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Abstract

We consider one-shot distributed learning problems in a reproducing kernel Hilbert
space framework. Current results are limited to the least-squares loss and extensions be-
yond this meet with some significant technical challenges. We establish the optimal rate of
distributed learning for some general class of convex loss functions satisfying mild assump-
tions, using a novel empirical process on the Bregman divergence induced by the loss, which
is essential for carrying out a quadratic approximation in the infinite-dimensional space.
The empirical process is bounded by relating the Bregman divergence induced by the loss
to the supremum norm and the L2-norm of the functions. This framework incorporates
many commonly used losses, including strongly smooth loss functions as well as Lipschitz
continuous losses such as the quantile loss.

Keywords: Bregman divergence; Covering number; Divide-and-conquer; Learning rate;
Rademacher complexity.

1. Introduction

In supervised learning problems, including regression and classification, the aim is to predict
future outcomes based on given inputs using a learned function. A basic example is the
prediction of the conditional mean of the response given a predictor. In the machine learning
literature, a popular approach of nonparametric learning is based on the construction of
a kernel function that induces a reproducing kernel Hilbert space (RKHS). For the least-
squares loss, the early work of Caponnetto and De Vito (2007) obtained the minimax risk
bound of the estimator based on Tikhonov regularization (also known as ridge regression),
using both the source condition and the capacity condition. The results are significantly
refined by Steinwart et al. (2009). Although general kernel-based learning has achieved
significant advancements on an impressively wide range of problems over the past several
decades (Mika et al., 1999; Lai and Fyfe, 2000; Shawe-Taylor et al., 2005; Shawe-Taylor,
2008), relatively complete theoretical results to characterize its performance are still only
commonly found for the least-squares loss. Notable exceptions include for example Li
et al. (2007) which dealt with quantile regression, and Steinwart and Scovel (2007) for the
hinge loss used in the support vector machines. For smooth losses that are at least thrice
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differentiable, Marteau-Ferey et al. (2019) used self-concordance assumption to derive the
optimal estimation rate under both source and capacity assumptions.

Standard implementations of Tikhonov regularized learning algorithms all suffer from
computational burdens for a very large sample size N . For example, to get the closed-form
solution of the kernel ridge regression estimator with a least-squares loss, the inverse of
the kernel matrix is computed, which usually has a time complexity of O(N3). Gradient-
based methods can be used which scale better with the sample size, and works for general
convex losses, but still has a time complexity of at least O(N2T ) where T is the number
of iterations. This motivates one to consider distributed learning algorithms (Zhang et al.,
2013, 2015; Rosenblatt and Nadler, 2015; Balcan et al., 2015; Chang et al., 2017; Lee et al.,
2017; Lin et al., 2017; Jordan et al., 2018; Volgushev et al., 2019; Lian and Fan, 2018).
Here we focus on the one-shot data-parallel learning, which is an example of the divide-
and-conquer strategy. The basic idea is very simple. We randomly divide a data set of size
N into m subsets of equal sizes and compute an estimate using a certain algorithm on each
subset/partition, and then take an average of the m ‘local estimates’ to get the final global
estimate. In the distributed setting, different subsets can be dealt with on different machines
that can communicate over a network, and the communication only needs to happen once
at the end (thus the term ‘one-shot learning’). Typically, when m does not diverge too fast
compared to N , the averaged estimate can be shown to have the same risk bound as the
central estimator (the one that inputs all data directly to the regularized algorithm). For
kernel-based learning with the least-squares loss, this idea has been implemented and studied
in several works (Lin et al., 2017; Guo et al., 2017; Chang et al., 2017; Lin and Cevher, 2020)
based on Tikhonov regularization and also more general spectral regularization algorithms.
These results critically depend on the availability of the closed-form expression of the local
estimates, which makes it possible to study the properties of the averaged estimate which
also has a closed-form expression. However, distributed estimation for kernel-based learning
beyond the least-squares case has so far not been investigated, possibly due to the associated
technical challenges caused by the fact that a closed-form solution is not available.

In this work, we consider Tikhonov regularized distributed learning in the RKHS setting
for more general losses, with the statistical rate characterized by the source condition and
the capacity condition as in the least-squares case. The main technical innovation is to use
a new empirical process indexed by the Bregman divergence between a function and the
truth (Lemma 3), which can be of a smaller order than the more commonly seen empirical
process indexed by the risk difference (Lemma 4). See Remark 2 for some explanations why
it is expected to be smaller. This bound then allows us to approximate the local estimates
by a weighted least-squares estimate, for which the bound for the averaged estimate using
the divide-and-conquer strategy can be more easily obtained. In particular, we can obtain
the distributed learning rate which is the same as the rate for the central estimator, when
the number of partitions is sufficiently small. Our results, in particular, include logistic
regression and quantile regression, two primary examples used throughout the paper for
more detailed illustrations.

Methodologically, our study is a straightforward extension of the pioneering work Zhang
et al. (2015) for distributed learning in the RKHS, extending it to dealing with more gen-
eral losses. However, this makes the proof very different from the least squares case. For
example, Proof of Theorem 1 in Zhang et al. (2015) is based on a direct decomposition
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into bias and variance, which is only possible for the least squares loss. Furthermore, their
proofs proceed by explicitly expanding functions in terms of the eigenfunctions (such as in
their Lemmas 6,8,9,10), which is part of the reason they require moment assumptions on
eigenfunctions as in their Assumption A (or stronger boundedness assumption on eigenfunc-
tions as in their Assumption A’), which we do not need (although we need other stronger
assumptions for dealing with more general losses). For general losses, such an explicit de-
composition seems not possible and our strategy is to show that the estimator is close to a
carefully constructed weighted least squares problem. For this, we need an entropy bound
for the class of functions containing the Bregman divergence as mentioned above, which
requires a careful analytic construction as in our Lemmas 1 and 2. Equipped with this
bound, our main result Theorem 2 uses some careful algebraic manipulations to show the
distributed estimator is sufficiently close to the weighted least squares estimator. We also
note that another related work Shang and Cheng (2013) used a similar general approach of
using empirical processes techniques in the non-distributed setting. However, their results
require thrice differentiability of the loss and thus cannot be directly applied to quantile
loss or Huber’s loss. Their proofs also rely on explicit expansion in terms of eigenfunctions
and assume the eigenfunctions are uniformly bounded.

Our main contribution is a theoretical characterization of the averaged estimator in
distributed learning for a wide range of loss functions, but we note that some results are new
even in the classical non-distributed setting. For example, we provide learning rates that
match the least-squares case for quantile loss which incorporates both the source condition
and the capacity condition, which is not included in the framework of Marteau-Ferey et al.
(2019) or Li et al. (2007). The current work is related to our conference paper (Lian, 2022),
which focused on the quantile loss. Compared to the conference paper version, the new
significant contributions include the following.

• We cover much more general losses, including logistic loss and Huber loss, using a
unified treatment involving empirical processes bound on the Bregman divergence
functions. As we see from our theoretical results, although logistic loss and Huber
loss are also Lipschitz, it is better to treat them as smooth losses satisfying our
assumption (A1)(i), due to that this can lead to stronger results. As we will see in
the proof, smooth losses are technically more complicated to deal with due to that
the error term is unbounded, while Lipschitz losses, such as the quantile loss, lead to
a simpler bound.

• Using more careful arguments concerning the weighted least squares approximation,
we are able to remove the unreasonable requirement that α ≥ 3 (see Remark 1 of Lian
(2022)), making the theoretical result cleaner and more elegant.

The rest of the article is organized as follows. In Section 2, we present the Tikhonov
regularized learning problem for convex losses, and explain the assumptions we use in some
detail. The main results, together with their proofs, are presented in Section 3. Section 4
reports some numerical results on Huber’s loss and logistic regression. We conclude with
some discussions in Section 5.

Notation: the RKHS in this paper is always denoted by H, with its inner product given
by ⟨., .⟩H which induces the RKHS norm ∥.∥H. ρ denotes the probability measure on the
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input-output pair (x, y) ∈ X × Y, and ρx denotes the marginal distribution on X . By
convention, we also use P to denote the same probability measure as ρ, while the empirical
counterpart is Pn or PN for sample size n and N , respectively. For a function on X ×Y, ∥.∥
denotes the L2(ρ) norm, which is just the square root of the second moment. For a random
variable, ∥.∥ψ1 denotes its Orlicz norm corresponding to the function ψ1(x) = ex − 1. For
positive sequences an, bn, both an ≲ bn and an = O(bn) means an/bn is bounded, and
an ≍ bn means an = O(bn) and bn = O(an).

2. One-shot distributed learning in the RKHS

The function space H ⊆ L2(ρx) we consider is a reproducing kernel Hilbert space (RKHS)
containing functions with a compact domain X , where ρx is a probability distribution on
X . The corresponding bivariate kernel function is denoted by K : X × X → R. The kernel
function K defines an integral operator L : f ∈ H →

∫
K(x, .)f(x)dρx, which is a non-

negative-definite operator whose eigenvalues sj , j = 1, 2, . . ., characterizes the complexity of
H in learning theory. We also note that K(x, .) ∈ H, ∀x ∈ X and ⟨K(x, .), f⟩H = f(x),∀f ∈
H, x ∈ X (the reproducing property).

