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Abstract
We consider a sequential decision making problem, where we aim to optimize an unknown
function via noisy evaluations that do not violate an a priori unknown (safety) constraint.
As both the objective and the constraint are unknown, a common approach is to model
them using a Gaussian process and restrict evaluations to those regions that are safe with
high probability. Most current methods rely on a discretization of the domain and cannot
be directly extended to the continuous case. Moreover, they make regularity assumptions
about the safety constraint that introduce an additional critical hyperparameter. Instead,
in this paper, we propose an information-theoretic safe exploration criterion that exploits
solely the GP posterior to identify the safe parameters that are most informative about
the safety of other parameters. The combination of this exploration criterion with a well
known Bayesian optimization acquisition function yields a novel safe Bayesian optimization
selection criterion. Our approach is naturally applicable to continuous domains and does not
require additional explicit hyperparameters. We theoretically analyze the method and show
that the proposed acquisition function can learn about the reachable safe optimum up to
arbitrary precision, while only evaluating safe parameters with high probability. Empirical
evaluations demonstrate data-efficiency and scalability of our approach.
Keywords: Bayesian Optimization, Safe Exploration, Safe Bayesian Optimization,
Information-Theoretic Acquisition, Gaussian Processes

1. Introduction

In many sequential decision making problems, the goal is to optimize an unknown objective
function by iteratively selecting parameters to evaluate. In real-world applications such
as robotics (Berkenkamp et al., 2016a), mechanical systems (Schillinger et al., 2017) or
medicine (Sui et al., 2015), however, we are not free to evaluate all parameters, as these
applications are often subject to additional safety constraints that we cannot violate during
the exploration process (Dulac-Arnold et al., 2019). To complicate things further, in many
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cases the safety constraints are a priori unknown as well, meaning that we do not know
the set of safe parameters and cannot just perform unconstrained optimization in that set.
Rather, we need to actively and carefully learn about the safety constraints without violating
them. That is, in order to find the safe parameters that maximize the given objective, we
also need to learn about what parameters are safe, and, most importantly, we need to do so
by only evaluating parameters that are known to be safe. In this context, the well known
exploration-exploitation dilemma becomes even more challenging, since one not only has to
explore within the region currently classified as safe to find the optimum, but one must also
promote the exploration of those areas that are informative about the safety of currently
uncertain parameters, even though they might be unlikely to contain the safe optimum.

Most existing methods take a Bayesian optimization (BO) approach (Mockus, 1974; Jones
et al., 1998) to tackle the safe optimization problem: they place a Gaussian process (GP)
prior (Rasmussen and Williams, 2006) over both the constraint and the objective and use
the GP posterior to guide exploration by restricting evaluations to those parameters that do
not violate the constraint with high probability. To learn about the safety of parameters,
many approaches evaluate the safe parameters with the largest posterior standard deviation,
either over the whole set of safe parameters (Schreiter et al., 2015), or within a region close
to the boundary of this set, defined in terms of the safety constraint’s Lipschitz constant
(Sui et al., 2015, 2018). However, uncertainty about the constraint and the optimum is just
a proxy objective that only indirectly learns about the safety of parameters and the safe
optimum. Moreover, relying on the Lipschitz constant of the safety constraint introduces
an additional hyperparameter to tune. Consequently, these methods leave room to improve
data efficiency and at the same time reduce the number of hyperparameters of the model.

In this paper, we tackle this challenge and develop a safe BO approach that improves
on data efficiency and that does not require additional hyperparameters like the Lipschitz
constant of the safety constraint. Specifically, we draw inspiration from information-theoretic
acquisition functions, which have proven successful in solving the BO problem in a sample
efficient manner (Hennig and Schuler, 2012; Hernández-Lobato et al., 2014; Wang and Jegelka,
2017), and develop ISE-BO, a novel information based safe BO acquisition function.

1.1 Contributions

In this paper, we introduce Information-Theoretic Safe Exploration and Optimization (ISE-
BO), a novel information-theoretic acquisition function for safe Bayesian optimization.
ISE-BO extends our previous work (Bottero et al., 2022)—where we considered solely the
safe exploration problem—by seeking to maximize the information gain about both the
safety of parameters and about the value of the safe optimum to efficiently solve the safe BO
problem.

Safe Exploration As in safe BO one cannot evaluate unsafe parameters, one task of the
acquisition function is to identify safe parameters from which we can infer the safety of
uncertain parameters. For such safe exploration component, the acquisition function that we
propose in this paper relies on the purely exploratory ISE criterion from our preliminary
work (Bottero et al., 2022), which we recall, together with its derivation, in Section 3.1.

2



Information-Theoretic Safe BO

Safe Optimization While safe exploration plays a crucial role in the context of safe BO,
the acquisition function must also allow us to identify the safe optimum. To this end, in
this paper we combine the ISE exploration criterion with the well known max-value entropy
search (MES) (Wang and Jegelka, 2017) acquisition function that aims to find the optimum
by reducing the entropy of the distribution of its value. The resulting algorithm directly
optimizes for information gain about both the safety of parameters and the value of the safe
optimum. In this way, it achieves data-efficiency without manually restricting evaluated
parameters to be in specifically designed areas (like the boundary of the safe set), and
outperforms existing methods in scenarios where the posterior variance alone is not enough
to identify good evaluation candidates, as in the case of heteroskedastic observation noise.
Moreover, our proposed selection criterion does not require additional modeling assumptions
beyond the GP posterior and is directly applicable to continuous domains.

Theoretical Analysis The method that we propose offers theoretical guarantees that
we show in Section 4. We first prove an exploration guarantee for the ISE component of
the acquisition function: we formally define the notion of a largest reachable safe set as the
largest set of safe parameters that we can expect a safe BO algorithm to discover, and then
we show that in the discrete setting the ISE exploration criterion converges to this largest
reachable safe set. Subsequently, we extend the theoretical analysis to the full ISE-BO
acquisition function, showing that it learns about the reachable safe optimum to arbitrary
precision. This analysis integrates and extends the theoretical results in (Bottero et al., 2022)
in two major ways: first, Bottero et al. (2022) do not define a concept of convergence for
the safe exploration, leaving the question open about what portion of the total set of safe
parameters the algorithm can discover and classify as safe; secondly, since Bottero et al.
(2022) only consider safe exploration, they do not prove any result concerning the uncertainty
reduction about the safe optimum.

1.2 Related Work

Constrained BO In unconstrained BO (Mockus, 1974; Shahriari et al., 2016), the goal is
to find the parameters that maximize an a priori unknown objective function. The presence
of constraints that the final solution has to satisfy gives rise to two different problems:
constrained BO, if we can violate the constraints during exploration, and safe BO, if not. In
the context of constrained BO, Schonlau et al. (1998); Gramacy and Lee (2011) consider
variations of the expected improvement acquisition function (Jones et al., 1998), while Gel-
bart et al. (2014) propose to combine typical BO acquisition functions with the probability
of satisfying the constraint. Instead, Gotovos et al. (2013) propose an uncertainty-based
criterion that learns about the feasible region of parameters, while Perrone et al. (2019)
modify the Max-value Entropy Search selection criterion (Wang and Jegelka, 2017) to also
include information about the constraint in the acquisition function. These methods exploit
both safe and unsafe evaluations to find the feasible optimum.
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Safe BO On the other hand, if we are not allowed to evaluate unsafe parameters, the
problem becomes harder, as there is an a priori unknown set of unsafe parameters that
we cannot evaluate, and we must instead find the safe optimum using only information
coming from safe evaluations. Because of this limitation, in safe BO safe exploration becomes
a necessary sub-routine that we need in order to learn about the safety of parameters.
To this end, in the context of active learning, Schreiter et al. (2015) globally learn about
the constraint by evaluating the most uncertain parameters, while Sui et al. (2015) were
the first to cast the full safe optimization problem in terms of safe BO, and formulated
SafeOpt, a safe optimization method that extends the approach by Schreiter et al. (2015)
to joint exploration and optimization, and improves its efficiency by explicitly restricting
safe exploration to the boundary of the safe set. Building on SafeOpt, Sui et al. (2018)
further propose StageOpt, which additionally separates the exploration and optimization
phases. Both of these algorithms assume access to the Lipschitz constant of the safety
constraint to define parameters close to the boundary of the safe set. In practice, however,
the real Lipschitz constant is not available, since the safety constraint is unknown. As a
consequence, its value becomes an extra hyperparameter that one needs to tune or estimate
from the noisy observations. As Sui et al. (2018) note, computing an accurate estimate
can be difficult, and using the wrong one can result in either slow exploration or unsafe
evaluations, depending on whether one chooses a value that is too small or too large. These
methods have been extended to multiple constraints by Berkenkamp et al. (2016a), while
Kirschner et al. (2019) scale them to higher dimensions with LineBO, which explores in
low-dimensional sub-spaces. To improve computational costs, Duivenvoorden et al. (2017)
suggest a continuous approximation to SafeOpt without providing exploration guarantees.
Chan et al. (2023), on the other hand, take a more directed approach, by searching the
most promising parameter also outside of the current safe set and then evaluating the most
uncertain safe parameter in the neighborhood of the projection of such promising parameter
on the boundary of the safe set. In the closely related context of safe active learning, Li et al.
(2022) choose the parameters to evaluate as those with the highest predictive entropy and
high probability of being safe.

Information-based Approaches All of the safe BO methods that we mentioned rely
on function uncertainty to drive exploration. In the context of unconstrained BO, however,
information-based selection criteria have often been shown to outperform other methods. In
particular, Hennig and Schuler (2012); Hernández-Lobato et al. (2014); Wang and Jegelka
(2017) select the parameters that maximize the information gain about the location of the
optimum or the optimum value, while Fröhlich et al. (2020) consider the information under
noisy parameters. Hvarfner et al. (2023), on the other hand, consider the entropy over the
joint optimal probability density over both input and output spaces. We draw inspiration
from these methods to define a selection criterion that directly maximizes the information
gain about both the safety of parameters and the value of the safe optimum. In parallel
independent work, Hübotter et al. (2024) proposed ITL, an active learning algorithm that
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Figure 1: In (a) we illustrate the safe optimization task. Based on the unknown safety
constraint s, we are only allowed to evaluate parameters x with values s(x) above the safety
threshold. Starting from a safe seed x0, a safe optimization strategy needs to find the
optimum of the unknown objective f within the largest safe region of the parameter space
that is safely reachable from x0. This example also shows that, in general, the reachable safe
optimum is not the global safe optimum, since safe regions could exist that are not reachable
from the safe seed without evaluating uncertain or unsafe parameters. In (b) we show an
example of the posterior mean and confidence interval of the GP model for s, together with
the corresponding safe set Sn, as defined in (5). To guarantee safety with high probability,
the next parameter that a safe BO algorithm chooses to evaluate, xn+1, must be within this
set.

aims at learning the values of a function in a target set A by actively sampling observations
in a sample space S, whose relation to A can be arbitrary. To do so, ITL maximizes the
mutual information between the prediction targets in A and the next observation in S. While
addressing a more general problem, when the target space is the set of potential maximizers
and the sample space the set of safe parameters, ITL effectively becomes a safe BO algorithm.

Further Applications The problem of safe exploration is not unique to safe BO, but arises
also in other settings. Notable examples are Markov decision processes (MDP) (Moldovan
and Abbeel, 2012; Hans et al., 2008) and coverage control (Wang and Hussein, 2012). In the
context of MDPs, Turchetta et al. (2016, 2019) traverse the MDP to learn about the safety
of parameters using methods that, at their core, explore using the same ideas as SafeOpt
and StageOpt to select parameters to evaluate, while Prajapat et al. (2022) apply these
concepts to the problem of multi agent coverage control. Consequently, the information-based
method that we propose to guide safe exploration is also directly applicable to their setting.

2. Problem Statement and Preliminaries

In this section, we introduce the problem and the notation that we use throughout the paper.
We are given an unknown and expensive to evaluate function f : X → R that we aim to
optimize under a safety constraint defined via another unknown function s : X → R, s.t.
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parameters that satisfy s(x) ≥ 0 are classified as safe, while the others as unsafe 1

max
x∈X

f(x)

s.t. s(x) ≥ 0.
(1)

Since both the objective f and the safety constraint s are unknown, we cannot rely on their
explicit form to solve (1). Rather, we aim to find the safe optimum by sequentially evaluating
both functions at parameters {xn}Nn=0 ⊂ X . Specifically, we assume that the sequential
evaluations at {xn}Nn=0 produce noisy observations that we have access to: yfn := f(xn) + νfn

and ysn := s(xn) + νsn, which are corrupted by additive homoskedastic Gaussian noise νf/sn

with zero mean and standard deviation σf/sν . However, unlike constrained BO, here we are
not allowed to ever evaluate parameters that violate the safety constraints. That is, all
the parameters {xn}Nn=0 at which we evaluate f and s must satisfy s(xn) ≥ 0 with high
probability. Since before starting to evaluate s we do not have any information about what
parameters are safe, in order to start exploring safely we further assume that we have access
to a safe seed x0 that satisfies the safety condition, s(x0) ≥ 0.

