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Abstract

Block majorization-minimization (BMM) is a simple iterative algorithm for nonconvex op-
timization that sequentially minimizes a majorizing surrogate of the objective function in
each block coordinate while the other block coordinates are held fixed. We consider a
family of BMM algorithms for minimizing nonsmooth nonconvex objectives, where each
parameter block is constrained within a subset of a Riemannian manifold. We establish
that this algorithm converges asymptotically to the set of stationary points, and attains an
e-stationary point within O(e~2) iterations. In particular, the assumptions for our complex-
ity results are completely Euclidean when the underlying manifold is a product of Euclidean
or Stiefel manifolds, although our analysis makes explicit use of the Riemannian geometry.
Our general analysis applies to a wide range of algorithms with Riemannian constraints:
Riemannian MM, block projected gradient descent, Bures-JKO scheme for Wasserstein
variational inference, optimistic likelihood estimation, geodesically constrained subspace
tracking, robust PCA, and Riemannian CP-dictionary-learning. We experimentally vali-
date that our algorithm converges faster than standard Euclidean algorithms applied to
the Riemannian setting.
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1. Introduction

Optimization over Riemannian manifolds has a wide array of applications ranging from the
computation of linear algebraic quantities and factorizations and problems with nonlinear
differentiable constraints to the analysis of shape space and automated learning (Ring and
Wirth, 2012; Jaquier et al., 2020). These applications arise either because of implicit con-
straints on the problem to be optimized or because the domain is naturally defined as a
manifold. Although not nearly as abundant as in the Euclidean optimization setting, there
are various methods employed for such optimization (Baker et al.; 2008; Yang, 2007; Boumal
et al., 2019; Edelman et al., 1998). Most of these approaches follow standard optimization
techniques by iteratively computing a descent direction and taking a step in that direction
along a geodesic. This computation is often challenging in practice so other approaches al-
leviate this burden by utilizing approximations or imposing additional assumptions (Absil
et al., 2009; Boumal, 2023).

Majorization-minimization (MM) is a classical principle for minimizing objectives (Lange
et al., 2000). The MM method, as its name suggests, consists of two main steps. The ma-
jorization step identifies an upper bounding surrogate for the objective function and the
minimization step then minimizes that surrogate. The approach leads to iterations that
decrease the objective function, with the benefit that each minimization of a well-chosen
surrogate is computationally more efficient than the original problem. Such an approach has
also been applied in the context of unconstrained manifold optimization with applications
to robust sparse PCA on the Stiefel manifold (Breloy et al.; 2021). Here unconstrained
manifold optimization means the constraint set is only the manifold itself. When the un-
derlying manifold is a Hadamard manifold (i.e., complete, simply connected manifold with
nonpositive sectional curvature everywhere), then one can consider majorizing the objective
function by adding the Riemannian distance squared function. The resulting MM algorithm
corresponds to the Riemannian proximal point method (Li et al.; 2009; Bento et al., 2017).

In this paper, we consider the minimization of a continuous function F : @ = 0W) x

- x O™ 5 R which is the sum of a smooth function f (possibly non-convex) and a
convex part (possibly non-smooth) p(@). The concepts of smoothness and convexity are
both with respect to the geometry of the manifold, which will be explained later in the
paper. We assume the convex part p is separable, namely p(@) = > ", p(i)(ﬁ(i)) where

6 = [pM), ... ,0(™)]. Each constraint set O is a closed subset of a Riemannian manifold
M@ More precisely, we seek to solve
min (F(6) := f(6) +p(9)). (1)

0=[pV,...,00m)]
0Dece@CM® fori=1,...,m

As the problem (1) is typically nonconvex, it is not always reasonable to expect that an
algorithm would converge to a globally optimal solution starting from an arbitrary initial-
ization. Instead, we aim to provide global convergence (from arbitrary initialization) to
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stationary points. In some problem classes, stationary points could be as good as global
optimizers practically as well as theoretically (Mairal et al.,; 2010; Sun et al., 2015). Fur-
thermore, obtaining the iteration complexity of such algorithms is of importance both for
theoretical and practical purposes. In particular, one aims to bound the worst-case num-
ber of iterations to achieve an e-approximate stationary point (defined appropriately, see
Sec. 3.1).

In order to obtain a first-order optimal solution to (1), we consider various Rieman-
nian generalizations of the Block Majorization-Minimization (BMM) algorithm in Euclidean
space (Razaviyayn et al.,, 2013; Lyu and Li, 2025). The high-level idea of BMM is that,
in order to minimize a multi-block objective, one can minimize a majorizing surrogate of
the objective in each block in a cyclic order. The algorithm we study in the present work,
which we call Riemannian Block Majorization-Minimization (RBMM), can be stated in a
high-level as follows, where n denotes the iteration (see Algorithm 1 for the full statement):

Forn=1,--- ,N:
For:=1,2,...,m:
RBMM: (@) [ Majorizing surrogate of
gn’ () gy .— (1) (i-1) (i+1) m) .
0 — n (9)—f(9n 7"'7977, 5039 "79 1)7

n—1 1"

Gﬁf) € argmingc g (Gg) (0) == g,(f)(Q) +p(0, 0””’)> '

In this work, we carefully analyze RBMM (2) in various settings and obtain first-order
optimality guarantees and iteration complexity. Moreover, the connection between our
RBMM and other existing algorithms is studied, providing complexity results to some of
them for the first time in the literature.

As a preview, we provide a special case of Corollary 11 of our main results concerning
iteration complexity of RBMM on Stiefel manifolds (manifolds of orthonormal frames, see
Ex. 1). Note the term L-smooth in the following corollary indicates the gradient of the
function is L-Lipschitz continuous (see Sec. 3.2 for comparison with geodesic smoothness).
The 5() notation is the variant of “big-O” notation that ignores the logarithmic factors.

Corollary 1 (Complexity of RBMM on Stiefel manifolds) Suppose we are minimiz-
ing an L-smooth function f on the product of the Stiefel manifolds using RBMM (2) with
L’-smooth surrogates with quadratic magjorization gap

D) — £9(0) > |6 — 0|2

foralln >1 andi=1,...,m for some c > 0. Then the iterates asymptotically converge to
the set of stationary points and the algorithm has iteration complexity of O((1+c+c1)e™2).

For instance, Euclidean block-proximal updates or Euclidean prox-linear updates on the
product of Stiefel manifolds have iteration complexity O(¢~2). To the best of our knowledge,
these types of iteration complexity results for block Riemannian optimization methods are
new to the literature. Note that the conditions we need to check for applying Corollary
1 (and its generalization Cor. 11) are completely Euclidean. However, our proof of these
corollaries incorporates Riemannian geometry in a substantial manner.
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1.1 Owur contribution

In this work, we thoroughly analyze RBMM (2) and obtain asymptotic convergence to
stationary points and iteration complexity. The novelty of this work, compared to the
aforementioned related work, lies especially in the following aspects:

(1) (Non-smooth non-convex analysis) We obtain an iteration complexity of O(e~2) of
RBMM for solving nonsmooth nonconvex Riemannian optimization problems. See
Theorems 7 and 10. Central to this analysis is a novel continuous first-order optimality
measure, which we introduce in Section 3.1.

(2) (Constrained optimization) RBMM is applicable to constrained optimization problems
on manifolds. Here, constrained optimization on manifolds means we allow the con-
straint set ® of the optimization problem to be a closed subset of the manifold, i.e.,
® C M, which is not necessarily the entire manifold.

(3) (Surrogates flexibility) Our RBMM framework allows three different types of surro-
gates: g-smooth surrogates, Riemannian proximal surrogates, and Euclidean smooth
surrogates. This provides flexibility for various Riemannian optimization problems.
See examples in Sections 4 and 5.

(4) (Robustness) RBMM is robust in the face of inezact computation of minimizing block
surrogates on the manifolds. This allows, for example, one to employ standard iter-
ative g-convex minimization algorithms over manifolds in the absence of exact sub-
problem solutions. See (A0)(ii).

RBMM, as a general Riemannian block optimization framework, entails many classi-
cal algorithms including Euclidean block MM, proximal updates on Hadamard manifolds,
and MM methods on Stiefel manifolds. We apply our results to various stylized applica-
tions such as Bures-JKO scheme for Wasserstein variational inference, geodesically con-
strained subspace tracking, optimistic likelihood under Fisher-Rao distance, Riemannian
CP-dictionary-learning, and robust PCA and obtain the following results:

(5) Asymptotic convergence and complexity of O(c~2) of Bures-JKO scheme for Wasser-
stein variational inference is established for non-strongly convex potential functions.
See Corollary 18.

(6) Asymptotic convergence and complexity of 9] (¢72) for Euclidean block proximal meth-
ods when the manifolds are embedded in Euclidean spaces and the constraint sets on
the manifolds are compact and g-convex. See Theorem 7.

(7) Asymptotic convergence and complexity of 6(5_2) for block MM with Euclidean L-
smooth surrogate on the product of Stiefel and Euclidean manifolds with g-convex
constraints. See Corollary 11.

(8) A Euclidean-regularized version of MM with linear surrogates on the Stiefel manifold
is proposed, with guarantees on asymptotic convergence and complexity of 5(5*2),
which can be applied to geodesically constrained subspace tracking problems (Blocker
et al., 2023). See Corollary 17 and Corollary 20. It is worth noting that Grassmannian
optimization is in general NP-hard.
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1.2 Background and Related Work

At a high level, most Riemannian optimization algorithms iteratively solve a sequence of
carefully constructed, yet simpler, sub-problems. These sub-problems are generally cate-
gorized into two types: “manifold-type,” which involves another Riemannian optimization
problem on the manifold itself, or “tangential-type,” which involves a Euclidean optimiza-
tion problem on the tangent spaces.

Riemannian gradient descent and trust region. Many popular Riemannian opti-
mization methods, such as Riemannian (projected) gradient descent and Riemannian trust
region (Baker et al., 2008; Yang, 2007; Boumal et al., 2019; Edelman et al., 1998; Absil
et al., 2009; Boumal, 2023), are of the tangential type. Roughly speaking, these methods
iterate a two-step process: (1) moving along a descent direction in the tangent space at the
current iterate, and (2) projecting this update back onto the manifold using a retraction.

Zhang and Sra (2016) develops various Riemannian projected (sub)gradient methods
for minimizing g-convex objectives on a compact subset X of a Hadamard manifold M.
Let D denote the diameter of the constraint set X and let x < 0 be a uniform lower bound
on the sectional curvature of M. The iteration complexity of these Riemannian first-order
methods depends explicitly on the geometry through the quantity

_ k| D
tanh(y/|x[D)’

which appears in a nonlinear trigonometric distance bound (Zhang and Sra, 2016, Lem. 6).
Clearly, this is an intrinsic geometric quantity of the manifold M in conjunction with the
diameter D of the constraint set.

Boumal, Absil, and Cartis (Boumal et al., 2019) develop Riemannian gradient descent
and trust region methods for minimizing nonconvex objectives ¢ on submanifolds M em-
bedded in Euclidean space. A key assumption is the smoothness of the “pull-back objective”
Py = poRtry : T, M — R defined on the tangent spaces, where Rtr, denotes the retraction
operator at = (see Sec. 2.1 for details). Specifically, there must exist a constant Ly > 0
such that for every x € M and all sufficiently small n € T, M,

((r, D) 3)

(Baln) — £(0) — (erad p() m)| < 2] ()

Noting that (grad ¢(z),n) = (V@(0),n) (see (6)), (4) is simply the standard Euclidean
L4-smoothness of the pull-back objective ¢,.

Assuming M is a compact submanifold, Boumal et al. (2019, Pf. of Lem. 4) show that
the uniform Lg-smoothness of the pull-back objectives holds with

L
Ly = 5042 +Gp?,

where L is the Euclidean smoothness parameter of the objective ¢ and G is the supremum
of the Euclidean gradient Vi in the convex hull of M. This property follows from two
inequalities: For some constants «, 8 > 0, and for each § € M and v € Ty M,

| Rtrg(v) — 6] < afloll, || Rexg(v) — (6 +0)] < Bllo]]> (5)
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These inequalities can be viewed as first- and second-order Euclidean approximations of the
retraction operator. For the flat (Euclidean) case where Rtrg(v) = 6 +v, we may take o = 1
and B8 = 0. The quantity S increases as the manifold becomes more curved, as one must
travel a greater distance to retract from 6 4+ v back to the manifold M. An upper bound
on 3 depending on the diameter of M is obtained in Boumal et al. (2019, Pf. of Lem. 4).
In this sense, § acts as an extrinsic geometric quantity of the compact submanifold M.

BMM, BCD, and Riemannian BCD. Block majorization-minimization (BMM) pro-
vides a flexible and unifying framework for optimization in Euclidean space by combining
block optimization and MM. This framework encompasses popular algorithms such as block
coordinate descent (BCD) and alternating minimization (Wright, 2015; Beck and Tetru-
ashvili, 2013). Euclidean BMM for convex problems is studied in Hong et al. (2017) with
general surrogates and in Xu and Yin (2013) with prox-linear surrogates. The iteration com-
plexity of BMM for general nonconvex nonsmooth minimization was established as O(e~2)
by Lyu and Li (2025), where an additional trust-region constraint with diminishing radius
was shown to improve the constant factor. However, Riemannian generalizations of BMM
have only been considered recently.

Tangential-type Riemannian BCD has appeared in recent literature. Gutman and Ho-
Nguyen (2023) considered minimizing an objective via tangent subspace descent. In this
approach, one moves within a chosen subspace of the tangent space (selecting a block in the
tangent space) along the negative Riemannian gradient, then applies the exponential map
to return to the manifold. For nonconvex g-smooth objectives (see Def. 3), they obtained
an iteration complexity of O(¢72). The implied constant depends on the g-smoothness pa-
rameter of the objective, linking the convergence rate to the underlying geometry. Peng and
Vidal (2023) also studied tangential Riemannian BCD for minimizing a smooth objective on
the product of compact submanifolds in Euclidean space, utilizing compactness to ensure
(5) holds globally. They established both asymptotic convergence to stationary points and
iteration complexity for this method.

Tangential BMM in Li et al. (2024). It is well-known (see, e.g., Lyu and Li (2025))
that standard projected gradient descent in Euclidean space is a special instance of MM
using a prox-linear surrogate (the first-order Taylor expansion of the objective plus a Eu-
clidean proximal term). Similarly, standard Riemannian gradient descent is a special case of
“tangential MM” with a prox-linear surrogate constructed on the tangent space (Li et al.,
2024). Specifically, for an objective ¢ : M — R, the global minimizer of the tangential
prox-linear surrogate at 6 € M,

A A
do(n) = (0) + (grad (0),n) + 5||77||2, n € TyM,

is —% grad ¢(#). A sufficient condition for the descent of the objective value is that A is
large enough for g, to majorize the pull-back objective ¢y := o Rtry on the tangent space
(e.g., A > Ly, where L is the smoothness constant in (4)).

A natural generalization of this approach is to replace the tangential prox-linear surro-
gate gg with a general tangential surrogate gg : Ty M — R such that g, > pg. This yields a
strategy where we find a descent direction on the tangent space via MM, take a step, and
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retract:

gn [Majorizing surrogate of ¢, s.t. §,(0) = @n(O)] (> tangential surrogate)
Vi < argminger, an(n), (> descent direction)

0, <« Rtrg, , (a,Vy) (> Riemannian gradient update)

where a,, > 0 is a suitable stepsize.

In our prior work (Li et al., 2024), we proposed a cyclic block extension of this method
called tangential BMM (tBMM) and obtained an iteration complexity of O(s~2) for mini-
mizing nonconvex objectives on products of manifolds. A key contribution of that work is
allowing both the minimization step on the tangent space and the retraction (or exponen-
tial map) to be computed inexactly. The accumulated sub-optimalities become part of the
constant factor in the complexity bound. This offers practical computational benefits, even
for the Riemannian BCD in Gutman and Ho-Nguyen (2023), as the exponential map need
only be computed approximately.

As noted in Li et al. (2024), a minor modification of the argument in Boumal et al. (2019,
Pf. of Lem. 4) shows that the uniform smoothness of pull-back objectives holds restricted to
a compact subset X" of a (not necessarily compact) submanifold M. That is, (5) holds for all
0 € X and sufficiently small n € Ty M where Rtrg(n) € X, with 8 depending on the diameter
of X rather than M (analogous to ((x, D) in (3)). This property suffices for the convergence
analysis of tBMM. However, a computational caveat of tBMM in this constrained setting
is the need to compute the “lifted constraint set” T, = {n € Ty M : Rtry(n) € X'} at every
iteration, which can be expensive.

Manifold-type BMM. While tangential MM conceptually generalizes Riemannian gradi-
ent descent, it excludes important classes of Riemannian algorithms, such as Riemannian
proximal point methods on Hadamard manifolds (Li et al.; 2009; Wang et al., 2016; Bento
et al., 2017) and MM on the Stiefel manifold with linear surrogates (Breloy et al., 2021).
Since proximal sub-problems on manifolds may not be easily solved exactly, establishing
the iteration complexity of inexact Riemannian proximal point methods is crucial; to our
knowledge, such results are currently unavailable. The method in Breloy et al. (2021) is an
excellent example where a suitable choice of majorizing surrogate on the manifold results
in easily solved sub-problems (minimizing a linear function on the Stiefel manifold reduces
to a truncated SVD; see Sec. 4.5). However, no iteration complexity result exists for this
method either.

In the present work, we develop the manifold counterpart of Riemannian BMM. Concep-
tually, this is simpler than the tangential variant as it avoids tangent spaces and retractions.
However, this simplicity relies on constructing smart surrogates that allow for accessible
minimizers on the manifold. Since exact minimizers may not always be available, we focus
on providing convergence guarantees for a wide class of surrogates even when sub-problems
are solved only approximately, quantifying how accumulated inaccuracies affect the con-
vergence rate. The only other instance of manifold-type Riemannian BMM we are aware
of is the Riemannian block exact minimization in Peng and Vidal (2023), which assumes
exact solutions of block surrogate minimizers and requires restrictive assumptions such as
objective smoothness and compact manifolds.
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In Table 1, we provide a summary of the aforementioned related work, along with the

details.
Methods Manifold Objective Constraints  Blocks ~ Complexity I(I:l(f:;‘r;ct
Euclidean BMM
(Hong et al., 2017) . =~ _q
Euclidean Block PGD Euclidean convex convex many O X
(Beck and Tetruashvili, 2013)
Euclidean BMM-DR Euclidean non-convex convex many O(e72) v
(Lyu and Li, 2025)
Riemannian prox. Hadamard g-convex g-convex 1 - X
(Li et al., 2009)
Riemannian prox. Hadamard g-convex g-convex 1 O™t X
(Bento et al., 2017)
Riemannian Prox-linear Riemannian &  non-convex & ~
. N/A 1 -2
(line search)(Chen et al., 2020) Compact smooth' / 0™ x
Block Riemannian GD (Exp) . . =~ o
(Gutman and Ho-Nguyen, 2023) Riemannian non-convex N/A maty 0(™) X
BMM on manifolds Riemannian & =~ 5
(Peng and Vidal, 2023) compact non-convex N/A many 0(E™) X
RBMM (Ours) with surr.:
. . non-convex & s
g-smooth (Thm. 10) Riemannian non-smooth g-convex many O(e™?) v
Riemannian proximal Riemannian non-convex & convex man (-2 v
(Thm. 7) non-smooth g Y C
Euclidean proximal Riemannian non-convex &  g-convex & man O(e—2 v
(Thm. 7) C Euclidean non-smooth compact Y C)
Euclidean/ non-convex & convex/ =~ _q
Smooth (Cor. 11) Stiefel non-smooth g-convex many 0(=™) v

Table 1: Our main contributions and comparison to existing results. “g-smooth” means being geodesically
smooth with respect to the geometry of the underlying manifold, and “smooth” means being smooth with
respect to the Euclidean geometry. “g-convex” means geodesic convexity of subsets of manifolds. O(-)
notation means big-O up to logarithmic factors. The objective function marked by “smooth™ only needs
to be smooth in the Euclidean sense; In all other cases, it is required to be g-smooth with respect to
the underlying manifold. The last column shows whether the method allows the inexact solution to a
subproblem, i.e., the robustness under inexact computation. Details of comparison to known results can be
found in Section 4.

1.3 Organization

The paper is organized as follows. We introduce the preliminaries and the notation in
Section 2.1 and 2.2. In Section 2.3, we give a precise statement of the RBMM algorithm.
We detail the standing assumptions and state our main results in Section 3. In Section 4,
we present the applications of RBMM on specific manifolds as special cases of our general
framework. We present more applications of our results in Section 5. We prove the conver-
gence results of RBMM, Algorithm 1, throughout Section 6. Figure 1 provides a structure
diagram of the present paper.
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Assumptions:
Riemannian Block (A0) f: g-smooth; p: I.s.c. (A1)(i-gs) g-smooth surr.

S Sriratian.minimio ati (A1)(ii) Uniformly ri;y > 0 (A1)(i-rp) Riemannian prox. surr.
Majorization-minimization (RBMM) (A1)(iii) Majorization gap (A1)(i-ep) Euclidean prox. surr.

(A1)(i-gs) l (A1)(i-rp)! (A1)(i-ep)

v

Riemannian proximal surrogate/
Euclidean proximal surrogate

[ g-smooth surrogate J (A0), (AL)(ii)-(iii

(A0), (A1)(ii)-(iii)
g-convex set

(R0), (A1)(ii)~

(A0), (A1)(ii), g-convex set (A0), (A1)(ii), g-convex set
Y

Complexity: 0(e72) Converg(?nce Convergence: Complexity: ‘0(e72)
Thm 3.6 m=1 or 2: Thm 3.3 Thm 3.5
(Section 6.6) Thm 3.2 (Section 6.5 ) (Section 6.2/6.3)

(Section 6.5)

Figure 1: Structure of the present paper.

2. Preliminaries and Algorithm
2.1 Preliminaries on Riemannian geometry

The notation throughout this paper is consistent with the common literature, see e.g., Absil
et al. (2009) and Boumal (2023). For background knowledge on Riemannian geometry, we
refer the readers to Sakai (1996), Lee (2003), Do Carmo and Flaherty Francis (1992), and
Helgason (1979). In this section, we provide a brief introduction to the notation used in
our paper, with further details provided in the Appendix A.

A Riemannian manifold M is a manifold endowed with a Riemannian metric (1, &) —
(n, &), € R, where n and £ are tangent vectors in the tangent space T, M (also denoted as
T, when it is clear from context) of M at z. This inner product in the tangent space is also
denoted by (-, -) for convenience when the subscript is clear from the context. The induced
norm on the tangent space is denoted by || - ||z or || - ||. The Riemannian gradient of a
smooth function f: M — R at z is defined as the unique tangent vector, grad f(z) € T, M,
such that (grad f(x),&) = Df(z) [£4] , V€ € Tp M, where D f(z) [€;] is the differential of f
at point x along the direction &,. The geodesic distance between z,y € M is denoted by
dam(z,y) or d(z,y) when it is clear from the context.

A retraction on a manifold M is a locally defined smooth mapping Rtr from the tangent
bundle TM to M with the following properties.

