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Abstract

In this paper, for Markov Decision Processes (MDPs) with standard Borel spaces, (i) we first pro-
vide a discretization based approximation method for MDPs with continuous spaces under average
cost criteria, and provide error bounds for approximations when the dynamics are only weakly con-
tinuous (for asymptotic convergence of errors as the grid sizes vanish) or Wasserstein continuous
(with a rate in approximation as the grid sizes vanish) under certain ergodicity assumptions. In
particular, we relax the total variation condition given in prior work to weak continuity or Wasser-
stein continuity. (ii) We provide synchronous and asynchronous (quantized) Q-learning algorithms
for continuous spaces via quantization (where the quantized state is taken to be the actual state
in corresponding Q-learning algorithms presented in the paper), and establish their convergence.
(iii) We finally show that the convergence is to the optimal Q values of a finite approximate model
constructed via quantization, which implies near optimality of the arrived solution.

Keywords: Reinforcement learning, stochastic control, finite approximations, MDPs with general
spaces

1. Introduction

In this paper, we study approximate solutions for Markov decision processes (MDPs) under av-
erage cost criterion. We consider problems with continuous state and action spaces and provide
approximate planning and reinforcement learning results. In particular, we show near-optimality of
solutions to approximate models and those obtained via reinforcement learning.

Before we present the related research in these problems and discuss our contributions in more
detail, we introduce the problem formulation: A fully observed Markov control model is a tuple

(X? U? T’ C)?

where X is the (standard Borel) state space that is a metric space with the associated metric dx.
Similarly, U is the action space, assumed to be a metric space with the metric dy. Under dx and
dy, X and U are complete and separable. The transition kernel of the model is denoted by 7 on X
given X x U. Finally, ¢ : X x U — R is the cost function.

LetHp:=X, Hy=H;_ 1 xXxUfort=1,2,.... Welet, fort € Z,, hy denote an element
of Hy, with hy = {w[g 4, ujo—1)}- We use the notation g4 := (0, T1, -+ ,¥¢).

An admissible control policy 7 is a sequence of measurable functions (7; : ¢ = 0,1,2...) such
that m; : H; — P(U) with u; = m;(h¢) where P(U) denotes the set of all probability measures
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on U. We denote the set of all admissible policies by II4. If an admissible policy 7 is such that
ug ~ f(z) for some Borel measurable f : X — P(U), then the policy is said to be stationary; we
denote the set of stationary policies by Ilg.

We assume that such an MDP model is given on the (X x U)Z+-valued state-action process
(Xt,Ut)tez, - Foreach € X and m € IL4, the kernel 7 and the policy 7 induce a probability
measure (called a strategic measure) PT on ((X x U)%+, B((X x U)%+)) (where B(-) denotes the
Borel o-field on the space -) with Xy ~ d,. We let E7 denote the corresponding expectation.

We consider the following average cost problem:

T-1
J*(x) :=inf J(z,7) = inf hmsup E Zc Ty, ug)] (1)
=0

m€lla THoo

We also define the discounted cost for some discount factor 0 < 5 < 1:

o0

J5() = mf Jg(z,m) = ﬂgth 2 B ET [e(24,ut)]. ()

1.1 Literature Review

Finding efficient solutions to MDPs with continuous spaces is a challenging and important prob-
lem. In this context, various approximation techniques have been presented (see e.g. Dufour and
Prieto-Rumeau, 2012; Bertsekas, 1975; Chow and Tsitsiklis, 1991; Bertsekas and Tsitsiklis, 1996a;
Szepesvéri, 2010; Tsitsiklis and Roy, 1997; Singh et al., 1995; Melo et al., 2008; Gaskett and
D. Wettergreen, 1999; Szepesvari and Smart, 2004; Meyn, 2022; Saldi et al., 2017, 2018). Many
studies in the literature have focused on either finite-horizon problems or infinite-horizon discounted
cost problems, using the dynamic programming principle and the contraction properties of Bellman
operators induced by the discount factor. For average cost problems, however, the same techniques
are not immediately applicable.

For MDPs with continuous state spaces, existence of optimal solutions has been well studied
under the infinite horizon average cost criterion, under either weak continuity of the kernel (in both
state and action) or strong continuity (of the kernel in actions for every state), together with various
stability/ergodicity assumptions. We refer the reader to the works by Arapostathis et al. (1993);
Hernandez-Lerma (2012); Hernandez-Lerma and Lasserre (1996, 1999); Costa and Dufour (2012);
Gordienko and Herndndez-Lerma (1995); Vega-Amaya (2003a,b); Herndndez-Lerma and Lasserre
(1996); Borkar (2001); Feinberg et al. (2012) for comprehensive surveys on optimality results and
general solution techniques for optimal control under the average cost criteria. However, research
on computational and reinforcement learning methods for average cost optimality still entails open
problems, especially for MDPs with continuous spaces.

The primary contributions of the paper concern finite approximations for MDPs with continu-
ous spaces, their near optimality, and reinforcement learning for average cost problems. We will
summarize the related research in these areas separately:

Approximations for MDPs with continuous spaces. For the study of continuous space MDPs,
establishing regularity and continuity properties of the value functions is crucial. To this end, one
usually needs continuity assumptions on the stage-wise cost functions, and continuity assumptions
on the transition models under a suitable metric. Weak convergence metrics, and Wasserstein dis-
tances are used frequently for the regularity of the transition models since they are, in general,
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weaker and less demanding than other metric choices, e.g., total variation and relative entropy
(Kullback-Leibler divergence) type distance notions. These are used to establish Lipschitz con-
tinuity of the value functions, as well as to establish the consistency of model approximations. The
papers by Pirotta et al. (2015); Asadi et al. (2018); Rachelson and Lagoudakis (2010); Maran et al.
(2023) study MDPs with Wasserstein continuous transition models under the discounted cost set-
ting. However, one drawback of these papers is that they work on a class of Lipschitz continuous
policies which is a suboptimal class in general. For the discounted cost criterion, Saldi et al. (2016,
2015a,b, 2017); Kara et al. (2023) have shown that under only weak continuity conditions for an
MDP with standard Borel state and action spaces, finite models obtained by the quantization of the
state and action spaces lead to control policies that are asymptotically optimal as the quantization
rate increases. They also established convergence rates under Lipschitz continuity assumptions on
the model, without requiring the class of policies to be a priori continuous. The authors of the cur-
rent paper generalized these results to general approximation schemes beyond discretization based
approaches under several different continuity assumptions on the transition models such as contin-
uous weak continuity, set-wise continuity as well as total variation continuity (Kara and Yiiksel,
2020, 2021).

On the weak metrics for approximations and robustness to model mismatch. Related to the
discussion above, a salient consideration involving approximations for MDPs with general spaces
is that unless convergence in models occurs in a strong sense, such as in total variation uniform over
sets and actions, as models approach one another, the induced expected costs may not asymptotically
agree under every admissible policy. If convergence is to hold under the Wasserstein metric, such
a uniform convergence only would hold if policies were restricted to be Lipschitz a priori (see e.g.
Pirotta et al., 2015; Asadi et al., 2018; Rachelson and Lagoudakis, 2010; Maran et al., 2023), which
is often too restrictive for the approximate models. A detailed study on such model convergence and
robustness has been carried out by Kara and Yiiksel (2020, 2021). Under continuous convergence
of kernels, Kara and Yiiksel (2020) in discrete-time and Pradhan and Yiiksel (2024) in continuous-
time, established robustness when a control policy designed for an approximate/incorrect model is
applied to a true model. Saldi et al. (2017); Kara and Yiiksel (2021); Kara et al. (2023) present
a construction for the approximate models through quantizing the actual model with continuous
spaces, which allows for continuity and robustness results with only a weak continuity assumption
on the true transition kernel which, in turn, leads to continuous weak convergence of approximate
models as discussed by Kara and Yiiksel (2021) and thus becomes an important special case of
robustness under model convergence. Closely related to such results and continuous convergence,
a topology on spaces of probability measures corresponding to laws of stochastic processes, which
has been used in a wide variety of contexts in stochastic analysis, is defined as follows: a sequence
of stochastic processes is said to converge to another process if their finite-dimensional marginals
converge weakly, and their conditional distributions of future variables given the past (viewed as
measure-valued stochastic processes) also converge weakly. Aldous (1981) has termed this extended
weak convergence and Hellwig (1996) has named it the information topology; these have recently
been shown to be equivalent in discrete-time by Backhoft-Veraguas et al. (2020a); Pammer (2024).
The adapted Wasserstein metric (see Bartl et al., 2024; Backhoff-Veraguas et al., 2020a; Beiglbock
et al., 2022) has been shown to possess similar robustness properties in a variety of applications
(Bayraktar et al., 2020; Backhoff-Veraguas et al., 2020b; Bartl and Wiesel, 2023), not unlike the
continuous weak convergence notion noted above (see Saldi and Yiiksel (2025) for a comprehensive
review). Please see Section 3.2.1 for further discussion.
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Approximations for the average cost criterion. We note that the analysis of average cost problems
is typically more challenging, especially for problems with continuous spaces, as the stability (or
the ergodicity) of the problem plays a crucial role. For the average cost criterion, Saldi (2019), Saldi
et al. (2018, Theorem 4.14) provide error bounds for finite approximations; however, these results
require total variation continuity of the transition models as well as certain mixing conditions.

In this paper, we relax the total variation continuity condition to weak or Wasserstein continuity.
Reinforcement learning for the average cost criterion. There are a number of publications that
study reinforcement learning methods for MDPs under average cost criterion. To our knowledge,
the majority of these studies focus on finite spaces.

The papers by Abounadi et al. (2001); Gosavi (2004) are among the earliest studies that provide
convergent learning algorithms based on relative value iteration (as well as stochastic shortest path
under a recurrence condition for a given state), and the convergence of these algorithms has been
established via the ODE method by Borkar and Meyn (2000) for finite models.

Konda and Tsitsiklis (2003) studied policy improvement and actor-critic methods for continuous
space (in particular, Polish space) MDPs under average cost criteria. The approach relies on the
linear approximation of the value functions and the parametrization of the policies. The convergence
of this method is shown under a uniform minorization assumption over the parametrized policy
space (Konda and Tsitsiklis, 2003, Assumption 4.2) which is similar to the assumption used in our
paper (see Assumption 1). However, the learned solution is only locally optimal due to the nature
of policy parametrization methods.

Ormoneit and Sen (2002) also focus on reinforcement learning methods for MDPs with con-
tinuous state spaces under the average cost criteria. Their method is based on a kernel-based ap-
proximate dynamic programming, and convergence of the algorithms is shown under a minorization
condition (similar to Assumption 1) for several different averaging kernel functions. However, they
impose strong regularity conditions on the transition model for the kernel based methods to work.
In particular, it is assumed that the transition kernel admits a density function with respect to the
Lebesgue measure such that 7 (dz;|z,u) = fu(x1,x)A(dz1) where f,(x1,z) is strictly positive
and uniformly continuous in both variables. This assumption is, in particular, even stronger than
total variation continuity of the transition kernel.

Among the relatively more recent studies, the comprehensive paper Wan et al. (2021) provides
convergent off-policy learning algorithms to stabilize the value function estimation for finite models;
the convergence proof by Wan et al. (2021) builds on the ODE method (Abounadi et al., 2001;
Borkar and Meyn, 2000) but relaxes some of the conditions in Abounadi et al. (2001) with regard to
the reference term subtracted in each iterate. We should note that the proof method of convergence
by Abounadi et al. (2001) (and thus Wan et al. (2021)) for both the synchronous and asynchronous
Q-learning build on the synchronous update dynamics analysis as these are equivalent under the
ODE method.

Abounadi et al. (2001, Section 5) note the need for generalizing the analysis to continuous
spaces for relative Q learning methods. We also note that the appendix of Wan et al. (2021) notes
the continuous state/action setup as an open problem, which our current paper addresses.

Zhang and Ross (2021) study a policy improvement method for average-cost (reward) MDPs
for finite state-action spaces. Wang et al. (2023) focus on robust model-free methods for finite
systems where the transition model belongs to an uncertainty set which is constructed under various
metrics. Suttle et al. (2023) focus on relaxing the exponential mixing assumption for average cost
criteria for finite models and provides an actor-critic method. Zhang et al. (2021a) study finite
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sample guarantees for a synchronous Q-learning algorithm under the average cost criterion. We
also note that Yang et al. (2019) study a convergent actor-critic method under average-cost criteria
for continuous models with linear systems and additive Gaussian noise. We refer the reader to the
paper by Szepesvéri (2010) for a general review on the subject.

We also note more recent work on average cost MDPs that focuses on sample complexity (see
Chen, 2025; Bravo and Cominetti, 2024; Jin et al., 2024; Zhang et al., 2021b).