While (1) represents the ideal goal of any safe BO algorithm, without stronger assumptions
about the safety constraint s, it is in general not possible to find the global optimum that
(1) implies without ever evaluating unsafe parameters. That is, for some configurations of i)
safe seed x0, ii) shape of safety constraint, and iii) location of global safe optimum, it is not
possible to reach the global safe optimum by only evaluating parameters that are known to
be safe. One example is the case of a disconnected safe set, where safe seed and global safe
optimum are separated by a vast unsafe region. Therefore, we instead aim to find the safe
optimum that is reachable from the given safe seed x0, i.e., the parameter that we can reach
from x0 by evaluating only safe parameters and that yields the largest value of f among all
such reachable parameters. We illustrate this safe optimization task in Figure 1a, where we
highlight in blue the safe area reachable from x0 and the optimum of f within this region as
the safe optimization goal. In this figure, we also see that the reachable safe optimum is not
necessarily equal to the global safe optimum (1). In Section 2.3 we provide more intuition on
this subject, together with a formal definition of the largest region that is safely reachable
from x0, while in Section 4 we analyze the convergence properties of our proposed algorithm.

2.1 Probabilistic Model

As both f and s are unknown, and as we only have access to the noisy evaluations yf/sn , it is
in general not feasible to select parameters that are safe with certainty. Instead, we provide
high-probability safety guarantees by exploiting a probabilistic model for f and s. To this
end, we follow Berkenkamp et al. (2016a), extend the domain to X̃ := X × {0, 1}, and define
the function h : X̃ → R as

h(x, i) =

{
f(x), if i = 0

s(x), if i = 1.
(2)

Furthermore, we assume that h has bounded norm in the Reproducing Kernel Hilbert Space
(RKHS) (Schölkopf and Smola, 2002) Hk associated to some kernel k : X̃ × X̃ → R with

1. This choice is without loss of generality, since we can incorporate any known non-zero safety threshold
τ(x) in the constraint: s′(x) := s(x)− τ(x).
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k
(
(x, i), (x′, j)

)
≤ 1: ∥h∥Hk

= B <∞. This assumption allows us to use a Gaussian process
(GP) (Srinivas et al., 2010) as probabilistic model for h.

A Gaussian process is a stochastic process specified by a mean function µ : X̃ → R
and a kernel k : X̃ × X̃ → R (Rasmussen and Williams, 2006). It defines a probability
distribution over real-valued functions on X̃ , such that any finite collection of function values
at parameters [(x1, i1), . . . , (xn, in)] is distributed as a multivariate normal distribution. The
GP prior can then be conditioned on (noisy) function evaluations Dn = {

(
(xj , ij), yj

)
}nj=1.

If the noise at each observation is Gaussian, νn ∼ N (0, σ2ν) ∀n, then the resulting posterior
is also a GP with posterior mean and variance given by

µn(x, i) = µ(x, i) + k(x, i)⊤(K + Iσ2ν)
−1(y − µ),

σ2n(x, i) = k
(
(x, i), (x, i)

)
− k(x, i)⊤(K + Iσ2ν)

−1k(x, i),

where µ := [µ(x1, i1), . . . µ(xn, in)] is the mean vector at parameters (xj , ij) ∈ Dn and
[y]j := yj the corresponding vector of observations. We have

[
k(x, i)

]
j
:= k

(
(x, i), (xj , ij)

)
,

the kernel matrix has entries [K]lm := k
(
(xl, il), (xm, im)

)
, and I is the identity matrix. In

the following, we assume without loss of generality that the prior mean is identically zero:
µ(x, i) ≡ 0.

From the GP that models h, it is straightforward to recover the posterior mean and
variance for the objective f and the constraint s

µfn(x) = µn(x, 0), µsn(x) = µn(x, 1),

σfn(x) = σn(x, 0), σsn(x) = σn(x, 1).
(3)

2.2 Safe Set

Using the previous assumptions, we can construct high-probability confidence intervals on the
safety constraint values s(x). Concretely, Chowdhury and Gopalan (2017) show that, for any
δ > 0, it is possible to find a sequence of positive numbers {βn} such that the true function
value h(x, i) is within the confidence interval

[
µn(x, i)± βnσn(x, i)

]
with probability at least

1 − δ, jointly for all (x, i) ∈ X̃ and n ≥ 1. As Chowdhury and Gopalan (2017) show, a
possible choice for such sequence is

βn := B +R
√
2
(
ln(e/δ) + γn

)
, (4)

where R is the smallest positive number that satisfies both P
{
|νsn| ≥ λ

}
≤ 2 exp{−λ2/R2}

and P
{
|νfn | ≥ λ

}
≤ 2 exp{−λ2/R2}, while γn is the maximum information capacity of the

chosen kernel after n iterations: γn = max|D|=n I
(
h(D);y(D)

)
(Srinivas et al., 2010; Contal

et al., 2014). From these confidence intervals, using (3) we can derive analogous intervals for
s, s(x) ∈

[
µsn(x)± βnσsn(x)

]
, which we use to define the notion of a safe set

Sn := {x ∈ X : µsn(x)− βnσsn(x) ≥ 0} ∪ Sn−1; S0 := x0, (5)

namely the set that contains all parameters whose βn-lower confidence bound is above the
safety threshold, together with all parameters that were in previous safe sets. Thanks to
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the set union in the definition of Sn, at each iteration the safe set either expands or remains
unchanged, guaranteeing that the safe seed x0 is always contained in it. We illustrate such a
safe set in Figure 1b. As a consequence of this definition, thanks to the properties of the
confidence intervals

[
µsn(x)± βnσsn(x)

]
, we also know that all parameters in Sn are safe with

probability of at least 1− δ jointly over all iterations n, as we show in Section 4.

2.3 Largest Reachable Safe Set and Safe Optimum

At the beginning of this section, we stated that the goal of a safe optimization algorithm is
to find the optimum within the largest safe set reachable from the safe seed x0, like the one
shown in Figure 1a. To make this statement precise, we now need to define what we mean
with largest reachable safe set.

Intuition Intuitively, given that we can only evaluate parameters that are safe with high
probability and that at the beginning we only know that x0 is safe, we first need a way to
infer what parameters are also safe, assuming that we learn the value s(x0) up to a precision
of ε. We can then repeat this process recursively with all the new parameters that we have
learned to be safe, until we cannot classify any new parameter as safe. The set of safe
parameters that we obtain at the end of this process is the largest reachable safe set.

A useful tool for the theoretical analysis that allows us to formalize such intuition is
a one-step expansion operator Rε, such that, given a set Ω ⊂ X , Rε(Ω) consists of all the
parameters that we can assume safe once we know s(x) up to ε for all x in Ω. With such
operator at hand, we can define the largest reachable safe set Sε(x0) as the set obtained by
recursively applying Rε to x0 an infinite number of times Sε(x0) := limn→∞Rn

ε (x0).
Depending on the setting and on the assumptions on the safety constraint s, different

definitions of such an expansion operator are possible, leading to different definitions of the
largest reachable safe set. For their SafeOpt algorithm, Sui et al. (2015) define such an
operator leveraging the Lipschitz assumption on the safety constraint. Namely, starting
from an initial set of parameters known to be safe, they recursively add to that set those
parameters that must also be safe given the Lipschitz condition, until no new parameters
can be added to the set. In this paper, we cannot adopt the same definition, since we do
not assume Lipschitz continuity of the constraint s. We make no additional smoothness
assumptions other than s being a finite norm element of the RKHS space associated with the
GP kernel. Therefore, for the generalization from the current set of safe parameters we can
rely solely on the GP posterior. In this setting, a natural choice for the largest safe region
reachable from x0 is the set of parameters that can be classified as safe by all well behaved
GPs (i.e., those GPs whose β-confidence interval contains the true value of the function)
that, starting from x0, are conditioned solely on safe evaluations. This intuition leads us to
the formal definition of a corresponding expansion operator Rε and the resulting reachable
safe set Sε(x0). This definition requires some additional objects that we now proceed to
introduce. However, the intuition we provided above is sufficient to follow the rest of the
paper up to the theoretical analysis, where we heavily rely on the formal definition of Rε

and Sε(x0). Therefore, the reader who wishes to can safely skip directly to Definition 6 and
come back later to the definition of Rε.
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Formal Definition In order to formalize the intuition that the largest reachable safe set
is the one that is safely reachable by all well behaved GPs, we first need to define the set
of well behaved GPs that have small uncertainty over a given region of the domain. We
proceed to define this set as the intersection of the set of all well behaved GPs with that of
all GPs with small uncertainty over a given subset of the domain. We define these two sets
in Definition 1 and Definition 2 respectively. In the following, we refer to a GP ∼ N (µ0, k)
conditioned on some observation data D = {(xn, yn)} as GPD.

Definition 1 (β-GPs) Given a kernel k : X × X → R, a function s : X → R, and
β := {βn} a sequence of positive numbers, we define β-GPs as the set containing all the well
behaved GPs, i.e., those GPs whose β-confidence interval contains the true value of s

β-GPs :=
{
GPD : s(x) ∈ [µn(x)− βnσn(x), µn(x) + βnσn(x)]∀x ∈ X ,∀n ≤ |D|

}
. (6)

Definition 2 (β-GPε(Ω)) Given a kernel k : X × X → R, let Ω ⊆ X be a subset of the
kernel’s domain, β := {βn} a sequence of positive numbers, and ε > 0. We define β-GPε(Ω)
as the set containing all the GPs that have an uncertainty over Ω smaller than ε

β-GPε(Ω) :=
{
GPD : β|D|σ|D|(x) ≤ ε ∀x ∈ Ω

}
. (7)

Given Definitions 1 and 2, it is now straightforward to see that the intersection of β-GPs with
β-GPε(Ω) is precisely the set of all well behaved GPs that have a small posterior uncertainty
over Ω, as we formalize in Definition 3.

Definition 3 (β-GPε
s(Ω)) Given a kernel k : X×X → R, a function s : X → R, a sequence

of positive numbers β := {βn}, a subset of the domain Ω ⊆ X , and ε > 0, we define the set
β-GPε

s(Ω) as the set of all well behaved GPs with an uncertainty smaller than ε over Ω

β-GPε
s(Ω) := β-GPs ∩ β-GPε(Ω). (8)

If we choose the sequence {βn} as in (4), the results by Chowdhury and Gopalan (2017)
imply that every GPD is well behaved with probability at least 1− δ, so that β-GPε

s(Ω) is
not empty (see Lemma 11 in Appendix A for more details).

Now that we have a notion of well behaved GPs with localized small uncertainty, we need
to define what it means for a region of the domain to be safely reachable by all such GPs.
Intuitively, a set of safe parameters Y ⊆ X is safely reachable by a GP if, starting from the
safe seed x0 and progressively reducing the posterior uncertainty over the safe set, eventually
Y is classified as safe. This intuition translates to the following expansion operator Rε

Definition 4 (Expansion operator Rε) Given a Gaussian process GP, we call SGP the
safe set associated to such GP posterior, as prescribed by (5). With this notation, given a
safe set S, ε > 0, and with β-GPε

s(S) as in Definition 3, we define the expansion operator
Rε as

Rε(S) :=
{
x ∈ X : for all GP ∈ β-GPε

s(S) x ∈ SGP
}
, (9)

so that Rε(S) is the set of all parameters that are classified as safe, according to (5), by all
well behaved GPs that have an uncertainty of at most ε over S.

9
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Algorithm 1 Generic BO loop
1: Input: Objective function f ; GP prior s.t. f ∼ GP(µ0, k, σν)
2: for n = 0, . . . , N do
3: xn+1 ← argmaxx α(x)
4: yn+1 ← f(xn+1) + νn
5: Update GP posteriors with (xn+1, yn+1)

With the expansion operator Rε at hand, we can finally define the largest reachable safe set
as the set that we obtain by recursively applying Rε to the safe seed x0

Definition 5 (Largest reachable safe set Sε(x0)) Given the expansion operator Rε as
in Definition 4, we define the largest reachable safe set starting from the safe seed x0 as the
set Sε(x0), obtained by recursively applying Rε to x0 an infinite number of times

Sε(x0) := lim
n→∞

Rε

(
Rε

(
. . .
(
Rε︸ ︷︷ ︸

n

(x0)
)
. (10)

The set Sε(x0) is, therefore, the largest set that all well behaved GPs classify as safe starting
from x0, when the posterior uncertainty over the safe set at each iteration can be at most of
ε.

Once we have identified the largest safe region of the domain that we can safely reach
starting from the safe seed, Sε(x0), we can naturally define the optimum value of f within
that region

Definition 6 (Safe optimum f∗ε ) Let ε > 0, and Sε(x0) as in Definition 5. We define the
safe optimum reachable from x0 as

f∗ε := max
x∈Sε(x0)

f(x). (11)

The reachable safe optimum f∗ε is, therefore, the natural objective for the safe optimization
problem that we consider in this paper.