(i) For each x € M, let rgy(x) > 0 be the ‘retraction radius’ such that the restriction
Rtry : TpM — M of Rtr to T, M is well-defined in a ball of radius rgy,(x) around the
origin 0 = 0.

(ii) Rtr;(0) = z; The differential of Rtr, at 0, D Rtr;(0), is the identity map on T,M.

For each z € M and n € T, M, the retraction curve ¢ — Rtr,(tn) agrees up to first order
with geodesics passing through x with velocity n around x. Retractions provide a way to lift
a function g : M — R onto the tangent space T, M via its pullback § := go Rtr, : T, — R.
We use this construction to lift an upper-bounding surrogate defined on the manifold onto

10
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the tangent spaces in Algorithm 1. Note that for all n € T, M,

(V§(0), n) = Dg(0)[n] = Dg(z)[D Rir,(0)[n]] = Dg(z)[n] = (grad g(z), n). (6)

If for all z € M and n € T, M, the retraction curve ¢ — Rtrs, coincides with the
geodesic curve t — 7(t) with v(0) = z and 4/(0) = n whenever ||tn|| < rgxp(z) for some
constant rgxp(x) > 0, then the retraction Rtr is called the exponential map and denoted
as Exp. Note that the exponential map is defined as the solution of a nonlinear ordinary
differential equation. While every Riemannian manifold admits the exponential map, its
computation is often challenging. Retractions provide computationally efficient alternatives
to exponential maps. Some typical choices of retractions are Rtr,(n) = x + 1 on Euclidean
spaces and Rtr,(n) = ”;IZ” on spheres. See Sec. 4.1. in Absil et al. (2009) for more
examples of retractions. If the exponential map is defined on the entire tangent bundle (i.e.,
I'exp(2) = oo for all z € M), then we say M is (geodesically) complete. Note by definition
of exponential map we have ||n|| = d(z,y) whenever d(z,y) < rgxp(z) and Exp,(n) = y.

A Riemannian manifold is locally diffeomorphic to its tangent spaces, so it resembles the
Euclidean space within a small metric ball around each point. Accordingly, there are several
notions of radius functions r : M — [0, 00), including the injectivity and the convexity radii.
For z € M, consider the open ball B(z,r) = {n € TxM : (n,n) < r} C T, M; the injectivity
radius of M at x, denoted as rinj(x), is the supremum of values of r such that Exp, defines
a diffeomorphism from B(x,r) to its image on M. Thus, we can also define the inverse
exponential map from M to T,M, denoted by Exp,!(-), within the injectivity radius. In
particular, compact manifolds have uniformly positive injectivity radius (see Thm. II1.2.3
in Chavel (2006)). Furthermore, it is worth noting that Hadamard manifolds (complete and
simply connected manifolds with non-positive curvature), which include Euclidean space,
hyperbolic space, and manifolds of positive definite matrices, also have uniformly positive
injectivity radius (Afsari (2011), Sakai (1996, Theorem 4.1, p.221)). When the injectivity
radius is uniformly positive, there exists a retraction with a uniformly positive retraction
radius (e.g., the exponential map).

For a subset ® C M and z € ©, define the lifted constraint set TS M as

TOM = {u € Ty M |Rtry(u) = &' for some 2’ € © with d(z,z') < ro/2}, (7)

where rg is the lower bound of the injectivity radius (see (A0) in Section 3). When we use
exponential map Exp as the retraction in (7), one can think of the set .2 M as the ‘lift’ of
the constraint set ® onto the tangent space T, M in the sense that if @ is contained in the
metric ball of radius ri,j(x) centered at z, then T2 M equals the inverse image Exp,!(®)
of ® under Exp,. In particular, this formula holds for all subset ® of M if M is a complete
Riemannian manifold since Exp, is defined on the entire T, M. If M is a Euclidean space
and O is a convex subset of it, then TP M = ©. Lastly, we note that when © is strongly
convex in M, the set Tf./\/l above is locally defined near . That is, we can replace the
injectivity radius 7o in (7) by any constant 6 € (0,rg).

A set C C M is called (geodesically) strongly convez if for any x and y in C, there is a
unique minimal geodesic v in M joining x and y, and -y is contained in C'. Within a g-convex
set C, we can also define the g-convex function f as follows: For any x = v(0),y = (1) € C,
and any t € [0, 1], it holds that

fOr@®) < (T =) f(x) +tf(y). (8)
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gradf

grad f(y)

Figure 2: Illustration of (left) retraction and (right) parallel transport.

When d(z,y) < rinj(z), an equivalent definition of g-convex function is given by

fly) = f(@) + (Orf(2),7(0)), (9)

where g f(z) is a Riemannian subgradient of f at x, or the Riemannian gradient if f is
differentiable (Zhang and Sra, 2016).

On Riemannian manifolds, parallel transport provides a way to transport a vector along
a smooth curve. For each smooth curve v : [0,1] — M, denote the parallel transport along
v from z = ¥(0) to y = (t) by ['J—,. If v is clear from the context (e.g., the unique
distance-minimizing geodesic from z to y), then we also write I'—,, = I';_,,. Intuitively,
a tangent vector nn € T, M at x of v is still a tangent vector I'(y)n € T,M of v at y.
Recall that, one important property of parallel transport on a Riemannian manifold is that
it preserves the inner product, i.e.,

<F1(0)H7(t) (5)7 F::(O)A'y(t) (C)>7(t) = <§’ <>7(0) for all t € [07 1]a 67 C € T’y(())'
See Figure 2 for an illustration.

2.2 Notation for block Riemannian optimization

In (1), we are interested in minimizing an objective function f within the product parameter
space ® = O x...xOM) where each constraint set O is a subset of a Riemannian mani-
fold M®_ Tt will be convenient to introduce the following notation: For 8 = [9(1), . ,G(m)],

grad, f(0) := Riemmanian gradient of 6 — f(«9(1), o, 00D g gt ,H(m)),
grad f(e) = [gradl f(0)7 L agra‘dm f(e)]7

d(x,y) := Zd(x(i),y(i))z for x = (M, ..., 2, y = @W, ... yM)e HM(i).
i=1 i=1
(10)

Note that if we endow the product [, M@ of the manifolds a joint Riemannian structure,
then we can interpret grad f(6) above as the Riemannian gradient at € with respect to that
joint Riemannian structure. However, we do not explicitly introduce or use such a product
manifold structure in the manuscript.
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Throughout this paper, we let (6,),>1 denote an output of Algorithm 1 and write
0, = [99), ... ,eﬁlm)] foreachn > 1. Foreachn >1and i =1,...,m, denote

7 i— i+1 m
D0 £(O0, ... 00D 0,00t glm)y,

n—

which we will refer to as the ith marginal objective function at iteration n. Define

0, := (97(11)7 . 79(i—1),9(i)79(i+1) ’9(@1),

n n n—1 > n

(0,0,:) = (9n1>,... 9D g gD ’9772)1)'

n 27y Yn—1 >

2.3 Statement of algorithm

Below in Algorithm 1, we give a precise statement of the RBMM algorithm we stated in
high-level at (2). We first define majorizing surrogate functions defined on Riemannian
manifolds.

Definition 2 (Majorizing surrogates on Riemannian manifolds) Fiz a function h :
M — R and a point 0 € M, where M is a Riemannian manifold. A function g : M — R
is a majorizing surrogate of h at 0 if

g(x) > h(z) forallz e M and g(@)=h(0).

Note in Definition 2, the surrogate g(x) may depend on the base point 6 in certain appli-
cations and is therefore denoted as g(z|@) (Breloy et al., 2021). However, for simplicity, we
omit @ in the notation throughout this paper.

As mentioned be)fore, the high-level idea is the following. In order to update the ith block
7

of the parameter 951 at iteration n, we use the RBMM we described in the introduction.

Algorithm 1 Riemannian Block Majorization-Minimization (RBMM)

1: Input: 6y = (0(()1), e ,Qém)) € M x ... x O™ (initial estimate); N (number of iterations)
2: forn=1,...,N do:
3: Update estimate 0,, = [91(11), e ,95{”)] by
4: Fori=1,--- ,m do:
5: FO():=F (08), e, 06D L gl ,07(1m)1) : M@ 5 R (> marginal objective)
6: i L
g%) +— [Majorlzlng surrogate of fT(, at Qn 1
6% € arg mingee o (Gﬁ? 0) := ¢ (0) —i—p(z)(@))
7 end for
8: end for
9: output: Oy

(%)

In Algorithm 1, the majorizing surrogate g’ at each iteration n for each block i is chosen
so that

(1) (Majorization) gg) (x) — fﬁf) () >0 for all z € MO,

13
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(2) (Sharpness) g (05" ,) = £ (6 ).

A direct implication from the above requirements on majorizing surrogates is the agreement
of the Riemannian gradient between surrogates and marginal objective functions. Namely,
for each n and 4, we have grad g,(f)(ﬁs)_l) = grad f7(f) (05;11) This is an essential observation

for analyzing the complexity of RBMM.

3. Statement of Results

In this section, we state our main results concerning the convergence and complexity of our
RBMM algorithm (Alg. 1) for the constrained block Riemannian optimization problem in
(1). Figure 1 provides a structure diagram of the main results and assumptions.

3.1 Optimality and complexity measures

For iterative algorithms, first-order optimality conditions may hardly be satisfied exactly in
a finite number of iterations, so it is more important to know how the worst-case number of
iterations required to achieve an e-approximate solution scales with the desired precision e.

More precisely, for the multi-block problem (1), we introduce the following bi-variate
function that we will use to define a generic first-order optimality measure for the block
nonconvex and nonsmooth problem:

V(0:,u) = (Z<—gradif<a*>,u<“>> ( ZP (Bxpy0 m<>))>, (11)

i=1

e

where 0, = [0, ,...,Gim)] € O is a parameter and u = (ug,...,uUn), u; € Te%.()i) is tuple of

tangent vectors and # = min{rg, 1} denotes the minimum between 1 and the lower bound
of injectivity radius rg. Then we say 0, is an e-stationary point of (1) if

sup V(0.,u) <e, (12)
u=(u® .. ulm), [u@] <1

and a stationary point of (1) if the above holds with e = 0.

The Euclidean counterpart of the optimality measure (11) was first proposed in Lyu
and Li (2025) for nonconvex nonsmooth optimization, and here we adapt it to the block
Riemannian optimization. In the literature of nonsmooth optimization, another widely used
stationarity measure is

sup (—0rF(6),u) <O0. (13)
w,[[u]|<1

In fact, (13) is equivalent to the stationarity measure by (11). To see this, first note by
the g-convexity of p (9), we have that (13) implies (12) with ¢ = 0. Conversely, let ¢(u) =
V(04«,u). Then ¢(u) is a concave function with local maximum of ¢(0) = 0. Hence by
first-order optimality of 0 being the local minimizer of —¢ and noting that —0¢ = OgF(0,)
gives (13).
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An important advantage of using the optimality measure V in (11) is that the bi-variate
function V is continuous when the nonsmooth part p is continuous, while the corresponding
measure in (13) is not.

In the unconstrained smooth block-Riemannian setting where 0@ = M for i =
1,...,m and p = 0, the above equation (11) becomes
anrad fll<e.

In the case of single-block m = 1, the above is the standard definition of e-stationary points
for unconstrained Riemannian optimization problems.

Next, for each € > 0 we define the (worst-case) iteration complexity N, of an algorithm
computing (0y,),>1 for solving (1) as

N := sup inf{n > 1|6, is an e-approximate stationary point of F' over @}, (14)
RSC)

where (0,,),>0 is a sequence of estimates produced by the algorithm with an initial estimate
6. Note that N, gives the worst-case bound on the number of iterations for an algorithm
to achieve an e-approximate solution due to the supremum over the initialization 6 in (14).

3.2 Statement of results

Here we state our main convergence results of solving the minimization problem (1) using
Algorithm 1. First, we introduce a Riemannian counterpart of a smoothness property of a
function f : M — R. In the Euclidean setting, the function f is L-smooth if its gradient
Vf is L-Lipschitz continuous. In the Riemannian case, Riemannian gradients grad f(x)
and grad f(y) at two base points z,y € M live in different tangent spaces T, M and T, M,
so they have to be compared using a parallel transport (see Figure 2 for an illustration).
We extend this notion of smoothness to the setting where the function f is defined on the
product of Riemannian manifolds.

Definition 3 (Geodesic smoothness) A function f : H;n:l./\/l(i) — R is geodesically
smooth (g-smooth in short) with parameter L > 0 if f is block-wise continuously differen-

tiable and for each x = (¢ ... ™) y = (yV, ... yM™) e I, M) where there exists
a minimizing geodesic joining 9 and y® for each i =1,...,m,
[exad £60) = Ty (erad f3))| < .y

where Fy(l)_m(l) 1s the parallel transport along a distance-minimizing geodesic joining 2@
and y @ in MY, and d(x,y) is defined in (10).

An important consequence of the g-smoothness is the following quadratic bound on
first-order approximation:

[7(0) — £(@) — (grad f(2),7'(0)),] < T (z.v).
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where 7 is any distance-minimizing geodesic in M from x to y and d(x,y) is the Riemannian
distance between x and y. See Lemma 38 for the proof. Throughout this paper, the term
“g-smooth” denotes geodesic smooth (Def. 3), while “L-smooth” indicates the function L-
smooth in Euclidean sense, meaning the Euclidean gradient of the function is L-Lipschitz
continuous.

We start by stating some general assumptions. We allow inexact computation of the
solution to the minimization sub-problems in Algorithm 1 (line 6). This is practical since
minimizing the surrogates on the manifold (possibly with additional constraints) may not
always be exactly solvable. To be precise, for each n > 1, we define the optimality gap A,
by

An = A, (8y) ;== max (fo) (0) — inf Gg>(9)> (15)
1<i<m 9cO)
For the convergence analysis to hold, we require that the optimal gaps decay fast enough
so that they are summable, stated as Assumption (AO).

(A0) For RBMM (Alg. 1), we make the following assumptions:

(i) (Objective) The objective f : @ = [, 0@ — R is g-smooth with some parameter
Ly > 0; p is block-separable , i.e., p(@) =, p@D(0W) for all @ € © where each p™ is
g-convex. Futhermore, the objective value of F' is uniformly lower bounded by some
F* € R, and the sublevel sets F~1((—00,a)) = {8 € © : F(0) < a} are compact for
each a € R.

(ii) (Inexact computation) The optimality gaps A, in (15) are summable, that is, Y .2 | Ay, <
o00. Furthermore, let 97(11*) be an exact solution of the minimization step in Algorithm

1 and let OS) be the inexact output. Then for alli=1,...,m,
lim A6, 0 = 0. (16)

The separability of p in (A0)(i) is a common assumption in the literature of block

optimization (Xu and Yin, 2013), as p( is often a regularizer applied to the i-th block,
such as the [; regularizer.
If the surrogate function g}f ) is geodesically strongly convex (see Definition 28), then (16)
is a direct consequence of the summability of the optimality gaps. In particular, this is
the case for Riemannian proximal surrogates on Hadamard manifolds as a special case of
(A1)(i-rp) (see Prop. 30).

Next, we impose the following conditions on the underlying manifolds, majorizing sur-
rogates, and constraint sets.

(A1) For the manifolds and surrogates, at least one of the following holds:

(i-gs) (g-smooth surrogates) Each surrogate g,(f) : M@ 5 R is g-smooth with some param-

eter Ly >0 for alln>1 andi=1,...,m.
(4)

(i-rp) (Riemannian Proximal surrogates) FEach surrogate gy’ is a Riemannian prozimal
surrogate; that is, for each n > 1, Apin < An < Amax for some Amin, Amax > 0,

9)(6) = £(6) + 5+d%(6,6,). (17)
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(i-ep) (Euclidean Prozimal surrogates) Each M@ is an embedded submanifold in an Eu-
(1)

clidean space and the constraint set ©@ is compact. Each surrogate gy’ is a Euclidean
proximal surrogate, that is, for eachm > 1, Apin < Ap < Amax for some Amin, Amax > 0,

9)(6) = £(6) + 516 - 62, (18)

Furthermore, we require the following for the constraint sets:

(ii) For each i = 1,...,m, there exists a uniform lower bound ro > 0 for the injectivity
radius tinj(x) over x € ©W .., rini(x) > 1o for all x € OV,

When the manifolds M® are non-Euclidean, constructing g-smooth surrogates may
not always be easy. However, for Stiefel manifolds (see Ex. 1), Euclidean smoothness and
g-smoothness are essentially equivalent (see Lem. 15) so standard smooth surrogates in the
Euclidean space (e.g, proximal (18) and prox-linear (22)) verifies (A1)(i-gs). This fact is
crucially used in the proof of Corollaries 1 and 11.

Note that both the Riemannian and the Euclidean proximal surrogates in (17)-(18)
are not necessarily g-smooth (see Section 6.2 for details). Our analysis of RBMM with
these proximal surrogates uses explicit forms of the Riemannian/Euclidean gradient of the
squared geodesic/Euclidean distance function (see Prop. 31) instead of g-smoothness of the
surrogates.

One of the major benefits of RBMM is that the user has the freedom to choose problem-
specific majorizing blockwise surrogates, as long as they satisfy the properties in (A1l). An
important design principle is that the problem of surrogate minimization in (2) should be
easily executable up to a reasonable error A,,. The class of (geodesically) strongly convex
functions is often a good candidate. In the Euclidean BMM, one can choose surrogates
that are strongly convex that can be easily minimized by using standard Euclidean convex
minimization algorithms (e.g., Projected GD). If the marginal objective f,(f) is already
(geodesically) strongly convex, then we can directly minimize it over the corresponding
manifold. Otherwise, we may use large enough proximal regularization constant \, (e.g.,
An > L) to warrant geodesic convexity of surrogates. For instance, if the manifold has
non-positive sectional curvature (e.g., Hadamard manifolds, see Ex. 3), d? is g-strongly
convex. However, for Riemannian BMM, the surrogates do not have to be g-convex to yield
a practical algorithm (e.g., linear surrogates over Steifel manifold, see Sec. 4.5).

The surrogates in (Al)(i-rp) and (Al)(i-ep) are identical when the manifold M®
is the Euclidean space. For non-Fuclidean manifolds, the difference between these two
surrogates could be significant since the Riemannian proximal surrogates in (A1) (i-rp) use
the geometry of the non-Euclidean manifold M while the Euclidean proximal surrogates
in (A1)(i-ep) use the geometry of the ambient Euclidean space. For example, in the case
of a sphere, (A1)(i-rp) uses the arc length of great circles while (A1)(i-ep) uses length of
line segments. While the Riemannian proximal surrogates in (Al)(i-rp) can handle non-
compact manifolds without compact constraints (e.g., see Sec. 5.3), the Euclidean proximal
surrogates in (Al)(i-ep), if applicable, are computationally simpler to handle (e.g., ease
of differentiation). We also remark that (A1l)(i-ep) holds for unconstrained optimization
problems on compact manifolds embedded in Euclidean space, i.e., @ = M® and M®
is a compact embedded submanifold of a Euclidean space (e.g., Stiefel manifolds).
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We now state our first main result, concerning the asymptotic convergence of RBMM for
the constrained single/two-block block Riemannian optimization problem (1). The proofs
of the theorems are provided in subsequent sections, beginning with Section 6.

Theorem 4 (Asymptotic convergence to stationary points; one or two blocks) Let
f denote the objective function (p =0) in (1) with m =1 or 2. Let (0,,)n>0 be an output
of Algorithm 1 under (A0) and (A1)(i-gs),(ii). Further assume that the constraint set
0 of MW s strongly g-convex for i = 1,...,m. Then every limit point of (0n)n>0 is a
stationary point of f over ©.

Next, we established similar asymptotic stationarity of RBMM for more than two blocks.
In this case, a well-known counterexample by Powell (1973) shows that block coordinate
descent methods for m > 3 with block optimization may not converge to stationary points.
Indeed, block coordinate descent is a special case of block MM with the surrogate functions

(

gnl) identical to fﬁ” To overcome this issue, the proximal regularized version of block
coordinate descent was proposed (Grippo and Sciandrone, 2000; Xu and Yin, 2013; Attouch
et al., 2010), which had the convergence guarantees under certain assumptions. With this
insight, we need to require one more assumption on the surrogate function gq(f ), Namely,
writing
a(0) = £7(0) + h(9),

one can think of the nonnegative ‘surrogate gap’ function hg ) as a regularization term. A
primary example of such regularization in the Euclidean case is the proximal point regular-
ization, where we would take h!” (0) = )\\\9—6?7(;1 L|I%. This has the effect of penalizing a large
T(f ) 9521. In the general Riemannian case, the following assumption

states that the surrogate gap function hgf) is penalizing a large geodesic distance d(6), 9?_1).

change in the iterates 6

(A1) (iii) (Distance-regularizing surrogates) There exists a strictly increasing function
¢ :[0,00) = R such that ¢(0) =0 and

@ (9) == gD (8) — £9(0) > co(d(6,6%,))

n

foralln>1andi=1,...,m.

Note that if we use Riemannian proximal surrogates as in (A1l)(i-rp), then (A1)(iii)
is automatically satisfied with ¢ = A\/2 and ¢(x) = z2. This also holds with a possibly
different parameter ¢ when we use the Euclidean proximal surrogates within a compact
constraint set on an embedded manifold as in (Al)(i-ep). In fact, the geodesic distance
and Euclidean distance are equivalent over compact sets, see Lemma 16 for details. Also,
if the surrogates ggf) are p-strongly g-convex and if HSJ)FI is the exact minimizer of ggf), then
by the second-order growth property, one can verify

j P 2 2
hD(0) = Sd(0,0,)).

n
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Hence (A1)(iii) is verified with ¢ = p/2 and ¢(x) = 22 in this case as well. It is worth
mentioning that assumption (A1)(iii) is standard in the Euclidean MM literature, see Hien
et al. (2023).

Note a direct implication of (A1)(iii) is that if g (6,,)— £\ (6,) = o(1) then d(65”, 6% ) =
o(1). This fact will be crucial to our proof of asymptotic stationarity of RBMM for m > 3
blocks, which is our second main result stated below. Note that in the following result, we
do not require geodesic convexity of the constraint sets.

Theorem 5 (Asymptotic convergence to stationary points; many blocks) Let F' de-
note the objective function in (1) with m > 1. Let (0y)n>0 be an output of Algorithm 1.
Under (A0), (A1)(%i)-(%3), and any of (i-gs), (i-rp) and (i-ep). Futher assume p is
lower semi-continuous on ©. Then every limit point of (6y)n>0 is a stationary point of F
over ©.

Remark 6 (Convexity of the constraint set) The proof of Theorem 4 requires the con-
straint set O C M to be strongly convex w.r.t. the geometry of the ambient manifold
M (due to the Riemmanian line search used in Prop. 36). However, Theorem 5 does not
require the constraint set O C M@ to be strongly convex, since we can use Assumption
(A1)(iii) to avoid using Prop. 36. Therefore, Theorem 5 applies when ©() is a manifold by
itself (e.g., low-rank manifold or Stiefel manifold) and M is a Euclidean space in which
0 is embedded. See Section 4.2 for details.

Now we state our result concerning the rate of convergence of RBMM for the case of
Riemannian/Euclidean proximal (and not necessarily g-smooth) surrogates.

