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Abstract

The number of methods for learning causal models from data is growing rapidly, as evi-
denced by the exponential increase in causal discovery publications each year. Due to a lack
of real-world datasets with known causal ground truth, most “causal discovery” or “causal
structure learning” algorithms are primarily validated with simulation studies. However,
the simulation study designs being used (i) vary from one study to another, (ii) have never
been formally characterized, and (iii) have not been proven to have desirable properties.
As one might expect, publications often report conflicting performance statistics—even for
simulation results on purely linear models. Appropriately, several manuscripts have now
criticized the most common simulation designs.

We propose to resolve the above-mentioned challenges with a novel simulation design:
the DAG-adaptation of the Onion (DaO) method. The DaO method takes a directed
acyclic graph (DAG) as input and randomly generates coefficient and error-variance pa-
rameters of a linear model whose additive error terms may follow any distribution with
finite variance. DaO simulations are fundamentally different from existing simulations be-
cause the DaO method prioritizes sampling the distribution of correlations rather than the
distribution of linear effects. Specifically, the DaO method uniformly samples the space of
correlation matrices Markov to a DAG. We compare the DaO method against two alterna-
tive simulation designs and provide implementations of the DaO method in Python and R:
https://github.com/bja43/Da0_simulation; the Python implementation is available on
PyPI: https://pypi.org/project/daosim. We posit that the DaO method is uniform,
complete, well characterized, and fair, and should be adopted as a field simulation standard.

Keywords: Causal Discovery, DAG Models, Correlation, Structural Equation Models,
Simulation, Validation, Uniform Sampling

1. Introduction

Learning causal relationships is central to many areas of scientific research, including
medicine, climate science, economics, and psychology. Due to the difficulties of setting
up proper randomized experiments and the growth in available non-experimental datasets,
causal relationships are increasingly learned from observational data (Pearl, 2020). An-
other factor contributing to this trend is the increasing volume of new causal discovery
algorithms (CDAs) published every year (Spirtes et al., 1993; Spirtes, 2010; Eberhardt,
2017; Malinsky and Danks, 2018; Glymour et al., 2019). CDAs output graphs intended
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to accurately represent the causal relationships between the variables in a dataset, but
lack finite-sample guarantees without unrealistic assumptions (Kalisch and Bithlman, 2007;
Spirtes and Zhang, 2014; Uhler et al., 2013; Wang and Spirtes, 2022). Moreover, almost all
observational datasets lack a comprehensive causal ground truth, making simulation studies
the primary means of CDA validation (Ramsey and Andrews, 2017; Ramsey et al., 2020;
Rios et al., 2021; Kummerfeld et al., 2023).

Unfortunately, CDA performance can heavily depend on simulation design and the field
currently has no simulation standards. Without field standards: (i) algorithm developers
can cherry-pick simulations that emphasize their method’s strengths or their competitor’s
weaknesses and (ii) arbitrarily designed simulations may randomly favor certain CDAs over
others for unknown reasons. As a consequence, several manuscripts warn that careless
simulation practices have biased many well-cited studies (Reisach et al., 2021; Kaiser and
Sipos, 2022; Reisach et al., 2023; Ng et al., 2024).

In this paper, we present a CDA simulation design as a potential field standard in the
linear case with additive (not necessarily Gaussian) error: the DAG-adaptation of the Onion
(DaO) method. The DaO method takes as input a directed acyclic graph (DAG) G, and
outputs a correlation matrix R. The matrix R is sampled uniformly at random over the
space of all correlation matrices whose implied partial correlations satisfy the global Markov
property for G. The specific approach we use is adapted from the Onion method of Ghosh
and Henderson (2003, 2009) by modifying it for DAG models. The correlation matrix R and
DAG § define a recursive structural equation model (SEM) from which we can efficiently
generate data. The graphs resulting of running CDAs on the simulated data can then be
compared to § to evaluate performance.

The DaO method: (i) avoids prioritizing any correlation matrix over another, (ii) en-
sures that all possible correlation matrices are represented, and (iii) does not have tuning
parameters that could be used to selectively benefit some CDAs over others. Altogether,
this means that DaO offers a fair method for evaluating CDAs. These benefits necessarily
come at a cost: the DaO method produces a distribution of models that may not reflect real-
world causal systems. For example, data generated from DaO simulations do not resemble
brain imaging data, climate science data, omics data, or electronic health record data. The
DaO method is intended for generic domain-free simulations. This method could plausibly
be extended to specific data domains in the future, but such an extension is outside the
scope of this paper.

Paper Organization. We first summarize the contributions of this paper, consider the
motivation for uniformly sampling the space of correlation matrices, and briefly review pre-
vious work on problematic simulation study designs for validating CDAs. Section 2 provides
some necessary notation, definitions, and other background information. Section 3 presents
the DaO method and relevant correctness proofs. Section 4 presents an empirical evalua-
tion that (i) compares models produced by the DaO method against models produced by
two other simulation designs, (ii) demonstrates pitfalls encountered by (at least one of) the
other simulation designs, and (iii) demonstrates that the DaO method avoids these pitfalls.
Section 5 demonstrates how a variety of CDAs perform on DaO simulations compared to
the other two simulation designs. The paper concludes with a brief discussion in Section 6.
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1.1 Contributions

Our novel contributions include the following:

1. We present a new method for simulating data from a given DAG: the DAG-adaptation
of the Onion (DaO) method. The DaO method avoids several known problems with
standard DAG model simulation designs.

2. We prove that the DaO method randomly samples correlation matrices uniformly over
the space of all correlation matrices that satisfy the Markov property for the provided
DAG.

3. We argue, based on DaQO’s proven theoretical properties, that the DaO method should
be adopted as a field simulation standard.

4. We present simulation results that empirically demonstrate advantages of the DaO
method over alternative designs.

5. We provide a novel explanation for why the simulation design used by many continuous
optimization CDA publications report performance statistics in conflict with those
from other simulation designs.

1.2 Previous Work

Other recently proposed simulations for validating CDAs have focused on modeling vio-
lations (Montagna et al., 2023), generating time-series data (Lawrence et al., 2021), and
matching data from real-world systems (Tu et al., 2019). This paper targets the simple
linear case where all modeling assumptions are met. Even in this simple case, there is
disagreement on how to simulate data for validation. We intend DaO simulations to enable
CDA method developers to establish a solid baseline for their algorithm(s).

Reisach et al. (2021) introduced the concept of wvarsortability. They observed that a
common method for simulating data from a DAG popularized by Zheng et al. (2018) pro-
duces data where the causal order of the variables correlates with the marginal variance
of the variables. Throughout this paper we refer to this simulation design by the authors
of the paper that popularized it: Zheng, Aragam, Ravikuma, and Xing (ZARX). This is
problematic because the marginal variance of a variable is scale dependent, making it an
arbitrary quantity that should contain no information about the DAG. However, since the
ZARX simulation design produces data with varsortability, marginal variance could in prin-
ciple be used to gain information about the topological order of the DAG. Many CDAs are
unaffected by marginal variance and thus would not make use of this information. Some
CDAs, however, appear to be responsive to marginal variance. Such algorithms would have
unrealistically strong performance in simulation studies the produce data with varsortabil-
ity.

While varsortability can be removed by standardizing the data, Reisach et al. (2023)
show in a followup paper that the ZARX simulation design has another sortability property
that is not affected by rescaling the data: R?-sortability. For R?-sortability, the statistic
of interest is, “the fraction of a variable’s variance explained by all others, as captured by
the coefficient of determination R2.” Many simulation designs produce data such that a
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variable’s ranking based on R? values is associated with its ranking in the DAG’s topolog-
ical order. Whether real world causal systems also exhibit R2-sortability is an empirical
question, however it is certainly plausible that common simulation designs have significantly
more R?-sortability than is realistic or reasonable.

These sortability concepts have also been discussed in relation to a recently developed
class of DAG-learning algorithms that use continuous optimization to solve a differentiable
loss function. In the first paper to actively criticize continuous optimization for learn-
ing DAGs, Kaiser and Sipos (2022) focused on the Non-combinatorial Optimization via
Trace Exponential and Augmented lagRangian for Structure learning (NOTEARS) method
(Zheng et al., 2018). They demonstrated through examples and theory that NOTEARS
is not scale-invariant. In other words, the output of NOTEARS depends on the units of
measurement for the variables in the dataset. This suggests that NOTEARS makes use
of varsortability to achieve good performance. They also show that when the simulation
design removes or reverses the varsortability, the performance of those methods can drop
dramatically.

Ng et al. (2024) also investigated how the apparent performance of continuous opti-
mization DAG-learning algorithms depends on simulation design. While they are critical
of methods such as NOTEARS, they point to different issues than those raised by Kaiser
and Reisach. In terms of simulation design, they indicate the use of equal versus non-equal
variances in the simulated independent error terms as being responsible for the unusual
simulation results (Peters and Biihlmann, 2014).

These works highlight a general problem with several existing simulation designs for
evaluating DAG-learning algorithms. In particular, these designs can produce biased results
by producing data distributions that associate irrelevant statistics with the DAG’s structure
(i.e., simulation artifacts). These designs elevate methods that can use the simulation
artifacts to improve their DAG-learning performance, and punish methods that are neutral
to or even negatively impacted by the simulation artifacts.

