where population-level uncertainty is
large, the query points from Unc. (SM) sampling have not sampled from leftmost “uncer-
tainty region”. This illustrates that the regions where a classifier induces data-conditional
uncertainty (e.g., smallest margin) do not necessarily coincide with the true population-level
uncertainty regions.

We note that the smallest margin acquisition function has not identified the leftmost
decision boundary between the large green cluster and the small gray cluster. This is simply
due to the label of the initially chosen point and its influence in this setting with simple
geometry. Namely, the initial point labeled by the Unc. (SM) acquisition function in panel
(c) lies halfway in between the initially labeled points. The label of this first query point is
assigned randomly according to the relative values of the class-conditional densities, which
are approximately equal. With probability roughly 1/2, the resulting label will be class y = 1
and then the subsequent margin values will focus only on the left half of the domain of
the experiment. Our point is not to suggest corrections for this type of smallest-margin
uncertainty sampling, but rather illustrate that it is important to design acquisition functions
that will properly explore the extent of the clustering structure of the data set so that the
resulting regions of data-conditional uncertainty are properly aligned with the regions of
population-level uncertainty.

While this example demonstrates the explorative capabilities of using Dirichlet Variance
as an acquisition function and the subsequent reflection of population-level uncertainty, we
also note the potential gains of considering the proportional sampling active learning policy
we have discussed (see Table 1) as opposed to always selecting the maximizer of the chosen
acquisition function. For example, while the Unc. (SM) acquisition function is maximized
in the right-hand side of the domain throughout the active learning process, proportional
sampling would allow queries on the left-hand side and lead to a distribution of query points
in all regions of large population-level uncertainty.

Appendix D. Extra Numerical Experiment Details

D.1 Choices of Hyperparameters α0 and λ

We briefly comment on the choice of the uniform prior constant α0 ≥ 0 and the inverse
temperature parameter λ > 0 (for the Proportional Sampling active learning policy, see
Table 1) in our experimental results. While the derivation of “optimal” values for either of
these hyperparameters would be an interesting line of inquiry with practical importance, it
lies outside the scope of this current work.

We use a simple heuristic for the selection of both parameters that focuses on locality
in the clustering structure. Namely, the choice of α0 ensures that it is on the order of the
expected value of the Poisson graph-based propagation KP (z, x) for nodes z, x ∈ X that are
relatively “local” to one another in the graph. This expectation is roughly approximated
via a small random sample of source nodes and the notion of locality comes from the
100(K̂−1)/K̂th percentile of propagation values, where K̂ is an overestimate of the number
of clusters K contained in the data set.
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(a) Setup of 2 classes

(b) Dir. Var. at Iter 1 (c) Unc. (SM) at Iter 1

(d) Dir. Var. at Iter 30 (e) Unc. (SM) at Iter 30

(f) KDE of choices from Dir.Var. (g) KDE of choices from Unc. (SM)

Figure 14: Demonstration of population-level and data-conditional uncertainties in a
toy example of a mixture of Gaussians in one dimension. The dashed black line
represents a measure of the population-level uncertainty for the given setup; this
is maximized in regions where the class-conditional densities are equal, p(x|y =
1) = p(x|y = 0). In panels (b)-(e), we plot data-conditional uncertainties for the
Dirichlet Variance (blue) and Unc. (SM) (red) acquisition functions at various
iterations. See Section 6 for further experiment details.55
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(a) KDE of choices from Dir. Var. (b) KDE of choices from Unc. (SM)

Figure 15: Visualization of a kernel density estimator (KDE) of the choices made from the
first 50 query points by Dir. Var. and Unc. (SM) from the toy example shown
in Figure 14. Note that the empirical distribution (reflected by the KDE) of the
query points selected by Unc. (SM) implies that it has not sampled from the left-
most region of large population-level uncertainty due to insufficient exploration
earlier on in the active learning process.

Similarly, the choice of λ emphasizes the 100(K̂ − 1)/K̂th percentile of acquisition
function values at each iteration. This has the effect of biasing the sampling toward the 1/K̂
fraction of largest values in order to “focus the sampling” on regions where the acquisition
function value is larger. While one doesn’t necessarily have access to the true value of
K in practice, we suggest that overestimating the number of clusters in the data set is
a reasonable idea since the limiting case of λ → ∞ corresponds to the Maximum Value
policy—which already performs quite well in our experiments here. In our experiments, we
take K̂ = 2K as an overestimate of the number of clusters.

