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Abstract

This paper studies minimax optimization problems defined over infinite-dimensional function
classes of over-parameterized two-layer neural networks. In particular, we consider the
minimax optimization problem stemming from estimating linear functional equations defined
by conditional expectations, where the objective functions are quadratic in the functional
spaces. We address (i) the convergence of the stochastic gradient descent-ascent algorithm
and (ii) the representation learning of the neural networks. We establish convergence
in the mean-field regime by considering the continuous-time, infinite-width limit of the
optimization dynamics. Under this regime, stochastic gradient descent-ascent corresponds
to a Wasserstein gradient flow over the space of probability measures defined over the
space of neural network parameters. We prove that the Wasserstein gradient flow converges
globally to a stationary point of the minimax objective at a O(T~! + a~1) sublinear
rate, and additionally finds the solution to the functional equation when the regularizer
of the minimax objective is strongly convex. Here T denotes the time and « is a scaling
parameter of the neural networks. In terms of representation learning, our results show
that the feature representation induced by the neural networks may deviate from the initial
representation by a factor of O(a™!), measured by the Wasserstein distance. Finally, we
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apply our general results to concrete examples, including policy evaluation, nonparametric
instrumental variable regression, and asset pricing.

Keywords: Minimax optimization, neural networks, functional gradient descent-ascent,
policy evaluation, asset pricing, instrumental variable regression.

1. Introduction

Minimax optimization problems are ubiquitous in machine learning, statistics, economics,
and other fields. Examples include generative adversarial networks (GANs) (Goodfellow
et al., 2020; Salimans et al., 2016), adversarial training (Ganin et al., 2016; Madry et al.,
2017), robust optimization (Ben-Tal et al., 2009; Levy et al., 2020), and zero-sum games
(Xie et al., 2020b; Zhao et al., 2022). The goal in minimax optimization is to find a
solution (f*,¢*) to the problem min e r maxgeg £(f, g), where £ is a bivariate objective
function, and F and G are the feasible sets of the decision variables f and g. In modern
machine learning applications, F and G are often function classes flexibly parameterized by
neural networks, and the objective L£(f,g) can be approximated using data. The minimax
optimization problem is often solved using first-order optimization algorithms. Despite their
widespread success across diverse applications, there is currently no global convergence
theory for popular first-order algorithms that solve general minimax optimization problems
using neural networks.

In this work, we study the convergence of first-order algorithms for solving minimax op-
timization problems where F and G are both flexibly parameterized by two-layer neural
networks, and the objective functional is quadratic in f and g up to regularization:

minmax £(f,9), £(f,9) = E[g(Z) - ®(X,Z; f) —1/2- g(Z)* + Reg(f)], (1)

where Reg(f) is a convex regularizer that penalizes the complexity of f € F. A popular
choice is to choose a Reg( f) that measures the norm || f||3. Here, the expectation is taken with
respect to the joint distribution of random variables (X, Z), ¢ is a function of Z, and ® takes
(X, Z) and a function f as its input and is linear in f. The objective function (1) arises from
solving a linear functional conditional moment equation of the form E[®(X, Z; f)|Z =] =0
if and only if f = f* € F. Here, X is a vector containing all the endogenous variables, and Z
contains all the exogenous/pre-determined variables. This problem has ample applications,
including policy evaluation (Cai et al., 2019; Duan et al., 2020; Jin et al., 2021; Chen and
Qi, 2022; Ramprasad et al., 2022), nonparametric instrumental variable regression (NPIV)
(Ai and Chen, 2003; Newey and Powell, 2003; Hall and Horowitz, 2005; Blundell et al., 2007,
Darolles et al., 2011; Chen and Reiss, 2011; Chen and Pouzo, 2012), and asset pricing (Chen
and Ludvigson, 2009; Chen et al., 2014, 2024). For example, when ®(X, Z; f) =Y — f(X),
the problem in (1) recovers the setting of NPIV. The minimax objective in (1) arises when we
solve the conditional moment equation via adversarial estimation (Uehara et al., 2020; Duan
et al., 2021; Chernozhukov et al., 2020; Liao et al., 2020; Wai et al., 2020; Bennett et al.,
2019), which introduces a dual function and transforms equation solving into a minimax
optimization.

We study the infinite-dimensional minimax optimization in (1) over the space of over-
parameterized two-layer neural networks. Specifically, a neural network is represented by
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fun(50) = a/N N | 6(-;67), where N is the number of neurons, ¢(-;6?) denotes the i-th
neuron, {Hi}z-e[N] are the network parameters, and « is a scaling parameter. We aim to
solve the minimax optimization in (1) with both f and g represented by over-parameterized
two-layer neural networks, which is favorable especially when Z is a high-dimensional vector.
To solve this problem, we consider the arguably simplest first-order algorithm, stochastic
gradient descent-ascent (SGDA), where the parameters of f and g are simultaneously updated
using stochastic gradients of the objective functional. Specifically, we aim to address the
following two questions:

e Does SGDA with over-parameterized neural networks converge to some solution?
e Does SGDA learn data-dependent features that yield a statistically accurate solution?

Answering these questions involves two intricate challenges in optimization and representation
learning with neural networks. First, the minimax objective is nonconvex-nonconcave with
respect to the neural network parameters of f and g, it is unclear whether first-order
algorithms converge. Second, the neural network’s representation evolves during optimization,
and it is unclear how to track and assess the data-dependent features it learns. While there
are some existing works on neural network optimization using the technique of neural tangent
kernel (NTK) (Jacot et al., 2018; Du et al., 2018; Cai et al., 2019; Xu and Gu, 2020; Wang
et al., 2022), such an approach suggests that the feature representation of the neural networks
is fixed throughout training and is only determined by the initialization of the network
parameters. Despite being an elegant theoretical framework, the NTK approach is limited in
its ability to capture the representation learning aspect of neural network optimization. To
show that the neural network optimization algorithms learn useful data-dependent features,
in addition to establishing convergence, more importantly, we need to show that (i) the
algorithm approximately finds a proper solution concept, e.g., a stationary point or a local
or global optimizer of the minimax objective function, and (ii) the representation of the
neural networks moves from the initialization by a considerable amount.

In this paper, we tackle both challenges by leveraging the framework of mean-field analysis
of over-parameterized neural networks (Chizat and Bach, 2018; Mei et al., 2018, 2019; Zhang
et al., 2020; Lu et al., 2020b; Zhang et al., 2021b; Sirignano and Spiliopoulos, 2020a,b, 2022;
Chen et al., 2020b; Fang et al., 2021b). In particular, we focus on the continuous-time
and infinite-width limit of the SGDA algorithm, where the step size approaches zero and
the width N approaches infinity. From the mean-field lens, a neural network f(-;0) can
be identified with a probability measure p by writing f(-;6) = a - [, ¢(-;0) p(df), where
1 is the empirical distribution of {91}%[1\7] and « is the scaling parameter of the neural
network. Thus, parameter updates of SGDA can be regarded as updates to the probability
measure p. From this perspective, we prove that in the continuous-time and infinite-width
limit, SGDA corresponds to a gradient flow of the minimax objective £ in the Wasserstein
space, i.e., the space of probability measures over the parameter space equipped with the
Wasserstein-2 distance. Besides, by defining a proper potential function that characterizes
the stationary point of the minimax objective, we prove that the Wasserstein gradient
flow converges to a stationary point at a sublinear rate of O(1/T + 1/«), where T is the
time horizon and « is a scaling parameter of the neural network. Moreover, we prove
that the Wasserstein distance between the parameter distribution found by SGDA and its
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initialization is O(a~!), indicating that the neural network’s representation can deviate
considerably from its initialization. Such behavior is not captured by the NTK analysis,
which shows that the representation remains fixed at initialization. Furthermore, when the
regularization on f satisfies a version of strong convexity, we prove that the Wasserstein
gradient flow converges to the global optimizer f* at a sublinear O(1/T 4 1/«) rate.

Furthermore, our setting presents unique challenges for a few reasons. Firstly, unlike many
existing analyses of SGDA that focus on finite-dimensional Euclidean spaces (Beznosikov
et al., 2023; Jin et al., 2019; Lin et al., 2020a), our work studies an infinite-dimensional
functional minimax optimization problem, for which tools do not transfer directly. Moreover,
while the targeted functional optimization problem is amenable to analysis (as it is convex-
concave with respect to the input functions), we do not directly approach it from a functional
gradient descent-ascent perspective. Instead, we adopt a realistic approach by representing
both the primal and dual functions using neural networks. In terms of network parameters,
while the problem is reduced to a finite-dimensional space, the convex-concave structure is
destroyed, rendering existing SGDA analysis techniques hardly applicable. To circumvent
the technical difficulties, we lift the problem onto the Wasserstein space of probability
measures by taking a continuous-time, mean-field limit. Again, unlike the existing literature
on mean-field analysis and minimax optimization on the Wasserstein space (Nitanda et al.,
2022; Yamamoto et al., 2024; Kim et al., 2023; Cai et al., 2024) that considered only convex
or convex-concave problems with respect to the geometry of Wasserstein space, we studied
the problem that originates from (1), which again is nonconvex-nonconcave despite its
convex-concave nature on the function space. This distinction sets our paper apart from the
aforementioned line of work and highlights the challenges in our analysis once again.

To overcome these challenges, in the convergence analysis, we leverage the hidden structures of
the nonconvex-nonconcave Wasserstein minimax optimization problem and build connections
to convex-concave functional optimization. In particular, in the proof of our main results,
Theorem 7, we utilize tools and techniques from optimal transport to establish a bound
for the time decay rate of the Wasserstein distance between the trajectory and the optimal
solution, as measured by another distance that quantifies the discrepancy between them.
This relation can be understood as a significantly weak version of Gronwall’s inequality,
which paves the way to our convergence result. Building on top of such inequality, we also
derive a precise characterization of the trajectories of the Wasserstein gradient flow, showing
that its distance to the target solution is bound to decay at a constant rate before deviating
too far from it, thereby establishing a sublinear convergence rate for the objective.

To the best of our knowledge, our work provides the first theoretical analysis of an opti-
mization algorithm solving functional conditional moment equations using neural networks
with representation learning. We apply our general theory to three important examples:
policy evaluation, instrumental variables regression, and asset pricing. In these examples,
we prove that the SGDA algorithm finds the global solution with over-parameterized neural
networks. Moreover, SGDA learns data-dependent features that enable these statistically
accurate estimators.
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1.1 Related Works

Minimax Optimization. Our work is closely related to the literature on first-order
methods for solving minimax optimization problems. These works establish the convergence
rate or iteration complexity of first-order methods under various assumptions on the objective
function. In particular, most of the existing works focus on finite-dimensional parameter
spaces and one of the following objective functions: (i) convex-concave (Lin et al., 2020b;
Ibrahim et al., 2019; Ouyang and Xu, 2021; Alkousa et al., 2019; Luo et al., 2021; Xie
et al., 2020a; Han et al., 2024; Li et al., 2023; Jin et al., 2022; Beznosikov et al., 2023), (ii)
nonconvex-concave (Jin et al., 2019; Lin et al., 2020a; Lu et al., 2020a; Ostrovskii et al.,
2021b; Zhao, 2023; Huang et al., 2022; Luo et al., 2020; Zhang et al., 2021a; Nouiehed
et al., 2019; Thekumparampil et al., 2019), and (iii) nonconvex-nonconcave (Li et al., 2022;
Diakonikolas et al., 2021; Ostrovskii et al., 2021a; Yang et al., 2022; Grimmer et al., 2022;
Hajizadeh et al., 2024; Grimmer et al., 2023; Yang et al., 2020).

Our work can be viewed as an extension of convex-concave minimax optimization to the
infinite-dimensional functional space. In particular, our objective is a regularized quadratic
functional over the input functions, which is then restricted to the class of over-parameterized
neural networks. Note that the objective of interest is in fact nonconvex-nonconcave in the
neural network parameter space. Compared with work on general nonconvex-nonconcave
minimax optimization problems, our setting has a more favorable underlying functional-space
structure with respect to convexity. This structure enables us to lift the neural network
parameter updates to the Wasserstein space and analyze the gradient flow in the space of
distributions. Our approach leverages the hidden convexity and concavity of the seemingly
nonconvex and nonconcave objective function, thereby improving algorithm convergence
and complexity.

Mean-field Analysis in Deep Learning. Our work is closely related to recent studies on
neural network training using gradient-based methods. One line of research establishes the
convergence of gradient-based algorithms for training over-parameterized neural networks
under the “lazy training” regime, where the neural networks behave similarly to random
kernel functions. Such a regime is also known as the neural tangent kernel regime (Jacot et al.,
2018; Allen-Zhu et al., 2019a,b; Chen et al., 2020a; Frei and Gu, 2021; Zou and Gu, 2019;
Du et al., 2018, 2019; Arora et al., 2019a,b; Huang and Yau, 2020). Our work is, however,
closer to another line of research based on the perspective of mean-field approximation (Mei
et al., 2018, 2019; Chizat and Bach, 2018; Sirignano and Spiliopoulos, 2020a,b, 2022; Chen
et al., 2020b; Fang et al., 2021b; Chen et al., 2019). Under the mean-field view, the neural
network parameters are identified as a distribution over the parameter space. As a result,
the evolution of parameters via gradient-based updates is captured by a differential equation
governing the evolution of the corresponding distribution. By elevating the training dynamics
to the Wasserstein space, the optimization objective often enjoys a benign landscape, which
admits a more tractable analysis and global convergence. See, e.g, Zhang et al. (2020, 2021b);
Fang et al. (2021b); Lu et al. (2020b); Fang et al. (2019); Chizat (2022); Hu et al. (2021);
Nitanda et al. (2022) and the references therein. Also, see Fang et al. (2021a) for a recent
survey.
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Our work is particularly related to the mean-field analysis of the Neural Temporal Difference
(TD) (Zhang et al., 2020) and the Neural Actor-Critic (AC) (Zhang et al., 2021b) in
reinforcement learning. These previous works have analyzed the global convergence of the
TD and AC algorithms for two-layer over-parameterized neural networks. The optimization
problem for these two tasks is to minimize an objective function involving only a single
neural network. Unlike these works, we focus on minimax optimization, which requires
neural-network parameterizations of both the primal and dual functions. This presents new
challenges to the analysis, as the gradient dynamics of the primal and dual neural networks
give rise to a coupled system of PDEs. To the best of our knowledge, our paper is the first to
apply the mean-field limit in studying the convergence of algorithms for solving the general
form of functional conditional moment equations using over-parameterized neural networks.

Adversarial Estimation. Our work is also related to the literature on adversarial esti-
mation, a method that solves a functional conditional moment equation by introducing a
dual function and reformulating the original problem into a minimax optimization. Our
work studies this type of minimax optimization with over-parameterized neural networks.
Thus, our work is more related to the study of adversarial estimation within neural network
function classes (Dikkala et al., 2020; Chernozhukov et al., 2020; Bennett et al., 2019; Xu
et al., 2021). Compared with our work, these studies focus on statistical errors pertinent to
neural networks, assuming the optimization problem is solved perfectly. Instead, we study the
optimization algorithm and establish the convergence of stochastic gradient-descent-ascent
for over-parameterized neural networks.

Several previous works have also explored the convergence of optimization dynamics in
adversarial estimation with neural networks. In particular, Neural GTD (Wai et al., 2020) and
Neural SEM (Liao et al., 2020) analyze respectively the convergence for off-policy evaluation
and structural equation models estimation with an over-parameterized two-layered neural
network. However, their analyses are based on the idea of neural tangent kernel (NTK),
where the employed neural network has a fixed representation during training, and the
initialization completely determines the representation. In contrast, our work adopts the
mean-field approach, which enables learning a data-dependent representation.

2. Preliminaries

The functional conditional moment equations cover many important examples in statistics,
machine learning, economics, and causal inference. In this section, we first introduce the
general formulation of the functional conditional moment equations and then reformulate
them into a minimax optimization problem. Then, we present a few concrete examples of
function conditional moment equations, such as policy evaluation, nonparametric instru-
mental variables regression, and asset pricing. Finally, we introduce the background of
mean-field neural networks and Wasserstein space, which are essential for the convergence
analysis of the SGDA algorithm.

