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Abstract

We define extrapolation as statistical inference on a conditional function (e.g., a condi-
tional expectation or conditional quantile) evaluated outside the support of the condition-
ing variable. This type of extrapolation occurs in many data analysis applications and
can invalidate the conclusions if not taken into account. While extrapolation is straight-
forward in parametric models, it becomes challenging in nonparametric models. In this
work, we extend the nonparametric statistical model to explicitly allow for extrapolation
and introduce a class of extrapolation assumptions that can be combined with existing
inference techniques to draw extrapolation-aware conclusions. The proposed extrapolation
assumptions stipulate that the conditional function attains its minimal and maximal di-
rectional derivative, in each direction, within the observed support. We illustrate how the
framework applies to several statistical applications including prediction and uncertainty
quantification. We furthermore propose a consistent estimation procedure to adjust exist-
ing nonparametric estimates for extrapolation by providing lower and upper extrapolation
bounds. The procedure is empirically evaluated on simulated and real-world data.

Keywords: extrapolation, nonparametric statistical inference, conditional function, pre-
diction and confidence intervals, causality

1. Introduction

In the natural sciences, the term extrapolation broadly refers to any process that extends
conclusions about observed settings to unseen settings. For example, we extrapolate if we
learn the gravitational constant on earth in a controlled experiment and later use it as part
of a model (in this case based on the laws of physics) to predict the energy required to
launch a rocket into space. While extrapolation with a known mechanistic model generally
works well, it becomes more challenging in more noisy, complex, or chaotic settings where
full mechanistic knowledge is unavailable. For instance, given data from a randomized
control trial for a specific drug based on an adult cohort, we might want to extrapolate
the study results to infants. In this case the underlying mechanism is not fully understood
and some additional knowledge is required to draw reliable conclusions. In this work, we
focus on extrapolation when only a statistical model without mechanistic knowledge is
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available. To make this precise, let Py be a distribution over (X,Y) € X x R where X are
covariates and Y is a response and let supp(X) denote the support of X. Furthermore,
assume we are interested in a conditional (on X) function ®y : X — R, e.g., a conditional
expectation. Extrapolation throughout this work refers to statistical inference on ®y(z) for
x € X \ supp(X). Since the conditional function is generally defined through P, alone, it
is not well-defined outside of supp(X). Hence, extrapolation can only be meaningful under
appropriate assumptions.

Existing works have used various assumptions to render extrapolation a well-defined
inference task. These can be roughly categorized into three groups. Firstly, global parametric
assumptions, which assume the conditional function ®( is parametric on all of X (e.g.,
linear or polynomial) in a way that ensures the parameters can be (partially) identified
from the observed distribution Py and hence used to either identify or bound the behavior
of &y on all of X'. All parametric statistical models fall into this category, as well as many
semiparametric models. Secondly, functional constraint assumptions, which assume that &g
has specific properties that transfer from supp(X) to all of X' (e.g., monotonicity, periodicity,
or smoothness). For nonparametric regression in particular, there are many methods that
make such assumptions implicitly, for example by assuming ® extrapolates constantly (e.g.,
tree ensembles) or linearly outside of the support (Li and Heckman, 2003; Christiansen et al.,
2021). Other works make more explicit assumptions on patterns or periodicity (Wilson and
Adams, 2013; Wang et al., 2024) or assume additive nonlinear functions (Dong and Ma,
2022). Thirdly, mechanistic assumptions, which assume an underlying mechanistic model
(often causal) that ensures that ®g is (partially) identified on X. For example, physical
laws can sometimes be used to constrain the model class, which can then improve how well
a model extrapolates (e.g., Pfister et al., 2019). Recent works have also assumed causal
structure such as independent additive noise to evaluate nonlinear functions outside of the
support (Shen and Meinshausen, 2025; Saengkyongam et al., 2024).

While extrapolating under global parametric assumptions is straightforward, it becomes
more challenging for functional constraint and mechanistic assumptions. Most nonparamet-
ric works that explicitly consider extrapolation have focused on prediction of Y at a point
x. We suspect one reason for this is that in nonparametric statistics, the target of in-
ference is conventionally a quantity identified from the data generating distribution Fp.
However, when extrapolating, the target of inference — ®g(z) for z € X \ supp(X) — is
a priori not a function of Fy. Prediction is therefore a natural task to consider as it can
be viewed model-free (as commonly done in the machine learning community), ensuring a
well-defined extrapolation task without explicitly defining ®q. In this work, we propose a
framework, based on Markov kernels, that extends the nonparametric approach in a way
that explicitly allows us to consider extrapolation of any conditional function ®q defined
via the Markov kernel. We further ensure partial identifiability by assuming that ®( has
directional derivatives on X that are bounded by its directional derivatives on supp(X).
This functional constraint assumption allows us to apply Taylor’s theorem to construct ex-
trapolation bounds on ®g on all of X that are identified by FPy. We show that these bounds
can be useful in a range of statistical inference tasks and can be estimated consistently from
data. Our framework can be applied with any existing nonparametric estimate of ®y on
supp(X) as long as the extrapolation assumption for ®y holds. Importantly, the resulting
inference is extrapolation-aware in the sense that (in the large sample limit) it remains
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unchanged if no extrapolation occurs, since the lower and upper extrapolation bounds co-
incide on supp(X). So even if the extrapolation assumptions are incorrect, the inference
remains valid on supp(X). A further benefit of the proposed approach is that it does not re-
quire knowledge of supp(X) which is often unknown and non-trivial to estimate from data,
particularly if X is multi-dimensional. The extrapolation bounds automatically adapt to
become wider in regions of the X-space with few (or no) observations reasonably close by
and where there is a large extrapolation uncertainty in the conditional function ®3. We use
this property to derive a score that quantifies extrapolation, which can be used to quantify
extrapolation uncertainty.

There is a large body of literature on related types of extrapolation. The fields of
domain adaptation and generalization, which aim to find predictive models that perform
well on a test distribution different from the training distribution, have obvious connections
that we discuss in Section 3.1. In most of the literature, however, one assumes that the
test and training distributions have overlapping supports, which excludes extrapolation
as defined here. One exception is distributionally robust optimization methods that use
the Wasserstein distance, which allows for the supports to be disjoint (e.g., Sinha et al.,
2018). A further related area is causal inference, where the term extrapolation is sometimes
used to refer to generalizing from the observational to a previously unseen interventional
distribution. Again, most works in this area explicitly exclude extrapolation as defined
here by assuming overlapping supports. Nevertheless, as we discuss in Section 3.4, since
our framework extends the conventional nonparametric model, it can also be applied to
causal inference tasks with the same causal assumptions required as in the non-extrapolation
setting.

Our main contributions are as follows. We introduce a nonparametric statistical frame-
work that explicitly accounts for extrapolation using Markov kernels. We propose a class
of extrapolation assumptions based on bounded directional derivatives and use Taylor’s
theorem to derive extrapolation bounds. We show how these bounds apply to prediction,
uncertainty quantification, and quantifying extrapolation. Finally, we propose a consistent
estimation procedure and evaluate it empirically.

The remainder of the paper is structured as follows. Section 2 uses Taylor’s theorem to
derive extrapolation bounds for differentiable functions. Section 3 introduces the nonpara-
metric statistical framework and discusses three applications: out-of-distribution prediction,
extrapolation-aware uncertainty quantification, and quantifying extrapolation. Section 3.4
discusses a causal perspective on extrapolation. Section 4 proposes a consistent estimation
approach for the extrapolation bounds. Section 5 empirically evaluates the estimation pro-
cedure on simulated data and illustrates extrapolation-aware prediction intervals on two
real-world data sets.

Notation Let X C R? be a fixed domain, denote by C9(X) the set of g-times continuously
differentiable functions and define B := {x € R? | ||z|lo = 1}. For all f € C9(X) and all
v € BU{0} define the directional derivative D, f : X — R for all z € X’ by

Dufe) = iy 1O 1D =@

Moreover, for all £ € {1,...,q}, define the ¢-th directional derivative recursively by Df f=

Dy, (D571 f), where DOf = f. For all multi-indices o € N¢ with |a| = Z;l:l ol < g
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and all functions f € C?(X) define 0% f = Dg‘ll - -ngdf and for all j € {1,...,d} define
0;f = D;j f, where e; denotes the j-th canonical unit vector. Additionally, define the
function 7 : X x X — R?% which maps all points zg, 21 € X to the unit vector pointing in
the same direction as the vector from xg to x1, that is, for all g, 21 € X define v(xg, x1) =
L2z, Lastly, we denote by B(R) the Borel-sigma algebra on R.

zg
lz1—ol[2

2. Extrapolation via Taylor’s theorem

We start by considering extrapolation from a fully deterministic perspective. Assume we
are given a function f € C'9(X) but are only able to evaluate it on a closed domain D C X'.
Since, f is ¢-times continuously differentiable, knowing the function on D can help constrain
how the function can behave on X'\ D. Formally, using Taylor’s theorem (Taylor, 1715), we
get for all 9 € D and all z; € X that there exists a ¢ € [0, 1] such that for £ := cx1+(1—c)xg
it holds that

q—

1 — oll5
Z v(z0,r1) )T + Dg(xo,;m)f(g)

=0

|21 — xo|3
¢

(1)

The only quantity in this equation which can — depending on ¢ — rely on evaluating the
function outside of D is the value of Dg(xo,m) f(&). However, if we are willing to assume that
the g-th directional derivative of f is bounded on all of X', we can use (1) to construct upper
and lower bounds on f(x1). Our approach is based on assuming that f — the function we
want to extrapolate — behaves at most as extreme on X’ as on D. To be at most as extreme in
our setting, means that the directional derivatives of f on X are bounded by its directional
derivatives on D, for all possible directions.

Definition 1 (¢-th derivative dominated) Let f € CY(X) be a function and D C X be
a non-empty closed set. A function g € C1(X) is called g-th derivative dominated by f
over D, denoted by g <%, f, if it holds for all v € B that

inf Dig(x) > inf DIf(z) and sup Dig(x) < sup DLf(z).

zeX €D TEX €D
In words a function g is ¢-th derivative dominated by f on D if all its directional derivatives

of order ¢ are bounded on all of X by the corresponding directional derivatives of f on D.
Based on this definition we now consider functions f € C9(X) that satisfy

f<p I (2)

This formalizes the previously mentioned intuitive notion of behaving at most as extreme
on X as on D. Whenever a function satisfies (2), we can use (1) to provide bounds on its
behavior on X that only depend on the values it attains on D.

Definition 2 (Extrapolation bounds) For all f € C1(X) and all non-empty closed D C
X define the extrapolation bounds B;OfD, Bq D : X — [—00,00] given for all x € X by

T—x x — xo||4
By p(x) = sup (ZDfiwf =l g pa g L=l °”2>

zo€D ZED q!
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Figure 1: Visualization of the extrapolation bounds given in Definition 2 for three different
functions f and domains D. The shaded gray area corresponds to D on which the
function we would like to extrapolate is given in black. Blue corresponds to the
first order upper and lower extrapolation bounds Bll?fp and Bi‘}p and green to

the second order extrapolation bounds B;Of,D and B;I}D. For this visualization,
we approximate the bounds by sampling points uniformly in D, which is consistent
by Theorem 11 below.

and

u — ¢ |l — ol lz = @oll3
Bql}’ = inf (Z Dv (z0,2) )67 +s ng(rm )f(z)i .

zoED 2€D q!

The extrapolation bounds are constructed using (1) and then replacing the highest order
derivative with the worst possible directional derivative f attains in D. Since the resulting
bound is valid for any anchor point xg € D, we select the one that results in the tightest
bound. From this construction it can be shown that for all z € D the bounds satisfy

Byrp() = f(z) = By} p(),

as long as the g-th directional derivatives of f in all directions are bounded on D. The
bounds are visualized for three one dimensional functions in Figure 1. Different orders
q capture different aspects of the function, for example, for ¢ = 1 monotone behavior is
captured in Figure 1 (middle). Moreover, as seen in Figure 1 (left), the extrapolation
bounds only bound the true function if it indeed satisfies f <%, f. The following theorem
provides a formal connection between the extrapolation bounds for a function f € C?(X)
and functions that are ¢-th derivative dominated by f.

Theorem 3 (Properties of extrapolation bounds) Let f € C4(X) be a function and
D C X be a non-empty closed set. Then, the following two statements hold:
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(i) For all g € CUX) satisfying for all x € D that g(z) = f(z) and g <k f it holds that

Vre X : B}]‘?ﬁp(x) <g(x) < B;I}’D(x).
(ii) If X is compact, there exists, for all x € {lo,up}, a sequence (g;)nen C CU(X)
satisfying

lim sup |B} ¢ p(z) —gn(z)| =0 and VneN: g < f.

n—0o0 reX

A proof is given in Supplementary Material D.1. Part (i) implies that for all f € C9(X)
satisfying f <%, f the extrapolation bounds bound the values of f on all of X, i.e.,

VoeX: BYp(r) < f(z) < B p(2).

Part (ii) provides a partial converse of this statement. Specifically, it states that the ex-
trapolation bounds can be uniformly approximated by a sequence of functions that are g-th
derivative dominated by f. As a side result, part (ii) further implies that the extrapolation
bounds are uniformly continuous.

3. Extrapolation in statistical applications

We now apply the Taylor-based extrapolation bounds from the previous section to statistical
settings, where we link data-generating distributions to conditional functions. We assume
q is fixed and drop it from the notation.! We begin by formalizing extrapolation within a
nonparametric statistical model.

Let Py be a data-generating distribution over (X,Y) € X xR and define D;, := supp(X)
and Doyy = X \ Din. Let Qo : X x B(R) — [0,1] be a Markov kernel that generates a
distribution over Y for all distributions over X and satisfies for all B € B(R) that

RY(B) = /X Qol, B)PYX (dx), 3)

where P()X and P(}/ denote the marginal distributions of X and Y under Py, respectively.
The conditional distribution of Y|X = x is only defined on Dj,, so extrapolation requires
extending this notion to all of X. The Markov kernel )y provides such an extension by
defining a distribution over Y for all x € X. As we discuss in Section 3.4, one can alter-
natively define extrapolation using a causal model, since interventional conditionals, unlike
observational conditionals, immediately extend to the entire domain X. We choose to avoid
the overhead of a causal model and instead use the Markov kernel (g, which is well-defined
albeit not necessarily fully identified. Our goal is to perform inference on a conditional
function ®¢ : X — R describing some aspect of QJg. We focus on the conditional expecta-
tion and quantile functions, which cover a range of interesting applications, but the theory
extends to any conditional function.

