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Abstract

We study the limiting dynamics of a large class of noisy gradient descent systems in the
overparameterized regime. In this regime the zero-loss set of global minimizers of the loss is
large, and when initialized in a neighbourhood of this zero-loss set a noisy gradient descent
algorithm slowly evolves along this set. In some cases this slow evolution has been related
to better generalization properties. We characterize this evolution for the broad class of
noisy gradient descent systems in the limit of small learning rate.

Our results show that the structure of the noise affects not just the form of the limiting
process, but also the time scale at which the evolution takes place. We apply the theory to
Dropout, label noise and classical SGD (minibatching) noise, and show that these evolve on
two different time scales. Classical SGD even yields a trivial evolution on both time scales,
implying that additional noise is required for regularization.

The results are inspired by the training of neural networks, but the theorems apply to
noisy gradient descent of any loss that has a non-trivial zero-loss set.

Keywords: Noise injection, stochastic optimization, stochastic gradient descent, zero-loss
set, overparameterization, regularization, dropout.

1. Introduction

1.1 Noise injection

Modern machine learning and especially the training of neural networks rely on gradient
descent and its many variants. Many of those variants introduce noise (randomness) into the
algorithm, for instance through minibatching, Dropout, or random corruption of the labels.
This noise may be motivated by practical considerations, as in the case of minibatching, but
in many cases it is observed that the noise also improves the quality of the resulting parameter
point. In particular, the noise often leads to parameter points that generalize better. It
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would be of great practical value to understand this implicit bias of noisy algorithms, and
this currently is an active area of research.

In a seminal paper, Li, Wang, and Arora (2022a) focused on a specific class of noisy
gradient-descent algorithms, and showed how the particular form of the noise leads to
improved generalization. They focused on overparameterized systems, in which the zero-loss
set T' := {w : L(w) = 0} is a high-dimensional manifold. Their key observation is that
gradient descent behaves differently with and without noise: in a neighbourhood of T,
deterministic gradient descent converges to I' and then stops, while noisy gradient descent
may continue to evolve after reaching I'. Figure 1 below shows an example of this. Li, Wang,
and Arora characterized this continuing evolution in a small-learning-rate limit, and showed
its relation to generalization.

The aim of this paper is to generalize the observations of Li et al. (2022a) to a much
wider class of systems, and characterize the behaviour of these systems when they evolve
in the neighbourhood of the zero-loss set I'. This generalization was inspired by the case
of Dropout, but the resulting setup covers many more types of noise. This generality also
allows us to identify a hierarchy in scaling of different types of noise, such as minibatch
noise, label noise, Dropout, and others. As it turns out, the case studied by Li et al. (2022a)
is not the first but the second level in this hierarchy, with for instance Dropout occupying
the first and more dominant level.

While this work is inspired by the training of neural networks, the main characterizations
do not use any neural-network structure, and therefore apply to noisy gradient descent in
other application areas as well.

We now describe the main results of this paper, and we start by fixing some notation.
Gradient descent for a loss function L : R™ — [0, 00) with parameter dimension m € N and
learning rate o > 0 is the iterative algorithm

Wit1 = Wi — a Vy L(wy), for k> 0.

In this paper we consider a class of random perturbations of gradient descent, that we
call for short noisy gradient descent:

Wiy1 = wy, — a VpL(wy,ng),  for k>0, (1a)
Here L : R™ x R? — R is an extension of L, each 7, is a random vector in R? satisfying
Eng; =0 and Varnk7i:cr2, fori=1,...,d, (1b)

and 7y ; is independent from 7y ; for (k,i) # (¢,7). The connection between L and L is
enforced by the following consistency requirement at n = 0:

A

L(w,0) = L(w) for all w € R™. (1c)

Apart from (1c) we only require a certain regularity of the function (w,n) — L(w,n) (for
the full setup, see Section 3.2).

As mentioned above, many common forms of noise injection can be written in the
form (1). In the training of neural networks, the most common form of noise arises from
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Figure 1: Noisy gradient descent may continue to move after reaching the zero-loss set I'.
The left-hand panel shows the level curves of a function L : R? — [0, 00), with the zero-level
set I' marked in red. The middle panel shows a gradient-descent evolution, starting at the
top, and converging to I'. The right-hand panel shows an evolution of the noisy gradient
descent (1) with L(w,n) := L(w +n). See Appendix A for more details.

evaluating the loss on random minibatches; we discuss this in Section 5.2.1. Dropout (Hinton
et al., 2012; Srivastava et al., 2014) is another example of (1), both in the more common
‘Bernoulli’ form and in the ‘Gaussian’ form. Other forms are ‘label noise’ (Blanc et al., 2020;
Damian et al., 2021; Li et al., 2022a) and ‘stochastic Langevin gradient descent’ (Raginsky
et al., 2017; Mei et al., 2018). We discuss all these in Section 5.

1.2 The non-degenerate case

As mentioned above, the focus of this paper lies on the behaviour of the noisy gradient
descent (1) once it has entered a neighbourhood of the zero-loss set I'. As illustrated by
Figure 1c, the algorithm typically continues to evolve after reaching I', and in this paper we
aim to characterize this continued evolution.

We motivate the main results by some heuristic calculations. Let a sequence (wy, k)72
be given by (1), and assume for simplicity that dynamics of the parameters wy is slow
compared to the noise variables ;. It then becomes reasonable to average over the fast
variables n:

Wit ~ wy — OBy [V L(wg, ne)]-
If the variance o2 of the noise is small, then by Taylor expansion we find

wr+1 — w = —aly [Vwﬁ(wk, 0)] — aEy[0y wa’(wk’ 0) ]
o .
-5 B (02 NV L(wi, 0) [, mie]] - @)
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(See Section 3.1 for our use of d.) Recall that L(w,0) = L(w), so that the first term in (2)
is the gradient of the loss without noise. From the property (1b) we have E[n;] = 0 and
E,[ne @ nk] = 021, leading to the resulting dynamics

Wit1 — W ~ —a Vy L(wg) — %02 Vi, L(wg, 0) + o(c?) as 02 = 0. (3)

From the equation (3) we can recognize two phases in the evolution of wy. In the first,
faster phase, w; has not yet reached I', and the first term —aV L on the right-hand side
dominates. This leads to an evolution at time scale 1/c.

When wy, reaches I', however, the term —aV L becomes small, since VL =0 on I', and
the second term on the right-hand side of (3) becomes important. This term leads to a
slower evolution, at time scale 1/ac?, which is driven by the combination of the two terms
on the right-hand side in (3).

These observations are made rigorous in the following non-rigorous formulation of our
first main result, Theorem 23. We choose two sequences of hyperparameters «, — 0 and
on — 0, and for each n we construct a sequence (w})r>o by (1), starting from (for simplicity)
some fixed initial point wq sufficiently close to I'. The theorem then states a convergence
result for the time courses (wy)g>0 as n — oo, after accelerating the evolution by a factor
1/a,02, thus capturing the second, slower phase of evolution along T'.

Formal Theorem A (Non-degenerate case) Assume o, — 0 and o, — 0. Define
Wy, : [0,00) = R™ by

Wo(anolk) = w}, with piecewise constant interpolation.

Then the sequence Wy, converges to a limit W = (W (t))¢>0, that satisfies

O (t) = — Py 1 VuReg(W (1), (10)
W(t)el fort>D0, (4b)
(0) Wo, (46)

W(0+) = ®(wg) € T (see Definition 12). (4d)

Here PTW(t)p is the orthogonal projection onto the tangent plane of ' at W (t), and

Reg(w) := fA L(w,0) Z ’nzo forweT.

Remark 1 (Biased gradient estimator) Assume that the limiting system follows the
dynamics described in Formal Theorem A with non-trivial V,A,L(w,0). Then, formally,
the gradient V., L(w,n) satisfies

R R 1 R 1 R
EV.L(w,n) ~ VyL(w,0) + 502VwAnL(w, 0) = Vi L(w) + 5aszAnL(w, 0),

5o VL(w,n) is a biased gradient estimator. Thus, V,L(w,n) being a biased estimator of
VL is a necessary condition for having a non-trivial dynamics at the time-scale 1/ac?.
Remarkably, as we discuss in the next subsection, at slower time-scales the drift may arise
even if the gradient estimator is unbiased.
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Figure 2: This figure shows the evolution of Fig. 1c in more detail, and compares it to the
solution of the constrained gradient flow. Panel (a) is the same as Fig. 1c; panels (b) and (c)
show the vertical coordinate over different periods of time (iterations). Panels (b) and (c)
clearly illustrate the difference in time scales between the fast evolution towards I' and the
much slower evolution along I'. The green circle and lines mark the minimizer of Anf)(w, 0),
which in this case equals A, L(w). The orange curves are the solution of the constrained
gradient flow (4), started from the first point at which wy came close to I". More details are
given in Appendix A.

Remark 2 (Constrained gradient flow) The evolution (4) is a constrained gradient
flow on T, driven by the function Reg. For all positive time t we have W (t) € T, and the
projection Pry, v ensures that the right-hand side of (4a) is tangent to I, thus keeping
W(t) onT.

If the initial point wg is not on I', then the function W is discontinuous at t = 0; in that
case the finite-n functions Wy, show a fast evolution towards I, which becomes instantaneous
in the limit n — oo. This is illustrated by the combination of (4c) and (4d), and also by the
fast initial transient in Figures 2b and 2c.

Remark 3 (Projection onto the tangent plane) The appearance of the projector PTW<t>p
in (4) can be understood in two complementary ways. To start with, if W remains in T,
then the right-hand side in (4) has to be a tangent vector; since VwAnlAL(w, 0) has no reason
to be tangent at w, the projection is necessary.

The formal calculation (3) also shows how this projection is generated in the evolution: if
the increment —(ao?/2) VwAnf/(wk,O) pushes wiy1 away from I', then in the next iteration
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the first term —a Vy, L(wg11) will not be zero, but point ‘back to '’ Since the prefactors of
the first and second term on the right-hand side of (3) differ by a factor 0% < 1, the first
term is asymptotically much stronger than the second, and this generates in the limit the
projection.

Example 1 (The example in Figures 1 and 2) In the ezamples of Figures 1-2 we have
chosen L(w,n) := L(w + n), and therefore the function Reg in Theorem A is

Reg(w) = s A, L(w+m)| = AuL(w)
2 n=0 2
The gradient flow (4) of Reg along ' therefore evolves towards points on I' where AL is
smaller, i.e. where the ‘valley’ around I' is wider. In Figure 2 one can recognize the widening
of the wvalley in the spreading of the level curves of L, and indeed the evolution converges to
the minimizer of %AwL on T', indicated by the green circle and line.

Example 2 (Dropout) Dropout is a particular form of noise injection that consists of
‘dropping out’ parameters or neurons randomly at each iteration. In Section 5 we discuss
various types of Dropout; here we give one example, following Zhang and Xu (2024), in which
the Dropout is only applied to the final layer, and in which Theorem 23 yields a strengthened
version of (Zhang and Xu, 2024, Th. 7).

To set up this form of Dropout, let f,, be a deep feedforward neural network that we write
as

fuw : R — R, fw(x) :ZanSj(l‘;w)v

where ¢;(-;w) represents the ™ output coordinate of all the layers of the network except
the last one (i.e. the output of the j'™ neuron of the penultimate layer), and the a; are the
weights of the last layer (see Section 5.3.2 for more details).

The ‘last-layer Dropout’ modification f&*°P of f,, is of the form

n

dmp Z (14 n5)0j(z;w),

where n; are i.i.d. random variables with law

—1 w.p. p,
CA w.p. 1—p
1-p

With this choice, n; = —1 corresponds to ‘dropping’ or ‘killing’ the output coordinate ¢;, and
the other value nj = p/(1 — p) corresponds to a rescaling such that En; = 0. This choice
satisfies (1b) with 0 = p/(1 — p), and the limit 0 — 0 is the one in which a vanishingly
small number of parameters are dropped.

We consider the mean-square error loss for farop,

1 N
N U i) — )

=1

f’(wan) =
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For this case Theorem A establishes convergence of the noisy gradient descent, after acceler-
ation by 1/ano?, to the constrained gradient flow on T' = {w : L(w,0) = 0}, driven by the
function Reg,

n N

Reg(w) := % Z Z a? oz w)?

j=14i=1

(see Corollary 52).

1.3 The degenerate case

In at least three important examples of noise injection, namely minibatching, label noise,
and stochastic gradient Langevin descent, the procedure above applies, but the limiting
constrained gradient flow is trivial: 0;WW = 0. This is because for those examples it happens
that Anﬁ(w, n) is constant in w and 7, and for this reason we call these types of noise
degenerate.

To determine the behaviour for these degenerate forms of noise we return to the formal
calculation (2). Instead of taking the expectation we write, assuming V,?I: = 0 for simplicity,

N A (0% ol *
Wit1 — Wi = —aVyL(wy, 0) — ady Vi L(wy, 0)[ng] — 58% Vo L(wi, 7)) [0k, 0]
= —a Vi L(wy,) — ady Vi L(wg, 0) ] - (5)

Take for instance the case that the 7 ; are i.i.d. centered normal random variables with
variance 0. Then the second term on the right-hand side is again a centered normal random
variable, with variance that scales as a?0?. As a result, we expect that the noise has a
non-trivial contribution when the accumulated quadratic variation is of order one, namely

after k ~ 1/a20? steps.

These remarks motivate the following formal version of the second main result, Theo-
rem 29. For this theorem we assume that the function L has the more specific form

L(w,n) = L(w) + f(w) -n+ §H(w) : (n@n) + g(n), (6)

for certain smooth maps f, H, and g. We assume that g(0) = 0 and that each diagonal
element H;; vanishes, so that Anf/(w,()) = Y4 | Hy(w) = 0. It follows that the non-
degenerate evolution (4) is trivial, and by the argument above we expect the evolution to
take place at the slower time scale 1/a20? (see Definition 28 for details).

As for Formal Theorem A, we consider two sequences a, and o, and the corresponding
paths (w})r>0 given by (1), starting from some wy close to I'.