2.1 Functional Conditional Moment Equations

In this section, we introduce the general formulation of functional conditional moment
equations. Let X € X be a vector that includes all the endogenous variables, let Z € Z
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denote all the exogenous variables, and let D € Z(X x Z) denote the joint distribution
of (X,Z). We let Ep[-] denote the expectation taken with respect to the joint distribution
of (X, Z) and Ex|[-] denote the conditional expectation using the conditional distribution
of X given Z. Let W € W C X X Z be a subset of variables that may contain both the
endogenous and exogenous variables, and let L?(W) denote a Hilbert space of measurable
functions of W with finite second moment. Let F := {f : W — R} C L?(W) denote a class
of functions defined on W. In a functional conditional moment equation problem, we aim to
find a function fy € F that solves the following functional equation involving the conditional
distribution of X given Z over F:

Ex2[®(X, Z; fo) ’ Z = z} 0, VzeZz, 2)

where ®: X x Z x F — R is a known functional.

For any function f € F and any z € Z, we define a functional §: Z x F — R as

8(z f) =Exz[®(X.Z; )| Z=2], VfeF.zeZ. (3)

In other words, the conditional moment equation problem in (2) boils down to finding a
function fy € F such that §(-; fy) is a zero function on Z. Therefore an equivalent way to
solve fo € F in (2) is by solving inf ;e 7 E[(6(Z; f))?] (Ai and Chen, 2003; Chen and Pouzo,
2012). To control the complexity of the function class F, Ai and Chen (2003) propose to
use flexible sieve spaces Fj,(,) that becomes dense in F as the sieve dimension k(n) grows
to infinity with data sample size n, and proposed the so-called sieve minimum distance
criterion minger, E[6(Z; f)?]/2. In particular, Ai and Chen (2003) allows for two-layer
NN, splines, wavelets, Fourier series, and all kinds of polynomial sieves Fy,,,) to approximate
functions in F C L?(W). Alternatively, Chen and Pouzo (2012) proposes the following
penalized (or regularized) minimum distance criterion:

min J(f), () = E[5(Z: £)2)/2+ A R(1), (@
where A > 0 is a regularization parameter, R(f) is a regularizer on function f € F. They
allow that R(f) to be any convex or lower-semicompact regularizer. In the minimum distance

approach, for any fixed f, the authors first estimate &(z; f) by the following least squares
criterion:

argminE[l/z (X, Z: f) — 5(2))2} — argmaxE (X, Z; [)8(Z) — 1/2 - 6(Z)?
seL2(2) S€L2(2)

Furthermore, we assume that the functional ® is affine in f, which captures several important
applications in machine learning and causal inference, as listed in Section 2.2. Specifically,
we define Cf'(x,z, f) = ®(z,z, f) — ®(x, 2,0), where 0 stands for the zero function on W.
Then for any two functions fi, fo € F and any a,b € R, we have

O(z, z;af1 +bfa) = a-B(x,z; f1) + b- (x, 2; fo), V(z,2) € X x Z. (5)

Solving (2) with Overparameterized Neural Networks. In the sequel, we aim to
solve the problem in (2) based on i.i.d. data points sampled from D, with F being a class
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of overparameterized neural networks. In this case, it is possible that (2) does not have
a solution within F. Furthermore, for the choice of regularizer, we consider the following
specific form of R(f):

R(f) = Ep[¥(X, Z; f)] (6)

where for any given (z,z) € X x Z, U(z,z; f) : F — R4 is a convex functional of f that
maps each function f to a scalar. Moreover, ¥ satisfies

U(z,20) =0, Y(z, 2 f) 20, VfeF, (7)

OW(x,zaft +bfa) . U (x,z; f1) b U (x, z; fa)

of N of of ’

Equation (7) requires that (X, Z; f) is a non-negative functional of f that is equal to 0
if and only f = 0. Equation (8) requires that the functional derivative of U (X, Z; f) with
respect to f, is linear in f. One example of ¥ is the Lo-regularizer of the following type,

U(z,2; f) = f(w)? Here w € W is a subset of variables that contain values from both the
endogenous variables x and exogenous variables z.

Vfl,fQG./T", a,bER. (8)

Minimax Estimation. To solve the optimization problem in (4), we first transform it into
an unconditional moment formulation by introducing a dual function. Moreover, we assume
that the primal problem in (4) has a unique solution. Note that such an assumption is not
restrictive at all, as it is often a natural consequence when the used regularization R(f) is
strongly convex in f. By Fenchel duality, we can rewrite the objective function J(f) as

J(f) = Ep[1/2-3(2: )2 + \W(X, Z )]

=Ep Lga}R (9() - E[(X, 2 £) | 2] = 1/2-9(2)%) + NU(X, Z; )]

= max Bp|g(2) ®(X, Z; ) ~ 1/2- 9(2)* + MNU(X, Z f)] (9)

g:Z2—R
Then the problem miny J(f) in (4) becomes the following minimax optimization problem:
minmas £(7,9), £(f,9) = En[9(2)- (X, Z: ) - 1/2- (27 + WX, Z:9)]. (10

We note that £ is a convex-concave functional with respect to functions f and g. We denote
by (f*,g*) the unique saddle point of (10). Here, the uniqueness of f* comes from the
assumed uniqueness of the solution to the primal problem, and g*(z) = E[®(X, Z; *)|Z = 2]
implies the uniqueness of g*. Without the regularization, i.e., A = 0, the saddle point of
(10) is f* = fo and g* = 0.

2.2 Examples of Functional Conditional Moment Equation

In this section, we discuss several important applications of the functional conditional
moment equation that serve as running examples for this paper.

Policy Evaluation. We consider a Markov decision process given by (S, A, P, ), where
S C R? is the state space, A is the action space, P : S x A — Z(S) is the transition kernel,



MF ANALYSIS OF NEURAL SGDA

r:S x A—[0,1] is the reward function, v € (0,1) is the discount factor. Given a policy
m: S — P(A), an agent interacts with the environment in the following manner. At a state
st, the agent takes an action a; ~ 7(-|s¢) and receives a reward r, = r(s¢, a;). Then, the
agent transits to the next state s;41 ~ P(-|s¢, ar). We denote the transition kernel induced
by policy 7 by P7(s"|s) = [, P(s'|s,a)m(a|s)da for any s,s" € S. In policy evaluation, we
aim to estimate the value function V™ : § — R defined as follows,

50:8},

V7(s) = Ex [Z V'r(si, a;)
i=0

where the expectation E, is taken with respect to a; ~ 7(-|s;) and si41 ~ P(-| 8¢, ar)
for t > 0. By the Bellman equation (Sutton and Barto, 2018), it holds for any s € S that

Vﬂ(s) - Tﬂvﬂ(s) =0, wa(s) = ann(-|s) [r(s,a)] +7ES/NP“(~\S) [f(sl)} (11)

Corresponding to the Bellman equation in (11), let D denotes the joint distribution of the
state-action tuple (s,a,s’) under policy m, the value function V7™ satisfies the following
functional conditional moment equation,

Es’\s T(Sv a) - Vﬂ(s) +7- Vﬂ(sl)

s} ~0. (12)

We notice that (12) is a special case of the functional conditional moment equation in (2) by
setting the exogenous variable Z to be the current state s, the endogenous variable X to be
the next state s and the function to be estimated f : S — R to be defined on the state space
S. In this case, the functional is (X, Z; f) =r +v- f(X) — f(Z), where r is the reward
function. We remark that the reason the function f can be evaluated simultaneously on X
and Z is that both X and Z are variables defined on §. Following the same derivation of
(2.1), policy evaluation can be formulated as the following minimax optimization problem,

minmax{ £(f.9) = Ep |9(2) - (r +7-J(X) = [(2)) = 1/2-9(2)* + M(X. Z: )| }

Nonparametric Instrumental Variables Regression. The nonparametric instrumental
variables model is common and useful in statistics and economics. The model can be described
simply by one line of equation,

Y = fo(X)+e, E[e]|Z]=0.

where Y in an observed outcome, X is the endogenous variable, Z is the exogenous variable,
fo is the true model that characterize the relationship between Y and X and is also the
function we want to estimate. In this model, € is a noise possibly correlated with the
endogenous X but uncorrelated with the exogenous Z. It’s straightforward to see that
the NPIV model fits into the framework of the functional conditional moment equation by
plugging the model equation into the equation about ¢,

Ep [Y — fo(X)] Z} — 0. (13)
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We notice that (13) is a special case of the functional conditional moment equation in (5) by
identifying X, Z with the endogenous and exogenous variable, respectively, and setting the
functional as ®(X, Z; f) =Y — f(X). Following the same derivation of (2.1), the problem
of NPIV is equivalent to the following minimax optimization problem,

minmax{£(f.g) = Ep|a(2) - (Y = f(X)) = 1/2-9(2)* + M(X, Z: )| }.

Asset Pricing. Asset pricing refers to the process of determining the fair value of
financial assets. This field is fundamental in finance and underpins much of the work in
investment, portfolio management, and risk assessment. The Semiparametric Consumption
Capital Asset Pricing Model (CCAPM) is a foundational asset pricing model that describes
the relationship between systematic risk and expected asset returns, incorporating the
influence of investors’ consumption preferences over time. Moreover, CCAPM can be
characterized through a functional conditional moment equation (Chen et al., 2014; Chen
and Ludvigson, 2009). To describe the model, let Cy denote the consumption level at time
t, ¢t = C;/Cy—1 the consumption growth. The marginal utility of consumption at time
t is given by MU; = C, ™ fo(ct), where 79 > 0 is the discount factor, fo : C — R is the
nonparametric structural demand function, which is an unknown positive function of our
interest and is defined on C, the space of consumption growth. The unknown function fy
can be understood as a taste shifter that describes how the marginal utility of consumption
changes with the state of the economy in terms of consumption growth.

Now, consider the growth-return tuple (cg, 7441, ci41) for t € NT with joint distribution D,
where ¢; is the consumption growth at the current time ¢, and cyy1 is the consumption
growth at the next time ¢ + 1. 71y is a modified return observed in this period, which is a
known function of the actual return r;4; and the consumption growth ¢4 at time ¢ + 1.
We consider the scenario where the time series of consumption growth {c;}:>o follows a
time-homogeneous Markov chain with a smooth transition kernel. That being said, both
conditional transition probabilities ¢;41|c; and ¢;|ci+1 admit a smooth density function. The
CCAPM model captures the behavior of fy through the following equation:

Eeypfec o1 - foleesr) = foler) [ e] =0, (14)

where the modified return can be further expressed as 7441 = 0 - ¢41 - ¢, ﬁf, do € (0,1] is
the rate of time preference. We focus on a setting where C C R is a compact set, and the
modified return 7441 is bounded for all ¢ > 0. We notice that (14) is a special case of the
functional conditional moment equation in (5). We can identify the exogenous variable Z
with ¢, the consumption growth at the current time ¢, and the endogenous variable X with
ci+1, the consumption growth at the next time ¢ + 1. In this scenario, we identify the space
W with C, the space of consumption growth, and the function to be estimated f :C — R is
defined on C. The functional is ®(X, Z; f) = 741 - f(X) — f(Z), where 741 again denotes
the modified return. Similar to the scenario of policy evaluation, the reason function f can
be evaluated simultaneously on X and Z is that both X and Z are variables defined on C.
Following the same derivation of (2.1), the problem of asset pricing through CCAPM is
equivalent to the following minimax optimization problem,

minmax{ £(f.9) = Ep 4(2) - (Feer - [(X) = [(2)) = 1/2-9(2)° + NU(X. Z: )| }

10



MF ANALYSIS OF NEURAL SGDA

2.3 Mean-Field Neural Network and Wasserstein Space

In the sequel, we will consider functions that can be represented through a class of neural
networks. Consider a neural function defined on a given state space ©, o : Q@ x RP — R that
takes an input = € Q and parameter § € R” and outputs a value in R. For 6 = (01,...,0N)
where 0; € RP, we can define an over-parameterized two-layered neural network function h
using neuron function o,

N

h(z,0) = %Zo(x;ﬁi), Vo € .
1=1

For such a form, we can further consider the infinite width limit when N — co. When
taking such a limit, the neural network function h becomes a mean-field neural network and
can be parameterized with a probability measure over the parameter space, u € Z(RP).

h(z;p) = /RD o(x;0)du(d), vz e Q.

When considering such a limit, the optimization problem over the neural network function
class shifts from a finite-dimensional problem over the parameter space to an infinite-
dimensional problem over the space of probability measures. Therefore, we will need to track
the convergence of probability measures on the Wasserstein space when analyzing algorithm
convergence.

We now introduce the background knowledge of the Wasserstein space for the reader’s
information. Let &2,(R”) be the space of all the probability measures over the D-dimensional
Euclidean space R with finite p-th order moments. The Wasserstein-p distance between
two probability measures p, v € Z,(RP) is defined as follows,

. 1/p
Wl v) = mf{ ([l = vlPaste) ™| € Zo(®P < BO) 0y = s = } (15)

where the infimum is taken over all the coupling of ;4 and v. Here we denote by xyy
and yyy the marginal distributions of v with respect to x and y, respectively. We call
M, = (Z,(RP),W,) the Wasserstein-p space. For any 1 < p < ¢, due to the relation that
E[| X [P]*/P < E[|X|9]Y/4, we have that W,(u,v) < W,(u,v) for two measures p,v. In this
paper, we focus on the cases when p = 1,2. Without further clarification, we refer to the
distance with p = 2 as the Wasserstein distance in the remainder of the text.

The Wasserstein-2 space My = (P5(RP), W) can be viewed as an infinite-dimensional
Riemannian manifold (Villani, 2008). Formally, the tangent space at point p € Z5(RP) is
defined as

Tanp(yg(]RD)) = {v c L*(p) ‘ /(v,u>dp =0,Yu € L*(p) s.t. div(up) = O}.

Then, for any absolutely continuous curve p : [0,1] — Z5(RP) on the Wasserstein-2 space,
there exists a family of vector fields v, € Tan,, (22(RP)) such that the continuity equation

8tpt + diV(Utpt) =0 (16)

11
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holds in the sense of distributions. For any two absolutely continuous curves p,p : [0,1] —
P5(RP), we define the inner product between 0;p;, d;p; for any t € [0,1] as follows,

(Oept, Oepr) p, = /<'Ut71~)t>dpta (17)

where (vg, ¥¢) is the inner product over R”, (ps, vs) and (py, ) satisfy the continuity equation

in (16). Note that (17) yields a Riemannian metric over My. Furthermore, the Riemannian
L 1/2

metric induces a norm ||Op¢||,, = (Opt, Opr) pi

3. Algorithms

In this section, we introduce the stochastic gradient descent-ascent algorithm (SGDA) and
its mean-field limit, which is characterized by the continuity equation.

Stochastic Gradient Descent-Ascent Algorithm. We solve the minimax optimization
problem in (10) via SGDA. Recall that in the minimax objective, we have two functions
simultaneously involved, where the primal function f represents the true model of interest
and the dual function g represents an adversarial player. Specifically, we parameterize both
f and g with neural networks with width N and parameters 8 = (0',6%,...,0Y) ¢ RP*N

and w = (w!,w?, ..., W) e RPXN
0 ‘ 0N ‘
f(:0) = N;sﬁ(';@l), 9(w) = N;w(-;w”)' (18)

where we use bold symbols 6 and w to denote the whole parameter used by each neural
net and unbold symbols # and w to denote the parameter used by each neuron. Here,
(-:0) : W xRP = R, 4(;w) : Z x RP — R are the functions for neurons. In particular,
we can recover the general setting of two-layer neural networks parameterization for f and g
when we choose ¢, to be the following specific form,

d(w; B,W) = B-op(w; W), (z;8,W) =042 W),

where ¢ : W X RP - R, 0g: 2 X RP — R are activation functions with input w and z
respectively and parameters W. We note that it’s not necessary to choose the same width
N for f and g, and activation functions oy, 04 need not have the same parameter dimension
D. Here we use the same width N and parameter dimension D to keep notations simple as
these won’t affect the validity of the results presented in this paper.

