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Abstract

Since its introduction in 2017, the Transformer has emerged as the leading neural
network architecture, catalyzing revolutionary advancements in many Al disciplines. The
key innovation in Transformer is a Self-Attention (SA) mechanism designed to capture
contextual information. However, stacking up more layers of the same design has failed to
produce trainable deeper Transformers. Thus far, various architectural modifications to the
original design have been proposed to enable deeper depths for Transformer models, but
a thorough understanding of this depth issue remains lacking. In this paper, we conduct
a comprehensive investigation to substantiate the claim that the depth problem is caused
by a phenomenon called token similarity escalation; that is, tokens grow increasingly alike
after repeated applications of the SA mechanism. Our analysis reveals that, driven by the
invariant leading eigenspace and large spectral gaps of attention matrices, token similarity
provably escalates at a linear rate as the depth increases. This insight suggests a simple
technique that surgically removes excessive token similarity without reducing the overall
role of the SA mechanism, as is done by existing approaches. We perform a set of proof-
of-concept, small-scale experiments to show the viability of the proposed depth-enabling

technique.

Keywords: Transformer, Self-Attention mechanism, Token similarity, Escalation and

De-escalation, Deep neural networks

1. Introduction

The Transformer architecture (Vaswani et al., 2017) for neural networks, incorporating self-

attention (SA) mechanisms (Vaswani et al., 2017), residual connections (He et al., 2016),
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layer normalizations (Ba et al., 2016) and conventional feedforward networks (Haykin, 1994),
has revolutionized various areas of Al, including natural language processing, computer vi-
sion and beyond (Bommasani et al., 2021; Brown et al., 2020; Dosovitskiy et al., 2020; Devlin
et al., 2019; Liu et al., 2021; Vaswani et al., 2017). One of the key strengths of Transform-
ers lies in their scalability, enabling significant performance improvements through the use
of larger models, more data, and increased computational resources (Brown et al., 2020;
Radford et al., 2019; Touvron et al., 2023). However, further increasing the depth of trans-
formers is by no means a task without obstacles. Some authors, including (Ethayarajh,
2019; Gao et al., 2019), have observed that the representation power of Transformer-based
deep models is rather limited to the extent that the learned embeddings only occupy a small

portion of the representation space.

1.1 Token Similarity

Recent investigations on deep Transformer models, including but not limited to (Dong et al.,
2021; Ethayarajh, 2019; Gao et al., 2019; Li et al., 2020; Mu and Viswanath, 2018; Noci
et al., 2022; Yan et al., 2022), have shed light on the occurrence of a phenomenon that has
been called by different names, including token uniformity, rank collapse, representation
degeneration and representation anisotropy. In this paper, we will use the term token
similarity with a precise and distinctive definition. In plain language, token similarity
means that as a representation matrix X € R"*? traverses through layers of a Transformer
model, the n rows, or tokens as they are called, in X grow increasingly similar to each other,
thus substantially reducing the model’s expressive capacity and hindering the training of
the model (Noci et al., 2022).

To quantitatively measure token similarity, researchers have proposed a number of mea-
surement methods. For example, the following cosine similarity (Ethayarajh, 2019) calcu-

lates the average cosine similarity between all pairs of tokens,
rlz;
tcos( Z Z I (1)
2 2 T s

where x; € R? is the i-th row of X € R"*? and || - || is the Euclidean norm.
As a similarity measure, the cosine similarity can adequately fulfill its purpose. How-
ever, to facilitate our theoretical analysis we need to define a technically more manageable

measure called token similarity.
Definition 1 Given any non-zero matriz X € R™*?, the token similarity of X is

tsim (X) = [T X |2/ X]E € [0,1]
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where Ty = 117 /n € R™ ™ and 1 is the vector of all ones in R™. The token diversity of X
18
tain(X) = Mg X |3/ XE € [0,1],

where i = I — Iy € R™™. Clearly, the similarity and diversity of X sum up to unity.

For convenience, we will on occasions also use the notation: II; = Iy and Iy = Hf

We observe that tg, (X) = 1, or tg;,(X) = 0, if and only if X = 10T for some v € R?;
that is, all rows of X are the same.

We start with examining how token similarity evolves in two well-known Transformer
models: BERT (Devlin et al., 2019) and ALBERT (Lan et al., 2019), both following the
original (or classic) encoder architecture as proposed by (Vaswani et al., 2017). We utilized
the package Hugging Face (Wolf et al., 2019) to conduct this experiment where we set
the model depth to 100 for both BERT and ALBERT and initialize model weights by the
package default. In Figure 1, we plot token similarity tg;m, (X), cosine similarity tcos(X)
and, for BERT model, gradient norm (with respect to model weights) at each Transformer
layer (or block, as is often called).! From Figure 1, we observe that, as the depth increases,
in either model both token similarity and cosine similarity escalate to unity, where the
escalation patterns for the two measures appear almost identical. We also observe that the
gradient norm value in BERT remains roughly at a constant level, which indicates that in

this case gradient vanishing or exploding is not occurring.
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Figure 1: Values of token similarity (left), cosine similarity (middle), and gradient

norm (right) at each block in 2 Transformer models at default initialization.

As mentioned earlier, it remains to be fully understood why classic Transformer archi-
tecture yields outstanding results with shallow models but becomes “useless” with deeper
ones (Takase et al., 2023). Our experiments in Figure 1 strongly suggest that the root

cause be token similarity escalation. In this paper, we conduct a systematic analysis to

1. We excluded ALBERT from the gradient norm experiment since it uses the same set of weights through-

out all blocks.
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substantiate this assertion and to address two fundamental questions: why token similar-
ity escalates and how fast it escalates. Our theoretical and empirical results will provide
definitive answers to these questions.

In the sequel, we will use capitalized Transformer(s) to refer to models based on the
“classic” architecture as originally proposed by (Vaswani et al., 2017), while subsequently

proposed modifications will be referred to as transformers in small letters.

For ease of exposition, we will assume the encoder architecture as the default architec-
ture. Later in Section 2.6, we will discuss how to apply obtained results to the decoder

architecture.

1.2 Related Works

A number of recent works have noticed depth-related problems with deep Transformers; for
example, the learned word embeddings may degenerate into lying in a narrow cone (Etha-
yarajh, 2019). Dong et al. (2021) prove that in pure self-attention models without skip
connections, the representation matrix would converge to a rank-one matrix with identical
rows, a situation that they call token uniformity, while they also claim that skip-connections
should be able to resolve this problem. However, more recent works (Yan et al., 2022; Noci
et al., 2022) for example, have observed that residual models still encounter the same token
uniformity problem. In this paper, we will use the term token similarity in order to utilize
a distinct definition and avoid possible confusion with previously defined measures.

