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Abstract

We consider the problem of nonparametric density estimation under privacy constraints in
an adversarial framework. To this end, we study minimax rates over Sobolev spaces under
local differential privacy. We first obtain a lower bound which allows us to quantify the
impact of privacy compared with the classical framework. Next, we introduce a new Coor-
dinate block privacy mechanism that guarantees local differential privacy, which, coupled
with a projection estimator, achieves the minimax optimal rates. Finally, we develop an
adaptive procedure which is optimal in the minimax sense up to logarithmic terms.

Keywords: nonparametric density estimation, local differential privacy, minimax opti-
mality, adversarial loss, Sobolev balls, adaptive estimator

1. Introduction

In this paper, we study minimax nonparametric density estimation under local differential
privacy constraints, in an adversarial framework. Let us first present each context.

Minimax nonparametric density estimation. Let Xi,...,X,, be n independent and
identically distributed (i.i.d.) random variables with common density f on [0,1]¢ with
respect to the Lebesgue measure. We aim at estimating the underlying density f, a classical
challenge in statistics extensively studied in the literature. Early attempts to address this
problem rely on kernel methods, as done by Rosenblatt (1956); Parzen (1962); Silverman
(1978). Projection methods also emerge as a viable approach, built upon the decomposition
of f into orthonormal bases. Notable contributions include the works of Schwartz (1967);
Kronmal and Tarter (1968); Walter (1977); Efromovich (1999). We want to construct
adaptive estimators in the minimax sense. More precisely, consider a loss function £ and a
regularity space F. We say that an estimator f is optimal in the minimaz sense over the
class F if there exists a positive sequence (py, ), and positive constants ¢ and C' such that

swE[(f, /)] <Cpoy  and  infsupB|UF, f)] = cpn,
fer f fer
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where the infimum is taken over all estimators f of f based on (Xi,...,X,). Such se-
quence (pp)p>1 is called the minimax rate over the class F. Moreover, if the estimator
f does not depend on the unknown regularity of f, it is said to be adaptive in the mini-
mazx sense over the class . The most commonly used loss functions are defined from I,
norms. The literature on nonparametric density estimation is abundant. We can refer to
the book of Tsybakov (2009) for a review of optimal results in different contexts. This topic
remains widely studied in more intricate contexts such as deconvolution, non independent
observations, and, more recently, data privacy constraints as considered in this paper.

Differential privacy. The collection of a large amount of personal data requires new tools
to protect sensitive information concerning individuals. To guarantee the privacy of each
individual, the development of mechanisms to be applied to data bases has become crucial.
Differential privacy has been widely adopted, since the seminal papers by Dwork et al.
(2006b,a), as it provides rigorous privacy guarantees. The original definition corresponds
to the notion of global differential privacy, where the entire original data set (X1,...,X,)
is privatized into an output that preserves the privacy of the n individuals and is used
for further statistical analyses. This means that the n data holders share confidence with
a common curator who has access to the whole sample (Xi,...,X,). In this paper, we
consider a stronger notion of privacy, that is called local differential privacy, where the
individuals successively generate a private view Z; of their original data X;, possibly taking
into account the previous privatized data Zy,...,Z;—1. More precisely, Z; is a stochastic
transformation of X; by the channel @);: the i-th individual generates

Zi ~Qi(|Xs =2, Z1 = 21, ..., Zim1 = 2i—1).

For a given positive number «, we say that the sequence of channels (Q;)i=1,. » provides
a-local differentially private (a-LDP) views of (X1,...,Xy) ifforall 1 <i<mn, z1,..., 21
in Z, and x;, 2, in X,

QiB|Xi =i, Z1 =21,...,Zi—1 = 2i—1)
sup

<e?, 1
BeB, Qi(B|Xs =2, Z1=21,...,Zi-1 = zi—1) — )

where (X, .A) and (Z, B) respectively denote the measure spaces of the original data and of
the privatized data. Let us mention the particular case of non-interactive local differential
privacy where for all 1 < ¢ < n, given that X; = z;, Z; is generated independently of
the others, namely Z; ~ Q;(:|X; = z;). In this case, the sequence of channels (Q;)i=1,..»
provides non-interactive a-LDP views of (X1,...,X,,) if for all 1 <4 <n, and z;, 2} in X,

Qi(B|X; = ;)
sup ————+

< %, 2
S BIX, =) = 2)

In statistical inference under privacy constraints, we do not have access to the original
data. Therefore, the statistical performances are necessarily deteriorated. In order to
quantify this gap, the literature is prolific since the early work by Wasserman and Zhou
(2010); Smith (2011). The first minimax rates for estimation problems under differential
privacy conditions are established by Duchi et al. (2013a,b, 2018) and more recently by
Cai et al. (2021). For instance, Butucea et al. (2020) propose adaptive estimators of the
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density over Besov ellipsoids with respect to the IL, norm, based on wavelet thresholding.
Sart (2023) constructs adaptive density estimators under local differential privacy with
respect to the Hellinger losses. Rohde and Steinberger (2020) deal with the estimation
of functionals. Butucea et al. (2023b) study the effect of interactive versus non interactive
privacy mechanisms on the estimation of quadratic functionals, while Lam-Weil et al. (2022);
Dubois et al. (2023) consider goodness-of-fit testing problems.

In this paper, we are interested in adaptive minimax density estimation under local
differential privacy, with respect to adversarial losses. Let us now introduce the adversarial
framework.

Adversarial framework. Beyond density estimation, generative models have seen con-
siderable growth in recent years. Generative models aim to reproduce the sampling be-
haviour of a target distribution, rather than explicitly fitting a density function. Specif-
ically, machine learning has made significant empirical progress in generative modeling,
using such tools as generative adversarial networks (GANs) introduced by Goodfellow et al.
(2014). GANSs provide a flexible framework for sampling from unknown distributions, and
have become a standard tool among practitioners. From a practical point of view, nu-
merous improvements have been made to GANs, enabling them to achieve state-of-the-art
performance in various data generation tasks. We refer to the work of Gui et al. (2020)
for a review and all references therein. The empirical success of GANs motivated many
researchers to analyze their theoretical properties; among others, we mention the work of
Biau et al. (2020); Liang (2021); Schreuder et al. (2021); Asatryan et al. (2023); Puchkin
et al. (2024).

The rise of GANs has brought with it a focus on losses that can drive generative models,
such as integral probability metrics (IPMs) as considered by Miiller (1997); Dziugaite et al.
(2015); Liu et al. (2017); Bottou et al. (2018). IPMs are types of distance between proba-
bility distributions, defined by the ability of a class of functions to distinguish between two
distributions. More precisely, given a class G of real-valued functions on X', we define the
distance between two probability density functions f; and fo on X by

dg(f1, f2) = sup /X (- Fa)g. 3)

geg

By choosing different sets G, this framework can express a multitude of commonly used
measures. We refer to it as the adversarial framework. The name adversarial comes from
the idea that G can be viewed as a discriminator able to distinguish between the two
probability measures carried by f; and fo. For example, choosing 1-Lipschitz functions
equipped with the Wasserstein metric leads to the Wasserstein GANs used by Arjovsky
et al. (2017), whereas choosing G as a Sobolev space leads to Sobolev GANs as considered
by Mroueh et al. (2018).

In a pre-published version from 2017, Liang (2021) is the first to formalize nonpara-
metric estimation under the adversarial framework, and to prove upper bounds for Sobolev
GANs. Following this work, Singh et al. (2018) succeed in improving this upper bound.
Finally, Liang (2021) obtains an optimal minimax rate for Sobolev GANs. The study of
the adversarial framework is today a very active field of research, with variations on the
choice of regularity classes, or by generalizing the choice of the metric. To name a few,
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Singh and Pdéczos (2018); Bai et al. (2019); Weed and Berthet (2019) focus on Wasserstein
distance and Uppal et al. (2019) on Besov spaces. In this work, we focus on private density
estimation using adversarial losses as defined in Equation (3), where the discriminator G is
a Sobolev ball. This can be seen as a first step towards understanding the performances of
Sobolev GANs under privacy.

Minimax rate in the adversarial framework under privacy constraints. In this
paper, our aim is to estimate the density of Xi,...,X,, under privacy constraints. Hence,
the definition of the minimax rate needs to take into account the choice of the set of all
privacy mechanisms that are considered. More precisely, let Q. denote the set of all a-LDP
mechanisms, that is composed of all mechanisms Q = (Q1, ..., Q) satisfying Equation (1).
The minimax rate over the regularity set F with respect to the adversarial loss dg under
a-local differential privacy is defined by

on(F,G,Q4) = inf infsupE |:dg (f, f)] , (4)

QEQn f fer

where the infimum over f is taken among all estimators of f based on privatized data
(Z1,...,%Z,) obtained from ). Consider an a-LDP mechanism ) and an estimator f based
on data privatized from @). We say that the couple (Q, f ) is minimazx optimal if there exists
a constant C' (w.r.t. n) such that

sup B |dg(f. /)| < Cpu(F.G. Q).
fer

In this paper, we consider Sobolev spaces as regularity sets, both for F including the den-
sity, and for the discriminator G in the adversarial loss. One of the main contributions of
this work is the introduction of a new non-interactive mechanism, referred to as the Coor-
dinate block privacy mechanism, which achieves the minimax optimal rates with projection
estimators on the Fourier basis of Iy([0, 1]¢). Note that interactive mechanisms might lead
to faster minimax rates in density estimation than non-interactive ones. However, as in the
work of Butucea et al. (2020) for instance, we show that it is not the case in our framework.