Besides, we have also introduced a scaling factor a > 0 in (18). Setting the scaling parameter
o = V/N in (18) recovers the neural tangent kernel regime (Jacot et al., 2018). Setting the
parameter o = 1 recovers the mean-field regime (Mei et al., 2018, 2019). In a discrete-time
finite-width (DF) scenario, at the kth iteration, the primal function f and adversarial player
g are updated as follows,

DF-GD: 0p41 =0 —n- g(2k;wi) - Va®(xk, zi; f(50k)) — nA - VoV (x, zi; f(+;0k)), (19)
DF-GA: w1 = wi + 1 (wk, 215 f(550k)) - Vwg(zr; wi) — 0 - 9(2k;wk) - Vg (2 wi),

12
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where 0p,w; denotes the state of the parameters at iteration k, n > 0 is the step-size,
and the data samples {(z, zx)} 32, are collected by independently sampling from the data
distribution D. When f, g are two-layered neural networks with width N, we can plug in
the form for f, g as is described in (18). The update for the parameter of i-th neuron at
k-th iteration can be further specified as follows,

H}QH = 9}; — nae - g(z; wi) V@ (g, 215 O(-, 0}6)) —nAe -

of
Wiy = Wi + nae - D(@g, 25 £ (- Ok)) Vb (215 i) — nove - g(zi; wi) Voth (215 wh ), (20)
where 0, = (01,0%,...,0)) and wy = (wi,w?,...,wl), §¥/5f denotes the variation of ¥

with respect to f. Here, « is the neural network scaling parameter and € = 1/N is the
stepsize scale. Both a and e show up in (20) due to the finite width parameterization of
two-layered neural networks described in (18).

For a given space S, let H denote a class of functions from S to R. For a functional defined

over H, F : H — R, its variation at f € H is a function %—If : S — R, such that for any test
function h € H,
d OF
S F(f +¢h } = [ %2(s)- h(s) ds. 21
SFUen)] = [ S5 hs) ds (21)

We initialize the parameters with 0} ~ o and wj ~ v, with ug, o = N(0, Ip) be standard
Gaussian distribution in R”. In addition, to keep track of the evolution of the parameter
distribution, we denote the empirical distribution of 8 and w at the kth iteration by,

1 & 1 &
w(0) = D 69 (0),  Dr(w) = N D G (@),
=1 =1

where ¢ is the Dirac mass function.

Mean-Field (MF) Limit. To analyze the convergence of the Stochastic Gradient Descent-
Ascent Algorithm for solving functional conditional moment equations with neural networks,
we employ an analysis that studies the mean-field limit regime (Mei et al., 2018, 2019) of
the discrete-time dynamics described in (19). Here, by the mean-field limit, we are referring
to an infinite-width limit, i.e., when N — oo for the neural network width and a continuous
time, i.e., t = ke where the step scale ¢ — 0 in (20). In what follows, we introduce the
mean-field limit of the SGDA dynamics, which refers to the infinite-width and continuous
limit of (20). For 8 = {#}¥, and w = {w'}¥, independently sampled respectively from
p,v € P(RP) | we can write the infinite width limit of neural networks used in (18) as

fam = a [ ol 0@, g(sv) = a [v(mao) (22
From now on, we denote by p; the distribution of 6} and v; the distribution of w! for the
infinite-width and continuous limit of the neural networks at time ¢. For notational simplicity,

we overload the notation of the objective function in (10) via L(u,v) = L(f(-;p),9(5v)).
This is to further emphasize the dependence of objective £ on (i, ) when we parameterize

13
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the function pair (f,g) using distributions on the parameter space. By Otto’s calculus
(Villani, 2008), the mean-field limit of the update direction takes the following form,

0L (p,v)

v/ (0; p,v) = _WT(H)

. {—g(Z; V)<5<I>(X, ?}f(-;u))’vm(';e»p B )\<5\I'(X, ?}f(-;u))’vm(.;eww}’
v (w; p,v) = Vwéﬁi;:y)(w)

— aBEp [ B(X, Z: f(-, 1) Vauth (Z; ) — 9(Z:0) Vet Z3) . (23)

Here (-,-)1, is the inner product on L?(X x Z) with respect to the Lebesgue measure. Recall
that D is the data distribution of random variables (X, Z) € X x Z, we denote by px z the
density of D with respect to the Lebesgue measure on X x Z and we use (-, -)p to represent
the inner product on L?(X x Z) with respect to the probability distribution D. That is to
say, for any two function hy, hy € L2(X x Z), (h1, ha)p = fXXZ hihy dpx z.

We will also slightly abuse this notation and use (-, -)p to denote the inner product on
sub-spaces of L?(X x Z), with the measure being the marginals of D on these sub-spaces.
In (23), 0®/6f and 6V /6f is the variation of ® and ¥ over f under (-,-);2, where the
test functions are chosen over the function class F. In the same way, 6£/0p and L /ov
respectively denote the variation of the objective £ with respect to distributions p and v
under (-, )2, following definition in (21) with the test function chosen over Z(X x Z). We
also remark that we can also define the variation under (-, -)p, which will only differ from
the variation under (-,-);2 by a constant function factor that corresponds to the density of
the marginals of D. Then, the mean-field limit of the SGDA update in (19) is characterized
by the continuity equation, which is a system of PDEs given by,

Opi(0) = —n - divg (,ut(e)vf(G; pe, 1)), O(w) = —n - divy, (v (w)vd (w; g, 1)), (24)

where divy, div,, denotes the divergence with respect to 0, w respectively. Note that the
initialization pg and vy are the same as the initialization of the discrete-time dynamics in
(20), i.e. o =N(0,Ip), vg = N(0,Ip) are taken to be the distribution of standard Gaussian
random variables in RP.

4. Main Results

In this section, we introduce the main theoretical results of the stochastic gradient descent-
ascent dynamics. We first present the assumptions in §4.1. Then, in §4.2, we show that
the SGDA dynamics converge to a mean-field limit as the network size N goes to infinity
and the step size scale € goes to zero. Finally, in §4.3 we prove that the mean-field limiting
dynamics converge to a globally optimal solution of the primal objective J under proper
assumptions. Moreover, we will show that the mean-field dynamics learns a data-dependent
representation that is O(a~!) away from the initial representation.
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4.1 Assumptions

We introduce three main assumptions in this work. Assumptions 1 and 2 discuss the richness
and regularity of the two-layered neural network function class, which will be the space in
which we search for solutions to the minimax optimization problem. Assumption 3 presents
regularity conditions on the data space and the smoothness of the functionals.

We start by discussing the two-layered neural network function class. Consider the neuron
function ¢ and v with the following form,

$(w; ) = b(B) -0 (6 (w, 1)), Y(zw) =b(B) 0@ (21)), (25)

where § = (8,60) € R x RM*4mOW) -, — (8,0) € R x RM*4™(2) contains the parameters
in the output layer and the hidden layer, b : R — R is an odd re-scaling function and
o : R — R is the activation function. Note that such a form of activation function satisfies
the condition of the universal function approximation theorem (Theorem 3.1 in Pinkus
(1999)) if o is not a polynomial. For notational simplicity, we write o(w;8) = (8" (w, 1)).
The re-scaling function b : R — R is introduced to ensure that the value of the neural
network is upper-bounded. When b(R) = (—Bjy, By), the function class induced by the
neural network in (22) is equivalent to the following class,

F = {f W =R ’ flw) = /B' . a(w;é) du(,@’,é),u € @2((—30,30) X Rd+1)}, (26)

where d = dim(W). This captures a rich function class due to the universal function
approximation theorem (Barron, 1993; Pinkus, 1999). We remark that we introduce the
re-scaling function b(8) in (25) to avoid the study of the space of probability measures
over (—By, By) x R, which has a boundary and thus lacks regularity in the study of
optimal transport. Moreover, note that a scaling hyperparameter o > 0 is introduced
in the definition of the mean-field neural nets in (22). When « > 1, this results in an
over-parameterization effect. In brief, a controls the error between the (f(-; 1), g(+; p¢)) and
optimizer (f*, g*) according to Theorem 7. Furthermore, the over-parameterization scale
« has an influence through Lemma 6, which shows that the Wasserstein distance between
the Gaussian initialization (ug,vp) and the optimal distribution (u*,*) is upper-bounded
by O(a~!). Next, we impose the following regularity assumptions on the neural network
functions ¢ and 1.

Assumption 1 (Regularity of Neural Networks) There ezist fized finite constants By >
0, By > 0 and By > 0 such that

6(w; 0)| < Bo, || Ved(w;0)|| < Br, ||[Vigd(w;0)|, < B2y  YweW, 6 R,
[Y(z;w)| < By, ||Vutb(z;w)|| < By, HVOQM¢(Z;w)HF < By, Vze Z, weRP,

where V3,, V2, denotes the hessian with respect to 6 and w respectively, || - || denotes the
vector 2—norm, and || - ||p denotes the matriz Frobenius norm. Moreover, the rescaling
function b: R — R is odd and its range satisfies that b(R) = (— By, By).

Assumption 1 is satisfied by a broad class of neuron functions. For example, it is satisfied
when we set the activation function o(x) = sigmoid(x) and rescaling function b(/3) = tanh(p).

15



ZHU, ZHANG, WANG, YANG, AND CHEN

We also impose the following assumption regarding the realizability of the saddle point
solution (f*,g*) to (10).

Assumption 2 (Realizability) The saddle point solution (f*,g*) of (10) belongs to the
function class defined in (26), i.e., f*,g* € F.

In general, problem (10) may not admit a saddle point within the given neural network
function class. Therefore, Assumption 2 is introduced to guarantee that the discussion in
this paper is meaningful. By the universal function approximation theorem (Barron, 1993;
Pinkus, 1999), the function class defined in (26) captures a rich class of functions. Therefore,
this assumption is quite general and does not restrict the applicability of our results.

We impose the following set of conditions on the data space X’ and Z, and on the integrability
of the functionals ® and ¥ and their variations.

Assumption 3 (Data regularity and Functional Integrability)

(i) the data space X x Z is compact, in the sense that there exists a positive constant Cy > 0
such that for any data tuple (z,z) € X X Z, it satisfies that ||(x, z)|| < Ci. Moreover, the
data distribution D admits a positive, smooth density pp with respect to the Lebesque measure
on X x Z.

(ii) For the functionals ®(x, z; f), there exists a positive constant Cy > 0 such that
@ .
[ [Pz Dwja <, vz exxz.
w of

(iit) We assume that fW zfz’f)( "dw', as a linear functional of f, is upper-bounded by a
constant times the values of f. That is, there exists w € W as a part of the data tuple (x, z)
and a positive constant Cy > 0 such that

/‘&Ilaszf o)

(iv) The variations of the minimaz objective L(f, g) with respect to f and g are continuous
functions on W and Z. That is,

0L(f,9)
of

Item (i) of Assumption 3 restricts our scenarios to data spaces with bounded values and
smooth densities for technical reasons. Items (ii) and (iii) of Assumption 3 are integrability
conditions that we additionally require to avoid discussion of improper functionals that
potentially have singularities with exploding values. Item (iv) is a smoothness condition
that involves the variation of the minimax objective averaged over data to be continuous
on the respective space. A sufficient condition for item (iv) to hold is the continuity of the
variation of ® and W with respect to f averaged under the marginal of D on W. We will
use this sufficient condition to verify item (iv) in practice. These are mild conditions that
are satisfied by many applications in machine learning, causal inference, and statistics.

v | f(w)].

OL(f,g)

€E(2).

16



MF ANALYSIS OF NEURAL SGDA

4.2 Convergence of SGDA dynamics to the Mean-Field Limit

In the following proposition, we show that the empirical distribution of the parameters [ig
and 7, weakly converges to the mean-field limit in (24) as the width N goes to infinity and
the stepsize scale € goes to zero. Let pi(0,w) := pu(6) ® vy(w), where (g, v4) is the PDE
solution to the continuous deterministic dynamics in (24) and py := N~ !- Zfi 1 0gi + Oi
corresponds to the empirical distribution of (0, wy), which is k-th iterate of the discrete
time stochastic dynamics in (20) with stepsize scale €. The following proposition proves
that the PDE solution p; in (24) well approximates the discrete time stochastic gradient
descent-ascent dynamics in (20).

Proposition 4 (Convergence of SGDA to Mean-Field Limit) Let {p:}+>0 be solu-
tion to (24) with po = N(0,Ip) @ N(0,Ip), {pr}tr>0 be solution to (20) with py =
N(0,Ip) ® N(0,Ip). Under Assumptions 1 and 3, p|y/e| converges weakly to p; as e — 0F
and N — oo. It holds for any Lipschitz continuous, bounded function F : RP x RP — R that

lim / F(8,w) 7|10 (8, 0) = / F(0,0)dpy (0, w).

e—~0t,N—oo
Proof See §C for a detailed proof. |

The proof of Proposition 4 is based on the propagation of chaos (Mei et al., 2018, 2019; Aratijo
et al., 2019; Zhang et al., 2020; Sznitman, 1991). In this proposition, we establish a weak
convergence for any fixed ¢, which allows us to convert the discrete-time SGDA dynamics over
a finite-dimensional parameter space to its continuous-time, infinite-dimensional counterpart
in Wasserstein space, in which the training is amenable to analysis since our infinitely wide
neural network f(-; 1) and g(-;v)) in (22) are linear in x4 and v respectively.

4.3 Global Optimality and Convergence of the Mean-Field Limit

In this section, we introduce our main results, which characterize the global optimality and
convergence of mean-field neural networks parameterized by the parameter distribution
pt = (ft, ). The proof contains two steps. We first demonstrate that it is sufficient to find
a stationary point of the Wasserstein gradient flow defined in (24) to solve the minimax
optimization problem in (10). Then, we characterize the convergence of p; to the stationary
point. Before presenting the two stages of the proof, we need to further clarify the notion of
stationarity for the Wasserstein gradient flow. We introduce the following definition,

Definition 5 (Stationary point of Wasserstein Gradient Flow) A distribution pair
(1, v) is called a stationary point of the Wasserstein gradient flow (24) if it satisfies

Uf(G;ujy) =v(w;p,v) =0, VO,w e RP.

From Definition 5, the stationary point of Wasserstein gradient flow (24) is a distribution
pair (i, v), at which the associated vector field (vf(-; u, v),v9(-; p, v)) is a zero function on
the parameter space R” x RP. Moreover, for the Wasserstein gradient flow following vector
field (v/,v9) and initial condition (y,v), the solution to its associated continuity equation
(¢, 1¢) is a constant flow such that for all ¢ > 0, 4 = p, 4 = v. Now, we have the following
important supporting lemma that characterizes the relation between stationary points of
Wasserstein gradient flow (24) and saddle points of (10).
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Lemma 6 Under Assumptions 1 and 2, the following two properties hold.

(i) Suppose that (u*,v*) is a stationary point of the Wasserstein gradient flow as is defined
in Definition 5. Then, the corresponding function (f(-;u*),g(;v*)) is the saddle point
of the objective function L(f,g) defined in (10).

ii) There exists a stationary distribution pair (u*,v*) and constant D > 0 such that
) p H

Wa(po, ") < a™'D,  Wa(vg,v*) <a™'D.

Proof See §B.1 for a detailed proof. |

Lemma 6 demonstrates that the stationary point of the Wasserstein gradient flow in (24)
achieves global optimality as a solution to the minimax objective (10). Lemma 6 allows us
to bypass the hardness of solving the nonconvex-nonconcave optimization problem (10) of
finding saddle points in the space of neural network parameters (8,w) by searching for a
stationary point of the Wasserstein gradient flow instead. Moreover, there exist good pairs
of stationary points that are close to the Gaussian initialization (ug,vp), with Wasserstein
distance upper bounded by order O(a™1).

We are now ready to show our main results. The following theorem characterizes the
global optimality and convergence of the Wasserstein gradient flow p;.

Theorem 7 (Global Convergence to Saddle Point) Let (u, ;) be the solution to the
Wasserstein gradient flow (24) at time t with n = a~2 and initial condition g = vy =
N(0,Ip), (f*,g") the saddle point of the minimaxz objective L(f,g) in (10). Under Assump-
tions 1, 2, and 3, it holds that

ot Ep [w(x, Z5 fsm) = () + (9(Zv) — g*(Z))Q] <O(T ' +a™h).  (27)

Proof See §B.2 for a detailed proof. |

Theorem 7 says that the optimality gap between (f(-; u¢), 9(-;1¢)) and (f*, ¢*), quantified
by the W-induced distance and L? distance respectively, decays to zero at a sublinear rate in
terms of time 7" up to the error of O(a~!), where a > 0 is the scaling parameter in (18) and

(22). To prove the convergence, we construct a potential V' (u,v) = Ep [)\\Il (X, Z f(sp) —

) + (9(Z;v) - g*(Z))Q}, with V(u,v) = 0 if and only if (u,v) = (u*,v*). Such a
potential characterizes the saddle point of the minimax objective. We demonstrate that the
Wasserstein gradient flow decreases the potential at a sublinear rate, thereby suggesting
convergence of the gradient flow to the saddle point.