2.4 Bayesian Optimization

If the set Sε(x0) was known, then the problem of finding f∗ε would reduce to a global
optimization problem within Sε(x0). A successful framework to find the global optimum
of an unknown and expensive function via sequential evaluations is Bayesian optimization.
Given a function f defined on some fixed domain Ω, BO algorithms find the argmaxx∈Ω f(x)
by building a probabilistic model of f and evaluating parameters that maximize a so called
acquisition function α : Ω → R defined via that model. The probabilistic model is then
updated in a Bayesian fashion using the evaluation results. Algorithm 1 shows pseudo-code
for the generic BO loop.

There are different ways to estimate the utility associated with the evaluation at one
specific parameter x, which translates into a variety of acquisition functions that one can use
in BO. As discussed in Section 1, however, information-theoretic acquisition functions have
proven to be particularly sample efficient for both the standard (Hennig and Schuler, 2012;
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Hernández-Lobato et al., 2014; Wang and Jegelka, 2017) and constrained (Perrone et al.,
2019) BO problem. Based on these results, in our preliminary work (Bottero et al., 2022)
we developed an information-theoretic safe exploration approach, ISE, whose derivation we
recall in Section 3.1. In this paper we aim to extend the ISE exploration strategy to the
full safe BO problem by combining it with a measure of the information gain about the
value of the safe optimum. A well known acquisition function that exploits such a measure
is the Max-value Entropy Search (MES) acquisition function (Wang and Jegelka, 2017).
More specifically, the MES acquisition function computes the mutual information between
an evaluation at parameter x with observed value y and the objective function’s optimum
value In

(
{x, y}; f∗

)
, with f∗ := maxx f(x), so that the next parameter to evaluate is the

most informative about the value of the optimum. In the case of a GP prior and Gaussian
additive noise, the MES mutual information can be expressed as

In
(
{x, y}; f∗

)
= Ef∗

[
θf∗(x)ψ(θf∗(x))

2Ψ(θf∗(x))
− ln

(
Ψ(θf∗(x))

)
]
, (12)

where θf∗(x) = f∗−µn(x)
σn(x)

, while ψ and Ψ are, respectively, the probability density function
of a standard Gaussian and its cumulative distribution. The expectation in (12) is over
the possible values of the optimum and can be approximated via a Monte Carlo estimate.
Wang and Jegelka (2017) have shown that estimating (12) even with a single properly chosen
sample achieves vanishing regret with high probability, meaning that, with high probability,
it leads to learning about the optimum value up to arbitrary precision.

3. Safe Optimization Algorithm

In Section 2.3, we defined the goal of a safe optimization algorithm, namely finding the
reachable safe optimum f∗ε , while in Section 2.4 we introduced BO as a framework to solve
unconstrained global optimization. To solve our safe optimization problem, we need to design
an acquisition function α : X → R that at each iteration n we maximize within the safe set
Sn to find the next safe parameter to evaluate

xn+1 ∈ argmax
x∈Sn

α(x).

A key element to keep in mind when designing a BO acquisition function is the exploration-
exploitation trade-off, as the optimum could be both in regions where the uncertainty is
low and the values seem promising as well as in areas where the uncertainty is high. In
safe BO, the fact that we are only allowed to evaluate parameters that are safe with high
probability adds a further layer of complexity to the exploration-exploitation problem, as
applying common BO exploration strategies within the set of safe parameters is generally
insufficient to drive the expansion of this set and learn about the reachable safe optimum.
Sui et al. (2015) show this problematic behavior for the well known GP-UCB algorithm
(Srinivas et al., 2010), while in Figure 2 we can see how the MES acquisition function (Wang
and Jegelka, 2017) fails to expand the safe set sufficiently to uncover the true safe optimum
when we constrain it to the current safe set.

To overcome such issue, a safe BO algorithm needs to simultaneously learn about the
safety of parameters outside the current safe set, promoting its expansion, and explore-exploit

11
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Figure 2: 1D example that illustrates why an explicit exploration component that promotes
the expansion of the safe set is crucial in safe BO. Here, the function in the top half, f , is the
unknown objective to optimize, while the lower half shows the unknown safety constraint, s.
The algorithm that generated the plots in the figure chooses the next parameter to evaluate
as the one that maximizes the pure MES acquisition function for f , constrained within the
current safe set Sn. We can see that the safe optimum (pink square) is outside the initial
safe set (left plots), but the acquisition function has no incentive in evaluating points that
could expand the safe set further on the right side of the safe set, since the right boundary
of the safe set has clearly a negligible probability of containing the optimum. Instead, the
MES acquisition function focuses on the left boundary of the safe set, as we can see in the
plots on the right, since that is the likely location of the optimum within the current safe set.

within the safe set to learn about the safe optimum. In order to achieve this behavior, in
Section 3.1 we propose an acquisition function that selects the parameters to evaluate as
the ones that maximize the information gain about the safety of parameters outside of the
safe set. We then combine it with MES and show that this newly introduced acquisition
function converges to the safe optimum in Section 4.

3.1 Safe Exploration

To be able to expand the safe set beyond its current extension, we need to learn what
parameters outside of the safe set are also safe with high probability. Most existing safe
exploration methods rely on uncertainty sampling over subsets of Sn. Instead, we exploit
the ISE safe exploration strategy from (Bottero et al., 2022), that uses an information gain
measure to identify the parameters that allow us to efficiently learn about the safety of
parameters outside of Sn. That is, the ISE criterion allows us to evaluate the constraint s
at safe parameters that are maximally informative about the safety of other parameters, in
particular about those whose safety is uncertain. Here, we recall the derivation of the ISE
acquisition function.

To start, we need a measure of information gain about the safety of parameters. We
define such a measure using the binary variable Is(·)≥0(x), which is equal to one iff s(x) ≥ 0

12
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µs
n(x)

[µs
n(x) ± βnσ s

n(x)]

Sn

In({x, y};Is(·)≥0( ))z

Figure 3: For a GP posterior given by the posterior mean µsn and posterior variance σsn, here
we show in green the mutual information In

(
{x, y}; Is(·)≥0(z)

)
for different parameters x

inside the safe set and for a fixed z outside (red dashed line). We see that the closer to
z, the more information an evaluation at x gives us about Is(·)≥0(z), and that the mutual
information vanishes where the posterior uncertainty is small, as there is not much left
that we can learn from evaluating those parameters. The exploration part of our algorithm
maximizes this quantity jointly over x and z.

and zero otherwise. Its entropy according to the GP posterior at iteration n is given by

Hn

[
Is(·)≥0(z)

]
= −p−n (z) ln(p−n (z))−

(
1− p−n (z)

)
ln(1− p−n (z)), (13)

where p−n (z) is the probability of z being unsafe according to the GP posterior: p−n (z) =
1
2+

1
2 erf

(
− 1√

2

µs
n(z)

σs
n(z)

)
. The random variable Is(·)≥0(z) has high-entropy where we are uncertain

whether z is safe or not; that is, its entropy decreases monotonically as |µsn(z)| increases and
the GP posterior moves away from the safety threshold. It also decreases monotonically as
σsn(z) decreases and we become more certain about whether the constraint is violated or not.
This behavior also implies that the entropy goes to zero as the confidence about the safety of
z increases, as desired.

Given Is(·)≥0, we consider the mutual information I
(
{x, y}; Is(·)≥0(z)

)
between an ob-

servation y at a parameter x and the value of Is(·)≥0 at another parameter z. Since
Is(·)≥0 is the indicator function of the safe regions of the parameter space, the quantity

In

(
{x, y}; Is(·)≥0(z)

)
measures how much information about the safety of z we gain by

evaluating the safety constraint s at x at iteration n, averaged over all possible observed
values y. This interpretation follows directly from the definition of mutual information

In

(
{x, y}; Is(·)≥0(z)

)
= Hn

[
Is(·)≥0(z)

]
− Ey

[
Hn+1

[
Is(·)≥0(z)

∣∣∣{x, y}
]]
,

where Hn[Is(·)≥0(z)] is the entropy of Is(·)≥0(z) according to the GP posterior at iteration n,

while Hn+1

[
Is(·)≥0(z)

∣∣∣{x, y}
]

is its entropy at iteration n+1, conditioned on a measurement

y at x at iteration n. Intuitively, In
(
{x, y}; Is(·)≥0(z)

)
is negligible whenever the confidence

about the safety of z is high or, more generally, whenever an evaluation at x does not have
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the potential to substantially change our belief about the safety of z. The mutual information
is large whenever an evaluation at x on average causes the confidence about the safety of z to
increase significantly. As an example, in Figure 3 we plot In

(
{x, y}; Is(·)≥0(z)

)
as a function

of x ∈ Sn for a specific choice of z and for an RBF kernel. As one would expect, we see that
the closer x gets to z, the bigger the mutual information becomes, and that it vanishes in
the neighborhood of previously evaluated parameters, where the posterior variance is small.

To compute In
(
{x, y}; Is(·)≥0(z)

)
, we need to average (13) conditioned on an evaluation

y over all possible values of y. Although we know the exact expression for the entropy of
Is(·)≥0(z), the integral that results from averaging over y is intractable given the expression of
the entropy in (13). In order to get a tractable result, we instead derive a close approximation
of (13) by truncating the Taylor expansion of Hn[Is(·)≥0(z)] at the second order, which
appears to recover almost exactly its true behavior (see Appendix B for details)

Hn

[
Is(·)≥0(z)

]
≈ Ĥn

[
Is(·)≥0(z)

]
.
= ln(2) exp

{
− 1

π ln(2)

(
µsn(z)

σsn(z)

)2
}
. (14)

Since the posterior mean at z after an evaluation at x depends linearly on µn(x), and
since the probability density of y depends exponentially on −µ2n(x), the approximation (14)

reduces the conditional entropy Ey

[
Ĥn+1

[
Is(·)≥0(z)

∣∣∣{x, y}
]]

to a Gaussian integral with the

exact solution

Ey

[
Ĥn+1

[
Is(·)≥0(z)

∣∣∣{x, y}
]]

=

ln(2)

√
σ2ν + σ2n(x)(1− ρ2n(x, z))
σ2ν + σ2n(x)(1 + c2ρ2n(x, z))

exp

{
−c1

µ2n(z)

σ2n(z)

σ2ν + σ2n(x)

σ2ν + σ2n(x)(1 + c2ρ2n(x, z))

}
,

where we omitted the s superscript for µn, σn; ρn(x, z) is the linear correlation coefficient
between s(x) and s(z); c1 := 1/ ln(2)π, and c2 := 2c1−1. This result allows us to analytically
calculate the approximated mutual information

În

(
{x, y}; Is(·)≥0(z)

)
:= Ĥn

[
Is(·)≥0(z)

]
− Ey

[
Ĥn+1

[
Is(·)≥0(z)

∣∣∣{x, y}
]]
. (15)

Note that the mutual information In
(
{x, y}; Is(·)≥0(z)

)
is symmetric, so that, alternatively,

one could also choose to compute it as the average reduction in the entropy of s(x) given an
observation of Is(·)≥0(z). However, as we show in Appendix B, the approximation (14) is
very close to the true value of the entropy and computing the mutual information the other
way around does not bring any additional benefit, as it also involves intractable integrals.

Now that we have defined a way to measure and compute the information gain about the
safety of parameters, we can use it to design the exploration component of our acquisition
function, which drives the expansion of the safe set. The natural choice is to select the
parameter that maximizes the information gain; that is, we define the Information-Theoretic
Safe Exploration (ISE) acquisition αISE as

αISE := max
z∈X

În

(
{x, y}; Is(·)≥0(z)

)
. (16)
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Algorithm 2 Information-Theoretic Safe Exploration and Optimization
1: Input: GP priors for h (µ0, k, σν) and safe seed x0

2: for n = 0, . . . , N do
3: xn+1 ← argmaxx∈Sn

max
{
αISE(x), αMES(x)

}

4: yfn+1, y
s
n+1 ← f(xn+1) + νfn , s(xn+1) + νsn

5: Update GP posteriors with (xn+1, y
f
n+1) and (xn+1, y

s
n+1)

Evaluating s at x ∈ argmaxx∈Sn
αISE(x) maximizes the information gain about the safety

of some parameter z ∈ X , so that it allows us to efficiently learn about parameters that
are not yet known to be safe. While z can lie in the whole domain, the parameters whose
safety we are most uncertain about lie outside the safe set. By leaving z unconstrained, we
show in our theoretical analysis in Section 4 that, once we have learned about the safety
of parameters outside the safe set, (16) resorts to learning about the constraint function
also inside Sn. In Section 4 we also show that this behavior yields exploration guarantees,
meaning that it leads to classifying the whole Sε(x0) as safe.

3.2 Optimization

While expanding the safe set beyond its current extension is essential for the task at hand,
in order to find the safe optimum f∗ε , it is not sufficient to learn about the largest reachable
safe set. Instead, one also needs to learn about the objective function values within the safe
set, until the optimum can be identified with high confidence.