Theorem 7 (Rate of convergence for Riemannian/Euclidean proximal surrogates)
Let F' denote the objective function in (1) with m > 1. Let (6y)n>0 be an output of Al-
gorithm 1 under (A0) and (A1)(i), and either (i-rp) or (i-ep). Assume the geodesic
convezxity of the constraint sets. Then the following hold:

(i) (Rate of convergence) There exists constant ¢ > 0 independent of 8y and the manifold

such that
i Lr(14 A5 (1+ 0 A) + A
R sup V(0m)| <L Vil lonn -
ak

See the explicit expression of the RHS constant in (60).

(ii) (Worst-case iteration complexity) The worst-case iteration complexity N, for Algorithm
1 satisfies Ne = O(e~2 (log 5*1)2)

Theorem 7 establishes that RBMM with either Riemannian or Euclidean proximal regu-
larizer achieves an iteration complexity of O(¢72). The case of Euclidean proximal regular-
izer in (A1) (i-ep) may be of wider practical interest than the Riemannian proximal regular-
izer. Note in (A1)(i-rp), the Riemannian proximal regularizer is geodesic distance squared,
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which may introduce additional computational difficulties, especially when the close-form
expression of end-point geodesic distance is unknown. When the underlying manifold is
embedded in Euclidean space and the constraint set is compact (or the manifold itself is
compact), as in (Al)(i-ep), we can replace the Riemannian proximal regularizer by the
Fuclidean proximal regularizer, which is often much easier to deal with computationally.

In Theorem 7, the iteration complexity results depend on the optimality gap A,, arising
from approximately solving the surrogate minimization subproblems. In practice, each
surrogate minimization can be efficiently handled using standard Riemannian projected
(sub)gradient methods (see Section 6.4 and (61)). Using the iteration complexity analysis
due to Zhang and Sra (2016) to bound A,,, we obtain the following corollary on the total
complexity guarantee of Riemannian block proximal point method.

Corollary 8 (Total complexity of Riemannian Block Proximal Point Method)
Keep the same assumptions as in Theorem 7 with g,(f ) being the Riemannian proximal sur-
rogate as in (Al)(i-rp). Assume further that each MW is o Hadamard manifold with
sectional curvature lower bounded by k € (—o00,0]. Also assume that each constraint set
0 is a bounded subset of M® with diameter at most D.

(i) (Smooth objectives) Assume p = 0. Then g,(f) is g-strongly convex with parameter \,—Ly

and g-smooth with parameter Ly + 2((k, D), where ((k, D) = y/|s|D/tanh(y/|k|D).
Approzimately solve each proximal sub-problem ming ) c v g,(;) by using the Rie-

mannian projected gradient descent (61) for N,gi) sub-iterations with fixed step-size
1 Ax—Ly
%,D)’ Ly+2¢(k,D

Then denoting § = min{ T )}, we have

1
Ly+2¢(k,D)"
AD < (1 - )M =2D2(L; + 2¢(s, D)).

In particular, if we take N,gi) = Clogk with C = 2/(—1log(1 —)), then the algorithm
reaches an e-stationary point within O((l +((k, D))? 6_2) Riemannian projected gra-
dient descent steps.

ii) (Nonsmooth objectives) Assume each FO — f® —|—p(i) is geodesically LW -Lipschitz
k k k

continuous, i.e. HF,EZ) (z) — F,EZ) ()|l < LOd(z,y) for any z,y € M. Then Gg) is g-

strongly convex with parameter A, — Ly and geodesically Lipschitz continuous with pa-

rameter L + X\, D. Approzimately solve each prozimal sub-problem ming (i) c aq0) G,(;)

by using the Riemannian projected subgradient with N ,gi) sub-iterations and auziliary
iterates (62). Then

@ _ 2¢(k, D)(LY + X\, D)?
Ay < 5 :
(e — Lp) (N +1)

Specifically, if we take N,Ei) = k, then the algorithm reaches an e-stationary point
within O((l +((k, D))* 5_4) Riemannian projected subgradient descent steps.
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Remark 9 We compare the above total complexity result with the tangential BMM (tBMM)
algorithm in our prior work (Li et al., 202/).

Since Corollary 8 characterizes the total complexity by analyzing the cost of solving
surrogate subproblems, we begin by examining the corresponding subproblems in tBMM.
At each iteration, tBMM solves an Fuclidean subproblem on a lifted constraint set using
Euclidean projected gradient descent (PGD). For smooth objectives (on the tangent space),
PGD engoys a linear convergence rate, leading to a total complexity of O(e=2) for tBMM.
For nonsmooth objectives, PGD converges sublinearly, and the total complexity becomes
O(s*f). Thus, in terms of order, RBMM and tBMM exhibit the same O(s~2) (g-smooth)
and O(s™*) (non-g-smooth) iteration-complexity guarantees.

Although the overall orders coincide, the two methods differ substantially in how these
costs are incurred. Consider non-g-smooth objectives (p # 0) as an example. At iteration n
for each block, tBMM requires O(n) Euclidean projections while solving the lifted Euclidean
subproblem, followed by a single retraction to map the solution back to the manifold. Con-
sequently, tBMM performs in total O(¢=*) Euclidean projections and O(e~2) retractions.
In contrast, the particular implementation of RBMM in Corollary § applies the Rieman-
nian projected (sub)gradient method of Zhang and Sra (2016) for solving each surrogate
minimization. This leads to O(n) exponential maps per iteration and a total of O(e™?)
exponential maps. Therefore, when Euclidean projections are significantly cheaper than ex-
ponential map, tBMM may be computationally favorable. However, tBMM also requires
constructing the lifted constraint set at every iteration, which can be costly or infeasible in
some cases.

An important advantage of RBMM is its flexibility in choosing subproblem solvers. If
a problem-specific solver is available and converges faster than the general RGD method of
Zhang and Sra (2016), then the O(e™*) bound can be substantially improved in practice.
RBMM is particularly efficient when the surrogate subproblems admit exact (closed-form)
solutions. We provide several such examples, including the geodesically constrained subspace
tracking problem (Section 5.2), MM on Stiefel manifolds (Section 4.5), and the Riemannian
CP dictionary learning problem (Section 5.4). In these cases, no subroutine is needed for
meinimazing the surrogate, making RBMM especially attractive.

Lastly, the geometric dependence of RBMM and tBMM differs in an intrinsic—exrtrinsic
manner consistent with the discussion in Section 1.2. For RBMM, the iteration complezity
in Thm.7 depends only on the g-smoothness constant Ly of the objective and not on any
additional geometric reqularity of the manifold. When the surrogate subproblems are solved
via the RGD method of Zhang and Sra (2016), the cost of approximately minimizing each
surrogate depends on the intrinsic quantity ((k, D) in (3), where K is an upper bound on
the sectional curvature and D is the domain diameter.

In contrast, the iteration complexity of tBMM depends on the smoothness of the pull-back
objectives on tangent spaces, which is controlled by the retraction approximation constant
B in (5), which quantifies the second-order deviation of the retraction from the tangent
space. This is an extrinsic geometric quantity for the underlying manifold and directly
affects the majorization parameter and the resulting complexity bound (Li et al., 202/).
Since the subproblems of tBMM are Euclidean conver minimization problems, there is no
further dependence on the geometry.
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Overall, neither method dominates the other in all settings; rather, each is preferable
under different geometric and algorithmic conditions.

Next, the theorem below states similar rates of convergence results for g-smooth surro-
gates on general manifolds.

Theorem 10 (Rate of convergence for g-smooth surrogates) Let f denote the ob-
jective function in (1) with m > 1. Let (6,),>0 be an output of Algorithm 1 under (A0)
and (A1)(it), and (i-gs). Assume geodesic convezity of the constraint sets. Further assume
that (A1)(iii) holds with ¢(x) = cgx? for some constant cy > 0. Then the following hold:

(i) (Worst-case rate of convergence) There exists constant ¢ > 0 independent of 6y such
that

Lg+ L1+ ¢ (14302, Ar)
v/n/logn '

min sup V(0r,m)| <c
1<k<n ) o) )
nWeT," [Int <1
%

See the explicit expression of the RHS constant in (69).

(ii) (Worst-case iteration complexity) The worst-case iteration complexity N, for Algorithm
1 satisfies Ne = O <e_2 (10g 5_1)2).

As we mentioned below (A1), the class of g-smooth surrogates offers flexibility and can be
designed in a problem-specific manner. Theorem 10 for the g-smooth surrogates gives a
unified treatment for such iteration complexity of RBMM with g-smooth surrogates, and
in order to invoke this result, users only need to check the g-smoothness of the surrogates.

Below we give some additional remarks on Theorems 7 and 10. First, the iteration
complexity results are not direct adaptations from the Euclidean setting. The complexity
of Euclidean BMM for nonconvex objectives is established in Lyu and Li (2025) under
the assumption that the constraint sets are convex in the Euclidean sense. However, even
the embedded manifolds are in general non-convex when viewed as a constraint set in
Euclidean spaces. Therefore, the results in Lyu and Li (2025) do not directly extend to our
framework. Instead, our approach utilizes the geometry on the manifold to establish the
complexity. It is worth mentioning that our results recover the Euclidean BMM complexity
in Lyu and Li (2025) as a special case when the manifolds reduce to Euclidean spaces.
Second, the influence of Riemannian geometry is reflected in the constants appearing in the
complexity bound. In particular, the g-smoothness parameter Ly depends on the properties
of the underlying manifold M as well as the objective function f. Moreover, with inexact
computations allowed, the sum of the optimality gap > - ; A,(6p) also depends on M, as
stated in Corollary 8.

Lastly, we state a practical corollary of Theorem 10 for Riemannian optimization prob-
lems involving Stiefel manifolds (see Ex. 1). A special case of it was stated in Corollary
1 in the introduction. An important fact about Stiefel manifolds is that, if a function f
is (Euclidean) L-smooth in the ambient Euclidean space, then it is g-smooth with respect
to the geometry on the Stiefel manifold for some smoothness parameter L’ (see Lem. 15).
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Therefore, when the underlying manifolds are either Euclidean or Stiefel, we can apply The-
orem 10 for Euclidean smooth objectives and surrogates and obtain iteration complexity
of O(¢72). This expands the applicability of our result to various optimization problems
involving Stiefel manifolds.

Corollary 11 (Complexity of RBMM on Stiefel manifolds) Suppose each underly-
ing manifold M is either a Stiefel manifold or a Euclidean space. Assume the objective
function f in (1) is Euclidean L-smooth for some L > 0. Suppose the surrogates gff) are
Euclidean L'-smooth for some constants L' > 0 and for some constant ¢ > 0,

PP (O) = g(0) = £0(0) = ell9 - 62| (19)
forallm > 1 and i = 1,...,m. Assume the constraint sets oW, .. em gre geodesic

convex. Allow inexact computation in the sense of (A0)(i1) with d(-,-) in (16) replaced by
the Euclidean distance. Then the iterates produced by Algorithm 1 asymptotically converge
to the set of stationary points and the algorithm has iteration complexity of O(s72).

It is important to note that the conditions required to apply Corollary 11 are completely
Fuclidean, except the g-convexity of constraint sets of Stiefel manifolds, which becomes
vacuous when there are no additional constraints on the Stiefel manifolds. The results
presented in Corollary 11 are applicable to various MM methods on Stiefel manifolds, as
discussed later in Section 4.4, including the recent MM methods investigated in Breloy et al.
(2021). Furthermore, in Section 5.2 we study the geodesically constrained subspace tracking
problem as a stylized application.

4. RBMM on Specific Manifolds

In this section, we discuss some examples of our general framework of RBMM and its
connection to other classical algorithms.

4.1 Examples of manifolds
In this section, we list several examples of manifolds that are typically used in various

machine learning problems.

Example 1 (Stiefel Manifold) The Stiefel manifold V"** is the set of all orthonormal
k-frames in R™. That is, it is the set of ordered orthonormal k-tuples (k < n) of vectors in
R"™, i.e.,

vk = fA e RF ATA = I}
where I, denotes the k x k identity matrix. For X € R™**_ denotes its SVD as X = ULV 7T,

where U = [uj,ug,...,u,] and V' = [v1,v9,...,v;] are orthogonal matrices. Then the
orthogonal projection of X onto V*** ig

Projynxk(X) = UVT. (20)

A
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Example 2 (Fixed-rank Matrices Manifold) The set of matrices with fixed rank-r
R, = {X e R™ ™ : rank(X) = r} (21)

is a smooth submanifold of R™*". Denote the SVD of X as X = UXV7T. The diagonal
entries of Y, which are the singular values of X, are written in nonincreasing order,

Ul(X) > UQ(X) > 2 Umin{n,m}(X) > 0.
Then the orthogonal projection of X onto R, is given by
T
Projp (X) = Zai(X)uiv;‘F =Ux, VT,
i=1
Here ¥, € R™*" is a rectangular diagonal matrix by retaining the r leading diagonal

elements of X and setting the remaining elements to 0. A

Example 3 (Hadamard manifolds) Hadamard manifolds are a class of manifolds that
is widely studied in the literature, since it includes many commonly encountered manifolds.
Hadamard manifolds are Riemannian manifolds with nonpositive sectional curvature that
are complete and simply connected, see Burago et al. (2001) and Burago et al. (1992).
Hadamard manifolds have infinite injectivity radii at every point.

Below we provide some examples of Hadamard manifolds (more details can be found in
e.g., Bacak (2014)).

Example 4 (Euclidean spaces) The Euclidean space R" with its usual metric is a Hadamard
manifold with constant sectional curvature equal to 0. A

Example 5 (Hyperbolic spaces) We equip R""! with the (—1, n)-inner product

n
(@, y) c1my = =200+ > 2y’
=1

for x := (xo,ajl, .. .,x”) and y := (yo,yl, . ,y”). Define

H" := {z € R""" : (z,2)(_1,) = —1,20 > 0} .

Then (-, -) induces a Riemannian metric g on the tangent spaces T,H" C T,R"*! for p € H".
The sectional curvature of (H", g) is —1 at every point. A

Example 6 (Manifolds of positive definite matrices) The space S, of symmetric
positive definite matrices n X n with real entries is a Hadamard manifold if it is equipped
with the Riemannian metric

1
(Q1, Q)5 2 5 Tr (UZT'HEY) VO, O € TS,

where ¥ is a n X n positive definite matrix. A
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4.2 Euclidean block MM

When specialized on the standard Euclidean manifold, our RBMM becomes the standard
Euclidean Block MM (e.g., see BSUM in Hong et al. (2015)), where convergence rate for
convex and strongly convex objectives are known. Recently, Lyu and Li (Lyu and Li, 2025,
Thm. 2.1) obtained convergence rates for Euclidean Block MM algorithms for nonconvex
objectives with convex constraints. Our general results can recover part of their results:

Corollary 12 (Complexity of Euclidean Block MM) Theorems 4, 5, 7, and 10 hold
for Algorithm 1 when the underlying manifolds are Euclidean. In particular, the complezity
result in Theorems 7 and 10 hold for the BSUM algorithm in Hong et al. (2015).

We remark that Lyu and Li (2025, Thm. 2.1) also covers the case when convex sur-
rogates with non-strongly-convex majorization gaps are used along with trust-regions and
diminishing radii. Corollary 12 does not cover this case.

Below we give some examples of the Fuclidean block MM. One primary example is Fu-
clidean block proximal updates, namely, applying the surrogates in (17) when the underlying
manifold is the Euclidean space. The Euclidean block proximal updates read

97(5) < arg min (g,(f)(tg) = féi)(e) + Anllf — 927;11"2) ’
9o

Another example of Euclidean block MM is the following block prox-linear update pro-
posed in Xu and Yin (2013): For minimizing a differentiable function f defined on the
Euclidean space,

05)) + argmin (gﬁ:'><0> = 10O + (VIO 005 + o - 95511H2> - (22)
o)

In Xu and Yin (2013), under a mild condition, it was shown that the above algorithm
converges asymptotically to a Nash equilibrium (a weaker notion than stationary points)
and also a local rate of convergence under the Kurdyka-Lojasiewicz condition is established.
Notice that when f is block-wise L-smooth and if A\ > L, then gff )is a majorizing surrogate
of fr(f) at ngl. Thus (22) is a special instance of our RBMM algorithm in this case and
hence Theorems 4 and 10 apply. That is, our general results imply that the block prox-
linear algorithm (22) in the Euclidean space converges asymptotically to the stationary
points (not only Nash equilibrium) and also has iteration complexity of 6(6*2).

In fact, the block prox-linear update (22) coincides with block projected gradient descent

with a fixed step size. Indeed, denoting V := V féi)(ﬁff)_l), (22) is equivalent to

g 1
0 <9n1 Av)

i 1
= Projg) <97(1)1 — )\V) .

, 2
%) « arg min <<V, 9) + %HOHQ — A0, 95)1>> = arg min (23)

fco® AcO®)

Notice that since A > L, the above becomes the standard block projected gradient descent
(Block PGD) update with step-size € (0,1/L]. For block PGD with convex objectives,
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convergence of function value with complexity O(e~!) is established in Beck and Tetruashvili
(2013). Recently, in Lyu and Li (2025), the authors showed the block PGD for smooth non-
convex objectives converges to the set of stationary points with complexity 0(6*2). Our
general results apply to this classical algorithm as well and recover the same complexity as
Lyu and Li (2025).

When the constraint set O is a Riemannian manifold embedded in the Euclidean space,
in many cases it is non-convex as a subset of Euclidean space. Therefore, when applying
the prox-linear updates as in (22) and (23), the complexity result in Theorem 7 and 10 do
not hold, while the asymptotic convergence result in Theorem 5 still hold. Moreover, The
projection in (23) can be solved exactly on some well-known manifolds, including low-rank
manifolds and Stiefel manifolds, which can be found in Section 4.1. More examples and
details can be found in Absil and Malick (2012).

Lastly, we provide two stylized applications of the Euclidean block MM in Section 5,
namely the robust PCA (Section 5.5) and the Riemannian CP-dictionary learning (Section
5.4).

4.3 Block Riemannian proximal updates on Hadamard manifolds

We consider the Riemannian proximal surrogates in (Al)(i-rp) on Hadamard manifolds.
As shown later in Section 6.2, this Riemannian proximal surrogate is geodesically strongly
convex on Hadamard manifolds. Hence, the subproblems in the minimization step in Algo-
rithm 1 (line 6), i.e., minimizing g,(f) could be solved efficiently using classical Riemannian
optimization methods (Udriste, 1994; Zhang and Sra, 2016; Liu et al., 2017).

Our general results in Theorems 5 and 7 (with Riemannian proximal surrogates) apply
to Hadamard manifolds and we obtain the following corollary.

Corollary 13 (Block Riemannian proximal updates on Hadamard manifolds)
Theorems 5 and 7 hold for block Riemannian proximal updates (17) on Hadamard mani-
folds. That is, the RBMM with prorimal surrogates converges asymptotically to the set of
stationary points and has iteration complexity of 5(5‘2).

In Section 5.3, we give a stylized example of block Riemannian proximal updates solving
the optimistic likelihood problem, where the manifold of PSD matrices is involved.

4.4 Block Riemannian/Euclidean proximal and prox-linear updates on Stiefel
manifolds

In this section, we discuss both the Riemannian and Euclidean proximal /prox-linear updates
on the Stiefel manifold, as well as their variants and applications.

It is known that the Stiefel manifold has non-negative sectional curvature (Ziller, 2007),
so it is not a Hadamard manifold. Nevertheless, compact manifolds have a positive injectiv-
ity radius (Chavel, 2006, Thm. I11.2.3). In particular, the Stiefel manifold has an injectivity
radius of at least 0.897 (Rentmeesters, 2013, Eq. 5.13), which satisfies (A1)(ii). Hence the
results in Theorems 5 and 7 apply and we state the results in the following corollary.

Corollary 14 (Block proximal updates on Stiefel manifolds) Theorems 5 and 7 hold
for both block Riemannian prozimal updates (17) and block Fuclidean prozimal updates (18)
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on Stiefel manifolds. That is, the RBMM with Riemannian/Euclidean prozimal surrogates
converges asymptotically to the set of stationary points and has iteration complexity of

O(e72).

We remark that in Corollary 14, both Riemannian proximal surrogates and Euclidean
proximal surrogates are allowed. The Riemannian proximal surrogates involve the geodesic
distance in the updates, which brings additional computational difficulty since the closed-
form solution of the end-point geodesic is unknown for the Stiefel manifold. A survey of
numerical methods on computing geodesics on the Stiefel manifold can be found in Edelman
et al. (1998). Instead, the Euclidean proximal surrogates use the Euclidean distance function
as a regularizer, which provides computational savings.

In fact, our general framework of RBMM can utilize standard (Euclidean) L-smooth
surrogates for block optimization problems involving Stiefel manifolds, as stated in Corollary
11. Below we first give a key lemma from Chen et al. (2021) for deriving Corollary 11 from
Theorems 5 and 10. This lemma states any L-smooth function in Euclidean space is a
g-smooth function on the Stiefel manifold, and therefore an L-smooth objective function
and surrogates satisfy the g-smoothness assumption in (AO) and (Al).

Lemma 15 (Smoothness on Stiefel manifolds; Lem. 2.4 in Chen et al. (2021)) If
f is L-smooth in Euclidean space R"*?, then there exists a constant Ly = L+Ly such that f
is g-smooth with parameter Ly on the Stiefel manifold V™%, where Ly = max,cynxa |V f(2)]].

In order for the iteration complexity results in Corollary 11 to hold, one also needs to
verify assumption (A1)(iii). Namely, the majorization gap should be lower bounded by
an increasing function of geodesic distance. The following geometric lemma states that
for compact embedded submanifolds of the Euclidean space, the Riemannian and the Eu-
clidean distances are within constant multiples of each other. Therefore, in this case, the
quadratic majorization gap in terms of the Euclidean distance in (19) implies the quadratic
majorization gap in terms of the Riemannian distance in (A1)(iii). This allows us to use
a wide range of computationally efficient surrogates on Stiefel manifolds such as Euclidean
proximal surrogates (18), Euclidean prox-linear surrogates (22), and Euclidean regularized
linear surrogates, which will be discussed later in this section.

See Figure 3 for an illustration of Lemma 16 on Stiefel manifolds.

Lemma 16 (Equivalence of distance on compact sets; Lem. 4.1 in Michels (2019))
Let M C R™ be a smooth submanifold, equipped with a Riemannian metric g. The geodesic
distance between z,y € M induced by g is denoted as d(x,y). Consider the Euclidean norm

|- || on R™. Let K C M be compact. Then there exists ¢ > 0 such that for z,y € K,

cd(z,y) < llz -yl < d(z,y).