Formal Theorem B (Degenerate case) Let L be a degenerate loss function as described
above. If o, — 0 and o, — 09 > 0, then define W, : [0,00) — R™ by

Wi (a202k) == wy,, with piecewise constant interpolation.
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evolution is much faster in the non-degenerate top row than in the degenerate bottom row.
In both cases a = 0.1 and 7 is a scalar centered normal random variable with variance
o2 = 0.01. In the top row, L(w,n) = L(w) + sa(w)n? with a(w) = 1 — 0.7 cos 2w;. For this
case Theorem A applies and gives the regularizer as 1A, L(w, 0) = 2a(w). In the bottom row
L(w,n) = L(w) + %\w|2n, and Theorem B applies, with the limiting evolution (7) reducing
to the deterministic constrained gradient flow ;W = —vawi log A, L(W). The green
circles and lines mark the minimizers of the respective regularizers. More details are given

in Appendix A.
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Then the sequence W, converges to a limit W = (W (t))i>o that satisfies

AW () = Pry,, rB(W (£) By + FW (1)) : BW (£) 8OV (1)) T dt, (7a)
W(t)el fort>0, (7b)
W(0) = wp (7¢)

W(0+) = @(wo) €' (see Definition 12). (7d)

Here 8 and F' are given in terms of f and H, and B is a multidimensional standard Brownian
motion.

Remark 4 (Time scale) The time scale is now 1/a?0?, a factor 1/a longer than in the
non-degenerate case. Figure 3 illustrates this difference in speed with two functions L that

are constructed from the same L as in Figures 1 and 2.

Remark 5 (Limiting equation) In contrast to the non-degenerate case, the limiting equa-
tion (7) is a constrained stochastic differential equation (SDE), not a constrained ODE. This
difference arises from the fact that the second term on the right-hand side in (5) is now a
mean-zero random variable of variance O(ac?), and the time scaling is such that we observe
a sum of O(1/a?a?) of these, leading to a random variable of variance O(1).

Example 3 (Minibatch noise) In Section 5.2.1 we apply Theorem B to the case of mini-
batch noise. The resulting evolution is trivial even on the time scale 1/a202, meaning that
the evolution on I' induced by minibatch noise is even slower than this. This also is consistent
with the observation by Wojtowytsch (2025, 2024) that for small learning rates minibatch
SGD may collapse onto I and become completely stationary.

Example 4 (Label noise) The result by Li et al. (2022a) also is a case of degenerate
noise, and we revisit it in Section 5.2.2. For this case the limiting constrained SDE (7) is
in fact a deterministic equation (i.e. the first term vanishes), in the form of a constrained
gradient flow driven by the function Reg(w) := (2N)"tA,L(w).

See Section 5 for more examples.

1.4 Contributions

The main contributions of the paper are:

1. We introduce a specific class of ‘gradient-descent algorithms with noise injection’ that
unifies a number of existing noise-injection schemes, such as minibatch SGD, Bernoulli
and Gaussian Dropout, Bernoulli and Gaussian DropConnect, label noise, stochastic
gradient Langevin descent, ‘anti-correlated perturbed gradient descent’, and others.

2. For this class of noise-injected gradient-descent schemes we give an explicit and rigorous
characterization of the regularization induced by the noise in the non-degenerate
(Theorem 23) and degenerate cases (Theorem 29), and we identify the corresponding
time scales.
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3. In particular, we prove convergence of gradient descent with Dropout and DropConnect
noise to manifold-constrained gradient flows (Sections 5.1 and 5.3).

4. We demonstrate that a version of minibatch SGD shows no regularization effect on the
two fastest time scales (Section 5.2.1) and does not change the form of the regularizer
induced by Dropout or label noise (Section 5.2.2 and Remark 54).

2. Related Work

Convergence to stationary points. In the asymptotic analysis of stochastic gradient
schemes, such as studied by Tadi¢ (2015) and Fehrman et al. (2020), a large body of
literature considers also the question of convergence of the iterates wy to a single point as
k — oo. For instance Tadié (2015, Section 3) proves such a statement for stochastic gradient
algorithms with Markovian dynamics, which takes a form similar to the noisy gradient
descent (la). However, the main difference is that Tadi¢ (2015) chooses the learning rate a
to be k-dependent and to tend to zero as k tends to infinity, whereas we consider a fixed
learning rate.

More recent works (Wojtowytsch, 2023; Dereich and Kassing, 2024) prove convergence
of similar systems to a single point under a f.ojasiewicz condition on the loss manifold in
comparison to the local quadratic behavior, which we assume below (see Assumption 10).

These convergence results are consistent with the characterizations that we give in
Theorems A and B, since vanishing learning rates may generate different types of behaviour
from the fixed learning rates that we consider.

Noise injection: Minibatch SGD. The most common source of noise in training
algorithms results from the use of random minibatches in gradient descent, often simply
called ‘stochastic gradient descent’ (SGD). Experimentally this noise is known to lead to
better generalization, and various studies have focused on determining the dependence of
this effect on parameters such as the batch size (Keskar et al., 2017; Jastrzebski et al., 2017;
Wu et al., 2018; Wojtowytsch, 2023) and learning rate (Jastrzebski et al., 2017; Hoffer et al.,
2017; Wu et al., 2018; Wojtowytsch, 2023; Andriushchenko et al., 2023). The particular
structure of minibatch noise has been shown to create a ‘collapse’ effect (Wojtowytsch, 2023,
2024) when the learning rate is small, and the same noise structure makes minibatch SGD
incapable of selecting narrow minima (Wu et al., 2022). In this paper we also apply the
techniques to a modification of minibatch SGD (Section 5.2.1).

Noise injection: Dropout. The most common form of Dropout is ‘Bernoulli Dropout’,
i.e. randomly ‘dropping’ neurons, input nodes, or weights with probability p (Hinton et al.,
2012; Wager et al., 2013; Wan et al., 2013), but the Gaussian Dropout in Section 5.3 has also
been reported to give good results (Srivastava et al., 2014; Molchanov et al., 2017). Random
networks generated by Dropout noise have the same universal-approximation properties as
deterministic ones (Manita et al., 2022), and the convergence of Dropout-Gradient-Descent
algorithms has been rigorously characterized (Senen-Cerda and Sanders, 2025, 2022).

A common explanation of the regularizing effect of Dropout centers on an interpretation
of the Dropout-SGD iterates as a Monte-Carlo sampling of a deterministic augmented
loss, where the loss term resembles L?-type weight penalization. Various forms of this
additional loss term have been derived, sometimes while assuming the Dropout noise to be

10
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‘small’ (Baldi and Sadowski, 2013; Wager et al., 2013; Wang and Manning, 2013; Goodfellow
et al., 2016; Mianjy et al., 2018; Mianjy and Arora, 2019; Zhang and Xu, 2024). Dropout-
noise fluctuations have also been shown to have a significant effect in addition to this
regularization-in-expectation (Wei et al., 2020; Zhang and Xu, 2024; Mianjy and Arora,
2020; Clara et al., 2024). Finally, very recently the effectiveness of Dropout regularization
has been connected to ‘weight expansion’ (Jin et al., 2022).

Other types of noise injection. ‘Label noise’, the situation in which ‘mistakes’ are
present in the data set, is a challenge for the training of classification methods (Frénay and
Verleysen, 2013). One method to deal with this is to artifically perturb the labels during
training; this can also be seen as a form of noise injection, and it recently has also been
applied to the context of regression (Blanc et al., 2020; Li et al., 2022a). We comment on
label noise in Section 5.2.2.

The ‘anti-correlated’ noise injection by Orvieto et al. (2022) is of the same form as we
study in this paper, and we comment on this connection in Section 5.1.3. The algorithm
studied by Duchi et al. (2012) is of similar form.

Evolution along the zero-loss manifold. For overparameterized networks the training
takes place in close proximity of the zero-loss set. The framework by Katzenberger (1991)
that we use provides a powerful tool to characterize such behaviour, and has been used
extensively in the probability and other literature (see e.g. Funaki and Nagai (1993); Funaki
(1995); Calzolari and Marchetti (1997); Parsons (2012); Parsons and Rogers (2015) and
also Fatkullin et al. (2010)). Li, Wang, and Arora (2022a) used the same framework to
characterize the behaviour of gradient descent with label noise in the limit of small learning
rate. This same point of view has also been used to analyze ‘local SGD’ by Gu et al. (2023)
and the impact of normalization by Li et al. (2022b).

In addition to the asymptotically continuous-time approaches above, the discrete-time
nature of gradient descent and stochastic gradient descent generates an additional implicit
bias, which is related to the form of the loss landscape close to zero loss (Arora et al., 2022;
Wu et al., 2022).

Training and flatness of minima. There is growing experimental and theoretical
evidence that ‘flatter minima generalize better’ (see e.g. Hochreiter and Schmidhuber (1997);
Keskar et al. (2017); Jastrzebski et al. (2018); Chaudhari et al. (2019); Jiang et al. (2019)),
and various properties of SGD and other training algorithms have been interpreted in this
light (see e.g. Zhang et al. (2018); Jastrzebski et al. (2018); Wu et al. (2018); Smith et al.
(2020); Pesme et al. (2021); Orvieto et al. (2022); Wu et al. (2022)). The results of this paper
relate to this ‘flatness’ hypothesis, since in many cases the regularization term in e.g. (37) can
be recognized as some measure of ‘flatness’. The examples in the introduction illustrate this:
for instance, the choice ﬁ(w, n) := L(w + n) in Figure 2 leads to the constrained gradient
flow driven by A, L(w), which is indeed a measure of the ‘flatness’ of the loss landscape
around I', and the evolution moves towards the minimizer of this ‘flatness’, as indicated by
the green circle. In the case of label noise, it was already shown by Li et al. (2022a) that the
resulting regularizer also is proportional to A, L(w), with the same effect. As yet another
example, the regularizer that we derive for DropConnect in Section 5.1 is closely related to
the concept of ‘robustness’ developed by Petzka et al. (2021), which those authors connect
in turn to generalization performance (see Remark 37).

11
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3. Notation and Preliminaries

After setting up the notation in Section 3.1 we introduce the notion of gradient descent
algorithms with noise injection in Section 3.2. We discuss the assumptions on the zero-loss set
and the behaviour of the system around it in Section 3.3. We give the necessary background
and results on the convergence of the suitable type of stochastic processes (sometimes called
Katzenberger processes after Katzenberger (1991)) in Section 3.4. Finally we introduce the
characterization of the limit map following the derivation by Li et al. (2022a) in Section 3.5.

3.1 Notation

Convergence of random variables. We work with an abstract filtered probability space
(Q, F,F,P), on which all random variables are defined. For a sequence of R"-valued random
variables (X,,)nen we denote with X, = X the convergence in distribution to some random
variable X, that is Ef(X,,) — E f(X) for all f € C,(R™).

We denote with Dgm[0, 00) the space of m-dimensional cadlag processes equipped with
the Skorokhod topology (see e.g. Billingsley (1968, Chapter 3)).

For two cadlag paths F, M € Dgm[0,00), we denote with V,(F) and [M](¢) the total
and quadratic variation (see (22) for their definitions in the case of pure-jump paths).

Estimates and bounds. We use the floor operation by [-] : R — Z to give the largest
integer smaller than the argument, that is [z] = max{z € Z : z < z}. Indices in sums will
be always integers and we use shorthand notation ) ;. for real positive = to denote the
sum z,&ﬁo.

The notation a < b is understood as a < Cb for some constant C' depending on stated
assumptions, but never on the hyperparameters o, c. We also use the Landau notation
f=0(g) and f = o(g) to denote that |f|/|g| is bounded or converges to zero, respectively,
with the limit under consideration made clear in the context.

Vector and matrix operations. We denote with |-| the usual Euclidean norm on R™.
For some v, w € R™, the usual vector product is denoted with v-w := Y/ ; v;w;. In addition,
the vector v ® w € R™ is defined by component-wise multiplication (v ® w); := v;w; for
i =1,...,m. Likewise, we denote with v ® w € R™*™ the standard tensor product of
vectors defined by (v ® w);; = vjw; for i,j = 1,...,m. For z9p € R™ and r € R" we use
B(zg, ) to denote a ball with center z¢ and radius r.

The product of two matrices A, B € R™*" is given by A: B := 7", >7% | A;;B;j. For
a linear map A : R® — R™ we write AT : R™ — R" for its Moore-Penrose pseudoinverse.
For a symmetric positive definite matrix A € RG1™, we denote with |A[4 the product of
the non-zero eigenvalues.

Derivatives. For a map ¥ : R™ — R", the first and second variations in x € R™ are
denoted by 9¥(z) and 8%V (z). The action of these linear maps on directions v € R™ and
Y e R™*™ ig denoted by

oV (z)[v] == Z O, ¥(&)v; and 0%V (z)[ 2] == Z Z 851-,:%‘1’(1’)2@ .

i=1 i=1j=1
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By contrast, for a scalar map ¥ : R™ — R, the notations V¥ and V?W¥ indicate the vector
and matrix of first and second partial derivatives. This distinction in notation allows us to
write e.g. 0,V L(w,n)[v] to indicate that the direction v is to be contracted against the
derivatives in 7. By slight abuse of notation, if ) = 0 ® o for some o € R™, then we also
write 0%V (z)[o, o] instead of 92V (x)[o ® o].

