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Abstract

In this paper, we discuss vector-valued Gaussian processes for the approximation of diver-
gence- or rotation-free functions. We establish the theory for such Gaussian processes, then
link the theory to multivariate approximation theory, and finally give error estimates for
the predictive mean in various situations.
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1. Introduction

Gaussian processes are established tools for approximating unknown functions under the
influence of uncertainties; see Rasmussen and Williams (2006). The approximation proper-
ties of Gaussian processes of scalar-valued functions, the so-called regression problem, have
extensively been studied, see for example Nieman et al. (2022); Pati et al. (2015); Tecken-
trup (2020); van der Vaart and van Zanten (2011); Wynne et al. (2021); Zhou et al. (2023).
However, many applications, particularly from physics and engineering, require the recon-
struction of vector-valued or, more generally, Hilbert-space valued functions. For example,
when modeling fluid flow problems with incompressible flows, the velocity field at a fixed
point in time is given by a differentiable function v : D → Rd with D ⊆ Rd and usually
d = 2, 3 satisfying ∇ · v =

∑
j ∂jvj = 0 if v = (v1, . . . , vd).

Another application is the modeling of magnetic fields using Maxwell’s equations. Here
two fields H : D → R3 and B : D → R3 are usually used, which have to satisfy, among
other things, ∇ ·B = 0 and ∇×H = 0, respectively.

In this paper, we do not consider the underlying partial differential equations, but rather
assume that we have some training data in the form of data sites X = {x1, . . . ,xN} ⊆ D
and vector data values v(xj), 1 ≤ j ≤ N , with v : D → R3.
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It is the goal of this paper to study generalizations of scalar-valued Gaussian processes
for vector-valued or even Hilbert-space-valued functions. We are particularly interested in
modeling vector-valued functions which are either divergence or rotation free. Vector-valued
and even Hilbert-space-valued Gaussian processes are well-known in the statistics literature
(see for example Adler (1990)). Such Gaussian processes and other kernel-based learning
methods have extensively been used in the context of learning vector-valued functions or
solving multitask problems, see for example Bonilla et al. (2007); Álvarez et al. (2012);
Caponnetto et al. (2008); Carmeli et al. (2006, 2010); Micchelli and Pontil (2004, 2005);
Parra and Tobar (2017). Typical methods described in these papers, comprise penalized
least-squares regression, interpolation, Kriging and Gaussian processes.

However, none of these papers discusses divergence-free or rotation-free kernels with the
exception of Álvarez et al. (2012), where such kernels are at least mentioned but not further
investigated. Moreover, none of these papers provide an error analysis at all.

The need for divergence-free or rotation-free Gaussian processes became apparent for
example in Bilionis et al. (2013); Gunes and Rist (2008); Owhadi (2023); Wahlström et al.
(2013). Again, these papers do not contain any error analysis and, if at all, only test
divergence-free or rotation-free kernels numerically.

There are some papers discussing error estimates in the context of learning rates. Most
notably Li et al. (2013); Caponnetto and Vito (2007). The analysis and results there differ
significantly from ours. Notably, in Li et al. (2013), only essentially diagonal kernels are con-
sidered, which immediately excludes the kernels necessary for divergence- or rotation-free
approximations. Moreover, both papers are interested only in regression and not interpola-
tion and give error estimates only in probability under the assumption that the data sites
follow a given distribution. We, however, are interested in both interpolation and regression
and want to derive deterministic, worst case error estimates, yielding also strategies for the
selection of the smoothing parameter in the regression case. As pointed out in Wynne et al.
(2021), such estimates for “functions with vector valued output [...] would be an important
avenue of research”.

The new contributions of this paper are the mathematically precise introduction and
discussion of divergence- and rotation-free Gaussian processes together with the analysis of
their connection to matrix-valued positive definite kernels and vector-valued reproducing
kernel Hilbert spaces, and finally error analysis in Sobolev spaces. For the latter, we can
rely on results from approximation theory, particularly Fuselier (2008a), but require new
results on the approximation operator.

2. Gaussian Processes and Approximation

We shortly review the necessary material on (scalar-valued) Gaussian processes and their
connection to multivariate, kernel-based approximation theory, laying out the path we will
also follow for vector-valued functions. Basic definitions and details can be found in Ras-
mussen and Williams (2006).

Given a probability space (Ω,A,P) consisting of the abstract domain Ω, a σ-algebra A
on Ω and a probability measure P on (Ω,A) and an index domain D ⊆ Rd, a Gaussian
process is a family of random variables g : Ω × D → R, such that for any finite set of
pairwise distinct points {x1, . . . ,xN}⊆D, the random variable g = (g(·,x1), . . . , g(·,xN ))T
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is jointly normally distributed with mean m = (m(x1), . . . ,m(xN ))T and covariance matrix
Σ = (E[(g(·,xi) −m(xi))(g(·,xj) −m(xj))])1≤i,j≤N ∈ RN×N . Obviously, this means that
the Gaussian process is uniquely determined by a function m : D → R giving the mean and
a function K : D ×D → R describing the covariance via K(xi,xj) = Σij . As usual in this
context, we will omit the dependence on the unknown variable from Ω and simply write
g(x) instead of g(·,x). Throughout we shall use the notation

g ∼ GP(m,K).

The Gaussian process is called centered if it has mean zero.

Gaussian processes are often used to model the approximation of an unknown function
f : D → R. If nothing at all is known about this function, then we may try to approximate
f by an initial Gaussian process f0 : Ω × D → R with mean function m(x) = 0, x ∈ D,
though other mean functions are possible, and a preselected kernel function K : D×D → R.
Often, this kernel depends on several parameters, but we will suppress this for simplicity.
Obviously, f0 may not be a particularly good approximation. This will depend significantly
on the choice of the kernel.

Importantly, if we have N observations of the unknown function f at data sites X =
{x1, . . . ,xN} ⊆ D (also called design or training points), with data values either in the
form yj = f(xj) 1 ≤ j ≤ N without noise, or in the form yj = f(xj) + ϵj , 1 ≤ j ≤ N with
noise, then we can condition the initial Gaussian process using these data to obtain an a
posteriori Gaussian process. In the case of no noise, f(xj) = yj , this process is given by
fN,0 ∼ GP(mN ,KN ) with new mean and kernel functions

mN (x) := m(x) +K(x, X)K(X,X)−1 (y −m(X)) , (1)

KN (x,x′) := K(x,x′)−K(x, X)K(X,X)−1K(x′, X)T, (2)

where y = (y1, . . . , yN )T ∈ RN are the observations at X, m(X) := (m(x1), . . . ,m(xN ))T ∈
RN is the vector of means and K(x, X) := (K(x,x1), . . . ,K(x,xN )) ∈ R1×N . Finally,
K(X,X) ∈ RN×N is the matrix with elements K(xi,xj).

The functions mN and KN are also called predictive mean and predictive covariance,
respectively.

In the context of noisy observations yj = f(xj) + ϵj , 1 ≤ j ≤ N , the assumption that
the noise ϵj , 1 ≤ j ≤ N , follows an independent, identical Gaussian distribution with mean
zero and variance σ2 > 0 leads to the posterior Gaussian process fN,σ ∼ GP(mN,σ,KN,σ)
with

mN,σ(x) := m(x) +K(x, X)(K(X,X) + σ2I)−1 (y −m(X)) , (3)

KN,σ(x,x
′) := K(x,x′)−K(x, X)(K(X,X) + σ2I)−1K(x′, X)T. (4)

Here, I ∈ RN×N denotes the identity matrix. Otherwise, the notation is as in (1) and (2).
From the above equations, we see that fN,σ reduces to fN,0 if σ = 0, justifying our notation.

There is a strong connection to multivariate interpolation theory, particularly approxi-
mation by kernels or radial basis functions. To specify this connection, we will require the
following terminology.
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Definition 1 1. A continuous, symmetric function K : D × D → R is called positive
definite if for all N ∈ N and all sets of points, the kernel matrix K(X,X) ∈ RN×N is
positive definite (that is, if αTK(X,X)α > 0 for all α ∈ RN \ {0}). Such a function
is also called a positive definite kernel.

2. A Hilbert space H = {f : D → R} ⊆ C(D) of functions is a reproducing kernel Hilbert
space (RKHS) if there is a function K : D × D → R satisfying K(·,x) ∈ H for all
x ∈ D and f(x) = ⟨f,K(·,x)⟩H for all f ∈ H and all x ∈ D. The function K is
called the reproducing kernel of H.

It is well known, see for example Aronszajn (1950); Wendland (2005), that the reproducing
kernel of a RKHS is always positive semi-definite (i.e. K(X,X) is symmetric and positive
semi-definite for all X) and that the kernel is uniquely determined by the Hilbert space.
Moreover, for every positive definite kernel there is a unique RKHS having this kernel as
its reproducing kernel.

For us, the following connections between positive definite kernels, RKHS and Gaussian
processes are important. We start with the no-noise case. The proofs of the different
statements of the next theorem can be found in or follow easily from Wendland (2005) and
Scheuerer et al. (2013); Stuart and Teckentrup (2017).

Theorem 2 Let K : D×D → R be a positive definite kernel and let X = {x1, . . . ,xN} ⊆ D
consist of pairwise distinct points. Define the N -dimensional approximation space VX =
span{K(·,xj) : 1 ≤ j ≤ N} and let H be the RKHS of the kernel K.

1. For every y ∈ RN there is a unique function s0,y ∈ VX interpolating the data, i.e.
satisfying s0,y(xi) = yi, 1 ≤ i ≤ N . This defines an interpolation operator IX : RN →
VX , IXy := s0,y and also an operator IX : C(D) → VX by setting IXf = IX(f |X).

2. The function s0,y ∈ VX is the solution of

min {∥s∥H : s ∈ H with s(xi) = yi, 1 ≤ i ≤ N} .

3. If mN is the predictive mean from (1) with data given by yi = f(xi), 1 ≤ i ≤ N , then
mN = m+ IXf − IXm.

4. If KN is the predictive covariance kernel from (2) then

KN (x,x′) = K(x,x′)− IXK(·,x′)(x) = K(x,x′)− IXK(·,x)(x′),

i.e. the predictive covariance kernel is the error between the given kernel and its
interpolant with respect to one of its arguments.

For the predictive variance σ2N (x) := KN (x,x) this means

σ2N (x) = sup
∥f∥H=1

|f(x)− IXf(x)|2

= K(x,x)− 2K(x, X)u(x) + u(x)TK(X,X)u(x),

where the vector u(x) = (u1(x), . . . , uN (x))T ∈ RN contains the cardinal or Lagrange
functions uj ∈ VX evaluated at x. They satisfy uj(xi) = δij.
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The connection between Gaussian processes and RKHS and positive definite kernels in
the situation of noisy data is summarized in the next theorem. It is a specific version of the
representer theorem from machine learning, see Schölkopf and Smola (2002); Steinwart and
Christmann (2008).

Theorem 3 Let K : D×D → R be a positive definite kernel and let X = {x1, . . . ,xN} ⊆ D
consist of pairwise distinct points. Define the N -dimensional approximation space VX =
span{K(·,xj) : 1 ≤ j ≤ N} and let H be the RKHS of the kernel K.

