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Abstract

In this paper, we study second-order algorithms for the convex-concave minimax problem,
which has attracted much attention in many fields such as machine learning in recent
years. We propose a Lipschitz-free cubic regularization (LF-CR) algorithm for solving the
convex-concave minimax optimization problem without knowing the Lipschitz constant. It
can be shown that the iteration complexity of the LF-CR algorithm to obtain an e-optimal
solution with respect to the restricted primal-dual gap is upper bounded by (’)(pQ/ 3120 —
2*||2e2/3) | where zy = (z0,%0) is a pair of initial points, z* = (z*,y*) is a pair of optimal
solutions, and p is the Lipschitz constant. We further propose a fully parameter-free cubic
regularization (FF-CR) algorithm that does not require any parameters of the problem,
including the Lipschitz constant and the upper bound of the distance from the initial
point to the optimal solution. We also prove that the iteration complexity of the FF-
CR algorithm to obtain an e-optimal solution with respect to the gradient norm is upper
bounded by O(p?/3||zg — 2*||*/3¢~2/3). Numerical experiments show the efficiency of both
algorithms. To the best of our knowledge, the proposed FF-CR algorithm is a completely
parameter-free second-order algorithm, and its iteration complexity is currently the best
in terms of € under the termination criterion of the gradient norm.
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WANG, XU AND ZHANG

1. Introduction

In this paper, we consider the following unconstrained minimax optimization problem:

Join max f(z, ), (1)
where f : R™ x R™ — R is a continuously differentiable function. Throughout this paper,
we assume that the function f(z,y) is convex in z for all y € R™ and concave in y for all
z e R™.

Minimax optimization problems have a wide range of applications in game theory (Neu-
mann and Morgenstern, 1953; Blackwell and Girshick, 1979), robust optimization (Ben-Tal
et al., 2009; Gao and Kleywegt, 2023), and many other fields. Recently, new applications
in the field of machine learning and data science, such as generative adversarial networks
(GANs) (Goodfellow et al., 2014; Arjovsky et al., 2017), adversarial learning (Sinha et al.,
2018), AUC maximization (Hanley and McNeil, 1982; Ying et al., 2016), have further stim-
ulated the research interest of many international scholars in the minimax problems.

Depending on the available information of the objective function, there are three main
types of optimization algorithms to solve the minimax problem (1), including zeroth-order,
first-order, and second-order optimization algorithms, which use the function value, gra-
dient, and Hessian information of the objective function, respectively. Compared with
zeroth-order and first-order optimization algorithms, second-order optimization algorithms
have attracted much attention due to their faster convergence speed. In this paper, we focus
on second-order optimization algorithms for solving (1).

Currently, there are relatively few studies on second-order algorithms for solving min-
imax optimization problems. Existing second-order algorithms can be divided into two
categories, i.e., implicit algorithms (Bullins and Lai, 2022; Ostroukhov et al., 2020; Mon-
teiro and Svaiter, 2012; Jiang and Mokhtari, 2025) and explicit algorithms (Huang et al.,
2022; Huang and Zhang, 2025; Jiang et al., 2024; Lin et al., 2022; Nesterov, 2006).

For the implicit case, these methods compute the subproblem of the current iteration
involving update iteration, leading to implicit update rules. Monteiro and Svaiter (2012)
proposed a Newton proximal extragradient method for monotone variational inequality
problems, which achieves an iteration complexity of O (6*2/ 3). To achieve faster convergence
rates, methods that exploit p-order derivatives of f(x,y) have been proposed, such as the
higher-order generalized optimistic algorithm (Jiang and Mokhtari, 2025), the higher-order
mirror-prox algorithm (Bullins and Lai, 2022), and the restarted higher-order mirror-prox
algorithms (Ostroukhov et al., 2020). All of them can achieve an iteration complexity
of (’)(6_2/ (pH)) in terms of the e-optimal solution of the primal-dual gap. In addition,
Ostroukhov et al. (2020) proved that the iteration complexity of the restarted higher-order
mirror-prox algorithm is O(e~%®+) log(e~1)) in terms of the e-optimal solution of the
gradient norm.