3.2 Problem Setting
In this work we study the following class of noisy gradient descent systems.
Definition 6 (Noisy gradient descent) Given a loss function L € C3(R™, [0,0)), any
function L € C3(R™+% [0, 00)) with L(w,0) = L(w) is called a noise-injected loss function.
A noisy gradient descent for the noise-injected loss L is the dynamics given by

wir1 = wi — aVyL(wg,mr),  for k € No; (8a)

Nii ~ p(o), i.i.d., fori=1,...,d. (8b)

Here wg € R™ s a given initialization and o > 0 is the learning rate. The family of

probability distributions {p(c) € P(R™)} -, characterizes the noise injection and ny,; ~ p(o)

fori=1,...,d are i.i.d. random variables distributed according to p(o) such that ny is an

m-dimensional vector. The family {p(c)}s>0 s assumed to be centered with variance o2,

that is

Eppyn=20 and Var, o) 1 = o2 (9)

We require the noisy loss L together with the distribution p to satisfy the following compati-
bility and growth assumptions.
Assumption 7 (Compatibility between L and p(c)) There exists p € [1,00) such that
1. for any compact K C R™ there exists C1 = C1(K) and Cy = Co(K) with
\vagi(w,n) - vagﬁ(w,n)\ <Ci(1+ nP)|\w —@|, forallw, € K and all n € RY,
(10)
VW VaL(w,n) — VuViL(w,0)] < Caoln|(1+|nfP™),  for dllw € K and all n € R
(11)
2. Setting
Mk(a) = Ean(a)|77’k7
we have for all k € {3,...,2(p+2)},
if Co > 0:  My(o) =o(c?), (12a)
ifCo=0: Myg(o)=0(c?). (12b)
If o is clear from the context, we briefly write My, := My(o).

Remark 8 (Examples of noise distributions) The conditions (9) and bounds (12) for
any p > 1 are satisfied for the centered Gaussian distribution N (0,0%) and the uniform
distribution Unif(—/30,/30). Note that in both cases we have M, = O(cP) and thus for
q>2(p+2)>6, forp>1, we have M, = O(a9).

13
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Remark 9 (More general noise properties) In the proofs we actually do not require
the noisy variables ny;; to be sampled from the same distribution. It is sufficient that the ny;
are independent and that for every i the conditions (9) and (12) are satisfied. We stick to
the assumption of ny; being i.i.d. for the purpose of readability.

A noisy gradient system as in Definition 6 is characterized by two hyperparameters, the
learning rate o and the noise variance o. For the main results of this paper we give ourselves
two positive sequences (o, )nen and (o, )nen and study the limit of interpolations (W, )nen,
where W, : Ry — R™ is the m-dimensional cadlag process defined by

n

oy for every t € R, . (13a)

n

Wy (t) = w

Here |x| is the integer part of =, and {w} }xen, is the noisy gradient descent for hyperpa-
rameters (a, )nen and (op,)nen, given by

wil = wy — Vi L(w},n),  for k € Ny; (13b)
Nei ~ P(On), fori=1,...,d. (13¢)

Depending on the structure of L we consider two scaling regimes, where either both
Qp,o0n — 0 or only a,, — 0 for constant noise variance o,, = ¢ > 0. Consider the space
Dgrm |0, 00) of all m-dimensional cadlag processes equipped with the Skorokhod topology. We
study the limiting behaviour of the interpolations wy,(t) in Drm |0, c0) for the two different
cases and characterize the limit processes in terms of the noise-injected loss function L.

3.3 Zero-loss set

The key assumption in our analysis is the structure of the zero-loss set I' = {w € R™ :
L(w) = 0}. We consider systems in which the zero-loss set is locally a C? manifold satisfying
some non-degeneracy assumptions.

For the gradient flow of L,

#(t) = —VL(z(t)) with 2(0) =o€ R™, (14)

we define the flow map ¢ : R™ x [0,00) — R™ to be the corresponding solution map, i.e.
¢(xg, t) is the solution x(t) of (14) at time ¢, and we have the integral representation

t
$(z,t) = —/ VI(é(z,5))ds. (15)
0
For any initial point zg € R™ we define the w-limit set by

w(xo) = ﬂ {d(xo,t) : t > s}.

s>0

To establish local attractiveness of the loss manifold, we require the loss function L : R™ —
[0,00) to satisfy a number of non-degeneracy assumptions.

Assumption 10 (Non-degeneracy of the loss manifold)
The set T' := {x € R™ : L(x) = 0} is a non-degenerate loss manifold in the following sense:

14
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1. manifold: it forms an M-dimensional C* manifold;

2. constant rank: the rank of V2L is constant and mazimal on T, that is rank(V2L(x)) =
m—M forallxz €T;

3. spectral gap: there exists 6 > 0 such that for all x € T', all non-zero eigenvalues A of
V2L(x) satisfy A\ > 6.

By the manifold condition in Assumption 10, there exists a tangent space T,,I" for
each x¢g € I'. Moreover, for any zg € I', there exists an € > 0 such that the projection
operator Projp : Be(xg) — I' is well-defined. Then, the rank and spectral gap condition in
Assumption 10 ensure that locally for every zp € I' and every non-tangent direction v ¢ T, T’
the loss function locally grows quadratically, that is there exists some ¢ > 0 such that

L(z + ev) > ce® |(I — PTIOF)UIQ .

The assumption is satisfied by many existing overparameterized systems. In particular,
overparameterized linear models (Li et al., 2022a) and feedforward neural networks (Cooper,
2018) have been shown to satisfy conditions similar to Assumption 10.

Remark 11 (Localizing the smoothness requirement) For many losses, for instance
those based on ReLU neural networks, the function L and the zero-loss set I' are mot
differentiable, and Assumption 10 is not satisfied. For those systems, the results of this paper
can be adapted by localizing. Since the main theorems characterize training behaviour up
to the time of leaving a compact set K, the results can be applied within a set K such that
I'N K and L|g do satisfy Assumption 10.

We study the behaviour of the noisy gradient descent (13) in the proximity of I' and
thus require initial conditions that guarantee the convergence of the flow map ¢ in (15)
to I'. In terms of the w-limit, we define a locally attractive neighbourhood U of the zero-loss
manifold T" such that the deterministic gradient flow trajectory (14) with initial conditions
within U converges to a point on T'.

Definition 12 An open set U € R™ is a locally attractive neighbourhood of I if I' C U
and there exists a map ® € C?(U;T) which satisfies w(x) = {®(x)} for allz € U. In this
case, ® is called the limit map and satisfies

O(x) = tliglo o(x,t)  forallz eU. (16)

The existence of a locally attractive neighbourhood is guaranteed by Katzenberger (1991,
Proposition 3.5) whenever I" satisfies Assumption 10. In addition, we use the regularity of
the limit map for which a direct application from Falconer (1983, Theorem 5.1) guarantees
that if L is three times differentiable with locally Lipschitz third derivative, the limit map
satisfies ® € C?(U) thanks to Katzenberger (1991, Corollary 5.1).

Remark 13 Note that for initial conditions xo € U the (unperturbed) gradient flow (14)
converges to ®(xg). As remarked in the introduction, the noise injection drastically changes
this behaviour, since instead of converging to a stationary point the system then approzimately
follows a manifold-constrained deterministic or stochastic flow.
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Proposition 14 (Exponential convergence of the flow) Let U be a locally attractive
neighbourhood (Definition 12) of the loss manifold I satisfying Assumption 10, then there
exists 8 > 0 such that for any W(0) € U there exists C > 0 with

(W (0),1) — 2(W(0))| < Ce ™.

In particular, the constants C' > 0 can be chosen uniformly among W(0) € K NU for any
compact set K.

Proof The proof is not literally written out by Katzenberger (1991), however it is implied
by Katzenberger (1991, Lemma 3.2) together with a standard localization procedure as used
in the proof of Katzenberger (1991, Lemma 3.3). |

3.4 Katzenberger’s Theorem

In this section we present a simplified version of the main tool of our analysis, which
is Katzenberger (1991, Theorem 6.3). We fix a filtered probability space (€2, F,F,P) and
consider formal ‘stochastic differential equations’ of the form

dX, = —VL(X,) dA, + dZ,, (17)

or in integrated form
t
Xn(t) = Xn(0) — / VL(X(s)) dAn(s) + Zn(t),
0

where (A, )nen is a sequence of deterministic non-decreasing cadlag processes, also called
an integrator sequence, and (Z, )nen is a sequence of R™-valued semimartingales with respect
to P. We assume that Z,,(0) = 0.

For the length of this section Ur will indicate an arbitrary locally attractive neighbourhood
of the zero-loss set I' (as in Definition 12).

Remark 15 (Generality of (17)) The setup by Katzenberger (1991) is more general than
the equation (17); in particular, it allows for a splitting of the process Z, into a ‘noise’
and a ‘mobility’ part, with different assumptions on these two parts. For our purposes the
simpler form (17) suffices.

We impose the following conditions on the integrator sequence A,.

Assumption 16 (Assumptions on (A4, ),en) The family (Ay)nen of non-decreasing cad-
lag deterministic processes in (17) satisfies

1. A,(0) =0;
2. A, asymptotically puts infinite mass onto every interval, that is, for every § > 0,

JE (At +0) = Au(t) —> 00, asm— o0 (18)
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3. A, is asymptotically continuous, that is,

Sl>110)(An(t) — Ay (t—)) — 0, asmn — oo, (19)

with Ap(t—) :=limg ~ Ap(s).
For any compact K we define the stopping time
M(K)=inf{t >0| X,(t) ¢ K°} (20)

and for a process Y : [0,00) — R? and a stopping time X the notation Y* denotes the
stopped process
YA(t) == Y (tAN) for all t € [0,00). (21)

The family (Z,,)nen of R™-valued semimartingales in (17) needs to satisfy the following two
assumptions.

Assumption 17 (Vanishing increments of (Z,),cn) For all T € Ry and all compact
K C Ur we have

sup |AZ,(s)] = 0, as n — oo,
0<s<T AN (K)

where AZy(s) == Zn(s) — Zy(s—) denotes the increment.

In the following we use the notation V4(F') and [M](¢t) to denote the total and quadratic
variation of cadlag paths F, M € Dga[0, 00). For pure-jump paths, which is the only case we
will be using, these are defined by

2
Vi(F) := Z |AF(s)| and [M](t) := Z |[AM(s)]”. (22)
0<s<t 0<s<t
Assumption 18 The family (Z,)nen is a sequence of semimartingales with sample paths
in Dgpal0,00). For every n > 1 there exist stopping times {Tff | k> 1} and a decomposition
of Z,, into a local martingale M, plus a finite variation process Fy, such that

P[Tj’f <kl <1/k and ([My](t A 7'7]16) + Vt/\r}:(Fn))neN

is uniformly integrable for every t > 0,k > 1 and

lim limsupP| sup (Viy(F) — Vi(F,)) > 5} =0, (23)

=0 n—oo 0<t<T

for every e >0 and T > 0.

Remark 19 Assumption 18 requires both the quadratic variation of the martingale part of
the noise and the total variation of the drift to be bounded. One can interpret this as a
requirement to accumulate an order one perturbation for any fixed time t > 0 in the limit
n — 0o0. In our analysis we encounter cases when one of the components dominates, namely
the drift in the general case and the martingale part in the degenerate case. Nevertheless, in
the general case Katzenberger’s theorem allows for a balanced contribution of both terms.

17



ANNA SHALOVA, ANDRE SCHLICHTING, MARK PELETIER

Before introducing Katzenberger’s result we need to do a shift of the variable X,,. If we
consider a solution X, of the system (17) with X,,(0) = z¢ € Ur but z¢ ¢ I, then for any
t > 0 we have A, (t) — oo and thus by definition of Ur we have

d(xo, Ap(t)) — P(xg) €T as n — oo.

As we can take arbitrarily small ¢, by a simple Gronwall inequality argument, we obtain
that the limiting process X for n — oo must be discontinuous at t = 0. To avoid this
discontinuity we consider the shifted process

Yn(t) = Xn(t) —¢ (Xn(o)a An(t)) + @ (Xn(o)) : (24)

Note that at ¢ = 0 we have ¢ (X, (0), A,(0)) = X,,(0) and thus ¥,,(0) = ® (X,,(0)) € I". The
main theorem by Katzenberger (1991) states that the limiting dynamics of Y, (¢) lie on T’
and can be expressed in terms of the limit map ® and the limit Z of the process Z,.

Theorem 20 (Katzenberger (1991, Theorem 6.3)) Assume that the loss manifold T’
satisfies Assumption 10. Assume that L € C3(Ur), for a locally attractive neighbourhood Ur
of T'. Assume that the processes (X,)nen (17) satisfy Assumptions 16, 17, and 18 with
Xn(0) = X(0) € Up. For a compact K C Uy, let

pn(K) :=1inf{t > 0| Y,(¢t) ¢ K°}. (25)

(K) (K)

Then, for every compact K C Ur, the sequence (Y#” , Zhn ,,un(K))neN of stopped
processes and stopping times is relatively compact in Dgagm[0,00) % [0,00]. If (Y, Z, ) is
a limit point of this sequence, then (Y, Z) is a continuous semimartingale, Y (t) € T for a.e.
te[0,00), pu>inf{t >0|Y(t) ¢ K°} a.s., and

Y () = Y(0) + /0W 0B(Y) dZ + % > /OM” (V)7 2. (26)
ij

Remark 21 For a given process Gy on the locally attractive neighbourhood Ur (Defini-
tion 12), the process ®(Gy) satisfies ®(Gy) € T' by definition. In addition, we note that ®
satisfies ®(x) = x for all x € T so if G, € T almost surely, we also have Gy = ®(Gy) almost
surely. Thus, if a sequence of stochastic processes converges to a process on the zero-loss
manifold, the limiting process must coincide with its image under map ®. Thus, Theorem 20
can be interpreted as an application of It6’s lemma to the limit map .

3.5 Characterization of the limit map

The characterization of the limit behaviour in Theorem 20 makes use of the first and second
derivatives of the limit map ® that was defined in Definition 12. In this section we recall
the relevant characterizations of these derivatives that were proved by Li et al. (2022a).

For a linear map A we write AT for its Moore-Penrose pseudoinverse. For H € RF*F | we
define the Lyapunov operator L : RE*F — RFXE by

Ly(X):=H'X +XH.
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For a non-negative symmetric matrix A, we define |A|+ to be its ‘pseudo-determinant’, the
product of its non-zero eigenvalues. With this preliminary considerations, we can refer to
the first and second derivatives of ® contained in Li et al. (2022a, Lem. 4.5 and Cor. 5.1 &
5.2).

Lemma 22 (First and second derivatives of ®) Let L € C3(R™,[0,00)) and assume
that T is a lower-dimensional manifold in R™ of class C' satisfying Assumption 10.