A complementary line of work studies infinite-horizon average cost problems for continuous
spaces under structural assumptions. One such direction involves linear MDPs where the transition
models and the cost function are assumed to be within the linear span of known basis (feature) func-
tions. Wei et al. (2021); Wu et al. (2022) and more recently Hong et al. (2025); Chae et al. (2025);
Hong and Tewari (2025) study linear and linear mixture MDPs via the vanishing discount approach.
For kernel-based function approximation, Vakili and Olkhovskaya (2024) propose an algorithm un-
der reproducing kernel Hilbert space assumptions on the value function. In this paper, we do not
make parametric assumptions on the model, and only assume weak or Wasserstein continuity of the
transition kernel on a general standard Borel space, and establish almost sure convergence of (quan-
tized) Q-learning to the optimal value of an explicit finite approximate model with near optimality
guarantees.

Almost all of these papers focus on MDP problems under infinite horizon average cost crite-
ria for finite models, i.e. where the state and action spaces are finite, or impose parametric (lin-
ear/kernel) structure on the model and thus are able to use the Markovian nature for learning.

To this end, in our paper we consider general continuous spaces for which we first construct
a discretized model where we present weaker continuity conditions than currently available in the
literature. After discretization, the convergence analysis for learning methods requires further adap-
tations as the discretized states are no longer Markovian. In addition, ergodicity conditions are
required to ensure the stability of the associated stochastic iteration algorithms. For continuous
models, the ergodicity conditions and the stability analysis differ significantly from those involving
finite models. In particular, in addition to obtaining average cost counterparts of the analysis of
Kara et al. (2023) (which in turn builds on Kara and Yiiksel, 2023), the paper introduces additional
technical methods for the convergence analysis that are new even for finite MDPs, whose treatment
in the literature has been restricted to the ODE method as noted earlier.

Contributions. In view of the above, we address several open questions in the literature along
the following directions:

(1) [Approximation Results for Average Cost Infinite Horizon Control] In Section 3, we provide a
discretization-based approximation method for fully observed MDPs with continuous spaces
under the average cost criteria, and we provide error bounds for the approximations when
the dynamics are only weakly continuous under certain ergodicity assumptions. Theorem 5
provides error bounds for action space discretization. Theorem 11 presents near optimality of
control policies obtained for models with discretized state spaces. Notably, we relax the total
variation condition given by Saldi (2019); Saldi et al. (2018) to weak (Feller) continuity (in
Theorem 15) or Wasserstein continuity conditions (in Theorem 11); the former leads only to
asymptotic convergence, whereas the latter provides a rate of convergence.

(i) [Reinforcement Learning Analysis for Continuous State/Action Models] In Section 4, we
consider what happens if one uses Q-learning with a quantization map, and whether the
learned values correspond to the approximate model constructed in Section 3. We present
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quantized Q-learning algorithms and show that they indeed converge to the optimal Q-values
of the approximate models constructed in Section 3 for a particular weighting measure that is
given by the invariant measure of the state process. When one runs the (J-learning algorithm,
it is important to note that the quantized process is not an MDP, and in fact should be viewed
as a POMDP, a viewpoint used by Kara and Yiiksel (2023) and by Kara et al. (2023). For the
synchronous algorithm, we use the properties of the span semi-norm. For the asynchronous
setup, we generalize the proof method given by Kara and Yiiksel (2023) for the average cost
criterion under certain ergodicity properties induced by an exploration policy, though with ad-
ditional technical analysis as the @Q-iterates do not satisfy the boundedness properties a priori
unlike the discounted cost criterion setup. In particular, in Section 4.1 we present and study a
synchronous Q-learning algorithm, and in Section 4.2, we present and study an asynchronous
algorithm. Theorem 17 establishes the convergence of a synchronous Q-learning algorithm.
Theorem 19 shows the convergence of an asynchronous Q-learning algorithm.

(iii) [Convergence to Near-Optimality for Continuous State/Action Models] For both the syn-
chronous and the asynchronous quantized Q-learning algorithms, the limit is shown to be the
fixed-point solution of the optimality equation of an approximate model as in (i) above, and
thus the convergence is to near-optimal policies.

To give a taste of the main results, we summarize our approximation results for finite action
spaces. Approximation of continuous action spaces by finite sets is discussed in Section 3.1; ac-
cordingly, we assume throughout this summary that the action space is finite.

We consider a finite partition of the state space X, given by {Bz}f\i1 We denote by Lx the worst
case distortion over the partition bins under a given weight measure (see (23) for the definition). A
precise statement of the following theorem is given in Theorem 16.

Main Result. Suppose 7 is optimal for the approximate model. For a given initial state oy € X,
consider the average-cost of 7 in the original MDP denoted by J(x, ), and the optimal average-
cost value of the original MDP denoted by J*(xq). Furthermore, the optimal average cost value of
the approximate MDP defined in (14)-(15) is denoted by J (z0) for initial state xo € X.

Under Assumption 1, these values are independent of the initial state and we write

A

p(fr) :J(x()v’fr)? ﬁ:J<l'0), p:J*(:CO)

for all xo € X. Here, K. denotes the Lipschitz constant of the one-stage cost function and K
denotes the Lipschitz (contraction) constant of the transition kernel, as defined in Assumption 4.
1—

1-8
Fix § such that K7 < ()3 where r := 1 — v(X) > 0, and let D denote the diameter of the
state space.

i. Under Assumption 4 with K7 < 1, we have that

N K.
—-J < Lx.
o= J@) < - Lx
ii. Under Assumption I and Assumption 4,
X K D1—5 5
lp—=pl< 1= CK%I_(; (Lx)
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Furthermore,

2K D=0
(1—-k) (1 - K§k'-9)

p(T) —p < (Ix)°

iii. If the quantization is such that Lx = % (which is possible as X is assumed to be compact),
then by denoting the learned policy by m,, under Assumptions 1 and 5, we have that

Jim p(m) = p.

iv. Running Q-learning on quantized states (called Quantized Q-Learning with a synchronous
Algorithm 1 and asynchronous Algorithm 2) converges and results in a policy 7. This policy
corresponds to an optimal policy for a discretized approximate model, with discretization bins
weighted by the stationary distribution of the state process induced by an exploration policy.
As a corollary of the above, the convergence is to near optimality.

2. Average Cost Optimality Equation and Contraction Properties of Relative Value
Iteration

We start our analysis by first reviewing technical tools needed throughout the paper and related
results on average cost optimality.

2.1 Convergence Notions for Probability Measures and Regularity Properties of Transition
Kernels

For the analysis of the technical results, we use different notions of convergence for sequences of
probability measures.

Two important notions of convergence for sequences of probability measures are weak conver-
gence and convergence under total variation. A sequence {vn,n € N} in P(X) is said to con-
verge to v € P(X) weakly if [y c(x)vn(dz) = [ c(x)v(dzx) for every continuous and bounded
c: X —R.

For probability measures p, v € P(X), the total variation metric is given by

[ t@ta) - [

where the supremum is taken over all measurable real-valued functions f such that ||f||. =
supyex |f(z)] < 1. A sequence v, is said to converge in total variation to v € P(X) if
”I/n — VHTV — 0.

Finally, for probability measures z1, v € P(X) with finite first-order moments (that is, [ ||z|| du
and [ ||z|| dv are finite), the first order Wasserstein distance is defined as

lp = vliry =2 sup |u(B) —v(B)| =
BeB(X) FiTlest

Wi(p,v) = inf Eldx(X,Y)] = sup \/f dx)—/f(x)v(dw

m(p,v) f:Lip(f)<1
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where 7 (1, ) denotes all possible couplings of X and Y with marginals X ~ g and Y ~ v, and

DR e sup () = [(€)]
= e ey

and the second equality follows from the dual formulation of the Wasserstein distance (Villani,
2009, Remark 6.5). Note that weak convergence and Wasserstein convergence are equivalent if the
underlying space is compact.
We now introduce the class of Holder continuous functions and consider their use as test func-
tions for studying probability measures. Let f : X — R. The function f is said to be Holder
continuous of order § € (0, 1] if there exists a constant C' > 0 such that

f(z) = fly)] < Cdx(z,y)’,  Va,yeX.

Here, ¢ is called the Holder exponent and C' the Holder constant. We denote the optimal Holder
constant of f by [f] s such that

[f(z) = f(y)]

£ s := sup 253 3)

TH#Y dx(l‘, y)

Lemma 1 (see Maran et al., 2023, Proposition 10) For any §-Holder f, we have

‘/ﬂ@P@w—/ﬂ@PM@

We define the following regularity properties for the transition kernels:

< [flgs WA (P, P)°.

T (-|x,u) is said to be weakly continuous in (z,u) (or weak Feller), if T (-|x,,u,) —
‘|z, u) weakly for any (z,, un) — (2, u).

7_

| is said to be continuous under total variation in (z,u), if |7 (:|zp,un) —
|2, w)llrv — 0 for any (2, un) — (,u).
‘|z, u) is said to be continuous under the first-order Wasserstein distance in (z, u), if

)
,u)
u)
)i

Wy (T(’xn, un)v T(|$’ u)) —0

for any (2, u,) — (z,u). To ensure continuity of 7 with respect to the first-order Wasser-
stein distance, in addition to weak continuity, we may assume that there exists a function
g:[0,00) = [0,0) suchthatg 1 oo ast — oo, and

sup /ﬁwmn@WM<m

(z,u)eKxU

for any compact K C X. Note that the latter condition implies uniform integrability of the
collection of random variables with probability measures 7 (dz1|Xo = =, Uy = uy) as
(zpn,un) — (x,u), which, coupled with weak convergence, can be shown to imply conver-
gence under the Wasserstein distance.

Example 1 Some example models satisfying these regularity properties are as follows:
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(i) For a model with the dynamics xy11 = f(x¢, ut, wy), the induced transition kernel T (-|x, u)
is weakly continuous in (x,u) if f(x,u,w) is a continuous function of (xz,w), since for any
continuous and bounded function g

/ 9 ) T (1|0, 1) = / 9 (tny 4, ) (o)
= [ ot v w)vidu) = [ gla)T(dnlz,0)

where v denotes the probability measure of the noise process. If we also have that X is
compact, the transition kernel T (-|x,w) is also continuous under the first order Wasserstein
distance.

(ii) For a model with the dynamics xy+1 = f(xt, us) +wy, the induced transition kernel T (-|x, u)
is continuous under total variation in (x,w) if f(z,u) is a continuous function of (z,u), and
wy admits a continuous density function.

(iii) In general, if the transition kernel admits a continuous density function f such that
T (dz1|z,u) = f(x1,2,u)\(dxy), then T (dxi|x,u) is continuous in total variation. This
follows from an application of Scheffé’s Lemma (Billingsley, 1995, Theorem 16.12). In par-
ticular, we can write that

1T Cln, un) = T (e, w)|lrv = /X |f (@1, 2, un) = f(21, 2, u)|A(dz1) — 0.

iv) For a model wi e dynamics xi+1 = f(x¢, ur, wy), if f is Lipschitz continuous in the (x,u
) Fe del with the dy + Lipschit t th
pair, that is, there exists some o < 0o such that

dx (f(xn, up, w), f(z,u,w)) < a(dx(zn,x) + dy(un,u)), 4

we can then bound the first order Wasserstein distance between the corresponding kernels by
a:

Wi (T (|2n, un), T(-|z,u)) = sup
Lip(g)<1

[ ot wytan) - [ oit.u w))u(dw>\

/g(xl)T(dxﬂmn,un) —/g(ml)T(d$1|x,u)

= sup
Lip(9)<1

< /dx (f(@n, up,w), f(z,u,w)) v(dw) < a(dx(xn, ) + dy(up, w)) . 5)

Observe that the Lipschitz bound in (4) may exhibit dependency on the realization of w, whose
average growth under measure v can lead to a more relaxed bound for the transition kernel
deviation in (5).

2.2 The Average Cost Optimality Equation

Consider the following average cost problem:

T-1
J*(x) = inf J = inf li E7r 6
(x) nleIhA (x,7) = wleI}IA 1JIP_)SOLC1>p ; c(xy, ug)] (6)
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To study the average cost problem, one common approach is to establish the existence of an average
cost optimality equation (ACOE), and an associated verification theorem.

Definition 2 The collection of measurable functions p : X - Rh: X - R, f : X - Uisa
canonical triplet if for all x € X

p(x) = inf /p(az’)T(daz’|x,u)

uelU

p(z) + h(z) = inf <c(a:,u) +/h(:c’)7'(d:c'\x,u)>

uelU
with

p(z) = / o) T(de'|, ()
plo) + 1(a) = (el o) + [ 1) Tl o, 1(0)))

We will refer to these relations as the average cost optimality equation (ACOE).