For the explicit case, Huang et al. (2022) proposed a homotopy-continuation cubic reg-
ularized Newton algorithm for (1) with Lipschitz continuous gradients and Hessians, which
achieves an iteration complexity of O(log(e~1)) (resp. O(e~(1=9%) with ¢ € (0,1)) under
a Lipschitz-type (resp. Holderian-type) error bound condition in terms of the e-optimal
solution of ||z — z*||. For problems with only Lipschitz continuous Hessians, Lin et al.
(2022) proposed several Newton-type algorithms which all achieve an iteration complexity
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of O(p*/3||z — 2*||2¢~%/?) in terms of the e-optimal solution of the restricted primal-dual
gap. Very recently, Chen et al. (2025) proposed a minimax accelerated inexact proximal
extragradient (Minimax-AIPE) method for solving constrained convex-concave minimax
problems, which attains an iteration complexity of @(p4/ 7D§,/7D§)/ Te—4/ ™) for finding an
e-approximate solution measured by the primal-dual gap. Here, Dy and Dy denote the
diameters of the constraint sets X C R™ and Y C R", respectively. It is worth noting that
their work was formally published after the initial submission of this paper. In contrast,
our work adopts a distinct and generally stronger convergence criterion by aiming to find
an e-stationary point in terms of the gradient norm, for which we establish a new iteration
complexity under the same setting. We formally prove in Remark 3 that our criterion for
an e-stationary point yields an e-primal-dual gap solution, thereby providing a stronger
guarantee. This establishes that the two convergence criteria reside at different levels of
strength, which precludes a direct comparison of the respective complexity results.

For more general monotone variational inequalities problems, Nesterov (2006) proposed
a dual Newton’s method with a complexity bound of O(e~!). Huang and Zhang (2025) pro-
posed an approximation-based regularized extra-gradient scheme, which exploits p-order
derivatives of f(x,y) and achieves an iteration complexity of O(e~2/(*1)). All the above
explicit methods need to solve cubic or higher-order regularized subproblems in each itera-
tion.

It should be noted that for most of the existing results mentioned above, achieving op-
timal complexity of the algorithm requires the assumption of knowing precise information
about some parameters of the problem, such as the Lipschitz constant, the upper bound
of the distance from the initial point to the optimal solution, etc. Accurately estimating
these parameters is often challenging, and conservative estimates can significantly impact
algorithm’s performance (Lan et al., 2023). Therefore, designing algorithms with complex-
ity guarantees without relying on inputs of these parameters has attracted considerable
attention recently. This type of method is called parameter-free algorithm.

There are very few existing research results on parameter-free second-order methods
for solving minimax problems (1). Jiang and Mokhtari (2025) proposed an optimistic
second-order method (OSOM), where a line search strategy is employed to remove the
need for prior knowledge of the Lipschitz constant. It achieves iteration complexities of
O(p*3||z0 — 2*||?¢2/3) and O(p||zo — 2*||>¢ 1), for finding an e-optimal solution in terms
of the restricted primal-dual gap and the gradient norm, respectively. Liu and Luo (2022)
proposed a v-regularized extra-Newton method (ReNewton) for solving monotone varia-
tional inequality problems with an iteration complexity of 0(6_2/ (2+v )) when v is known,
and proposed an universal regularized extra-Newton method with an iteration complex-
ity of O(e~*/(3+3")) when v is unknown, where v is the Holder continuous constant. The
proposed methods also employ a line search strategy to eliminate the need for problem
parameters. Recently, Jiang et al. (2024) proposed an adaptive second-order optimistic
method (ASOM), which solves a quadratic regularization subproblem at each iteration. It
achieves an iteration complexity of O(p%/3||zg — 2*[|2¢=%/3) (resp. O(p|lz0 — 2*[|?¢1)) in
terms of the e-optimal solution of the restricted primal-dual gap (resp. gradient norm) un-
der the assumption that the Hessian is Lipschitz continuous when the Lipschitz constant is
known. If the Lipschitz constant is not known, the algorithm then requires an additional as-
sumption that the gradient is Lipschitz continuous and can prove an iteration complexity of
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O (632320 — |22 + 2120 — 2 [2)e2/3) (xesp. O ((¢pllz0 — ]| + p%llz0 — ) L))
in terms of the e-optimal solution of the restricted primal-dual gap (resp. gradient norm).

