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Abstract

Motivated by understanding the behavior of the Alternating Mirror Descent (AMD) algo-
rithm for bilinear zero-sum games, we study the discretization of continuous-time Hamil-
tonian flow via the symplectic Euler method. We provide a framework for analysis using
results from Hamiltonian dynamics and symplectic numerical integrators, with an emphasis
on the existence and properties of a conserved quantity, the modified Hamiltonian (MH),
for the symplectic Euler method. We compute the MH in closed-form when the original
Hamiltonian is a quadratic function, and show that it generally differs from the other con-
served quantity known previously in the literature. We derive new error bounds on the MH
when truncated at orders in the stepsize in terms of the number of iterations, K, and use
these bounds to show an improved O(K1/5) total regret bound and an O(K−4/5) duality
gap of the average iterates for AMD. Finally, we propose a conjecture which, if true, would
imply that the total regret for AMD scales as O (Kε) and the duality gap of the average
iterates as O

(
K−1+ε

)
for any ε > 0, and we can take ε = 0 upon certain convergence

conditions for the MH.

Keywords: symplectic integrators, numerical integration, Hamiltonian dynamics, algo-
rithmic game theory, min-max optimization, alternating mirror descent

1. Introduction

In its original physics setting, Hamiltonian flow is used to describe the dynamics of physical
systems where the total energy—i.e., the Hamiltonian function H—is conserved. Perhaps
after some perturbations or upon a change of variables, Hamiltonian flows also appear in
other scientific fields as dynamical models of systems, even when these systems do not de-
scribe physical processes. Some examples which motivate our work are as follows. In game
theory, Hamiltonian structure appears in the dynamics of multi-agent systems (Hofbauer,
1996; Bailey and Piliouras, 2019); this perspective has been useful for understanding emer-
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gent phenomena such as chaotic behavior in the systems (Sato et al., 2002; Piliouras and
Wang, 2021), and for designing more efficient multi-agent learning algorithms (Balduzzi
et al., 2018). In online learning, Hamiltonian structure appears in the continuous-time
view of best-response dynamics such as fictitious play (Ostrovski and van Strien, 2011; van
Strien, 2011).

Hamiltonian flows also appear in many problems motivated by computer science. In
optimization, Hamiltonian dynamics (with friction or damping) appear in the continuous-
time view of accelerated gradient methods; this Hamiltonian perspective has been useful
for deriving new optimization algorithms and extending the concept of accelerated methods
to more general optimization problems, (see, e.g., Su et al., 2016; Wibisono et al., 2016;
Betancourt et al., 2018; Wilson et al., 2019; Diakonikolas and Jordan, 2021; Wilson et al.,
2021; Duruisseaux and Leok, 2022). A Hamiltonian flow perspective has also been used
for deriving new descent methods for optimization (O’Donoghue and Maddison, 2019; Teel
et al., 2019; De Luca et al., 2023; Wang, 2024). In sampling or probabilistic applications
such as Bayesian inference, Hamiltonian dynamics appear as a crucial component of the
Hamiltonian Monte Carlo (HMC) algorithm (Duane et al., 1987; Neal, 2011), which is a
practical sampling algorithm with good empirical performance, and which is the default
method in probabilistic programming packages such as Stan (Carpenter et al., 2017) and
PyMC3 (Salvatier et al., 2016). The theoretical guarantees of HMC are strongly tied to
conservation of energy in the discretization scheme used for implementing the Hamiltonian
dynamics—see, e.g., Hoffman and Gelman (2014), Betancourt (2016), Bou-Rabee and Sanz-
Serna (2018), Mangoubi and Vishnoi (2018), Lee and Vempala (2018), Chen and Vempala
(2019), Betancourt (2019), Chen et al. (2020), Lee et al. (2020), and Kook et al. (2022).

Hence, the accurate simulation of Hamiltonian flows is of great importance for applica-
tions across game theory, learning theory, and computer science at large. Unless one can
explicitly integrate the Hamiltonian flow for the Hamiltonian in question (which is rare),
one generally resorts to discretizing the flow by subdividing the time interval and computing
iterative approximations to the ODE solution at those times. For these numerical integra-
tors, we generally speak of a stepsize η > 0, such that as η → 0, the numerical solution
approaches the true solution (Atkinson, 1988).

Since the true Hamiltonian flow preserves H—the Hamiltonian function or “energy”—
one might also expect a numerical integrator to conserve a quantity approximating H for
sufficiently small η, which we call a modified Hamiltonian H̃η, such that as η → 0, the

modified Hamiltonian recovers the true Hamiltonian: H̃η → H, in some notion of conver-
gence. Analogous to how knowing H and its level sets are useful for geometric analyses of
Hamiltonian flow, knowing H̃η and its level sets would be similarly useful for analyzing the

numerical integrator and its trajectories. However, a modified Hamiltonian H̃η does not
exist for many discrete-time approximations of Hamiltonian flow (Hairer et al., 2006, Chap-
ter IX)—two counterexamples are given later in Section 3. Thus, guaranteeing that the
numerical solution matches the behavior of the continuous-time dynamics can be difficult
and subtle, especially when trying to develop such guarantees rigorously for algorithmic
applications.

Motivated by the above problem, this paper studies the following two questions: How
can one implement Hamiltonian flows as discrete-time algorithms with provable energy
conservation errors, and how do these energy conservation errors inform the performance of
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related algorithms in a computer science context? Symplectic integration is the study of how
to accurately discretize Hamiltonian flows as discrete-time algorithms and is a long-studied
field with many classical results that are designed precisely to answer our first question (e.g.,
Channell and Scovel, 1990; Yoshida, 1990, 1993; Hairer et al., 2006). However, existing
results are not sufficiently algorithmic for many applications of interest in algorithmic game
theory and computer science. For instance, while all symplectic discretizations in principle
conserve a modified Hamiltonian H̃η, unfortunately, H̃η can only be described as a formal
power series which generally does not converge (Field and Nijhoff, 2003). Furthermore,
since the series for H̃η can only be summed up to a finite number of terms in practice, it

remains unanswered as to how using the truncated forms of the series for H̃η induces an
error in their conservation from an algorithmic perspective without assuming a priori that
the numerical solution remains within a compact set (Hairer et al., 2006, Chapter IX).

This study also sets the ground for a framework of a rigorous mathematical machinery
that can be used for deriving algorithmic guarantees and new algorithms in game theory,
learning theory, and computer science applications which relate to Hamiltonian dynamics.
One particular example comes from algorithmic game theory. The joint behavior of two
agents in a bilinear zero-sum game using greedy strategies in continuous time can be de-
scribed via a Hamiltonian flow, and different discretization methods of the Hamiltonian flow
correspond to different strategies for the two players in the game (Hofbauer, 1996; Bailey
and Piliouras, 2019). Out of these strategies, we focus on the Alternating Mirror Descent
(AMD) algorithm for constrained zero-sum games (Wibisono et al., 2022), which we show
is related by duality to the discretization of a Hamiltonian flow that preserves a modified
Hamiltonian H̃η. The conservation of H̃η and the near-conservation of its truncated forms
have direct implications on regret guarantees of the AMD algorithm, which we describe
further in Section 9. We use several key properties of H̃η and its order-by-order truncations
in η to generalize both the analyses done in Bailey et al. (2020) for the unconstrained set-
ting of AMD with quadratic regularizers and the regret analysis of AMD in Wibisono et al.
(2022).

Contributions. We address the questions above and set the framework for relating algo-
rithms in game theory to symplectic integrators by showing the following:

1. Under a computable linear transformation and a Legendre transform, for any choice
of Legendre-type regularizers in the bilinear zero-sum game setting and usual domain
assumptions, the trajectories of the symplectic Euler method applied to a Hamilto-
nian system with a suitable Hamiltonian function transform into the trajectories of
AMD. Thus, AMD inherits the properties which symplectic Euler has: A conserved
quantity expressible via order-by-order corrections in η and a continuous-time flow
which interpolates its discrete-time trajectory.

2. Order-by-order approximations in the stepsize, η > 0, to the modified Hamiltonian
H̃η for symplectic Euler—and hence, the associated conserved quantity for AMD as
well—are approximately conserved by the trajectories of symplectic Euler at least up
to order 3 in η; furthermore, we conjecture this statement holds for all orders in η, as
we formalize in Conjecture 10.
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3. Under some smoothness conditions and usual domain assumptions, AMD has an
O(K1/5) total regret and an O(K−4/5) duality gap of the average iterates, where
K is the number of iterations of AMD. If the conjecture introduced in Section 5 is
true in its entirety, then these can be improved toO (Kε) andO

(
K−1+ε

)
, respectively,

for any ε > 0. Even more strongly, if H̃η converges absolutely, then the total regret
is bounded for all K, i.e., aforementioned complexities become O (1) and O

(
K−1

)
,

respectively. In particular, our results generalize those derived in Wibisono et al.
(2022), in which the authors show an O(K1/3) total regret and an O(K−2/3) duality
gap of the average iterates for AMD.

Furthermore, we compute and analyze the closed-form of H̃η when the original Hamiltonian

H is quadratic. We find that H̃η is different from the conserved quantity found previously
in the literature (e.g., Bailey et al., 2020).

Roadmap. The structure of the rest of the paper is as follows. In Section 3, we review some
basic definitions and properties of continuous-time Hamiltonian flow, state some founda-
tional assumptions that will hold throughout the paper, and introduce the foundations
of symplectic integrators—and in particular, the symplectic Euler method—alongside con-
nections between symplectic integrators and algorithms used throughout algorithmic game
theory and optimization. In Section 4, we introduce and review the bilinear zero-sum games
and how to measure the performance of algorithms used in their design, especially in the
context of AMD and how it is defined. In Section 5, we show how the AMD and symplectic
Euler algorithms are related to one another via duality and a linear transformation. In
Section 6, we define the modified Hamiltonian H̃η for the symplectic Euler method via the
Baker-Campbell-Hausdorff series, present several of its known characteristics, and intro-
duce a conjecture describing how well approximations to H̃η are conserved. In Section 8,

we present an example of a case where we can compute H̃η in closed-form—the multivariate
quadratic case, under some mild restrictions—and discuss some properties which can be
derived about the trajectories of symplectic Euler in that case using H̃η. In Section 9, we

use various properties of H̃η introduced in prior sections to derive the algorithmic perfor-
mance guarantees mentioned above in our contributions. Finally, in Section 10 we conclude
by discussing further implications of this paper and further questions to study.

2. Preliminaries

2.1 Notations

Let N = {1, 2, . . . } be natural numbers, N0 = N ∪ {0} be the non-negative integers, and
Z = {· · · ,−2,−1, 0, 1, 2, · · · } be the integers. Let P,Q ⊆ Rd, so P ×Q ⊆ R2d. We denote
an element of P ×Q by (p, q) where p ∈ P and q ∈ Q.

For n ∈ N0, let Cn(P × Q) denote the space of n-times continuously differentiable
functions F : P × Q → R. Let C∞(P × Q) denote the space of infinitely-differentiable
functions F : P ×Q → R.

Given any differentiable F : P ×Q → R, we denote its gradient vector by

∇F (p, q) =

(
∇pF (p, q)
∇qF (p, q)

)
∈ R2d
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where ∇pF (p, q) = ∂
∂pF (p, q) ∈ Rd is the partial derivative in the p coordinate, and

∇qF (p, q) = ∂
∂qF (p, q) ∈ Rd is the partial derivative in the q coordinate, both represented

as column vectors.

For column vectors u, v ∈ Rd, we denote their `2-inner product by u>v.

Given a function f : Rd → R, we call f L-smooth of order k if f is k-times continuously
differentiable and there exists a constant L > 0 such that for all x ∈ Rd, ||∇kf(x)||op ≤ L,
where || · ||op is the operator norm. Concretely, this means |∇kf(x)[v⊗k]| ≤ L, for all v with
||v||2 = 1.

2.2 Convex optimization

Let W be a subset of Rd with non-empty interior. A function Ψ : W → R is a Legendre-
type function if Ψ is strictly convex, Ψ ∈ C1 (W ), ∇Ψ : W → Rd is injective, and
||∇Ψ (w)|| → ∞ as w approaches ∂W (the boundary of W ) (Rockafellar, 1996, Section
26). For any Legendre-type function Ψ : W → R, we may also define its convex conjugate
Ψ∗ : ∇Ψ (W )→ R as follows:

Ψ∗ (p) := sup
w∈W

{
w>p−Ψ (w)

}
∀p ∈ ∇Ψ (W ) .

The gradient of the convex conjugate of Ψ is the inverse map of the gradient of Ψ—i.e.,
∇Ψ∗ = (∇Ψ)−1—see Calafiore and El Ghaoui (2014) or Theorem 26.5 from Rockafellar
(1996).

The Bregman divergence of a Legendre-type function Ψ : W → R is the function DΨ :
W ×W → R defined as

DΨ(w, w̃) = Ψ(w)−Ψ(w̃)−∇Ψ(w̃)>(w − w̃)

for w, w̃ ∈ W . Since Ψ is strictly convex, DΨ(w, w̃) ≥ 0 and DΨ(w, w̃) = 0 if and only if
w = w̃.

The Bregman divergence can recover standard measures of “distance,” e.g., the Eu-
clidean distance (which is symmetric) when Ψ is the quadratic function, or the Kullback-
Leibler divergence (which is asymmetric) when Ψ is the negative entropy function on the
simplex.

2.3 Modes of convergence

The following definitions and properties are taken from Ross (2013). Let {ak}k∈N0
be a

sequence of real or complex numbers. We say that the series S :=
∑∞

k=0 ak converges
if and only if for all ε > 0, there exists an N = N (ε) ∈ N0 and L ∈ R such that for
all n ≥ N , |

∑n
k=0 ak − L| < ε. We say S converges conditionally if S converges but

limN→∞
∑N

k=0 |ak| =∞. Finally, S converges absolutely if both S and
∑∞

k=0 |ak| converge.

Throughout this paper, we note how absolute convergence allows one to rearrange the
order of a series without affecting its convergence or limit. For an absolutely convergent
series of real or complex numbers, summing that series’ terms in any order will still result
in the same value. More precisely, if S converges absolutely, then for any permutation
σ : N>0 → N>0, we have S =

∑∞
k=0 aσ(k). The Riemann rearrangement theorem further
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states that the converse of the former statement is true, although this theorem does not
necessarily hold for sequences outside of the reals or complex numbers.

3. Symplectic Euler discretization of Hamiltonian flow

For now, let P,Q ⊆ Rd be closed sets with non-empty interiors, and denote Z = P ×Q the
phase space. We write an element z ∈ Z of the phase space as z = (p, q) where p ∈ P and
q ∈ Q.

Suppose we are given a Hamiltonian function H : Z → R, which is an arbitrary differ-

entiable function. Let Ω =

(
0 −Id
Id 0

)
be the symplectic matrix, where Id ∈ Rd×d is the

identity matrix. Recall that the Hamiltonian flow generated by Hamiltonian H (with
respect to the symplectic matrix Ω) is the flow of the differential equation:

ż(t) = Ω∇H(z(t)) (1)

starting from any z(0) ∈ Z. Here, ż(t) = d
dtz(t) is the velocity, which is the time derivative

of the position z.

We define the energy of the flow at time t to be the value of the Hamiltonian function
H(z(t)). One notable feature of Hamiltonian flow is the conservation of energy: For all
t ≥ 0,

H(z(t)) = H(z(0)).

Indeed, we can compute:

d
dtH(z(t)) = (∇H(z(t)))> ż(t) = (∇H(z(t)))>Ω∇H(z(t)) = 0,

where the last equality holds since Ω = −Ω> is skew-symmetric.

Where necessary, we will make the following separability assumption:

Assumption 1 The Hamiltonian function H is separable, i.e. there exist differentiable
functions F : P → R and G : Q → R such that

H(p, q) = F (p) +G(q)

for all (p, q) ∈ Z. We define the extensions F̃ : Z → R and G̃ : Z → R by F̃ (p, q) = F (p)
and G̃(p, q) = G(q) so that we can also write H(z) = F̃ (z) + G̃(z) for all z ∈ Z.

For the sake of simplicity, in the remainder of the paper, we drop the tildes from F̃ and
G̃, as it will be clear from context whether the functions F and G or their extensions are
being used. When the Hamiltonian is separable as H = F+G, we can write the Hamiltonian
flow (1) in terms of the coordinates of z(t) = (p(t), q(t)) as:

ṗ(t) = −∇qH(p(t), q(t)) = −∇G(q(t)) (2a)

q̇(t) = ∇pH(p(t), q(t)) = ∇F (p(t)). (2b)
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To simulate the trajectories of continuous-time Hamiltonian flow under Hamiltonian H,
we can discretize the Hamiltonian flow using a numerical integrator. Two of the simplest
numerical integrators known in numerical analysis literature are the forward (explicit) and
backward (implicit) Euler methods (Atkinson, 1988). For applications in min-max game
theory, these integrators when applied to the Hamiltonian flow (2) correspond to when the
two players follow simultaneous mirror descent and simultaneous proximal mirror descent,
respectively (Wibisono et al., 2022). For forward Euler applied to the Hamiltonian flow (2),
we have

pk+1 = pk − η∇G (qk) , qk+1 = qk + η∇F (pk) , (3)

while for backward Euler applied to the Hamiltonian flow (2), we have

pk+1 = pk − η∇G (qk+1) , qk+1 = qk + η∇F (pk+1) . (4)

As shown in Appendix B of Wibisono et al. (2022), when H is convex, H increases mono-
tonically for forward Euler and decreases monotonically for backward Euler. In fact, the
increase or decrease in H, respectively, is exponentially fast when H is strongly convex.
Hence, to achieve some sort of energy conservation in discrete time, a more sophisticated
discretization scheme is required.

A symplectic integrator is a numerical integrator Fη : Z → Z—in the sense that
Fη (pk, qk) = (pk+1, qk+1)—for Hamiltonian flow which preserves the symplectic form, i.e.,

(JFη) Ω (JFη)
> = Ω for any η > 0 on all of Z, where JFη is the Jacobian matrix of Fη.

More generally, a change of coordinates of the Hamiltonian phase space which preserves
the symplectic form is called a canonical transformation (see, e.g., Chapter 2 in Part I
of Lazutkin (1993) or Section 5.3 in Jose and Saletan (1998)), and hence, all symplectic
integrators are canonical transformations.

Under certain conditions, a symplectic integrator conserves a modified Hamiltonian H̃η

expressible as a formal power series in η and whose level sets approximate those of H
(Yoshida, 1990, 1993; Hairer et al., 2006). Moreover, the Hamiltonian flow generated by H̃η

exactly interpolates the discrete-time trajectories of the symplectic integrator. Some exam-
ples of symplectic integrators include the symplectic Euler, leapfrog, and Störmer–Verlet
methods—Chapter VI of Hairer et al. (2006) gives a comprehensive overview of different
symplectic integrators and how to derive new ones of arbitrarily high accuracy. Generally
speaking, the modified Hamiltonian H̃η of a given symplectic integrator might not converge
(see, e.g., Field and Nijhoff (2003) or Chapter IX in Hairer et al. (2006)), in which case one
must approximate H̃η by taking the series up to some order in η.

