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Abstract

This paper focuses on approximation and learning performances of deep convolutional
neural networks with zero-padding and max-pooling. We prove that, to approximate -
smooth function, the approximation rates of deep convolutional neural networks with depth
L are of order (L/ log L)~27/4 which is optimal up to a logarithmic factor. Furthermore, we
deduce almost optimal generalization errors for implementing empirical risk minimization
over deep convolutional neural networks. Our theoretical results are verified by several
numerical experiments to show the power of the convolutional structure, zero-padding and
max-pooling.
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1. Introduction

Deep learning (LeCun et al., 2015) has made great breakthrough and profound impacts in
numerous application regions including the computer science, life science and management
science. One of the most important reasons for its success is the adoption of structured
networks (Goodfellow et al., 2016) to autonomously encode the a-priori information and
significantly reduce the number of tunable parameters in the training process. Deep con-
volutional neural networks (DCNNs), a widely used structured deep neural networks, have
triggered enormous research activities in numerical applications (Gonzalez, 2018; Rawat
and Wang, 2017; Yoo, 2015) and theoretical analysis (Zhou, 2020a; Fang et al., 2020; Mao
et al., 2021).

In this paper, we focus on approximation and learning performances of DCNNs induced
by the rectifier linear unit (ReLU), o(t) := max{t,0}. For 7 € R? with d’ € N, the
one-dimensional and one-channel convolution is defined by

J
(U?*U)j = Wj—kVk+s, j = 1,...,d/—8, (1)
k=j—s
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where @ = (w;)}2 is a filter of length s, i.e. w; # 0 only for 0 < j < s. Then the

=—00

classical DCNN is given by

Is(T) = EL’L'OoCZwLEL OUO"'OUOCI@ggl("E)’ z € RY, (2)

where @' is the filter of length s, b¢ € R is the bias vector with dy=dy_1 —sand dy =d,

Cp o 5o i0) i= @ il + o', deR%,
dr, € R, and o acts on vectors componentwise. Since DCNN defined by (2) possesses a
contracting nature in the sense that the width of the network shrinks with respect to the
depth, DCNN is not a universal approximant as the minimal width requirement for the
universality of deep neural networks is d + 1 (Hanin, 2019).

Zero-padding is a feasible approach to avoid the aforementioned non-universality of
DCNN. Define the convolution with zero-padding by

d/
(w*ﬁ)j:ij_kvk, jzl,...,d'—l—s (3)
k=1

and corresponding DCNN with zero-padding by
N .s(z) :aL'JOCL,wL,BL oao~--oaoCLu71751(x), z € RY, (4)

where
Cp (@) i=d v @+, @eRY (5)

and dy = dy_1 + s. As DCNN with zero-padding defined by (4) exhibits an expansive
nature, we write it as eDCNN for the sake of brevity and denote by H; s the set of all eD-
CNNs. The power of zero-padding has been explored in (Zhou, 2020b), where the universal
approximation of eDCNN without additional fully connected layers was established. Fur-
thermore, it was shown in (Han et al., 2023) that the translation-equivalence of DCNN can
also be enhanced by zero-padding. The problem is, however, that optimal approximation
and generalization errors for eDCNN remain open, though some sub-optimal results have
been presented in (Zhou, 2018, 2020a; Lin et al., 2022; Zhou and Huo, 2024).

The purpose of this paper is to derive optimal approximation and generalization errors
for eDCNN. We prove that, to approximate the well known r-smooth functions, equipped
with the well known max-pooling scheme, eDCNN succeeds in yielding an approximation
rate of order (L/log L)~?"/4, which is essentially better than the existing rates L~"/¢ for both
eDCNN and eDCNN with pooling established in (Zhou, 2020a,b). We also prove that the
derived approximation rates for eDCNN with max-pooling cannot be essentially improved
up to a logarithmic factor. Based on the derived (almost) optimal approximation rates, we
deduce (almost) optimal generalization errors for implementing empirical risk minimization
(ERM) over eDCNN with max-pooling, which shows that eDCNN with max-pooling is also
one of the most powerful tools for the learning purpose. This together with the translation-
equivalence of eDCNN discussed in (Han et al., 2023) shows the power of the convolutional
structure in deep learning. Our numerical results provide several intuitive evidences on the
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excellent approximation and learning performances of eDCNN with max-pooling, compared
with numerous network structures such as the classical fully connected neural networks and
deep convolutional neural networks without zero-padding.

The rest of the paper is organized as follows. In the next section, we conduct approxima-
tion error analysis for eDCNN with max-pooling and derive almost optimal approximation
errors. In Section 3, we deduce almost optimal generalization error for eDCNN with max-
pooling in the framework of learning theory. In Section 4, we numerically verify the excellent
performances of eDCNN with max-pooling via several toy simulations. In the last section,
we draw a simple conclusion. All the proofs of theoretical results are given in Appendix.

2. Approximation Rates Analysis

As the width of eDCNN increases linearly with respect to the depth, it is preferable to adopt
some pooling schemes (Zhou, 2020a) to shrink the network size, among which max-pooling
is the most popular. The max-pooling operator Sy ,, : RY — R/ for a vector o € RY
with pooling size u is defined by

s d/u
Sd’,u(v) - (]E}axu U(kfl)u+j)gg:1 }7 (6)

where [a] denotes the integer part of the real number a. We force the width of eDCNN to be
independent of the number of layers by using the max-pooling operator defined by (6). For

§ 2 2, write LLmax = ’V(Qd‘:_fll())d}v dl,max =d+ Ll,maXS and dpax := 2d + 10 + |'(2d:_f110)2" S.