To the best of our knowledge, no parameter-free second-order algorithm has previously
achieved the complexity bound 0(6*2/ 3) with respect to the gradient norm for solving
unconstrained convex-concave minimax problems. In this paper, we propose a completely
parameter-free second-order algorithm for solving (1) that achieves this complexity without
any prior knowledge of the parameters.

1.1 Other Related Works

There are many existing research results on first-order optimization algorithms for solving
convex-concave minimax optimization problems. For instance, Korpelevich (1976) pro-
posed an extra-gradient (EG) algorithm, and its linear convergence rate for solving smooth
strongly convex-strongly concave minimax problems and bilinear minimax problems was
proved in Tseng (1995). Nemirovski (2004) proposed a mirror-prox method, which achieves
an iteration complexity of O(fe~!) in terms of the primal-dual gap for constrained mini-
max problems, where ¢ is the gradient Lipschitz continuous constant of f(-,-). Nesterov
(2007) proposed a dual extrapolation algorithm, which has the same iteration complex-
ity. Mokhtari et al. (2020a) (Mokhtari et al., 2020b) established an overall complexity of
O(kloge™!) (resp. O(fe ') for bilinear and strongly convex-strongly concave minimax
problems (resp. smooth convex-concave minimax problems) for both the EG and the op-
timistic gradient descent ascent (OGDA) method (Popov, 1980), where x is the condition
number of f(-,-). For more related results, we refer to Hsieh et al. (2019); Solodov and
Svaiter (1999); Kotsalis et al. (2022); Ouyang and Xu (2021) and the references therein.

For nonconvex-strongly concave minimax problems, various first-order algorithms have
been proposed in recent works (Bot and Bohm, 2023; Jin et al., 2020; Lin et al., 2020a,b;
Lu et al., 2020), and all of them can achieve the iteration complexity of @(Zmze_z) in terms
of stationary point of ®(-) = maxycy f(-,y) (when z € R™), or stationary point of f(x,y),
where k, is the condition number for f(z,-). Furthermore, Zhang et al. (2021) proposed a
generic acceleration framework which can improve the iteration complexity to O (f\/@G_Q).
Some second-order algorithms have also been proposed in recent works (Luo et al., 2022;

Chen et al., 2023; Yao and Xu, 2025) to find a second-order stationary point.

For general nonconvex-concave minimax problems, there are two types of algorithms,
i.e., multi-loop algorithms and single-loop algorithms. For example, various multi-loop algo-
rithms have been proposed in Kong and Monteiro (2021); Lin et al. (2020b); Nouiehed et al.
(2019); Ostrovskii et al. (2021); Rafique et al. (2022); Thekumparampil et al. (2019). The
best-known iteration complexity of multi-loop algorithms for solving nonconvex-concave
minimax problems is O(£3/2¢7%/2), which was achieved by Lin et al. (2020b). Various
single-loop algorithms have also been proposed, e.g., the gradient descent-ascent (GDA) al-
gorithm (Lin et al., 2020a), the hybrid block successive approximation (HiBSA) algorithm
(Lu et al., 2020), the unified single-loop alternating gradient projection (AGP) algorithm
(Xu et al., 2023b), and the smoothed GDA algorithm (Zhang et al., 2023). Both the AGP
algorithm and the smoothed GDA algorithm achieve the best-known iteration complex-
ity, i.e., (’)(546*4), among single-loop algorithms for solving nonconvex-concave minimax
problems. For solving nonconvex-linear minimax problems, Pan et al. (2021) proposed a
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new alternating gradient projection algorithm, which finds an e-first-order Nash equilibrium
point (Nouiehed et al., 2019) within O(¢£2¢~3) iterations.