Below we give a proof of Corollary 11. Recall that Corollary 1 is a direct consequence
of Corollary 11.
Proof of Corollary 11. To deduce Corollary 11 from Theorems 5 and 10, we verify the
assumptions one by one. First, by the hypothesis on Euclidean smoothness of the objective

f and the surrogates gif ) and Lemma 15 (and also using the definition of d on the prod-

uct manifold in (10)), we have that f and ggli)s are also g-smooth. This verifies (A0)(i)
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Y = (cos6, sinf)
dX,Y)

X = (1,0)

Figure 3: Illustration of distances on V"*? with n = 2,p = 1. The length of the blue segment is Euclidean
distance || X — Y||r. The length of the arc between X and Y is d(X,Y).

and (Al)(i-gs). By Lemma 16 and the hypothesis in Corollary 11, we verify (A0)(ii) and
(A1)(iii). Lastly, (A1)(ii) is satisfied since both Stiefel manifolds and Euclidean space have
a uniformly positive injectivity radius. Then the assertion in Corollary 11 follows from
Theorems 5 and 10. |

4.5 Iteration complexity of MM on Stiefel manifolds (Breloy et al., 2021)

In order to solve minimization over Stiefel manifolds

i U 24

,in  f(U), (24)

Breloy et al. (2021) recently proposed an MM method incorporating linear surrogates and

reducing the surrogate minimization problem to a projection onto the Stiefel manifold. More

precisely, given an iterate U,_; € VP*¥ at iteration n — 1, the surrogate g, at iteration n
takes the following form

gn(U) = —Tr (RH(Un,l)U) —Tr (UHR(Un,l)) + const, (25)

where 7 is the conjugate transpose operator and R(-) : CP**¥ — CP*¥ is a matrix function
chosen so that g, (U,_1) = f(Un_1) and g, > f. Since g, is linear and since U € VP*¥_ we
have

def . )
Unp+1 = arg min g, (U) = arg min ||RH(Un_1) —U|p.
Ucyrxk Uecyrxk

When R (U,,_1) is of full-rank, then the rightmost projection problem has a unique solution
given by the projection operator in (20). See various applications of this MM method in
Breloy et al. (2021).

In Breloy et al. (2021), the authors showed this MM method asymptotically converges to
the set of stationary points by adapting a convergence result of Euclidean BMM algorithm
in Razaviyayn et al. (2013). However, there is no known bound on the iteration complexity
due to the non-convexity of the constraint set and the objective function. An iteration
complexity of O(s~2) of Euclidean BMM for non-convex smooth objectives with convex
constraints has been obtained recently in Lyu and Li (2025). However, this result is not
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applicable here since the Stiefel manifolds cannot be viewed as convex constraint sets within
Euclidean spaces.

By applying Corollary 11, we can obtain an iteration complexity bound of 0(5_2) for the
above MM method on the Stiefel manifold with a slight modification via Euclidean proximal
regularization. Namely, for a fixed proximal regularization parameter A\ > 0, consider the
following surrogate

Gn(U) = gu(U) + A|U = Up[3 (26)
= —Tr (R(Un-1) + ANUn—1)U) — Tt (U" (R(Up—1) + AUp—1))) + const.

Note that minimizing the above surrogate g, is as easy as minimizing gn:

Un+1 & argmin §,(U) = argmin |R7(U,_1) + A\U,_1 — U||p. (27)
Ueyprxk Ueypxk

Note that the MM update in (27) satisfies the hypothesis of Corollary 11. Indeed, the
surrogates g, in (25) and g, in (26) are linear and hence are L-smooth in Euclidean space.
The addition of Euclidean proximal regularization ensures that we have at least a quadratic
majorization gap as in (19). Therefore, by Corollary 11, the iteration complexity of the
MM update in (27) is of O(¢~2). These results are formally stated in Corollary 17.

Corollary 17 (MM with regularized linear surrogates on Stiefel manifolds)

Consider the problem of minimizing a differentiable objective f on the Stiefel manifold V
as in (24). Then the iterates generated by (27) with arbitrary initialization converges asymp-
totically to the set of stationary points of (24). Moreover, the iteration complexity is O(s~2).

pXk

To the best of our knowledge, this is the first complexity result for MM on Stiefel man-
ifolds in the literature. In particular, the iteration complexity in Corollary 17 applies for
various problem instances discussed in Breloy et al. (2021, Sec. V) including power itera-
tion for computing top eigenvector, generic non-homogenous quadratic form, and nonconvex
subspace recovery. In Section 5.2, we use a similar idea to obtain the same iteration com-
plexity bound for block MM algorithm for the geodesically constrained subspace tracking
problem (Blocker et al., 2023).

5. Applications

In this section, we will discuss the following five applications of our general framework:
1. Variational inference under Wasserstein geometry (Lambert et al., 2022);
2. Geodesically constrained subspace tracking (Blocker et al., 2023);
3. Optimistic likelihood under Fisher-Rao distance (Nguyen et al., 2019);
4. Riemannian CP-dictionary-learning (Lyu et al., 2022; Dong et al., 2022);

5. Robust PCA (Candes et al., 2009; Rodriguez and Wohlberg, 2013).
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The first problem above is an application of Riemannian proximal updates for a constrained
nonsmooth nonconvex Riemannian optimization problem in the space of probability mea-
sures with 2-Wasserstein distance, and we are able to derive a new iteration complexity
result (Cor. (18)) without assuming the strongly g-convexity of the objective function. The
second problem is an application of block Euclidean proximal updates on Stiefel manifolds,
which verifies our assumptions for Theorem 10 and we are able to derive a new iteration
complexity result (Cor. 20), as mentioned in Corollary 11 and Section 4.4. The third
problem above is an application of Riemannian proximal updates on Hadamard manifolds
(see Section 4.3), which verifies our assumptions for Theorem 7 and we are able to derive a
new iteration complexity result (Cor. 21). For the last two problems above, we only prove
asymptotic convergence to stationary points by using Theorem 5. These two problems are
formulated as minimizing a cost function involving the Euclidean distance function (e.g.,
the matrix Frobenius norm) over low-rank manifolds. The Euclidean distance function is
not g-smooth over low-rank manifolds (see Appendix C.1 for details). Therefore, in order
to satisfy the assumption of g-smoothness of the objective in (A0)(i), we choose Euclidean
geometry as the underlying manifold structure, and take the embedded submanifolds as
constraints. In this case, the constraints are not g-convex with respect to the underlying
Euclidean geometry, so we are not able to apply our iteration complexity results (Theorems
7 and 10). However, we can still deduce asymptotic convergence to stationary points by
using Theorem 5 (see Section 4.2), which fortunately does not require g-convexity of the
constraint sets (see Remark 6).

5.1 Variational inference under Wasserstein geometry (Lambert et al., 2022)

Given probability measures u,v on R%, 2-Wasserstein distance is given by
1/2
Watuo) = | nt [ le=ylParen)]
veC(u,v)

where C(u,v) is the joint distribution on R% x R? whose marginal distribution is  and v
respectively. When u,v € Po(R?), which is the space of probability measure with finite
second moment, we have Wy (u,v) to be finite. It is shown in Otto (2001) that (Po(R?), Ws)
is a Riemannian manifold.

The Variational Inference (VI) aims to approximate a probability measure 7 o< exp(—V')
for a potential function V : R? — R by minimizing the KL-divergence within a constraint
set C:

T 1= arg min <KL(u | 7) = /Vdu—i—/log(u)du —i—const). (28)
ueC

=:V(u) =H(u)

For instance, C' may be taken as BW(R?) C P(R?), which consists of Gaussian distributions
and is known as Bures—Wasserstein manifold. The standard optimization procedure to solve
(28) is the Bures—JKO scheme (Lambert et al., 2022; Jordan et al., 1998; Bures, 1969), which
is an iterative process of minimizing the following Riemannian proximal surrogates:

An

Upt1 = argmin (Gn+1(u) =V(u) +H(v) + Wg(u,un)) . (29)
uEBW(RY) 2
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A continuous variant of the above proximal point algorithm is known as the Wasserstein
gradient flow, which has been extensively studied in the literature of VI. The existing
analysis of Wasserstein gradient flow assumes that the potential function V is strongly
convex, which warrants the integral V(-) is strongly g-convex with respect to the Wassertein
geometry (Lambert et al., 2022; Jiang et al., 2023). However, to our best knowledge, there is
no iteration complexity result available in the literature for the original Bures-JKO scheme
(29), especially when the potential function V' is not necessarily strongly convex. In the
following corollary, we provide an iteration complexity result without assuming the strong
convexity.

Corollary 18 (Complexity of Bures-JKO scheme for Wasserstein VI) Assume the
potential function V is L-smooth over R (but not necessarily strongly convex) and the con-
straint set C' is a g-convex subset of P(R?). Then the Bures-JKO scheme (29) converges
asymptotically to the set of stationary points with iteration complexity of O(c™2).

As we have noted above, the Bures-JKO scheme (29) can be viewed as a single-block
RBMM with Riemannian proximal surrogates. We have established iteration complexity
of the class of such algorithms in Theorem 7. Essentially what we need to verify is the
g-smoothness of V(-) and g-convexity of H(-). The former is guaranteed if the potential
function V' is L-smooth (see Lem. 19), and the latter is a general fact about the entropy
function. We provide further details of this derivation below.

Lemma 19 (Lambert et al. (2022)) The following holds for V(u) and H(u),

1. H(u) is g-convex over Po(R?).
2. H(u) is non-smooth over Po(RY).

3. V(u) is g-smooth over Po(R?) with parameter L if V is L-smooth over R?.
4. V(u) is strongly g-convex over Po(R?) with parameter o if V is a-strongly convex over
d

=

Now we give a concise proof of Cor. 18.
Proof of Cor.18 Under the assumptions in Cor. 18, first note that Lemma 19 shows the
objective in (28) satisfies the main assumptions in (A0). Namely, V(u) is g-smooth and
H(u) is g-convex. Moreover, (Al)(i-rp) and (iii) are satisfied by the choice of surrogates
in (29). The rest of the assumptions are trivially satisfied and we omit here. Hence, the
complexity result in Thm. 7 holds. For asymptotic convergence, further notice that H(u)
is lower semi-continuous over P(R?). So we can conclude. |

We give some remark of the complexity results in Cor. 18. In fact, the surrogates
we can apply for solving (28) is not limited to the Riemannian proximal surrogates as in
(29). Both g-smooth surrogates and Euclidean proximal surrogates can be applied when
the corresponding assumptions are satisfied, and we are able to deduce the same complexity
for such algorithm from Thm. 7 and Thm. 10 similarly as above.
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5.2 Geodesically constrained subspace tracking (Blocker et al., 2023)

Let X; € R for i =1,--- ,T be data generated from a low-rank model with noise,
X; = U;G; + N;,

where U; € R%* has orthonormal columns representing a point on the Grassmannian
G(k,d), the space of all rank-k subspaces in R?. More precisely, Grassmannian can be
represented as a quotient space G(k,d) = V¥**/O(k), where V¥*¥ is the Stiefel manifold
(see Example 1) and O(k) is the orthogonal group of k x k matrices. G; € R¥** holds weight
or loading vectors; and N; € R¥* is an independent additive noise matrix.

For the geodesic subspace tracking problem, we observe X; and our objective is to
estimate U; for i = 1,--- ,T. We model each U; as an orthonormal basis whose span is
sampled from a single continuous Grassmanian geodesic U (t) : [0, 1] — V4> parameterized
as follows: For H,Y € V¥** consisting of orthogonal columns, i.e., HTY = O,

U; = U(t;) = H cos(Ot;) + Y sin(Ot;).

Here © € R¥** is a diagonal matrix where its jth diagonal entry, 0, is the j-th principal
angle between the two endpoints of the geodesic. We assume either the time-points ¢; are
given, or the observed matrices X; are equidistant along a geodesic curve.

The objective function is formulated as follows,

T
fU) = f(H,Y,0) = 2oy 1X; = Ut)Gill7 = =D IXTUE)F + e, (30)
Hi=1 i=1

where for the last equality we have substituted the optimal G; = U (ti)TXZ- and c is a
constant (see Golub and Perayra (2003)).

To approximately minimize (30), Blocker et al. proposed a two-block MM approach in
Blocker et al. (2023), where one alternatively optimizes two block parameters @ := (H,Y) €
V4x2k and ©. Here we propose a proximal regularized version of the BMM method in
Blocker et al. (2023) and establish its asymptotic convergence property in Corollary 20. For
proximal regularization parameters Ag, Ae > 0, the proposed algorithm reads as

Qni1 +— WV, where WXV is the SVD of A\gQy — Vo f(Qn, 0y) (31)

1 (2) .
0;)n 0 )y — ———— ((05)n) fi =1,...,k, 2
( ]) +1 < ( ]) w]((‘gj)n) _’_)\@vfn-i—l,j (( ]) ) or j (3 )
where (6;),, denotes the jth diagonal entry of the k x k diagonal matrix ©,, at iteration n,
wj = Zz‘T:1 wy, . is the “weighting function” defined in Blocker et al. (2023), and

T

fﬁzl,j () = =Y _(rij)nt1cos (205t — (¢ij)nt1) + (bij)nt1- (33)
i=1

The definition of the parameters ¢; ;, 7;; and b;; in (33) can be found in Blocker et al.
(2023), which we also provide in Appendix C.2 for completeness. Note that when A\g = 0,
(31) becomes the updates for @ in Blocker et al. (2023). Similarly, Ag = 0 gives the updates
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for © in Blocker et al. (2023). Thus our algorithm (31)-(32) generalizes the BMM algorithm
proposed in Blocker et al. (2023).

We first argue why we can cast the above algorithm as RBMM. The discussion we provide
here is a minor modification of the derivation in Blocker et al. (2023). First, we discuss
the Q-update (31). Let Z; = [cos(Ot;) ; sin(Ot;)], which is the vertical concatenation of
cos(Ot;) and sin(Ot;). The objective function can be rewritten as

£(Q.0) Z X7 Q% (34)

and the gradient with respect to the first block @ is given by Vo f = —2 ZiTzl X, xrQz;zt.
The marginal objective function for updating ) can be rewritten as

1@ <ZXXTQ D2 >T,Q>,

=1

which is a concave-up quadratic function in ). Also note that f ni1 18 L-smooth for some
constant L > 0 over the compact parameter space.

We consider the following proximal majorizer of fﬁgl: For A > 0,

A
gr(zl—i)-l( <ZXXTQn z)n( )57 >+4||Q_Qn”%’

=1

1 A
We claim that

PrOjvdXQk (Qn - %VQf(Qn, @n)) if A >0

: . (35)
Projyaxar (=Vo f(Qn,©On)) if A=0.

QEV X2k

Qn+1 = argmin gflll(Q) = {

Indeed, the above MM update for A > 0 follows from (23). For A = 0, we use the fact that
QTQ = I for all Q in the Stiefel manifold so that

arg min (Vg f(Qn, ©n), Q) = argmin||Q + Vo f (Qn, On) |3 = Projyai (~Vof (Qn. ©n)).-
Qevdx2k Qevdxmc

Notice that projecting onto the Stiefel manifold can be easily done by SVD (see, e.g., Absil
and Malick (2012)). Hence (35) coincides with (31).

Next, we discuss the ©-update. For conciseness, we only put the expression of the loss
function and surrogates here. For full details, we refer the readers to Blocker et al. (2023).
The marginal loss function for © is Separable for each diagonal element ¢; of ©. Consider

the following proximal majorizer of f i1, 10 (33): For Ag >0,

0% 5(6) = £205 () + V12,5 (00) (6 — (0)) + DO T20 (g2
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where (6;),, is the value of ; at iteration n. Then by using (23), we see that (32) coincides
with minimizing the majorizing surrogate 97(12_&17 p above.

Now we discuss the convergence of this block MM algorithm. In fact, we can apply
Corollary 11 and directly get the convergence and complexity results. The asymptotic
convergence result in Corollary 11 for the updates (31)-(32) with Ao, Ae > 0. Note when
Ao = de = 0, the updates (31)-(32) become the vanilla block MM method in Blocker
et al. (2023). Moreover, when the proximal parameter Ag, g are strictly positive, the
complexity result in Corollary 11 holds. We state the convergence and complexity results
of this proximal regularized MM method in the following corollary:

Corollary 20 (Complexity of regularized BMM for geodesic subspace tracking)
Given a sequence of data X; fori=1,---,T. Let 0 = (Qk, O) be generated by (31)-(32)
with arbitrary initialization 0y € @ = VI*2k x RFXE - Suppose the proxzimal parameters AQ
and \e are non-negative. Then the limit points of (0y)n>0 are stationary points of problem

(34). Moreover, if A\g, e > 0, then the iteration complexity is 6(5_2).

Proof In fact, in order to apply Corollary 11, we only need to verify the Euclidean smooth-
ness of the marginal loss function. Note

T

T
Vof = -2 xix7Qzizl, VP (0) =23 (rij)nratisin (20t — (dij)ns1) .
=1 =1

so f is block-wise Euclidean L-smooth. Hence, the convergence and complexity results in
Corollary 11 follow. [ |

Now we compare our results with other existing works. We remark that the BMM
algorithm in Blocker et al. (2023) is based on the MM algorithm on Stiefel manifold by
Breloy et al. (2021). As mentioned in Section 4.4, the asymptotic convergence to the set
of all stationary points in Breloy et al. (2021) was established by adopting a convergence
result of Euclidean BMM algorithm in Razaviyayn et al. (2013). The complexity results
are still unknown due to the non-convexity of the constraint set. Here, we give the first
complexity result in the literature. Moreover, our method is computationally efficient with
close-form updates as shown in (31)-(32).

Next, we discuss the results of numerical experiments. In the case of synthetic data,
we have access to the true geodesic, so we could compare the estimated geodesic U (t) with
the true geodesic U(t). The following error metric is used, which is the square root of the
average squared subspace error between corresponding points along the geodesic,

1
Geodesic Error = \/ / i
o 2k

In practice, we approximate the integral by Riemann sum using the sample points. The

~

geodesic error (36) takes minimum value of 0 when span(U) = span(U) and maximum value
of 1 when span(U) L span(U).
In the numerical experiments, we set the dimension d = 30 and set the elements of the

noise matrix N; to be independent Gaussian noise with standard deviation ¢ = 0.1. The

00T — U(t)U(t)THi dt. (36)
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Figure 4: Convergence of RBMM in geodesic error under different settings. Average geodesic error is
computed over 50 independent trials. The dimension is d = 30 and the additive Gaussian noise has a
standard deviation ¢ = 0.1. The value of other parameters is shown in the title for each panel. Adding
Euclidean proximal regularizer does not accelerate the convergence, mainly due to the orthogonal property
on Stiefel manifolds. Namely, any point Q on the Stiefel manifold satisfies QT Q = I. Hence the proximal
regularizer degenerates into a linear term providing with limited acceleration.
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other parameters including the rank k, number of samples [, number of time points T, and
proximal parameters \g and Ag are set differently for different experiments. We run each
experiment 50 times independently to compute the average geodesic error. As shown in
Figure 4, RBMM with different A converges under different settings and is as good in terms
of convergence speed as the block MM method in Blocker et al. (2023). Furthermore, Figure
4 shows that changing the proximal parameter Ao and Ag only slightly affects the rate of
convergence, this is due to the following two reasons: first, there are only two blocks for this
problem, which gives a relatively simple setting for RBMM; second, note Q € V¥*2¥ which
gives QT Q = Iy, therefore the quadratic term added would reduce to a linear term, which
does not significantly accelerate convergence. For more numerical results of this geodesic
subspace tracking problem, we refer the reader to Blocker et al. (2023).

5.3 Optimistic likelihood under Fisher-Rao distance (Nguyen et al., 2019)

Let C denote the finite set of classes, C' = {1,2,...,|C|}. Each class ¢ € C is associated
with a Gaussian distribution P. = N (pe, X¢), where p. € RY is the mean vector for class ¢
and the positive definite matrix X, € RV*¥ is the covariance matrix for class ¢. Consider a
set of i.i.d data points ™ £ z1,..., 2y € RY that are generated from one of P.. We want
to determine the distribution P.+, ¢* € C, under which the following log-likelihood function

{(zM P.) is maximized, i.e., we want to solve

M

1

¢* = argmax< £ (xM, ]P’C) £ _ (T — MC)T Yo (2 — pte) — logdet g o,
ceC M

where p. and ¥, denote the means and covariance matrices of P.. Since methods that sam-
ple points to get good estimators of u. and Y. are usually costly, we consider the following
optimistic likelithood problem instead. Namely, instead of aiming to find the Gaussian distri-
bution from the set, we look for a Gaussian distribution that maximizes the likelihood close
to the empirical distribution under some distance measure. More precisely, we consider the
following optimistic likelihood problem

max( (, P) with P, = {]P’ EP:y (]fDC,IP’) < pc} ,
€Pe

where P is the set of all non-degenerate Gaussian distributions on RY, P, is the empirical
distribution estimated from training data, ¢ is the Fisher-Rao distance, and p. € Ry are
the radii of the ambiguity sets P.. For conciseness, we put the details of the Fisher-Rao
distance in Appendix C.3. We refer the readers to Nguyen et al. (2019) for full details.

Now denoting the empirical mean and covariance from the data by j and 3, we can
explicitly write down the optimization problem as

r;un f(p,%) 2 < -1 Z -7, Z_l> + log det X2, (37)

where 1 € @) {MERN (— )T (u—f) <p1}and266() {EeSf_;'_:d(E,i)SpQ}.

Here d(%, E) is the Fisher-Rao distance of two Gaussian distributions with identical mean
(see Appendix C.3).
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Denote u, and X, as the 9%1) and 9%2) generated by Algorithm 1 applied on f(u, ).
The marginal objective functions are denoted by

M
S = (i, Sy = <M—1 S — 1) (@ — )" z> +logdet 2,

m=1

M
fT(LQ) = f(pn, Z) = (Sn, Z_1> + log det where Sp =M1 Z (Zm — fin) (@m — )"
m=1

As explained in Example 6, this manifold of positive definite matrices is a Hadamard
manifold. Thus we could construct Riemannian proximal surrogate functions as in (17),
more discussions can be found in Section 6.2, i.e.,

M
. ) . A
i = arg min g{M (1) == <M " (@ — ) (o — )" En51> +log det X1 + llu — rma)”

HERN m=1
A 1 1\ |2
S, = argmin g{? (%) := (S, =71 + logdet X + 1 log (EnflEan1> (38)
sesy, F

Note this block MM is a special instance of proximal methods on the Hadamard manifold
discussed in Section 4.3. Hence Theorems 5 and 7 apply. We state it as a corollary as
follows.

Corollary 21 (Complexity of Riemannian proximal updates for optimistic likelihood)
Given a set of data points (x;); fori =1,--- M. Let 0, = (n,Xn) be the iterates gen-
erated by (38) with arbitrary initialization 8y € © C RN x SL. Suppose the proximal
regularization parameter X\ is strictly positive. Then the limit points of (0y), are stationary
points of problem (37). Furthermore, it has iteration complezity of 5(6*2).