The structure of this paper is as follows. Section 2 consists of all the results in the
isotropic case. The definition of the Sobolev balls is detailed in Section 2.1. Section 2.2
is devoted to the lower bound of the minimax rate. Section 2.3 presents the Coordinate
block privacy mechanism together with our private projection estimator which are minimax
optimal. In Section 2.4, we construct an adaptive procedure based on the method of Gold-
enshluger and Lepski (2011) which is minimax optimal up to logarithmic terms. In Section
3, we present results in an anisotropic framework. In Section 4, we prove the main results.
The proofs are detailed in the isotropic case to avoid making the notation too cumbersome.
Complementary proofs can be found in Appendix A. Finally, the necessity of the Coordi-
nate block privacy mechanism to achieve minimax optimal rates is explained in Appendix B.

In the following, ¢, C' and cqy,.., Cqp,... denote respectively universal constants and
constants depending only on a, b, . . ., that may vary from line to line. Moreover, the notation
U, < vy, indicates that there exist constants ¢ and C such that for all n, ¢ < u, /v, < C.
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2. Results over isotropic Sobolev balls

Before stating our main results, let us define the regularity spaces considered in this section,
namely isotropic Sobolev balls.

2.1 Fourier basis and Sobolev spaces

Consider the d-dimensional Fourier basis of ([0, 1]¢) obtained by taking the tensor product
of the one-dimensional Fourier basis. More precisely, recall the one-dimensional Fourier basis
defined for all ¢ in [0, 1] by

2;(t) = V/2cos(27jt)

t) =1, and  Vj e N, : ;
e1(t) J { Paj11(t) = V2sin(27jt).

The d-dimensional Fourier basis is defined for all j = (ji,...,jq) in (IN*)¢ and for all
= (21,...,74) in [0,1]¢ by

d
0i(@) = [ @i (@m)-

Then, the family {¢;};cn=)¢ is an orthonormal basis of La([0, 1]%). In particular, any

function f in Ly([0, 1]%) can be uniquely decomposed as

f= Y Ohes w60 = [ faejlads

iG(]N*)d [O:I]d

A natural choice for regularity spaces are Sobolev balls since they can be simply char-
acterized in terms of the Fourier decomposition. The isotropic Sobolev balls are defined for
all smoothness parameter 5 > 0 and radius R > 0 by

WIR) =S feLa(0.)); Y (774 +57) 630 < R Y. (5)
JE(IN*)d

Note that if f is a density, then

S (40BN 2 d 6, () =d
iE(]N*)d

Hence the Sobolev ball W#(R) may contain densities only if R? > d. In this section, both
densities and discriminant functions will belong to such isotropic Sobolev balls.

2.2 Lower bound over Sobolev balls

In this section, we bound from below the minimax rate over Sobolev balls in the adversarial
framework under privacy constraints.
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Theorem 1 Consider a sample size n, a privacy level o in (0, A] such that na® > 1, integer
smoothness parameters B and § in IN*, and a positive radius R such that R*> > d. Then,
the minimax rate defined in (4) is bounded from below as follows:

B+6

pn(WP(R),W°(1), Qq) > cmax {(na2)_2ﬁ+2d, (naQ)_l/Q} :
where ¢ = ca q,6,r denotes a positive constant depending on A, d, 0, 3, and R.

The proof of Theorem 1 is detailed in Section 4.1. Depending on the value of the
smoothness parameter ¢ for the adversarial distance, the rate is not the same. In particular,
if 6 > d, we obtain a near-parametric rate, while for § < d, we see the influence of the
regularity of the discriminator class G = W?(1). Note that these rates are coherent with
the ones achieved by Liang (2021) over slightly different Sobolev spaces, with respect to

adversarial losses in dimension d, without privacy constraints, that are max{n_fﬁ% .n Y 2,
One may notice the effect of privatization, that replaces n by na? and transforms the
dimension d into 2d. These effects can also be observed by Duchi et al. (2013b), over
Sobolev spaces in dimension 1, with respect to the Lo loss, where the rate n—26/(26+1)
without confidentiality becomes (na?)~2%/(26+2) under privacy constraints.

The lower bound is proved only for integer regularity parameters S and § which is
standard in the literature. Indeed, the proof is based on the construction of parametric
spaces, namely F? and D?, which relies on the characterization of Sobolev spaces based on
the ILs norm of the partial derivatives (see Lemma 15 in Appendix A.1).

2.3 Optimal local differential private projection estimator

In the usual non private setting, projection estimators have been widely studied. Over
isotropic Sobolev balls W#(R), as considered in this section, where the smoothness param-
eter (3 is the same for each dimension, the density f of the original data (X7i,...,X,,) is

well-approximated by its orthogonal projection f; on Span ((pj,l' e{l,..., J}d), namely

fr=>_ 0;(He; (6)

je{1,..,J}4

for a well-chosen J. Hence, if we had access to the original data, we could then estimate
the density f by the empirical counterpart of f;, that is

~ ~ ] B 1 n
fr= Z 005, where Vle{l,Q,...,J}d, Gi:ﬁzwi(Xi),
je{1.2,... 3 i=1

and where the integer J needs to be calibrated. Yet, under privacy constraints, we are
not allowed to use the original dataset (X;)i<i<n, only a privatized version of the data.
In Section 2.3.1, we first define a general mechanism @) that provides non-interactive a-
local differential private data, by independently disturbing blocks of coordinates (¢;(X5));,
independently for each individual. In Section 2.3.2, we apply this new mechanism with
dyadic blocks of {1,...,.J }d, and denote it Q). We then introduce the private projection
estimator f 7. Finally, we prove that the couple (Q(‘] ), f 7) achieves optimal rates.
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2.3.1 COORDINATE BLOCK PRIVACY MECHANISM

This mechanism is strongly inspired by the one proposed by Duchi et al. (2018) and adapted
by Butucea et al. (2023a). The main difference is that, instead of privatizing all the co-
efficients at once, as done in the Coordinate global privacy mechanism by Butucea et al.
(2023a), we privatize independently blocks of coordinates. The other difference is that we
adapt the mechanism such that it can be applied to blocks of size 2.

For an individual X, we want to generate a private version Z of X by randomly dis-
turbing ¢(X) = (¢;(X))jecs, where J is a finite set of indices. Assume that we are given
blocks {J¢, £ € L} that form a partition of J, and denote dp the cardinal of Jp. Fix a global
privacy level o > 0, and associate to each block a privacy level ag such that ), . ap = a.
Then, we define the mechanism @; that generates a private version Z of an individual X
using the steps below.

1. Compute the coordinates of ¢(X) in each block, denoted

P(X) = (p(X) e, with @g(X) = (¢3(X)) € [~Bo. Bol",

where By = maxjcz H%H . Note that, for the Fourier basis as considered in this
- — oo

paper, By = 242, If this mechanism is applied to more general @j that are not

bounded, then one can apply the censoring operator of Butucea et al. (2023a).
2. Independently for all £ in £, apply the steps below.

(a) Draw at random vectors ‘7@ in {—By, By} with independent coordinates such

that )
. .. ©j
Vi € e, f/l _ { By  with probability % + %TO,

—By otherwise.

(b) Compute

et + 1 , 1 1 [de—1
B, (Ozg) = Boml“dy with F—dl = 241 (Ld¢1J>- (7)
{2 2

(¢) Conditionally on f/[g = Ug, and independently on X, draw at random

1 if dg is odd,
Yo~ B(pe), where pg -~ (dj2) if dy is even.
i. If Yy =1, then generate
et
Ty ~ B(ﬂ%), where 7., = T

and
s U({z € {£Baag)}®; (2,0g) >0 ) fTp=1,
Z ~Y
DTN U ({2 (£By, (00} ; (571) <0V) Ty =0.
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ii. If Yy = 0, then generate

Zig~U ({z € {:thg(ag)}dﬁ ; (2,0pg) = 0}) .

First note that if dy is odd, this mechanism applied to a single block coincides with
both the mechanisms of Duchi et al. (2018) and Butucea et al. (2023a). Indeed, in this
case, pp = 1 and thus Y, = 0 never occurs. Besides, for all z in {£Bg,(ag)}% and @ in
{£By}%, (z,7) = 0 is impossible. Indeed, the scalar product (z, %) is proportional to the
difference between the number of coordinates in z and v of same sign and the number of
ones of opposite sign. It can thus be equal to zero only if the number of coordinates is even.

Besides the use of blocks, the novelty comes from the fact that we deal separately with
the cases where the scalar product (z, 13[Q> equals zero, which happens with probability p
chosen such that

{z € B0} : (z0g) = 0}
20e

pe=1-—

)

as proved in Equation (28).

Proposition 2 Consider the mechanism Q1 as defined above, and Q the mechanism which
generates independently for each individual i, Z; = (Z; j)jecg ~ Q1(-|Xs). Then, Q provides
non-interactive a-LDP views of X1,..., Xp, as defined in (2).

Proposition 3 Consider the mechanism Q1 as defined above and Z = (Zj)je7 ~ Q1(-|X).

1. Then, for all 3 in J,
E [Zi’X} — ¢(X).

2. Moreover, for all £ in L, and j in Ty,

\dg o dg
‘Zj‘ < 264By~—  thus Var(Zj> < (264Bo)"—,
= o - e

where €4 = A(e 4+ 1) /(e — 1), as soon as o belongs to (0, A.