Next, we briefly review some existing works that focus on zeroth-order algorithms for
solving the minimax optimization problem. For instance, Wang et al. (2023) proposed
a zeroth-order gradient descent ascent (ZO-GDA) algorithm and a zeroth-order gradient
descent multi-step ascent (ZO-GDMSA) algorithm for the nonconvex-strongly concave set-
ting, and the total complexity to find an e-stationary point of ®(-) = maxycy f(-,y) is
O((m + n)kie?) and O((mky + nklloge e ?), respectively. Xu et al. (2024) proposed
a zeroth-order alternating stochastic gradient projection (ZO-AGP) algorithm to solve the
nonconvex-concave minimax problem, and proved that the iteration complexity of the ZO-
AGP algorithm is O(¢*¢=*) with the number of function value estimates per iteration being
bounded by O(m + n). Xu et al. (2023a) proposed a zeroth-order alternating gradient
descent ascent (ZO-AGDA) algorithm and a zeroth-order variance reduced alternating gra-
dient descent ascent (ZO-VRAGDA) algorithm for solving a class of nonconvex-nonconcave
minimax problems under the deterministic and the stochastic setting, respectively. The it-
eration complexity of the ZO-AGDA algorithm and the ZO-VRAGDA algorithm have been
proved to be O((ml + nlk2)e?) and O(mnlrje?), respectively. For more related results,
we refer to Liu et al. (2020); Beznosikov et al. (2020); Sadiev et al. (2021); Xu et al. (2020);
Shen et al. (2023) and the references therein.

1.2 Contributions

In this paper, we focus on developing a fully parameter-free second-order algorithm for
solving unconstrained convex-concave minimax optimization problems. We summarize our
contributions as follows.

We propose a Lipschitz-free cubic regularization (LF-CR) algorithm for solving convex-
concave minimax optimization problems without knowledge of the Lipschitz constant. It
can be proved that the iteration complexity of the LF-CR algorithm to obtain an e-optimal
solution with respect to the restricted primal-dual gap (resp. gradient norm) is upper
bounded by O(p%3||z9 — 2*||2€~%/3) (resp. O(pl|lzo — 2*||?¢~1)), where 2y = (2°,4°) is a pair
of initial points, z* = (z*,y*) is a pair of the optimal solutions, and p is the Lipschitz con-
stant. This complexity bound is consistent with existing second-order methods in Lin et al.
(2022). Compared to the adaptive second-order optimistic method (ASOM) in Jiang et al.
(2024), which has an iteration complexity of O ((¢*/3p?/3||zg — 2*||>/3 + p?||20 — 2*||?)e~2/3)
(resp. O ((€p|z0 — 2*|| + p[lz0 — 2*||*)e™ ")) in terms of the e-optimal solution of the re-
stricted primal-dual gap (resp. gradient norm), the LF-CR algorithm has better iteration
complexity bound with respect to the Lipschitz constant p.

We further propose a fully parameter-free cubic regularization (FF-CR) algorithm with-
out any knowledge of the problem parameters, including the Lipschitz constants and the
upper bound of the distance from the initial point to an optimal solution. The iteration com-
plexity to obtain an e-optimal solution with respect to the gradient norm can be proved to
be upper bounded by O(pz/ 3|29 — 2*||M/3e % 3). Numerical experiments show the efficiency
of the two proposed algorithms.

To the best of our knowledge, the proposed FF-CR algorithm is a completely parameter-
free second-order algorithm, and its iteration complexity is currently the best in terms of
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€ under the termination criterion of the gradient norm. Furthermore, our method only
requires a mild assumption that the Hessian is Lipschitz continuous and the norm of Hessian
matrix at the the initial point is upper bounded, without making additional assumptions of
error bound conditions as in Huang et al. (2022). Compared to the restarted higher-order
mirror-prox algorithm with the knowledge of parameters (Ostroukhov et al., 2020), we
improve the complexity for the convex-concave setting by a logarithmic factor. Moreover,
our method achieves better iteration complexity compared to the adaptive second-order
optimistic method (ASOM) in Jiang et al. (2024), which has an iteration complexity of
O ((Upllzo — 2*|| + p*||z0 — 2*[|*)e™!) in terms of the gradient norm. Table 1 provides a
detailed comparison of the two proposed algorithms with existing parameter-free second-
order algorithms for solving convex-concave minimax problems.