1. In practice, we focus on ¢ = 1. While the theory extends to arbitrary ¢, higher-order derivatives are
difficult to estimate reliably, and our estimation procedure in Section 4 requires ¢ = 1 when d > 1.
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Definition 4 (Conditional expectations and quantiles) We call the function ¥g : X —
R defined for all x € X by

Wo(x) = /R yQolz, dy) (4)

the conditional expectation function. Similarly, for all o € (0,1) the function T5* : X - R
defined for all x € X by

T§'(x) = if{t € R | f 1(y < )Qo(z,dy) > a}. (5)

1s called conditional a-quantile function.

Both the conditional expectation and the conditional quantile are defined on all of X.
However, a priori, they might not be fully identified by Fy. To see this, observe that, using
(3), it holds Py-a.s. that ¥o(X) = E[Y|X] and 7*(X) = inf{t € R | P(Y < ¢|X) > a}.
Hence — without additional assumptions — they are not identified at values x € Dg,t. For a
conditional function ®q of interest, we therefore distinguish two types of statistical inference:
(i) interpolation, which is inference on ®g(z) for = € Di, and (ii) extrapolation, which is
inference on ®y(z) for z € Doy The distinguishing feature between interpolation and
extrapolation is that interpolation is feasible with conventional nonparametric assumptions
(e.g., smoothness or shape constraints), while extrapolation is impossible without additional
extrapolation assumptions. To render extrapolation feasible, we first specify extrapolation
assumptions that are reasonable in practice. The following example illustrates two common
extrapolation assumptions — parametric and periodic.

Example 1 (Parametric and periodic extrapolation) The most common approach to
making extrapolation meaningful is to assume that the conditional function of interest is
parametric. For example, one could assume a linear structural equation model (SEM) given
by

Y=0"X+¢ and el X,

where § € R and € ~ pu for some distribution u. This model implies a Markov kernel Qg
that satisfies for all x € X and all B € B(R) that Qo(z, B) = u(B — 0" x). The conditional
expectation is then simply o : x — 0z and hence fully identified by the parameter 6 which
is identified as long as Py is a non-degenerate distribution.

A further approach is to assume a periodic extrapolation model. For example, again
using a SEM model, one could assume a model of the form

Y=f(X)+e and el X,

where f is a measurable function satisfying for all x € [0,1) and all k € Z that f(z) =
flx+k) and e ~ p for some distribution u. The Markov kernel Qo implied by this model is
given for all x € X and B € B(R) by Qo(x, B) = u(B — f(z)). The conditional a-quantile
To* is then given for all x € X by T (z) = f(x) +inf{t € R | P(e < t) > a} which is
identifiable as long as f is identifiable from Py. Since f is periodic, identifiablility of f
again does not require X to have full support on X.
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In the parametric example, the extrapolation assumption constrains the data-generating
distribution within the support, making it incompatible with nonparametric approaches.
The periodic example can be combined with nonparametric approaches, but only applies
to settings where periodic extrapolation is appropriate. We instead propose a smoothness-
based extrapolation assumption directly on the conditional function of interest, which can
be combined with existing nonparametric approaches without further restricting their in-
terpolation behavior. Specifically, we assume that ®q is ¢g-th derivative dominated by itself.

Definition 5 (¢-th derivative extrapolating) A conditional function ®y : X — R is
called g-th derivative extrapolating if &y € C4(X) and

d
CDO <1Din (I)().

This condition depends on both the conditional distribution of Y given X (via ®) and the
marginal distribution of X (via Dj,). Importantly, when D;, = X, it reduces to requir-
ing that @ is ¢-times continuously differentiable — a standard nonparametric assumption.
Hence, for interpolation tasks, the usual smoothness assumption suffices, and our method
does not require knowing whether a task involves interpolation or extrapolation. For ex-
trapolation, the condition constrains ®y on Dy sufficiently to provide meaningful inference,
albeit with added uncertainty, see Remark 6.

Remark 6 (Scope of ¢-th derivative extrapolating assumption) The g-th derivative
extrapolating assumption only constrains the behavior on Doy ; within Dy, it reduces to stan-
dard smoothness. Qutside the observed support, the assumption implies that ®q is bounded
by order-q polynomials anchored at points in Di,. The assumption is violated when the abso-
lute values of the directional derivatives are larger outside the observed domain than within,
for instance, for an exponential function observed only on a bounded interval. However,
under the strictly weaker assumption that the ordering of directional changes in the q-th
derivative is preserved from Di, to Doyt (with small and large changes on Dy, corresponding
to small and large changes on Doy, respectively), diverging extrapolation bounds indicate
directions with extrapolation uncertainty. Thus, even when the q-th derivative extrapolating
assumption is violated, the extrapolation bounds and the resulting extrapolation score (Sec-
tion 3.3) may remain useful for identifying regions where predictions rely on extrapolation,
though the bounds may be optimistic about the true function’s behavior.

Under the assumption that ®q is g-th derivative extrapolating, it is possible to bound
®y on Dyt by only knowing its values on Dy,. More specifically, Theorem 3 ensures that
® lies in the set of feasible conditional functions defined by

Fo, = {¢ e CO(X)|Vz € X : By, p, (x) < ¢(x) < ng’pm(x)} ; (6)

which is identifiable from Py.

There are high-level connections between this formulation and several other approaches.
First, from an empirical Bayes perspective (Robbins, 1992), the ¢-th derivative extrapolating
assumption corresponds to assuming that the target function behaves similarly on Dyt
as on D;,. To see this, consider a prior supported on functions from X to R with ¢-th
derivatives bounded by unknown Cloy, and Cyupp. Estimating these bounds from data on
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Din and performing a posterior update yields, by construction, a posterior supported on
g-th derivative extrapolating functions.

Second, distributionally robust optimization (DRO) considers ambiguity sets over can-
didate distributions (Rahimian and Mehrotra, 2019), whereas Fg, can be viewed as an
ambiguity set over candidate conditional functions; for DRO to address extrapolation as
defined here, the ambiguity set must include distributions with disjoint supports for Djy
and Dyyt, which rules out f-divergence-based sets but is permitted by Wasserstein-based
sets (Sinha et al., 2018). A key advantage of our approach is that extrapolation uncer-
tainty depends on directional derivative variation, enabling extrapolation far from D;, when
derivatives vary little. In contrast, DRO becomes increasingly conservative with distance,
e.g., when using large Wasserstein balls. In addition, formulating assumptions directly on
the conditional function has much better interpretability: the ¢-th derivative extrapolating
assumption provides a direct constraint on the target of inference, whereas equivalent dis-
tributional assumptions are more obscure. Causal approaches to distribution generalization
(Christiansen et al., 2021; Ahuja et al., 2020; Peters et al., 2016) also formulate assumptions
on functions rather than distributions, though they do not consider extrapolation outside
the support.

Finally, there is a tenuous relation to shape constraints such as monotonicity or convexity
(e.g., Groeneboom and Jongbloed, 2014), which restrict the function class globally through
shape rather than smoothness. Like smoothness assumptions in nonparametric methods,
shape constraints provide sufficient regularity to efficiently estimate the target function on
Din. However, they similarly do not necessarily yield identifiability on Dy, even though
they may more substantially restrict the possible values on Dgyt. In contrast, if the target
function is both smooth and monotone, our framework infers monotonicity from estimated
derivatives and captures this in the extrapolation bounds; more directly leveraging shape
constraints for extrapolation remains an interesting direction for future work.

In the following sections, we discuss three applications that leverage the fact that Fg,
is identifiable from Py, allowing us to perform inference on the extrapolation bounds rather
than the conditional function directly: (i) out-of-support prediction, (ii) extrapolation-
aware uncertainty quantification, and (iii) quantifying extrapolation. We present results for
arbitrary ¢, though in practice we focus on the case ¢ = 1.

3.1 Out-of-support prediction

Consider a setting in which 7 i.i.d. observations (X1, Y1), ..., (Xy,Y,) from Py are observed
and we want to learn a prediction function f for Y given X = z for some z € X. A
standard nonparametric approach is to estimate the conditional expectation ¥y and use it
as f . Under mild regularity conditions ®y minimizes the mean squared prediction error
under Py and hence is optimal in the mean squared sense. However, since ®¢ is only
identified on supp(X) without extrapolation assumptions, this guarantee is no longer valid
when considering predictions at points x € Dyy. To avoid such problems, we need explicit
extrapolation assumptions.

Using the terminology of the previous section, assume that ¥y is g-th derivative extrap-
olating. Then, by Theorem 3, it holds for all x € X that

lo up
0,Din \X) = — “V0,Dj, ’
By, p,, (z) < ¥o(z) < B (z) (7)
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Since the extrapolation bounds are identified from Py, this allows us to bound the con-
ditional expectation on all of X. We can use this for prediction by constructing a point
estimate based on the extrapolation bounds. As the conditional expectation is not neces-
sarily identified everywhere on X', the performance of the point estimate may depend on the
underlying Markov kernel ()g. We therefore attempt to find a prediction function that is
worst-case optimal in the sense that it minimizes the worst-case mean-squared prediction er-
ror among all Markov kernels () that are equal to Qg on Dy, and for which z — fR yQ(z, dy)
is ¢-th derivative extrapolating. Formally, we define the set of feasible Markov kernels by

Qo= {Q : X x B(R) — [0, 1] Markov kernel | Vz € Dy, : Q(x,-) = Qo(x, ") (8)
and x — [ yQ(x,dy) is g-th deriv. extr.}.

For all Q € Qg and all x € X, we denote by Y, a random variable with distribution Q(z, -).
Using this notation, our goal is to find a prediction function f, such that for all x € X, it
minimizes the worst-case mean squared prediction error

A~

Eopn (Ve — 27,
nggo Oz, f(2))7]

This guarantees that f also performs well in cases where the true underlying Markov kernel
Qo is chosen adversarial among all observationally equivalent g-th derivative extrapolating
Markov kernels.

Proposition 7 (Worst-case optimal prediction under extrapolation) Let X’ be com-
pact, assume the Markov kernel Qg is such that the conditional expectation Vg is q-th
derivative extrapolating and define f* : X — R for all z € X by

F@) = 5 (BSop (o) + B o, (@) )

Then, it holds for oll x € X that

: 21 _px 2
feg}Jf(X) Sup EQa,)[(Ye — f(2))%] = Sup EQe,)[(Ye — f7())7]. (10)

A proof is given in Supplementary Material D.2. The type of guarantee in Proposition 7
is common in the field of distribution generalization, where one assumes the training data
was generated under Py but wants to predict Y under a potentially different test distri-
bution Piest. Without further assumptions on Piegt this is impossible. A well-established
assumption is the covariate-shift assumption (Sugiyama et al., 2007), which assumes that
the conditional expectation under Py and Pieg remains fixed. For this assumption to suffice
without additional extrapolation assumptions, one requires

supp(Pisy) C supp(P;¥) = Din,

otherwise predictions can be arbitrarily wrong outside Dj,. Proposition 7 extends this by
allowing the test distribution to have arbitrary support, provided the conditional Y| X under
Piest is generated by a Markov kernel @ € Q.

10
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3.2 Extrapolation-aware uncertainty quantification

Quantifying uncertainty is important in real-world applications. In this section, we consider
two approaches for uncertainty quantification when predicting a real-valued response Y from
predictors X: confidence intervals, which quantify the uncertainty in the estimation of the
regression function and prediction intervals, which quantify uncertainty in the prediction
itself. Existing methods for nonparametric regression only apply within D;, and therefore
cannot provide coverage guarantees when extrapolating. This is particularly troubling in
applications where it is difficult or impossible to determine whether and to what degree ex-
trapolation occurs. The extrapolation assumptions discussed above provide a solution. We
show that the extrapolation bounds derived above can be combined with existing nonpara-
metric approaches to construct extrapolation-aware confidence and prediction intervals.
We begin with confidence intervals for the conditional expectation function ¥g — the
same can be done for other conditional functions ®y. Consider a setting in which we want to
estimate the conditional expectation W from i.i.d. observations (X1,Y7), ..., (X,, Y,) ~ P.
Assuming that Wy is g-th derivative extrapolating, it follows from Theorem 7 that

Wo(w) € [BY, p, (@), B, (2)] . (11)

Since the extrapolation bounds are identifiable from Py, we can use any procedure that pro-
duces asymptotically valid confidence intervals for both the lower and upper extrapolation
bound and combine them to get extrapolation bounds that are asymptotically valid on all

of X.

Proposition 8 (Extrapolation-aware confidence interval coverage) Fiz a € (0,1)
and assume the conditional expectation function Vg is q-th derivative extrapolating. For
both * € {lo,up}, all z € X and all v € (0,1) let G} (v, ) be an estimation procedure based

on n i.i.d. observations from Py satisfying lim,_ P (B&’o,Dm (x) < @;(v,x)> = . Define
for all x € X the confidence intervals

~conf -~ -~
Cn;a (I) = GS(%NE‘)’ Gzp(l - %7x):| .
Then, it holds for oll x € X that
~conf
1irr_1>ianP’(\I/0(:U) €Chy (7)) 21—a.

The proof follows from a direct application of (11) and is provided in Supplementary Ma-
terial D.3 for completeness. The estimates @fl(% x) in Proposition 8 can be constructed by
a combination of an estimate of By, p, (z) (discussed in Section 4) and a method to esti-
mate the quantile of the estimator distribution. This could for example be a nonparametric
bootstrap procedure, e.g., the percentile bootstrap (Efron, 1981). Since the lower and up-
per extrapolation bounds are equal to ¥y on Dj,, the confidence intervals for conditional
expectation resulting from such a procedure are extrapolation-aware in the sense that they
become larger on Dy, while remaining tight on Dy, as shown in Example 2.

