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Abstract

We study the dynamics of a continuous-time model of stochastic gradient descent (SGD)
for the least-square problem. Indeed, pursuing the work of Li et al. (2019), we analyze
stochastic differential equations (SDEs) that model SGD either in the case of the training
loss (finite samples) or the population one (online setting). A key qualitative feature of the
dynamics is the existence of a perfect interpolator of the data, irrespective of the sample size.
In both scenarios, we provide precise, non-asymptotic rates of convergence to the (possibly
degenerate) stationary distribution. Additionally, we describe this asymptotic distribution,
offering estimates of its mean, deviations from it, and a proof of the emergence of heavy-
tails related to the step-size magnitude. Numerical simulations supporting our findings are
also presented.

Keywords: SGD, Least-Squares, Lyapunov method, Heavy Tails, SDEs.

1. Introduction

Stochastic gradient descent (SGD) is the workhorse of any large-scale machine learning
pipeline. Described more than seventy years ago as a versatile stochastic algorithm (Robbins
and Monro, 1951), it has been studied thoroughly since then (e.g. Pages (2001); Benaim
(2006)), and applied with success as an efficient computational and statistical device for
large-scale machine learning (Bottou and Bousquet, 2008). Yet, since the emergence of deep
neural networks (DNNs), some new light has been shed on the use of the algorithm: among
others, the role of SGD’s noise in the good generalization performances of DNNs (Zhang
et al., 2021) has been described empirically (Xing et al., 2018), while the particular shape
of its covariance is expected to play a predominant role is its dynamics (Andriushchenko
et al., 2023).

In this direction, Li et al. (2019) proposed to approximate the SGD dynamics thanks to
a stochastic differential equation (SDE) whose noise’s covariance matches the one of SGD.
Since then, many works have leveraged this continuous perspective, attempting to better
describe some of SGD’s phenomenology: among others, the role of the step size (HaoChen
et al., 2021), the escape time and direction from local minimizers (Xie et al., 2020), study of
the invariant distribution (Chaudhari and Soatto, 2018) or the heavy-tail phenomenon (Gur-
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buzbalaban et al., 2021). However, lured by the strong analytical tools that offer SDE mod-
els, some misconceptions about the basic nature of SGD’s noise in the machine learning
context have also emerged. Among others, an important message of Wojtowytsch (2023) is
to recall that SGD’s noise has a particular shape and intensity that make SGD far from a
Langevin type of dynamics where isotropic noise is added to the gradient at each step. In
particular, if the data model can be perfectly interpolated, the invariant measure of SGD
could be largely degenerate without the need for step-size decay: this is the case in the
overparametrized regime (Berthier et al., 2020; Varre et al., 2021).

In this article, we take a step back from general-purpose studies of SGD and focus on
the specific case of least-squares, where the predictor is a linear function of fixed features.
Needless to say that linear predictors do not lead to state-of-the-art performance in most
modern tasks, yet, the abundant literature on the neural tangent kernel (Jacot et al., 2018)
recalled us that we have still to understand better linear models. Moreover, even if the
article is not written within the setting of kernel methods for the sake of simplicity, every
assumption is made in order to easily adapt to this setting, replacing R¢ equipped with its
canonical Euclidean structure by an abstract reproducing kernel Hilbert space.

Purpose and contributions. The aim of the present paper is to show that, with a proper
model, SDEs offer nice analytical tools that help to clean the analysis while capturing the
qualitative as well as the quantitative essence of SGD’s dynamics. We present a wide range
of results on both online and empirical SGD, demonstrating through quantitative analysis
that the key difference lies in the model’s ability to achieve perfect interpolation. We
also present systemically non-asymptotic rates of convergence in all the settings we present,
either in £o-norm in the interpolation regime (Theorems 4 and 13), or in Wasserstein distance
(towards the invariant distribution) in the case of a noisy system (Theorems 7 and 15). In
the latter case, we further investigate the invariant distribution: we pinpoint its location
(Proposition 8), and more importantly, we demonstrate in Proposition 10 that although
there is no heavy tail phenomenon in finite time, it emerges asymptotically. We finally
address convergence of variance reduction techniques like time-averaging (Proposition 11)
and decay of step-size (Proposition 12). Throughout the article, we try to present some
theoretical background on the study of SDEs: among others, the use of Lyapunov potentials
and of coupling methods that enables us to quantitatively study the speed of convergence
to equilibrium.

Further related work. The formal links between stochastic gradient descent and its
continuous model are studied in Li et al. (2019) on the theoretical side, where a weak error
analysis is provided, and in Li et al. (2021) on the experimental side. In a similar article
in spirit, Fontaine et al. (2021) provides convergence results on general convex function,
but with a systematic polynomial step-size decay. Some results implying the use of SDEs
to study the influence of the noise on the implicit bias the algorithm are given in the least-
squares case in Ali et al. (2020), and is an active topic in general (Ziyin et al., 2021; Wu et al.,
2018; Pesme et al., 2021; Pillaud-Vivien et al., 2022). Quantitative studies of the invariant
distribution that focus on the particular shape and intensity of the noise covariance include
Mori et al. (2022); Wojtowytsch (2024). Note that when the step-size is properly re-scaled
with respect to the dimension, SGD converges in the high-dimensional limit to an SDE that
is similar to the one we study here (Ben Arous et al., 2022), which is called homogenized
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SGD in the least-square context (Paquette et al., 2022). Power laws of convergence toward
stationarity related to the eigenvalue decay of the covariance matrix (capacity condition)
are ubiquitous in statistics (Caponnetto and De Vito, 2007) and the study of SGD for least-
squares (Dieuleveut and Bach, 2016; Berthier et al., 2020; Pillaud-Vivien et al., 2018; Cui
et al., 2021; Bordelon and Pehlevan, 2021). Finally, the heavy-tail phenomenon, has been
re-discovered lately as an interesting feature of SGD with multiplicative noise (Hodgkinson
and Mahoney, 2021; Gurbuzbalaban et al., 2021) and more recently in the context of SDE
in the work of Jiao and Keller-Ressel (2024).

Organisation of the paper. In Section 2, we present the general setup of SGD both
in the population and empirical cases as well as the possibility of the data in both cases
to be fully interpolated. Section 3 explains the relevance of building a consistent SDE
model of SGD and recalls technical details related to SDEs. In Section 4, the results
regarding the dynamics of SGD in the training case are given, both in the interpolation
regime (Section 4.1) and in the noisy regime (Section 4.2). Section 5 is built similarly to
the previous one and is devoted to online SGD. The proofs are postponed to the Appendix,
for which precise references can be found in the main text.

2. Setup: Stochastic Gradient Descent on Least Squares Problems

In this section, we introduce the least-square problem that we consider throughout the
article, putting emphasis on the difference between empirical distributions (training loss)
and true ones (population loss). However, the central argument of the article is that,
aside from the known differences between empirical and test cases, the primary qualitative
distinction hinges on whether the possibility of loss can be zero (interpolation), irrespective
of the discrete nature of the distribution. Stochastic gradient descent is introduced at the
end of the section.

2.1 The least-square problem: population and empirical losses.

We consider a regression problem with input/output pair (X,Y) € R? x R distributed
according to a joint probability law p € P(R? x R). To learn the rule linking inputs to
outputs, we take a linear family of predictors {fy : x — (0, x), € R?} and aim to minimize
the average square loss on the penalty £(0, (X,Y)) := $( (6, X) — Y)2

L(0) = %E(X,YM ((6.x)-v)] . (1)

Remark 1 (Link with RKHS) Here, the predictor family consists of linear functions
of the input data x € R%.  While for the sake of clarity, we will keep this linear family
throughout the article, note that the same results apply for any family of linear predictors in
an abstract reproducing kernel Hilbert space (H, (-, -)%), with feature R? > x s o(z) € H,
changing the dot product and family of predictors with the natural structure: {fy : x

(0, o(x))n, 0 € H}.

In this article, in order to put emphasis on the possible difference between the two settings,
we make a clear distinction between the population and the empirical cases. To keep the
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notation simple, we refer to the population case whenever (2 := supp(p) is an open set of R,
On the contrary, we refer to the empirical case when p is a finite sum of atomic measures,
i.e. there exist (z1,41),..., (%n,¥n) € R? x R such that p = 137, O(z:,y:)- Obviously, the
term empirical refers to the fact that, in this case, Eq.(1) can be seen as the training loss
1 « 2
L(O) = 5> ((0:20) = w)" (2)
i=1

In this case, the number n € N* will always denote the number of observed inputs/outputs
pairs (z;,Y;)i=1..n, and we will use the notation X = [z1,...,2,]" € R™*? to denote the de-
sign matrix, and y = (y1, . .. ,yn)T € R™ to denote the output vector. With these notations,
the training loss can be rewritten as L(f) = 5-||X6 — y|[3.

Note that even though for the sake of clarity we will sometimes treat them separately,
these cases fit into the same framework and notation.

2.2 Noisy and noiseless settings.

For this, let us introduce the set of interpolators:
7= {0 e R?, such that L() = 0} . (3)
We distinguish between the two following settings.

Noisy setting Z = (). In this case, the loss L is strictly positive, i.e. there exists ¢ > 0
such that L() > ¢? for all § € RY. The two following examples show that this situation
typically arises for different reasons in the population and in the empirical cases. In the
former, this is an effect of the noise model on the output, whereas in the latter, this is only
a consequence of the underparametrization.

Example 1 (Noisy model) Assume that there exists 0, € R and € € R a random vari-
able independent of X of mean zero and variance 202, such thatY = (04, X) + &. Then

2 1
o+ SEE) 207

L(§) = % Hzm(e—e*) >

where we use the notation for the input covariance matriz: 3 := Ep[XXT] € Rdxd,

Example 2 (Underparametrized setting) Consider the underparametrized regime for
which n > d, and assume that each i.i.d. input/output couple (x;,Yy;)i=1..n come from
independent distributions that have densities (i.e. for all i € [1,n], z; and y; are inde-
pendent and are distributed according to laws that are absolutely continuous with respect to
Lebesgue). Then, we have that almost surely T = ().