Given a loss function ℓ(y, z) that is convex in z and an i.i.d. sample (xi, yi) ∈ X ×Y, i =
1, . . . , N , with Y denoting the support of y, the learned function in H is given by

f̂ = argmin
f∈H

1

N

N∑
i=1

ℓ(yi, f(xi)) + λ∥f∥2H, (1)

where ∥.∥H denotes the RKHS norm. The unknown truth f0 = argminE[ℓ(y, f(x))] is
assumed to be uniquely defined and f0 ∈ H. Two primary examples of the loss function
include the logistic loss ℓ(y, f(x)) = h(yf(x)) := log(1 + e−yf(x)), y ∈ {−1, 1}, and the
quantile loss ℓ(y, f(x)) = ρτ (y − f(x)) with ρτ (u) = u(τ − I{u ≤ 0}). More generally,
the condition on the loss function we consider in this work is specified by assumption (A1)
below.

To compute f̂ , one can resort to the Representer Theorem (Wahba, 1990), which states
that f̂ will take the form

f̂ =

N∑
i=1

aiK(xi, .), (2)

for some unknown coefficients ai that can be determined by solving (1) with (2) plugged
into it. However, as mentioned in the introduction, when N is large, all algorithms will
suffer from heavy computational burdens. In the distributed setting, the entire sample is
partitioned into m subsets of equal sizes, distributed onto m machines and each machine
computes a local estimate

f̂j = argmin
f∈H

1

n

∑
i∈Sj

ℓ(yi, f(xi)) + λ∥f∥2H, j = 1, . . . ,m, (3)

where Sj is the j-th subset with size n = N/m. The final averaged estimator is then

f̄ =
1

m

m∑
j=1

f̂j .
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The main theoretical question concerning f̄ is whether and when the statistical convergence
rate of f̄ will be the same as that of f̂ , the latter of which uses all data directly and is called
the central estimator.

In practice, it is important to choose the tuning parameter λ. In our simulation studies,
we directly assume the central machine has a set of hold-out data that can be used for
tuning. In practice, when such data are not present, we could do cross-validation (CV),
which however requires more communication. More specifically, in 5-fold CV for example,
each local machine j uses 80% of the local data to obtain f̂j,λ, for λ ∈ Λ, where Λ is a finite set

containing all potential tuning parameters used. All local estimates f̂j,λ, j = 1, . . . ,m, λ ∈ Λ
are then sent to the central machine to obtain f̄λ, λ ∈ Λ. These estimates are then sent
back to local machines which evaluate the cross-validation error based on 20% of the data
not used in training, and the errors are sent back to the central machine. Finally, the server
can determine which λ has the smallest cross-validation error. This is feasible but of course
more time consuming in simulation. Note that assuming hold-out data is available roughly
means we only partition the entire data into training the testing parts once, rather than
five times, which speeds up the numerical procedure.

For smoothing splines (a special case of RKHS), Sun et al. (2021) provides a clever
way to choose the tuning parameter when the sample size N is large. They proposed a
two-step procedure. First, based on a random subsample of size n, some appropriate tuning
parameter λn is obtained. Then one sets λ = λn(N/n)

ν for some ν. Here, ν is either a
known constant, or needs to be estimated. In either case, this strategy seems to depend
heavily on the specific smoothing splines method used. In our case, it seems challenging
to estimate ν (in particular it depends on the smoothness of the true function as in our
Assumption (A2) below). Thus at least the method needs to be further developed in order
to be used in our setting.

Theoretical studies in an RKHS beyond the least-squares loss are scarce, even for the
non-distributed setting. For a convex Lipschitz loss, Sridharan et al. (2009) derived a gen-
eral non-asymptotic bound O(1/N) for the excess risk, which is generally optimal without
further assumptions. In order to obtain faster rates, for the least-squares loss, two condi-
tions are often imposed. First, the faster decay rate of the eigenvalues of L, or the smaller
entropy number of the reproducing kernel Hilbert space (called the capacity condition),
leads to an improved variance term, while a further smoothness on the true f0 (called the
source condition) leads to an improved bias term. Marteau-Ferey et al. (2019) incorporated
these two conditions based on self-concordant analysis. Although this is an elegant and
pioneering work, the definition of self-concordance requires the loss to be at least thrice
differentiable and thus the framework excludes quantile loss and Huber’s loss, for example.
More importantly, these works did not consider the distributed setting. To achieve rates
faster than 1/N , we also make some assumptions on the source condition and the capacity
condition.

Throughout the paper, C denotes a generic positive constant. C with subscripts such
as C1, C2, . . . are used to denote specific constants to make the presentation clearer. The
assumptions we used are listed below, followed by detailed discussions.

(A1) The loss ℓ(y, z) is convex in z and satisfies either one of the following two conditions.
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(i) ℓ is strongly smooth with parameter C, uniformly in y, in the sense that ℓ is
continuously differentiable in z and

|∂2ℓ(y, z′)− ∂2ℓ(y, z)| ≤ C|z′ − z|,∀y ∈ Y, |z| ≤ 1, |z′| ≤ 1,

where Y is the support of y and ∂2ℓ(y, z) denotes the partial (sub-)derivative
with respect to z.

(ii) ℓ is Lipschitz continuous in z, uniformly in y ∈ Y, in the sense that

|∂2ℓ(y, z)| ≤ C,∀y ∈ Y, |z| ≤ 1.

(A2) supx∈X K(x, x) <∞. We assume the following ‘source condition’ holds:

f0 = Lrg0 for some g0 ∈ H, r ∈ [0, 1/2], with ∥g0∥H ≤ 1. (4)

(A3) ϵ := ∂2ℓ(y, f0(x)) is a mean-zero sub-exponential random variable.

(A4) (Capacity condition) We have the entropy condition logN (ε,H(1), L2(Pn)) ≤ (C/ε)2/α

for some α > 1, where H(1) = {f ∈ H : ∥f∥H ≤ 1} and N (ε,H(1), L2(Pn)) denotes
the ε-covering number.

(A5) (Sup-norm assumption) For some s ∈ (0, 1], we have ∥f∥∞ ≤ C1∥f∥1−s∥f∥sH, ∀f ∈ H.

(A6) Eℓ(y, f(x))−Eℓ(y, f0(x)) =
1
2⟨f − f0,LH(f − f0)⟩H+O(E[(f(x)− f0(x))

3]),∀f ∈ H,
for some operator LH : H → H with C2L ≤ LH ≤ C3L for two positive constants
C2, C3.

The source condition is about the smoothness of the true function f0, while the capacity
assumption and the sup-norm assumption are related to the RKHS used. These assumptions
do not depend on the loss. Other assumptions including (A1),(A3) and (A6) are about the
loss function. Below we provide more detailed explanations for these assumptions.

The assumption (A1) on the loss includes most popular convex losses in supervised
learning. The least-squares loss obviously satisfies (i). Quantile loss and hinge loss satisfy
(ii). The logistic loss and the Huber’s loss satisfy both (i) and (ii). We will see that case (i)
leads to less stringent bounds on the number of machines allowed, and thus we will regard
these losses as case (i). In (A2), since we assume X is compact, supxK(x, x) <∞ as soon
as K is continuous. This is a very mild assumption used in almost all existing studies.
An important consequence is that the unit ball in the RKHS is bounded in supremum
norm, since ∥f∥∞ = supx⟨K(x, .), f⟩H ≤ supxK(x, x)∥f∥H. The source condition in (A2)
is the same as that used in Lin et al. (2017). The constant 1 in ∥g0∥H ≤ 1 does not have
any significance and can be replaced by any other fixed constant. Note that we merely
assume such a constant bound for ∥g0∥H exists and this constant does not have to be
known to the user since it is not used in the optimization (1). In (A3), due to the first-order
condition, ∂2ℓ(y, f0(x)) automatically has mean zero. For the least-squares loss, assuming it
has sub-exponential tails reduces to saying the additive error in the mean regression model
is sub-exponential. This assumption is automatically true for the logistic loss, Huber loss,
and any Lipschitz loss satisfying (ii), for which ∂2ℓ(y, f0(x)) is actually a bounded random
variable.
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(A4) is slightly stronger than that often assumed in the literature concerning least-
squares loss. It is related to, but stronger than, the common assumption that the eigen-
values of L decay with rate sj ∼ j−α. As stated in Steinwart et al. (2009), this eigenvalue
assumption is equivalent to assuming (A4) but with L2(Pn) replaced by L2(P ). However,
it turns out to be harder to give general sufficient conditions for (A4) with the empirical
measure Pn. Of course, given the L2(Pn) norm is bounded by the supremum norm, one
could also replace L2(Pn) in (A4) with the ∥.∥∞ metric. It is known to be satisfied for
certain Sobolev spaces, but we do not find other examples in the literature. In fact, as
mentioned in Steinwart et al. (2009), for m-times differentiable kernels on Euclidean balls
of Rd, it is known that (A4) holds for α = 2m/d. In particular, it holds for the Sobolev
space on the unit interval. Such an assumption is also used in Müller and van de Geer
(2015), which used the supremum norm instead of the L2(Pn). We need (A4) to bound the
empirical process for the Bregman divergence as in Lemma 3 below. For the least squares
loss, we have Df,f0(x, y) =

1
2(f(x)−f0(x))

2. Thus (Pn−P )Df,f0 = ⟨f−f0, (Ln−L)(f−f0),
where Ln is the empirical version of L (sample average). Thus we can directly study the
properties of Ln−L, which is independent of f , making the use of empirical processes tools
unnecessary. For losses other than the least squares loss, we apply bounds based on entropy
number in L2(Pn) norm, which is slightly weaker than using L∞ norm, and thus (A4) is
required in our proof.