The proofs are quite similar to the ones of Butucea et al. (2023a) and may be found
in Sections 4.2 and 4.3. A first natural idea was to consider the Coordinate global privacy
mechanism of Duchi et al. (2018) and Butucea et al. (2023a), with (¢;); the Fourier basis,

and J = {1,...,J}% Yet, one may prove that the variance of each Z; j is then of order

J%/a? and this allows to achieve optimal rates only for § < d/2. This point is explained in
detail in Appendix B. With this new mechanism, the variance of Z; j is controlled by the
size dy of the corresponding block, and it turns out that it makes it possible to achieve the
optimal minimax rate. Finally, note that, in view of developing an adaptive estimator, the
constant in the upper bound of the variance needs to be computable, which is the case here.
Moreover, considering €4 provides a much finer upper bound than the more usual e? + 1,
as it is equivalent to A when A — +o0.
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2.3.2 PRIVATE PROJECTION ESTIMATOR

Let us now introduce dyadic blocks. Consider J = 25Xt — 1, where L > 0, and define for
all £ = (fy,...,4) in IN?,

d
Je= ] {2‘3*”,...,2€erl — 1},
m=1

such that the blocks J; with £ in {0, ... ,L}d form a partition of 7 = {1,2,..., J}d . Denote

dp the cardinal of Jg, that is
d

dg = |7e| = [T 2. (8)

m=1
To each block Jp, associate a privacy level ay, that will be calibrated later (see Equation
(12)), and such that Zee{o 1Lyl e = o Note that, when dealing with dyadic blocks, as
done in this paper, the only £ for which dg is odd is the case £ = (0,0,...,0). Let us define

the Coordinate dyadic block privacy mechanism Q7) as the non-interactive mechanism de-
scribed in Section 2.3.1 relying on the dyadic blocks of {1,...,.J}¢ defined above.

Given the observation of the private views Zi,...,Z, of Xi,..., X, generated using
Q). we aim at estimating the density f of the X;’s. As done by Duchi et al. (2013b) in
dimension one, we estimate the coefficients 6;(f) in the Fourier expansion of f for all j in

{1,2,...,J}% by

fr= 2 i (9)

for a well calibrated J. In particular, Proposition 3 implies that for all j, él' is an unbiased

estimator of 0;(f). Thus, f 7 is an unbiased estimator of the orthogonal projection f;
defined in (6). We then obtain a bias-variance decomposition

E [dw6(1) (ﬁhfﬂ <E [dwéu) (fJ,fJﬂ + dyysy (f7,f) - (10)

The first term in the right hand side of (10) is a variance term and corresponds to the
stochastic error. It is controlled using properties on the privacy mechanism, as below.

Proposition 4 Consider a sample size n, a privacy level o in (0, A] such that na® > 1,
and a smoothness parameter ¢ in R’ . Fir J = 2L+ _ 1 for some L in IN. Consider the
Coordinate dyadic block privacy mechanism Q) and the projection estimator fJ defined in
Equation (9). Then,

E [dwm) (f‘J, fJ)} < TAdXJ,

9
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where
1-6/d
[2d A(e? 4 1) 1 dy
TA7d d (eA _ 1) ) J Z Uﬁ? an OZ \/ﬁ ag ( )

ge{ov"wL}d

The proof is detailed in Section 4.4. In particular, solving the constrained-optimization
problem which consists in

gi-0/d

. £ :
min E = subject to g op =«
(cee)e 87 - ’

o
£f \eefo1,...L3e % 2€{0,1,...,.L}d

by the method of Lagrangian multipliers leads to the choice of the block privacy levels

ap = « 21_5/61)/2 where Sas(J) = Z dél_(;/d)h. (12)
Sas(J)
: £€{0,1,...,L}¢

Such block privacy levels ap minimize the variance term in the bias-variance decomposition

(10). In particular, one may notice that they are proportional to dg_&/ /2, Hence, if the
discriminator regularity § < d, then one needs to consider larger privacy levels (and thus
less confidentiality) for larger blocks, whereas if 6 > d, smaller privacy levels (and thus more
confidentiality) need to be taken for larger blocks. Finally, if § = d, then ap = /(L + 1),
and all blocks have the same privacy level. Note that because of the constraint, the block
privacy levels ap depend on J, and thus, so does the privacy mechanism QWY

For this particular choice of privacy levels, we obtain that the upper-bound of the
variance term is controlled by

(13)

The second term in the right hand side of (10) is a bias term which corresponds to the
approximation error. It is controlled using the regularity of the density f.

Lemma 5 Consider positive smoothness parameters 3 and &, and a positive radius R. If
f belongs to WP(R), then
dyys(ry (f1,f) <RI,

The proof of Lemma 5 is detailed in Section 4.5. Finally, a trade-off between the bias
and the variance terms leads to Theorem 6.

Theorem 6 Consider a sample size n, a privacy level a in (0, A] such that na?® > 1,
positive smoothness parameters 3 and &, and a positive radius R such that R*> > d. Let
J =2t 1 for some L in IN. Consider the Coordinate dyadic block privacy mechanism
Q)| where the block privacy levels (cw)e are defined in (12). Then, the projection estimator

fy defined in (9) satisfies

8
C(na2)72gi2d if 6 <d and J < (na? )2B+2d
-1/2 L
su E|d , _ na? s 28+25
Fewh(R) [ e (f‘] f)] =1 ¢ <[1og<na2>14d) ifo=dand ] = ( llog( na?)] ) ’
C(na?)~1/? if 6 >d and J < (na )2ﬁ+25
where C' = Cy 458 R denotes a constant depending on A, d, 6, 3, and R

10
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The proof is detailed in Section 4.6. Unlike the case of the lower bound, the result
also holds for non-integer parameters 8 and §. One may see with Theorem 1 that the pri-
vate projection estimator with the Coordinate dyadic block privacy mechanism is minimax
optimal for all § # d. On the contrary, in the limiting case where § = d, a logarithmic
term appears. In this case, we do not know if the lower bound or the upper bound are
suboptimal.

Finally, as the choice of J leading to optimal minimax rates depends on the unknown
regularity 8 of the density, this procedure is not adaptive in the minimax sense. The
construction of an adaptive procedure is the topic of the next section.

2.4 Adaptive local differential private projection estimator

In this section, we propose an adaptive procedure of our method based on private data.
First, note that the set of generators W‘s(l) is chosen by the user. Then, the regularity § of
the generator is assumed to be known from now on. We focus on the adaptation problem
with respect to the regularity parameter 8 of the density f.

Ideally, the parameter J would be chosen by minimizing the expected risk

Crit(J) = B [dyysqry (£5.1)]

for J in a finite collection of models M. In view of the optimal choices of J in Theorem 6,
we consider only values of J less than na?. More precisely, we define the model collection
by

ME={J=2"—1,0< L <|logy(1+na?)|—1}. (14)

However, this criterion is not computable in practice, since it depends on the unknown
density f. We follow the method of Goldenshluger and Lepski (2011), which has been in-
troduced to select the bandwidth of a kernel estimator. Our aim is to replace the bias and
variance terms in the decomposition (10) of the expected risk, respectively by an empiri-
cal counterpart A(J) and an upper bound V(J), without making any assumption on the
regularity of f. Then, we select J that minimizes the sum of the two terms. This leads to

~

J = argmin Crit(J), where Crit(J) = A(J) + 2V (J), (15)
JeMg

where the construction of A(.J) and V(.J) is detailed below.

On the one hand, we define an upper bound of the variance term by

3
V(J)= \/iTA’dZJ\/leg(J) + 5 log(na?) + log(14,4%7), (16)

where ¥; and 744 = 21/(27/d)A(e? +1)/(e?t — 1) are defined in (11). Note that for any
A>1, 144 > 2v/2 as 2%/d > 2. Hence, for such A, V(J) is well-defined. Indeed, by
Equation (13), for block privacy levels o defined in (12),

3
dlog(J) + 2 log(na?) +log(14,4%) = dlog(J) +log(1a.q) +log(na?) + 2log (Sas(J)) > 0,

11
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as Sqs(J) > dg(l)_.%c)l)/ > = 1. This choice of V(J) comes from the concentration inequality
below. o

Lemma 7 Consider a sample size n, a privacy level a in (0, A] such that na® > 1, and
A > 1. Let 6 be a smoothness parameter in R’. Fiz J in Mj. Consider the Coordinate
dyadic block privacy mechanism Q) with block privacy levels ay defined in (12), and the
projection estimator fJ defined in (9). Then, for all positive t,

> < Nra 22 )
]P(dwfsm (ﬁth) > V(J) +t> = (na2)32 % Ay P <2(TA,dEJ>2>

The proof of Lemma 7 is detailed in Section 4.7.

On the other hand, we define the empirical counterpart of the bias by

A(J) = (d ( , )—QVJ’) , 17
)= s { (i (Fr Frns) =20 () (17)
where JAJ' = min(J, J'), and (z)4+ = max(0, ) denotes the positive part of z. In Equation
(39) in the proof of Theorem 8 (see Section 4.8), we prove that

- C
E [A(J)] <2 %E}\Zt(a dW5(1) (f, fJ’) + ol
J'>J

In particular, this ensures that A(J ) is of the same order as the bias.

Finally, the estimator f 7, where J is selected by minimizing the criterion defined in (15),
satisfies the oracle inequality below.