The following verification theorem is a standard result (see Arapostathis et al., 1993; Herndndez-
Lerma and Lasserre, 1996)

Proposition 3 Let p, h, f be a canonical triplet. If p is a constant and

lim sup E [h(zn)] =0, (7

n—oo N

for all x and under every policy m, then the stationary deterministic policy ©* = {f, f, f,---} is
optimal, such that
p=J(x,nm*) = inf J(x,m)

mellg

where

T-1
J(x,m) = hmsup E7r Zc Ty, Uy )]
T—o0 k=0

In the following, we present two different approaches to establish existence of solutions to the
average cost optimality problem. One approach is via a direct contraction argument, which relates
average cost optimality to discounted cost optimality of an equivalent problem; and another using a
Wasserstein contraction argument. These approaches will also be used to establish error bounds for
the approximation methods presented in the paper.

2.2.1 CONTRACTION UNDER THE SUP NORM BY EQUIVALENCE WITH A DISCOUNTED COST
PROBLEM

We have the following minorization condition.
Assumption 1 There exists a positive measure v such that
T(Blz,u) =2 v(B),

forall B € B(X) and for all (z,u) € X x U.

10
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Under Assumption 1, define 77 (-|x,u) = T (-|z,u) — v(-), which is a positive measure. Then, the
map

(7)) = nig (el + [ ST anlw) ®

ue

is a contraction with contraction constant x := 1 — (X)) < 1 (see (Herndndez-Lerma, 2012, p.61)
for a historical review on this approach). With this assumption, one can apply the standard value
iteration algorithm using T’. The limit equation

uelU

:Lréiél(c(x,u)+/f(x1)T(dx1|x,u))—/f(xl)y(dxl) )

f(z) = min(c(z,u) + /f(xl)T’(dxl\x,u))

is the desired ACOE in Definition 2 with p = [ f(z1)v(dz1). The existence of a minimizing
control policy is ensured by measurable selection conditions, assuming either weak continuity of
the kernel (in both the state and action), or strong continuity (of the kernel in actions for every state)
properties. We consider the former in the following:

Assumption 2 (a) The one-stage cost function c is bounded and continuous.
(b) The stochastic kernel T (- |z, u) is weakly continuous in (z,u) € X x U (that is, weak Feller).
(c¢) U is compact.
(d) X'is compact.

The corresponding measurable selection criteria are given by Himmelberg et al. (1976, Theorem
2), Schal (1975), Schél (1974) and Kuratowski and Ryll-Nardzewski (1965). We also refer the
reader to the book by Herndndez-Lerma and Lasserre (1996) for a comprehensive analysis and
detailed literature review. One can then show (see e.g. Arapostathis et al., 1993; Herndndez-Lerma
and Lasserre, 1996, 1999; Gordienko and Hernandez-Lerma, 1995; Vega-Amaya, 2003a; Demirci
et al., 2004; Yiiksel, 2025) that under Assumptions 1 and 2 there exists a solution to the average
cost optimality equation.

2.2.2 CONTRACTION UNDER THE WASSERSTEIN-1 DISTANCE

The following is the main regularity assumption of the paper.

Assumption 3 * The original cost function c is Lipschitz, such that |c(x,u) — c(2',u')] <
K (dx(z,2") + dy(u,u)) for some K. < oo forall z,x', u,u'.

* The transition kernel T is Lipschitz continuous under the first order Wasserstein distance
such that W1 (T (+|z,w), T (-|2",u")) < K7 (dx(z,2") + dy(u, ")) for some K1 < oo for all

z, 2’ u, .

* X and U are compact.

11
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Under Assumption 3 with K7 < 1, Demirci et al. (2004) showed that the ACOE for the original
model admits a solution, and that

lim (1= 8)J(a) = p.

where J g(:c) denotes the optimal value function under the discounted cost criteria with discount
factor 0 < 8 < 1 (see (2)).

3. Near Optimality of Quantized State and Action Space Approximations

In the following, we build on the work of Saldi et al. (2017, 2018) to construct approximate MDPs
with finite state and action spaces. Unlike Saldi et al. (2017, 2018), we require weaker conditions
for the average cost criterion: notably, only weak convergence is sufficient for the approximation
results, rather than the total variation continuity assumed by Saldi et al. (2017, 2018).

3.1 Finite Action Approximate MDP: Quantization of the Action Space

Under Assumption 2, the action space U is compact, and hence totally bounded. Therefore, one can
find a finite set A = {uy,...,ur} C U such that

sup min dy(u, @) =: E(A) < 0. (10)
welU wEA

Consider the MDP with tuple (X, A, 7, ¢). Note that under Assumption 1, both the original
MDP and the finite action space MDP admit solutions to the ACOE. Furthermore, under Assump-
tion 2 or Assumption 3, there exist optimal policies for the MDPs under both continuous and the
finite action spaces. We denote the optimal values under the average cost criteria by py and pj,
respectively.

For the MDPs with the continuous and finite action spaces, we write the following ACOE’s:

h(z) = inf {c(:c,u) —i—/h(xl)’T(dxlx,u) — /h(:cl)u(d:vl)}

uelU

() :min{c(:c,u)+ / (@) T (ds |, ) — / ﬁ(xl)u(dxl)}.

uEA

Note that py = [ h(z1)v(dz1) and pp = [ h(x1)v(dz;). We follow the proof strategy by Maran
et al. (2023), and use the Holder continuity of the relative value functions for the near-optimality
analysis.

Lemmad4 Let k = 1 — v(X) > 0, and let D denote the diameter of the state space X. Fix § > 0
1-96
such that K+ < ()77 . Under Assumptions I and 3

KCD1—6

1—R(ﬁ)6.

Proof The proof can be found in Appendix A. |

[h] s <

Then the following holds:

12
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Theorem 5 Let k = 1 — v(X) > 0, and let D denote the diameter of the state space X. Fix § > 0
1-6
such that K+ < (%) . Then the following hold:

i. Under Assumptions 1 and 2, we have py — py as E(A) — 0.

ii. Under Assumption 3, if K7 < 1, then

K.
— < E(N).
PA=PUS T (A)
iii. Under Assumptions 1 and 3, we have
K D17§
pr— pu < ——C—E(A).

1—n(ﬁ)

K

Proof (i) follows from (Saldi et al., 2016),(Saldi et al., 2018, Theorem 3.22). For (ii) under As-
sumption 3 with K+ < 1, one can show that (see Demirci et al. (2004))

lim (1 — 8)J3(z) = pu

S—1
lim (1 — B)Js(x) =
lim (1= 8)Jy(x) = pa

for any xz € X where J E (respectively jg) represents the optimal discounted value function under
the original action space U (respectively under the action space A). Furthermore, we also have the
following upper-bound for the discounted value function difference (see e.g. Saldi et al. (2018)):

ol — 3()] < K £(M).

= (1= B)(1 - BK7)
Hence, combining these two bounds gives the desired bound. Finally, for (iii), we work with the
following ACOE’s

uelU

h(z) = inf {c(:v,u) 4 / h(e) T (dr |, ) — / h(:vl)u(dz:l)}
h(x):mm{c(x,u)+ / B T (s |, w) — / ﬁ(xl)y(dm)}.

ueA
Note that we have py = [ h(z1)v(dzy) and pp = [ h(z1)v(dz1). Thus, it suffices to find an
upper bound on ||k — il”oo Let 4* denote the minimizer of the second equation. Furthermore, let
@ = argmin, dy(u*,u) denote the closest element in the finite action set to the minimizer u* of
the first equation whose existence is guaranteed under Assumption 3.
We define R(:|x,u) := w with k := 1 — v(X) which is a Markov kernel so that
R(X|x,u) = 1. It is then easy to check that

K

13
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using that fact that dy(u*, @) < £(A) by construction. One can write the above ACOEs as
h(z) = c(x,u”) + n/h(:}:l)R(dxlx,u*)

h(z) = c(x,0*) + /@/ﬁ(:ﬁl)R(dxlx,ﬂ*)

We note that & > h. Since @ is not the optimal action for the finite action space in general, we can
then write:

h(z) — h(z) < |e(z,a) — c(z, u)| + &

/ﬁ(xl)R(dx1|x,a) —/h(xl)R(dxﬂx,u*)

< K.E(A) +x

/ﬁ(zl)R(dazﬂx,a) /h(ml)R(dxﬂx,a)

+ K

/h(ml)R(d:c1|x,7fL) —/h(wl)R(da:l\a:,u*)’
A N Kt ’
< KE(A) + E||h = hlloo + &[h*] s <n8(A))

where [h] s denotes the Holder continuity constant of & under §. Above, we also used Lemma 1.
Writing K.£(A) = K.£(A)°E(A)'—°, we can rearrange the terms above to get

0
) K.E(A)0 + [h] gor (%t)
[h = hlle < E(N)°.
1-k
Using Lemma 4 for [h] s, we write
. KCleS
I1h = Bl < E(N). (11)

<1 e <%ﬁ)5> (1K)

The proof is concluded by noting that py — py < ||h — hl|eor(X).
|

In particular, ps denotes the average cost of the best policy that uses actions from the finite set A,
but evaluated under the dynamics of the original MDP. In view of the above, for the rest of the paper,
we will assume that the action space U is finite. Error bounds for a continuous action space problem
can be obtained by appropriately discretizing the action space and using Theorem 5. As such, we
will replace Assumption 3 with the following:

Assumption 4 * X is compact and U is finite.

* The original cost function c is Lipschitz, such that |c(z,u) — c(2',u)| < K.dx(z,z") with
constant K. < oo for all x,x’, u.

* The transition kernel T is Lipschitz continuous under the first order Wasserstein distance
such that Wi (T (*|z,u), T (-|2',u)) < Kydx(z,z") for some K1 < oo for all x, ', u.

14
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3.2 MDP Approximation Results

We construct an approximate MDP via state space discretization, following the construction of
Saldi et al. (2017, 2018). We choose a collection of disjoint sets {Bz’}f\i1 such that | J, B; = X, and
B;(\Bj = 0 for any i # j. We choose a representative state, y; € B;, for each disjoint set. For
this setting, we denote the new finite state space by Y := {y1, ...,y }, and the mapping from the
original state space X to the finite set Y is done via

q(x)=y; ifze B, (12)

Furthermore, we choose a weight measure p € P(X) on X such that p(B;) > 0 for all B;. We
now define normalized measures using the weight measure on each separate quantization bin B; as
follows:

p(A)
1(Bi)’
that is, p,, is the normalized weight measure on the set B;, where y; belongs to. We then define the
cost function and transition kernel for the approximate model as follows:

phy; (A) := VBorel AC B;, Vie{l,...,M}, (13)

é(a:,u):/B c(z,u) fhy, (d2)

i

T(Alz,u) = /B T(AJ2, )y (d2) (14)

forany A € B(X) and any = € B;. We denote the optimal average cost for this approximate model
by J(x) given the initial condition is z.

Note that although the approximate model is defined over the original state space X, by con-
struction its cost function and transition kernel are constant over the quantization bins {B;}4,.
Hence, the approximate model can equivalently be viewed as a finite-state MDP with state space
Y = {y1,...,ynm} where y; is the representative state of the quantization bin B;. Indeed, for any
¥i,y; € Y and v € U, the stage-wise cost and the transition kernel for the finite-state model are
defined as

Clyi, ) = / e, ) g (),

B;

Plysli) = [ T(Bfo.u)m, (d), (15)

In the following, we establish approximation and performance results for control policies obtained
via the approximate MDPs when applied to the true model.

3.2.1 MDP APPROXIMATION VIA WASSERSTEIN CONTINUITY WITH MODULUS OF
CONTINUITY IN APPROXIMATION

The main goal of this section is to establish the near-optimality of policies designed for a finite MDP
when applied to the continuous model. Denoting the optimal policy of the finite model by 7, we
aim to find upper bounds on

J(x,7) — J*(x)

15
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where J*(x) is the optimal value under the ergodic cost criterion for the original model. To analyze
this term, we add and subtract the optimal value of the approximate model, i.e. J(z) yielding

(J(x, ) — j(x)) n (j($) . J*@)) . (16)

The second term is the difference between the value functions of the approximate and the original
MDPs, and we first bound this difference as an intermediate step. The first term (which we may refer
to as the robustness error term) measures the difference in the expected cost between the approxi-
mate and original MDP models under the same policy, namely, the optimal policy of the discretized
model. Our goal is to derive error bounds in terms of the Wasserstein—1 Lipschitz continuity of the
original transition kernel using the approximate MDP. Therefore, unless the optimal policy is Lips-
chitz continuous, it is generally impossible to bound this term uniformly over policies. Restricting
policies to be Lipschitz a priori has been previously considered in the literature (see e.g. Pirotta
et al., 2015; Asadi et al., 2018; Rachelson and Lagoudakis, 2010; Maran et al., 2023). Nonetheless,
we will show that when the policy is an optimal policy of the approximate MDP, it is indeed pos-
sible to derive an error bound for the second term that vanishes as the discretization becomes finer
(the principal reason being that the state and corresponding optimal action pairs converge to one
another due to optimality which, together with continuous weak convergence of kernels, leads to
the vanishing error). We note that, as is often the case for finite space MDPs, if the original model
is instead approximated in total variation distance, the value difference under the same policy can
be directly bounded for any policy due to the strong regularity imposed by total variation (see Kara
and Yiiksel (2020, Section 4.5) and Jiang (2018)). However, for general space MDPs, such a direct
condition is too demanding.