Moreover, a varying « allows a trade-off between the error of order O(a~!) in the optimality
gap and the maximum deviation between p; and the Gaussian initialization pg for all t. In
the proof of item (ii) of Lemma 6, we proved that the deviation of p; from py quantified by
the Wasserstein distance is of order O(a~!). Regarding representation learning, this suggests
that SGDA induces a data-dependent representation that is significantly different from the
initialization. Choosing a small « of order O(1) will correspond to the mean-field regime
(Mei et al., 2018, 2019) that allows p; to move further away from the initialization, with the
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potential drawback of yielding a large error of order O(a~!). On the other hand, choosing a
large a of order O(v/N) will correspond to the NTK regime (Jacot et al., 2018), and this
causes the Wasserstein flow p; to stay close to the initial distribution pg along the trajectory,
inducing a data-independent representation. Our analysis produces richer results as we can
flexibly choose a scale for a that is different from O(1) or O(v/N). Theorem 7 also implies
a trade-off between the strength of representation learning and the speed of optimization.
When « is large, the optimization proceeds faster; meanwhile, the representation remains
nearly unchanged relative to its initialization, mimicking the phenomenon observed in
NTK analysis. We can also select a to grow at a much slower rate. One choice could be
a = O(logT). With this option, although the gradient flow takes longer to reach optimality,
the feature movement along the trajectory may also be more significant.

As we have commented before, an important class of regularizer ¥ (X, Z; f) is the L?
regularizer. In this scenario, the left-hand side of (27) should be understood as a weighted
L? distance between the gradient flow iterate at time ¢ to the optimal solution (f*,g*). As
T and « go to infinity, such a distance will shrink to 0, thus the gradient flow converges
globally in the minimal distance sense to the optimal solution. Due to this observation,
in the sequel, we will discuss several additional results in the case where the regularizer
U(X, Z; f) is strongly convex, in the sense that it’s bounded below by a quadratic function.
We formalize the additional constraint in this case with the following assumption,

Assumption 8 (Strong Convexity) The reqularizer V(X, Z; f) is cy-strongly convez, in
the sense that there exists a constant cg > 0 such that for any f € F,

U(z,2 f) > co |[f(w)?, V(z,2)€XxZ,
where w € W is part of the data tuple (x, z).

Assumption 8 implies that regularizer ¥(X, Z; f) is equivalent to a quadratic regularizer
because V¥ is simultaneously bounded above and below by quadratic functionals. We have
the following strengthened version of Theorem 7 in such case,

Jnt Bo e (f( ) = £°(0)" + (o(Zim) = ()" cO@ 40 (28)

Equation (28) shows that the iterates (f(-; u¢), g(+; 1)) converges to the saddle point solution
(f*,g*) as a weighted L? distance decays to zero at a sublinear rate up to an error of O(a™1).
With Assumption 2, the saddle point f* is the global optimizer of the primal functional
J(f) defined in (4). Therefore, as a direct consequence of Theorem 7, when the regularizer

VU is strongly convex, f(-; ) converges globally to f* at a sublinear rate in terms of 7' up
to an error of O(a™1).

Under Assumption 8, we can also quantify the optimality gap between J(f;) and J(f*), in
terms of the minimal distance inf,c(o 7 J(ft) — J(f*). The following theorem characterize
the global convergence of J(f) to J(f*),

Theorem 9 (Global Convergence to Primal Solution) Let (ut,v¢) be the solution to
the Wasserstein gradient flow (24) at time t with n = o~ 2 and initial condition pg = vy =
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N(0,Ip). Under Assumptions 1, 2, 3 and 8, let fr = f(-; ut), it holds that

Lt (fe) = J(f) < O( +a %),

where f* is the global minimizer of the objective function defined in (4).

Proof See §B.3 for a detailed proof. |

Theorem 9 proves that under the additional strong convexity assumption on the regularizer
(X, Z; f), the primal objective J(f;) as is defined in (4) decays to zero at rate of T~/ in
terms of time horizon T', up to an error of @(a~/2). Here we use f* to denote the global
minimizer instead of the saddle point. However, this will not create any confusion since for
each f* global minimizer of the primal objective (4), we can find ¢* € F such that (f*,¢*)
is a saddle point of (10).

5. Applications

In this section, we present the applications of Theorem 7 and Theorem 9 to several special
cases of the functional conditional moment equation, such as the problem of policy evaluation,
instrumental variables regression, and asset pricing. In Section 2.2, we already discussed
why these problems are special cases of functional conditional moment equations, Theorem
7 and Theorem 9 are potentially feasible to apply. We will recall the problem settings and
examine the technical assumptions for these cases.

5.1 Application 1: Policy Evaluation

Let D denote the joint distribution of the state-action tuple (S, A, S’) under policy 7. In
this scenario, the endogenous variable X = S’ is the next state while the exogenous variable
Z = S is the current state. Therefore, ¥ =S, Z =85 and W =S§. We attempt to estimate
the value function V', which is defined on W = § — R. The functional ¢ and regularizer ¥
adopted in this case are,
O(s', s f) =+ f(s) = f(s), U8 f) = f(s)*

Here, the regularizer we adopt is a L? regularizer that penalizes the squared value of the
estimator evaluated at the next state s’. With these specific choices of functional ® and
regularizer W, the SGDA algorithm recovers the Gradient Temporal Difference Learning
(GTD) algorithm (Wai et al., 2020). Therefore, applying our general framework to the
problem of policy evaluation contributes to the reinforcement learning literature by providing
an analysis of the neural GTD algorithm in the mean-field regime. Before presenting the
theoretical results, we first verify that Assumption 3 and Assumption 8 hold.

Verify item (i) of Assumption 3. For item (i) of Assumption 3, it’s reasonable to assume
that [|(z, z)|| < 1 since we can always re-scale the state space without changing the nature
of the problem, the compactness assumption is inherently satisfied.

Verify item (ii) of Assumption 3. For item (ii) of Assumption 3, we first compute the
variation of the functional ® and W,

0P 1) (/) = g (') — 6w,

oW (s, s; f)
T OW(s, s /)

S ) = 2 () ().
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Therefore, the desired integrability conditions hold since
0P ( o
/‘ “f W dw’ < v+ 1, /( sz Wl <2- /(). (29)

Verify item (iii) of Assumption 3. For item (iii) of Assumption 3, we choose w = ¢/,
Cy = 2. The desired condition holds due to (29).

Verify item (iv) of Assumption 3. For item (iv) of Assumption 3, we first compute the
variations of L(f,¢g) in explicit forms,

PELD ) = s [r-9(5) |8 = 0] — gwoulw) + 20 Sps (). v €S
AL () —Bgis[r4 0 1) 5 = 2] - 1) - g(ps(). W €S,

where pg, pgr denotes the density of the marginal distribution of D with respect to the current
state S and next state S’ respectively. Due to the item (i) of Assumption 3, the variations of
L with respect to f and g are both continuous since the density of the conditional transition
S’ ‘ S and S ’ S’ are both smooth, and the functions f, g are also continuous by construction.
Therefore, item (iv) is satisfied.

Verify Assumption 8. For Assumption 8, we choose cy = 1 and w = s’. The desired
condition holds by definition of our choice of regularizer W(s',s; f) = f(s')2.

We have checked that the technical Assumption 3 and Assumption 8 hold for the case of
policy evaluation. Assumption 3 allows us to apply Theorem 7. This implies the global
convergence of the estimated value function to the minimizer of the primal objective (4)
applied in this case. The convergence is quantified in a weighted L? distance. Additionally,
Assumption 8 enables us to apply Theorem 9 and further characterize this convergence
in terms of the optimality gap between the primal objective values. We summarize the
conclusions in the following corollary.

Corollary 10 (Global Convergence of Mean-field Neural Nets in Policy Evaluation)
Let f* be the minimizer of primal objective J(f) defined in (2.1) with ®(S’,S;f) =
r+v-f(S) — £(9), R(f) = Ep[f(S")?]. Let (us,vr) be the solution to the Wasserstein
gradient flow (24) at time t with n = a2 and initial condition pg = vo = N'(0,Ip). Under
Assumption 1, 2, 3, and 8, it holds that
inf Ep|(f(S;5m) = f(8)? <OT™ +a™h),
t€[0,T]
inf J(f(5 ) = J(f() SO(T™2 +a7!72).
t€[0,T]

Proof We apply Theorem 7 and Theorem 9 to the setting of policy evaluation. As we have
examined above, the Assumption 1, 2, 3, and 8 are all satisfied. Thus, by Theorem 7 and
Theorem 9, the desired results hold directly. |

Corollary 10 proves that in the setting of policy evaluation, the L? distance between
the mean-field neural network f(-;u:) at time ¢ and the global minimizer f* decays to
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zero at a sub-linear rate, up to an error of order O(a~!). Moreover, the optimality gap
infyepor J(f (5 11¢)) — J(f*(-)) in terms of primal objective values decays to zero at the rate
of O(T~/2), up to an error O(a~1/?) caused by overparameterization. Corollary 10 allows
us to efficiently and globally solve the policy evaluation problem using overparameterized
two-layer neural networks. We also remark that in this scenario, the primal objective J(f)
is known in the reinforcement learning literature as the regularized mean-squared Bellman
error (MSBE). As we have noted before, in the context of policy evaluation, applying the
SGDA algorithm to neural network function classes is equivalent to applying the neural
GTD algorithm. Therefore, Corollary 10 states that, in the mean-field regime, the neural
GTD algorithm converges globally to the minimizer at a sublinear rate up to an additional
overparameterization error O(a~!). The neural GTD algorithm also reduces regularized
MSBE at the rate of O(T~'/2) up to an additional overparameterization error O(a~1/2).
Moreover, the global convergence of mean-field neural networks also implies the global
convergence of the discrete dynamics in (20) due to the proximity between the discrete
dynamics and continuous dynamics, which is proved in Proposition 4.

5.2 Application 2: Nonparametric Instrumental Variables Regression

Let D denote the joint distribution of the endogenous variable X, the exogenous variable Z,
and the observed outcome Y. In this scenario, the endogenous variable is defined in space
X, the exogenous variable is defined in space Z, and W = X. We attempt to estimate the
model function fy, which is defined on W = X — R. The functional ® and regularizer ¥
adopted in this case are,

Oz, 2 f) =y~ f(2), (ozf)=fx)

Here, the regularizer we adopt is an L? regularizer that penalizes the squared value of the
model function’s estimator evaluated at the endogenous variable x. We examine Assumption
3 and Assumption 8 in order to apply results from Section 4.3.

Verify item (i) of Assumption 3. For item (i) of Assumption 3, the NPIV problem with
compact data space captures a large class of important applications, the scenarios considered
are still general while imposing this assumption.

Verify item (ii) of Assumption 3. For item (ii) of Assumption 3, we first compute the
variation of the functional ® and ¥,

00(x, z; f)

of

(W) = .. I ) 2pw(w)

Therefore, the desired integrability conditions hold since

/W ‘ 5q)(xéafz§ f) (w')

Verify item (iii) of Assumption 3. For item (iii) of Assumption 3, we choose w = «,
Cy = 2. The desired condition holds due to (30).

5 .
dw' <1, /W “I’(”;’fz’f)(w') dw' <2 |f(2)]. (30)

22



MF ANALYSIS OF NEURAL SGDA

Verify item (iv) of Assumption 3. For item (iv) of Assumption 3, we first compute the
variations of L£(f,¢g) in explicit forms,

0L(f,9)
of

0L(f,9)
g

(w) :EZ\X[_Q(Z)‘X = w’] +2X- f(w)px ('), Vu' € X,

LI = Exip[Y - £ |2 = 2] = g()pa(), VA € 2,

where py, pz denotes the density of the marginal distribution of D with respect to the
endogenous variable X and the exogenous variable Z respectively. Due to the item (i) of
Assumption 3, the variations of £ with respect to f and ¢ are both continuous since the
density of the conditional transition Z ‘ X and X | Z are both smooth, and the functions
f, g are also continuous by construction. Therefore, item (iv) is satisfied.

Verify Assumption 8. For Assumption 8, we choose ¢y = 1 and w = s’. The desired
condition holds by definition of our choice of regularizer ¥(x, z; f) = f(z)%.

We have verified that the technical Assumptions 3 and 8 hold in the case of nonparametric
instrumental variables regression. Theorem 7 can be applied in this case due to the
establishment of Assumption 3. This implies that the estimated model function globally
converges to the minimizer of the primal objective. The convergence is quantified in
a weighted L? distance. The choice of quadratic regularizer implies the establishment of
Assumption 8, which further enables us to apply Theorem 9 and characterize the convergence
in terms of primal objective value. We summarize the conclusions in the following corollary.

Corollary 11 (Global Convergence of Mean-field Neural Nets in NPIV) Let f* be
the minimizer of primal objective J(f) defined in (2.1) with ®(X,Z;f) =Y — f(X),
R(f) = Ep[f(X)?. Let (ju,1) be the solution to the Wasserstein gradient flow (24)
at time t with n = a~2 and initial condition pg = vo = N(0,Ip). Under Assumption 1, 2,
3, and 8, it holds that

nf B |(f(X: ) - )P o +a),
inf J(f(im) — J(f() < O +a71/2).
t€[0,T]

Proof We apply Theorem 7 and Theorem 9 to the setting of NPIV. As we have examined
above, the Assumption 1, 2, 3, and 8 are all satisfied. Thus, by Theorem 7 and Theorem 9,
the desired results hold directly. |

Corollary 11 proves that in the setting of NPIV, the L? distance between the mean-field neural
network f(-; ;) at time ¢ and the global minimizer f* decays to zero at a sub-linear rate,
up to an error of order O(a~!). Moreover, the optimality gap infego ) J(f (-5 1)) — J(f*(-))
decays to zero at the rate of O(T~'/2), up to an error O(a~'/2). Corollary 11 allows us to
solve the NPIV problem globally using overparameterized two-layer neural networks. We
also want to remark that when the true model function is linear in the input, we recover
the setting of instrumental variables regression as an important special instance of NPIV.
Therefore, Corollary 11 also implies that IV regression can be solved efficiently globally
using overparameterized two-layer neural networks.
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5.3 Application 3: Asset Pricing

Let D denote the joint distribution of the growth-return tuple (¢, 7441, ¢i+1). In this scenario,
the exogenous variable Z = ¢; is the consumption growth at the current time ¢, and the
endogenous variable X = ¢y is the consumption growth at the next time ¢ + 1. Therefore,
X =Z =C, W = C, where C is the space of consumption growth and is also a compact
subset of R. Here, we consider the scenario where the modified return 71 is also bounded
for all t > 0, i.e., ||F¢41]] < R for some R > 0. We attempt to estimate the function fy, which
is defined on W = § — R. The functional ® and regularizer ¥ adopted in this case are,

D(cy1, 5 f) = Frgr - flepr) — fler), Ve, e f) = fe1)?

Here, the regularizer we adopt is an L? regularizer that penalizes the squared value of the
estimator evaluated at the next period’s consumption growth, ¢;; 1. Before presenting the
theoretical results, we first verify that Assumption 3 and Assumption 8 hold.

Verify item (i) of Assumption 3. For item (i) of Assumption 3, since we assume that the
space of consumption growth C is a compact subset of R, therefore there exists C7 > 0 such
that for all ¢ > 0, ||(ct41, ¢t)|| < Ci. Moreover, it is reasonable to assume that consumption
growth is bounded, since the data often fluctuate within certain regimes in practice.

Verify item (ii) of Assumption 3. For item (ii) of Assumption 3, we first compute the
variation of the functional ® and W,

0P(crq1, 065 f)
of

Therefore, the desired integrability condition holds since,

/ ‘5<I> Ct+1, Ct;5 )( Ndw' < R +1, / ‘5\11 Ct+1, Ct; )(w’) dw' <2-|f(cr)]- (31)

(w') = Frq1 - Oep g (W) = e, (W), W(w,) = 2f(ct41) - Oepy, (W).

Verify item (iii) of Assumption 3. For item (iii) of Assumption 3, we choose w = ¢,
Cy = 2. The desired property holds due to (31).