Theorem 8 (Oracle inequality) Consider a sample size n, a privacy level o in (0, A]
such that na? > 2 and A > 1. Let § be a positive smoothness parameter in RY . Consider
the model collection M defined in (14). For all J in M, consider the Coordinate dyadic
block privacy mechanism Q), where the block pm’vacy levels are defined in (12), and the

corresponding estimator fJ in (9). Finally, select J that minimizes the criterion Crlt(J)
defined by (15), (16) and (17). Then, the selected estimator fJ satisfies

B s (45.9)]

<C i L
- CJolen/\f/l% [dW5 (fjo’ fﬂ + I}?\? dwiy (£, 1) +V0o) | + na?
0

The proof of Theorem 8 is detailed in Section 4.8. This result proves that the selected
estimator f; does as well, in terms of expected risk, as the best estimator in the collection

of estimators f Jo for Jo in My, to within terms of the same order and a negligible term.
Indeed, the term max e ma, s>, dyys(1y (f7, f) has the same order as the bias dyys(1) (£, f)-

Moreover, the term IE [dws ( fJos )} is studied in Theorem 6 and is smaller than the sum

12
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of the bias and variance terms. More precisely, for every Jy > 1, 744X, < Ca a5V (Jo),
hence

B [dyysqry (For £) | < sy s £)+ V(o).

Thus, we deduce that the bias-variance decomposition of the expected risk for the selected
estimator is

C

LD [deu) <fj>f>} < Caas ,Inf | max dysq) (fr. )+ V(o) | + 5. (18)
J>Jg

As the term proportional to (na?)~! is negligible compared to the other one, determining
a Jo in M that realizes the compromise between the bias and the variance terms leads to
the rates below.

Corollary 9 Assume that f belongs to WP(R), with positive smoothness parameter 3, and
positive radius R such that R?> > d. Under the assumptions of Theorem 8, the adaptive
estimator f; satisfies

B+s

C(paen) ™ ife<a,
B [ ()] <4 € (U(H/)/ ' s-a
C (1;(%2)) if § > d,

where C'= Cy 458 R denotes a constant depending on A, d, 6, B, and R.

The proof of Corollary 9 is detailed in Section 4.9. In particular, when compared to the
lower bounds obtained in Theorem 1, Corollary 9 ensures that f 7 is optimal in the minimax
sense up to logarithm factors and thus adaptive. However, it requires a huge amount of
computations. Indeed, for all J in the collection M, we need to privatize again the data
since the privacy mechanism Q) depends on J. This leads to Y e M J¢ coefficients to
privatize for each individual 1 < i < n.

Note that in practice, constants 0 < k1 < ko are used to define the criterion, namely

A~

AWy = o {(dwa(l) (ﬁ,,, fJ/AJ) - mv(f)h} . and  Crit(J) = A(J) + roV(J).

These constants need to be calibrated numerically through a preliminary study. One may
choose k1 = Ko in order to reduce the number of parameters to tune, which is how the
procedure was presented. However, recent work by Lacour and Massart (2016) in kernel
density estimation framework, suggests to first calibrate k1 and set ko = 2x; as A(J ) and
V(J) exhibit antagonistic behaviours. For simplicity, we choose to fix them equal to 2 in
this study.

13



ALBERT, CHEVALLIER, LAURENT AND SACKO

3. Results over anisotropic Sobolev balls

Assume now that the regularity is not the same in each direction. More precisely, con-
sider the multidimensional parameter 8 = (f1, ..., 34) in (Ri)d and define the anisotropic
Sobolev ball

WER) =1 fela(0, 1Y) 30 (7 4.+ 5F) 03p) < B2
l-e(]N*)d

All the results may be easily adapted as soon as one considers discriminators with the
same anisotropy as the density regularity, that is anisotropic Sobolev balls Ws(1), where
0 = (01,...,94) is such that the ratio f3,,,/d,, is constant.

More precisely, denote

Then, Wg (R) and Ws(1) have the same anisotropy if and only if for all 1 < m < d,

1)
s _2 (20)
Bm  Om
In the anisotropic case, the choice of the number of coordinates considered in each
dimension should depend on the corresponding regularity. Hence, for an integer J to be
calibrated later, denote the set of multi-indices that are considered

d
J=]]{1.-.Jm} where V1<m<d, Jyx JW/Or = o/om

m=1

In particular, the number of elements in J equals

Note that in the isotropic case, for all 1 < m < d, B, = 8 thus J,, = J. Then, one
recovers the set of multi-indices J = {1,2,...,J}% over which we sum in the definition of
the estimator (9).

Theorem 10 Consider a sample size n, a privacy level a in (0, A] such that na® > 1,
integer smoothness parameters 8 € (IN*)? and § € (IN*)¢ with same anisotropy as defined
in Equation (20), and a positive radius R such that R2 > d. Then, there exists a positive
constant ¢ = cg 5 p.a,a such that

B+6

pn(WE(R),W2(1), Q,) > cmax {(naz)_wwd, (na2)_1/2} ,

where B and § are defined by FEquation (19).

14
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For the upper bound, we also need to adapt the privacy mechanism. The only difference
comes from the fact that we do not consider the same number of dyadic blocks in each
dimension. In this case, define

L = |log, (Jﬁ/ﬁm + 1)J —1, and Jy, =2bnt 1,

such that JP#/Bm < J. < 3J8/Pm_  We then consider the same dyadic blocks Jp for £ in
L= Hgﬁbzl {0,1,..., Ly}, as in the isotropic case, such that

J =] %
Lcl

Then, we apply the non-interactive Coordinate dyadic block privacy mechanism described
in Section 2.3.1 and denote it Q). Finally, we define the private projection estimator by

fr=> 0jp;. (21)
jeJ
for a well calibrated J.

Theorem 11 Consider a privacy level o in (0, A], smoothness parameters 3 in (Ri)d and
d in (Ri)d with same anisotropy as defined in Equation (20), and a positive radius R such
that R2 > d. Consider the Coordinate dyadic block privacy mechanism Q) , where

d
olm(1=6m /d)/ _ 0 (16 /d) /2
ag = SM 1—:[ /d) and Sdﬁ(J)—e,;ﬁylz (1=6m/d)/2,

Then, the projection estimator fj defined in Equation (21) satisfies

__B+s )
C(na?)” 25+2a if V' m, 0m <d and J < (na?)2p+2d,
—-1/2 1
f )S/:}lp?(g [dwé (f]?f)i| = C(%) ifV'm, op :dandj\/((%)zm—za’
€
C(na?)~1/2 if V'm, 0y >d and J =< (na )2/3+25

where B and 0 are defined in Equation (19), and where C = Cp458.r denotes a constant
depending on A, d, 8, B, and R. B

One may notice that the upper bounds are obtained only for all d,,, on the same regime
(that is all less than d, all equal to d, or all greater than d). This condition is due to
technical reasons, and appears naturally in the proof. Without this condition, the minimax
optimality remains an open question. Moreover, as in the isotropic case, the private projec-
tion estimator with the Coordinate dyadic block privacy mechanism are minimax optimal
for all é,, less than d, or all d,, greater than d.

The adaptation of the proofs of Theorems 1 and 6 to the anisotropic case with the
adjustments defined above is straightforward, and leads to Theorems 10 and 11. For the
sake of clarity, we decide to present the proofs only in the isotropic case. Moreover, as
the choice of the regularity parameter § of the generators, and of J which determines the
number of considered coefficients both depend on the unknown regularity 3 of the density,
this procedure is not adaptive in the minimax sense. This is a topic for future work.

15
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4. Proofs of the main results

Section 4 contains the proofs of all results in Section 2. Complementary proofs are detailed
in Appendix A.

4.1 Proof of Theorem 1

Let n > 1 and « in (0, A] such that na? > 1. Let 8 and § be two positive integer smoothness
parameters, and consider a positive radius such that R? > d. Let J > 1 be a positive integer.
We define 1) on [0, 1] by

—1 -1
Y(t) = exp <1—(4t—1)2> Lie(0,1/2) —exp (1—(475—3)2> Lie1y2,1)-

Note that the function ¢ is based on bump functions and is often used to prove lower bounds
in nonparametric statistics. In particular, 1 is a periodic function on [0, 1], satisfying
f[O,ll Y(x)dr = 0, with continuous derivatives of all orders, such that all derivatives are
uniformly bounded on [0, 1] and periodic.

Denote for all j = (j1,...,jq) in {1,2,.. .,J}d, and all z = (z1,...,24) in [0,1]%,

:ﬁ¢<J(xm_jm;1>).

m=1

Note that the support of Gj is Hizl [jm_l, 37] and for all p > 0,

J
d
p
B A
Indeed,
HGl-Hz = /[0,110’ G;(x)‘pdx _ f:[ [/“" < (wm—jmJ_ 1)) pda:m]

= T [3 [ wtran] = O

Consider 7,,n > 0 that will be calibrated at the end of the proof, and define two parametrized
families of functions on [0, 1]¢ by

Tn d
]:B(’Yn) =S fu= ]l[(),l]d + ﬁ Z l/l'Gl'; Ve {0, l}J ,

and

77 d
D) =qm=75 . NGiAe{-11)’
je{1.2,..,J3°

16
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Lemma 12 Let 3 and § be two positive integer parameters. Assume R? > d.
1. All functions f, in FP(v,) are densities as soon as v, < Hngod
2. One has the inclusions FP(v,) C WP(R) and D°(n) Cc W?(1), as soon as

7n§ ) a/nd ?7 ‘
AR [l + [lo]3] T 1613+ [ 1]
(23)

The proof of Lemma 12 is detailed in Section A.2.