As the bounds B\*I/oﬂm (z) are obtained by applying a non-smooth inf-sup map to an
estimate of Wy and its derivatives, the standard boostrap can be inconsistent (Fang and
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Santos, 2019). On Dy, this is not a concern, as the bounds reduce to ®¢ and the procedure to
a standard nonparametric confidence interval. On Dy, the map is differentiable whenever
the optimizing anchor point is unique; non-uniqueness arises mainly under symmetry and is
the case in which exact coverage is not guaranteed. A rigorous treatment of the non-unique
optimizer case is beyond our scope and would likely require resampling schemes adapted to
non-smooth functional (Fang and Santos, 2019, or subsampling). The conservative coverage
observed in our experiments (e.g., Figure 9) is consistent with the bounds being mildly over-
covered rather than under-covered on Dyz.

Example 2 (Extrapolation-aware bootstrap confidence intervals) In Figure 2 (left),
the data come from a one-dimensional linear model. In this case, assuming a linear model
is sufficient for extrapolation and a linear regression can be used to predict values outside
of the support. However, in Figure 2 (right) the data come from a model with a nonlin-
ear conditional expectation. Fven though a linear regression leads to a good fit, it does
not extrapolate well. If one instead assumes that the model is first order V-extrapolating,
which is satisfied in both examples, extrapolation-aware confidence intervals based on the
extrapolation bounds and a nonparametric percentile bootstrap (blue, solid) using a random
forest estimate of ¥p, (red, solid) are able to preserve coverage also while extrapolating. In
particular, the confidence intervals are extrapolation-aware: they detect the linearity in the
linear setting resulting in tight bounds and capture the indeterminacy in the behavior of ¥p,
outside of the support in the nonlinear setting. Details on the data generating distribution
and a coverage experiment are provided in Appendix B.1.

We now consider prediction intervals. Instead of estimating the conditional expecta-
tion function, we want to estimate an interval that contains Y|X = x with a pre-specified
probability 1 — . Omne nonparametric approach is to estimate quantiles of the condi-
tional distribution of Y and use them to construct prediction intervals, that is, estimate

[’ﬁ)a/ 2 (), ’761_(1/ 2 (x)]. We can modify this approach to be extrapolation-aware as follows.

Proposition 9 (Extrapolation-aware prediction interval coverage) Fiz a € (0,1)

and assume the Markov kernel Qg is such that the conditional quantiles 76a/2 and 751_a/2
are both q-th derivative extrapolating. Define for all x € X the prediction intervals

(@) i= | Biops p (2), B (@)
’ mn 0 ) mn

Then, it holds for all x € X that
PQy(a) (Yo € CFN(x) 2 1 — o

A proof is given in Supplementary Material D.4. In practice, the extrapolation bounds
must be estimated, making the prediction intervals random. Consistency of the extrap-
olation bound estimates is discussed in Section 4, leading to (pointwise) asymptotically
valid prediction intervals (see Corollary 12). The extrapolation-aware confidence and pre-
diction intervals can be conservative for points in Dy,t. We see this as a positive feature:
it protects against potentially misleading conclusions due to accidental extrapolation. Us-
ing extrapolation-aware bounds is therefore — at least asymptotically — always preferable,
as they coincide with standard behavior on Dj, regardless of whether the extrapolation
assumption holds, while providing at least some guarantee outside the support.

12
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Figure 2: Linear (left) and nonlinear (right) conditional expectation models. In both
cases, OLS regression (green, dotdashed) fits the data well (RMSE = 0.31 and
RMSE = 0.30 respectively). However, the OLS only extrapolates well for the lin-
ear setting, while it is misleading in the nonlinear setting. Extrapolation-aware
confidence intervals constructed using a percentile bootstrap and estimates of the
extrapolation bounds based on random forest (RF) are able to capture the ex-
trapolating behavior in both cases. In the linear setting it closely matches the
OLS prediction with tight bounds, while in the nonlinear setting it captures the
uncertainty outside of the data support.

13



PFISTER AND BUHLMANN

3.3 Quantifying extrapolation

Beyond out-of-support prediction and uncertainty quantification, it is often useful to quan-
tify the level of extrapolation itself. Simply measuring the minimal distance to observed
samples does not always provide a good indicator of whether extrapolation is problematic
for a given point x, particularly if X is multi-dimensional. Extrapolation bounds provide
a way to quantify extrapolation that accounts for both the target of inference and the ex-
trapolation assumptions. By Theorem 3, if the conditional function of interest ®¢ is g-th
derivative extrapolating, it holds for all x € X that ®o(x) is identifiable from Py if

Bc%ro)ypin (x) B BlgOv'Din (x) - O

We can therefore use the difference between the upper and lower extrapolation bounds to
quantify extrapolation. This explicitly accounts for the target of inference ®g. For example,
if ®g only varies in the first coordinate and is constant in the remaining coordinates, the
extrapolation bounds do not changes as long as the first coordinate is kept fixed. Hence, the
bounds can overlap even if = is far away from any observed samples in Euclidean distance.

Depending on the conditional function under consideration, we propose to use different
variations of this score. For example, when estimating a conditional expectation Wy, we
suggest using the extrapolation score S : X — [0, 00) defined for all z € X' by

BllIljl(j)vpin (:E) B BlI?()a/Din (:L‘)

VE[Y — ¥o(X))?]

At a point x € X with S(x) = 0 there is no extrapolation, while for S(z) > 0 there is
extrapolation. The normalization by the residual standard deviation allows us to interpret
the score values more directly: if S(x) = 1 the extrapolation uncertainty in the conditional
expectation function ¥ is equal to the standard deviation of the residual noise. In particular
for scores greater than one, we should be cautious when interpreting any point estimates
as the error due to unidentifiablity of ®(x) may be larger than the noise level.

S(z) =

3.4 A causal perspective on extrapolation

When extrapolating a conditional function ®y, we implicitly assume a two-step genera-
tive model that first selects X and then samples Y according to the distribution Qo(X,-)
specified by the Markov kernel. This generative model does not need to correspond to an
underlying causal mechanism and should not, in general, be interpreted as such. If, however,
one is interested in causal quantities, where X (or a part of it) is actively set to specific
values rather than merely conditioned on, causal models provide a rigorous mathematical
framework. Within this framework, the nonparametric approach to causal inference for-
malizes assumptions under which causal quantities can be expressed as functions of Py and
hence estimated using observational methods. Since our extrapolation framework extends
the conventional nonparametric model, it can also be applied to causal inference, enabling
reasoning about causal quantities outside the observed support.

Remark 10 (Causal extrapolation) In causal inference, the term extrapolation is some-
times used to refer to the task of generalizing from the observational to a previously unseen
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interventional distribution. To avoid confusion, we call such inference tasks causal ex-
trapolation. Causal extrapolation is in general different from the notion of extrapolation
considered here because it does not necessarily (and in fact mostly does not) correspond to
evaluating a conditional function outside of supp(X).

We now illustrate how our extrapolation framework combines with causal models using
a treatment-response example. We use structural causal models (SCMs) (Pearl, 2009) as
they allow us to specify the function classes naturally, but the ideas transfer readily to other
causal frameworks, e.g., the potential outcome model (Rubin, 2005).

Example 3 (Treatment-response extrapolation) Let My be an SCM over (X,Y) €
X X R, where the covariates are divided into X = (T, W) with treatment variables T € T
and pre-treatment covariates W € W:

W%EW
My : T < h(W,er)

Y « g(W,T) + ey @—.

The SCM My induces an observed distribution Py over (T,W,Y) and for all t € T
the interventional distributions Pyor—y) over (T, W,Y') corresponding to the intervention
do(T = t) that assigns treatment t. Given the SCM My we can define causal quantities
of interest. For example, if T is continuous, we could consider the dose-response curve
<I>ODRC : T — R, also called the average treatment function, defined for all t € T by

OPRC(t) = Edo(r=t[Y7],

where the subscript do(T = t) denotes that the expectation is taken with respect to the
distribution Pyor=p). Similarly, of T is binary, we could consider the conditional average
treatment effect @gATE : W — R defined for all w € W by

OFATE (w) == Ego(p—1)[Y|W = w] — Eqor—o)[Y [W = w].

Using the g-computation formula (Robins, 1986), it follows from the causal assumptions
encoded in My that both quantities can be expressed as functions of Py:

OPRC() = RE[Y|T =t,W]] and O§ATE(w) =E[Y|T =1,W = w]-E[Y|T =0, W = w)].

This reduction from interventional to observational quantities is sometimes called causal
extrapolation (see Remark 10). However, ®YRC and ®SATE are only identified on supp(T)
and supp(W), respectively. Our extrapolation framework enables inference beyond these
supports if we assume the causal quantity of interest is q-th derivative extrapolating.

The approach illustrated in Example 3 extends naturally to other causal inference set-
tings. The key insight is that once a causal quantity is identified as a functional of the
observed distribution Py, our framework can be applied to extrapolate it outside the ob-
served support, provided the identified functional satisfies the ¢-th derivative extrapolating
assumption.
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This applies beyond conditional means to other functionals. For instance, quantile
treatment effects can be handled similarly (Chernozhukov and Hansen, 2005), replacing the
conditional expectation with conditional quantiles. The framework also extends to settings
with different identification strategies, such as nonparametric instrumental variable identifi-
cation (Newey and Powell, 2003) or frontdoor identification (Pearl, 2009). In each case, the
identification formula expresses the causal quantity as a function of observables, and our
extrapolation bounds can then be applied to this identified functional. The extrapolation
assumption must, of course, be assessed for the specific identified quantity, which may differ
in structure from a simple conditional expectation.

4. Estimating extrapolation bounds

Assume n i.i.d. observations (X1,Y1),...,(Xyn,Y,) from the distribution Py are observed
and we want to estimate the extrapolation bounds B(II(:')O,Din and B(%I(?;Din' By definition the
extrapolation bounds are completely identified by Py since they can be exactly computed
from the conditional function ®¢ on the set Dy,. A natural plugin estimator is therefore given
by first estimating ® with a g-times differentiable function ® and then directly evaluating
the bounds. In practice this can be difficult for two reasons: (i) Directly computing the
extrapolation bounds involves two optimizations over the potentially unknown set Dj, and
(ii) existing nonparametric estimation procedures for estimating ®, might not result in
g-times differentiable functions and even if they do the derivatives may be ill-behaved.

We consider these two problems separately. First, in Section 4.1, we start by assum-
ing access to a ¢-times differentiable estimate ®,, that approximates ®y and its derivatives
sufficiently well. In that case, we show that the extrapolation bounds can be estimated
consistently, by performing the two optimizations over the sample points X7,..., X, only.
Second, in Section 4.2, we propose a procedure based on random forests and local poly-
nomials that uses only (X1, ®,(X1)), ..., (Xn, ®n(Xn)) to estimate directional derivatives
DF®,,(X1),...DE®, (X)) for arbitrary directions v and orders k. Finally, in Section 4.3, we
combine the procedures from Sections 4.1 and 4.2 in a computationally efficient way.

4.1 Extrapolation bounds from differentiable estimates

Let &DH be a g-times differentiable estimate of ®y based on the data (Xi,Y7),...,(X,, Yy).
Then, at an arbitrary point * € X, we propose to estimate the extrapolation bounds by
plugging the differentiable estimate &)n into the definition and optimizing only over the
observed samples X7, ..., X,. More formally, define

B (z) = Bgn,{Xl,...,Xn}(x) and B}P(z) = B‘%Ijz,{X17~~~,Xn}(x)' (12)

Using multi-index notation, the lower extrapolation bound estimate can be expressed as

qg—1
B(z) = max SN 0%d, (xS o min ST 090, (X)) L (13)
(=0 |o|=¢ T Jal=q
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Similarly, the upper extrapolation bound estimate can be expressed as

q—1
B(z)= min [ 337 0%, (X)) 4+ max Y 999, (X) B2
ie{1,...,n} =0 o]t ke{l,...n} =g

(14)
From these expressions, it can be seen that, instead of evaluating all possible directional
derivatives, the estimates can be computed by only evaluating 8“Z1\>n(Xi) once at every
observation X; and every partial derivative 9%. If ¢ = 1, for example, this means it is
sufficient to evaluate all 7 ;I\Jn(Xi) corresponding to nd evaluations instead of n? evaluations
for Dy, Xj)ff'(Xi). This becomes particularly beneficial if the bounds are evaluated at many

target points x € X. As shown in the following theorem, the estimates are consistent if &)n
and all partial derivatives 3*®,, up to order g are uniformly consistent on Dj,, a condition
satisfied, for example, by local polynomial estimators (Masry, 1996, Theorem 6).

Theorem 11 (Consistency of extrapolation bound estimates) Assume X is compact
and let ®g : X — R be a conditional function satisfying ®y € CI1(X). For alln € N, let Cfn
be a q-times differentiable estimate of ®y based onn i.i.d. observations (X1,Y1),..., (X, Yy) ~
Py satisfying for all a € N® with |a| < q that

sup ’&)n(x) - (I)()(J})‘ 0 and sup ’8"‘:1\)”(:3) - Gafbo(x)’ 0 asn — .
C’/’E/Din xEDin

Additionally, for all m € N and all x € X, let B°(z) and BiP(x) be defined as in (12).
Then, for all x € X, it holds that

in

‘Bg’opm(x) — Eko(x)’ 250 and ‘Bgﬁ,p (x) — E;Llp(a;)‘ 250 asn— co.

A proof of Theorem 11 is given in Supplementary Material D.5. Optimal rates for (non-
adaptive) derivative estimation are of order n~(P=0)/(2r+d) for estimating the g-th derivative
of a p-times differentiable function (Stone, 1982), illustrating that larger ¢ requires more
samples to achieve reliable estimates, particularly in higher dimensions. An immediate im-
plication of the consistency in Theorem 11 is asymptotic validity of the prediction intervals
discussed in Section 3.2.

Corollary 12 Assume X is compact, fir o € (0,1) and assume the Markov kernel Qo is
such that the conditional quantiles 76(1/2 and 761_(1/2 are both q-th derivative extrapolating.
Denote by E};’a and E}Ll;pa estimates of the lower extrapolation bound of 76a/2 and the upper
extrapolation bound 0f7617a/2, respectively. Furthermore, assume that the estimates satisfies
the consistency in Theorem 11 and define for all x € X the intervals

Crmed(@) = | Bl (@), Bib,(x)]
Then, it holds for oll x € X that

lim inf P, .., (Yz = ég;;d(x)) >1-a.

n—oo
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The assumptions on uniform consistency over Dj, can be relaxed by making a stronger
extrapolation assumption: for example, one may require only uniform consistency over the
interior of Dy, but then require that the derivatives outside the interior are dominated by
the ones within. We skip the straightforward modifications.