Noiseless setting Z # (). This means that there exists at least one perfect linear inter-
polator of the model. In the population setting, this corresponds to the strong assumption
that the model is well-specified and noiseless (formally & = 0, if we refer to Example 1).
Notably, this regime has received considerable attention recently to model the large expres-
sive power of neural network (Ali et al., 2020; Berthier et al., 2020; Vaswani et al., 2019).
Yet, in the empirical case, this typically and simply corresponds to the overparametrized
regime d > n.
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Example 3 (Overparametrized setting) Consider the overparametrized regime for which
d > n, and assume that ((x1,y1), ..., (Tn,yn)) are i.i.d. samples drawn from a distribution
that has a density. Then, we have that the zero-loss set is the affine set T = 0, + ker(X),
where 0, is any element of Z. Furthermore, dimZ > d —n > 0 almost surely.

2.3 Stochastic gradient descent

Stochastic gradient descent (SGD) aims at minimizing a function through unbiased esti-
mates of its gradient. While this method has been developed for a different purpose in the
early 50’s (Robbins and Monro, 1951), it is remarkable how SGD fits perfectly the mod-
ern large-scale machine learning framework (Bottou et al., 2018). Indeed, SGD iterative
procedure consists in sampling at each time ¢ € N* an independent draw (x¢,y;) ~ p and
updating the predictor § with respect to the local gradient calculated on this sample:

Or1 = 0 — Vol (0, (x4, yt)), (4)

where v > 0 is the step size. Even if the population and empirical cases fall under the same
general framework of stochastic approximation, let us detail the setups for these.

The population case: online SGD. The population case corresponds to what is re-
ferred to as online SGD in the literature (Bottou and Bousquet, 2008). In this case, for
each time ¢ € N* we have an independent draw (x,y;) ~ p, and if we denote F; =
((xk,yx), k < t) the natural adapted filtration, then E[Vgl(0:, (z¢, y¢))|Fio1] = VL(6;).
That is, Vgl(0y, (x¢,y:)) is an unbiased estimate of the true gradient of the risk, and the
recursion can be written in explicit form

Or+1 = 0r — v (01, 2t) — yt) 2t (5)

Remark that even though at iteration ¢, it has seen only ¢ samples, the SGD recursion
directly optimizes the population loss L. This is due to the fact that as long as the recursion
progresses, we have access to fresh samples from the distribution p. This can be seen
informally as the case n = 400 and is in contrast to the finite n empirical case. A convenient
way to present this dynamics is to force the apparition of the true gradient and rewrite the
rest as a martingale increment. Indeed, Eq. (5) reads:

Or+1 = 0r — YV L(0r) + v (Vo L(0:) — (01, 71) — y) w¢)
= 0r — YE, [((0r, X) = Y) X] + ym (04, (21, yt)) (6)

where m(6y, (x,y1)) == E, [((0s, X) = Y) X] — ((Or, x1) — ye) -

The empirical case: training SGD. In this case, the main difference is that we con-
sider a finite number of samples, so the SGD recursion iterates over them uniformly at
random. Mathematically, this corresponds to taking, at each time ¢ € N* an independent
sample of the uniform distribution é; ~ Unif({1,...,n}) and consider the unbiased esti-
mate Vol(6y, (x;,,yi,)) of the true gradient of the training loss Eq.(2). For this, the adapted
filtration writes F; = ((@k, Yk)k<n, (ix)k<¢) and the recursion reads:

et-‘rl =0 — v (<0t7xit> - yit) Ly (7)
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Despite the fact that this dynamics looks very similar, the important difference is that, the
batch of samples being fixed, the dynamics can select several times the same pair (zy, yg).
This is the reason why, informally, after ¢ > ©(n) iterations, the training dynamics Eq.(7)
will deviate from the online SGD presented in Eq.(5). To end this section, let us also rewrite
this dynamics with respect to the gradient descent plus the martingale increments:

9t+1 =0; — ’YVGL(et) +7 (VQL(et) - (<0t7 ‘Tit> - yit) xit)

= 00—y D (O10) — )i+ O, (3, 31)) 0
i=1

where m(0y, (¢, 1)) == = >0, ((0p, ) — yi) i — ({04, %3,) — Yi,) @i, Note that these equa-
tions are, in fact, exactly the same as those presented in the population case, simply con-
sidering that the distribution is an empirical one, i.e. p = %Z?:l O(z;,y;)- Nonetheless, we
decided to present them explicitly for the sake of clarity.

3. Continuous model of SGD

In this section, we present stochastic differential equation (SDE) models for SGD. First,
we provide general necessary conditions for accurately modeling SGD. We then instantiate
these conditions more precisely.

3.1 The requirement of a SDE model

As mentioned above, the decomposition of the SGD recursion as in equations (6),(8) is a
generic feature for stochastic descent (Benaim, 2006), as it has led to the celebrated ODFE
method (Harold et al., 1997) to study stochastic approximation of this type. Going further,
this decomposition between a drift VL and local martingale term m(-, (z,y)) is reminiscent
of the decomposition that occurs for It6 processes, i.e. solution to a SDE of the type

d@t = b(t, gt)dt -+ \ﬁa(t, Ht)dBt, (9)

where (Bi);>0 is a Brownian motion of R?. These types of models have been extensively
studied in the literature (Khasminskii, 2011), as they not only possess strong modeling
capabilities but also provide useful tools such as It6 calculus for mathematical analysis.
One of the aims of this article is to link the SGD dynamics to processes that are exemplary
in the SDE literature. In order to establish this link, the first question we need to address
is the following

What SDE model fits well with the SGD dynamics?

This question has received great attention in the last decade, and a good principle to answer
this is to turn to stochastic modified equations (Li et al., 2019). This is a natural way to
build SDE models since they are consistent in the infinitesimal step-size limit with SGD.
More precisely, this is a weak approximation result for the marginal laws at discrete times
in the small-step limit. This does not imply pathwise convergence, but only convergence of
the marginal distributions at each discrete time. In order to build such models, there are
two requirements:
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(i) The drift term b(¢, ;) should match —V L(6;).

(ii) The noise factor o should have the same covariance as the local martingale m, i.e.

olt,0)0(t,0;)" =&, |[m(0s, (e, ye))m(Oy, (xe, ) " | ft—l} . (10)

Besides technical assumptions, these are the two requirements presented in Li et al. (2019,
Theorem 3) to show that the SDE model is consistent in the small step-size limit with the
SGD recursion. Going beyond the approximation concerns tackled by (i) and (ii), it has
recently been observed that the SGD noise carries a specific shape that the SDE model
should carry as well (Wojtowytsch, 2023; Pesme et al., 2021). This requirement has a more
qualitative nature but it is important to fully capture the essence of the SGD dynamics

(iii) The noise term o(t,0;)dB; should span the same space as m(6y, (z¢, yt))-

We will see below, that, in order to build a SDE model of SGD, this third requirement
is particularly important in the empirical case, where the noise a strong degeneracy.
3.2 Explicit form of the SDE models

Let us first explicitly write the multiplicative noise factor o(t,6;) in the population and
empirical cases. Then, we derive the expression of the SDE models that we analyze later.

The population case. In the population case, the calculation has already been made
in Ali et al. (2020) and, defining rx(0) = (6;, X) —Y € R, the residual random variable, we
have

ot 0)o(t.0) 7 = (B [rx (02X X | =B, [rx (0) X] E, [rx () X]" ).

In this case, there is no geometric specificity of the noise and we choose o(t, 6;) as the PSD
square root of the right hand side, that is, we define, for all # € RY,

1/2
o(0) == (E, [rx (02X X | ~E, [rx () X]E, [rx (9)X] ) € R, (11)
and we study the following SDE model:

where (By)i>0 is a Brownian motion of R? and o € R4 is given by (11).

The empirical case. The empirical case is, from a geometric perspective, a bit more
subtle. Indeed, as can be seen directly from Eq.(7), iterates SGD remain in the low-
dimensional space of dimension at most n: 6y + span(xi,...,x,) C R?. Hence, it is
primordial for a good SDE model that the noise reflects this degenerate structure. Let us
apply for the SDE noise factor calculation. Let us define ry(0) := ({6, 1) —y1, ..., (0, xn) —
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yn) " € R™, the vector of the residuals, then
ot 000t 0) = (ixT diag(ry(0,))2X — %XT r(01) rX(Ht)TX)
1 1
= 2XT (gl (80?6 )" ) X
1 1 1 T
=X <diag(rx(9t)) - TX(Ot)]lT> <diag(rx(9t)) - rx(et)]ﬂ) X,
n n n

where for any 6 € R?, we define diag(d) € R%? as the diagonal matrix with the coordinates
of 6 as diagonal entries and 1 € R" the vector of ones. In the case where n < d, the overall
covariance matrix is degenerate as its rank is at most n: this is because the “noise of SGD”
naturally lies in span(zy,...,x,). Hence, it is important to keep this degeneracy and this
is the reason why we choose the square root that preserves it:

1

O'(et) = %XTRX(Ht) S RdXTL’

where we defined Ry(0) := diag(rx(6;)) — 1ry(6) 1T € R™™. With these notations, we
study the following SDE model:

1
do, = _ExT(xet —y)dt + \/ZXTRX(Gt)dBt, (13)

where (B¢)¢>0 is a Brownian motion of R™.

Initial condition and moments. Initialization will be taken at some 6y € R? which can
be considered as a random variable. Standard choices for the law of 8y include the standard
Gaussian of R?, or a dirac measure on some vector 6y, e.g. 6y = 0. In both cases, its law
po has moments of all orders, and since drift and multiplicative noise of the SDEs (12)-(13)
have at most linear growth, Theorem 3.5 of Khasminskii (2011) shows that the marginal
laws (p¢)i>0 all have moments at all orders at any time ¢ > 0.

Now that we motivated the SDE models in the previous part, and stated them in
Eqs.(12)-(13), we study their convergence property. This is the purpose of the main results
that are stated in the two following sections.

4. SGD on the training loss

Recall that this corresponds to the finite data set case with n input /output pairs (x;, ¥i)i=1...n,
stacked into data matrix X € R™*? and data output vector y € R%. We study in this section
the SDE given in equation (13). We assume that all data are bounded, i.e. there is some
K > 0 such that ||2;||> < K for all i € [1,n]. Let us introduce first an important element of
the model. In this section, we define

Definition 2 Let X denote the pseudo-inverse of the design matriz X. We define

0, = X'y + (I —X'X)fy . (14)



SDE MODELS FOR LEAST SQUARES SGD

Note that, in generic cases, in the underparametrized case for which d < n, we have X =
(XTX)7IXT. Then, XIX = I, and 0, = Xy is the ordinary least squares estimator and
does not depend on f#y. In the generic overparameterized case for which n < d, we have
Xt = XT(XXT)~1, and hence X8, = XXTy + (X — XXX)fp =y, which shows that 6, € Z.