The sup-norm assumption (A5) is also used in Suzuki and Sugiyama (2013). It holds
for s = 1 as soon as supxK(x, x) is bounded. Smaller s typically yields a better control for
the sup-norm of a function in the RKHS. Steinwart et al. (2009) discussed the sup-norm
assumption in detail. Again, this is closely related to assuming sj ∼ j−α with α = 1/s.
For the Sobolev space of order m, the sup-norm assumption holds for s = d/(2m) under
mild regularity assumptions. Since the RKHSs of the Gaussian kernels are continuously
embedded in all Sobolev spaces, it also satisfies the sup-norm assumption for all s ∈ (0, 1].

(A6) provides a quadratic approximation of the expected risk difference. On a high
level, Assumption (A6) makes it possible to get a weighted least squares approximation for
the estimator, by assuming an asymptotic expansion for the expected risk difference. In
appearance, one might expect that (A6) would make the proof close to that for the least
square problem, but this is not the case. On one hand, we still cannot have an explicit
bias-variance decomposition as in the least squares case. On the other hand, it is stated for
an expected loss which is not directly applicable to the empirical risk minimization problem.
Instead, the empirical processes technique plays a key role to build a bridge between the
empirical loss and the expected loss, with the difference being of higher order than the main
stochastic error term.

We note that (A6) is not particularly restrictive. Intuitively, any smooth function would
behave like a quadratic function near its minimum, which is a direct consequence of Taylor’s
expansion. Thus, assumption (A6) does not impose stringent restrictions on the loss func-
tion. To make it also applicable for nonsmooth losses, notably, we impose this assumption
on the expected loss rather than the empirical loss. This makes it applicable for non-smooth
losses including the quantile loss, for example. We verify in the following proposition that
(A6) holds for logistic loss and quantile loss, although it is expected to hold also for many
other losses. Unfortunately owing to fundamental analytical difficulties, we are unable to
accommodate hinge loss in our theoretical framework.
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Proposition 1 (A6) holds for the logistic loss and the quantile loss. For the latter, we
assume the conditional density of ϵ = y − f0(x), q(.|x), as well as its first derivative, is
uniformly bounded, and q(0|x) is uniformly bounded away from zero.

3. Main results

We first state several useful lemmas in preparation for the proof of the main result. As
mentioned in the introduction, our key innovation is to study the empirical process on the
class of functions induced by the Bregman divergence, which is done in Lemma 3. Lemma
1 obtained some bounds for the Bregman divergence and Lemma 2 calculates the entropy
bound for this class of functions, to be used in the proof of Lemma 3.

Define the Bregman divergenceDf1,f2(x, y) = ℓ(y, f1(x))−ℓ(y, f2(x))−∂2ℓ(y, f2(x))(f1(x)−
f2(x)), where ∂2 is the (sub-)derivative with respect to the second argument of ℓ. The fol-
lowing result relates the supremum norm and the L2-norm of the Bregman divergence
Df,f0(x, y), to the L2-norm and supremum norm of f − f0.

Lemma 1 Assume (A6) holds. For the loss satisfying (A1)(i),

∥Df,f0(x, y)∥∞ ≤ C∥f − f0∥a∥f − f0∥b∞
∥Df,f0(x, y)∥ ≤ C∥f − f0∥a

′∥f − f0∥b
′
∞ (5)

for all f ∈ H with ∥f − f0∥∞ ≤ 1, with a = 0, b = 2, a′ = b′ = 1. For the loss satisfying
(A1)(ii) we have the above holds with a = 0, b = 1, a′ = 1, b′ = 1/2.

Remark 1 Although the above Lemma gives specific values of a, b, a′, b′ in (5), for most
parts of the proof we will just use letters a, b, a′, b′ in the proof for generality. Provided that
some upper bounds for ∥Df,f0(x, y)∥∞ and ∥Df,f0(x, y)∥ in terms of ∥f−f0∥∞ and ∥f−f0∥
are available, we can establish an upper bound for the empirical process index by Df,f0(x, y)
as in Lemma 3 below. In particular, note that in our examples we always have a = 0.

We also need a result on the covering number for the class {Df,f0(x, y)} as in the lemma
below.

Lemma 2 Assume (A1), (A4) and (A5). Let D(u, v) = {Df,f0(x, y) : ∥f − f0∥ ≤ u, ∥f −
f0∥H ≤ v}. We have N (ϵ,D(u, v), L2(Pn)) ≤ eH(ϵ,u,v), with H(ϵ, u, v) = (Cvw/ϵ)2/α where
w = u1−svs, if the loss satisfies (A1) (i), and H(ϵ, u, v) = (Cv/ϵ)2/α if the loss satisfies
(A1) (ii).

Using Lemmas 1 and 2, we can obtain a bound for the empirical process.

Lemma 3 Assume (A1)-(A6). For any u, v > 0, with probability 1− exp{−H(c′, u, v)},

sup
∥f−f0∥≤u,∥f−f0∥H≤v

(Pn − P )Df,f0(x, y) ≤ C

(
c′√
n

√
H(c′, u, v) +

c

n
H(c′, u, v)

)
,

where c′ = Cua
′+(1−s)b′vsb

′
, c = Cua+(1−s)bvsb.
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The following lemma concerns another (more commonly used) empirical process for
the risk difference. It uses the Rademacher complexity E[sup∥f∥≤u,∥f∥H≤1

1
N

∑N
i=1 σif(xi)],

where σi ∈ {−1, 1} are i.i.d. Rademacher variables. As shown in Mendelson (2002), we
have a bound

E[ sup
∥f∥≤u,∥f∥H≤1

1

N

N∑
i=1

σif(xi)] ≤ CRN (u), (6)

where RN (u) =
√

1
N

∑∞
j=1min{sj , u2}. In the special case that sj ≍ Cj−α, it is easy to see

we can take RN (u) =
u1−

1
α√
N

.

Lemma 4 Assume (A1)-(A6). For any u, v > 0, with probability at least 1−e−NR2
N (u/v)/(u/v)2−

e−H(c′,u,v),

sup
∥f−f0∥≤u,∥f−f0∥H≤v

(PN − P ){ℓ(y, f(x))− ℓ(y, f0(x))}

≤ C

(
vRN (u/v) +

c′√
N

√
H(c′, u, v) +

c

N
H(c′, u, v) + u1−svs

R2
N (u/v)

(u/v)2
logN

)
, (7)

where c = ua+(1−s)bvsb, c′ = ua
′+(1−s)b′vsb

′
.

In case of (A1)(ii), we have a simpler bound

sup
∥f−f0∥≤u,∥f−f0∥H≤v

(PN − P ){ℓ(y, f(x))− ℓ(y, f0(x))} ≤ C

(
vRN (u/v) + u1−svs

R2
N (u/v)

(u/v)2

)
, (8)

with probability at least 1− e−NR2
N (u/v)/(u/v)2.

Note that trivially the bounds also hold if the sample size N is replaced by n everywhere
in the above (including replacing RN by Rn), which is useful in the distributed setting.

The final lemma is a strong local convexity property of the population loss, which is an
immediate corollary of assumption (A6), and thus its proof is omitted.

Lemma 5 Assume (A6) holds. Then, there exists constants C4, C5 such that E[ℓ(y, f(x))]−
E[ℓ(y, f0(x))] ≥ C4∥f − f0∥2, ∀f ∈ H with ∥f − f0∥∞ ≤ C5.

Theorem 1 gives the bound for the central estimator with sample size N , as well as
the local estimator based on one partition/machine with sample size n. Note that in order
for the averaged estimator f̄ to achieve the optimal rate of convergence, λ for the local
estimators is chosen to be the same as that for the central estimator. Such a choice is the
same as that already noted for the least-squares case (Lin et al., 2017). For the following,
we note a unique positive uN satisfying RN (uN ) = u2+2r

N exists as explained in Bartlett
et al. (2005).

Theorem 1 Assume (A1)-(A6) hold. Set λ ≍ u2N with the positive value uN satisfying
RN (uN ) = u2+2r

N and. Assume the first term vRN (u/v) in the bound of (7) (for (A1)(i))

9
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and (8) (for (A1)(ii)) is the dominating term when u ≍ u1+2r
N , v ≍ u2rN , and C5/(C1u

1+2r−s
N )

is sufficiently large, we have

∥f̂ − f0∥+ uN∥f̂ − f0∥H ≤ Cu1+2r
N ,

with probability at least 1− e−NR2
N (u/v)/(u/v)2 − e−H(c′,u,v) where u ≍ u1+2r

N , v ≍ u2rN .

For the distributed setting where the local sample size is n, we still set λ ≍ u2N with
RN (uN ) = u2+2r

N . Assume the first term vRn(u/v) in the bound of (7) (for (A1)(i)) and
(8) (for (A1)(ii)) is the dominating term (all appearances of N in the bounds are replaced
by n) when u ≍

√
N/nu1+2r

N , v ≍
√
N/nu2rN , and that C5/(C1

√
N/nu1+2r−s

N ) is sufficiently
large, then we have

∥f̂j − f0∥+ uN∥f̂j − f0∥H ≤ C

√
N

n
u1+2r
N ,

with probability at least 1 − e−NR2
N (u/v)/(u/v)2 − e−H(c′,u,v) where u ≍

√
N/nu1+2r

N , v ≍√
N/nu2rN .