To this end, we can combine the mutual information În
(
{x, y}; Is(·)≥0(z)

)
with a quantity

that measures the information gain about the safe optimum value. For such combination to
work, we need a quantity that has the same units as αISE to measure progress. A natural
choice is therefore the mutual information between an evaluation at x and the value of
the safe optimum, In

(
{x, y}; f∗ε

)
. With this choice, we can define the ISE-BO acquisition

function as the maximum between the two information gain measures, so that the next
parameter to evaluate, xn+1, is given by

xn+1 ∈ argmax
x∈Sn

αISE-BO(x) := argmax
x∈Sn

max
{
αISE(x), αMES(x)

}
, (17)

where αMES := In
(
{x, y}; f∗ε

)
is the MES acquisition function that Wang and Jegelka (2017)

proposed, as explained in Section 2.4. By selecting xn+1 according to (17), we choose the
parameter that yields the highest information gain about the two objectives we are interested
in: which parameters outside the current safe set are also safe and what is the optimum
value within the current safe set. Indeed, as we show in Section 4, with high probability this
selection criterion eventually leads to classifying the whole Sε(x0) as safe and to identifying
f∗ε with high confidence.

Figure 4 shows an example of the two components of the ISE-BO acquisition function,
in a case where the safety constraint is given by f(x) ≥ 0. We see in Figure 4b that the
exploration component αISE vanishes within the safe set, where we have high confidence
about the safety of f , while it achieves its biggest values on the boundary of the safe set,
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µn(x)

Sn

α ISE(x)

αMES(x)

(a) n = 2.

α ISE(x)

αMES(x)

(b) n = 7.

Figure 4: Example of the two components of the ISE-BO acquisition function. For simplicity,
here the safety constraint s is defined in terms of the objective function f : s(x) ≡ f(x). The
two plots show the values of the safe set expansion component αISE and the optimization
component αMES of the acquisition function inside the safe set Sn, against the GP posterior
mean and confidence interval (the blue curve and shaded area, respectively), with the safety
threshold s(x) = f(x) = 0 indicated by the orange dashed line. As shown in (a), we see
that at iteration n = 2 both components achieve their maximum on the boundary of the
safe set, since, according to the GP posterior, it is both promising as a region that contains
the optimum and as a region that can give us information about the safety of parameters
outside Sn. The plot in (b), however, shows that, as we continue sampling on the border,
αMES vanishes here, since it is unlikely that the optimum is in these neighborhoods. On the
contrary, αISE remains non negligible on the boundaries, as these parameters can still give
us information about the safety constraint outside of Sn, possibly leading to its expansion.

where an observation is most likely to give us valuable information about the safety of
parameters with uncertain safety value. On the contrary, the optimization component αMES

has its optimum in the inside of Sn, where the current safe optimum of f is likely to be and
an evaluation would increase the amount of information about the safe optimum value. It
is also possible to show that both acquisition components are bounded by a monotonically
increasing function of the posterior variance, meaning that they vanish in regions where
the posterior variance is very small and where, therefore, we are highly confident about the
values of f and s (see Proposition 22 in Appendix A).

Figure 4 also serves as a further intuition for why the single components alone would
ultimately lead to an inefficient safe optimization behavior: the exploration component keeps
sampling close to the border of Sn, until the safe set cannot be expanded further, and then it
tries to reduce the uncertainty on the border to very low values, before turning its attention
to the inside of the safe set. On the other hand, the exploration-exploitation component
within Sn drives the expansion of the safe set only until it is still plausible that the optimum
is in the vicinity of its boundary. As soon as that is no longer the case, as in Figure 4b, this
component keeps focusing on the inside of Sn for a large number of iterations, effectively
stopping the expansion of the safe set, even if the current safe set is not yet the largest one
and may not yet contain the true safe optimum f∗ε .

Finally, in Figure 5 we show an example run of Algorithm 2. This figure shows how the
acquisition function αISE-BO (17) alternates between evaluating parameters that lead to
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Figure 5: 1D example that illustrates Algorithm 2. The top row shows the objective function
f with the corresponding posterior GP confidence interval at various iterations, while the
bottom row does the same for the safety constraint s. The dashed orange line represents
the safety threshold, while the black crosses mark the observed values yf/sn at the evaluated
parameters xn. We see how the acquisition function αISE-BO selects the next parameter
xn+1 (green dashed line) alternating between parameters that are likely to expand the safe
set (n = 0, n = 8) and parameters that are informative about the current safe optimum
(n = 1, n = 9), until it is able to identify the reachable safe optimum (pink square).

an expansion of the safe set and parameters that give information about the safe optimum,
until it confidently identifies f∗ε . In the next section, we analyze the theoretical convergence
properties of αISE-BO and show that it does indeed allow us to learn about the safe optimum
f∗ε with high probability.

4. Theoretical Results

In Section 2 we introduced the problem of safe BO and defined the concepts of safe set
Sn and of safe optimum f∗ε , as the largest value of the objective function f that is safely
reachable from the safe seed x0. In this section, we theoretically analyze our ISE-BO
acquisition function that we introduced in Section 3, and show that it leads to the discovery
of the reachable safe optimum, f∗ε . Although Algorithm 2 can be applied both to discrete
and continuous domains alike, as it is common in the literature (Sui et al., 2015, 2018;
Sukhija et al., 2022) in the following analysis we will restrict ourselves to a discrete and
finite domain: |X | = N < ∞. The two major results that we present here show how the
acquisition function αISE-BO is guaranteed to find a solution of the safe BO problem. First,
we show how we can find the largest reachable safe set Sε(x0) by sampling according to the
ISE exploration component of the acquisition function. Afterwards, we show that when we
combine it with MES in ISE-BO, we learn about f∗ε to arbitrary precision. All proofs for
the results presented in this section can be found in Appendix A. Before starting, we recall
that all the results hold under the following assumptions

Assumption 1 Given the objective f : X → R and safety constraint s : X → R, the function
h : X × {0, 1} → R as defined in (2) has bounded norm in the RKHS space Hk associated
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with the GP kernel: ||h||Hk
= B < ∞. Moreover, we have access to noisy observations of

both functions, yfn := f(xn) + νfn and ysn := s(xn) + νsn, where νf/sn ∼ N
(
0, σ

f/s
ν

)
.

In the following, when clear from the context, we omit the apex f/s.

Assumption 2 Given δ ∈ (0, 1), the sequence of positive numbers {βn} used to define the
confidence intervals

[
µn(x, i)± βnσn(x, i)

]
is such that the true value of h is contained in

this interval with probability at least 1− δ, jointly for all (x, i) ∈ X × {0, 1} and n ≥ 1.

As Chowdhury and Gopalan (2017) show, a choice that satisfies the condition in Assumption 2
is the one given by (4). Moreover, as mentioned in Section 1, we also note that from
Assumption 2 and from the definition of the safe set (5), it follows that all parameters in Sn
are safe with high probability

Proposition 7 Choose δ ∈ (0, 1), let h be as defined in (2) and the safe set Sn as in (5).
Given Assumptions 1 and 2, it holds that s(x) ≥ 0 with probability of at least 1− δ, jointly
for all x ∈ Sn and for all n.

Proposition 7 guarantees that at every iteration, the parameters in the safe set are indeed safe
with high probability. Now we need to show that sequentially sampling within Sn according
to the αISE-BO acquisition function we can learn about the safe optimum.

Theorem 1 in Bottero et al. (2022) proves the preliminary result that, if the safe set stops
expanding, ISE causes the uncertainty over Sn to vanish. Here we extend this result to show
that by sampling according to the ISE acquisition function, we eventually learn to classify
the whole largest reachable safe set Sε(x0) as safe.

Theorem 8 Let s be the safety constraint as in Assumption 1, let {βn} and δ be as in
Assumption 2, and let the domain X be discrete and of size D := |X | < ∞. Let xn+1 ∈
argmaxx∈Sn

αISE(x), and define the true safe set S̄(s) as the set of all parameters that
satisfy the safety constraint

S̄(s) :=
{
x ∈ X : s(x) ≥ 0

}
. (18)

With NS := |S̄(s)|, it then holds true that for all ε > 0 there exists Nε such that, with
probability of at least 1− δ, Sn ⊇ Sε(x0) for all n ≥ NSNε. The smallest of such Nε is given
by

Nε = min

{
N ∈ N : βNη

−1
N

(
CγN
N

)
≤ ε
}
, (19)

where ηn(x) := ln(2) exp
{
−c1 4β

2
n

x

}[
1−

√
σ2
ν

2c1x+σ2
ν

]
, γN is the maximum information capacity

of the chosen kernel, and C = ln(2)/σ2ν ln(1 + σ−2
ν ).

Theorem 8 shows that αISE is indeed a good choice for an acquisition function that
promotes the expansion of the safe set, as it allows us to classify the whole reachable safe
set Sε(x0) as safe. This result can be combined with those by Wang and Jegelka (2017),
who showed that sampling according to αMES in a fixed domain leads to vanishing regret
with high probability. Therefore, if we first sample according to αISE until Sn̂ ⊇ Sε(x0), and
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then, for n > n̂, we sample according to αMES in Sn̂, the simple regret with respect to f∗ε
will decay to zero with high probability.

On the other hand, in general it is not necessary to learn about the whole Sε(x0) in
order to uncover the location of the safe optimum, and it will also often be the case that
the optimum is not close to the boundary of Sε(x0), so that it might not be necessary to
learn about the whole reachable safe set in order to find it. In such situations, it could be a
waste of resources to first learn about the whole Sε(x0) and only then turn the attention to
f∗ε . Rather, one can optimize both acquisition components at the same time, as prescribed
by αISE-BO. Theorem 10 offers convergence guarantees for this scenario, for a particular
approximation of the mutual information In

(
{x, y}; f∗ε

)
.

Before we can prove Theorem 10, however, we first need the following Lemma, which
presents a minor twist to a result derived by Wang and Jegelka (2017) and suggests an
equivalent acquisition function to αMES, when we only use one sample to compute the
expectation in the mutual information In

(
{x, y}; f∗

)
.

Lemma 9 Let αMES
y∗ be the mutual information (12) where the average is computed via

Monte Carlo with only one sample of f∗Sn
of value equal to y∗. Then maximizing αMES

y∗ is equiv-
alent to maximizing α̂MES

y∗ := σ2n(x)
(
y∗ − µn(x)

)−2, in the sense that argmaxx α
MES
y∗ (x) =

argmaxx α̂
MES
y∗ (x).

With the equivalent approximation α̂MES
y∗ to the αMES acquisition function, we can now

show the following result

Theorem 10 Let the domain X be discrete and of dimension D := |X | < ∞. Assume,
moreover, that xn+1 is chosen according to xn+1 ∈ argmax max

{
αISE(x), α̂MES

ϕ (x)
}
, with

ϕ ∈ R such that ϕ > µn(x) for all x ∈ Sn and for all n. Let, moreover, NS := |S̄(s)| be the
size of the true safe set of s, and x∗

ε the reachable safe argmax. Then it holds that for all
ε > 0 there exists Nε such that, with probability of at least 1− δ, x∗

ε ∈ Sn for all n ≥ NSNε,
and σn(x∗

ε) ≤ ε for all n ≥ (NS + 1)Nε. The smallest of such Nε is given by

Nε = min

{
N ∈ N : βNb

−1
N

(
CγN
N

)
≤ ε
}
, (20)

where bn(x) := min
{
ηn(x),

x
ϕ

}
, with η as given in Theorem 8, γN is the maximum in-

formation capacity of the chosen kernel: γN = maxD⊂X ;|D|=N I
(
f(D);y(D)

)
, and C =

max
{

ln(2)
σ2
ν
, 1
ϕ−2β

}
.

Theorem 10 extends the result of Theorem 8, in that it shows that, if we evaluate
parameters according to the αISE-BO acquisition function, then not only will we learn about
Sε(x0), but we will also reduce the uncertainty about the optimum within it, hence solving
the safe optimization task.

Both Theorems 8 and 10 find convergence bounds on n, (19) and (20), that depend on
the behavior of the maximum information capacity γn. In Appendix A, we show that, in the
discrete domain setting, (19) and (20) have a non trivial solution.
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5. Discussion and Limitations

Since the ISE-BO objective is defined over a continuous domain, our proposed algorithm
can deal with higher dimensional domains better than algorithms that rely on a discrete
parameter space. However, because of the ISE contribution to the acquisition function, to
find xn+1 according to αISE-BO we have to solve a non-convex optimization problem with
twice the dimension of the parameter space, which can become computationally challenging
as the dimension of the domain grows. In higher-dimensional settings, we follow LineBO by
Kirschner et al. (2019), which at each iteration selects a random one-dimensional subspace
to which it restricts the optimization of the acquisition function.

Our acquisition function αISE-BO trades off the expansion of the safe set with the search
for the safe optimum. This comparison works best when both the objective function f and
the constraint s share the same scale, which can be obtained without loss of generality by
normalizing the two functions.

In Section 2, we assumed the observation process to be homoskedastic. However, the
results can be extended to the case of heteroskedastic Gaussian noise. The observation noise
at a parameter x explicitly appears in the ISE acquisition function, since it crucially affects
the amount of information that we can gain by evaluating the constraint s at x. On the
contrary, SafeOpt-like methods do not consider the observation noise in their acquisition
functions. As a consequence, ISE-BO can perform significantly better in a heteroskedastic
setting, as we show in Section 6.