1.3 Why Simulate from DAGs by Sampling Correlation Matrices Uniformly?

The theoretical benefits of the DaO method fall into two categories: (1) advantages of di-
rectly sampling from the space of correlation matrices; (2) advantages of sampling uniformly
at random. Collectively, these benefits support the conclusion that the DaO method is fair.
Throughout this section, it is assumed that we wish to simulate data from some known
DAG.

1.3.1 ADVANTAGES OF DIRECTLY SAMPLING THE CORRELATION MATRIX

Existing linear simulation designs almost exclusively sample from prespecified distributions
of edge weights and independent error terms. The sampled coefficient and error-variance
parameters imply a (typically unknown or uncharacterized) distribution of correlation ma-
trices. The DaO method takes the opposite approach: we prioritize sampling from a known
distribution over the space of correlation matrices. The sampled correlation matrix implies
a set of coefficient and error-variance parameters. This has some advantages, including the
following.
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First, a correlation matrix and sample size are sufficient statistics for the input to many
CDAs. Variance is dependent on the units used for measurement, and as such has nothing to
do with causality. As a consequence, for linear models any reasonable CDA should respond
identically to a covariance matrix as it would to its corresponding correlation matrix or any
other rescaling. As such, for a given DAG, it makes sense to consider how CDAs perform
across the space of possible (i.e. Markov) correlation matrices. By prioritizing our control
over the distribution of correlation matrices, we can directly interrogate performance across
the space of possible CDA inputs.

Second, directly sampling correlation matrices will immediately and trivially prevent
simulation artifacts like varsortability. A correlation matrix characterizes a distribution
where all variables have unit variance, making varsortability impossible.

Third, the parametric models produced by directly sampling a correlation matrix are
inherently standardized. Almost all other simulation study designs sample coefficient and
error-variance parameters in a way that does not produce a standardized model. This can
lead to situations where effect sizes (in terms of signal versus noise) are much stronger or
weaker than one might expect, potentially even creating near-deterministic relationships;
see Figures 3, 4, and 5. The only existing method we are aware of that directly samples stan-
dardized models has several restrictions which the DaO method does not have (Kummerfeld
et al., 2023), such as requiring all of the coefficients in a model to be equal.

1.3.2 ADVANTAGES OF SAMPLING UNIFORMLY

After establishing a paradigm of directly sampling correlation matrices, it is intuitive to
sample uniformly from this space. Uniform sampling across correlation matrices also has
several benefits, including the following.

First, sampling from the uniform distribution of correlation matrices means that there
are no input parameters or other design choices to make beyond specifying a DAG. This
is convenient, prevents users from cherry-picking simulations, and ensures that simulations
from different studies are consistent.

Second, uniform sampling across all correlation matrices means that no correlation ma-
trices are neglected. All previous simulation designs that we are aware of omit portions of
the possible correlation matrices and, as such, provide no findings about how CDAs perform
on parts of the problem space. This could also be accomplished by another distribution
with full support.

Third, for assessment of learning tasks, it is common to assume a generic condition where
we lack knowledge about what to expect. When evaluating CDAs in a generic context (i.e.,
where we do not have a precise topic for which the CDA is intended), it is hard to say
that having good performance on any particular correlation matrix is more important than
another. This lack of knowledge in a generic context is accurately captured by a uniform
distribution.

Altogether, sampling uniformly from the space of correlation matrices is fair and em-
bodies a valuable benchmark. The CDAs that perform best in these simulations will be
those that have the best average performance across all inputs. This is a desirable property
for any general purpose CDA to have. No other distribution of linear models can be used
to evaluate DAG-learning methods by that standard.
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2. Background

This section provides background information on the relevant notation, models, and theory.
The topics covered include directed acyclic graphs (DAGs), structural equation models
(SEMs), the original Onion method, and the multivariate Pearson type II distribution.

Throughout this paper V' = {1,2, ...} denotes a non-empty finite set of positive integers
that act as indices for collections of random variables and as vertices in graphical contexts.
We denote the set of the first n positive integers as:

(n]={1,2,...,n}

and will sometimes refer to the elements of [n | with the elements of V' interchangeably. For
matrices and vectors, we use the following notation:

e RVXV: the space of |V| x |V| real-valued matrices;
e SY.: the space of [V| x |V| symmetric positive definite matrices.
Let the following denote the space of all positive definite correlation matrices over V:

CortY, :={ReSY, : Rj;=1forallicV}

2.1 Directed Acyclic Graphs

A directed acyclic graph (DAG) is an ordered pair § = (V, E) consisting of a finite vertex
set V and an edge set of ordered pairs E C V x V with no directed cycles.! Ordered pairs
of vertices in the edge set of a DAG are typically described using familial relationships. For
1€V

pagi) = {j €V : (i,j) € B} chg(i) = {j €V : (j,i) € B}

are the parents and children of i, respectively. Moreover, ¢ is a source if it has no parents:
[pag(é)] = 0.

A total order on V is a reflerive, transitive, antisymmetric, and strongly connected binary
relation < : V x V — {0,1}; see Davey and Priestley (2002). The relationships between
vertices in G can (partially) characterize a total order. A total order < is consistent with
respect to G if for all i,5 € V:

i €pag(j) = 1=}

In other words, =< is consistent if every vertex precedes its children. A total order =< is
source-first with respect to G if for all 4,5 € V:

lpag(i)] =0 and [|pag(j)|#0 = =}

In other words, < is source-first if every source precedes every non-source. When it is
obvious from context, we omit “with respect to §” when describing an order as consistent
and source-first. We adopt the following convention throughout this paper:

1. A directed cycle is a vertex sequence (vy,...,vx) (kK > 1) where v1 = vi and (vs,vi41) € E for all i < k.
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Convention 1 For any DAG § = (V, E) where p = |V|, we fix a total order < on V that
s both source-first and consistent, and we label the vertices so that:

V=I[pl={1,...,p}, 1<2<...<p.

Consequently,
12 & 1<

This labeling is chosen separately for each graph and imposes no restrictions on the class of
graphs considered.

2.2 Directed Acyclic Graph Models

A DAG model is a probabilistic models whose conditional independence relationships are ex-
plicitly represented by a DAG. In particular, DAGs graphically encode conditional indepen-
dence relationships between their vertices, which can be read off using d-separation (Pearl,
1988; Verma and Pearl, 1990). A Markov property defines a subset of these relationships—
usually by a simple graphical criterion—that is sufficient to imply all of conditional inde-
pendence relationships represented by the DAG.

The ordered Markov property does so using a consistent total order (Lauritzen et al.,
1990).2 Accepting Convention 1, a probability distribution over V satisfies the ordered
Markov property with respect to a DAG § = (V| E) if and only if:

i Al [i—1]\ pag(i) | pag(i) forall i€V

where the ternary relation A Il B | C for disjoint sets A, B,C C V denotes that A and
B are independent conditioned on C' (Dawid, 1979). When a distribution satisfies the
ordered Markov property with to respect G, we say the distribution and its corresponding
parametric model are Markov to G. The distributions considered in the work belong to
a family of DAG models called recursive structural equations models (SEMs) which are
parameterized by covariance/correlation (Bollen, 1989).3

2.3 Recursive Structural Equation Models

A recursive structural equation model is a linear system of equations with no feedback loops
or correlated error terms (Bollen, 1989). Let X ={X; : i€ V}and Z={Z; : i € V} be
collections of random variables indexed by V that denote the model variables and additive
error terms, respectively. The matrix B = (8;;) € RY*V contains the linear coefficients of
the system and the additive errors are distributed according to £(2), where &£ has finite
covariance represented by the matrix Q = (w;;) € SY .

A recursive SEM for G is a distribution characterized by the system of linear equations:

X=XB'+Z Z ~ &(Q) (1)

2. Lauritzen et al. (1990) originally called this Markov property the local well-numbering Markov property.
3. General SEMs can model latent variables and feedback. These models can have more complex indepen-
dence structures not compatible with DAGs (Bollen, 1989; Drton, 2018).
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where

j €pag(i) = Bij=0 @)
7 75 j = Q@j =0

for all i, € V. Let I denote the |V| x |V| identity matrix and accept Convention 1. The
linear system in Equation 1 is uniquely solved by X = Z (I — B)~ " and has covariance:

Y=(I-B)""QU-B)"!

Conversely, for i € V and J = [i — 1], the linear coefficients and additive error variance are
computed:

Big=%i;0)"" (3)
Qii =i~ iy (Ss0) S (4)

respectively. Typically one takes J = pag(i), however since partial correlation and condi-
tional independence are equivalent for recursive SEMs, the ordered Markov property implies
that Equations 3 and 4 are valid for any J satisfying pag(i) € J C [i — 1].