Whenever a ¢-times differentiable estimator Cfn is available the above estimates for
the lower and upper bounds can be used. For conditional expectations, multiple methods
have been proposed that either provide differentiable estimates (e.g., Hardle and Stoker,
1989; Mack and Miiller, 1989; Wahba, 1990) or that estimate the corresponding derivatives
separately (e.g., Wang and Lin, 2015; Dai et al., 2016). These methods are, however,
generally constructed only for conditional expectations and do not apply to other conditional
functions ®y. Furthermore, they are targeted towards specific estimation procedures and
often only work for univariate X, making them inapplicable to modern applications, where
state-of-the-art performance is achieved with nonparametric machine learning procedures.
Unfortunately, those machine learning estimates, in general, cannot be used directly as
they are either not smooth (e.g., random forests or boosted trees) or the derivatives of the
resulting estimates are ill-behaved without additional regularization (e.g., neural networks
or support vector machines) (e.g., De Brabanter et al., 2013). One possible solution is
to use procedures that start from a potentially non-differentiable pilot estimate EI;n and
smooth the estimate such that the smoothed estimate has well-behaved derivatives. Such
a procedure based on kernel-smoothing has been proposed by Klyne and Shah (2023). We
propose a related approach but instead of directly smoothing @n we only use the predictions
®,(X1),...,P,(X,) to estimate the required derivatives. A related procedure was also used
by Lundborg and Pfister (2023).

4.2 Estimating directional derivatives

We now introduce a procedure for estimating directional derivatives based only on
(X1, @n(X1)), -+ (X, ®0(Xn)), (15)

where </I\>n is a potentially non-differentiable estimate of the conditional function ®3. We
omit a detailed statistical analysis of the procedure as this goes beyond the scope of this
article and instead argue heuristically and empirically (see Section 5) that the proposed
procedure has several properties making it amenable to our application.

Throughout this section we fix a direction® v € B and an order k € {1,...,q} and
aim to estimate the directional derivatives DE®o(X71), ..., D¥®q(X,,) from (15). Derivative
estimation is well-known to be statistically challenging, particularly in high-dimensions.
Our proposal aims to overcome these challenges by combining random forests with local
polynomials. Local polynomials are among the most prominent methods used for derivative
estimation. The idea is to estimate the derivative DF®q(X;) using a polynomial p of order
q + 1 defined for all x € X by

q+1

p(@) = 3 Bl — Xi) "oy
=0

2. For our proposed implementation of the first-order derivative estimation, we only need the directions
v € {e1,...,eq}, where e; denotes the j-th unit vector.
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Then, if for all ¢ € {1,...,q + 1} it holds that 5, = %, Taylor’s theorem implies
that p is a good approximation of &y around X; in the direction v or, more formally, for all
h € R close to zero, ®o(X; + hv) = p(X; + hv) + O(h?"2). Based on this observation, we
estimate coefficients Sy, ..., B4+1 such that the polynomial p is a good local approximation
of @y around X; and then use them to estimate the directional derivative. More concretely,
for a given weight matrix W € R™*", we minimize the weighted mean squared loss

2
n g+1

B(i) = argmin » | ®n(Xp) = > Bi((Xp — Xi)Tv) | Wiy (16)
FERIT =0

Then, using the estimated coefficients 3(i), we can estimate D¥®o(X;) as

Dk (X;) = k! Bi(i). (17)
Using local polynomials to estimate derivatives of conditional expectations has been ana-
lyzed extensively in the literature (e.g., Masry and Fan, 1997; De Brabanter et al., 2013),
however using Y,’s instead of EI;n(X ¢)’sin (16). Most existing approaches use kernel weights,
i.e., Wi = k((X;—Xy)/o) for a kernel function k£ and a bandwidth o > 0. For our purposes,
kernel weights are not ideal for two reasons. Firstly, kernel weights can perform poorly in
higher dimensions and secondly, require careful tuning of the bandwidth parameter.

To avoid these issues, we instead suggest to use weights constructed by a random for-
est with a modified splitting rule (Lin and Jeon, 2006; Meinshausen, 2006; Athey et al.,
2019). Intuitively, the weights at an observation ¢, that is W; 1,..., W, 5, should upweight a
large set of observations (1, ..., ¢, for which (UTXEI,E)n(Xgl)), o (0T X, (/I;n(Xgm)) and
(vT X;, (/I\Dn(Xz)) all can be (approximately) described by the same polynomial of order ¢+ 1.
Such weights can be constructed in a greedy fashion by using a random forest with the
following modified splitting rule: For each proposed split, fit a polynomial of order ¢ + 1
with v X as argument on each child node and use the residual sum of squares across both
child nodes as impurity measure. We denote this type of random forest with polynomial
splitting in direction v by rfpoly-v. The fitted random forest regression function i can be
expressed as

=1

k=1 |Li(z)]|
with M the number of trees in the random forest and Ek(:c) the sample indices specified by
the k-th tree’s terminal node in which z lies. Based on these weights, we then define for all
i,0 € {1,...,n} the weights W; o .= w;(X,) and use them in the local polynomial derivative
estimation. The full procedure is detailed in Algorithm 1 which includes an additional
regularization step discussed in the following section.
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Algorithm 1: RFLocPol
Input : Data (X1, ®,(X1)),. .., (Xn, ®,(Xy)), order k, direction v
Tuning : Penalty A\, rf parameters I'
Output: Directional derivative estimates D{fq) (X1),...,DE® (X))

1 i ¢ rfpoly-v on (X1, O (X1)),. .., (Xn, ®n(X,)) with parameters T

2 Extract weight matrix W = (’U)Z‘(Xg))lyg from 11

3 forie{l,...,n} do

4 3 + coefficients of order ¢ + 1 local polynomial fit in (18) with penalty A
5 | DE®, (X)) « k!B

6 end

4.2.1 ADDITIONAL REGULARIZATION AND TUNING OF HYPERPARAMETERS

Since the function ®¢ is assumed to be continuously differentiable up to order ¢, it can
be beneficial to regularize the local polynomial estimate in (16) to ensure the derivatives
become smoother. We propose to do this by estimating all coefficients 3 = (3(1),..., 3(n))
simultaneously by minimizing the penalized weighted mean squared loss

2
n q+1

Bi= argmin Y | ®n(Xe) =D Bij(Xe— X)) v) | Wig+APw(B),  (18)
BERnx(qul) i=1 .

where the penalty term Py is defined for all 8 € R»<(¢+D) pby

n q+1 n 2
= ZZ (Z(ﬂﬁm‘ —ﬂﬁe,j)Wz’,e> -

i=1 j=1 \¢=1

By (17) the term j!j;; parametrizes the derivative D}®(X;), which implies that the
penalty term Py penalizes large differences between the derivatives at each point 7 and
the locally averaged derivatives close to ¢. This penalty therefore enforces smoothness of
the derivatives.

Including this penalization the full RFLocPol procedure depends on two types of hyper-
parameters; the penalty parameter A from the penalized local polynomial and the random
forest parameters I' used to fit the random forests rfpoly-v. Both parameters substantially
affect the performance of the overall procedure and need to be selected carefully. We sug-
gest a heuristic tuning procedure that selects optimal parameters (I'*, \*) from a K-tuple
(T'1,...,T'k) of random forest parameters and a L-tuple (A, ..., Ar) of penalty parameters.
For this we assume that the tuples are both ordered with decreasing regularization stength,
i.e., I'; regularizes more than I'; and A\; > A; for all ¢ < j. For the random forest parameters,
we could for example use an increasing sequence of maximal depths or decreasing minimal
node sizes. We then apply RFLocPol for all different parameter settings and select the
parameters for which the local polynomial estimates ﬁo( ) P Bo(n) are not significantly
worse than ®,(X1),...,®n(X,), measured by a given loss function. Full details on this
tuning procedure are provided in Algorithm 3 in Supplementary Material A.
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4.3 Xtrapolation

We now adapt the plug-in estimates for the extrapolation bounds from Section 4.1 to use the
forest-weighted local polynomial derivative estimates from Section 4.2 in a computationally
efficient way. This leads to a procedure, which we call Xtrapolation, that can estimate the
extrapolation bounds from arbitrary and potentially non-differentiable pilot estimates @n

Since the RFLocPol procedure estimates directional derivatives it does not directly apply
to the plug-in estimates in (13) and (14) which are expressed in terms of partial derivatives.
A workaround is to consider plug-in estimates based on directional derivatives instead,
however this relies on computing directional derivatives in n different directions which
would involve n random forest fits. As this is computationally infeasible in practice, we
only focus on two special cases: The order-one case (i.e., ¢ = 1 and arbitrary d) and the
one-dimensional case (i.e., d = 1 and arbitrary ¢).> In both cases the partial derivatives
correspond to directional derivatives and hence the plug-in estimates can be combined with
RFLocPol. More specifically, for the order-one case the plug-in estimates only involve first
order partial derivatives 81‘I>n, .. 6de> which are equal to the directional derivatives in
the directions v € {e1,...,eq}. Slmllarly, for the one-dimensional case all involved partial
derivatives correspond to the directional derivatives in the direction v = 1.

When using RFLocPol to estimate derivatives it can happen that the derivative estimates
are not equal to the derivatives of the original estimate (assuming they even exist). As a
consequence, it is no longer guaranteed that the lower extrapolation bound estimate is
smaller than the upper bound estimate. To enforce this constraint, we propose to check at
a specific target point whether the lower estimate is indeed smaller than the upper estimate
and if not to set both estimates to the average of the lower and upper extrapolation bound
estimate. The full Xtrapolation procedure for the order-one case is detailed in Algorithm 2.
The version for the one-dimensional case is very similar and provided in Algorithm 4 in
Supplementary Material A.

4.3.1 COMPUTATIONAL SPEED UP

We now consider a modification of the default Xtrapolation procedure that speeds up the
computation for large sample sizes n and many target points m. The default procedure
has O(nm) complexity, which can be reduced by considering only a subset of all possible
anchor points (i.e., the loop in line 6 of Algorithm 2). A naive approach would be to
subsample random anchor points, but as is clear in the one-dimensional case bounds are
generally tighter for anchor points close to the target point. It can therefore be beneficial
to select anchor points based on closeness to the target points. While in one-dimensional
settings using the Euclidean distance is an obvious choice, it becomes more subtle in multi-
dimensional settings. This is because points that are far away in Euclidean distance may
have tight bounds if they are only far away in directions in which the variance of the
observed directional derivatives is small. Therefore, to capture a more meaningful notion
of closeness (for g = 1), we propose a first-order derivative scaled Euclidean distance.

Denote by V&, (X) € R the matrix with (i, j)-th entry @En(Xi) and let VXV be the

3. The remaining cases, in which both ¢ > 1 and d > 1, are computationally and statistically difficult and
we do not expect direct application of our framework to work well in these cases.
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Algorithm 2: Xtrapolation (order-one version)

© 0 N o Ok W N

=
=]

11
12
13
14
15
16
17
18

~

Input : Estimates ®,(X1),... ,&Jn(Xn), data Xq,...,X,, target points Z1,...,T

Tuning : Penalty A, rf parameters I'
Output: Extrapolation bound estimates Elo(a’:l), .. ,Elo(ijm),
B (Z),..., B" (%)

D (X1, Bn(X1)),.. ., (X1, Bn(X,))
for j € {1,...,d} do

| 8;9,(X1),...,8;®,(X,) < RFLocPol(D,k = 1,0 = ej, A= \,T =T
end
for j e {1,...,d} do

| 8;9,(X1),...,8;®,(X,) < RFLocPol(D,k = 1,0 = ej, A= A\,T =T
end
for ¢ € {1,...,m} do
forie{l,...,n} do
§ {5 9,9, (X0 (@ - X)), X 9,9, T (7 - X))
Bl « @,(X;) +min(S) and B « &,(X;) 4+ max(S)
end
B (%) + max; Bl and B (%) + min; B
if Bl°(z,) > B" (%) then
BY(z)  (BY(z¢) + B (7)) /2
B (i) B ()
end

end

7x77’l
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eigenvalue decomposition of the estimated covariance

n T n
V,(X) TV, () - (i Z%nm)) (fl Zﬁnm) .
=1 =1

To measure closeness of a sample point X; to a target point Tp, we use the distance
|VEY2(X; — Z1)|l2. This distance is larger in directions where the derivatives vary sub-
stantially and smaller in directions where they remain fixed. Alternatively, one can use a
distance measure induced by random forest weights.

4.3.2 ALLOWING FOR CATEGORICAL COVARIATES

In some applications, not all covariates X are continuous, which means that the framework
does not apply directly. However, it can be adapted in settings where X = (Z, W) with
Z € Z C R% continuous and W € W C RW categorical, as long as no extrapolation
occurs in the categorical predictors. The idea is to apply the framework conditional on W.
More specifically, we can assume that for all w € W the conditional function ®( satisfies
that z — ®((z,w)) is g-derivative extrapolating and derive the same extrapolation bounds
but conditional on W = w. A straightforward modification of Algorithm 2 is to select the
anchor points used in the loop of line 6 based on random forest weights. If the random
forest is grown sufficiently deep, one can expect that samples with different W values for
which ® is sufficiently different will have small weights and hence not be used as anchor
points. This approach is used in the real data example in Section 5.2 below.

5. Numerical experiments

We now present numerical experiments in which we investigate the performance of the
proposed estimation procedure (Section 5.1) and demonstrate possible applications of the
extrapolation bounds on real data (Section 5.2). All experiments can be reproduced using
the publicly available code at https://github.com/NiklasPfister/ExtrapolationAw
are-Inference, which contains an implementation of Xtrapolation based on the Python
package adaXT (Brodersen and Pfister, 2024). For the regressions and cross-validation we
used the Python packages scikit-learn (Pedregosa et al., 2011) and quantile-forest
(Johnson, 2024).