Proof Note we only need to show (A0), (A1), and also the geodesic convexity of the con-
straint set are satisfied. The proof of (A0)(i) and geodesic convexity of the constraint sets
are established based on some propositions adapted from Nguyen et al. (2019) which can be
found in Appendix C.3. (Al)(i-rp) and (A0)(ii) holds by our choice of Riemannian prox-
imal surrogates. (A1)(ii) holds since the underlying manifolds are Hadamard manifolds.
Hence the corollary holds as a result of Theorems 5 and 7. |

Now we show some numerical results. For numerical experiments, we use the same setup
as in Nguyen et al. (2019) and study the empirical convergence behavior. We compare the
performance of block minimization using f,gl)(ﬁ) for i-th block and RBMM using g,(;) 0) =
F(0) + Ad2(6,6 ) for i-th block with different values of A. We set the dimension of the
data to be N = 10 and denote fr = f(ur, k), the relative improvement is thus denoted
as | fx+1 — fx|/fr+1, which is computed via 10 independent experiments. Numerical results
are shown in Figure 5. While RBMM and block minimization both perform well, RBMM
is slightly faster, where the fastest convergence of RBMM is achieved with A = 0.01.
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Figure 5: Comparison of block minimization and RBMM applied to optimistic likelihood problem under
Fisher-Rao distance. RBMM is implemented with A = 0.01, 0.1, 1 respectively. Panel (A) shows the averaged
error for the first 300 iterations and Panel (B) shows the averaged error using a log-log plot for 1000 iterations.

5.4 Riemannian CP-dictionary-learning (CPDL)

In the CANDECOMP /PARAFAC (CP) decomposition problem (Kolda and Bader, 2009),
given a data tensor X € RV *Im and an integer R > 0, we would like to find the loading
matrices U® € RE*E for j =1,...  m such that

R m
X ~ Z@U(i)[:,k],

k=1 t=1

where U®[:, k] denotes the k*" column of the I; x R loading matrix matrix U®) and ®
denotes the outer product. We could formulate the above tensor decomposition problem as
the following optimization problem:

R m
argmin f <U(1),...,U(m)> = HX - Z@U(i)[:,k]

UWeom,  yimcem

;o (39)

F

where ©@ C RI*E is an embedded manifold, which gives Riemannian constraints on the
factor matrices. This setup of Riemmanian CP-dictionary learning is related to the recent
work (Dong et al., 2022), where the authors used a CP-decomposition with Riemannian
structure on the space of factor matrices as a pre-conditioning algorithm for tensor comple-
tion.

It is easy to see (39) is equivalent to

2

, (40)
F

T
argmin

ool X — Out (U(1>, L UW*U) Xom <U(m)>

which is the CP-dictionary-learning problem in Lyu et al. (2022). Here X,, denotes the
mode-m product (see Kolda and Bader (2009)) and the outer product is given by

RQUBL 1, RUPL,2,..., QU R
k=1 k=1 k=1

Out (U(l),,U(m)) = c RI1><~~-><Im><R.
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10 10°
1072 4 1072 4
1074 4 10-4 4
S S
% 1076 4 5 1076 A
2 10 2 100
- -
o o
E 10—10 4 e 10710 B
=12 | =12
1079 — ALs 1079 4 ALs
10-14 — RBMM constant A 10-14 4 —+— RBMM constant A
—+— RBMM diminishing A —+— RBMM diminishing A
0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200 0.00 0.05 010 015 020 025 030 0.35
elapsed time (s) elapsed time (s)
(a) Euclidean: Synthetic data 1 (b) Euclidean: Synthetic data 2
101 ] 100 B
—— ALS —— ALS
—+— RBMM constant A 10-2 4 —+— RBMM constant A
1072 —+— RBMM diminishing A —+— RBMM diminishing A
1074 4
. .
o o 107°1
¢ ¢
5 1078 4 5 1078 4
© ©
[ O 1p-10
10711 4
10—12 4
10-14
e 107144
0.00 0.05 0.10 0.15 0.20 0 2 4 6 8 10 12
elapsed time (s) elapsed time (s)
(c) Stiefel: Synthetic data 1 (d) Low-rank: Synthetic data 1

Figure 6: (A) and (B) are some typical cases of synthetic data in Euclidean case; (C) is the typical result
when the first block is Stiefel manifold; (D) is a synthetic example where the first block is a point on low-rank
manifold. The average relative reconstruction error with standard deviations are shown by the solid lines
and shaded regions of respective colors.

The constrained CP-dictionary-learning problem (40) falls under the framework of block
minimization. In fact, let

n n

i=1) (i m—1)\ (™) S IO A
A = Out <UT(L121’""UT(Lfll)7U(j_11)7---,U(il 1)> c R(le XTI xIiy1X XIm)XR
B = unfold(A, m) = R(Il"’li—1]¢+1~-lm)><R’

where unfold(, ¢ ) denotes the mode- i tensor unfolding (see Kolda and Bader (2009)).
Then the marginal objective function can be rewritten as
T2

W) = |lanfola(x, 1) - B (VD) (41)

F

Alternating block minimization of (39), i.e., directly minimizing (41) in each iteration,
is known as alternating least squares (ALS), which is studied in Kolda and Bader (2009);
Navasca et al. (2008); Hong et al. (2015); Razaviyayn et al. (2013) under Euclidean settings,
i.e., each © is a convex subset of Rli*f  Recently, ALS with diminishing radius is also
studied in Lyu and Li (2025).
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Besides the standard Euclidean setting, we also study the more interesting setting when
some blocks are Riemannian manifolds, e.g., Stiefel manifolds or rank-R manifolds. These
Riemannian tensor decomposition problems have wide applications, including low multi-
linear rank approzimation. We refer readers to Li and Zhang (2023) for further details
and additional applications. In order to solve the corresponding Riemannian CP-dictionary
learning problem (39), instead of directly minimizing féi), we may apply RBMM, which

cyclically minimizes a surrogate function g,(f) in each iteration n given by

N Lo . ; ' AT 4 ;
gD (UD) = fDUD) AU U [} = |unfola(X, i) = B (UD) || +aaj0D -0, 3.
F

(42)

As mentioned at the beginning of Section 5, the Euclidean distance function is not g-
smooth with respect to the low-rank manifold. Hence when at least one ©() is a low-rank
manifold, to ensure g-smoothness of the objective function, we need to take the underlying
manifold to be the Euclidean space, i.e., MO = RI*E and allow the constraint set ©) to
be an embedded submanifold of R#*%. Note that ©(® is not geodesically convex in Rf*f
with respect to the Euclidean geometry, so we cannot apply our asymptotic complexity
results (Theorems 7 and 10). However, we can still apply Theorem 5 (see also Remark 6).
When each O is either a Stiefel manifold or the Euclidean space, we can apply the results
in Corollary 11 and therefore have the complexity of 5(6_2) along with the asymptotic
convergence result.

Corollary 22 (Complexity of block Euclidean proximal updates for CPDL) Let

(U,(Ll),..., ém))nzo be a sequence of factor matrices obtained by RBMM (Alg. 1) with
FEuclidean proximal surrogates g,@ as in (42). If inf, A\, > 0, then the sequence of iterates
converges to the set of stationary points of (39). Moreover, if all the 0 are either a Stiefel

manifold or the Euclidean space, then the iteration complexity is 6(6*2).

In the following numerical experiments, we present the advantage of using RBMM in
both the Euclidean setting and the Riemannian setting. We generate synthetic data X €
R30%20%10 “then apply ALS (Kolda and Bader, 2009), RBMM with constant \, = 0.1 and
RBMM with diminishing A, = 0.1 x 0.5 as suggested in Navasca et al. (2008) to find
loading matrices UM, U@ U®) with R = 3 columns. We run each algorithm 100 times
from the independent random initialization and then compute the averaged relative error.
The typical results of the Euclidean setting, i.e., M) = RI*E for § = 1,2, 3 are shown in
Figure 6 (A) and (B), where (A) is the case when two RBMM algorithms are significantly
better than ALS. When RBMM reaches a relative error of order 10~, the relative error
of ALS is still of order 1073; (B) shows RBMM with constant A is better than ALS while
RBMM with diminishing A is much better than the other two. After 0.25s elapsed time,
RBMM with diminishing A reaches a relative error of order 1074, while that of the other
two are still of order 1072. After 0.35s elapsed time, RBMM with constant \ reaches error
of order 10~® while that of ALS remains 1072,

Figure 6 (C) shows the result when U() is a point on the Stiefel manifold V1 *F (see
Example 1), i.e., we let @) = PIixE A2 = REXE and MB) = RBXE_ I contrast to the
Euclidean case, all three algorithms demonstrate good performance for random synthetic
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data with random initialization. One possible explanation of this phenomenon is that since
ﬁ” e VIR for all n, we have (UT(LI))TUT(LI) = Iy, the R x R identity matrix. As a result, the
quadratic terms added in RBMM would reduce to a linear term that does not significantly
accelerate convergence. A similar observation is made when dealing with Stiefel manifolds
in the geodesic subspace tracking problem (see Section 5.2 for details).
Figure 6 (D) shows the convergence results for some synthetic data when U is a point
on fixed-rank matrices manifold R, with r < R (see Example 2) where r = 5 and R = 10,
ie., welet ) =R, M® = REXE and M©B) = R3*E There, RBMM with constant or
diminishing A performs much better than ALS. RBMM with constant and diminishing A
require only 5.16s and 5.51s of elapsed time respectively to reach a relative error of order
10~'3 while that of ALS takes 9.66 seconds.

5.5 Robust PCA

Principal component analysis (PCA) is a popular technique for reducing the dimensional-
ity of a data set, while preserving the maximum amount of information, which is done by
seeking the best low-rank approximation of the high dimensional data set (Jolliffe, 1986).
Mathematically, consider the data matrix M € R™*™ PCA seeks the best r-rank approx-
imation of M where r < min{m,n}, by solving miny{||L — M||,rank(L) < r}, where || X||
denotes the spectral norm. However, it is well known that classical PCA would break down
when entries of M are grossly corrupted. The PCA problem with grossly corrupted entries
is called robust PCA (RPCA) problem (Candes et al., 2009). More specifically, it considers
the matrix M of the form M = Ly + Sy where Ly is the ideal low-rank matrix and Sy is a
sparse matrix. This problem can be mathematically formulated as

I?iél rank(L) + A||S]lo, subject to M =L+ S, (43)

where A > 0 is a trade-off parameter and ||S||op is the number of non-zero entries of S.

Since the objective function in (43) is the sum of two nonconvex functions, it is natural
to consider a convex relaxation of (43) by relaxing the rank function by the nuclear norm
and the fy-norm by the ¢;-norm. This gives the following Principal Component Pursuit
(PCP) (Candes et al., 2009; Ma et al., 2015):

Iilisn |L||« + A|lS]l1, subjectto M =L+S (44)

where || X, is the nuclear norm of X, defined to be the sum of the singular values. Under
certain conditions on the unknown parameters Lg and Sy, it is possible to recover Lg and
So by solving the relaxed problem (44). A more general and realistic setting is that the
observations are noisy, i.e., M = L+ S + Z where Z represents the noise term. This is the
stable PCP (SPCP) problem proposed in Zhou et al. (2010), where the authors showed the
following optimization problem efficiently recovers the true L and S with properly chosen

I
- 1
min HLH*+>\HSH1+*2ﬂHM—L—SH% (45)

More studies on solving (45) can also be found in Yin et al. (2019); Aravkin et al. (2014).
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While (45) and (44) are well-studied formulations of RPCA, they do not always guar-
antee a solution with a fixed rank since they promote the rank of L to be small indirectly
through the nuclear norm penalization. Rodriguez and Wohlberg (2013) proposed the fol-
lowing alternative formulation of RPCA by using a hard low-rank constraint on L instead
of the soft nuclear-norm penalization:

: _ 1 2
pon L PL.S) = A+ 5o |M — L S (46)
where R, is the rank-r matrix manifold (see Example 2). In Rodriguez and Wohlberg (2013),
an alternating minimization algorithm for solving (46) was proposed. Here, we revisit it
through our general framework of RBMM. The alternating minimization algorithm reads
as follows. For any k = 1,--- ,T, denoting the solution at iteration k as Lj and S, the
next iterates are computed by

Li+q = argmin F'(L, Si), Sk41 = argmin F'(Lgy1,.S). (47)
LER, SeRmxn

Note that (47) is a special instance of our RBMM with zero majorization gap. Hence
we can generalize it by using proximal surrogates as below:

. A
Ly = argmin Gy}, (L) : = F(L,Si) + Z5H L — L}
LeR,
. A
Sps1 = argmin G\, (S) : = F(Lgy1, S) + ’“2“ IS — Skl (48)
SeRan

The iterative updates in (48) fall under the framework of RBMM. Namely, since M) =
M3 = 0@ =R™*" and ©) = R, the assumptions (A0) and (A1) are satisfied trivially.
Therefore, we deduce the following corollary of Theorem 5:

Corollary 23 (Convergence of Block MM for PCP) Fiz a matric M € R™ ™. Let
0. = (Li, Sk) be generated by (48) with arbitrary initialization 6y € © = R, x R™*™.
Suppose the proximal regularization parameters i are strictly positive for all k > 0. For
the PCP problem (46), the updates in (48) converge to the set of stationary points.

We remark that in Rodriguez and Wohlberg (2013), the authors numerically verified
the efficiency of the alternating minimization for solving (46), but no theoretical results on
asymptotic convergence or iteration complexity are established. Corollary 23 provides the
asymptotic convergence of the algorithm (48) by using the general RBMM framework.

6. Convergence Analysis

In this section, we prove the convergence and complexity of RBMM (Algorithm 1) stated
in Theorems 4, 5, 7, and 10. Throughout this section, we let (8,,),>1 denote the sequence
of iterates in ® C [, M generated by Algorithm 1. We will also use the notation
introduced in Section 2.2. Note in this section, we use the exponential map as the retraction
in the definition of lifted constraint set (7), i.e.,

TOM = {u € T, M |Exp,(u) = 2’ for some 2’ € @ with d(x, ") < ro/2}.
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It is worth mentioning that we will be using the exponential map only for the convergence
analysis. When implementing RBMM, access to the exponential map is not required, as
shown in Algorithm 1.

6.1 Preliminary analysis

In this section, we present some preliminary results that will be used in the analysis of
RBMM with both g-smooth and proximal surrogates.
We first establish basic monotonicity properties of the iterates (65, )n>1.

Proposition 24 (Monotonicity of objective and Stability of iterates) Suppose (A0),
except for the g-smoothness of f. Then the following hold:

(D) F(On1) = F(8) = X7, (GV(08) = B (0F) = An) = —mAn;
(i) N, 07 (6000) - FOO)) < F(80) — F* +m 0, Ay < oo,

(iii) Further assume (A1)(%ii) holds. Then the following also holds:

iiﬂ a(02,,09)) < ZNZZm:(GS? 09) - é”(%’))<F(eo>—F*+m§jAn<oo.
n=1 i=1 n=1i=1 n—1

In particular, d(effll,e,(f)) =o0(1) foralli=1,...,m.

Proof Fix i€ {1,...,m}. Since 6™ is a minimizer of G over () (see (A0)(ii)), we get
G,(f)(&(f*)) < G,(f)(ﬁfle) = F#)(@(ﬁl), for n > 1. Hence we deduce

0% 1) — GV (09) + GO (00)) — GD (0D + D (00) — FD (6%
+ GO - FD(60) > —A

n

G
> —A,

This shows (i).
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Next, to show (ii), adding up the above inequality for n =1,--- | N,

N m N 00
Z (Gﬁﬁ(eg)) — F(z)(@ﬁ)) < (Z F(0, 1) F(en)> + mz A,
n=1 i=1 n=1 n=1

To show (iii), note that by (A1)(iii),
G(O) = ED(00) = gD(69) — 19600) = ¢ (d (62,,61) ).

Together with (ii) we get (iii). [ |

The following is an immediate consequence of Proposition 24 and sub-level compactness.

Proposition 25 (Boundedness of iterates) Under (A() except for the g-smoothness of
f, the set {6, : n > 1} is bounded.

Proof Let m) > A, =T < oo, by Prop. 24 we immediately have F(0,,) < F(0) +
my o1 Ay < F(6g) +T. Consider K = {0 € © : F(0) < F(6y) + T}, by (A0)(i), K is
compact. Hence the set {6, : n > 1} is bounded. [ |

The following two propositions to be introduced will only be used in deriving the rate
of convergence results, and they assume the geodesic convexity of the constraint sets.

If M is a Riemannian manifold and if z,y € M such that d(z,y) < rinj(x), then
the tangent vector n,(y) := Exp,(y) € T, M is uniquely defined. Now we introduce the
following notation:

M (m) =m0 (O30), 0 n 1) =m0 (017): (49)
Note that the above tangent vectors are well-defined for all n sufficiently large under (AO)
and (A1)(i)-(iii). Indeed, by Proposition 24 we have d(0,,0,+1) = o(1). Also, the injec-
tivity radius is uniformly lower bounded by some constant 7o > 0 (see (A1)(ii)). Hence

d(0,,0,+1) <rg forall n > Ny for some Ny € N,

so the tangent vectors in (49) are well-defined for n > Nj.
First, we show that the first-order variation of the objective function along the trajectory
of iterates @,, is summable.

Proposition 26 (Finite first-order variation) Suppose (A0), (A1)(%)- (%), and (A1) (%ii)
with ¢(x) = 2% hold. Further assume that the constraint set 0 s strongly convex in M
fori=1,....m. Then

m
> (—grad £,00) 1D (n 4+ 1)) + o111 (69) — 1 (68),)

o t=1

ﬁmg
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[e.9]

L
S Z %dQ(em On—i—l) + F<00) -
n=Ny

Proof By g-smoothness of f,

(—mrad 181, 080). 0+ 1)) < L0, 00, + 18, 09) — 121 0)
L i : i) i
< L0900, + FL080) - FL(0,0)
- Py(f)ﬂ(eni)) + pszrl(efgl)-
Summing up for all ¢ =1,...,m and then for n gives the result.
|

Next, we relate the first-order approximation of the objective difference F'(6,,41)—F(6,,)
with that of the worst-case difference F'(6) — F'(6,,). This will be used crucially in the proof
of Theorem 7 and 10.

Proposition 27 (Bound on first-order optimality gap) Suppose (A0) and (A1)(%)-
(iit) hold. Further assume that the constraint set 0 s strongly convex in MW for i =
1,...,m. Fiz a sequence (by)n>1 of positive reals with b, < 7 := min{rg, 1} for alln. Then
the followz'ng hold for all n > Ny:

(i) (g-smooth surrogates) Suppose (A1)(i-gs) holds. Then there exists constant ci,ca > 0
independent of @y such that

buyt sup <> ((erad 12, 09), 1) (n+ 1)) +pO(65L,) 9 (67))
I <170 >eT@<” i=1

L
+m gbn+1 + —fd2(9n, 0,11) +mA, +mLsby1d(0,,6,41).

(ii) (Riemannian proximal surrogates) Suppose (A1)(i-rp) holds. Then

buri sup )< Z ((evad £, 00), 0P (n+1)) + 5D (0371) = pD (67))
I <1, n(”GT@(;)
+ An
+m bi+1+—fd (0, 0,11) +mA,

+ mLfbn+1d<9n, 0n+1)-

(iii) (Euclidean proximal surrogates) Suppose (A1)(i-ep) holds. Then there exists constant
ce > 0 independent of Oy such that

bn+1 sup ) < Z <<gfad fn+1 (0), nP (n + 1)> +P(i)(97(zi4)rl) - P(i)(%)))
I <1, n(”eT@m
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Lf‘i‘)\n

+m 5

L
bress + 5o B0 = Ona|[* A,

+ mLfbn+1d(0n, 0n+1)-

Proof We first show (ii). Let 7# = min{rg, 1}, where r is the lower bound of injectivity
radius (see (A1) (ii)). Fix arbitrary @ = [#() ... §0™)] € @ such that

d(0D,0) < b1 < 7 < 1y ()

for all i. For each i, let (9 : [0,1] — M be the unique distance-minimizing geodesic from
65 to 6@, Denote n® = (v (0). Then n® € Te(?f(;)' Denote A := gg) - f}(f).

Fix i =1,...,m. We will drop the superscripts (i) indicating block 4 in the proof until
we mention otherwise. Asin (A0)(ii), let 6}, be an exact minimizer of G,,;1 over ©. Then

L
(grad fr11(0n), mn(n + 1)) — 7fd2(9na Ont1) + p(On+1) — p(On)

2 fi1Ous1) = Fasr(00) + D) — p(00)

2 g1 Ous ) = Gns1(0n) + p(Ous 1) — p(62)

€ g1 O) + A — g1 (60) + p(Bhr) — p(00) (50)
L ot (D) = e 0) + Ao+ a1 (1(1)) + (1 (1)) — p(05)

< farad fuia (02),1) + S (00,0) + Do+ ha (1) +p((1) ~ p(0,).

Here, (a) follows from geodesic L p-smoothness of f (see (A0)(i)), (b) follows from definition
of majorizing surrogates (Def. 2), (¢) follows from the definition of 6} and the optimality
gap A, (see (A0)(ii)), (d) follows from the fact that g, 1(0n) = fuy1(0n) and Gry1(0;,1) <
Gnt1(y(t)) for all t € [0,1], (e) uses geodesic L g-smoothness of f. Also,

i (1) = SP(0,0,) < 202, 61)
This gives
(grad fni1(0n), Mn(n + 1)) + p(Oni1) — p(0n) (52)
< (grad far1(0n), 1) + c1by 1 + €2d*(On, Ons1) + A + p(v(1)) = p(bn),
where ¢; := Ly ;)‘" and ¢cg = % By g-smoothness of f, we have

”]‘—‘9n+1‘>0n grad fn41(0,) — grad f(60,)|| < Ld(6n, 0nt1)-
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Note (52) holds for all § € © with d(0,6,,) < b,+1. Hence summing over ¢ = 1,--- ,m
gives
sup | ((— grad f(8,), 1) + > p(01)) — p (Exp,g (n“’))) (53)
||n<i>||§bn+m<i>eT;g§;> i=1

<X ((erad £2,690), 0 (n + 1)) + 99 (011) = p(6))
+merb g + c2d? (0, 0ng1) + mA, +mL by 1d(0,, 0ni1).
Now fix n € Tg%(;) with ||n]] <7 and b € (0,1). Denote Exp, ) (n) =6 and Expew(bn) =
6. Then d(6%,0) = b||n|| = bd(6%,0"). Since p® is g-convex (see (8))
p () <bp™(8) + (1 —b)p' (6).
Rearranging, we get
pO(6) - p0(0) = b (p0(69) — p(81) .

Hence with b = by,1/7,

bt w <<— grad f(6,,), n) + % (Z pP(0) — p (Exp,g (W“))))

f[n(® IISI,n“)eT%; i=1
On
< sup <<— grad f(8n), bns1m) + D _pP(0F)) — 1 (Bxpy (bn+1n(i)))>
@ |<1,9M eTQf) i1
0”
< sup ((— grad f(8,), ) + > p(01)) — p (Exp,g (77(“))> :
||n<i>||§bn+1,n<“eT;‘f§§) i=1

Combining with (53) and using block separability of p, we get

bnt1 sup ) < Z <<grad an (6 Z)), 777(1%') (n+ 1)> _i_p(i)(gr(li}rl) _ p(i)(gni))>
||77(i)\|§1,77(i)eT®(1<-’)
9774

+merbyy + cad® (0, 0n41) + mA, +mL by 1d(0n, 0541).