By the discussion above, the forward and backward Euler methods are non-symplectic
methods. The simplest symplectic integrator is the symplectic Euler method (Channell
and Scovel, 1990; Yoshida, 1993), which applies the explicit Euler method for updating one
component of the Hamiltonian flow (2), and the implicit Euler method for updating the
other. Concretely, the symplectic Euler method with stepsize η > 0 is defined as follows:
At each iteration k ∈ N0, from the current iterate (pk, qk) ∈ Z, we compute the next iterate
by the updates

pk+1 = pk − η∇qH (pk+1, qk) = pk − η∇G (qk) (5a)

qk+1 = qk + η∇pH (pk+1, qk) = qk + η∇F (pk+1) , (5b)
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since we assumed that the Hamiltonian H = F + G is separable (Assumption 1). We
will define the modified Hamiltonian H̃η for symplectic Euler and introduce some of its
properties in Section 6.

For the game-theoretic application, the symplectic Euler updates (5) correspond to the
Alternating Mirror Descent algorithm in the dual space after a linear transformation; see
Section 5. Before characterizing this correspondence, we review the necessary background
on game theory and mirror descent in Section 4 below.

4. Alternating Mirror Descent

In this paper, we are also concerned with the problem of finding the Nash equilibrium of
zero-sum games with a bilinear payoff matrix A ∈ Rd×d for d ∈ N in constrained strategy
spaces A and B, which are both closed and convex subsets of Rd:

min
a∈A

max
b∈B

a>Ab. (6)

A Nash equilibrium of the bilinear zero-sum game above is a pair of points (a∗, b∗) ∈ A×B
which satisfies the saddle-point inequality:

(a∗)>Ab ≤ (a∗)>Ab∗ ≤ a>Ab∗, for all a ∈ A, b ∈ B. (7)

By von Neumann’s min-max theorem (v. Neumann, 1928), (a∗, b∗) always exists, provided
that A,B are compact. We can measure the convergence to a Nash equilibrium (a∗, b∗) ∈
A× B via the duality gap function dg : A× B → R≥0 given by

dg (a, b) = max
b̃∈B

a>Ab̃−min
ã∈P

ã>Ab for (a, b) ∈ A× B. (8)

One can check that dg (a, b) ≥ 0 for all (a, b) ∈ A × B, and dg (a∗, b∗) = 0 if and only if
(a∗, b∗) is a Nash equilibrium. Hence, we can use the duality gap to measure the performance
of an algorithm to find a Nash equilibrium in min-max games. We also define dgK to be
the duality gap of the average iterates up to K iterations, i.e., for a sequence of strategies
(a0, b0), . . . , (aK−1, bK−1) ∈ A× B,

dgK := dg

(
1

K

K−1∑
k=0

ak,
1

K

K−1∑
k=0

bk

)
.

A natural strategy is for each player to follow a greedy method, such as gradient descent,
to optimize their own objective function. In the constrained setting when A,B ( Rd, it is
natural for each player to follow a constrained greedy method instead of gradient descent,
especially considering how the iterations of simultaneous gradient descent diverge from their
initial value (Gidel et al., 2019). Hence, we consider the case where each player follows the
mirror descent algorithm (Nemirovsky and Yudin, 1983) to minimize their loss functions
over A and B, respectively. This gives rise to an algorithm called Alternating Mirror
Descent (AMD).

Consider regularizer functions α : A → R and β : B → R to keep the strategies of
each player in A and B, respectively, where α and β are each Legendre-type functions. Let
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Dα : A×A → R and Dβ : B×B → R be the Bregman divergences of α and β, respectively.
Then, the AMD algorithm consists of the following updates from a position (ak, bk) ∈ A×B
at iteration (or turn) k ∈ N0, to the next position (ak+1, bk+1) ∈ A× B given by:

ak+1 = arg min
a∈A

{
a>Abk +

1

η
Dα (a, ak)

}
, (9a)

bk+1 = arg min
b∈B

{
−a>k+1Ab+

1

η
Dβ (b, bk)

}
, (9b)

where η > 0 is the stepsize. Note, the first player updates their position a based on bk, and
the second player updates their position b based on the updated ak+1. This is the algorithm
that was studied in Wibisono et al. (2022). In the unconstrained setting with α, β being
quadratic functions, AMD recovers the Alternating Gradient Descent (AGD) algorithm,
which was studied in Bailey et al. (2020) and will be revisited later in Sections 8 and 9 of
this paper.

A relevant quantity is the total regret RK of the two players after K iterations under
AMD. We have the following definition of RK taken from Bailey et al. (2020); Wibisono
et al. (2022):

Definition 1 The total regret of both players after K iterations of AMD is the best cumu-
lative regret of both players in hindsight:

RK := max
(a,b)∈A×B

{R1,K(a) +R2,K(b)} ,

where R1,K and R2,k are the regrets of the first and second player, respectively, defined with
respect to static actions a ∈ A and b ∈ B as follows:

R1,K(a) :=

K−1∑
k=0

(
ak + ak+1

2

)>
Abk −

K−1∑
k=0

a>Abk,

R2,K(b) :=
K−1∑
k=0

ak+1Ab−
K−1∑
k=0

a>k+1A

(
bk + bk+1

2

)
.

The total regret RK is directly related to dgK via the following relationship:

Lemma 2 (Wibisono et al. (2022), Lemma 3.1) Along AMD from any (a0, b0) ∈ A×
B, for any K ≥ 1,

dgK =
1

K
RK −

1

2K

(
a>0 Ab0 − a>KAbK

)
. (10)

We note that for the constrained setting where A and B are bounded, the last term(
a>0 Ab0 − a>KAbK

)
in (10) is uniformly bounded in terms of the diameter of the sets, in

which case Lemma 2 implies that RK alone determines the rate of decay of dgK . Hence, the
total regret RK can likewise be used to measure the performance of AMD in the context of
min-max games.
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Along the AMD algorithm (9), the average iterates
(

1
K

∑K
k=1 ak,

1
K

∑K
k=1 bk

)
converges

to the Nash equilibrium, as implied by when their duality gap vanishes: dgK → 0 asK →∞.
Classically, it is known that the duality gap dgK vanishes at a rate of O

(
K−1/2

)
for the

simultaneous mirror descent algorithm when the stepsize is η = Θ
(
K−1/2

)
. In contrast, for

AMD, the duality gap dgK was shown to vanish at a rate of O
(
K−2/3

)
(Wibisono et al.,

2022, Corollary 3.3) when the stepsize is η = Θ
(
K−1/3

)
. We will show how to improve the

latter bound in Section 9.

5. Alternating Mirror Descent and Symplectic Euler Method

Let A := ∇α (A) ⊆ Rd and B := ∇β (B) ⊆ Rd be the images of A and B under ∇α and ∇β,
respectively, which we refer to as the dual spaces. Let f := α∗ : A→ R and g := β∗ : B→ R
be the convex conjugates (Rockafellar, 1996, Section 26) of α and β, respectively. The
following lemma describes how to translate between AMD and an equivalent algorithm in
the dual spaces of A and B:

Lemma 3 Let xk := ∇α(ak) ∈ A and yk := ∇β(bk) ∈ B be the dual variables of ak ∈ A,
bk ∈ B, where A,B ⊆ Rd are closed and convex. If (ak, bk) evolves following the AMD
algorithm, then (xk, yk) evolves via the following updates:

xk+1 = xk − ηA∇g (yk) , yk+1 = yk + ηA>∇f (xk+1) . (11)

Proof Consider the primal updates in A given by (9a), and define the mapping

ϕk(a) := a>Abk +
1

η
Dα (a, ak) for a ∈ A.

Since α is Legendre-type on A and Dα (·, ak) consists of α plus an affine term, Dα (·, ak) is
also Legendre-type. Hence, ϕk is strictly convex and essentially smooth, whence it follows
that ϕk has a unique minimizer ak+1 that lies in the relative interior of A (Rockafellar,
1996, Sections 26 and 27).

The first-order KKT condition for minimizing ϕk over the closed convex set A gives

0 ∈ ∇ϕk (ak+1) +NA (ak+1) ,

where NA (ak+1) is the normal cone of the convex set A at the point ak+1 (Rockafellar,
1996, Definition 2.7 and Theorem 27.4). Because ak+1 lies in the relative interior of A, we
have NA (ak+1) = {0}, whence it follows that ∇ϕk (ak+1) = 0.

Finally, since ∇aDα (a, ak) = ∇α(a)−∇α (ak), we have

∇ϕk (ak+1) = Abk +
1

η
(∇α (ak+1)−∇α (ak)) = 0. (12)

By an analogous argument applied to the updates in B given by (9b), we also have

−A>ak+1 +
1

η
(∇β (bk+1)−∇β (bk)) = 0. (13)

10
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Thus, by (12) and (13), respectively, we can write the optimality condition for the AMD
algorithm (9) as

∇α (ak+1) = ∇α (ak)− ηAbk, ∇β (bk+1) = ∇β (bk) + ηA>ak+1. (14)

Since ∇φ∗ = (∇φ)−1 for any Legendre-type function φ : Rd → R (Rockafellar, 1996,
Theorem 26.5), we can transform between (ak, bk) and (xk, yk) as follows:

xk = ∇α (ak) ⇐⇒ ak = ∇α∗ (xk) = ∇f (xk) , (15a)

yk = ∇β (bk) ⇐⇒ bk = ∇β∗ (yk) = ∇g (yk) . (15b)

Substituting (15) into (14) gives (11).

We call the update (11) the Dual Alternating Mirror Descent (DAMD) algorithm.
DAMD—especially in light of its derivation from AMD—can be interpreted as a version of
Natural Gradient Descent (Raskutti and Mukherjee, 2015; Gunasekar et al., 2021) on the
dual manifold A×B, where the geometry is defined by the block-diagonal metric tensor

G (x, y) :=

(
∇2f(x) 0

0 ∇2g(y)

)
for (x, y) ∈ A×B,

and the update directions are rotated by the skew-symmetric matrix ΩA, where

ΩM :=

(
0 −M
M> 0

)
(16)

for any matrix M ∈ Rd×d. In fact, the equivalence between NGD and mirror descent—as
established by Raskutti and Mukherjee (2015)—is structurally analogous to the equivalence
we establish between DAMD and AMD, respectively. Moreover, when f and g are quadratic
functions, DAMD coincides with the Alternating Gradient-descent-ascent (AltGDA) algo-
rithm in min-max optimization and game theory (Lu et al., 2019; Bailey et al., 2020; Zhang
et al., 2022).

We now explain the relationship between AMD and the symplectic Euler discretization
of a Hamiltonian flow. We recall that we can decompose any real square matrix into a
product of real symmetric matrices. We state this fact as the following lemma, and refer
the reader to Bosch (1986) for the proof and details on how to compute such a decomposition
using the Jordan canonical form.

Lemma 4 (Bosch (1986), Theorem 2) Every real matrix A ∈ Rd×d can be written as
a product A = UV of real symmetric matrices U, V ∈ Rd×d.

Lemma 4 allows us to transform between DAMD and symplectic Euler, as summarized
below.

Theorem 5 Let A = UV be the symmetric decomposition of the payoff matrix A, and let
P,Q ⊆ Rd. Define the pushforward coordinates and maps

xk := Upk, yk := V qk, (17a)

F (p) := f (Up) , G (q) := g (V q) (17b)

11
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for all k ∈ N0 and all (p, q) ∈ Z. Then, provided the domains satisfy UP = A and VQ = B,
the iterations (pk, qk) of the symplectic Euler discretization (5) for the Hamiltonian flow
generated by H(p, q) = F (p)+G(q) push forward to the iterations (xk, yk) of DAMD in (11).

Proof By the chain rule and the definitions above,

∇F (p) = U∇f(Up) = U∇f(x), (18a)

∇G(q) = V∇g(V q) = V∇g(y). (18b)

Then, starting from the symplectic Euler update (5a) after multiplying both sides by U and
using the chain rule (18a), we can write:

xk+1 = Upk+1 = Upk − ηU∇G(qk) = xk − ηUV∇g (yk) = xk − ηA∇g (yk) .

Similarly, multiplying both sides of (5a) by V , using the chain rule (18b), and using the
fact that U and V are symmetric, we get:

yk+1 = V qk+1 = V qk − ηV∇F (pk+1) = yk − ηV U∇f (xk+1)

= yk − ηV TUT∇f (xk+1) = yk − ηAT∇f (xk+1) .

This concludes the proof.

Hence, Theorem 5 defines a pushforward mapping from the (p, q)-coordinates for symplectic
Euler to the (x, y)-coordinates for DAMD. However, when A is not invertible, at least one
of U or V must not be invertible, in which case an inverse transformation from (x, y) to
(p, q) need not exist. This will not pose a problem for analyses in the following sections,
since these are done with respect to (p, q), F , and G, and thus can always be translated to
(x, y), f , and g, respectively.

5.1 Relation between skew-gradient flow and Hamiltonian flow

The equivalence between DAMD and symplectic Euler in discrete time is algebraically
analogous with the equivalence between skew-gradient flow (e.g., Abernethy et al., 2021;
Wibisono et al., 2022) and Hamiltonian flow in continuous time, respectively, in the sense
that both are related via transformations in (17). Skew-gradient flow can be thought of as
a generalization of Hamiltonian flow in which the symplectic matrix Ω is replaced by the
skew-symmetric matrix ΩA, as defined earlier in (16).

Note that ΩId = Ω. Furthermore, when A is an involutory matrix, i.e., A2 = Id, then
ΩA preserves the symplectic form. Namely, we have

ΩAΩΩ>A =

(
−A 0
0 −A>

)(
0 A
−A> 0

)
=

(
0 −A2(

A>
)2

0

)
=

(
0 −Id
Id 0

)
= Ω.

However, for min-max games, the payoff matrix A can be arbitrary.
In skew-gradient flow, the phase space variables ζ = (x, y) ∈ UP × VQ obey the differ-

ential equation

ζ̇(t) = ΩA∇E(ζ(t))

12
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for some differentiable function E : UP × VQ → R. Via analogous steps as for showing
the relationship between DAMD and symplectic Euler as above, the variables (x, y) for
skew-gradient flow are related to the variables (p, q) for Hamiltonian flow via the same
relationships (17) at any time: x = Up, y = V q, and H (p, q) := E (Up, V q). Indeed,

starting from Hamiltonian flow (2), multiplying both sides by

(
U 0
0 V

)
, using the chain

rule (18), and noting that U and V are symmetric, we have

ζ̇ =

(
ẋ
ẏ

)
=

(
U 0
0 V

)(
−∇G (q)
∇F (p)

)
=

(
U 0
0 V

)(
V 0
0 U

)(
−∇g (y)
∇f (x)

)
(19a)

=

(
UV 0
0 V U

)(
−∇g (y)
∇f (x)

)
=

(
A 0
0 A>

)(
−∇g (y)
∇f (x)

)
= ΩA∇E(ζ(t)). (19b)

Hence, one can derive the dynamics for any skew-gradient flow given the dynamics of a
suitable Hamiltonian flow. Furthermore, when A is invertible, we can reverse the steps
above in (19) and thereby also show the converse.

In summary, the discrete-time dynamics of AMD and DAMD are related by duality;
furthermore, the dynamics of DAMD and symplectic Euler are the same up to a linear
transformation, thereby highlighting the equivalence between these three algorithms. The
following diagram visualizes the relationships:

symplectic Euler (discrete time)
Hamiltonian flow (continuous time)

A is invertible⇐========
========⇒

alternating mirror descent (discrete time)
skew-gradient flow (continuous time)

This allows one to apply a framework of analysis in the study of symplectic numerical
integrators to analyze AMD. The link between symplectic numerical integrators and AMD
has previously been identified in Wibisono et al. (2022), but in this work, we develop and
use the links between these fields more explicitly.

6. The modified Hamiltonian

Consider a separable Hamiltonian H : Z → R, such that H = F +G for some differentiable
functions F : P → R and G : Q → R. To ensure that the domains for the Hamiltonian flow
and the game-theoretic setting from Section 4 are compatible, P and Q should be chosen
such that UP = A and VQ = B.

The symplectic Euler method (5) is a symplectic integrator which conserves a modified
Hamiltonian H̃η—perturbed in order-by-order corrections in η from H—provided that this
perturbation series converges (c.f. Hairer et al., 2006, Sections IX.3.1–IX.3.2; Yoshida,
1993). Thus, the iterations of symplectic Euler lie on level sets of H̃η, thereby introducing
a geometric analysis to predict dynamical properties of the iterates (e.g., boundedness) and
inform analyses of both DAMD and AMD by studying these level sets. But to understand
and derive H̃η for symplectic Euler, we first need to define Poisson brackets.

Poisson brackets. Let Cn (Z) be the space of n-times continuously differentiable real-valued
functions over Z for any n ∈ N0 (see Section 2.1 for more details). For any n ∈ N, we denote
the Poisson bracket

{·, ·} : Cn (Z)× Cn (Z)→ Cn−1 (Z)
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of two functions ϕ,ψ ∈ Cn (Z) by, for all (p, q) ∈ Z:

{ϕ,ψ}(p, q) = −∇pϕ(p, q)>∇qψ(p, q) +∇qϕ(p, q)>∇pψ(p, q).

For ease of notation, we suppress the dependence on the argument (p, q), and write the
above as:

{ϕ,ψ} = −∇pϕ>∇qψ +∇qϕ>∇pψ.

Poisson brackets can be iterated—the evaluation starts from the innermost bracket. For ex-
ample, assuming that F ∈ C2 (P) and G ∈ C2 (Q), we have {{F,G}, G} = ∇qG>∇2

pF∇qG.
Some later definitions involve Iterated Poisson Brackets (IPBs), which we denote

using the following compact notation for any N ∈ N and r1, . . . , rN , s1, . . . , sN ∈ N0:

{F s1Gr1 · · ·F sNGrN }
= {· · · {{F, . . . , F} , F}︸ ︷︷ ︸

s1

, G} , · · ·G} , G}︸ ︷︷ ︸
r1

, · · · F} , · · ·F} , F}︸ ︷︷ ︸
sN

, G} , · · · }G} , G}︸ ︷︷ ︸
rN

.

For notational ease, we take the convention that single-function brackets return the function
itself—i.e. {F} := F and {G} := G.

N refers to the rank of the IPB {F s1Gr1 · · ·F sNGrN }. For a review on Poisson brackets,
including how to exponentiate Poisson brackets as operators, please refer to Appendix A.

Formal definition. The dynamics of the symplectic Euler algorithm (5) can be interpolated
by a continuous-time Hamiltonian flow according to an infinite series called a modified
Hamiltonian (Field and Nijhoff, 2003; Alsallami et al., 2018) or shadow Hamiltonian
(Engle et al., 2005), H̃η, when that series converges. By using the Dynkin form of the
Baker-Campbell-Hausdorff (BCH) formula (see, e.g., Section III.4 in Hairer et al. (2006)),
H̃η can be expressed as the following formal series in η and IPBs of F and G:

Definition 6 The modified Hamiltonian H̃η associated with the symplectic Euler method
(5) is defined by the following iterated summation:

H̃η (p, q) (21)

=
∞∑
n=1

(−1)n−1

n

∑
r1+s1>0···rn+sn>0

ηr1+···+rn+s1+···+sn−1 {Gr1F s1Gr2F s2 · · ·GrnF sn} (p, q)

(r1 + · · ·+ rn + s1 + · · ·+ sn)
∏n
i=1 ri!si!