1. For any & € I the limit below exists, and the identities hold:
1 —tV2L(&) _
V(I)(fo) tlggo e PTE()F‘ (27)
Here PTgor is the orthogonal projection onto Tg,I'. We write P = PTgor for short, and
Q= QTgop =1— PTEOF for the corresponding orthogonal projection onto T&)FJ—.
2. The second derivative 0*® is characterized by

O*®(&)[ 2] = (V2L)'9*(VL)[PEP] — PO*(VL) [LTW (QXQ)]

) ) (28)
+2P0*(VL)[(VL)'QXP],
for any symmetric X € R™*™,
3. For the special case of the identity matriz, X = I,,, we have
0°®(&0)[In] = (V2L)'0*(VL)[P] — PV 1og|V?L]4 . (29)
4. For the special case ¥ = V2L(£y) we have
1
0*®(¢)[V*L] = =5 PVAL(&). (30)

4. Main Results

The main theorems of this paper are Theorems 23 and 29 below, which were already
mentioned in the introduction as Theorems A and B. Both characterize convergence of
time-rescaled noisy gradient systems to a limiting evolution that is a constrained ODE or
SDE on T.

The starting point for both theorems is the dynamics of the parameters w™ from (1) or
equivalently (13b), which we rewrite as

Wiy = w — oV L(wi) + on (vwﬁ(wz’ 0) - Vwﬁ(w27 ) s (31)
where we used that L(w,0) = L(w) by Definition 6. As described in the Introduction, in

order to follow the evolution on I' we need to speed up the process, by a factor 1/a,02 in
the non-degenerate case or 1/a20?2 in the degenerate case.
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4.1 Non-degenerate case

In the non-degenerate case the rescaling by 1/ ozno'% leads us to consider the sequence of
processes

Wi (t) = iy (t> =i, . (32)

n an a',,%

where w and w" are the solution to (13). Here «,, 0, — 0 are chosen in some way to be
specified. Out of the sequences (o, )nen, (0n)nen We define the sequence of integrators

Ll (33)

ono?

Ap(t) == o

For any n the dynamics of W,, can then be written in the form (17) as

AW, (t) = =V L(Wy (1)) dA,(t) + dZ, (1), (34a)

Zt) =Y AZy(s) = Y. (VuLl(Wn(enolk),0) — Vo L(Wy(ano2k),n)), (34b)
s<t k< Qnta%

M ~ P(On)- (34c)

Theorem 23 (Main convergence theorem in the non-degenerate case)
Consider a loss function L and noise-injected loss L in the sense of Definition 6 with loss
manifold T satisfying Assumption 10. Let W, (0) = Wy € Ur for some locally attractive
neighbourhood Ur of T in the sense of Definition 12. Let p satisfy the assumption (9) and let
n,0n — 0 asn — co. Let L and p satisfy the compatibility Assumption 7 for some p > 1
and assume

sup  an|nRPt? =0, as n — oo. (35)

k<l/anc2

Let Wy, be a solution to (34) and the shifted process Yy, be defined as in (24) by
Yalt) i= Wa(t) = 6(Wa(0), Au(0)) + © (W (0)) (36)
For compact K C Ur, define the exit time of K by
pn(K) :=1inf{t > 0| Y, (t—) & K° or Y, (t) ¢ K°}.

(K)

Then for any compact set K C Ur, the sequence (Y#" ’H")neN is relatively compact

#H(K)

in the Skorokhod topology. Moreover, for any limit point (Y,u) of ( n), Y is a

continuous function of time, it satisfies Y (t) € I a.s. for any t, and
tAp 1 A
Y(t) = ®(Wy) — ; Pry,rVwReg(Y(s)) ds, Reg(w) := §AnL(w,0), (37)

where Pr.p is the orthogonal projection onto the tangent space of I' at the point § € I'. In
addition,
p>inf{t >0]|Y(t) ¢ K°}. (38)
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The limiting equation (37) is a deterministic evolution equation for Y, and as long as t < p
it can be written in differential form as

%Y(t) = P, rVeReg(Y (1),  withY(t) €T fort >0, and Y(0) = (Wy). (39)

It is a constrained gradient flow of the functional Reg, under the constraint that Y € I'; the
role of the projection Pr,r is to project the vector field —VReg onto the tangent space of T’
at Y, which is necessary to maintain ¥ € I

Remark 24 (Convergence of the whole sequence) If the functional Reg is Lipschitz
continuous (e.g. if L € C*) then solutions of the constrained gradient flow (37) or (39) are
unique up to time . This implies that defining

T:=inf{t >0|Y(t) ¢ K°},
we have the Skorokhod convergence of the full sequence up to time T,
Y FOAT oy,

In addition, the exponential estimate (50) below then implies that for any § > 0, we get the
convergence W#"(K)ATH&OO) = Y7|[5,00) in Skorokhod topology.

Note that we can not exclude the existence of different limit points (Y, p). Imagine, for
instance, that OK contains part of a solution curve of the gradient flow (39); then one can
easily understand how for some n the hitting time p,(K) may be triggered earlier than for
others. The uniqueness argument above, however, shows that as long as Y (t) € K°, i.e.

t < 7, all limit points Y coincide.

Remark 25 (Skorokhod and locally-uniform convergence) Convergence to a contin-
uous process in Skorokhod topology implies uniform convergence on compact time intervals.
Moreover, convergence in distribution to a deterministic object implies convergence in proba-
bility, so for any € > 0 we have

lim P| sup |V (B (g) — Y (g)] > | — 0.
Jim P sup [0 s (#)

Remark 26 (Convergence of Z,,) In the proof we also show that the sequence of noise

processes Zy converges to a deterministic process. This behaviour corresponds to the case in
which the total variation term in Assumption 18 dominates the quadratic variation.

Proof [Proof of Theorem 23| The proof consists of two parts: the first part is an application
of Theorem 20, which leads to the characterization (26). In the second step we convert
that equation to a more explicit form, by giving an explicit characterization of the limit
process Z.

For both parts, we collect a number of properties of the process Z,, and set

AZ,(w,1) = an(VeL(w,0) = VyL(w,n)); (40a)
AFp(w) == Eypio,) [AZn(w,n)] 5 (40b)
Reg(w) := %Anﬁ(w, 0). (40c¢)
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We note that from (40a), we get AZ,(an02k) = AZ,(Wy(ano2k),ni). Similarly to Z,, we
assemble the jumps AF,, into a process with jumps at times separated by a,02,

F,(t) Z:ZAFn(S) = Z AF, (W, (anok)).
k<L

s<t
- - ano%

Lemma 27 (Properties of Z,, and F,,) Let the compact set K C R™ and the sequences
Qy, op be as in Theorem 23. Let T > 0. Let K = K + B(0,C), where C is the corresponding
constant in Proposition 14. Then Wy (t) € K for allt < T A un(K) and

sup  |AZ,(t)] =0 asmn — oo, (41)
tST/\Mn(K)
sup ’AFn(w) + anaiVReg(w)‘ = o(an0?) asn — oo; (42)
wek
Eqp(om) {sug (AZ,(w, 77))2} + sup (AFn(w))2 = o(ano?) asn — oo. (43)
weK weK

We prove this lemma below, and continue in the meantime with the proof of Theorem 23.
To apply Theorem 20 we verify Assumptions 16, 17, and 18. Note that we fix the set K

(K)

for once and for all, and we show that the stopped processes Z4™"’ satisfy Assumptions 17

and 18.

Part 1: Verification of the assumptions of Theorem 20.
Verification of Assumption 16. The condition (18) on the integrator sequence A, (t) =

o, L%%J is verified for o, — 0 and for any § > 0 by the estimate
t+6 t )
. B _ 49| t N~ o0 .
OgtliT(An(t +0) = An(t)) OggT (an anaflJ An LanU%J) = n {ana%J oo

Likewise, we verify the assumption (19) by using at the same time a,, — 0 to deduce

igg(An(t) —A,(t-)) =a, = 0.

Verification of Assumption 17. Assumption 17 for the stopped process Zﬁ”(K) follows
immediately from (41).

Verification of Assumption 18. We use the martingale decomposition of Z,, = M,, + F,,, with
martingale part

My () = Zn(t) — Fu(t) = 3 (AZn(s) — AF,(s))

s<t
= Y [AZ,(Walono2k,n})) — AFL(Walano2k))] .
kS ooz
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The expected quadratic variation of Mn"(K) is estimated by
E[M)(EA p(K)) = E[Zn — Fo)(t A in(K)) < 2E[[Z,] + [F]) (¢ A p(K) (44)
=2E Y [AZ,(Wa(anolkni))? + AFu(Wa(anoik))?]
kS t/\Hn(éK)

@0 as n — 0.

This proves the uniform integrability of [M,](t A pn(K)) in Assumption 18 (where we can
take 7% = +oo for all k and n).
We next show condition (23). From (42) and the regularity of Reg we have

sup |AF,,(w)| < sup |AF,(w) + a,o2VReg(w)| + ano? sup |VReg(w)| < ano?.
wek wek wek

Therefore, since W, (t) € K as defined in Lemma 27,
Viy (B () = Vi(F ) = 2 AL (Wa(anonk))] S v, (45)

t/\un(K) (t+V)Apn (K)
an o' <k§ an o',,%

and the property (23) follows. Finally, the estimate (45) for ¢ = 0 implies that V;(F} ”(K)) is
almost surely bounded uniformly in n, thus establishing the unform integrability condition
on Vt(Fn"(K)) in Assumption 18 (again with 7% = +00).

Having verified the three assumptions, we apply Theorem 20 and conclude that the

triplet (Y, ”(K), Zﬁ"(K), tn(K)) converges along a subsequence to a limit that satisfies the
equation (26). We now show that that equation reduces to (37).

Part 2: Characterization of Z and identification of the limiting dynamics.

To recover the limiting dynamics we study the limit of the sequence of processes Z,.
Note that Theorem 20 establishes joint convergence of triplets (Y/», ZK» p,) but does
not state any explicit result on the process W,, in (34a) and its limit. Even though 7, is
defined through W,, but not Y,, in (36), the initial jump does not play a role for the limiting
behaviour of Z,. Hence, we introduce an intermediate process defined in terms of Y,, by

Zy ()= Y an(Vul(Ya(anopk),0) = Vi L(Ya(anonk) nf)) - (46)
k<

anof

We then estimate

sup

t
t)+/ VReg(Yy(s))ds
0<t<TApn (K) 0

< sup ‘Zn(t) - Z}L/(t)‘ + sup
0<t<T Apin (K) 0<t<T Apin, K)

VReg(Y,(s))ds|. (47)
0+,

We first show that the second term vanishes in probability. Note that Y, is again a
pure-jump process, so that

/VReg ))ds = a,o? Z VReg(Yy(anolk)).

ana

n
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Writing the corresponding martingale

M}L/(t) = ZrlL/(t) - Fg/(t) = Z (Azn(Yn(O‘nUghng)) - AFn(Yn(O‘nUTZLk))) )

t
k<—t,

anoy

we have by the same argument as in (44) that
E[MY#E))(1) — 0 as n — 00,
and by Doob’s inequality that for all ¢

E[ sup [0} O(s)] < 4 B[4 ] (5)] — 0.
0<s<t

We then estimate

E sup

t
ZY (1) + / VReg(Ya(s)) ds
0<t<TApn(K) 0

t
<E sup |M,(t)] + E sup ’Fg(t) +/ VReg(Y,(s)) ds
0

0<t<TApn(K) 0<t<TApn(K)
<o) +E Y |AFL(Ya(ano2k)) + ano2VReg(Ya(anok))|,
kST/\Hn(K)

and the right-hand side vanishes by (42).
For the first term in the splitting (47), we get

Z (Vwﬁ(Wn(anaik‘), 0) — vwi(Wn(anUZk)anl?))

t
k< —t

anoy,

(Vo (Ya(@n0?k), 0) — VoL (Vi (n02R), n;;»\

<an| Y (vwvnﬁ(wn(ano—;ik), 0) — Vo Vo L (Yo (ano2k), 0))772 (48)
ksa to'2
d
+ an Z Z 9i,5 (le:l’ Yknv 771?)77?,2'772,3' ) (49)
kga tz72 wi=1

where we use Taylor’s theorem to write the remainder term as

1 A A
9i; (Wi, Yi's i) == /0 (1 = 1)y (VL (Wi(anonk), rii) — VL (Ya(anoyk), ray)) dr.
Recall that the definition of Y,, in (36) implies

Wi(t) = Ya(t) = ¢ (Wn(0), An(t)) — ©(W(0)) .
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Then for the first term (48) we have

an S (VuVal(Walano2k),0) = Vi Vy L(Ya(ano?k), 0) )i

Here h,, is defined as

~anoy,
and h, converges to a standard Brownian motion by the Functional Central Limit Theo-
rem (Billingsley, 1968, Th. 8.2). Since vanf/(w, 0) is bounded on K, the characterization
by Katzenberger (1991, Prop. 4.4) then implies that the term (48) converges to zero in
probability.
For the second term (49) we use Assumption 7 and obtain

1 A A
W) = | [0 = 100y, (T L (W (n ), 1) = Vo LYol 02), o)) dr

< sup | V(Yo L(Wa(ano2h), mit) = Vu L (Va(ano2k), rp)|
(1+ 11 P) W (anok) = Ya(anornk)].
By applying this bound to the residual in estimate (49), we obtain

an Z Z 9ii WY i i | S am > (I ? + [k P2) [ Wi (amonk) — Y (anopk)].-
k< i,j=1 k<—ty

anan anoy,

By an application of Proposition 14, we have the exponential convergence
Wa(t) = Y (t)| = [6(Wa(0), An(t)) — (Wn(0))| S e 4. (50)
Hence, we conclude

E[an ST+ npPt2)e A0 = ap ST e PAOR [ + |y P
k<—t k<

anoy, anoy,

t
< (02 + Mpia(0n)) / e P A, (1) — 0 asn — oo,
0

because M,i2(0y,) = O(02) by Assumption 7 and o, — 0. So we conclude

(49) S o Z (172 + 1R [P42) [Wa(anork) = Ya(anognk)| = 0.
k<

p=s

Hence, we have shown that

t
Zy = 4, where Z(t) = —/ VReg(Y(s)) ds.
0
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Note that the limit Z is a continuous process of finite variation and therefore [Z, Z] = 0.
Combining this with (27) we find that (26) reduces to (37). Since the right-hand side of (37)
is continuous in ¢ for any Y, the process Y is a continuous function of ¢t. By the definition (36)
we have Y;,(0) = ®(W,,(0)) = ®(W)), implying that Y (0) = &(Wy).