Define the max-pooling scheme as

Sdl,max,d(g) if |m = dl,max and ¢ < Ll,max7
Pmax(V) := § Sdipax,2d+10(7) if 7] = dmax; (7)
v otherwise,

which means that the output of the L1 max-th layer is max-pooled with pooling size d and
the output of the layers with sizes dmax are pooled with pooling size 2d+10. We then define
eDCNN with max-pooling by

[ _»
fo)so (:C) =0 Pmax00oo0 CL,wL,gL O:++0 / max ©0 O C17w1’5'1 (l‘) (8)

Denote by @iogl the set of eDCNNs formed as (8). It is easy to find that the width of the
network defined in (8) is always smaller than dpax. It should be highlighted that the network
structure in (8) is fixed once s and d are specified and there are totally O(L) free parameters
in / faso '. Our following result shows that even for O(L) tunable parameters, eDCNN with
max-pooling can approximate r-smooth function with an order of (L/log L)~%"/), which is
essentially better than O(L~"/%), the best rates for shallow approximation with O(L) free
parameters (Yarotsky, 2017; Guo et al., 2019) and existing approximation rates for eDCNN
(Zhou, 2020a.b).
Let I := [0,1]%. For ¢g > 0 and r = s + p with s € Ny := {0} UN and 0 < p < 1,
f :I¢ = R is said to be (r,cp)-smooth if f is s-times differentiable and its s-th partial
derivative satisfies the condition
o°f o°f

_ N < ez / Id
89:‘1)‘1...8:E3d(x) 8$‘f1...8x3d(x) <cle -y, Va,2'€ (9)
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for every a; € Ny, j = 1,...,d with aj + --- + ag = s. Denote by Lip(™) the set of all

(r, ¢p)-smooth functions and Lipg\r;[’co) = {f € Lip{me) [ £l oo ray < M}. We then present
our first main result as follows.

Theorem 1 Let r,cg >0, s > 2 and M > 0. There holds

_2r
d
)

CKngLr%}gmw(LmﬂwﬁwMéngﬁxwﬂ;gc%L/mgL) (10)

where my A = {mpf o f € A} with myf(x) = sign(f(x)) max{|f(x)|, M} denotes the
truncation of the set A, C1,Cy are constants depending only on 7, co, s,d and the Hausdoff
distance for A,B C L>(I%) is given by

dist(A, B, L= (I%)) := sup dist(f, B, L>(I1%)) := sup inf ||f — 9l oo (19)-
feA feA9eB

The derived approximation errors in (10) are essentially smaller than the linear n-width
(Pinkus, 2012; Kurkovd and Sanguineti, 2002; Maiorov, 2006) and therefore show that
eDCNN with max-pooling outperforms linear approaches. It can be found in Theorem 1
that up to a logarithmic factor, the derived approximation rates are optimal in the sense of
width theory developed in (Pinkus, 2012; Kurkova and Sanguineti, 2002). Recalling that
there are totally O(L) parameters involved in eDCNN with max-pooling, approximation
rates of order (L/ log L)_QT/ 4 demonstrate the power of depth since optimal approximation
rates for shallow nets with L parameters are only of order L~"/¢. Similar results for deep
fully connected networks (DFCNs) have been presented in (Yarotsky and Zhevnerchuk,
2020; Lu et al., 2021), in which approximation rates of order (L/log L)~2"/? were established
for DFCNs with fixed width 2d 4+ 10. Theorem 1 shows that eDCNNs with max-pooling
perform at least not worse than DFCNs. However, it has been verified in (Han et al., 2023)
that eDCNN succeeds in encoding the translation-equivalence into the network structure
which is beyond the capability of DFCNs. Theorem 1 together with results in (Han et al.,
2023) thus rigorously shows the power of the convolution structure over fully connection.
The detailed comparisons can be found in Table 1. It can be found in the table that
our approach forces the width of eDCNN by adopting max-pooling and therefore performs
better than existing approximation rates for eDCNN (Zhou, 2018, 2020a.,b; Zhou and Huo,
2024).

3. Generalization Errors Analysis

In this section, we study the learning performance of eDCNN with max-pooling. Our
analysis is carried out in the standard least square regression framework (Gyorfi et al.,
2002; Cucker and Zhou, 2007), in which the samples D := {(z;,y;)}/", are assumed to
be drawn independently and identically according to an unknown but definite distribution
p = px X p(y|z) with px the marginal distribution and p(y|x) the conditional distribution
conditioned on z. Our aim is to find an estimator in @]S)fgl to approximate the well known
regression function f, = fy ydp(y|x), which minimizes the generalization error E(f) :=
[(f(x) — y)*dp. Denoting by Lf,x the space of p-square integrable functions endowed with
norm || - ||, it is easy to check

EN)—Ef)=If = Fl2,  fel,. (11)
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Reference Structure Depth Width Rate
7Yarotsky:2017) fully connected log N N (N/log N)~"/d
| (Han et al., 2022) | sparsely connected O(d) > N N—T/d
| (Lu et al., 2021) fully connected N O(d) (N/log N)~2r/d
| (Zhou, 2020D) convolutional N d+ Ns N—"/(r > 2)
| (Zhou, 2020a) convolutional-pooling N max{/N,d + Ls} N—T/d
- Ours convolutional-pooling N O(d) (N/log N)~2r/d

Table 1: Comparisons between existing results in approximating functions in Lip(":<) for
deep nets with O(N) free parameters under the L> metric. Here, s denotes the filter length
of DCNN and width denotes the maximal width of layers.

Define

m

! . 1
%‘?275 € arg MM gpoot — Z(f(a:z) — yi)2 (12)
’ i=1

to be an arbitrary global minimum of the empirical risk minimization with least squares
loss. We present our second main result in the following theorem.