We also reiterate that the theoretical safety guarantees offered by ISE-BO are derived
under the assumption that h is a bounded norm element of the RKHS space associated
with the given GP’s kernel. In applications, therefore, the choice of the kernel function
becomes even more crucial when safety is an issue. For details on how to construct and
choose kernels see (Garnett, 2023). The safety guarantees also depend on the choice of βn.
Typical expressions for βn include the RKHS norm of the composite function h (Chowdhury
and Gopalan, 2017; Fiedler et al., 2021), as shown in (4), which is in general difficult to
estimate in practice. Moreover, to compensate for a non optimal initial choice of kernel, in
practice one might also want to optimize the kernel hyperparameters during learning, based
on the collected observations, with the consequence that also the RKHS norm of h would
change. Because of these reasons, usually in practice a constant value of βn is used instead.

Finally, it is worth noting that the ISE-BO acquisition function that we propose takes
a myopic approach, in that it only looks at the average decrease in entropy given one
observation. In standard BO, various works have shown how non-myopic approaches can
achieve better performance (Yue and Kontar, 2020; Gonzalez et al., 2016; Jiang et al., 2020),
and Zhang et al. (2021) argued that a non-myopic behavior is even more important in the
case of constrained BO. How to extend our information based safe BO approach to the
non-myopic setting is therefore an interesting direction for future work.

6. Experiments

In this section, we present experiments to evaluate the proposed ISE-BO acquisition function
on different tasks and investigate its practical performance against other approaches.
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(a) Same function for constraint and objective.
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(b) Independent objective and constraint.

Figure 6: Performance of ISE-BO compared to SafeOpt and both constrained and uncon-
strained versions of MES, when the objective and constraint function are samples drawn
from a GP. In both (a) and (b) we plot the average simple regret (21) and its standard error
for the tested methods over 50 random seeds. In (a), the same GP sample served as both
the objective f and the constraint s, while in (b), for each random seed, two different GP
samples were drawn to serve, respectively, as the objective and the constraint.

GP Samples For the first part of the experiments, we evaluate ISE-BO on objective and
constraint functions f and s that we obtain by sampling a GP prior at a finite number of
points. This allows for an in-model comparison of ISE-BO, where we compare its performance
to that of a slightly modified version of SafeOpt (Sui et al., 2015). In particular, we modify
the version of SafeOpt that we use in the experiment by defining the safe set in the
same way ISE-BO does, i.e., by means of the GP posterior, as done, for example, also by
Berkenkamp et al. (2016b). We also compare against two versions of the MES algorithm:
the standard unconstrained MES, which we allow to sample also parameters outside of the
safe set, and a constrained version of it, MES-safe, that restricts the optimization of the
acquisition function within the safe set. As a metric we use the simple regret, defined as

rn := min
n̂≤n

f∗ε − f(xn), (21)

which is the distance between the reachable safe optimum as in Definition 6 and the best
parameter evaluated so far.

We select 50 independent samples of objective and constraint functions from a two-
dimensional GP with an RBF kernel, defined in [−1, 1] × [−1, 1] and run the different
algorithms for 100 iterations for each sample. As a first experiment, we test the setting where
the safety constraint and the objective function are the same, that is f = s. Figure 6a shows
the average simple regret over the 50 samples and the associated standard error over the
regret for this setting. From this plot, we can see that ISE-BO achieves comparable results
with SafeOpt and how the unconstrained version of MES finds the global optimum, which,
in general, is greater than f∗ε , leading to negative regret in the plots. We also notice that the
constrained version of MES achieves a good performance, comparable with ISE-BO. This
result is due to the fact that, when constraint and objective are the same randomly selected
GP sample, more often than not the boundaries of the safe set happen to be promising areas
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also for the location of the current safe optimum, so that also a constrained version of MES
does promote expansion of the safe set, resulting in a good performance.

Subsequently, we move on to explore the setting where objective and constraint are
two independently selected GP samples, and plot the corresponding results in Figure 6b.
The results are very similar to the ones shown in Figure 6a, with the only noteworthy
difference being the behavior of the constrained version of MES: while in the case of f = s
MES-safe performs on par with ISE-BO and SafeOpt, for f ≠ s it achieves very poor
results. Such bad performance is a consequence of the safe exploration limits of pure MES
when constrained to a fixed domain, as exemplified in Figure 2. In the setting f ̸= s these
limits become relevant, since the boundary of the safe set is in general no longer an interesting
location to explore for what concerns the optimum of the objective function.

Finally, in Table 1 we report the average percentage of safety violations for the various
methods, and we notice that the values are comparable for all constrained methods, as the
safe set is defined in the same way for all of them.

Synthetic One-Dimensional Objective To showcase the advantage of ISE-BO with
respect to SafeOpt-like approaches, we tested ISE-BO, MES, MES-safe and SafeOpt
for different values of the Lipschitz constant on the synthetic function shown in Figure 7a.
For simplicity, this function serves both as objective and as constraint. Starting from the
safe seed x0 = 0, in order to find the safe optimum the safe optimization algorithm needs to
learn up to a very small error the value of the function in the region [0, 2.3], where it gets
very close to the safety threshold.

Once it has explored and learned about the optimum in the region [−2.5, 0], ISE-BO
behaves exactly this way, driven by the exploration component αISE of the acquisition function.
On the other hand, SafeOpt spends time exploring that region only for appropriate values of
the Lipschitz constant, as Figure 7b shows. And, naturally, MES-safe will focus on learning
about the local optimum at x = −2.5, away from the interesting region.

Heteroskedastic Noise Domains As discussed in Section 5, for higher dimensional
domains, we can follow a similar approach to LineBO, limiting the optimization of the
acquisition function to a randomly selected one-dimensional subspace of the domain. Moreover,
it is also interesting to test ISE-BO in the case of heteroskedastic observation noise, since
the noise is a critical quantity for our acquisition function, while it does not affect the
selection criterion of SafeOpt-like methods. Therefore, in this experiment we combine a
high dimensional problem with heteroskedastic noise. In particular, we apply a LineBO
version of ISE-BO to the constraint and objective function f(x) = 1

2e
−||x||2 + e−||x+x1||2 +

3e−||x+x2||2 + e−||x−x1||2 + 3e−||x−x2||2 + 0.2 in dimensions five and six, with the safe seed
being the origin. This function has two symmetric global optima at x2 and −x2 and we set
two different noise levels in the two symmetric domain halves containing the optima. To
assess the exploration performance, also in this case we use the simple regret. As the results

ISE-BO MES safe MES SafeOpt L = 0.01 SafeOpt L = 1.0
% Safety violations 0.001 ± 0.002 0.004 ± 0.007 0.379 ± 0.239 0.001 ± 0.001 0.001 ± 0.001

Table 1: Average safety violations per run over the 50 runs used to obtain Figure 6
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(b) Simple regret comparison.

Figure 7: Performance of ISE-BO compared to SafeOpt and both constrained and un-
constrained versions of MES for a one dimensional synthetic function, with f = s. In (a),
we plot this function, with the value of the safe seed indicated by the red cross and the
one of the safe optimum by the pink square, while in (b) we plot the average simple regret
and its standard error over 50 random seeds. ISE-BO will first focus on the left of the safe
seed. Once it has learned about the value of the optimum at x = −2.5, it will find it more
informative to explore to the right, eventually uncovering the region containing f∗ε . On the
other hand, MES-safe will spend most of its time around the local optimum at x = −2.5.
Similarly, SafeOpt algorithms with a too low or too high value of the Lipschitz constant
will take longer to bypass the region where the constraint is very close to the safety threshold.

in Figure 8 show, ISE-BO achieves a superior sample efficiency as compared to SafeOpt,
which, in turn, obtains a greater performance than the constrained version of MES, for
the reasons that we discussed in Section 3. Namely, for a given number of iterations, by
explicitly exploiting knowledge about the observation noise, ISE-BO is able to classify as
safe regions of the domain further away from the origin, in which the objective function
assumes its largest values, resulting in a smaller regret. On the other hand, SafeOpt-like
methods only focus on the posterior variance, sampling parameters in both regions of the
domain with similar frequency, so that the higher observation noise causes them to remain
stuck in a smaller neighborhood of the origin, resulting in bigger regret.

OpenAI Gym Control After investigating the performance of ISE-BO on GP samples,
we apply its exploration component to a classic control task from the OpenAI Gym framework
(Brockman et al., 2016), with the goal of finding the set of parameters of a controller that
satisfy some safety constraint. In particular, we consider a linear controller for the inverted
pendulum. The controller is given by ut = x1θt + x2θ̇t, where ut is the control signal at
time t, while θt and θ̇t are, respectively, the angular position and the angular velocity of
the pendulum. Starting from a position close to the upright equilibrium, the controller’s
task is the stabilization of the pendulum, subject to a safety constraint on the maximum
velocity reached within one episode. For a given initial controller configuration x0 := (x01, x

0
2),

we want to explore the controller’s parameter space avoiding configurations that lead the
pendulum to swing with a too high velocity. Namely, the safety constraint is the maximum
angular velocity reached by the pendulum during an episode of fixed length, with the safety
threshold set at a finite value θ̇M = 0.5rad/s that the pendulum should not exceed. In
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(a) Heteroskedastic noise, d = 5.
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(b) Heteroskedastic noise, d = 6.

Figure 8: Performance comparison in the heteroskedastic noise experiment, for dimensions
d = 5 and d = 6. We plot the simple regret rn with respect to the safe optimum. The plots
(a) and (b) show, respectively, the average regret over 30 runs in dimension five and six, as
a function of the number of iterations. We can see that the LineBO version of ISE-BO
promotes expansion of the safe set, leading to classifying regions where the latent function
attains its largest value as safe. The plots also show that ISE-BO achieves a better sample
efficiency than SafeOpt. As one would expect, we also see that the constrained version of
MES achieves the worst performance, as the acquisition function has no incentive to expand
the safe set. On the other hand, the unconstrained MES algorithm is naturally the quickest
at identifying the optimum, since it is free to evaluate any parameter in the domain, both
safe and unsafe.

Figure 9a, we show the true safe set for this problem, while in Figures 9b–9d one can see
how ISE safely explores the true safe set. These plots show the parameters that ISE chooses
to evaluate at different iterations. We see that in all these occasions, the ISE acquisition
function focuses on the boundary of the current safe set, as this is the region that is naturally
most informative about the safety of parameters outside of the safe set. This way, ISE is
able to expand the safe set, until it learns the constraint function with high confidence in the
vicinity of the boundary, at which point the safe set can only change slightly. This behavior
eventually leads to the full true safe set being classified as safe by the GP posterior, as
Figure 9d shows.

Rotary Inverted Pendulum Controller Next, we consider a simulated Furuta pendulum
(Cazzolato and Prime, 2011) and an associated proportional-derivative (PD) controller, for
which we want to find the optimal parameters. In particular, we consider an initial state close
to the upward equilibrium state and look for parameters x∗ that maintain that equilibrium
with the least effort possible. The state of the pendulum is given by the four dimensional vector
ϕ := [θ, α, θ̇, α̇], where θ is the horizontal angle, α the vertical one, and θ̇, α̇ their respective
angular velocities. The objective function is given by the negative sum of the velocities and
actions collected along an episode: f(x) := −∑t

(
|θ̇t(x)|+ |α̇t(x)|+ |at(ϕt;x)|

)
, where x

are the controller parameters, while at is the action that the controller outputs at time-step t.
To maximize this objective while maintaining the pendulum close to its upward equilibrium
means to find a controller that is able to keep the pendulum up with the minimum amount of
movement and effort. Closeness to the upward equilibrium position is encoded in the safety
constraint: s(x) := b−∑t |αt(x)|, where b is the maximum allowed cumulative deviation

24



Information-Theoretic Safe BO

6 5 4 3 2 1 0
x1

6

5

4

3

2

1

0
x 2

Unsafe set Safe set

(a) True safe set.

6 5 4 3 2 1 0
x1

6

5

4

3

2

1

0

x 2

(b) Iteration 10.

6 5 4 3 2 1 0
x1

6

5

4

3

2

1

0

x 2

(c) Iteration 30.

6 5 4 3 2 1 0
x1

6

5

4

3

2

1

0

x 2
(d) Iteration 50.