Verify item (iv) of Assumption 3. For item (iv) of Assumption (3), we first compute
the variations of L(f,¢g) in explicit forms,

0L(f,9)
of

OL(f,q)
dg

(w') = Eeyleii [7:154-1 ~g(cr) ‘ Gt = w'} — g(w")pe, (W) + 21 - f(w')pe,,, (W), V' €S,
(Z/) =Ecile [ftﬂ - flets) | Ct = Z’} - f(Z/) - 9(2/)Pa (z’), v e S,

where p,, pe,,, denotes the density of the marginal distribution of D with respect to the
current time consumption growth ¢; and the next time consumption growth c;;1 respectively.
The variations of £ with respect to f and g are both continuous since the density of the
conditional transition c;y1 { ¢ and ¢ ‘ ci+1 are both smooth, and the function f, g are also
continuous by construction. Therefore, item (iv) is satisfied.

Verify Assumption 8. For Assumption 8, we choose ¢y = 1 and w = ¢;11. The desired
condition holds by definition of our choice of regularizer W(ciy1,ci; f) = f(err1)?
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Figure 1: Results on NPIV with fo(X) =a-8"X witha =2, 3= 1.

We have verified that the technical Assumptions 3 and 8 hold in the context of asset pricing
with the CCAPM model. Theorem 7 can be applied in this case due to the establishment of
Assumption 3. This implies that the estimated function globally converges to the minimizer
of the primal objective. The convergence is quantified in a weighted L? distance. Since
Assumption 8 holds, we can apply Theorem 9 and characterize the convergence in terms of
primal objective value. We summarize the conclusions in the following corollary.

Corollary 12 (Global Convergence of Mean-field Neural Nets in Asset Pricing)
Let f* be the minimizer of primal objective J(f) defined in (2.1) with ®(ci41,¢i5f) =
Fea1 - fle) — fle), R(f) = Ep[f(cir1)?]. Let (ug,v¢) be the solution to the Wasserstein
gradient flow (24) at time t with n = a2 and initial condition g = vo = N'(0,Ip). Under
Assumption 1, 2, 3, and 8, it holds that

inf Ep|(f(cers ) = f*(4n)?] < O™ +a7),
t€[0,T

nE T G) = I(F()) SO 4071,

Proof We apply Theorem 7 and Theorem 9 to the setting of asset pricing. As we have
examined above, the Assumption 1, 2, 3, and 8 are all satisfied. Thus, by Theorem 7 and
Theorem 9, the desired results hold directly. |

Corollary 12 proves that in the setting of asset pricing, the L? distance between the mean-field
neural network f(-; y¢) at time ¢ and the global minimizer f* decays to zero at a sub-linear rate,
up to an error of order O(a~t). Moreover, the optimality gap infego 7 J(f (-5 1)) — J(f*(+))
decays to zero at the rate of O(T~'/2), up to an error O(a~1/2). Corollary 12 allows us
to solve the CCAPM model globally by estimating the nonparametric structural demand
function with overparameterized two-layer neural networks. Since the return on investment
is linked to the marginal utility of consumption through the CCAPM equation, we can price
assets fairly by considering consumption risk and using marginal utility information.

6. Numerical Experiments

In this section, we numerically validate the effectiveness of our proposed algorithm using the
nonparametric instrumental variable regression (NPIV) example in Subsection 5.2, with a
variety of linear or nonlinear structural functions fy to be learned.
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Figure 2: Results on NPIV with fo(X) = a- (3" X)? with a = 0.5, 8 = 1.

6.1 NPIV experiment setup

The statistical model we considered in the numerical experiment is described as,

Y = f()(X) + Iicconf + €
X/

R

Econf "~ N(O, O'gonflp) €~ N(O, 02)

X X' =T9Z 4 €cont  Z ~ Uniform(SP~1) (32)

where X € SP7! C RP is the endogenous variable, Z € S?! C R? is the instrumental
(exogenous) variable, Y € R is the observed response, 'y € R1P, Ty € RPX9, f : RP — R is
the structural function to predict, and €, econt, Z are independent.

We let p = 3 and ¢ = 10, resulting in the endogenous variable X lies on R? while the
exogenous variable Z lies on R, For I'; and I'y, we sample their value element-wise
from Gaussian distributions and fix their values when generating the (X, Z,Y’) data pair.
Specifically, I'y € R3, with (I'1); ~ AV(0, 1), and I'y € R, with (I');; ~ N(0,1). We set
02 .=1and 0? = 1/2. To demonstrate the robustness of our approach, we consider the

conf —
following three types of true structural functions fy:

1) fo(X)=a B'X,

(2) fo(X)=a- (BTX)%

(3) fo(X) = a1B8] X + asfBy X/(1+ exp(—p; X)).
Note that in model (32), we have || X|2 = ||Z| = 1, satisfying the data compactness
assumption in Assumption 3. It is also straightforward to verify that problem (32) satisfies
the conditional moment equation for NPIV, which is E[Y — f(X)|Z] = 0, due to the
independence assumption between Z and e.ont, €. However, such a problem cannot be solved
directly by regressing Y over X, due to the presence of €.ons. This promotes the use of

minimax optimization, with the formulation introduced in Subsection 5.2, specifically, with
the functionals ®(z,z; f) =y — f(z) and ¥(x, z; ) = f(z)%

6.2 Experiment Results

For each of the above true structural functions fy, we generate 20000 synthetic data points
following the NPIV model (32), where we split it into a training set of 18000 data points
and a test set of 2000 data points using a split ratio of 9 : 1.
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Figure 3: Results on NPIV with fo(X) = 18] X +
p1=p2=1.

, with a1 = 0.1, as = 4,

For the training and across all experiments, we use Ay = 1073 as the regularization strength,
and parameterize both the primal function f and the dual function g with finite-width
two-layer neural networks. Each network has a width of 500, which we have found to be
sufficient for parameterizing a broad class of functions. We use a batch size of 1000, a
learning rate of 10™* to update both f and g, and run the optimization for 500 epochs.
During training, we track the absolute and relative prediction errors of the learned function
at epoch t with respect to the ground truth by computing their mean squared error over
the test split of 2000 data points. For each experiment, we repeat 10 times to demonstrate
the consistency of the results. All computations are performed on standard consumer-grade
CPUs.

The results are shown in Figures 1-3 respectively for the three structural functions fy. From
the figures, it is evident that SGDA well recovers the unknown true structural function
fo. This demonstrates the effectiveness of SGDA for solving functional conditional moment
equations via minimax optimization. Moreover, despite the theoretical requirement of
two-layer infinite-width neural nets, in practice we use only two-layer neural networks
with widths up to 500, which can be optimized quickly and efficiently without incurring
expensive computational costs. These numerical findings further support the practicality
and effectiveness of SGDA in solving difficult functional-space ill-posed inverse problems.

To investigate how the computational cost of Neural SGDA scales with the width of the
neural networks, we conduct a separate ablation study in which we train neural networks
with widths ranging from 10 to 1000 on the same NPIV dataset with the true structural
function being fo(X) = 0.5 - (17 X)2, for a fixed number of 500 epochs. We record the
time elapsed for each training run and the corresponding error against the neural network
width used in the experiment. The reported error is the E[(fo(X) — f(X;0)?], where the
expectation is approximated using the empirical measure of 2000 data points in the test
split of the dataset, unseen during the training. The results are demonstrated in Figure 4.
As the plot shows, although training time approximately scales linearly with network width,
the overall computational cost remains affordable, even for wide neural networks. It takes
approximately 140 seconds to fully optimize a network with a width of 1000 on standard
consumer-grade GPUs, highlighting the algorithm’s computational efficiency. From the plot,
we can also see that the error plateaus once the network width exceeds 500. This is also
consistent with our choice of neural network width in the previous experiments.
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Figure 4: Growth trend of training time and decay rate of error E[(fo(X) — f(X;0)?] against
the increase of neural network width on NPIV with fo(X) =0.5- (17 X)2.

7. Conclusion

In this paper, we focus on the minimax optimization problem derived from solving functional
conditional moment equations using overparameterized two-layer neural networks. For such
a problem, we first prove that the stochastic gradient descent-ascent algorithm converges to
a mean-field limit as the stepsize goes to zero and the network width goes to infinity. In
this mean-field limit, the optimization dynamics is characterized by a Wasserstein gradient
flow in the space of probability distributions. We further establish the global convergence
of the Wasserstein gradient flow and prove that the feature representation induced by the
neural networks may move a considerable distance from its initial value. We further apply
our general results to policy evaluation with high-dimensional state space, nonparametric
instrumental variables regression with high-dimensional endogenous and exogenous variables,
and asset pricing with a nonparametric structural demand function. Our analysis opens
avenues for studying functional minimax optimization problems with more complicated
objectives, such as nonlinear functional conditional moment equations. We leave the study
of the algorithm’s convergence properties in this general setting to future research. This
setting includes nonparametric quantile instrumental variables regression as a leading and
important application.
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Appendix A. Notations

Category Notation Location Description
L,J Minimax and primal obj.
X, x Endogenous variables
Z,z Exogenous variables
W, w Input variables of f
Basic g Section 2.1 primal & dual functions
a9 optimal primal & dual functions
P Moment equation functional
v Regularization functional
%ﬁ, %—‘JIZ First variation of functionals
0, w network parameters
f(0),9(;w) finite-width neural network
0, wi SGDA iterates at step k
€N discrete/continuous time step size scale
Algorithms WV, p Section 3 mean-field dist.
we vt p* optimal mean-field dist.
fGip),g(5v) infinite-width neural network
of 9 vector field of WGF
Lty Ve, Pt WGF iterates at time ¢
o, Equation (25) neuron functions
Assumptions By, B1, Bo Assumption 1 Neuron func. regularity constants
C1,Cy,Cy, cy Assumption 3 & 8 | Data & functional regularity constants
a Equation (22) Over-paramterization scaling factor
{55}56[0,1] Equation (49) Wasserstein geodesics between py,p*
Convergence Ug Equation (49) Velocity field associated with
t*, t. Equation (66), (67) | First hitting times
V(,w;-) Equation (50) WGF potential
0i(k),wi(k), ka, V¢ | Equation. (82) Stochastic GDA
Propagation of Chaos @(/@)7?,(/{:), of 09 Equat?on (83) Popu‘lation qDA .
0;(t), @ (t), o 09 Equation (84) Continuous-time Population GDA
0;(t), @i (t), vl v9 Equation (85) Ideal Particles

Table 1: A summary of used notations with their location and description

Appendix B. Proof of Main Results

In this section, we provide proofs for the main theorems and technical lemmas in our work.

B.1 Proof of Lemma 6

Proof of (i). The proof for Claim (i) will be two-stage. First, we will show that if a function
pair (f*, g*) is a stationary point for L(f, g) with respect to (f,g), then it’s a saddle point
for the same objective as well. Then we will show that the distribution pair (©*,v*) being a
stationary point of £(u,r) implies that the corresponding (f*, ¢g*) is a stationary point for
L(f,g), which concludes the claim. We will start with the first part. We define the following

functional £ and Lo,
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We see that the minimax objective in (10) is indeed the sum of such two functionals,

For any function pair (f, g), we can verify that the following chain of equalities holds,
mex L(f,g) —min L(f',g) = max (£(f.9) = L(f.9)) + s (L(f,9) = L(f',9)). (33)

We considered the function space L?(W) and L?(Z) equipped with inner product (-, )2,
which are also Hilbert spaces. Since X x Z are compact, continuous function f and g
parameterized in the form of (22) are square-integrable, thus naturally belong to L?(W)
and L?(Z).

For a fixed f, £1(f,g) is a continuous linear functional in g defined on L?(Z). Thus, there
exists function hy in Lo(Z) such that £i(f,g) = <hf,g>L2. Similarly, for a fixed g, £1(f, g)
is a continuous linear functional in f, thus there exists function h, in Ly(WV) such that
Li(f,g9) = <hg, f>L2. In fact, hy and hy matches the variation of £ with respect to g and f.
f= = :
og of
Since Lo is a concave functional with respect to g, we apply Jensen’s inequality and it holds
that,

L(f,g")—L(f,9)=Li(f.9) = L1(f,9) + L2(f.d) — L2(f,9)

(B ) ()

_ <ME§Z g)’g/ _9>L2' (34)

Follow a similar reasoning, using the fact that £; is a linear functional with respect to f
and Lo is a convex functional with respect to f, it holds that
3L (f,9)
ch) - (g < (EBD g 3
(fr9) = L(f',9) < 5f F=7)., (35)
Plugging (34) and (35) into (33), we re-write the minimax expression in (33) using the
variation of L(f,g), the following inequality holds,

/ . / 5£(f7g) / 5£(f,g) /
Ir;é}xﬁ(f,g)—n}l,nﬁ(f,g)ér}}:cxggc<T,g—9>L2+< 5f ,f—f>L2- (36)

Thus, if (f*,¢*) is the stationary point, i.e.,

OLU™g") _ LU 9 _ oy L. (37)

of og

then (36) suggests that for such stationary point (f*, ¢*), for any function pair (f’,¢’), the
following inequality holds,

max L(f*q)— I’I}I/Il L(f',g%) <0. (38)
g
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Equation (38) proves that (f*,¢*) is a saddle point for the minimx objective L(f,g).
Therefore, the stationarity of (f*, ¢*) implies that it’s a saddle point for objective L(f,g).
Now, we proceed to show the second stage of the proof. We now show that if (u*, v*) is the
stationary point of £, i.e., v/ (-; u*,v*) = v9(-; u*, v*) = 0, the corresponding function pair
(f(; "), g(+;v%)) is the stationary point of L(f, g) with respect to (f,g). We recall that the
correspondence between (u*,v*) and (f(-; %), g(-;v*)) is through (22). Let (u*,v*) be a
stationary point of (10), that is

SL(w", V")
op

SL(p*, )

_ D
Vo 5 (w)=0, VOweR (39)

(0) = vw

We can also compute the variation of £(u,v) explicitly.

(M(gzy*)(@) =Ep [04<9(Z; V') et ZcS;ff(';M*)) A i Z(S}f(';“*)),¢(.;9)>m}

() = Ep | a(®(X, Z; (- 1) — 9(Zi0)) - 9(Ziw)]-

By the oddness of b in Assumption 1, we have that ¢(-;0) = 0, This implies that the variation
of L(p*,v*) with respect to p and v are 0 when 6 =w = 0, i.e.,

OL(p*,v*) 0L (pt,vY) B
Combined with (39), we deduced that
OL(u*,v*) 0L (pt,vY) B D
o (0) = 5 (w)=0 VO,weR".

Note that we can expand the variation of £ with respect to u,

a<5£(f(';u*)79(-w*))
of

o:0)),, = E ) —o, (10)

By the universal function approximation theorem (Lemma 23), since %fﬂu*)) is in
¢ (W) as is assumed in item (iv) of Assumption 3, there exists {¢,,}>°; € G(¢) such that

On — w uniformly. Here, G(¢) denotes the space of functions that are linearly
spanned by ¢(-,8) By (40), it holds that

<E(f(';u*),g(-w*))
of

Following a similar strategy, we can show that there exists {¢,,}>2; € G(¢) such that
Py — %{m, where for each 1, it holds that

()s6n()) , = 0. (41)

(ALELAED ), =0 (42)
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We take the limit of (41) and (42) by passing n — oo and conclude,

=0, : 5 2 () =0. as. (43)

Equation (43) proves that if (u*,v*) is a stationary point of the Wasserstein gradient flow,
then the associated function pair (f(-; u*, g(-;v*))) is a stationary point of the minimax
objective L(f,g), which matches the conditions we conclude in (37). Therefore, we prove
that (f(-; "), g(;v*)) is a saddle point of the minimax objective L(f, g). We complete the
proof of item (i).