Finally, for both cases, we define ¥ := %XTX € R¥? the design covariance matrix.
With this notation, the SDE becomes

doy = —%(0; — 0,)dt + \/ZXTRX(9t>dBt>

where (Bi)¢>0 is a Brownian motion of R”.

Comparison with standard processes. As already said, the dynamics in the noiseless
and noisy cases are of different natures because of the possibility to cancel the multiplicative
noise term. Indeed, for the sake of clarity, assuming n = d and X/y/n = ¥ = I. If the noise
can cancel, Ryx(6;) has the shape of a linear term like diag(f — 6.), and each the coordinate
of the difference n = 0 — 6, follows a one-dimensional Geometric Brownian motion dn =
—nedt + \/ymed By , for which it is known that 7; — 0 almost surely, which corresponds to
0; — 0. This comparison is the governing principle of the analysis of this setup. Otherwise,
if the noise cannot cancel and is strictly lower bounded, then, under the same proxy, the
movement of each coordinate of n resembles the SDE dn, = —ndt + \ﬁ\/nf + 02dB; which
looks like a Ornstein-Uhlenbeck process if 7 < o, but with a noise that has a multiplicative
part n.dB; when 1 > o. These are known in one dimension under the name of Pearsons
diffusions (Forman and Sgrensen, 2008) and exhibit stationary distribution with heavy tails.

The difference between these two settings is the reason why we divide the results into
two different subsections.

4.1 The noiseless case

In this section, we let (6;);>0 follow the dynamics given by Eq.(13) initialized at 6y € R?
and assume that ker(X) # {0} and that Z # (). Note that this generically occurs in the
overparametrized case for which n < d. Recall that we have defined 0, = XTy +(I— XTX)HO
in Eq.(14), we now present a geometric interpretation of 6, in this case,

Lemma 3 The vector 0, is the orthogonal projection of 6y into I, that is

0, = argmin [0 — 6| . (15)
XO=y

The proof is deferred to Section A.1 in the Appendix. Note that this fact is often known

as the implicit bias of least-squares methods and has statistical consequences studied under

the name of “benign overfitting” (Bartlett et al., 2020, 2021).

Remarkably, despite the randomness of the SDE (13), the convergence is almost sure
towards 6,, with explicit rates that we show below. In the following, to simplify the presen-
tation and avoid burdening the reader with slightly different technical conditions in each
result, we enforce throughout the more restrictive but unified step-size bound v < ?%K In
the following, for any a > 0, we define X% by

. QAiaQT,
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where ¥ = QAQ" is the spectral decomposition of ¥, and A~ is the diagonal matrix with
entries
AC it A >0,
(A=) =40
0 if \; =0.

Theorem 4 Let (6;)¢>0 follows the dynamics given by Eq.(13) initialized at 6y € RY, then
for v < %, we have that (0¢)i>0 converges almost surely to 0, with the following rates

(i) Parametric rate. For allt > 0, we have that
E[|6; — 0.]%] < 1|60 — 0. *e =", (16)
where p > 0 is the smallest non zero eigenvalue of 3.

(ii) Non-parametric rate. For allt > 0, we have that for all a > 0,

1 «

E[|l6; — 6.]|%] < , 17

[H t || ] —_ ||90 _G*H,Q/a_‘_cat ( )
where we defined

C :i(w —0,, 570 —0,)) + TKa 160 — 6,)17) Y and K. = max(z;, X~ %x;)

« 20 0 *9 0 * 9 _ K’y 0 * « i<n [ i/

Hence, for all ¢ > 0,
E[||6; — 6.]%] < min{HHO — 0. |%e7H, inf ! ]0‘}
= : TacR* | || — 0|72/ + Cyt ’

and, if 4 is non-zero but very small (e.g. 10719), this inequality describes well the differ-
ence between the transient regime of convergence that is polynomial and the asymptotic
regime that is exponential but occurs after time-scale 1/u. These polynomial convergence
bounds, associated with the covariance upperbound, K,, are common in the study of SGD
in RKHS (Dieuleveut and Bach, 2016; Lin and Rosasco, 2016; Berthier et al., 2020). Second,
by Markov inequality, remark that the estimates (i) and (ii) give convergence rates in prob-
ability. Furthermore, one steadily checks that one can derive the same kind of inequality
as in (i) for the expected iterates (E[6¢]):>0. In this case, one obtains the overestimation
160 — 04]|?e=2#" and from the perspective of the rate given by the Theorem, the stochastic
nature of the dynamic seems to slow down the convergence. Finally, note that considering
fp as a random variable, all expectations can be thought of as conditional expectations
E[-]6p]. The results are illustrated in Figure 1 and 2.

4.2 The noisy case

In this section too, (6;);>0 follows the dynamics given by Eq.(13) initialized at 6y € R
However, we assume in this subsection that ker X = {0} and that Z = (). Note that this is
generically the case if n > d. The important consequence of this is that the loss is uniformly
lower bounded by a positive number, indeed, we have

10
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Error of SGD (log - log scale)
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Figure 1: Plot showing the error of SGD along time for an overparametrized regime where
n = 100 and d = 200. The samples (z;)i<, come from a Gaussian distribution
with a covariance whose eigenvalues decay as a power law (o = 0.2) and (y;)i<n ~
N(0,1,). The vertical dotted orange line illustrates the separation between the
two regimes depicted by Theorem 4, the polynomial one before (a straight line in a
log-log plot, shown with an affine fit with slope @ ~ 0.2 ) and the exponential line,

after typical time scale 1/u. This illustrates perfectly the rates of convergence
shown in Theorem 4.

Figure 2: Display of a two-dimensional projection of 10 trajectories of SGD for n = 100,
d = 200, in the case that there is an perfect interpolator .. The ellipses represent
the level curves of the training loss.
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Lemma 5 Let 0% = L(0.), we have, for all § € R? that L(6) > o2.

Proof The function 6 — L(6) is convex, hence any minimizer of L satisfies the equation
VL(#) = 0. This is the case of 0., as VL(0) = X(6 — 0,). [ ]

Hence, the noise covariance matrix is (most of the time) uniformly bounded away from zero,
and this implies that there exists a unique invariant measure to the SDE equation. This, in
contrast to the noiseless case (Z # () where any measure that is supported in Z is naturally
invariant.

Semi-group. Due to the non-degeneracy of the noise term in this case, it is more conve-
nient to track the dynamics of the probability measure p; := Law(6;) for any t > 0, which
is the time marginal of the process initialized at 6y and defined such that E[f f fdpy,
for any f : RY — R smooth enough. In fact the SDE Eq.(13) has an assomated semi-group
Py, defined so that for all n € RY, (Pyf)(n) := E[f(6;)] =0 = n]. Under a local strong
ellipticity assumption (i.e., the diffusion matrix o(.)o(.)” is uniformly positive definite on
compacts), classical regularization results for SDEs imply that, even if the initial condition
is singular, such as pg = dg,, the law p; of 6; admits a density with respect to the Lebesgue
measure for any ¢t > 0, and has a finite second moment (Friedman, 2008, Section 4 of Chap-
ter 9). We place ourselves in this setup where py € Po(R?), the set of probability measures
w such that [ |0]2du(0) < +oc.

Infinitesimal generator. It is classical that the evolution of expectations of observables
(f(6))t>0, for f smooth and compactly supported, is given by the Dynkin forrmula (Khas-
minskii, 2011, Lemma 3.2):

d
SE[£(6)] = LE[01)] . (18)

where the operator L, often referred to as the infinitesimal generator of the dynamics,
acting on test functions f : R — R sufficiently smooth, is defined as
’Y d
(L) = —((0 = 0.),VI(0) + 5~ > X" R (0)X]i;0;5/(6) - (19)

2n
i,j=1

Integrating by parts the Dynkin formula eq.(18) gives that the the time-marginal law of
(0¢)e>0 satisfies the (parabolic) Fokker-Planck equation (at least in the weak sense):

8tpt = E*Pt )
with the operator £* is the adjoint £ for the standard dot product of L?(R%), and writes

(L F)(0) = div [Z (0 — 6,) Z di; ([XTRZ 0) L f(9)> .

,Jl

Dynkin forrmula enables, as in the deterministic case for gradient flow, the use of Lya-
punov functions. This is a very useful tool to study the asymptotic behavior of stochastic
processes. This is the objective of the following lemma:

12



SDE MODELS FOR LEAST SQUARES SGD

Lemma 6 Let V(0) = 3||0 — 0.|?, we have the inequality, for all 6 € R,

LV (0) < —2(1 — vK/2)L(6) + 202 . (20)
Consequently, for v < i, there exists a stationary process for the SDE (13).
The proof is postponed to the Appendix A.2.

4.2.1 INVARIANT MEASURE AND CONVERGENCE.

Any invariant measure po, satisfies the (elliptic) Partial Differential Equation (PDE): £L*ps =
0. Moreover, by ergodicity, the law of the iterates eventually converges towards this unique
invariant measure. In the following result we also provide a quantitative statement, in
Wassertein distance, on the speed of convergence of the dynamics towards such a measure.

Theorem 7 Let (0;);>0 follows the dynamics given by Eq.(13) initialized at 8y distributed
according to py € Po(R?), then for v < ?%K , there exists a unique stationary distribution
p* € Po(R?), and quantitatively,
(i) Parametric rate. For allt > 0, we have that
W3 (pe, p*) < W3 (po, p*)e #0208, (21)

where p > 0 is the smallest non zero eigenvalue of X.

(ii) Non-parametric rate. For allt > 0, we have that Vo > 0,

1 o
2 *) <
Walonp7) < [Wf(po,p*)”“ +Cat:| ’ 22)

_ —1/a
with Co = w (]E [(Bp — O., X7%(0y — O4))] + fj;;‘KWQQ(po,p*))) , and where
the expectation in the first term is taken w.r.t. the optimal Wasserstein coupling be-
tween Gy ~ pg and O, ~ p,.