Figure 9: Safe exploration of the linear controller’s parameter space in the inverted pendulum
experiment. In (a) we see the true safe set, while in (b-d) we see the safe set (blue
region) as learned by ISE at various iterations. The point marked by the green dot is
xn+1 = argmaxαISE, while the yellow cross is the safe seed x0.

from the upward equilibrium. Positive values of s mean that α has deviated only slightly
from the upward equilibrium point α = 0 during the episode, while negative values mean a
cumulative deviation larger than the allowed maximum threshold b. The PD controller has
one proportional parameter and one derivative parameter associated with θ and another pair
associated with α: x := [kθp, k

θ
d, k

α
p , k

α
d ]. In this experiment, we fix kθp and kαp , and consider

the problem of finding the optimal safe kθd and kαd . Figure 10 summarizes the results of the
experiment. In this plot, we can see that also in this case ISE-BO and SafeOpt with ideal
Lipschitz constant achieve a comparable result, eventually learning about the safe optimum,
while the constrained version of MES struggles to efficiently explore and uncover the region
of the domain that contains the safe optimum, leading to a slower convergence compared
to ISE-BO. On the other hand, we can see that the unconstrained MES algorithm quickly
converges to the safe optimum (which in this case is also the global one) since it is able to
freely explore both safe and unsafe regions of the domain.

7. Conclusion

In this paper we considered the problem of safe Bayesian optimization. That is, given an
unknown objective function f and an unknown safety constraint s, starting from an initial
safe parameter x0, we want to find the safe optimum of f by only evaluating parameters
that are safe with high probability, i.e., parameters x that satisfy s(x) ≥ 0. Since the two
functions f and s are unknown and we only have access to noisy evaluations, we cannot hope
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Figure 10: Performance of ISE-BO compared to SafeOpt and both constrained and
unconstrained versions of MES for the Rotary inverted pendulum PD controller experiment.
We plot the average over 30 random seeds and the corresponding standard error. The plot
shows that ISE-BO performs comparably with SafeOpt and that both outperform the
safety constrained version of MES. In this experiment, the safe optimum is also the global
optimum, which explains why the green line, corresponding to the unconstrained version of
MES, quickly converges to zero regret.

to find the global safe optimum if we cannot ever evaluate unsafe parameters. Instead, we
assume that the safety constraint can be modeled by a GP, and use this model to define
the largest set of safe parameters that are safely reachable from x0. The goal of a safe BO
algorithm then becomes to identify the parameter within this set that yields the largest value
of the objective f . The safety constraint exacerbates the exploration-exploitation dilemma in
safe BO compared to unconstrained BO, as it is not enough to look for the optimum within
the current set of safe parameters, but one also has to explicitly try to learn about the safety
of parameters outside the current safe set.

To address this challenge, we have introduced ISE, an information-theoretic safe explo-
ration criterion that maximizes information gain about the safety of parameters and promotes
expansion of the safe set. In this paper, we have combined the purely exploratory ISE with
Max-Value Entropy Search (Wang and Jegelka, 2017) for optimization, to obtain the novel
Information-Theoretic Safe Exploration and Optimization (ISE-BO) acquisition function,
αISE-BO (17). ISE-BO efficiently and safely explores by evaluating only parameters that
are safe with high probability and by choosing those parameters that yield the greatest
information gain about either the safety of other parameters or the value of the reachable safe
optimum. Compared to existing approaches based on SafeOpt (Sui et al., 2015), ISE-BO
does not require further hyperparameters apart from the GP model for the objective and
constraint functions. Moreover, it also does not require a discretization of the domain, as it
can be naturally applied to discrete and continuous domains alike.

We theoretically analyzed ISE-BO and derived two convergence results: we showed that
ISE discovers the whole maximally reachable safe set, and that ISE-BO learns about the
reachable safe optimum up to arbitrary precision. Our experiments support these theoretical
results and demonstrate that ISE-BO performs as well as or better than SafeOpt-based
methods when the best choice of Lipschitz constant is used. Future work could investigate how
to further improve sample efficiency in situations where learning about the whole reachable
safe set is not necessary, for example in the case where a limited budget of unsafe evaluations
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is available. Another interesting direction for future work is the application of ISE-BO to
real world systems, as well as the extension to the non-myopic setting.
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Appendix A. Proofs

Before proceeding with the proof of the main results of the paper, Theorems 8 and 10, we
prove Proposition 7 and Lemma 11, which show that all parameters in the safe set are indeed
safe with high probability, and that the true value of the safety constraint s is contained
in the posterior GP’s confidence interval with high probability. In the following, when it is
clear from the context, for the sake of simplicity we drop the superscripts f and s in the
notation of the posterior mean and variance.

Proposition 7 Choose δ ∈ (0, 1), let h be as defined in (2) and the safe set Sn as in (5).
Given Assumptions 1 and 2, it holds that s(x) ≥ 0 with probability of at least 1− δ, jointly
for all x ∈ Sn and for all n.

Proof Chowdhury and Gopalan (2017) have shown in their Theorem 2 that with the choice
of βn = B + R

√
2
(
ln(e/δ) + γn

)
, under the assumption of the Proposition it holds with
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probability of at least 1−δ that s(x) ∈
[
µsn(x)± βnσsn(x)

]
for all x ∈ X and for all n, with γn

being the maximum information gain about h after n iterations. This result, together with the
way we defined the safe set in (5), implies the claim of the Proposition, concluding the proof.

Lemma 11 Let s, f and h be as in (2), and let h have RKHS norm B <∞. Let, moreover,
D =

{
(xn, yn)

}|D|
n=1

be a set of observations. Then for all δ ∈ (0, 1), with probability of at
least 1− δ it holds that s(x) ∈

[
µsn(x)± βnσsn(x)

]
for all x ∈ X and for all n ≤ |D|, with βn

as defined in (4).

Proof This Lemma follows directly from the result by Chowdhury and Gopalan (2017) that
we already used in the proof of Proposition 7. Specifically, Chowdhury and Gopalan (2017)
have shown that with a choice of βn = B +R

√
2
(
ln(e/δ) + γn

)
, it holds with probability of

at least 1−δ that s(x) ∈
[
µsn(x)± βnσsn(x)

]
for all x ∈ X and for all n. If we now take a GP

prior and a dataset D such that µn and σn define the posterior GP obtained by conditioning
on the subset Dn = {(xi, yi)}ni=1 ⊆ D, then the result by Chowdhury and Gopalan (2017)
means that, with probability of at least 1− δ, s(x) ∈

[
µsn(x)± βnσsn(x)

]
for all x and for all

n ≤|D|.

Now we proceed to prove Theorems 8 and 10, that show how the ISE-BO acquisition
function leads to the discovery of the whole Sε(x0) and of the safe optimum f∗ε . Fundamentally,
both these theorems follow from two main results. The first is that sampling according to
ISE and ISE-BO on a non-expanding set Ω ⊆ X causes the posterior uncertainty to vanish
over the whole set Ω. The second is that if for some ñ the uncertainty over the whole safe
set Sñ is smaller than some given threshold, then Sn contains the largest reachable safe set
for all n ≥ ñ. Combining these two results with the fact that, with high probability, the safe
set Sn cannot be bigger than the real total set of safe parameters S̄(s) yields the results of
the theorems. Therefore, the roadmap to prove Theorems 8 and 10 is the following:

1. We first derive sufficient conditions for an acquisition function that imply a vanishing
posterior variance when one samples according to such acquisition restricted to a
non-expanding set (Lemma 12).

2. We show that, if the scaled posterior variance βnσn(x) is smaller than some ε over
the whole safe set Sn, then the safe set includes the largest reachable safe set Sε(x0)
(Lemma 15).

3. We derive an upper bound on the number of iterations needed for an acquisition
function that satisfies the assumptions mentioned in point 1 to achieve βnσn(x) ≤ ε
over the safe set Sn and, therefore, Sn ⊇ Sε(x0) (Lemma 17).

4. To prove Theorem 8, all is now left to do is to show that the ISE component of our
acquisition function satisfies the conditions of Lemma 12 mentioned in point 1, which
we do in Lemmas 19 and 21. Theorem 8 then follows because the safe set Sn as defined
in (5) is non-shrinking and it cannot include more parameters than those present in
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the real total safe set S̄(s), so that we can compute an upper bound on the number
of iterations needed for it to stop expanding. We can then combine this upper bound
with the one we mentioned in point 3 to conclude the proof of the theorem.

5. Finally, we prove Theorem 10 by showing that also the full ISE-BO acquisition satisfies
the assumptions of Lemma 12, which, together with Theorem 8, imply that after at
most a finite number of iterations, the uncertainty over Sε(x0) and, therefore, also at
the reachable safe optimum will be smaller than the given threshold ε.

The remaining lemmas are technical results used to prove the lemmas mentioned in the
roadmap above. We now start by proving Lemma 12, which shows that any acquisition
function that satisfies some assumptions causes the posterior uncertainty to vanish, when
sampling in a non-expanding set.

Lemma 12 Let xn+1 ∈ argmaxx∈Xn
αn(x), where Xn ⊆ X is a subset of the domain of the

objective and safety constraint functions, X . If Xn is such that Xn+1 ⊆ Xn for all n, and if
the acquisition function αn satisfies the two properties:

• αn(xn+1) ≤ C0σ
2
n(xn+1) for some constant C0 > 0;

• αn(xn+1) ≥ g(σ̃2n), with g being a monotonically increasing function, and with
σ̃2n := maxx∈Xn σ

2
n(x),

then it holds that for all ε > 0 there exists Nε such that σ2n(x) ≤ ε for every x ∈ Xn and for
all n ≥ Nε. The smallest of such Nε is given by

Nε = min

{
N ∈ N : g−1

(
C1γN
N

)
≤ ε
}
, (22)

where γN = maxD⊂X ;|D|=N I
(
f(D);y(D)

)
is the maximum information capacity of the

chosen kernel (Srinivas et al., 2010; Contal et al., 2014), and C1 = C0/ ln(1 + σ−2
ν ).

Proof Thanks to the assumptions on the acquisition function αn, we know that for every n
it holds that

g(σ̃2n) ≤ αn(xn+1) ≤ C0σ
2
n(xn+1)

=⇒ g(σ̃2n) ≤ C0σ
2
n(xn+1)

we can now exploit the monotonicity of g and the fact that σ̃2n is not increasing if the set Xn

does not expand with n

g(σ̃2n) ≤ g(σ̃2m) ≤ C0σ
2
m(xm+1) ∀n ≥ m.

We can then use this result to write:

ng(σ̃2n) =

n∑

i=1

g(σ̃2n) ≤

C0σ
2
ν

n∑

i=1

σ−2
ν σ2i (xi+1) ≤

C0σ
2
ν

σ2ν ln(1 + σ−2
ν )

n∑

i=1

ln
(
1 + σ−2

ν σ2i (xi+1)
)
≤ C1γn,

(23)
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where γn is the maximum information capacity and C1 =
C0σ2

ν

σ2
ν ln(1+σ−2

ν )
. The second passage

follows from the fact that x ≤ ln(1 + x)σ−2
ν / ln(1 + σ−2

ν ) for x ∈ [0, σ−2
ν ] together with

the fact that σ−2
ν σ2i (xi+1) ≤ σ−2

ν k(xi+1,xi+1) ≤ σ−2
ν . Finally, the last passage uses the

representation of the mutual information I({yn}; {f(xn)}) presented by Srinivas et al. (2010).
Using (23), we can show that the minimum Nε satisfying the claim of the theorem is the

one given by (22)

Nε = min

{
N ∈ N : g−1

(
C1γN
N

)
≤ ε
}
, (24)

and we are now able to conclude that, as long as the information capacity grows sub-linearly
in N , the set on the r.h.s. of (24) is not empty for all ε > 0. This is guaranteed by the fact
that g−1 is monotonically increasing, since so is its inverse g. To check that this Nε indeed
satisfies the claim, one just has to apply g−1 on both initial and final state of (23) and then
substitute Nε in the place of n; the rest follows from the fact that the maximum variance is
non increasing on Xn thanks to the assumption that Xn+1 ⊆ Xn for all n.

As anticipated above, Lemma 12 tells us that if an acquisition function satisfies the
conditions of the Lemma and it is only allowed to sample within a non-expanding set Ω ⊆ X ,
then it will cause the posterior variance to vanish over Ω. Now we proceed in our roadmap
to prove Theorem 8, which claims that, if we sample according to the ISE component of
our acquisition function within Sn at each iteration n, then, starting from x0, with high
probability we will eventually classify the whole Sε(x0) as safe.

Firstly, we notice that the safe set Sn as defined in (5) cannot shrink. More specifically,
for every n ≥ 1, Sn satisfies the condition Sn+1 ⊇ Sn. This property means that if, for some
ñ the safe set Sñ includes the largest reachable safe set Sε(x0), then it will do so also for all
n > ñ. We therefore investigate if there are any conditions that, if satisfied, guarantee that
Sε(x0) ⊆ Sn. The answer is positive, and Lemma 15 provides a sufficient condition for Sn to
include Sε(x0). To prove Lemma 15, we first introduce a per-GP expansion operation:

Definition 13 (Per-GP expanded set) Similarly to Definition 4, given a safe set S, for
each GPD in the set β-GPε

s(S), we can define the per-GP expanded safe set RGPD
ε as

RGPD
ε = {x ∈ X : x ∈ SGPD}. (25)

Given the safe set S, the corresponding set RGPD
ε would therefore be the set of all points

classified as safe by a specific GP in β-GPε
s(S), i.e., by a particular well behaved GP whose

uncertainty is smaller than ε on Sn.
Once we recall the definition of the expansion operator Rε (9), we see that Rε(Sn) is

nothing else than the intersection of all RGPD
ε for all GPD ∈ β-GPε

s(Sn), which offers a proof
for the following result:

Lemma 14 Let Ω be a subset of the domain of f and s, X . Then for any GPD ∈ β-GPε
s(Ω)

it holds that RGPD
ε ⊇ Rε(Ω).