1. Given λ > 0 and y ∈ RN , there is a unique function sλ,y ∈ VX solving

min


N∑
j=1

|s(xj)− yj |2 + λ∥s∥2H : s ∈ H

 .

This defines an approximation operator QX,λ : RN → VX , QX,λy := sλ,y and also an
operator QX,λ : C(D) → VX by setting QX,λf := QX,λ(f |X).

2. If mN,σ is the predictive mean from (3) with data y ∈ RN and prior mean m and
covariance kernel K, then mN,σ = m−QX,σ2m+QX,σ2y.

Again, we see the connection between the no-noise and the noisy case, as we have
QX,0 = IX . Moreover, we can use the approximation operator also for no-noise data, and
the interpolation operator for noisy data with either known or unknown distribution.

The connection between the mean of the predictive or posterior Gaussian process and
kernel based interpolation and approximation, leads to error estimates typically of the form

∥f(x)−mN (x)∥L∞(D) ≤ Ch
τ−d/2
X,D ∥f∥H,

where hX,D is the so-called fill distance of X in D, defined as

hX,D = sup
x∈D

min
1≤j≤N

∥x− xj∥2. (5)

Here the data-giving function f is assumed to be in the Sobolev space H = Hτ (D), D is
supposed to have a Lipschitz boundary and K is supposed to be the reproducing kernel
of Hτ (D). More general estimates that involve the error and relax the condition on the
smoothness of f can be found in Wynne et al. (2021). Moreover, as pointed out in Scheuerer
et al. (2013), the variance σN is the power function PX,K in approximation theory. Thus, a

bound of the form PX,K(x) ≤ Ch
τ−d/2
X,D and the Chebyshev inequality immediately leads to

the following result, which measures the deviation of a realisation from its mean.

Theorem 4 Assume that the covariance kernel K is the reproducing kernel of a Sobolev
space Hτ (D) with τ > d/2. Then, there are constants C > 0 and h0 > 0 such that for all
X = {x1, . . . ,xN} ⊆ D with hX,D ≤ h0, all f ∈ Hτ (D) and every ϵ ∈ (0, 1), the bound

P (|fN,0(x)−mN (x)| ≥ ϵ) ≤ C
h2τ−d
X,D
ϵ2

holds.
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3. Vector-Valued Function Approximation

In this section, we want to generalize the concept of Gaussian processes to Hilbert-space
valued functions. We are particularly interested in vector-valued Gaussian processes which
model physical vector fields from fluid dynamics and electromagnetics. Thus, we will intro-
duce divergence-free or rotation-free Gaussian processes.

After that we will discuss generalizations of positive definite kernels and reproducing
kernel Hilbert spaces to the situation of Hilbert-space valued functions and derive the con-
nection to Gaussian processes.

3.1 Generalized Gaussian Processes

The generalization of Gaussian processes to Hilbert-space valued functions is, more or less,
straightforward, see also (Adler, 1990, Ch. 1, Sec. 7, p. 35) for separable Banach-space-
valued Gaussian processes.

We will use the following notation. Let W be a Hilbert space and let L(W ) be the
space of bounded and linear operators A : W → W . On W we can, as usual, define the
Borel σ-algebra B(W ) which is the smallest σ-algebra onW which contains the open sets of
W . Measurability of functions mapping into W will always be with respect to (W,B(W )).
Next, for N ∈ N we let WN =W × · · · ×W be the N -fold Cartesian product of W , which
is equipped with the Borel σ-algebra B(WN ) = B(W )× · · · × B(W ).

Definition 5 Let (Ω,A,P) be a probability space and letW be a separable Hilbert space with
orthonormal basis {ej}j∈N. A measurable function g : Ω → W has a Gaussian or normal
distribution if the family (⟨g, ek⟩W )k∈N is Gaussian in the sense that finitely many of the
Fourier coefficients have a joint normal distribution. For a given D ⊆ Rd, a function g : Ω×
D →W describes a generalized orW -valued Gaussian process if for any finite set of pairwise
distinct points {x1, . . . ,xN} ⊆ D, the random variable G := (g(·,x1), . . . , g(·,xN )) : Ω →
WN is jointly normally distributed, i.e. if for any finite index set J ⊆ N, the family
(⟨g(·,xi), ek⟩W )1≤i≤N,k∈J has a joint normal distribution.

In the case W = R the above definition reduces the above concept of a normal distri-
bution and a generalized Gaussian process to the classical concept.

The distribution of a W -valued Gaussian random variable g : Ω → W is uniquely
determined by its mean m(g) and covariance matrix Σ(g), which take the form

m(g)k := E[⟨g, ek⟩W ], k ∈ N,
Σ(g)kℓ := E[(⟨g, ek⟩W −m(g)k)(⟨g, eℓ⟩W −m(g)ℓ)], k, ℓ ∈ N.

The same is true for a W -valued Gaussian process g, where mean m : D → W and
covariance K : D ×D → L(W ) are now determined by

m(x) := m(g(·,x)),
K(x,x′)kℓ := E[(⟨g(·,x), ek⟩W −m(x)k)(⟨g(·,x′), eℓ⟩W −m(x′)ℓ)].

We can interpret the kernel indeed as a map K : D×D → L(W ). Any element v ∈W can
uniquely be written as v =

∑
⟨v, ek⟩Wek with Fourier coefficients (⟨v, ek⟩W )k∈N. Hence,
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for such an element we can define K(x,x′)v by

K(x,x′)v :=
∑
k∈N

(∑
ℓ∈N

K(x,x′)kℓ⟨v, eℓ⟩W

)
ek.

We are particularly interested in the case of vector-valued functions g : D → Rn, i.e.
whereW = Rn, and here our main interest will be in the case d = n such that the dimension
of domain and range agree. But for the time being, we keep the possibility of having different
dimensions. In any case, we can use the standard basis vectors e1, . . . , en ∈ Rn such that
the above general theory reduces to the following definition.

Definition 6 Given a probability space (Ω,A,P), a finite number of vector-valued random

variables gi = (g
(i)
1 , . . . , g

(i)
n )T : Ω → Rn, 1 ≤ i ≤ N , have a joint Gaussian distribution if

the random variable G := (g1, . . . , gN ) : Ω → Rn×N is uniquely determined by its matrix-
valued mean

m
(i)
k = E(g(i)k ), 1 ≤ i ≤ N, 1 ≤ k ≤ n,

and its tensor-valued covariance kernel

Σ
(ij)
kℓ = E[(g(i)k −m

(i)
k )(g

(j)
ℓ −m

(j)
ℓ )], 1 ≤ i, j ≤ N, 1 ≤ k, ℓ ≤ n.

For D ⊆ Rd, we will call a vector-valued random process g : Ω × D → Rn a Gaussian
process if for every N ∈ N and every X = {x1, . . . ,xN} ⊆ D, the vector-valued variables
gj = g(·,xj), 1 ≤ j ≤ N have a joint Gaussian distribution. This is written as g ∼
GP(m,K), where the vector-valued function m : D → Rn gives the mean function and
K : D ×D → Rn×n is the matrix-valued covariance kernel, satisfying

m(x) = E[g(·,x)], K(x,x′) = E[(g(·,x)−m(x))(g(·,x′)−m(x′))T].

Obviously, we have for fixed i, j the relation K(xi,xj) = [Σ
(ij)
kℓ : 1 ≤ k, ℓ ≤ n].

We will also need a vector-valued version of the Karhunen-Loève expansion. To this
end, let L2(D)n = {w = (w1, . . . , wn) : wk ∈ L2(D)} be the space of all vector-valued
square-integrable functions with inner product ⟨u,w⟩L2(D)n :=

∑n
k=1⟨uk, wk⟩L2(D).

Noting that our covariance kernel K : D → D → Rn×n of the Gaussian process g : Ω×
D → Rn is not only continuous but also symmetric in the sense that K(x,x′) = K(x′,x)T,
we see that the integral operator A : L2(D)n → L2(D)n, given by

Aw(x) :=

∫
D
K(x,y)w(y)dy (6)

is a self-adjoint and compact operator. The operator is also positive, as we have, assuming
for simplicity a centered Gaussian process,

⟨Aw,w⟩L2(D)n =
n∑

k,ℓ=1

∫
D

∫
D
K(x,x′)kℓwk(x)wℓ(x

′)dxdx′

=

n∑
k,ℓ=1

∫
D

∫
D

∫
Ω
gk(ω,x)gℓ(ω,x

′)dP(ω)wk(x)wℓ(x
′)dxdx′

=

∫
Ω

∣∣∣∣∣
∫
D

n∑
k=1

gk(ω,x)wk(x)dx

∣∣∣∣∣
2

dP(ω) ≥ 0.
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Thus, the spectral theorem for compact, self-adjoint and positive operators gives us an
orthonormal basis of eigenfunctions of A with corresponding nonnegative eigenvalues. As
we are only interested in positive eigenvalues, we can proceed as in the scalar-valued case to
derive Mercer’s representation of the kernel and the Karhunen-Loève expansion for vector-
valued Gaussian processes.

Proposition 7 Let D ⊆ Rd be compact, and let g : Ω×D → Rn be an integrable, centered
Gaussian process with continuous covariance kernel K : D×D → Rn×n. Let {ϕk} ⊆ L2(D)d

be an orthonormal subset of L2(D)d consisting of eigenfunctions of the integral operator
associated to the kernel with corresponding positive eigenvalues {λk}. Then, the kernel has
the Mercer representation

K(x,x′) =

∞∑
k=1

λkϕk(x)ϕk(x
′)T, x,x′ ∈ D.

The series converges uniformly and absolutely. Moreover, the Gaussian process has the
Karhunen-Loève representation

g(ω,x) =
∞∑
k=1

√
λkξk(ω)ϕk(x), x ∈ D, ω ∈ Ω, (7)

where the convergence with respect to ω is in L2(Ω,P) and with respect to x is uniform.
The random variables ξk : Ω → R are given in terms of g by

ξk(ω) =
1√
λk

∫
D
⟨g(ω,x),ϕk(x)⟩2dx.

With the notation above, we can now use vector-valued Gaussian processes to form
approximations to vector-valued functions v : D ⊆ Rd → Rn. As in the scalar-valued case
we start with a prior model v0 : Ω × D → Rn with mean function m : D → Rn, usually
assumed to be zero, and a matrix-valued covariance kernel K : D × D → Rn×n. Next,
assuming again that we have N observations at design points X = {x1, . . . ,xN} ⊆ D in
the form yj = v(xj) + ϵj , 1 ≤ j ≤ N , where the ϵj are either zero (exact data) or follow a
normal distribution with mean zero and variance σ2In with In ∈ Rn×n being the identity
matrix and σ2 > 0. In both cases, we can write the conditional distribution as a posterior
Gaussian process vN,σ ∼ GP(mN,σ,KN,σ), σ ≥ 0. To describe the mean mN,σ and the
covariance KN,σ we will interpret m(X) := (m(x1), . . . ,m(xN )) ∈ Rn×Nas a vector in
RnN rather than a matrix in Rn×N . In the same fashion, we will interpret the N (n× n)-
matrices K(x, X) = (K(x,x1), . . . ,K(x,xN )) as a matrix from Rn×nN and the fourth
order tensor K(X,X) = (K(xi,xj))1≤i,j≤N consisting of N2 small (n × n) matrices as a
matrix from RnN×nN . Finally, we set Y = (yT

1 , . . . ,y
T
N )T ∈ RnN and use I ∈ RnN×nN as

the identity matrix.