The proof of these results is deferred in Appendix, Section A.2.1 and rests on coupling
techniques standard in the asymptotic behavior of SDEs (von Renesse and Sturm, 2005)
for the Wasserstein distance. Omne could adapt the argument to derive rates of conver-
gence for other probabilistic distances that have a coupling representations like the total
variation (Hairer, 2010); however, due to the multiplicative noise, convergence rates in the
“natural metric” given by L?(p*) are more difficult to obtain. This could be the occasion for
a future investigation (see the recent work of Cattiaux and Guillin (2023) for a possibility to
overcome this). Similarly as for the noiseless cases, there is a difference between time-scale
of convergence between the early regime ¢ < 1/u that is polynomial and the asymptotic
time t > 1/u that is exponentially fast.

13
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Figure 3: Four plots showing the trajectory of SGD in the noisy setting. The arrow of
time goes from top left to bottom right. We see that the two variance reduction
methods (time average and decaying step-sizes) converge towards 6, (confirm-
ing Propositions 11 and 12), while plain SGD has a stationary distribution with
certain fluctuations around its mean 6, as explained in Theorem 7 and Proposi-
tion 8. Plain SGD is faster to its invariant distribution as the variance reduction
methods as shown in the convergence rates provided in the results.

4.2.2 LOCALIZATION OF THE INVARIANT MEASURE.

Above, we have shown that the law of the iterates converges towards a measure p* at a
certain speed. We know that the invariant measure satisfies the equation L£L*p* = 0; yet,
this does not really give any practical description or insight on it. Notably, we want to
understand how its localization depends on 6, and on the parameters o2,~ or X. This is
the purpose of the following proposition.

Proposition 8 Let ©, ~ p*, then for v < :,%K we have

2
E[O0. =0, , and E [He* —e*m < Ko (23)

(1 —9K) "

The proof can be found in the Appendix, Section A.2.2. Note that, as expected, the
deviation of O, to its mean goes to 0 as o or 7 goes to 0. Moreover, in the limit v < 1,

14
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we have E ||, — 0,]|* ~ vKo?/p, which reflects, up to constants, the scale given by the
Gaussian calculation provided in Remark 9.

Remark 9 Let ¢ > 0 a positive constant, we now consider the simplified model where
R, =01, , so that the SDE dynamics becomes

1 2
0, = ——XT (X8, — y)dt + 1/ X" dB,.
n n

This model is particularly convenient as it allows for an explicit computation of the invariant
distribution. Solving L*p* = 0 in this case gives for all § € RY,
_llo—o.)?
pr(0) oo

2
That is to say that p* is the Gaussian of mean 0, and covariance %Id.

However, recall that Ry(-) is in fact linear, this implies that for large ||0||, the noise in the
SDE amplifies: this has consequences on the tails of the distribution, see next paragraph.

Heavy-tails or not? Recall that at any time ¢ > 0 all the moments of the law of 6,
exist (provided the initial distribution had such moments). Yet, depending on the step-size,
moments of the invariant distribution might not exist. More precisely, we show that if one
fixes a step-size v > 0, all moments up to a certain value a(7) of the invariant distribution
exist and all higher moments do not. In other words, the step size is a direct control of the
tail of the asymptotic distribution.

Proposition 10 For n > 2d and a fized v < ﬁ, there exists a > 0 large enough (specifi-
cally, o > % for C a constant depending only on X,y) such that

E([[©«]*) = +oc.

The proof of this result can be found in the Appendix, Section A.2.2. This result is in
accordance with the fact that multiplicative noise in SGD induces heavy-tails of its asymp-
totic distribution (Hodgkinson and Mahoney, 2021; Gurbuzbalaban et al., 2021; Jiao and
Keller-Ressel, 2024).

4.2.3 CONVERGENCE OF VARIANCE REDUCED DYNAMICS

If the aim is to have an estimator that converges at long times to the optimal 6, it is
necessary to use wvariance reduction techniques: here we show how time averages and step-
size decay can be used in order to achieve this.

Ergodicity: convergence of the time average. Classical ergodic theorems tell that
the time average along a trajectory converges towards spatial mean taken according to the
invariant measure, i.e. %fot ©(0s)ds — Ep« [0(O4)], as t goes to infinity, for every smooth

function ¢. Taking ¢ = I, we thus expect that 6, := %fg 0sds — E,« [0,] = 6., as t goes to
infinity, as explained in Proposition 8. We quantify the convergence speed in the following.
Proposition 11 We have for allt > 0 that

8vKo? N 10(|60 — 04
t 2 '

E[[2(0: - 0.)] <
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Step-size decay. In this section, the step-size v = 7; depends on the time ¢ and tends to
0 as ¢ tends to co. In this case, (6;):>0 eventually converges.

Proposition 12 Let v = 1/(2K +t%) and a > 1, we have

Ca
ta—1 )

E[|[0; — 6.]7] <

with Co = = (E[|6 — 0.|%le(2(c — 1)/u)* ™" + (2a/u)"0?) + 22262,

This result of polynomial decay when the step-size decay polynomially is similar to the
one provided in the work of Fontaine et al. (2021), and is re-proven here for the sake of
completeness. For both results, the proofs are postponed to the Appendix, Section A.2.3.
All results on convergence are illustrated in Figure 3.

5. Online SGD (population loss)

In the previous section, on SGD in the empirical setting, we have shown that the core of
the qualitative description relies on the fact that the noise can cancel or not. The situation
is similar for online SGD. In fact most of the calculation that we have shown so far transfer
almost immediately within this setting. This is the reason why we will only show the results
concerning the convergence in the noisy and the noiseless settings and describe briefly what
properties will be similar than the ones exhibited in the previous section.

First, we recall the main equation governing the dynamics (12):
d9t = —Ep [(<9t7 X> — Y) X] dt + ﬁa(ﬂt)dBt,

where (Bi)¢>0 is a Brownian motion of R? and o € R¥? is given by

1/2

o(6) = (B, [rx(0)’XXT| ~ B, [rx (0)X] E, [rx (6)X]T) "~ e RO

Let us define ¥ = E,[XX "] € R4 the covariance matrix that we assume invertible and
0. = S7IE,[Y X] € R% We have that for all § € RY, E, [((9, X) —Y) X] = 2(0 — 6,), and
hence the dynamics writes:

d@t = —Z(Ht — 9*)dt + ﬁa(@t)dBt

Despite the difference between the empirical and population learning setups, the story
here is similar to what is described in Section 4. Indeed, the core of the behavior of the
algorithm relies only on the fact that 6, cancels also the noise matrix o, i.e o(6,) = 0. If
this is the case, i.e. we are in the interpolation (or noiseless) regime, then the same analysis
as in Subsection 4.1 applies and the movement resembles multivariate geometric Brownian
motion. If uniformly o(f) = 0, then there will be a non degenerate invariant measure and
the same results as Subsection 4.2 go through.
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5.1 The noiseless case

Here we assume that the distribution p is such that Y = (X,60,) and that the features
are almost surely bounded, i.e., ||X]|> < K for some K > 0. This means that we are
in the noiseless/interpolation regime where the input/output distribution admits a linear
interpolator. As previously, in this case, despite the randomness of the SDE, the convergence
is almost sure towards 6., with explicit rates that we show below.

Theorem 13 Let (0;)1>0 follows the dynamics given by Eq.(13) initialized at 6y € R?, then
fory < ?%K, we have that ||0; — 0.| converges almost surely to 0 with the following rates

(i) Parametric rate. For allt > 0, we have that
E[[|0; — 0.]%] < 1160 — 0. ?e 77V, (24)
where p > 0 is the smallest non zero eigenvalue of .

(i) Non-parametric rate. For allt > 0, we have that for all o > 0,

1 (64
E[||6; — 6. < : 25

where we defined

1
Co = = ({n0, X" %n0) +

2

YKa o 12y-1/a _ y—a.
5 K’y||6?0 0.]1%) and K, = I%af(xz,Z x5).

Hence, as in the case of the training dynamics, we have that for all ¢ > 0,

«

and, if 41 is non-zero but very small (e.g. 10719, this inequality describes well the difference
between the transcient regime of convergence that is polynomial and the asymptotic regime
that is exponential but occuring after time-scale 1/u. We recalled here the result as in the
previous section for the sake of completeness, but the result and the proof of the theorem
(which can be found in the Appendix, Section B.1) are rather similar to the training case.
This shows that what really matters is the ability of the model to be interpolated or not
and not the finite sample size.

5.2 The noisy case

In this section, we suppose that we are in the noisy regime. This corresponds to the fact
that there exists a constant a > 0 such that for all § € R%, we have 02(0)/L(0) = a?Iy,
as well as L(0) > a?, that is to say that neither the loss nor the multiplicative noise can
cancel. Let us give first a concrete example when this happens.

Example 4 (Gaussian model) Assume that X ~ N(0,X), with ¥ > ul; and that there
exists 0, € R? and £ € R a random variable independent of X of mean zero and variance
202, such that Y = (0., X) + &. Then, by some forth order Gaussian moment calculation
given in (Berthier et al., 2020, Lemma 1), we have the exact calculation

o (0)% = (S(0 - 0,)) (S0 — 6,)) " +2L(6)3 3= 2uL(0)1, ,

as well as L(0) > o2.
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Semi-group and Fokker-Planck equation. As for the training setup, due to the non-
degeneracy of the noise term in this case, it is more convenient to track the dynamics of
the probability measure p; := Law(6;) for any ¢ > 0. We place ourselves in the situation
po € Po(R?) and recall that (6;);>0 satisfies the (parabolic) Fokker-Planck equation (at least
in the weak sense) Oyp; = L*py, with the operator £* being the adjoint (with respect to the
canonical dot product of L?(R?)) of the infinitesimal generator of the dynamics that writes,

d
(L)O) = ~(B (0= 0.),VF0) +5 D [0(0)o(6) 11,0 £(6). (26)
i,j=1

for all test functions f : R? — R sufficiently smooth. Recall furthermore that the evolution
of expectations of observables (f(6:))+>0 is given by the action of the generator:

d
G EF(0)] = LE[£(0,)] - (27)

5.2.1 INVARIANT MEASURE AND CONVERGENCE.

As the multiplicative noise does not cancel, £* is uniformly elliptic and there is existence
and uniqueness of the invariant measure po of the SDE, which satisfies the PDE L*p,, = 0.
Moreover, by ergodicity, the law of the iterates eventually converges towards this unique
invariant measure. In order to show this quantitavely, we first prove a useful lemma on the
Lipschitz behavior of the multiplicative noise:

Lemma 14 There exists of constant ¢ > 0 depending only on the distribution p, such that
for all 8, € R, we have

lo(8) = o (n)lfs < 2¢K(S(0 —n),0 1) . (28)

The proof is in the Appendix, Section B.2. We are now ready to state the main theorem
of the section. Indeed, in the following result we also provide a quantitative statement, in
Wassertein distance, on the speed of convergence of the dynamics towards such a measure.