.

See Appendix B for details on the derivation of the Dynkin series (21). Here, “formal”
means that the convergence of (21), which we call the H̃η series or Dynkin series, is not
guaranteed. Due to its cumbersome structure, it is difficult to sum the series (21) directly
and derive a closed-form. To derive a closed-form for H̃η in the quadratic case (Section 8),

we propose an equivalent integral formula for H̃η—see Theorem 18 in Appendix B.2.
We remind the reader that the series (21) is the particular form of the modified Hamil-

tonian H̃η for symplectic Euler. The modified Hamiltonian H̃η will have a different form

for other symplectic numerical integrators. For more details on how to derive H̃η for other

symplectic numerical integrators and examples of what H̃η looks like in those cases (e.g.,
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for leapfrog integrator), see Yoshida (1993), Skeel and Hardy (2001), or Chapters IX and
XV in Hairer et al. (2006).

Convergence of the modified Hamiltonian. There are only a few choices of F and G for
which the modified Hamiltonian H̃η is known to converge (Suris, 1989; Field and Nijhoff,
2003; Alsallami et al., 2018). The reader may refer to Appendix E in the arXiv version of
this paper, Katona et al. (2024), for a detailed review of these cases.

6.1 The interpolating Hamiltonian flow

If the series (21) defining H̃η converges, then the iterations of symplectic Euler (5) conserve

H̃η. i.e., H̃η is constant along the iterations of the algorithm (5). This follows from how the

Hamiltonian flow (2) generated by H̃η, whose ODE is known as the “modified equation”
(Skeel and Hardy, 2001; Hairer et al., 2006), interpolates the iterates of the symplectic Euler
(5). These properties can be summarized in the theorem below:

Theorem 7 Let F ∈ C∞ (P), G ∈ C∞ (Q), and k ∈ N0. Assume that the modified
Hamiltonian (21) converges when 0 < η < ηmax for some ηmax possibly a function of
(pk, qk), F , and G. Let (pk+1, qk+1) be one iteration of the symplectic Euler method (5)
from (pk, qk). Then, for all η ∈ (0, ηmax), if we solve the initial-value problem

˙̃z(t) = Ω∇H̃η (z̃ (t))

for z̃(t) ∈ Z with initial conditions z̃ (0) = (pk, qk), then z̃ (η) = (pk+1, qk+1). In particular,
H̃η is conserved by one step of the symplectic Euler algorithm (5) with stepsize η applied to
(pk, qk):

H̃η (pk+1, qk+1) = H̃η (pk, qk) .

Theorem 7 is a known classical result with rigorous proofs found in several texts, e.g.,
Chapters III and IX of Hairer et al. (2006). For the sake of completeness, we provide a
formal proof of Theorem 7 in Appendix B.2 of the arXiv version of this paper, Katona et al.
(2024).

It might seem as if Theorem 7 implies that H̃η(pk, qk) is conserved for any number of
iterations k of symplectic Euler starting from (p0, q0) for a fixed stepsize η > 0. However,
the maximum stepsize ηmax in Theorem 7 is dependent on whether or not the series (21) for
H̃η converges when evaluated at (pk, qk) for all η up to ηmax at each k. Thus, ηmax might

approach 0 as k grows. We can preclude this by assuming that H̃η converges everywhere,
as formalized by the following corollary to Theorem 7:

Corollary 8 Let F ∈ C∞ (P) and G ∈ C∞ (Q). Assume that the modified Hamilto-
nian (21) converges pointwise on some subset D of Rd×Rd when 0 < η < ηmax for ηmax pos-
sibly a function of D, F , and G. If (pk, qk) ∈ D for all k ∈ N0, then H̃η (pk, qk) = H̃η (p0, q0)
for all k ∈ N0.

Proof If there exists an ηmax > 0 such that H̃η converges for all η ∈ (0, ηmax] on a large
enough domain that contains all iterations, then we can apply Theorem 7 with the same
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ηmax to every possible iterate of symplectic Euler.

In particular, if we can establish that H̃η converges pointwise on all of D = Rd × Rd for

some η > 0, then we can ensure that H̃η (pk, qk) = H̃η (p0, q0) for all k ∈ N0.

7. Truncations of the modified Hamiltonian

When formally rearranged as a power series in η, the first few terms of the series H̃η (21)
are as follows:

H̃η (p, q) = F (p) +G (q) +
η

2
{F,G}+

η2

12
({{F,G} , G}+ {{G,F} , F})

− η3

24
{{{F,G} , G} , F}+O

(
η4
)
, (22)

= F +G− η

2
〈∇pF,∇qG〉+

η2

12
∇qG>∇2

pF∇qG+
η2

12
∇pF>∇2

qG∇pF

− η3

24
∇pF>∇2

qG∇2
pF∇pF +O(η4). (23)

This is also stated in, e.g., Jacobson (1979), Yoshida (1993), Casas and Murua (2009),
and Hall (2015). Hence, perturbation theory motivates the following definition of each
order-by-order correction to H̃ and the sum of all corrections up to a given order in η.

Definition 9 For n ∈ N0, the nth-order correction Hn to the modified Hamiltonian is
defined to be

Hn :=
1

n+ 1

n+1∑
m=1

(−1)m−1

m

∑
r1+s1>0...rm+sm>0∑m

i=1(ri+si)=n+1

{Gr1F s1Gr2F s2 · · ·GrmF sm} (p, q)∏m
i=1 ri!si!

. (24)

For N ∈ N0, the N th-order truncated modified Hamiltonian is defined as follows:

H̃(N)
η (p, q) :=

N∑
j=0

ηjHj

where H0 = H is the original Hamiltonian.

We remark that H̃η(p, q) = limN→∞ H̃
(N)
η (p, q) only when H̃η(p, q) converges absolutely.

Heuristically, one would expect that H̃
(N)
η is approximately conserved by the iterations

of symplectic Euler (5), and hence also by DAMD (11) when transforming back to (x, y)-
coordinates from (p, q)-coordinates. In particular, one would expect that the conservation in

accuracy for H̃
(N)
η increases with N (as the degree of approximation increases) and decreases

with η (as the discretization in time becomes less coarse). This is still a conjecture, which

we state below to describe how the accuracy of conservation of H̃
(N)
η depends on problem

parameters.
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Conjecture 10 If P,Q ⊆ Rd are both closed and convex, and F : P → R and G : Q → R
are both L-smooth of orders 1, . . . , N + 2, then for symplectic Euler (5) with any stepsize
η > 0,

|H̃(N)
η (zk)− H̃(N)

η (z0)| ≤ kΦ (N)LN+3ηN+2 (25)

holds for each N ∈ N0 and some monotonic increasing, bounded function Φ : N0 → Q.

Proof sketch. The main idea of the framework used to prove Conjecture 10 is as follows. As
shown in detail in Appendix D, we notice that zk+1− zk = (−η∇G(qk), η∇F (pk+1)). Thus,

we can express the value of H̃
(N)
η at zk+1 by expanding each term as a Taylor series about

zk. By choosing the order of expansion judiciously for each term in H̃
(N)
η , we show that the

sum of all lower-order terms vanish, leaving only O
(
ηN+2

)
terms. �

We have proven Conjecture 10 in the following cases:

(a) For N ∈ {0, 1, 2, 3} in any d ∈ N dimensions; and

(b) For N ∈ {0, 1, . . . , 10} in d = 1 dimension.

In Appendix D, we use the framework described in the proof sketch to systematically show
that all lower-order terms up to O

(
ηN+2

)
(exclusive) vanish for N ∈ {0, 1, 2, 3} to prove

(a). We also describe our implementation of this framework in SymPy (Meurer et al.,
2017) to show (b). This computer implementation uses the recursive form of the BCH
formula—see Section 2.15 in Varadarajan (1984), Casas and Murua (2009), and also (92)—
to compute each nth-order correction to H̃η and applies symbolic differentiation to show
that the necessary higher-order terms vanish. Finally, in Appendix E, we describe what we
know thus far about the coefficient function Φ.

Conjecture 10 implies a weaker form of Theorem 4.4 from Wibisono et al. (2022) for
N = 1, and it generalizes their theorem to at least N = 3. We note that Theorem 4.4 from
Wibisono et al. (2022) has 1/12 in place of Φ (1) = 3, which they achieve by relating the

Bregman divergence of H to H̃
(1)
η ; we could not replicate as tight of a constant for N > 1.

But unlike how Wibisono et al. (2022) distinguishes the smoothness of the first- and third-
derivatives of H = F +G, we could choose not to express the dependence of our conjecture
(25) on the smoothness of separate higher-order derivatives of F and G. This is done for
brevity—the interested reader may refer to Appendix D to see the explicit relationships for
each separate derivative. Wibisono et al. (2022) also has a factor of σmax (A)N+2, where
σmax (A) is the largest singular value of A. We do not have this in Conjecture 10 because
we are working with F and G as functions of (p, q) rather than f and g as functions of
(x, y). By generalizing how a factor of σmax (A)3 shows up in Theorem 4.4 from Wibisono
et al. (2022), we see how Conjecture 10 would change for the trajectories of DAMD instead
of symplectic Euler: we would incur a factor of σmax (A)N+2 on the righthand side of (25),
F and G would be replaced by f and g, respectively, and the domains P and Q would be
replaced by A and B, respectively.

The example in Figure 1 does not exhibit a linear growth rate in the error (25) with
the number of iterations, k—rather, it demonstrates an error which remains bounded for
all k. This suggests that further work may be necessary to refine the dependence on k in
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Figure 1: A simulation of the first 1000 iterations of the algorithm in the case where F = log(cosh(p)), G =
log(cosh(q)) and η = 0.05 starting from p0 = 1, q0 = 1. The larger picture on the left contains
the trajectory of the iterations, and the smaller four pictures on the right contain the value of
the modified Hamiltonian along the iterations. Note that the small label 1e-6+8.5316e-1 (or
analogous notation for the other subplots) is Matplotlib’s offset notation: every y-value on that
axis actually represents 10−6y + 0.85316. In other words, the modified Hamiltonian oscillates a
few micro-units around 0.85316, and that level of oscillation decreases as the truncation order
increases.

Conjecture 10, perhaps upon additional assumptions for F and G, e.g., convexity or closed
level sets for H = F + G as in Figure 1. Prior results (Hairer et al., 2006, Theorem 8.1,
Chapter IX; Theorem 3.1, Chapter X) feature bounds like (25) with no linear growth rate
in k but require either knowing that the trajectories of iterations of symplectic Euler (5) are
bounded or that certain resonance and complete integrability conditions are met, both of
which we cannot guarantee a priori. Our interest is in showing long-term energy conservation
without assuming boundedness of trajectories, since if we already knew that the trajectories
of the algorithm were bounded, then the following lemma implies that the total regret for
AMD is bounded, as formalized later in Corollary 15:

Lemma 11 (Wibisono et al. (2022), Theorem 4.5) Suppose that (ak, bk) evolve ac-
cording to the AMD algorithm (9) with stepsize η > 0. Let ζk := (xk, yk) =
(∇α (ak) ,∇β (bk)) be the dual variables of (ak, bk) for k = 0, 1, . . . ,K, as defined in Section
5. Then, we have the following formula for the cumulative regret R1,K(a) + R2,K(b) after
K iterations of the AMD algorithm for any (a, b) ∈ A× B:

R1,K(a) +R2,K(b) =
1

η

(
DH (ζ0, ζ)−DH (ζK , ζ) + H̃(1)

η (ζK)− H̃(1)
η (ζ0)

)
, (26)
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where and DH is the Bregman divergence of H = α∗+β∗ (see Section 4 for the definition).
Moreover, since H is convex, we can further bound DH (ζK , ζ) ≥ 0, thereby yielding the
following upper bound on (26):

R1,K(a) +R2,K(b) ≤ 1

η

(
DH (ζ0, ζ) + H̃(1)

η (ζK)− H̃(1)
η (ζ0)

)
. (27)

Proof See Appendix B.3.4 of Wibisono et al. (2022) for the proof.

As shown in Section 9, Lemma 11 can also be used to relate H to regret bounds for
AMD.

8. Example of a closed-form modified Hamiltonian: quadratic case

We now compute the modified Hamiltonian H̃η in closed form for the quadratic case, i.e.,
when

F (p) = p>Bp, G(q) = q>Cq

for some B,C ∈ Rd×d. To the best of the authors’ knowledge, this is among the first
attempts (Field and Nijhoff (2003) is another) to compute H̃η by summing the Dynkin
series (21) explicitly.

The quadratic case is closely related to when AMD or AGD is applied to unconstrained
bilinear zero-sum games, as detailed in Bailey et al. (2020). In particular, when A = B = Rd
and α and β are positive-definite quadratic forms, their convex conjugates α∗ and β∗ are
also positive-definite quadratic forms and would thereby fall under this case.

For Bailey et al. (2020), the iterations of DAMD follow the updates (5) with f = 1
2x
>x

and g = 1
2y
>y. The authors show that these updates conserve the second-order quantity

x>x + y>y − 2ηx>Ay in the original dual variables (x, y). Equivalently, in the (p, q)-
coordinates, we have F = 1

2p
>U2p and G = 1

2q
>V 2q, and therefore, the conserved quantity

is
S (p, q) := p>U2p+ q>V 2q − 2ηp>UAV q,

where A = UV is the symmetric decomposition of A. Hence, this is an instance of the
quadratic case above with B = U2 and C = V 2—cf. Theorem 4 from Bailey et al. (2020)
for details and a derivation. We demonstrate that H̃η and S (p, q) recover the same conserved
quantity (up to a scalar factor which is a function of η) when the dimension d of the strategy
space is equal to 1, but recover a different one when d > 1.

We have the following theorem regarding the closed form of H̃η in the quadratic case.

Theorem 12 Let d ∈ N, p, q ∈ Rd, B,C ∈ Rd×d. Let F (p) = p>Bp,G(q) = q>Cq, where
we assume without loss of generality that B and C are symmetric (if not, then replace B

and C with their symmetrizations B+B>

2 and C+C>

2 , respectively). Furthermore, assume
that BC is diagonalizable and denote its diagonalization as BC = Q−1ΛQ. Define T (η, λ)
as the following:

T (η, λ) =


arcsin(

√
λη2)√

λη2(1−λη2)
λ > 0,

arcsinh(
√
−λη2)√

−λη2(1−λη2)
λ < 0.

(28)
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When σmax(BC)η2 < 1, the series for the modified Hamiltonian H̃η conserved by the itera-
tions of symplectic Euler (5) converges absolutely to

H̃η(p, q) = pQ−1T (η,Λ)QBp+ qCQ−1T (η,Λ)Qq − 2pQ−1|Λ|T (η,Λ)Qq, (29)

where T (η,Λ) signifies applying the function T (η, ·) to the entries of Λ element-wise, and
|Λ| denotes the element-wise absolute value of the matrix Λ. In particular, when d = 1, the
closed-form expression (29) simplifies to

H̃η(p, q) = T (η,BC)(Bp2 + Cq2 − 2BCpq) = T (η,BC)S (p, q) , (30)

noting that B and C are scalars when d = 1.

We provide the proof of Theorem 12 in Appendix C.2 for the univariate case, and in
Appendix C.4 for the multivariate case. The proofs are computational and use the integral
form of H̃η (Theorem 18).

When B and C are positive semidefinite matrices, their product BC is diagonalizable
and has nonnegative eigenvalues (Hong and Horn, 1991). Hence, in particular, the positive-
definite quadratic form case mentioned above satisfies the conditions for Theorem 12.

For a plot of T (η,BC) vs. η for varying values of B and C, see Figure 2 in Appendix
C.2. We can compute the Taylor series expansion for T (η, λ) centered at η = 0 as:

T (η, λ) = 1 +
2λη2

3
+

8λ2η4

15
+O(η6).

As shown by (30), when d = 1, we also note that the modified Hamiltonian H̃η from
Theorem 12 is equivalent with (as a scalar multiple of) the known conserved quantity,
S (p, q) = p>U2p + q>V 2q − 2ηp>UAV q, introduced in Bailey et al. (2020). However, in
general, H̃η from Theorem 12 is functionally independent from Q, which is possible since
higher-dimensional dynamical systems can have multiple independent conserved quantities.
In particular, an autonomous dynamical system in d dimensions can have at most d − 1
functionally independent constants of motion (since one dimension corresponds to the flow
itself), while a Hamiltonian system of dimension d = 2n can have at most n indepen-
dent integrals in involution—see, e.g., Sections 3.2 and 6.2 in Jose and Saletan (1998), or
Section 3.2 and Chapter 5 in Arnold et al. (2006).

We further observe that, for the quadratic case, although H̃η is different from Q, the
range of η for which the modified Hamiltonian converges lies within the same range as is
necessary for the algorithm to have bounded trajectories—i.e., σmax (B)σmax (C) η2 < 1—
as can be shown by studying the level sets of Q (Bailey et al., 2020, Theorem 5). This
is because σmax (BC) ≤ σmax (B)σmax (C), in which case σmax (B)σmax (C) η2 < 1 implies
σmax (BC) η2 < 1. Thus, the sufficient condition for H̃η to converge under Theorem 12 is

weaker than that for symplectic Euler to have bounded trajectories, and so H̃η could still
converge when the trajectories are unbounded.

In Appendix C.3, we also explicitly check the implications from Section 6.1—and in
particular, Theorem 7—in the quadratic case for d = 1. Namely, we verify explicitly that
if (p̃(t), q̃(t)) follows the Hamiltonian flow in d = 1 generated by the modified Hamiltonian
(30) with initial conditions (p̃(0), q̃(0)) = (pk, qk), then the value of the flow at t = η,
(p̃(η), q̃(η)), coincides with (pk+1, qk+1).
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9. Improved regret analysis of Alternating Mirror Descent

An application of Conjecture 10 lies in studying the algorithmic performance of AMD in the
context of zero-sum games introduced in Section 4. Theorem 3.2 from Wibisono et al. (2022)
derives a bound on the total regret after K iterations, RK , in terms of the smoothness of α
and β and the sizes of A and B, and from there concludes that choosing an η = Θ

(
K−1/3

)
stepsize leads to RK = O

(
K1/3

)
and a duality gap of the average iterates dgK = O

(
K−2/3

)
.

Using the truncated modified Hamiltonians H̃
(N)
η and Conjecture 10, we generalize Theorem

3.2 from Wibisono et al. (2022) upon assuming higher-order smoothness of α and β.

Firstly, Lemma 11 allows us to prove Theorem 13:

Theorem 13 Let A,B be closed, convex subsets of Rd. Suppose we start from (a0, b0) ∈
A×B such that Dα (ak, a0) and Dβ (bk, b0) are uniformly bounded across k—i.e., there exists
M > 0 with Dα (ak, a0) , Dβ (bk, b0) ≤ M/2 for all k ∈ N. Furthermore, suppose that α∗

and β∗ are L-smooth of orders 1, . . . , N + 2 for some N ∈ N over the closed convex hulls of
the dual spaces A and B, respectively.