Proof of (ii). We now show that there exists good solution pair (u*,v*) that is both
optimal as well as close to initialization (ug, ) in Wasserstein distance. By Assumption 2,

there exists distribution uf, vt € 92(RP) such that the optimal solution to the optimization
problem (10)(f*, g*) satisfies the following,

/¢w0du /wzwdy , YweW,zeZ

Recall that a > 0 is the scaling parameter in neural network parameterization. We can
construct (p*,v*) using a convex combination of (uf,v!) and the initialization (ug, vp),

i (0) = ot (0) + (1 —a Hue(0), vi(w)=a W)+ 1 —a Hlw). (44)
We claim that (u*, v*) constructed in (44) satisfies all the desired requirements. Since po, 1o

are standard Gaussian distribution, the integration of ¢(-;6) with respect to uo and ¥ (-;w)
with respect to vy are identically 0 due to oddness of neuron functions,

/gﬁw@d,uo /wzwdyg()—o YweW,ze€ Z

Thus, the expressions for (f*, g*) are simplified to

ffw —a/¢w0du(9 —a/wzwdu
By Talagrand’s inequality (Lemma 27), the following chain of inequalities holds,

Wi (o, 1) < 2Dk (1" || o) < Dy (1" || o)
* 2 —Oz_l . a_l- t 2
(i (20
2 (1" || o) (45)

=« 2D
A similar bound on Wh(1p, v*) also applies,
Wa(vp, v*)? < a_Qng (1 || ). (46)

Let D = max{D,(u'|| 10) /2, D (v v0)'/?}, we conclude the proof of item (ii).
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B.2 Proof of Theorem 7

By Lemma 6, there exists distribution (u*,v*) that is a stationary point of Wasserstein
gradient flow (24) and simultaneously satisfying the distance bound in item (ii) of Lemma 6.
For such (u*,v*), we denote p*(0,w) = p*(0)r*(w) as their product measure. Moreover,
for any distribution pair (u,v), we use p(f,w) = u(f)r(w) as their product measure for
simplicity. To rewrite the Wasserstein gradient flow for (u, ) into the flow for p, we define
vector the stacked vector field v as,

v(0,w; p,v) = (0F (03 p, v), 09 (w; ). (47)

Following from Lemma 24, (45), and (46), it holds that Wh(p*, pg) < a~ 1D, where D is
defined in Lemma 6. Note that

flwi) = o [ olwiOnu0)48 =a [ o(wib)p(0.w)d(6.0), VueW,
zu—a/i/}zw dw—a/wzw p(O,w)d(,w), VzeZ.

Thus, we overload the notation to write f(-;p) = f(-;u) and g(-;p) = g(-;v) for p €
P5(RP x RP). By writing p; = (u¢, v4), the update in (24) takes the following form

8”),5((9,&)) = —div(pt(e,w)v(ﬂ,w; pt))v PO = (:uﬂv VO)'
Before we prove Theorem 7, we first show the following important technical lemma.
Lemma 13 We assume Wa(py, p*) < 2Wa(po, p*). Under Assumptions 1, 2, 3, it holds that

1dWs(py, p*)°

CR— S—n-ED[/\‘If(X,Z;f(-;ut)—f*(-))+(g(Z;Vt)—g*(Z)ﬂ +Cy-na

(48)
where Cy, > 0 is a constant depending on By, B1, Ba, A\, and D
Proof Let {s}4c|o,1) be the geodesic connecting p; and p* with By = p; and 81 = p*. Let
u be the corresponding veclocity field such that 0585 = —div(Bsus). By the first variation

formula of Wasserstein distance in Lemma, 25, it holds that

1 dWs(py, p*)? . !
_— = — 7 s = — , s . 85 s Ps), Ug d 49
SR (v o), uo),, = —n(v(p7),u), +77/0 (o3 B)us)g, ds - (49)

1 1
= [ (OatsB )y dsn [ [ (0060380, 0,(0(0.0)8:(6.6)(0,)ds.

(i) (i1)

where the notation <h1, h2> = f hy - hadp for any distribution p and functions hi, ho. We
will provide bounds for term (i) and (ii) separately in the sequel.
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Upper bounding term (i). For term (i) of (49), by the definitions of v, v/, and v? in
(47) and (23), we have that

Osv” (0, w; Bs)

— a0 [~9(z: ) (T ELER) g0y - a(PURELER) o00)) ]
— Vi [-g(z: 0.0 (T ETER) o)) o a(TURZILOR) 4 0)) ]

(X, Z;f)
of

where the second inequality holds since a constant, s—independent function,

DULZI) s Tinear in f, and 0. f(; Bs), Dsg(+s Bs) satisfies
0.f(wi ) = [ 0. (6(wi0)3.(6,0))(0,) = [ 6(w16)0.6:(0,) = F(wsd..), Ve W
Dsg (2 Bs) = / 0u (1 () Bs(6,w)) (0, w) = / (25w)0sBsd(0,w) = g(z:0,55), Vz€ Z
A similar computation for 9,09 (6, w; Bs) gives
O0(0,w: B) = aVuEp (X, Z; [, 0,6.))0(Z:w) — 9(Z: 0.8,)6(Z: )]

We recall that ®(z, z; f) = ®(z, z; f) — ®(x, 2; 0) is the linear component in ®. We note that
00(X.Z5f) _ §(X.Zif)
5f T 8f -

the variation of ® is the same as the variation of ® with respect to fs

We define the potential V(0,w; 0sfs) as

V(0,w;0s0s)
—Ep [g(Z; 8563)<6@(X’ Z(;ff(.; Be)), o( 9)>L2 + /\<6\P(X’ Z;J;('; Oufs)) ( 9)>L2}
~ Ep|$(X, Z: (-, 0,8))(Z:w) — 9(Z; 0B )0(Z:w)] (50)

Then, the vector field dsv(0,w; Bs) is the gradient of such potential V(0, w; ds0s)

f(p-
b5 = (i) = vy, wians),

where the gradient operator V = (Vy, V,,). Then, by Stoke’s formula and integration by
parts, we have

(00038 us), == [ AVV(6.0:0.5)u. (6. w)3u(6. w)d(6, )
= /aV(H,w;@sﬁs)div(usﬂs)d(ﬁ,w) = —/aV(@,w;@sﬁs)asﬂsd(H,w)
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Integrating potential ¥V with respect to 0585 simplied the expression to
[ avib.wios0.p.46.0)

~En[g(z:0.60( 2R, fagisnosan) ]

5‘1’(XZf 95s)) /¢

+Ep [\ )0455(d6)) .|

~Ep[B(. Z;f(-,@sﬁs))/aw(Z;w)asﬁs(dw)—g(Z;@sﬁs)/m/;(Z;w)é?sBS(dw)]

=Ep [)\<5\I/(X7 Zvé!;(7 8358))

By convexity of ¥(z, z; f) and ¥(z,2;0) =0 for all (x,2) € X x Z, it holds that

5\1/('7;7 2 f(7 asﬁs))
of

Integrating (51) with respect to s € [0, 1], we have that

/<8v B.)su), d _/ A

[

/ D[”’ (X, Z; f(+0505)) +g<Z;asﬂs>2}ds
(
(

af('§asﬁs)>L2 +g(Z; 65/85)2}' (51)

W,z S(10,8,)) < SGOB)) L V@) EXxZ (52)

OW(X, Z; f 95P3s))

7f('§ asﬁs)>L2 + g(Z; 8353)2:| ds

U

< ~En[MU(X.Z: f( )~ £C0) + (9(Z:0) — 9(2:07)) |
= —Ep[\U(X, Z; f(ip) = /(D) + (9(Zs ) - 6*(2)°]. (53)

where the first inequality holds due to (52), and the second holds by Jensen’s inequality.
Upper bounding term (ii). By Lemma 28, for term (ii) in (49), it holds that

[ (00,38, 0.0.(6.6)3.(6.0)) (0.

= /(VU(H,W;BS),uS(H,w) ® us(0,w)Bs(6,w))d (8, w)
< sup [Vo(0.:2) 1 - usl3,. (54)

,w

where ||| denotes the Frobenius norm. Since us is the velocity field corresponding to the
geodesic connecting p*, by assumptions, it holds that

lus|IZ, = Walpe, p)? < 4Wa(po, p)* = 4a~2D% = O(a™?) (55)
On the other hand, by the definition of v in (47), we have that

IV0 (8, w; Bs)IF = V0! (6; Bo) B + [ Vev? (w3 B) | (56)
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By the definition of v/ in (23), we have that

§B(X, Z: F(585)), 1.
V00! 0580 < - Bo[Ja(zi) - [ “PEEEED @aw ] sup [ potwso);
fa. ED ’/ &I’XZf ﬂs))(w/) /}'SUPHVG%Z)U)QHF
< aBy-Ep | \Cyf (W35, +02}g Z:5,)| - | 13 8] (57)

where the first inequality follows from Assumption 1, and second inequality comes from
the integrability conditions in Assumption 3. Thus, it suffices to upper bound f(w;fs) and
g(z; Bs) for all (w,z) € W x Z. For f(w;s), we have that

7w 8] =a | [ 6w (0.0)| = a- | [ owi6) (3 - p)(0.)
< aBy - Wi(Bs, po) < aB1 - Wa(Bs, po)- (58)
Moreover, it holds that
Wa(Bs; po) < Wa(Bs, p*) + Walp™, po) < Walpr, p*) + Walpo, p*) <3a7'D,  (59)

where the second inequality follows from the fact that 55, s € [0, 1] is the geodesic connecting
pt and p* and the last inequality follows from (ii) in Lemma 6. Plugging (59) into (58), we
have that

|F(w; 8,)] <O(1), Vwew. (60)

Through a similar argument, such an upper bound can also be established for g(z; 85) for all
z € Z,

|9(Z§5s)‘ <0Q1), zeZ. (61)
Plugging (60) and (61) into (57), we establish an upper bound for ||Vgv/(6; 5,)]|

IV (8: 8.)]] < O(c). (62)
Similarly, by the definition of v9 in (23) we have that
IV (@i B)| < @ B |[9(X, 25 15 8))| + |9(Z: 5,)]| -sup|| VE v (z30) [
z€E
< aBy - (Ep||9(X, Z:0)| + Col F(W: )| + |9(2: )] ) = O(a). (63)
Combining the bound from (62) and (63) and plugging into(56), it holds that

HVU(H,w;ﬁS) QF: vavf(e;ﬁs) i+ vavg(w;ﬁs) ig O(a?). (64)

Equation (55) and (64) provide upper bounds on the two terms involved in (54). Plugging
the upper bounds that we have achieved, it holds that

[ (006,05 0.(0.(6,)3.(6.)) )(0,) < O™ (65)
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Now combining (53) and (65), we have that

*)2
HOL U TR, [)‘\I/(X7Z§f('7pt) = fp)) + (9(Z; p1) —g(Z;p*)ﬂ +Cn-a”l.

2 dt
where C, = C, (Bo, By, By, C, A, D) > 0 is a constant. This completes the proof of Lemma, 13.
|

We are now ready to present the proof of Theorem 7 with the help of Lemma 13.

Proof We define

t =int{r € Ry |[Ep[NU(X, Z; (- pr) = £ 07) + (9(Zs pr) — 9(Z:p7)7] < Cav 0™t}

(66)

Also, we define

b= inf{7 € Ry | Walpr, p) > 2Wa(p0,07) | (67)

In other words, (48) of Lemma 13 holds for ¢t < t,, and for 0 < ¢ < min{¢,,t*}, we have

*)2
;(MZ(S;’[)) <-n-Ep [A‘I’(X Z; fCope) = G5 07) + (9(Z5 1) — 9(Z; P*))Z} +Cy-ma!

<0
We now show that ¢, > t* by contradiction. By the continuity of Wh(p;, p*)? with respect to

t Ambrosio et al. (2008), since Wh(po, p*) < 2Wa(po, p*), it holds that t, > 0. Let’s assume
t. < t*, then t, = min{t,,t*}. Thus, by (48), (66), (67), it holds that for 0 < ¢ < ¢, that

*\2
1dWalpes, p)” _
2 dt =

which further implies that Wh(ps,, p*) < Wa(po, p*). This contradicts the definition of ¢,
in (67). Thus, it holds that t, > t*, which implies that (48) of Lemma 13 holds for any
0 <t <t*. We now discuss two different situations.

Scenario (i) If t, < T, then it holds that

inf Ep | AV(X,Z: f(-. 1) = ) + (9(Zim) = g°)’]

te[0,7
< Ep | NU(X. Z: £ () = )+ (9(Zim) = g7)
<Cuat=0T1t4+a™h). (68)

Therefore, (68) implies Theorem 7 in this scenario.

Scenario (ii) If ¢, > T, then (48) in Lemma 13 holds for 0 < ¢t < T. Re-arranging the
terms, we have the following inequality for all 0 <¢ < T,

L 1dWa(pr, p*)?

-1
5 & +Ci -« (69)

Ep [ M(X, Z: (o) = ) + (9(Zim) —g7)°] < =
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This further suggests the following upper bound,

inf Ep[NU(X,Z; £ ) = 1) + (9(Zim) — °)’]

t€[0,T]
T
<77 / Ep [A‘I’(X, Zi f o) = )+ (9(Z5 ) — 9*)2]‘“
0
<1/2-97 T Wa(po, p*)? + Cu - ™!
<1/2-a7 2D T 4 C ot =0T a7, (70)

where the second inequality comes from integrating (69) in for ¢ € [0, T, the third inequality
comes from (ii) in Lemma 6 and last equality comes from setting 1 to a~2. Therefore, (70)
implies Theorem 7 in this scenario.

Based on the discussion of scenarios (i) and (ii) above, we finish the proof of Theorem 7. B

B.3 Proof of Theorem 9

Proof We now prove Theorem 9. For notation simplicity, we denote f; = f(-; ) as the
estimator at time . Recall the definition of J(f) from (4) and 6(z; f) from (3).

J(f) =Ep[1/2-8(Z; [+ X-U(X, Z; [)], 6(2f) = Exz[®(X, Z; f) | Z = 2].
Plugging the definition of J(f), it holds that

inf J(fi) = J(f7)

t€[0,T]

= inf Ep 172+ (82 £)* = 82, £72) + A(W(X, Z: ) = 0(X, Z: /)] (71)

Similar to the proof of Theorem 7, we define ¢, as,

t, = inf{T e Ry | Walpr, p*) > 2W2(p0,,0*)}.

We will upper-bound the term in (71) separately in two different scenarios, depending on
the value of ¢, compared with T'.
Scenario (i) If t, < T, then we have that
inf J(fe) = J(f) < J(fe.) = J(f7). (72)
te(0,7)

In order to upper-bound right-hand side of (72), we need to uniformly upper-bound f, (w)
and f*(w) for all w € W. For f;, (w) = f(w; us, ), we have that

sup | f(w; pir, )| = - sup ’/qﬁ(w;@)dut*(@)) = - sup ’/qﬁ(w;@)d(ut* —uo)(ﬁ))

weW weW weW
< aBi - Wi(u,, po) < aBy - Wa(pe,, o) < aBy - (Wz(pt*,p*) + Wa(po, p*))
<3B;-D=0(1). (73)
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where the first inequality follows from Lemma 29, the second inequality follows from Lemma
24. The last inequality follows from (ii) in Lemma (6) and definition of ¢.. For f*, a similar
chain of inequalities would apply,

sup (i) = o sup)/wedu |=a sup\/as(w;e)d(u*—uo)(e)

weW weW
< aBy - Wi(pu*, po) < aBy-Wa(p*, po) < aBi-Wa(p®, po)
< B1-D=0(1). (74)

With uniform bounds on f;, and f*, we are now ready to upper-bound inf,c(o 7 J(ft) = J(f*)
through upper-bounding J(f;,) — J(f*),

J(fr.) = J(f+) (75)

<Ep [S(Z; fo) Bxiz[®(X, Z; fo, — f)Z] + X <W,ft* — f*>L2]

) Ep|Ca 1f(Wspi) = f W5 7)]]

< (supl®(w, z0)] + Co - sup |f(ws )
T,z wew

+ACu - Ep [|f(Wipe,) = F(Wip)|
< B Bp|f(Wipm,) — FWip)| < Bo - (Bo[NFOWipe) — £V 00)])

B, (Ep|w(x.z: i - 1)) < B0 (76)

where B, = By(®,c4,Co,Cy, A\, C, By, D,C,) > 0 is a constant and its values changes from
line to line. The second inequality follows from (73) and (74). The last inequality follows
from (68) in the proof of Theorem (7). Therefore, in this scenario, we have that

b T = I(F) < () = I(£) < O(T~ 12 + a1/, (77)

1/2

Equation (77) concludes the proof of Theorem 9 in the scenario of t, < T.
Scenario (ii) If ¢, > T, by definition of ¢., we have that
Wa (e, 1) < Walpr, p°) < 2Wa(po, p*) = 2a- D, Yt € [0,T].