Table 1: Comparison of parameter-free second-order algorithms for solving convex-concave
minimax problems

Algorithms Termination Criterion ! Tteration Complexity?
ReNewton (Liu and Luo. 2022) GAP(x,y; B) < € O(p*/3D%e=2/3)
OSOM (Jiang and Mokhtari 2025) GAP(x,y; B) < € O(p*3||z0 — 2|2 2/3)
195yl < e Ol - P |
ASOM (Jiang et al. 2024) GAP(z,y;8) < € O ((EY3p23 |29 — 2*(|2/ + p?||20 — 2*[|?)e~2/3)
IVi(z,y)ll <e O ((€pllzo — 2*[| + p?ll20 — 2*[*)e™)
LF-CR (This paper) GAP(z,y;8) < € O(p*3||z0 — 2|2 2/3)
195yl < Opllz0 - "2 )
FF-CR (This paper) IVf(z,y)|l <e O (03|20 — 2*||//3e72/3)

1 «

GAP(z,y; 8)” denotes the (restricted) primal-dual gap defined in (12).
2 «D” denotes the diameter of the constraint set, “¢” and “p” represent the Lipschitz constants of the gradient and the Hessian,
respectively.

1.3 Organization

The rest of this paper is organized as follows. In Section 2, we propose a Lipschitz-free
cubic regularization (LF-CR) algorithm and prove its iteration complexity. In Section 3,
we propose a fully parameter-free cubic regularization (FF-CR) algorithm and prove its
iteration complexity. In Section 4, we conduct experiments to demonstrate the efficiency of
our algorithm. Finally, some conclusions are made in Section 5.

Notation. We use || - || to denote the spectral norm of matrices and Euclidean norm of
vectors. We use I, € R™" to denote identity matrix. For a function f : R™ x R™ — R,
we use Vg f(z,y) (or Vy,f(z,y)) to denote the partial gradient of f with respect to the
first variable (or the second variable) at point (x,y). Additionally, we use Vf(z,y) =
(Vaf(z,y), Vyf(x,y)) to denote the full gradient of f at point (z,y). Similarly, we denote
V2. f(z,y), Viyf(ac,y), V?/wf(a:,y) and szf(:v,y) as the second-order partial derivatives
Vief(2,y) Vi, f(zy)
Vi f(z,y) Vi, f(z,y)
f at point (x,y). We use the notation O(-),€(-) to hide only absolute constants which
do not depend on any problem parameter, and @() to hide only absolute constants and
logarithmic factors. Finally, we define the vector z = [z;y] € R™™ and the gradient

of f(x,y) and use V2f(z,y) = to denote the full Hessian of
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operator F': R™T" — R™T" a5 follows,

F(2) = [Vof (z,y); =Vyf(z,y)] . (2)

Accordingly, the Jacobian of F' is defined as follows,

PEE) = | 8 h(ay) i pay) CBT Q

2. A Lipschitz-Free Cubic Regularization (LF-CR) Algorithm

In this section, we propose a Lipschitz-free cubic regularization (LF-CR) algorithm that
does not require prior knowledge of the Lipschitz constant. We iteratively approximate
the Lipschitz constants and show that the iteration complexity of the proposed algorithm
remains the same order in the absence of information about the Lipschitz constants. More-
over, the LF-CR algorithm is a key subroutine in our second parameter-free algorithm that
we will present in the next section.

The proposed LF-CR algorithm is based on the Newton-MinMax algorithm (Lin et al.,
2022), which consists of the following two important algorithmic components at each iter-
ation:

e Gradient update through cubic regularization minimization: for given Z;, compute
zk+1 such that it is a solution of the following nonlinear equation:

F(2k) + DF (2)(z — 2) + 6pllz — 2l (z — 2) = 0, (4)
where p is the Lipschitz constant of the Hessian of f(z,y).

e Extragradient update:

Zkg1 = 2 — M1 F'(Z41)s

where A\p11 = m for some constant c;. Note that ||zx+1 — 2;|| = 0 if and only
if |F'(2;)]| = 0, which will be proved later.