Theorem 2 Let r,co >0, s >2, M >0and0<d<1. If|y;| < M, f, € Lip(mc0) and

L~ m‘”i?d, then with confidence 1 — 0 there holds
& pool 72277“(1 max{E,Q}
(WMfDL,s) —&(fp) < C3m™ 2r+d (logm) a7t (13)
where C3 is a constant depending only on r,cy,s,d and M.

If f, € Lip(m©) it can be found in (Gyorfi et al., 2002, Chap.3) that there is not any
learning algorithm based on D such that the generalization error is essentially better than

2r
O(m~2+d). Theorem 2 thus shows that implementing ERM over eDCNN is one of the best
learning algorithms in learning smooth regression functions. In particular, we can derive
the following corollary.

Corollary 3 Letr,co >0, s> 2 and M > 0. If |y;| <M and L ~ m4ri2d, then

C’4m_23ﬁ < sup FE [wagfil,s - fPHl2’] = C’5m_2%d(log m)max{%ﬂ}’ (14)
fo€Lip(r:c0)

where Cy, Cs are constants depending only on r,cy, s, d and M.

Though similar optimal generalization errors have been derived for DFCNs (Schmidt-
Hieber, 2020; Han et al., 2022; Chui et al., 2020), it remains open whether learning with
eDCNN can achieve the same rates. Indeed, only universal consistency for learning with
eDCNN has been verified in (Lin et al., 2022) and sub-optimal generalization errors of

order mz+4 have been deduced in (Mao et al., 2021; Zhou and Huo, 2024). Corollary
3 presents a new record for learning with eDCNN. It should be mentioned that optimal
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generalization errors for eDCNNs with hybrid structure involving both convolutional layer
and fully connected layers have been established in (Fang and Cheng, 2023). The main
novelty of our results is that there are not any fully connected layers being added to the
network, making the analysis take the depth L as the only parameter. We end this section
by three important remarks.

Remark 4 It can be found in Corollary 3 that there is an additional logarithmic term in
the gemeralization error bounds. The main reasons are two folds: additional logarithmic
term in the approzimation error (10) and the uniform approach based on covering numbers
in the sample error. The logarithmic term in approximation error is mainly caused by the
approximation rates of deep fully connected nets (Lu et al., 2021), especially the product-
gate property (Lu et al., 2021, Lemma 4.2). It might be removed by taking specific sparse
structure rather than deep fully connected nets, just as (Petersen and Voigtlaender, 2018;
Han et al., 2022) did to remove the logarithmic term in the approximation rates of deep fully
connected nets in (Yarotsky, 2017). However, if sparse structure is involved, the current
matriz factorization in our proof is no more the most suitable tool and we need more sophis-
ticated tools to build the relation between eDCNN and deep sparsely connected networks. The
logarithmic term in sample error is mainly caused by the concentration inequality (Lemma
13 below) based on covering number. Similar to all existing approzimation rates for linear
approaches (Gyorfi et al., 2002, Chap.11), shallow nets (Maiorov, 2006) and kernel meth-
ods (Steinwart and Christmann, 2008), removing the logarithmic term needs novel analysis
approaches, like (Lin et al., 2017) introduced a novel integral operator approach for kernel
ridge regression. The main difficulty is due to the nonlinear nature of eDCNN, making the
similar integral operator approach infeasible.

Remark 5 This paper focuses on one-channel convolution and derives (almost) optimal
generalization errors for the corresponding eDCNN. It should be highlighted that similar
results can be extended to multi-channel convolution (with finite channels) directly. In fact,
assuming that there are U channels, it is easy to derive generalization error similar to (14)
with Cs depending on U, since we can only use one channel to derive the same approximation
error (10) and the sample error is about U times as the bound of one-channel’s. However, we
cannot use our approach to derive better generalization errors than Corollary 3 to embody
the theoretical advantages of the multi-channel. As the generalization errors for smooth
regression functions are already (almost) optimal for eDCNN with one-channel, additional a-
priori information concerning regression functions may be needed to figure out the theoretical
advantage of the multi-channel.

Remark 6 In this paper, we are only concerned with the generalization performance of
the global minima of (12), neglecting the detailed implementation algorithm. As illustrated
in (Allen-Zhu et al., 2019), the convergence guarantee of gradient-based algorithms gen-
erally requires over-parameterization while our generalization error analysis needs under-
parameterization to balance sample error with approximation error, according to the well-
known bias-variance trade-off principle (Gyorfi et al., 2002). Practical convergence of
SGD/Adam for under-parameterized deep nets relative to the theoretical ERM would bridge
the gap between theory and practice.



OPTIMAL APPROXIMATION AND GENERALIZATION OF DCNNSs

4. Experiments

In this section, we conduct toy simulations to validate the excellent approximation and
learning performances of eDCNN with max-pooling. We consider the following deep net-
works: (1) deep fully connected network (DFCN); (2) deep convolutional neural network
without any zero-padding or max-pooling schemes, denoted as cDCNN due to its contract-
ing nature; (3) deep convolutional neural network with fully connected layers (cDCNN-fc);
(4) deep convolutional neural network with zero-padding (eDCNN); (5) the proposed deep
convolutional neural network with both zero-padding and max-pooling, which is denoted as
eDCNN-maxpooling. For all network architectures, we utilize the ReLLU activation function.

Input Function formula m m
1-22 6 (35(2.2 24 18(2.2 3), 2.2 <1
vel-1/2,1/20 | fi(a) = ( 12)° (35(2.2]|z]|2)* + 18(2.2]|z]|2) + 3) lelg <11 5000 | 1,000
0, otherwise,
100 1 100 . 2 ((7a®
ze0,1] folz) = exp (1700 100 gin (T)) 2,000 | 500

Table 2: Synthetic data generation.