This concludes the proof of Theorem 23. |
We still owe the reader the proof of Lemma 27.
Proof [Proof of Lemma 27| To begin with, note that the stopping time pu,(K) restricts
Y, (t A pn(K)) to the compact set K, which combined with Proposition 14 guarantees that
W (t A pn(K)) is restricted to the larger but still compact set K. We first prove (41). We
use Taylor expansion in n to obtain

Vi L(w,0) = Vi L(w,n) = =Vudy L(w, 0)[n] — %Vwaﬁﬁ(w, O, nl = Ru(w,n),  (51)

where the error term R, is given by
1 A A
R (w, 1) := /0 (1 &)(2VuL(w,&n)n,n) = B2V L(w,0)[n,n]) dé . (52)

Using the compactness of K and Assumption 7, we then bound

sup  |AZ,(H)] < sup  an|Vwdy L(Wa(ano2k), 0)[nf]
) )

0<t<TApn(K k< LApn (K)
- anc%

1 A n .n
§Vw8$L(Wn(oangk), 0) [k > k]

+ sup ap
k<T/\#n(K)

anoy

—+ sup an|Rn(Wn(angng)vng)|

kST/\#n(K)
S sw anhiil+ swp ol sup an(Ingl® + nilr)
ks S S
(53)

Thus, by the assumption (35), we conclude with the estimate

sup |AZn(t)|,§an{1+ sup |ngyp+2}:o.
0<t<TApn(K) k< TApn(K)

anoy,

We next prove (42). First note that for any w € K

(11) 1 1 1
Ey|Rp(w,n)| < Ey 02/0 (L= (Inf* + [nf"*?) dg = SCo (M + Myyo) = o(07) . (54)
We then write, using the independence of the coordinates of 7,

|AF,(w) + ano2VReg(w)| = ay,

~ ~ 1 ~
E,[VwL(w,0) — Vi L(w,n)] + 5a;ivanL(w, 0)‘

::an

1 A 1 A
—Ey [vwagL(w, 0)[n, n]] + 5angAnL(w, 0) — E, Rn(w, n)‘

=0
= o(an0?) as n — oo.

26



SINGULAR-LIMIT ANALYSIS OF GRADIENT DESCENT WITH NOISE INJECTION

Since the estimates are independent of w € K, this proves (42).
We finally show (43). Since VReg is continuous on K, it is bounded, and therefore

|AFn(w)|2 < 2|AF,(w) + oaniVReg(wﬂ2 + Zaio*ﬂVReg(w)]z 2 o).

For AZ,, we use a similar calculation as in (53) above and estimate

2
E sup [AZn (w, )| S af B{Inf? + [al* + "] = 0 (Mz + My + Maps) = (o).
we

This concludes the proof of Lemma 27. |

4.2 Degenerate case

As discussed in Section 1, for some forms of noisy gradient descent the limiting dynamics of
W, characterized by Theorem 23 is trivial. Examples of this are label noise, minibatching,
and stochastic gradient Langevin descent; we discuss these in more detail in Section 5. In
this section we present the second main convergence result, in the more strongly accelerated
regime, which applies to functions L for which the evolution (39) is trivial.

Label noise does not only have a trivial limiting dynamics according to Theorem 23, but
it happens to have an even more specific structure which allows to prove convergence under
milder assumptions. Namely, label noise has a loss function that is polynomial in 7, and this
both significantly simplifies the calculations and does not require the variance of the noise
to vanish. It is enough to consider the limit of infinitesimally small learning rate o, — 0
with o, either constant or converging to some gy > 0. The same structure is shared by a
number of other degenerate functions L that we study in Section 5.

To characterize this structure we make a more specific assumption on the noise-injected
loss function L(w,n) that augments Definition 6.

Definition 28 (Degenerate quadratic noise-injected loss) For a given loss function
L € C3(R™,[0,00)), a noise-injected loss function L € C*(R™*+? [0,00)) in the sense of
Definition 6 is called degenerate quadratic provided that

L(w,n) = L(w) + f(w) - n+ 1H(w) : (n®n) + g(n) (55)

for some f € C3(R™,RY) and a field of quadratic forms H € 03(Rm,R§;ﬁ) with zero

diagonal entries Hyi(w) =0 for all w € R™, where H : (n®n) =32, i Hijnin;-
Moreover, g € C3(R% R) with g(0) = 0.

For any L of the form given in Definition 28 we obtain VwAnﬁ(w, n) = 0, indeed leading to
trivial dynamics on the time scale a,,02. We define the corresponding sequence of integrators
An(t) = | =25 ] (note the difference with (33) in the power of a, in the denominator).
The corresponhi%g accelerated process of noisy gradient descent (13) are then of the form

Wh(t) = wrf | (56a)
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Due to the specific structure of the noise-injected loss from Definition 28, we can bring the
process into the form (17) (compare also with (34) in the first case), and obtain a simplified
expression for the noise process Z,, given by

dW,, = =V L(W,)dA, + dZ,, (56b)
ZATL@) = ZAZH(S) = Qn Z (wa(Wn(aiU%k)) My + %VwH(Wn(aiUzk))[nﬁmﬁ]) )
s<t k< a2t02
o (56¢)
i ~ P(On). (56d)

We formulate the analogue of Theorem 23 for the rescaled process defined by (56).

Theorem 29 (Main convergence theorem in the degenerate case) Assume that L,
L are C3, L is of the form (55), and L satisfies Assumption 10. Let W,,(0) = W (0) € Ur for
some locally attractive neighbourhood Ur of T'. Fizx a sequence (op)nen C (0,00) such that
on — 00 > 0 asn — co. Let (pp)nen C P(RY) satisfy Eyep,[n] = 0 and Eyep, [0|* = 02,
and let o, — 0 such that

an  sup  |n? =0 for i.i.d. mg; ~ pn asn — oco. (57)
k<1/a2c2 ’

Let Wy, be a solution of (56) and define
Yo(t) = Wal(t) — o(Wa(0), An(1)) + @ (Wn(0))
For compact K C Ur, define the exit time
fin(K) = inf {t > 0| V(t—) ¢ K° or Vu(t) ¢ K°}.
Then for any compact set K C Ur the sequence (AT{L"(K),;}”) is relatively compact in the

Skorokhod topology. Moreover, any limit point (}A/,ﬂ) of (Y, fin) satisfies }A/(t) el a.s. for
any t and solves

Y(t) =Y(0) + /O . PTY<S)F(VW F(Y () - dbs + 00V H(Y (s)) : dBS) 5
58

+ % /O M e (Y ()] ds,

where (bs)s>0 is a d-dimensional Brownian motion and By ¢ for 1 < k < ¢ < d are Brownian

motions with Bs ¢ = B ¢, and all Brownian motions are independent; the mobility X' is
defined as

Y(w)ij = O, f(w) - O, f(w) + 020y, H(w) : Ow; H(w) , for1<i,j<m.

Pr,r is the orthogonal projection onto the tangent space T,T" of T' at y.
In addition, we have

f>inf{t >0|Y(t) ¢ K° almost surely. (59)
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Remark 30 (No Assumption 7) Theorem 23 requires Assumption 7, which specifies re-
lations between the modified loss L and the structure of the noise, as given by p(o). For
Theorem 29 we do not need this assumption, because L given by Definition 28 automatically
has similar properties.

Remark 31 (Convergence of the whole sequence) Similarly to the remark after The-
orem 23, whenever the weak solution of (58) is unique, the usual argument implies that the

(K)

whole sequence Yk converges up to the time T,

To=inf{t > 0| Y (t) ¢ K°}.

A sufficient condition for such weak uniqueness is local Lipschitz continuity of the drift and
mobility functions in (58) (see e.g. Hsu (2002, Th. 1.1.10)).

Remark 32 (Implicit Itd correction terms) Since (58) is a stochastic differential equa-
tion in Ité form, the noise term should be accompanied by a corresponding drift term in
order to preserve the condition Y(t) e I'. Li, Wang, and Arora (2022a) discuss this aspect in
some detail, and show how the final integral contains, as part of this integral, the necessary
‘Ito correction terms’

Remark 33 (Comparison with Li et al. (2022a)) At a high level of abstraction, Theo-
rem 29 above is similar to Li et al. (2022a, Th. 4.6). However, in Theorem 29 the conditions
on L and on the noise are much more general, opening the door to e.g. the applications to
minibatching and stochastic gradient Langevin descent in Section 5.

Proof As in the proof for the general case in Theorem 23, we begin by checking the
assumptions of Theorem 20.

Verification of Assumption 16. By definition of A, we get for o, — 0 and bounded o, for
any 0 > 0

inf (Ay(t+0)— A,(t)) = inf (an VMJ — an {tD = anbf

0<t<T 0<t<T

At the same time

A~

sup A, (t) — A (t—) = oy = 0 for a, = 0.
>0

Verification of Assumption 17. Since L is quadratic in n, we get from assumption (57) the
estimate

sup |AZn| =a, (1 + sup |772|2) = 0.
0<t<TAfin(K) 0<t<TAfin (K)

Verification of Assumption 18. Note that due to the structure of L the noise process is a
martingale because V,,H;; = 0 and has a simplified form:

AZy = agVu (Wi (aqonk))ngt + jon Vo H (Wi (afon k) Inf 1]
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We verify that [Z’f”(K)} (t) is uniformly integrable for any ¢t € RT by estimating

d

(ZEE0) () <202 Y sup [V f(w)[* S (11,)?

kS t weK i=1

d

+o7 E: sup |V, H(w)|? E (771?,2‘772,]')2-
<ty WEK ig=1
non Z#]

By assumption Var(nj ;) = 02 and as E Nk = 0 also Var(ng np ;) = Var(ng ;) Var(ny ;) = ok

so by the Functional Central Limit Theorem (see e.g. Billingsley (1968, Th. 8.2)) we have
fori=1,...,dand 1 < ¢ # m < d the convergence

n—oo
Z anny;; =: b’y = by, and Z Mg M. = Biom == 00Brem,  (60)
k<=t e
Xnon Xnon
where by ; for i = 1,...,d and Byg,, for 1 < ¢ # m < d are standard Brownian motions.

We have the symmetry Bigm = B, We note that by, for 1 <i¢ < d and B}, for
1 < /¢ < m < d are uncorrelated for any n. Hence, so are the limits and as normal random
variables, we find that b;; for ¢ = 1,...,d and By, for 1 < /¢ < m < d are independent
standard Brownian motions. We then combine Katzenberger (1991, Proposition 4.3) and
Katzenberger (1991, Proposition 4.4) and conclude that Zﬂ "K) gatisfies Assumption 18.

We then apply Theorem 20 and obtain the convergence of Y, to a limiting process Y
that follows the limiting evolution (26).

Identification of the limiting dynamics. For studying the limiting dynamic of Zn, we introduce
the intermediate process

ZYt)=oan Y (Vuf(Va(s) mi + 3V HYa(s) i)

k< a2t02
where we abbreviate s := s(k) := a202k. For the intermediate process we obtain the
estimate
sup /wa - dbs —UO/V H(Y(s)) : (61)
0<t<T
< sup |Zn(t) — Z()‘—l—sup /wa b—ao/VH (Y(s)) : dBs|,
0<t<T 0<t<T
where (bs;)s>0, (Bsg,) fori=1,...,dand 1 <k <1 < d are independent Brownian motions

and we set By 1 := By ,;. For the first term analogously to the main theorem we get

Za() = ZY ()] < an| X (Vuf(Wa(s) = Vuf(Fals) - (62)
i g
+son| X (VH0Wa(s) - VuH )bl (63)
k< 2t 2

s o

n-n
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Recall from Proposition 14 that
Wn(t) - ?n(t) = ¢(Wn(0)7 An(t)) — CI)(WH(O)) = u(t)eiﬁAn(t)

for some u € Cy([0,T]). Note that both terms are martingales, so E((X?*)?) — 0 implies

sup;<r | X{'| = 0. Then by compactness of K and regularity of L similarly to the proof of
Theorem 23, we conclude that

2
Elas| 3 (Vuf(Wals) = Vul(Vals)) -k |
kgaztaz

Sad 3 WA B = ay0? [ e W) A, (s

k< 0

an02 A
= B”(l—efﬁ w0y -0 as n — 0o.
Hence, we obtain for term (62) the convergence

sup anl Y (Vuf (Wals) = Vuf (Va(s)) )| = 0.
ot<T 1, T

2
n

3

[e3wgog

Analogous bound holds for the second term (63).
We split the second component in (61) into the two contributions

oi?fT / Vol (V(s)) - dby — 0 / Vo H(V(s)) : (64)
t A
< s Jan z Vil (Fus)) - nit = [ Vuf(¥(s)) -db
A~ t A
+ s a"k;:t Vo H(Va(s)n ] = o0 /O Vo H(V(s)) : dBs|.

a2
An

o2
By using the processes (b})i>0 and (Byf')¢>0 from (60), we decompose the error terms further
into

s |20 = [ Tuf (V) -dbo—on [ 9uH(T () B )
< sup_ /0 Vuf(V(s)) b — /0 Vuf(V(s)) - db (66)
"ot /ot Vi f (Fa(s)) - dbf - /Ot V(Y (s)) - dbf (67)

+ sup / "VLH(V(s)) : BT — 0o / "VLH(V(s)) : dB. (©8)

v o | [ vunn as; - [ vane)as) o
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We recall the convergence from (60) and observe that all the integrals are relatively compact
by Katzenberger (1991, Proposition 4.4). By noting that Y (s), ¥;,(s) € K with K compact,
by using assumption on the regularity of f), by Kurtz and Protter (1991, Theorem 2.2) we
conclude that the terms (66) and (68) converge to zero. The terms (67) and (69) convergence
by the continuous mapping theorem,

Vel (Yn(s) = Vo f(Y(s) and  VuH(Yn(s)) = VoH(Y(s)).