Let G = (V,E) be a DAG and R € Corr!, be a correlation matrix over a V. We say R
is “Markov” with respect to G if there exist B € RV>*V and Q € SK  such that:

R=I-B)""QU-B)"!

and Equation 2 holds for all 7, j € V. Let the following denote the space of positive definite
correlation matrices Markov to G:

M(9) :={R € Corr_‘i+ : R is Markov with respect to G}

2.4 The Onion Method

Ghosh and Henderson (2003, 2009) proposed the Onion method for uniformly sampling
positive definite correlation matrices. Their approach sets up a recurrence relation with
base case:

Ry = [1]
and where the (i + 1) x (i + 1) correlation matrix R;1; is sampled by appending a column
vector ;41 and its transpose 7”@'11 to the rows and columns of an existing ¢ X ¢ correlation
matrix R;:

R' Ti4+1
R+1 _ |: (2 2 }
! rlg 1

Ghosh and Henderson call r;11 the the completion of R; in R;;+; and derive a necessary and
sufficient condition using Schur’s complement for R;;1 to be positive definite:

Lemma 1 If R; is positive definite, then R;11 is positive definite if and only if:
1-— TLlR;1Ti+1 > 0.

Ghosh and Henderson named their method the Onion method because it builds the
sampled correlation matrix one layer at a time. Lewandowski et al. (2009) reformulated
the Onion method in terms of elliptical distributions. Their reformulation relies on the
multivariate Pearson type II distribution which we rely on as well.
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2.5 Multivariate Pearson Type II
W ~ mPII;(vy) follows a multivariate Pearson type II distribution if it has density:*

7)o (1—ww)™2 (5)
where v > —% and w € R? such that w'w < 1. Alternatively, W = Q% U where:

Q ~ beta(§, v + 3);
U ~ uniform({u € R : |julls = 1}).

In the alternative formulation, U is distributed uniformly on the surface of the unit d-sphere;
for more details see Fang et al. (1990) and Khalafi and Azimmohseni (2014).

3. Methods

This section presents the primary content of this paper, the DaO method for sampling
correlation matrices. This includes theoretical results that the distribution of matrices
produced by the DaO method are uniformly sampled from the space of all correlation
matrices Markov to an input DAG. We first present the intuition for generalizing the Onion
method to the DaO method. Pseudocode and proofs of correctness for the DaO method
are provided in Section 3.2.

3.1 Generalizing the Onion Method to DAGs

To create the DaO method, we adapt the Onion method to sample uniformly from the
space of correlation matrices Markov to a given DAG. We also compute and store the
corresponding B and €2 matrices, which are sampled in tandem with the correlation matrix.

Let § = (V, E) be a DAG and accept Convention 1 so that V' = {1,...,p} and < is a
source first consistent order. The DaO method starts from three m x m matrices, where
m = |{i €V : pag(i) = @}| is the number of source vertices in G:

Rm = dmxm Bm = Omxm Qm = Imxm

The DaO method builds a correlation matrix (and corresponding B and 2 matrices) by
adding one additional layer at a time:

| Ri rmin | Bi 0 B LV
Ron= |00 "] B =y ] o=t o]

where I, «m and 0,,x.,, denote the m x m identity matrix and zero matrix respectively, and
0; denotes a column vector of ¢ zeros. Following Ghosh and Henderson, we call biTJrl the
completion of B; in B;y1 and w;41 the completion of €; in €;11. By Equations 3 and 4:

bl = ri Ry (6)
wis1 =1 =1 R i (7)

Let R; and k = |pag(¢ + 1)|. The completion r;; 1 is sampled using a change of variable
using the following;:

4. The multivariate Pearson type IT distribution is usually defined: f(w | a) o« (1 —w ' w)*~*. We use
y=a— % to simplify calculations in Section 3.1.
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w2
of k draws from a multivariate Pearson type II distribution and wy = 0(_y) is a
column vector of i — k zeros.

w1 .oq. . .
e Let w = [ ] be an i-dimensional column vector where wy ~ mPII}, is column vector

e Let P be an 7 x4 permutation matrix such that the first £ rows and columns correspond
to the members of pag(i 4+ 1) and the remaining i — k rows and columns correspond
to the members of [i] \ pag(i + 1). In other words, P permutes R; so that parent
vertices precede non-parent vertices.

e Let LLT = PTR;P be the Cholesky decomposition so that R; = PLLTPT.

The completion of R; in R;+; is then sampled as ;41 = PLw. Moreover, using the
orthogonality of P, the completions defined in Equations 6 and 7 can be reformulated in
terms of w:

biT+1 = TiTHRz‘_l
= (PLw) " (PLL"PT)™!
—w' LTPTPL-TL1PT

=w L7PT

wiy1 =1— TiTJrle'_lriJrl
=1— (PLw)" (PLL"P")"Y(PLw)
=1—w' L"TPTPL "L 'PTPLw

=1-—w'w

(9)

Notice the first line on the right hand side of Equation 9 is the same as the left hand
side of the inequality in Lemma 1. Accordingly, the positive definite requirement from
the lemma is equivalent to requiring that the additive error terms have positive variance
(wi+1 > 0). By forbidding the variances of these terms from equaling zero (w;+1 = 0), the
DaO method excludes recursive SEMs with deterministic relationships from its support.
Indeed, the set of excluded models (those with deterministic relationships) are exactly the
those that imply positive semi-definite correlation matrices that are not positive definite.

We apply the change of variable w = (PL)~!r;;1 to derive the density of 7;,1. Since
(1 —w{wy) = (1 —w'w), we can express the density of w in the same form as Equation 5:
flw]~v) x(1-= wTw)“V*%. Moreover, PL is invertible since P is an orthogonal permutation
matrix and L is a postive definite Cholesky factor. Applying the change of variable w =
(PL)"'r;;11 to Equation 5, r;11 has density:

1

Jriv | Ris §m) o< [L= (PD) i) T((PL)'risn)] 7 Jaet((PL) ™)

13 ! (10)
_ [1 —rZTJrl(PLLTPT)_lriH} 2 det(PLLTPT)™3
= (1 — TIHRZ-_ITZ'_H)’yi% det(Ri)ié
The DaO method samples completions from the density above by initializing v, = 5~

and updating v;41 = ;i — %

10
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3.2 The DAG-adaptation of the Onion Method

Algorithm 3 (Da0) provides pseudocode for the DaO method which employs two subroutines:

e Algorithm 1 (mPII) takes DAG G, integer/vertex i, and parameter 7 as input. Let
n =14 —1and k = |pag(i)]. The algorithm returns an n-dimensional column vector
where the first k elements are drawn from a multivariate Pearson type II distribution
and the remaining n — k elements are zero.

e Algorithm 2 (P-mat) takes DAG § and integer/vertex i as input. Let n =i — 1 and
k = |pag()|. The algorithm returns an n x n permutation matrix P such that the first
k rows and columns correspond to the members of pag(i) and the remaining n — k
rows and columns correspond to the members of [i — 1]\ pag(i). In other words, P
permutes R;_1 so that parent vertices precede non-parent vertices.

In Algorithm 1 (mPII): beta(a,b) samples a beta distribution with parameters a and b;
randn(k) samples a k-dimensional standard normal distribution; and lines 4 and 5 together

uniformly samples the surface of the unit k-sphere using a procedure outlined by Muller
(1956).

Algorithm 1: mPI1(S,,7) Algorithm 2: P-mat(9,1)
Input: DAG: § idx:1

Output: matrix: P

Input: DAG: § idx:¢ param:~y
Output: vector : w

1n+i—1 1nei—l ‘
2 k < |pag(i)| 2 P+ Onxn; J<—.1
3 qwbeta(%, v+ 1) /] q+1 3 foreach k € pag(i) do
4 y ~ randn(k) /7 yll2 # 0 4 J'Djvkgl
. Y 5 ¥j<—j+1
Hy‘lb 6 foreach k € [i — 1]\ pag(i) do
6w |17 T | Pkl
On—k 8 | jej+1

In Algorithms 1 and 2: 0,«, denotes the n X n zero matrix and 0,,_; denotes a column
vector of n — k zeros. We assume the support of beta(a,b) is [0, 1] however we reject and
redraw samples where ¢ = 1. This would result in determinism and a non-positive definite
(positive semi-definite) correlation matrix. Notably, sampling ¢ = 1 occurs with Lebesgue
measure zero and will not happen in practice. We do allow samples where ¢ = 0 (these are
unfaithful distributions) but note this also occurs with Lebesgue measure zero and will not
happen in practice. Indeed, it is known that unfaithful distributions occur with Lebesgue
measure zero in Gaussian DAG models (Meek, 1995). Similarly, sampling y = 0 (a column
vector of k zeros) from randn(k) would result in a divide by zero error but occurs with
Lebesgue measure zero and will not happen in practice. Accordingly, we reject and redraw
samples where y = O.