Then, for all N ∈ N such that Conjecture 10 holds, there exists C > 0 such that if
both players follow AMD with stepsize η = O (1), then the total regret RK at iteration K is
bounded by

RK ≤
M

η
+ 2η sup

z∈Z

N−2∑
j=0

ηj |Hj+2(z)|+ CKLN+3σmax (A)N+2 ηN+1, (31)

where the middle summation in (31) vanishes when N = 1, P,Q ⊆ Rd are chosen such
that UP = A and VQ = B, and the Hj’s are the jth-order corrections to the modified

Hamiltonian H̃η generated by F (·) = α∗ (U (·)) and G (·) = β∗ (V (·)) (see Section 6).

In particular, given a horizon K, if we set the stepsize η = Θ
(
K−1/(N+2)

)
, then RK is

O
(
K1/(N+2)

)
. Finally, provided that ||ak|| and ||bk|| are uniformly bounded for all k ∈ N,

the duality gap of the average iterates dgK decays like O
(
K−(N+1)/(N+2)

)
.

Proof Any bounds on the kth derivatives for F and G are the same as those for f and
g, respectively, except at worst scaled by σmax (A)k. Hence, without loss of generality, we
can assume that A = I—in which case p = x, q = y, f = F , and g = G—and rescale L by
σmax (A) wherever it appears at the end of the proof and then divide by σmax (A) once.

Take A and B to be closed, convex sets. Then, for any ζ, ζ0 ∈ A×B and all k ∈ N,

DH (ζ0, ζk) = Df (x0, xk) +Dg (y0, yk) = Dα (ak, a0) +Dβ (bk, b0) ≤ M

2
+
M

2
= M. (32)

Thus, by applying (27) from Lemma 11, (32), and the triangle inequality, we have

ηRK ≤M +
∣∣∣H̃(1)

η (zK)− H̃(1)
η (z0)

∣∣∣
≤M +

∣∣∣H̃(N)
η (zK)− H̃(1)

η (zK)
∣∣∣+
∣∣∣H̃(N)

η (zK)− H̃(N)
η (z0)

∣∣∣+
∣∣∣H̃(N)

η (z0)− H̃(1)
η (z0)

∣∣∣ .
(33)
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Then, taking N ≥ 1, we can use the successive terms H2, . . . ,HN in the Dynkin series,
order-by-order in η, to express the following:

H̃(N)
η − H̃(1)

η =

{
0, N = 1,

η2
(
H2 + ηH3 + · · ·+ ηN−2HN

)
, N > 1.

(34)

By applying the triangle inequality to (34), we deduce that there exists some BN,α,β ≥ 0

such that
∣∣∣H̃(N)

η − H̃(1)
η

∣∣∣ ≤ η2BN,α,β/2 on all of Z for any fixed N ≥ 1, where

BN,α,β =

{
0, N = 1,

2 supz∈Z
∑N−2

j=0 ηj |Hj+2(z)|, N > 1.

The bound in (33) implies

ηRK ≤M + η2BN,α,β +
∣∣∣H̃(N)

η (zK)− H̃(N)
η (z0)

∣∣∣ . (35)

Hence, applying Conjecture 10 directly to (35):∣∣∣H̃(N)
η (zK)− H̃(N)

η (z0)
∣∣∣ ≤ CKLN+3ηN+2, (36)

where C > 0 is an upper bound on Φ: Φ (n) ≤ C for all n ∈ N0. Substituting (36) into
(35), we have derived (31), i.e.,

RK ≤
M

η
+ 2η sup

z∈Z

N−2∑
j=0

ηj |Hj+2(z)|+ CKLN+3σmax (A)N+2 ηN+1 (37)

if we take the convention that “
∑−1

j=0 = 0.” In particular, given a horizon K, if we further

set η = Θ
(
K−1/(N+2)

)
, then (37) gives us a total regret RK = O

(
K1/(N+2)

)
.

It remains to show the iteration complexity of the duality gap of the average iterates,
dgK . By assumption, there exists some B > 0 such that ||ak|| , ||bk|| ≤ B for all k ∈ N.
Thus, after using Lemma 2, the duality gap (10) can be bounded as follows:∣∣dgK∣∣ ≤ 1

K
|RK |+

1

2K

∣∣∣a>0 Ab0∣∣∣+
1

2K

∣∣∣a>KAbK∣∣∣
≤ 1

K
|RK |+

1

2K
σmax (A) ||a0|| ||b0||+

1

2K
σmax (A) ||aK || ||bK ||

≤ 1

K
|RK |+

1

K
σmax (A)B2. (38)

In the first inequality above, we use the triangle inequality. Furthermore, since RK =
O
(
K1/(N+2)

)
, it follows that RK/K = O

(
K−(N+1)/(N+2)

)
. Hence, provided that ||ak|| and

||bk|| are uniformly bounded for all k ∈ N, (38) implies the following:

dgK = O
(
K−(N+1)/(N+2)

)
+O

(
K−1

)
= O

(
K−(N+1)/(N+2)

)
.
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Finally, we claim that the series remainder
∑N−2

j=0 ηj |Hj+2(z)| in Theorem 13 is bounded;
establishing this is necessary to ensure that the algorithmic guarantees claimed therein are
actually valid. Note that since f and g are L-smooth of orders 1, . . . , N + 2, this implies
that the operator norms of the derivatives up to order N + 2 of f and g are bounded by
L. We also note from Definition 9 that Hj consists of a linear combination of IPBs whose
order (i.e., the number of iterated Poisson brackets) is j. Each of these IPBs of order j
consists of an inner product of higher-order derivatives of f and g of at most order j each,
and so these are each bounded by Lj+1. Thus, since the

∑N−2
j=0 ηj |Hj+2(z)| only goes up to

order j + 2 = N (i.e., with respect to Hj+2),
∑N−2

j=0 ηj |Hj+2(z)| involves a sum of products
of higher-order derivatives of at most order N , and so it is bounded.

Given what we have proven so far for Conjecture 10, as of now, Theorem 13 confirms that for
any dimension d, choosing η = Θ

(
K−1/5

)
gives us RK = O

(
K1/5

)
and dgK = O

(
K−4/5

)
when all derivatives up to order N = 5 for F and G are bounded on P and Q, respectively.

Furthermore, for d = 1, choosing η = Θ
(
K−1/12

)
gives us RK = O

(
K1/12

)
and dgK =

O
(
K−11/12

)
when all derivatives up to order N = 12 for F and G are bounded.

But finally, provided that Conjecture 10 is true for all N ∈ N0, Theorem 13 implies that
setting η = Θ (K−ε) gives us a total regret RK = O (Kε) and a duality gap of the average
iterates which decays like dgK = O

(
K−1+ε

)
for any fixed ε > 0 when all higher-order

derivatives of F and G are bounded.

9.1 Analytic and geometric paths to bounded regret for AMD

Even if Conjecture 10 is true for all N ∈ N0, we still cannot just take ε→ 0 (or equivalently,
N →∞) in RK and dgK unless the H̃η series remainder supz∈Z

∑N−2
j=0 ηj |Hj+2(z)| remains

bounded as N → ∞ and |ηLσmax (A)| ≤ 1. The latter condition necessitates a uniform
bound L on all higher-order derivatives of F and G, which is highly restrictive.

That being said, we can avoid using Theorem 13 and effectively take ε → 0 when H̃η

converges under certain conditions, as summarized below:

Theorem 14 Let A,B ⊆ Rd be closed and convex. Suppose we start from (a0, b0) ∈ A×B
such that there exists M > 0 with Dα (ak, a0) , Dβ (bk, b0) ≤ M/2 for all k ∈ N, and that
α∗ ∈ C∞ (A), β∗ ∈ C∞ (B). Furthermore, suppose that the following hold when 0 < η <
ηmax for some ηmax > 0 possibly a function of A, A, B, α, and β:

• The modified Hamiltonian H̃η generated by F (·) = α∗ (U (·)) and G (·) = β∗ (V (·))
exists (i.e., converges pointwise) at each point in Z, where P,Q ⊆ Rd are chosen such
that UP = A and VQ = B; and

• The second-order tail
∣∣∣H̃η(zk)− H̃

(1)
η (zk)

∣∣∣ is uniformly bounded for all k ∈ N by some

G > 0, where the Hj’s are the jth-order corrections to H̃η (see Section 6).

Then, for all η ∈ (0, ηmax), the total regret RK for any horizon K is bounded by
1
η (2G+M) < ∞. Thus, RK = O (1), and provided that ||ak|| and ||bk|| are uniformly

bounded for all k ∈ N, the duality gap of the average iterates dgK decays like O
(
K−1

)
.
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Proof As with the proof for Theorem 13, we start by taking A and B to be closed, convex
sets, in which case (32) holds all the same. Hence, after applying Lemma 11, (32), and the
triangle inequality, we have

ηRK ≤M +
∣∣∣H̃η (zK)− H̃(1)

η (zK)
∣∣∣+
∣∣∣H̃η (zK)− H̃η (z0)

∣∣∣+
∣∣∣H̃η (z0)− H̃(1)

η (z0)
∣∣∣ . (39)

We assume that the modified Hamiltonian H̃η converges everywhere on Z. Thus, the third

term in (39) vanishes since H̃η is conserved under the iterations of (5), and hence likewise

by DAMD (11) and then AMD (9). Furthermore, by assuming that H̃η(zk) − H̃
(1)
η (zk) is

bounded by G > 0 for all k ∈ N, we bound (39) from above as follows:

ηRK ≤M +G+ 0 +G = M + 2G ⇐⇒ RK ≤
1

η
(M + 2G) .

The rest of the proof follows analogously to the proof for Theorem 13 as it does after (37).

Hence, when the modified Hamiltonian H̃η converges globally and its second-order cor-

rection H̃η − H̃(1)
η remains uniformly bounded along the iterates, Theorem 14 implies that

AMD attains the same algorithmic complexity as proximal (implicit) mirror descent (Ne-
mirovski, 2004; Wibisono et al., 2022).

As an application of Theorem 14, Theorem 12 identifies the quadratic setting as a case
where absolute convergence of H̃η can be established rigorously. This setting is equivalent
to Alternating Gradient Descent (AGD) as studied by Bailey et al. (2020), whose Theorem 1
shows bounded regret by a different argument.

In this case, we have Z = Rd × Rd, F (p) = p>Bp and G(q) = q>Cq with B and C
positive-definite, and regularizers with conjugates

α(a) =
1

4
a>B−1a ⇐⇒ α∗(p) = p>Bp, β(b) =

1

4
b>C−1b ⇐⇒ β∗(q) = q>Cq,

such that F = α∗ and G = β∗. The modified Hamiltonian H̃η converges absolutely whenever
η2σmax(BC) < 1. Furthermore, when η2σmax(B)σmax(C) < 1, Theorem 5 in Bailey et al.
(2020) implies that the DAMD (or equivalently, AGD) iterates lie on compact quadratic
level sets (ellipsoids). The corresponding Bregman divergences are the weighted Euclidean
(Mahalanobis) distances

Dα(ak, a0) =
1

4
‖ak − a0‖2B−1 =

1

4
(ak − a0)>B−1(ak − a0),

Dβ(bk, b0) =
1

4
‖bk − b0‖2C−1 =

1

4
(bk − b0)>C−1(bk − b0),

and hence, these remain uniformly bounded for all iterates k ∈ N. Moreover, since H̃η con-
verges absolutely on these compact ellipsoids by Theorem 12, the remainder

∑∞
j=2 η

jHj(zk)

is uniformly bounded for all k ∈ N. Hence, by applying Theorem 14, we recover the O(K−1)
time-average regret obtained in Bailey et al. (2020).

However, to show that the conditions from Theorem 14 hold in the quadratic case, we
used the fact that the symplectic Euler iterates lie on compact ellipsoids. As we noted at
the end of Section 7, bounded iterates already imply a bounded regret by Lemma 11:
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Corollary 15 Let A,B ⊆ Rd be closed and convex, and let zk ∈ Z denote the symplectic
Euler iterates with stepsize η > 0. Assume the following:

1. For some C > 0, the dual iterates zk = (pk, qk) satisfy ||pk − p0|| , ||qk − q0|| ≤ C for
all k ∈ N, and

2. ∇F = ∇α∗ (U(·)) and ∇G = ∇β∗ (V (·)) are continuous on P and Q, respectively.

Define the closed balls Bp := {p ∈ P : ||p− p0|| ≤ C} and Bq := {q ∈ Q : ||q − q0|| ≤ C}.
By continuity, the following suprema are finite:

LF := sup
u∈Bp

||∇F (u)||, LG := sup
v∈Bq
||∇G(v)||, MF := sup

u∈Bp
|F (u)|, MG := sup

v∈Bq
|G(v)|.

Let L := max{LF , LG} and M := max{MF ,MG}. Then, for every horizon K ∈ N,

RK ≤
4

η
(M + CL) + L2.

In particular, RK = O(1) and dgK = O(K−1).

Proof We start from (27) in Lemma 11 with H = F +G and zk = (pk, qk):

RK ≤
1

η

(
DH (z0, zK) + H̃(1)

η (zK)− H̃(1)
η (z0)

)
. (40)

Note that DH (z0, zK) = DF (p0, pK) +DG (q0, qK). Moreover, by convexity,

0 ≤ DF (p0, pK) = F (p0)− F (pK)− 〈∇F (pK), p0 − pK〉
≤ |F (p0)|+ |F (pK)|+ ||∇F (pK)|| ||pK − p0|| . (41)

By assumption, |F (p0)| , |F (pK)| ≤ M , ||∇F (pK)|| ≤ L, and ||pK − p0|| ≤ C. Hence, we
can bound (41) as follows:

DF (p0, pK) ≤M +M + LC = 2M + LC.

The same bound on DG (q0, qK) follows analogously, whence we have

DH (z0, zK) ≤ 2 (2M + CL) . (42)

Next, recall that

H̃(1)
η (p, q) = F (p) +G(q)− η

2
〈∇F (p),∇G(q)〉 .

Thus, ∣∣∣H̃(1)
η (zK)− H̃(1)

η (z0)
∣∣∣ ≤ |F (pK)− F (p0)|+ |G(qK)−G(q0)| (43a)

+
η

2
|〈∇F (pK),∇G(qK)〉 − 〈∇F (p0),∇G(q0)〉| . (43b)
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By the mean value inequality,

|F (pK)− F (p0)| ≤ L ||pK − p0|| ≤ LC and |G(qK)−G(q0)| ≤ LC, (44)

and by applying the triangle and Cauchy-Schwartz inequalities to (43),

|〈∇F (pK),∇G(qK)〉 − 〈∇F (p0),∇G(q0)〉| ≤ |〈∇F (pK),∇G(qK)〉|+ |〈∇F (p0),∇G(q0)〉|
≤ ||∇F (pK)|| ||∇G(qK)||+ ||∇F (p0)|| ||∇G(q0)||
≤ (L)(L) + (L)(L)

= 2L2. (45)

Hence, using (44) and (45) to bound (43) from above, we have∣∣∣H̃(1)
η (zK)− H̃(1)

η (z0)
∣∣∣ ≤ LC + LC +

η

2

(
2L2

)
= 2LC + ηL2. (46)

Finally, using (42) and (46) together to bound (40) from above,

RK ≤
4

η
(M + CL) + L2.

We then proceed as we did in the proof for Theorem 13 after (37).

Corollary 15 shows that when the symplectic Euler iterates remain bounded, the total
regret is also bounded under mild assumptions, thereby providing a purely geometric route
to proving bounded regret that does not rely on the existence or convergence of the modified
Hamiltonian.

Consequently, in the quadratic case, Corollary 15 renders Theorem 14 unnecessary: The
presence of bounded iterates already implies bounded regret, even though this case is among
the few for which H̃η is known to converge absolutely. As mentioned already in Section 6,

for other cases, rigorous proofs of convergence for H̃η remain scarce, and counterexamples
are well documented (Suris, 1989; Field and Nijhoff, 2003; Alsallami et al., 2018). Therefore,
identifying general, practically verifiable conditions under which a Hamiltonian H yields a
convergent modified Hamiltonian H̃η is an important open problem—one whose resolution
would make Theorem 14 an analytic foundation for proving bounded regret in AMD.

To conclude, we note that a bounded regret might seem superficially obvious from
the start, since if the original Hamiltonian is closed, proper, and coercive convex (e.g.,
for an ellipsoid), then its level sets are convex and bounded (Rockafellar, 1996, Section 8).
However, that is for the Hamiltonian flow generated by the unperturbed HamiltonianH. The
implication here is that even the Hamiltonian flow generated by the modified Hamiltonian
H̃η is associated with a bounded regret in discrete time, albeit under assumptions on H̃η.

10. Conclusion

With regards to energy conservation, there are symplectic integrators which tend to con-
serve the Hamiltonian better than symplectic Euler for the same stepsize—the leapfrog
and implicit midpoint integrators are some examples; see, e.g., Bou-Rabee and Sanz-Serna
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(2018) and Chapter I in Hairer et al. (2006) for further details and numerical illustrations.
There are also algorithms with better performance than AMD for the setting introduced in
Section 4, such as simultaneous proximal mirror descent (Nemirovski, 2004; Wibisono et al.,
2022). However, we are mainly interested in studying symplectic Euler because, when the
original Hamiltonian is convex, symplectic Euler is the dual space representation of AMD.
Moreover, we are interested in studying AMD because it serves as a relatively simple proof
of concept for breaching the barrier between the fields of symplectic integration and theo-
retical computer science. We encourage future studies that use such connections, e.g., by
using known symplectic integrators that tend to perform well and seeing if these can be
translated to an analogous algorithm in a game-theoretic setting.

Since the field of symplectic integration (let alone Hamiltonian dynamics as a whole) has
existed for over three decades, there is no doubt that solid results and rigorous error bounds
already exist regarding the trajectories and energy conservation of said methods. And for
countless applications in computational physics, chemistry, and biology, these have proved
to be sufficient (e.g., Skeel and Hardy, 2001; Engle et al., 2005; Casas and Murua, 2009).
However, in the setting of Hamiltonian dynamics as it appears in sampling, optimization,
and games, we are more interested in the algorithmic implications and guarantees that
such methods might provide. We hope that this paper not only provides a foundation
of properties and concepts—a framework—that demonstrates how new and old results in
symplectic numerical analysis can be used in such contexts, but also reveals how many more
questions remain unanswered.
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Appendix A. Lie algebra and Poisson brackets

Lie algebra. Recall a Lie algebra L is a vector space (over R in our case) with a Lie bracket
operation [ · , · ] : L × L → L which is bilinear, anticommutative ([`1, `2] = −[`2, `1] for all
`1, `2 ∈ L), and satisfies the Jacobi identity ([`1, [`2, `3]]+[`2, [`3, `1]]+[`3, [`1, `2]] = 0 for all
`1, `2, `3 ∈ L). For further references on Lie algebra, see, e.g., Jacobson (1979), Varadarajan
(1984), and Hall (2015).

Adjoint representation. Recall that for any Lie algebra L equipped with Lie bracket [·, ·],
for any element ` ∈ L we can define the adjoint representation or adjoint action of `:

ad` (·) := [`, ·]
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as a linear function on L. We also define the k-fold application of adjoint actions adk` by:

ad1
` = ad`

adk+1
` = adk` (ad`(·)).