In the following, consider ~, and 7 such that ~, < HwH , and that (23) is satisfied.
In particular, for all a-LDP privacy mechanisms @, that satisfies Equation (1), and all
estimators f of f based on data privatized from Q,

sup EfQ[dwé (f f)} > sup By o [dwa (f fu)}

FEWB(R) Fo€FB(vn)

= max ]EfWQ{dW(s (f fl,)}

ve{0,1}7¢

Moreover, for all v in {0, I}Jd,

dmﬁu)<fnﬁ) = sup )/;Hd[(fﬁ—fb)g}

geEWs (1

gngg(n) /[071}(1 [(f - fu) gx}
= max " Z )\j/[
/0

Ae{-1 1}‘]d J6 je{l,...,J}d

v

v
EIE
g

; (24)

je{l ... 3

with the particular choice of A such that for all Js 5\1 is the sign of f[o 1]d[(f — fl,)Gz]. Yet,
by definition of f, in F?(v,), and since the supports of the functions G are disjoint,

\/W Fon)a \/W “hgo) 0]

where hj(v;) = 1+ J5v;G;. Introduce

)

vj € argmin
Vie{o,l}

J L7 ) 6|

17




ALBERT, CHEVALLIER, LAURENT AND SACKO

Then, by the triangular inequality,

fou (=)

v
N =
—

= % /{o,m [(hi(ﬁl) h’(yg)> G’}
= % ﬂj—uj‘/[(m]dG?

1157 |-
3 i |7~ vl (25)

by Equation (22) for p = 2. Finally, combining (24) and (25) leads to

; vl ~
dW‘s(l) <f7 fV) > 9 Jﬁ+5+de(V7 V)a

where pg(v,v) = Zi |Uj —vj| = Zi]li}l.;éyi denotes the Hamming distance between o and

v in {0, l}Jd. Thus,

; el _
Sup ]E ’ d s f?f 2 max ]E , pH I/,V
FEWB(R) fQ[ we(1) < )} 9 JB+o+d ve(01}7d flpa (V)]
el )
> 5 2 N x inf max EfV,Q[PH(l/,V)], (26)

v yef0,1}7¢

where the infimum is taken over all estimators o based on data from the distribution P,
with density f,, that have been privatized using a privacy mechanism @ in Q,. Denote M/
the distribution of such privatized data. In order to lower bound this infimum, let us apply
Theorem 2.12 (p. 118) of Tsybakov (2009) recalled below.

Theorem 13 (Tsybakov (2009), Theorem 2.12) Let © = {0,1}, with N > 1 and
{Py,0 € ©} be a set of 2V probability measures on a measurable space (X, A). Denote
Egy the corresponding expectations. Assume that there exists & > 0 such that for all 0,6’
in © satisfying pr(0,6) = 1, the Kullback-Leibler divergence between Py and Py satisfies
KL(Py,Py) <&. Then, it yields

i%frgleaé(]Eg {pH <é,9)] > ];[max{e;, 1-— g} .

We thus need to upper bound the Kullback-Leibler divergence of the privatized dis-
tributions M’ and M), where v and v/ belong to {0, 1}7* such that pg(v,1/) = 1. Yet,
according to Corollary 3 of Duchi et al. (2018) applied in the particular case of i.i.d. Xj’s,

KL(M?, M") < 4n (e* —1)*TV%(P,, P,,).

18
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Moreover, if pg (v, ') = 1, then there exists a unique Jo such that Vjo #* 1/ o> and thus

oo

d
Wh T
2 JB+d

/ _
575 |Yio ~ Vio GLO‘—

1
W) =g [ e fel=

=1

by Equation (22) for p = 1. We deduce that

KL(M:}, ) < kul Jgﬁ_,_gdn(ea - ) 2A ”wHI J23+2d 27

as one can prove by Taylor Theorem with the Lagrange form of remainder that for all « in
2
(0, A], e — 1 < ae®. In particular, if %noﬁ =: 72 is constant, we obtain that

KL(M?, M%) < ¢, where &= ~22||yp|?.

Applying Theorem 13 with N = J¢ to the privatized distributions leads to

inf max Ey olpm (7,v)] > Je ma et 1 §
X L olpH > —max{ —,1—4/2 .
7 vefoapd 0 2 2 2

Finally, from (26), we obtain

S Erg|bwa (79)] 2 0ty

where ¢y = <17 ||1/1||gd /4) max {6_5/2, 1- \/5/2}. This being true for all @ in Q, and all
f, we deduce that

SOVB(R),W9(1), Q,) = inf inf E|d Tn
PV (RLW(1), Qu) = jnf inf sup E [dsqy (£.£)] = o

In order to obtain both rates in Theorem 1, consider v and 7 such that

. —2d
7* = min ¢ |92

, and n°= )
2(d—1 2 2(d—1 2
a3 T2 + | a3 [l + @]
so that we may apply Lemma 12 for the different choices of ~,, below.

1
e First, choosing J = (na?)2#+2 and +, = v implies that 72 % = ~? is a constant

and thus,
gy BES_
= ¢ (na”)” 26+2d,

g
pn(Wﬁ(R), W(s(l)a Qa) = €0 78+s5
e Second, choosing J = 1 and v, = v/(Vna?) < v (as na? > 1) also implies that

7%% =2 is a constant and thus,
~

no?

pn (WP (R),W(1), Qu) > co -2

= ¢ (na?)

where c¢ is a constant depending on 3,4, R, d, A.
This concludes the proof of Theorem 1.
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4.2 Proof of Proposition 2

Before proving Proposition 2, let us introduce some useful notation. Define for all £ in £

and for all ¥ in {—By, Bo}%,
D (1) = {z € {+By,(ar)} ; (2,0) > o} :
D, (3) = {z € {+By,(ar)} ; (2,79) < o} ,
D) = {z€{EBalon)}’; (25 =0

where By, (ay) is defined in Equation (7). In particular, the sets D/ (v), D, (), and Dg (0)

form a partition of {j:Bdg(ag)}dﬁ. Moreover,
2€Df (1) <= (—2) €Dy (9). (27)
We deduce that ‘DZ (27)) = ‘DE (f))‘ and thus
2 ‘Dz (@)( + \Dg (5)‘ — ode,

= (djfz) since z belongs to D) (¥) if and only if half of

its coordinates have the same sign as ¥, and the other half have the opposite sign. On
D} (@)’ — 291 gince for all & in {+Bo}%, DY (¥) = 2.

Besides, if dg is even, ‘Dg (0)

the contrary, if dy is odd, then
Recalling the definition of pg, we deduce that in all cases,

_, o] o)

Pe = ode 9dg—1 - (28)

To prove the a-local differential privacy, it is sufficient to prove the a-local differential
privacy in each bloc, that is for all

d
2= (o) e € 1 {ing(%)} :
el
for all  and 2/, and for all £ in L,
(Zg ==g|X=2) _ o 9)

P(Zy = 29| X = ')

Indeed, by independence between the random draws Zjg in each block, we deduce from
both (29) and >y ag = o that

P(Z =z|X =) P(Zy = 2| X = 2)
P(Z =2|X =1/) s P(Zyg = 29| X = ')
S 60% — ea
el
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This proves that the Coordinate block privacy mechanism @ satisfies non-interactive a-local
differential privacy as in (2).

Let us now prove (29). Fix z, 2/, 2 = (2¢)¢ and £ in £. Then, as conditionally on f/[g,
Zjg is independent on X,

P(Zy =2l X =2)= > P(%g=20|Vig =) P(Vig = 5| X =) . (30)
g €{£Bo}™

We thus need to compute IP(Z[Q = 2|g )‘7@] = fm). More precisely, let us prove that

Ty 1 —7a, 1
(Zm-—zwﬂVa-—Um) 2311 () 18) + g1 Lo (5) (410) + 52, Lo (31 ( f))
31
To do this, we need to distinguish between two cases, depending on the parity of dp.
e If dy is even, then, since Yp ~ B(pg) with 0 < pg < 1,
]P(Zm = Zm)Vm = %) = pﬂ’(Z[e] = 2[61“/& = Uy, Ye = 1)
+ (1 —pg)P <Z[e] - Z[e]‘V Vg, Yo = 0) (32)

Besides, recall that conditionally on {f/[g = Ujg, Yo = 1},

U(Dy (0)) ifTe=1,
U(D, () ifTy=0,

Ty~ B (ﬂ'%) , and Z[g ~ {

with 0 < m,, < 1. Hence, conditionally on {f/g] = Vg, Yy = 1,7y = 1}, the event
{Zig = zjg} is possible only if iy belongs to D+ (0), and similarly when conditioning
on {Tp = 0}. We deduce that

Ta 1 -7y
Zig = 2g)|Vig = Vpgs Ye =1 £ 1 (21g)+ Ty (2g)-
€] el Vi le]> T€ Df (3 €] — D, (o le]
( ‘ ) ‘D “[K)‘ (%1e1) ’% ”[ﬁ])‘ 2 (1)
(33)
Analogously, recall that conditionally on {ffm = Vg, Ye = 0}, Zig ~ U( (v[e})>
Thus
Zg—Ze Ve—Uz }/K—O ¥]]. 0= (Zg).
(€] el Ve [48 ‘DO 5 )‘ DY (51g) \*1€)
€] -
Therefore, we deduce (31) from (28) and (32).
o If dy is odd, recall that ‘DZ (17@)’ ‘D ‘ = 291 and pe = 1. In particular,
Yy =1, and we deduce from (33) that
]P(Z[g = 2|g ‘V[z] = %) = (Z[el = Z[e](V Ugg, Ye = 1)
Tayp 1—mq,

2d( 1 ]]'D+ (’UL]) (Z[Z]) 2d£—17 ]IDE (ﬁ[g) (Z[g),
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which is equivalent to (31) since DY (@[g]) = ¢ in this case.

Now, notice that since 1/2 < 74, < 1, then

and thus, using (31),

1—7aq,

ST = P (2 = Zm’f/{e] =g < 51"

Finally, as Z;}[ dg IP(V[Q = g ’X = a:) =11in (30), we proved that

2 E{:I:Bo}

1—mq, Ty

QT_f < P(Z[ﬁ] = Z[ﬁ]}X = :E) < 2d£—1'

In particular, this implies that for all  and 2/, by definition of Togs

et

P(Zig =zg|X =2) _ o _ TieF  _
P(Zig = 2| X =2') = 1 -7, e ’

which ends the proof of (29).