As in Lemma 4, the term e−H(c′,u,v) in the probability above can be omitted for case
(A1)(ii).

Remark 2 The bound for the empirically process indexed by the Bregman divergence (Lemma
3) is expected to be smaller than that indexed by the risk difference (Lemma 4), as we in-
dicate in the introduction. Intuitively, the reason we expect the bound for the empirically
process indexed by the Bregman divergence to be smaller can be explained as follows. As-
suming ℓ(y, z) is twice differentiable in z, Taylor’s expansion implies ℓ(y, f(x))− ℓ(y, f0(x))
is proportional to f(x) − f0(x) and Df,f0(x, y) is proportional to (f(x) − f0(x))

2. We are
mainly concerned with f in a shrinking neighborhood of f0, and thus Df,f0(x, y) is expected
to be smaller than ℓ(y, f(x))− ℓ(y, f0(x)), making the associated empirical process smaller.
Although for non-smooth losses such as the quantile loss we cannot directly use Taylor’s
expansion, Lemma 1 provides more general bounds that still makes the emprical process
associated with the Bregman divergence smaller.

Remark 3 It is not easy to give general sufficient conditions when vRn(u/v) will dominate
other terms. We expect vRn(u/v) is the key term since in kernel ridge regression, it has
been shown in various proofs that this term is the main stochastic error term. Furthermore,
the terms c′√

N

√
H(c′, u, v)+ c

NH(c′, u, v) come from the bound for empirical process indexed

by the Bregman divergence. As we explained in the previous remark, it is expected (but

not always) that this term would be smaller. The last term u1−svs
R2

N (u/v)

(u/v)2
logN comes from

application of the concentration inequality. Since in many studies such as the current one,
the concentration phenomenon (that the random quantity is tightly concentrated around its
expectation) holds, we also expect this term is a high-order term.

When u, v, uN are specifically chosen to balance some terms that represent bias and
variance, we can verify that vRn(u/v) is the dominating term, or provide simple conditions
that it is, as we did in Corollaries below (see the next remark), which shows that it is indeed
the dominating term under reasonable assumptions.

10
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Remark 4 When sj ≍ j−α, we have RN (u) = u1−1/α/
√
N . Assume 1/α = s (as men-

tioned in the discussions below the list of assumptions, in many cases we indeed have

s = 1/α). Then it can be calculated uN = N
− 1

2(1+2r+s) .

In this specific setting, for the non-distributed setting (central estimator), with u ≍
u1+2r
N and v ≍ u2rN , the first term vRN (u/v) in the bounds (7) and (8) always dominates.

Here, the first term dominates means other terms are of smaller order or at most of the
same order as vRN (u/v). For the distributed setting, when u ≍

√
N/nu1+2r

N and v ≍√
N/nu2rN , in (A2)(ii) the first term always dominates. For case (A1)(i) with bound (7),

in the distributed setting the first term in the bound dominate if m ≲ N
1+2r−s
1+2r+s . This and

some other calculations immediately lead to the following corollary. The rate obtained in the
corollary is the same as the least-squares case (Caponnetto and De Vito, 2007; Lin et al.,
2017).

Corollary 1 Assume sj ≍ j−α and (A1)-(A6) holds with s = 1/α. For the central estima-

tor, setting λ ≍ u2N with uN = N
− 1

2(1+2r+s) , we have for N large enough,

∥f̂ − f0∥+ uN∥f̂ − f0∥H ≤ Cu1+2r
N ,

with probability at least 1− e−u
−2s
N .

For the distributed setting with local sample size n, setting λ ≍ u2N with uN = N
− 1

2(1+2r+s) ,

we have for m ≤ cN
1+2r−s
1+2r+s with c sufficiently small,

∥f̂j − f0∥+ uN∥f̂j − f0∥H ≤ C

√
N

n
u1+2r
N ,

with probability at least 1− e−u
−2s
N .

We can now prove our main result for the distributed estimator. Furthermore, in Corol-
lary 2, it is shown that under suitable conditions, the learning rate for the distributed
estimator matches that of the central estimator.

Theorem 2 Under assumptions (A1)-(A6), setting λ ≍ u2N , and assume that the domi-

nating term in Lemma 4 is the first term, we have with probability 1− e−NR2
N (u/v)/(u/v)2 −

e−H(c′,u,v) where u ≍
√
N/nu1+2r

N , v ≍
√
N/nu2rN ,

∥f̄ − f0∥2 + u2N∥f̄ − f0∥2H

≤ C

(
u2+4r
N + u3−svs +

c′√
n

√
H(c′, u, v) +

c

n
H(c′, u, v)

)
,

where c′ = Cua
′+(1−s)b′vsb

′
, c = Cua+(1−s)bvsb and the values of a, b, a′, b′ are as stated in

Lemma 1 (a = 0, b = 2, a′ = b′ = 1 for case (A1)(i), and a = 0, b = 1, a′ = 1, b′ = 1/2 for
case (A1)(ii)).

Remark 5 When sj ≍ j−α and s = 1/α, we can work out the conditions under which the
first term u2+4r

N in the rate dominates. This specific setting is stated as a corollary.

11
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Corollary 2 Assume sj ≍ Cj−α and (A1)-(A6) hold with s = 1/α. Set λ ≍ u2N with uN =

N
− 1

2(1+2r+s) . For (A1) (i), ifm3 ≲ N
1+2r−s
1+2r+s , with probability 1−exp{−u−2s

N }, or for (A2)(ii),

if m5−s ≲ N
s2−(2+2r)s+1+2r

1+2r+s , with probability 1 − exp{−u−2s
N } − exp{−u−((3+2r)s−s2)

N m−s/2},
we have

∥f̄ − f0∥2 + u2N∥f̄ − f0∥2H ≤ Cu2+4r
N .

Our rate u2+4r
N = N− 1+2r

1+2r+s matches the optimal rate for the least squares case as in
Caponnetto and De Vito (2007); Guo et al. (2017). Note that Zhang et al. (2015) does not
use the source condition (equivalent to saying r = 0 in our Assumption (A2)), and our rate
in this special case r = 0 is also the same as the rate in their Corollary 4 (our parameter
α = 1/s is equivalent to their parameter 2ν). In our proof, the extension to r > 0 for
the general loss makes use of Young’s inequality for operators. The lower bound for this
minimax rate is derived by considering the special case of mean regression with Gaussian
noise. Since quantile regression and Huber’s regression model can also be applied to this
generating model, the rate for quantile regression and Huber’s regression is also minimax.
The case of logistic regression requires re-examining the proof of the existing lower bounds,
and we show in the Appendix that this rate is also minimax optimal for kernel logistic
regression. Since all rates are the same, we conjecture these are all minimax rates under
appropriate assumptions for other models. One might ask what the optimal number of
machines/partitions m is. However, m should not be regarded as a tuning parameter. If
computation is feasible, one should always use m = 1. The reason we want to choose m > 1
is simply because computation with m = 1 is infeasible (or too slow). This is a trade-off
between statistical accuracy and computational speed. In the distributed setting, often m
is fixed and pre-given and not something we can choose. The theory developed merely says
that if m is not too large, we can still achieve the same rate as when m = 1.

Remark 6 (On kernels with non-polynomial decaying eigenvalues) Zhang et al. (2015)
consider kernels with finite rank and kernels with exponentially decaying eigenvalues (para-
metric rate or parameter rate with an additional logarithmic term can be achieved in these
cases). In our case, we cannot directly establish general results for different types of eigen-
value decay rates. This is because for general losses, our assumption is not directly based
on eigenvalue decay. Instead, we use the entropy condition and the sup-norm assumption,
which do not have a one-one correspondence with the eigenvalue decay assumption. How-
ever, we can still say something about the case of finite-rank kernel, and the case about
Gaussian kernel (the only well-known example with exponential eigenvalue decay).

For a finite-rank kernel of dimension d, with d fixed, Lemma 2.6.15 and Theorem 2.6.7
of van der Vaart and Wellner (1996) show that (A4) is satisfied with the entropy bound
(2/ε)2/α replaced by Clog(1/ε). Furthermore, (A5) holds with s = 0 since all norms are
equivalent on a finite-dimensional space. Following the same proof strategy, we can derive
that with probability approaching one,

∥f̄ − f0∥2 + u2N∥f̄ − f0∥2H ≤ C

N
,

if m ≲ N1/3 for case (A1)(i), or if m ≲ N1/5

(logN)2/5
for case (A1)(ii).

12
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For kernels whose eigenvalues decay exponentially, that is sj ≲ e−Cj
p
for some p > 0,

Section C.4. (Proof of Corollary 4.3) of Zhao et al. (2016) shows that logN (ε,H(1), L∞) ≲

(log(1ε ))
p+1
p . Using this in place of Assumption (A4), and with (A5) holds trivially for

s = 1, we can then calculate that RN (uN ) = u4r+2
N leads to uN ≍

(
(logN)1/p

N

) 1
2(2r+1)

. Then,

using exactly the same proof steps, we can show that Corollary 1 holds with this uN . That

is, the convergence rate is u1+2r
N ≍

(
(logN)1/p

N

) 1
2
, an almost parametric rate. Furthermore,

Corollary 2 holds for (A1)(i) if m3 ≲ N
2r

2r+1

(logN)
1+ 1

p
, and for (A1)(ii) if m4 ≲ N

r
2r+1

(logN)
1+ 1

p
.