We consider two synthetic functions. The first one is a smooth radial function and
the other is a high-dimensional smooth function. The training inputs {z;}!", are drawn
independently from the uniform distribution on [~1/2,1/2]* for the first function and on
[0,1]1% for the second. The corresponding responses {y;}™, are generated according to
the regression model y; = f;j(z;) +¢; for i = 1,...,m and j = 1,2, where the noise ¢;

is independent and follows the normal distribution N(0,72) with variance 72. Testing

sets {(2},9})}, are generated in the same manner but without noise. Further details are

summarized in Table 2.

Optimizer | Initial learning rate Scheduler Train epoch | Batch size

Adam | {0.003,0.001,0.0006} E’;i’gi?;fgg&;ﬂf:)’ 4,000 200

Table 3: Training configurations.

All experiments are implemented in PyTorch and conducted on a workstation equipped
with an Intel 19-13900HX CPU, 64 GB of RAM, and an NVIDIA RTX-4070 GPU. The
training configurations, including optimizer, learning rate schedule, number of epochs, and
batch size, are summarized in Table 3. Moreover, all compared deep nets are initialized
using PyTorch’s default random initialization. For each convolutional layer in different DC-
NNs, the learnable weights (except bias b values) are sampled from U(—vk,Vk), where
k= Wnlength with single input channel Cy, = 1 and filter_length = s. After training,
we evaluate the networks by computing the root mean square error (RMSE) on the testing
set, and the reported results are averaged over 10 independent trials. The code for numeri-
cal experiments can be found in https://github.com/DataScienceGroup0fManagement/
eDCNN-maxpooling.
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4.1 Approximation performance verification

In this simulation, we compare the proposed eDCNN-maxpooling with DFCN, ¢cDCNN,
cDCNN-fc and eDCNN in approximating different simulation functions.

Depth L Filter length s | Initial bias b on f; | Initial bias b on fo
¢cDCNN {4,6,8,---,14} {3,5,7,9} {0.03,0.01,0.006} {0.06,0.03,0.01}
c¢cDCNN-fc {2,3,---,10} {3,5,7,9} {0.03,0.01,0.006} {0.06,0.03,0.01}
eDCNN {4,6,8,---,16} | {5,7,9,---,15} | {0.03,0.01,0.006} {0.06,0.03,0.01}
eDCNN-maxpooling | {4,6,8,---,16} | {5,7,9,---,15} | {0.03,0.01,0.006} {0.06,0.03,0.01}

Table 4: Candidate hyper-parameters for DCNNs.

The first part investigates the relationship between test RMSE and different network
architectures. For DCNN variants, the candidate hyper-parameters about the number of
convolution layers (or depth L), the filter length s, and the initial bias value b for f; and
fo are summarized in Table 4, and the best configurations are selected via grid search. For
eDCNN and eDCNN-maxpooling, the padding size in each convolution is s — 1. And for
eDCNN-maxpooling, a max-pooling layer with a pooling size u = 2 is employed after every
% convolutional layers. For cDCNN-fc network, one fully connected layer is added after
the convolutional layers. When it comes to DFCN, we adopt the fixed width with d 4+ 1 or
2d + 10 according to the theory in (Hanin, 2019) and (Lu et al., 2021).

The second part investigates the relationship between test RMSE and the number of
trainable parameters. We present the results for DFCN with varying network widths, as
well as for eDCNN and eDCNN-maxpooling with different depths. To be detailed, for
the 4-dimensional function f;, the widths of DFCN vary within the set {5,7,9,---,19}.
The depths of eDCNN and eDCNN-maxpooling are set within the range {4,6,8,--- ,16}.
When it comes to the 100-dimensional function f, the widths of DFCN vary within set
{2,4,---,10,20,40,60}. The depths of eDCNN and eDCNN-maxpooling are set within the
range {2,4,6,8}. Since the objective of this subsection is to evaluate the approximation
capabilities of diverse deep nets, there is no noise in the training data. The results on two
functions are presented in Figure 1.

From the experimental results, we can draw the following conclusions: 1) eDCNN-
maxpooling can achieve comparable approximation results, compared to DFCN and eD-
CNN. For instance, when applied to function f; (see results in Figure 1(a)), these networks
yield a predictive accuracy with an RMSE of approximately 0.025. In a more detailed
comparison, eDCNN-maxpooling exhibits not only superior performance relative to DFCN
and eDCNN, but also adequate stability across different learning rates. For function fs (see
results in Figure 1(d)), all three network architectures achieve exceptionally good approx-
imation performance, with RMSE of approximately 0.01. Additionally, cDCNN exhibits
relatively poor performance on function fy, while incorporating a fully connected layer sig-
nificantly enhances its approximation capabilities. 2) By deepening the network, eDCNN
with max-pooling can achieve an approximation performance at least not worse than that
of DFCN, despite employing fewer parameters, as illustrated in Figure 1(b) and Figure 1(e).
For the function fi, by employing an appropriate network depth, both eDCNN and eDCNN-
maxpooling can outperform DFCN in terms of approximation performance while using fewer
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Figure 1: Comparison of the test RMSE among DFCN, cDCNN, ¢cDCNN-fc, eDCNN and
eDCNN-maxpooling architectures in approximating the two simulation functions.
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parameters. Furthermore, eDCNN-maxpooling exhibits more stable results across different
network depths. For the high-dimensional function f2, under the ideal parameter settings of
s =5 and b = 0.03, both eDCNN and eDCNN-maxpooling yield satisfactory approximation
performance. These results highlight the structural advantage of eDCNN architectures.
3) The max-pooling mechanism effectively controls the capacity of the eDCNN network
architecture, which is pivotal for eDCNN-maxpooling to achieve superior approximation
performance. The advantages of eDCNN-maxpooling compared to eDCNN are presented
in Figure 1(b) and Figure 1(c). From the theoretical consideration, the reason for the stable
phenomenon of eDCNN-maxpooling is due to the contraction effect of max-pooling, mak-
ing the hypothesis space and consequently sample error much smaller, which is consistent
with the observations in Figure 1(c). Form the implementation viewpoint, the reasons are
more sophisticate. It might be deduced by either randomness of the initialization points
or the selection of learning rates (step size). To make the comparison fair, we use the
same learning rate of 0.0006 as well as the same initialization method for both eDCNN and
eDCNN-maxpooling. The multiple random experiments in Figure 1(c) clearly demonstrate
the stable phenomenon that the variance of the test RMSE of eDCNN-maxpooling is sig-
nificantly lower than that of eDCNN. For function fa, Figure 1(f) depicts the relationship
between approximation results and the filter lengths for eDCNN and eDCNN-maxpooling,
given . = 8. The incorporation of max-pooling is found to enhance the approximation
performance of the network architecture, with the benefit being more pronounced when
larger filter lengths are employed.