Theorem 15 Let (6;)1>0 follows the dynamics given by Eq.(13) initialized at 6y € R?, then
for v < é , there exists a unique stationary distribution p* € Po(R?), and quantitatively,

(i) Parametric rate. For allt > 0, we have that
W3 (i, p*) < W3 (po, p*)e 27K, (29)
where p > 0 is the smallest non zero eigenvalue of 3.
(ii) Non-parametric rate. Assume that we have the inequality for all a > 0,
I=72(0(8) — o () fis < 2¢aKa(S(0 —n),0 —n) , (30)
then, for all t > 0, we have that Yo > 0,
1 (03

< 5 )

W3(po, p*) =2/ + Cat

W3 (pt, p*)
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_ Jo
with Co, = w (E [<90 — 0., X700 — @*)>] + Yi?#z&wg(pmp*))) , and where

the expectation in the first term is taken w.r.t. the optimal Wasserstein coupling
between Oy ~ pg and Oy ~ py.

Similarly as before, the result is similar to the underparametrized regime for the training
dynamics. This shows once again that what really matters is the ability of the model to be
interpolated or not and not the finite sample size. The proof of the theorem can be found
in Appendix, Section B.2.

5.2.2 FURTHER (EXPECTED) PROPERTIES.

In the following paragraph, we state what should be the properties of the dynamics by
analogy with the SDE on the training loss case. Any proof could be adapted, but we take the
option to avoid being redundant and state directly the expected properties without re-doing
the work of the previous section. To be fair, we do not state the results as propositions and
theorems. We will also abuse the notation ¢ > 0 that plays the role of a universal constant
in any of the expressions below.

It 1s possible to localize the invariant measure in a way similar to what has been done in
Proposition 8. We give below estimates on its mean and standard deviation around it. In
fact, if ©, is a random variable distributed according to p*, then we expect that

K 2
E[0. =6, , and E [H@* —e*ﬂ <t :' . (32)

We expect from ergodicity that time averages along a trajectory converge towards spatial
mean taken according to the invariant measure, i.e. 6; := %fg Osds — Epx [O4) =0, , as 't
goes to infinity, as stated in the equation above. A quantification of this fact would give :

1Ko + 6 — 0.
0.

E[5(0: — 0.)[* <

Step-size decay would help canceling the noise in large times: indeed, choosing the step-size
sequence as v = 1/(K +t%) for a > 1, we get

C
tafl’

E[|[6; — 6.]7] <

The heavy-tails phenomenon is also expected to hold similarly to the training case. More
precisely, we show that if one fixes a step-size v > 0, all moments up to a certain value «(7y)
of the invariant distribution exist and all higher moments do not. In other words, the step
size is a direct control of the tail of the asymptotic distribution.

6. Conclusion and Perspectives

In this article, we have shown how SGD could be efficiently modeled by a SDE to reflect
its main qualitative and quantitative features: convergence speed, difference between noisy
and noiseless settings and study of the asymptotic distribution. The specificity of the least-
square set-up enabled us to show some localization of the invariant measure p, in the noisy
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context: however, it seems possible to improve this understanding to its precise shape, and
some questions remain: is p, log-concave? Is it possible to characterize its covariance in
order to better apprehend its shape? Also, regarding its heavy-tail behavior, it would be
great to have a precise estimate of the exponent, from which the moment of the stationary
distribution explodes.

This work has been done to convey the idea that the SDE framework can improve the
understanding of SGD dynamics. This is clear for the least-squares setup, yet the important
question is to go beyond this and try to apply the same methodology for the non-convex
dynamics arising from the training of non-linear neural networks. The study of single or
multi-index models (Ben Arous et al., 2022; Bietti et al., 2023; Pillaud-Vivien et al., 2018)
could be a first step toward broadening this systematic study.
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ORGANIZATION OF THE APPENDIX

A. SGD on the training loss: Proof of Section 4.

A.1: The noiseless case. This includes the proof of the fact that 6, is the orthogonal
projection of 6y into Z (Lemma 3) and the proof of the convergence theorem of 6 to 6,
(Theorem 4).

A.2: The noisy case. We prove here the existence of a stationary distribution (Lemma
6).

A.2.1: Invariant measure and convergence. In this subsection, we prove the quanti-
tative convergence to the stationary distribution (Theorem 7) with the help of a technical
Lemma (Lemma 16).

A.2.2: Localization of the invariant measure. We prove the insights given on the first
and second moments of the stationary distribution (Proposition 8). Then, we show the
moment explosion of the invariant distribution (Proposition 10).

A.2.3: Convergence of variance reduction techniques. In this subsection, we prove
the convergence of the time-average of the iterates to 0, i.e. ergodicity (Proposition 11) as
well as the convergence of ; to 6, in the case of the step-size decay (Proposition 12).

B: Online SGD: Proofs of Section 5.

B.1: The noiseless case We give the proof of the convergence to 6, with rates (Theorem
13).

B.2: The noisy case. We first prove that multiplicative noise carries some Lipschitz prop-
erty (Lemma 14). This allow us to prove the quantitative convergence to the the stationary
distribution (Theorem 15).

Appendix A. SGD on the training loss: Proofs of Section 4

A.1 The noiseless case

We begin by proving Lemma 3 on the fact that 6, is the orthogonal projection of 6y into Z,

that is 0, = argmin || — 6% .
XO=y

Proof [Lemma 3| The proof of the lemma follows from Karush—-Kuhn—Tucker conditions.
Indeed, the argmin is unique, being the projection of fy on a linear set, and it satisfies that
there exists Lagrange multipliers A € R” such that

0, —0y=X"X\, and X0, =y .
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This means that A = (XXT)~!(y — X6p), and hence,

0. = 0y + X (XXT) ™" (y — X6p)
= Xy + (I = XTX)b, ,

which corresponds to the given definition of 6,. |

We now prove the main convergence theorem of this section. This is Theorem 4.

Proof [Theorem 4| (i) The key ingredient of the proof is the Gronwall Lemma. Combining
the It6 formula with (13) gives us

ﬁ _ 2 _ _ o 2 T p2
ZE||6; — 0.2 = —2E(8; — 6., 20, 0)>+n1m(xx Rx(ﬁt)>.

By integrating the latter, we get

2 t
E|6; — 6.2 = |60 — 6.]% — n/o E|X (6, — 6,) ||2du

- ‘BT (X7 (ainetrn(0? = L@ (00" ) X)

Note that

t t n
x T (d; 2 -7 2000 (XXT)..
1 /0 ETr (x (diag(r(0)) )x) du=1 /0 E;rx(et)l(xx Viidu
t n
=2 [EY 20l du
0 =1

t n

~y

< n/ Em?XHwiHQZTE(et)idU
0 i=1

t
< 2K / EL(6,)du,
0

and

e /Ot ETr (XTTX(Qt) TX(Qt)TX) du= L /Ot ETr <rx(0u)TXXT7'X(0u)> du

n2 n2
v 1 t 1 t
> —Amm(EXXT) / E <rx(9t)Trx(0t)) du = 27Amm(gxxT) / EL(6,)du.
0

n 0

Collecting the estimates, we obtain
1 t
E[|6; — 0.]1> < |60 — 0.1* — <4 + 27)\mm(5XXT) — 27K> / EL(0,)du.
0

We remark that 6, — 6, € Ran(X7T). Indeed, we have
0, — 0, = (9u — 90) + (90 . 9*),
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the first term on the r.h.s. is in Ran(X7”) by (13) and the second term also by (14). We
recall that R? = Ran(X7) @ Ker(X) and therefore note that X IRan(xT) 1S a bijection into
its image. Combining the two last facts yield

Amin(EXXT)
2

because XX T as the same spectrum as X' X. All in all, we have

1
Bl (0u = 02) [* < - ElIX (0 = 02) | = EL(6)

1 1 !
16 = 6,17 < [0 = 6,17 = Xin (L XXT) (24 i (XX <8 ) [ B 6 62) P
0

and the first statement of the Theorem follows with Gronwall Lemma. We move to the
proof of the second statement of the Theorem.
(ii) We define 7, := 0; — 6, and recall that

t
Ellill? < 160 — 6.1 — 2(2 — 1K) / EL(6,)du.
0

The first consequence of this inequality is that

t
1 2
EL(O,)du < ———— |0y — 0.
/0 ( )U 2(2 )”0 H

We want to lower bound the term EL(6,) without using the smallest non negative
eigenvalue of ¥, that is supposedly infinitely small. First note XX is symmetric and thus
diagonalizable in an orthonormal basis (v;). We steadily check that

Ker(X"X) = Ker(X)

by invertibility of XXT. We thus have R? = Ran(X7) @ Ker(X"X). We denote by \; <
- < g~ the non zero eigenvalue of XX where d* < d is the number of non-zero eigenvalues

and (vy,...,v4+) the corresponding eigenvectors. For all ¢ > 0, we thus have the following

decomposition n; = Zg;l ntvg. Thanks to the Holder inequality, we claim that the following

holds true:

Let p,q € (0,1), p+ g = 1, we have, for all t > 0,

(& [l ?])* < 28(£600)] (E [ 27/ )"" (33)

We move to the proof of the above claim. To lighten the notation, we write 7}, = n; in the
following to wit

*

E [|ine|1?] ZE A ij:E[nZ NN ] < 30 (8 [ae])” (B [2x])"

thanks to Holder inequality w.r.t. the expectation. Then, applying once again the Holder
inequality for the sum, we have

E [me]1? (ZE nm) (il@[n%k?/ﬂ)
k=1
— (E22(0))" (B [t =7/my)] )"
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and the claim (33) follows. We now prove that t — E ((nt, »p/ qm>) is bounded. Indeed,
we proceed as before with It6 formula to get

d d d
-p/q — "t ~—p/q Mt p/q Yt
((nt,Z )) 2E( 7 DY ) + E(— e D) p )

= —2E(—Sn, S/, + E(\/ZXTRX(Gt)dBt, Ep/q\/ZXTRX(Gt)dBt>

= 9E(n, £ P/4,) + JETy <(XTR)TE_p/‘1XTR>
n

dt

< ZETr (z—p/qu (diag(rx(e))2 — %rx(ﬁt) rx(et)T> x>

SVEZ (ST (g, i) — i)