With the Poisson bracket as the Lie bracket, this is equivalent to the iterated Poisson
bracket, where ϕ ∈ Ck (Z):

adkϕ = {{{...{·, ϕ}, ϕ}, ϕ︸ ︷︷ ︸
k times

} = {·, ϕk}.

One can check that the Poisson bracket satisfies the axioms for a Lie bracket. Thus,
results for Lie algebras also apply to those for a space of C∞ functions equipped with a
Poisson bracket.

Free Lie algebra. Let F,G ∈ C∞(Z). Consider the subspace L (F,G) of C∞
(
Rd
)

of
functions generated by the linear combinations of F , G, and their IPBs:

L (F,G) := Span {{F s1Gr1 · · ·F sNGrN } : r1, s1, . . . , rN , sN ∈ N0, N ∈ N} . (48)

The vector space L (F,G) equipped with the Poisson bracket { · , · } defines a Lie algebra;
this is called the free Lie algebra generated by F and G. For a more general definition of
free Lie algebra and some properties, see Chapter 3 from Varadarajan (1984).

Exponential map. For some η > 0, we can formally expand the exponential exp (η · adϕ)
of the adjoint representation adϕ of some ϕ ∈ C∞ (Z) via the repeated application of adϕ,
which can be expressed as IPBs:

exp (η · adϕ) =
∞∑
k=0

ηkadkϕ
k!

=

∞∑
k=0

ηk{{{...{·,
k︷ ︸︸ ︷

ϕ}, ϕ}, ϕ}, ..., ϕ}
k!

= exp (η {·, ϕ}) (49)

See Chapter 2 of Varadarajan (1984) or Chapters 3-5 of Hall (2015) for how the exponential
of an adjoint representation (49) generalizes over other Lie algebras.

Appendix B. The modified Hamiltonian and the BCH series

We now discuss how to construct the modified Hamiltonian for the symplectic Euler method
via the Baker-Campbell-Hausdorff series. To explain the results, we use the tools from Lie
algebra and representation theory introduced in Appendix A.
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B.1 Baker-Campbell-Hausdorff series

For any x, y ∈ L, the value of z which solves exp (x) exp (y) = exp (z) can be given via the
Dynkin form of the Baker-Campbell-Hausdorff formula (Jacobson, 1979):

log (exp (x) exp (y)) =
∞∑
n=1

(−1)n−1

n

∑
r1+s1>0

...
rn+sn>0

ηr1+···+rn+s1+···+sn−1 [xr1ys1xr2ys2 · · ·xrnysn ]

(r1 + · · ·+ rn + s1 + · · ·+ sn)
∏n
i=1 ri!si!

.

(50)

Here for r1, s1, . . . , rn, sn ∈ N0 and n ∈ N, we denote

[xr1ys1xr2ys2 · · ·xrnysn ] = [x, [x, · · · [x︸ ︷︷ ︸
r1

, [y, [y, · · · [y︸ ︷︷ ︸
s1

, · · · [x, [x, · · · [x︸ ︷︷ ︸
rn

, [y, [y, · · · y︸ ︷︷ ︸
sn

]] · · · ]]].

See Achilles and Bonfiglioli (2012) and references therein for an overview of different proofs
of the BCH formula in various forms.

In particular, when L = L (F,G) and the Poisson bracket is the Lie bracket, we can define
the adjoint representation (Hall, 2015) adϕ (·) := {·, ϕ} of any function ϕ ∈ L (F,G)—i.e.,
the linear map defined by the Poisson bracket of a function in L (F,G) with ϕ. Furthermore,
instantiating (50) with ϕ,ψ ∈ L (F,G) and the Poisson bracket gives the same expression
as (50), except with the iterated Lie brackets as IPBs in reverse order.1

The Dynkin form (21) of the modified Hamiltonian H̃η is derived as a formal expansion
by constructively working from the initial assumptions that there is a Hamiltonian flow
(2) generated by some modified Hamiltonian H̃η which interpolates the iterates of, and is
thereby conserved by, the iterates of the symplectic Euler method (5). This aforementioned
derivation of (21) is classically known and can be found in several texts—e.g., Yoshida (1990)
and Chapters III and IX of Hairer et al. (2006). For sake of completeness, we include a
formal derivation of (21) which uses various techniques from Lie algebra in Appendix B.2
of the arXiv version of this paper, Katona et al. (2024).

B.2 The integral form of the BCH series

For the Baker-Campbell-Hausdorff formula on any normed Lie algebra (L, ||·||), we propose
the following formula equivalent with the Dynkin representation (50) which involves the
adjoint representation in a way similar to Theorem 5.5 in Miller (1973) and Theorem 5.3
in Hall (2015):

Lemma 16 For any A,B ∈ L sufficiently small in norm—i.e., such that∣∣∣∣et·adAet·adB − I
∣∣∣∣
op
< 1 for all t ∈ [0, 1]—we have

log
(
eAeB

)
=

∫ 1

0
log
(
et·adAet·adB

)(
et·adAet·adB − I

)−1 (
A+ et·adAB

)
dt. (51)

Moreover, the series expansion of (51) converges absolutely.

1. This is because when defining the adjoint representation over a general Lie algebra L vs. L (F,G), we
swap the ordering of the arguments for a general Lie bracket vs. the Poisson bracket, respectively. The
derivation of the BCH formula involves interpreting exp (x) and exp (y) via their adjoint representations,
thereby leading to an expansion in terms of iterated Lie brackets.
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Proof We do the computations in reverse order, noting that the steps are reversible after
establishing absolute convergence since we did not reorder the series and only rewrote the
terms separately using integrals. We start with the BCHD series 50, carefully separate out
the sum when n = 1 vs. n ≥ 2, and rewrite the iterated Lie brackets in terms of their
adjoint representations:

log
(
eAeB

)
=
∑
r≥0

adrAB

(r + 1)!
+A+

∞∑
n=2

(−1)n−1

n
×

∑
r1+s1>0
···

rn−1+sn−1>0
rn≥0

adr1A ads1B · · · ad
rn−1

A ad
sn−1

B adrnA B

(r1 + · · ·+ rn−1 + s1 + · · ·+ sn−1 + rn + 1) · rn!
∏n−1
i=1 ri!si!

+
∑

r1+s1>0
···

rn−1+sn−1>0

adr1A ads1B · · · ad
rn−1

A ad
sn−1

B A

(r1 + · · ·+ rn−1 + s1 + · · ·+ sn−1 + 1) ·
∏n−1
i=1 ri!si!



This further equals to:

log(eAeB) =
∑
r≥0

∫ 1

0

(t · adA)r B

r!
dt+A+

∞∑
n=2

(−1)n−1

n
×

∑
r1+s1>0
···

rn−1+sn−1>0
rn≥0

∫ 1

0

(t · adA)r1

r1!

(t · adB)s1

s1!
· · · (t · adA)rn−1

rn−1!

(t · adB)sn−1

sn−1!

(t · adA)rn

rn!
dtB

+
∑

r1+s1>0
···

rn−1+sn−1>0

∫ 1

0

(t · adA)r1

r1!

(t · adB)s1

s1!
· · · (t · adA)rn−1

rn−1!

(t · adB)sn−1

sn−1!
dtA

 .

(52)
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Under absolute convergence, we can then swap the integrals and summations in (52) and
then rewrite the result using the exponential Taylor series eX =

∑
r≥0X

r/r! as follows:

log
(
eAeB

)
=

∫ 1

0
et·adABdt+A

+
∞∑
n=2

(−1)n−1

n

∫ 1

0

( ∑
r+s>0

(t · adA)r

r!

(t · adB)s

s!

)n−1 ∑
rn≥0

(t · adA)rn

rn!
dtB

+

∫ 1

0

( ∑
r+s>0

(t · adA)r

r!

(t · adB)s

s!

)n−1

dtA


=

∫ 1

0

(
et·adAB +A

)
dt

+

∞∑
n=2

(−1)n−1

n

(∫ 1

0

(
et·adAet·adB − I

)n−1 (
et·adAB +A

)
dt

)

=
∞∑
n=1

(−1)n−1

n

∫ 1

0

(
et·adAet·adB − I

)n−1 (
et·adAB +A

)
dt. (53)

Finally, under absolute convergence again and the series log (X + I) =
∑

r≥1 (−1)r+1Xr/r
(which converges absolutely whenever ||X||op < 1), (53) becomes∫ 1

0

∞∑
n=1

(−1)n−1

n

(
et·adAet·adB − I

)n−1 (
et·adAB +A

)
dt =

∫ 1

0
log
(
et·adAet·adB

)(
et·adAet·adB − I

)−1 (
et·adAB +A

)
dt, (54)

as we wanted to show. Note finally that absolute convergence of the series expansion of (54)
is ensured by the bound on the exponentials of the adjoints stated in Lemma 16, thereby
ensuring absolute convergence for the original BCH series.

We can further express the integrand in (51) via a single series, as demonstrated in the
corollary below:

Lemma 17 Given the same setting as Lemma 16, we have

log
(
eAeB

)
=

∫ 1

0

∞∑
j=0

(
I − et·adAet·adB

)j
j + 1

(
A+ et·adAB

)
dt.

Proof From p. 161 of Miller (1973), we have the following series expansion for
log (X) (X − I)−1 about X = I:

log (X) (X − I)−1 =
∞∑
j=0

(I −X)j

j + 1
, (55)

31



Katona, Wang, and Wibisono

which converges whenever ||X − I||op < 1. Then, use (55) to expand the integrand of (51)
in Lemma 16.

Finally, equip L (F,G) with some function norm ||·|| which is continuous over the space. For
all ϕ ∈ L (F,G), we define the operator norm of ϕ, ||ϕ||op, as the smallest L > 0 satisfying
||{ϕ,ψ}|| ≤ L ||ψ|| for all ψ ∈ L (F,G). Using this definition, we propose an equivalent
integral form of the Dynkin representation (21) of the BCH formula:

Theorem 18 For any F ∈ C∞ (P) and G ∈ C∞ (Q) such that
∣∣∣∣et{·,G}et{·,F} − I∣∣∣∣

op
< 1

for all t ∈ [0, 1],

H̃η (p, q) =
1

η

∫ η

0

∞∑
j=0

(
I − et{·,G}et{·,F}

)j
j + 1

(
G+ et{·,G}F

)
dt. (56)

Moreover, the series expansion of (56) converges absolutely.

Proof Instantiate the Lie bracket in Lemma 17 with the Poisson bracket multiplied by η.

The integral form derived above in Theorem 18 will allow us to compute H̃ directly in the
quadratic case, as we will see in Appendix C.

Appendix C. The modified Hamiltonian in the quadratic case

As a test case to demonstrate the potency of the integral form of the MH (Theorem 18),
we now study the particular case when F = ap2, G = bq2, and d = 1—the quadratic case.
In this case, the function S (p, q) = ap2 + bq2 − 2ηabpq is a closed-form conserved quantity
throughout the iterations of the symplectic Euler method (5), i.e., S (pn, qn) = S (p0, q0) for
all n ∈ N0 and any stepsize η > 0. We encourage readers to verify this fact for themselves
or see Bailey et al. (2020) and Wibisono et al. (2022) for further details, which demonstrate
how the above results also generalize for d > 1.

In theory, the function S (p, q) should also appear in the modified Hamiltonian. And
this is indeed the case: By applying symbolic calculation programs to calculate the first
terms in the modified Hamiltonian, expressed as the series (21) when f = ap2, g = bq2, we
reveal the following pattern in the first few terms of the series:

H̃η(p, q) = S (p, q)

(
1 +

2abη2

3
+

8(ab)2η4

15
+

16(ab)3η6

35
+

128(ab)4η8

215
+ · · ·

)
. (57)

This pattern encourages us to calculate the closed-form for this series using the integral
form of the BCH formula (Theorem 18) directly. To the best of our knowledge, this has not
been done in prior literature.

Furthermore, as (57) implies, the modified Hamiltonian in this case is the product of a
conserved quantity as a function of p, q, and a power series of η. For η large enough, the
power series diverges, yet the conserved quantity still remains conserved along the iterations.
Thus, this is a direct example demonstrating that a conserved quantity could persist even
when the Dynkin series (21) diverges.
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C.1 Functional space of the Iterated Poisson Brackets

We now apply Theorem 18 to compute the modified Hamiltonian in this case. We first have
the following lemma regarding the structure of the Iterated Poisson Brackets (IPBs):

Lemma 19 F , G, and any IPBs generated by F and G has the following quadratic form:

{{{...{F,G}, F}, G}, ..., } = Ap2 +Bpq + Cq2 =
[
p2 pq q2

] AB
C


for some constants A,B,C ∈ R dependent on the number of Poisson brackets and the
permutation of the functions F,G in the IPB.

Proof This can be shown via induction. Since {G,F} = −{F,G} = 4adpq, the base case
holds. Suppose this is true for an IPB I. Then, {F, I} = −∇pF ∂I

∂q = −(2ap)(2Cq +Bp) =

−2aBp2 + 4aCpq. Similarly, {G, I} = ∇qG∂I
∂p = (2dq)(2Ap+Bq) = 2Bdq2 + 4dApq.

Thus, the functional space endowed by the Poisson bracket in this case is simply the space
of pure second-order polynomials of p and q. In this case, there exists a matrix expression of
the adjoint representations adF := {·, F} and adG := {·, G} on the free Lie algebra L (F,G)
generated by F and G and endowed with the Poisson bracket, as shown in the following
lemma.

Lemma 20 Given the previous representation, we have the matrix representations

adF =

0 0 2a
0 0 0
0 4a 0

 , adG = −

 0 0 0
0 0 2b
4b 0 0


when we choose the basis

{
p2, q2, pq

}
for L (F,G).

Proof From Lemma 19, ϕ ∈ Span
{
p2, q2, pq

}
⇒ {ϕ, F} , {ϕ,G} ∈ Span

{
p2, q2, pq

}
, but

we desire to express this implication more explicitly. Let ϕ ∈ Span
{
p2, q2, pq

}
, in which

case ϕ (p, q) = c2p
2 + c1q

2 + c0pq for some constants c2, c1, c0 ∈ R, which can be represented
in L (F,G) as (c2, c1, c0) when using the basis

{
p2, q2, pq

}
. Routine computations show that{

ϕ, p2
}

= 2c0p
2 + 4c1pq,

{
ϕ, q2

}
= −2c0q

2 − 4c2pq, {ϕ, pq} = 2c1q
2 − 2c2p

2. (58)

Since the Poisson bracket is linear in each component, (58) implies that

adF (ϕ) = {ϕ, F} =
{
ϕ, ap2

}
= (2a) c0p

2 + (4a) c1pq,

adG (ϕ) = {ϕ,G} =
{
ϕ, dq2

}
= (−2d) c0q

2 + (−4d) c2pq,

i.e.,

adF (c2, c1, c0) = (2ac0, 0, 4ac1) , adG (c2, c1, c0) = − (0, 2dc0, 4dc2)

when expressed in the basis
{
p2, q2, pq

}
.
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Note that the existence of matrix expressions for adF and adG should already be expected
from Ado’s theorem (Hall, 2015), which states that every finite-dimensional real Lie algebra
(e.g., L (F,G) for F and G quadratic) is isomorphic to an algebra of matrices.

Since the adjoint matrix in this case is of finite dimension and nilpotent, we are motivated
to compute the MH in this quadratic case by evaluating the formula proposed in Theorem
18 directly. Doing so gives us Theorem 12 and the observations that follow thereafter.

C.2 Proof of Theorem 12

C.2.1 Preliminary work

We start by manipulating Theorem 18 to make calculations a bit easier. Recall that in the
last section, we derived the matrix representation for adG and adF . Hence, if we have access
to the diagonalization of et{·,G}et{·,F} = et·adGet·adF = PDP−1, then we could simplify the
integral form of the BCH series (56) into the following form:

H̃η (p, q) =
1

η

∫ η

0
P
∞∑
j=0

(I −D)j

j + 1
P−1

(
G+ et·adGF

)
dt. (59)

Motivated by the aforementioned simplification, we start by calculating the matrix exponen-
tials of the matrix expression of the adjoint representations and calculate its diagonalization.
With the help of SymPy (Meurer et al., 2017), we have the following:

et·adGet·adF =

 1 8a2t2 2at
8b2t2 1 + 8abt2 + 64a2b2t4 2bt+ 16a2bt3

−4bt 4at− 32a2bt3 1− 8abt2

 . (60)

With some help from SymPy (Meurer et al., 2017), we now calculate P and D in the
diagonalization et·adGet·adF = PDP−1:

P =

−
1

2bt

−abt−i
√
ab(1−abt2)

2b

−abt+i
√
ab(1−abt2)

2b

− 1
2at

−abt+i
√
ab(1−abt2)

2a

−abt−i
√
ab(1−abt2)

2a
1 1 1

 . (61)

Here i =
√
−1 is the imaginary unit. We can thereby compute P−1(G+ et·adGF ) as follows:

P−1(G+ et·adGF ) =


2abt
abt2−1

abt
(

3abt−4a2b2t3+i(4abt2−1)
√
ad(1−abt2)

)
a2b2t3−abt+i(1−abt2)

√
ab(1−abt2)

i
abt
(

2abt−2a2b2t3−i(2abt2−1)
√
ab(1−abt2)

)
√
ab(1−abt2)(1−abt2)

 . (62)

Furthermore,

D = diag

 1

8a2b2t4 − 8abt2 − 4t
√
ab (abt2 − 1)

(
2abt2 − 1

)
+ 1

8a2b2t4 − 8abt2 + 4t
√
ab (abt2 − 1)

(
2abt2 − 1

)
+ 1

 . (63)
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Let g(t) :=
√
ab(1− abt2). Note that by assumption, t ≤ η < 1/

√
ab, which implies

t2 < 1/ab, or g(t) ∈ R. Hence, we rewrite (63) and use it to compute
∑∞

j=0
(I−D)j

j+1 :

∞∑
j=0

(I −D)j

j + 1
= diag


 1∑∞

j=0
4jtj

j+1

(
2tg2(t) + i(2abt2 − 1)g(t)

)j∑∞
j=0

4jtj

j+1 (2tg2(t)− i(2abt2 − 1)g(t))j


 . (64)

Using the Taylor series for − log (1− x) =
∑∞

k=1
xk

k =
∑∞

j=0
xj+1

j+1 = x
∑∞

j=0
xj

j+1 , we can
then sum (64) as follows:

−diag


 −1

1
4t(2tg2(t)+i(2abt2−1)g(t))

log
[
1− 4t

(
2tg2(t) + i(2abt2 − 1)g(t)

)]
1

4t(2tg2(t)−i(2abt2−1)g(t))
log
[
1− 4t

(
2tg2(t)− i(2abt2 − 1)g(t)

)]

 , (65)

Note in particular that this means we are using the principal branch of the logarithm.