We define the following loss functions induced by the quantization on the cost function and the
transition kernel:

Le(z,u) :=|c(z,u) — é(z,u)

Ly(x,u) =W, (’T(-\:c,u),T(-]x,u)) (17)

where ¢ and 7 are the cost function and transition kernel of the approximate model defined in (14).
Value Function Difference. For the value difference bound, that is the second term in (16), we
give two alternatives: one assuming the minorization condition Assumption 1 and one without
minorization but using Wasserstein contraction of the kernel with K7~ < 1 under Assumption 4.

Proposition 6 Consider the optimal average-cost values of the original and the approximate mod-
els, denoted by J*(x) and J(x), respectively, for a given initial state x. Under Assumption 1 and
Assumption 4, these values are constant with p = J*(x) and p = J(x) for all x € X. Fix § such

1-5
that K1 < (%) 5 where k := 1 —v(X) > 0, and let D denote the diameter of the state space.
Then, we have

A K Dl—éﬁl—é 5
=0l < Lelloo + | ———=5 | (IL7ll0)” -
11—k (ﬁ>
K
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Proof The proof uses a similar technique to that of Theorem 5. We will work with the following
ACOE’s

@) =min {c(e) + [ W T (ol - [ wegvian) |

~

h(x) := min {@(g;,u) +/B(x1)f(dx1\x,u) —/B(wl)u(dm)}

Note that we have p = [ h(z1)v(dz;) and p = [ h(z1)v(dz1). Thus, it suffices to find an upper
bound on || — hl|s. Denoting by x = 1 — v/(X), one can write the above as

h(z) = min {c(x, W) + / h(z1) R(da |z, u)}
() = min {é(x, W) + K / (@) R(dan |z, u)}

where R(-|z,u) := TClzw)=v() 5 3 Markov kernel so that RX|z,u) = 1. R is defined similarly.
K y

It is then easy to check by definition that for any x, u

- L
Wi (B[, u), R(-Je, u)) < 22E
K
Using Lemma 1, we can show the following:
Lemma 7
. 1 K leéﬁlf(i
Ih—hlloe < = | IZelloe + | =5 | (7]’
R 11—k (ﬁ)
K

Proof

() — h(x)] < sup fe(z, u) — &(z, u)l

+ = Bl + s {/ h(z) R(das |z, u) — /h(a:l)]:%(dxﬂx, u)}

B
- L
< el + = Bl + s (P21
where [h] ;s denotes the Holder continuity constant of h under 6. Rearranging the terms and using
the Lemma 4 to bound [h] ;s give the desired bound. [
We conclude the proof noting |p — p| < ||k — hl|eov(X) and that v(X) = 1 — k. [

The following proposition shows that if the transition kernel satisfies a Wasserstein contraction,
the minorization condition is not needed to bound the value difference:

17



KARA AND YUKSEL

Proposition 8 Under Assumption 4 with K+ < 1, we have

K.
— T

lp = J(@)] < [l Lefloo + 5 L7l
where p = J*(x) is the optimal value of the original MDP, and J(x:) is the optimal value of the
approximate model for the initial state x.

Remark 9 We note that Assumption 4 with K+ < 1 guarantees that the optimal value of the
original model is constant, such that J*(x) = p, for all x € X. However, the same may not hold
for the approximate model (see Example 2).

Proof We first note that under Assumption 4 with K+ < 1, one can show that (see Demirci et al.
(2004) or Theorem 7.3.4 of Yiiksel (2025)) the ACOE for the original model admits a solution and
that

lim (1= B)Jj(x) = p.

Furthermore, we also have that for any finite MDP, and in particular, for the approximate model, we
also have that

lim (1= 8)J3(@) = J (@)

From Theorem 5 of Kara et al. (2023), it follows that
. A 1
Ti@) = Js(@)| < 7= |ILello +

Hence, we can conclude the proof with a triangle inequality:

K.
—||L
el

) . K.
|7 (@) = J(@)] < lim (1 = B)J5(x) = (1 = B)Jp(@)] < [ Lelloo + KTIILTlloo-

On Minorization vs. Wasserstein Contraction Conditions. To bound the difference between the
value functions of the original MDP and the approximate MDP, we have considered two alternative
conditions:

1. The transitions are Wasserstein contractive in the sense that Wy (7 (-|z,u), T (-|y,u)) <
Kde(JU, y) with K+ < 1.

2. The transitions are Lipschitz continuous and they satisfy a minorization condition, i.e.,
T (-]x,u) > v(-) for a non-trivial measure v(-).

The first condition implies that the dynamics are contractive on average, which is analogous to
contractive behavior in deterministic systems. In particular, under a functional representation of the
dynamics via stochastic realizability conditions, we can write the dynamics as

Xt+1 = f(Xt7 Ut7 Wt)

18
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for some measurable f, and for an i.i.d. noise sequence W; distributed according to a measure P(-)
such that the pushforward of P(-) under f(z,w,-) is the kernel 7 (-|z,w). In this representation, if
we assume that there exists some function K : W x U — [0, co) such that forall z,y € X, u € U,
we W,

dx (f(a:,u, w)vf(yvuvw)) < K(w,u)dx(x,y),

we then have

WA(T (|2, w), T(-ly,u)) < sup

llgllzip<1

< / K(w,u)P(dw)dx(x,y).

/ o(f (0,1, 0)) — g(f (9, u, w))| P(duw)

Thus, the Wasserstein contraction assumption for the kernel holds if [ K (w,u)P(dw) < 1, that is
if the dynamics are contractive on average for different realizations of the noise.

The second condition indicates that the Wasserstein contraction condition can be avoided if the
dynamics are mixing, i.e., 7 (-|z,u) > v(-) for a non-trivial measure v/(-).

We note that the condition K < 1 guarantees that the average-cost optimal value function for
the original model does not depend on the initial state. However, this property may no longer hold
for the finite model after discretization. Consider the following simple example:

Example 2 Ler X = [—1, 1], and let the dynamics be uncontrolled and given by

Xi
X = —.
t+1 5
The cost is simply equal to the state, that is, c(x) = x. It is easy to see that the infinite horizon
average cost for this problem is given by p = 0 independent of the initial condition. Furthermore,

we have that

=1\ 1
(=85 = (=933 (5) #= (1= A)=gze 0

independent of the initial state x as B — 1. On the other hand, if we discretize the state space by
mapping [—1,0) — —1 and [0, 1] — 1, the infinite horizon average cost becomes p(—1) = —1 and
p(1) = 1 which depends on the initial state.

For the minorization condition, we first note that if the original model kernel satisfies this con-
dition, then the finite model kernel also satisfies the same condition:

Lemma 10 [f 7 (-|x,u) > v(-) for a non-trivial measure v(-), then the transition kernel for the
approximate model also satisfies the same condition such that 72(|:c, u) > v(-) where T is defined
in (14). Consequently, for the transition probabilities of the finite model defined in (15), there exists
some y; such that P(y;|yo,uo) > 0 forall yo € Y and ug € U.

Proof Fix (z,u) € X x U. Take i such that z € B;. Then
Tz u) = /B T2, Wy, (d2) > / V(Y (d2) = ().
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Since v(-) is non-trivial, that is since v(X) > 0, for any discretization scheme there exists some
index j such that v(B;) > 0, and thus for any (yo,uo) € Y x U,

P(y;|yo,u0) = T(Bjlyo, uo) > v(B;) > 0.

Even when the original model does not satisfy the minorization condition, it is sometimes possible to
construct a discretization scheme which does satisfy the minorization for any rate of discretization:

Example 3 Let X = [-2,2] and consider the dynamics x4\ = 5 + wy, where wy, is supported
on QN [—1,1] where Q is the set of rationals. For this example, we have that K = % The kernel
T, however, does not satisfy the minorization condition. Indeed, for x,x' € X

1
supp(T () = 5o +(Qn [~1,1))
In particular, we have that
supp(7T (-z)) Nsupp(T (-|]z")) = 0 when |z — 2’| ¢ Q.

Thus, no uniform minorization measure can exist. On the other hand, for any finite partition of X
that has a bin which includes an open neighborhood of the point 0, this bin is visited with positive
probability from every other bin. Therefore, the transition kernel of any approximate (finite-state)
model based on such a partition satisfies a minorization condition.

Near Optimality of Approximate Policies. The previous results give us an upper bound on the
difference between the optimal average-cost value functions. We now focus on the performance of
policies designed for the approximate models. In this setting, we note that there might be several
policies that achieve the optimal performance for the discretized model under the average cost op-
timality criterion, and these policies may perform differently when applied to the original problem
(see (Kara and Yiiksel, 2020, Section 4)).

Therefore, we work with policies that satisfy the ACOE. In particular, we will find performance
loss bounds for a policy 7 that satisfies:

~ A~

p+ B(ac) = ¢z, m(x)) + /h(arl)T(dxlla:, 7(x)) (18)

uelU

= min {é(a:, u) + / ﬁ(xlmdmx,u)} .

Recall from (16), that the performance of an approximate policy is related to the difference
J(z,#) — J(z) as well as the corresponding value-function difference, for which we have derived
upper bounds. It is not immediately clear, however, how to control this term when the policy 7 may
be discontinuous and the distance between the transition kernels is controlled in the W/ distance

only.

Theorem 11 Suppose 7 satisfies (18) and is optimal for the approximate model. For a given initial
state xy € X, consider the average-cost of 7 in the original MDP denoted by J(xq, ), and the
optimal average-cost value of the original MDP denoted by J*(xo).
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Under Assumptions 1 and 4. these values are independent of the initial state with p(7) =

-
J(xo,7) and p = J*(x0), for all xo € X. Fix § such that K+ < (% ) 0 where k :=1—v(X) >0,
and let D denote the diameter of the state space. Then, we have

. ) K leﬁﬁlfé
p#) = p < 7 [ ILlloo + | =—"—
-k 1— (&)
K

Proof We start by noting that under Assumption 1 and using Lemma 10, we have

(I 7ll)’

T(lew) 2v(),  Tllu) = v(). (19)

In particular, if we define the following operators
Th(z) := c(z, #(z)) + / h(z:) T (das |z, 7#(x)) — / h(z1)v(dz)
Th(z) := &z, #(z)) + / h(zy )T (dar |z, #(x)) — / h(z)v(dz)
T*h(z) = c(a, 7 (x)) + / h(z) T (day |z, 7 () — / h(zy)v(dzs), (20)

where 7* is optimal for the average cost problem and solves the ACOE. Using (19), one can then
show (see (8)), that these operators are contractions with contraction constant £ := 1 — v(X) < 1.
Furthermore, these operators admit unique fixed points, say h(z), h(z), h*(z) respectively. As

in the proof of Theorem 6, using the kernels R(-|x, u) = M and R(-|z,u) = w
we write these fixed point equations as:

h(z) = c(z,7(x)) + H/h(xl)R(dwﬂx,fr(x))

~

h(z) = é(z,7(z)) + & / h(z1)R(dw1 |z, 7(x))
h*(z) = c(z,n*(x)) + ﬁ/h*(xl)R(dmllx, 7 (x)). (21)
Note that the above equations are in the same form as ACOEs, and hence, we have that J(x,7) =

= [ h(z1)v(dzy), J(x) = p= [ h(z1)v(dz1), and J*(z) = p = [ h*(x1)v(dz). We now
wrlte

J(z,7) — J*(z) < ’J(:v,fr) - j(x)‘ n ]j(x) - J*(a:)‘ .
For the first term, we first study the difference |h(z) — h(x)|:

|h(x) — h(x)| = |Th(z) — Th(=)]
< |Th(z) — Th(x)| 4+ |Th(z) — Th*(x)| + |Th*(x) — Th*(x)| + |Th*(x) — Th(z)|

. N Ll \° .
< ol = Bl = o el s (S22 e =l 2
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where we used the fact that the used operators are contractions. Furthermore, we used the following
upper bound

|Th* () — Th*(2)| <

clz, () + ﬁ/h*(:cl)R(dxﬂa:,ﬁ(:v))

A o
< Lelloo + K105 (WA (R(J, 7 (@), R(|, 7(2))) )

. N R 5
< | Lelloo + K[R] s (Wl(T('|5U=W(x)),T(-|x,7r(x)))>

N7
< | Zelloo + /A" <

K

KCD176

where we used Lemma 1. We note that by Lemma 4, [h*] ;s < ( = )5. Using Lemma 7, we
1-k

also have that

- 1 K D' k10
19" = Alloe < 7= | 1elloo + | =3
R 1_ﬁ(ﬁ>
K

Combining the above arguments with (22), we obtain

(1L7lloc)’

~ 1+ k& K. Dl—0,1-0
Ih = lloe < =5 | I Eelloo + | =5
T )

K

(IZ7ll)’

For the difference |p(7) — p|, we then have

p(#) — p| = ) [ rmtann) ~ [ v < - bl )

1+k K.D'79g1=0 5
< =] [ Lelloo + 075 (I L7lo0)
11—k (%)
where we used the identity ©(X) = 1 — . Finally, combining this bound with the estimates for
|p — p| obtained in Theorem 6, the proof is complete. [ |

Further Bounds in terms of State-Space Quantization Error. The performance error of an ap-
proximate policy is mainly controlled by the quantities

Le(z,u) :=|c(z,u) — é(z,u)]

Lp(z,u) := W, (T(-|£B,u),7'(-|:r,u)> .
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This suggests that, in order to minimize the loss, the quantization bins should be chosen so that the
deviation of the cost function and the transition kernels is small within each bin.