In summary, these findings validate the advantages of the eDCNN-maxpooling architec-
ture in approximating smooth functions, and simultaneously reflect the necessity and ef-
fectiveness of introducing the max-pooling mechanism into the eDCNN architecture, which
are consistent with the results presented in Section 2.

4.2 Learning performance verification

We evaluate the learning performance of the proposed eDCNN with max-pooling. Using
two simulation functions with varying levels of Gaussian noise, we compare its performance
against a range of other deep network architectures.

Specifically, the standard deviation 7 of Gaussian noise varies from the set {0.01,0.1,0.3,0.5}.
For fi, we mainly compare three network architectures: DFCN, eDCNN, and eDCNN-
maxpooling. For cDCNN and ¢cDCNN-fc, due to their contracting nature, they are not
suitable for low-dimensional functions. While for high-dimensional function fo, a detailed
comparison of the generalization performance of these five network architectures on noisy
data is carried out. The specific hyper-parameter settings and the number of trainable
parameters for each network architecture are also presented in Figure 2.

Based on these simulation results, the following conclusions can be drawn: 1) The learn-
ing performance of eDCNN-maxpooling is at least not worse than the referenced networks
including DFCN, ¢cDCNN, ¢cDCNN-fc and eDCNN. As the noise level increases, the test
RMSE of different network architectures exhibits a similar overall upward trend. This phe-
nomenon is observed for two simulation functions. Specifically, under low-noise conditions
(e.g., noise deviation 7 = 0.01 or 0.1), various network architectures can achieve superior
generalization performance (as reflected by low RMSE values). However, under high-noise
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Bl DFCN(L=2, width=2d+10), num. param.=451
Bl <DCNN(L=8, s=11, bias=0.01), num. param.=181
0.20 1 WEM ¢DCNN-maxpooling(L=8, s=11, bias=0.01), num. param.=128

0.15 4

Test RMSE

0.10 4

0.05 1
0.0378,%:0415
0.0302

7=0.01 7=0.1 7=0.3 7=0.5
Noise levels

(a) Relationship between test RMSE and data with different noise levels on fj.

0.7 DFCN(L=2, width=4), param.= 429

DFCN(L=2, width=10), param.=1131

DFCN(L=2, width=2d+10), param.=65731
¢DCNN(L=10, s=5, bias=0.03), param.=121
¢DCNN-fe(L=5, s=3, bias=0.03), param.=8301
eDCNN(L=4, s=5, bias=0.03), param.=141
eDCNN(L=8, s=5, bias=0.03), param.=181
eDCNN-maxpooling(L=4, s=5, bias=0.03), param.=56
eDCNN-maxpooling(L=8, s=5, bias=0.03), param.=86

0.58868
0.63044

0.54498

0.6

Test RMSE

I
&

0.24

0.14

0.0+

7=0.01 7=0.1 7=0.3 7=0.5
Noise Levels

(b) Relationship between test RMSE and data with different noise levels on fa.

Figure 2: Comparison of learning performance across different network architectures for the
two simulation functions, considering varying levels of noise.
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conditions (e.g., 7 = 0.3 or 0.5), complex models with larger parameter counts (such as
wider DFCN and ¢DCNN-fc) exhibit significant performance degradation. This deterio-
ration stems from their increased susceptibility to noise overfitting. Conversely, network
architectures with fewer parameters, such as cDCNN, eDCNN and eDCNN-maxpooling,
maintain superior robustness, preserving better generalization capabilities; 2) The integra-
tion of max-pooling mechanism significantly enhances the generalization capability of deep
convolutional architectures. Figure 2(a) illustrates the superior generalization advantage of
eDCNN-maxpooling over DFCN and eDCNN on function f;. Similarly, the comparative
analysis of eDCNN variants in Figure 2(b) reveals that the max-pooling operation main-
tains its effectiveness regardless of different noise magnitudes. This is attributed to the
fact that the max-pooling operation shrinks the network size and effectively controls the
capacity of the network architecture. Consequently, it mitigates the issue of overfitting to
noise caused by an overly large model capacity. Furthermore, comparative studies across
network configurations (e.g., DFCN variants with differing widths, cDCNN vs. ¢cDCNN-
fc) consistently demonstrate that an appropriate network capacity is pivotal for achieving
excellent generalization performance.

To sum up, these findings clearly verify the effectiveness of eDCNN with max-pooling
in learning smooth regression functions, which are consistent with the results of Theorem
2 and Corollary 3.