Hence, by an application of Kurtz and Protter (1991, Theorem 2.2), we get the convergence

[ Vur o) -z = [ Vg () -
0 0

sup
0<t<T
t R t "
< sup | [ Vuf(Fa(s)) - db — [ Vuf(¥(s)- db,
0<t<TI1J0 0
t “ t "
+ sup /wa(Y(s))-db?f/ Vol (V(s)) - dby| = 0.
0<t<TIJ0 0

Similarly (69) = 0. Finally note that
d[217 ZAj}S = awzf(?(s)) : 8w]f(?(8)) + UovwiH(?(S)) : Uovw].H(Y/(S)) = Z(Y(S))Z] ds.

Hence, the stated result in Theorem 29 follows by applying Theorem 20. |

5. Examples

In this section we apply Theorems 23 and 29 to a number of examples. Table 1 gives an
overview.

In each of the examples below we apply either Theorem 23 or Theorem 29 to obtain
a convergence result. Because the statements of those theorems involve a specific type of
convergence, which deals with the initial jump and requires a proper speedup and restriction
to a compact set, we introduce the notion of Katzenberger convergence to simplify the
formulation of the results below.

As in Section 4, consider a sequence of stochastic processes (W, )nen and a sequence of
integrators (Ay)nen, and let Y,, be the process after the jump correction

Yo(t) := Wa(t) — ¢(Wn(0), An(t)) + @ (W, (0)) . (70)
For a compact set K we again set
pn(K) :=1inf{t > 0|Y,(t—) ¢ K° or Yy,,(t) ¢ K°}.
Let Y be a deterministic or stochastic process with continuous sample paths and set
T:=inf{t >0 |Y(t) ¢ K°}.

Theorems 23 and 29 provide convergence in distribution; by the Skorokhod representation
theorem, we can assume without loss of generality that the processes Wy, Y,,, and Y are
defined on the same probability space.
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~

Type L(w,n) Reg(w) Rate  Section

Independent of the structure of L, with n having the same dimension as w:

Gaussian D-Connect L(w®(14n)) 10%L(w)[w, w] ano? 5.1.1
Bernoulli D-Connect L(we(14n)) (79) ol 5.1.1
SGLD L(w) +w'n 1log|V2L|4 a?o? 5.1.2
Anti-PGD L(w +n) 1A, L(w) ano? 5.1.3
Variables n indexed by i, the index of the samples:

Mini-batching + Zil(l—i—m)ﬁ(u}, Ti, Yi) 0 < aZo? 5.2.1
Label noise LS (ful@i) —yi —m)? s AL(w) alo? 5.2.2

Classical Dropout, with mean-square loss:

OLM-DO  fdroP(z,n) = (u?—v®2, 20(14n)) v >, (Wl —v})xd w0l 531
ShNN-DO fadrop (g ) = > a;(1+n;)s(b] x) + >ii aZs(b] x;)? o2 5.3.2
DeepNN-DO (94) 1A, L(w,0) ano? 5.3.2

Table 1: List of examples discussed in Section 5. The column ‘Rate’ indicates the rate
at which iterations should be mapped to continuous time in order to follow the evolution;
for instance, ‘a;,02’
numbers mean slower evolution, requiring stronger speedup to see non-trivial evolution. See

the referenced sections for details.

means that step k is mapped to time t := a,02k. Therefore smaller

Definition 34 (Katzenberger convergence) We say that W, converges in the sense of
Katzenberger in U to Y if for every compact subset K C U we have

Y (BOAT - y7 and for all 6 >0, W)
Here the convergences are in Skorokhod topology.

In Section 4 we discussed that Theorems 23 and 29 provide such convergence when the
limiting process Y has a uniquely defined deterministic or stochastic evolution up to time 7.

5.1 Methods independent of L: DropConnect and SGLD
5.1.1 DrROPCONNECT

Dropout is a regularization technique originally introduced for neural networks by Wager
et al. (2013) and Srivastava et al. (2014). The idea is to balance the importance of all the
neurons by temporarily disabling some of them at every iteration of the optimization. In this
section we study the specific case of DropConnect (Wan et al., 2013), which is more general
than other types of Dropout, in the sense that it can be applied to ‘any’ loss function L, not
just those generated by neural networks.

In DropConnect, given a loss function L, we construct the noise-injected loss L by

A

L(w,n):=Llw® (1+n)). (71)
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In the most common form the filters n are chosen to be i.i.d. Bernoulli random variables,

-1 w.p. P,
=P w.p. 1 —p. (72)
L—p

Note that En; = 0 and o2 := Var(n;) = p/(1—p) — 0 as p — 0. When 1; = —1, the
corresponding parameter is zeroed, or dropped out, which explains the name. Note that the
limit of small ¢ is the limit in which p | 0, i.e. in which vanishingly few parameters are
dropped.

As an alternative for Bernoulli DropConnect we also consider Gaussian DropConnect, in
which the n; are i.i.d. normal random variables

n; ~ N(0,02). (73)

Gaussian DropConnect. The case of Gaussian noise variables 7 fits directly into the
structure of Theorem 23, and we now state the corresponding result.

Corollary 35 (Convergence for Gaussian DropConnect) Let L € C4(R™) satisfy
Assumption 10, and assume that L has at most polynomial growth. Define L by (71),
and let W,, be the process characterized in (34), where the ny; are i.i.d. Gaussian variables
as in (73). Assume that W, (0) = Wy € Ur for some locally attractive neighbourhood Ur of
T'. Finally, let ay, and oy, be arbitrary sequences converging to zero.

Then for any compact set K C Ur, the process Wy, converges to Y in the Katzenberger
sense (see Definition 34), where Y solves the constrained gradient-flow equation

dy
e —Pr,rV,Reg(Y), Y(t) eT, and Y (0) = d(Wy),
with
1, -
Reg(w) := 5 Ay L(w,0) = 732 L(w) Zw2ﬁijw] (74)

Proof [Proof of Corollary 35| The result follows fairly directly from Theorem 23. If L grows
at most polynomially, then L and the Gaussian random variables satisfy Assumption 7 for
some p, and by Lemma 55 the condition (35) also is satisfied. The assertion of Corollary 35
is then a translation of the assertion of Theorem 23. |

Remark 36 (Empirical loss) If L is an empirical loss of the form

1 N
Ng (w, x;) ), (75)

then on I the function Reg can be written as
Reg(w Z|w © Vuf(w :cl)| . (76)
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Note that although Reg(w) is itself a second derivative of L, only first derivatives of f
enter in the expression (76), because the second derivatives of f are multiplied by factors
(f(w,z;) — y;) that vanish on T.

Remark 37 (Connection with generalization) The form of the function Reg in (74)
is very similar to the ‘relative flatness’ introduced by Petzka et al. (2021), and for which
they prove rigorous generalization benefits.

Petzka and co-authors consider functions f of the form f(w,z) = g(we(x)), where w
is organized as a matriz, with w € R™M*™2 gnd x € R™2. Taking ¢(x) = x to connect with
this paper, the ‘relative flatness’ (Petzka et al., 2021, Def. 3) of the empirical loss of such an
f can be written as

N my meo

%Z Z Z wsjws’jawsj,f(w,in)aws,j,f(UJ,LUi) (77)

i=1s,8'=17,j'=1
To compare, we can write the expression (76) in a very similar form,

1 N ma mo
ﬁ Z Z Z wsjwsljé?wsj,f(w,:Ui)é?ws,j,f(w,:):i) 533’5]']" . (78)
i=1s,5'=1j,j'=1
Note how (78) is a ‘diagonal’ form of (77).

The two expressions (78) and (77) share a number of properties that are consistent with
good generalization behaviour. To start with, as also remarked by Petzka et al. (2021), both
are invariant under coordinate-wise rescaling of the parameters w, because each derivative
s accompanied by a multiplication with the corresponding coordinate of w. They also scale
quadratically in f, just as the loss function (75), and if one considers f to be a neural
network of depth D (see below) then the scaling in terms of w is of the form w?P, both for
the loss and for the expressions (78) and (77). These scaling properties are necessary for a
functional to be admissible as a measure of generalization ability.

Bernoulli DropConnect. The case of Bernoulli-distributed 7 as in (72) is not covered
by Theorem 23, because all higher moments My, for k > 3 scale as 02, and therefore violate
the condition (12a). In general, we have C3 > 0 in Assumption 7, and therefore they also
do not satisfy condition (12b), except for the special case of shallow neural networks—see
Section 5.3.2 below. As it turns out, however, the proof of Theorem 23 does apply to this
situation, provided we prove the three statements of Lemma 27 for this particular case. This
leads to the following proposition.

Proposition 38 (Convergence for Bernoulli DropConnect) Let L € C*(R™) satisfy
Assumption 10. Define L by (71), and let W, be the process characterized in (34), where the
Ni,i are i.i.d. Bernoulli random variables as in (72), with dropout probability p,. Assume that
W, (0) = Wy € Ur for some locally attractive neighbourhood Ur of T'. Finally, let a,, — 0
and 02 :=p, /(1 —p,) — 0.

Then for any compact set K C Ur, the process Wy, converges to Y in the Katzenberger
sense (see Definition 34), where Y solves the constrained gradient-flow equation

day

e —Pr,rV,Reg(Y), Y(t) eT, and Y (0) = &(Wy),
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with
Reg(w) := 0L(w)[w] + Z(L(w ®9o;) — L(w)). (79)
j=1

Here o is the inverted unit vector in R™,

oji=(1,...,1, 0 1,...,1)=1—c¢,.

4 position

Remark 39 (Structure of the Bernoulli DropConnect regularizer)

The functional form of Reg in (79) can be interpreted as a version of the Gaussian
reqularizer (74) with the local derivative replaced by a non-local one. Indeed, writingo; = 1—e;
we Taylor-develop L as

Lw®oj) = Llw o (1 —ej))
= L(w) — OL(w)[ej; © w] + %82L(w)[ej ®w,e; ©w] + O0(le; ® w|?).

If we pretend for the moment that e; is ‘small’, and discard the final term, then

m

Z(L(w@aj Z{ ej®w]+ 82 L(w )[ej(Dw,ej@w]]

j=1 7=1

_ 292
= —0L(w)[w] + = Zw D, L(

In this approximation, therefore, the Bernoulli reqularizer (79) reduces to the Gaussian
reqularizer (74).

Proof As described above, we re-prove the assertions of Lemma 27, i.e. properties (41-43),
for this case. Given those assertions the proof of Theorem 23 applies to this situation.

We first estimate AZ,(w,n) = apVL(w) — @,V (L(w ® (1 4+ 7))) for this setup. Let
K D K be a compact set that is large enough to contain w(1 4 n) for all n and all w € K.
Using the boundedness of derivatives of L on K, we then have for all  and all w € K

1
IAZy(w0)| < (14 7= ) IVl i) = Olev),
n
which proves (41). To prove the estimate on |AZ,|? in (43) we note that on the event E
that all coordinates of 1 are non-zero, which has probability (1 —p,)™ =1 — O(02), we have
the additional estimate

sup [AZ,, (w,7)] < || V2L oo 1) T sup [0] = O(crno?).
weKk — Pn weK
\W—’
It follows that for all w € K,

E, sup |AZ,(w,n)|* < O(aho,) P(E) + O(a;) P(EC) = o(anos),
wekK
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implying the first estimate in (43).

We next estimate AF,, as defined in (40b). The expectation over the set of independent
Bernoulli random variables can be expressed in terms of {0, 1}™-valued outcomes b in the
form

AF,(w) = E, AZ,(w,n) = ap,VL(w) — ap B, Vi (L(w © (14 17)))

1
b bl—1
= a,VL(w) — ay E ik H )|| b@VL(l_pn
be{0,1}™

wE b) .
We estimate the term inside the sum according to the number of zero coordinates in b:

) VL(w) + 22-0VL(w)[w] + O(py) if [b] =
b@(VL)<1_p w@b) =140; © (VL)(w ®0;) + O(py) if b)) =m—1, b=o,,
" o(1) if |b] < m — 2,

with the O symbols being uniform in w € K.
Using the expression for the gradient of the regularizer (79),

VReg(w) = OV L(w)[w] — (m — 1)V L(w) + Za] ® (VL) (w ® o).
j=1
we then split the sum over b into three parts and estimate accordingly
AF,(w) + ano2VReg(w) = 14 1T + III,

with
1= VE(w) — (1~ pa) " VL(w)  pu(1 — pa)" 2OV L(w)u] + O(2)

+ 020V L(w)[w] — 02 (m — 1)VL(w),

m

1 _
=Y [pa(l = pa)" 2 0; © (VL) (w © 0j) + 0705 @ (VL) (w @ 0j)| + O(v}),
n j=1
1
7111— —Ibl(1 lbl=1y, VL( b).
|b<zm: 2p po) ; 1_p”w®

We estimate the terms one by one. For I we find

1= [1- (1= = )pa + 0G2) = o2m — )] V()
+ (=pn(1 = pp)" " + 07) OV L(w)[w]
=0(p?) = O(a), uniformly in w € K.

n
For II we write
1 m 4

—I1= S [—pn(l — )" 2+ ai} 9; ® (VL)(w ® o) + O(p2) = O(p2) = O(a},),
n j=1
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and for the third term we immediately find o 'I1IT = O(p?) = O(o?). Combining all these
estimates we conclude that

sup |AF,, (w) + a2 VReg(w)| = O(anop),

weK

thereby establishing (42).
Finally, to prove the second estimate in (43), we write

|AF, (w)| < |AF,(w) + anaiVReg(w)] + |ana,%VReg(w)\,

and the estimate (43), follows from (42) and the regularity of Reg. [ |

5.1.2 STOCHASTIC GRADIENT LANGEVIN DESCENT

Stochastic Gradient Langevin Descent (Gelfand and Mitter, 1991; Raginsky et al., 2017; Mei
et al., 2018) is a form of gradient descent in which at each iteration a centered Gaussian
perturbation is added to the gradient. In our notation this corresponds to

L(w,n) = Lw)+w'n,  with n~ N(0,01L,) iid.. (80)

This structure is of the degenerate form (55) and therefore is covered by Section 4.2. This
results in the following Corollary.