For the cost function, this can be achieved by constructing quantization bins aligned with the
level (or sublevel) sets of ¢(x, u), so that the cost is nearly constant within each bin. However, the
transition kernel maps states and actions to the set of probability measures whose pre-image map
analysis is far more tedious unless there is further structure on the dynamics. Hence, following the
same approach is not effective for the transition kernel. Accordingly, instead of partitioning in terms
of the pre-image of the partitions on the space of probability measures, we partition the domain (that
is, the state and action sets): The following results show that the error can be made arbitrarily small
by choosing a sufficiently high rate of quantization. We define an average loss function L : X — R
induced by the quantization: for x € X belonging to a quantization bin B; whose representative
state is y; (i.e., ¢(z) = v;), a weighted loss function L(x) is defined as

L(z) = /B dx (z, ") puy, (d2'). (23)

That is, L(x) can be seen as the mean distance from « to the bin B; under the measure y,,. We
denote the uniform bound on the quantization error by Lx defined as

Lx :=sup L(z).
x
We have the following immediate result:
Lemma 12 Under Assumption 4, we have that for all x,u € X x U

Le(z,u) = |é(x,u) — e(z,u)| < K.Lx,
Ly(z,u) = Wi(T(|z,u), T(-|z,u)) < K7Lx.

Proof Let x € B;. For the cost difference, we write

|é(z, u) — c(, u)| =

/ c(x’, w)py, (dz') — c(z, u)
B;

[ clalu) = el (e
B;
§/ Kedx(x, 2" )y, (dz') < K.Lx.

B;

For the transition difference, for any || f||1:, < 1, we similarly write

‘/f(m)j'(dxﬂx,u)—/f(m)T(dxﬂx,u)

= ‘//BZ [ (@) T (dz|2’, w)py, (da’) —/f(ﬂfl)T(dﬂclﬂﬂau)

S/ Krdx(z, 2" )y, (dz") < KrLx.
B;
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Corollary 13 (of Theorem 11) Suppose 7 satisfies (18). Under Assumptions 1 and 4, for any § such
1-s
that K+ < (%) o we have that

2y _ 2K.D'~° 5
p(f) —p < 1—r) <1_K<%)5>LX

Remark 14 The result is stated for finite action spaces. However, we can easily get a further upper
bound for continuous action spaces by combining Theorem 5 and Theorem 11 (or Corollary 13). Let
7 denote the policy designed for discretized action and state spaces, and let p(7) denote the average
cost we would receive if we applied the policy 7 to the original model. p is the optimal value for the
original state and action spaces, and p' denotes the value of the problem with a discretized action
space and a continuous state space. We can then write

2K, D'=0 s K.D'™9 5
(1—r) <1 . (%)6> x T . _41% (?)55(1\)

where we have used Corollary 13 for the first term, and Theorem 5(iii) for the second term (see (10)
for the definition of E(A)).

p(7) = p < |p(7) = p'| + |p" = p| <

3.2.2 FINITE APPROXIMATIONS VIA WEAK CONTINUITY AND ASYMPTOTIC OPTIMALITY

In Section 3.2.1, we used Assumption 4 to obtain quantitative bounds on approximation errors
using the Lipschitz continuity of the cost function and the transition kernel. In this section, we
relax the Lipschitz continuity assumption and focus on asymptotic analysis only under continuity of
the cost, and weak continuity of the kernel. We emphasize that Lipschitz continuity conditions are
generally more restrictive; for example in the belief-MDP reduction for partially observable Markov
Decision Processes (POMDPs), there is a significant difference between models which allow for
weak Feller continuity vs. those which satisfy Lipschitz regularity (see the tutorial paper Kara and
Yiiksel (2024b)); an analogous situation applies for problems where lifting to a larger space (such
as probability measure valued dynamics) is utilized as in decentralized stochastic control problems,
as well as mean-field models. In this subsection, we work with Assumption 2 specialized to finite
action spaces:

Assumption 5 (a) U is finite.
(b) X'is compact.
(¢) The one-stage cost function c is bounded and continuous.

(d) The stochastic kernel T (- |x,u) is weakly continuous in (z,u) € X x U (that is, weak Feller
continuous).

In this section, we will apply a uniform quantization of the compact state space with bin diameter
1

= so that

n

S|

Ly = sup L(z) <
X
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where L(x) is defined in (23).

In Section 4.2.2 of Saldi et al. (2018) total variation continuity was imposed for near optimality
of quantized models under the average cost criterion. In the previous subsection, this was relaxed
to Wasserstein continuity. The convergence result along the same lines can be shown to work under
only Assumptions 1 and 5, albeit without a modulus of continuity.

Theorem 15 Let 7, denote an optimal policy for the quantized model which solves the ACOE for
the approximate model with discretization width 1 /n. For a given initial state vo € X, let J(xo, 7p,)
denote the average cost of the policy m, evaluated under the original model and let J*(xo) denote
the optimal average cost.
Under Assumption 1. these values are independent of the initial state; we write p(m,) =
J(xo, ) and p = J*(x0) for all zo € X. Then, under Assumptions 1 and 5, we have
Jim_p(m,) = p.

Proof The proof relies on the contraction operators and the corresponding fixed point equations
used in the proof of Theorem 11, i.e. (21). In particular, we consider the fixed point equations:

hn(z) = c(x, m (x)) + H/hn(xl)R(dxﬂx,ﬂn(x))
h*(z) = c(z,m*(x)) + ﬁ/h*(fcl)R(d:z:ﬂa:,w*(x))

where R(:|z,u) = M with kK = 1 — v(-) < 1. Note that 7, is an optimal policy for
the approximate cost function ¢, and the approximate kernel 7,, under the average cost criterion
and equivalently under a discounted cost criterion with discount factor . Furthermore, the fixed
point h,, corresponds to the discounted cost value of the policy 7, under the original model with
a discount factor x, and h* corresponds to the optimal discounted value function for the original
dynamics under the discount factor «.

We can then use Theorem 4.4 of Kara and Yiiksel (2020) to show that h,, — h* point-wise

under Assumption 5, if
* Ry(-|zp,u) = R(-|x,u) weakly for any z,, — x and for all u
* cp(p,u) — c(z,u) for any x,, — z and for all u.

For the first item, it is equivalent to show that 7y, (-|xy, u) — 7T (-|z, u) weakly. For the cost function
we have that:

cn (T, u) :/B .c(z,u),un(dz)

where B,, ; denotes the quantization bin x,, belongs to and 1, is the weight measure . concentrated
on the set B; ,,. Thus, we need to show that for any fixed € > 0, we can find a large enough NV < oo
such that for n > N, we have that |c(z,u) — ¢(z,u)| < eforall z € B; .

For fixed ¢ > 0, we can find 6 > 0 such that |c¢(z,u) — ¢(z,u)| < € for all dx(z,z) < ¢
since ¢(x, u) is continuous by assumption. Thus, we now want to find a sufficiently large N < oo
such that for such a 6, dx(z,2) < 6 for all z € B;,, forn > N. Recall that B,, ; represents the
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quantization bin x,, belongs to, and by construction we have that dx (z, z,) < % forall z € B;
which can be made smaller than §/2 for all n > N; for a sufficiently large N;. Furthermore,
Zn, — x by assumption, and thus we can make dx (z,,2z) < /2 for all n > N for some other
sufficiently large No. Picking the greater of N1 and Ns implies that

dX(fE7Z) < dX(l'aJM) + dX(:Enaz) <94

for all n > max(Ny, Na) and for all z € B; ,,, which proves the claim that ¢, (zy,, u) — ¢(x, u) for
all x,, — .
Using identical arguments and noting that for any continuous and bounded f, we have that

\ [ T~ [ )T

/Bm/f(xl)%(dxﬂz?u)“n(dz)_/f(371)7'(da:1]x,u)

we can also conclude that 7y, (+|xy,, u) — T (-|z,u) weakly for all x,, — . By Theorem 4.4 of Kara
and Yiksel (2020), this shows that h,, — h*.

We conclude the proof by using the Dominated Convergence Theorem and noting that
p(mn) = [ hyp(z1)v(dzr) and p = [ h*(z1)v(dz). [ |

We now summarize the main results of this section as follows:

Theorem 16 Suppose 7 satisfies (18) and is optimal for the approximate model. For a given initial
state g € X, let J(xo, ) denote the average cost of 7 in the original MDP, J*(x) the optimal
average cost of the original MDP, and J (o) the optimal average cost of the approximate MDP.
Under Assumption 1, these values are independent of the initial state; we write p(7) =
J(z0,7), p = J(x0), and p := J*(x0) for all zy € X.
Fix § such that K+ < (%) 5 where k := 1 — v(X) > 0, and let D denote the diameter of the
state space.

i. Under Assumption 4 with K7 < 1,

. K.
pP—p = Lx.
\ < 1= Kr
ii. Under Assumptions 1 and 4,
Kch—(S 5
lp—pl < ———— (Ix)
and furthermore,
A 2K0D1_6 1)
p() —p < —v (Lx)°.
(1-k) (1 - K&x!1-9)
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iii. If Lx = % (which is possible since X is compact), then denoting the learned policy by T,
under Assumptions 1 and 5,
li = p.
A, PTn) =
Now that we have presented the contraction framework needed for our analysis, we will move
on to establishing a Q-learning algorithm and its convergence to near-optimality.

4. Quantized Q-Learning for Continuous Spaces under the Infinite Horizon Average
Cost Criterion

In this section, we study Q-learning for a continuous MDP under a discretization map, and inves-
tigate whether the algorithm converges and, if so, whether its limit corresponds to the approximate
MDP models constructed in the previous sections.

In particular we will present synchronous and asynchronous Q-learning algorithms for systems
with continuous spaces and show the convergence of these algorithms to the value functions of
appropriately defined finite MDP models consistent with those constructed in Section 3.2.

We denote by @Q* : Y x U — R the Q-values (factors, or functions) for the finite model
introduced in Section 3.2 for some weight measure p € P(X). For any discretized state y; € Y
and any control action u € U, the Q value of the pair (y;, u) satisfies the following equality:

p Q@ () = Clyiva) + 3 Pluslyi, ) min @ (5,0) 24
y; €Y

where P and C' are defined in (15) and p is the value of the average cost problem for the finite
model.

Theorem 11 provides bounds on the performance loss of the policies designed for discretized
models (and Theorem 15 generalizes this to the case with only weakly continuous models, though
with only asymptotic convergence). Hence, if we can find iterations that converge to the Q values
in (24), we will be able to obtain performance results through Theorems 11 and 15.

In the following, we present a synchronous and an asynchronous algorithm. It is important to
note that the quantized process ¢(X;) is not an MDP, and in fact should be viewed as a POMDP, a
perspective used by Kara and Yiiksel (2023) (see also Kara et al., 2023).

For the asynchronous setup, we work with a single trajectory of the original process, and the
data are given sequentially so that we cannot rely on the Markov properties. Accordingly, we
generalize the proof method given by Kara and Yiiksel (2023) for the average cost criterion and
impose ergodicity properties under an exploration policy.