A variety of approaches have been explored to tackle difficulties caused by or related
to token similarity. Some works have incorporated regularization terms into the training
objectives (Gao et al., 2019; Wang et al., 2019a; Zhang et al., 2020) or introduced con-
trastive learning (Gao et al., 2021; Qiu et al., 2022) to alleviate the so-called anisotropy
problem. Additionally, researchers have adopted post-processing strategies to normalize
word or sentence embeddings (Huang et al., 2021; Mu and Viswanath, 2018) or transform
learned representations into alternative distributions (Li et al., 2020; Yan et al., 2022) to
obtain more isotropic representations. Moreover, Noci et al. (2022) use so-called residual
branch scaling (Bachlechner et al., 2021) to slow down rank collapse. He et al. (2023) pro-
pose an approach termed “next-token prediction” to slow down rank collapse in skip-less
Transformers (at a cost of prolonged training time). In essence, these techniques reduce,
explicitly or implicitly, the role of self-attention relative to other operations.

Some researchers try to explain difficulties in deeper Transformers from the perspec-
tive of gradient instability. For example, authors such as (Wang et al., 2019b; Liu et al.,
2020; Xiong et al., 2020) conclude that training deep Transformers of the original design
is unstable, resulting in bad performance. Recently, Noci et al. (2022) prove that when X

is rank-one, then certain gradient components would vanish at initialization. Zhai et al.
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(2023) observe that the gradient is unstable when the so-called attention entropy collapses.
On the other hand, Takase et al. (2023) give empirical evidence that at least in an encoder,
the gradient norms in different blocks do not rise or fall significantly.

In the literature, the original Transformer architecture is now often called the post-norm
(or post-LN) architecture where layer normalizations are applied after residual connections
are added (Vaswani et al., 2017). To address difficulties in deep post-norm models, a
variant called pre-norm (or pre-LN) architecture has been proposed (Wang et al., 2019b;
Xiong et al., 2020), where layer normalizations are applied to the input of each sub-layer.
It appears that contemporary large language models, for example (Touvron et al., 2023;
Brown et al., 2020), have widely adopted the pre-norm architecture. Nevertheless, with
shallow models a noticeable reduction in generalization performance has been reported for
pre-norm models in comparison to their post-norm counterparts (Wang et al., 2019b; Xiong
et al., 2020). In this paper, our analysis and experiments concentrate primarily on the

classic, post-norm architecture.

1.3 Contributions

Despite some theoretical works (Dong et al., 2021; Noci et al., 2022) on factors influencing
token similarity, our literature review suggests that there has been no analysis that ac-
curately quantifies the token similarity dynamics in the original Transformer architecture:
why escalation starts and how fast it develops. This work provides such a quantitative

analysis for the first time.

e By analyzing a well-defined measure of token similarity dynamics, we prove that the
SA-plus-residual sub-layer in the Transformer architecture increases token similarity
by default upon standard initialization and in expectation. Our theory, together with
strong empirical evidence, reveals why token similarity escalates and how fast it does
so. That is, (i) the driving force behind the escalation is none else but the invariant
leading eigenspace of and large spectral gaps in self-attention matrices (while other
operations in the Transformer block do not interfere with the escalation process); and
(ii) the similarity measure converges to 1 at a global linear rate which eventually

accelerates to the local rate of 1/2 under the standard setting.

e Based on the insights gained from our analysis, we propose a simple de-escalation
strategy to remove excessive similarity and restore expressivity in deep Transformer
models. Our preliminary experiments have confirmed the efficacy of the proposed
strategy, substantially improving the training quality for very deep post-norm Trans-

formers. In contrast to existing techniques, our proposed method does not discount,
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explicitly or implicitly, the role of self-attention mechanism relative to other compo-

nents.

1.4 Notation

In general, matrices are denoted by upper-case letters and vectors by lower-case letters.
For any square matrix M, let \;(M) be the i-th eigenvalue of M arranged in a descending
order in magnitude unless otherwise specified. We use [W];; to denote the ij-th element of a
matrix W, and will do so similarly for vector elements as well. We denote E[-] := Epy,. wuw[]-
By default, the vector norm || - || is the Euclidean norm. The symbol 1 denotes the vector
of all ones in R”, and e = 1/y/n. We reiterate that capitalized Transformers are reserved
for models based on the classic architecture, while later proposed modifications are referred
to as transformers in small letters. We will occasionally use the notation II; = II; and

Il = I1{. For brevity, we will use the acronym TSE for Token Similarity Escalation.

2. Analysis of TSE in Transformer

In general, a Transformer model can comprise both an encoder and a decoder. In this
paper, our focus will be solely on the encoder side of Transformer models. Precisely speak-
ing, our analysis is for Transformer encoders with random weights (which is the case at

initialization).

2.1 Transformer Architecture

We will start with single-head Transformer layers and then show that our results extend to
multi-head layers as well. An L-layer (encoder only) Transformer is the repeated composi-

tion of a layer function, say, Y = postLIN(X), by L times:

Y = Transformer(X) := postLN o - - - o postLN (X).

L ti?nes
We formalize the Transformer layer function Y = postLIN(X) into Algorithm 1 below,
which follows exactly the original architecture as proposed in (Vaswani et al., 2017), and
is organized into four steps for our treatment convenience. A few comments about the

Transformer block in Algorithm 1 are in order.

e In Step 0, we allow the generality of utilizing different formulas for computing an
attention matrix P = P(X). Besides X, such formulas also involve their own learnable

weights that are not explicitly shown.

e The matrix product term in Step 1 is called self-attention (SA) where the attention

matrix P(X) is applied to X itself to form a nonlinear operation that also includes
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Algorithm 1: Y = postLN(X)

Input: X € R™*? (with weight matrices W, Wy, Wo and scalar a > 0).
Compute a row-stochastic, attention matrix P = P(X) € R"*".

SA plus Residual: Y1 =X+ aPXW.

Layer Normalization: Y2 = LN(Y7).

FFN plus Residual: Y3 = Y5 + ¢(YoWq)Wh.

Layer Normalization: Y; = LN(Y3).

Output: YV := Y, € R"*¢

= o

=W N

the multiplication by a weight matrix W € R%*¢ from the right. Next to W, a posi-
tive parameter « is introduced to balance the contributions from the SA mechanism
relative to the residual (or skip connection) term X. For weight matrices of a given

norm, the smaller « is, the lesser role SA would play relative to residual.

e The term in Step 3 is a feedforward network (FFN) with activation function ¢(-)
and two weight matrices Wi € R%>? and W, € R7%¢ where the column size g is
usually greater than d. In our experiments, we will use the popular ReLU function

for activation by default unless otherwise specified.

e In Steps 2 and 4, layer-normalizations are applied row-wise to the input matrix. More
specifically, for any vector x, LN(z) = v(z — p)/o + A where u is the mean and o is

the standard deviation of x, and v and A are learnable parameters.

The impact of weight matrix initializations on model training has been widely studied
since the use of an initialization scheme may determine the success or failure of training, see
a recent survey (Narkhede et al., 2022) on this subject. In our analysis and experiments,
we will investigate the TSE phenomenon mostly under the widely used Xavier initializa-
tion (Glorot and Bengio, 2010).