5.1 Simulation experiments

We begin by empirically analyzing the proposed Xtrapolation procedure on simulated data.
To this end, we consider random data generating models for different sample sizes n and
dimensions d. For each simulation, we randomly choose Di, C [~2,2]¢ and f : [-2,2]? - R
and then generate n i.i.d. copies (X1,Y1),...(Xp,Yy) of (X,Y) € [-2,2]¢ x R defined via

X ~ Unif(Dy) and Y = f(X) + 15¢,

where € ~ N (0,1) independent of X. The way we select the set Dy, and the function f is
such that the extrapolation assumptions are satisfied and it is easy to interpret the results.
More specifically, we select Dy, and f sequentially as follows.
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(1) Selection of Din: Define the intervals I := [-2,—1), Iy = [-1,0), I3 := [0,1) and
I, = [1,2]. Sample d sets C1,...,Cq uniformly from {[-2,2]\ I3, .. [ 2,2]\ I}
(with replacement) and define Dy, = X?Zl Cj and Doyt = [-2, 2]\ Dm.

(2) Selection of f: Let f be a piecewise linear function in the first coordinate such that
for all 2 € [-2,2]? it holds

4
fla) = (sjz’ + )iy (ah),
j=1
where s1,. .., s4 are drawn randomly (see Supplementary Material C.1) and ¢y, ..., ¢4
are selected such that f is continuous and f(—2) = 0. Importantly, the slopes
S1,...,84 are drawn in such a way that f <11Din f almost surely and var(f(U)) = 1

for U uniform on [—2,2]%.

This sampling procedure leads to models for which the conditional expectation ¥y of Y given
X is first derivative extrapolating almost everywhere. Furthermore, there are two types of
extrapolation scenarios that can happen depending on D;, and f. Either the lower and
upper extrapolation bounds are equal on Dy, implying that the extrapolation assumption
identifies ¥ on Dyt or they do not coincide on Dyt in which case Wy is not identifiable on
Dous- The first case occurs if one of the inner intervals (i.e., Iy or I3) is missing in the first
coordinate and f has the smallest or largest slope on that interval. Examples are shown in
Figure 13 in Supplementary Material C.1.

For the following experiments, we generate 50 datasets for all combinations of n € {100,
200, 400, 600, 800, 1600} and d € {2,8}, where each dataset is sampled with randomly se-
lected Dy, and f as described above. We then consider four regression procedures: Random
forest regression (rf), support vector regression (svr), neural network regression (mlp) and
ordinary least square regression (ols). For all procedures — except ols — we tune hyperpa-
rameters using a 5-fold cross-validation and additionally screen for variables using random
forest based Gini impurity (see Supplementary Material C.2). On top of each regression
fit, we then apply Xtrapolation with order ¢ = 1 and the parameter tuning discussed in
Section 4.2.1 (see Supplementary Material C. 3) to predict the lower and upper extrapola-
tion bounds B°(z) and Bup( ) for all & € Diy U Dout, where Dy, consists of 200 uniformly
sampled points on Dj, and Dout consists of 200 uniformly sampled points on Dgyt.

Estimation accuracy of extrapolation bounds We first assess how accurately the ex-
trapolation bounds for different regression procedures are estimated and empirically validate
Theorem 11. We evaluate the accuracy of the estimated bounds by comparing them with
oracle extrapolation bounds (i.e., using the true function f but only optimizing over the
anchor points Xi,..., X)) evaluated at the same new observations. Formally, we consider
the root mean squared error (RMSE) given by

\/2(1)02(@?( ¥) = BPix, xn(® ))2+\/2(1)02 (R‘ép(x) By (@ ))27 (19)
zeD €D

where D = ﬁin or D = ﬁout. The results are shown in Figure 3. As expected the ex-
trapolation bounds based on ols do not converge. In contrast, for all three nonparametric
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d = 2 and Dj, d = 8 and Dj, d = 2 and Dout d = 8 and Dout
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Figure 3: Accuracy of estimated extrapolation bounds measured using RMSE given in (19).
For all three nonparametric regression procedures the RMSE decays with increas-
ing n. As expected the extrapolation bounds based on ols do not decay as a linear

regression cannot approximate the piecewise linear conditional expectations on
Din.

estimators rf, svr and mlp the extrapolation bounds converge both on Di, and Dgy. More-
over, while the increased dimension leads to slightly worse accuracy the RMSE decays at
a similar rate. This is particularly interesting as the Xtrapolation procedure does not
explicitly take sparsity into account, but appears to automatically adapt to the sparsity in
the regression estimates (due to the variable screening). We see this as promising empirical
evidence that the random forest weights ensure that the derivatives are estimated well even
in multiple dimensions.

Out-of-support prediction Next we show how the extrapolation bounds can be used to
construct regression-agnostic predictions on Dy that are worst-case optimal as discussed
in Section 3.1. We use the same simulations with n = 1600 and d = 2 but now additionally
estimate (9) in Section 3.1 by

Bye(z) + Bi(x)

ﬁ(tra (:L‘) = 9

(20)

We then compare this estimate with regression estimates freg resulting from the plain re-
gressions. We evaluate the performance using the worst-case RMSE given by

~

|’i| Z sup \/]EQ(J:,-)KY?C — f(2))?], (21)

zeD QEL0

where fA € {ﬁma, J/”;eg} and D ¢ {ﬁin,ﬁout}. As its not directly possible to evaluate this
loss, we use that the worst-case Q € Qp is attained at the true extrapolation bounds
(see proof of Proposition 7) and then approximate the loss using the oracle extrapolation
bounds. The results are shown in Figure 4, We additionally distinguish between identifiable
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Figure 4: Comparison of worst-case RMSE (see (21)) for fxtra and freg on Dy, (left) and Doy
(middle and right). The out-of-support predictions are separated into simulations
for which the oracle lower and upper bound agree, i.e., the conditional expectation
is identified (middle) and those that are not (right). While the out-of-support
predictions of plain regression ]?reg depend on the used regression procedure this
is not the case for the estimates fxtra based on Xtrapolation.

and non-identifiable extrapolation settings (i.e., where ¥y is identified on Dy, and where
not) by splitting the 50 simulations into either identifiable (22 simulations) and unidentifi-
able settings (28 simulations) depending on whether the oracle bounds are approximately
equal on the evaluated points or not. We observe that on Dj, both plain regression and
Xtrapolation perform similarly. The largest difference occurs for rf, which makes sense
as Xtrapolation smooths the estimates which has almost no effect on the already smooth
svr and mlp estimates but slightly improves the non-smooth rf estimates. Furthermore,
while the regression estimates extrapolate differently on Dy, the differences disappear after
applying Xtrapolation which is expected as the extrapolation estimates target the same
quantities in all cases.

Quantifying extrapolation Finally, we consider the proposed extrapolation score from
Section 3.3. To this end, we consider the simulations with n = 1600 and d € {2,8}. We
estimate the extrapolation scores for all x € Dy, U Doyt by

By?(z) — BY(x)
acv

§(x) =

)

where ooy is the square root of the cross-validation generalization error computed for
the regression method used to estimate the extrapolation bounds. ASA a benchmark, we
additionally compute a minimal Euclidean distance defined for all x € Dy, U Dyyt by

E(z) = min ||z — X;||2.

i€{l,...,n}

To compare how well S and E capture extrapolation, we compute for all thresholds A €
[0,00) (i) the fraction of observations in Dj, U Dyt which have an extrapolation score below
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Figure 5: (left and middle) Comparison of extrapolation score S and a Euclidean based
benchmark score E. While E is only able to separate 50% of the samples (which
corresponds to the points in Dj,) before the cumulative RMSE increases, the
extrapolation score S is able to separate approximately 75% (hence also points in
Dout) before the cumulative RMSE increases. (right) Comparison of the RMSE
for points with S < 1 versus points with S>1 (the value 1 corresponds to points
where the extrapolation error is equal to the residual noise level).

A and (ii) the cumulative RMSE of the predictions J/”;tra defined in (20) at all points with a
score below A, i.e.,

[ € Bin U Bt | sE072(@) <N} S (Fanale) — £(@)) 1(sE000(x) < ).

meﬁinUﬁout

where scote = S or scote = E. We use fxtra, here as the plain regression estimates may
behave arbitrary outside of Dyyi. The results are shown in Figure 5 (left and middle).
For all regression methods the cumulative RMSE increases sharply after 0.5 when sorted
according to E. This makes sense as F only separates Dj, from Dy, but does not take into
account whether the function might also be accurate on Dyy:. In contrast, the extrapolation
score S also separates points on Dey, for which the predictions are expected to be good.
We further separate points with S < 1 for which the extrapolation error is of smaller order
than residual noise level and points with S > 1 for which extrapolation error is of larger
order. The aggregated RMSEs for these splits are shown in Figure 5 (right). As expected
the RMSE is small (and on the order of the residual noise level) when S < 1 and becomes
large if S>1.

5.2 Extrapolation-aware prediction intervals on real data

In this section we illustrate how taking into account extrapolation explicitly can improve
uncertainty quantification and help detect when nonparametric prediction procedures are
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extrapolating. We consider two datasets: (i) The biomass dataset due to Hiernaux et al.
(2023), where the task is predicting the foilage dry mass of a tree from its crown area and
(ii) the well-known abalone dataset from the UCI ML repository (Nash et al., 1995), where
the task is to predict the age of abalone shells from several phenotype measurements (sex,
length, diameter, height, whole weight, shucked weight, viscera weight and shell weight).

Throughout this section we fix o = 0.2. We consider four different standard nonparamet-
ric methods to construct predictions intervals: (i) Quantile regression forests (Meinshausen,
2006), denoted by qrf, (ii) quantile neural networks (Taylor, 2000), denoted by qnn, (iii)
conformalized quantile regression forests, denoted by cpqrf, and (iv) conformalized quan-
tile neural networks, denoted by cpqnn. The two conformalized methods are based on
Romano et al. (2019) and calibrate the prediction intervals from the corresponding quantile
regression to have a finite sample exact unconditional coverage guarantee similar to con-
ventional conformal prediction (Balasubramanian et al., 2014). We then compare each of
these methods with its extrapolation-aware counterpart, denoted by xtra-qrf, xtra-qnn,
xtra-cpqrf and xtra-cpqnn respectively, which is constructed by applying Xtrapolation
to the conditional quantiles. More specifically, for all x € {qrf,qnn,cpqrf,cpgqnn} we
compare

Cpei(e) = |7(@), T 7 (@)| with OReu(@) = | BYaa(@), B (@)

where ’7\;&/ % and ’7\;17&/ % are estimates based on quantile regression forest, E;ifa /2() is the

estimate of the lower extrapolation bound for ,ta/z and E;\—l—a/Q (z) is the estimate of the

upper extrapolation bound for ﬁl_a/ 2. As the data contains point masses (the age variable

in the abalone dataset is discrete), we use averaged randomized prediction intervals to
calibrate the coverage to the precise level a (see Supplementary Material C.4 for details).

We generate two types of train and test splits for both datasets: (i) Random splits that
randomly split the data into 8 approximately equally sized sets and (ii) eztrapolation splits
that split the data into 8 approximately equally sized sets according to a predictor variable
(crown area for biomass and length for abalone). The resulting coverage on each split is
given in Figure 6 (top for biomass bottom for abalone). While the standard prediction
interval estimates (blue markers) have good coverage for random splits, they under cover
for some of the extrapolation splits. The reason is that they are not intended to work
outside of the support and will behave differently depending on the underlying regression
procedure (e.g., tree-based models extrapolate constant and neural networks linearly). For
grf applied to biomass this can be seen in Figure 7, where we plot the estimated quantiles
for both qrf and xtra-qrf (similar plots for the other methods are provided in Supple-
mentary Material B). The extrapolation-aware prediction intervals (green markers) perform
similar to standard prediction intervals on random splits but avoid under coverage on the
extrapolation splits. The slightly conservative behavior of the extrapolation-aware predic-
tion intervals is expected since the extrapolation bounds account for the uncertainty due to
the extrapolation. The fact that the coverage is preserved provides empirical evidence that
the proposed extrapolation assumption is indeed satisfied on both datasets.

We now show how the difference between lower and upper extrapolation bounds can be
used as an extrapolation score. We compute, in an 8-fold cross-validation style (using the
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Figure 6: Coverage of prediction intervals on biomass and abalone datasets. Extrapolat-
ing splits are train test splits that leave out certain ranges of tree crown areas
for biomass and length for abalone, while random splits are randomly drawn
splits. While the standard prediction intervals (blue markers) under cover for
some extrapolating splits, the extrapolation-aware counterparts (blue markers)
guard against such under coverage.

extrapolation splits), for all x € {qrf, qnn, cpqrf, cpgnn} and for each sample point X; the
extrapolation scores

(22,060 - Boul3)) + (BB o) = B0, (22)

where the estimates in this expression are computed on all splits not containing X;. We
then sort the samples according to this score from small to large and estimate the cover-
age using a rolling window (size 100 for biomass and size 400 for abalone). The result
is shown in Figure 8. For both datasets and all methods the coverage remains similar for
small extrapolation scores but starts diverging for larger ones. Importantly, while the stan-
dard prediction intervals start to under cover, their extrapolation-aware counterparts only
become conservative. Figure 6 (extrapolating split 7) and Figure 8 (for high extrapolation
scores) further show that the extrapolation behavior on abalone is substantially different
between the qrf and gnn based intervals (likely due to the difference in the underlying
function classes). In contrast, the extrapolation-aware counterparts appear to extrapolate
similarly regardless of the underlying method.

Overall, we find that none of the standard methods or methodologies for constructing
prediction intervals (e.g., quantile regression or conformalized versions) are reliable for ex-
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Figure 7: Estimated prediction intervals for qrf (left) and xtra-qrf (right) for the ex-
trapolation split. Colors correspond to different extrapolation splits. While qrf
always extrapolates constantly, the extrapolation-aware versions adapt to the
changes observed on the training data.

trapolation and may fail severely when extrapolating. Our extrapolation-aware framework,
in contrast, works well but is conservative. Any mathematical guarantee for extrapolation
must rely on assumptions that cannot be verified directly. However, the fact that conditional
coverage is preserved in these experiments provides empirical support for the g-th derivative
extrapolating assumption on real-world data. Furthermore, applying Xtrapolation does
not significantly affect conclusions when interpolating, which suggests that adding it does
not harm inference while protecting against erroneous conclusions.