D.2 Low-rank Approximation of VOpt and ΣOpt in Larger Experiments

For the larger experiments, the matrix inversion involved in the “full” VOpt and ΣOpt is
impractical, and so we use a computational workaround similar to the MCVOpt acquisition
function. As was done in (Miller and Bertozzi, 2024; Miller et al., 2022), we approximate
the VOpt and ΣOpt acquisition functions by projecting onto the first r = 50 eigenvectors
of the corresponding graph Laplacian in order to reduce the computational burden of these
methods. This constitutes a low-rank approximation of the inverse of the graph Lapla-
cian matrix for the corresponding calculations of these acquisition functions. The error
in this low-rank approximation may explain the comparative degradation in performance
of the ΣOpt acquisition from the smaller to the larger data sets, though we remark that
this approximation did not seem to significantly affect the results of VOpt and MCVOpt.
An interesting direction for empirical and theoretical analysis would be to quantify how
such low-rank approximations affect these acquisition functions that are intimately tied to
covariance operators associated with the underlying graph-based Gaussian random field.

56



Dirichlet Active Learning

Appendix E. Example of Applying Exploration Results to Gaussian
Mixture Model

We expand upon Example 1 in Garćıa Trillos et al. (2021). Let us consider the case where
ρ0, ρ1 are Gaussians with unit variance in R, with means separated by distance D, and
where w1 = w2. Using classical theory for Hermite polynomials, we have that Θ = 1. We
can estimate

S =

∫
e−x2/2e−(x−D)2/2

√
2π(e−x2/2 + e−(x−D)2/2)

dx

≤ 1√
2π

∫ ∞

D/2
e−x2/2dx+

1√
2π

∫ D/2

−∞
e−(x−D)2/2dx ≤ 2√

2π
e−D2/8 ≤ e−D2/8,

where we have used the upper bound
∫∞
s e−z2/2dz ≤ 1√

2π
e−s2/2. We can also estimate

C = 1√
2π

∫ ∣∣∣∣∣x− (xe−x2/2 + (x−D)e−(x−D)2/2

e−x2/2 + e−(x−D)2/2

∣∣∣∣∣
2

e−x2/2dx

=
1√
2π

∫
D2 e−(x−D)2e−x2/2

(e−x2/2 + e−(x−D)2/2)2
dx

≤ D2

√
2π

∫
e−(x−D)2/2e−x2/2

(e−x2/2 + e−(x−D)2/2)
dx

=
2D2S√

2π
≤ D2e−D2/8.

Here we note that the bound from Proposition 11 gives a lower bound of

√
1−D2e−D2/8 −

√
2D2e−D2/4

1− e−D2/8
≤ (
√
Θ(1−KS)−

√
CKS

1− S
) ≤ λK+1,

and the upper bound

λK ≤
2D2e−D2/8

1− 2e−D2/16

Next, we seek to obtain an upper bound on the operator norm of e∆ρ (for simplicity,
we’ll assume that s = 1). In order to do so, we use the function

Ψ(t, x, x′) =
et√
8πt

exp

(
−|e

−tx− x′|2

4t

)
+ 2De4

√
te−|xe−t−x′|/4D,

which one can verify satisfies (∂t−∆ρ)Ψ ≥ 0 and converges to a Dirac mass as t→ 0. If we
let G(t, x, x′) be the fundamental solution of the operator (∂t−∆ρ), then by the maximum
principle G(t, x, x′) ≤ Ψ(t, x, x′).

Now to estimate the operator norm at time t = 1, we can use the Young convolution
inequality and a change of variables to obtain

∥u(1, ·)∥2 ≤ e∥u(0, ·)∥1∥Ψ̄∥2, ∥u(1, ·)∥∞ ≤ e∥u(0, ·)∥2∥Ψ̄∥2,
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where Ψ̄ is given by

Ψ̄(z) =
eγ√
8π

e−z2/4 + 2De4e
−|z|
4D ,

Squaring and integrating, we have

∥Ψ̄∥2 ≤ 2

(
e2γ
√
2π

8π
+ 16D3e8

)
.

In summary, for D large, we have that λK decays like e−D2
, λK+1 approaches −1, and

the operator norm of the generalized heat equation at time 1 is bounded by D3. We then
insert these (with t1 = s = 1) to bound ξ:

ξ = |eλKt − 1|(1 + sin(b))2

wmin
∥ρ∥∞

+ min
t1,s>0,t1+s<t

eλK+1(t−t1−s)∥et1∆∥L1(ρ)→L2(ρ)∥es∆∥L2(ρ)→L∞(ρ)

≲ te−D2
(1 + sin(b))2 + e−(t−1)D6

Picking t of order D2 gives ≲ D6e−D2
(1− sin(b)), which decays rapidly in D.

In order to satisfy the assumption of Proposition 10, we pick σ = e−D2/32, and a, b =
D1/4e−D2/64. Substituting these choices into our constants, we obtain δ̃ ∼ e−D2/16. After
then applying our theorem, we obtain that, when using the heat kernel with t = D2, our
model is a (δ, ζ, ε) class separator with δ ≲ D1/2e−D2/32, ζ ∼ 1 and ε ≲ D1/4e−D2/64.
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