In our experiments, we use the standard softmax formula (Bridle, 1990) to construct
attention matrices P (though we have tried other formulas without notable differences),
which is defined as follows. For X € R™*9 compute M = XW,(XW;,)T/v/d € R™" and
let

[P(X))ij = exp ([M]i) /> exp ([M]ir) . (2)
/=1

where W, and W}, are weight matrices with elements drawn uniformly from (—1,1)/v/d.



YU AND ZHANG

2.2 How Self-Attention Drives TSE

In this subsection, we conduct a comprehensive analysis on how token similarity escalates
after each time the self-attention step ¥ = X + aPXW is carried out. We first motivate

our analysis using a power-method-based intuition.

2.2.1 AN INTUITIVE INTERPRETATION

The reason behind TSE can be intuitively explained by extending the idea of the power
method for computing the largest eigenvector of a matrix. For any stochastic matrix P,
the largest eigenvalue is always 1 corresponding to the leading eigenspace span{1}. From
the convergence theory of power method, we know that if the second largest eigenvalue
|A2(P)| < 1 and Mgz # 0, then { P*x} converges to span{1} as k goes to infinity. In a similar
spirit, for a sequence of stochastic matrices {P;} for which {|\2(P;)|} is uniformly bounded
away from 1, the sequence { Py - - - PPz} will also converge to span{1} as k goes to infinity,
under some additional technical condition (e.g., see Wolfowitz (1963); Coppersmith and Wu
(2008)). Moreover, for any o > 0 and a normalization sequence {c; := 1/(1 + a)*} C R,

one could also expect that as k — oo,
k(I +aPy) - (I +aP)(I+ aPy)x — span{l},

since all matrices in the sequence {(I + aP;)/(1 + «)} are still row-stochastic and having

second-largest eigenvalues uniformly bounded away from 1, in view of

L+ ahi(P))] o 1+ aldi(B))]
1+« - 1+«

<1, Vi>1.

Now consider a sequence of SA operations (including the residual connection):

SA;(X) =X +aPXW;, i=1,2,3,-

R%*4 and a stochastic matrix P, =

each of which is associated with a weight matrix W, €
P;(X) € R"™". In addition to the SA operation, each Transformer block also utilizes other
operations (feedforward network and layer normalizations). However, these other operations
have no impact on TSE which is solely driven by the SA operation, as will be demonstrated
later. Specifically, the driving force is the spectral properties of P;, while the fact that P,
depends on X is inconsequential. Hence, roughly speaking, the escalation process can be
characterized as

ck(SAgo---0SAp 0SA)(X) — span{]le;‘-ﬁ}?zl, (3)

where e; € R? is the unit vector with the j-th entry being unity, and {c,} C R is a proper

normalization sequence. In terms of the TSE behavior, each of the above SA; operators can
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be viewed as a linear operator with a fixed leading eigenspace given in the left-hand side of
(3).

The above intuitive interpretation motivates us to conduct a comprehensive analysis on
TSE. To do so, we need to develop a rigorous approach to analyzing a precisely defined

quantity that is critical for our TSE analysis.

2.2.2 A THEORETICAL ANALYSIS

We start by stating some basic assumptions and facts.

Assumption 1 In the self-attention formula Y = X + aPXW,

1. the matriz W € R%? s randomly initialized so that elements of W are all independent

with mean-zero and variance o2;

2. the matriz P is row-stochastic (or right-stochastic or Markov) so that P1 = 1 with

the spectral radius equal to one (for example, see Horn and Johnson (2012)).
Under Assumption 1(1), there hold
EW]=0ec R and E[WWT]=do’I € R (4)
We recall the definitions of token similarity, diversity and the relationship between them:
toim (X) = [ X5/ X[1F, taiw(X) = [T X B/ 1X N7 tsim(X) + tan(X) = 1.

Token similarity of X equals 1 implies the rank of X being 1. However, it is entirely possible
that when token similarity is fairly close to 1, say tg;,(X) = 0.99, X is still numerically full-
rank. Therefore, using the continuous quantity tg;,,(X) to measure similarity is much more
reasonable than using the discrete quantity rank as a measure of quality for representation
(or embedding) matrices.

We now introduce a critical quantity called TSE rate, or simply escalation rate.
Definition 2 For a pair of matrices X,Y € R™% 50 that tsim(X),tsim(Y) € (0,1), the
escalation rate from X to Y is

1-— tsim(X) o td’iv(X)
1- tszm(Y) B tdiv(Y) '

r(X,Y) = (5)

Clearly, r(X,Y) > 1 implies that Y has a higher similarity (or a lower diversity) than
X does. For Y = X + aPXW, we aim at analyzing the expected value of r(X,Y’) with
respect to the random matrix W under Assumption 1. The following proposition gives a
key identity for the TSE rate r(X,Y") that facilitates our analysis.
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Proposition 3 Given X,Y € R™% with tem(X),tsm(Y) € (0,1), let r(X,Y) be the
escalation rate defined in (5). Then the following identity holds

T(X,Y) =1+ (&1/& — 1) tsim(X), (6)
where Iy |2

P = zX,Y Z:#, ':1,2. 7

ST = g "

Therefore, r(X,Y) > 1 if and only if & > &s.

Proof We first note that ||Y]|%/]|X[|% = &1tsim(X) + Eatain(X). By direct calculations,

taiv(X) HYH%/HXH% E2(1 — tim (X)) + &1bsim (X)
= = =1+ (&/& — Dtsim(X).
tai(Y) [T Y )35/ X3 &2
The second statement is obvious. [ |

Proposition 3 indicates that as long as & > &, token similarity of ¥ will be larger than
that of X; in other words, there happens an escalation in token similarity from X to Y.
For the SA-plus-residual step Y = X + aPXW we aim to analyze the expected escalation
rate with respect to W, that is,

Elr(X,Y)] =14 (E[&/&] — 1) tsim(X). (8)

The roadmap of our analysis is as follows. In order to estimate E[¢; /&2], which in general
does not allow a closed-form formula, we show instead that under mild conditions &; /& is
highly concentrated at E[¢1]/E[€2]. Then it will suffice to estimate E[£; /€] through the two

individual expected values, E[¢;] and E[€2], which are calculated in the lemma below.

Lemma 4 Given X € R™4 P e R™"™ W € R™ gnd o > 0, let Y = X +aPXW. Under

Assumption 1, the expected values of &, i = 1,2, with respect to W are, respectively,
El&i] = 1+ a’do?yf, i=1,2, (9)

where & are defined in (7), and

_ |ILPX|p

Furthermore, there hold the bounds for pi and ua,

M% > (1 _w)2a ,LL% < 62a (11)

where

w=le" PIT X||/|e"X|| and &= |z P|-. (12)

10
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A proof for this lemma will be presented in the Appendix A.1.