Lemma 8 With the notation above, the predictive mean and covariance of the posterior
Gaussian process vN,σ conditioned by the data Y and X are

mN,σ(x) := m(x) +K(x, X)(K(X,X) + σ2I)−1 (Y −m(X)) ,

KN,σ(x,x
′) := K(x,x′)−K(x, X)(K(X,X) + σ2I)−1K(x′, X)T.

In the case σ = 0, we will again write mN and KN , respectively.
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This is in accordance with scalar-valued Gaussian processes, and follows immediately from
the standard formulas of conditional Gaussian processes.

3.2 Divergence- and Rotation-free Gaussian Processes

Having introduced the concept of vector-valued Gaussian processes, we can now proceed
to discuss divergence- and rotation-free Gaussian processes. To this end, we recall that
divergence and rotation of a continuously differentiable vector field v : D ⊆ Rd → Rd are
defined by

div v = ∇ · v =
d∑

k=1

∂vk
∂xk

,

for any d ∈ N and, for d = 2, 3,

curlv = ∇× v =


(

∂v3
∂x2

− ∂v2
∂x3

, ∂v1∂x3
− ∂v3

∂x1
, ∂v2∂x1

− ∂v1
∂x2

)T
for d = 3

∂v2
∂x1

− ∂v1
∂x2

for d = 2.

The vector field is called divergence-free or rotation-free if div v(x) = 0 or curlv(x) = 0,
respectively.

We can now carry this concept over to vector-valued Gaussian processes.

Definition 9 Let g : Ω × D → Rd be a Gaussian process defined on a compact subset
D ⊆ Rd which is continuously differentiable with respect to the variable x ∈ Rd.

• The process is called divergence-free if it satisfies div g(·,x) = 0 for all x ∈ D and
P-almost everywhere on Ω.

• The process is called rotation-free or curl-free if it satisfies curl g(·,x) = 0 for all
x ∈ D and P-almost everywhere on Ω.

In both cases, the differential operators act only with respect to the spatial variable x ∈ D.

The property of being divergence-free or rotation-free carries over from a Gaussian process
to its mean and covariance kernel.

Lemma 10 Let g : Ω×D → Rd be a divergence-free Gaussian process. Then the mean m
is also divergence-free, and the matrix-valued covariance kernel K : D×D → Rd×d has the
following property. For a fixed x′ ∈ D, each column of the map K(·,x′) is in C1(D)d and
divergence-free.

In the case of d = 2, 3 this statement holds in a similar way for a rotation-free Gaussian
process.

Proof We will prove the result only for a divergence-free Gaussian process. We denote the
components of g by gk, 1 ≤ k ≤ d. For the mean

m(x) = E[g(x)] =
∫
Ω
g(ω,x)dP(ω),

9
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we simply take the divergence under the integral, using the Leibniz theorem to justify
differentiating under the integral sign.

For the covariance kernel, we first fix the column index 1 ≤ ℓ ≤ d. Then, we have for
the k-th component of the ℓ-th column

K(x,x′)kℓ =

∫
Ω
(gk(ω,x)−mk(x))

(
gℓ(ω,x

′)−mℓ(x
′)
)
dP(ω).

That the right-hand side as a function of x is in C1(D) for fixed x′ follows again from
the Leibniz theorem. We can then conclude that

divxK(x,x′)eℓ =

d∑
k=1

∂

∂xk
K(x,x′)kℓ

=
d∑

k=1

∂

∂xk

∫
Ω
(gk(ω,x)−mk(x))

(
gℓ(ω,x

′)−mℓ(x
′)
)
dP(ω)

=

∫
Ω
[divx (g(ω,x)−m(x))]

(
gℓ(ω,x

′)−mℓ(x
′)
)
dP(ω)

= 0,

where eℓ is the ℓth unit vector in Rd, using the fact that both g andm are divergence-free.

A Gaussian process is uniquely determined by its mean and covariance kernel. This
remains obviously true for vector-valued Gaussian processes. As we have seen, a divergence-
free Gaussian process has a divergence-free mean and covariance kernel. Hence, it is natural
to ask the question whether it is enough for a Gaussian process to have a divergence-free
mean and covariance kernel to be divergence-free, as well. The next theorem shows that
this is indeed the case.

Theorem 11 Let D ⊆ Rd be compact. Let g : Ω×D → Rd be a continuously differentiable
vector-valued Gaussian process whose mean is divergence-free and whose covariance kernel
has divergence-free columns. Then g is divergence-free.

An analogous statement holds in the case d = 2, 3 for Gaussian processes with rotation-
free mean and covariance.

Proof Again, we give the proof only for divergence-free case. Here, we will use the vector-
valued Karhunen-Loève expansion from Proposition 7 with n = d. We first have a look at
the eigenfunctions ϕ ∈ L2(D)d of the integral operator A. From (6) we have

λkϕk(x) =

∫
D
K(x,y)ϕk(y)dy.

On taking the divergence of each side and using the fact that the divergence of each column
of K(x,y) with respect to x is zero we see that the eigenfunctions ϕk are divergence-free.
Thus, the partial sums of the expansion (7),

m∑
k=1

√
λkξk(ω)ϕk(x),

10
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have divergence zero, implying that the limit as m→ ∞ is also divergence-free.

.

3.3 Vector-Valued Reproducing Kernel Hilbert Spaces

As in the scalar-valued case, there is a strong connection to kernel-based approximation
theory and reproducing kernel Hilbert spaces. We start this discussion by introducing both
concepts for functions that are Hilbert-space-valued. After that, we look at the specific cases
of vector-valued functions and then at divergence- and rotation-free functions. The concept
of Hilbert-space-valued reproducing kernel Hilbert spaces was introduced in Pedrick (1957).
It became popular in the approximation theory community, particularly in the context of
approximating divergence- and rotation-free vector fields after the initial work in Narcowich
and Ward (1994). Moreover, in Micchelli and Pontil (2005) they were most notably studied
in the context of learning theory.

Let W again be a Hilbert space and L(W ) the space of all bounded operators from W
to W . As usual, for A ∈ L(W ) the adjoint operator A∗ ∈ L(W ) is the unique operator
satisfying ⟨Av,w⟩W = ⟨v,A∗w⟩W for all v, w ∈W .

Definition 12 1. A continuous map K : D×D → L(W ) is called positive definite if it
satisfies K(x,x′)∗ = K(x′,x) for all x,x′ ∈ D and

N∑
i,j=1

⟨wi,K(xi,xj)wj⟩W > 0.

for all N ∈ N, all data sets X = {x1, . . . ,xN} ⊆ D of pairwise distinct points, and
all w ∈WN \ {0}.

2. A Hilbert space H := H(D;W ) = {w : D → W} of W -valued functions is called a
reproducing kernel Hilbert space (RKHS) if there is a function K : D × D → L(W )
with

(a) K(·,x)w ∈ H(D;W ) for all x ∈ D and all w ∈W .

(b) ⟨v(x), w⟩W = ⟨v,K(·,x)w⟩H for all v ∈ H(D;W ), all x ∈ D and all w ∈W .

The function K is called the reproducing kernel of H(D;W ).

As in the case of Gaussian processes, this definition reduces to the classical definition
of positive definite kernels and reproducing kernel Hilbert spaces for W = R. While it
is possible to draw connections between the generalized concepts of Gaussian processes,
positive definite kernels and reproducing kernel Hilbert spaces, we restrict ourselves here
again to the case of vector-valued processes.

The restriction of the above definition to this case yields the following concept of vector-
valued RKHS and matrix-valued kernels.

Definition 13 1. A continuous, matrix-valued map K : D×D → Rn×n is called positive
definite if it satisfies K(x,x′)T = K(x′,x) for all x,x′ ∈ D and

N∑
i,j=1

wT
i K(xi,xj)wj > 0. (8)

11
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for all N ∈ N and all data sets X = {x1, . . . ,xN} ⊆ D of pairwise distinct points and
all w1, . . . ,wN ∈ Rn, not all being the zero vector.

2. A Hilbert space H := H(D) = {w : D → Rn} of vector-valued functions is called a
reproducing kernel Hilbert space (RKHS) if there is a function K : D × D → Rn×n

with

(a) K(·,x)w ∈ H(D) for all x ∈ D and all w ∈ Rn.

(b) v(x)Tw = ⟨v,K(·,x)w⟩H for all v ∈ H(D), all x ∈ D and all w ∈ Rn.

The function K is called the reproducing kernel of H(D).

The following properties hold and are proven as in the scalar-valued case. The repro-
ducing kernel of a vector-valued RKHS is unique and positive semi-definite, i.e. it satisfies
(8) with ≥ 0 rather than > 0. The kernel is positive definite if point-evaluations are linearly
independent. Moreover, for every positive definite kernel K : D × D → Rn×n there is a
unique vector-valued RKHS H = H(D) ⊆ C(D)n, in which K is the reproducing kernel. It
is, as in the scalar-valued case, constructed by forming the closure of the linear space

FK(D) =


M∑
j=1

K(·, zj)βj : zj ∈ D,βj ∈ Rn,M ∈ N

 (9)

with respect to the norm which is induced by the inner product

⟨K(·,x)α,K(·,x′)β⟩K := αTK(x,x′)β. (10)

Details can, for example, be found in Fuselier (2008b).
We will now describe the connection between vector-valued Gaussian processes and

vector-valued RKHS and matrix-valued positive definite kernels. As in the scalar-valued
case, we start with the no-noise situation, meaning that our vector-valued observations at
X = {x1, . . . ,xN} ⊆ D are given by yj = v(xj), 1 ≤ j ≤ N and thus we have σ = 0 in
Lemma 8. The first three statements of the following theorem are essentially proven as in
the scalar-valued case but only a proof for the first one can be found in Micchelli and Pontil
(2005) in the even more general situation of Hilbert-space-valued functions. However, we
have included its proof as it introduces the notation we need for the rest of the proof. The
fourth statement is a new, somewhat unexpected generalization of a similar result in the
scalar-valued case.

Theorem 14 Let K : D×D → Rn×n be a positive definite kernel and X = {x1, . . . ,xN} ⊆
D consist of pairwise distinct points. Define the finite dimensional approximation space
VX = {

∑N
j=1K(·,xj)βj : βj ∈ Rn, 1 ≤ j ≤ N} and let H = H(D) be the RKHS of the

kernel K.

1. For every set of training observations Y = {y1, . . . ,yN} ⊆ Rn there is a unique
function s0,Y ∈ VX interpolating the data, i.e. satisfying s0,Y (xi) = yi, 1 ≤ i ≤ N .
This defines an interpolation operator IX : RN×n → VX , IXv = s0,Y and also an
operator IX : C(D)n → VX by setting IXv = IX(v|X).

12
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2. The function s0,Y ∈ VX is the solution of

min {∥s∥H : s ∈ H with s(xi) = yi, 1 ≤ i ≤ N} .