4.1 Synchronous Quantized Q-Learning for Continuous Space Average Cost MDPs

We first present a synchronous Q-learning algorithm. As noted above, the proof is more direct in
this case. In the following, we present the synchronous Q-learning algorithm, which we will use in
this section. Note that the discretization part of the algorithm follows the same steps as introduced
in Section 3.2.

Recall the quantization of the state space with a collection of disjoint sets {B,}Zj\i 61 such that
U; Bi = X, and B; (| B;j = 0 for any ¢ # j with a representative state, y; € B;, for each disjoint
set. Denote the new finite state space by Y := {yo,y1, ..., Ynm—1}-
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Algorithm 1 Synchronous Quantized Q-Learning
Input: Qo, Y, U, {uy }yev, reference (yo, uo)
fort=0,...,L —1do

for each (y;,uj) € Y x U do
Sample x; ~ fy,, Xi’j ~ T (-|xi, uy)
Update

Qi (isuy) = (1= a0)Qulyiruy) + o (e(wi, ug) + min Qi(g(X}7),v)) (25

end for

Normalize Q¢4 1(yi, uj) = Qe1(¥i, uj) — Qe1(yo, uo)
end for
return QJr,

The algorithm updates the Q-values for all (y,u) € Y x U pairs synchronously. To perform
the updates for a discrete state y; (or quantization bin B;) and an action u;, a continuous state is
sampled from the bin B; according to a pre-determined measure x; ~ fi,,(-). Along with this
sampled state, the corresponding future state X fj is also taken from the dataset. The update in
(25) then uses the future continuous state X' ? and the cost c¢(x;, u;) corresponding to the sampled
state ; under the action u;. Finally, the Q-values are normalized by subtracting Q¢ (yo, uo) for a
pre-selected reference pair (yo, uo) from all Q-values.

The next result shows that these iterations converge to the Q values given in (24) for an appro-
priate weight measure.

Theorem 17 We assume that the approximate transition probabilities for the finite model satisfy
Sorally,y' u,u

1
5 2 [Py, w) = Plyly' u)| < B < 1. (26)
;

If ay = t_%l and the iterations are given by (25), then (Q; converges to Q* (see (24)) under the span

semi-norm, and Q; converges to Q* under the uniform norm where Q(y, u) = Q(y,u) — Q(yo, uo)
for a predetermined pair (yo, uo). We also have that

p+ V(o) = Clyo, o) + Y V*(y1) Py lyo, uo)
NnEeY

where V*(y) = min, Q*(y,w) and where j is the value of the approximate model introduced in
Section 3.2 under the average cost criterion. Accordingly, the results of Theorem 16 follow.

A proof is given in Appendix B. We note that under Assumption 1, (26) always holds. In
particular, if 7(-|z,u) > v(-), then Lemma 10 implies that P(y;|y,u) > 0 for some y; and for
all y, u. This then implies the condition (26). On the other hand, there may be settings where the
original problem does not satisfy the minorization condition in Assumption 1, however, one may
find discretization schemes which do satisfy condition (26). Indeed, Example 3 is a case where the
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original model does not satisfy Assumption 1; however, one can always find a discretization which
does satisfy (26). Accordingly, for the convergence result, we impose the weaker condition, that is
(26). Nonetheless, to show the near optimality of the learned policies, we still need Assumption 1.

4.2 Asynchronous Quantized Q-Learning for Continuous Space Average Cost MDPs

The Q-learning algorithm we presented earlier is constructed under the assumption that we can
generate samples from every quantization bin synchronously. We now present an algorithm that
learns the Q-values and an optimal policy of the finite model constructed in Section 3.2, from a
single trajectory. In this setting, the main challenge is that only a single trajectory of the original
continuous state MDP is available. The question is whether Q-learning applied with the quantized
process converges.

The decision maker applies an arbitrary admissible policy 7 and collects realizations of quan-
tized states, actions, and stage-wise cost under this policy: Yy, Uy, ¢(Xo, Up), Y1, U1, ¢(X1,U1) . ..
where Y; denotes the representative (quantized) state corresponding to Xj.

Assumption 6 For the finite model transition probabilities P(y;|y, u) (see (15)), where the weight-
ing measure is given by the invariant measure of the state process under the exploration policy,
there exists a bin Bj, with representative state y;, such that

P(yjly,u) >0,
foreveryy € Y and u € U. Furthermore, the index j of this bin is known.

We propose a shifted Q-learning algorithm by subtracting the value §V;(y;) for some sufficiently
small 6 > 0, where V;(y') = min, Q;(vy’, u). This yields, for all (y,u) € Y x U

Qura 1) = (1= (1) Qe 1) + () (X0, ) + i Qul¥ia. ) = Vi) ).
(27

Algorithm 2 Asynchronous Quantized Q-Learning

Input: (), quantizer ¢ : X — Y, exploration policy 7, horizon L, parameter 6 > 0
Initialize N (y,u) = 0 forall (y,u) € Y x U
Set Qg
fort=0,...,L —1do
Observe (Xt, Ut, C()(t7 Ut), Xt+1)
y < a(Xe), ¥+ q(Xepa)
N(y,Up) <= N(y,Us) + 1

a(y, Un) < Trwtymn

Qir1(y, Up) <+ (1 —au(y, Up))Qu(y, Up) + ey, Up)(c( Xy, Up) + min, Q¢ (', v) — 0Vi(y;))
U1 ~7(-|y)

end for

return @,

We impose the following assumptions for convergence
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Assumption 7
(1.) We set ay(y,u) = 0 unless (Yy,Uy) = (y, u). Otherwise, let

1
1+ ZZ‘:O 1{Yk:yka:u} .

&t(ya u)

2. Under the (memoryless or stationary) exploration policy 7w (-|-), Xy is uniquely ergodic and
thus has a unique invariant measure (i such that p.(B;) > 0 for every quantization bin B;.

3. The exploration policy  has full support over actions at every quantized state: m(uly) > 0
forall (y,u) € Y x U.

We note that a sufficient condition for the second item in Assumption 7 is that the state process
{X¢}+>0 is positive Harris recurrent under the exploration policy. In particular, together with the
minorization condition in Assumption 6, the process becomes positive Harris recurrent. Item (3) is
a full support exploration condition. It is satisfied, for example, by any e-greedy policy with € > 0
or by a uniformly randomized policy over the finite action set U. Together, Items (2) and (3) ensure
that every quantized state-action pair (y,u) € Y x U is visited infinitely often almost surely, which
is required both for the step-size conditions of Lemma 18 and for the empirical-average convergence
in the proof of Theorem 19.

For the discounted cost criterion, an analogous result was proven by Kara and Yiiksel (2023)
(see also related results by Szepesvari and Smart (2004) and Singh et al. (1994)). We first recall a
key result by Bertsekas and Tsitsiklis (1996b, Prop. 4.5) and by Singh et al. (2000, Lemma 1).

Lemma 18 (Bertsekas and Tsitsiklis, 1996b, Prop. 4.5)(Singh et al., 2000, Lemma 1) Consider a
stochastic process (o, Ay, Fy), t > 0, where ay, Ay, Fy : § — R for some finite set $ and satisfy
the equations

Ar1(s) = (1 = au(s)) Ae(x) + cu(s) Fy(s)

Let P; be a sequence of increasing o-fields such that cg and Ag are Py measurable and oy, Ay, Fy_1
are P, measurable. Assume that the following hold:

o > au(s) =00, >, i (s) < oo almost surely,
o |E[F()|P|y < BlIAtl|oo + ¢t where B < 1 and ¢, converges to zero almost surely.
s Var(Fy(s)|P) < K(1+ ||A¢|leo)? for some constant K < oo.

Then A, converges to zero almost surely.

Convergence of asynchronous methods is challenging because the quantized state variable does
not satisfy the Markov property and the error term is not a martingale noise. This issue does not
arise in the synchronous method due to independent sampling across iterations. To deal with this,
we utilize the ergodicity assumption on the state process and decompose the non-Markov noise term
so that it can be written as the difference between the stationary mean and the empirical average.
This difference is then folded into the decaying error term, i.e., the ¢; term in Lemma 18.

30



APPROXIMATIONS AND LEARNING UNDER AVERAGE COST CRITERIA

Theorem 19 Under Assumption 6 and Assumption 7, the algorithm given in (27) converges almost
surely, for sufficiently small 6 (specifically, 6 < miny yevxu P(y;|y, w) where y; is as in Assump-
tion 6), to Q* which satisfies

p+Q*(y,u) = C(y, u) +§P(zly,w min Q" (2, v). (28)

P and C are defined in (15) with the weighting measure being the stationary distribution of the state
process X; under the exploration policy.

Furthermore, for the learned value function and the policy, near optimality and convergence
results of Theorem 16 are applicable.

Proof The proof can be found in Appendix D. |

5. Extensions, Reflections, and Refinements

In this section, we present some reflections and refinements. To avoid creating a distraction from the
main text, these have been summarized in this final section. The first one involves arriving at near
optimality via discounted cost minimization with discount parameters close to 1, the second involves
the relaxation of the minorization condition at the expense of further regularity in the kernel, and
the third discussion is on empirical quantized model learning and equivalence with the quantized
Q-learning convergence results.

5.1 Approximate Optimality via Discounted Cost Criterion Approximation: Beyond
Minorization

Consider the following two conditions: (i) There exists a solution to the average cost optimality
equation, and (ii) this solution is obtained via the vanishing discount method. Under these condi-
tions, it follows (see Cregg et al., 2024, Theorems 1 and 2) (see also Yiiksel, 2025, Theorem 7.3.6)
that a near-optimal policy for the discounted cost problem is also near-optimal for the average cost
problem.

Accordingly, a further method would be to approximate the Q-learning algorithm by its classical
discounted version. This approach, in particular, does not make explicit use of the ergodicity or mi-
norization condition (1) (except for its use in establishing the existence of a solution to the average
cost optimality equation in our paper; this condition is not necessary in general). For example, for
the belief-MDP reduction of partially observable models, such a condition does not hold; yet one
can establish conditions under which a solution to the average cost optimality equation exists and
is obtained via the vanishing discount technique (see, e.g., Borkar (2000); Stettner (2019); Rung-
galdier and Stettner (1994); Platzman (1980); Hsu et al. (2006); Demirci et al. (2004)). However, the
question of approximation rates as the discount parameter approaches unity remains open for such
problems. We leave this important direction for future research, but only note that one can arrive
at near average cost optimality via such a general method under these relatively mild conditions as
well.
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5.2 Near Optimality of Finite Approximations when ACOE holds but Minorization Does Not

For the difference of the value functions between the original and the approximate model, we were
able to relax Assumption 1, and use Assumption 8 with K7 < 1 instead. However, we could not
use the same method to show near optimality of the approximate model policies. We now show
that under additional regularity conditions, but not requiring minorization, we can do this for the
asymptotic analysis; that is, we can show that the policy designed for the discretized model when
applied to the original model is near optimal for the original model, with the performance loss de-
caying to zero as the quantization gets finer. Such conditions are particularly relevant for controlled
(continuous-time) diffusions which are time-discretized. We make the following assumption (as in
Theorem 4.1 of Yiiksel (2024)):

Assumption 8 Suppose that

(i) We have X C R? for some finite d and X is compact, and U is finite.
(ii) For every stationary policy m € 1lg there exists a unique invariant probability measure.

(iii) The kernel T (dy|z,u) is such that, the family of conditional probability measures
T(dy|lz,u),z € X,u € U} admit densities fy.(y) with respect to a reference measure
1, and all such densities are bounded and equicontinuous (over x € X, u € U).