Proposition 5 Given X € R™*?¢ P ¢ R W € R¥>? gnd o > 0, let Y = X + aPXW.
Under Assumption 1, there holds

a’do? 9 9
B (Y] = 1+ (5 O = ) — Bl ) tn ) (13)
where
n:=E[&]/E[&2] — &1/&, (14)

The equality (13) follows from replacing E[¢1/&2] by E[£1]/E[£2] —n in (8), and then substi-
tuting in the expressions for E[¢;] and E[£2] given in (9).

We will use some concentration inequalities to show that under suitable conditions the
quantity E[n] will be amply small so that TSE occurs with overwhelming probability. Our
main theoretical result is given as the following theorem. To state the result, we first note

that when one of the two inequality in (11) is strict, the following condition must hold
max {p} — (1 —w)?,6* — p3} > 0. (15)

Theorem 6 Given X € R™4 P ¢ R W € R gnd o > 0, let Y = X + aPXW.
Assume that the elements of W € R¥™ 4 are independent, mean-zero, sub-gaussian random
variables with sub-gaussian norm equal to ¢ = 1/v/d, and (15) holds. Then there exists
dyx > 0 such that for all d > d,, the expected escalation rate satisfies

a?

> -
Efr(X, V)] 2 1+ 7

(1= w)® = 6%) tagm(X) > 1 (16)
whenever w + 6 < 1.

The proof for Theorem 6 will be given in Appendix A.4, built on multiple technical lemmas
including an explicit, but rather involved, formula for d, (see Lemma 15).

The most critical quantities in the bound (16) are w and §. Whenever these two numbers
are small, TSE happens; and the smaller they are, the faster is the escalation rate. The
following corollary considers a few special situations for the attention matrix P, indicating
that spectral properties, especially spectral gaps, of P play a key role in the TSE process.

This corollary can be directly verified from the definitions of the involved quantities.

Corollary 7 Let the conditions in Theorem 6 hold. When P is doubly stochastic, then
w1 =1 and w = 0. In this case, for o = 1 the expected escalation rate estimate in (16)

reduces to

1— 62

> -7
Ef(X.¥)] 21+ o

tsim (X).

11
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Moreover, when P is symmetric (thus doubly stochastic), then % = |Xo(P)|? and

1—|X2(P)

B (XY 2 14 e

tsim(X)7 (17)
where \o(P) is the second largest eigenvalue of P in modulus, and 1 — |\o(P)|? serves as a

measure of the spectral gap of P.

As we will empirically demonstrate later, in practice formula (17) turns out to be a bet-
ter estimate for E[r(X,Y’)] than the guaranteed lower bound in (16) which can be overly
conservative. It is worth noting that as ts;,(X) becomes close to 1, the corresponding at-
tention matrices P(X) computed from the softmax formula (2) (and those from most other
formulas as well) will be close to 117 /n, which is symmetric with \y(P) = 0.

Aside from tg;,(X), the estimation formula in (17) is entirely determined by the spectral
gap of P. If |A2(P)| = 1 (say, for P = I), then no escalation would happen. But if
|[A2(P)] < 1, the escalation rate can be large, which in fact is what happens in reality
for random-like row-stochastic matrices P even though P is asymmetric in general. This
phenomenon not only happens for P computed by the softmax formula (2), but also for P

computed by other formulas as well.

Remark 8 Some comments are due for Theorem 6 concerning the acceleration of TSE.

o The term tsim(X) in (16) or (17) plays a role of accelerator for TSE. That is, the
larger it is, the faster is the escalation since the factor in front of tsim(X) does not
vary significantly. As tsim(X) goes to 1, both w and & converge to 0 so that the
estimated escalation rate on the right-hand side of (16) approaches its mazimum at
1+ a?.

e If we consider the convergence of similarity to 1 (or diversity to 0), then the rate is
linear and asymptotically 1/(1+a?) = 1/2 for a = 1. Experiments show that the rate

1/2 occurs quite early in practice, resulting in a fast linear convergence.

Next, we show that the above TSE result can be straightforwardly extended to the case
of multi-head self-attention. For this purpose, it suffices to show that in the multi-head
case, the expected escalation rate E[r(X,Y’)] has an identical expression as in (13) for the
single-head case except that in the former case, relevant quantities are the average over

multiple heads. Now assume that the number of heads is h and d is divisible by h.

Proposition 9 Given X € R™™4 P, € R™" and W), € R>*¥" for k = 1,--- ,h, and
a>0, let
Y=X +05[P1XW1 PQXWQ ce PhXWh].

12
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Under Assumption 1 (with column number d for W changed to d/h for all Wy,),

a’do?
B Y] = 1+ (5 g O = 1) — Bl ) tnC0) (18)

where n is defined as in (14) and

IL; P X
Z” XL,
XT3

The proof for this proposition is given in Appendix A.5.

Compared to (13) in Proposition 5, we see that the only difference in (18) is that u? are
replaced by fi? which are the average across multiple heads. Additionally, the bounds in (11)
for p? also hold for their average counterparts ji¢ once we replace (1 —w)? and 62 by their
corresponding average counterparts, that is, ji;2 > %22:1(1 —wy)? and 2 < %ZZZI 52
where quantities with k-indices are still defined as in (12) except now associated with
different P’s.

Equipped with Proposition 9 and following the same line of arguments, we can readily
derive the counterpart of Theorem 6 and thus extend our TSE analysis from the single-head

case to multiple-head cases.

2.3 Other Steps Do Not Impact TSE

We first examine the FFN Step in Algorithm 1. We are not aware of any previous report
that the classic FFN architecture has any involvement with TSE under any circumstances.
This is easy to explain from the following column-space viewpoint. Essentially, TSE implies
that the column space of X is moving towards the subspace span{1}. However, in FFN,
the right-multiplications of X by weight matrices do not change, in one way or another, the
column space of X at all. For example, if II; X is small relative to ITy X, then so should
be (ITf X)W relative to (ITy X)W for any generic W. Furthermore, no discernible reason is
seen to expect any impact on TSE from the usual element-wise activation functions such
as ReLU. On the contrary, it is evident that the subspace span{1} is invariant under any
element-wise activation function ¢ : R — R. Therefore, such functions actually preserve
similarity of X and do not interfere with the TSE process.

Next we examine the impact of layer normalizations on TSE. The layer normalization
function Y = LN(X) € R™*? can be expressed (without scaling and shifting) as

Y = DX (I -141%/d),

where D is a diagonal matrix with [D];; = 1/, and o2 is the variance of the i-th row of X.

Clearly, if X = 1v?, then its column space span{1} is invariant under layer normalizations

13
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since the D-matrix is a multiple of identity. This indicates that layer normalizations do not
de-escalate high token similarity. Moreover, if the elements of X are independently random
with a fixed variance, then the corresponding D-matrix will also be close to a multiple of
identity, thus approximately preserving the column space of X. In either case, the TSE

process is not observably interfered with by layer normalizations.