< 27K L(9t) 7

P/q

where we have used that for all i € [1,7n], we have (z;, ¥ ~P/9z;) < Kp/q- Then, by integrating
with respect to t, it yields

t
E ((nt,E‘p/qnﬁ) < (110, 7P/ 1p0) + 27Kp/q/ EL(0.)du
0

_ YKp/
< »—p/q P gy — 6,12 .
< (no, o) + 2—7K” 0 |

Hence, calling C = £ ((no, Z7P/9n0) + 5 p/"||0 — 0,]|?)7P/9 | we have the inequality, for
all ¢ > 0,

2\1/
EL(6:) > C (Elln:]*)™""
and this yields the inequality

t
1
Ellnlf? < [lnoll? - C /0 (Ellmall?) " du . (34)

that implies, from a slight modification of Gronwall Lemma that for all ¢ > 0, we have

2 1 1/p—1
El|n]|* < |
o + (1/p = 1)Ct

this gives the result claim in the theorem. To see how the last inequality goes, we define
g(t) = mol|2 = C J (Bl[na[|2)"/? du (which is positive) and we rewrite (34) as

! p !

and thus

1
—1/p+1

o(t) < —Ct<—; 1) + [/
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and we conclude with (34).
To prove the convergence almost surely, we use the It6 Formula to obtain

B (10— 0171 7) = 00— 017 +2 [/ LR TX 00— 0.) dBu)
by ‘ 1
+ E(/O ﬁTr (XT <d1ag(rx(9))2du - ETX(HU) T'X(QU)T) X>

— %«Qu — 0*) ,XTX (Ht - 9*)>du‘ .Fs)7

For vy < ﬁ, we have proven in (i) that the term inside the conditional expectation value/integral
is negative. We can thus overestimate the latter by integrating from 0 to s to obtain

E (/10c — 0% Fs) < 1165 — 6417,

and we deduce that [|f; — 6| is a positive supermartingale, L' bounded and therefore
converges almost surely to 0. |

A.2 The noisy case

We begin by showing why V(6) := 1]|§ — 6,]|? is a Lyapunov function for the dynamics.
This is Lemma 6.

Proof [Lemma 6| First, as L is a quadratic function, we have that for all § € R?, we have
(VL(0),0 — 0.) = 2(L(0) — L(04)).

We recall that XTX6, = XTy and it follows that VL(f) = ¥(0 — 6,). We thus deduce that
for all € R¢,

LV() = —(S(0—0),(0—0,)) + %Tr [xTRg(e)x}
= 2(L(0,) — L(0)) + %T&" [XTRz(a)x]

< 2AL(6) ~ L) + 5 > (i, 6) = o) [l
=1

<2 (L(G*) — L)1 - 'V2K)> .

This Lyapunov identity implies the existence of a stationary distribution as explained in

(Khasminskii, 2011, Theorem 3.7). This implies that for all ¢ > 0, the dynamics does not
explode. |
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A.2.1 INVARIANT MEASURE AND CONVERGENCE

We now turn into proving the main theorem of this part on the quantitative convergence
to the stationary distribution.

Proof [Theorem 7] (i) Wassertein contraction comes essentially from coupling arguments.
Let v < K1 and p}, p2 € P2(R%) two possible initial distributions. Then by (Villani et al.,
2009, Theorem 4.1), there exists a couple of random variables 6}, 03 such that W2 (p}, p2) =
E [||65 — 03]1%]. Let (6} )e>o0 (resp. (67)i=0) be the solution of the SDE (13), sharing the same
Brownian motion (By)i>o. Then, for all ¢+ > 0, the random variable (6},6?) is a coupling
between p; and p?, and hence

W3 (pi, pr) < E[ll6; - 67]°] -

Moreover, we denote by ||.||us the Frobenius norm and by It6 formula, we have

d 2 v
ZE [0} = 0217 = — (6} — 02,X7 (X0} — y) = XT(X0F — ) + TEIX Re(68}) — X7 Ru(03) s
2 g
= —EEHX(@% -0 + EEHXT(RX(G%) — Re(67)) s
2

< —ZE|X(6} - )|
+ 20 (X7 aiag(0} — 02,0 s + 51X (0F 2.t s )
Furthermore, we have for all 8!, 6% € R? that
X diag((6" = 6%, :):) s = Tr (XX diag( (6" — 62 2:)7))
—Zumr 0" — 62,2
<KX~ )

and

SIXT(" 02 T = T (T (0 — 8,6 — %,0))] )
%Tr (xxT) Tr (((91 ) ) (0 — 2, xi>)j)

KIX(@" —6)] ,

IN

IN

where we use from the first to the second line the inequality Tr(AB) < Tr(A)Tr(B) for any
A and B positive semi-definite. Altogether, this gives the inequality:

d 2 — 49K
—E[l0; = 071°] < ————E|IX(6; - 6))|” (35)
< —2u(1 = K)E|16; — 67|, (36)
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and by Gronwall Lemma, denoting ¢, = 2u(1 — 2yK) this gives that
W3 (py, i) S E[l|0; — 671°] < em"E ()16 — 0311*] = e "W (g, pp) -
Now, for all s > 0 setting py = po € Py (RY) and pE = ps € Py (R?), we have for all ¢ > 0,
W3 (pts pras) < €= "Wi(po, ps)

which shows that the process (p;);>0 is of Cauchy type, and since (P2(R%), Ws) is a Polish
space, p; — px € Po(R?) as t grows to infinity. Now, since there exists a stationary solution
to the process, let us fix p} = p* € Po(RY) and pZ = po € P2(R?). We have then,

W22(:0t7p*) < e_cth22<P0aP*) )
which concludes the first part of the Theorem.

(ii) We will use the same steps as for the proof of Theorem 4 (ii). Again, one steadily
checks that for p,q € (0,1), p+ g = 1, we have, for all ¢t > 0,

E[ @O -1
E [(6} — 62, %-7/a(0} — 62))] "

CE[IX (0} - 6) 7] 2 (37)

By Ito formula, skipping the details, we get

d _
S ((0F - 62,570} - 67)))

= —2B(0} — 07, 5177190} — 63)) + LETr (S7XT(Ry(01) — Bu(02)) (Re(01) — Re(02))TX)

IN

%ETr (E_p/qXT(RX(Hl) — Ry(02))(Rx(601) — RX(HQ))TX>
vy —
= ~[|(Rx(t1) = Rx(62) ' X3 Pl
2y _ . .
< E(||5 720X diag((0; — 07, 2:0)i) s + —5 1577207 ((0F — 07, i) |s)

- Yg[Ty (xz7/oxT diag((6" - 62, 2)2) ) + Iny (xz2/axT (6} — 02, 2)i((0} — 02, 2)] ) |
n n

VR[S e, S )0t 6%, + T (XS /0XT) T (6] — 62, wa)aC(6} — 62, 2)T )]
1=1

IN

the last line by the fact that Tr(AB) < Tr(A)Tr(B) for A and B positive semi-definite. We
thus conclude that
d

4
S ({6} - 62,5776} - 67))) < E|X(6" - 6%)]PK
n

dt P/

where we have used that for all i € [1,n], we have (x;, 57P/%z;) < Kp/q- In addition, by
(35), we get

n
2 —4vK

t
| Bl - )P < E||(6) — 62)]2 .
0
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Collecting the estimates, we thus get

1
CE[IX (6} - 62) 7] = CE I (6} - 67) IP] "

~q
with C = (B [(63 — 63,5 7/9(03 — 03))] + 20735 BI04 — 6311%)) " which combined with

(35), gives
t
E[|6; - 6711°] <E[l65 - 651°] —C (2~ 4VK)/ E||(6y — 63)|Pdu
0

that implies, from a slight modification of Gronwall Lemma that for all ¢ > 0 (for C =
2C (1 — 29K))), we have

1
E ()16 — 67]%] < {E 168 — 62112 + (1/p — | 7

and we conclude as for (i). [ |

A.2.2 LOCALIZATION OF THE INVARIANT MEASURE.
We now turn in the localization of the invariant measure presented in Proposition 8.
Proof [Proposition 8 We proved that 6, tends weakly to O, for v < 1/K. To insure that

the first and second moment of 6; tends to the first and two moments of ©,, we first prove
that there exists a M such that for all ¢, E||6; — 6,]|* < M. By the It6 formula,

d d1 ) 1 , K )
—_— = — = — < _— — —_— —
th[V(H)] dtzE[Het O] ]_E< nHX(Ht 0:) 11" + 2nHX9t yl|
1 9K 9 YK s 2
< i _ _
_E(( St MIX(0: — 017 + - 1X0; — yl

< (=24 29K)pV (8) + 2vKo?,

the second line by triangle inequality and the third line because L(6,) = . This implies
by Gronwall Lemma that

91— 1 vKo? vKo?
E[V(0)] < 20 7K>t<9—9*2— >+ , 38
[V(9)] < 51100 [ 1—~K)p 1=K (38)
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thus t + E[||6;]|?] is uniformly upper bounded for v < 1/K. Again, by Ito formula, we get

d
S0, — 0. = —4E [ — 0.]2 01 — 6., 5(0 — 0+))

+é%m3@GRA@ﬂm@ﬂx(a@—@xm—ﬂgT+4wr-@wLQ)
4
< - Elf - 0.1 1X(6: — 6.)]|?
+ TETY (XTdiag(rx(H))2X (8(0,5 —0,)(0,— 0,)T + 418, — 6, Id))
2n

4
< -6 - 0.1 X (6: — 6.)]*

8j T 1. 2 _ T % _ 2 2

+ S ETr (X diag(re(0))2X ((0: = 0)(0: — 0.)7) ) + = ~E 10 = 0. [ X0; — o]
4 6vK

< ——E0: — 0. [X(0: = 0.)|> + “L2E[X0; — yII” 6 — 0.,

the last line by the fact that Tr(AB) < Tr(A)Tr(B) for A and B positive semi-definite and
we deduce with the triangle inequality that the latter is less than

d 4 127K 129K

R0, — 0] < [ ==+ = | B0, — 6.]* | X(0 — 0.)||* + ———FE [|X0x — y||* [|6; — 6]
GEI8 =010 < (=24 XY Bl — 0. 161 — 017 + 2B [0, — o1 16, 0.

< (4 + 129K)UE (|6, — 0.]* + 249Ko”E |6, — 6.,

the last term is bounded by (38) and we conclude with Gronwall Lemma for v < % the
claim on the fourth moment.