6. Discussion

We defined extrapolation as the process of performing inference on a conditional function
outside of the support of the conditioning variable X. This type of extrapolation is not
well-defined in a conventional nonparametric sense as the data generating distribution Py
does not specify the conditional distribution outside of the support of X. We therefore
assumed the existence of a Markov kernel that fully specifies the conditional — also outside
of the support of X — but which might not be identified by Py alone. Then, by assuming
that the conditional function behaves at most as extreme on the entire domain as it does
on the support of X, we were able to construct extrapolation bounds on the conditional
function that are identified by Py. We proposed to perform inference on these extrapolation
bounds instead of on the conditional function directly. We emphasize that an extrapolation
assumption is needed: ours, assuming at most as extreme derivatives as in the observed
domain, seems natural and we gave some additional interpretation after its Definition 5.
A key feature of our framework is that performing inference on the extrapolation bounds
instead of the conditional function (at least on a population level) only affects the nonpara-
metric analysis if extrapolation occurs, since the lower and upper bound are both equal to
the conditional function inside support of X. This ensures that the analysis is extrapolation-
aware, which guards against potential errors and can provide additional insights when one
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Coverage computed based on a rolling window across observations sorted by the
extrapolation score in (22). For observations with a small extrapolation score
the coverage of standard prediction intervals is close to their extrapolation-aware
counterparts. However, for large extrapolation scores, the coverages diverge. The
extrapolation-aware prediction intervals are expected to remain valid or become
conservative (i.e., above 0.8) when the extrapolation score becomes large, while we
have no guarantees on the extrapolation behavior of standard prediction intervals.

is indeed extrapolating. Here, we considered three specific applications, out-of-support
prediction, uncertainty quantification and quantifying extrapolation, but there are likely
many other inference tasks that could benefit from an extrapolation-aware analysis. Even
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though the extrapolation bounds are identified, they may be difficult to estimate in prac-
tice. We propose a method that is able to estimate the bounds in an estimator-agnostic
way, which performs well in empirical experiments. Importantly, this estimation proce-
dure only takes the estimated conditional function at the sample points as input (i.e.,
(X4, 5()( 1))s s (Xns <f>(Xn))), allowing practitioners to use their preferred nonparametric
estimates ® to estimate the extrapolation bounds.

We hope the proposed framework inspires new developments related to extrapolation,
which — given its importance — has received too little attention in the wider statistics and
machine learning community so far. An important direction of future work is to con-
sider other types of extrapolation assumptions. For example, one could consider shape
constraints on the conditional function, which can likely be incorporated similarly to the
derivative assumptions considered here. Additionally, it would be interesting to see the
proposed framework applied across several applied domains in the style of the real data
analysis reported in Figure 8. This would provide valuable insights into how realistic the
extrapolation assumptions are and whether there are variations that are more amenable in
certain applications.
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Appendix A. Additional algorithms

Algorithm 3: ParameterTuning

Input : Data (X1, ®,(X1)), ..., (Xn, ®n(X,)), parameter lists (Ay, ..., Az) and
(T'1,...,Tk)

Tuning : Tolerance tol, number of folds K

Output: Optimal parameters A* and I'*

1 Split indices {1,...,n} into M disjoint sets I1,..., I of (roughly) equal size
2 forme {1,...,M} do

3 for ke {l,...,K} do

4 i < rfpoly-v on (X, (/I\)i(Xi))iGI,m with parameters I';,

5 Extract weight matrix W (k) = (w;(X})); ; from fi

6 for (e {1,...,L} do

7 fm <+ local polynomial fit with (18) and penalty A = A\, using

(Xi, ®i(X:))ier_,, and W (k)

8 }Afik’é — fm(Xl) for all ¢ € I,

9 end
10 end
11 end

12 Ejg ¢ 257 Loss(V, @,,(X;)) for all (k,0) € {1,..., K} x {1,...,L}
13 (k,0) < argmin{Eyy | (k,0) € {1,..., K} x {1,...,L}}

14 for (k,¢) e {1,...,K} x{1,...,L} do

15 ‘ Ske — (2 20 (B — Ek,e,z‘)Q)% /\/n

16 end

17 k* « min{k e {1,...,K} |3 e {1,...,L}: Ek,ﬁ SEE[—I-T.O]_ . Sk7g}

18 (* «min{l e {1,...,L} | Ep ¢ < Ep 7+ tol - Spe ¢}

19 ' < T'pe and A* < Mg
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Algorithm 4: Xtrapolation (one-dimensional version)

Input : Estimates </15n(X1), e </I;n(Xn), data Xq,..., X,, target points
Z1,...,Tm, order k

Tuning : Penalty A, rf parameters I'

Output: Extrapolation bound estimates Elo(a’cl), . ,§1°(§:m),

Eup(j1)7 SRR Eup(jm)

~ ~

1D (X1, 00(X1)), ..., (X1, 0(Xy))
2 for ke {l,...,q} do
8 | R0, (X)),..., 050, (X,) < RFLocPol(D, k = k,v = 1,A = A,T' =T)
4 end
5 for / € {1,...,m} do
6 forie{l,...,n} do
7 § {018, (X)L e, (X,) B
8 Blo « 071 9k, (X;) @)Y 4 min(S)
u -1 a1 1 Tp— Z'k
0 B 4 30121 080 (X;) 5 + max(S)
10 end

11 B(z;) + max; B and B (i) + min; B;"
12 | if BY(z,) > B (%) then

13 | Blo(&y) + (B"(z¢) + B™(%))/2 and B"(z,) « (B'(z,) + B™(2¢))/2
14 end
15 end
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Appendix B. Additional results from numerical experiments

B.1 Coverage of extrapolation-aware bootstrap confidence intervals

To illustrate the coverage guarantee in Proposition 8, we perform a coverage experiment
using Example 2. We consider two fixed distributions over (X,Y’). A linear model given by

Y =05X+03+¢ and X Le

and a nonlinear model given by

1

Y= 1+ 325X

4+e¢ and X Le

where in both cases X ~ Unif(—1,1) and € ~ N(0,0.1%). The parameters are chosen to
make the two distributions similar. We then draw a dataset (X1,Y7),...,(Xp,Y,) with
n = 250 for each distribution. For each setting, we construct nonparametric bootstrap
confidence intervals using a percentile bootstrap as follows: (1) draw a bootstrap sample of
size n with replacement, (2) fit a random forest and apply Xtrapolation with parameter
tuning to construct extrapolation bounds, and (3) repeat steps (1)-(2) B = 50 times and
select the 5% quantile of the lower and 95% quantile of the upper extrapolation bounds as
bootstrap bounds. These bounds are shown in Figure 2. To empirically verify the coverage
guarantee in Proposition 8, we repeat the same experiment 200 times and compute the
coverage at 100 evenly spaced points in [—3, 3]. The results are shown in Figure 9.
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Figure 9: Pointwise coverage of extrapolation-aware bootstrap confidence intervals for the
linear example (left) and nonlinear example (right). In the linear example, the
true conditional mean lies in the center of the extrapolation bounds (see Fig-
ure 2 left), leading to overcoverage. In the nonlinear example, the conditional
mean lies on the boundary of the extrapolation bounds (see Figure 2 right), re-
sulting in less overcoverage.

B.2 Extrapolation plots for biomass
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Figure 10: Estimated prediction intervals for cpqrf (left) and xtra-cpqrf (right) for the
extrapolation split. Colors correspond to different extrapolation splits.
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Figure 11: Estimated prediction intervals for qnn (left) and xtra-qnn (right) for the ex-
trapolation split. Colors correspond to different extrapolation splits.
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Figure 12: Estimated prediction intervals for cpgnn (left) and xtra-cpgnn (right) for the
extrapolation split. Colors correspond to different extrapolation splits.

Appendix C. Details on numerical experiments

C.1 Sampling of slopes in simulation

Let j € {1,...,4} be the index of the interval I; that was left out from Cy. The slopes
s1, S2, 83, 84 are then sampled as follows. First, for all £ € {1,...,4} \ {j} independently of
each other sample sy ~ Unif([—10,10]). Then, randomly draw j* ~ Unif({1,...,4} \ {j})
and set s; := s;+. This ensures that the slope corresponding to the left out region of the
first coordinate I; are all observed in Dj,, which further guarantees that f <1%)in f (almost
every).

C.2 Hyperparameter selection for regression procedures

Firstly, for the simulation experiments in Section 5.1, we combine each regression proce-
dure with a variable screening step and tune the hyperparameters with cross-validation, to

37



PFISTER AND BUHLMANN

1.0

0.5

0.0

5, —0.5

—1.0

—1.5 o

—2.0
T T T T T T T T T T T T T T T
-2 -1 o0 1 2 -2 -1 0 1 2 -2 -1 o0 1 2

X1 X! X1

Figure 13: Three simulations generated according to the model introduced in Section 5.1.
Since Wy is first derivative extrapolating, it is identified also on Dyt in the
example on the right.

ensure that the regressions procedures perform well across a large range of settings. More
specifically, for the variable selection we fit a random forest and only keep features with Gini
importance that is larger than the mean of the Gini importance across all coordinates. The
variable screening captures the sparsity in the simulation setup and improves the predictive
performance if X is multi-dimensional. This variable screening step is always performed
on the same training data on which the subsequent regression procedure is fitted. For each
regressions procedure, we then construct grids of potential hyperparameters and select the
optimal one based on a 5-fold cross-validation using the mean squared error as a score:

e rf: We used 500 trees and choose an optimal min_sample_leafs from {128, 64, 32, 16,
8,4,2,1}.

e svr: We used a radlal basis function kernel and choose an optimal bandwidth gamma
3 — — 1 2

{10 10 , 10d ,é, —12 ,—12 ,—12 } and an optimal penalty C in {1073,1072,1071,1,

10 102 03} Furthermore, we scaled the data before applying the support vector

regressmn.

e mlp: We fit a neural network with ’relu’ activations using the ’adam’ solver and
with early stopping. We chose the optimal architecture hidden_layer_sizes in
{(100,), (20, 20, 20, )} and the optimal penalty alphain {107°,10~% 1073,1072,1071}.

Secondly, in the real data applications in Section 5.2, we tuned the hyperparameters of
the regression models using a 5-fold cross-validation with the average pinball loss for the
two target quantiles as a score. We used the following hyperparameter grids for the different
methods:

e grf and cpqrf: We used the grid {1, 5,10, 20, 40,80, 160} for min_samples_leaf.
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e gnn and cpgnn: We used the grids {107%,107°,107%,1077,107%} and {64, 128,256}
for weight_decay (specifying the penalty) and hidden_size (specifying the number
of hidden variables), respectively.

In all cases we selected the most regularized parameter that was at most one standard
deviation worse in score than the best model (similar in spirit to Algorithm 3 with tol = 1).
We used the quantile neural network and the conformalized regression procedures included
in the code of Romano et al. (2019). The remaining parameters were left at their default
values. In all cases we included a scaling step that scaled the training data to have mean
zero and variance one.

C.3 Hyperparameter selection for Xtrapolation

When applying extrapolation (for ¢ = 1) as described in Algorithm 2, we need to select the
penalty parameter A and the rf parameters I'. To select the optimal parameter we used
the parameter tuning described in Algorithm 3 with tol = 1 and K = 5 and parameter
grids that depend on the experiment:

e Simulation experiment (Section 5.1): We selected A among {10, 1,0.1,0.01,0.001,0}
and I' among default trees but with impurity_tol among {100, 10,1,0.1,0.01}.

e Section 5.2 biomass data: We set A = 0 and selected I" among default trees but with
min_samples_leaf among {40, 30,20, 10}.

e Section 5.2 abalone data: We selected A among {0.1,0.01,0.001} and I" among default
trees but with min_samples_leaf among {10,5,1}.

To speed up the computation, we further only went over a subselection of all possible
anchor points (see Section 4.3.1). More specifically, for the experiments in Section 5.1 we
used the n/2 closest points in Euclidean distance. For the biomass application we used
all possible anchor points and for the abalone application we used the 100 closest (but
non-zero weighted) points based on a random forest closeness measure (required here as the
covariate ’sex’ is binary and hence not included in the extrapolation).

C.4 Randomized prediction intervals

Since in both the biomass and abalone data there are samples with the exact same Y
values (relatively common in abalone since years are counts), we randomized the predic-
tion intervals in the experiments. This ensures that its always possible to reach the exact
coverage on average. 1o formalize randomized prediction intervals, we introduce a random
variable U ~ Ber(p). Then for any interval C' = [C)o, Cyyp] we can define a corresponding
randomized interval C™#*d by

[Clo, Cup) ifU =1

Crand(U) — . -
(Co,Cop)  if U =0.

For a given prediction interval C which does not have the correct level due to atoms on the
boundaries of the interval, we can then use the corresponding randomized version C™(U/),
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where we choose the probability p to calibrate the prediction interval on the training data
to have the correct coverage. For all results, we then report the expected coverage of such
randomized prediction intervals.

Appendix D. Proofs
D.1 Proof of Theorem 3

Proof We prove the two parts separately.
Part (i): First, fix arbitrary € X and let g € C%(X) satisfy for all z € D that
g(z) = f(x) and for all v € B that

inf Dlg(x) > inf DIf(xz) and sup Dig(z) < sup Dif(x). (23)
zeX z€D z€X z€D

Then, using (1), it holds for all zp € D that there exists &;, € X such that

S e = zolls | 2 — ol
(@) = Diap0) 20) 5 + Diay (&m)T
(=0
Ny o — ol o — ol
= 3 Dlag iy F0) O £ DA gl (24)
=0
where we used that g = f on D. Moreover, using (23), we get for all 2o € D that
q q q
Dita.0)9(&e0) < 89D Dy 1y9(2) < sUp Doy ) f(2): (25)
Hence, together with (24) we have for all xg € D that
v(:po x) /) zeg v(zo,x) q!i'

Finally, taking the infimum over xg € D on both sides results in

9(z) < B} p(x).

The same argument also applies to the lower extrapolation bound, which completes the
proof of part (i).