2.4 Experimental Verification

In this subsection, we provide some strong empirical evidence to corroborate our theoretical
results. Our experiments are carried out on multi-head, Vision Transformers? that follows
the block architecture given in Algorithm 1. We observe some key quantities at each block
at the initial state where the input matrix X € R™ ¢ is randomly drawn from the stan-
dard normal distribution A(0,1) and the weight matrices W}, are randomly initialized from
N (0, %I ) (while other weight matrices are initialized using the default method in the code).
The model parameters are set to n = 64, d = 512, h = 8, a = 1 and the depth is set to 20.
We always calculate attention matrices using the softmax formula (2)(though preliminary
trials suggest that other formulas would essentially give the same results). We mention that
the above experimentation setting, with different depth values, will be again used in the
next section.

In the first experiment, we run 50 independent random trials. The average values of

several important quantities are presented in Figure 2.

Similarity(X) £1/&>

6 and w
1.0
2 W 10-1 —]

0.8 w

1072
0.6 = Step-1 SA plus Residual

Step-2&4/Layer Norm 1073

0.4 = Step-3 MLP plus Residual

1074
o2 ~ 10-5
0.0 T T T ! T T T v T T T v

5 10 15 20 5 10 15 20 5 10 15 20
Number of Blocks Number of Blocks Number of Blocks

Figure 2: Average values of token similarity, &; /&2, § and w over 50 trials. At each multi-

head block, ¢ and w are also averaged across the eight heads.

From the left plot in Figure 2, we observe that similarity monotonically increases
throughout all blocks, approaching the maximum before block 15, due to the fact that
in Step 1 the (sampled) mean of & /& stays around 2 from the very beginning, while the

other three steps have a negligible impact on token similarity (since &;/2 ~ 1), as can be

2. https://github.com/lucidrains/vit-pytorch
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seen in the middle plot. Moreover, we see from the right plot that the quantities § and w

WHY “CLASSIC” TRANSFORMERS ARE SHALLOW

are far less than 1 from the start and quickly approach 0 as the depth increases.

Similarity(X) E[£1/6,] - 1 & Estimates E[r(X, Y)] & Estimates
1.0 1.1 201
0.84 1.84
1.0 | =
0.6 1 161
0.4+ 1.4
0.9+ = Sample-mean —— Sample-mean
0.21 Estimate 1 1.2 Estimate 1
= Estimate 2 = Estimate 2
0.0 0.8 1.04
5 10 15 20 5 10 15 20 0 5 10 15 20

Number of Blocks

Number of Blocks

Number of Blocks

Figure 3: Average values over 1000 trials of token similarity, &;/&2 — 1 and r(X,Y") and

their estimates from (16) and (17) for the latter two quantities

In the second experiment, we only randomize the weight matrix W in Step 1 and run
1000 trials, while fixing all other quantities including X. This is exactly the same setting
under which we derived expected values for relevant quantities in our analysis. In Figure 3,
the left plot gives the average token similarity of X which looks visibly identical to the one
given in the left plot of Figure 2.

In the middle plot of Figure 3, we present the sample mean of £ /& — 1 and the two

estimates given in (16) (with o = 1) and (17). Namely, Estimate 1 and 2 are, respectively,

1— Ao (P)?

(1—w)? - 62
L+ Ao (P)P*

1442 and

It is interesting to observe that although Estimate 2 is theoretically valid only for symmet-
ric attention matrix P, in the experiment it actually provides a closer approximation to
E[¢1/€2] — 1 than the guaranteed lower bound in Estimate 1. This experiment exemplifies
the argument that large spectral gaps of attention matrices are one of the real driving forces
behind TSE, considering that Estimate 2 only depends on A2(P).

In the right plot of Figure 3, we present the sample mean of r(X,Y’) and the corre-
sponding two estimates. As we can see, the three curves are nearly identical. This is due to
the fact that, in either (16) or (17), the token similarity term dominates the factor in front

of it which varies relatively mildly.

2.5 Discussion

Our analysis reveals that the driving force behind TSE is two-fold: 1) the existence of the
invariant leading eigenspace, span{l}, for all attention matrices which are stochastic (or

Markov), and 2) large spectral gaps commonly present in computed attention matrices.
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Indeed, it has been established in (Bordenave et al., 2012) that, under mild conditions,
n by n stochastic (or Markov) matrices generated from normalizations of i.i.d. nonnegative
random variables almost surely have large spectral gaps of the order 1 —O(1/y/n) (see also
the earlier work Chafai (2010)). With randomly initialized weights in their construction,
attention matrices are random (and stochastic) to also possess large spectral gaps with
high probability, even though they may not necessarily or strictly satisfy all the required
theoretical assumptions such as i.i.d. randomness.

Our similarity measure tg;,(-) converges to 1 at a global linear rate while it itself also
helps accelerate the rate. The asymptotical rate of convergence reaches 1/2 when o = 1. In
view of the fact that 0.5'0 < 1073, this fast linear convergence explains why, under standard
initializations, classic Transformers start to show some instability once the number of layers

exceeds ten or so.

2.6 TSE in Decoder Models

Unlike BERT-based models, which adopt the Transformer encoder with bidirectional atten-
tion, GPT-based models are built on the Transformer decoder with unidirectional (causal)
attention, see (Naveed et al., 2023). The difference is in the structure of attention matrices
used. Decoder models use masked attention matrices that are lower-triangular, ensuring
that each token can only attend to itself and preceding tokens.

It should be clear that our basic analysis applies equally to decoder models. Specifically,
the basic result, Theorem 6, holds regardless of the structure of the attention matrix in use.
On the other hand, whether TSE occurs, and how it behaves when it does occur, depends
on the spectral gaps of the attention matrices involve. For decoder models, we need to
examine the spectral gap of triangular attention matrices at random initialization.

To gain intuition about the spectral properties of triangular attention matrices, we

consider the following realistic but simplified scenario. Let P € R™*™ be a random lower-

triangular row-stochastic matrix constructed as follows. For each row ¢« = 1,...,n, draw
i.i.d. random numbers r;1,...,7; and let s; = ZZZI ek, Then set
e’is .
o I1<j<tq
Pij = 7
0, 1<j<n.

Since P is triangular, the eigenvalues of P are obviously its diagonal entries. It is straight-

forward to see that the expected value of the i-th eigenvalue is

1
EN(P) =E[Py] ==, i=1,...,n.
i
In fact, because of the i.i.d. construction, all the ¢ nonzero elements in the i-th row attain

the same expectation 1/i.
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The simple analysis above offers a useful insight into decoder models: the spectral gaps
of masked attention matrices consistently center around 0.5 when the model is randomly
initialized, regardless of the specific initialization distribution (as long as it is i.i.d.). In
contrast, the spectral gaps of full attention matrices in encoder models can vary depending
on the type of random initialization used. One might therefore expect that, all else being
equal, the TSE phenomenon is as likely to occur in decoder models as it is in encoder models.
Indeed, we have observed similar TSE behaviors in a vision transformer (see Section 2.4 for
model details), whether or not the triangular mask is applied.