C.2.2 Simplification of the integrand

We begin by multiplying (65) and (62) and simplifying to get:

∞∑
j=0

(I −D)j

j + 1
P−1(G+ etabGF ) =

a2b2

4ig3(t)

 −8itg(t)
− log

[
1− 4t

(
2tg2 (t) + i

(
2abt2 − 1

)
g (t)

)]
log
[
1− 4t

(
2tg2 (t)− i

(
2abt2 − 1

)
g (t)

)]
 .
(66)

Let z (t) := abt + ig (t) and ν (t) := log
[
1− 4t

(
2tg2 (t)− i

(
2abt2 − 1

)
g (t)

)]
. Then, using

(61) and (66) to assemble the entire integrand of (59), we have

P

∞∑
j=0

(I −D)j

j + 1
P−1(G+ et·adGF ) =

a2b2

2g3 (t)


1
2b=

{
z (t) ν (t)

}
+ 2g(t)

b

1
2a=

{
z (t) ν (t)

}
+ 2g(t)

a

={ν (t)} − 4tg(t)

 , (67)

where = (c) is the imaginary component of any c ∈ C. Noticing the recurrence of the
expression in (67), we are motivated to expand out ν(t) to

ν (t) = log
[
1− 8abt2(1− abt2) + 4it(2abt2 − 1)

√
ab(1− abt2)

]
. (68)

By routine algebraic manipulations, we show that the complex number within the logarithm
of (68) has modulus one:

(1− 8abt2(1− abt2))2 + (4t(2abt2 − 1)
√
ab(1− abt2))2 = 1. (69)

Thus, in light of (68) and (69), we can use Euler’s formula, double angle formulae, and then
trigonometry to rewrite ν(t) as the following:

ν (t) = i arcsin(4t(2abt2 − 1)
√
ab(1− abt2)) = 4i arcsin(

√
abt2). (70)
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Hence, by (67) and (70), we can simplify the integrand of (59) as follows:

H̃η (p, q) =
a2b2

η

[
p2 q2 pq

] ∫ η

0

1

2g3 (t)

2at arcsin(
√
abt2) + 1

b2g(t)

2bt arcsin(
√
abt2) + 1

a2g(t)

−4 arcsin(
√
abt2)− 4tg(t)

 dt. (71)

Finally, we split the integrand in (71) into the two terms shown in the vector and integrate
them separately. Doing so, adding the results, and writing out the dot product gives us the
following:

H̃η (p, q) =
1√

abη2(1− abη2)
arcsin(

√
abη2)(ap2 + bq2 − 2abpqη). (72)

When ab < 0, we first show the following proper definition of inverse sine functions.
Suppose we are interested in finding y = arcsin ix, which we can write equivalently as
y = arcsin ix = i arcsinh(−x). Then the modified Hamiltonian takes the following form:

arcsin(
√
abη2)√

abη2(1− abη2)
(ap2 + bq2 − 2abpqη) =

arcsinh(
√
−abη2)√

−abη2(1− abη2)
(ap2 + bq2 − 2abpqη).

C.2.3 Convergence radius

The argument above is only valid if the conditions of Theorem 18 are actually satisfied.
Thus, we need to ensure when

∣∣∣∣et·adGet·adF − I
∣∣∣∣

op
= σmax (D − I) < 1, or equivalently,

when ∣∣∣−8abt2(1− abt2)− 4it(2abt2 − 1)
√
ab(1− abt2)

∣∣∣ < 1, (73a)∣∣∣−8abt2(1− abt2) + 4it(2abt2 − 1)
√
ab(1− abt2)

∣∣∣ < 1 (73b)

for all t ∈ [0, η], as taken directly from from (63). Noting the equivalence of forms (68) and
(70) for ν(t), (73) can be rewritten as∣∣∣eν(t) − 1

∣∣∣ =
∣∣e−4i arcsin z − 1

∣∣ < 1,∣∣∣eν(t) − 1
∣∣∣ =

∣∣e4i arcsin z − 1
∣∣ < 1,

respectively, where we have let z :=
√
abt2. From here, we split the work into two cases

based on the sign of ab.

Case 1: ab ≥ 0. In this case, arcsin z is real, and since arcsin only takes arguments from −1
to 1, we get a contradiction when z > 1. Since e−4i arcsin z = e4i arcsin z, |e−4i arcsin z − 1| < 1
if and only if |e4i arcsin z| < 1. When 0 < 4 arcsin z < π

3 , we have that |e4i arcsin z − 1| <
1. Similarly, when 5π

3 < 4 arcsin z < 2π, |e4i arcsin z − 1| < 1 again. Thus, the absolute
convergence criteria in Theorem 18 is satisfied whenever z ∈

(
0, sin( π12)

)
∪
(
sin(5π

12 ), 1
)
.

We now show that this actually implies that the modified Hamiltonian (21) is absolutely
convergent whenever |z| ∈ (0, 1).
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For any η ∈ (0,
√

1
ab), we pick η′ = max(

√
sin 11π

24 , η). By construction η′ ∈
(
sin(5π

12 ), 1
)

and thus the series (21) converges absolutely for η′. We now compare the terms of the two
series: ∣∣∣∣ηr1+···+rn+s1+···+sn−1 {Gr1F s1 · · ·GrnF sn} (p, q)

n (r1 + · · ·+ rn + s1 + · · ·+ sn)
∏n
i=1 ri!si!

∣∣∣∣ ≤∣∣∣∣(η′)r1+···+rn+s1+···+sn−1 {Gr1F s1 · · ·GrnF sn} (p, q)

n (r1 + · · ·+ rn + s1 + · · ·+ sn)
∏n
i=1 ri!si!

∣∣∣∣ .
By the dominated convergence theorem, the modified Hamiltonian (21) converges absolutely
for η chosen above.

Case 2: ab < 0. When ab < 0, we let F ′ = |a|p2, G′ = |b|q2. From Appendix C.1 we know
that {Gr1F s1 · · ·GrnF sn} (p, q) is always a monomial of p, q and a, b, regardless of the signs
of p and q. We have the following equality:∣∣∣∣ηr1+···+rn+s1+···+sn−1 {Gr1F s1 · · ·GrnF sn} (p, q)

n (r1 + · · ·+ rn + s1 + · · ·+ sn)
∏n
i=1 ri!si!

∣∣∣∣ =∣∣∣∣ηr1+···+rn+s1+···+sn−1 {G′r1F ′s1 · · ·G′rnF ′sn} (p, q)

n (r1 + · · ·+ rn + s1 + · · ·+ sn)
∏n
i=1 ri!si!

∣∣∣∣ .
Since the modified Hamiltonian (21) converges absolutely whenever

√
|a||b|t2 < 1, it con-

verges absolutely for F ′ and G′. Since the absolute value of the terms is the same, the
convergence is also absolute when ab < 0, but except when

√
|ab|t2 < 1.

Figure 2 shows the graph of the function η 7→
arcsin

(√
abη2

)
√
abη2(1−abη2)

that appears in the final

expression (72) of the modified Hamiltonian. Note that the Taylor expansion of η 7→
arcsin

(√
abη2

)
√
abη2(1−abη2)

is as follows:

arcsin
(√

abη2
)

√
abη2(1− abη2)

= 1 +
2(η
√
ab)2

3
+

8(η
√
ab)4

15
+

16(η
√
ab)6

35
+

128(η
√
ab)8

215
+ · · · ,

which is precisely what the simplified series formula (57) for H̃η suggests. One may further
check that the same expansion holds when ab < 0.

C.3 Verification: Hamiltonian flow of modified Hamiltonian

In this subsection, we verify Theorem 7 in the single-variable quadratic case. To this end,
we have the following lemma:

Lemma 21 Define the modified Hamiltonian as

H̃η(p, q) =
arcsin(

√
abη2)√

abη2(1− abη2)
(ap2 + bq2 − 2abpqη).
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Figure 2: The function η 7→
arcsin

(√
abη2

)
√
abη2(1−abη2)

with different choices of a and b.

If (p(t), q(t)) follows the Hamiltonian flow of the modified Hamiltonian:

d

dt

(
p(t)
q(t)

)
=

(
− ∂
∂q H̃η(p(t), q(t))
∂
∂pH̃η(p(t), q(t))

)
,

and starts at (
p(0)
q(0)

)
=

(
p0

q0

)
,

then we have: (
p(η)
q(η)

)
=

(
1 −2bη

2aη 1− 4abη2

)(
p0

q0

)
,

which coincides with the iterates of symplectic Euler (5) when H(p, q) = ap2 + bq2.

Proof For η > 0, let

Cη =
arcsin(

√
abη2)√

abη2(1− abη2)

so that the modified Hamiltonian above becomes:

H̃η(p, q) = Cη(ap
2 + bq2 − 2abpqη).

The Hamiltonian flow is:

d

dt

(
p(t)
q(t)

)
=

(
2Cηb(−q(t) + aηp(t))
2Cηa(p(t)− bηq(t))

)
= 2Cη

(
abη −b
a −abη

)(
p(t)
q(t)

)
. (74)

Using the matrix exponential, the solution to the Hamiltonian flow (74) at time t = η is:(
p(η)
q(η)

)
= exp

(
2ηCη

(
abη −b
a −abη

))(
p0

q0

)
. (75)
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We compute the matrix exponential in (75) as follows:

exp

(
2ηCη

(
abη −b
a −abη

))
=

[
E11 E12

E21 E22

]
,

where the coefficients are as follows:

E11 =

(
abη +

√
ab(abη2 − 1)

)
exp

(
2
√
ab(abη2 − 1)ηCη

)
2
√
ab(abη2 − 1)

−

(
abη −

√
ab(abη2 − 1)

)
exp

(
−2
√
ab(abη2 − 1)ηCη

)
2
√
ab(abη2 − 1)

E12 =

√
b exp

(
−2
√
ab(abη2 − 1)ηCη

)
2
√
a(abη2 − 1)

−

√
b exp

(
2
√
ab(abη2 − 1)ηCη

)
2
√
a(abη2 − 1)

E21 =

√
a exp

(
2
√
ab(abη2 − 1)ηCη

)
2
√
b(abη2 − 1)

−

√
a exp

(
−2
√
ab(abη2 − 1)ηCη

)
2
√
b(abη2 − 1)

E22 =

(
−abη +

√
ab(abη2 − 1)

)
exp

(
2
√
ab(abη2 − 1)ηCη

)
2
√
ab(abη2 − 1)

−

(
−abη −

√
ab(abη2 − 1)

)
exp

(
−2
√
ab(abη2 − 1)ηCη

)
2
√
ab(abη2 − 1)

.

To simplify the coefficients above, we let S =
√
abη2(1− abη2), T = abη2. We further

calculate:

exp
(

2
√
ab(abη2 − 1)ηCη

)
= exp

(
2
√
ab(abη2 − 1)η

arcsin(
√
abη2)√

abη2(1− abη2)

)
= exp

(
2i arcsin

(√
abη2

))
= 1− 2T + 2iS

Similarly, we have:

exp
(
−2
√
ab (abη2 − 1)ηCη

)
= 1− 2T − 2iS.

Hence, we could simplify the coefficients in the following way:(
E11 E12

E21 E22

)
=

(
1 −2bη

2aη 1− 4abη2

)
.

The symplectic Euler algorithm, (5), in this case is:(
pnew

qnew

)
=

(
p0 − η(2bq0)
q0 + η(2apnew)

)
=

(
p0 − 2bηq0

q0 + 2aη (p0 − 2bηq0)

)
=

(
1 −2bη

2aη 1− 4abη2

)(
p0

q0

)
.

Since the coefficients match, we confirm that the iterations are indeed interpolated by the
Hamiltonian flow generated by the modified Hamiltonian H̃η.
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C.4 The multivariate case

In this subsection we derive the closed-form of the modified Hamiltonian in the multivariate
quadratic case by utilizing results from monovariate case. The general idea of the proof is the
following: we first derive connections between the iterated Poisson brackets in multivariate
and univariate cases. We then reorder the series form (21) of the modified Hamiltonian
in the multivariate case H̃F,G

η (p, q) and relate the reordered series with the series form of

the modified Hamiltonian in the univariate case to get closed-form expression of H̃F,G
η (p, q).

Furthermore, this allows us to determine the absolute convergence radius of the reordered
form, which then implies equivalence between the original form and the reordered form.

C.4.1 Notations and settings

We assume that p, q ∈ Rd, where d ≥ 2. We assume that B,C ∈ Rd×d are symmetric
matrices such that BC is positive semi-definite. Let Q−1ΛQ be the diagonalization of BC.
We define F (p) = p>Bp, G(q) = q>Cq, and HF,G(p, q) = F (p) + G(q). In using results
from the last subsection, we assume that u, v ∈ R, and define f(u) = au2, g(v) = bv2, where
ab > 0, and let Hf,g(u, v) = f(u) + g(v).

We want to find the closed-form expression of modified Hamiltonian for the following
symplectic Euler updates:

pk+1 = pk − 2ηCqk, qk+1 = qk + 2ηBpk+1

Throughout the subsection, we let ? denote the tuple (r1, s1, . . . , rn, sn), i.e.,

? := (r1, s1, . . . , rn, sn).

We denote the rank (for its definition, check the review on iterated Poisson bracket in
Section 6) of the Poisson bracket corresponding to the tuple ? with N (?), denote M(?) :=∑n

i=1(ri + si), and denote the set of tuples of rank N with S(N). Finally, we define the

following function to express the constant coefficient in the H̃η series:

τ(?) = τ((r1, s1, · · · , rn, sn)) =
(−1)n−1

n

1

(r1 + · · ·+ rn + s1 + · · ·+ sn)
∏n
i=1 ri!si!

For simplicity of notations, we define

IF,Gp,q := {Gr1F s1Gr2F s2 · · ·GrnF sn} (p, q)

If,gu,v := {gr1fs1gr2fs2 · · · grnfsn} (u, v)

Results from Appendix C.1 imply that If,gu,v(?) must be a monomial containing a, b, u, v.

We denote the constant factor within If,gu,v(?) with J(?), denote the power of a within If,gu,v(?)

with La(?) and the power of b within If,gu,v(?) with Lb(?). The following proposition is a
direct consequence of our work above:

Proposition 22 If,gu,v(?) must be one of the following forms:

• J(?)aLa(?)bLb(?)u2,
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• J(?)aLa(?)bLb(?)v2, or

• J(?)aLa(?)bLb(?)uv.

We define the following subsets of possible tuples:

Spp(n) := Suu(n) := {? ∈ S(n) | If,gu,v(?) contains uu}
Sqq(n) := Suu(n) := {? ∈ S(n) | If,gu,v(?) contains uu}
Spq(n) := Suv(n) := {? ∈ S(n) | If,gu,v(?) contains uv}

Notice that ? ∈ Suu(n) ∪ Suu(n) ∪ Suv(n) implies that If,gu,v(?) 6= 0.
Finally, we define the following functions to connect multivariate and univariate quadratic
cases.

T pure
η (λ) :=


arcsin(

√
λη2)√

λη2(1−λη2)
λ > 0,

arcsinh(
√
−λη2)√

−λη2(1−λη2)
λ < 0.

, T cross
η (λ) :=


−2
√
λ arcsin(

√
λη2)√

(1−λη2)
λ > 0,

2
√
−λ arcsinh(

√
−λη2)√

(1−λη2)
λ < 0.

C.4.2 Connections between the iterated Poisson brackets in two cases

Lemma 23 If ? ∈ Suu(n), then La(?) = Lb(?) + 1 = M(?)+1
2 . Furthermore, if ? ∈ Suu(n),

then Lb(?) = La(?) + 1 = M(?)+1
2 . Finally, if ? ∈ Suv(n), then La(?) = Lb(?) = M(?)

2 .

Proof This can be verified via an inductive argument based on M(?) = {1, 2, 3, · · · }. As
the base cases, the proposed lemma holds for M = 1, where f = au2, g = bv2 and M = 2,
where {f, g} = −4abuv = −{g, f}. Suppose that the lemma holds for any tuples ? such
that M(?) ≤ n, we verify that it also holds for any tuples ? such that M(?) ≤ n + 1. For

the sake of simplicity we only verify the case where {·, f} is applied to If,gu,v(?). We denote
the new tuple in this case as ?′ and remark that M(?′) =M(?) + 1.

• If If,gu,v(?) = J(?)a
M(?)+1

2 b
M(?)−1

2 u2, then {If,gu,v(?), f} = {J(?)a
M(?)+1

2 b
M(?)−1

2 u2, au2} =
0.

• If If,gu,v(?) = J(?)a
M(?)−1

2 b
M(?)+1

2 v2, then {If,gu,v(?), f} = {J(?)a
M(?)−1

2 b
M(?)+1

2 v2, au2}
= J(?′)a

M(?)+1
2 b

M(?)+1
2 uv = J(?′)a

M(?′)
2 b

M(?′)
2 uv.

• If If,gu,v(?) = J(?)a
M(?)

2 b
M(?)

2 uv, then {If,gu,v(?), f} = {J(?)a
M(?)

2 b
M(?)

2 uv, au2}
= J(?′)a

M(?)+2
2 b

M(?)
2 u2 = J(?′)a

M(?′)+1
2 b

M(?′)
2 u2.

Thus, the induction argument is verified in all cases.

Lemma 24 If ? ∈ Suu(n), then IF,Gp,q (?) = J(?)p>(BC)
M(?)−1

2 Bp. Furthermore, if ? ∈
Suu(n), then IF,Gp,q (?) = J(?)q>C(BC)

M(?)−1
2 q. Finally, if ? ∈ Suv(n), then IF,Gp,q (?) =

J(?)p>(BC)
M(?)

2 q.
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Proof This can be verified using an inductive argument based on M(?) = {1, 2, 3, · · · }.
As the base case, the proposed lemma holds for M = 1, where F = p>Bp, G = q>Cq and
M = 2, where {F,G} = −4p>BCq = −{G,F}. Suppose the lemma holds for any tuples ?
such that M(?) ≤ n, we verify that it also holds for any tuples ? such that M(?) ≤ n+ 1.
For the sake of simplicity we only verify the case where {·, F} is applied to IF,Gp,q (?) and

when {·, f} is applied to If,gu,v(?). To show the inductive argument, we need to compare

{IF,Gp,q (?), F} and {If,gu,v(?), f}.
If ? ends with {. . . , rn, 0} where rn > 0, the new tuple ?′ will be {. . . , rn, 1}. On the other

hand, if ? ends with {. . . , rn, sn} where rn, sn > 0, the new tuple ?′ will be {. . . , rn, sn + 1}.
In both cases, IF,Gp,q (?′) = IF,Gp,q (?), F . Note that M(?′) =M(?) + 1.

When ? ∈ Suu(n), IF,Gp,q = J(?)p>(BC)
M(?)−1

2 Bp and If,gu,v = J(?)a
M(?)+1

2 b
M(?)−1

2 u2.
Thus,

{IF,Gp,q (?), F} = {If,gu,v(?), f} = 0.

When ? ∈ Svv(n), IF,Gp,q = J(?)q>C(BC)
M(?)−1

2 q and If,gu,v = J(?)a
M(?)−1

2 b
M(?)+1

2 v2. In this
case,

{If,gu,v(?), f} = 4J(?)a
M(?)+1

2 b
M(?)+1

2 uv = 4J(?)a
M(?′)

2 b
M(?′)

2 uv.

On the other hand,

{IF,Gp,q (?), F} = 4J(?)p>(BC)
M(?)+1

2 q = 4J(?)p>(BC)
M(?′)

2 q.