(iv) T is weak Feller continuous.
Theorem 20 Suppose that Assumption 4 with K+ < 1 holds, and Assumption 8 holds. Then,
lim J(z,m,) = J*(x).

n—oo

Proof The proof can be found in Appendix E. |

5.3 Equivalence with Empirical Model Learning

The implication of Theorem 19 is that the Q-learning algorithm (27) converges to a limit where
the limit solves the optimality equation (28) for an approximate model defined by the stationary
distribution of the state process X; under the exploration policy. In particular, this model is precisely
the empirical limit of a Markovian approximation in the following sense: Let the exploration policy
m given in the (quantized) Q-learning algorithm give rise to the invariant probability measure p..
The limiting Q-function Q*(y, u) corresponds to the optimal Q-function of an approximate MDP
defined over the quantized state space Y. The effective cost C*(y, u) is the average cost over the
bin B, weighted by the invariant distribution £ conditioned on bin B,:

) pix (dz)
C*(y,u) =E_,» Bc:c,u):/ T
( ) xpk e y[ ( ] B, N;(By)
Observe that the above is, (see e.g. Kara and Yiiksel, 2024a, Theorem 2.1), equal to the almost sure
limit of the empirical expression on the right hand side below:

N-1
Zk:() C(Xk:a Uk)l{XkGBy,Uk:u}
N-T7 ’
k=0 {X,€By,Uy,=u}

c(z,u). (29)

C*(y,u) = lim

N—oo

(30)
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Similarly, the effective transition probability P*(y'|y, u) represents the probability of transitioning
from bin By, to bin B,/ under action u, averaged over the invariant distribution:

. wi(dx
P (y/|ya u) = ]P)zrvu;ﬂxEBy [Q(XtJrl) = y,|Xt =z, U = U] = / :(B )
) By /’Lﬂ‘( y)

T(By|z,u). (31)

Likewise, by (Kara and Yiiksel, 2024a, Theorem 2.1), the above is the almost sure empirical
limit of the right hand side below:

ZN—I 1 1
k=0 {Xk+1€By/} {XkEBy,Uk:u}

P*(y'ly,u) = lim (32)

N—o0 o0 L{XeeB, Upmu}

An interpretation of the above result then is that one can first obtain the approximate model
given with (29-31) by forcing the data into a Markovian model for both the empirical cost estimate
(30) and empirical transition kernel estimate (32), and then solve the MDP as if this empirically
constructed model is the actual one, instead of running Q-learning whose limit is then optimal pre-
cisely for this learned/empirically constructed model. Accordingly, for this learned value function
and the policy, near optimality and convergence results of Propositions 6 and 8, and Theorems 11
and 15 are applicable.

6. Simulation and Case Study

We consider a continuous space control problem. We let the state space be X = [0, 1], and the
action space to be U = [—1, 1]. The stage wise cost function is given by

clr,u) =071 —z) +0.2(u+1)
For the dynamics we assume: if u > 0, for a given state

Unif[x, min(x + u, 1)] w.p. 0.9
€T
' Unif[0, 1] w.p. 0.1.

Ifu<O0

N Unif[max(x + u,0), x] w.p. 0.9
o Unif[0, 1] w.p. 0.1

The action controls the direction and magnitude of the stochastic state transitions: positive
actions try to move the state upward and negative actions tend to move it downward, with larger
actions leading to more likely movements. The cost function favors states closer to the upper end
of the state space and penalizes large control inputs, and thus creates a tradeoff between keeping a
high quality state and limiting control effort.

For exploration, we use a randomized control policy such that u; ~ Unif[0, 1] for all . We will
analyze the problem numerically after the discretization of the action space. We verify Assumption
4 and Assumption 1. Assumption 1 is satisfied with v(-) = 0.1 x Unif]0, 1]. For Assumption 4, the
Lipschitz constant of ¢(z, ) is 0.7 since the cost is linear in the state variable. For the transition
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kernel, the first order Wasserstein distance is equal to the L distance of the CDF functions. Hence,
one can check that the Lipschitz constant of the kernel is bounded by 0.9.

Figure 1 shows the convergence behavior of the relative value function for both the synchronous
and asynchronous algorithms when the state and action spaces are discretized with 5 discretization
bins. Recall that the relative value function that satisfies the ACOE is not unique and any shifted
version of the function satisfies the ACOE. Hence, for better comparison we normalize them by sub-
tracting the minimum value the functions when we plot them. The limit values of the asynchronous
and synchronous algorithms differ slightly because the weight measure u (see (13)) is determined
differently in each case. For the asynchronous algorithm, w is the invariant measure of the state
process under the exploration policy, whereas for the synchronous algorithm, g is a user-specified
sampling distribution over each bin; for the plotted values, we used the uniform measure.
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Figure 1: Relative value function convergence for synchronous(left) and asynchronous(right) algo-
rithms

Figure 2 shows the convergence of the value constant, ie. 6V;(y;), for different ini-
tial values 9 = 0.3,0.5,0.8 for the asynchronous algorithm. We use the discretized ac-
tion values U = {=1,0,1}, and for the state space we choose the bins to be the intervals
[0,0.25], (0.25,0.5], (0.5,0.75], (0.75, 1]. As it can be seen from the figure, and as expected, the
limit value constant does not depend on the initial state.
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Figure 2: Algorithm convergence under different initial conditions

In Figure 3,the upper curve shows the total average cost achieved by the learned policy with U=
{—1,0, 1} for different state-space quantization rates, while the lower curve shows the performance
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of the learned policies with U= {—1,-0.5,0,0.5,1} under varying state-space quantizations. For
the state space, we use uniform quantization, i.e. if the size of the discrete state space is M = 3,
the quantization bins are [0, %], (%, %], (%, 1]. It is clear from the figure that as the quantization rate
increases the regret decreases. Note that the asynchronous and the synchronous algorithms learn
the same policy, therefore we do not plot them separately. In the same figure, we also plot the
discretization error (Lx), and the accumulated average cost. As our results also suggest, the cost

increases linearly with the increasing discretization error.
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Figure 3: Learned policy performance under different quantization rates

7. Concluding Remarks

For infinite-horizon average-cost criterion problems, we presented approximation and reinforce-
ment learning results for Markov Decision Processes with standard Borel spaces. We first provided
a discretization based approximation method for fully observed Markov Decision Processes (MDPs)
with continuous spaces under average cost criterion, and we derived error bounds for the approxi-
mations when the dynamics are only weakly continuous under certain ergodicity assumptions. In
particular, we relaxed the total variation condition given in prior work to weak continuity as well
as Wasserstein continuity conditions. We then presented synchronous and asynchronous Q-learning
algorithms for continuous spaces via quantization, and established their convergence. We showed
that the convergence is to the optimal Q values of the finite approximate models constructed via
quantization.

A direction for future research is the following. Since we are considering an average cost prob-
lem, one can obtain an online Q-learning algorithm where the past is used to optimally adapt the
exploration policy, so that the optimal cost is obtained for each sample path under mild ergodicity
conditions. This can be done, e.g., by increasing the exploration lengths and adapting the resulting
policy using diminishing exploration.
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Appendix A. Proof of Lemma 4

Proof We define iteratively

his () = inf {c(m,u)+ / h (1) T (da |, ) — / hk(xl)u(dxl)}

uelU

_ inf {c(m,u) —&-n/hk(xl)R(dmﬂx,u)}

uelU

where R(-|z,u) := w with hg = 0. Note that hy, — h uniformly.
We write for some z,y € X:

\MH@Q—MH@NS%?ﬁd%@—C@WN+H/hWHWWmWW%i/M@ﬁmWﬂ%W

|

K. 0
< Kude (o) Pde(o9)° 4 wltals | Fae(o.0)]

[
< (KCD15 + klhi] gs <KT> ) dx (z,y)°.

K

Noting dx (x,y) < D, we obtain

k 5\ ! 1-5
_ Kr K.D
[Pa] s < KD ° E (fﬁ </€> > < 675
1

— _ KT
()

Together, with the fact that hi, — h uniformly and that the Holder constant is lower semicontinuous
under uniform convergence, we conclude that

K.D'"?

[h] s < 1_”(5’})6

Appendix B. Proof of Theorem 17

Proof The main part of the proof is the convergence of the algorithm. If convergence is shown,
then (i) follows from Proposition 8 and Lemma 12, (ii) follows from Proposition 6 and Theorem 11
together with Lemma 12, and (iii) follows from Theorem 15. Now, let

F(Q)(yu) := Cly,u) + D min Q(yr, ur) Py |y, u).

u’j

The process Q; satisfies the following form, with S; = Q; — Q*:
Str1(ysu) = (1 — ) Sy, u) + o <(F(Qt)(y, u) = F(Q")(y,u)) +p+ wt> ,
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where oy = L. Furthermore w; := ( ¢(x, v)4min, Q:(Y1,v)—F(Qq)(y, u) ), where x is generated
T Y g

from the bin y belongs to according to the measure j1,,. Note that w; is a zero-mean random variable.
We will consider the following two parallel dynamics, as in (Jaakkola et al., 1994, Theorem 1):

Sngl(y?u) = (1 - at(?]?“))sg(y?u) + at(yvu)wta

Stb-l-l(y7 U) = (1 - O‘t(?/» u))Sf(y, u) + at(yv u) (F(Qt)(ya u) - F(Q:)(Z/? U) + :5> ) (33)

We have Sy(y,u) = S&(y,u) + SPy1(y,u). We will show further below that S, (y,u) — 0
almost surely. For now we assume this holds and focus on
IS¢ + S¢llsp = H;%X(Sf(% u) + Sy, w)) — min(S¢ (y, u) + S¢(y, ).

Under Assumption 1 [|(F(Q¢)(-,-) — F(Q*)(,)llsp < BllStllsp < BIISElsp + BI15¢[lsps since
|P(-ly,u) — P(|y/,u)|lrv < B < 1. With IS¢l — O almost surely, for every ¢ > 0, there
St ille < § and so that [|Sf,[|sp < € (where we suppress the
sample path dependence). In the following, we assume that ¢ > N. For some M large enough, let
B:= B% < 1. Furthermore, for ||S?||s, > Me, we note that for any (y/,u') € Y x U

Bt (g, ) — Sty + el < BIS o
For (y/,) € Y x U, S0, (1) = (1—ar)SH(y/ ) + (F(@n(yc o)~ F(Q)( s u >+p>
1Sty () — Py (4 )] < (1 — )| SE(y) — SH/ )]
o <F(Qt)(y, u) = F(Q)(y,u) — (F(me',u') - F(Q*)(y',u'>> \

< (1= )18 p + (B2 lsp + Bl ) (34)
< (1= an)l|Fllsp + aiBlISlp = [1 = as2 = B)] 157 sy (35)

In particular, opening the last bound iteratively, and noting that oy = we can write that for some

I > 1 we can write ||, [lsp < [|S]sp [Te (1 —

1_5 ). This product can be made arbitrarily small
for any ¢ by choosing [ large enough. Therefore, there exists some [ < 00, such that | S Pllsp < Me.
Furthermore, once ||S?||s, < Me, we can show via (34) and B(M + 1)/M < 1 that it will remain
there thereafter. Thus, for any € > 0, for large enough ¢, we have that ||.S?||s, < Me. Since € > 0 is
arbitrary, the convergence result follows.

We now discuss S¢. Taking the square of S{, we obtain:

E[(Sf1(y, w)?|1F) < (Sf(y, u)? = 200(S7 (y, u))? + 0f (S (y,u)? + ofwi  (36)
First, we have that for any 7" > 0,

T—

Z 20 — ) (SP(y,w)® < (S§(y,w)* + E| Zatwt (37)
t=0

,_.
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We now show that the right hand term is bounded. Consider:
Qi+1(y,u) = (1 — ar)Qe(y, u) + ar(c(z,u) + mUith(q(xl),v))
which implies that

Qe (y, )| < (1= ar)[|Qtlloc + ez, 1) + [|Qtllo0) < [[Qtlloo + atlclloo,

And thus, since this holds for all (y,u) pairs, ||Qi11]lcc < [|Qtlloc + ]/¢]|oo. By bounding the
partials sums of harmonic series > _; +, the above implies that [|Qs+1|oe < log(t)||c||oo + M,

for some finite M7. However, a?w? < (1/t)2( 2||c[|%, + 4(log(t)|c|loo + M7)? ) is a summable

sequence, and the right hand side of (37) is bounded. Furthermore, re-writing (36), in the expression

B(Stia (y,w)?*|Fe] < (SP(y,w)* = (200 — af) (S} (y,u))* + afwi,
the term a7w? is finite almost surely. This implies, by (Neveu, 1975, p. 33, Exercise 11-4) (see
also (Yiiksel, 2025, Exercises 4.4.13 and 4.4.14) for a more explicit discussion), that S{* converges
to some random variable almost surely. The finiteness of the right hand term in (37) then implies
that the limit must be zero: Suppose not; as oy is not summable, there exists an infinite sequence of
times so that each summation of a; between the times is bounded from below by a positive constant.
Through this, if (S¢)? were not to converge to zero (given that it does converge to something), it
would remain above a positive constant after a sufficiently large time, and then it would follow that
> (24 — a?)S#* would not remain bounded. Therefore, if this were to happen with non-zero
measure, the expectation would be unbounded, which in turn would, as T' — oo, violate (37).
Finally, if the sequence converges under the span semi-norm, for some constant p.