4. Numerical results

We illustrate the distributed learning for Huber’s loss and the logistic loss. The results for
the quantile loss were presented in Lian (2022) and thus we do not repeat them here. For
nonparametric mean regression with Huber’s loss, we generate the data from the model

yi = f(xi) + ϵi,

where f(x) = 2 sin(2πx), xi
i.i.d∼ Unif(0, 1), ϵi

i.i.d∼ t2 (Students’ t error with two degrees of
freedom). We use the Sobolev kernel of order 2 given byK(x1, x2) = min{x1, x2}2max{x1, x2}/2−
min{x1, x2}3/6 + x1x2 + 1. For the tuning parameter λ, it is determined by the prediction
error on an independently generated data set for the averaged estimator f̄ . For simplicity
we do not tune the robustness parameter and simply set it to be 2. Our main purpose
to demonstrate the differences/similarities between the distributed estimator and the cen-
tral estimator, rather than the statistical properties of Huber’s estimator. The robustness
parameter can also be chosen using cross-validation or hold-out data, like the choice of
λ, which adds to the complexity of the algorithm. The estimation errors ∥f̄ − f0∥ for
different pairs (n,m), averaged over 100 repetitions, are reported in Table 1 (top). We
set n ∈ {32, 64, 128, 356, 512, 1024} and m ∈ {1, 2, 4, 8, 16, 32}. For comparison, we also
computed the nonparametric least squares estimator to demonstrate the robustness of the
Huber loss (Table 1 bottom). We see that, unsurprisingly, for a fixed number of machines
m, increasing n decreases the error, and for a fixed local sample size n, increasing m also
decreases the error. More interestingly, for a fixed value of N = nm, increasing m (decreas-
ing n at the same time) will lead to larger errors. In other words, more partitions imply
less accuracy (the centralized estimator using all data is the best). For example, the cells
in the table colored blue all represent the same total sample size N = 1024, and the error
increases withm. The same phenomenon is observed for the cells colored yellow. This result
is also as expected. One-shot distributed learning is computationally faster at the cost of
increased error. Although the distributed estimator is worse than the centralized estimator,
it is better than using local data only (data on one machine). Due to the heavy-tailed
nature of the error term, we see that the least squares loss performs worse than the Huber’s
loss.

In the next experiment, we consider the logistic model with data generated from

yi ∼ Bernoulli(pi), log
pi

1− pi
= f(xi),

13
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Table 1: The estimation errors for different pairs of (n,m) with Huber’s loss (top). The
total sample size is N = nm. For comparison the results based on the least squares
loss are also presented (bottom)

n
m

1 2 4 8 16 32

32 4.220 2.058 1.099 0.917 0.527 0.393
64 1.523 0.709 0.449 0.260 0.135 0.095
128 0.623 0.434 0.237 0.122 0.085 0.057
256 0.389 0.216 0.119 0.078 0.044 0.036
512 0.140 0.075 0.044 0.023 0.013 0.007
1024 0.067 0.037 0.020 0.012 0.007 0.003

n
m

1 2 4 8 16 32

32 6.996 3.305 2.279 1.806 0.947 0.733
64 2.629 1.509 0.820 0.514 0.392 0.165
128 1.477 0.805 0.495 0.308 0.149 0.088
256 0.796 0.472 0.256 0.133 0.081 0.052
512 0.319 0.173 0.106 0.053 0.029 0.019
1024 0.173 0.081 0.052 0.025 0.016 0.008

Table 2: The estimation errors for different pairs of (n,m) for the nonparametric logistic
model. The total sample size is N = nm.

n
m

1 2 4 8 16 32

32 13.016 9.280 8.673 7.638 7.112 6.827
64 9.205 8.128 5.753 4.056 3.876 3.356
128 4.479 3.492 1.666 1.053 0.695 0.526
256 2.571 1.525 0.943 0.458 0.387 0.180
512 1.452 0.888 0.461 0.302 0.168 0.111
1024 0.678 0.346 0.235 0.142 0.088 0.061

where the function f and the distribution of xi is the same as before. We still use the Sobolev
kernel of order 2 and select λ based on independently generated data. The estimation errors
∥f̄ − f0∥ are shown in Table 2. The general pattern for different (n,m) is the same as the
regression case, for example larger m with the same N = nm leads to larger errors.

Next we illustrate the distributed quantile regression. For a value τ ∈ (0, 1), the sample
is generated from the model yi = f(xi) + (1 + xi)σ(ϵi − Φ−1(τ)), where xi are generated
uniformly on [0, 1], ϵi ∼ N(0, 1), Φ−1 is the quantile function of the standard normal
distribution so that f(xi) is indeed the conditional τ -quantile of yi. We set f(x) = sin(2πx)
and σ = 0.5. The simulation results are shown in Table 3 for τ = 0.5.
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Table 3: The estimation errors for different pairs of (n,m) when τ = 0.5. The total sample
size is N = nm.

n
m

1 2 4 8 16 32

32 2.765 1.211 0.898 0.466 0.316 0.221
64 1.226 0.653 0.371 0.221 0.108 0.062
128 0.616 0.386 0.229 0.099 0.053 0.023
256 0.346 0.199 0.105 0.058 0.029 0.013
512 0.186 0.086 0.046 0.020 0.011 0.008
1024 0.089 0.047 0.020 0.010 0.008 0.004

Table 4: Computation time (in seconds) for different sample size n with different losses.

loss n = 32 n = 64 n = 128 n = 256 n = 512 n = 1024

Huber 19.72 47.65 93.70 177.00 314.09 645.49
logistic 16.04 28.81 83.83 182.78 220.82 460.16
quantile 40.67 70.77 137.94 342.66 480.19 1166.63

Based on the representer theorem, solving the penalized problem with sample size n is
an optimization problem in the n-dimensional Euclidean space. The computational com-
plexity depends on the specific algorithm used. For Huber’s loss and quantile loss, we
used the package hqreg in R and for logistic loss we used the package glmnet. It is hard
to analyze analytically the complexity since the algorithm is iterative and there seems no
known theoretical results regarding the number of iterations required. As an indication of
the savings in computation, we note that if the standard gradient descent is used, the com-
plexity is O(n2) per iteration (quadratic in sample size). We report the real computation
time for different losses in Table 4 below on our desktop computer with 12th Gen Intel(R)
Core(TM) i5-12400F and 16GB of RAM. The table tells us the savings in computation
time in a real distributed setting where different partitions are processed parallelly. For
example, with Huber’s loss, N = 1024 requires about 645 seconds, while if it is distributed
as (n = 128,m = 8), it only requires about 93 seconds.

Finally, we examine two real-world datasets using kernel logistic regression and quan-
tile regression, respectively. The first dataset, HTRU2 (https://archive.ics.uci.edu/
dataset/372/htru2), comprises 17,898 pulsar candidates from the High Time Resolution
Universe Survey (South). Out of these, 1,639 are confirmed pulsars, and 16,259 are false
positives, all annotated by humans. For computational feasibility and to make the two
classes more balanced, we sample 2,457 obsevations from the second class and thus the to-
tal sample size is N = 4, 096. Each candidate is characterized by 8 continuous features. We
standardize these features and utilize a Gaussian kernel to train a logistic regression model.
As the true function is unknown, we use the standard estimator without approximation as
a benchmark to calculate the Relative errors for n = {32, 64, . . . , 1024}, where the relative
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Table 5: Relative errors for two real data sets both with N = 4, 096, for logistic regression
and quantile regression, respectively.

loss n = 32 n = 64 n = 128 n = 256 n = 512 n = 1024

logistic 0.833 0.577 0.237 0.166 0.158 0.145
quant (τ = 0.5) 0.562 0.356 0.240 0.113 0.066 0.047
quant (τ = 0.9) 0.642 0.476 0.321 0.200 0.163 0.150

error is defined as ∥f̂ − f0∥/∥f0∥ and f0 is the estimator using the entire sample with size
N . The procedure is repeated 100 times and the average errors are reported in Table 5.

The second dataset is on air quality in an Italian city and is obtained from the UCI Ma-
chine Learning Repository (https://archive.ics.uci.edu/dataset/360/air+quality).
This dataset includes 9,357 hourly averaged measurements from five metal oxide chemi-
cal sensors in an Air Quality Chemical Multisensor Device, collected from March 2004 to
February 2005. It features fifteen variables, such as sensor responses for carbon monoxide
(PT08.S1), non-methanic hydrocarbons (PT08.S2), total nitrogen oxides (PT08.S3), nitro-
gen dioxide (PT08.S4), and ozone (PT08.S5), along with temperature (T) and absolute
humidity (AH) at various quantile levels. The objective is to model the true hourly aver-
aged benzene concentration in µg/m3 using these features. For this purpose, we fit quantile
models at τ = 0.5 and τ = 0.9 using a Gaussian kernel on N = 4, 096 observations. The
relative errors for different (n,m) (again, treating the estimate based on sample size N as
the truth) are also presented in Table 5.