4.3 Proof of Proposition 3

Fix £ in {0,...,L}?, and j in Jp. Consider the notation D) (7), D, (¥) and Dg (0) intro-
duced in the beginning of the proof of Proposition 2 in Section 4.2.

1. Let us first compute & [Zl- ‘X = :L'] . Since conditionally on f/[g, Zjg 1s independent

on X,

E[Zg|X=2] = > E [Zm‘v[@ = iyg | P(Vig = @[ﬁ}‘X =z).
g €{£Bo}™

Moreover, from (31), we deduce that
E |Zg|Vig = ) = > 2P (% = 56| Vig = )
2y €{£ By (ap)} "
Ta ~ 1—mo, 1 _
si1 ¢ (0) + g1 Se (%) + 5 Se (%)

where for any x in {+, —, 0},

Si(Tw)= Y. g

210/€D; (7))
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Yet, 5’2 (0}g) = 0 since for all 2 in D2 (0g7), (—2jg) also belongs to Dg (0jg). More-
over, by (27), S¢ (6[41) = —Sj (f}[g]). Therefore,

271'% —1

E |Zg|Vig = 71| = —a=1 5 (Uie)

Furthermore, Butucea et al. (2023a) proved in Section B.2 that

Bay(og) [ dg—1 \_. .. ..

% £ ((d £_ 1)/2> Upg if dy is odd,

S¢ (Tg) = C - Zalay) <d€ _ 1)%
4 L) - de—1 £
) deae)( U Vot e Bo A

= - v if dg is even,
de/2—1)

By

Besides,
2e™t 14+e* e —1

T 1te%™ 14e% g1
Therefore, by definition of Bg,(ay) in Equation (7), we obtain that

- B 1 et — 1 Bde(ag) dg —1 B B
E[Z[Q)V[g Zv[g] = SaT <ea£+1> Be (Ldl_w)vm = Uyg-
2

27Ta£ -1

Finally,

B[ZglX=a]= Y ogP(Vig=vg|X =) =B |Vg|x =a],
By €{£Bo}™

and thus, for all j in Jp,

E [ZZ‘X:x} - E [f/i‘X :x}

1wz 1 pi(o)
= bBo <2+ 2B, ) — Do (2_ 2B, ) = #3(@).

. In order to prove that Z; is bounded, we use the technical Lemma below.

Lemma 14 Consider a in (0, A] and some positive integer k. Then, By(a) defined
as in (7) satisfies
Vk

Bk(a) < 2B0£A7>
where 4 = A(e? +1)/(e?t — 1).

The proof is detailed in Section A.3. The upper bound on |Z;| = By, () is a direct
consequence of Lemma 14. We deduce that, since 0 < ap < ae < A,

d
Var(Zj) <E [Zﬂ < (2Bpéa)? %,
J J al
which ends the proof of Proposition 3.
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4.4 Proof of Proposition 4

In this proof, denote for all j = (ji, ..., jq) in (IN*)?, H16H2 =¥ + 320+ ...+ 2. We aim
at upper bounding

[dwé (fJafJ)} = sup / (fJ—fJ)9] :

gews (1) J[0,1]¢
Let g in W(1) and consider g = >_jemya 5(9)p; its decomposition in the Fourier basis.
Then, as the blocks Jp with £ in {0,...,L}¢ form a partition of {1,...,J}?, and by the
Cauchy-Schwarz inequality for all £,

/[01 (fr=1tng = > {éi—ei(f)]al.(g)

16{17"-7J}d

= 25 -] g < 8 s

£e{0,1,...,.L} j€T,

< ¥ S50 o | | 1807 0002
2€{0,1,....L}4 = Hl H J€Te
< Y X [h-an] “12 (34)

£2€{0,1,....L}d \| JET,

and this for all g in W‘s(l). Since the upper bound does not depend on g, we deduce that

E |:dW5(1) (foJ)] < > E \l > [éi _ Hi(f)]Q HJ(15H2

A

ge{oalw"’L}d lejé

1

> ZE[(éj—ej(f))Q} o
2e{0,1,...L}¢ \| 5€Te Hl H

IN

by Jensen’s inequality.
Yet, for any £ in {0,1,... ,L}d and any j in Jp, by Proposition 3, for all 1 <7 < n,

E [Zi,i Xl} = ;(X), thus

Therefore, using once again Proposition 3, with By = ﬂd,
A~ d7
E (91—91-(]0)) Var( ) 22Var< ”) (264 By)? no?
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This upper bound no longer depends on j.
Moreover, recall the inequality of arithmetic and geometric means that is, for all positive
numbers aq, ..., aq,

L& 1/d
Z A, > (H am> . (35)

m 1

It is a direct application of Jensen’s inequality for the logarithmic function which is concave.

Then, we obtain that for all j in Jp = Hrdnzl {24”1, o, 2bm Al 1},

HJ H 2> deza/d > d H ofm28/d _ dxd%/d (36)

Im
m=1

where the last inequality comes from the definition of Jp. Therefore, as the cardinal of Jp
equals dp,

5 21 1 (264By)? 1-26/a _ (264B0)* 4 dg 2 2

JE€ETe J€Te £

where 74,4 = 264Bo/Vd = 21/(2%/d)A(e? +1)/(e? — 1). We deduce that

E [dws(l) (fJafJ)} < TAd Z 0,

ge{ovlr'wL}d
which ends the proof of Proposition 4.

4.5 Proof of Lemma 5

In this proof, denote for all j = (ji,...,jq) in (IN*)%, HZBHQ = jfﬁ +j§ﬂ 4. _1_3357 and let
f=Yjemyabi(f)pj in WP(R), such that

o < e
jE(N*)d

We aim at upper bounding

dys(1y (fs, f) = sup /[Ol]d(fJ—f)g-

geEW? (1)

Let g in W(1) and consider g = > jean+)a 05(9)p; its decomposition in the Fourier basis.
Then, by the Cauchy-Schwarz inequality,

/[Ol}d(fJ—f)g: > [—Hz(f)}ei(g)g 3002 S 0002

3¢{1,.... 34 3¢{1,....J 34 J¢{1,.... 34
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Yet, for all j ¢ {1,2,..., J}?, there exists m in {1,...,d} such that j,, > J. Then,
2
> s -
Therefore, since f belongs to WA(R),

Yo 6= HJBH L < Rmy¥,

d

(LI} (LI} HJ

In the same way, since g belongs to W°(1), Zj¢{17.”7j}d 91(9)2 < J~29. Hence,
| s g < VERFETE,
[0,1]4
This being true for any ¢ in W9(1), we deduce that
dysqry (f1,f) < RIZEH).

4.6 Proof of Theorem 6

Applying Proposition 4 and Lemma 5 in the bias-variance decomposition (10) leads to

[dVW (fwf)] < TagNy + RIFHY,

Moreover, for the particular choice of block privacy levels defined in Equation (12), the
variance term satisfies

as said in Equation (13), where, by definition of S4s(.J), and of dg in (8),

d
Sus(J) = Z H 9bm(1-8/d)/ (i{ (1—=5/d) /2} ) '

£€{0,1,...,.L}d m=1 =0

Note that if § # d, then,

2d

2d
o(1-6/d)(L+1)/2 _ 1 1
2d (U + )0z 1)

Sas(J)* = -
a,5(J) ( 9(1-6/d)/2 _ 1 [2(1—6/d)/2 _ 1]

From here, we distinguish three cases.

Case 1: If § < d, then deg(J)2 < Cd75Jd*5 and X < %Jd*‘s. Thus, the variance and

no
1
the bias are of the same order if J~(#+9) =< _L_Jd=0 that is if J < (naz) 26+2d4 | In
i vVna?
that case, we obtain

—(B+9)

[dws (fJ, f)} < Cadss.r(n ( ) 25+2d
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Cas . .
N Thus, the variance and the bias

Case 2: If § > d, then Sy5(J)? < Cys and Ty <

1
are of the same order if J~(F+9) < that is if J =< (noﬂ) 26+25 | In that case, we

1
vna2’

E |:dW5(1) (fL f)} < CadspsR (na2)—1/2'

obtain

Case 3: If § = d, then Sy4(J)? = (L + 1)%¢ < Cylog(J)??, as J = 2L+ — 1. Then, setting

na2 25-1-2d
J= (1 ,
(o)

log(J)*

leads to

E 2)2d7

log(na

FF

since log(J) = 25+2d [log(na?) — 4dlog(log(na?))] < Cypglog(na?). In that case, we

obtain , iy
[de (fJ»f)} < Cadp,R (M) .