11
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Algorithm 3: Da0(9)
Input: DAG: G= (V,E)s.t. |[V]|=p
Output: corr: R, coef:B, err-var:(),

1m={ieV : pag(i) = T}|
2 Ry < Inxm 5 B < Omxmn ; Q< Linxm Ym < %
3 fori+ mtop—1do
4 w ~mPII(G,i+ 1,7;)
5 P < P-mat(9,i+1)
6 LLT « P'R; P // Cholesky decomposition
R, .
7 Rz’+1 — Tz T+l where Tir1 = PLw
T 1
B, 0,
8 Biy1 bTZ 0’] where b;;rl =w'L71PT
Vit
Q;, 0
9 Qi1 Tl ‘ where wip1=1—-w'w
_01- Wit1
10 | Vitl Vi~ g

In Algorithm 3: I;,xm and O, x.m,, denote the m x m identity matrix and zero matrix
respectively while 0; denotes a column vector of ¢ zeros. Let § = (V, E) be a DAG. Let
the following denote the space of positive definite correlation matrices sampled by the DaO
method given G:

D(G) := {R € CorrY, : R can be sampled from Da0(G)}

Remark 2 Lewandowski et al. (2009) give an extension of the onion method to sample
correlation matrices proportional to a power of their determinant by choosing different values
for the parameter we call v. The same extension could be applied here. However, we
prioritized minimizing the number of arguments and pick v to sample correlation matrices
uniformly; see Theorem 5.

Figure 1 depicts the results of generating random correlation matrices using the DaO
method for three DAGs. The DAGs make up the simplest non-trivial cases for the DaO
Method and the dimensions of the plots represent the correlations in the matrix:

1 72 73
R=|r2 1 193
riz Tz 1

We prove the correctness of the DaO method in two theorems. Theorem 4 shows that
the DaO method samples the space of positive definite correlation matrices Markov to a
DAG and Theorem 5 show that the DaO method samples that space uniformly. We use
two lemmas to facilitate the proofs of these theorems: Lemma 1 gives a necessary and
sufficient condition for a completion to produce a positive definite matrix and Lemma 3
gives a necessary and sufficient for the trailing zeroes in the column vector sampled from
mpii to correspond to non-parents in the graph.
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Emitter Chain Collider

- 0
10 -05 g0 45 10 10

13

€y

Cases: ® Emitter ® Chain ® Collider

Figure 1: Uniformly sampled correlation matrices from DAGs with |V| = 3 and |E| = 2
with 100 repetition for each case.
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Lemma 3 Let § = (V,E) be a DAG and accept Convention 1. If w is the column vector
sampled on line 4 of Algorithm 3 and bz—'[kl is the row vector sampled on line 8 of Algorithm 3,
then the following are equivalent:

o (b)1); =0 for all j ¢ pag(i+ 1)
e (w'); =0 for all j > |pag(i + 1)|
Proof By Equation 8 and using the orthogonality of P:
bi P=w'L?
Moreover, because L™! is lower triangular:
(LY, ;=0 for all k <

Accordingly, the j* element of bIHP is computed:

i

(b1 P)j = (w )k (L
k=j

Note that L~! is the inverse of a Cholesky factor and is therefore a positive definite
matrix with real and positive diagonal elements. Recall P is a permutation matrix that
permutes R; so that parent vertices precede non-parent vertices. Likewise, P permutes
b;;rlP so that parent vertices precede non-parent vertices. Accordingly, the following are
equivalent:

e (bl,); =0 forall j ¢ pag(i+1)

o (bl P)j =0 forall j > |pag(i+1)]
and we may prove the lemma by showing:

o (b, P); =0 forall j > [pag(i+1)]

° (wT)j =0 for all j > |pag(i + 1)|
The proof is completed using induction:

Base case: 1f i = j, then:

(b1 P)j = (w');(L7 Yy
However, (L™!); ; > 0 which implies (b, ; P); = 0 if and only if (w"); = 0.
Inductive step: If i > j and (b}, P)r = (w' )y = 0 for all k > j, then:

%

(biaP)j = (w e (L ey = (w');(L71);,
k=j

However, (L™1);; > 0 which implies (b/,; P); = 0 if and only if (w"); = 0.
Accordingly, the lemma is proven by induction. |
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Theorem 4 Let § = (V,E) be a DAG and accept Convention 1. The space of positive
definite correlation matrices sampled by the DaO method given G and the space of positive
definite correlation matrices Markov to G are equivalent: D(G) = M(G).

Proof The theorem is proven in two parts: D(G) € M(G) and M(G) € D(9). Throughout
this proof, if A € RV*V is a matrix, then A; denotes the upper-left i x i sub-matrix of A.

D(§) € M(9):

Pick an arbitrary R € D(G). We prove the first part of the theorem by showing R € M(9)
with induction:

Base case: Let m = |{i € V' : pag(i) = @}| be the number of source vertices in § and
construct:

Rm = Imxm Bm = Omxm Qm = Imxm
where I, xm and Op, %, denote the m x m identity matrix and zero matrix respectively.
Ry = (I —By)~ " Qu (I — By,) ™! is positive definite and Equation 2 holds for all i,j € [m]
by construction.
Inductive step: Assume R; = (I — B;)™ " €; (I — B;)™! is positive definite and Equation 2
(replacing ¢, j with j, k) holds for all j, k € [i]. Let w be the column vector sampled on line
4 of Algorithm 3, TIH be the column vector sampled on line 7 of Algorithm 3, b;;l be the
row vector sampled on line 8 of Algorithm 3, and wiT_H be the scaler sampled on line 8 of
Algorithm 3. If we construct:

| Ri min | Bi 0 B L
Rea= [ "] B = |y 4] %=t o)

where 0; denotes a column vector of 4 zeros, then R; i1 = (I — Biy1)™ " Qiy1 (I — Biq) ™
is positive definite by Lemma 1 and Equation 2 (replacing ¢, j with j, k) holds for all j, k €
[P+ 1] by Lemma 3.

Accordingly, R is positive definite and Equation 2 holds for all ¢, j € V' by induction which
proves the first part of the theorem.

M(8) € D(9):

Pick an arbitrary R € M(G) and construct B and € such that R= (I — B)~ " Q (I — B)™!
where the entries of B and 2 are uniquely solved for by:

Biy=Rij(Ry;) "
Qii=Rii—Rij(Ryj) 'Ry

for i € V and J = [¢ — 1] and equal to zero otherwise. We prove the second part of the
theorem by showing R € D(§) with induction:

Base case: Let m = |{i € V' : pag(i) = @}| be the number of source vertices in § and
note:

Bm — Om)(m Qm = Imxm
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by construction where I, and 0,,xm, denote the m x m identity matrix and zero matrix
respectively. Accordingly, running Algorithm 3 until it executes line 2 can produce B,, and
Q-

Inductive step: Assume running Algorithm 3 until the loop starting on line 3 has repeating
the i —m times can produce B; and ;. Let J = [i+1], biTJrl = Bit1,7, and wiy1 = Qit1i41-
Running Algorithm 3 until the loop starting on line 3 has repeating an additional time can
produce:

Bi 0; ) _ Qi 0;
Biy1 = [biTH 0] Qi1 = [OZT le]

by Lemmas 1 and 3 where 0; denotes a column vector of ¢ zeros.
Accordingly, the second part of the theorem is proven by induction.

Since D(G) € M(G) and M(G) € D(G) we have D(G) = M(9). [ |

Theorem 5 Let § = (V,E) be a DAG and accept Convention 1. If f : D(G) — R is the
density induced by the DaO method, then f o 1.

Proof Let R; € ComrmL and note the following relation derived from Schur’s compliment
(Ouellette, 1981):
det(R;11) = det(R;) det(1 — 7, 1 R; 'rit1)
= (1 — Tz‘—z_lR;lTiJrl) det(Rz)

The density of r;y1 conditioned on R; in Equation 10 is reformulated using the relation
above and by noting that v;41 = v — %:

Frist | Ris Goi) oc (1= 7l R )% det(Ry) ™2

= (1= 1] R riga) 72 det(R;) 72
1
[(1 — T’z-T_HRZ-_ITZ'_H) det(Ri)]% 2
det(Ri)“ﬁ
_det(Riqq)itt
— det(R;)i
Noting f(Rit1 5 G,vi+1) = f(riv1 | Ri; G,7%) f(Ri; 9,7%) and f(Rm 5 G,ym) = 1 since
Ry = Lyxm where m = [{j € V' : pag(j) = @}| is constant:

p—1
FBys Gp) = [[ friza | Ris G,%) F(Bm s G 9m)
p—1 .
det(Ri+1)'Yl+l .
W det(}%n@)’y
— det(R,)"
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The DaO method sets v, = #5™ which makes 7, = 0. Accordingly, f o 1. [ |

4. Characterization of DaO and Two Other Simulation Designs

This section characterizes the distribution of models generated by the DaO method. In par-
ticular we describe the DaO method’s output in terms of the distribution of beta coefficients;
the distribution of error-variances parameters; and the R?-sortability of the variables. In
terms of graph structures, the following characterizations cover three different DAG types:
Erdés Rényi (ER), scale-free in-degree (SFi), and scale-free out-degree (SFo).

Because DaO constructs standardized models, all variables in DaO models have unit
marginal variance. As such, all beta coefficients represent variability transferred from one
standardized variable to another standardized variable, and all independent error terms
have variance equal to one minus the total variance induced by its ancestors in the model.
By plotting the distribution of the beta coefficients and error-variance parameters, we can
assess the distribution of statistical effect sizes that one is likely to find in DaO simulations.
To provide additional context, we also characterize two other simulation designs in the same
way. We standardize all models using Algorithms 8 and 9 for both comparison designs to
ensure apples-to-apples comparisons; see Appendix A.3.