5. Conclusions

In this paper, we considered one-shot distributed learning based on the simple divide-and-
average strategy. The main contribution is to extend the existing results for least squares
loss to a much larger class of convex losses. Such an extension beyond least squares is
interesting and challenging. Due to the unavailability of the closed-form solution, the proof
is rather different and more technical than the least squares case. We show that distributed
learning can achieve the same convergence rate as centralized learning, which in turn is the
same for all losses we consider (in particular all rates can be the same as the least squares
case). An open question associated with our results is whether the required bound on m is
tight. This appears to be a very challenging question, even for mean regression using the
least squares loss.

The one-shot learning strategy has a very low communication cost and thus one may
hope to improve accuracy using more communications. For this, one could adopt other
learning strategies such as Jordan et al. (2018), which shows that by repeatedly sending
gradients to the server to solve a surrogate optimization problem, using multiple rounds
of communications can possibly improve accuracy (theoretically, the constraint in one-shot
learning that the number of machinesm cannot be too large can be relaxed or even removed).
It remains to develop a nonparametric version in the framework of RKHS for the approach
of Jordan et al. (2018), since the existing research is only on parametric models.
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Furthermore, it would be a nontrivial problem to consider distributed learning over a
general network using, for example, a gradient method. In the parametric (finite-dimensional)
setting, learning over a general network has attracted much attention in the optimization
literature (Nedić and Ozdaglar, 2009; Nedić et al., 2017). It is interesting to see how this
works for the nonparametric (infinite-dimensional) setting.

Appendix A: Proofs for results in the main paper

Proof of Proposition 1. For logistic loss h(yf(x)) = log(1 + e−yf(x)), by Taylor’s expan-
sion, we have

h(yf(x))− h(yf0(x))

= − ye−yf0(x)

1 + e−yf0(x)
(f(x)− f0(x))

+
1

2

e−yf0(x)

(1 + e−yf0(x))2
(f(x)− f0(x))

2

−1

6

∫ 1

0

yeu(1− eu)

(1 + eu)4
du · (f(x)− f0(x))

3,

where u = −yf0(x) − ty(f(x) − f0(x)). The first term on the right-hand side above has

expectation zero since f0 minimizes the expected loss. By defining LH = E[ e−yf0(x)

(1+e−yf0(x))2
Kx⊗

Kx], where Kx ⊗ Kx is the operator that maps f to f(x)K(x, .) ∈ H, the expectation of

the second term can be written as 1
2⟨f − f0,LH(f − f0)⟩H, Since e−yf0(x)

(1+e−yf0(x))2
is bounded

away from zero and infinity (f0 is bounded by assumption), we indeed have LH ≍ L. The
expectation of the third term is easily seen to be O(E[(f(x)− f0(x))

3]).
For the quantile loss, using Knight’s identity that ρτ (x − y) − ρτ (x) = −y(τ − I{x ≤

0}) +
∫ y
0 I{x ≤ t} − I{x ≤ 0}dt, we have

ρτ (y − f(x))− ρτ (y − f0(x))

= −(f(x)− f0(x))(τ − I{y ≤ f0(x)}) +
∫ f(x)−f0(x)

0
I{y − f0(x) ≤ t} − I{y − f0(x) ≤ 0}dt.

The expectation of the first term on the right-hand side is zero due to the first-order
optimality condition for f0. For the expectation of the second term, we have

E

[∫ f(x)−f0(x)

0
I{y − f0(x) ≤ t} − I{y − f0(x) ≤ 0}dt

]

= E

[∫ f(x)−f0(x)

0
(q(0|x)t+ q′(t∗|x)t2)dt

]
=

1

2
E[q(0|x)(f(x)− f0(x))

2] +O(E[(f(x)− f0(x))
3]).

By defining LH = E[q(0|x)Kx⊗Kx], we have E[q(0|x)(f(x)−f0(x))2] = ⟨f−f0,LH(f−f0)⟩H
and LH ≍ L since q(0|x) is bounded away from zero and infinity. □
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Proof of Lemma 1. First, we show that (A6) together with the first part of (5) (bound
on the supremum norm) implies the second part of (5) (bound on the L2 norm) with a′ =
a/2+ 1, b′ = b/2. Indeed, (A6) implies E[Df,f0(x, y)] = O(∥f − f0∥2) when ∥f − f0∥∞ ≤ 1.
Thus E[D2

f,f0
(x, y)] ≤ ∥Df,f0(x, y)∥∞ · E[Df,f0(x, y)] ≤ C∥f − f0∥a+2∥f − f0∥b∞. Thus we

can take a′ = a/2 + 1, b′ = b/2.
If the loss function is smooth in the sense that |∂2ℓ(y, z) − ∂2ℓ(y, z

′)| ≤ C|z − z′|, we
have

Df,f0(x, y) = ℓ(y, f(x))− ℓ(y, f0(x))− ∂2ℓ(y, f0(x))(f(x)− f0(x))

=

(∫ 1

0
∂2ℓ (y, f0(x) + t(f(x)− f0(x))) dt− ∂2ℓ(y, f0(x))

)
(f(x)− f0(x))

≤ C(f(x)− f0(x))
2,

and thus the first part of (5) holds with a = 0, b = 2, which then means we can set
a′ = 1, b′ = 1.

For a loss function that is Lipschitz continuous in the sense that |ℓ(y, z) − ℓ(y, z′)| ≤
C|z − z′|, we easily see that the first part of (5) holds with a = 0, b = 1. By the arguments
at the beginning of the current proof, we can set a′ = 1, b′ = 1/2. □
Proof of Lemma 2. First we note that for f ∈ D(u, v), ∥f − f0∥∞ ≤ Cw. In case of
(A1)(i), we have for f1, f2 ∈ D(u, v),

|Df1,f0(x, y)−Df2,f0(x, y)|
= |ℓ(y, f1(x))− ℓ(y, f2(x))− ∂2ℓ(y, f0(x))(f1(x)− f2(x))|
= |∂2ℓ(y, z)(f1(x)− f2(x))− ∂2ℓ(y, f0(x))(f1(x)− f2(x))|
≤ C|z − f0(x)| · |f1(x)− f2(x)|,

where z lies between f1(x) and f2(x). Since |z − f0(x)| ≤ max{|f1(x) − f0(x)|, |f2(x) −
f0(x)|} ≤ Cw. we get

|Df1,f0(x, y)−Df2,f0(x, y)| ≤ Cw|f1(x)− f2(x)|.

The above means

N (ϵ · Cvw,D(u, v), L2(Pn)) ≤ N (ϵv, {∥f − f0∥H ≤ v}, L2(Pn))

= N (ϵ,H(1), L2(Pn)) ≤ exp{(C/ϵ)2/α},

which implies
N (ϵ,D(u, v), L2(Pn)) ≤ exp{(Cvw/ϵ)2/α}.

For the case of (A1)(ii), we have

|Df1,f0(x, y)−Df2,f0(x, y)|
= |ℓ(y, f1(x))− ℓ(y, f2(x))− ∂2ℓ(y, f0(x))(f1(x)− f2(x))|
≤ C|f1(x)− f2(x)|.

Thus

N (Cϵv,D(u, v), L2(Pn)) ≤ N (ϵv, {∥f − f0∥H ≤ v}, L2(Pn)) ≤ exp{(C/ϵ)2/α},
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leading to
N (ϵ,D(u, v), L2(Pn)) ≤ exp{(Cv/ϵ)2/α}.

□
Proof of Lemma 3. Using Lemma 1 and the sup-norm assumption (A5), we have
∥Df,f0∥∞ ≤ c := Cua+(1−s)bvsb, ∥Df,f0∥ ≤ c′ := Cua

′+(1−s)b′vsb
′
. Thus, the entropy bound

in Lemma 2, Theorem 3.12 of Koltchinskii (2011) implies

E[ sup
g∈D(u,v)

(Pn − P )g] ≤ C

(
c′√
n

√
H(c′, u, v) +

c

n
H(c′, u, v)

)
.

Using Talagrand’s concentration inequality, we have with probability 1− e−t,

sup
g∈G

(Pn − P )g ≤ CE[sup
g∈G

(Pn − P )g] + C

√
t

n
c′ + C

tc

n

≤ C

(
c′√
n

√
H(c′, u, v) +

c

n
H(c′, u, v) +

√
t

n
c′ +

tc

n

)
,

and setting t = H(c′, u, v) proves the lemma. □
Proof of Lemma 4. We have ℓ(y, f(x))− ℓ(y, f0(x)) = Df,f0(x, y) + ∂2ℓ(y, f0(x))(f(x)−
f0(x)) and thus

(PN − P )(ℓ(y, f(x))− ℓ(y, f0(x))) = (PN − P )Df,f0(x, y) + PN∂2ℓ(y, f0(x))(f(x)− f0(x)).

The first term on the right-hand side above is bounded by Lemma 3. For the second term,
we write

PN∂2ℓ(y, f0(x))(f(x)− f0(x)) =
1

N

∑
i

ϵi(f(xi)− f0(xi)),

where ϵi = ∂2ℓ(yi, f0(xi)). We can show

E

[
sup

∥f∥≤u,∥f∥H≤v

1

N

∑
i

ϵif(xi)

]
≤ CvR(

u

v
).

In fact, we can bound the left side of the above by
(
E
[
sup∥f∥≤u,∥f∥H≤v

∣∣ 1
N

∑
i ϵif(xi)

∣∣2])1/2,
and then use exactly the same arguments as in the proof of Theorem 42 in Mendelson (2002).