p+Q (y,u) = F(Q)(y,u) = Cly,uw) + ) P(yly, w) min Q*(t', v)
v

Note that the minimum of u, for each y, is the solution to the Average Cost Optimality Equation.
Hence, the stationary policy {f*} is optimal. Furthermore, QQ* is only a constant shifted version of
Q*, Q* also satisfies the ACOE. By definition, we have Q*(yo, ug) = 0. Thus, we have that

p+V*(y0) = Clyo,uo) + Y V*(y1) Py lyo, uo).
y1€Y

Appendix C. On Lemma 18

We provide a short proof for Lemma 18 as applied to our theorem, essentially building on Bertsekas
and Tsitsiklis (1996b). Write

App1(x) = (1 — (@) Ag(a) + (@) Fi ()

38



APPROXIMATIONS AND LEARNING UNDER AVERAGE COST CRITERIA

as
Avir(2) = (1— oy(@)) Ar(a) + a(2) (E[thm  Fi(x) - E[ﬂ(m)\m)

We will take B; so that ||A¢|lec < By with w; : w so that E[1?] < K by assump-
tion. To this end, we take By = 1 + ||A¢|| and for ¢ € Z+,

Byy1 = max(By, 1+ ||A¢y1]leo)

Let N
Write

Auiae) < (1= aue)) Befi(o) + () ELFi(@)|P] + B )
and

Aria) < B((1 = ) Relo) + ) (B(a) +01) ) (38)

Therefore,

Rt+1(.7})Bt+1 S Bt <(1 — Oét(.l‘))Rt(l‘) + Oét(x) (BRt(i‘) + wt>>
and since

B

Reia(a) < (1 o)) Rule) + () ( BRi(o) + i )

We know that (1 — ay(x))Re(z) + ou(x) (BRt(:E) + IDt) — 0 almost surely (Tsitsiklis (1994) or

(Ytiksel, 2025, Theorem 9.1.1)) as w; has a uniformly bounded variance. Accordingly, for large
enough ¢,
Ripa(z) <e,

and by (38)
Bt+1 = InaX(Bt, 1 + Btet)

This implies then that B; is bounded (almost surely; though not necessarily by a constant over all
realizations), and so is A;. Once we have that /; is bounded, we can write

Sty (2) = (1 — an(2))SHa) + ou(a) (E[mx)rm)
0 1(2) = (1 — oy(2))SP(x) + on () (Ft<x> - E[E(w)\Pt])

Now, we have that in S{ above, the term | Fy(z) — E [Ft(m)]Pt]> has a conditionally bounded

covariance, even though there is no uniform bound. Nonetheless, (Bertsekas and Tsitsiklis, 1996b,
Corollary 4.1) implies that S — 0 in this case as well. With S — 0, Sp(t) — 0 also via Tsitsiklis
(1994) or (Yiiksel, 2025, Theorem 9.1.1).
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Appendix D. Proof of Theorem 19

Proof For small enough 4, we define a positive measure v’ such that

V,(yj) = 5a

and /(y) = 0 otherwise where y; is as in Assumption 6. v/’ then satisfies

P(‘y7u) > ’//(')

since we selected 6 < miny,, P(y;|y,u). We now define the following new transition measure
(though, not a conditional probability measure)

]5(|y’ u) = P(’yuu) - V/(')'

Then, as noted earlier, the following operator is a contraction with 1 — § on bounded measurable
functions B(Y x U) (see (8) and (Herndndez-Lerma, 2012, p.61))

(TF)(y,u) = Cly,u) + Y min f(y',u) P(y'ly, ).
"

We define the fixed point, say Q*(y, u), of the mapping T, such that

Q*(y,u) = (TQ*)(y,u) = Cly,u) + Zmdn Q* (v, u)P(y'|y, u)
U)+ngnQ*(y’,u (v'|y, u) meQ Y u) (y)
y/
u)+ Y minQ*(y, u) P(y|y, u) —5m1}nQ ()
y/

which satisfies an ACOE with § min,, Q*(y;,u) = p.
We claim that the iterations converge to Q*. Now, let A(y, u) := Q¢(y, u) — Q*(y, u), we then
write

At+1(y7 U) = (1 - at(y7 u))At(:% U) + at(y7 U)Ft(yv u)

where

Fy(y,u) = (e(Xe, Up) + Vi(Yes1) — 6Vi(y;))

- +ZV* P(y |y, u) — 6V*(y;)

where Y; 11 = q(X¢41). We now write F; = F+r by adding and subtracting V*(Y;41) with

Fy(y,u) = Vi(Yig1) — 6Vilys) — (V¥ (Yer1) — 6V*(y;))
re(y, u) = (X, U) = C(y,u) + V* (Yern) ZV* P(y'ly,u). (39)
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We define two processes 0;(y, u) and vy (y, u):
Or1(y, 1) = (1= ag(y, w))6e(y, w) + ar(y, w) Fi(y, u)
Ut+1(y7 U) = (1 - Oét(y7 u))vt(:% U) + at(y7 U)Tt(y) u)

We first show that v;(y,u) — 0 for all (y,u). Due to how we have chosen the learning rates,
one can show that

>z 7 (Y5 ) L3, ) =)}
>0 (v =(v)}

'Ut-‘rl(ya )

where Vi, = ¢(X}). By Items (2) and (3) of Assumption 7, the stationary probability of the event
{(Y,Uy) = (y,u)} equals pir(By) - m(uly) > 0 for every (y,u) € Y x U. Hence every pair (y, u)
is visited infinitely often almost surely, so the denominator above diverges to infinity as ¢ — oo
and the ratio is well-defined for all sufficiently large ¢. This property also ensures that the step size
conditions Y, i (y,u) = oo and Y, a?(y,u) < oo of Lemma 18 hold almost surely for every
(y,u). Note that the joint process {X¢, Yz, U;} is Markovian and has a unique stationary measure
under Assumption 7 given by

Pr(Xe € A Y= 1.Ui =) = [ m(uly)igix-pien(do)

for any A € B(X), and for any y,u € Y x U where p is the stationary distribution of the hidden
state process under the exploration policy 7.
Thus, we first write assuming y € B;

ko Xk UL (v 0=y 1 2ohe0 €K Uk) (v, = (y)}

1 -1

e o]l{ (Vi U= ()} T Yo LU= (v}

fB 7(uly;) pir (d) fB T, u) o (dx) — C(y,u)
(UIZUZ)NTF(BZ) o (B;) T

Using identical arguments, we can also show that

7]tc_zl()v (Yt+1)]l{(yk Uk)=(y,u)} N ZV*

P(yly,u).
k 0]1{(Yk Ur)=(y,u)}

Hence, we have that v;(y, u) — 0 almost surely for all (y,u) € Y x U. To show that d; converges
to zero, we will use Lemma 18. Under Assumption 6

E[Ey(yi,ui)lhd] < BV = V¥ oo < BllAdloo < BlISe] + Bllvelloo

where 3 := (1 — 0) < 1, and ||v¢|| oo converges to zero almost surely. We finally need to verify that
Var(Fylh) < K(L+[|6:]|)

where hy = {y¢, ut, - .., Yo, uo }. We write
Var(Flh) =E| (VilYis) = Vi)~ V" (Vi) + 5V
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—/Vt(y')P(y’lht)Jréw(yj) +/V*(3/)P(y'|hf) _W*(yj))z}

= | (Vv - v i) - [vitPing + v*<y/>P<y’|ht>)2]

< Ve = V715 < 116+ vell%-

Note that ||v¢]| o remains bounded uniformly over ¢ (and over all sample paths as V*, ¢ are bounded
in (39)), since the cost function ¢(z,u) and V*(y) are uniformly bounded and thus 7(y, u) is
bounded. Hence, we can find some K such that

Var(Filhy) < K(1+|10¢]|00)?.

Thus, we can conclude that ||d;||oc — O almost surely.

Appendix E. Proof of Theorem 20

Proof To make the analysis explicit let 7,, be the discretized finite state/action model given by (15).
Notably, let 7,, be optimal for 7,,. We then seek to bound:

J(T,7n) — J(Tn,mn) + J(Tnymn) — J(T, )

The second term above goes to zero by Proposition 8. We consider then the first term
J(T 7)) — J(Tny )

Instead of working with the ACOE, we will find it convenient to work with the induced invariant
probability measures. Let the invariant measures be: for 7 under 7, be ™ (with ™ < 1)); and for
T, under 7, be ", so that

V" (da') = / V" (dz) / T(de! |z, w)mn (dul2) (40)

(') = / " (da) / T (da |, w)mo () @1

where (41) is constructed via the invariance equation
Z / (daly) / (T (B2 |3, u)ul(ds))mn(duz). 42)

Here, iy is a pre-defined weighting measure and 7" (dz[y) is an artificial normalization as it does
not impact the integration on the right hand side noting that 7, (du|z) is a constant policy for all
r € Bj. Note that by the construction above as 7 (-|s,u) < ¥(-), we have that we can extend
"(By)) to the entire X so that & (dz) := >_, 0™(By) [ 0"(dx|y) < ¢(dx).
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The question is, does

/ V" (dz)e(z, () — / o™ (dz)e(z, T (z)) — 0

as n — o0o? Consider (40) and take n — oo. We have that ™ to some v along a subsequence
weakly by compactness, where this convergence is in total variation by equi-continuity of densities
with respect to . Furthermore, along a further subsequence, m, — 7* for some 7* in Young
topology at input 1) which then implies that this is also true at input 7 by (Yiiksel, 2024, Lemma
3.6). Since convergence of v"(dx) — v(dz) is also in total variation (Yiiksel, 2024, Theorem 4.1),
this then implies that v"(dx) 7, (du|z) converges weakly to some v(dx)m* (du|x).

For the second term (42), we note that 0" (dz) is defined first by its discrete support on the
bins By via the weighting measures p,, but this can be extended to the entire X so that 4" < ¢
as noted above. Therefore, by the equi-continuity condition, this sequence of measures will have
a converging subsequence which does so in total variation (Yiiksel, 2024, Theorem 4.1) to some
measure 7 < 1) in total variation. This then implies that the measure 0" (dx)m, (du|z) converges
weakly, along a subsequence, to some 7 (dx)7* (du|z),

Since T is weakly continuous, it follows that for (42), by (Serfozo, 1982, Theorem 3.5) or
(Langen, 1981, Theorem 3.5), the limit leads to invariance and therefore the limits 7 and 7 have to
be invariant under the same policy 7*(du|z). However, since the invariant measure is to be unique
given the policy 7* by hypothesis, it must be that these limit measures are identical. Therefore, the
induced costs

/V”(dm)wn(du|x)c(x,u) — /ﬁ"(da:)ﬂn(du]x)c(x,u) — 0.

It should be noted that 7,, converges to a limit 7* under the Young topology (and not pointwise
in x); this is why the analysis above is needed. One could also note that the analysis above can be
generalized to the case where X = R?, however with the required tightness conditions on the set of
invariant measures as in (Yiiksel, 2024, Theorem 4.1) and the associated ACOE conditions.

|

Appendix F. Alternative Ergodicity Conditions
Proposition 21 (Herndndez-Lerma et al., 1991, Theorem 3.2) Consider the following.

a. There exists a state ©* € X and a number 3 > 0 such that T ({z*}|z,7) > B, for all
rze X, e ll,.

b. There exists a positive integer t and a non-trivial measure v on X such that T*(-|z,7) > v(-)
forallx € X, € Il,.

c. For each 7 € 11, the transition kernel T (dy|x, ) has a density p(y|z, ) with respect to a
sigma-finite measure m on X, and there exist € > 0 and C' € B(X) such that m(C) > 0 and
p(ylx,m) > eforally € C,x € X, 7 € 1.

d. Foreacht € ll,, T (dy|x, ) has a density p(y|z, ) with respect to a sigma-finite measure m
onX, and p(y|x,m) > po(y) forall x,y € X, m € I, where pg is a non-negative measurable
function with [ po(y)m(dy) > 0.
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e. There exists a positive integer t and a measure v on X such that v(X) < 2 and T'(-|z, 7) <
v(-) forall x € X, 7 € Il.

f. There exists a positive integer t and a positive number 3 < 1 such that | T'(-|z,7) —
T |2, m)|lrv < 2B forall x, 2’ € X, 7 € I,

g. There exists a positive integer t and a positive number 3 for which the following holds: For
each € 1, there is a probability measure v, on X such that T'(-|x,7) > Bv() for all
rzeX

h. There exist positive numbers c and 3, with 5 < 1, for which the following holds: For each
7 € I, there is a probability measure p, on X such that | T'(:|x,7) — pr(:)|l7v < B¢ for
allr € X;t e N.

i. The state process is uniformly ergodic such that lim;_, ||[T(|z, 7) — p=(:)|l7v = 0 uni-
formlyinz € Xand 7 € 1.

The conditions above are related as follows:

a—b
e— f
c—>d—=b— feogeohe.
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