Since these are standardized designs, one outcome we evaluate is how often models
contain extreme parameter values. Two types of extreme values are (i) betas that are near
or above one, since they indicate extremely high statistical effect sizes where two variables
are almost deterministically linked; and (ii) independent variances that are almost zero,
since they indicate that a variable’s values are almost deterministically set by its parents.

We do not consider betas near zero to be problematic, since that is just a matter of weak
effect sizes that will require a larger sample size to detect. DaO does technically permit
betas being sampled at precisely zero, as well as other distributions that would violate
the Faithfulness assumption made by most CDAs. However, sampling any distribution
that violates Faithfulness is a probability zero event. As such, this does not happen when
producing finite models. All methods, including DaO and the comparison methods, have a
nontrivial chance of sampling models that are almost Unfaithful (Uhler et al., 2013). This
is normal, and is not problematic. Real-world situations are entirely capable of existing
near Unfaithful distributions as well. Further, some methods are more capable of handling
Unfaithful and near-Unfaithful distributions than others, and it is in part the purpose of
simulations to help determine which methods are more robust against expected amounts
and types of Unfaithfulness (Lam et al., 2022; Andrews et al., 2023).

4.1 Simulation Designs Used for Comparison
We compare the DaO method against two alternative simulation designs. Both designs also

parameterize B and () directly, where B is a matrix of beta coefficients and 2 is a covariance
matrix for additive error-variance parameters.
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e Zheng, Aragam, Ravikuma, and Xing (ZARX) simulation (Zheng et al., 2018):°

Bi,j ~ uniform([—2.0, =0.5] U [0.5, 2.0]) if j € pag(i)

B=(8i;) :
(Bij) {ﬂz’,j —0 if j ¢ pag(i)

Q ( ) wid':l le:j
= \Wij5) - o .
! wiJ:O lfl#]

e Tetrad simulation (Andrews et al., 2023):5

Bij ~ uniform([=1.0,1.0])  if j € pag(i)

B =(Bi;) : {

Bij =0 if j & pag(i)
Q= (wi)) w; j ~ uniform([1.0,2.0]) ifi=j
= Wij) - e .
’ wij =0 if 1 #£ 7

We “standardize” the models produced by the alternative methods to facilitate a mean-
ingful comparison. This ensures all variables have unit variance and that we compare
scale independent versions of the models. The methods above are “standardized” using
Algorithms 8 and 9; see Appendix A.3. Algorithm 8 (Cov-to-Corr) converts a covariance
matrix to a correlation matrix and Algorithm 9 (Cov-to-DAG) takes a DAG and covari-
ance/correlation matrix as input and returns the corresponding B and ) parameters for
the model—the parameters are standardized if the input is a DAG and a correlation matrix.

4.2 Comparison of Simulation Designs

Figure 2 plots the magnitude of the standardized betas against the standard deviation of
the additive error term for every edge, with kernel density estimates for contours. Figures 3,
4, and 5 depict empirical cumulative distribution functions (ECDFs) of the absolute beta
coefficients, absolute correlations, and standard deviations of 100 models generated from
DAGs with 100 variables and average degree o« = 10. The values where the corresponding
implied correlation is zero or one are omitted and vertical dotted lines indicate where the
maximum value of each ECDF is obtained. Lastly, Zheng et al. (2018) recommend using
0.3 as a threshold for the absolute beta coefficients to determine if a non-zero value corre-
sponds to an edge in continuous optimization-based methods—we mark this threshold with
a vertical dashed line.

All three simulation methods generate substantially different distributions of paramet-
ric models. The ZARX method consistently produces more edges with large absolute beta
coefficients relative to the other two methods, while DaO produces edges with absolute
beta coefficients closer to zero. Similarly, the ZARX method produces the highest absolute

5. This simulation was originally used by Zheng et al. (2018) but many continuous optimization-based CDA
publications use this design as well.

6. Tetrad is a Java application for causal discovery. Simulations in Tetrad are flexible, however, this
design was used in a recent publication whose authors included Joseph Ramsey—the lead developer and
maintainer of Tetrad.

18



BETTER SIMULATIONS

Simulation: —— ZARX —— Tetrad —— DaO
ER SFi SFo

Std

|Beta| |Betal |Betal

Figure 2: Properties of 10 models generated from ER/SFi/SFo-DAGs with |V| = 100 and
a = 10.

Simulation: —— ZARX —— Tetrad —— DaO
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Figure 3: Properties of 100 models generated from ER-DAGs with |V| = 100 and « = 10.

correlation values, while DaO produces the lowest absolute correlation values. Correspond-
ingly, the standard deviations of the error terms in ZARX models are the smallest, while
the standard deviations of error terms in DaO models are the largest.

The vertical dashed lines in these figures indicate that the standard threshold used
by continuous optimization-based methods rules out over 50% of the true edges in the
standardized versions of all three simulations. As such, all edges to the left of the vertical
dashed lines can not be discovered by continuous optimization-based methods unless the
user changes the threshold value—in Section 5 we lower the threshold to 0.1 (setting the
threshold lower often results in cyclic models).

The ZARX method samples beta coefficients from a distribution bounded away from
zero in an attempt to avoid (near-)violations of faithfulness and to generate models with
a strong signal-to-noise ratio. Our experiments show that this is a misconception. After
standardization, the beta coefficients produced by ZARX simulations are no longer bounded
away from zero and there are many weak effects. In fact, the beta coeflicients produced
by Tetrad simulations tend to be further from zero than the beta coefficients produced
by ZARX simulations. Moreover, ZARX simulations produce many additive error terms
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Simulation: —— ZARX —— Tetrad —— DaO
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Figure 4: Properties of 100 models generated from SFi-DAGs with |V| = 100 and « = 10.
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Figure 5: Properties of 100 models generated from SFo-DAGs with |[V| =100 and « = 10.

with a standard deviation of approximately zero—this near determinism will induce (near-
)violations of faithfulness.

Also puzzling is the presence of beta coefficients with magnitude approximately equal to
10 in the standardized ZARX models. This is only possible if two or more parents vertices
are almost perfectly (anti-)correlated and together have a jointly canceling effect on a shared
child vertex.

4.3 R’-Sortability of Parametric Models

Unlike varsortability which can be prevented by standardization (Reisach et al., 2021), it is
more difficult to prevent R?-sortability (Reisach et al., 2023). In this section, we evaluate
the R2-sortability of the parametric models produced by the three simulation methods.
We generated 100 models with 100 variables for each model structure: ER, SFi, and SFo;
smaller models are considered in Appendix A.5. All models were generated with average
degree o = 10.

We quantified the R2-sortability of each simulation method on each model structure
type by calculating the rank correlation coefficient between each variable’s R2-sortability
rank and its index from the variable order used to generate the DAG; see Section A.2.
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Simulated R2-sortable data will have correlations approaching plus or minus one, while,
simulated non-R%-sortable data will have correlations closer to zero.

ZARX Tetrad DaO
ER -0.873 -0.557 -0.386
SFi -0.552 -0.336 -0.108
SFo -0.497 -0.0561 -0.084

Table 1: R? rank correlation on DAGs with |V| = 100 and o = 10 over 100 repetitions

Simulation: ® ZARX ® Tetrad

® Dao

100 1=

75 A

50 A

Rank

251

0 50 100 O 50 100 O 50 100
Index Index Index

Figure 6: R2-sortability of models generated from ER-DAGs with |V| = 100 and o = 10
over 100 repetitions.

Table 1 tabulates the levels of R?-sortability for the three simulation methods while
varying model structure. The ZARX simulations have the highest R2-sortability for all
model structures, while R2-sortability appears to be present in Tetrad simulations but at a
weaker level than in ZARX simulations. Overall, the DaO method has lower R2-sortability
levels. Interestingly, we found that R?-sortability varies substantially with model structure,
as ER models typically had the highest R?-sortability correlations, and SFo models typically
had the lowest R2?-sortability correlations.

Simulation:

® ZARX

® Tetrad ® Dao

Rank

0 50 100 O 50 100 O 50 100
Index Index Index

Figure 7: R%-sortability of models generated from SFi-DAGs with [V| = 100 and o = 10
over 100 repetitions.
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Simulation: ® ZARX ® Tetrad ® Dao
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Figure 8: R2-sortability of models generated from SFo-DAGs with |V| = 100 and a = 10
over 100 repetitions.

4.4 Summary of Characterization Findings

Overall DaO simulations generate models with beta coefficients that tend to be smaller
than the beta coefficeints generated by the ZARX or Tetrad simulations. The independent
variances of DaO simulations also tend to be greater than those of the comparison methods.
Major advantages of the DaO method are that, (i) unlike the comparison methods, DaO
avoids creating problematic models that contain extreme betas with values near or above
1; (ii) DaO avoids creating variables that are nearly deterministic; (iii) R2-sortability is low
enough to be uninformative for DaO simulations.