5. Conclusion

In this paper, we investigate the approximation and learning performances of deep con-
volutional neural networks with zero-padding (eDCNN). By leveraging a well-established
max-pooling scheme, we rigorously derive (almost) optimal approximation rates and (al-
most) optimal generalization errors for the proposed eDCNN architecture. Our theoretical
analysis, combined with numerical experiments, demonstrates the superiority of eDCNN
with max-pooling. These findings provide a springboard in understanding and designing
high-performance deep learning architectures in practical scenarios.

While the proposed eDCNN achieves excellent approximation and learning performances,
it is still valuable to remove the logarithmic terms in the derived rates by developing more
advanced mathematical tools. Additionally, it is interesting to develop eDCNN’s theoretical
frameworks from single-channel to multi-channel configurations, thereby bridging the gap
between theoretical results and practical implementations. Besides the approximation and
generalization performances of eDCNN with max-pooling, developing provable optimization
algorithms to solve (12) and study its convergence and landscape are also interesting. We
will keep our study in these research topics and report our progress in future.
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Appendix: Proofs of Theoretical Results

In the appendix, we present the proofs of our main results. The technical novelties in
our proofs are two folds, compared with the existing literature (Zhou, 2020a,b; Mao and
Zhou, 2022; Zhou and Huo, 2024) in eDCNN approximation, in which the approximation
rates are sub-optimal as shown in Table 1. On one hand, the max-pooling rather than a
localization-based pooling in (Zhou, 2020a) is imposed in this paper so that we can get
a unified convolutional representation for deep fully connected networks and therefore the
relation (28) below holds. On the other hand, based on the convolutional representation
and the recently developed approximation of smooth functions by deep but narrow fully
connected networks (Yarotsky and Zhevnerchuk, 2020; Lu et al., 2021) (see Lemma 7 be-
low), we derive almost optimal approximation rates for eDCNN with max-pooling. It should
be highlighted that the adoption of results in (Yarotsky and Zhevnerchuk, 2020; Lu et al.,
2021) is one of the most important factor to our breakthrough of approximation rates of
eDCNN, since existing approximation results (Zhou, 2020a.b; Mao and Zhou, 2022; Zhou
and Huo, 2024) utilize eDCNN to approximate wide but shallow nets at first and then ob-
tain provable approximation errors by the corresponding approximation results in (Barron,
1993; Mhaskar, 1993; Yarotsky, 2017), which only achieves an approximation rate of order
O(L~"/%) for O(L) free parameters.

To prove Theorem 1, we need several preliminary lemmas. The first one provided in
(Yarotsky and Zhevnerchuk, 2020, Theorem 4.1) shows the approximation rates of DFCN
with fixed width 2d + 10.

Lemma 7 Let r,co > 0, there exists a constant Cy depending only on r and d such that

-----

-----

Let v be a probability measure on I¢. For a function f : I¢ — R, set ||f|| r(v) =

{ Ja |f(x)|pdu}1/p. Denote by LP(v) the set of all functions satisfying || f||z»(,) < oo. For
V C LP(v), denote by N'(e,V, || - ||zr()) the covering number (Gyérfi et al., 2002, Def. 9.3)
of Vin LP(v), which is the number of elements in a least e-net of  with respect to || || 1r(,)-
In particular, denote by Ny(e, V,27") := N(,V, || - | o (v,,)) With vy, the empirical measure
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with respect to 2" = (1,...,2,) € (I9)™. The second lemma that can be derived by the

same method as (Lin et al., 2022, Lemma 4) builds the covering number estimate of @ﬁogl.

Lemma 8 Let v be a probability measure on I¢. For any 0 < & < M, there holds
pool 11 * 72 M
logy N1 (e, myr®Y°Y, L™ (v)) < ¢*L*log Llog —,
’ €
where c* is a constant depending only on s and d.

The next lemma derived in (Guo et al., 2019) presents a relation between the covering
number and approximation.

Lemma 9 Let n € N and V C Li(I%). For arbitrary ¢ > 0, if

- (cnB\"
NV, L) < 6y (Ci” ) (15)
with B,Cy,Cy > 0, then
dist(Lip\>™), V, L1 (1)) > C’(nlogy(n + 1))/, (16)

where C' is a constant independent of n or €.

The fourth lemma is the convolution factorization lemma provided in (Zhou, 2020b,
Theorem 3).

Lemma 10 Let S > 0,2 < s < d and @ = (u)>,, be supported on {0,...,S}. Then there

exists L < % +1 filter vectors {wf}eL:l supported on {0,. .., s} such that @ = W’ - - xw'.
Define _ )
we 00 . 0
w1 wo 0 ce 0
wd/—l wd/72 DY DY wo
. Wy Wg—1 - 0--- w1
W
dd "~ (17)
wd‘_d/ DY DY DY wg_2d/+1
Wi Wiz = Wig Wig
L W1 Wi~ Wi_gp1  Wi-a

Observe that if W is supported in {0,...,S} for some S € N, the entry (T3 ,)ir = wi—
vanishes when ¢ — k > S. The fifth lemma proved in (Zhou, 2018) establishes the relation
between the convolution and matrix multiplication.
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Lemma 11 Let2<s<d, d,=d +{s and dy = d'. If {w}L_ | is supported on {0,...,s},
then

S0, o2 o] ") o 1
Toa™ ™ =Tha Ty Tay o (18)
holds for any ¢ € {1,2,...,L}.
For a sequence W supported on {0,1,...,s}, write ||[@]1 = Y po_ . |wi| and [|i]|ec =

MaX_oo<k<oo |Wk|. Define BY .= maX,cpd MaXp—1 . 4 ]a:(k)| and
BY .= ||@;B*t---B'BY,  1>1.