For the mean, we consider the equation satisfies by E(6;): %E(Gt) = —VL(E(6;)) , by
linearity of 6 — VL(#). Hence, we have

d1
dt 2
which gives that E(6;) — 6, as t goes to infinity. Combining the latter with the boundedness

of the fourth moment (One actually needs only a 1+ ¢ moment) and the weak convergence
of 0; to O, imply the first claim of the proposition. By (38), we recall that

IE8:) — 6.l” = —(S(E(G) — 6.),E(8r) — 6.) < —p [E(6:) — 6.1

1 Ko? Ko?
B[V (6)] < 20K (SRl — 07 - o T ) +

(1=K 1=K’

which which combined with the boundedness of the fourth moment implies by taking the
limit in the inequality, and weak convergence of p; towards p* that 6, ~ p* satisfies the
claimed inequality in the proposition. |

We turn into proving the moment explosion of the invariant distribution. This corresponds
to proving Proposition 10. First, we need the following lemma that aims at lower bounding
some quartic form of 6:

Lemma 16 Forn > 2d, there exists a constant ¢ > 0 that depends only on X,y such that
Vn € RY,
(X, R{Xn) = c|lnl®|[Xnl| .
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We assume the validity of Lemma 16 for the time being and turn into the proof of
Proposition 10.
Proof of Proposition 10 Using It6’s Lemma, we obtain that

oy e . 100 = D2
L (L ) = 20 (g ) + B2 T (7 )
2(a—1)
L p2elml ™ (xTsz) .
2n

We suppose that ||©,| has moments of order 2a.. We take 1y = O, and thus obtain
E|©, >V (2e,,0,) > 'V(O‘n_l)lau@*nﬂa—?)Tr (xTRfm*@I) .
Using the Lemma 16, we deduce that
E[©.[** > cZr(a — DE[. [,

which leads to a contradiction for « large enough and we thus deduce that ||©.] has no
moments of order 2a for o > %(1 + ﬁ) [ |

It remains to prove Lemma 16. For convenience, we now denote the residual r = X6 —y €
R™, and the constant noise vector o = X6* —y € R", and note in this proof R? = R?
and Xn = r — o to emphasize that everything here can be expressed as a function of the
residuals r.

Proof of Lemma 16. We first give the kernel of R? as a function of r. Let I = {i €
[1,n], r; =0} and o = (1/71,1/72,...,1/r,) T, then

(i) if I# 0,ker(R7) = span(e;)er
(ii) if I =0, ker(R?) = span(a,) .
We fix » € R™ and let z € ker(R2), that is

1
<diag(r)2 — rrT> z2=0,
n

ie. for all i € [1,n],

{rz)

If I = (), we have the relationship for all i,j € [1,n], riz; = = r;j2j, which instantly

(rz)

gives the result. Otherwise if I # (), for all i € I¢, we have r;z; = and summing all

these equality of ¢ € I¢, we have

(r

y 2
n

)

Y

(r,z) =Y riz=(n—|I|)

icle

33



SCHERTZER, PILLAUD-VIVIEN

which implies, as |I| # n, that z L r. Recalling that for i € Z¢, we have z; = % =0 and
(i),(ii) follow.

Let us remark that r — R? carries the homogeneity property that for all » € R",
2 2 2
R e = B/ (17

so that denoting the sphere S,,_; := {v € R", s.t. ||v|| =1}, we have for u =r/||r|| € S,—1
and v = (r — o) /||r — || € Sn—1 NRan(X) (note that v is defined i.f.f. n is not equal to 0),
we have

(Xn, RZXn)
[ Xn||2[[Xn + o||?

= (v, Ryv) . (39)

Now we also need the following intermediate result: Let II, be the orthogonal projector
into ker(R2)%, we have that there exists a constant ¢ > 0 that depends only on the data
such that for all n € R9,
L] > c.
There are two cases given by (i) and (ii), that allow to compute explicitly II,, for all u € R™:
(i) If I # 0, we have
(Ciere waw/mm) _
(i wiz)n,m)
because any covariance matrix of the form Y, ;. z;2;] is invertible if |I°| > d, which is

verified for n > 2d.
(ii) If T = (),

ITLyo]|* =

¢,

(v, or)”
||HUU||2 =1- 7"2 =1- 30(77) )
o

where
(En (i) )2
() = i=1 ((zi,n)—0;) _
T L ) (S () — o) )
From the Cauchy-Schwarz inequality, ¢ € [0,1] and let m = sup, cga ¢(n). We show below
that m < 1.
First, let’s study the situation at infinity. For this, we write n = 7||n||, where 77 =
n/|n|| € S4—1 and call J = {i € [1,n], such that (z;,7) = 0}. We know that |J| < d. We

fix 77, and study the limit of ¢ as ||n|| grows.
If J # 0, we have

—00 n — .
! (Xlese(xim?) (Xies o 2)
Hence, if J # 0, then ¢(n) — 0 when ||n|| — oco. Now if J = {),

n?

P e (S G ) (S ) )

Moreover, M := supscs, , o(7) < 1, because if M = 1, it would be attained for a certain
7« by compactness of S;_1 and continuity of ¢, and if M = 1, then ¢(7,) = 1 and by the

= (7).
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equality case of Cauchy-Schwarz, this corresponds to the fact that there exists A € R such
that |X7.| = A, which has no solution for n > d (recall that because 7, € Sg—1, A = 0 offer
no solution either). We conclude from this that M < 1.

Now either the supremum of ¢ is M, and in this case we have m = M < 1 and we
are done with the proof. Either, m > M, and in this case, the supremum is attained in a
compact set of R? hence attained for a certain 7, € R? by continuity of . As previously,
if m = 1, this corresponds to the equality case of Cauchy-Schwarz and hence the existence
of A € R such that

(i, m) — 03)* (@i, m)? = A

which has no solution generically for n > d. Finally m = 1 is impossible and we have proven
that m < 1, which corresponds to c=1—m > 0.
Now if we take back Eq.(39), and remark that

<U,R3’U> = <HUU,R3Huv> = HHuH2<l:[uv,Ri1:[uv) > c<ﬁuv,Riﬁuv> > c/\min(R2 ).

Y| ker(RZ)L

Now define = : S,,_1 — Rx>g as Z(u) = Apin(R2
= | ker(RZ)L

As = is a continuous function defined on a compact, it attains is minimum within this

compact. If ¢ = 0, then this means that there exists u* € S,_; such that Z(u*) =

)\min(Ri* ) = 0, which is impossible by the fact that we have restricted R2 or-
\

kcr(Ri* )L

thogonalilly to its kernel. Hence £ > 0 and finally we have

). We look for £ := min,es, , =(u).

(Xn, RZXn)

= (v,R20) > ¢l >0,
[IXnl[2[[Xn + o2

which leads to the proof of the lemma considering that there exists K > 0 such that
[Xn + o||> > K|n||> and noting ¢ = ¢/K. Indeed, combining the fact that (Xn, ;) <
4(L(0y) + L(04)) by the triangle inequality and the fact that L(6*) < L(6;), we obtain that
(31, me) < 8L(6;), which implies that

@

= o) < X+ o

A.2.3 CONVERGENCE OF VARIANCE REDUCTION TECHNIQUES

Now, we turn into the convergence of the time-average of the iterates. This corresponds to
the proof of Proposition 11.

Proof [Proposition 11| The idea we use to show the quantitative convergence of the
average iterates comes from Mattingly et al. (2010) and the use of Poisson equation. Indeed,
let us define the map ¢ : R — R?, ¢(f) = £710, and note (¢;(6));e[1,q its coordinates.
Note that, for all i € [1,d], we have V;(0) = ¥~ te;, where (€i)ie[1,q) is the canonical basis
of R%. Hence, we have the Poisson equation, for all i € [1,d] and § € RY,

Loi(0) = —(2(0 —0.), Y e;)) =0, — 0 .
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Hence considering the action of £ on fields of R? applied coordinate-wise, we have more
generally Lp(0) = 6 — 0,. Thus, we have by It calculus that for all s >0

dp(0s) = (0s — 0.)ds + wg—leRx(es)dBS
n

and thus integrating from 0 to ¢t and dividing by ¢, and defining the martingale M; =
—ﬁXT fot R,(0s)dBs we have,

- 1 _ x>0, — 6 -
B0, = 7 (0(0) — (00) + Vg = 2O oy,

Hence, multiplying by X, taking norms and then expectations, we have

5 2E[6; — 6ol* | 2y
E||S(0, — 0.)] < =5 + ZE[M|* .

Then, by It6 isometry, we have

t
E|MP = 1B [ / HxTRst)u%{sds}

E [/Ot Tr (xxTRz(()S)) ds}

< QK/tE[L(GS)] ds .
0

Sl— 3~

Moreover, we have seen that in Lemma 6 that for v < K~!, we have

d1 ) )
i —0.° < — ,
- SE0: — 0.|* < ~EL(6,) + 20

and hence we have the upper bound on the loss fg E[L(0,)]ds < 3|60 — 0> +207%t. Finally,
this gives that

E||M:||? < K||6g — 641> + 4Ko>t .

On the other hand, we have for all t > 0

E[|6: — 0ol < 2E[|6; — 0.* + 2E|6. — 6o

+2[16 — 6o]?

2 2
< 46—2(1—7K)t (;HHO _ 0*||2 . FYKU > + ( 47KU

(1 —vK)u 1 —~yK)u
< 4|6o — 6.1,
the second line by (38) for v < 1/K. Overall, we have the bound,

8vKo? N 10]|6g — 0.
t 12 '

E[[2(0: — 6.)]* <

36



SDE MODELS FOR LEAST SQUARES SGD

Now, we turn into the convergence of 8; in the case of the step-size decay. This corre-
sponds to the proof of Proposition 12.
Proof [Proposition 12| By Ito formula, we obtain that

d 2 1K
B = 0.7 < B (= 21x(0 - 0+ X0, — )

2 2yK 2K,
<E(<—+ ) (6, - 0.2 + 2% —yu?)

(4 2K E[ G — O]+ dr?
< —uE[[6, — 0.]] + 4Ko?