4.7 Proof of Lemma 7

This proof is based on Hoeffding’s inequality (see Hoeffding (1963)). Fix J = 2! — 1 in
M. By taking the supremum for g in W?(1) in Equation (34) of the proof of Proposition
4, we deduce that

dyys (1 (fJ,fJ) = > 2 [él - Hi(f)r HJ(ISHQ

ge{ovlr“vL}d 16\7£

Fix £ in {0,...,L}%. For all j in Jp, note that, by Proposition 3,
. 1
0 =035 = > (Zi —B |Zig))

d
5| < @eaBo) %, witn
By = 2%2. We may thus apply Hoeffding’s inequality, and we obtain for all positive t,

P(’éi— ei(f)’ > t) < 2exp (—2(25?@%#) .

de
By setting t> = 2(264By)? —5(zs + ), for x > 0 and x; > 0 calibrated below, it follows
nos
£

where the random variables (Z; j)1<i<n

that
R de
P((ej ;) > 20264507 - (wJ+w)> < 2exp (—(as +1)).
£
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Moreover, recall that by Equatlon (36) H '75H > dd25/ d

Tad=2v/(24/d)A(e? +1)/(e? = 1) :25,430/\/,

. Hence, since by Equation (11),

R 2

6~ 0:5) -2/

(JJ)22Tf1d E(wg +a) | < 2exp(—(ay +2)).
3°)1° -

Thus, by summing over j in Jp (with cardinal dg) and applying the square root, we obtain

1-5/d
~ 2
—X —X
F Z(ei_ez(f)) T 5H2_\fAd\fe\/m < 2dge e 7.
J€Te
Hence, using the definition of o, and ¥ in Equation (11), summing over £ in {0,..., L}?

leads to

P(dw5(1) <fJ,fJ) > \/§TA7d2J(\/.E+ \/5)) <2 Z de | e e =2 (Jde_rj) e’

£2€{0,1,...,L}4
since for all positive u and v, vu + v < \/u + /v.
Now let calibrate x; such that the probability is controlled. Let

1
(na2)3/2TA7d2J '

3
xy =dlog(J) + B log (naQ) +log (t44%y) such that J%e @7 =
Finally, recall that V(J) = \/57',47612]1/:&]. Hence, for t = \/ETA’dEJ\/E, we obtain

1 2 —t?
(dws (fJ fJ) VI(J )+t) = (na2)3/2 7445 P (2(TA,dEJ)2> 7

which ends the proof.

4.8 Proof of Theorem 8
Fix Jy = 2L0F! — 1 in M2. Then,

dys (fj,f) < dyysy (fJ’fJ/\JO> + dyysy (fJ/\Jo fJo) + dyysy (mef)-

Yet,

dwsy (£ Finn) < (dwsy (£ Fin) —2V(D) 42V ()
A(Jy) + 2V (J).

IN

Similarly,
dysry (Fips0 Fn) < AGT) +2V (o).
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Therefore, as J minimizes the criterion C/r\lt(J) = A(J) +2V(J),

dysy (F5:F) < ACR) +2V () + AU) +2V (o) + dywsr) (Fo f)
< 2A(Jo) + 4V (Jo) + dyys(ry (fjo, f) :
and we obtain that

E [dysqry (f5. /)] < 2B [A(o)| + 4V (o) + B [dyysy (. £)] - (37)

Let us now control IE {A(JO)} .

Note that for all J < Jy, (dwa (fJ, fJ/\J0> — 2V(J)>Jr = 0. Therefore,

A = ua {(dwa (£ f) - 2V(J>)+} .

J>Jo

Yet, for all J > Jy in M%, V(J) > V(Jy). Hence,

dysy (F1. ) =2V(I) < (dwsqry (F: ) - ())+
+ dwsy (f1, 50)
T (W (£ f0) = V) -

Moreover, since

dVV‘s (fJafJo)<2rgja( dVV‘S (fJaf)v

>0

we obtain that

AC) < 2 o {(dW6(1) (F: 1) - V<J>)+} +2 e dyys(r) (f,f)
J>Jg J>Jg

Denote for simplicity D = dyys (1) (fj, fJ) — V(J). Then,

I [A(Jo)} <2E !}2% (Dy)y| + 2}2% dysy (fr: f) - (38)
J>Jg J>Jg

We use the concentration inequality of Lemma 7 to control the first term in the upper-bound
above. First notice that

+oo
E D = P D >t | dt.
{J%%AX%( J)+] /0 (JIQ%A}%( 7+ )
J>Jy J>Jy
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Moreover, for all positive t,

Hence,

J>Jo J EM%
Yet, by Lemma 7, for all positive t,

P((Djy), >t) < P(D;>t) = P(dwa(l) (fj,fj) >V(J)+t>
V2r 2 —t2
p<2< )

X ex
(na2)3/2 = \2n(t4,4%)) TAd2T)?

Therefore, by integrating on R4, and summing over J > Jy in M, we obtain

Mal 1
= J%%{(DJ)JF} r\/ a2 na?’

J>Jy
Furthermore, since 2011 — 1 < na? if and only if L < log,(na? + 1) — 1, then
2
M| = [logy(na® +1)] < Clog(na?),

where C' is a universal constant. Moreover, log(na?) < 2e~!'vna?. Hence, we deduce that
|IM2| < Cvna?, and therefore, by (38),

C

na?’

E[A(J)] <2 Jua dywiq (2. ) + (39)

I>Jo
Finally, using (37), we obtain that

[dws (fj,f)}< E[dwa (fJO,f)}+4J%%dwg(1)(fJ,f)+4V(Jo) +%,

J>Jo

and this for all Jy in M.

4.9 Proof of Corollary 9
Recall that, from Equation (18), the adaptive estimator f ; satisfies

f C

~ < 3 -~

2 [dW‘S(l) (fwf)} = Cjolenj\f/l% Juax, dys) (F1, ) + V(o) | + 5
J>Jo
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As the term proportional to (na?)~! is negligible compared to the first one, the aim is to de-

termine a Jo in M7 that allows the compromise between the bias term max e ma dyys(1y (f7, f)
J>Jg

and the variance term V'(Jp). Moreover, as f belongs to W?(R), from Lemma 5, for all
J > Jo, dyysry (f7, f) < RI7PT) We deduce that

—(8+9)
J%/%Axg dW5(1) (fj, f) S RJO .
J>Jy

As in the proof of Theorem 6, we distinguish three cases to control the variance term

3
V(Jy) = \/57',470{2(]0 \/dlog(Jo) + 2 log(na?) + log(1a,4%.,)-

The control of ¥, comes from the choice of the block privacy levels in Equation (12) and
is exactly the same as in the proof of Theorem 6 (see Section 4.6).

Ca,s 7d—6 . .
\/@JO . In particular, we obtain that

Case 1: If 6 < d, then for all Jy in M, ¥, <
log(2.,) < Cyslog(Jo) < Cas log(na?), and

_+ [log(na?
V(Jo) < Co gty /1080070

na?

Thus, V(Jy) and the bias RJ[;(ﬁM) are of the same order if Jg(ﬁ+5) =/ w(}g_‘;,

na?

1
that is if Jy < <L“2) 27724 In that case, we obtain

log(na?)
) na? \ 2iad
E [dwﬁ(l) <fj, f)} < CadsB,R <log(no¢2)> .
Case 2: If 6 > d, then ¥, < 5%. Thus, as na? > 2, log(Xy,) < Cas < Cas log(na?),
and
log(na?
V(Jo) < Cads g;ﬂf()ﬂ)-

Hence, V(Jp) and the bias RJO_(BM) are of the same order if JO_(BH) = /leelna?)

na?

1
that is if Jy < (%) 2772 n that case, we obtain

E [dwau) (fj,f)] < Cadspr <noﬂ)>_1/2.

log(na?

Case 3: If 6 = d, then X, < \/% log(Jo)?? < \/% log(na?)?d. In particular, we obtain

that log(3,) < C4log(na?) and

(log(na?))***!

V(Jo) < CA,d\/

na?
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d
Hence, V(Jy) and the bias RJO_(6+6) are of the same order if JO_WH) = %,
1
that is if Jy =< (W) 2072 In that case, we obtain
~1/2
B i (759)] = Cason 20 )
s js > UAdg, .
we) \JJ d,6,R (log(naz))4d+l

Note that in all cases, the Jy that satisfies the trade-off belongs to the collection M.
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Appendix A. Complementary proofs
A.1 Characterization of Sobolev balls using partial derivatives

Lemma 15 Let B = (B1,...,Bq) be a regularity parameter with integer coordinates. Con-
sider f a function in La([0,1]%) such that f[o 1) f2(z)dz < C? and for all1 <m < d, f is
Bm-differentiable w.r.t. the m-th variable, and satisfies,

9Pm f ’ 2
< .
/[0,1]d [&cfn’” (x)] o< G

Assume also that f and all its partial derivatives are periodic, namely for allm=1,...,d,
for all 0 < by, < B, for all (z1,...,Tm_1, Tmyt,...,Tq) in [0,1]77,

obm f olm f

— (1, Tm-1,0,...,29) = —— (X1, -+, Tm—1,1,...,24).

Dl ( m ) Dl ( m )
Then,

S (BP0, () <d(CP+CE).
(J1,--sJq) E(IN*)d

In particular, f belongs to the Sobolev ball WE (R) as defined in (5), as soon as
d(C}+C3) < R

First note that, by Parseval’s equality,

02 (f) = 2(z)dx < C?, 40
X s [, e <5 (10)
and 5 5 )
9P oo
Z 02 (O:EB’{) /[0 1]d [Gxﬁ”{ (m)} do <Gy (4D

By integrations by parts, and using the periodicity of f and all its partial derivatives, we
have for all j = (ji1,...,jq) in (IN*)4,

§Bm f) / oBm f
? <6x§{” [0,1)¢ dalr vi

9P p;
_— / fx A
[0,1)¢ dxlr

Recalling that for all z = (x1,...,14) in [0, 1]%, pj(z) = Hflzl ©;,(x1), we have

§Bm <PJ

&xﬂm H‘P]l xl 90§6m>( m)

l;ﬁm

Moreover, by definition of the Fourier basis,
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e if 3 is even, for all j € IN*, (pg?) = +(271j)Ppq; and gogj-zrl = +(275) P paj11,

e if 4 is odd, for all j € IN*, wég) = +(277)% ;41 and apé@rl = +(275)Ppa;.
Hence, if 3,, is even and j,,, > 2,

21 jm ) e
0; (aﬁmf>: i( ) ) 0;(f) if j, is even,

m )\ B
O = (2= 5(f) i s odd.