Following the same arguments in (73) and (74), we have a uniform upper-bound for f; for
all t € [0,7] and f* that writes,

sup | f(w; pe)| + | f(w; p*)| <4B1-D = O(1), Vtelo,T].
wew
Following the same derivation of (75), we have that

inf J(f,) = J(f.) <B.- inf B*-<]ED[\1/(X,Z;ft—f*)D1/2

te[0,T] t€[0,T]

<. gt Eo[ v 5= 1))

1/2

<B. (17 / "Ep [w(x,z: - 19)at)

0

< B 12D T+ Oy ot = O(T 2 402, (1)
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where the last inequality follows from (69) and (70) in the proof of Theorem 7. Equation
(78) concludes the proof of Theorem (9) in the scenario of ¢, > T

Based on the discussion of scenarios (i) and (ii) above, we finish the proof of Theorem 9. W

Appendix C. Mean Field Limit of Neural Networks

In this section, we prove Proposition 4. The formal version is presented as follows. Let
pt(0,w) = 1 (0) ® v (w), where (u, ) is the PDE solution in (24) and pj(8,w) = Nt
Zi]\il 592 @) - (5% (w) is the empirical distribution of (0, wy). Here we omit the dependence
of the empirical distribution pr on N and stepsize scale € for notational simplicity.

Proposition 14 (Formal Version of Proposition 4) Let h : RP? x RP — R by any
continuous function such that ||h|lcc < 1 and Lip(h) < 1. Under Assumption 1, 3, with
probability at least 1 — 50, it holds that

sup
k<T/e
(keN)

/ h(9, w)dpr (8, w) — / h(@,w)dﬁk(e,w)‘ < BeBT<\/log(N/6) N + /e (D + 1og(N/5))).

Here B is a constant that depends on a,n, A, By, B1 and Bs.

The proof of Proposition 14 based heavily on Mei et al. (2018, 2019); Aratjo et al. (2019);
Zhang et al. (2020), which make use of the propagation of chaos arguments in Sznitman
(1991). Recall that (vf(-;p),v9(-; p)) is the a vector field defined as,

o (6: p) = oEp [_g(z; p)<6<1>(X, ?}f(';p))’vﬁ‘“*@% B A<5\11(X, ?}f(';p))vvecﬁ(';@)%?],
vI(w; p) = Bp | (X, Z; [ p)) Vet (Z:w) — 9(Z: )Vt (Z; ) |. (79)

From now on, we equivalently write 6 = 6; (k:) wi = wl(k:) to emphasize the dependence on
iterations. For abbreviation, we denote 8™ (k) = {6 ()Y and w™M (k) = {w;(k)}N,. We
recall the finite-width representation of f(-;60™)) and g(-;w®)) are,

N N
FEOM) = =370, g(w™) = D wlw).
i=1 1=1

Correspondingly, we defined the finite-width counter-part of v/ and v9 as following,

0(X, Z; f(6™))

of
(. n(N)
B /\<5\II(X, Z,é}f;( ;0 )),v9¢(-;0)>L2],

09 (w; 0™, wM) = aEp [‘P(X, Z: f( 0NN Ve(Zsw) = (230N Vo (Z; W)] (80)

o (6,60, w™M)) ZQED[_Q(ZQW(N))< ,Vod(0))
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And we also defined the stochastic counterpart,

. R (V)
L (0:0.0%) = | = glanses) (I TEEED, Gu00))
£ p(N)
_ )\<(5\I/(xk7zk(;ff( 70 ))’v9¢(79)>L2:|7

VI (w; 6™, M) = @<(I)(5Ukazk§ F 0NVt (z1;w) — Q(Zk;w(N))wa(Zk;w)) (81)

where (xg, z;;) ~ D. Following from Mei et al. (2019); Aratdjo et al. (2019), we consider the
following four dynamics.

e Stochastic Gradient Descent Ascent (SGDA). We consider the following SGDA
dynamics for 6V) (k) and w™)(k), where k € N, with 6;(0) s to, w;(0) R v (i €

[N]) as its initialization,

0:(k + 1) = 0;(k) + ne - VL (0;(k); 09 (), ™ (k)),
wi(k + 1) = wi(k) + ne - VI (wi(k); 0N (k), w™ (k). (82)

Note that this dynamics is equivalent to (20).

e Population Gradient Descent Ascent (PGDA). We consider the following
population gradient descent ascent dynamics for 6(N) (k) and &™) (k), where k € N,
with 6;(0) = 0,(0), @;(0) = w;(0) (i € [N]) as its initialization,

@i (k+ 1) = w; (k) + ne - 09(@i(k): 0N (k), 0™ (k)). (83)

e Continuous-time Population Gradient Descent Ascent (CTPGDA). We
consider the following continuous time population gradient descent ascent dynamics
for V) (t) and &M (t), where t € R, with 6;(0) = 6;(0), @;(0) = w;(0) (i € [N]) as
initialization,

iy = e of (8 (8): 0N (1), o) Do) =590 0N (2). 5™
dtez(t) =n-v (ez(t)7€ (t)’w (t))v dth(t) =n-v (wz(t)ve (t)vw (t))
(84)

e Ideal particle (IP). We consider the following ideal particle dynamics for 80V (t)
and @) (1), where t € Ry, with 6;(0) = 6;(0), @;(0) = w;(0) (i € [N]) as initialization,

g_

dtﬁi(t) =n- vl (0:(t); py), wi(t) =n-vI(wi(t); pr)- (85)

d
dt

We aim to prove that p, = N1 Ef\il 09, (k) 0w, (k) Weakly converges to pge. For any continuous
function h that satisfies the assumptions of Proposition 14, using the IP, CTPGDA, and
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PGDA dynamics as interpolating dynamics, we have,

PDE—-SGDA
y/mamm%wﬂa/hmwmmwww
< -1 N) (1e) — (§. 5\ (Y)
< /h(9 w)dpre (8 Zh (ke), @i (ke)) +H (ke) — (0,) (k:e)H(N)
PDE_IP IP-CTPGDA
@) M ke - @M m)| |+ [|EDNE - @VE)| (86)
CTPGDA—-PGDA PGDA—-SGDA

The last inequality follows from the fact that Lip(h) < 1. Here the norm || - || () denotes
the supremum norm over the sequence of vectors (6,w)™N) = {(6;, w;)}¥,,

T e

(87)

In what follows, we define B > 0 as a constant with its value varying from line to line. We
establish the following lemmas as upper bounds of the four terms on the right-hand side of
(86).

Lemma 15 (Upper Bound of PDE — IP) Under Assumption 1 and 3, with probability
at least 1 — 6, it holds that

sup ‘/ (0, w)dp (0 1Zh (6:(t ’ log(NT/6)/N. (88)

te[0,7

Lemma 16 (Upper Bound of IP — CTPGDA) Under Assumption 1 and 3, with proba-
bility at least 1 — 29, it holds that

sup [|(8,2)M (1) - (6,0)M @) < BT /log(N/5)/N. (89)
te[0,7

Lemma 17 (Upper Bound of CTPGDA — PGDA) Under Assumption 1 and 3, it holds
that

sup (8, @)™ (ke) — (4, w)<N>(k))H <B.eBT e, (90)

k<T/e

(N)

Lemma 18 (Upper Bound of PGDA — SGDA) Under Assumption 1 and 3, with proba-
bility at least 1 — 29, it holds that

0.6)N (k) = 0,0) W) < B-PT e (D+1og(N/G).  (91)

su
1 (N)

k<T/e
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With these lemmas, we are now ready to present the proof of Proposition 14.

Proof See §C.1.1, C.1.2, C.1.3, C.1.4 for detailed proofs for Lemma 15 to Lemma 18.

Plug in (88), (90), (90) and (91) to (86) and condition on the intersection of events in
Lemma 15, 16, 17 and 18, we have that

[ 00.)a000.0) — [ 100.0)4p0(0.)| < BT (VioRINTR)/N + /e (D+ Tog(N/0))).

with probability at least 1 — 5§. Thus, we complete the proof of Proposition 14. |

C.1 Proofs of Lemmas 15-18

In this section, we present the proofs of Lemmas 15-18, which based heavily on Mei et al.
(2018, 2019); Araujo et al. (2019); Zhang et al. (2020). The required supporting technical
lemmas are in §D. The constant B presented in the proof is a positive constant whose values
varies from line to line for notational simplicity.

C.1.1 PROOF OF LEMMA 15

Proof We first consider the ideal particle dynamics in (85). It holds that 6;(t) ~ fit, Wi (t) ~
v, (1 € [N]) (Proposition 8.1.8 in Ambrosio et al. (2008)). Since the randomness of 6;(t) and

(0:(t), wi(t)) PN pt (i € [N]). This implies the following,

N

By [V S 0, 0x(0)] = [ 10.0)am(0.).

i=1

For notational simplicity, we denote 7; = (6;, w;), similar notations also generalize to ¥;, 3;, ;-
Let 4V0V) = {~, ... VL., yn ) and 2N = Ly Y2, ..., YN} be two sets of variables
that only differ in the i-th element. Then, by the assumption that || f||s < 1, we have the
following bounded difference property,

N N
N0 = NS RG] = N7 RGEH — b6 < 2/,
j=1 j=1

Applying McDiarmid’s inequality (Wainwright, 2019), we have for a fixed ¢ € [0, 7] that

g

N

NS hGi0) - [ b))

i=1

> p) < exp (—Np?/4). (92)
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Moreover, we have for any s,¢ € [0, 7] that,

‘\N‘lih(ﬁi(t)) —/h(’Y)dPt(’Y)‘ - ‘N_lzN:h(ﬁi(s)) _/h(y)dps(v)‘
=1 i=1
N N
= leh(%(t))_N12’1(%(5))‘+‘/h(v)dm(v)—/h(v)dps(v)‘
i=1 i=1

< W ) =76
< ‘9 — W) (s )H + Hw(N) w(m(s)H(N)Jng (112, ) + Wa (v, vs) .
where the second inequality follows from the fact that Lip(h) < 1 and Lemma 29. The last

inequality follows from the definition of v(¥), (87) and Lemma 24. Applying (122), (124) of
Lemma 20, we have for any s,t € [0,7] that

N N
‘)N PYCORYECITR U SRy IR

Apply the union bound to (92) for t € ¢-{0,1,...,|T/¢|}, we have that

-1
sup h(0) ~ [ h)de()
(te[OT Z ( t(
Setting « = N~%/2 and p = B - \/log(NT/5)/N, we have that

W) < [300 =30 6) |+ W (o0 0)

SB-’t—s‘.

>p+B- L) <(T/t+1)-exp (—Np*/4).

sup |[N7! Z h (6 /h(ﬁ,w)dpt < B-y/log(NT/0)/N
t€[0,T]
with probability at least 1 — §. Thus, we complete the proof of Lemma 15. |

C.1.2 PROOF OF LEMMA 16

Following from the definition of 6;(t), w;(t) and 6;(t), w;(t) in (84) and (85). We have for
any ¢ € [N] and t € [0,T] that

16:(t) — 6:(t) S/otHd%iS) _deéis)

t

<ne [ o7 0908 (), 5N (5)) = 61 (B1(5); 0N (5), 5™ (5) | s

+77'/0 "@f(éi(s);é(N)(s)’@(N)(s)) _Uf(éz‘(s);ps)

gB./OtH(%N)(s)—§<N>(3)H(N)+HwW)(s)—w(N)(s)H ds

o /o H@f(éi(sﬁ 0™ (s5), @M (s)) — vf (B;(s); ps),

ds (93)
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where the last inequality follows from (118) of Lemma 19. Similarly, we have that

ety ~auo)] <5 [ e - a0+ 56 -6, as

t
o
0

where the inequality follows from (119). We now upper-bound the second term of (93) and
(94). We start with (93). Following from the definition of v/ and 4/ in (79) and (80), we
have for any s € [0,7] and i € [N] that

09(@i(s); 0™ (5), 0™ (5)) — 09 (@i(s): ps)

ds, (94)

o (6,():00(), 0™ (5)) = o/ (B1(5); )| = 02 [N S 2 @ )
j=1
where Zij (s) is given by,
2i(6) =B |{( [ o(zsrane) - v(z:2,09)) - 5 waota)

iy <5\I,(X7Z;f§,jg.;0)dus(0)) B v (X, Z;;;(';Qj(S)))>V9¢(';9_"(S))>L2]'

Following from Assumption 1 and 3, we have that ||ZZJ (s)]] < B. When j # i, since

iid. iid. A

0;(s) "= s, wi(s) Ky, (j € [N]), it holds that E[Zf(s)wz(s)] = 0. Following from
Lemma 21, we have for fixed s € [0, 7] and i € [N] that

(St (4 )) <ale (v S ]2 8- (570) )]
i [z
< exp (prZ) : (96)

From Lemma 29 and (124) of Lemma 20, we have that

sup ‘/cé(w;@)dus(@) - /¢(w;9)dut(9)‘ < B Wi (s, ) < B-Wa(ps,pir) < B - |s — t|.
wew

Following from Assumption 1 and 3, Lemma 20, we have for any s,¢ € [0, T] that,

e ]Sl <o
J#i J#i
Applying the union bound to (96) for i € [N] and ¢t € ¢-{0,1,...,|T/¢]}, we have that

IP( sup [N 20 (s)]| = B (J\Fl/2 +p> +BL> <N (T/t+1)-exp (—Np?).
1E€[N]

s€[0,T 7
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Setting « = N~%/2 and p = B - \/log(NT/)/N, we have that

sup HN ZZ] H < B \/log(NT/5)/N (97)
1€[N]
s€[0,T]

with probability at least 1—4. Following from Assumption 1, wheni = j, | N71Z!(s)|| < B/N
n (95). Plugging (97) into (95), with probability at least 1 — d, we have that

0:(5): 0 (), () = o/ Gi(s)ip) | < sup a?+ || N7 122]
1€[N] i€[N],s€[0, T]
s€[0,7
log(NT'/6)/N. (98)

Through similar arguments, with probability at least 1 — §, the second term of (94) holds

sup H@g(wi(s);é(N)(S)v‘D(N)(S)) — v7(@i(s); ps)
1€[N]
s€[0,7T

log(NT/6)/N. (99)

Now, conditioning on the intersection of event in (98) and event in (99), the following holds
simultaneously for any ¢ € [0, 7]

H§<N>( M) <B- / H9<N> e<m()H(N)ds+BT- log(NT/8)/N  (100)

o) oM < B /0 [6%0s) = e®s)| , ds+ BT - ViogNT/5)/N (101)

Summing (100) and (101) and applying Gronwall’s Lemma (Holte, 2009), with probability
at least 1 — 24, for any ¢ € [0, 7], it holds that

69y — 8 (t)H(N) + 2™ - W) <B-ePt2BT - log(NT/8)/N

(N)
<B-eBT . \/log(N/5)/N. (102)

The last inequality holds since B as a constant represents values changing from line to line.
Therefore, equation (102) implies (89). Thus, we complete the proof of Lemma 16.

C.1.3 PROOF OF LEMMA 17
By the definition of 47,89 in (80), 6;(t),;(t) in (83), 6;(t),@;(t) in (84), it holds that the

distances ||6;(ke) — éz(k)H and ||w;(ke) — @;(k)|| satisfy

0, (ke) — (k)|

ke
.
0

o (B:(5): 8N (5),5M(5)) =3 (Bi(Ls/e)e): 0N (Ls/e)e), 5N (Ls/e)e) )| as

k—
): 0N (26), 5™ (0e)) — o (8;(0): 0™ (), 5™
;H (B:(0); 8N (0), 5N (06)) = 0 (80036 (), 5™ (o) )|

w
,_.

<B-k-&+B- (He (te) - 9<N><5)H(N)+HUJN)(&)—w<N>(e)H(N)). (103)

~
Il
o
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<Bk-&+B- (H§<N>(ee)—é<N>(e)H(N)+Ha}(m(ze)—w<N>(z)H(N)). (104)

where (103) follows from (118) of Lemma 19 and (123) of Lemma 20, (104) follows from
(119) of Lemma 19 and (123) of Lemma 20. Combining the inequalities in (103) and (104),
it holds for any k < T'/e (k € N) that

H§<N>(k;e) - é<N>(k:)H + HaW)(ke) - d)(N)(k:)H
k

) )
-1 k—1
<2BTe+B-Y H§<m> (te) — 9N (f)H(N) +B-Y HmN) (te) — ov<N>(z)H(N) . (105)
=0 =0

Applying the discrete Gronwall’s lemma (Holte, 2009) to (105) , we have that

sup
k<T/e
(keN)

0 (ke) — 9“<N>(k)H(N) + HaW)(ke) - d;(N)(k)H(N) <2B2.T-¢ BT < B BT ¢

where the inequalities hold since we allow the value of B to vary from line to line. Thus, we
complete the proof of Lemma 17.
C.1.4 PrROOF OF LEMMA 18

Proof Let G, = a(A™N)(0), w™)(0), up, . .., u) be the o —algebra generated by 8N (0), w™) (0)
and gy = (x4, 2) (¢ < k). Following from the definition of V/, ng and ©/,%9 in (80) and
(81), we have for any i € [N] and k € N that

T(0:(k); 0N (), ™ (K)),

[o53

B[V (03009 (1), (1)) | Got | =
E[ng(wi(k)§ 0N (), ™ (k) | gkq} = 09 (w;(k); 0N (k), ™ (K)).