Note that since ∥f∥∞ ≲ u1−svs, an envelope function for the class {ϵf(x) : ∥f∥ ≤
u, ∥f∥H ≤ v} is F (ϵ) = C|ϵ|u1−svs and by that ϵ is sub-exponential, ∥max1≤i≤N F (ϵi)∥ψ1 ≲
(logN)u1−svs. Then, using this envelope function, by Adamczak bound (Koltchinskii, 2011),
which is a concentration-type inequality for unbounded variables, we have with probability
1− e−t,

sup
∥f∥≤u,∥f∥H≤v

1

N

∑
i

ϵif(xi) ≤ CE

[
sup

∥f∥≤u,∥f∥H≤v

1

N

∑
i

ϵif(xi)

]

+C

(
u

√
t

n
+ (logN)u1−svs

t

n

)
. (9)
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Setting t = NR2
N (u/v)/(u/v)

2, we get with probability 1− e−NR2
N (u/v)/(u/v)2 ,

sup
∥f∥≤u,∥f∥H≤v

1

N

∑
i

ϵif(xi) ≤ CvRN (u/v) + Cu1−svs
R2
N (u/v)

(u/v)2
logN.

This proves (7).

In the case of (A1)(ii), we can directly use

E

[
sup

∥f−f0∥≤u,∥f−f0∥H≤v
(PN − P ){ℓ(y, f(x))− ℓ(y, f0(x))}

]

≤ 2E

[
sup

∥f−f0∥≤u,∥f−f0∥H≤v

1

N

∑
i

σi{ℓ(yi, f(xi))− ℓ(yi, f0(xi))}

]

≤ CE

[
sup

∥f−f0∥≤u,∥f−f0∥H≤v

1

N

∑
i

σi(f(xi)− f0(xi))

]
≤ CvRN (u/v),

where the first step used symmetrization and the second step used the contraction inequality
for the Rademacher process (Theorem 2.3 in Koltchinskii (2011)), and the concentration
inequality gives with probability 1− e−t,

sup
∥f∥≤u,∥f∥H≤v

1

N

∑
i

σif(xi) ≤ CE

[
sup

∥f∥≤u,∥f∥H≤v

1

N

∑
i

σif(xi)

]

+C

(
u

√
t

n
+ u1−svs

t

n

)

(note unlike (9), the log(N) term is not necessary here due to the Rademacher variables σi
are bounded). □
Proof of Theorem 1. Suppose ∥f̂ − f0∥+ uN∥f̂ − f0∥H ≥ γ := Lu1+2r

N for a sufficiently
large constant L. This means

inf
∥f−f0∥+uN∥f−f0∥H≥γ

1

N

∑
i

ℓ(yi, f(xi)) + λ∥f∥2H − 1

N

∑
i

ℓ(yi, f0(xi))− λ∥f0∥2H < 0. (10)

By convexity of the functional in f in the above, we have

inf
∥f−f0∥+uN∥f−f0∥H=γ

1

N

∑
i

ℓ(yi, f(xi)) + λ∥f∥2H − 1

N

∑
i

ℓ(yi, f0(xi))− λ∥f0∥2H < 0. (11)

In fact, to see that (10) implies (11), we define the left-hand side for which we take the
infimum of by G(f), considered as a function of f , which is convex in f . We trivially have
G(f0) = 0. (10) means there exists some f with ∥f −f0∥+uN∥f −f0∥H ≥ γ and G(f) < 0.
Let f ′ = (1− t)f + tf0 for some t ∈ [0, 1) chosen such that ∥f ′ − f0∥+ uN∥f ′ − f0∥H = γ.
Then by convexity we have G(f ′) = G((1− t)f + tf0) ≤ (1− t)G(f) < 0. This implies (11).
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Note that when ∥f −f0∥+uN∥f −f0∥H = γ, ∥f −f0∥∞ ≤ C1γu
−s
N = C1Lu

1+2r−s
N ≤ C5,

and thus by Lemma 4 and Lemma 5,

C∥f − f0∥2

≤ E[ℓ(y, f(x))]− E[ℓ(y, f0(x))]

≤ λ∥f0∥2H − λ∥f∥2H + Cu−1
N RN (uN )γ (12)

= −2λ⟨f0, f − f0⟩H − λ∥f − f0∥2H + Cu−1
N RN (uN )γ

≤
√
2rλ

1+2r
2 ∥f − f0∥+ λ1+r∥f − f0∥H − λ∥f − f0∥2H

+Cu−1
N RN (uN )γ

≤
√
2rλ

1+2r
2 ∥f − f0∥+

1

2
λ1+2r +

λ

2
∥f − f0∥2H − λ∥f − f0∥2H

+Cu−1
N RN (uN )γ,

where in the 3rd inequality above, we used that

|λ⟨f0, f − f0⟩H|
= λ|⟨Lrg0, f − f0⟩H|
= λ|⟨g0,Lr(f − f0)⟩H|
≤ λ

1
2
+r∥λ

1
2
−rLr(f − f0)∥H

≤ λ
1
2
+r
√

⟨f − f0, ((1− 2r)λ+ 2rL)(f − f0)⟩H
≤

√
2rλ

1
2
+r∥f − f0∥+ λ1+r∥f − f0∥H,

where the first line used the source condition (A2), and the second to last line used Young’s
inequality for positive operators λ1−2rL2r ≤ (1− 2r)λ+ 2rL.

Re-arranging the terms, we have obtained that

C∥f − f0∥2 +
λ

2
∥f − f0∥2H

≤
(√

2rλ
1+2r

2 + C
RN (uN )

uN

)
γ +

1

2
λ1+2r.

Then, by the specified value of γ and λ, the above leads to

L2u2+4r
N ≤ Cλ1/2+rLu1+2r

N ,

which is a contradiction if L is sufficiently large. This means ∥f̂ − f0∥ + uN∥f̂ − f0∥H ≤
Lu1+2r

N .

When we consider the distributed setting, we again take λ ≍ u2N . We still have, following
the same steps,

C∥f − f0∥2 +
λ

2
∥f − f0∥2H

≤
(√

2rλ
1+2r

2 + C
Rn(uN )

uN

)
γ +

1

2
λ1+2r.
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Note that we have used Rn instead of RN above, since the estimator is based on a sample of

size n now. In this case, setting γ = LRn(uN )/uN = L
√

N
n u

1+2r
N (then we have ∥f−f0∥∞ ≤

C1L
√

N
n u

1+2r−s
N ≤ C5), the above leads to

L2N

n
u2+4r
N ≤ CL

N

n
u2+4r
N ,

again a contraction for L large enough. This means ∥f̂j−f0∥+uN∥f̂j−f0∥H ≤ L
√

N
n u

1+2r
N .

□
Proof of Theorem 2. By assumption (A6), we have, when ∥f − f0∥ ≤ u, ∥f − f0∥H ≤ v,

EDf,f0(x, y) =
1

2
⟨f − f0,LH(f − f0)⟩H +O(E[(f(x)− f0(x))

3])

=
1

2
⟨f − f0,LH(f − f0)⟩H + Cu3−svs, (13)

using E[(f(x) − f0(x))
3] ≤ ∥f − f0∥∞∥f − f0∥2 ≤ C∥f − f0∥3−s∥f − f0∥sH based on the

sup-norm assumption.
Let f̃j be the minimizer of 1

2⟨f −f0,LH(f −f0)⟩H+Pn((f(x)−f0(x))ϵ)+λ∥f∥2H, where
ϵ = ∂2ℓ(y, f0(x)). It is easy to see that f̃j has a closed-form expression

f̃j = (LH + λ)−1LHf0 + (LH + λ)−1

∑
i∈Sj

ϵiK(xi, .)

n
. (14)

We will show that

∥f̃j − f0∥+ uN∥f̃j − f0∥H ≤ C

√
N

n
u1+2r
N . (15)

In fact, since f̃j is the minimizer of 1
2⟨f − f0,LH(f − f0)⟩H +Pn((f(x)− f0(x))ϵ) + λ∥f∥2H,

by comparing the objective function value at f̃j with that at f0, we have

1

2
⟨f̃j − f0,LH(f̃j − f0)⟩H +

1

n

∑
i

ϵi(f̃j(xi)− f0(xi)) + λ∥f̃j∥2H ≤ λ∥f0∥2H.

By the same arguments as at the beginning of the proof of Theorem 1, if ∥f̃j−f0∥+uN∥f̃j−
f0∥H ≥ γ = L

√
N
n u

1+2r
N , there exists some f with ∥f − f0∥+ uN∥f − f0∥H = γ such that

1

2
⟨f − f0,LH(f − f0)⟩H +

1

n

∑
i

ϵi(f(xi)− f0(xi)) + λ∥f∥2H ≤ λ∥f0∥2H.

Since ⟨f − f0,LH(f − f0)⟩H ≥ C⟨f − f0,L(f − f0)⟩H = C∥f − f0∥2, we have

C∥f − f0∥2 ≤ λ∥f0∥2H − λ∥f∥2H + Cu−1Rn(u)γ,

which is the same as (12) and by the same arguments as in the proof of Theorem 1, the above

displayed equation would lead to the same rate ∥f̃j − f0∥+ uN∥f̃j − f0∥H ≤ C
√

N
n u

1+2r
N .
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Furthermore, using (14), since
∑

j f̃j/m = (LH + λ)−1LHf0 + (LH + λ)−1
∑N

i=1 ϵiK(xi,.)
N .

is almost the same as f̃j except that the sample size is N , we immediately have

∥
∑
j

f̃j/m− f0∥+ uN∥
∑
j

f̃j/m− f0∥H ≤ Cu1+2r
N .