Corollary 40 (Convergence for Stochastic Gradient Langevin Descent)
Let L € CHR™) satisfy Assumption 10. Define L by (80), and let W,, be the process
characterized in (34), where the ny,; are i.i.d. centered normal random variables with variance
o2. Assume that W,(0) = Wy € Ur for some locally attractive neighbourhood Ur of T.
Finally, let a,, — 0 and o, — 09 > 0.

Then for any compact set K C Ur, the process Wy, converges to 'Y in the Katzenberger

sense (see Definition 34), where Y solves the SDE
1 1
dY'(t) = Pr,rdb(t) + §(V2L(Y))Ta2VL(Y)[PTYF] dt — §PTYFV10g|v2L(Y)|+ dt, (81)
constrained to Y (t) € T', with Y (0) = ®(Wy). (Recall that |A|y is the product of the non-zero
eigenvalues of A, and 1 indicates the Moore-Penrose pseudoinverse).

Remark 41 As observed by Li et al. (2022a), the first two terms in (81) form a geometrically
intrinsic Brownian motion on the manifold I", while the final term acts as a drift parallel
toT.

Proof The assumptions of Theorem 29 are satisfied, with f(w) = w and H(w) = 0
in (55) and using Lemma 55 to show (57). We conclude that the evolution converges to the
constrained SDE (58), which reduces in this case to

AV (t) = Pryrdb(t) + %82<I>(Y(t))[1m] dt,  and  Y()eT,

where b is an m-dimensional Brownian motion and I,,, is the identity matrix. The formula-
tion (81) follows from applying the characterization (29). [ |
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Remark 42 (SGLD and generalization) Raginsky, Rakhlin, and Telgarsky (2017) show
quantitative generalization bounds on SGLD, using optimal transport and Logarithmic Sobolev
inequalities. Their result is meaningful in a limit of very many data points, and therefore
focuses on an underparameterized setting, rather than the overparameterized setting as in
this paper.

5.1.3 ‘ANTI-CORRELATED PERTURBED GRADIENT DESCENT’

Orvieto et al. (2022) gave the name ‘anti-correlated gradient descent’ to the simple scheme
used in the introduction,

L(w,n) := L(w +n).
As discussed there, this is an example of non-degenerate noisy gradient descent, with
convergence to the constrained gradient flow driven by

Reg(w) = %AwL(w).

Orvieto et al. (2022) and Orvieto et al. (2023) also directly investigate the generalization
properties of this type of noise injection.

5.2 Examples where 7 is indexed by the sample

We now consider the supervised-learning context, in which the loss L is an empirical average
of a local loss function £ > 0 over a set {(x;,y;)1<i<n} of ‘training data points’,

1 N
i=1

In this section we consider noise variables 7 indexed by the same indices as the data points
(x4,1;), i.e. ) is a random element of RY,

5.2.1 MINIBATCHING

One of the most widely used noisy gradient descent algorithms is the one with noise induced
by the random sampling of the data points, usually referred simply as stochastic gradient
descent (SGD). In the standard setting the whole dataset is randomly split into disjoint
‘minibatches’ { By} of the same size m, and at every iteration the gradient is calculated only
for samples in one minibatch By:

1
W1 = W — aVy, <E Z K(w,xi,yi)).
(x4,y:)E€By

We slightly modify this formulation by introducing i.i.d. random variables 7 ; at every
iteration, with distribution

1 wp. 1— %
“m P
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and the corresponding noisy loss function L:
1N
NZ 1+771 /wvxiayi)‘

One can see that indeed L(w,0) = L(w). Moreover, if we write the corresponding ‘minibatch’

as N
—m
Bk; = {(:Blvyl) Nk = }7

m

then the noisy gradient descent (1) becomes

~ 1
Wit1 = Wy, — AV L(w, ny) = wi — avw(% > l(w, fL‘i,yz'))-
(@1,y:) € By,

This version of SGD can be interpreted as deciding at every iteration which data point to
include, independently for each data point and independently for each iteration. In contrast
to the standard SGD algorithm, in such a setting the minibatch size is not fixed, and during
every epoch the same data point might not occur or can occur multiple times. The parameter
m also is not a deterministic minibatch size but the expectation of the minibatch size.

We show that for this modification of minibatch SGD the limiting dynamics are trivial
on the time scale 1/a2 for any fixed parameter m, by applying Theorem 29. Similarly, one
can show that the joint limit m,, - N, o, — 0 also results in a trivial process by applying
Theorem 23. Thus, we argue that minibatch noise affects the training dynamics around
the zero-loss manifold only in a weak way, and additional forms of noise injection might be
required to ensure good generalization properties on this time scale.

Corollary 43 Let f/aﬁk,i be as defined above. Assume that ¢ is C® in w and that L satisfies
Assumption 10. Let Wn(O) = Wy € Ur for some locally attractive neighbourhood Ur of
I. Let o, — 0 and o, — 09 > 0. Then W, giwen by (56a) converges in the sense of
Katzenberger (see Definition 34) to the trivial process

Y (t) = ®(Wy) for allt > 0.

Proof
The function L(w,n) is of the form (55) with f(w); = N~'(w,z;,y;), i = 1,..., N, and
applying Theorem 29 we find the limiting dynamics

V(1) = 2(W(0) + O“’“‘ Pry eV f(w)db, + 0““ P0(V(5))[Z(s)]ds,  (83)
where
1 X . .
Y(s) = 2 Z Vuwl(Y(5), i, yi) @ Vol (Y (s), 2, y:) -

As Y(s) €T a.s., we have
Zg }A/ )s iy yi) = 0,
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implying that
Vul(Y(s),zi,y;) = 0. (8

=~
S~—

In turn this implies that f and X vanish on I', resulting in the trivial dynamics ?(t)
&(W(0)) for all .

5.2.2 LABEL NOISE

Label noise is the specific case of mean squared error L with noisy perturbation of the
labels y;, which in our setting takes the form

N
Ew,m) = 5 2 (o) = s — ) (55)

i=1

The consequences of label noise for the training iterates were studied by Blanc et al. (2020)
and the already-mentioned Li, Wang, and Arora (2022a).

The function Lisof the degenerate form (55), with f(w); = —2(fw(zi)—v:)/N, H(w) =0,
and g( ) = ZZ 1n?. As a result, Theorem 29 provides the limiting dynamics at rate
/a0 both for 0, — 0 and o,, — o9 > 0.

nn’

Corollary 44 (Convergence for Label Noise) Let L be as defined in (85) for some
family of functions f,, such that L is of class C° and satisfies Assumption 10. Let W, (0) =
Wy € Ur for some locally attractive neighbourhood Up of I'. Let o, — 0 and o, — o9 > 0.
Let ny; ~ p(oy,) i.i.d., where p satisfies (9) and (57).

Then W, given by (56a) converges in Ur in the sense of Katzenberger to the constrained
gradient flow Y given by

ay
pae —Pr,rVyReg(Y), Y(t) e, and Y (0) = &(Wp),
with
R = —AL 86
es(w) = 5 AL(w). (86)
Corollary 44 is effectively the same result as by (Li et al., 2022a, Cor. 5.2); we give the
proof both for completeness and to allow us to re-use the arguments in Corollary 45.
Proof As remarked above, the function L in (85) is of the form (55) with f(w);, =
—2(fw(xi) — y)/N, Hw) = 0, and g(n) = N~*3N,5?. Theorem 29 then provides
Katzenberger convergence to the limiting SDE (58).
To simplify this SDE, note that

Vi f(w); = _%Vw<fw(xi) —Yi — i) = =~V fuw(Ti),

N
and for w e T

N

VQL(’U)) = %vw Z(fw(xl) - yl) wfw xz = vafw xz wfw(l'i)—r-

=1
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It follows that V,, f(w) € Range(V2L(w)), and therefore Pr,rV, f(w) = 0, implying that
the noise term in (58) vanishes.
We also find that

N N
4
Ekf = Zawkf(w)zawgf(w)z = ﬁ Zawkfw(qji)awefw(xi)y
=1 =1
implying that X = 2V2L(w)/N. Applying (30) to the final term in (58) yields the expres-
sion (86). |

A minor modification of the discussion above shows that combination of minibatching
and label noise results in the same limiting dynamics. Consider the following loss that
combines minibatching noise variables 7} and label noise variables 7,

R 1 X
i=1
and for simplicity let both distributions have the same variance Var(ny ;) = Var(ij ;) = o2
The loss (87) has the degenerate form (55),

A

L(w,n,7) = L(w) + f(w) -0+ f(w) -7 + H(w) : (n@7) + g(1,7),

2 = 1

fw)i = = (ful@) =), flw)i=

N (ful@i) — i),
2

and H(w);j = —N(fw(%) — Yi)0ij-

From Theorem 29 we obtain the following characterization.

Corollary 45 (Convergence for combined Label Noise and Minibatching)
Let L be as defined in (87) for some family of functions f,, such that L is of class C* and
satisfies Assumption 10. Let Wn(O) = Wy € Ur for some locally attractive neighbourhood
Ur of I'. Let o, = 0 and oy, — 09 > 0. Let ny i, Nki ~ p(on) i.i.d., where p satisfies (9)
and (57).

Then W,, given by (56a) converges in the sense of Katzenberger to the constrained gradient
flowY given by

% = —Pr,rVyReg(Y), Y(t) €T, and Y (0) = &(Wy),
with . )
Reg(w) = 2*; 0 AL(w). (88)
Proof Similarly to the cases of Corollaries 43 and 44 we have on I that
Vil (@) =~ Vufulw:),
Vaf ()i =~ Valfu (@) — u)* =0,

N
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and )
Vi H(w)ij = —vafw(ﬂﬁz‘)%,

and thus by the same orthogonality argument as in Corollary 44 we conclude that the noise
is orthogonal to TT'. We apply Theorem 29 and find the resulting evolution (81), where the
first integral vanishes by orthogonality and we have the expression for X,

4 Y 9 4 al
Yo = N2 Zawkfw(xi)awsz(xi) + JOW Zawkfw(xi)awefw(ffz’)

i=1 i=1

4 N
= W(l + O'g) Z 8wkfw(xi)awsz(xi)'

=1

Similarly to Corollary 44 it follows that X = 2(1 + 03)AL(w)/N, resulting in the expres-
sion (88). [ |

5.3 Classical Dropout

We finally discuss the case of ‘classical’ Dropout as applied in neural networks and other
systems. We consider the mean-square error loss for a function f3*°P(z,n) that depends
both on the parameter w and the noise variable n:

. 1 X

L{w,n) = + > (S (i m) —vi)”. (89)
=1

5.3.1 OVERPARAMETERIZED LINEAR MODELS

The first example of this type is the class of overparameterized linear models (Baldi and
Hornik, 1989; Woodworth et al., 2020), in which w = (u,v), u,v € R%" and f, has the
following form:

fuw(z) = <u®2 —v®2, a:> , z € Riin, (90)

Note that the model is linear in  but non-linear in parameters w. We introduce Dropout
filters € R%» and a corresponding function fd*°P as

gmp(x,n) = <u®2 — 02z (1+ 77)> . (91)

In comparison to DropConnect, the filter 7; alters the magnitude of the i*" feature of
the input vector, rather than the corresponding feature of w. The following corollary is a
direct consequence of Theorem 23.

Corollary 46 (Convergence for Dropout in overparameterized linear models)
Let fd°P be as defined in (91) and L as in (89). Assume that L(w) := L(w,0) satisfies
Assumption 10. Let Wn(O) = Wy € Ur for some locally attractive neighbourhood Ur of T'.
Let ni.; be Bernoulli or Gaussian dropout noisy variables. Let o, 0, — 0.
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Then W, as defined in (34) converges to Y in the sense of Katzenberger (see Def. 34),
where Y is the constrained gradient flow defined as

dY
E = —PTYrVwReg(Y), Y(t) S F, and Y(O) = (I)(Wo),
and
| din ) N ,
Reg(w) := —A 2L (w,0) QN]; ui —v3) ;azj (92)

and where x;; is the Gt feature of the i™™ data point x;.

Remark 47 The expression (92) coincides with a weighted L?-reqularization term in linear
models—treating u®? — v®? as a single linear parameter—in which the weights are chosen
equal to the average amplitude of the corresponding feature % Zfil xgj
Remark 48 Li et al. (2022a, Lemma 6.2, Lemma 6.3) provide sufficient conditions for
overparameterized linear models to satisfy the manifold Assumption 10.

Remark 49 (Two Laplacians as regularizer) Both for Dropout and for label noise the
reqularizer is a Laplacian, but one is with respect to n and the other with respect to w; thus
these two forms of regularization may lead to different types of behaviour. We illustrate this
on the example of overparameterized linear models, where f,(x) = <u@2 - v®2,a:> as in (90).

With Dropout noise we obtain the reqularizer (92). With label noise the reqularizer is
given by (86) instead, and we now make this label-noise reqularizer more explicit. On the
zero-loss manifold we have (u®? —v®? x;) = y; for all i and thus

1AL— 1 A al 02 02 2 1 al ©2 o2 2
anAl =53 uZ(<“ — o) i) +WA”Z(<“ o) — i)

N din N din N din
2N22228ujxl]+m228v i N2z;z;u +07) (93)
i=1j=1 i=1j=1 i=1j

Note how the Dropout regularizer (92) regqularizes the difference (u]2 — 05 )2, and the label

noise reqularizer above penalizes both u and v separately. Also note how the two regularizers
differ in their scaling in N, with label noise leading to an additional slow-down factor 1/N.