3. If mN is the predictive mean from Lemma 8 in the no-noise case yj = v(xj), 1 ≤
j ≤ N , i.e. with σ = 0, then

mN = m+ IXv − IXm. (11)

4. If KN is the predictive covariance kernel from Lemma 8 in the no-noise case, i.e.
with σ = 0, then

KN (x,x′) = K(x,x′)− IXK(·,x′)(x) = K(x,x′)− IXK(·,x)(x′),

where the interpolation operator IX is now applied to each column of the matrix-valued
kernel. This again means that the predictive covariance kernel is the error between
the given kernel and its interpolant with respect to one of its arguments.

For the predictive variance σ2
N (x) := KN (x,x) ∈ Rn×n this means

∥σ2
N (x)∥2 = λmax(σ

2
N (x)) = sup

∥v∥H=1
∥v(x)− IXv(x)∥22,

where λmax(σ
2
N (x)) denotes the maximum eigenvalue of the positive and symmetric

matrix KN (x,x) ∈ Rn×n.

Proof If we write the interpolant in the form

s0,Y =
N∑
j=1

K(·,xj)αj

with αj ∈ Rn, then the interpolation conditions and the notational convention immediately
before Lemma 8 show α = K(X,X)−1Y and thus

s0,Y (x) = K(x, X)α = K(x, X)K(X,X)−1Y ,

proving the first point, from which also the third point follows immediately. For the second
point, we proceed similarly to the scalar-valued case, see for example Wendland (2005). We
first note that if v ∈ H is any function with v(xj) = 0, 1 ≤ j ≤ N , then

⟨v, s0,Y ⟩H =
N∑
j=1

⟨v,K(·,xj)αj⟩H =
N∑
j=1

v(xj)
Tαj = 0,

using the reproducing kernel property. Thus, for any other interpolant s ∈ H, s(xj) = yj ,
we can conclude

∥s0,Y ∥2H = ⟨s0,Y , s0,Y − s+ s⟩H = ⟨s0,Y , s⟩H ≤ ∥s0,Y ∥H∥s∥H.

13
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Dividing by ∥s0,Y ∥H shows the second statement. For the fourth statement, we first note

that for 1 ≤ j ≤ N and 1 ≤ ℓ ≤ n, there is a unique function u
(ℓ)
j ∈ VX satisfying

u
(ℓ)
j (xi) = δijeℓ for 1 ≤ i, j ≤ N and 1 ≤ ℓ ≤ n, where eℓ is the ℓ-th unit vector in Rn. Thus,

the matrix-valued function uj := (u
(1)
j , . . . ,u

(n)
j ) : D → Rn×n, satisfies uj(xi) = δijIn,

where In is the identity matrix in Rn×n. The functions uj belong to the finite dimensional
space span{K(·,xj) : 1 ≤ j ≤ N}. Moreover, the functions uT

j also satisfy uj(xi)
T = δijIn

and belong to the space span{K(xj , ·) : 1 ≤ j ≤ N}. Hence, they are, for a fixed x ∈ D,
the unique solution of the linear matrix system

N∑
j=1

K(xi,xj)uj(x)
T = K(xi,x), 1 ≤ i ≤ N.

With this, we can, again for a fixed x ∈ D and α ∈ Rn, express the error as

αT[v(x)− IXv(x)] = αT

v(x)− N∑
j=1

uj(x)v(xj)


=

〈
v,

K(·,x)α−
N∑
j=1

K(·,xj)uj(x)
Tα

〉
H

≤ ∥v∥HPK,X(x,α) (12)

with

[PK,X(x,α)]2 =

∥∥∥∥∥∥K(·,x)α−
N∑
j=1

K(·,xj)uj(x)
Tα

∥∥∥∥∥∥
2

H

= αTK(x,x)α− 2αT
N∑
j=1

K(x,xj)uj(x)
Tα

+αT
N∑

j,k=1

uk(x)K(xk,xj)uj(x)
Tα

= αT

K(x,x)−
N∑
j=1

K(x,xj)uj(x)
T

α

= αT
[
K(x,x)−K(x, X)K(X,X)−1K(X,x)

]
α

= αTKN (x,x)α.

Obviously, for a fixed x ∈ D we have equality in (12) for

v = K(·,x)α−
N∑
j=1

K(·,xj)uj(x)
Tα,

14
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which implies

sup
v∈H
v ̸=0

|αT(v(x)− IXv(x))|2

∥v∥2H
= PK,X(x,α)2 = αTKN (x,x)α.

This now leads to

λmax(KN (x,x)) = sup
α∈Rn

α ̸=0

αTKN (x,x)α

∥α∥22

= sup
α∈Rn

α ̸=0

sup
v∈H
v ̸=0

|⟨v(x)− IXv(x),α⟩2|2

∥v∥2H∥α∥22

= sup
v∈H
v ̸=0

sup
α∈Rn

α ̸=0

|⟨v(x)− IXv(x),α⟩2|2

∥v∥2H∥α∥22

= sup
v∈H
v ̸=0

∥v(x)− IXv(x)∥22
∥v∥2H

The connection between Gaussian processes and positive definite kernels in the situation
of noisy data is the following straight-forward generalisation of the representer theorem from
machine learning, Theorem 3, to the vector-valued situation.

Theorem 15 Let K : D×D → Rn×n be a positive definite kernel and X = {x1, . . . ,xN} ⊆
D consist of pairwise distinct points. Define the finite dimensional approximation space
VX = {

∑N
j=1K(·,xj)βj : βj ∈ Rn, 1 ≤ j ≤ N} and let H = H(D;Rn) be the RKHS of the

kernel K.

1. Given λ > 0 and Y = {y1, . . . ,yN} ⊆ Rn, there is a unique function sλ,Y ∈ VX
solving

min


N∑
j=1

∥s(xj)− yj∥22 + λ∥s∥2H : s ∈ H

 .

This defines an approximation operator QX,λ : RN×n → VX , QX,λY := sλ,Y and also
an operator QX,λ : C(D)n → VX by setting QX,λv := QX,λ(v|X).

2. If mN,σ is the predictive mean from (3) with data Y and prior mean m and covariance
kernel K, then mN,σ = m−QX,σ2m+QX,σ2(Y ).

Proof The proof of the first statement is with mild modification the same proof as the
one for the scalar-valued case. It is divided into two steps. First, we need to show that
the minimum is attained for an element s ∈ VX . To see this, we note that VX is a closed
subspace of H and hence we can decompose H into a direct sum of VX and its orthog-
onal complement. Hence, any s ∈ H can be written as s = s1 + s2 with s1 ∈ VX and
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s2 ∈ V ⊥
X . As we have ∥s∥2H = ∥s1∥2H + ∥s2∥2H and αTs2(xj) = ⟨s2,K(·,xj)α⟩H = 0 for

all α ∈ Rn and hence s2(xj) = 0 for 1 ≤ j ≤ N , we see that the minimum indeed must
be attained for an element from VX . In the second step, we write an arbitrary element of
VX as s =

∑N
j=1K(·,xj)βj . Minimizing the above expression then means determining the

optimal βj ’s, which eventually gives the stated result.

For us the existence of extension and restriction operators will be important. If the
kernel K is actually defined on a larger set D̃ ⊇ D, we can study the connection between
the reproducing kernel Hilbert space H(D̃) and H(D) of K and K|(D×D). The following
result is a generalization of the scalar-valued result, see Wendland (2005).

Theorem 16 Let D ⊆ D̃ ⊆ Rd be given. Let K : D̃ × D̃ → Rn×n be positive definite and
let H(D̃) and H(D) be the RKHS in which K and K|(D × D) are reproducing kernels,
respectively.

• There is a linear isometric extension operator E : H(D) → H(D̃) with (Ev)|D = v
for all v ∈ H(D).

• The linear restriction operator R : H(D̃) → H(D), defined by Rv = v|D for all
v ∈ H(D̃) satisfies ∥R∥ = 1.

Proof Because D ⊆ D̃, we have a natural extension operator E : FK(D) → FK(D̃) by
simply evaluating any v ∈ FK(D) also at points from D̃. (For the definition of FK see (9).)
This operator is obviously linear and an isometry, since the norm of such a v depends only
on the centers and coefficients of v. As FK(D) is dense in H(D), this extension operator
extends to H(D), keeping the isometry property.

We now turn to the restriction operator. Here, we need a vector-valued version of the
results of Theorems 10.22, 10.26 and 10.46 of Wendland (2005). We will adapt these results
and condense the arguments to the specific situation. Hence, let v ∈ H(D̃) be given. We first
need to show that v|D ∈ H(D). To this end, we define a linear functional ψv : FK(D) → R
by setting ψv(K(·,x)α) = αTv(x), x ∈ D, α ∈ Rn, and linearization. This is obviously
linear. Moreover, for an arbitrary w =

∑N
j=1K(·,xj)αj ∈ FK(D) we have

ψv(w) =
N∑
j=1

αT
j v(xj) =

N∑
j=1

αT
j IXv(xj) =

〈
IXv,

N∑
j=1

K(·,xj)αj

〉
H(D)

= ⟨IXv,w⟩H(D) ≤ ∥IXv∥H(D)∥w∥H(D) ≤ ∥v∥H(D̃)
∥w∥H(D),

where in the last step, we have used IXv ∈ FK(D) ⊆ FK(D̃) ⊆ H(D̃) and the norm-
minimality of the interpolant. This shows boundedness of the functional ψv with ∥ψv∥ ≤
∥v∥H(D̃)

. As FK(D) is dense in H(D), we can extend ψv to a functional ψv : H(D) →
R having the same norm. For simplicity, we will use the same notation for the original
functional and its extension. By the Riesz’ representation theorem, there is a wv ∈ H(D)
with ∥wv∥H(D) = ∥ψv∥ and ψv(w) = ⟨w,wv⟩H(D) for all w ∈ H(D). It now suffices to show
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that v|D = wv. To see this, let α ∈ Rn and x ∈ D be fixed but arbitrary and conclude

αT(v(x)−wv(x)) = αTv(x)− ⟨wv,K(·,x)α)⟩H(D)

= αTv(x)− ψv(K(·,x)α)

= αTv(x)−αTv(x) = 0.

Now that we know that R maps H(D̃) indeed to H(D), we can look at the norm and see
that for every v ∈ H(D̃) we have

∥Rv∥H(D) = ∥wv∥H(D) = ∥ψv∥ ≤ ∥v∥H(D̃)
,

showing ∥R∥ ≤ 1. However, any v = K(·,x)α with a fixed x ∈ D and α ∈ Rn belongs
to FK(D) and FK(D̃) ⊆ H(D̃). Obviously, its restriction Rv is v itself, showing ∥R∥ = 1.

3.4 Sobolev Spaces

In this paper, we are mainly interested in Sobolev spaces as RKHSs. However, we will use
some leeway in defining the inner product and norm on these spaces, as is customary in the
scalar-valued case. The advantage of this procedure is that we can have different reproducing
kernels for the same algebraic space, using different inner products. We start with recalling
the definitions of vector-valued Sobolev spaces and vector-valued mixed-regularity Sobolev
spaces. We do this not only for Hilbert spaces but also for general Lp spaces. To this end,
we first recall the definition of the Lp-norm for vector-valued functions. For 1 ≤ p <∞ and
v ∈ Lp(D)n, this is defined as

∥v∥Lp(D)n :=

(
n∑

ℓ=1

∥vℓ∥pLp(D)

)1/p

=

(
n∑

ℓ=1

∫
D
|vℓ(x)|pdx

)1/p

,

i.e. by taking the ℓp norm of the Lp norms. For p = ∞ the definition of the norm uses the
usual modifications.