5. Simulation Study

In this section, we report the results of a simulation study testing a variety of CDAs on data
generated using the DaO method and two alternatives: the ZARX and Tetrad methods.
The purpose of this study is to illustrate the differences between the DaO method and more
traditional simulation designs like ZARX and Tetrad, and to highlight advantages of using
the DaO method. The results of this study are summarized at the end of the section.

5.1 Simulation Details

Algorithm 4 details how the simulated datasets were generated from coefficient matrix B,
additive error-variance matrix €2, additive error €, sample size n, and boolean flag 6. The
flag 0 is used to standardize variables immediately after they are sampled; see Appendix A.4.

In Algorithm 4: 0,,x, denotes the n x p zero matrix while the subscripts of B,y and
Q(pxp) denote their dimensions. The second parameter of € gives the number of samples to
draw.

We used the metrics tabulated in Table 2, which were originally proposed by Kummerfeld
et al. (2023). The true DAG, rather than its Markov equivalence class, is used as the gold
standard for these evaluation metrics because (i) algorithms such as Direct Linear Non-
Gaussian Acyclic Mode (dLINGAM) are not constrained to the Markov equivalence class
and can in theory learn the complete DAG; (ii) from a practical perspective, restricting an
algorithm to outputting an equivalence class rather than a complete DAG has the purpose
of preventing false positive orientations and thereby increasing orientation precision; the
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Algorithm 4: simulate(B,,E&,n,d)
Input: coef : B,y
Output: data: X

1 X < Opxp

2 for i < 1 to p do

3 Zz‘ ~ E(Qi’i, n)

Xnpi = Xy (Bigy) " + Zs

if § then

L X[n]ﬂ — (X[n]ﬂ — mean(X[n} z)) / Std(X[nM)

)

err-var : {) error : £ samples:n std-flag:d

PXp)

(=~ JRSL N

advantages and purposes of doing such are obfuscated when the equivalence class itself is
treated as the learning target.

All simulations were run with average degree o = 10 over 20 repetitions at sample sizes:
200, 400, 600, 800, 1,000, 1,500, 2,000, 3,000, and 4,000. The number of variables were
varied (|V| = 20 and |V| = 100). All algorithms were run on an Apple M1 Pro processor
with 16G of RAM. Algorithms were dropped from the analysis in cases where they took
longer than 20 minutes per run.

5.2 Tested Algorithms and Algorithm Settings
In the simulations, the causal discovery algorithms use the following tests and scores.

e Fisher Z test (Anderson, 1984; Spirtes et al., 1993) is a test of zero-partial correlation
using Fisher’s z-transform; we set the alpha parameter to 0.01.

e Bayesian Information Criterion (BIC) score (Schwarz, 1978; Haughton, 1988) is a
penalized likelihood score that approximates the marginal likelihood for curved expo-
nential families; we set the penalty discount parameter to 2.

e Bayesian Gaussian equivalent (BGe) score (Geiger and Heckerman, 2002; Kuipers
et al., 2014) is a Bayesian score for a multivariate Gaussian distribution using conju-
gate priors; we use default parameters.

The simulations use multiple algorithms from multiple different software packages, out-
lined below. Notably, only algorithms o-Sort, R?-Sort, and dLINGAM output DAGs; all
other algorithms output (or have been modified to output) CPDAGs.”

e https://github.com/kevinsbello/dagma

— Directed Acyclic Graphs via M-matrices for Acyclicity (DAGMA) (Zheng et al.,
2018; Bello et al., 2022) is a continuous optimization-based algorithm using an
L1 penalty and the Adam optimizer; we set the parameter thresholded = 0.1
(or smallest threshold > 0.1 that returns a DAG), use defaults for all other
parameters, and convert the output to a CPDAG.

7. A CPDAG is a graphical summarization of a set of DAGs that imply the same conditional independence
relationships. Many CDAs output a CPDAG rather than a DAG.
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e https://github.com/cmu-phil/tetrad (Ramsey et al., 2018)

— Best Order Score Search (BOSS) (Lam et al., 2022; Andrews et al., 2023) searches

over permutations which are projected to DAGs using the BIC score; we set the
parameter restarts = 10 and use defaults for all other parameters.

Fast Greedy Equivalence Search (fGES) (Chickering, 2002; Ramsey et al., 2017)
is an optimized version of the greedy equivalent search which searches over equiv-
alence classes of DAGs by iteratively adding then removing edges until the model
cannot be improved according to the BIC score; we use default parameters.

Peter Clark (PC) (Spirtes et al., 1993; Colombo and Maathuis, 2014) explicitly
tests conditional independence relationships to rule out incompatible hypothesis
graphs using the Fisher Z test; we set the parameter stable = true and use
defaults for all other parameters.

https://github.com/CausalDisco/CausalDisco

— o-Sortability (o-Sort) (Reisach et al., 2021) orders variables by iteratively mini-

mizing a variance criterion; we use default parameters.

— R2-Sortability (R2-Sort) (Reisach et al., 2023) orders variables by iteratively

minimizing a partial correlation criterion; we use default parameters.

https://github.com/cdt15/1lingam (Ikeuchi et al., 2023)

— Direct Linear Non-Gaussian Acyclic Model (dLINGAM) (Shimizu et al., 2006,

2011) orders the variables by iteratively minimizing a non-Gaussian criterion; we
use default parameters.

https://cran.r-project.org/web/packages/BiDAG/index.html (Suter et al., 2023)

— Iterative Markov Chain Monty Carlo (itMCMC) (Kuipers et al., 2022) uses

MCMC to sample orders that are partially constrained by an adjacency ma-
trix learned by PC using the Fisher Z test and BGe score; we set the parameter
hardlimit = 20 and use defaults for all other parameters.

https://cran.r-project.org/web/packages/pchc/index.html (Tsagris, 2023)

— Max-Min Hill-Climbing* (MMHC¥) is a continuous variant of the original MMHC

algorithm (Tsamardinos et al., 2006; Tsagris, 2021). It initially grows Markov
blankets by iteratively adding variables that maximize the minimum BIC score
over subsets of the current Markov blankets. Explicit tests of conditional inde-
pendence are then used to rule out incompatible hypothetical graphs using the
Fisher Z test; we set the parameter restarts = 10 and use defaults for all other
parameters.
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o tp True Estimated Adjacency Orientation
Precision = ————
tp + fp 17 tp tp,tn
i z — j tp fp,fn
tp 71— tp fn
Recall = ———— 1...J fn fn
tp+£fn
147 fp fp
F1 Score = PT P beeed i—j fp

tp+fp+tp+£fn i n

Table 2: Metrics

5.3 DaO Simulations

In the DaO simulations, graphs were generated using the ER-DAG; see Appendix A.2,
moreover scale-free simulations are considered in Appendix A.6. The model parameters
were passed to Algorithm 4 to generate two versions of the simulated data: Gaussian error
and non-Gaussian exponential error. The Gaussian version of the simulated data was used to
evaluate all CDAs with one exception. The non-Gaussian version of the simulated data was
used to evaluate dLINGAM due to its dependence on a non-Gaussian signal. Accordingly,
dLiNGAM had access to additional information that the other algorithms did not, which is
reflected in its superior performance. The o-sortability algorithm was not evaluated on DaO
simulations for a similar reason—there is no signal to sort the variables since all variances
are one.

5.4 Alternative Simulations

In the alternative simulations, all graphs were generated using the ER-DAG method; see
Appendix A.2. The model parameters were passed to Algorithm 4 to generate two versions
of the simulated data: Gaussian error and non-Gaussian exponential error. The Gaussian
version of the simulated data was used to evaluate all CDAs with one exception. The
non-Gaussian version of the simulated data was used to evaluate dLINGAM due to its
dependence on a non-Gaussian signal. As in the DaO simulations, dLINGAM had access to
additional information that the other algorithms did not, which is reflected in its superior
performance. The simulated data were not standardized before running any of the CDAs
with one exception. DAGMA was run twice: once on the unstandardized data (DAGMA)
and once on the standardized data (sDAGMA).

As noted in Section 4, ZARX simulations create near deterministic relationships be-
tween the variables. We see that methods such as PC and GES perform poorly in the
presence of this near determinism. We conjecture this is because the near deterministic
relationships result in (near-)violations of faithfulness and local optima. Moreover, the dif-
ference in performance between DAGMA and sDAGMA highlights the complains of several
papers targeting the simulations commonly used to evaluate continuous optimization-based
methods.
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Figure 9: Mean performance of CDAs on data generated from ER-DAGs with o = 10 using
the DaO method for DAG Models over 20 repetitions.
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Figure 10: Mean performance of CDAs on data generated from ER-DAGs with 20 variables
and a = 10 over 20 repetitions.
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5.5 Summary of Simulation Findings

DaO simulations demonstrated a greater ability to detect unusual CDA behavior. For
example, while a priori o-sort cannot perform well on DaO, o-sort achieved reasonable
performance on ZARX and Tetrad, and outperformed some more legitimate CDAs.