Since the constant term match and the power of a, b matches with that of B and C, the
assumption is verified.

When ? ∈ Suv(n), IF,Gp,q = J(?)p>(BC)
M(?)

2 q and If,gu,v = J(?)a
M(?)

2 b
M(?)

2 uv. In this case,

{If,gu,v(?), f} = 2J(?)a
M(?)+2

2 b
M(?)

2 u2 = 2J(?)a
M(?′)+1

2 b
M(?′)−1

2 u2.

On the other hand,

{IF,Gp,q (?), F} = 2J(?)p>(BC)
M(?)

2 Bp = 2J(?)p>(BC)
M(?′)−1

2 Bp.

Since the constant term match and the power of a, b matches with that of B and C, the
assumption is verified.

Corollary 25 If ? ∈ Suu(n), then IF,Gp,q (?) = J(?)(Qp)>Λ
M(?)−1

2 QBp. If ? ∈ Svv(n), then

IF,Gp,q (?) = J(?)(QC>q)>Λ
M(?)−1

2 Qq. If ? ∈ Suv(n), then IF,Gp,q (?) = J(?)(Qp)>Λ
M(?)

2 Qq.

Proof We note that (BC)
M(?)−1

2 B = (Q−1ΛQ)
M(?)−1

2 B = Q−1Λ
M(?)−1

2 QB, C(BC)
M(?)−1

2

= C(Q−1ΛQ)
M(?)−1

2 = CQ−1Λ
M(?)−1

2 Q, and (BC)
M(?)

2 = (Q−1ΛQ)
M(?)

2 = Q−1Λ
M(?)

2 Q.

Hence, if ? ∈ Spp, then If,gu,v(?) is a bilinear product involving p with itself, and analogous
statements hold for Sqq and Spq.
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C.4.3 Reordering the series: finding the closed-form and absolute
convergence radius

Lemma 26 The Dynkin form (21) of the modified Hamiltonian in multivariate quadratic
case H̃F,G

η (p, q) can be rearranged as follows:

ĤF,G
η (p, q) = (Qp)>

 ∞∑
N=1

(−1)N−1

N

∑
?∈Spp(N)

ηM(?)−1τ(?)J(?)Λ
M(?)−1

2

QBp

+ (QC>q)>

 ∞∑
N=1

(−1)N−1

N

∑
?∈Sqq(N)

ηM(?)−1τ(?)J(?)Λ
M(?)−1

2

Qq

+ (Qp)>

 ∞∑
N=1

(−1)N−1

N

∑
?∈Spq(N)

ηM(?)−1τ(?)J(?)Λ
M(?)

2

Qq (79)

Note that the equivalence between H̃F,G
η (p, q) and ĤF,G

η (p, q) is not guaranteed, because we
have not proven the absolute convergence yet.

Proof Let us start from the Dynkin form (21) of the modified Hamiltonian:

H̃F,G
η (p, q) =

∞∑
n=1

(−1)n−1

n

∑
r1+s1>0

...
rn+sn>0

ηr1+···+rn+s1+···+sn−1 {Gr1F s1Gr2F s2 · · ·GrnF sn} (p, q)

(r1 + · · ·+ rn + s1 + · · ·+ sn)
∏n
i=1 ri!si!

.

The summation can be reordered as:

ĤF,G
η (p, q) =

∞∑
n=1

∑
?∈Spp(n)∪Spq(n)∪Spq(n)

τ(?)ηM(?)IF,Gp,q (?).

We compute the summation for Spp(n),Sqq(n) and Spq(n) separately, and apply the results
in Lemma 24 to conclude.

Theorem 27 The reordered H̃η series in Lemma 26 has the following closed form:

ĤF,G
η (p, q) = (Qp)>T pure

η (Λ)QBp+ (QC>q)>T pure
η (Λ)Qq + (Qp)>T cross

η (Λ)Qq.

Whenever each eigenvalue λ in Λ satisfies that |λη2| ≤ 1, the original BCH series H̃F,G
η (p, q)

converges absolutely and reordering of summation is allowed. Since BC is assumed to be
diagonalizable, if the maximal singular value of BC is smaller than 1

η2
, then H̃F,G

η (p, q) =

ĤF,G
η (p, q).

Proof Theorem 12 states that in the univariate case, BCH series H̃f,g
η (u, v) converges to

1√
abη2(1−abη2)

arcsin(
√
abη2)(au2 + bv2−2abuvη). Furthermore, the convergence is absolute

whenever |abη2| < 1.
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Assume without loss of generality that ab > 0, for the other case is similar. Absolute
convergence allows for the following reordering of the summation:

H̃f,g
η (u, v) =

 ∞∑
N=1

(−1)N−1

N

∑
?∈Suu(N)

ηM(?)−1τ(?)J(?)(ab)
M(?)−1

2

 au2

+

 ∞∑
N=1

(−1)N−1

N

∑
?∈Svv(N)

ηM(?)−1τ(?)J(?)(ab)
M(?)−1

2

 bv2

+

 ∞∑
N=1

(−1)N−1

N

∑
?∈Suv(N)

ηM(?)−1τ(?)J(?)(ab)
M(?)

2

uv

=
1√

abη2(1− abη2)
arcsin(

√
abη2)(au2 + bu2 − 2abuvη). (80)

We now substitute the variable ab with λ. Equation (80) above implies the following:

∞∑
N=1

(−1)N−1

N

∑
?∈Suu(N)

ηM(?)−1τ(?)J(?)λ
M(?)−1

2 =
arcsin(

√
λη2)√

λη2(1− λη2)
= T pure

η (λ) (81a)

∞∑
N=1

(−1)N−1

N

∑
?∈Svv(N)

ηM(?)−1τ(?)J(?)λ
M(?)−1

2 =
arcsin(

√
λη2)√

λη2(1− λη2)
= T pure

η (λ) (81b)

∞∑
N=1

(−1)N−1

N

∑
?∈Suv(N)

ηM(?)−1

M(?)
τ(?)J(?)λ

M(?)
2 =

−2
√
λ arcsin(

√
λη2)√

(1− λη2)
= T cross

η (λ). (81c)

Furthermore, the absolute convergence of original Dynkin series (21) when |λη2| < 1 implies
absolute convergence of T pure

η (λ) and T cross
η (λ) when |λη2| < 1.

Since Λ is a diagonal matrix, taking powers of Λ is equivalent with taking the same
powers element-wise. Thus, the summation of matrices in (79) is equivalent with summing
each element along the diagonal separately. Furthermore, since the terms in (79) are pre-
cisely those in (80) and thereby equal to the respective ones in (81), the closed form should
equal to the application of T pure

η and T cross
η on the diagonal elements separately. Finally,

note that since T cross
η (λ) = |λ|T pure

η (λ) holds for both λ > 0 and λ < 0, we could simplify
T cross
η (Λ) as |Λ|T pure

η (Λ). Thus, the closed-form is proven.
Finally, following the convergence criteria in Theorem 12, the convergence criterion here

should be λmax(|Λ|)η2 = σmax(BC) < 1. Hence, since σmax(BC) ≤ σmax(B)σmax(C), taking
σmax(B)σmax(C)η2 < 1 suffices to ensure convergence.

Appendix D. Partial proof of Conjecture 10

We start by taking the Taylor series of the Nth modification HN :

HN (pn+1, qn+1)

= HN (pn, qn) +

∞∑
i=1

1

i!

(
(pn+1 − pn) · ∇p + (qn+1 − qn) · ∇q

)i
HN (pn, qn), (82)
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where the gradients are to be applied to HN . We proceed by plugging the iterates (5) of
symplectic Euler into (82):

HN (pn+1, qn+1)−HN (pn, qn)

=
∞∑
i=1

ηi

i!

(
−∇qG

∣∣∣
q=qn

· ∇p +∇pF
∣∣∣
p=pn+1

· ∇q
)i
HN (pn, qn). (83)

The fact that ∇pF is evaluated at pn+1 requires us to also approximate F (pn+1) with Taylor
series:

F (pn+1) = F (pn − η∇qG(qn))

= F (pn)− η [∇pF,∇qG]|pn,qn

+
η2

2!

[
∇2
pF,∇qG⊗2

]∣∣
pn,qn

− η3

3!

[
∇3
pF,∇qG⊗3

]∣∣∣∣
pn,qn

+ · · ·

= F (pn) + η {F,G}|pn,qn +
η2

2!
{{F,G}, G}|pn,qn +

η3

3!
{{{F,G}, G}, G}|pn,qn + · · ·

= eη{·,G}F
∣∣∣
pn,qn

. (84)

We proceed by plugging (84) into (83):

HN (pn+1, qn+1)−HN (pn, qn)

=
∞∑
i=1

ηi

i!

[
−∇qG (qn) · ∇p + ∇p

(
eη{·,G}F

)∣∣∣
pn,qn

· ∇q
]i
HN

∣∣∣∣∣
pn,qn

. (85)

For (85), we note that the evaluations at pn, qn both inside and outside the brackets are
intentional. The reader should interpret this notation in the sense that, when the differential
operator inside the brackets is repeatedly applied to HN , the derivatives with respect to p
and q do not apply to ∇qG (qn) or ∇p

(
eη{·,G}F

)∣∣
pn,qn

, as one would normally expect from
the product rule.

We proceed by rewriting the terms contained in H̃N (pn+1, qn+1) − H̃N (pn, qn) as the
sum of N +1 Taylor series. Using the exponential operator series expansion, we can further
rewrite (85) in the following form:

HN (pn+1, qn+1)−HN (pn, qn)

=
{

exp
[
η
(
−∇qG (qn) · ∇p + ∇p (exp (η {·, G})F )|pn,qn · ∇q

)]
− 1
}
HN

∣∣∣
pn,qn

. (86)

Then, by taking a Taylor series of (86) about η = 0, theO
(
ηj
)

term in (86) is Cj,k := Ωj(Hk)
for all j ∈ N and k ∈ N0, where Ωj : Cr+j (Z,R) → Cr (Z,R) for any r ∈ N0 is the
differential operator

Ωj (f) :=
1

j!

∂(j)

∂η(j)

{
exp

[
η
(
−∇qG (qn) · ∇p + ∇p (exp (η {·, G})F )|pn,qn · ∇q

)]
− 1
}∣∣∣∣∣
η=0

f

(87)
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for all f ∈ Cr+j (Z,R) and j ∈ N.

To get the conservation error of the kth-order truncated modified Hamiltonian, H̃
(k)
η ,

we combine the first k modifications and truncate the Taylor series at O
(
ηk+1

)
using the

Lagrange form of the remainder from single-variable Taylor’s theorem. Hence, we have the
following:

Lemma 28 Suppose that the domains P and Q are convex and closed, and assume that F
and G are sufficiently smooth. If the conditions

m−1∑
j=0

Cm−j,j |p,q = 0, for all 1 ≤ m ≤ N + 1, (88)

and |Cm−j+1,j | ≤ L hold for all (p, q) ∈ Z, then we have that H̃
(N)
η (pn+1, qn+1)−H̃(N)

η (pn, qn) ≤
ηN+2(N + 1)L.

Proof Since P and Q are convex and closed, (pn, qn) remains within Z for all n, and
we can apply the single-variable Taylor’s theorem with Lagrange remainder (Ross, 2013,
Theorem 31.3) to expand (86) in the stepsize η about η = 0, for any fixed truncation order
j + k = N . Doing so gives

(H0(pn+1, qn+1)−H0(pn, qn))

=
[
ηC1,0 + η2C2,0 + · · ·+ ηN+1CN+1,0

]
z=zn

+ ηN+2 CN+2,0|z=ζ0
η1 (H1(pn+1, qn+1)−H1(pn, qn))

=
[
η2C1,1 + η3C2,1 + · · ·+ ηN+1CN,1

]
z=zn

+ ηN+2 CN+1,1|z=ζ1
η2 (H2(pn+1, qn+1)−H2(pn, qn))

=
[
η3C1,2 + η4C2,2 + · · ·+ ηN+1CN−1,2

]
z=zn

+ ηN+2 CN,2|z=ζ2
... =

ηN (HN (pn+1, qn+1)−HN (pn, qn))

= ηN+1 C1,N |z=zn + ηN+2 C2,N |z=ζN (89)

for the order-N truncated modified Hamiltonian, where ζ0, ζ1, . . . , ζN lie on the convex
line segment Ln :=

{
z ∈ Rd × Rd : z = (1− λ) zn+1 + λzn, 0 ≤ λ ≤ 1

}
between zn and zn+1.

Thus, ∣∣∣H̃(N)
η (pn+1, qn+1)− H̃(N)

η (pn, qn)
∣∣∣

=

∣∣∣∣∣∣
N+1∑
m=1

ηm
m−1∑
j=0

Cm−j,j |pn,qn + ηN+2
N∑
m=0

CN+2−m,m|z=ζm

∣∣∣∣∣∣
≤ ηN+2

N∑
m=0

|CN+2−m,m|z=ζm |

≤ ηN+2(N + 1)L. (90)
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It now remains to show that the sum along each diagonal in (89) actually cancels to zero
except for that which corresponds to the last coefficient at order ηN+2. To partially answer
this question, in the next two subsections, we show that the following lemma holds:

Lemma 29 For N = 0, 1, 2, 3, if F : P × R and G : Q × R have derivatives up to order
N + 2 on their respective domains, then we have that

∑i
j=0Ci+1−j,j = 0 for all i ≤ N on

all of Z. Moreover, for N = 0, 1, . . . , 10, when d = 1 and F,G have derivatives up to order
N + 2 on their respective domains, then we have

∑i
j=0Ci+1−j,j = 0 for all i ≤ N on Z.

Once Lemma 29 has been proven, we could use that and Lemma 28 to show that

H̃
(N)
η (pn+1, qn+1)− H̃(N)

η (pn, qn) = O(ηN+2). However, at least up to j + k = 5 (i.e., up to
N = 3), we will show that each Cj,k can be expressed as a linear combination of products of
higher-order derivatives of F and G such that, for each product in this linear combination,
the sum of the orders of derivatives in the product adds up to 2 (j + k) = 2N + 4, no
individual derivative is of higher order than j + k = N + 2, and there are N + 3 of such
terms. Thus, we can show Conjecture 10 for (in theory) arbitrarily high N ∈ N0 by assuming
that F and G are both L-smooth of orders 1, . . . , N + 2, since in that case, (90) can be
simplified to ∣∣∣H̃(N)

η (pn+1, qn+1)− H̃(N)
η (pn, qn)

∣∣∣ ≤ Φ (N)LN+3ηN+2 (91)

for some function Φ : N0 → Q to be determined.

Using the aforementioned steps, we can verify (91) by routine direct computation and
thereby prove Lemma 29 for orders N ∈ {0, 1, 2, 3} and for arbitrary d dimensions. For
the sake of brevity, we omit the details here; the explicit computations can be found in
Appendix F.1 of the arXiv version of this paper, Katona et al. (2024).

However, for d = 1 dimensions, (91) can be verified by computer for orders N ∈
{0, 1, . . . , 10}. The reason why this approach only works for d = 1 since SymPy (Meurer
et al., 2017) does not currently have support for higher-order derivative tensors. To compute
the successive terms of the modified Hamiltonian in SymPy, we implement the recursive form
of the BCH formula as stated in Casas and Murua (2009) and Section 2.15 in Varadarajan
(1984), and proved as Lemma 2.15.3 in Varadarajan (1984). When applied to the setting of
symplectic Euler and Alternating Mirror Descent, we recover the following for any N ∈ N:

H0 = F +G, (92a)

NHN =
1

2
{HN−1, G− F}+

b(N−1)/2c∑
p=1

B2p

(2p)!

(
ad2p

H̃
(F +G)

)
N
, (92b)

where (
ad2p

H̃
(F +G)

)
N

=
∑

k1+···+k2p=N−1
k1≥1,...,k2p≥1

{
(F +G)Hk2p−1 · · ·Hk1−1

}
(93)
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denotes the projection of ad2p

H̃
(F +G) onto the homogeneous subspace L (F,G)N+1 con-

sisting of degree N + 1 elements from L (F,G), as defined in (48).

In SymPy (Meurer et al., 2017), we use the recursive formula above to compute the order-
by-order corrections to the modified Hamiltonian Hk. These are then used to compute the
values of Cj,k = Ωj(Hk) for each fixed value of j+k−1 = N to check Conjecture 10 at each
order in N . These are also used to compute the remainders for fixed values of j+k = N+1.

We use the formula (87) to compute the action of Ωj on each Hk as needed. However,
we do this by expanding both exponentials as power series in η up to sufficiently high order,
from which we can compute the derivatives symbolically with respect to η and then evaluate
the result at η = 0.

D.1 Verification of Lemma 29 for orders N ∈ {0, 1, 2, 3} in any d > 1

Calculation of Ωj and Hn. We start by recalling the first few terms in the modified Hamil-
tonian series:

H̃η = F +G− η

2
〈∇pF,∇qG〉+

η2

12
∇qG>∇2

pF∇qG+
η2

12
∇pF>∇2

qG∇pF

− η3

24
∇pF>∇2

qG∇2
pF∇pF +O(η4).

Thus, we know that

H0 = F +G, H1 = −1

2
∇pF>∇qG, H2 =

1

12
(∇qG>∇2

pF∇qG> +∇pF∇2
qG∇pF ),

H3 = − 1

24
∇qG>∇2

pF∇2
qG∇pF. (94)

On the other hand, recall the expression of Ωj from equation (87):

Ωj (f) :=
1

j!

∂(j)

∂η(j)

{
exp

[
η
(
−∇qG (qn) · ∇p + ∇p (exp (η {·, G})F )|pn,qn · ∇q

)]
− 1
}∣∣∣∣∣
η=0

f,
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we could calculate Ωj for j ∈ {0, 1, 2, 3, 4}:

Ω1(·) = −∇p(·)∇qG+∇q(·)∇pF (95)

Ω2(·) = ∇q(·)∇p{F,G}+
1

2
∇pp(·)

[
∇qG⊗2

]
−∇pq(·)[∇qG,∇pF ] +

1

2
∇qq(·)

[
∇pF⊗2

]
(96)

Ω3(·) =
1

2
∇q(·)∇pppF [∇qG⊗2] +∇pq(·)[∇qG,∇ppF∇qG]−∇qq(·)[∇pF,∇ppF∇qG]

− 1

6
∇ppp(·)[∇q(G)⊗3] +

1

2
∇ppq(·)[∇qG⊗2,∇pF ]

− 1

2
∇pqq(·)[∇qG,∇pF⊗2] +

1

6
∇qqq(·)[∇p(F )⊗3] (97)

Ω4(·) =
1

24
∇pppp(·)[∇qG⊗4]− 1

6
∇pppq(·)[∇qG⊗3,∇pF ]− 1

2
∇ppq(·)[∇qG⊗2,∇ppF∇qG]

+
1

4
∇ppqq(·)[∇qG⊗2,∇pF⊗2]− 1

2
∇pq(·)[∇qG,∇pppF [∇qG⊗2]]

+∇pqq(·)[∇qG,∇pF,∇ppF∇qG]− 1

6
∇pqqq(·)[∇qG,∇pF⊗3]

− 1

6
∇q(·)∇ppppF [∇qG⊗3] +

1

2
∇qq(·)[∇pF,∇pppF [∇qG⊗2]]

− 1

2
∇qqq(·)[∇pF⊗2,∇ppF∇qG] +

1

2
∇qq(·)[(∇ppF∇qG)⊗2] +

1

24
∇qqqq(·)[∇pF⊗4]

(98)

Verification of Lemma 29 for N = 0, d > 1.