Then for any j =1,...,dy, direct computation yields

max (Tgfdg,l . -.Tgfdox)j’ < Bt (19)

and for 1 <k</-1
'(Td’jfd“ N .T;ii*lfdthdk)j‘ < B, (20)
where @; denotes the j-th element of the vector @ and 14, = (1,...,1)T € R%. For any

dy = d € N and d; = d' + (s, define the restricted convolution operator by
waf,bf (z) ;=@ *x + beldz (21)

for @’ supported on {0,1,...,s} and b* € R. The following lemma derived in (Han et al.,
2023) presents the relation between deep convolution neural network and matrix multipli-
cation.

Lemma 12 Let £ € N, 2 < s < d and Cﬁ?)e ye be defined by (21) with Wt supported on
{0,1,...,s} and b* = 271 B, then

R R Nk 72 =1 )
0oClgeyooo000Cimpu(@) = Tja, - TiyaTa ax+0b1a,
/—1
Twé kaﬂ bE1 99
+ Z deyde—1 " Fdigr,di” die (22)
k=1

By the help of the above lemmas, we are in a position to prove Theorem 1 as follows.
Proof [ Proof of Theorem 1] We divide the proof into four steps: matrix factorization, role
of max-pooling, convolutional representation and approximation rate derivation.

Step 1. Matrix factorization: Given a d x d’ matrix W, as shown in Figure 3, denote

T .
u = (Wl,d’a Wl,d’fla ey Wl,l, W27d/, ey W271, ceey Wd,l) = (W(), ey Wd'd’fl)

by stacking the rows of W. It follows from Lemma 10 with S = dd —1 and s > 2

that there exist L < dﬂgl:ll + 1 filter vectors {m‘}}zl satisfying @ = w! - -- % @'. Setting
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Wi o
Wi a1
: W
Wi |//%
, 1
Wi Wis - Wia )
W o
W271 WQ,Q W27df . =
. . . . : = =Uu
W W 1% Wa.x
d,1 d,2 d,d’ :
Wﬁ,d’ WEd/—l
W5,1

Figure 3: Stacking of the rows of W.

T := (Wk—j)pet...d. j=1...a as the dlﬁ x d', then T is formed as (17), that is,

L
[ W 0 0 0 i
Wi Wy 0 0
Wy o Wy g - W,
Wy  Wyy -~ 0--- W,
TE . . ) .
Wy o oo o W 2011
Wio Waz - Wo o Wy _aa
 Wa o Wa o o Waapn War

Recalling Figure 3 and the above expression of T%, we get that forj=1,... .d, the d' J-

th row of T% is exactly the j-th raw of W. If we set L = [d/d}, then L < L. Taking

s—1
@bt = ... L4 ... % w'. But Lemma 11

= " to be the delta sequence, we have @ = @

implies ., )
T = 7% ... 77 (23)

Therefore the d’j-th item of T% is the j-th item of Wz for j =1,...,d. Set

bt =271 B (=1,2,...,L.

Since
0 = st -
w” *x vV = Tdbdlflv’ (24)
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it follows from Lemma 12 with ¢ = L — 1 that

R R _ =Ll -1 L1
00Cp | gr-1pe-1000::000C " m pu(x) = T *-kW xx+b0" 1y,

L—2
,u—}'Lfl u-jk+1 k
+ § :TdL—hdL—z o Tdk+17dkb La,-
k=1

Therefore, we get from (24) and (23) that

Tl =wl s @ s x@l sz = QEL*aon;le,l pL—1 0ooo--000Cl i (x) — B (25)
where
L
pdr, . § ’ ok L pwttt gk
B T TdL,dLA Tdk+17dkb La,
k=1
L—-2
_ L, L1 L Z awl—1 wEtl ok
— w *b 1dL—1 +'LU * TdeladL—2 ...Tdkﬁ»lvdkb 1dk
k=1

Step 2. Role of max-pooling: For any g = (91,...,9J)T € R‘i, define bz =
(b1,...,ba, )T as the vector satisfying

b | ) — (B, k= jd
b —2(B),, otherwise

with (672);, = 0; for k = jd' and 0 otherwise, where (Br), denotes the k-th component of
the vector B4, For k # jd', we get from (19) and (25) that

(@ 00l | gurpr 0000000 n @) +br = (T70) +(B%)tb, <0, Voel,
which together with the definition of o yields
o (8 +50CF 4 gisproo0000Clyy (x))k +b) =0,
Then, o(t) > 0 for any ¢t € R, (25) and the definition of by yield
hmjd g d b1 {U ((wL *oe CE_L@L“J’L‘I coorro0e Cfﬂ?]l:bl (x))k + bk) }
-7 <(7’UL #00CI | gi1 100000 0Cla (x)>jd’ * bjd/)
= o (@ )0+ (B0 + (00— (), (20

Step 3. Convolutional representation: Since the d’j-th item of 7%z is the j-th
item of Wx and (§%F) ;4 = 6;, we get from (6) and (26) that

Sty 00 (810 0Cl | s pr 000000l (@) 15 ) =o(Wat6).  (27)

19



WANG AND LIN

which shows that under proper max-pooling scheme, a single fully connected layer can
be represented by multiple convolution structures. Let d = d and d = 2d + 10, we

have from (27) that there exist L; = {M

— w sequences {ﬁz’l}lel, a vector by, 1 and
bl ..., b1 ~Ll € R such that

-L1,1 R R 7d 0
Sd+Lls,dOU ('LU "xoo CL1,17wL171,17bL171,1 0g0---000 Cl,wl,blvl(w) +b Lbl) = U(W1$+91).