As another example, in DaO simulations most CDAs show increasing performance as
sample size increases, however DAGMA and R?-sort seem less responsive to DaO sample
sizes. In contrast, ZARX and Tetrad simulations show nearly all of the CDAs being rela-
tively unresponsive to sample size. This is likely due to the differences in the distribution
of betas and independent variances reported earlier in Section 4.2. ZARX and Tetrad, by
omitting all weak betas, mean that the advantages of larger sample sizes are significantly
attenuated. By comparison, increasing sample sizes provides increasing power for detecting
the small betas in DaO simulations.

Despite the DaO method sampling betas that are arbitrarily close to zero, higher per-
forming CDAs are able to have good recall performance. Most of the tested CDAs show
a trend that is approaching an adjacency recall of one as sample size increases. This is
evidence that bounding betas away from zero is not necessary for evaluating CDAs, and
in fact shows that not including such bounds has the advantage of being able to evaluate
which CDAs are better able to detect weaker betas.

The DaO method gives performance evaluations of the various CDA methods are are
quite different from the ZARX and Tetrad methods. CDA methods that had superior
performance in DaQO, namely dLINGAM and BOSS, also had good performance in ZARX
and Tetrad. The alternative is not true, however: some methods, like DAGMA and o-sort,
had superior performance on ZARX or Tetrad simulations, but had poor performance on
DaO (or in the case of o-sort, a priori cannot have good performance on DaO and as such
was not even tested). This reflects the fact that DaO simulations cover the complete space
of distributions, while ZARX and Tetrad simulations do not.

6. Discussion

We present the DaO method for uniformly sampling matrices from the space of correlation
matrices satisfying the Markov property with respect to a DAG. DaO simulations should
be adopted as a universal benchmark for evaluating algorithms that learn DAGs or fit
SEMs to DAGs. Python and R implementations of the DaO method are available on
GitHub: https://github.com/bja43/Dal_simulation and the Python implementation is
also available on PyPI: https://pypi.org/project/daosim.

The DaO method solves multiple problems that have been recently highlighted by several
papers criticizing common data simulation practices. These papers identified properties
they claimed are unrealistic and could be unfairly exploited by some learning algorithms.
Uniformly sampling matrices, as per the DaO method, ensures that any signatures in the
data are a product only of sampling data from DAGs, and are not a product of some human
bias for selecting simulation designs favorable to one type of learning algorithm or another.

DaO allows any distribution with finite variance to be used for the additive error terms.
This is not the same as allowing for the generation of data following any chosen multivariate
distribution. For example, in the case of a non-Gaussian distribution like Student’s T, the
multivariate distribution produced by DaO when using Student’s T additive errors will not
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be a multivariate Student’s T distribution. This is because many non-Gaussian families are
not closed under summation. However, in some cases it is possible to sample data from a
multivariate non-Gaussian distribution with a specific correlation matrix. For example, it
is possible to sample directly from a multivariate Student’s T distribution with specified
correlations. If one further wants this correlation matrix to be consistent with a specific
DAG, then DaO could be used to generate that correlation matrix. Note that in this
situation, the pairwise relationships may no longer be linear.

6.1 Limitations

The DaO simulation method has several limitations. First, the DaO method and DAG
sampling methods in general are naturally limited to acyclic models, however, many causal
processes in the natural world are cyclic. Second, we do not present any methodology for
simulation or evaluation in the presence of unmeasured confounding. Third, our simula-
tions only produce cross-sectional data and cannot be directly used for evaluating methods
intended for time-series contexts. Fourth, while sampling uniformly from the space of all
correlation matrices has many advantages, we may want to know how an algorithm is likely
to perform on a specific dataset from a specific causal system. In such cases, a simulation
that is more tailored to that specific dataset and causal system may be more informative
than a DaO simulation. Fifth, while extension to nonlinear models would be valuable, it is
not immediately clear how DaO can be extended to a nonlinear setting, since it is reliant
on the representative power of a correlation matrix.

6.2 Future Directions
Future Directions for further developing DaO include the following:
1. Extend the DaO method to latent variables.
2. Extend the DaO method to time-series data.
Design and execute a large simulation study using the DaO method.

Investigate methods for restricting DaO to a subspace of correlation matrices.

AN

Contribute the DaO method to other tools that have been made for the comparison
and validation of CDAs such as Benchpress (Rios et al., 2021).

6.3 Insights into the Conflicting Results of Previous Simulations

Finally, in addition to developing and characterizing the DaO method, this paper also sheds
some light on the ongoing debate surrounding continuous optimization-based methods.

First, it highlights that continuous optimization-based methods need to pick a lower
threshold in order to recover edges from standardized models. This is illustrated by Fig-
ures 3, 4, and 5. In addition to lacking signals like varsortability, this may be part of
the reason that continuous optimization-based methods did not perform well on the DaO
simulations reported in Figures 9, 19, and 20.

Second, the need to bound beta coefficients away from zero is a misconception. Instead,
this can result in near determinism which creates (near-)violations of faithfulness. Figures 3,
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4, and 5 highlight that the ZARX simulations, used by continuous optimization publica-
tions, produce a substantial number of these nearly deterministic relationships. Moreover,
non-continuous optimization-based CDA are known to perform poorly in the presence of
deterministic relationships (Glymour, 2007)

These points help explain the substantial conflict between the simulation results reported
in papers that use the ZARX method versus other methods. The performance of DAGMA
and sDAGMA in Figure 10 illustrates these points.

All of the above issues can be resolved if future researchers replace the use of ad hoc
simulation designs with simulation designs that are (1) well-characterized; (2) proven to not
produce ad hoc simulation artifacts; (3) cover the complete space of models. At this time,
the only method that satisfies all of these criteria is the DaO method.
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Appendix A. Appendix

A.1 Method Label for DaO

Following Simon and Aliferis (2024) we provide a DaO method label:

Method Label for DaO

Main use e Avoids common artifacts and biases in simulation studies with directed
acyclic graphs (DAGs), by randomly sampling standardized structural
equation model (SEM) parameters with implied correlation matrices uni-
formly distributed over all correlation matrices Markov to the DAG

Context e Simulation studies for evaluating the performance of DAG-learning and

of use SEM-learning algorithms, such as causal discovery algorithms

Secondary e Sampling constrained correlation matrices for any other purpose, such

use as Markov Chain Monte Carlo (MCMC) procedures or as a prior distri-
bution for Bayesian inference

Pitfalls e Many real-world correlation matrices are not uniformly distributed

e DaO sampling produces many small coefficients, which in scientific set-

tings may be considered less important cause-effect pairs

Principle of
operation

Parameterizes a correlation matrix (and correspondingly, the coefficient
and error-variance parameters of a SEM for a given input DAG) layer
by layer with respect to a topological order. Each layer contains the
correlations of a newly added variable with the preceding variables, and
those values are drawn based on the values of the preceding layers (i.e.
preceding variables’ correlations)

Based on theory for elliptical distributions and properties of the multi-
variate Pearson type II distribution

DaO is a modification of the Onion method by Ghosh and Henderson,
by generalizing it to all DAGs rather than only fully-connected DAGs

Theoretical
properties
and
empirical
evidence

Proven to draw uniformly from the space of correlation matrices that
satisfy the Markov Condition for the input DAG

Models are guaranteed to be standardized, thereby preventing simulation
artifacts such as “varsortability”

e Better at avoiding near deterministic relationships
e Has support over all valid correlation matrices
e Can not be used to cherry-pick algorithm performance, because it has

no simulation parameters or other points of control

Because it samples uniformly, the DaO method represents a generic con-
text with a complete lack of background knowledge (i.e., an uninforma-
tive prior over the model space)

When comparing DAG-learning methods, the DaO method enables iden-
tification of the method which has best average performance over all
possible inputs

Best
practices

All causal discovery and DAG-learning methods meant for linear models
should have their performance benchmarked on DaO simulations
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A.2 Sampling Random DAGs

We consider two approaches for generating graphs: Erdds Rényi (ER) where edges occur
with equal probability (Erdds and Rényi, 1959) and Scale-Free (SF') where edges occur such
that the distribution of vertex degrees follows a power-law (Barabéasi and Albert, 1999).
These methods produce undirected graphs rather than DAGs, but are frequently adapted to
generate DAGs by imposing a topological order on the vertices—we also take this approach.
Algorithm 5 contains pseudocode for sampling ER-DAGs using the total order established
by Convention 1.

Algorithm 5: ER-DAG(V, «)

Input: vertices:V avg-deg:«a

Output: DAG: § = (V, E)

E<+— o

repeat
(t,§) ~f: VXV =R st focljc
E+ FU{(i,j)}

until |E| = § |V

S N VA

In Algorithm 5, 1;<; denotes the indicator function for j < 4. Algorithm 5 (ER-DAG)
takes vertex set V and average degree « as input to construct a DAG. The total order
over V established by Convention 1 is imposed on the vertices to direct the edges. Edges
consistent with the imposed order are sampled uniformly at random until an average degree
of «a is achieved. Since the operation of some causal discovery algorithms (CDAs) can
depend on the order of the variables, the vertex order of a DAG can (and perhaps should)
be randomized after sampling.