We note that (i) can be shown by a similar argument. The main difference is that we
do not have an explicit expression for the majorization gap h,41 as in (51) but instead, we
have g-smoothness of the surrogates. Hence we can proceed by using the g-smoothness of

g,(l_)H in line (50) instead of decomposing gn 1= f 1+ hn_)H and using the g-smoothness

of fn 11- The rest of the analysis is identical.
Lastly, (iii) can be shown similarly as (ii). Note we only need to replace d(6,6,) by
16 — 6, in (51). Then further bound the geodesic distance by Euclidean distance in (50)
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with Lemma 16, so there exists cg > 0 that d?(6,, 0,11) < %Hen —0n+1]|%. The rest of the
analysis is identical. |

6.2 RBMM with Riemannian proximal surrogates

In this section, we analyze our RBMM algorithm with Riemannian proximal surrogates. Un-
der (A1)(i-rp), Algorithm 1 is the Riemannian analog of the Euclidean block majorization-
minimization with Euclidean proximal regularizer.

Before we present the proof of our general results in Theorem 5 and 7, we will first delve
into the special case of block Riemannian proximal methods on Hadamard manifolds, as
briefly mentioned in Section 4.3. Examining this special case will be helpful for understand-
ing RBMM with Riemannian proximal surrogates, particularly in two key aspects. First,
the Riemannian proximal surrogate gff) is geodesically strongly convex on Hadamard man-
ifolds, which makes the subproblem for the minimization step in Algorithm 1 (line 6) easy
to solve. Second, d?(6, 97(31) is not g-smooth even on Hadamard manifolds, highlighting the
necessity of analyzing the case of g-smooth surrogates and Riemannian/Euclidean proximal
surrogates separately.

We first recall some useful facts on Hadamard manifolds. First, recall that on Hadamard
manifolds, the exponential map is a global diffeomorphism, and therefore its injectivity
radius is +oo (Sakai, 1996, Theorem 4.1, p.221). Second, d(-,p) : M — R is geodesically
2-strongly convex for fixed p € M where M is a Hadamard manifold (Bento et al., 2015).
We give the formal definition of geodesically strongly convex below.

Definition 28 (Geodesic strong convexity) Suppose M is a Hadamard manifold. A
function f: M — R is geodesically a-strongly convex if it satisfies

_ o
f(y) = f(x) — (grad f(2), Exp; ' (y)), > gdz(wyy)
for all x, y € M, where d(z,y) is the geodesic distance between x and y on M.

We can also show by definition that the Riemannian proximal surrogate gg ) (0) is geodesi-

cally strongly convex with appropriate Riemannian proximal regularization parameter. This
is formally stated in the following proposition.

Proposition 29 (Geodesic strong convexity of Riemannian proximal surrogates)
Let M be a Hadamard manifold and f : M — R is geodesically Ls-smooth (see Definition
3). Fitpe M, letg: M — R

c
9(x) = f(@) + 5d*(x,p)
where ¢ > L. Then g is geodesically strongly convex with parameter ¢ — Ly.

Proof First by g-smoothness of f using Lemma 38 and the geodesical 2-strong convexity
of d2('7p)a

Fl) — £(2) — {arad f(2), Bxp; ' (0), > ~ L ()
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d*(y,p) — d*(z,p) — (grad d*(z, p), Exp, ' (y)), > d*(z,y)

for any x, y € M. Finally multiplying the second inequality by 5 and adding up with the
first inequality finish the proof. |

Hence, a major benefit of using Riemannian proximal surrogates on Hadamard manifolds
is that the sub-problems in RBMM are geodesically strongly convex so can be efficiently
solved by using standard convex Riemannian optimization methods (see, e.g., (Udriste,
1994; Zhang and Sra, 2016; Liu et al., 2017)).

Another benefit from the geodesic strong convexity of surrogates is related to the inexact
computation, which is stated in the following proposition. Namely, the square of the geodesic
distance between the inexact and the exact minimizer of the proximal surrogate (17) is upper
bounded by the optimality gap (15), when the surrogate is geodesically strongly convex.
Therefore, (16) in (A0)(ii) is automatically satisfied on Hadamard manifolds.

Proposition 30 (Optimality gap for iterates) For eachn > 1 and i € {1,...,m}, let
9(1*)

h be the exact minimizer of the geodesically (M, — Ly)-strongly convex function 6 —

g,(f) (0) in (17) over the strongly convex set 0. Then

An ; Lfd2 (9

n r'n

i*) 9(¢)> <A,

Proof Note the optimality condition of 9,? ) over ©0) s

(95 (05, Exp L, (0)) > 0, v0 € O,
Then we have

9,00) < g (00) — 99 (65)) — (g (657), Exp L, (6))

< g (0)) — gl (65%) < A
u

Next, we give an illustration of d?(-,p) is not g-smooth in general. The following propo-
sition gives the expression of the Riemannian gradient of geodesic distance.

Proposition 31 (Riemannian gradient of geodesic distance) Let M be a complete
Riemannian manifold, p € M with riyj(p) = r. Consider the function h : M — R where
h(z) = d%,(z,p), where p € M is fivzed. If d(z,p) < r, then grad(h) = —2 Exp,'(p) as a
vector in Tp,M.

Proof See e.g., Sakai (1996, Proposition 4.8, p. 108). |

With Prop. 31, we can now explain why the surrogate given in (A1l)(i-rp) is not g-
smooth in general. Recall Def. 3, in order %dQ(:r,p) in Prop. 31 to be g-smooth, we need
the following to hold,

% |erad d*(y, p) — Tamsy(grad d*(z,p))|| = ||— Exp, ' (p) 4+ Faomsy (Exp, ' (p)) || < Ld(, ).
(54)
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In Euclidean space, parallel transport I'y_,, is identical, and (54) would degenerate to
equality with L = 1. Hence %d2(az,p) is g-smooth in Euclidean space, see Fig. 7(a) for an
illustrative example. However, on a general Riemannian manifold, even on the Hadamard
manifold, this is no longer true in general, see Fig. 7(b) for a counterexample of hyperbolic
space (see Example 5). Some more examples of S are shown in Fig. 8.

p

—Exp;'(p)

—Exp;*(p)

—Exp;*(p) —Tyoy Expit (9)

_____________ R
—Ty.y Expx'(p) —Exp3'(p)

(@) (b)
Figure 7: Examples on g-smoothness of d? (z,p). Panel (a) is an example in Euclidean space, the length of
the dashed black arrow represents the LHS of (54) and the length of the black segment is d(z, y); Panel (b)
is a counterexample in hyperbolic space. In this case, for fixed points z,y on the manifold, the d(z,y) on
the RHS of (54) remains constant. In contrast, the left-hand side of (54), which is the sum of the lengths
of the blue and red geodesic segments, can grow arbitrarily large as the point p moves farther away from z
and y.

—Expy*(p) P

X X
—Expy'(p)

Fx_,y(—EXp,;l (p) )

—Exp;* (p) Ty (—Expz'(0))

Loy (—Expzt(p)) —Expy ()

(a) (b) (c)

Figure 8: Examples on g-smoothness of d*(z,p) on S*. Panel (a) is the case when (54) does not hold; Panel
(b) (c) is the case when (54) becomes an equality with L = 2.

Now we come back to establish the proof of Theorems 5 and 7. Let O = [9&}3), RN ol )]

be a limit point of (8,,),, for simplicity of the notation, replace (6,,), by the convergent
subsequence. We introduce the following notation of tangent vectors and sets, which will
be used throughout the remaining proofs. For n > 1, let

0 ={9e0® . d®,09) < ry/2}
where rg is the uniform lower bound of injectivity radius (see (A1)(ii)). Similarly, denote

0W = {90 d6,6D) < ry2}. (55)
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For any () € @EQ, let
0 = 1,0 (09), 0 = nye0 (0W), and 9l = g6 (0@). (56)

Note that the above tangent vectors are well-defined for all n sufficiently large under (A0)
and (A1)(i)-(ii). In fact, since 6,, converges to 6,

AW, 00 < ry/4  for all n > Ny for some N; € N.

n J’voo

Also, by (A0),

d(g(i) 97(11'*)) <ro/4 for all n > N for some Ny € N.

n o

Therefore by triangle inequality, the tangent vectors in (56) are well defined for n >
max{Ny1, No}. The following proposition shows the asymptotic first-order optimality of
inexact solutions, which is the key proposition to prove Theorem 5

Proposition 32 (Asymptotic first order optimality of inexact solutions) Assume
(A1)(i-rp), (ii), (A0). Let O = [9&?, e ,O(m)] be a limit point of (0y)n, for simplicity
of the notation, replace (0,)n by the convergent subsequence. Consider any 0\ e (9(()2 (see

(55)) such that T]C(XJ defined in (06) satisfies Hnoo | <1. Let 7](“) and 7]7(1) be tangent vectors
defined in (56). For each i =1,--- ,m, the following holds,

)<grad9§)(9§f*)),ng*)> <gradg“)(97f)),n,@>‘ = o(1).
Proof First by triangle inequality and (A0),
d(ag*)7 9010)) < d(@g), 9(()1,0)) + d(‘%ﬁ”? GS)) = 0(1)7

SO 67(li*) — 9&) as n — 0o.
Next, note that by Prop. 24,
d(6,652,) = o(1). (57)
This means when n >> 1, d(ﬁg), 07(21) <rl < rinj(ﬁ,(f)).
Therefore, by (57) and (A0),
| Exp,ty (O] = A0, 07),) < d(0),00) +d(03,0,2) = o(1).
Hence

Exp L, (0% ,) = 0. (58)

0(2*)
Similarly, we have EXp (9( ) 1) — 0.

Let F@“*)—w @ be the parallel transport along the minimal geodesic joining 07(3*) and O(i)

Since 97(3*) — 9&?, by smoothness of the exponential map, we have I‘a(i*)_)g(i)n,(f N n&)

Q)

where Exp, i) (1) = 0 (see Azagra et al. (2005, Remark 6.11) for a concise conclusion).
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Also note Hnoo || < 1. Therefore by continuity of the Riemann metric together with (57),
(58), and the geodesical smoothness of f as well as A\,, = O(1), we have

(grad g2 (65, ) = (grad £(65), ) — (A Expy L (652,), ™))

— (grad; f(0u),12)

Similarly, we have <grad g(z)(Q( )) 9 > — <gradi f(0), 77&)>. The assertion follows. W

We are now ready to prove Theorem 5
Proof of Theorem 5 under (A1l)(i-rp). Assume (A0), and (A1) (i-rp), (ii). Futher
assume p is lower semi-continuous on ©. Fix a convergent subsequence (0y, )~ of (65),,> -

We wish to show that 0., = limy_,~ 05, is a stationary point of f over ®. Fix any 00 e @Efo)
(see (55)) with d(6®), 980)) < 1, by first-order optimality of Gﬁfk*),

<gradg§f,3(9ff;‘)),nﬁ,f)> + p) (Exp(n{*))) — pl) (00 > 0.

Note that by Prop. 24,
d(0,6) ) = o(1),

n

which means when n > 1, d(@,(@), Hff) 1) < 1( 3 < rmj(H(i)), so the inverse exponential map is
well defined.
Then by Prop. 31 and Prop. 32,

g

hm mf <grad g(z)(Q(l)) 777(12,2> + p(i) (e(i)> - pﬁfﬁ (HS:))
= lim inf <grad PO = o Bxpd (010 n§3,3> + 3 (09) = p)01) 2 0

Note by Prop 24 and A\, = O(1), we get A, d(On,,0n,— 1) = o(1) and therefore
A Expe_( 9 DI = Apd(65),65_1) = o(1). Also recall |[n&]| < 1, so )] is uni-
formly bounded. Thus

hm mf <gradf (08 ) 777(112> +p(l)(9(i)) Pq(f,z (9(1)) > 0.

Denote 0., = [9&?, e ,9521)}- Let Fe(i) o) be the parallel transport along the minimal
geodesic joining 07(11,2 and 9( ) By smoothness of exponential map, we have F 0 )775”3

n(()? € Te“) satisfying Expeu) (77(()0)) = 0. Then the above together with contmulty of grad f

and lower semi-continuity of p give
(grad; 1 (09,080,080, . 0} )+ pD(6%) - p2 (0

> liminf (grad £ (01), 0D ) +p{1)(0) - 5)(9,@) >

k
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This holds for all i = 1,...,m. Therefore we verified V (8),n) < 0 for all n*) ¢ T;()i(;) with

||| < #, which means that 6, is a stationary point of F over @, as desired. [

Proof of Theorem 7 under (A1l)(i-rp). Let b, be any square-summable positive
sequence. First, by Cauchy-Schwartz inequality, we have

N N /2 , N 1/2
> bni1d(On, O y1) < <Z b,%) (Z d*(0,, 9n+1)> : (59)
n=1 n=1

n=1

Then by Prop. 27 with hg) (0) = ’\T"dQ(H, 6?7(21), using Prop. 24 and Prop. 26,

N
> bt sup V(60n,m)
n=1  p®er9) In®|<1

917,

N N N
< C (F(OO) - glggF(e) + Z bgz + ZdQ(om 0n+1) + Z An(00)>
n=1 n=1 n=1

for some constant C' > 0 independent of 8y and the right hand side is finite. Recall that by
Proposition 24 and the hypothesis,

N N
> d* (0, 0n11) < 22X <F(00) —F 4m) An> .

n=1 n=1
Now take b, = m. Then Y, b2 < 572, 37, by ~ #n'/2/logn. Using Lemma 40,
we deduce
M
min sup V(Or,m)| < ——oi,
RS joers) o<t vn/logn
0k
where

m(Lf =+ )\max)

5 57

N
M =71 (LAl +1) (F(OO) ~F tm) An> +
n=1
N 1/2
+mLA V5 (F(OO) ~F tmy An> . (60)
n=1
This shows (i). Note that M above depends on the manifold geometry implicitly: Lj
depends on the properties of the underlying manifold M as well as the objective func-
tion f. Moreover, when inexact computations are allowed, the sum of the optimality gap
>on2 1 Ap(Bo) also depends on M.
Assume supg,c@ Y pneq An(6o) < oo. Then we conclude (ii) by using the fact that
n > 272 (log 5_2)2 implies logn/y/n < e for all sufficiently small £ > 0. This completes
the proof.
|
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6.3 RBMM with Euclidean proximal surrogates

In this section, we prove Theorems 5 and 7 under (Al)(i-ep). The proof is very similar to
that of Theorems 5 and 7 under (Al)(i-rp), as shown above. However, it is not a direct
corollary from the aforementioned theorems, due to the difference of assumptions. In the
following proof, we omit the repeated details for conciseness and only show the key parts.

Proof of Theorems 5 and 7 under (Al)(i-ep). We first show the parallel results
from Prop. 24 and 27. Using the same analysis as in Prop. 24 with the Euclidean proximal
surrogate in (A1l)(i-ep), we have

N m ) . N m N
S allo, = 0012 < DTN (9969 - £09)) < £(00) = FTHm Y A
n=1 i=1 n=1

n=1 i=1

In particular, HH(Z HS)H =o(1) for all i = 1,...,m. By Prop. 27(iii), we can show the
complexity results using the analysis in the proof of Theorem 7 under (Al)(i-rp) and we
omit it here.

To show the asymptotic convergence, first note that

(09 — 0% ).

n i
677.—1

grad g (63) = grad £ (6) = A, Projy
Also note || PI‘OJ (Q(i) — (111)\| < Heﬁf) - Hsle = 0(1). Hence, by an identical argument

as in the proof of Theorem under (Al)(i-rp), we conclude (8,,),, asymptotically converges
to the set of stationary points. |

6.4 Total complexity of RBMM with Riemannian proximal surrogates

In this section, we provide the proof of Corollary 8.

To solve each surrogate subproblem, we apply the Riemannian projected (sub)gradient
descent (RPGD) method. We omit the superscript (i) for conciseness when introducing
RPGD. On a Hadamard manifold M, assume we have access to a projection Projg that
maps a point § € M to Projg(0) € © C M such that

d(G,Proj@(H)) < d(&,@') V0" € ©\{Projg(0)}.
RPGD takes the following form for minimizing an objective function g(#) on M,
(RPGD) Or+1 = Projo (Expg, (—mkgr)), (61)

where k is the iteration index, 7y is the step-size, g is the Riemannian subgradient at 6.
Namely, g € Tp, such that

9(8) > g(0k) + (gr, Expy, (0)).
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Note that for a g-convex function, a Riemannian subgradient always exists (Zhang and Sra,
2016). Following (Zhang and Sra, 2016, Thm. 11), we also define an auxiliary iterates 0y,
by 91 = 01 and

_ 2 _
Qk = Expék—l <k‘ Expekl_l(ek)> . (62)

Proof of Corollary 8. We first prove the corollary with smooth objectives, i.e., when
p = 0. First, the g-strong convexity of the Riemannian proximal surrogate gff) follows
directly from Proposition 29, while its g-smoothness is established in Alimisis et al. (2020);
Zhang and Sra (2016). Next, by Theorem 15 in Zhang and Sra (2016), and under the
assumptions stated in the corollary, the optimality gap of the surrogate subproblem satisfies

(1— )M =2D2(L; + 2¢(k, D))

Al < 5

(63)

Now choose N,gi) = Clogk with C' = 2/(—1log(1 — 9)). Substituting this choice into (63)
gives

S A< mz PICE ALy + 2, D)D

(Lf—;2<:’%D ZkCIOgl d)
2(1

_ (Lf;Ezgn D)) DQZ’“ )
m(Lys + 2{(k, D))D? 7T2

= 2(1—0)2 6

Therefore, plugging this into the result of Theorem 7(i), we obtain

: Ly (14 Ain) (14 X021 Ak) + Amas
lg}flg sup V(Oka T’) <c f< mn)f/ﬁ/ %kgl ) ma:
<k<n n(i)eTe(S),”n(i)Hgl o
ek
Ly (14 Apin) (1 + K) + Ama
<c ’
B v/n/logn

where K = ™1 2+(21<_(§),2D))DQ %2. In order that

(1 + Arnln)(l + K) + )\max e
Vvn/logn -7

it suffices to take N, = O((l + ((r,D))*c2 (log %)2) = 6((1 +((k,D))*e7?).
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The total complexity needed is therefore

Ne m . Ne m _
SN N =373 Clogh = O(N.log N.) = O((1 + ((x, D))’ 2).
k=1 i=1 k=1 i=1
Next, we prove the corollary with nonsmooth objectives. The g-strong convexity and
(4)

geodesical Lipschitz continuity of g’ follow similarly from the assumptions. Next, by
Theorem 11 in Zhang and Sra (2016), the optimality gap satisfies

Al < 25 D)LY + AeD)?
(A — LN +1)

(64)
Now choose N, ,gi) = k. Substituting into (64) gives

n

" 2¢(k, D) (LD + ApaxD)?  2¢(k, D)(LY 4+ A\paxD)
A, < <
’; b= Z (Amin — Lf)(k' +1) N (Amin — Lf)

Plugging this into the result of Theorem 7(i) gives

2
logn
k=1

L1+ 2211 nA Ao
min sup V(Or,m)| <c 7+ Apin)( +lzk=1 k) + Ama
1<k<n n(i)eT(a(S)7Hn(i)||Sl \/ﬁ/ ogn
ek
(L M) Sog Bk Ly (L4 M) + A
Vvn/logn vn/logn
C(k, D)Ls(1+ A1) logn L L ALY Amax

min

<
= v/n/logn ¢ vn/logn
where C(k, D) = QC(H’D())\(L'(U_JFL);“)“”‘D)Q. It suffices to guarantee
1 2
Aun(, D) VB2 <
where

Ans(“v D) = C|:Lf(1 + )\l’:liln)c('%7 D) + Lf(l + )‘r:jn) + )‘max:|

= o+ a1 ((k, D).

Therefore, it suffices to choose

. D)2 K 4 ~
NE — |716An58(2 ,D) <10g 4Ans§: 7D)> —‘ — O((l +C(l‘€, D))2 572)

The total complexity needed is

Ne m N. m
ZZN]gz) _ ZZNIgZ) _ O(NEQ) _ 6((1 + C(K,D))4 6_4).

k=1 i=1 k=1 i=1
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6.5 RBMM with g-smooth surrogates

In this section, we prove Theorems 4, 5, and 10 for smooth surrogates. Throughout this
section, we assume (A1)(i-gs), that is, the surrogates are g-smooth.

One of the most important tools in our analysis for the general smooth surrogate case is
stated in Proposition 33. Recall that in Proposition 24, we have shown that the surrogate
gaps th ) (9,(1z )) are summable. In the next proposition, we show that this is enough to deduce
that the norm of the Riemannian gradient of the surrogate gaps is also summable. This
will be used later to deduce asymptotic optimality with respect to the objective function
from that with respect to the surrogates.

Proposition 33 (Bound on surrogate optimality gap) Assume (A0), (A1)(i-gs), (ii).
Then for any sequence of nonnegative real numbers (wp)n>1,

N m

> wallerad g (6) — grad £ (65)1° < 2(Ly + Ly) Zan (61)) — £ (63)).
n=1 i=1 n=1 i=1
Proof Denote ag) = grad gﬁf)(eﬁf)) — grad fﬁ’(eﬁf)). Fix a tangent vector n € Tg(i)M(i)
and € > 0. By Lemma 38, we can write

_ L o L. &2
98 (Bxpy (en)) — g8 (050) — (VoD (09)), enm)| < =2l

Le?
= )2,

D (Expyg (en) = S(69) = (VFD(O), em)]| <

for constants Ly, Ly > 0 in (Al). Hence

LI e £000) + (V59080 em) < 190+
< g (6} +en)
< 09) + (T (09, em) + 2y .
Thus, denoting ¢ = (Ly + Ly)/2, we obtain the following inequality
(ansen) = fiO(05)) = g (0) = 2 n|*.
Choosing n = —a,, we get
—ellan|* > f2(05)) = g (0)) — el
Rearranging, we get
(e = c=?)llan)* < g(6)) — f17(6).

Then the assertion follows by multiplying both sides of the above inequality by w, and
summing up in ¢ = 1,...,m and then for n > 1. |
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6.6 Asymptotic stationarity

In this section, we prove Theorems 4 and 5. We start with Theorem 4 where the number of
blocks is m < 2. Below we focus on the proof when m = 2. In fact, the proof of the single
block case (m = 1) follows from a similar analysis and is much simpler.

For conciseness, denote w(k,i) = (‘9’(61)’”.79](;‘—1),9](:)791(:‘:1)’”.70](;?)1)’ which is the
variable value in the k-th cycle after updating i-th block. Denote w(k,)) as the j-th

component of w(k,i). The following observations would be helpful: w(k,i)(+1) = 9,(;:1),

w(k,i+ 1)(”1) = 9,(:+1). The following proposition gives an observation related to the limit
behavior of surrogate values.

Proposition 34 Assume (A1)(i-gs), (it) and (A0). Suppose that for somei € {1,...,m}
the sequence {w(k,1)} admits a limit point wand the subsequence converging to w is denoted
by w(k(n),i), n > 1. Then we have

lim g(l ) ( > = lim g (w(k:(n),fr)(ﬁ)) = f(w),

where it = i(modm) + 1, k(n)™ = k(n) or k(n) +1 fori e {1,--- ,m—1} ori =m
respectively.

Proof For conciseness, let i € {1,--- ,;m — 1} so that i* =i + 1. Note that the proof for
i = m would be exactly the same after modifying the notation.