5.3.2 FEEDFORWARD NEURAL NETWORKS

We say that f,, : R% — R is a p-layered feedforward neural network if it is a composition of
p blocks in which each block consists of a linear layer and a pointwise nonlinearity. Each
block is a mapping ¢* : y* — y**+1 (R% — R%+1) of the form:

ShHL — kL | gkl

yk—H = s(zk+1)a

where Wkt ¢ Rds+1xdr  pktl ¢ Rdrt1 the input dimension is dy = din and the output
dimension d, = 1. The map f,(x) then takes the form:

fu(@) = ¢ (&7 (- - ¢! (2))).
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We introduce dropout filters n* that perturb the input features at the k-th layer. The
resulting maps ¢% : (n*, y*¥) — y**1 (R2% — R%+1) then are

+1 WkJrl(yk ® (1 + nk)) + bk+1’
yk—I—l _ S(Zk+1),

and the corresponding fgr"p is given by

WP () = Sh(P gy (P gy(n', @), (94)

Here we distinguish the same two choices as in Section 5.1, namely Bernoulli and Gaussian
filters.
In the Bernoulli case 7, ; are i.i.d. Bernoulli random variables for some 0 < p < 1:

-1, wop.p
Mki = »

— Wb 1—p

In the Gaussian case 7, ; are i.i.d. normal random variables,
2
Mg ~ N(O,U ).

With Gaussian filters, no input is ever ignored, as P(n,; = —1) = 0. Note that Gaussian
noise also allows to change sign of some inputs.
First consider feedforward neural networks with a single hidden layer:

n

£ P (,m) Z (1 +115)s(b] @), (95)

where dropout is only applied to the output layer. As an example we consider the smooth
rectified linear unit as activation function,

0 z <0
= ’ - . 96
s() { ze T x> 0. (96)

Corollary 50 Let f3r°P be as defined in (95) with rectified smooth activation function (96).
Assume that L(w) = L(w,0) satisfies Assumption 10. Let W, (0) = W (0) € Ur for some
locally attractive neighbourhood Ur of I'. Let ny; be Bernoulli or Gaussian Dropout noisy
variables as defined above. Let oy, 0y — 0.

Then Wy, as defined in (34) converges to'Y in the sense of Katzenberger, where Y is the
constrained gradient flow defined as

dy
e —Pr,rV,Reg(Y), Y(t) eT, and Y (0) = o(Wy), (97)
with
Ly s 1L O 5 T2
Reg(w) = iAnL(w»O) = Z Zaj s(b; x;)”. (98)
j=1i=1
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Remark 51 (Known properties of the zero-loss manifold) Cooper (2018) proves for
overparameterized shallow neural networks with the rectified smooth activation function (96)
that the zero-loss set of L(w) := L(w,0) is a smooth manifold and L satisfies Assumption 10.
The result also holds for deep feedforward neural networks if the size of the last layer is
greater than the size of the training dataset, i.e. dp > N.

Similar results are known for the ReLU activation function ReLU(y) = max(0,y) (Petzka
et al., 2020; Dereich and Kassing, 2022). Even though the ReLU is not differentiable in
y = 0, the manifold is locally smooth away from the hyperplanes Q; = {x : w;rx = 0}, so that
the analysis holds for every set K satisfying K N Q; = 0 for every Q;. Boursier et al. (2022)
study the structure of the neighbourhood U and propose an initialization scheme guaranteeing
convergence of the gradient flow for shallow ReLU networks.

Proof First note that the smoothness of s guarantees the regularity of L, and since s has
sublinear growth, L has at most growth of order 6 in (w,n).
Next, note that we can write L in the form

E(w,) = L(w) + f(w) -0+ S H(w) : (n@n),
with

N

2 2 &
N E (fw(zi) —yi)s(b;»rxi) and Hjy = N E ajs(b;—xi)aj/s(b;mi).
i=1 i=1

f(w); =

This structure is similar to (55), which we require for the degenerate case, but note that
for the degenerate case we require tr H = 0, while here tr H does not vanish. Consequently
the evolution takes place at the time scale 1/ay,02. This function L satisfies conditions (10)
and (11) with Cy = 0.

We now turn to condition (12). Gaussian noise satisfies this condition as mentioned in
Remark 8, and for the g-th absolute moment of Bernoulli random variables, where ¢ > 1, we
have

q q (1 = p)a!
w00 = = ow

Since Cy = 0, condition (12) also is satisfied. The condition (35) in Theorem 23 is satisfied
for Bernoulli filters by construction and for Gaussian filters by Lemma 55.
Theorem 23 then yields Katzenberger convergence to the constrained gradient flow (97),

with Reg(w) = %Anﬁ(w,()) = 1tr H(w) as given in (98). [ |

My=1-p+ = 0(c?) as p — 0.

A very similar result holds for the case of deep networks in which Dropout is only applied
to the last layer, as described in Example 2:

Corollary 52 Let f&°P be as defined in (2) with smooth earlier layers ¢; with at most
polynomial growth. Assume that L(w) := L(w,0) satisfies Assumption 10. Let W,(0) =
W(O) € Ur for some locally attractive neighbourhood Ur of I'. Let ni; be Bernoulli or
Gaussian Dropout noisy variables as defined above. Let o, opn — 0.
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Then Wy, as defined in (34) converges to Y in the sense of Katzenberger, where Y is the
constrained gradient flow defined as

dy
p —Pr,rVyReg(Y), Y(t) e, and Y (0) = &(Wy), (99)
with
Reg(w) = fA L(w,0) ZZ@ dj(xiw) . (100)
] 1:i=1

The proof is practically identical to that of Corollary 50, since very few of the properties
of the earlier layers are used, and we omit it.

For deep neural networks with Dropout applied to more layers than just the final
one, Theorem 23 implies a convergence result for the case of Gaussian filters. Due to the
complexity of Dropout in deeper layers we do not provide an explicit form of the regularizer
in this case.

Corollary 53 (Convergence for Dropout noise in deep neural networks)
Let fd°P be as defined in (94) for some p > 2 with rectified smooth activation function s (96).
Assume that L(w) := L(w,0) satisfies Assumption 10. Let W, (0) = W (0) € Ur for some
locally attractive neighbourhood Ur of I'. Let ny; be Gaussian filter variables as defined
above. Let oy, 0, — 0.

Then W, as defined in (34) converges to Y in the sense of Katzenberger, where Y is the
constrained gradient flow defined as

% = —%PTYFVwAnI:(Y, 0), Y(t) €T, and Y (0) = &(Wp).

Proof The proof is analogous to the proof of Corollary 50 with the only difference caused
by the composition of several layers. Using the global boundedness of the derivatives of
activation function ]s (x)],]s"(z)| < C for all z € R one can see that for any fixed w € K the
expression |V,, V2 L(w m) — va%f/(w,ﬁz)‘ scales at most polynomially in 712 and thus
the assumptions of Theorem 23 are satisfied. |

Remark 54 (Combining Dropout with Minibatching) It is easy to see that the com-
bination of Dropout noise and minibatching results in the same dynamics as Dropout gradient
descent without minibatching. Consider the loss

A

1 N
L n,mn Nzl‘i‘m wnaxlayl)

As L is linear in the minibatching noise variables 7, we have Aﬁi}(w,ﬁ,n) = 0 and thus
the reqularizer takes the same form as the reqularizer of the corresponding dropout gradient
descent %AﬁmL(w, n,m) = %AWL(w, 1,m). The same holds for the DropConnect case.
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6. Discussion and outlook

In this paper we define a class of noisy gradient-descent systems and prove their convergence
in the limit of small learning rate and in some cases also small noise. This class of systems
unifies a broad collection of existing training algorithms in a common structure, and the
convergence theorems thus give a more global understanding of the effect of noise in various
overparameterized training situations.

In this section we add some more remarks and discuss various generalizations.

6.1 Constant learning rates

It is common to change the learning rate a during training, for instance to generate phases
of larger and smaller noise in minibatch SGD. For some such non-constant learning rate
algorithms the results of this paper should continue to hold. The essential properties that
need to be verified are Assumptions 16, 17, and 18, which are all formulated in terms of the
integrator sequences A, and A,, and therefore are also meaningful for non-constant learning
rates.

6.2 Correlated noise

Similarly, we have chosen to make the coordinates 7 ; of each iterate 7 independent from
each other, but this again only for simplicity of formulation.

To give an example of a generalization, consider again the example of Figures 1 and 2 in
the introduction. Figure 4 compares the effect of uncorrelated (left) and correlated noise.
Here we choose as uncorrelated noise

ki ~ N(0,0%15)
and as correlated noise

o? (1 1
n ~ N(0,C), C—2<1 1).

The corresponding regularizers are
1
uncorrelated: §AwL(w)

1 1
correlated: §V1L(w) :C = Z(anL + 2(912L + (922L),

and the minimizers of these two functions are indicated by green circles.

6.3 Constrained gradient flow and regularization

In this paper we have used the term ‘regularizer’ and the notation ‘Reg’ for the function
that drives the limiting constrained gradient flow (4). This terminology is inspired by its
relationship with Tychonov regularization of inverse problems.

To explain this, note that solutions of the constrained gradient flow tend to converge to
local minimizers of Reg, or if one is ‘lucky’, even to a global minimizer, i.e. a solution of the
constrained problem

rr}li}n{Reg(w) cw e},
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1.8 1.8 '
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Figure 4: When the coordinates of the vector n; are correlated, the resulting regularizer
Reg is modified, and the evolution follows a different path along I'. In both diagrams each
N is a centered normal two-dimensional random variable with covariance C', independent
for each k; in the left-hand picture C' = %I, implying independence of Mk,1 from 7y, o, while

in the right-hand picture C = £0%(1 1), implying that 7 and 72 are fully correlated.

This situation is reminiscent of regularized inverse problems of the form
min |Tu — f|* + AR(u),

for which in the ‘weak-regularization’ limit A\ — 0 the minimizers u) converge to the solution
of the constrained minimization problem

muln{R(u) :Tu= f}.

This is why we call Reg, the driving functional in the constrained gradient flow, the (implicit)
regulariser of the noisy gradient descent.

Theorem A opens the door to a form of reverse engineering. Given a loss L, the choice
of L is only limited by the consistency L(w,0) = L(w), and one therefore has a wide freedom
to tailor L to have particular properties. Assuming that one has an understanding of what
‘good’ and ‘bad’ points w € I' look like, Theorem A suggests to look for functions L such
that Anf/ gives high value to ‘bad’ points and low value to ‘good’ ones.

Some pointers to how ‘good’ and ‘bad’ points can be recognized or characterized are
given by the ‘robustness’ criterion by Petzka et al. (2020) (see Remark 37) or the discussion
by Orvieto et al. (2022) of the connection with PAC-Bayes bounds. We leave this aspect to
future work.

6.4 Convergence results in Skorokhod spaces and Katzenberger’s theorem

The first (to our knowledge) application of Katzenberger’s theorem to machine learning
models was by Li et al. (2022a). In that paper the dynamics the noise is assumed to be of
minibatch-type, namely

AW, = =V L(W,)dA, + vV Zo,, (Wy),
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where 7, is sampled uniformly from the set B = {1,2,..., N}, and for every i € B, 0;,(W,)
is a deterministic function and Eo,, (W) = 0. Note that by definition the noise process in
such a setting is a martingale. Our definition of noisy gradient-descent systems generalizes
this, and allows us to study for instance the effect of dropout noise.

The result by Li et al. (2022a) has also been generalized to SGD with momentum.
Cowsik et al. (2022) study the interplay between the momentum parameter and the noise
distribution. The structure of the noise is the same as in the work by Li et al. (2022a), and
one direction of future work is the study of SGD with momentum with general noise.

Another type of convergence results in the sense of processes are so-called mean-field
limit results. In contrast to this work, mean-field convergence describes the behaviour of the
models with variable number of parameters. For example, for shallow neural networks it
studies the limiting training dynamic of models

I T
fo(Wy, ) = - ;aza(bi x4+ ¢),

where w; = (a;, b;,¢;) and W = (wq,...,wy,). It turns out that under suitable assumptions
for p, defined as

it holds that p, = p in Skorokhod topology on [0, 7], where u is a solution of a measure-
valued evolution equations characterized by the loss function (Sirignano and Spiliopoulos,
2020; Rotskoff and Vanden-Eijnden, 2022). Similar results have been derived for deep neural
networks (Sirignano and Spiliopoulos, 2022; Nguyen, 2019). Note that the mean-field setting
does not involve rescaling of time, implying that only the main (the fast) time scale is
considered. Another direction of future work is to study the slow time scale dynamics in
the measure-valued setting. Methods such as those developed by Duong et al. (2017, 2018)
could be useful for this.
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Appendix A. Details of numerical simulations

The function L : R> — R depicted in Figures 1, 2, and 3 is

= +———5(1 4 asin(bwy)), a=0.7, b=05.
(w1 eeinben)
The learning rate in those figures is & = 0.3, and n has a centered normal distribution with
covariance o2l with o = 0.03.

The constrained gradient flow in Figures 2 and 3 is implemented by parameterizing by I’
by polar angle 6 and writing the regularizer as a function of 6.

Appendix B. Auxiliary results

The following lemma shows that for i.i.d. Gaussian noise variables n the two conditions (35)
and (57) follow from the assumption «,, — 0.

Lemma 55 (Gaussian filters satisfy the noise-decay condition)
Let oy, and o, be positive sequences such that o, — 0 and o, — o9 > 0. Let for each n,

o, k€N, be i.i.d. centered Gaussian random variables with variance o2. Then for any

T e Ry, for any p > 1 the following convergence holds in probability and in distribution:

sup o, |YP— 0 asn — oo
k<

2
non

Proof

P(swp auliP>e)< X B(pp> )<
k<L ke T Q azo

T el/p
= — 261“fC 7
anon (7077 \/§
_ Ck7;2+1/pT\/§ 62/p
= elronm P 992027

nQn
TR (e
=—F———exp|—

el/rg,\/m P 2020,

and for every fixed € > 0 this vanishes as 3, — 0. |

>, with 3, = a2/?,
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