Proof The claim follows directly from the definitions of the two operators RGPD
ε and Rε,

since a parameter x that is not classified as safe by the specific GPD is not, by definition,
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part of Rε(Ω).

With the help of the set RGPD
ε and Lemma 14, we can now easily prove Lemma 15.

Lemma 15 Fix ε > 0. If n̂ exists such that βn̂σn̂(x) ≤ ε ∀x ∈ Sn̂, then it follows that
Sn̂ ⊇ Sε(x0) with probability at least 1− δ.

Proof We prove the claim by showing that Sn̂ ⊇ Rj
ε(x0) ∀j, which we can show by induction.

For the base case, let’s take j = 1 and show that Sn̂ ⊇ Rε(x0). This inclusion follows directly
from Lemma 14, once we recall that the GP that generated Sn̂, denoted as GPDn̂

, is in
β-GPε

s(x0) with probability of at least 1 − δ (thanks to Lemma 11), and, therefore, Sn̂ is
nothing else than RGPDn̂ . For the induction step, let’s assume that Sn̂ ⊇ Rj−1

ε (x0) and
show that Sn̂ ⊇ Rj

ε(x0). The reasoning is completely analogous to the base case with the
substitution x0 → Rj−1

ε (x0).

As mentioned above, Lemma 15 gives us a condition under which the current and all
future safe sets include the maximally reachable safe set Sε(x0). This condition is that
βnσn(x) ≤ ε for all x ∈ Sn. Therefore, in order to prove Theorem 8, we just need to show
that there exists some n for which this condition is satisfied.

Lemma 17 below shows that such n exists for an acquisition function for which Lemma 12
holds. In order to prove Lemma 17, however, we need a couple of results about S̄(s), which
we defined in (18) as the total true safe set S̄(s) :=

{
x ∈ X : s(x) ≥ 0

}
. We present these

results in Lemma 16.

Lemma 16 For any GPD such that h(x) ∈ [µn(x)± βnσn(x)] for all x and for all n ≤ |D|,
it holds that Sn ⊆ S̄(s). Moreover, ∀ε > 0 it holds that Sε(x0) ⊆ S̄(s).

Proof The first part of the claim is a direct consequence of the well behaved nature of the
GP, as h(x) ∈ [µn(x) ± βnσn(x)] implies that the corresponding condition for the safety
constraint s also holds: s(x) ∈ [µsn(x) ± βnσsn(x)]. It therefore follows that if the lower
bound of the confidence interval is above zero, so is the true value of the constraint s. The
second part of the lemma follows directly from the first, since all GPs in β-GPε

s

(
Rj

ε(x0)
)

satisfy by definition the assumption that s(x) ∈ [µsn(x)± βnσsn(x)] for all j.

With Lemma 16, we can now show that by starting with S0 = {x0} and then sampling
in Sn according to an acquisition function that satisfies the assumptions of Lemma 12, we
will eventually classify the whole Sε(x0) as safe.

Lemma 17 Let the domain X be discrete, and assume that S̄(s) contains a finite number
of elements: |S̄(s)| ≤ Dmax < ∞. Then if we choose the parameters to evaluate as the
maximizers of an acquisition function that satisfies the assumptions of Lemma 12, it holds
true that ∀ε > 0 there exist Nε and n∗ ≤ DmaxNε such that, with probability of at least 1− δ,
Sn ⊇ Sε(x0) ∀n ≥ n∗. The smallest Nε is given by:

Nε = min

{
N ∈ N : βNg

−1

(
C1γN
N

)
≤ ε
}

(26)
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where γn, the constant C1 and the function g are as in Lemma 12.

Proof Thanks to Lemma 12 we know that for all ε̃ > 0, if the safe set stops expanding
at iteration n̂ it is possible to find Nε̃ such that σn ≤ ε̃ over the safe set ∀n ≥ n̂ + Nε̃.
Let Nε/β be such constant for the threshold ε/β, as, for example, the one in (26), where,
for simplicity, we have dropped the dependency of β on n in the notation. Because of the
definition of Sn as given in (5), we have that Sn+1 ⊇ Sn ∀n, which means that for all n
either Sn+Nε/β

⊃ Sn or Sn+Nε/β
\ Sn = ∅ and, therefore, βσn+Nε/β ≤ ε over the safe set. In

the second case, thanks to Lemma 15 we would have that, with probability of at least 1− δ,
Sn+Nε/β

⊇ Sε(x0). On the other hand, in the first case, the worst case scenario is the one
in which the safe set expands by a single element (i.e., |Sn+Nε/β

\ Sn| = 1). In that case,
starting from x0, thanks to Lemma 11 and Lemma 16 we know that if we add Dmax elements
to Sn, then, with probability of at least 1− δ, Sn = S̄(s), which, thanks to Lemma 16 implies
that Sn ⊇ Sε(x0). The proof is then complete once we recall once more that Sn+1 ⊇ Sn ∀n.

With Lemma 17 at hand, in order to prove Theorem 8 we now only need to show that
the exploration component of our acquisition function, αISE, satisfies the assumptions of
Lemma 12. Lemma 19 shows that the ISE acquisition function satisfies the first assumption
of Lemma 12, while Lemma 21 shows that it satisfies the second one. Lemmas 18 and 20
serve to prove Lemmas 19 and 21, respectively.

To simplify the notation, in the following we define ∆Ĥn(x, z) = În

(
{x, y}; Is(·)≥0(z)

)
.

Lemma 18 (Proved by Bottero et al. (2022) as Lemma 2) The mutual information
∆Ĥn(x, z) as given by (15) is monotonically decreasing in µ2n(z)/σ

2
n(z) ∀x, z ∈ X .

Proof First of all, let us simplify notation and define R2 := µ2n(z)/σ
2
n(z) and ρ̃2 :=

ρ2ν(x)ρ
2
n(x, z). We then need to show that

∂

∂R2


exp

{
−c1R2

}
−
√

1− ρ̃2
1 + c2ρ̃2

exp

{
−c1R2 1

1 + c2ρ̃2

}
 < 0 ∀R, ∀ρ̃ ∈ [0, 1]. (27)

We can compute the derivative and ask under which conditions it is non negative. Requiring
(27) to be non negative is equivalent to ask that

R2 ≤ 1 + c2ρ̃
2

c1c2ρ̃2


ln
(
1 + c2ρ̃

2
)
+

1

2
ln

(
1 + c2ρ̃

2

1− ρ̃2

)
.

Now, we observe that, since c2 ∈ (−1, 0), while c1 > 0 and ρ̃2 ∈ [0, 1], the factor
(1 + c2ρ̃

2)/c1c2ρ̃
2 is always negative. For what concerns the sum of logarithms in the

square brackets, it is strictly positive ∀ρ̃2 ∈ [0, 1], which means that, for (27) to be non
negative, we would need R2 < 0, which is impossible, given that R ∈ R.
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Lemma 19 (Proved by Bottero et al. (2022) as Lemma 7) ∀n, ∀x ∈ Sn, ∀z ∈ X , it
holds that

∆Ĥn(x, z) ≤ ln(2)
σ2n(x)

σ2ν
.

Proof This result can be shown directly with the following inequality chain:

În

(
{x, y}; Is(·)≥0(z)

)
≤ ln(2)


1−

√
1− ρ2ν(x)ρ2n(x, z)
1 + c2ρ2ν(x)ρ

2
n(x, z)




c2∈(−1,0)

≤ ln(2)
(
1−

√
1− ρ2ν(x)ρ2n(x, z)

)

ρ2νρ
2
n∈[0,1]≤ ln(2)

(
ρ2ν(x)ρ

2
n(x, z)

)

ρ2n∈[0,1]≤ ln(2)ρ2ν(x)

≤ ln(2)
σ2n(x)

σ2ν

where the first inequality follows from Lemma 18.

Lemma 20 (Proved by Bottero et al. (2022) as Lemma 11) Let f be a real valued
function on X and let µn and σn be the posterior mean and standard deviation of a GP(µ0, k)
such that there exists a non-decreasing sequence of positive numbers {βn} for which it holds
that the probability P

{
f(x) ∈ [µn(x)± βnσn(x)] ∀x, ∀n

}
is bigger than 1 − δ. Moreover,

assume that µ0(x) = 0 for all x and that k(x,x′) ≤ 1 for all x,x′ ∈ X . Then it follows that
|µn(x)| ≤ 2βn with probability of at least 1− δ jointly for all x and for all n.

Proof From the assumptions, it follows that the following two conditions hold for all x and
for all n with probability of at least 1− δ:

|f(x)| ∈
[
0, β0σ0(x)

]

µn(x) ∈
[
−|f(x)| − βnσn(x), |f(x)|+ βnσn(x)

]

From these two conditions, it follows that |µn(x)| ≤ β0σ0(x) + βnσn(x) with probability of
at least 1− δ. Now, we recall that the sequence {βn} is non decreasing by assumption and
that the sequence {σn(x)} is non increasing by the properties of a GP, which allows us to
conclude that |µn(x)| ≤ 2βnσ0(x), which concludes the proof once we recall the assumption
that k(x,x′) ≤ 1 for all x,x′ ∈ X . The result can easily be extended to the case of non
zero prior mean, by just adding the prior mean as offset in the found upper bound for the
posterior mean.
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Lemma 21 (Based on proof by Bottero et al. (2022) of their Lemma 8) ∀n, let x̃ ∈
argmaxSn

σ2n(x) and define σ̃2 := σ2n(x̃), then it holds that:

∆Ĥn(xn+1, zn+1) ≥ η(σ̃2), (28)

with probability of at least 1− δ for all x, z and for all n, and with η given by

η(x) := ln(2) exp

{
−c1

4β2

x

}
1−

√
σ2ν

2c1x+ σ2ν


. (29)

Proof First we note that this Lemma is only non-trivial in case the posterior mean is
bounded on Sn, otherwise, if we admit |µn(x)| → ∞, then we just recover the result that
the average information gain is positive.

Now, moving to the proof, as first thing we recall that the exploration component of
our algorithm always selects the argmaxx∈Sn

of În
(
{x, y}; Is(·)≥0(z)

)
as next parameter to

evaluate, meaning that, by construction, ∀x ∈ Sn and ∀z ∈ X , it holds that:

∆Ĥn(xn+1, zn+1) ≥ ∆Ĥn(x, z)

This implies, in particular, that ∆Ĥn(xn+1, zn+1) ≥ ∆Ĥn(x̃, x̃), since, by definition, x̃ ∈ Sn
and is, therefore, always feasible. Writing this condition explicitly, we obtain:

∆Ĥn(xn+1, zn+1) ≥ ∆Ĥn(x̃, x̃)

= ln(2)


exp

{
−c1

µ2n(x̃)

σ̃2

}
−
√

1− ρ2ν(x̃)
1 + c2ρ2ν(x̃)

exp

{
−c1

µ2n(x̃)

σ̃2
1

1 + c2ρ2ν(x̃)

}


≥ ln(2) exp

{
−c1

4β2

σ̃2

}
1−

√
1− ρ2ν(x̃)
1 + c2ρ2ν(x̃)




= η(σ̃2)

where we have used the fact that c2 ∈ (−1, 0) and that ρ2ν(x̃) ∈ [0, 1], in addition to Lemma 20
for the last inequality.

Lemmas 19 and 21 show that αISE satisfies the assumptions of Lemma 12, so that we
are now able to prove Theorem 8.

Theorem 8 Let s be the safety constraint as in Assumption 1, let {βn} and δ be as in
Assumption 2, and let the domain X be discrete and of size D := |X | < ∞. Let xn+1 ∈
argmaxx∈Sn

αISE(x), and define the true safe set S̄(s) as the set of all parameters that
satisfy the safety constraint

S̄(s) :=
{
x ∈ X : s(x) ≥ 0

}
. (18)
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With NS := |S̄(s)|, it then holds true that for all ε > 0 there exists Nε such that, with
probability of at least 1− δ, Sn ⊇ Sε(x0) for all n ≥ NSNε. The smallest of such Nε is given
by

Nε = min

{
N ∈ N : βNη

−1
N

(
CγN
N

)
≤ ε
}
, (19)

where ηn(x) := ln(2) exp
{
−c1 4β

2
n

x

}[
1−

√
σ2
ν

2c1x+σ2
ν

]
, γN is the maximum information capacity

of the chosen kernel, and C = ln(2)/σ2ν ln(1 + σ−2
ν ).

Proof From Lemmas 19 and 21 it follows that αISE satisfies the conditions of Lemma 12
with C0 = ln(2)/σ2ν and with g = η, as given by (29). This fact in turn implies that we can
also apply Lemma 17 to it, which concludes the proof, once we substitute the correct values
to C0 and g.