For k ∈ N0, 1 ≤ p <∞ the Sobolev space of order k is defined as expected:

W k
p (D)n := {v ∈ Lp(D)n : ∥v∥Wk

p (D)n <∞},

∥v∥Wk
p (D)n :=

(
k∑

ℓ=0

|v|p
W ℓ

p(D)n

)1/p

,

|v|W ℓ
p(D)n :=

∑
|α|=ℓ

∥Dαv∥2Lp(D)n

1/2

.

As usual, the derivatives are meant in the weak sense. For p = 2 we will also use the notation
Hk(D)n :=W k

2 (D)n. Moreover, for 1 ≤ p <∞, using for example interpolation theory, the
definition can be extended to define also fractional order Sobolev spaces W τ

p (Ω)
n.
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Before we specify the connection between Sobolev spaces and reproducing kernel Hilbert
spaces, we want to generalize a sampling inequality to the vector valued case. Such sampling
inequalities were introduced in the context of scattered data interpolation and approxima-
tion in Narcowich et al. (2005); Wendland and Rieger (2005) and then refined, for example,
in Arcangéli et al. (2007, 2012); Narcowich et al. (2006). They are a universal tool to provide
immediate and optimal error estimates for a variety of approximation processes based on
discrete data, as long as these processes have small or vanishing error on the data and are
stable in some Sobolev norm. More details can be found in the papers mentioned above.

While an extension of such sampling inequalities for functions vanishing on the data
to vector-valued functions is straight-forward and has been used, for example, in Fuselier
(2008a); Schräder and Wendland (2011); Wendland (2009), we require the following gen-
eralization for functions not vanishing on the data. We formulate it only in the required
situation and not in the most general case. We will also need a discrete ℓp norm, which we
define for X = {x1, . . . ,xN} and 1 ≤ p <∞ by

∥v∥ℓp(X)n :=

(
n∑

ℓ=1

∥vℓ∥pℓp(X)

)1/p

=

 n∑
ℓ=1

N∑
j=1

|vℓ(xj)|p
1/p

with the obvious modification for p = ∞. This, of course is a generalization of the ℓp norm
for vectors of vectors. For Y = (y1, . . . ,yN ) with yj ∈ Rn, we write

∥Y ∥ℓp :=

 N∑
j=1

∥yj∥
p
ℓp

1/p

.

Recall that any bounded domain with a Lipschitz boundary also satisfies an interior
cone condition, see for example Grisvard (1985). In the sampling theorem that follows we
use the fill distance from (5) and (x)+ := max{x, 0}.

Theorem 17 Let D ⊆ Rd be a bounded domain with a Lipschitz boundary. Let p, q ∈ [1,∞]
and n ∈ N. Let τ > d/2 and γ := max{2, p, q}. Then, there exist constants h0 > 0
(depending on D and τ) and C > 0 (depending on D, n, τ and q) such that for all X =
{x1, . . . ,xN} ⊆ D with h = hX,D ≤ h0 and all v ∈ Hτ (D)n, we have

|v|W s
q (D)n ≤ C

(
hτ−s−d(1/2−1/q)+ |v|Hτ (D)n + hd/γ−s∥v∥ℓp(X)n

)
for all 0 ≤ s ≤ ℓ(τ, q, d), where ℓ(τ, q, d) = ℓ0(τ, q, d) := τ − d(1/2 − 1/q)+ in the case
τ ∈ N and either q > 2 and ℓ0(τ, q, d) ∈ N or q = 2. Otherwise ℓ(τ, q, d) = ⌈ℓ0(τ, q, d)⌉ − 1.
Moreover, s ∈ N0 in the case q = ∞.

Proof In the case n = 1, this is a special case of Theorems 3.1 and 3.2 from Arcangéli
et al. (2012). For n ≥ 2 we set e1 := τ − s − d(1/2 − 1/q)+ and e2 := d/γ − s to simplify
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the notation. Then, using the scalar-valued case, we have for 1 ≤ q <∞,

|v|W s
q (D)n =

(
n∑

ℓ=1

|vℓ|qW s
q (D)

)1/q

≤

(
n∑

ℓ=1

[
C
(
he1 |vℓ|Hτ (D) + he2∥vℓ∥ℓp(X)

)]q)1/q

≤ C

he1 ( n∑
ℓ=1

|vℓ|qHτ (D)

)1/q

+ |he2
(

n∑
ℓ=1

∥vℓ∥qℓp(X)

)1/q


≤ C
[
c2qh

e1 |v|Hτ (D)n + cpqh
e2∥v∥ℓp(X)n

]
,

where we have used in the first step the scalar-valued bound, in the second step the triangle
inequality for ℓq-norms and in the final step the equivalence of ℓq and ℓp and ℓ2 norms. The
equivalence constants are given by cpq = n1/q−1/p if p ≥ q and cpq = 1 otherwise. The case
q = ∞ is treated similarly.

Typically, the above sampling inequality is not used with the target function v directly
but with the error v −AXv, where AXv is some linear approximation process using only
the data (X,v(X)) or (X,v(X)+ ϵ). In this situation the sampling inequality immediately
yields

|v −AXv|W s
q (D)n ≤ C

(
hτ−s−d(1/2−1/q)+ |v −AXv|Hτ (D)n + hd/γ−s∥v −AXv∥ℓp(X)n

)
,

which becomes a proper error bound if the error v − AXv is small on the data sites X
and the process is stable in the sense of |AXv|Hτ (D)n ≤ C∥v∥Hτ (D)n . We will employ this
procedure for interpolation, AX = IX , and regression, AX = QX,λ.

The Sobolev embedding theorem guarantees that for τ > d/2, the space Hτ (D) is a
reproducing kernel Hilbert space. However, for general D the reproducing kernel is usually
not known in explicit form. A typical remedy to this problem, which we employ here, is
to use a reproducing kernel of Hτ (Rd), which can, for example, be given as Kτ (x,y) =
Φτ (x − y) with a continuous and integrable function Φτ : Rd → R, which has a Fourier
transform

Φ̂τ (ω) = (2π)−d/2

∫
Rd

Φτ (ω)e−ixTωdx

having the following decay property: there exist constants c1, c2 > 0 such that

c1(1 + ∥ω∥22)−τ ≤ Φ̂τ (ω) ≤ c2(1 + ∥ω∥22)−τ , ω ∈ Rd. (13)

To be more precise, we have the following well-known result see Wendland (2005).

Lemma 18 Suppose Φτ ∈ L1(Rd) ∩ C(Rd) possesses a Fourier transform with decay (13).
Then, Kτ : Rd × Rd → R, Kτ (x,y) = Φτ (x− y) is the reproducing kernel of Hτ (Rd) with
respect to the inner product

⟨f, g⟩Kτ := (2π)−d/2

∫
Rd

f̂(ω)ĝ(ω)

Φ̂τ (ω)
dω.
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To use a kernel which is defined on all of Rd and then restricted to D ⊆ Rd in the context
of kernel-based learning can be done in two equivalent ways. Both involve the existence of a
bounded, linear extension operator ED : Hτ (D) → Hτ (Rd), which exists, for example, if D
is a bounded domain with a Lipschitz boundary, see for example Brenner and Scott (1994).
The first approach is based on the fact that the interpolation/approximation only uses data
of the unknown function f on data sites X ⊆ D. Thus, the interpolation/approximation to
f is the same as the interpolation/approximation to EDf , which allows us to work in the
RKHS over all of Rd. Here, we will use the second approach, which uses the fact that there
is also a canonical extension operator for E : HK(D) → HK(Rd) for any positive definite
kernel K : Rd × Rd → R, which is the identity on FK(D) = span{K(·,x) : x ∈ D}. This
approach leads to the following result; a proof can be found in (Wendland, 2005, Corollary
10.48) for the integer case and follows by interpolation theory for the fractional-order case.

Lemma 19 Assume Φ ∈ L1(Rd) ∩ C(Rd) has a Fourier transform Φ̂ satisfying (13) with
τ > d/2. Let D ⊆ Rd be a bounded domain with a Lipschitz boundary. Let Kτ : D×D → R
be defined by Kτ (x,y) = Φ(x− y), x,y ∈ D. Then, there exists an inner product ⟨·, ·⟩Kτ :
Hτ (D) × Hτ (D) → R on Hτ (D) such that Kτ is the reproducing kernel of Hτ (D) with
respect to this inner product. The norm ∥ · ∥Kτ induced by this inner product is equivalent
to the standard norm on Hτ (D), i.e. there are constants C1(τ), C2(τ) > 0 such that

C1(τ)∥u∥Kτ ≤ ∥u∥Hτ (D) ≤ C2(τ)∥u∥Kτ , u ∈ Hτ (D). (14)

The inner product is first defined on FK(D) := span{K(·,x) : x ∈ D} by

⟨Kτ (·,x),Kτ (·,y)⟩Kτ := Kτ (x,y)

and linearisation and then extended to the closure of FK(D) with respect to the norm
induced by this inner product. For details, see Wendland (2005). The above lemma can
immediately be carried over to vector-valued Sobolev spaces, using Theorem 16. However,
we will do this for certain subspaces in the next section.

3.5 Divergence- and Rotation-Free Kernels

In the context of kernel-based approximation theory, divergence- and rotation-free kernels
were introduced in Narcowich and Ward (1994). The construction of divergence-free and
rotation-free matrix-valued kernels is quite simple. Starting with a positive definite function
Φ : Rd → R, which is at least twice differentiable, we can define functions Φdiv,Φcurl : Rd →
Rd×d by

Φdiv := (−∆I +∇∇T)Φ, (15)

Φcurl := −∇∇TΦ. (16)

It is easy to see that for three times differentiable Φ the associated kernels

Kdiv(x,y) = Φdiv(x− y) and Kcurl(x,y) = Φcurl(x− y) (17)

have for a fixed argument y divergence-free and rotation-free columns respectively, with
the latter of course only for d = 2, 3.
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These kernels are the reproducing kernels of function spaces consisting of divergence-
and rotation-free functions. To be more precise, the following result comes from Fuselier
(2008a,b); Schräder and Wendland (2011); Wendland (2009). To formulate it, we first
introduce the spaces of divergence- and rotation-free Sobolev functions. For τ > 1 and
D ⊆ Rd, where d = 2, 3 in the rotation-free case, let

Hτ (D; div) := {v ∈ Hτ (D)d : div v = 0},
Hτ (D; curl) := {v ∈ Hτ (D)d : curlv = 0}.

Of course, as long as we do not have τ > d/2 + 1, the derivatives are meant to be in the
weak sense and hence zero divergence and rotation are meant only up to a set of measure
zero. We will also need the modified Sobolev spaces

H̃τ (Rd; div) = {v ∈ Hτ (Rd; div) : ∥v∥
H̃τ (Rd)d

<∞},

H̃τ (Rd; curl) = {v ∈ Hτ (Rd; curl) : ∥v∥
H̃τ (Rd)d

<∞},

which are both equipped with the inner product

⟨v,w⟩
H̃τ (Rd)d

:= (2π)−d/2

∫
Rd

ŵ(ω)
T
v̂(ω)

∥ω∥22
(1 + ∥ω∥22)τ+1dω. (18)

Here, the Fourier transform of a vector-valued function is defined component-wise. Note
that for any v ∈ H̃τ (Rd; div) or v ∈ H̃τ (Rd; curl) we have the obvious but also important
bound ∥v∥Hτ (Rd)d ≤ ∥v∥

H̃τ (Rd)d
.