Similarly, for j > 1, let d’ = d = 2d + 10, there exist L= {(26?1110)21 sequences {fu%j}fil,
a vector l;dL_J and b7, ... bl € R such that
J
SdtsL;2d+1000 <u7Lf’1 %00 CZA,wLJ*“,bLJ*W ©cgo---000 Cﬁﬁl,blu‘ (x) + delvl) = U(ij+§j).
All these together with (8) and the definition of @iozl show
l
®1 2d+10,....2a+10 C PL g - (28)

Step 4. Approximation rates derivation: For any f € Lip(™®) with ||f||;.. < M,
we get from (28) and Lemma 7 that

dist <f, <I>’2?§’,L°°(Hd)) < dist <f, (I)L,2d+10,...,2d+107Loo@d))
< O L%/ dog? /L, (29)

This proves the upper bound of (10) by noting the definition of the truncation operator ;.
We then turn to proving the lower bound. It follows from Lemma 8 that (15) in Lemma
9 is satisfied with V = WM(I)I;??Z, Ci=1,8=0 Cy=Mandn = ciL?log L. Hence, it
follows from Lemma 9 that

dist(Lip{[;™, ma @772, Loo(I)) > dist(Lipy; ™, mas @7, L1 (1)
> (' [L?log Llog(L?log L)]fﬁ > C1(Llog L)_%.
This completes the proof of Theorem 1. |

To prove Theorem 2, we need the following concentration inequality which can be found
in (Gyorfi et al., 2002, Theorem 11.4).

Lemma 13 Assume |y| < B and B > 1. Let F be a set of functions f : 19 — R satisfying
|f(x)| < B. Then for each m > 1, with confidence at least

Be e2(1 —€e)am
1-14 L Fam B
ety M (203’ )P To14(1 + oBt )

there holds
E(f) —E(fp) = (Ep(f) = Ep(fp) < ela+ B+ E(f) —E(fp)),  VfeF,
where a, >0, 0 < e <1/2 and Ep(f) = L 30 (f(zi) — vi)*
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We then prove Theorem 2 as follows.
Proof [Proof of Theorem 2| Due to (29), there exists a fp . € @ﬁogl such that for any

fr€ Lip(mc0) there holds
E(FL) = E(p) = Iy — 20l wgay < oL/ 0g "/ L. (30)

The classical error decomposition (Zhou and Jetter, 2006) then yields

U
EmmfBr ) —E(f) < E(fL) —E(fy) + EmufiT ) — E(Fo) — (Ep(marfBT,) — Ep(fy)
Uz
E(fL,) — E(f) — (En(fL,) — En(fy)]
< CoL ™/ og?® /1 [+ Uy + Us. (31)

The bound of U, is well known by noting that || f2°% ||z < 2% — fyllL~ + M. For
example, it was derived in (Zhou and Huo, 2024, Lemma 7) that for any 0 < § < 1, with
confidence 1 — 4, there holds

! !
2 (IS = follroe + MEE, — folle |, L-2/d10g2/0 L 2

Uy < 4log = < log — 32
1> Og(s \/m >0 \/m Og(57 ( )

where c] is a constant depending only on 7, d, s, M. We then turn to bounding Us by using
Lemma 13. According to Lemma 8, we have for any 8 > 0,

ctL2log L
Be 20M \ 2% o8
e m\ <
x;n%?)m/\ﬂ(zoz%’f )=\ e

for the constant ¢ depending only on ¢*. Then Lemma 13 with F = Tthbﬁogl, e=1/2,
B = 1/n yields that with confidence at least

1—-14 (40]\4m)C§L2 gL oxp{—ctam},

there holds ) 1
Uy < 5(04 Tt 5(77Mf][g)(?OLl75) —&(fp));

for some cj depending only on M. Let
14 (40Mm)c§L2 gl oxp{—ciam} = 6.

We have )
0 G log 14 N cscs L* log Llog(40Mm)
m

) m '
Therefore, with confidence 1 — 4, there holds

c}'iL2 log Llogm 2 1 pool

Uy < ATE R g =+ (ErSBL,) — ES,)) (33)
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where ¢ is a constant independent of m, ¢ or L. Inserting (33) and (32) into (31), we get
from 2ab < a® + b2 for a,b > 0 that

2r 2r
. ~ _ar 2r L dlogd L 2 2(:}"1L2 log Llogm 2
E(mmfBT ) —E(f,) < 2oL~ logd L+ 26— log 5 log
, , L?log L1 2
< c5 <L_4d log% L+ 0g0gm> log 5

d
for ¢ a constant independent of m, L or §. Recalling L ~ mir+2d, we obtain that with
confidence 1 — 4,

00 P max{2r 2
E(mufB) = E(f,) < cm™ 27 (logm)m /82 log =,

where cg is a constant independent of m, L or §. This completes the proof of Theorem 2. W

To prove Corollary 3, we need the following well known probability to expectation
formula. We present a simple proof for the sake of completeness.

Lemma 14 Let 0 < 6 < 1, and £ € Ry be a random variable. If & < .Alogbg holds with
confidence 1 — § for some A,b,c > 0, then

El] < I(b+1)A,
where I'(-) is the Gamma function.
Proof Since ¢ < Alog? § holds with confidence 1 — ¢, we have
Pl > t] < cexp{ATV/bt1/b},

Using the probability to expectation formula
Bl = [ Ple>da (31)
to the positive random variable £, we have
Elg] < c/ooo exp{ A7VPt1/)Y < cAD(b+1).

This completes the proof of Lemma 14. |

We then prove Corollary 3 as follows.
Proof [Proof of Corollary 3| The lower bound of (14) is well known and we refer readers
to (Gyorfi et al., 2002, Chap.3) for a detailed proof. The upper bound of (14) follows from

(13) and Lemma 14 with A = cgm*%(log m)»ax{2r/d2} ' — 1 and ¢ = 2 directly. This
completes the proof of Corollary 3. [ ]
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