After proving Theorem 8, we can now proceed with the proof of Theorem 10.

Theorem 10 Let the domain X be discrete and of dimension D := |X | < ∞. Assume,
moreover, that xn+1 is chosen according to xn+1 ∈ argmax max

{
αISE(x), α̂MES

ϕ (x)
}
, with

ϕ ∈ R such that ϕ > µn(x) for all x ∈ Sn and for all n. Let, moreover, NS := |S̄(s)| be the
size of the true safe set of s, and x∗

ε the reachable safe argmax. Then it holds that for all
ε > 0 there exists Nε such that, with probability of at least 1− δ, x∗

ε ∈ Sn for all n ≥ NSNε,
and σn(x∗

ε) ≤ ε for all n ≥ (NS + 1)Nε. The smallest of such Nε is given by

Nε = min

{
N ∈ N : βNb

−1
N

(
CγN
N

)
≤ ε
}
, (20)

where bn(x) := min
{
ηn(x),

x
ϕ

}
, with η as given in Theorem 8, γN is the maximum in-

formation capacity of the chosen kernel: γN = maxD⊂X ;|D|=N I
(
f(D);y(D)

)
, and C =

max
{

ln(2)
σ2
ν
, 1
ϕ−2β

}
.

Proof In order to prove the theorem, we just need to show that the acquisition function
αcombined := max

{
αISE(x), α̂MES

ϕ (x)
}

satisfies the assumptions of Lemma 12. We can then
apply a reasoning analogous to the proof of Lemma 17 to show that at most after NSNε

iterations Sn ⊇ Sε(x0) and, therefore, it contains x∗
ε. The second part of the theorem follows

by recalling the result of Lemma 16 and by noticing that the worst case scenario happens
when a single new parameter is added to the safe set after exactly Nε iterations and the
last parameter to be added is precisely x∗

ε. In that case after adding x∗
ε to Sn, the safe set

cannot expand any more, so that after further Nε iterations, the posterior variance will be
smaller than ε over Sn and, therefore, also at x∗

ε.
Using Lemma 20, it is straightforward to see that α̂MES

ϕ with high probability satisfies
the assumptions of Lemma 12, since α̂MES

ϕ ≤ σ2n(x)(ϕ− 2β)−2, and α̂MES
ϕ (xn+1) ≥ σn(x̃)/ϕ,

where x̃ = argmaxx∈Sn
σn(x).

Combining these inequalities with the analogous results for αISE from Lemmas 19 and 21,
we can conclude that the combined acquisition function satisfies the assumptions of Lemma 12
with
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Figure 11: Asymptotic behavior of the logarithm of η

(
ε/βn

)
n/Cγn (blue line), compared to

ln(1) (orange dashed line). We see that for big enough n the blue line crosses the orange
one, which is equivalent to the condition in (19) being satisfied.

• C0 = max
{

ln(2)
σ2
ν
, 1
ϕ−2β

}
,

• g(σ̃2n) = min
{
η(σ̃2n),

σ̃2
n
ϕ

}
,

where η is the function defined in (29). The proof is then complete once we recall that the
min of two monotonically increasing functions is also monotonically increasing.

As already noticed in Section 4, the convergence results of both Theorems 8 and 10
depend on the existence of Nε as given in (19). For constant β, the existence result is trivial,
given the monotonicity of the involved functions. On the other hand, when β grows with
n, this is no longer obvious. However, for discrete domains and for the choice of βn given
by (4), it is also possible for Nε to exist. Figure 11 shows an example of the asymptotic
behavior of the logarithm of η

(
ε/βn

)
n/Cγn for an RBF kernel. We see that, for big enough

n, this logarithm exceeds the threshold of zero, marked by the orange dashed line, which is
equivalent to the condition in (19) being satisfied.

What is now left to prove is Lemma 9, which shows that α̂MES
y∗ is equivalent to αMES

y∗

and justifies the choice of acquisition function in Theorem 10.

Lemma 9 Let αMES
y∗ be the mutual information (12) where the average is computed via

Monte Carlo with only one sample of f∗Sn
of value equal to y∗. Then maximizing αMES

y∗ is equiv-
alent to maximizing α̂MES

y∗ := σ2n(x)
(
y∗ − µn(x)

)−2, in the sense that argmaxx α
MES
y∗ (x) =

argmaxx α̂
MES
y∗ (x).

Proof Approximating (12) as a Monte Carlo average yields

In
(
{x, y}; f∗

)
≈

m∑

i=1

[
θy∗i (x)ψ(θy∗i (x))

2Ψ(θy∗i (x))
− ln

(
Ψ(θy∗i (x))

)]
,

where
{
y∗i
}m
i=1

are m samples of f∗Sn
. If now we restrict the sum to a single sample, we get:

In
(
{x, y}; f∗

)
≈ θy∗(x)ψ(θy∗(x))

2Ψ(θy∗(x))
− ln

(
Ψ(θy∗(x))

)
. (30)
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As Wang and Jegelka (2017) show in their Lemma 3.1, maximizing (30) is equivalent to
minimizing θy∗ , which, in turn, is equivalent to maximizing 1/θ2y∗ . The proof is then complete
once we recall that θy∗(x) = σn(x)

−1
(
y∗ − µn(x)

)
.

Finally, we can use Lemma 19 to also show that both mutual informations appearing in
the ISE-BO acquisition function vanish for vanishing posterior variance, as mentioned in
Section 3.2.

Proposition 22 Let αISE be as defined in (16) and αMES = In
(
{x, y}; f∗ε

)
, computed using

the posterior GPD for s and for f respectively, conditioned on some data set D, with |D| = n.

Then it holds that max
{
αISE(x), αMES(x)

}
≤ max

{
σ2
s,n(x)

σ2
s,ν

,
σ2
f,n(x)

2σ2
f,ν

}
.

Proof We prove this lemma by showing that αISE(x) ≤ ln(2)
σ2
s,n(x)

σ2
s,ν

and that αMES(x) ≤
1
2 ln
(
1 + σ−2

f,νσ
2
f,n(x)

)
. The first inequality is nothing else than the result of Lemma 19. For

the second inequality, we first show that

I
(
f∗;yD

)
≤ I(f ;yD), (31)

where yD are the observed values up to iteration n: [yD]i = yi. To prove (31) we recall that,
for any three random variables A,B,C, it holds that I

(
A; (B,C)

)
= I(A;C) + I

(
A;B|C

)
.

From this identity, it follows that we can rewrite I
(
yD; (f, f

∗)
)

in two equivalent ways:

I
(
f∗;yD

)
+ I
(
yD; f |f∗

)
= I
(
yD; (f, f

∗)
)
= I(yD; f) + I

(
yD; f

∗|f
)
.

Now, if we recall the definition of f∗, it is immediate to see that I(yD; f∗|f) = 0, since f∗ is
completely determined by f . The result in (31) then follows from the fact that the mutual in-
formation is always non negative. If we now recall that In

(
f ; {x, y}

)
= 1

2 ln
(
1 + σ−2

f,νσ
2
f,n(x)

)
,

we can use (31) to derive that In
(
f∗; {x, y}

)
≤ 1

2 ln
(
1 + σ−2

f,νσ
2
f,n(x)

)
, which concludes the

proof once we recall that ln(1 + x) ≤ x ∀x > 0 and that ln(2) < 1.

Appendix B. Entropy of Is(·)≥0(z) approximation

The mutual information În

(
{x, y}; Is(·)≥0(z)

)
is defined in terms of Hn

[
Is(·)≥0(z)

]
, as

Hn

[
Is(·)≥0(z)

]
− Ey

[
Hn+1

[
Is(·)≥0(z)

∣∣∣{x, y}
]]

. In order to analytically compute it, we have

approximated the entropy of the variable Is(·)≥0(z) at iteration n with Ĥn

[
Is(·)≥0(z)

]
, given by

(14), which we have then used to derive the results presented in the paper. The approximation
allowed us to derive a closed expression for the average of the entropy at parameter z after an

evaluation at x, Ey

[
Ĥn+1

[
Is(·)≥0(z)

∣∣∣{x, y}
]]

. This approximation was obtained by noticing

that the exact entropy (13) has a zero mean Gaussian shape, when plotted as a function
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(a) Exact and approximated H[Is(·)≥0(z)]. (b) Approximation error.

Figure 12: Comparison between exact entropy of Is(·)≥0(x) (13) and approximated form (14):
(a) the two entropies plotted against each other; (b) the approximation error expressed as
difference of the two.

of µn(x)/σn(x), and then by expanding both the exact expression (13) and a zero mean
un-normalized Gaussian in µn(x)/σn(x) in their Taylor series around zero. At the second
order we obtain, respectively,

Hn

[
Is(·)≥0(x)

]
= ln(2)− 1

π

(
µn(x)

σn(x)

)2

+ o

((
µn(x)

σn(x)

)2
)

(32)

and

c0 exp

{
− 1

2σ2

(
µn(x)

σn(x)

)2
}

= c0 − c0
1

2σ2

(
µn(x)

σn(x)

)2

+ o

((
µn(x)

σn(x)

)2
)
. (33)

By equating the terms in (32) with the ones in (33), we find c0 = ln(2) and σ2 = ln(2)π/2,
which leads to the approximation for Hn

[
Is(·)≥0(z)

]
(14) used in the paper: Hn

[
Is(·)≥0(z)

]
≈

ln(2) exp

{
− 1

π ln(2)

(
µn(z)
σn(z)

)2}
. In Figure 12a we plot (13) and (14) against each other as a

function of the mean-standard deviation ratio, while Figure 12b shows the difference between
the two. From these two plots, one can see almost perfect agreement between the two
functions, with a non negligible difference limited to two small neighborhoods of the µ/σ
space.

Appendix C. Experiments Details

In this Appendix, we collect details about the experiments presented in Section 6. Code
for the used acquisition functions can be found at https://github.com/boschresearch/
information-theoretic-safe-exploration. For the MES component, we used the BoTorch
(Balandat et al., 2020) implementation.

GP Samples For the results shown in Figure 6 we run all methods on 50 samples from a GP
defined on the square [−1, 1]×[−1, 1], with an RBF kernel with the following hyperparameters:
µ0 ≡ 0; kernel lengthscale = 0.3; kernel outputscale = 30; σ2ν = 0.05, while the safe seed x0

was chosen as the origin: x0 = (0, 0). As SafeOpt requires a discretized domain, we used
the same uniform discretization of 150 points per dimension for all GP samples. Concerning
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Figure 13: Comparison of different Lipschitz constants for the SafeOpt algorithm used to
generate the plots in Figure 8. We see that for this specific problem, by defining the safe set
using the GP posterior, the change in Lipschitz constant does not affect significantly the
performance.

the safety violations summarized in Table 1, the fact that they are comparable is expected,
since in our experiments they all use the posterior GP confidence intervals to define the safe
set.

Synthetic One-Dimensional Objective The objective/constraint function we used in
this experiment, which we plot in Figure 7a, is given by f(x) = e−x+15e−(x−4)2+3e−(x−7)2+
18e−(x−10)2 +0.41. The GP was defined on the domain X = [−2.4, 10.5], with an RBF kernel
with the following hyperparameters: µ0 ≡ 0; kernel lengthscale = 0.6; kernel outputscale =
50; σ2ν = 0.05, while the safe seed x0 was chosen as the origin: x0 = 0.

Heteroskedastic Noise Domains In these experiments we used the same LineBO wrap-
per as in the five dimensional experiment. The GP had an RBF kernel with hyperparameters:
µ0 ≡ 0; kernel lengthscale = 1.6; kernel outputscale = 1; while the safe seed x0 was set
to the origin. For what concerns the observation noise, as explained in Section 6, we used
heteroskedastic noise, with two different values of the noise variance in the two symmetric
halves of the domain. In particular, given a parameter x = (x1, x2, . . . , xn), we set the noise
variance to σ2ν = 0.05 if x1 ≥ 0, otherwise we set it to σ2ν = 0.5. As explained in Section 6,
the constraint function is f(x) = 1

2e
−x2

+ e−(x±x1)2 +3e−(x±x2)2 +0.2, with x1 and x2 given
by: x1 = (2.7, 0, . . . , 0) and x2 = (6, 0, . . . , 0).

OpenAI Gym Control For the OpenAI Gym pendulum experiments, we used the
environment provided by the OpenAI gym (Brockman et al., 2016) under the MIT license.
For the safety condition, the threshold angular velocity θ̇M was set to 0.5 rad/s, with an
episode length of 400 steps, and Figure 9 shows one run of ISE-BO using a GP with an
RBF kernel with the following hyperparameters: µ0 ≡ 0; kernel lengthscale = 1.3; kernel
outputscale = 6.6; σ2ν = 0.04.

Rotary Inverted Pendulum Controller For the Furuta pendulum experiments, we used
the simulator developed by Polzounov et al. (2020) under the MIT license. For both the
objective and the safety constraint, we used GP priors with an RBF kernel with the following
hyperparameters: µ0 ≡ 0; kernel lengthscale = 0.3; kernel outputscale = 50; σ2ν = 0.05.
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