In this and the next section, we will use (13) with τ replaced by τ + 1,

c3(1 + ∥ω∥22)−τ−1 ≤ Φ̂τ+1(ω) ≤ c4(1 + ∥ω∥22)−τ−1, ω ∈ Rd. (19)

The connection between these modified Sobolev spaces and the above-defined kernels is
as follows, see Wendland (2009); Fuselier (2008a).

Proposition 20 Let τ > d/2. Let Φ = Φτ+1 define a reproducing kernel K : Rd ×Rd → R
of Hτ+1(Rd) in the sense that it has a Fourier transform Φ̂ satisfying (19). Assume that
Φ ∈ W 2

1 (Rd). Then, Hτ+1(Rd) ⊆ C1(Rd) ∩ W 1
∞(Rd) and Φ ∈ C2(Rd). Moreover, the

kernels Kdiv and Kcurl defined from Φdiv and Φcurl as in (17) are the reproducing kernels
of H̃τ (Rd; div) and H̃τ (Rd; curl), respectively, where in both cases the spaces are equipped
with the inner product

⟨v,w⟩
H̃

= (2π)−d/2

∫
Rd

ŵ(ω)
T
v̂(ω)

Φ̂(ω)∥ω∥22
dω.

Next, we need extension operators to define kernel-induced inner products onHτ (D; div)
and Hτ (D, curl). The following result is from Wendland (2009); Fuselier (2008a).

Proposition 21 Let τ ≥ 0 and let D ⊆ Rd be a simply-connected, bounded domain with
d = 2, 3.
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1. If D has a C⌈τ⌉,1 boundary then there is a bounded, linear operator Ediv : Hτ (D; div) →
H̃τ (Rd; div) with (Edivv)|D = v for all v ∈ Hτ (D; div).

2. If D has a Lipschitz boundary then there exists a bounded and linear operator Ecurl :
Hτ (D; curl) → H̃τ (Rd; curl) with (Ecurlv)|D = v for all v ∈ Hτ (D; curl).

Note that we also need d = 2, 3 in the divergence-free case for the existence of the
extension operator. For that reason, we will, from now on restrict ourselves to this situation.

With this, we can now prove a result corresponding to Lemma 19 for our divergence-free
and rotation-free kernels.

Theorem 22 Let d = 2, 3. Assume Φ = Φτ+1 ∈W 2
1 (Rd)∩C2(Rd) has a Fourier transform

satisfying (19) and τ > d/2. Let Kdiv be defined by Φdiv from (15) and let Kcurl be defined
by Φcurl from (16). Let D ⊆ Rd be a bounded, simply-connected domain.

1. If D has a C⌈τ⌉,1 boundary then there exists an inner product ⟨·, ·⟩Kdiv
: Hτ (D; div)×

Hτ (D; div) → R such that Kdiv is the reproducing kernel with respect to this inner
product. The norm defined by this inner product is equivalent to the standard norm
on Hτ (D; div).

2. If D has a Lipschitz boundary then there is an inner product ⟨·, ·⟩Kcurl
: Hτ (D; curl)×

Hτ (D; curl) → R such that Kcurl is the reproducing kernel with respect to this inner
product. The norm defined by this inner product is equivalent to the standard norm
on Hτ (D; curl).

Proof As the proof of both cases is similar, we will only prove the first one, i.e. for
Kdiv. The proof itself is similar to the proof of the scalar-valued case. We first recall, that
Kdiv can be seen as the reproducing kernel of a unique Hilbert space H(D) but also as the
reproducing kernel of a Hilbert space H(Rd), both of which are constructed by completing
the pre-Hilbert spaces FKdiv

(D) and FKdiv
(Rd), respectively. By Theorem 16, there are

natural extension and restriction operators E : H(D) → H(Rd) and R : H(Rd) → H(D),
both having norm one.

Next, on Rd, we know by Proposition 20 that the spaces H(Rd) and H̃τ (Rd; div) are
algebraically the same with equivalent norms. To be more precise, the identity maps ι :
H(Rd) → H̃τ (Rd; div) and ι̃ : H̃τ (Rd; div) → H(Rd) satisfy ∥ι∥ ≤ 1/C1(τ + 1)1/2 and ∥ι̃∥ ≤
C2(τ + 1)1/2, where the constants come from (14).

Finally, we have the extension operator Ediv : Hτ (D; div) → H̃τ (Rd; div) from Propo-
sition 21 and note that the restriction of a function v ∈ H̃τ (Rd; div) to D gives a function
v|D ∈ Hτ (D; div) and thus defines a restriction operator Rdiv : H̃τ (Rd; div) → H(D; div)
with ∥Rdiv∥ = 1.

Having all these operators at hand, we are now able to show that the spaces H(D) and
Hτ (D; div) are algebraically the same spaces with equivalent norms. On the one hand, for
v ∈ H(D) we have

v = Ev|D = ι ◦ Ev|D = Rdiv ◦ ι ◦ Ev ∈ Hτ (D; div).

On the other hand, for v ∈ Hτ (D; div) we have

v = Edivv|D = ι̃ ◦ Edivv|D = R ◦ ι̃ ◦ Edivv ∈ H(D),
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showing that both spaces algebraically coincide. Moreover, these relations also show

∥v∥Hτ (D;div) ≤ 1

C1(τ + 1)1/2
∥v∥H(D),

∥v∥H(D) ≤ C2(τ + 1)1/2CE∥v∥Hτ (D;div),

where CE is the norm of Ediv. This is the stated norm equivalence.

4. Error Analysis

In this section we discuss the quality of the predictive mean as an estimate of the data-
generating field v : D → Rd, under various assumptions on the noise.

Error estimates for vector-valued function approximation can often be deduced from
the scalar-valued case. However, in our situation this is not possible, as the components
cannot be approximated independently due to the divergence-free or rotation-free condition.
Hence, in this section we use and extend the existing error analysis for such kernel methods.
For exact data, the existing results for example from Fuselier (2008a) have to be extended to
deal with less smooth target functions and in the case of the regression operator. Moreover,
new results are needed in the case of noisy data.

Throughout we will make the following general assumptions on the geometry and the
field v.

Assumption 23 For d = 2 or 3, D ⊆ Rd is a bounded domain with boundary satisfying
the conditions in Theorem 22, Part 1 or Part 2, as appropriate to the divergence-free or
curl-free situations.

Assumption 24 The field v : D → Rd is a continuously differentiable function modelled
by the Gaussian process v0 ∼GP(m,K), where K is one of Kdiv or Kcurl as defined in
Theorem 22.

Remark 25 In practical situations it will often be desirable to modify the kernel by the in-
clusion of “hyperparameters”, for example replacing Kdiv(x,x

′) by α2Kdiv(κx, κx
′), where

α and κ are positive parameters with α2 controlling the variance and κ the length scale.
For simplicity we ignore hyperparameters in the present discussion, noting that the predic-
tive mean is independent of α2, while changing the inverse length scale parameter κ would
change only the constants in the error bounds in subsequent theorems.

Assumption 26 The kernel K is the reproducing kernel of Hτ (D; div) or Hτ (D; curl),
respectively, and the target function v and the mean m of v0 belong to Hβ(D; div) or
Hβ(D; curl), respectively, where β, τ > d/2 in order to ensure that functions in Hβ and Hτ

are continuous.

Within this setting we will consider both the matching smoothness case β ≥ τ and the
non-matching smoothness case τ > β.

We will study the predictive mean computed under both the assumption of no noise in
the data, in which case we shoud look at mN , and of noisy data, in which case we look at
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mN,σ. In the assumed no-noise case we will naturally derive error estimates when there is
no noise in the data, but we will also look at the misrepresented case in which we assume no
noise but in fact there is noise in the data. In the case of assumed noisy data we will study
first the misrepresented case that there is no noise, then the misrepresented case that there
is noise but we do not know the kind of noise, and finally the case that there is Gaussian
noise.

For all of these cases, we will assume that the prior mean m is divergence- or rotation-
free, respectively, and has the same regularity as v. While the first assumption is natural, a
more natural smoothness assumption might be that m belongs to the RKHS of the kernel
used for the prior approximation, i.e. m ∈ Hτ (D; div), for example. However, this choice
would not change the approximation results below significantly, as the approximation order
is always determined by min{β, τ}. It would only cause the statements of results to be
lengthier.

4.1 Error Analysis for the Predictive Mean using Interpolation

In this section, we discuss the error v−mN , i.e. the error of the predictive mean under the
assumption that there is no noise in the data, even though there might be. Thus we will
use the interpolation operator IX to study the error.

We start with the case that the observations yi = v(xi), 1 ≤ i ≤ N , indeed do not
contain noise. We will state and prove error estimates for the matching case that the
smoothness of v is aligned with the smoothness of the kernel, i.e. that v ∈ Hτ (D; div)
and Kdiv is the reproducing kernel of the latter space in the sense of Theorem 22. We will
also have a result in which the smoothness of the target function is less than required. In
approximation theory, this situation has been named escaping the native space. As the only
difference between the divergence-free and the rotation-free case is the assumption on the
smoothness of the boundary of the domain, we will state both results together.

We recall the fill distance from (5) and introduce the separation radius and the mesh
ratio:

hX,D = sup
x∈D

min
xj∈X

∥x− xj∥2,

qX,D =
1

2
min

xj ̸=xk

∥xj − xk∥2,

ρX,D = hX,D/qX,D.

To simplify the formulation of the approximation results, we will employ the notation

Nγ(v,m) := ∥v∥Hγ(D)d + ∥m∥Hγ(D)d . (20)

Theorem 27 (Interpolation without Noise) Let Assumption 23 on the domain D, As-
sumption 24 on the kernel K and Assumption 26 on the kernel K, the target function v and
mean m hold. Let 1 ≤ q ≤ ∞. Let X = {x1, . . . ,xN} ⊆ D and let yj = v(xj), 1 ≤ j ≤ N .
Finally, let mN be the predictive, vector-valued mean based on the information (xj ,yj),
1 ≤ j ≤ N . Then, there are constants h0, C > 0 such that for all X with hX,D ≤ h0 the
following bounds hold.
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1. If β ≥ τ then

∥v −mN∥W s
q (D)d ≤ Ch

τ−s−d(1/2−1/q)+
X,D Nτ (v,m)

for all 0 ≤ s ≤ ℓ(τ, q, d) with ℓ(τ, q, d) given in Theorem 17 and s ∈ N0 if q = ∞.

2. If β < τ then

∥v −mN∥W s
q (D)d ≤ Ch

β−s−d(1/2−1/q)+
X,D ρτ−β

X,DNβ(v,m)

for all 0 ≤ s ≤ ℓ(β, q, d) and s ∈ N0 if q = ∞.