In Section 3.1, we will present experimental results on two large-language models (LLMs):
Qwen2 (Team, 2024) and Llama2 (Touvron et al., 2023), both adopting the decoder-only ar-
chitecture. In addition, they also use a pre-norm architecture to suppress TSE by implicitly

phasing out the self-attention (SA) mechanism; see Section 3.1 for more details.

3. Mitigation of TSE in Transformers

The analysis in the previous section underscores the issue of growing token similarity in
post-norm Transformers. Many methods have been proposed to mitigate this problem, as
discussed in our Related Work section. Implicitly or explicitly, these methods invariably
lead to reducing the role of self-attention relative to residual. To take a simplistic view,
in the SA-plus-residual step X + aP(X )XW one could explicitly diminish the size of « to
slow down the progress of TSE; or one could instead modify the step into X + P(X)XW
where X is related to X but has a smaller norm than X, thus implicitly reducing the role

of self-attention.

3.1 Implicit Mitigation in Pre-norm

More recently, large-scale transformer models, such as those of (Touvron et al., 2023; Brown
et al., 2020), opt for the pre-norm architecture. A pre-norm transformer block can be written
as Z = PreLIN(X) where Z is computed as follows:

X =LN(X), Y=X+PX)XW, Z=Y + ¢LN(Y)W;)Ws, (19)

From the above formulas with the usual random initializations, it is straightforward to
verify that the expected value of ||Y||% is larger than || X||%, by following the same proof
technique in the proof of Lemma 4. Specifically, under the standard weight initializations

(where o = 1/+/d), for the above pre-norm transformer block there hold
E(|YIIF] = IX[F + IP(X)XNE > (X[ ENZIF) > [Y]E. (20)

According to (20), the output norm of the pre-norm block, ||PreLN(:)| r, is monotonically

increasing in expectation, as is illustrated empirically in Figure 4 (second plot from the left).
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Meanwhile, the norm of the self-attention input is always fixed at ||[LN(:)||r due to layer
normalizations. Consequently, in the pre-norm architecture the role of the self-attention

mechanism is progressively diminishing as the depth grows.

Similarity(X) Matrix Norms Similarity(X) in LLM Spectral Gap in LLM
1.0 1000 1.0 1.0
0.8 800 0.8 0.8
T
0.6 600 0.6 0.6
/// /\/‘Aﬁj\o\“vﬁvw’\,- /"
0.4 400 041 0.4 v
— Qwen2 | —— Qwen2
0-2 200 027 Llama2 02 Llama2
0.0 0 0.0 0.0
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40 0 10 20 30 40
Number of Blocks Number of Blocks Number of Blocks Number of Blocks

Figure 4: Token similarity and other quantities in three pre-norm transformer models. From
left to right: (1) token similarity in a pre-norm vision transformer; (2) the cor-
responding Frobenius norms of X, LN(X) and PLN(X)W at each layer (see
(19) for details); (3) token similarity in two LLMs that are based on pre-norm,
decoder architecture; (4) spectral gaps of the corresponding triangular attention
matrices in the LLMs.

In Figure 4, we illustrate the progression of token similarity and other related quanti-
ties across three pre-norm transformer models. The leftmost plot displays token similarity
in a pre-norm vision transformer, which clearly increases through the layers but at a di-
minishing rate. This trend is attributed to a decreasing contribution from the attention
operator relative to the residual term, as evidenced by the second plot from the left. The
two plots on the right showcase results from two large language models (LLMs): Qwen2
Team (2024) and Llama2 Touvron et al. (2023), both employing pre-norm, decoder-only
architectures. In these LLMs, token similarity rises rapidly at first, but the rate of increase
quickly diminishes, resulting in token similarity remaining below 0.8 after 40 layers. This
occurs despite the spectral gap of the triangular attention matrices in the decoders being
approximately 0.5. These examples demonstrate that the pre-norm architecture can ef-
fectively curtail the escalation of token similarity at the cost of progressively suppressing
the relative contribution of the self-attention (SA) mechanism. We also observe that the
token similarity stabilizes at a lower level in the LLMs than in the vision transformer. This
difference could be due to other differing architectural features such as different types of

layer normalizations and activation functions.
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3.2 A Simple De-escalation Strategy

We propose a simple strategy to counter the escalation of token similarity in deep Transform-

ers, that is, to de-escalate the progressive growth in the subspace span{]le?}?zl. Specifically,

we will insert into Algorithm 1 a de-escalation step of the form
Y=(U0-7II1)X, 7€(0,1]. (21)

Alternatively speaking, we first project X onto span{]le;f ?:1 by applying the projection
to all columns of X, and then subtract a portion of the projection from X. The parameter
7 € (0,1] determines the removed portion. Particularly, 7 = 0 and 7 = 1 correspond to,
respectively, no de-escalation and a complete de-escalation. Additionally, when 7 = 1 the
operation becomes Y = HfX which is equivalent to the centralization of the columns of
X, i.e., subtracting the column mean from each column. In principle, 7 can be made a
learnable parameter of the model, but the experimental results reported in Subsections 3.3
and 3.4 are all obtained using 7 = 1.

In Figure 5, we examine how the de-escalation operator (21) affects the dynamics of token
similarity in the same Vision Transformer used in Subsection 2.4. We plot the token diversity
values for layers 1 to 40, corresponding to the 6 different 7-values in {0,0.1,---,0.5}. We
observe that in this model the phenomenon of TSE appears to have been eliminated once 7
reaches 0.4. In this particular test, operator (21) is applied to the layer output after the last
step of Algorithm 1. We also experimented on inserting operator (21) into other possible

locations in Algorithm 1, and observed almost identical plots.

Diversity(X)

1.0
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— 1=0
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Figure 5: Token Diversity dynamics in a de-escalated Vision Transformer with softmax
attentions corresponding to six de-escalation values 7. Each curve is the average

values of 20 random runs.

In the following, we report proof-of-concept experiments to test whether adding the de-

escalation step (21) will improve the training of post-norm transformers with deep depths.
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On each test instance, we compare three model variants: post-norm model, pre-norm model,
and ours where the de-escalation (21) is added within each Transformer block with 7 = 1
fixed without any tuning.

Two relatively small datasets, CIFAR10 (Krizhevsky et al., 2009) for image classification
and WikiText-103 (Zhai et al., 2023) for natural language processing, will be used for our
experiments due to constraints on available computing resources. All the experiments are
carried out using PyTorch (Paszke et al., 2019) running on one Nvidia-V100 GPU. We
emphasize that for each test instance we always run multiple trials, starting from different
random initializations for model weights. All the reported values are the average of at least
3 trials.