Although the Newton-MinMax algorithm achieves the best known iteration complexity,
it requires knowing p, the Lipschitz constant of the Hessian of f(x,y), which limits its
applicability. To eliminate the need for the prior knowledge of p, we propose an LF-CR
algorithm that employs a line search strategy in the first gradient update step. Similar
line search strategies have been used in Liu and Luo (2022); Nesterov and Polyak (2006);
Nesterov (2015, 2018). More detailedly, in each iteration of the proposed LF-CR algorithm,
we aim to search a pair (Hy, , 2,) by backtracking such that

Hy
2

| F(2h,5,) — F'(2k) — DF (2) (21,5, — 22| < 2,3, — 2kl1%, (5)

where 2z, ;, is a solution of the following nonlinear equation:

F(Z?k) + DF(P:’k)(Z — ZA’k) + 6Hk,ikHZ — 2k||(z — ZA’k) =0. (6)
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We then introduce how to solve the nonlinear equations in (6). Similar to the discussion in
Lin et al. (2022), (6) can be reformulated as finding a pair of (0, , 2x,i, ) such that

Ok,i, = 6 Hy iy Nl 21,0y, — 2kl
(DF(2k) + Ok i Intn) (20, — 21) = —F (k).

Solving the above nonlinear system of equations is equivalent to first solving the following
univariate nonlinear equation with respect to 6:

6(0) = V/TDF(E) + 0lr) TFGEE — 77— =0 (")

Similar to the proof of Proposition 4.5 in Lin et al. (2022), when 6 > 0, ¢(0) is a strictly
decreasing and convex function. Therefore, we can first use Newton’s method to solve
the one-dimensional nonlinear equation (7) to find the optimal solution of §. Then by
substituting it into the following equation and solving the following linear system,

(DF (%) 4 0lmin) (2 — 26) = —F (%), (8)

we obtain z ;. Next, the proposed LF-CR algorithm performs an extra gradient update
on 2y, . The detailed algorithm is formally described in Algorithm 1.

Algorithm 1 A Lipschitz-free cubic regularization (LF-CR) algorithm

Step 1: Input 2q, Zo; Set Hy = HDF(Z%:ZT(EO)”

Step 2: Find a pair (Hy, 2,;) to satisfy (5):
(a): Set i =1, Hy; = Hp_.
(b): Update z; such that it is a solution of the following nonlinear equation:

(207520), k‘: 1, ?:’1 = 21 = 20.

F(2) + DF(3)(2 — 2) + 6Hyallz - &ll(z — 2) = 0. (9)

(c): If
Hy,;
2
Hy, = Hy;, 2k41 = 2k,; otherwise, set Hy j41 = 2Hy 3, i =i+ 1, go to Step 2(b).
Step 3: If ||zk+1 — 2k|| = 0, stop and output (2, Hy).
Step 4: Update 2:

IF'(2k,i) — F(2) — DF(Zk) (2, — 21) || < [ | N (10)

Zrt1 = 2k — A1 F(2p41), (11)

. _ n
with Appr = Hp |21 -2kl

Step 5: If some stationary condition or stopping criterion is satisfied, let z; =

ﬂ Zle Ai+1zi+1 and output (Zx, Hy); otherwise, set k = k 4 1, go to Step 2(a).

In the following subsection, we establish the iteration complexity of the LF-CR algorithm
to obtain an e-optimal solution of (1) with respect to the restricted primal-dual gap and
gradient norm. Our complexity analysis builds upon the framework of Lin et al. (2022)
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while addressing the more challenging scenario where the Hessian Lipschitz constant is
unknown. We relax the assumption and only require that the Hessian matrix is locally
Lipschitz continuous. The key difference in the proof is that we establish a lower bound for
the adaptive step size A1 = m, where Hy, is estimated dynamically via line search
rather than being a fixed constant. This requires constraining Hy in the algorithm design
and carefully considering the overhead of line search in the complexity analysis. In addition,
under the assumption of local Lipschitz continuity, we need to prove the boundedness of

the sequence of the iteration points.

2.1 Complexity Analysis

Before we prove the iteration complexity of the LF-CR algorithm, we first define the optimal
solution of (1) denoted by (z*,y*) and the stationarity gap function, which provides a
performance measure for how close a point (Z,9) is to (z*,y*).