Now we bound ∥f̂j − f̃j∥+uN∥f̂j − f̃j∥H. For simplicity of notation, define the function

h(u, v) = u3−svs + c′√
n

√
H(c′, u, v) + c

nH(c′, u, v).

By Lemma 3, (A6), and (13), for any f ∈ H with ∥f − f0∥ ≤ u and ∥f − f0∥H ≤ v,

1

n

∑
i

ℓ(yi, f(xi))−
1

n

∑
i

ℓ(yi, f0(xi))−
1

n

∑
i

ϵi(f(xi)− f0(xi))

−1

2
⟨f − f0,LH(f − f0)⟩H

≤ Ch(u, v). (16)

Since ∥f̂j − f0∥ ≤ u, ∥f̂j − f0∥H ≤ v, ∥f̃j − f0∥ ≤ u, ∥f̃j − f0∥H ≤ v with u = C
√

N
n u

1+2r
N ,

v = C
√

N
n u

2r
N by Theorem 1 and equation (15), taking the difference when plugging f = f̃j

and f = f̂j into (16), we get

− 1

n

∑
i

ℓ(yi, f̂j(xi)) +
1

n

∑
i

ℓ(yi, f̃j(xi)) +
1

n

∑
i

ϵi(f̂j(xi)− f̃j(xi))

+(1/2)⟨f̂j − f0,LH(f̂j − f0)⟩H − (1/2)⟨f̃j − f0,LH(f̃j − f0)⟩H
≤ Ch(u, v). (17)

Since f̃j minimizes 1
2⟨f −f0,LH(f −f0)⟩H+ 1

n

∑
i ϵi(f(xi)−f0(xi))+λ∥f∥2H, the first order

condition yields

1

n

n∑
i=1

ϵiK(xi, .) + LH(f̃j − f0) + 2λf̃j = 0. (18)

Thus we have

(1/2)⟨f̂j − f0,LH(f̂j − f0)⟩H − (1/2)⟨f̃j − f0,LH(f̃j − f0)⟩H

+
1

n

∑
i

ϵi(f̂j(xi)− f̃j(xi))

=
1

2
⟨f̂j − f̃j ,LH(f̂j − f̃j)⟩H + ⟨f̂j − f̃j ,LH(f̃j − f0)⟩H

+⟨f̂j − f̃j ,
1

n

∑
i

ϵiK(xi, .)⟩H

=
1

2
⟨f̂j − f̃j ,LH(f̂j − f̃j)⟩H − 2λ⟨f̃j , f̂j − f̃j⟩H,
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where the last step used (18). Thus, using the above in (17), we get

− 1

n

∑
i

ℓ(yi, f̂j(xi)) +
1

n

∑
i

ℓ(yi, f̃j(xi))

+
1

2
⟨f̂j − f̃j ,LH(f̂j − f̃j)⟩H − 2λ⟨f̃j , f̂j − f̃j⟩H

= − 1

n

∑
i

ℓ(yi, f̂j(xi))− λ∥f̂j∥2H +
1

n

∑
i

ℓ(yi, f̃j(xi)) + λ∥f̃j∥2H

+
1

2
⟨f̂j − f̃j ,LH(f̂j − f̃j)⟩H + λ∥f̂j − f̃j∥2H

≤ Ch(u, v). (19)

Noting

1

n

∑
i

ℓ(yi, f̂j(xi)) + λ∥f̂j∥2H ≤ 1

n

∑
i

ℓ(yi, f̃j(xi)) + λ∥f̃j∥2H,

since f̂j is the minimizer of 1
n

∑
i∈Sj

ℓ(yi, f(xi)) + λ∥f∥2H, the above immediately implies

∥f̂j − f̃j∥2 + u2N∥f̂j − f̃j∥2H ≤ Ch(u, v).

Finally, the distributed estimator satisfies

∥f̄ − f0∥2 + u2N∥f̄ − f0∥2H

≤ 2∥
∑

j f̂j

m
−
∑

j f̃j

m
∥2 + 2∥

∑
j f̃j

m
− f0∥2 + 2u2N∥

∑
j f̂j

m
−
∑

j f̃j

m
∥2H + 2u2N∥

∑
j f̃j

m
− f0∥2H

≤ 2max
j

(∥f̂j − f̃j∥2 + u2N∥f̂j − f̃j∥2H) + 2∥
∑

j f̃j

m
− f0∥2 + 2u2N∥

∑
j f̃j

m
− f0∥2H

≤ C

(
u3−svs +

c′√
n

√
H(c′, u, v) +

c

n
H(c′, u, v) + u2+4r

N

)
,

where u =
√

N
n u

1+2r
N , v =

√
N
n u

2r
N , c = ua+(1−s)bvsb, c′ = ua

′+(1−s)b′vsb
′
. □

Appendix B: On optimal rates for kernel logistic regression

In this section, we prove the following lower bound for kernel logistic regression. We use
the following assumption.

(B1) Assume the kernel for the RKHS H is bounded. The operator L has eigenvalues
sj ≍ j−α for some α > 1. Define the class of functions Hr := {f ∈ H : f =

Lrg for some g ∈ H with ∥g∥ ≤ 1}. The true model is y ∼ Ber( ef(x)

1+ef(x)
) for some

f ∈ Hr and Ber(.) indicates the Bernoulli distribution.

Proposition 2 Under Assumption (B1) stated above, there is a constant C > 0 such that

inf
f̂

sup
f0∈Hr

P (∥f̂ − f0∥2 ≥ Cn
− α(2r+1)

2α(2r+1)+2 ) ≥ 1/2,

where the infimum is over all possible estimators.
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Proof of Proposition 2. The proof follows basically the same lines as for Theorem 2 of
Raskutti et al. (2012) or Theorem 4 of Suzuki and Sugiyama (2013) (although both studied
a more general case of sparse additive models under least squares loss), both of which
used arguments of Yang and Barron (1999). We outline the proof here and point out the
modifications required. Let δn, ϵn be positive sequences (specific choices to be stated later)
and M := M(δn,Hr, L

2) be the δn-packing number of Hr and N := N (ϵn,Hr, L
2) be the

ϵn-covering number ofHr, with the δn-packing set {f1, . . . , fM} and the ϵn-net {g1, . . . , gN}.
Let Θ be a discrete random variable taking value in {1, . . . ,M} which indicates the true
function is fm if Θ = m.

As in Raskutti et al. (2012); Suzuki and Sugiyama (2013), we have

inf
f̂

sup
F∈F

P (∥f̂ − f0∥22 ≥ δ2n/2) ≥
(
1−

E[Ixn1 (Θ, y
n
1 )] + log(2)

log(M)

)
,

where Ixn1 (Θ, y
n
1 ) is the mutual information between Θ and yn1 = (y1, . . . , yn)

T given some

fixed xn1 = (x1, . . . , xn)
T.

Furthermore, they showed that

Ixn1 (Θ, y
n
1 ) ≤ log(N) +

1

M

M∑
m=1

min
ℓ
D(Pyn1 |xn1 ,fm∥Pyn1 |xn1 ,gℓ),

where ∥f∥2n = 1
n

∑
i f

2(xi), Pyn1 |xn1 ,f denotes the conditional distribution of yn1 given xn1 when
f is the true function, and D(.∥.) is the Kullback-Leibler (KL) divergence.

For least squares regression with Gaussian noise N(0, σ2), it can be easily calculated that
D(Pyn1 |xn1 ,fm∥Pyn1 |xn1 ,gℓ) =

n
2σ2 ∥fm − gℓ∥2n. Using this closed-form expression of divergence,

and that log(N) ∼ ϵ
− 2

α(2r+1)
n , log(M) ∼ δ

− 2
α(2r+1)

n , choosing ϵn ∼ n
− α(2r+1)

2α(2r+1)+2 and δn = Cϵn
for a sufficiently small constant C > 0, we can get

1−
E[Ixn1 (Θ, y

n
1 )] + log(2)

log(M)
≥ 1/2,

for the Gaussian mean regression model.
By the above arguments, exactly the same lower bound can be obtained if

D(Pyn1 |xn1 ,fm∥Pyn1 |xn1 ,gℓ) =
n

2σ2 ∥fm − gℓ∥2n is replaced by the inequality

D(Pyn1 |xn1 ,fm∥Pyn1 |xn1 ,gℓ) ≤ Cn∥fm − gℓ∥2n, (20)

and thus we only need to show the logistic regression model satisfies (20).
In fact, when using negative log-likelihood as the loss function, we have Efm [ℓ(y, g

ℓ(x)|x]−
Efm [ℓ(y, f

m(x)|x] = D(Pyn1 |xn1 ,fm∥Pyn1 |xn1 ,gℓ) where Efm [.|x] is the conditional expectation
when fm is the true function (using the subscript to emphasize the truth here), and thus
(20) can be verified similar to the proof of Proposition 1 using Taylor’s expansion. This
completes the proof. □
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