3.3 Vision Transformer on CIFAR10
We apply the Vision Transformer model ViT (Dosovitskiy et al., 2020) to the CIFARI10

dataset with the prescribed three model variants. In this test, the de-escalation step
(21) is added to the end of each post-norm block. We utilize the widely used optimizer
AdamW (Loshchilov and Hutter, 2018) in which the hyper-parameters 51 and 3y are set to
0.9 and 0.999, respectively, along with a weight decay value of 0.1. A multi-step scheduler
is employed with reduction factor of 1/5 at the 70% and 90% junctures of the training
duration. Image patches are configured to be 4 by 4, and the gradient-sampling batch size
is set to 128. Auto-augmentation (Cubuk et al., 2020) is enabled for the dataset. Further
details about this ViT model’s configurations are given in Table 1. With the depth 80, this

tested model is qualified to be a deep transformer.

Table 1: Model size parameters for ViT
Depth Hidden size FFN size Heads Head size

80 192 384 8 24

The above settings are applied to all three model variants. There does exist a difference
in the choice of learning rate Ir. We used Ir = 10~ for training the pre-norm and our
models, while a smaller I = 0.5 *10~* was used for training the post-norm model in order
to obtain a meaningful reduction in the loss value.

Training histories, over the course of 150 epochs, of the three ViT model variants on
CIFARI10 are presented in Figure 6. From this figure, we can see a significant performance
gap between the pure post-norm model and our de-escalated post-norm model.

In this particular case, our de-escalated post-norm model also obtained slightly lower
training loss than its pre-norm counterpart, albeit such a test is too limited to make a
meaningful comparison between the two. On the other hand, for the post-norm model the

benefit of doing de-escalation appears unmistakable.
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Figure 6: Histories of training and testing losses of three ViT model variants on the CI-

FARI10 dataset with auto-augmentation.

3.4 Transformer-XL on WikiText-103

We next employ the Transformer-XL model (Dai et al., 2019) to perform experiments on
WikiText-103 dataset. In order to create a deep transformer model of a manageable size, we
made the following modifications: increasing the model depth from 16 to 60 and decreasing
the FFN hidden width (i.e., the column number of W; and WY in Step 3 of Algorithm 1)
from 2100 to 820. The resulting deep model has about 201M model parameters which is
moderately larger than the original size of 151M. To train this larger model, we decrease the
batch size from 60 to 40. In addition, we disable the dropout and gradient clipping options
to have a more generic optimization process. Besides the afore-mentioned modifications, we
keep all the model hyper-parameters and optimization settings intact exactly as specified

in (Dai et al., 2019), which we refer to for further details. Figure 7 gives the training

10
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§ ] — Pre-60
- 6 — Qurs-60
C
©
F 4]
2 |
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Figure 7: Training loss histories of 3 Transformer-XL variants on the WiKiText103 dataset

over 50000 iterations.

performances of three Transformer-XL model variants of depth 60: post-norm, pre-norm,

and our de-escalated post-norm model in which we add de-escalation operation (21) to the
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input of each FFN block in the post-norm model. As we can see, the results are consistent
with the previous experiment. There is a huge performance gap between the post-norm and
our de-escalated post-norm models (the former essentially failed, thus was cut short); while

the pre-norm model and our de-escalated post-norm model performed similarly.

3.5 Discussion

Our proposed framework offers flexibility in placing the de-escalation operation at different
locations within the Transformer block, determining the value of de-escalation strength 7,
and deciding whether de-escalation should be learnable or not. During our experimentation,
we did try a number of combinations for these settings and found that our proposed de-
escalation strategy is generally effective in addressing TSE-related issues. That said, real-
world tasks are bound to be more intricate than our limited, small-scale experiments, for
which adjustments and calibrations of all available settings are most likely needed to deal

with different problem scenarios and characteristics.

4. Conclusion

We conduct a comprehensive analysis on the phenomenon of token similarity escalation
(TSE) in classic Transformers which leads to loss of expressive power in deep models. Our
theory reveals why and how TSE phenomenon occurs and what is the speed of escalation.
Based on insights gained from our analysis, we propose a simple and linear de-escalation
operation to surgically remove excessive similarity from token representations without nec-

essarily suppressing the role of self-attention.

Proof-of-concept experiments show that, on small-scale transformers, the proposed de-
escalation technique enables deep post-norm models to be trained as effectively as their
pre-norm counterparts. The potential of the proposed strategy in large language models

remains to be assessed.
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Appendix A. Proofs of Results in Section 2
A.1 Proof of Lemma 4
Proof Let “(-,-)” denote the usual matrix inner product. For any given Q € R"*"
QX + aPXW)|I% = QX ||F + 20(QX, QPXW) + o*|QPXW ||}
Under Assumption 1 the expected value of the term linear in W vanishes. Hence,
E[IIQ(X +aPXW)[3] = [|QX |3 + E[|QPX W3] = [QX |3 + a%do?|QPX |2,

in view of E[WW?] = do?I. Hence, the expressions for E[¢1] and E[¢s] follow from sub-
stituting the matrix @ by IIy /||y X||F and I /||Tlf X||F, respectively. We note that
ee’ PX = ee’ X if either e P = e or X = eu”.

Next, to derive the lower bound for p;. Rewriting Iy PX = I3 X + Iy (P — 1) X, we
calculate
2= [y X + g (P — 1) X||% s 2y X, 1y (P —1)X) |Uy(P — I)XHg

[Ty X |5 |TTy X[ [Ty X [[5

Since |y X ||z = [|e? X|| and ||TIy (P — I)X||r = ||eT PII{ X||, we recognize that the third

term is w?. By applying Cauchy-Schwartz inequality to the middle term, we arrive at

P2 >1 - 2w+ w?=(1-w)?
To obtain the upper bound of us by §, we observe the equality
II; P = 11} (P — ee?) = 117 PIIT

which leads to

7 PlI; X
- M P X = l2 <yt pp, = 5 (22)
My X | 7
after we invoke the inequality ||AB||r < ||A||2]|B||F- [ |

A.2 Technical Lemmas

Lemma 10 Let n be defined as in (14) and &, i = 1,2, be defined as in (7) for Y =
X +aPXW. For allt € [0,1], there holds

Pl > ) < P (maxlés ~ El6 > ot) (23)
where
__ EEP  (1+aPde?u)?
T T EET 4 2Ee] T 3+ a%do?(d + 23)
In particular, v > 1/4 when P is doubly stochastic or X = eu” for some u € R%, and

a?=do?=1.

(24)
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Proof By definition,

p— Eal & ElGS — GElG] _ ElG)(E — Ell)) ~ ElS](& —ElG])
El&] & YIS ((&2 — E[&2]) + E[G))E[S]

For any ¢, |n| > t implies

(E[&1] + tE[S2])|€2 — E[S]] + E[éo]|61 — E[6]| 7

b= E[E,?

which in turn implies that for ¢ € [0, 1],

E[¢] + 2E[&)] 1 | |
S TEEE il - Bl = 0 maxls - B,

which proves (23) with v defined in (24), while the second expression in (24) follows from
(9).