Part (ii): We only prove the result for the upper bound, the same arguments apply to
the lower bound. Since we assume that X is compact it holds that D is also compact. We
can therefore define the function £ : X — D such that for all z € X it holds that {(z) € D
satisfies

- _ q
B, 5p(@ ZDu(s ) f (€( ))W+§£DU(§ o f(z )“”qu.

Moreover, define function v : X — D such that for all x € X it holds that v(x) € D satisfies

ilelgD (), )f( z) = U(E x)f( v(z)).
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In the following, we construct a g-times differentiable sequence (gn")nen which approximates
the extrapolation bound B D is g-times continuously differentiable and satisfies g,,” <}, f.
Constructing such a sequence directly is difficult due to the two optimizations & and v. We
therefore construct the approximation in two steps.

First approrimation step: Fix arbitrary € > 0. For all z € X', using multi-index notation,
define the functions B, : R¢ — R for all z € R¢ by

(z —&(2))”

(0] (0]

=) 0°f((2) - + > 0 f(v ) (27)
la|<q loe|=q

Since for fixed z € X the points £(z) and v(z) are fixed it is easier to analyze B, which is

multivariate polynomial of degree at most q. Moreover, for all veB, Le{0,...,d} and

x € X the directional derivative satisfies D! f(z) = Dlal=t o 80‘ f(x)v®. This implies for

all z € B that

B.(2) = B, p(2)- (28)

More properties of B, are listed in Lemma 14.

Consider now the collection of open sets {U-(x) | * € X}, where U.(z) = {y € R? |
|z —yll2 < e}. Since, X' is compact, there exists a finite set of points 7, ..., x5, such that
{U(x5) | € € {1,...,M.}} covers X. We can therefore define the function g. : R? — R for
all z € RY by

ge(z

xé ]llxlg (x5) ( )

,_.

where w.(z) = [{{ € {1,..., M.} | z € L{a( j)}| We now prove that there exists K1 > 0
such that

sug B%p(a) — ga(x)’ < Kie. (29)
€

To see this, fix z € X, then using the triangle inequality and (28) it holds that
sup |qup T) — Bz(x)‘ < sup ‘Bq J %)) (z) — B:;,I},D(z” + sup ‘Bz(z) - Bz(‘f)}
J?Eus(z) 3?6[/!5( Z‘eus(z)
> (Cl + 62)5? (30)

where ¢; > 0 and ¢y > 0 exists by Lemma 13 and Lemma 14 (ii). Using (30) we further get

up | B} () — 9:(2)| = sup | By p(a ZB@ )y o) ()

reX

TEX

1
<Sup< @) Z U (25) ) (c1 4 c2)e

TEX

1 &
<sup [ —— " | B 5 (@) = Bu; (@) Lt ) (@)
we() =1

- (Cl + 62) g,
———

=K
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which proves (29). Furthermore, notice that the set W := R\ (OU(a5) U - - - U dU(25,))
is open and hence for all z € W there exists x > 0 such that U, (z) C W. Moreover, for all
x € Uy;(z) it holds that

1 & 1 &
g= () = > Bus ()l a) (2) = > B (2) 1y, a)(2)- (31)
we(?) i we(2) i

Since Bye is g-times continuously differentiable and since R\ W is a Lebesgue null-set
this implies that g. is Lebesgue almost everywhere g-times continuously differentiable. In
particular, using (31) and Lemma 14 (i), it holds for every multi-index o € N¢ with |a| = ¢
and every x € W that

M.
0 5e(x) = 7 30T a o o) (32)

Second approzimation step: Again let € > 0 be arbitrary. Denote by 7. : R? — R the
standard mollifier defined for all z € R¢ by

0o () == {CGXP (1/ (I=l3 —€?))  if 2 € U(0)

0 otherwise,

where C' > 0 is chosen such that [, 7¢(z)dz = 1. For any integrable function h : RY — R,
we define the mollified function h * . for all 2 € R? by the convolution

<hwmuw=[*®Mx—wmwmy

We now define the approximation function g. : R¢ — R for all z € R¢ by

Ge(x) = (ge * M) ().

Using that the convolution with a mollifier is smooth (Hérmander, 2015, Theorem 1.3.1),
we get that g. is ¢-times continuously differentiable. Furthermore, using Jensen’s inequality
and the triangle inequality, we can bound the approximation error of the mollification as
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follows,

sup |ge () — ()]
zeX

= sup |(ge * 1) () — g=()|
reX

< sup / 9@ — ) — 9o (@)| ne()dy
U:(0)

reX

< sup  |ge(y) — ge(2)]

9:(v) = By py) — 9:(2) + By (@) + BYY py) = By p(a)|

9=() = Byp()| + swp - |BYT () — By o(y)

< (2K1 +Cl)5a (33)

where we used (29) and Lemma 13 in the last step.

Let a € N? with |a| = ¢, then using that all partial derivatives of g. *1. can be bounded
on U.(x), we can pull derivatives under the integral (e.g., Folland, 1999, Theorem 2.27).
Together with (32), we hence get

0%ge(x) = 0%(ge * ) ()
=0~ / 0 9e(x — y)ne(y)dy

/ (0%ge)(z — y)n:(y)dy
.(0)

/ ywe(z —y Za v(@g) Ly (5)(x — y)n:(y)dy

M.

=Y 0" | ) sl (o = D)y,
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Hence expressing the directional derivative in terms of partial derivatives we get for all
v € Band all x € X that

This further implies for all v € B and all x € X’ that

M.
inf DIf :meqf wy(x) < Dige(z) < sup DIf(z we(z) = sup DIf(z).
€D () Z U€() zEDv(); () zEDU()
Hence, we have shown that
G- < f. (34)
Conclude by constructing gn": Define for all n € N the functions
gob =g with e, = _r
n En n TL(Kl n KQ) .

Then, with (29) and (33) it holds that

sup 0} (#) — By p(a)| = sup 5z, (2) ~ By p(x)

TeEX
S Sup ’gEn(x> - gfn( )‘ + Sup ‘gan( Btl;pr( )’
rzeX reX
1
<epnKo+ e K1 =—. (35)
n

By (34) it further holds for all n € N that gn” <}, f, which completes the proof of part (ii)
and hence also of Theorem 3. |

D.2 Proof of Proposition 7

Proof Fix x € X throughout the proof. For all Q € Qp, denote by Vg : & — R
the conditional expectation function corresponding to the Markov kernel (). Then for all
@ € Qo there exists a mean-zero random variable U, such that Y, = ¥g(x) + U,.

We now first construct an upper bound on the right-hand side of (10). To this end, fix

Q € Qo, then it holds that ¥g(z) € [B}I?O b, (2), By p. (m)} Hence, we get that

¥o(e) — 5 (B8, 0) + B 0, (0) | < 5 (B 0, (0) - B, (0)).
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Using this bound and Eg[U,| = 0, we further get

EQ[(Ye — f*(2))*] = (¥q(=) — f*(2))* + EqlUy]
1

= (‘IIQ(a:) 3 (Bxpo, . (@) + By, p,. (X))>2+EQ[U:?]
1
4

—~~

< 7 (BE 5, (2) = B, 0, () +EqU2]

Since Q € Qp was arbitrary this implies

1 2
sup Eq[(Y, — £*(@))?) < 7 (B, (¢) = BY, p,,(2)) + sup Eg[UZ].  (36)
Q€eQo QeQo

Next, we derive a lower bound. To this end, fix an arbitrary f € C°(X) and Q € Qq.
The triangle inequality implies

BY 5, (@) = f@)| + |BY, p,.(@) = f@)| = |(BY p, (@) = B, 0, (@) . (37)

By Theorem 3 it holds that B\I,0 D, ,BE,I; p.. € C%(X) and hence there exist Qy, Qup € Qo
such that o = B\Po,Din and ¥g,, = B&}; p,. - This, implies that

sup (Wq(@) — f(2)) = max (B, (2) — f(2))2, (BY, p,, (@) — f())?)

QeQo
> 2 (B o, (@)~ (@) + (BE, , () — F(@))?)
> 1 (1B o, (@) — @) +1BS, 2, () ~ £@)])
1/ wp 2
o (B\po,pi (x) - BY, p,, (z )) ; (38)

where for the third inequality we used (a + b)? < 2a? + 2b% and (37) for the last inequality.
Therefore together with (38) it holds that

1/ 4 2
sup E[(Y; — f(2))?] > 7 (B 5, (@) = BE, p, (@) + sup EqlUi].  (39)

QeQo QeQo
Combining (36) and (39) completes the proof of Proposition 7. |

D.3 Proof of Proposition 8

Proof Since ¥y is assumed to be g-th derivative extrapolating it holds by Theorem 3
that Wo € [BY, p, (2), Byh p_()]. We can use this together with standard probability
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inequalities to get

P(Zo() € Con (2)
= B (Wo(a) € [@5(5.2), Gr(1 - §.2)])
=P (Wo(x) > (5, 2), Wole) < CP(1 — §,))
> B (BY, p, () > C%(3.2). BY 5 () < BP(1 — $.))

= P (BY,p, () <GY($,2)) +P (B;fgﬂ (x) < G- %,0)).

Next, taking the liminf as n goes to infinity on both sides together with the assumptions
on G}, we get that

lim inf P(Wo () € Coon (z)) > 1— a.

n—oo

This completes the proof of Proposition 8. |

D.4 Proof of Proposition 9

Proof By Theorem 3, since 76a/ % and ’7'1 /2 are both g-th derivative extrapolating, it
holds that
7o), Ty ()| € CB ().

Using the definition of the conditional quantile function, we therefore get that
2 1—a/2
Py (a) (Ve € O (@) 2 Py (o (Ya € [T 2(@), T3 P(@)) = 1 -

This completes the proof of Proposition 9. |

D.5 Proof of Theorem 11
Proof We first show that since X is compact it holds that

A= sup min || X — 2|2 20 as n— 0. (40)
ZEDin k€{177n}

To see this, first observe that Di, = supp(X) ={z € X | BX({z € X | [|[x — z]l2 < 7}) >
0 for all » > 0} is closed and hence compact (since X' is compact). Next, fix € > 0, then
by compactness, finitely many balls with radius €/2 and centers ¢; ..., cpy € Diy, cover Dyy,.
Define for all j € {1,..., M} the probability p; = PX({x € X | ||z — ¢j|l2 < €/2}), then
by the definition of the support, p; > 0. Let A,, denote the event where each of these balls
contains at least one sample from Xi,...,X,. Then, on A, it holds for all z € Dy, that
there exists j € {1,..., M} such that ||z —¢;|| < €/2 and hence by the triangle inequality it
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holds that [| Xy — z|l2 < [|[ Xk — ¢jl2 + [|2 — ¢jll2 < e. This implies that P(A4,) < P(A, < e).
Therefore,

M n
P(A, > €) <P(A;) Zl—p] < (1—)6{1}11nM}p‘> )

which implies (40).

Now for the main proof, recall that the directional derivative can be expressed in multi-
index notation as D{f(2) = >, 0“f (z)vo‘(%. Furthermore, by compactness of X" it holds
that K = sup, yex [|* — yll2 < oo. Throughout, the proof we fix z € X. We begin by
defining for all w, z € X the functions

q-1 oY «
= Z Z 8"(1)0(10)@_0;0) and Fh(w,z) = Z %P (z )
(=0 |a|=¢ . |eel=¢

Then, it holds, using the multi-index expression of the directional derivative, that

By p (x) = inf | Fi(w)+ sup Fa(w,2) |.
0,+in wEDip €D

Similarly define for all w, z € X the functions
q—1
aR (l‘ - w)a — foY )a
== Z Z 0 @n(w)T and F2 ’U} Z = Z 0 @ .
(=0 |a|=¢ lal=q

Then, it holds that

B'(2) — i B(X; Fo(X;, X
(z) ie{f{{?{n}< (X0)+ | e P ’“)>

Lastly, define for all w € Dj, the functions

G(w) = Fy(w) + Sequ Fy(w,z) and G(w) = Fy(w) + ml?xﬁg(w,Xk).

For the remaining proof we make use of the following properties:
(i) Fy is Lipschitz with constant Ly > 0.

(ii) There exists a constant Ly > 0 such that for all z € X the function w — Fa(w, 2) is
Lipschitz with constant Lo.

(iii) There exists a constant Ls > 0 such that for all w € X the function z — Fs(w, 2) is
Lipschitz with constant Lg.

(iv) For all functions f : D — R and g : D — R it holds that

|sup f(z)—sup g(z)| < sup|f(z)—g(z)] and |inf f(z)—inf g(z)| < sup|f(z)—g(2)|.
2€D 2€D 2€D z€D z€D 2€D
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Property (i) holds since any continuously differentiable function on a compact set is Lips-
chitz. To prove property (ii) we use that by compactness of X there exists K! € R such
that for all a € N? with |a| = ¢, it holds that sup,cy [0%®¢(2)| < K. Moreover, for all
o € N? with |a| = ¢, the function w + (z — w)® is Lipschitz with constant L}, (since it
is differentiable and X is compact). Then, for all z,w,w’ € X we can apply the triangle
inequality and bound each term to get

|Fo(w, 2) — Fy(w',2)] < ) a!a |w —w

lel=¢

which proves (ii) since the resulting constant does not depend on z. For (iii), we additionally
use that since ®q is (g + 1)-differentiable it holds for all @ € N¢ with || = ¢q that 9%®; is
Lipschitz with constant L?, (since X is compact). Then, for w, z, 2’ € X it holds using the
triangle inequality and bounding the terms that
KIL2
Bo(w,2) ~ Ba(w.2) < 3 Ty ),

lee|=¢

which proves (iii) since the resulting constant does not depend on w. Finally, for (iv) observe
that for all w € D it holds

f(w) <sup|f(z) —g(2)[ + g(w).
zeD
Now taking either the sup or inf on both sides, rearranging and then swapping the roles of

f and g proves the result.
We are now ready to prove the main result in three steps:

e Step 1: Show that

sup ‘Fl(w) - ﬁl(w)‘ 0 asn o oo (41)
weDin

e Step 2: Show that

sup 200 asn— oo (42)

wEDin

sup Fy(w, z) — max Fy(w, Xj,)
2€Din k

e Step 3: Conclude the proof using G and G.