Since for all j,,, > 2, jm < 2(jm — 1), we deduce from (41) that

26,92 im \ " o 2
oo ammen< Y, 03(f) < C (42)

2
2 J
JEMN*)?, jm>2 JEM*)T, jm>2

If 5y, is odd and j,,, > 2,

Tim ) P e
. <8/8mf> + (2%) 01 gmsrga(f) if jp, is even,
i m - (70, — 'Bm
8377@1 + (W) ejln-jm—lnjd(f) if ]m is Odd,

and we also obtain (42). Finally, using (40), we get

> in®mei(f) < CF + G,
iE(]N*)d N

which concludes the proof of Lemma 15.
A.2 Proof of Lemma 12

1. Let f, belong to F?(7,), and let  in [0, 1]%. Then, there exists a unique Jo such that
z belongs to the support of Gj,. In particular, if 7, < Hi[]”(;od < JP ||@Z)||;Od, then

ful@) = 1+ D50y Go ) = 1= 15 |G ()| = 1= T v, > 0.

Moreover, using the left hand side equation in (22) directly leads to

Tn

folr)de = 1+ — v;
o RPN

2. To prove this point, we shall use Lemma 15.

Consider v = (V) jeq1,...,.s34 in {0, l}Jd and consider f, : [0,1]? — R in F#(v,), defined
for all 2 in [0, 1]¢ by

fy(.%') =1+ % Z VlGl(x)

je{1,..,. g3
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Let us first upper bound the Ly norm of f,. As the supports of the G are disjoint,
by both Equations in (22) N

2 T > )
/[071]61][”(37) dov = 1+J26 Z vi Gi(a:) dx.

_76{1,..‘,J}d (0.1}
< Jgg WH
< 142 wl3t

Let us now upper bound the ILs norm of the partial derivatives of f,. Let m in
{1,...,d}. Then for all z € [0, 1]¢,

o8 Tn o8
ny(:c) = JB Z vj |:8/3GJ(J"):| :
Tm je(l, Ty Tm
Since the supports of the G; for j € {1,...,J}¢ are disjoint,
85 2 ')’?L 6’8 2
[ 5 folx )] = 728 >, v [MGJ‘@)} ;
jefl,.. g} Tm

and in particular,

o] = 5 [ o)
—f ()| dr=-=% dx.
/[0,1]d [8x7ﬁnf (=) J% [0,1]¢ 8:Em = (=)

Yet, by definition of Gy,

o8 Jm — 1 G — 1
9 A, _ | g8, _Jm ,_Im
0| = 1 (5 (o227 ) o | TL (9 (o= 27))
Therefore,

/[o,m [;féf;“’(x)rdm = jzl [W) (J (mm - jmJ_ 1>)Fdxm
2
L)

m/#m
7 ([ju® mww”)
Jd

We deduce that, as 1/32. <1 for all j,

26 (|| p® d-1)?
Awbﬁﬁu]d<; ﬂlfOWJﬂMQ):ﬁOWﬂuwgvg
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This result being true for all 1 < m < d, we deduce from Lemma 15 that f, belongs
to the isotropic Sobolev ball W#(R) as soon as

dx {1z e (1 + o]} < 22

that is,
9 R?>—d

n < 2(d—1) 2 21"
a3 [l + 2]

The proof is similar for the inclusion D°(n) € W?(1), as soon as

ax P o (il + o] <1

which ends the proof.

A.3 Proof of Lemma 14
Recall that, by definition,

e*+1 . 1 1 k—1
Bk(a):BDea_lr‘ku with 1%22161<L]€51J>

On the one hand, let us prove that
1 _ e"+1 A &

X — = .
ev—1 " eA—-1 a a

To do so, we prove that the function

e*+1
e* —1
is increasing on R . Indeed, g is a differentiable function, with derivative

R C))
g (x) = (v —1)2

g:x—x X

where h(x) = e** — 2ze® — 1,

Moreover, h is also differentiable on R (and thus on RY ), with derivative
h'(z) = 2e" [e” — (1 + )] > 0.

Therefore, h is increasing, and as h(0) = 0, h is positive on R, and so is ¢'.
On the other hand, let us prove that

Ty < 2Vk. (43)

To do so, we use the inequality proved by Robbins (1955) on Stirling’s formula, that implies
that for all positive integer g,

1

\/2mq (g)q <q! < +/2mq <g>qeﬁq.
e e

Hence, since for all ¢ > 1, e!/(69) < ¢1/6,

12 24
o = iy <€V (44
' mql2q/e
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First notice that 'y =1 < clﬁ, with ¢; =1 < 2.

Second, notice that Ty = 2 < ¢3v/2, with ¢o = v/2 < 2.

Third, if K = 2p+ 1 is odd, with p > 1, then from (44),

1\2
R

where c3 = e!/0,/7/2 ~ 1.48 < 2.

I, =2%

Fourth, if kK = 2p is even, with p > 2, since (2p)/(2p — 1) < 4/3, then from (44),

—1Dip! —1)N2 1/6
T = 22p—1(P Dipt _ 2p % 22(p—1)((]9 1Y) < de m: esVE,

2p—-1! 2p-—1 2pp-D]' — 3
2v/92 1/6
where ¢; = % ~1.97 < 2.

Combining all cases leads to (43), which ends the proof of Lemma 14.

Appendix B. Why blocks are necessary for minimax optimality

Consider the Coordinate global privacy mechanism from Duchi et al. (2018) and adapted
by Butucea et al. (2023a). It is exactly the same mechanism where all the coefficients

(gol-(Xi) ieLz,. T are privatized at once. In particular, as in Proposition 3, the variance
of the private views of X1,...,X,, satisfies
Jd
Var (Zi,z) < C%yd?. (45)
However, the control of the variance term in Proposition 4 differs. More precisely,
I [dwm) (fbe)] < Caddy, (46)
where
(xS s
Y= — and Ssq(J) = ]Zl W.

Indeed, one may easily prove with the same arguments as in the proof of Proposition 4 (see
Section 4.4) that

E [dwé(l) (vafJ>:| < > E [(éj— Hj(f))2] H;Hg,

je{1,2,...,J34

where this time, using Equation (45),

B [(5; - 0y0n) ] = var(3s) < iy

no
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Hence, it remains to control

1 1
2 mET X g

16{172 1111 J}d Hl (]1 7777 jd)€{1727'-'7‘]}d

Yet, using the inequality of arithmetic and geometric means (35), we obtain

d d
2
|a°)"= D25 = a L
m=1 m=1

and thus
d
d J
1 1 1 1 1 1~ d
Z S S 7 [H .26/d] ~d ija/d - gSévd(‘]) ’
je{1.2,...,J}4 Hl H (J1,-r7a) €{1,2,...,J }¢ Lm=1 Jm Jj=1

which ends the proof of Equation (46). Hence the control of the variance depends on the
behaviour of S5 4(.J), and thus on the value of 26/d.

In the bias-variance decomposition (10), the control of the bias term in Lemma 5 remains
unchanged since it comes from the regularity of the density f. Therefore, as in the proof of
Theorem 6, we obtain

E [dw5(1) (fj,f):| < CAAEJ + R.J(B+9),

As with the block mechanism, we distinguish three cases. However, unlike with the
block mechanism, the threshold is when § = d/2 instead of ¢ = d.

Case 1: If § < d/2, then a comparison between sum and integral leads to

~ I J %5/d Ji—26/d
and thus
5 Jd—o
Xy < Cyus .
na?

The variance and bias terms are of the same order if J~(8+9) = _L_ jd=0 that ig if
vVna?

1
J = (na2) 2p+2d  In that case, we obtain

B s (72.4)] < Catosn (na?) 550

In this case, we recover the optimal rate, as it coincides with the lower bound obtained
for all 6 < d.
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Case 2: If § > d/2, then the sum converges as J goes to infinity, and we obtain that

- Ja/2
Yy < Cys

na?

Thus, the variance and bias terms are of the same order if J~(#+9) < %, that is if

1
J = (na2) 26+26+d  In that case, we obtain

E |:dW5(1) (fJ, f)} < Cads8,R (noﬂ)% :

In this case, for all d/2 < § < d, the upper bound is larger than the lower bound
obtained for all 6 < d (which is the rate in Case 1). Moreover, as d > 0, for all § > d,
the upper bound is also larger than (na2)*1/ 2 which is the minimax rate in that case.
Hence, when § > d/2, we never recover the optimal rate. This comes from the fact
that, when we do not use blocks, the variance of the private data is too high as it is
proportional to the number of privatized coeflicients.

Case 3: If § = d/2, a comparison between sum and integral leads to

J J

1 d
E .§1+/ £=1+log(l]),
=7 1 T

and thus
(Jlog(J))%?

Y7 < Cyps >

no

Then setting

1

; na? 25+26+4d
()

1/2 —(B+9)

a2 2B+25+d
log(J)4¥% < C _na
g og() = s (10g(”042)d

leads to

2%*
(na ) B+25+

Y7 < Casp

d
log(na?2)2pF2sta ™

since log(J) =< m [log(na?) — dlog(na?)|] < Cysplog(na?). In that case, we
obtain that the bias and the variance are of the same order, and

—(B+9)
na2 26+25+d
)d

log(na?

E [dwm) (fJ, f)} < Crdsp.R <

As in the Case 2, this rate is not optimal, since it does not match with the lower
bound for § < d (not even up to a logarithmic term).
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