C1,0 = Ω1(H0)

= −∇qG∇p(H0) +∇pF∇q(H0)

= −∇qG∇pF +∇pF∇qG
= 0. (99)

In the next paragraph, using the calculations for Lemma 28, particular inequality (90), we
verify the following inequality in equation (104):∣∣∣H̃(0)

η (pn+1, qn+1)− H̃(0)
η (pn, qn)

∣∣∣ ≤ L3η2, (100)

where we show the last inequality.

Verification of Lemma 29 for N = 1, d > 1. We first calculate Ω2(H0) and Ω1(H1):

Ω2(H0) = ∇q(H0)∇p{F,G}+
1

2
∇pp(H0)

[
∇qG⊗2

]
−∇pq(H0)[∇qG,∇pF ] +

1

2
∇qq(H0)

[
∇pF⊗2

]
= −1

2
∇ppF

[
∇qG⊗2

]
+

1

2
∇qqG

[
∇pF⊗2

]
, (101)

Ω1(H1) = −∇p(H1)∇qG+∇q(H1)∇pF =
1

2
∇ppF [∇qG⊗2]− 1

2
∇qqG[∇pF⊗2]. (102)
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We now sum (101) and (102):

Ω2(H0) + Ω1(H1) = −1

2
∇ppF

[
∇qG⊗2

]
+

1

2
∇qqG

[
∇pF⊗2

]
+

1

2
∇ppF [∇qG⊗2]− 1

2
∇qqG[∇pF⊗2]

= 0. (103)

Thus, the case where N = 1 is verified. In the next paragraph, using the calculations for
Lemma 28, particular inequality (90), we verify the following inequality in equation (109):∣∣∣H̃(1)

η (pn+1, qn+1)− H̃(1)
η (pn, qn)

∣∣∣ ≤ 3L4η3.

Furthermore, to get an upper bound on the N = 0 case, assuming that F and G are
L-smooth of orders 1 and 2, (90) gives us∣∣∣H̃(0)

η (pn+1, qn+1)− H̃(0)
η (pn, qn)

∣∣∣ ≤ η2 max
z∈Ln

|Ω2 (H0) (z)|

≤ η2

2

(
max

∣∣∇ppF [∇qG⊗2
]∣∣+ max

∣∣∇qqG [∇pF⊗2
]∣∣)

≤ L3η2 (104)

The second inequality above follows from triangle inequality, and the last from Cauchy-
Schwarz inequality.

Verification of Lemma 29 for N = 2, d > 1. We first calculate Ω3(H0), Ω2(H1) and Ω1(H2):

Ω3(H0) =
1

2
∇q(H0)∇pppF [∇qG⊗2] +∇pq(H0)[∇qG,∇ppF∇qG]

−∇qq(H0)[∇pF,∇ppF∇qG]− 1

6
∇ppp(H0)[∇q(G)⊗3]

+
1

2
∇ppq(H0)[∇qG⊗2,∇pF ]− 1

2
∇pqq(H0)[∇pG,∇pF⊗2] +

1

6
∇qqq(H0)[∇p(F )⊗3]

=
1

2
∇qG∇pppF [∇qG⊗2]− 0−∇qqG[∇pF,∇ppF∇qG]− 1

6
∇pppF [∇q(G)⊗3]

+ 0 + 0 +
1

6
∇qqqG[∇p(F )⊗3]

=
1

3
∇pppF [∇qG⊗3]−∇pF∇qqG∇ppF∇qG+

1

6
∇qqqG[∇p(F )⊗3], (105)

Ω2(H1) = ∇q(H1)∇p{F,G}+
1

2
∇pp(H1)

[
∇qG⊗2

]
−∇pq(H1)[∇qG,∇pF ] +

1

2
∇qq(H1)

[
∇pF⊗2

]
=

1

2
∇pF∇qqG∇ppF∇qG−

1

4
∇pppF [∇qG⊗3]

+
1

2
∇qG∇ppF∇qqG∇pF −

1

4
∇qqqG[∇pF⊗3]

= −1

4
∇pppF [∇qG⊗3] +∇qG∇ppF∇qqG∇pF −

1

4
∇qqqG[∇pF⊗3], (106)
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Ω1(H2) = −∇p(H2)∇qG+∇q(H2)∇pF

= − 1

12
∇pppF [∇qG⊗3]− 1

6
∇pF∇qqG∇ppF∇qG+

1

6
∇pF∇qqG∇ppF∇qG+

1

12
∇qqqG[∇pF⊗3]

= − 1

12
∇pppF [∇qG⊗3] +

1

12
∇qqqG[∇pF⊗3]. (107)

We now sum (105), (106) and (107):

Ω3(H0) + Ω2(H1) + Ω1(H2) =
1

3
∇pppF [∇qG⊗3]−∇pF∇qqG∇ppF∇qG+

1

6
∇qqqG[∇p(F )⊗3]

− 1

4
∇pppF [∇qG⊗3] +∇qG∇ppF∇qqG∇pF −

1

4
∇qqqG[∇pF⊗3]

− 1

12
∇pppF [∇qG⊗3] +

1

12
∇qqqG[∇pF⊗3]

= 0 (108)

Thus, the case where N = 2 is verified. In the next paragraph, using the calculations for
Lemma 28, particular inequality (90), we verify the following inequality in equation (115):

∣∣∣H̃(2)
η (pn+1, qn+1)− H̃(2)

η (pn, qn)
∣∣∣ ≤ 49

12
L5η4

Moreover, to get an upper bound on the N = 1 case, assuming that F and G are L-smooth
of orders 1, 2, and 3, (90) gives us

∣∣∣H̃(1)
η (pn+1, qn+1)− H̃(1)

η (pn, qn)
∣∣∣ ≤ η3

(
max
z∈Ln

|Ω3 (H0) (z)|+ max
z∈Ln

|Ω2 (H1) (z)|
)

≤ η3L4

(
1

3
+ 1 +

1

6
+

1

4
+ 1 +

1

4

)
≤ 3L4η3. (109)

51



Katona, Wang, and Wibisono

Verification of Lemma 29 for N = 3, d > 1. We first calculate Ω4(H0), Ω3(H1), Ω2(H2) and
Ω1(H3):

Ω4(H0) =
1

24
∇pppp(H0)[∇qG⊗4]− 1

6
∇pppq(H0)[∇qG⊗3,∇pF ]− 1

2
∇ppq(H0)[∇qG⊗2,∇ppF∇qG]

+
1

4
∇ppqq(H0)[∇qG⊗2,∇pF⊗2]− 1

2
∇pq(H0)[∇qG,∇pppF [∇qG⊗2]]

+∇pqq(H0)[∇qG,∇pF,∇ppF∇qG]− 1

6
∇pqqq(H0)[∇qG,∇pF⊗3]

− 1

6
∇q(H0)∇ppppF [∇qG⊗3] +

1

2
∇qq(H0)[∇pF,∇pppF [∇qG⊗2]]

− 1

2
∇qqq(H0)[∇pF⊗2,∇ppF∇qG] +

1

2
∇qq(H0)[(∇ppF∇qG)⊗2] +

1

24
∇qqqq(H0)[∇pF⊗4]

=
1

24
∇ppppF [∇qG⊗4] + 0− 0 + 0− 0 + 0− 0− 1

6
∇qG∇ppppF [∇qG⊗3]

+
1

2
∇qqG[∇pF,∇pppF [∇qG⊗2]]− 1

2
∇qqqG[∇pF⊗2,∇ppF∇qG]

+
1

2
∇qqG[(∇ppF∇qG)⊗2] +

1

24
∇qqqqG[∇pF⊗4]

= −1

8
∇ppppF [∇qG⊗4]− 1

2
∇qqqG[∇pF⊗2,∇ppF∇qG] +

1

24
∇qqqqG[∇pF⊗4]

+
1

2
∇qqG[(∇ppF∇qG)⊗2] +

1

2
∇qqG[∇pF,∇pppF [∇qG⊗2]], (110)

Ω3(H1) =
1

2
∇q(H1)∇pppF [∇qG⊗2] +∇pq(H1)[∇qG,∇ppF∇qG]−∇qq(H1)[∇pF,∇ppF∇qG]

− 1

6
∇ppp(H1)[∇qG⊗3] +

1

2
∇ppq(H1)[∇qG⊗2,∇pF ]

− 1

2
∇pqq(H1)[∇qG,∇pF⊗2] +

1

6
∇qqq(H1)[∇pF⊗3]

= −1

4
∇pF∇qqG∇pppF [∇qG⊗2]− 1

2
∇qG∇ppF∇qqG∇ppF∇qG+

1

2
[∇pF⊗2]∇qqqG∇ppF∇qG

+
1

12
∇ppppF [∇qG⊗4]− 1

4
[∇qG⊗2]∇pppF∇qqG∇pF

+
1

4
∇qG∇ppF∇qqqG[∇pF⊗2]− 1

12
∇qqqqG[∇pF⊗4]

=
1

12
∇ppppF [∇qG⊗4]− 1

2
[∇qG⊗2]∇pppF∇qqG∇pF −

1

2
∇qG∇ppF∇qqG∇ppF∇qG

+
3

4
[∇pF⊗2]∇qqqG∇ppF∇qG−

1

12
∇qqqqG[∇pF⊗4], (111)
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Ω2(H2) = −∇q(H2)∇ppF∇qG

+
1

2
∇pp(H2)

[
∇qG⊗2

]
−∇pq(H2)[∇qG,∇pF ] +

1

2
∇qq(H2)

[
∇pF⊗2

]
= −1

6
∇qG∇ppF∇qqG∇ppF∇qG−

1

12
[∇pF⊗2]∇qqqG∇ppF∇qG

+
1

24
∇ppppF [∇qG⊗4] +

1

12
∇pF∇qqG∇pppF [∇qG⊗2] +

1

12
∇qG∇ppF∇qqG∇ppF∇qG

− 1

6
[∇qG⊗2]∇pppF∇qqG∇pF −

1

6
[∇pF⊗2]∇qqqG∇ppF∇qG

+
1

12
∇qG∇ppF∇qqqG[∇pF⊗2] +

1

12
∇pF∇qqG∇ppF∇qqG∇pF +

1

24
∇qqqqG[∇pF⊗4]

=
1

24
∇ppppF [∇qG⊗4]− 1

12
∇pF∇qqG∇pppF [∇qG⊗2] +

1

12
∇pF∇qqG∇ppF∇qqG∇pF

− 1

12
∇qG∇ppF∇qqG∇ppF∇qG−

1

6
[∇pF⊗2]∇qqqG∇ppF∇qG+

1

24
∇qqqqG[∇pF⊗4],

(112)

Ω1(H3) = −∇qG∇p(H3) +∇pF∇q(H3)

=
1

12
∇qG∇ppF∇qqG∇ppF∇qG+

1

12
[∇qG⊗2]∇pppF∇qqG∇pF

− 1

12
∇pF∇qqG∇ppF∇qqG∇pF −

1

12
∇qG∇ppF∇qqqG[∇pF⊗2]

=
1

12
[∇qG⊗2]∇pppF∇qqG∇pF +

1

12
∇qG∇ppF∇qqG∇ppF∇q

− 1

12
∇pF∇qqG∇ppF∇qqG∇pF −

1

12
∇qG∇ppF∇qqqG[∇pF⊗2]. (113)

We now sum (110), (111), (112) and (113):

Ω4(H0) + Ω3(H1) + Ω2(H2) + Ω1(H3) =

=

(
−1

8
+

1

12
+

1

24

)
∇ppppF [∇qG⊗4] +

(
1

2
− 1

2
+

1

12
− 1

12

)
∇pF∇qqG∇pppF [∇qG⊗2]

+

(
1

2
− 1

2
− 1

12
+

1

12

)
∇qG∇ppF∇qqG∇ppF∇qG+

(
1

12
− 1

12

)
∇pF∇qqG∇ppF∇qqG∇pF

+

(
−1

2
+

3

4
− 1

6
− 1

12

)
[∇pF⊗2]∇qqqG∇ppF∇qG+

(
1

24
− 1

12
+

1

24

)
∇qqqqG[∇pF⊗4]

= 0. (114)

Thus, the case where N = 3 is verified. To get an upper bound on the N = 2 case, assuming
that F and G are L-smooth of orders 1, . . . , 4, (90) implies∣∣∣H̃(2)

η (pn+1, qn+1)− H̃(2)
η (pn, qn)

∣∣∣ ≤ η4

(
max
z∈Ln

|Ω4 (H0) (z)|+ max
z∈Ln

|Ω3 (H1) (z)|+ max
z∈Ln

|Ω2 (H2) (z)|
)

≤ 49

12
L5η4. (115)
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We refer the readers to Appendix F of Katona et al. (2024) for a thorough derivation of the
upper bound on the N = 3 case using calculations for the N = 4 case, where we drew the
following conclusion:∣∣∣H̃(3)

η (pn+1, qn+1)− H̃(3)
η (pn, qn)

∣∣∣
≤ η5

(
max
z∈Ln

|Ω5 (H0) (z)|+ max
z∈Ln

|Ω4 (H1) (z)|+ max
z∈Ln

|Ω3 (H2) (z)|+ max
z∈Ln

|Ω2 (H3) (z)|
)

≤ η5L6

(
13

8
+

13

6
+

61

72
+

5

6

)
=

197

36
η5L6.

D.2 Verification of Lemma 29 for orders N ≤ 10 and d = 1

When d = 1, the iterated Poisson brackets become scalar multiplications, and in this case, we
could easily verify the conjecture with SymPy, a Python package for symbolic calculation.
We have uploaded our code onto a repository, Katona and Wang (2025), and we briefly
explain a few key lines of code below:

def P bracket ( eta , F , G) :
return eta ∗( d i f f (F , q )∗ d i f f (G, p) − d i f f (F , p)∗ d i f f (G, q ) )

Here, we define the symbolic expression of the Poisson bracket {F,G}.

def H m(m, eta , F , G) :
i f m == 1 : return F + G
func = P bracket ( eta , H m(m−1, eta , F ,G) , G − F) / 2
for r in range (1 , (m−1)//2 + 1 ) :

ad = 0
for part in o r d e r e d p a r t i t i o n s (m−1, 2∗ r ) :

for perm in mult i s e t pe rmutat i ons ( part ) :
B = F + G
for i in perm :

B = P bracket ( eta , B, H m( i , eta , F ,G) )
ad += B

func += b e r n o u l l i (2∗ r ) ∗ ad / f a c t o r i a l (2∗ r )
return s i m p l i f y ( n s i m p l i f y ( func / m) )

Here, we calculate the m-th modification (see Definition 9) of the modified Hamiltonian
series by summing the Poisson brackets.

def op exp ( eta , n , F , G) :
i n n e r o p e r a t o r = F
for i in (np . arange (n) + 1 ) :

bracket = F
for k in np . arange ( i ) :

bracket = P bracket ( eta , bracket , G)
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i n n e r o p e r a t o r += bracket / f a c t o r i a l ( i )
return i n n e r o p e r a t o r

def nested op ( eta , n , F , G, func ) :
s e r i e s = 0
for i in np . arange (n + 1 ) :

for j in np . arange (n − i + 1 ) :
s e r i e s += (−eta ∗ d i f f (G, q ) ) ∗∗ i \

∗ ( eta ∗ d i f f ( op exp ( eta , n , F , G) , p ) ) ∗∗ j \
∗ d i f f ( d i f f ( func , p , i ) , q , j ) / ( f a c t o r i a l ( i ) ∗ f a c t o r i a l ( j ) )

return s e r i e s

Here, we define the exponential series of operators and the symbolic expression of the
operator Ωj(·).

def C kn ( eta , k , n , F , G) :
return expand ( d i f f ( nested op ( eta , n , F , G,\

H k (k , eta , f (p ) , g ( q ) ) ) , eta , n ) . subs ( eta , 0) / f a c t o r i a l (n ) )

N = 30 # check Nth order in e ta
for i in (np . arange (N) + 1 ) :

print ( ’ Diagonal ’ , i , ’ : ’ )
sum = 0
for k in np . arange ( i ) :

r e s = C kn ( eta , k , i − k , f (p ) , g ( q ) )
sum += r e s

s i m p l i f y (sum)
print (sum)

Finally, we define the symbolic expression of the terms Ωk(Hn), and thereby verify that the
diagonal sum is indeed 0.

D.3 Concluding the proof

In the prior subsections of Appendix D, we confirmed (91) for orders N ∈ {0, 1, 2, 3} by
direct computation for arbitrary dimension d and the cases N ∈ {0, 1, . . . , 10} by computer

for dimension d = 1. However, (91) only bounds the difference in H̃
(N)
η after one iteration,

while Conjecture 10 gives the same for multiple iterations. To derive a bound after k
iterations, we apply (91) recursively and then the triangle inequality as follows:

∣∣∣H̃(N)
η (pk, qk)− H̃(N)

η (p0, q0)
∣∣∣ ≤ k−1∑

j=0

∣∣∣H̃(N)
η (pj+1, qj+1)− H̃(N)

η (pj , qj)
∣∣∣

≤ kΦ (N)LN+3ηN+2,

where in the first inequality above, we use the triangle inequality. This concludes the proof.
�
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Appendix E. Characterization of Φ

The coefficient function Φ : N0 → Q from Conjecture 10 has the following known values for
N = 0, 1, . . . , 10:

N 0 1 2 3 4 5 6 7 8 9 10

Φ (N) (fraction) 1 3 49
12

197
36

139
20

1049
108

850271
60480

10046117
453600

16791911
453600

73961467
1088640

31567569067
239500800

Φ (N) (rounded) 1.000 3.000 4.083 5.472 6.950 9.713 14.059 22.148 37.019 67.939 131.806

It is not immediately obvious as to why Φ should be bounded. However, up to N = 10,
we note that Φ (N) = 2 γ(N)

σ(N+2) , where γ : N → N returns an unknown sequence of positive
integers

N 0 1 2 3 4 5 6 7 8 9 10

γ (N) 1 18 49 1970 5004 293720 850271 40184468 134335288 16271522740 63135138134

and σ : N→ N returns the Hirzebruch numbers, which can be defined as follows (OEIS
Foundation Inc., 2024):

σ (n) :=
∏

2≤p≤n+1
p prime

p
b n
p−1
c ∀n ∈ N.

As proven in Corollary 9 from Bedhouche and Farhi (2023), σ (N) = O
(
NN

)
for N large.

Furthermore, γ (N) ≤ 2
3 (N + 2)N+2 is true up to N = 10 and only saturates at N = 1.

Thus, assuming that O (γ (N)) = O
(
NN

)
remains true for N > 10, it remains plausible

(although hitherto unproven) that O (Φ (N)) = O (1) for large N . Hence, we suspect that
Φ is monotonic increasing and bounded as claimed in Conjecture 10.
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