Step 1: To see this, we use the triangle inequality and bound the resulting terms as follows

sup ’Fl(w) - ﬁl(w)’

wWEDin
5 () @ ©)°
= sup Z Z (80‘@0(10) - aaq)n(w)) —
wEDip =0 |af=¢ ol
q—1
< Z Z sup ’80‘@0(10) — 80‘&)”(111) g.

(=0 |a|=¢ € Pin
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Since each of the summands converges in probability to zero by assumption, this proves
(41).
Step 2: We begin by fixing w € Dy,. Then it holds that

sup Fy(w, z) — max Fy(w, Xj)
2€D;in k
< +

max Fy(w, Xp,) — max Fr(w, Xk) sup Fo(w,z) — max Fr(w, Xk)

2EDin

< max | Fy(w, Xy) - Falw, Xp)| +

sup Fy(w, z) — max Fa(w, Xk)
ZeDin k

< sup ‘F\Q(waz) - FQ('LU,Z)‘ +
2€EDin

sup Fy(w, z) — max Fo(w, Xj)
2€EDin k

7 (43)

where for the second inequality, we used property (iv). Next, we bound each summand
separately. First, using the triangle inequality and bounding the terms we get

sup ﬁz(w,Z)—Fz(w,z)] = sup | Y (8a&>n(z)—aa@o(z)) w
2€Djy 2€D;, lal=q o!
~ K4
< sup ‘8°‘<I>n(z)—0°‘q)g(z) —. (44)
|a| ZEDin a'
=q

Second, fix w € Djy, then since X' is compact there exists z,, € Dj, (since Dj, is closed)
such that sup,cp, Fo(w,2) = Fa(w,zy). Next, recall A, = sup,cp,ming [|[ Xz — 2[[2 and
use that Xi,..., X, € Dy, to get

sup Fh(w,z) — max Fr(w, Xk)

= F2(wa Zw) - maXFQ(w> Xk)
ZeDin k

< Fy(w, z) — inf  Fy(w,2)
2€D;y:
lz2—zwll2<An
< FQ(U}; zw) - (FQ(w; Zw) - AnL?))

- AnL37 (45)

where fore the last inequality we used that F5 is Lipschitz with constant L3 in the second
argument by property (iii). Since the bound does not depend on w this implies

sup | sup Fy(w,z) — max Fy(w, Xi)| < Ay, Ls. (46)

wWEDin |zEDin k
Using (44) and (46) to further bound (43) we get
sup | sup Fy(w, z) — max Fy(w, X)
weDin ZeDin k
aF a K1
< |z|: Zse%p ‘8 ®,(z) — 0 @0(2)‘ ol + Ay, Ls.
s} :q m
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Since each summand converges in probability to zero by assumption, this implies (42).
Step 3: Since by the triangle inequality it holds that

sup |G(w) — @(w)‘ < sup ‘Fl(w) - ﬁl(w)’ + sup
wEDin wEDjy w€EDiy

we get by (41) and (42) that

sup Fa(w,z) — maxﬁg(w,Xk) ,
ZEDin k

sup ‘G(w) - @(w)‘ 200 asn— oo (47)
wWEDjin

Similar to the argument in (43), we get

wleanin G(w) — min G(Xk)

< ’mk}né(Xk) — mk;lnG(Xk) +

inf G(w) — mk@n G(Xk)

wWEDin

< max ‘(A;(Xk) — G(Xk)’ +

inf G(w) — mkin G(Xy)

wEDin
< sup ‘G G(w))+ inf G(w)—minG(Xg)|, (48)
wGDm wEDin k

where for the second inequality we used property (iv). Moreover, for all z,y € Dj, we can
use properties (i), (ii) and (iv) to get
Sup F2(x7 Z) — sup F2(y7 Z)

G(x) = G(y)| < [Fi(x) — Fi(y)| +
2€Djy 2€Djn

< Lyllz —ylly + sup |[Fa(x, 2) — Fa(y, 2)|

2€Din

< Liflz = ylly + Lo [l = yll, -

Hence, letting w* € Dy, be such that inf,ep, G(w) = G(w*), we get by a similar argument
as in (45) that
inf G(w) —min G(Xy)| = min G(X) — G(w")
wEDip k k
<  sup  G(w) - Gw)
wWEDiy:
[w—w*[l2<Axn
< G(w*) + Ap(Ly + Lo) — G(w™)
= An(Ll —+ Lg)

Using this in (48), leads to

wlergin G(w) — min G(X%)

< sup |Glw) = G(w)| + An(L1 + Lo).
weDin

Since both summands converge in probability to zero by (47) and (40), this implies

B 5, () — B ()| =

which completes the proof of Theorem 11. |

P
“50 asn— oo,

inf G(w) — mkin G(Xp)

wEDin
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Appendix E. Auxiliary results

Lemma 13 Assume X is compact, let f € CU(X) and D C X non-empty closed. Then,
there exists a constant C' > 0 such that for all € > 0 it holds that

sup | B (@) — B;I},D(y)’ < Ce.

Proof First, introduce for all zg € D the functions B*® : X — R defined for all z € X’ by

¢ Iz — oll5 g
) = 5l o) B 56

Fix ¢ > 0 and z*,y* € X with ||z* — y*|| < e. Since D is compact, we can define a function
¢ : X — D such that for all z € X it holds that £(x) € D satisfies

By p(z) = B8 (x).

By construction this implies that

‘Bq D (x*) — B(‘;‘}’D(y*) — ’Bﬁ(m*)(x*) _ B&(y*)(y*) '

Furthermore, since the points {(z*) and £(y*) are chosen as minimizers, it holds that

BEE) (%) — BEW) ()] <

| BEE) (%) — BEE) (y)|if BEE) (2*) < BEW) ()
‘Bﬁ (z*) — Bﬁ(y*)(y*)‘ otherwise.

Without loss of generality we now assume B¢ (2*) < B¢W") (y*) and bound the expression
in this case. The second case follows analogous with the role of * and y* switched. First,
by the triangle inequality we get

‘Bﬁ(z*)(gg*) — BE@) ()

—1

7 (Db eenyon €@l = €5 = Dl

Q

s FE@ DIy = )l5)

)

14

Il
o

+q1'<Suqu sy " = €@ =59 Dl 2 >”y*‘5<$*>'g>‘

q—1

1
7| Db e an FEE DI = £ = Doy o FEE Ny — IS
=0
1
| S Dy ey o — €] 50 Dy P — €)1
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We now consider the summands individually. Firstly, for all £ € {1,...,¢— 1}, it holds that

‘Df(g(x*),m*)f(ﬁ(w*))Hw*—5(93*)\\2 D¢y €@ ly* — €)1

< ‘ka (x*),x*)f(E(x*))‘ lz* — €3 — lly™ — €3

+ ’Dv(g o (E(27)) — Dg(g(x*),y*)f(f(w*))’IIy* — ()13 (50)

We separate two cases: (i) [|[z* — £(2%)]|2 < 2¢ and (ii) ||lz* — &(x*)||2 > 2e. For case (i),
it holds by the triangle inequality that [|y* — &(a*)[]2 < [|y* — x*[]2 + [[2* — &(z7) |2 < 4e.
Combined with (50) and using that all directional derivatives of f up to order ¢ are bounded
by a constant K > 0 this implies in case (i) that

<14Ke. (51)

‘Dz(g(x)x) (&(2")) - llz* = E@™)I3 = Dyie(my gy (@) - ly* — E@)l3

For case (ii), consider X. = {x € X | infy ep ||z — x0|l2 > €} which is compact since X
is compact. Next, observe that for all zg € D the function x + ||z — 20|/ is Lipschitz
continuous on X, with a constant 0 < Lﬁo < 00, which implies that

lz* = &@)5 = lly* — E@)5| < sup Ly [la* — y*2. (52)
zro€D

Since D is compact the supremum is attained and L := SUPg,eD Lio < oo. Furthermore,
expressing the directional derivative in terms of partial derivatives (using multi-index no-
tation) and letting M > 0 be an upper bound on all partial derivatives of f up to order ¢,
it holds that

| Dite(ery.an F (€)= Die(any ) FE)]
Y ot (Bn) - Y et S ()

aeN:|a|=¢ aeNd:|a|=¢
a* — &) \*® y' =€) \°
2. M lo* = €@/ \ly = &@)lz2/) |
acNe:|a|=¢
Next, observe that for all @ € N with |a| = ¢ and all 2o € D it holds that the function

(64
T (ﬁ) is Lipschitz continuous on X since it is differentiable everywhere on X

IN

(53)

and has bounded derivatives. Denote by Nfo the corresponding Lipschitz constant, then

DL e F €)= Dy g FEEN] < (Sanentgaie ME) subaen Nyl = 57>
(54)
Again, since D is compact the supremum is attained and

N = Z M% sup Nfo < o0.

aeN®:|a|=¢ zo€D
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Hence, combining (50), (52) and (54) we get in case (ii) that

< KL% + N‘Ce,

(55)
where C' := sup, ,cx |7 — y|| < oo (since X' is compact). Combining the bound (51) from
case (i) and the bound (55) from case (ii) implies

D ey o FE@)) - 2™ = E@)5 = Deoey o/ (E@)) - ly* — £

\DZ ey €@ l2° = E@I§ — Dy yor FEED) - Iy* — €)1l

< max (14}(, KL'+ Nfc) . (56)

The only summand in (49) that remains to be bounded is the one involving supremum
terms. For this term the exact same bounds as above apply except for the bound in (53).
To bound this term, use compactness of D to define the function v : X — D which satisfies
for all x € & that

ilelgD (E(z*), )f( z) = y(g ;E)f( v(z)).

Then, using the triangle inequality we get
q
| 84D D)0 (2) = D Do) 5y (2))

= [ Doy S () = Dy ()]
< D aryaomy f @) = Doy o SN+ D)oy f VW) = Dy oy f (0]
* }Dﬁ(é y*)f< v(a")) = Dg(f(x*),z*)f(y(y*))"

Now for the last term we can observe that if Dg(f(x*) y*)f(l/( ) < D,( x*)f(u(y*)) we
can use that by definition of v it holds that Dg(g(x*) m*)f(u( y*)) < D, (@).2%) f(v(z*)) and

hence

| Dl etary ) f V(@) = Do oy S0 (@)

Similarly if D,(5 " )f( v(z*)) > Dq(é(x . )f(l/(y*)) we get

| D¢,y @ U7) = Dfeamy ony F ()]

Hence, combined we get that
| Sup DE(& *)f( z) — sup D,(g(z*) *)f(z)‘

< Q‘Dv(g o) x*)f(”( )) - Dg(g(m*),y*)f ‘ + 2{Dq (%) 5" )f(V(y*)) - Dg(g(m*),x*)f@(y*))‘-
Using the same argument as for (54) this results in

U D a0y f(2) = 50D Dl o ()] < ANl — ).
zE
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In total, we get the following bound for the supremum term

SUp D ooy )" = €@ = 5up Dl o P = £
o((a) ) sup D¢

< max (14K, KL+ 4N9C)e. (57)

Finally, using the bounds (56) and (57) in (49) leads to

‘BE(%‘*) () — BE@) ()

q
(Z gl (14K, KL'+ Nf(/*) + max (14K, KL? + 4ch)> : (58)
/=0

=c

Since, ¢ > 0 only depends on K, Lf, N¢, C and ¢, we have shown for all ¢ > 0 and all
x*,y* € X with ||z* — y*||2 < € that

Byyp(") = Bylpp()| < ce,

which completes the proof of Lemma 13. |

Lemma 14 Assume X is compact, let f € CU(X) and D C X non-empty closed. For all
2z € X let B, : R* — R be the functions defined in (27) in the proof of Theorem 3. Then,
the following statements hold:

(i) For all z € X the function B, is infinitely often continuously differentiable and for all
r € R and all B € N¢ with |B| < q it holds that

z—€(2))* B a a=pB
OPB.(x) = > 0f(6(=) LI (B <o)+ D 0 (w(2) (B < o)
jal<q =g

In particular, for |B| = q this implies

OPB.(x) = P f(v(2)).

(11) There exists a constant C > 0 such that for all € > 0 and all z € X it holds that

sup | B:(x) — B:(y)| < Ce.
T,YyeX:
le—ylla<e

Proof Since B, is a polynomial of order ¢ it is infinitely often continuously differentiable.
Moreover, a direct computation shows for all 2 € R? and all 8 € N with |3| < ¢ that

PB.(r)= Y 0°F(E() EET 1B <o)+ Y 0 fw(2) EELT 1B < o).

la[<q l[=q
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For |3| = ¢ all summands are zero except the one with e = 3, hence
OPB.(x) = 3P f(v(2)).
Next, we prove (ii). Fix z,y,z € X. Then, it holds that

|Bo(2) = B:(y)] < Y anl0%f (&) |(@ = €)™ = (y — £(2)%

lx|<q

+ 30 L10F @) (@ - €N — (g — £ (59)

loel=q
Next, we define the polynomial p¢ for all w € X by p%(w) == (w — &(2))*. Its gradient is
given by
(w—¢(=)*™*

VpZ(w) = :
(w = ¢(z))> e
Hence, it holds that

LY = sup [|[Vp:(w)]|2
weX

d
=sup [ Y ((w—€(x)*%)?

weX j=1

[N

T 2a—2e;
sup [t = €)' sup o~ £(:)) )
weX weX

IN
=9
—_
7N\
—~

NI

d 2a—2e;
< Z(( sup |w' —vl,..., sup wd—vd])T> = L%

w,veEX w,veEX

Moreover, by compactness of X" it holds that sup, ,cx |w/ — 17| < oo and therefore also
L™ < oco. This implies for all z,z € X that

(@ = £(2))% = (y = £()*] = Ip=(2) = p2(y)| < L[|z — yll2 < L[}z — y]l2.

Together with (59) and since all partial derivatives of f up to order ¢ are bounded by a
constant K > 0 this yields

|B.(x) — B.(y)| < MK L4 > LKL |z =yl

lee|<q |ex|=¢g

=:C<o0

As z,y,2z € X were arbitrary and C' does not depend on them, this implies for all z € X

and all € > 0 that
sup | B:(z) — B.(y)| < Ce. (60)
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This completes the proof of Lemma 14. |
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