By Prop. 24 along with the tightness and upper-boundedness of surrogate functions, we
have the following inequalities,

F k), 1) = £ (050)) = oty (655, ) = okt (wktm), 0+ = g0 (6]

> gy (k)i + DY) = Ay > [ (w(k(n),i FDED) - Ay

k(n+1)
= f(w(k(n),i+1)) = Aym) > f (w(k(n + m Yy A
i=k(n)
Recall
Jm f (ws(n) i) =l f (w(k(n +1),0)) = f(7) and Jim A, =
This completes the proof. |

Proposition 35 (Asymptotic first order optimality of inexact solutions) Suppose
(A1)(i-gs), (i3), and (A0) hold. Consider any %) € ey (see (55)) such that nc(,io) defined
in (56) satisfies ||77OO | <1. Let 777(1 Der pin) and nr(L) € Ty be the tangent vectors defined
in (56)). For eachi=1,---,m, the follog)mg holds: "

|(rad 2857, 1™ ) — (grad gD (67, n )| = o(1).
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Proof Let O, = [9&?, . ,HC(,Z%)] be a limit point of (6,,),. For simplicity of the notation,
replace (6,,), by the convergent subsequence.
First by triangle inequality and (A0),
d(6y"),0%) < d(6),68)) + d(6,61)) = o(1), (65)
SO 67(11'*) — 0&) as n — 0o.
Let T=m} 2, Ay < 0o, by Prop. 24 we have

sup f(0) < f(6o) +T.
)

Now let K = {6 € © : f(0) < f(6y) +T}. By (A0), K is compact. Denote K =
KO x ... x KM where KO C M®, then K® is compact for each i = 1,---,m. Since
gr(f) is geodesically smooth, | grad gg)(e(i))ﬂ is uniformly bounded for 6() € K by some
constant, say Li > 0.

Let I’ 60 _yg0) be the parallel transport along a minimal geodesic joining 07(5*) and 9(()2) .

By smoothness of the exponential map, we have we have I' PN 9(1-)777(11‘*) — n(()i) € Tgm where

Exp,@ () =00,
Then

[(grad g2(657), ™) — (grad g (012, n)|
:KP(;W oo grad g (07), T yony o] > <gfadg @ fQ>‘
<‘< g00)_yg0 81ad g0 (05, T iy o 11i! > <g1radg(Z (080),T o), 6(@,77(;3*)»
+‘ grad g (6% )s Tgin 9<i>?77(1 )>—<gradg(z)(0&)),ng?>‘
< (0, 09) + || grad g (02) | - | Ty, i) — n&
=o(1),
()

where the last inequality is by g-smoothness of gp’, the last equality is by (65) and the
boundedness of || grad gn ( )H

Similarly, we also have ‘<grad g“)(e( )) (Z)> <grad g(l)(ﬁ( )) nc(,o)>’ = 0(1). Therefore
we have

gradg“)(%f*)) () — (grad g{ (65"
K )~
‘<gradg“ (i (“> <gradgn (652), )
‘<gradg (05) ,n”> <gradgn 9&?%%@’
=o(1).

Now we show the following proposition, which is the Riemannian version of Prop. 3 in
Grippo and Sciandrone (2000).
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Proposition 36 Assume (A1)(i-gs), (ii), and (A0). Further assume that the constraint
set ©W) is strongly convex in MWD for i = 1,...,m. Suppose that for some fized i €
{1,...,m} the sequence (w(k,i))r>1 admits a lz'mz't point w and the subsequence converging
to w is denoted by w(k(n),i), n > 1. Denotei™ = i(modm)+1, k(n)* = k(n) or k(n)+1 for
i€ {l,---,m—1} ori=m respectively and w(k(n),i)® as the i-th coordinate of w(k(n),1).
Forn > 1, consider any 0 € ©W such that d(0®, ©D) < rq/2 and 00 € ©6") such that
d(0(i+),ﬂ)(i+)) <ry/2, denote ng) € Ty such that Exp (775})) =01 and m(f) € Tw(m)w)

such that EXpw(n i)(i+)(777(1i+)) = 00"). Then we have

nlgr;o <grad g,(:()n) (w(k(n), i)(i)> 7?7;(;)n)> >0 (66)
L i+ (4 i
and lznllcgf <gradgl(;(n))+ (w(k‘(n)al)( ﬂ) ’nl(c(n§> = 0.

Proof Firstly, by the first-order optimality condition of 9&% with respect to gg()n), for any
9 ¢ ) we have

<grad g](:(il) <elii(*n))) ’771(;(*73)> >0, for alln,

where m(f*) € Tpun such that EXpe(i*)(Ug*)) = 0. Then by Prop. 35, we get the first
identity of (66). ' !

In order to prove the second identity in (66), suppose towards a contradiction that there
exists #17 € ©0") such that

. (1) NG G@*)
hnrr_kgéf <gradgk(n)+ (w(k(n),z)( )> M )> < 0.
Then there exists an infinite index set Ky C K = {k(n) : n > 1} such that for any k € K7,
it N it
<gradgl(€(n))+ (w(k(n),z)( )> 777]5:(n%> < 0.

For conciseness, from now on we only consider the case i € {1,---,m — 1}, then it =
i+ 1. Note that when ¢ = m, the following proof would be exactly the same after some
modification of notation.

Let the search direction

7+1 . i 1
) _ {n,2+> i oy V) <1
- 7, 1 7 1 1
/8 ) > 1

Now for all £ € K71 suppose we compute the step size oz,(fﬂ) by the line search algorithm 2,

we have

gt (EXPw(k p+n (@ (Hl)d(lﬂ))) =gV (EXP9<1+1>( (Hl)dz(jﬂ)))
< gt (9&1)) — gD (w(m)(m)) ‘

Note here we have EXPQ(LH)( er)d(lﬂ)) € Y by geodesic convexity of @+,
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Recall by definition, the optimality of 0,(j+1) gives

A (ol 1) - <67 (77) = i 7 0)

We can then write
g0 (wh,i+ 1)) = Ay < gl (Bxpy g pern (af V™)) < oD (wih, )0
Then by noting that k € K1 C K = {k(n) : n > 1} and use Proposition 34 we get
lilglo g;(jH) (w(k,i)(i+1)) - gl(jﬂ) (Expw(kﬂ‘)(wl)(Oé,(jﬂ)dl(j—'—l))) =0.
Finally by Proposition 42 we have
kli)ngo gradg,i”l) (w(k,z’)(”l)) =0,

which gives a contradiction. |

The preceding proposition indicates that every limit point of the sequence generated by
Algorithm 1 is a critical point with respect to the first and last component, i.e., 0 and
6(™)  which is formally stated below.

Corollary 37 Under the same assumptions as in Prop. 36. Let 8, be a sequence generated
by Algorithm 1 which admits a limit point 0., denote the subsequence converging to O by

0., , then for any gm) ¢ @(o?) and 1) ¢ @(o?

lim (grad g (65) ) 20 and  liminf(grad g}, (61 ,nil)) > 0.

We are now ready to give a proof of Theorem 4 for the case (Al)(i-gs) of g-smooth
surrogates on general manifolds.
Proof of Theorem 4 for g-smooth surrogates. Assume (Al)(i-gs), (ii), and (A0).
Further assume that the constraint set ©(® is strongly convex in M@ for i = 1,...,m. Fix
a convergent subsequence (0, )p>1 of (6y)n>1. We wish to show that 0. = limy_,o Oy,
is a stationary point of f over @ when m = 2. The proof of single block case (m = 1)
follows from the same analysis and is much simpler, which can be done without Corollary
37. Below we omit the m = 1 case and focus on proving it for m = 2.

First, we apply Proposition 33 with w,, = 1 and Proposition 24 (ii) to deduce that

> llgrad g (63)) — grad £ (0|17 = o(1). (67)
=1

Hence, by Corollary 37, for any #()) ¢ @83 and (™) ¢ @é?) we get

liminf (grad f,,) 1 (65)), 7)) =0 and  liminf {grad £ (605"), n{) > 0,

k Nk n
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where Expegg) (777([]?)) — 9(m) and Engélk) (777(11’3) =00,

Note that grad f,ﬂ&l(eﬁf,f) = grad, f(6,,) and grad f,(LT)(Oq(@T)) = grad,, f(6,,). Thus
for the case when m = 2, by continuity of Riemannian metric and the continuity of grad f,

we verified for each ¢ = 1,2 and any 6 € 0% we have (grad; f(0),n) > 0, where

Exp, i) (n) = 6. This shows O is a stationary point of f over @, as desired. [ |

Next, we prove Theorem 5 for smooth surrogates.

Proof of Theorem 5 for g-smooth surrogates. Suppose (Al)(i-gs), (ii), (iii) and
(A0) hold. Futher assume p is lower semi-continuous on ©. Fix a convergent subsequence
(0n,)k>1 of (0n)n>1. We wish to show that O, = limy_ o 6y, is a stationary point of f
over ©. First, we apply Proposition 33 with w,, = 1 and Proposition 24 (ii) to deduce that

ii (a(601.00)) < oo, ii”grad%)wﬁf))—gradfs)(ew)u?<oo.

n=1i=1

In particular, this yields
qu( (0521,69)) = o1), Zugradg@ 00)) — grad [ (6)|” = o(1).  (68)

Fix 60 ¢ 0 (see (55)) such that néo) defined in (56) satisfies ||77 H < 1. Let 7)(“) € Tyin

and nr(f) € T, be the tangent vectors defined in (56)). Since 6™ minimizes G over o),
(grad g (05), ) + p) (0) = p1) (057) = 0.

n Nk

Note by Prop. 35 and since p is block-separable due to (A0), we have
hm mf(gradg( )(0(’)) 7y + p@ 9@y — ptd (95;2) >0

Nk Nk

Then recall the second part of (68) |lgrad g(l) (0(1)) gradf ' ( ‘ )|| = o(1). Note since

07(1,2 — 6% and Hﬁoo | <1, we have H%k” is uniformly bounded by some constant Cp > 1.
Hence, for each i =1,...,m, we get

[ (rad 69, n) - <grad 169, 00| < Coll rad g (05 —grad £ (0] = o(1),

o) lim inf <grad fr(fk) (97(;,3), 777(1Z}3> + p@ (9 — p(i)(er(zigz) >0
Let Fe“) o be the parallel transport along a minimal geodesic joining 67(11,3 and 0&).

’VLk
By smoothness of exponential map, we have Fe(” 9(0777(5,2 — 77&) € Te(“' By the first

part of (68) and the fact ¢ is strictly increasing, we have d (9() H(i)> = 0o(1) and hence

n—1
953271 — 9<(>o) as k — oo for all j = 1,...,m. Hence by continuity of grad f and lower

semi-continuity of p, we get

?7 000

(grad; £(69),..., 070,08, 06, ..., 6l), Q) + pD (0D) - pD (62)
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Zliklggf< o) Lo grad £)(01), F9<>_>9<>777(L,3>+p(i)(9(i))—p(i)(91(f,3)

= liminf (grad £{)(05)), 7)) +p(09) = p(6() = 0.

Since this holds for any (%) e @é@ with d(Q(i), Hc(fo)) < 1 and also holds for any i = 1,--- ,m,
we conclude

V(@x,m) >0, Vn such that 77(’) € T(?Ig) with ||17(i)\| <1,

which means 0, is a stationary point of F' in ©, as desired. |

6.7 Rate of convergence with g-smooth surrogates

In this section, we prove Theorem 10.
Proof of Theorem 10. We first show (i). By Prop. 27, Prop. 24 and using (59), we have

N N N N N
> bua sup V(Or,m) | <C D bhia+ 4| D b2 > d2(0k,0k41) + Y An(6o)
n= n=0 k=1 n=1

n(i)ETo( D lnli<1 n=0

N
+(F(80) — F*) + Y d*(6y, ekﬂ)) .

k=1

for some constant C > 0 independent of 8 and the rlght hand side is finite.
Take by, flog(1+n) Then Y, b2 < 572, 33, b ~ #n'/?/logn. Hence by using
Lemma 40, it follows that there exists some M > 0 such that for all n > 1,

M

min sSup V(0r,m)| < W7

1<k< ) i
= p0ere jipl<1
ek

where

n=1

N
L
M =i (1050 +1) (F(Oo) ~Fmy An> + i (69)

N 1/2
+ mLfc(;l/Q\/S (F(HO) —F*4m) An> .

n=1

This shows (i). Then we could conclude (ii) by using the fact that n > 2e72 (log 5_2)2
implies logn/y/n < ¢ for all sufficiently small € > 0. This completes the proof. |
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7. Concluding Remark

In this paper, we develop and analyze RBMM, a general framework for solving nonsmooth
nonconvex block Riemannian optimization problems. We establish the iteration complexity
of RBMM with different types of surrogates, which incorporate a wide range of algorithms,
including block Riemannian prox-linear updates, Bures-JKO scheme for Wasserstein vari-
ational inference, geodesically constrained subspace tracking, optimistic likelihood estima-
tion, robust PCA, and Riemannian CP-dictionary-learning. While we allow only cyclic
updates in RBMM, it is natural to consider other update rules, e.g., randomized updating
rule with i.i.d. sampling, which has been extensively studied in Euclidean MM literature
Hong et al. (2015); Razaviyayn et al. (2014). We believe that extending our results to
the randomized updates is straightforward. Most key lemmas will remain nearly identical,
with the primary difference being taking conditional expectations of the result. In order to
maintain the focus of the paper, we do not pursue that direction.

In the Euclidean MM literature, certain types of acceleration have been explored in
recent papers (Hien et al, 2023). Acceleration techniques for Riemannian optimization
methods have also been investigated (Ahn and Sra, 2020; Zhang and Sra, 2018; Kong and
Tao, 2024). Studying the acceleration of RBMM is an interesting topic, which we leave as
a direction for future work.

Acknowledgments

YL is partially supported by the Institute for Foundations of Data Science RA fund through
NSF Award DMS-2023239 and by the National Science Foundation through grants DMS-
2206296. HL is partially supported by the National Science Foundation through grants
DMS-2206296 and DMS-2010035. DN is partially supported by NSEF DMS-2011140 and
NSF DMS-2108479. LB is partially supported by NSF CAREER award CCF-1845076 and
NSF award CCF-2331590.

References

P.-A. Absil and Jérome Malick. Projection-like retractions on matrix manifolds. SIAM
Journal on Optimization, 22(1):135-158, 2012.

P.-A. Absil, R. Mahony, and R. Sepulchre. Optimization Algorithms on Matriz Manifolds.
Princeton University Press, 2009. ISBN 9781400830244. URL https://books.google.
com/books?id=NSQGQeLN3NcC.

P-A Absil, Robert Mahony, and Jochen Trumpf. An extrinsic look at the riemannian
hessian. In International conference on geometric science of information, pages 361-368.
Springer, 2013.

Bijan Afsari. Riemannian [, center of mass: Existence, uniqueness, and convexity. Proceed-
ings of the American Mathematical Society, 139(2):655-673, 2011.

Kwangjun Ahn and Suvrit Sra. From nesterov’s estimate sequence to riemannian accelera-
tion. In Conference on Learning Theory, pages 84-118. PMLR, 2020.

64


https://books.google.com/books?id=NSQGQeLN3NcC
https://books.google.com/books?id=NSQGQeLN3NcC

CONVERGENCE AND COMPLEXITY OF BLOCK MAJORIZATION-MINIMIZATION ON RIEMANNIAN MANIFOLDS

Foivos Alimisis, Antonio Orvieto, Gary Bécigneul, and Aurelien Lucchi. A continuous-
time perspective for modeling acceleration in riemannian optimization. In International
Conference on Artificial Intelligence and Statistics, pages 1297-1307. PMLR, 2020.

Aleksandr Aravkin, Stephen Becker, Volkan Cevher, and Peder Olsen. A variational ap-
proach to stable principal component pursuit. arXiv preprint arXiv:1406.1089, 2014.

C. Atkinson and A.F. Mitchell. Rao’s distance measure. Sankhya: The Indian Journal of
Statistics, Series A, 43(3):345-365, 1981.

Hédy Attouch, Jérome Bolte, Patrick Redont, and Antoine Soubeyran. Proximal alternating
minimization and projection methods for nonconvex problems: An approach based on the
kurdyka-tojasiewicz inequality. Mathematics of operations research, 35(2):438-457, 2010.

Daniel Azagra, Juan Ferrera, and Fernando Loépez-Mesas. Nonsmooth analysis and
hamilton—jacobi equations on riemannian manifolds. Journal of Functional Analysis,
220(2):304-361, 2005.

Miroslav Bacak. Convex analysis and optimization in Hadamard spaces. De Gruyter, 2014.
ISBN 9783110361629. doi: doi:10.1515/9783110361629.

Christopher G Baker, P-A Absil, and Kyle A Gallivan. An implicit trust-region method on
riemannian manifolds. IMA journal of numerical analysis, 28(4):665-689, 2008.

Amir Beck and Luba Tetruashvili. On the convergence of block coordinate descent type
methods. SIAM journal on Optimization, 23(4):2037-2060, 2013.

G.C. Bento, O.P. Ferreira, and P.R. Oliveira. Proximal point method for a special class
of nonconvex functions on hadamard manifolds. Optimization, 64(2):289-319, 2015. doi:
10.1080/02331934.2012.745531.

Glaydston C Bento, Orizon P Ferreira, and Jefferson G Melo. Iteration-complexity of
gradient, subgradient and proximal point methods on riemannian manifolds. Journal of
Optimization Theory and Applications, 173(2):548-562, 2017.

Cameron J Blocker, Haroon Raja, Jeffrey A Fessler, and Laura Balzano. Dynamic subspace
estimation with grassmannian geodesics. arXiv preprint arXiv:2303.14851, 2023.

N. Boumal. An Introduction to Optimization on Smooth Manifolds. Cambridge University
Press, 2023.

Nicolas Boumal, Pierre-Antoine Absil, and Coralia Cartis. Global rates of convergence for
nonconvex optimization on manifolds. IMA Journal of Numerical Analysis, 39(1):1-33,
2019.

Arnaud Breloy, Sandeep Kumar, Ying Sun, and Daniel P Palomar. Majorization-
minimization on the stiefel manifold with application to robust sparse pca. IEEE Trans-
actions on Signal Processing, 69:1507-1520, 2021.

65



L1, BALZANO, NEEDELL, AND LyU

Dmitri Burago, Yuri Burago, and Sergei Ivanov. A Course in Metric Geometry. Crm Pro-
ceedings & Lecture Notes. American Mathematical Society, 2001. ISBN 9780821821299.
URL https://books.google.com/books?id=dRmIAwAAQBAJ.

Yu Burago, M Gromov, and G Pere’'man. A.d. alexandrov spaces with curvature bounded
below. Russian Mathematical Surveys, 47(2):1, apr 1992.

Donald Bures. An extension of kakutani’s theorem on infinite product measures to the
tensor product of semifinite w*-algebras. Transactions of the American Mathematical
Society, 135:199-212, 1969.

Emmanuel J. Candes, Xiaodong Li, Yi Ma, and John Wright. Robust principal component
analysis? arXiv preprint arXiv:0912.3599, 2009. URL https://arxiv.org/abs/0912.
3599.

1. Chavel. Riemannian Geometry: A Modern Introduction. Cambridge Studies in Advanced
Mathematics. Cambridge University Press, 2006.

Jeff Cheeger and Detlef Gromoll. On the structure of complete manifolds of nonnegative
curvature. Annals of Mathematics, 96(3):413-443, 1972.

Shixiang Chen, Shigian Ma, Anthony Man-Cho So, and Tong Zhang. Proximal gradient
method for nonsmooth optimization over the stiefel manifold. SIAM Journal on Opti-
mization, 30(1):210-239, 2020.

Shixiang Chen, Alfredo Garcia, Mingyi Hong, and Shahin Shahrampour. Decentralized
riemannian gradient descent on the stiefel manifold. In International Conference on
Machine Learning, pages 1594-1605. PMLR, 2021.

Manfredo Perdigao Do Carmo and J Flaherty Francis. Riemannian geometry, volume 6.
Springer, 1992.

Shuyu Dong, Bin Gao, Yu Guan, and Francois Glineur. New riemannian preconditioned
algorithms for tensor completion via polyadic decomposition. SIAM Journal on Matrix
Analysis and Applications, 43(2):840-866, 2022.

Alan Edelman, T.A. Arias, and Steven T. Smith. The geometry of algorithms with orthog-
onality constraints. SIAM Journal on Matriz Analysis and Applications, 1998.

Gene Golub and Victor Perayra. Separable nonlinear least squares: the variable projection
method and its applications. Inverse Problems, 19(2):R1, feb 2003.

Luigi Grippo and Marco Sciandrone. On the convergence of the block nonlinear gauss—seidel
method under convex constraints. Operations research letters, 26(3):127-136, 2000.

David H Gutman and Nam Ho-Nguyen. Coordinate descent without coordinates: Tangent
subspace descent on riemannian manifolds. Mathematics of Operations Research, 48(1):
127-159, 2023.

Sigurdur Helgason. Differential geometry, Lie groups, and symmetric spaces. Academic
press, 1979.

66


https://books.google.com/books?id=dRmIAwAAQBAJ
https://arxiv.org/abs/0912.3599
https://arxiv.org/abs/0912.3599

CONVERGENCE AND COMPLEXITY OF BLOCK MAJORIZATION-MINIMIZATION ON RIEMANNIAN MANIFOLDS

Le Thi Khanh Hien, Duy Nhat Phan, and Nicolas Gillis. An inertial block majorization
minimization framework for nonsmooth nonconvex optimization. Journal of Machine
Learning Research, 24(18):1-41, 2023.

Mingyi Hong, Meisam Razaviyayn, Zhi-Quan Luo, and Jong-Shi Pang. A unified algorithmic
framework for block-structured optimization involving big data: With applications in
machine learning and signal processing. IEEE Signal Processing Magazine, 33(1):57-77,
2015.

Mingyi Hong, Xiangfeng Wang, Meisam Razaviyayn, and Zhi-Quan Luo. Iteration com-
plexity analysis of block coordinate descent methods. Mathematical Programming, 163:
85-114, 2017.

Noémie Jaquier, Leonel Rozo, Sylvain Calinon, and Mathias Biirger. Bayesian optimization
meets riemannian manifolds in robot learning. In Conference on Robot Learning, pages
233-246. PMLR, 2020.

Yiheng Jiang, Sinho Chewi, and Aram-Alexandre Pooladian. Algorithms for mean-field
variational inference via polyhedral optimization in the wasserstein space. arXiv preprint
arXiv:2312.02849, 2023.

Tan T Jolliffe. Principal components in regression analysis. In Principal component analysis,
pages 129-155. Springer, 1986.

Richard Jordan, David Kinderlehrer, and Felix Otto. The variational formulation of the
fokker—planck equation. SIAM journal on mathematical analysis, 29(1):1-17, 1998.

Tamara G Kolda and Brett W Bader. Tensor decompositions and applications. SIAM
review, 51(3):455-500, 2009.

Lingkai Kong and Molei Tao. Quantitative convergences of lie group momentum optimizers.
In Advances in Neural Information Processing Systems, 2024.