Finally, we know that when P is doubly stochastic or X = eu”, then pu; = 1. Since v
increases monotonically with 32, it attains its minimum at ps = 0 which gives the minimum
value 1/4. [ |

Now we need to estimate the concentration of ¢; and &3, both being of the form ||A +
BW||%, that is, sum of squares of a linear transformation of a random matrix W (which

can also be viewed as a vector w). We will invoke the following two concentration results.

Lemma 11 (General Hoeffding’s inequality) Let w € R? be a random vector whose elements
are independent, mean-zero, sub-gaussian random wvariables with sub-gaussian norm K.
Then for any a € RY and € > 0 there holds

2
P(2a,u) > clal) < exp (~c3 ) 25)
where ¢ 1s an absolute constant.

Lemma 12 (Concentration of random vectors) Let w € R? be a random vector whose ele-
ments are independent, mean-zero, sub-gaussian random variables with sub-gaussian norm
K < 1. Then for any given B € RP*? and any € € (0,1) there holds

2
€
P (15wl - 1B > dB1E) < o ez ) (26)
where ¢ 1s an absolute constant.

Combining the above two results, we readily deduce that for some absolute constant c,

2
P (HBw + aH2 — E||Bw + aH2 > G(HBH%‘ + HBTGH)) < 2exp <—0K2> . (27)

24



WHY “CLASSIC” TRANSFORMERS ARE SHALLOW

Remark 13 A few remarks are in order.

o [t should be noted that in these results the absolute constant c is generic in the sense
that it can possibly have different values in different contexts. In doing so we avoid

using multiple symbols for the sake of simplicity.

e Lemmas 11 and 12 are adopted from (Vershynin, 2018), see Theorem 2.6.3 and the
proof of Theorem 6.3.2, respectively. These concentration inequalities are written in

a form so that the right-hand sides are dimension-free.

o With regard to the values of sub-gaussian norm K (also called sub-gaussian parameter)
in the above lemmas, it is known (see Example 2.5.8 in Vershynin (2018)) that one
can take K = o for w ~ N(0,0%I) and K = ||w||s if w is bounded while additional

absolute constants, if any, can be absorbed into c.

Lemma 14 Let &, i = 1,2, be defined as in Proposition 3 for Y = X + aPXW. Assume
that the elements of W are independent, mean-zero, sub-gaussian random variables with
sub-gaussian norm K = 1/\/& Then for i = 1,2, there holds

B(I6 — El&]| > eni) < 4exp (—ccd). (28)

where ¢ is an absolute constant and k;,1 = 1,2, are constants dependent on the matrices
1L X and oll; PX but independent of W.

Proof This result follows directly from applying (27). |

A.3 A Lower Bound for Dimension d

We derive a lower bound, d, for dimension d to ensure E[n] < A.

Lemma 15 Assume the setting of Lemmas 10 and 14. Let ~y be given in (24), and K1, K2
and c be the constants in (28). Let ks := max{k1, k2}. For any A > 0, define

d _r 4 ’ (29)
e \yA )

Then for all d > d,, there holds E[n] < A.

Proof By Lemma 10, for any ¢t > 0,
P(ln] > t) < P(gfg!& —-E[&]l = ’Yt) :
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Hence, using E[Z] = [[°P(Z > t)dt for Z > 0,

Bl < & [maxle - il

)

By Lemma 14 and the union bound, for € > 0,
P<m§t§ & — El&]l = 6%*> < gee=,
=1,

Integrating with t = ek, gives

2

E Bl <8 [ eetwmrd gy gy [T
[g\}glé [E]I] < /0 € d
Therefore,
drye |
E < —.
< =25
If d > d, as is defined in (29), then E[|n|] < A, which implies E[n] < A. [ ]

A.4 Proof of Theorem 6

Proof Let Y = X +aPXW with ¢ = 1/v/d. Then equation (13) can be written as

Oé2

B Y] = L (51— @) = )4 & = Bl ) tun (X

with
2 2

_ o 2 .2y @
- 1+ 052,[1,% (:U‘l HQ) 1+ 0262
where the positivity of A is ensured by (15). By Lemma 15, for d > d,, there holds E[n] < A.
Dropping the nonnegative term A —E[n] from the equality for E[r(X,Y")], we obtain the

lower bound for E[r(X,Y’)] in (16), and complete the proof. [ |

(1 —w)?=6% >0, (30)

To empirically observe the concentration of n = E[¢1]/E[£2] — &1/&2 at zero, we conduct
a set of experiments and present the results in Figure 8. Recall that n is a function of
two matrices, X,Y € R™? We set n = 100 and run d = 10, 20,40. For each d value, we
generate a sequence of matrices of the form X = ev” 4 tQ € R199%4 corresponding to a
sequence of ¢ values in (0, 1], where the vector v and matrix @) are randomly chosen but
otherwise fixed. We note that X is a perturbation to the rank-one matrix ev” with ¢ scaling
the size of the perturbation. For each X, we generate Y = X + PXW with 50 random
samples of W drawn from N(0,1/d), and then compute the average value of 7 over the 50

samples. The attention matrix P is computed using the softmax formula (2).
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d=10 d=20 d=40
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t t t

Figure 8: Average values of = E[&]/E[&2] — £1/& over 50 samples of W € R4 for
Y = X + PXW where X = ev” +tQ and P is from the softmax formula.

As we see from Figure 8, (a) when ¢ is small (i.e., X close to rank-one), (sample mean)
E[n] is close to 0 even for d = 10; (b) on the other hand, when ¢ is close to 1, E[n] varies
more significantly; and (c) as d increases, E[n] becomes closer to 0 even for larger ¢t values.
From these experiments, we observe that as d becomes larger, indeed 71 concentrates more

at zero so that E[n| approaches 0.

A.5 Proof of Proposition 9

Lemma 16 Given X € R4 P, € R and W), € R>*/" for k=1,---  h, and o > 0,
let

Y:X—I-Oé[PlXWl PQXWQ PhXWh]

Then under Assumption 1(1),

=1+ ?do’n?, i=1,2 31
’H1X||2Fv] +a 0N17 ? b b ( )

where

h
IITL; P X
Z' X i=1,2.
LX)

Proof The proof follows a similar line as in that of Lemma 4. First, we note that under
Assumption 1(1), E[W,] = 0 and E[W W] = (d/h)o?1, for k=1,--- ,h.

Given @ € R™* ™ noting that expected values of terms linear in W}, all vanish, we have

h
E[|Q(X + o[ PAXWh, -, Bl XWi])|7] = 1QX|I% + o) _E[|QPXWi| %],
k=1
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In view of E[W, W] = (d/h)o?I, we obtain

E[|Q(X + a[P XWh, -, P, XW,))|F] = QX |E + o?do?

S| =

h
S IQPX |13
k=1

Finally, the expressions for E[¢;] follow from substituting the matrix @ by II,;/||II; X ||, for
1 = 1,2, which completes the proof. |

Now Proposition 9 follows directly from Proposition 5 and Lemma 16.
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