Applying the Gronwall lemma, we get

t
E[||6; — 04]1?] < E[||60 — 0x]/*]e " + / e HE=)4K a2 /(2K + 5%)ds
0
£/2 ¢
< E[||6g — 04]*]e " + e_“t/Q/ 4Ko? /(2K)ds + / 4Ko? /s%ds
0 t/2

< (E[[|fo — 0.]2] + to2) e /% 4 4Ko 2@/)1

a2
< o (¢ (I8 — 0.2~ /0 + 2afuro?) + 52T

Appendix B. Proofs of Section 5 : online SGD

B.1 The noiseless case

We begin this proof’s section with the proof of convergence in the noiseless case. This
corresponds to Theorem 13.

Proof [Theorem 13] (i) The key ingredient of the proof is the Gronwall Lemma. Com-
bining the It6 formula with (13) gives us

d
|6, — 6.2 = —2E(6; — 0., 5(6, — 6°)) +1ETx (a(et)a(etﬂ)

2B (0, — 0., 5(0; — 6%)) +E [Tr (((et, X) — Y)2XXT)}

)
—2E(0; — 0., 2(0; — 0%)) + YKE(; — 0., %(6; — 6))
—(2 = yK)E({®: — 0., X(0 — 07))

—u(2 = YK)E||0; — 0. .

\/\ I/\ IA /\

By integrating the latter thanks to Gronwall Lemma, we get the result claim for (i).
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(ii) We define n; := 6, — 0, and recall that, thanks to the penultimate inequality of (i) we
have by integration that:

t
Ellill? < 160 — 6.1 — 2(2 — 1K) / EL(6,)du.
0

The first consequence of this inequality is that

t
1
EL(0,)du < ——————|60 — 0. .

We want to lower bound the term EL(f,) without using the smallest eigenvalue of X,
that is supposedly infinitely small. Similarly to what was done before, thanks to the Holder
inequality, if p,q € (0,1), p+ g = 1, we have, for all ¢t > 0,

(& [Inl?])* < 22 [260)] (E [t =) )" (40)

We now prove that ¢t — E ((m, »p/ qm>) is bounded. Indeed, we proceed as before with Ito
formula to get

d
@E ((nt, E*P/qng) = —2E(n, Elfp/qm) + vETr (aaTZ*p/q)
< AETr (E*p/q ({6, X) — Y)? XXT>
< E [(X, ZP1X) (6, X) — V)?]

< 29Ky L(0:)

P/q

where we have used that almost surely, we have (X, »rlax ) <K, /q- Then, by integrating
with respect to t, it yields

t
E (<nt,2"’/qm>) < (o, B7P/4n) +27Kp/q/ EL(6,)du
0

YKp/q

< »r/4 0o — 6.]|% .
< (o, no0) + 5 7KH 0 I

Hence, calling C = 1 ((no, Z7P/n) + %{’/Kq\\@o — 6.]>)7?/ | we have the inequality, for

all t > 0,
1
EL(%:) = C (Ellm/)"” ,
and this yields the inequality

t
1
Ellnlf? < [lnol? - C /0 (Ellmall?) " du . (41)
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that implies, from a slight modification of Gronwall Lemma that for all £ > 0, we have

1
1/p-1
o= + (1/p = 1)(:75] ’

this gives the result claim in the theorem. To see how the last inequality goes, we define
g(t) = [|nol* — Cfot (El|n.]1?) VP g (which is positive) and we rewrite (41) as

1
E|lne||* < [ T

T

and thus

1
—1/p+1

o(t) < [—a(—; I rrnorr2<—1/p+1>] ,

and we conclude with (41).
To prove the convergence almost surely, we use the It6 Formula to obtain

E (160 — 0,2 7) = 60 — 6.2 + 27 /0 (6, — 6.) . 0(0,)dB.)

t
+ AR [ / [Tr (UUT(QU)) - 4L(9u)} dul fs} :
0
For v < ﬁ, we have proven in (i) that the term inside the conditional expectation value/integral
is negative. We can thus overestimate the latter by integrating from 0 to s to obtain
E ([16: = 04[] Fs) < 1165 — 641,

and we deduce that [|f; — 6, is a positive supermartingale, L' bounded and therefore
converges almost surely to 0. |

B.2 The noisy case

We begin this section by proving that the multiplicative noise carries some Lipschitz prop-
erty. This corresponds to Lemma 14.
Proof [Lemma 14| Recall that the diffusion matrix writes

o(0) = (£(0) — g(0))"*,  with
J(0) =, [((6,X) ~ Y XX |, and g(6) = E, [({6, X) = Y) X]E, [({6, X) — V) X]T .
Let us introduce for all # € R?, the differential operator of o, that is dop : R — R%*4 such

that for all h € R,
o(@+h)=0(0)+dog(h) + o(||h])-

We calculate, for all 0, h € R?,
a(0+h) = (f(8+h) — g(0 + h)"/?
= (f(8) — g(8) +lg(R) + o(||n]}))"/?
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where lg(h) = dfg(h) — dgg(h) and

dfe(h) = 2E, [((6, X) — V) (1, X)XXT]
dgs(h) = E, [(h, X)X]E, [((0, X) = V) X]" + E,[((6, X) = V) X]E [(h, X)X]" .

Hence, introducing the square root operator v : SSZr — Si7 such that for all M € S%,
(M) = M2, We have, for all 6, h € R,

dog(h) = dpg2(g) (lg(h)) ,

that is that dog(h) is the unique solution to the matrix Lyapunov equation
o(8)dog(h) + dog(h)o(0) = lg(h) ,
or equivalently, expressed in close form as the expression

+oo
dog(h) = / e Dy(h)e7O) s .
0

That being written. Let us pose for ¢ € [0, 1], the function ¥(¢) = o(t6 + (1 — t)n), we have

and knowing that ¥'(u) = doy,, (0 — 1), where m, = uf + (1 — u)n, and hence using the
triangular inequality for the Hilbert-Schmidt norm, we have

1
10(8) — o (n) s < /0 140, (6 — ) s du

where (my)o<u<1 is a parametrization of the line joining 6 and n: m, = uf + (1 — u)n.
Hence, it remains to upper bound the Hilbert-Schmidt norm of the differential of o
thanks to its integral representation presented above. In fact for all 6, h € R%, we have

“+o00
s (R s < [l ()] /0 e |2gds .

Moreover, we have |[lg(h)|| < ||dfa(h)||+]|/dge(h)|| and using that |.||us is sub-multiplicative,
we have

Idfo(R) < 2E [1(6,X) = Y| b, X)X X T

< 2Ky &[0, ) ~ V2] VET, X7

= 2v2K+\/L(0)\/(Sh, h) ,

and similarly,

ldgo ()| < 2v2K+/Z(8)\/(Sh, h) .
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Finally, we have the bound

+00 +oo 1
/ e 2qds = / Tr(e 27 ds = 5T (a71(9)) .
0 0
As 02(0) = a®L(0)14, we deduce that

L(O)Tr (671(8))° < Tr (L(6)o2(0)) d < =

the first inequality by Cauchy-Schwarz and the Lemma 14 follows. [ |

We can now turn into the proof of the main theorem of this section: the proof of con-
vergence in the noisy case. This corresponds to proving Theorem 15.

Proof [Theorem 15| (i) Wassertein contraction comes essentially from coupling arguments.
Let v < K~! and p}, p3 € Po(RY) two possible initial distributions. Then by (Villani et al.,
2009, Theorem 4.1), there exists a couple of random variables 63, 63 such that W3 (pd, p3) =
E [[|65 — 62]1]. Let (6} )¢0 (resp. (67)¢>0) be the solution of the SDE (13), sharing the same
Brownian motion (By)¢>o. Then, for all ¢ > 0, the random variable (6},67) is a coupling
between p; and p?, and hence

W3 (i, pr) < Ell0; - 67]] -
Moreover, we denote by ||.||gs the Frobenius norm and by It6 formula, we have
d
ZE[l0; = 0717] = —2E [{0; — 07, 2(0; = 0.) = 2(07 — 0.))] +1Ello(0;) — o (08 lis
< OB [(S(0} — 62), 01 — 02)] + 24KeR [(S(6} — 62),0} — 07)] |

thanks to Lemma 14. Hence, this gives the inequality:

IN

d
—Ell6; - 67]%]

dt —2(1 = KoE [(2(6; —67),6; — 67)] (42)

—2p(1 — yKe)E||6; — 67 , (43)

IN

and by Gronwall Lemma, denoting ¢, = 2u(1 — vKc) this gives that
W3 (pp,p7) <E[ll6; — 621°] < e [165 — 6511] = ="' W3 (05, po) -
Now, for all s > 0 setting ptl) = pp € P2(R?%) and pg = ps € Py(R?), we have for all t > 0,
W5 (pe, pres) < € " Wi(po, ps)

which shows that the process (p;);>0 is of Cauchy type, and since (P2(R%), Ws) is a Polish
space, p; — px € Po(R?) as t grows to infinity. Now, since there exists a stationary solution
to the process, let us fix p} = p* € Po(RY) and pZ = py € P2(R?). We have then,

W2(pi, p*) < e Wi(po, p*)
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which concludes the first part of the Theorem.

(ii) We will use the same steps as for the proof of Theorem 4 (ii). Again, one steadily
checks that for p,q € (0,1), p+ ¢ = 1, we have, for all t > 0,

1
E (|6} — 62)12]"/
E [(6} — 62, 5-v/a(6} — 62))] V7

E[I5"2 (6} - 67) 2] > (44)

By Ito formula, skipping the details, we get

d
ZE ({0} — 07, 577/9(60} = 07)) ) < AE T (S0 (01) — 0(02))?)
S 2’}/Cp/qu/q<E(91 — 02),91 — 92) R

thanks to assumption (30). In addition, by (42), we get

t
1
1/2 1 p2 2 < 1 pn2y2

Collecting the estimates, we thus get

K
YCp/q p/qEHQé —2*+E ((95 — 02, %7Pla(g} — 98))) :
(&

E ((0f — 07,z 770} — 07))) < e
-

That is to say that

E |22 (0} - 62) IP] = CE[llo} — 621", (45)

c ~a/
with ¢ = (E[(6) — 68,5 7/2(6} — 63))] + 2252 (10} — 631%)) " Which combined

with equation (42), gives
t
1
E[[l6} — 62|%] < E [[I6} — 62]*] — 2C (1 - 7eK) / E 6 — 62)[2]"7 du

that implies, from a slight modification of Gronwall Lemma that for all ¢ > 0 (for C =
2C (1 — ycK))), we have

1
E (16} - 0212) < [E (16} — 63127 + (1/p - 1)t 7

and we conclude as for (i). |
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