Marc Lambert, Sinho Chewi, Francis Bach, Silvere Bonnabel, and Philippe Rigollet. Varia-
tional inference via wasserstein gradient flows. Advances in Neural Information Processing
Systems, 35:14434-14447, 2022.

Kenneth Lange, David R Hunter, and Ilsoon Yang. Optimization transfer using surrogate
objective functions. Journal of computational and graphical statistics, 9(1):1-20, 2000.

J.M. Lee. Introduction to Smooth Manifolds. Graduate Texts in Mathematics. Springer,
2003.

Chong Li, Genaro Lopez, and Victoria Martin-Marquez. Monotone vector fields and the
proximal point algorithm on hadamard manifolds. Journal of the London Mathematical
Society, 79(3):663-683, 2009.

Jian-Ze Li and Shu-Zhong Zhang. Polar decomposition-based algorithms on the product
of stiefel manifolds with applications in tensor approximation. Journal of the Operations
Research Society of China, pages 1-47, 2023.

67



L1, BALZANO, NEEDELL, AND LyU

Yuchen Li, Laura Balzano, Deanna Needell, and Hanbaek Lyu. Convergence and complexity
guarantee for inexact first-order riemannian optimization algorithms. In Proceedings of
the 41st International Conference on Machine Learning, pages 27376-27398, 2024.

Yuanyuan Liu, Fanhua Shang, James Cheng, Hong Cheng, and Licheng Jiao. Acceler-
ated first-order methods for geodesically convex optimization on riemannian manifolds.
Advances in Neural Information Processing Systems, 30, 2017.

Hanbaek Lyu and Yuchen Li. Block majorization-minimization with diminishing radius for
constrained nonsmooth nonconvex optimization. SIAM Journal on Optimization, 35(2):
842-871, 2025.

Hanbaek Lyu, Christopher Strohmeier, and Deanna Needell. Online nonnegative cp-
dictionary learning for markovian data. The Journal of Machine Learning Research,
23(1):6630-6679, 2022.

Yi Ma, Shankar Sastry, and Rene Vidal. Generalized Principal Component Analysis. Inter-
disciplinary Applied Mathematics. Springer New York, 2015. ISBN 9780387879253.

Julien Mairal, Francis Bach, Jean Ponce, and Guillermo Sapiro. Online learning for matrix
factorization and sparse coding. Journal of Machine Learning Research, 11(Jan):19-60,
2010.

Bart Michels. Riemannian distances are locally equivalent. 2019.

Carmeliza Navasca, Lieven De Lathauwer, and Stefan Kindermann. Swamp reducing tech-
nique for tensor decomposition. In 2008 16th Furopean Signal Processing Conference,
pages 1-5. IEEE, 2008.

Viet Nguyen, Soroosh Shafieezadeh-Abadeh, Man-Chung Yue, Daniel Kuhn, and Wolfram
Wiesemann. Calculating optimistic likelihoods using (geodesically) convex optimization.

NeurIPS’19: Proceedings of the 33rd International Conference on Neural Information
Processing Systems, (1249):13943-13954, 2019.

Felix Otto. The geometry of dissipative evolution equations: the porous medium equation.
2001.

Liangzu Peng and René Vidal. Block coordinate descent on smooth manifolds. arXiv
preprint arXiw:2305.14744, 2023.

Michael JD Powell. On search directions for minimization algorithms. Mathematical pro-
gramming, 4(1):193-201, 1973.

Meisam Razaviyayn, Mingyi Hong, and Zhi-Quan Luo. A unified convergence analysis of
block successive minimization methods for nonsmooth optimization. SIAM Journal on
Optimization, 23(2):1126-1153, 2013.

Meisam Razaviyayn, Mingyi Hong, Zhi-Quan Luo, and Jong-Shi Pang. Parallel succes-
sive convex approximation for nonsmooth nonconvex optimization. Advances in neural
information processing systems, 27, 2014.

68



CONVERGENCE AND COMPLEXITY OF BLOCK MAJORIZATION-MINIMIZATION ON RIEMANNIAN MANIFOLDS

Quentin Rentmeesters. Algorithms for data fitting on some common homogeneous spaces.
PhD thesis, Université catholique de Louvain, 2013.

Wolfgang Ring and Benedikt Wirth. Optimization methods on riemannian manifolds and
their application to shape space. SIAM Journal on Optimization, 22(2):596-627, 2012.

Paul Rodriguez and Brendt Wohlberg. Fast principal component pursuit via alternating
minimization. In 2013 IEEFE International Conference on Image Processing, pages 69-73.
IEEE, 2013.

Takashi Sakai. Riemannian geometry, volume 149. American Mathematical Soc., 1996.

Ju Sun, Qing Qu, and John Wright. When are nonconvex problems not scary? arXiv
preprint arXiw:1510.06096, 2015.

Constantin Udriste. Convexr Functions and Optimization Methods on Riemannian
Manifolds. Mathematics and Its Applications. Springer Netherlands, 1994. ISBN
9780792330028. URL https://books.google.com/books?id=XtqlRFI1kg4C.

Jinhua Wang, Chong Li, Genaro Lopez, and Jen-Chih Yao. Proximal point algorithms
on hadamard manifolds: linear convergence and finite termination. SIAM Journal on
Optimization, 26(4):2696-2729, 2016.

Stephen J Wright. Coordinate descent algorithms. Mathematical Programming, 151(1):
3-34, 2015.

Yangyang Xu and Wotao Yin. A block coordinate descent method for regularized multicon-
vex optimization with applications to nonnegative tensor factorization and completion.
SIAM Journal on imaging sciences, 6(3):1758-1789, 2013.

Yaguang Yang. Globally convergent optimization algorithms on riemannian manifolds: Uni-
form framework for unconstrained and constrained optimization. Journal of Optimization
Theory and Applications, 132(2):245-265, 2007.

Lei Yin, Ankit Parekh, and Ivan Selesnick. Stable principal component pursuit via convex
analysis. IEEE Transactions on Signal Processing, 67(10):2595-2607, 2019.

Hongyi Zhang and Suvrit Sra. First-order methods for geodesically convex optimization.
In Conference on Learning Theory, pages 1617-1638. PMLR, 2016.

Hongyi Zhang and Suvrit Sra. Towards riemannian accelerated gradient methods. arXiv
preprint arXiw:1806.02812, 2018.

Zihan Zhou, Xiaodong Li, John Wright, Emmanuel Candes, and Yi Ma. Stable principal
component pursuit. In 2010 IEEFE international symposium on information theory, pages
1518-1522. IEEE, 2010.

Wolfgang Ziller. Examples of riemannian manifolds with non-negative sectional curvature.
arXiv preprint math/0701389, 2007.

69


https://books.google.com/books?id=Xtq1RF9lkg4C

L1, BALZANO, NEEDELL, AND LyU

Appendix A. Background on Riemannian Optimization

Let v : [a,b] — M be a piece-wise differentiable curve, then it assigns to each t € (a,b)
a vector +/(t) in the vector space T. Nt )./\/l the size of which can be measured by the norm
|- ll()- The length of ~ is given by L f Iy (¢ p) dt. The distance for any z,y € M
is then given by

dap(z,y) = inf{L(y) : v a piecewise continuously differentiable curve from x to y}

We drop the subscript M when it is clear from context. If L(y) = da(z,y), then v is called
a distance-minimizing geodesic joining x and y.
For each 0,0" € M, define n = ny(6’) to be the (Such tangent vector need not be unique
unless 6’ is within the injectivity radius at #) tangent vector in Ty such that Exp,(n) = €'
For a subset ® C M and = € O, define the tangent cone Tg(x) and the normal cone
Ne(z) at x as

To (z) = {u € T, M ’ Exp, <t T > € © for some t € (o,rinj(x))} u{o},  (70)

u,n) <0 for all n € T, M s.t. }

Ne (z) := {u €M ‘ Exp, ( L”) € O for some ¢ € (0, 1inj(x))

Note that Te(z) = T, M and Ng(z) = {0} if x is in the interior of ®@. When O is strongly
convex, then the tangent cone Tg () is a convex cone in the tangent space T, M (see Cheeger
and Gromoll (1972, Prop.1.8) and Afsari (2011)).

Appendix B. Auxiliary Lemmas

Recall that for each 6,60 € M, we define 17(6’) to be the set of all tangent vectors n € Ty M
such that Expy(n) = ¢'. Define the (Riemannian) subdifferential of f : M — R by

af (0) := {ve TypM | £(0') — f(6) > (v,np(0")) + 0 (d(0,0')) as 6’ — 0} .

Recall that for a subset ® C M, its (Riemannian) normal cone at 6 € O is defined as
(equivalent to (70))

Ne (0)={uecTy|(un) <0 V& ecOVnpen(d)}.

Lemma 38 (Bound on the linear approximation for g-smooth functions) Suppose
the function f : M — R is geodesically L-smooth (see Definition 3) and M is a Riemannian
manifold. Suppose x,y € M and there exists a distance-minimizing geodesic vy : [0, 1] — M
from x toy. Then

|f(y) = f(z) = (grad f(z),7'(0)) | < d2(fﬂ Y),

where d(z,y) is the Riemannian distance between x and y. Moreover, if Exp, (y) is well
defined, the above can be rewritten as

1) — F() — (grad £ (@), Exp; ()| < 5 ()
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Proof Denote the minimal geodesic from x to y as v : [0,1] — M. That is, v(0) = =
v(1) = y, and fo 17/ (s)|| ds = d(x,y). Since the geodesic has a constant speed, we have
17/ (s)|| = d(z,y). Then by the fundamental theorem of calculus,

1 1
Fl6) = £@) = G = F0O0) = [ (FoaY@ds = [ (arad f (20)). 7 (9). .

By Cauchy-Schwarz inequality and geodesic L-smoothness of f,

1 1
/O (grad f ((s)), 7' (8))s) — /0 (grad f (7(0)), 7'(0)). o ds

v(s)

1 1
| e 16 7)) = [ T 2rad £ (2(0) 701,

1

<gradf( (8)) = Ty 0)=(s) &rad f (7(0)), 7’(8)%(8) ds

/ngadf 0)—(s) grad f (v(0))]| 17/ (s)]| ds

gALa<x<mwmws

® 1 g2 lss
2 L6(1)9(0) [ sa

L

= §d2(y7 IL’)

Now the assertion follows by noting that

1
/0 (grad f (7(0)), 7'(0)), o) ds = (grad f (2), 7(0)), = <gradf (z),

Lemma 39 (Additivity of g-smooth functions) Suppose the function f,g : M — R
are geodesically smooth function with positive constants Ly and Lg, respectively (see defini-
tion 3). Then f + g is geodesically smooth with constant Ly + L.

Proof First note that by definition of grad f linearity of D(-), the operator of directional
derivative, for any n € T, M,

(grad f(z) + grad g(z), >x— (grad f(z),n)s + (grad g(x), n)s
D(f)(@)[] + D(g)(z)[n]
—D(f 9)(@)[n].

Therefore by definition, grad f(x) + grad g(z) = grad(f + g)(z).

71



L1, BALZANO, NEEDELL, AND LyU

Also note that the parallel transport 'y, : T, M — T, M is a linear isomorphism,
therefore we have

lgrad(f + g)(x) = Ty grad(f + g)(y)||
<[lgrad(f)(z) — oy grad(f)(y)[| + [| grad(g)(z) — Ta—y grad(g)(y)||
<(Lg + Ly)d(z,y).

Lemma 40 Let (a,),~o and (b,),~, be sequences of nonnegative real numbers such that
>0 o anby < 00. Then

-1
heo Qb -
min b < M =0 Zak
1<k<n D b Ok —
Proof The assertion follows by noting that

n n oo
a min b < apbr < arbr < oc.
(Z k)1<k<’n k_z kk_z kY
|

The following propositions are about the line search method on Riemannian manifolds

and are parallel to the Euclidean versions in Grippo and Sciandrone (2000).

Consider a sequence {zy} € © with partition x; = ($I(€1), e ,l"(gm)) and the searching

)

directions dg € Tg satisfying the following assumptions:

Definition 41 (Gradient related searching directions) Let {d,(f)} € T3 be the se-
quence of searching directions such that they are gradient-related, i.e.,

1. there exists a number M > 0 such that Hd,(j) <M for all k;

2. lign inf (grad,; g,(:) (zx), d;(j)> < 0.
—00

Then we call {d,(j)} gradient related.

An Armijo-type line search method can be described as follows.

Algorithm 2 Armijo-type line search algorithm for surrogates

1: Input: o € (0,1),8 € (0,1); dg) (search direction)
2 Compute ox =min {7 " (Bxp,00 (3'd")) < g’ (0x) + 08 (rad gy (ex) . d}) |
3: output: oy B
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Next, we show some well-known results on the Riemannian line search algorithm. It is
worthwhile to point out that, in what follows, the sequence {xy} is a given sequence that
may not depend on the line search algorithm, in the sense that 41 may not be generated
by line search along di. Nevertheless, this has no substantial effect on the convergence
proof, which can be deduced easily from known results (see e.g., Absil et al. (2009)).

Proposition 42 Let {z;} be a sequence in 0 and let {dp} € T(f)(i) be the sequence of
searching directions satisfies Definition /1. Let oy be computed by Algorithm 2, then

(i) There exists a finite integer j > 0 such that ay = (3;)’ satisfies the acceptability
condition (2);

(ii) Suppose {xy} converges to T and

Jlim g%}, (Exp,, (andi)) — gi, (ax) = 0.

Then
: (i) _
khm grad g, 1 (vx) = 0.

Proof (i) is obvious by (grad; g,(:) (k) ,d,(j)> < 0 and smoothness of g,(j). To prove (ii), sup-
(i)

r+1(zk) # 0. By the choice of search directions

pose for a contradiction that limy_,., grad g
dy, there exists § > 0 such that

<grad g,(:}rl (k) ,dk> < =0 <0 for all sufficiently large k.

k

By the choice of oy, we have

915;21 (zg) — 915;21 (Expxk(ozkdk)) > —oay <grad g,gij_l (k) ,dk> >oapd >0

xy,
for all sufficiently large k. Since g,(:_)H (k) — g,(j_?_l (Exp,, (oxdy)) goes to zero, we must have
ar — 0. Recall that oy ’s are determined from the Armijo rule, so aj = ™ for some
integer m;, > 0 all k > 1. Since ag = o(1), my must diverge, so my > 1 for all k > k for
some integer k > 1. Then a3/8 = ™! < 1, and the step-size % did not satisfy the
Armijo condition. Hence

) 7 o (0% i _
gt (@) = 91, <Expxk<ﬁ’“dk>)<—aﬁ‘f (grad g, (@0),di) . k=F.
T

Denoting

A i ~ Qf
g = gl(c:)—l oExp, and &= —.

g

The inequality above reads

gmk (0) - g:}ck (dkdk)
Qg

< —0 <gradg,g€)rl (k) ’dk>x <o Vk>Ek.

k
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The mean value theorem ensures that there exists ¢ € [0, ] such that

—D g (tdy) ] < =0 (grad g’ (w0) i) . k> E.

Tk

Now since & — 0 and recall that D g, (0)[dx] = <grad 91521 (k) ,dk> , we obtain
Tk

o (9) - (i)
- hklr_1>1£f <grad It (Tk) ’dk>xk < —ahkn_1>g)1f <grad Ghi1 (Tk) ,dk>

Tk

Since o < 1, it follows that lign inf <grad 91(31 (zx) ,dk> > 0, which is a contradiction. H
—00

Tk

Proposition 43 (Properties of inverse exponential map on Hadamard manifold.)
Let M be a Hadamard manifold , (xyn)p>1 C M and o € M,

(i) For any y € M, we have

Exp,!(y) — Exp,, (y) and Exp,'(z,) — BExp, " (x0).

(ii) If v, € Ty, M and v, — vo, then vy € Ty, M
(i1i) Given up, vy, € Ty, M and ug,vo € Ty, M, if u, — ug and v, — vo, then

(U, V) — (ug, vo) -

Proof See e.g., Li et al. (2009, Lemma 2.4). |

Appendix C. Details of Section 5
C.1 Riemannian Hessian on fixed-rank manifold

Here we provide details about why the Euclidean distance function is not g -smooth over
low-rank manifolds, as discussed in Section 5. Let R, C R™*™ be the manifold of rank-r
matrices as in (21). Let X € R,, and without loss of generality, let X = UXV7T where
Ueymr Ve V"™ and ¥ = diag(oy,---,0p) with 01 > -+ > 0, > 0. Following from
Absil et al. (2013, Section 4.3), the Riemannian Hessian of f at X for Z € TxR, is given
by

Hess f(X)[Z] = PxV?f(X)Z + PxDzPxVf(X) (71)
= (V*f(X)Py + PyV?f(X) - PyV?f(X)Py)Z
+VHX)ZTXHT + (XHTZTV (X)),

where Vf and V2f are the Euclidean gradient and Euclidean Hessian of f, Py = UU7,
Py = VVT, X+ = VX~1UT. Px is the projection operator onto the tangent space at X.
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Dy is the directional derivative following the tangent vector Z. A detailed discussion of
these operators can be found in Absil et al. (2013).

Note for a simple Euclidean distance squared function f(X) = || X — Xo|/%, we have
Vf =2(X — Xg) and V2f = 2I. In order to show that f is g-smooth on the fixed-rank
manifold, one needs to verify

Sup max ((Hess f(X)[Z],2)) < C

using (71), where C € (0,00) is a constant (see Nguyen et al. (2019, Lemma C.6)). Below
we give a counterexample to show such a constant C' does not exist.

Take Z = UVT and Xo = —UV™. Note the inner product of the first term in (71) with
Z is bounded. Hence we only need to show the inner product of the last two terms in (71)
with Z can be unbounded. In fact, the last two terms are the same by the cyclic property
of trace,

(XHTZ'V(X),Z2) =Te(XH) T 2TV f(X)2ZT)
=Te(VA(X)Z' (X' Z2T) = (V(X)Z2T(x ), 2).
Therefore we only compute the second term,
(Vi) 2T xNT zy =2uzvivutus—vT ruvivotus=vT zy  (72)
=2Tr((UVHTuvTh) 4+ 2e((Us~vHTuvT)
=2UVvVT|? +2Tr (Vv
=2|UVT|2 +2Tr(=7H).

Now we take a sequence of X*) € R, such that the smallest singular value of X*¥) goes to

zero, i.e., o™ 5 0 as k — oo. Therefore we have (0'7(~k))_1 — o0 as k — oo. Hence (72)

is unbounded. We conclude that f(X) = || X — Xo||% is not g-smooth on the fixed-rank
manifold.

C.2 Details of Section 5.2

We give the details of the MM update for © (Blocker et al., 2023). For fixed H and Y, we
first simplify (34),

T'(H cos (6t;) + Y sin (01;)) 2

I (73)

k
Z 7.5 cos (205t; — ¢i i) + bi .

where 6; is the j-th diagonal element of ©. Defining arctan 2(y, z) as the angle of the point
(z,y) in the 2D plane counter-clockwise from the positive z-axis, the associated constants
i j» @i, b j in the above equation are defined as

¢;; = arctan 2 (ﬁm-, O”;”) , aij = [H' XX H], .
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2
i —
Tig = \/<J27”> + 575, B;,; = real { [YTXZ-XZTH]].J.} :
bij = % g = [YTXXTY]

Note that (73) is separable for each diagonal element §; of ©, so we could find the minimizer
separately by a univariate minimization. Let

T

fﬁzl,j (6;) = =Y _(rij)nt1cos (205t; — (¢ij)nt1) + (big)nt1,
=1

which is the marginal objective function at iteration n+1 for the j-th diagonal component of
©. The subscript n+ 1 outside the parenthesis denotes values of the parameters at iteration
n + 1. The gradient, which actually becomes scalar, is given by

T
VI 05 = F2 0 =2 (i) naatisin (205t — (di5)nr1)

=1

which is Lipschitz continuous with parameter Lni1j=43F (i) nsat?. We consider the

following prox-linear majorizer of f ni1,;: For A> Ly,

a2 (05 = 125 (07)n) + VI (07)n) (0 = (07)n) + 5 (05— (6;)n)”
where (6;), is the value of 6, at iteration n.
Then by using (22),
(041 = arg mingfiljw-)
~ Projg ((9 b= 392 ()0
= B0~ VA (6D

C.3 Details of Section 5.3

The following propositions from Atkinson and Mitchell (1981) give the closed form of Fisher-
Rao (FR) distance under certain circumstances,

Proposition 44 (FR distance for Gaussian distributions with identical mean) If
N ({1, X0) and N (fi,%21) are Gaussian distributions with identical mean i € R™ and covari-
ance matrices ¥o, X1 € S} |, the set of n X n positive definite matrices, we have

1 _1 _1
d(z(bzl) = = IOg <E 2202 2) )
V2 ' AP
where log(-) represents the matriz logarithm, and || - || stands for the Frobenius norm.
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Remark 45 It is worthwhile to point out the FR metric on the tangent space TsS" , at
¥ € S, can be re-expressed as (see Atkinson and Mitchell (1951, p. 382))

1 e e n
(Q1, Q)5 2 5 (S 1HEY) VO, Q€ TEST,.

Proposition 46 (FR distance for Gaussian distributions with identical covariance)

IfN <u0,2> and N (ul,f)) are Gaussian distributions with identical covariance matrix

¥ € S, and mean vectors jig, p1 € R™, we have

J(uovm):\/(uo—m) 371 (po — ).

Next, we show the optimization problem in (37) satisfies our assumptions for RBMM.
We first cite the following proposition from Nguyen et al. (2019), which states the geodesical
convexity of the constraint sets.

Lemma 47 (Convexity of constraint sets) 0w and ©@ are strongly convez.

The following lemma shows the geodesical smoothness of fél) and fy(f), aiming to show that
f(u,X) satisfies (A0)(i).

Lemma 48 (Geodesic smoothness of marginal objective function) For problem (37),
we have

1. fT(Ll) is (geodesically) L( -smooth with L = 1/Amin(En).

2. f,?) is geodesically Lg)—smooth with L%) = 2)\max(5’n))\min(§)*1 exp(v/2p2).

We also need a uniform upper bound for L%l) and Lg). The following proposition gives
lower and upper bounds for the eigenvalues of & € ©2),

Proposition 49 (Property of Fisher-Rao ball (Nguyen et al. 2019)) The FR ball
0® has the followmg property. For any ¥ € ©@), we have )\mm( )e —V2p2 . I, < ¥ <
Amax( ) pr : n

We further set a fixed p; given in the following proposition in order to upper bound Apyax(Sy).

Proposition 50 Let the radius p; in ©W) to be

pr=_max |zm—pl.

Then Amax(Sn) < 4p%
Proof Recall that ©( {,u, ER™: (u— )T (u—p) < p? } and i = M Zm 1 Tm-

Now with p; = max,, Ha:m fi||2 we have

tr ((wm — pin) (T, — un)T> = tr ((:Um — )T (2 — un)) < 4p3, for 1<m <M.

=N

therefore A\pax(Sp) < tr (maxm (T — ,un)T (T — ,un)) <dp |
Lemma 48 together with Prop. 49 and Prop. 50 gives
L ) < 1/Amin(2)e ~V22 and Lén) < 802 Amin(2) "V exp(v2p2)  for all n.

which shows f(u, ) satisfies (A0)(i).
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