Notably, the ER-DAG method is biased and does not produce DAGs uniformly at ran-
dom. This is a limitation of the current work. For reader interested in unbiased DAG

sampling procedures, consider the works of Melancon et al. (2001); Kuipers and Moffa
(2015).

SF-DAGs are commonly generated following Price (1976). Many studies use the igraph
C library (Csardi and Nepusz, 2005) which by default generates SF-DAGs with scale-free in-
degree and constant vertex out-degree (equal to §). This approach can generate SF-DAGs
with scale-free out-degree and constant vertex in-degree by reversing the direction of the
edges in the graph. However, it is not straightforward to add variation to the non-scale-free
vertex degree or to generate DAGs that have scale-free in-degree and out-degree at the same
time.

We present methods for modifying an existing DAG in a way that retains some proper-
ties, such as average degree and number of vertices, while changing other properties, such
as having a power-law distribution for the vertex in-degree or out-degree. These algorithms
were original introduced in Andrews et al. (2023).
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Algorithm 6: SFi-DAG(XH) Algorithm 7: SFo-DAG(XK)
Input: DAG: H = (V, - ) s.t. |V]| =p Input: DAG: H = (V, - ) s.t. [V]|=p
Output: DAG: § = (V, E) Output: DAG: § = (V, E)

1 F+—o 1 E+ o

2 fori+ ptoldo 2 fori+ 1 topdo

3 repeat 3 repeat

4 jg~f: V>R st. 4 Jg~f: V>R st.

focLicj+ [pag(j)] focLj<i+[chg(5)]
5 E«+ Eu{(y,)} 5 E«+ FU{(i,j)}
6 until |chg(7)| = |chy(7)] 6 until |pag(i)| = [pag(i)]

In Algorithms 6, and 7: 1;.; and 1,-; denote the indicator function for ¢ < j and j <1
respectively. Algorithm 6 (SFi-DAG) resamples the parents of each vertex via preferential
attachment in reverse topological order resulting in a scale-free in-degree distribution while
maintaining the prior out-degree distribution. Conversely, Algorithm 7 (SFo-DAG) resamples
the children of each vertex via preferential attachment in topological order resulting in a
scale-free out-degree distribution while maintaining the prior in-degree distribution.

These algorithms allow one to provide a DAG that has some desirable properties, such
as number of edges or in/out-degree distribution, and modify it so that either the in-degree
or the out-degree is scale-free. Additionally, both procedures may be applied to produce a
graph with both scale-free in-degree and out-degree.® Figures 11 and 12 illustrate in/out-
degree distributions for DAGs generated using the SFi-DAG method and the SFo-DAG
method compared the ER-DAG method.

ER/SFo - In-degree  ER/SFi - Out-degree SFi - In-degree SFo - Out-degree

|l

ol | [l ] Jh.

0 10 20 0 10 20 0

N
N
L

Proportion

o
N

5 50 0 25 50

Figure 11: Vertex in/out-degree distributions for 100 DAGs with |V| = 100 and a = 10.

Figure 12: Edge matrices for ER/SFi/SFo-DAGs with [V| = 100 and v = % (density 1).

8. Applying SFi-DAG before SFo-DAG versus SFo-DAG before SFi-DAG results in different in/out-degree dis-
tributions. Their application may be iterated in an alternating manner until convergence if identical
in/out-degree distributions are desired.
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A.3 Additional Algorithms for Reference

We provide descriptions and pseudocode for algorithms used in Section 4.2 for readers who
are unfamiliar with them. Algorithm 8 (Cov-to-Corr) converts a covariance matrix to a
correlation matrix and Algorithm 9 (Cov-to-DAG) takes a DAG and covariance/correlation
matrix as input and returns the corresponding B and ) parameters for the model—the
parameters are standardized if the input is a DAG and a correlation matrix.
Algorithm 9: Cov-to-DAG(9, X)
Input: DAG: G cov/corr : X,yp)
pXp) . ) g .
Output: corr : R Output: coef : B err-var: ()
LD Oy 1 BfOpo; Q< Opxp
) 2 for i+ 1to pdo
2 for i <1 to p do 7 (0)
1 3 < pag(i
3 Dj; <+ (i) 2
L ii € (Zia) 4 | Big<+ i)t
¢ ReDXD 5 | Qi Xii—BigXy

Algorithm 8: Cov-to-Corr(X)
Input: cov: X

In Algorithms 8 and 9: 0,x, denotes the p X p zero matrix while the subscript of
Y (pxp) denote its dimensions. We first evaluate the distributions of edge coefficients, implied
absolute correlations, and the standard deviations of the independent error terms for each
of these simulation methods. We then evaluate the R2-sortability of these methods.

A.4 Additional Comparisons of Simulation Designs

We provide an extension to the analysis conducted in Section 4.2 by analyzing data gen-
erated from DAGs constructed as described in Appendix A.2 and Algorithm 4 using the
alternative simulation method that standardizes the each variable immediately after sam-
pling it (setting the flag parameter to true).

Figures 13, 14, and 15 depict empirical cumulative distribution functions (ECDFs) of
the absolute beta coefficients, absolute correlations, and standard deviations of 100 models
generated from DAGs with 100 variables and average degree o = 10. The values where
the corresponding implied correlation is zero or one are omitted and vertical dotted lines
indicate where the maximum value of each ECDF is obtained. Lastly, Zheng et al. (2018)
recommend using 0.3 as a threshold for the absolute beta coeflicients to determine if a non-
zero value corresponds to an edge in continuous optimization-based methods—we mark this
threshold with a vertical dashed line.

A.5 Additional R?-Sortability Analyses

We provide an extension to the analysis of R?-sortability conducted in Section 4.3 by ana-
lyzing data generated from smaller DAGs. We evaluate the R2-sortability of the parametric
models produced by the three simulation methods. We generated 100 models with 20 vari-
ables for each model structure: ER, SFi, and SFo. All models were generated with average
degree o = 10.

We quantified the R2-sortability of each simulation method on each model structure
type by calculating the rank correlation coefficient between each variable’s R2-sortability
rank and its index from the variable order used to generate the DAG; see Section A.2.
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Figure 13: Properties of 100 models generated from ER-DAGs with |V| = 100 and o = 10.

Simulation: —— ZARX —— Tetrad —— DaO

1.0 1

0.8 1

0.6 1

CDF

0.4

0.2 1

1
1
1
1
| I
| B
'
1
1
1
1
1

0.0 T T - T T T T — T T T T —
103 102 107! 10° 10! 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
|Betal |Corr| Std

Figure 14: Properties of 100 models generated from SFi-DAGs with |V| = 100 and o = 10.

Simulated R2-sortable data will have correlations approaching plus or minus one, while,
simulated non-R?-sortable data will have correlations closer to zero.

ZARX Tetrad DaO

ER -0.859 -0.500 -0.264
SFi  -0.788 -0.532 -0.223
SFo -0.624 -0.126 0.033

Table 3: R? rank correlation on DAGs with |V| = 20 and a = 10 over 100 repetitions

Table 3 tabulates the levels of R?-sortability for the three simulation methods while
varying model structure. ZARX simulations have the highest R?-sortability for all model
structures, while R2-sortability appears to be present in Tetrad simulations but at a weaker
level than in ZARX simulations. Overall, the DaO method has lower R2-sortability levels.
Interestingly, we found that R?-sortability varies substantially with model structure, as ER
models typically had the highest R2-sortability correlations, and SFo models typically had
the lowest R2?-sortability correlations.
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Figure 15: Properties of 100 models generated from SFo-DAGs with |V| = 100 and o = 10.
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Figure 16: R2-sortability of models generated from ER-DAGs with |[V| = 20 and o = 10
over 100 repetitions.

A.6 Scale-free Simulation Results

We include an extension to the simulations conducted in Section 5.3 by analyzing data gen-
erated from DAGs with scale-free structure. In the DaO simulations, graphs were generated
using the SFi-DAG and SFo-DAG methods after the ER-DAG method; see Appendix A.2.
The model parameters were passed to Algorithm 4 to generate two versions of the simu-
lated data: Gaussian error and non-Gaussian exponential error. The Gaussian version of
the simulated data was used to evaluate all CDAs with one exception. The non-Gaussian
version of the simulated data was used to evaluate dLINGAM due to its dependence on a
non-Gaussian signal. Accordingly, dLINGAM had access to additional information that the
other algorithms did not, which is reflected in its superior performance. The o-sortability
algorithm was not evaluated on DaO simulations for a similar reason—there is no signal to
sort the variables since all variances are one.
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Simulation: ® ZARX ® Tetrad ® Dao
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Figure 17: R2-sortability of models generated from SFi-DAGs with V| = 20 and a = 10
over 100 repetitions.
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Figure 18: R2-sortability of models generated from SFo-DAGs with |[V| = 20 and a = 10
over 100 repetitions.
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Figure 19: Mean performance of CDAs on data generated from SFi-DAGs with o = 10
using the DaO method for DAG Models over 20 repetitions.
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Figure 20: Mean performance of CDAs on data generated from SFo-DAGs with o« = 10
using the DaO method for DAG Models over 20 repetitions.
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