Proof For β ≥ τ the statement is essentially proved as Theorem 5 in Fuselier (2008a).
However, we can shorten the proof by employing Theorem 22. We first note that with
the interpolation operator IX : C(D)d → H with H = Hτ (D; div) or H = Hτ (D; curl),
respectively, from (11) we have

∥v −mN∥W s
q (D)d ≤ ∥v − IXv∥W s

q (D)d + ∥m− IXm∥W s
q (D)d . (21)

As we assume that both v and m have Sobolev regularity β ≥ τ > d/2, both terms above
are bounded in the same way and it suffices to concentrate on one of them, say the first
one. As we have a sufficiently smooth boundary and as v− IXv vanishes on X, we can use
the sampling theorem, Theorem 17, to derive

∥v − IXv∥W s
q (D)d ≤ Chτ−s−d(1/2−1/q)+∥v − IXv∥Hτ (D)d .

By Theorem 22 we know there is an equivalent norm on H such that K is the reproduc-
ing kernel of H with respect to the corresponding inner product. Hence, by the second
part of Theorem 14, we have ∥IXv∥Hτ (D)d ≤ C∥v∥Hτ (D)d and hence ∥v − IXv∥Hτ (D)d ≤
C∥v∥Hτ (D)d .

For β < τ , we still have (21) and the fact that v and m belong to the same Sobolev
space. Hence, it again is enough to study one of the errors. Theorem 17 yields this time

∥v − IXv∥W s
q (D)d ≤ Chβ−s−d(1/2−1/q)+∥v − IXv∥Hβ(D)d .

We can now proceed as in the proof of Theorem 6 in Fuselier (2008a) to use a specific auxil-
iary band-limited approximation to v together with the sampling theorem and a Bernstein
inequality to finally derive

∥v − IXv∥Hβ(D)d ≤ CρX,D
τ−β∥v∥Hβ(D)d . (22)

Remark 28 Note that in the matching case, we do not need quasi-uniform point sets, i.e.
point sets with ρX,D ≤ ρ0, as the error bound is solely expressed in terms of the fill distance
hX,D. In the non-matching case, however, without quasi-uniformity, the ratio ρX,D may
diverge, leading to a deterioration of the approximation order.
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Next, we want to discuss the interpolatory case, but now with unexpected noise in
the data. Hence, instead of computing mN using v(xj) we compute mN using the data
v(xj) + ϵj . This leads to the following modified result.

Theorem 29 (Interpolation with Noise) Under the assumptions of Theorem 27, let
yj = v(xj) + ϵj, 1 ≤ j ≤ N , and let mN be computed from Lemma 8 with σ = 0.
Let 1 ≤ q ≤ ∞ and γ = max{2, q}. Then there are constants h0, C > 0 such that for all X
with hX,D ≤ h0 the following bounds hold, where the expectation is taken with respect to the
distribution of the errors ϵj.

1. If β ≥ τ then

E
[
(∥v −mN∥W s

q (D)d)
]
≤ Ch

τ−s−d(1/2−1/q)+
X,D Nτ (v,m)

+ C
(
h
−s−d(1/2−1/q)++d/2
X,D ρ

τ−d/2
X,D + h

d/γ−s
X,D

)E

 N∑
j=1

∥ϵj∥22

1/2

for all 0 ≤ s ≤ ℓ(τ, q, d) with ℓ(τ, q, d) given in Theorem 17 and s ∈ N0 if q = ∞.

2. If β < τ then

E
[
(∥v −mN∥W s

q (D)d)
]
≤ Ch

β−s−d(1/2−1/q)+
X,D ρτ−β

X,DNβ(v,m)

+ C
(
h
−s−d(1/2−1/q)++d/2
X,D ρ

τ−d/2
X,D + h

d/γ−s
X,D

)E

 N∑
j=1

∥ϵj∥22

1/2

for all 0 ≤ s ≤ ℓ(β, q, d) and s ∈ N0 if q = ∞.

Proof In this situation, we have mN = m − IXm + IXv + IXE with E = (ϵ1, . . . , ϵN ).
Thus, the bound (21) on ∥v −mN∥W s

q (D)d now becomes

∥v −mN∥W s
q (D)d ≤ ∥v − IXv∥W s

q (D)d + ∥m− IXm∥W s
q (D)d + ∥IXE∥W s

q (D)d .

As we have already bounded the first two terms, we only need to derive a bound on the
interpolant of the error. As the interpolant belongs to Hτ (D)d, we can use the sampling
inequality in the form

∥IXE∥W s
q (D)d ≤C

(
hτ−s−d(1/2−1/q)+∥IXE∥Hτ (D)d + h

d/γ−s
X,D ∥IXE∥ℓ2(X)d

)
. (23)

On the one hand, we obviously have ∥IXE∥2
ℓ2(X)d

=
∑N

j=1 ∥ϵj∥22. On the other hand, using

again the equivalence of norms from Theorem 22, we see that

∥IXE∥2Hτ (D) ≤ CETK(X,X)−1E ≤ Cq−2τ+d
X ∥E∥22,

where the last inequality follows from (Fuselier, 2008b, Theorems 6 and 7), which state that
there is a constant C > 0 such that the smallest eigenvalue of the interpolation matrix can
be bounded as

λmin(K(X,X)) ≥ Cq−d−2
X inf

∥ω∥2≤1/qX
Φ̂(ω).
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Hence, inequality (23) can be bounded by

∥IXE∥W s
q (D)d ≤ Ch

τ−s−d(1/2−1/q)+
X,D q

−τ+d/2
X ∥E∥2 + Ch

d/γ−s
X,D

 N∑
j=1

∥ϵj∥22

1/2

≤ C(h
−s−d(1/2−1/q)++d/2
X,D ρ

τ−d/2
X,D + h

d/γ−s
X,D )

 N∑
j=1

∥ϵj∥22

1/2

.

We obtain the result by combining the estimates from Theorem 27 and the above estimate.

4.2 Error Analysis for the Predictive Mean using Approximation

In this section, we will assume that the measurements at X = {x1, . . . ,xN} ⊆ D of a vector-
valued function v : D → R are contaminated, i.e. that we observe yj = v(xj) + ϵj , 1 ≤
j ≤ N . However, for the time being, we will not make any assumption on the distribution
of the noise, even allowing no noise at all. The difference to the previous section is that we
now use not the interpolation operator but rather the operator QX,λ : C(D) → Hτ (Ω; div)
from Theorem 15 with a general smoothing parameter λ > 0 and the kernel Kdiv. The
approximation operator indeed maps to Hτ (Ω; div) by Theorem 22. Of course, the same
holds true in the rotation-free case.

To apply the sampling inequality from Theorem 17, we need the following bounds which
are the vector-valued version of similar bounds in the scalar-valued case.

Lemma 30 Let the assumptions on the domain and kernel of Theorem 22 hold. Let K =
Kdiv or K = Kcurl, and H = Hτ (D,div) or H = Hτ (D, curl), respectively, equipped with
the inner product in which K is the reproducing kernel. Let X = {x1, . . . ,xN} ⊆ D and
Y = (y1, . . . ,yN ) be given by yj = v(xj) + ϵj, 1 ≤ j ≤ N , with a function v ∈ H and
including the possibility ϵj = 0. If QX,λ is the approximation operator from Theorem 15
and E = (ϵ1, . . . , ϵN ) then

∥Y − (QX,λY )|X∥ℓ2 ≤
(
∥E∥2ℓ2 + λ∥v∥2H

)1/2
,

∥QX,λY ∥H ≤
(
λ−1∥E∥2ℓ2 + ∥v∥2H

)1/2
.

Proof As QX,λY minimizes the penalized least-squares expression, we have

∥Y − (QX,λY )|X∥2ℓ2 + λ∥QX,λY ∥2H =
N∑
j=1

∥yj −QX,λY (xj)∥22 + λ∥QX,λY ∥2H

≤
N∑
j=1

∥yj − v(xj)∥22 + λ∥v∥2H

=
N∑
j=1

∥ϵj∥22 + λ∥v∥2H

= ∥E∥2ℓ2 + λ∥v∥2H,
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which proves both statements.

We will also need the following auxiliary result for considering approximation with
mismatched smoothness. To state it, we need to recall band-limited functions, which are
functions having a compactly supported Fourier transform. For a parameter δ > 0, we will
use the spaces

Bδ := {v ∈ L2(Rd)d : supp v̂ ⊆ Bδ[0]},

B̃δ :=

{
v ∈ Bδ :

∫
Rd

∥v̂(ω)∥22
∥ω∥22

dω <∞
}
,

where Bδ[0] denotes the closed unit ball in Rd with radius δ > 0. Moreover, we need
the sub-spaces B̃δ

div and B̃δ
curl of B̃δ, containing the divergence-free and rotation-free vector

fields, respectively. For any v ∈ B̃δ
div we can use the compact support of v̂ in Bδ[0] and

δ ≥ 1 to derive

(2π)d∥v∥2
H̃τ (Rd)

=

∫
Rd

∥v̂(ω)∥22
∥ω∥22

(1 + ∥ω∥22)τ+1dω

=

∫
∥ω∥2≤δ

∥v̂(ω)∥22
∥ω∥22

(1 + ∥ω∥22)β+1(1 + ∥ω∥22)τ−βdω

≤ 2τ−βδ2(τ−β)

∫
∥ω∥2≤δ

∥v̂(ω)∥22
∥ω∥22

(1 + ∥ω∥22)β+1dω

whenever 0 ≤ β ≤ τ . This is the first result of the following Lemma, which also summarizes
Theorems 1 and 2 of Fuselier (2008a), noting that t = 0 is also possible there, as was the
case in (Narcowich et al., 2006, Theorem 3.4).

Lemma 31 1. If τ ≥ β ≥ 0, δ ≥ 1 and v ∈ B̃δ
div then

∥v∥
H̃τ (Rd)d

≤ 2(τ−β)/2δτ−β∥v∥
H̃β(Rd)d

.

2. Let τ ≥ β > d/2. Given v ∈ H̃τ (Rd; div) and a point set X ⊆ Rd with separation
radius qX , there exists a function vδ ∈ B̃δ

div with vδ|X = v|X and

∥v − vδ∥H̃β(Rd)d
≤ 5κβ−τqτ−β

X ∥v∥
H̃τ (Rd)d

,

with δ = κ/qX , where κ ≥ 1 depends only on β and d.

3. The same statements hold for rotation-free functions.

We start our investigation on the approximation error by first falsely assuming that
there is an error though the values are actually exact. This leads to the following result. As
before, we assume that the prior mean has the same regularity as the unknown function.
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Theorem 32 (Approximation without Noise) Let Assumption 23 on the domain D,
Assumption 24 on the kernel K and Assumption 26 on the kernel K, the target function
v and mean m hold. Let X = {x1, . . . ,xN} ⊆ D and let yj = v(xj), 1 ≤ j ≤ N .
Finally, given λ > 0 let mN,λ be the predictive, vector-valued mean, based on the information
(xj ,yj), 1 ≤ j ≤ N . Let 1 ≤ q ≤ ∞ and γ = max{2, q}. Then, there are constants
h0, C > 0 such that for all X with hX,D ≤ h0 the following bounds hold.

1. If β ≥ τ then

∥v −mN,λ∥W s
q (D)d ≤ C

(
h
τ−s−d(1/2−1/q)+
X,D +

√
λh

d/γ−s
X,D

)
Nτ (v,m)

for all 0 ≤ s ≤ ℓ(τ, q, d) with ℓ(τ, q, d) given in Theorem 17 and s ∈ N0 if q = ∞.