Recall the definition of 00V, w(N) and ) (V) as the SGDA and PGDA dynamics defined
in (82) and (83). We have for any ¢ € [N], k € N, that

0 (k) = 0:(0)|
k—1
Z Xi(0)
=0

k—1
< ne-[|Ai(k)|| + Be- Z Hé(m)(@ B g(m)(g)H(N) +
=0

< ne-

k-1
- S™67 (6:(0): 6™ (0), 5™ (0)) = 5F (6:(0): 6™ (£), ™)
+ ;H (6:0: 60,0 ) =5 (6:(0: 6N 0), 0™ (0)) |

~(N) _ (V)
d™ () - w <e>H(N), (106)
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where the last inequality follows from (118) of Lemma 19. X;(¢) and A;(k) are defined as,

Xi(0) = U/ (60:00:0(0,0™(0)) — B[ (8:0): 6N (0), w™(0)) [Goa| w21,

Following from (117) of Lemma 19, it holds that || X;(¢)|| < B, thus the stochastic process
{Ai(k)}ren, is a martingale with ||A;(k) — A;(k — 1)|| < B. Applying the Azuma-Hoeffding
bound in Lemma 22, we have that

P(k@% |4ik)|| = B v/T/e- (VD +p)) < exp (—p?) . (107)
(kENy)

Apply the union bound to (107) for i € [N], we have that

P max 4K 2B VT (VD +p)) < N-oxp (7).
k’ST/E,(kJEN_‘_)

Setting p = /log(N/4§), with probability at least 1 — 4, it holds that

|Ai(K)|| < B-+/T/e- (VD + \/log(N/b)), Vie[N],k<T/e(keNy,). (108)

Plug (108) into (106) and taking supremum norm over i € [IN], we have that

k-1

59 (k) — H(N)(k,)H(N) <Be- Y (Héw(@ - e(m)@)”(m + 5™ - ™) (N)>
=0

+ B -VTe- (VD + \/log(N/s)). (109)

Through similar arguments, for w;(k) and w;(k), with probability at least 1 — 9,

v

k—1
SN () — ) . (m) gy _ p(m) SN () — )
5N (k) wN(k)H(N)SBe ;%( 40 (0) — ¢ (E)H(N)+ 5™ (g) “’N“)Hw))

+J;- VTe - (VD + /log(N/6)). (110)

Conditioning on the intersection of event in (109) and event in (110), summing (109), (110),
and applying the discrete Gronwall’s lemma (Holte, 2009), for any k < T'/e, k € N, the
following inequality holds with probability at least 1 — 24,

o“.:(N)(k)—w(N)(k)H < B-eP*.B.VTe- (VD + \/W)

(V)
< B-ePT.\/e (D +1og(N/95)).

00 (k) = 00w+

Here the last inequality holds since we allow the value of B to vary from line to line. Thus,
we complete the proof of Lemma 18. [ ]
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Appendix D. Supporting Lemmas
D.1 Supporting Lemmas for §C

In what follows, we presented the technical lemmas heavily used in § C. We recall the
definition of v/, v9, ¢/, 09 and ka,ng as in (79), (80), and (81) respectively. Let B > 0
be a constant depending on «, n, By, B1, B2, C, whose value varies from line to line. Recall
that f(-; G(N)) and g(‘;w(N)) are the finite width representation with parameters 8(V), (V)
whose definitions are given by

F(00) = §j¢ g(;w™) ZW ;).

Lemma 19 Under Assumption 1 and 3, it holds that for any 0 = {0, 3N, 00 = {9V
w™) = {w N wN) = {w; Y, that, f(-;0™)) and g(- ,w(N)) are umformly bounded and
Lipschitz in 0, w respectively, which is given by the following,
sup}fw o ‘—i—sup‘gzw ))‘SB, (111)
sup | (w; 6 U—ﬂw@mﬂngwm—@mmm, (112)
wew
sug‘g (z;wM)) — g(z;g(N))‘ <B- Hw(N) -—w H(N). (113)
ze

Recall the definition of ©1,09 and ka,ng in (80), (81), the finite width representation of
the velocity field and its stochastic counter-part, when evaluated at arbitrary 0;,w;, are also
uniformly bounded and lipschitz in 0,w respectively. This means for ka , ng , the following
inequalities hold,

(00, wM)|| + ﬁwwwmeMSB, (114)
IV 050,09 0300, 000)] < B (160~ 8 g+ [0 =),
(115)
19699, ) — Vs 0, )| < B (JO0) = 8 o+ ™) — ] ).
(116)
A similar series of inequalities also hold for of, 09,
o (05,00, W (wi; 0V, M| < B, (117)
a7 g < (100 = 00 + [ = ),
(118)
69(0530,09) — 9025000, )| < B (000 - 6V + s = )
(119)

As a corollary of the inequalities stated above, the uniform bounds in fact hold for any
f,g9 € F, which says,

sup | f(w)| + sup|g(z)| < B. (120)
wew z€EZ
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Similarly, the uniform bounds also hold for the velocity field vl ,v9, such that for any
p € Po(RP x RP), it holds that

va(ﬁ;p)H + va(w;p)H < B. (121)
Proof We will prove these results separately.
(i) Proof of (111), (112), and (113)

For (111) of Lemma 19, since ¢, 1) are bounded as is assumed in Assumption 1, we have for
any w e W,z € Z, any 00 and w®) that

N
|F(w; 6] + [g(z0™)| < - N7V Jo(w; 63)] + [vo(z5wi)| < B.
i=1

For (112), and (113) of Lemma 19, since for any w € W, z € Z, ¢(w;0) has a bounded
gradient in €, 1(z;w) has a bounded gradient in w. The uniform upper bound of the gradient

controls the Lipschitz constant of the function, thus it holds for any w € W,z € Z, any
Q(N),Q(N) and w®™), w®) that

N
[ 0™) = ;0] < N~ By Y [6— 0] < B 60— gV
=1

l9(2;0™) = g(z;0™)] < aN""- Blz\wz w;| < B [®™ — o™
=1

(ii) Proof of (114), (115) and (116)
For (114) of Lemma 19, recall the definition of ka, ng in (81), for any ) and w™),

. (N)
Hka(Hi;e(N)’w(N))H < «a- sup Hngﬁ(w;Gi)H -Sup }g(z;w / ‘5(1) Ikyzk, f(09Y)) (w')|dw’
wew
(N)
Hng(wz-;H(N),w(N))H <a- (\fb xk,zk;f(-;ﬁ )|+ sup \g Z;w(N))D -sup ||Vt (2 wi)|| < B
2€Z z€Z

For notational simplicity, we further define

5D (g, 215 £ (5 0)) 8O (g, 2k f(+;00)))
FpN) , (N)y — _ (N k> <k _ .
u! (0w ag(zg;w™) 57 al 5f ,

w9 (0N, wM) = a®(ay, 2 £(:0)) — ag(zr; ™).

For (115) of Lemma 19, following from Assumption 3 and the definition of ka in (81), we
have for any (V) L0 and w®™) | w®) that
Hf/kf(gi;g(l\f), (N )) Vf H

< Hka(gi;g(N)’w( >> Vf((gwg(N H n va (050N, w™) — V7 (0,0, ™)) H

< Juf (O™, w ™) —u (0, w™)| - sup [[Vod(w; 6;)]| + H<uf(ﬁ M W™, Vee(-; 6;) —V9¢(-;Qi)>L2 -
weW

50




MF ANALYSIS OF NEURAL SGDA

Moreover, u! (0N, w)) is also Lipschitz in (#4V),w®)) since
0 (009, — S @, 0N < B[ 007) — F(ai 607 + B - (a5 ) — g0
N
B (Hg( o H(N) + H“’ — o H(N))’

where the second inequality is achieved by applying (112), (113). Therefore, the fact that
ka(ﬂi; ON) | w(N)) is Lipschitz in (0, w)) is due to || Vg@(w; 6;) | and ‘ fuf(H(N),w(N))(w’)dw"
is uniformly bounded.

For (116) of Lemma 19, following from Assumption 3 and the definition of ng in (81),

through a similar argument as is in the proof of (115), we have for any Q(N),Q(N) and
W™ w®) that
HWWﬂWMM—W@@WMWH

< [V s 0, 000)) = V9 e 87, )| |9 s 82, ) Vg(%gwgg(zv))H

< s (60, M) — (6, )] - sup [Vt )|+ [[ (0 @, ), Vet 0) = Vuris i) )|

Again, u9(0N), w(M) is Lipschitz in (0™, w™) since
09 (009, ) — (0, )] < B |wrs 00) — (i 00|+ B - |g(zk: ) — gz ™)
N N N N
B (J61 - 9y [ - ).

Therefore, the Lipschtizness of V,f(wi; M) W) in (OV) | wN)) comes from || Vo,1)(z; w;)||
and | [u9(0™), wM)(2")d2’| is uniformly bounded.

(iii) Proof of (117), (118), and (119)
Equations (117), (118), (119) of Lemma 19 for ©/ and 99 follow from the fact that

o (0350, ) = Bp [V (0500, 0™)], 590536, w™)) = Bp [V (w33 0,0,
Therefore, (117) follows from (114) and triangle inequality,

[y

Equations (118) and (119) follows from (115), (116) and triangle inequality,

(0509, + (096, )| < B [[[V 616%™ [] + B [[[7 (w1 6,0 ] < B

o (050, W)y — (0 o) H <ED[HV QZ;Q(N)’W(N))_ka(Qi;Q(N),Q(N) M

)
B- (Hg _Q(N)H(N) + [Jwt™ _@(N)H(N))v

189 (wi; 6, ™) — 09 (w;; 6N, w™)|| < Ep [Hf/kg(wi; o) (V) ng(%g(fv),gw))‘”

< 8 (6 = 6 g, + o) =) ).

(iv) Proof of (120), and (121)
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Equation (120) follows from the definition of F in (26) and the uniform bounds of neuron
functions ¢ and . For any f,g € F, there exists probability measures i, 7 over the
parameter space such that

fw) = [0 0)a(@0). 9(2) = [dzwrido), Voewzez.

We apply the triangle inequality and achieve,

sup |f(w)| + sup |g(2)] < / sup |¢(w; 0)|a(d0) + / sup |9(2)[4(z; w)|P(dw) < B.
wew zZEZ weW ZEZ

Equation (121) follows from the definition of v/, v9 in (79) and the proof of (114) and (117).
Proof of (121) is the same as the proof for (114) and (117), except for the fact that a uniform
bound is needed for the infinite width representation of f and g, which is proved in (120).

Based on proofs for items (i), (ii), (iii), and (iv) above, we finish the proof of Lemma (19). B

Now, recall p; is the PDE solution to (24), 6N (), wN)(t) is the IP dynamics defined in (85),
6N (), @M (t) is the CTPGDA dynamics defined in (84). We have the following lemma
that also bound the difference of iterates for IP, CTPGDA dynamics between time s and t¢.

Lemma 20 Under Assumption 1 and 3, it holds for any s,t € [0,T] that,
109 (8) = M ()] ) + 10 (1) = 0™ (s)] : (122)
16 2) — é(N)(s)H(N) + [la™ ) — w<N)(s)H(N) <B-|t—s|, (123)
Wal(puts 1)) + Wa(vi,v5)) < B - [t — s|. (124)

Proof For (122) of Lemma 20, by the definition of §;(¢) and @;(t) in (85) and (121) of
Lemma 19, we have for any s,t € [0,7] and i € [N] that

gB‘|t—s

(N)

16:(t) — 8i(s)|| < n./ o/ (B:(); pr)|[dr < B [t — 3]

l@s(t) — @i(s)]| < - / 09(@i(r); pr)||dr < B -]t — 5|

Similarly, for (123) of Lemma 20, by the definition of 6;(t) and @;(t) in (84), and (117) of
Lemma 19, we have for any s,¢ € [0,7] and i € [N],

10;(t) — bi(s)|| < B- |t — s

o @) —@is)|| < B - Jt - ).

For (124) of Lemma 20, following from the fact that 6;(t) b e, wi(t) "y, and the

definition of W, in (15), it holds that for any s,¢ € [0, 7] that
_ _ 971/2
Wi, ) < E[|6:(t) = Bis)|P] < Bt

W (v, vs) < E[Hwi(t) — wi(s)\ﬂ 2 <B-|t—s

Therefore, we complete the proof of Lemma 20. [ ]
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Lemma 21 Let {X;}Y, be i.i.d. random variables with || X;|| < & and E[X;] = 0. Then it
holds for any p > 0, there exists C > 0 being an absolute constant that

-1 . - .
P||N ZXZ
=1

Proof See Lemma 30 in Mei et al. (2019) [ ]

>0 (N2 +p)> < exp (-Np?).

Lemma 22 (Azuma-Hoeffding bound) Let X;, € R be a martingale with respect to
the filtration Gy, (k > 0) with Xo = 0. We assume for € > 0 and any A € RP that,

E [exp (A, Xk — Xk—1)) | Gr—1] < exp (52 : ||)‘H2/2)

Then it holds that, with C > 0 being an absolute constant.

P | max || Xi|| > C¢- V- (VD +p) | <exp(—p?)
(kEN)

Proof See Lemma 31 in Mei et al. (2019) and Lemma A.3 in Aratjo et al. (2019). [ ]

Appendix E. Technical Results
E.1 Universal Function Approximation Theorem

In what follows, we introduce the universal function approximation theorem (Pinkus, 1999).
For any given activation function ¢ : R — R, we consider the following function class,

G(o) = {i cm(x—rwi +6;) | ci,0; € R, w' e Rd}.
i=1

We denote by %' (R?) the class of continuous functions over R?. Then, the following theorem
holds.

Lemma 23 (Universal Function Approximation Theorem, Theorem 3.1 in Pinkus (1999))
If the activation function o € € (R) is not a polynomial, the function class G(o) is dense in
€ (R?) in the topology of uniform convergence on a compact set.

E.2 Wasserstein Space

We use the definition of absolutely continuous curves in #(RP) in Ambrosio et al. (2008)
and introduce the following lemmas.

Lemma 24 For any probability measures p,v, ', v/ € QZQ(RD), it holds that

Wa(u @ v, i @ V)% < Wa(, ()% + Wa(v, V)2
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Lemma 25 (First Variation Formula, Theorem 8.4.7 in Ambrosio et al. (2008))
Given v € Po(RP) and an absolutely continuous curve i : [0,T] — Po(RP), let 5 :[0,1] —
P5(RP) be the geodesic connecting iy and v. It holds that

d Wa(p,v)? .
&f — _<,ut750>/1«t‘
where iy = Oyu, Bo = 0sf3s|s=0-

Lemma 26 (Benamou-Brenier formula, Proposition 2.30 in Ambrosio and Gigli (2013))
Let 1, ut € P5(RP). Then, it holds that

1
Wil ) — inf{ [ i \ s 0,1] = Po(RP), 1o = 1 1 = u1}~

Lemma 27 (Talagrand’s Inequality, Corollary 2.1 in Otto and Villani (2000)) Let
v be N(0,k - Ip). It holds for any u € P5(RP) that

Wh(p,v)? < 2Dk (1 || v) /.

Lemma 28 (Eulerian Representation of Geodesics, Proposition 5.38 in Villani (2003))
Let B :[0,1] — 25(RP) be a geodesic and u be the corresponding vector field such that
8tﬁt = —diV(ﬁt . ut). It holds that

8t<ﬂt . Ut) = —d1V<ﬂt - Ut X 'LLt).
where ® is the outer product of two wvectors.

Lemma 29 (Dual Representation of the first order Wasserstein Distance, Villani (2008))
The first order Wasserstein distance has the following dual representation form

Wi (u,v) = sup{/ f(@)d(p —v)(z) | f: RP = R that is 1-Lipschitz contmuous}

for any two probability measures p,v € P1(RP).
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