2. If β < τ then

∥v −mN,λ∥W s
q (D)d ≤ Ch

β−s−d(1/2−1/q)+
X,D ρτ−β

X,DNβ(v,m)

+ C
√
λh

β−τ+d/γ−s
X,D ρτ−β

X,DNβ(v,m)

for all 0 ≤ s ≤ ℓ(β, q, d) and s ∈ N0 if q = ∞.

Proof As we assume no noise, we have mN,λ = m−QX,λm+QX,λv, which allows us to
split the error again as

∥v −mN,λ∥W s
q (D)d ≤ ∥v −QX,λv∥W s

q (D)d + ∥m−QX,λm∥W s
q (D)d .

As we assume v and m to have the same regularity, we concentrate again on v. Here, the
sampling inequality from Theorem 17 and Lemma 30 with E = 0 immediately yield in the
case β ≥ τ ,

∥v −QX,λv∥W s
q (D)d ≤ Chτ−s−d(1/2−1/q)+∥v −QX,λv∥Hτ (D)d

+ Chd/γ−s∥v −QX,λv∥ℓ2(X)d

≤ Chτ−s−d(1/2−1/q)+∥v∥Hτ (D)d

+ Chd/γ−s
√
λ∥v∥Hτ (D)d ,

where we have set h = hX,D.
For the second statement, we can again concentrate on v, as the same arguments apply

to m. For the extended function Edivv ∈ H̃β(Rd; div), we choose an interpolatory band-
limited function vδ ∈ B̃δ

div with δ = κ/qX , according to the second point of Lemma 31.
Then, we start with

∥v −QX,λv∥W s
q (D)d ≤ ∥v − vδ∥W s

q (D)d + ∥vδ −QX,λv∥W s
q (D)d . (24)

To bound the first term, we use the sampling inequality from Theorem 17, noting v|X =
vδ|X, yielding

∥v − vδ∥W s
q (D)d ≤ Chβ−s−d(1/2−1/q)+∥v − vδ∥Hβ(D)d

≤ Chβ−s−d(1/2−1/q)+∥v∥Hβ(D)d ,
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where the last inequality follows via

∥v − vδ∥Hβ(D)d ≤ ∥Edivv − vδ∥H̃β(Rd)d
≤ C∥Edivv∥H̃β(Rd)d

≤ C∥v∥Hβ(D)d ,

where we have used Lemma 31 with β = τ and the boundedness of the extension operator.

For the second term in (24), we first note that we have QX,λv = QX,λvδ, as the band-
limited function has the same values on X as the function and the approximation operator
uses only these values. Thus, we can once again use the sampling inequality to derive

∥vδ −QX,λvδ∥W s
q (D)d ≤ hτ−s−d(1/2−1/q)+∥vδ −QX,λvδ∥Hτ (D)d

+ Chd/γ−s∥vδ −QX,λvδ∥ℓ2(X)d .

To further bound the norms on the right-hand side, we use Lemma 30 in combination with
Lemma 31 and the equivalence of norms from Theorem 22. This yields on the one hand

∥vδ −QX,λvδ∥Hτ (D)d ≤ C∥vδ∥Hτ (D)d ≤ C∥vδ∥H̃τ (Rd)d
≤ Cqβ−τ

X ∥vδ∥H̃β(Rd)d

≤ Chβ−τρτ−β∥v∥Hβ(D)d ,

where the last inequality follows from

∥vδ∥H̃β(Rd)d
≤ ∥vδ − Edivv∥H̃β(Rd)d

+ ∥Edivv∥H̃β(Rd)d
≤ C∥Edivv∥H̃β(Rd)d

≤ C∥v∥Hβ(D)d .

On the other hand, from Lemma 30 with E = 0 we have

∥vδ −QX,λvδ∥ℓ2(X)d ≤ C
√
λ∥vδ∥Hτ (D) ≤ C

√
λhβ−τρτ−β∥v∥Hβ(D).

Remark 33 The above result shows that we can choose the smoothing parameter λ as a
function of hX,D to obtain the same convergence results as in the interpolatory case.

Next, we discuss the approximation properties of the approximation operator in the case
of noisy data in the most general situation, i.e. we do not make any assumptions on the
noise.

Theorem 34 (Approximation with Noise) Let the assumptions of Theorem 32 hold,
except that now the data are given by yj = v(xj) + ϵj, 1 ≤ j ≤ N . Again, given λ > 0, let
mN,λ be the predictive, vector-valued mean, based on the information (xj ,yj), 1 ≤ j ≤ N .
Let 1 ≤ q ≤ ∞ and γ = max{2, q}. Then, there are constants h0, C > 0 such that for all
X with hX,D ≤ h0 the following bounds hold, where the expectation is taken with respect to
the distribution of the errors ϵj.
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1. If β ≥ τ then

E
[
∥v −mN,λ∥W s

q (D)d

]
≤ C

(
h
τ−s−d(1/2−1/q)+
X,D +

√
λh

d/γ−s
X,D

)
Nτ (v,m)

+ C

(
1√
λ
h
τ−s−d(1/2−1/q)+
X,D + h

d/γ−s
X,D

)
E


 N∑

j=1

∥ϵj∥22

1/2


for all 0 ≤ s ≤ ℓ(τ, q, d) with ℓ(τ, q, d) given in Theorem 17 and s ∈ N0 if q = ∞.

2. If β < τ then

E
[
∥v −mN,λ∥W s

q (D)d

]
≤ Ch

β−s−d(1/2−1/q)+
X,D ρτ−β

X,DNβ(v,m)

+ C
√
λh

β−τ+d/γ−s
X,D ρτ−β

X,DNβ(v,m)

+ C

(
1√
λ
h
τ−s−d(1/2−1/q)+
X,D + h

d/γ−s
X,D

)
E


 N∑

j=1

∥ϵj∥22

1/2


for all 0 ≤ s ≤ ℓ(β, q, d) and s ∈ N0 if q = ∞.

Proof In this situation, we have mN,λ = m − QX,λm + QX,λv + QX,λE, where again
E = (ϵ1, . . . , eN ). Thus, in addition to the error bound in Theorem 32 we have the additional
term ∥QX,λE∥W s

q (D)d that we need to bound. On the one hand Lemma 30 for the case v = 0,

together with Theorem 22, yields the bound ∥QX,λE∥Hτ (D)d ≤ C√
λ
∥E∥ℓ2 , and, on the other

hand, also the bound

∥QX,λE|X∥ℓ2 ≤ ∥E −QX,λE|X∥ℓ2 + ∥E∥ℓ2 ≤ 2∥E∥ℓ2 .

Thus the sampling inequality yields in this case

∥QX,λE∥W s
q (D)d ≤ Chτ−s−d(1/2−1/q)+∥QX,λE∥Hτ (D)d

+ Chd/γ−s∥QX,λE∥ℓ2(X)d

≤ Chτ−s−d(1/2−1/q)+ 1√
λ
∥E∥ℓ2

+ Chd/γ−s∥E∥ℓ2 .

Together with the error bound from Theorem 32, this yields the stated error estimate.

Remark 35 The above theorem is the result for vector-valued divergence- or rotation-free
functions corresponding to (Wynne et al., 2021, Theorem 4) for the scalar-valued case.
Though, we essentially achieve the same approximation orders, the proof of (Wynne et al.,
2021, Theorem 4) seems problematic, as in formula (18) the authors essentially use a bound
of the form

∥IXf∥Hτ (D) ≤ Cqβ−τ
X ∥f∥Hβ(D),
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which they claim can be derived from the proof of (Narcowich et al., 2006, Theorem 4.2).
We do not believe that this is the case, as the above bound would imply the inverse estimate

∥s∥Hτ (D) ≤ Cqβ−τ
X ∥s∥Hβ(D), s ∈ VX ,

which is still an open question for general bounded domains. Nonetheless, the results of
(Wynne et al., 2021, Theorem 4) are correct, as our proof can essentially be given also in
the scalar-valued case.

Remark 36 Note that in the error bound of the latter theorem, there are apparently com-
peting terms on how to choose the smoothing parameter λ. To cast more light on this, we
look at the specific situation of q = 2 and s = 0. If we also assume quasi-uniform data sets
then the error bound for the case β < τ , becomes

E
[
∥v −mN,λ∥L2(D)d

]
≤ C

(
hβX,D +

√
λh

β−τ+d/2
X,D

)
Nβ(v,m)

+ C

(
1√
λ
hτX,D + h

d/2
X,D

)
E


 N∑

j=1

∥ϵj∥22

1/2
 .

Thus, the competing terms can for example be balanced by choosing the smoothing parameter

as
√
λ = h

τ−β/2
X,D , which yields

E
[
∥v −mN,λ∥L2(D)d

]
≤ Ch

min{β,(β+d)/2}
X,D Nβ(v,m)

+ h
min{β/2,d/2}
X,D E


 N∑

j=1

∥ϵj∥22

1/2
 .

For our final result, we assume that each noise ϵj has an independent normal distribution
with variance σ2Id and that we use the approximation operator with the correct parameter
λ = σ.

Corollary 37 Let the assumptions of Theorem 34 hold. Assume that ϵj ∼ N (0, σ2Id),
1 ≤ j ≤ N .

1. If β ≥ τ then

E
[
∥v −mN,σ∥W s

q (D)d

]
≤ C

(
h
τ−s−d(1/2−1/q)+
X,D + σh

d/γ−s
X,D

)
Nτ (v,m)

+ Cρ
d/2
X,D

(
h
τ−s−d(1/2−1/q)+−d/2
X,D + σh

d/γ−s−d/2
X,D

)
.

for all 0 ≤ s ≤ ℓ(τ, q, d) and s ∈ N0 if q = ∞.

2. If β < τ then

E
[
∥v −mN,σ∥W s

q (D)d

]
≤ Ch

β−s−d(1/2−1/q)+
X,D ρτ−β

X,DNβ(v,m)

+ Cσh
β−τ+d/γ−s
X,D ρτ−β

X,DNβ(v,m)

+ Cρ
d/2
X,D

(
h
τ−s−d(1/2−1/q)+−d/2
X,D + σh

d/γ−s−d/2
X,D

)
.

for all 0 ≤ s ≤ ℓ(β, q, d) and s ∈ N0 if q = ∞.
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Proof This immediately follows using the estimates from Theorem 34, together with
N ≤ Cq−d

X = Ch−d
X,Dρ

d
X,D and

E


 N∑

j=1

∥ϵj∥22

1/2
 ≤

E

 N∑
j=1

∥ϵj∥22

1/2

=
√
Nσ ≤ h

−d/2
X,D ρ

d/2
X,Dσ.

Conclusion

We have introduced and characterised divergence- and rotation-free Gaussian processes. We
have derived rigorous error estimates for the predictive means of such processes covering
the cases of matching/non-matching smoothness and observations.

A possible next step in learning problems for example from fluid dynamics would be to
follow Bilionis et al. (2013) and to use Gaussian processes with tensor product kernels to
model velocity fields v : D × DT × Dp → R3 that not only depend on a spatial variable
x ∈ D but also on time t ∈ DT and certain parameters p ∈ Dp.
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