Definition 1 A pair (z*,y*) is called an optimal solution of problem (1), if
F@*,y) < f@'y") < fla,y") for allz € R™ and y € R,

Similar to Lin et al. (2022), we define the restricted primal-dual gap function for (1) as
follows.

Definition 2 Denote

GAP(‘%’ ga ﬁ) = Inax f(:%a y) - min f(xag)7 (12)
y€Ba(y*) z€Bg(x*)

where (x*,y*) is an optimal solution of f(x,y) and B is large enough so that for a given
(2,9), 12— 2" < B, Bg(a™) ={z: |z — 27| < B} and Bg(y™) = {y : lly — " < B}

Definition 3 A pair (z,9) is called an e-optimal solution of (1) with respect to the restricted
primal-dual gap if GAP(Z,7; ) < e.

Definition 4 A point (,9) is called an e-optimal solution of (1) with respect to the gradient
norm if |V f(2,9)] < e.

Similar to the definition of gradient Lipschitz continuity in Vladarean et al. (2021), we
introduce the following definitions for local and global Hessian Lipschitz continuity.

Definition 5 A function f(z,y) is globally Hessian Lipschitz continuous, if there exists a
positive scalar p such that

IV2f(z,y) — V2@, ) < pll(z — 2,y — ), Y(z,y), (2, ) € R™ x R™.

Definition 6 A function f(x,y) is locally Hessian Lipschitz continuous, if there exists a
positive scalar p(C) such that for any compact subset C € R™ x R"™,

IV2f(2,y) = V2F(@', )l < p(O)ll(z — 2’y = )Il, Y(z,9), («',5) € C.
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It is important to note that the local Hessian-Lipschitz condition is strictly weaker than the
global condition, and therefore covers a wider range of functions. For example, functions
like * and aP (p > 4) are locally Hessian-Lipschitz continuous, but not globally.

We also need to make the following assumptions about the function f(z,y).

Assumption 1 The function f(x,y) is convex-concave, i.e., f(-,y) is convex for any fized
y € R™ and f(x,-) is concave for any fired x € R™. The optimal solution of problem (1)
exists.

Assumption 2 The function f(x,y) is locally Hessian Lipschitz continuous.

Lemma 1 Suppose that Assumptions 1 and 2 hold. Let {z;} and {Zx} be the sequences
generated by Algorithm 1. Then, ||zk+1 — 2x|| = 0 if and only if ||F(2)]| = 0.

Proof By Step 2 in Algorithm 1, we get
F(P:’k) + DF(ZA’k)(Zk_H — ZA’k) + 6HkHZk+1 — 73k||(zk+1 - ZA,’k) =0, (13)

1E(211) = F(Zk) = DF(Z) (2611 — 2| < 7k\|2k+1 — 2% (14)

Then, on the one hand, if ||zx+1 — 2x|| = 0, then it is straightforward to prove ||F'(Z)|| = 0.
On the other hand, if ||[F'(2;)|| = 0, by taking the inner product of both sides of (13) with
Zk+1 — 2k, We obtain

(2ht1 — 2k, DF (k) (2041 — 2&)) + 6Hpllzepr — 22)1* = 0,
which implies ||zg+1 — 2;|| = 0. The proof is completed. [ |

The following lemma helps us prove the final convergence rate, it describes the iterations
involved in the algorithm and provides us with a key descent inequality.

Lemma 2 Suppose that Assumptions 1 and 2 hold. Let {z} and {Zx} be the sequences
generated by Algorithm 1. Assuming that ||zp+1 — 2kl| # 0, set A\gr1 = with cg,

L
137

i
Hilzp 41— 2k ||

being a constant. If in addition % <o < then for any z € R™ xR™ and s > 1, we have

> Ak (zrn — 2, F(z11))
k=1

1 1<
< - §H25+1 — 20)1* + (20 — 2,20 — Zs1) — 21 ; 21 — 2& . (15)

Proof By (11) in Algorithm 1, we have

Mot 1(Zk+1 — 2, F(2k11))
= Mg 1(2h41 = Zrp1s F(2ra1)) + M1 Brg1 — 200 F(2r41)) + Meg1(20 — 2, F(2p41))
= Mot 1(Zht1 — Zht1, F(2r41)) + (Brt1 — 20, 26 — Zk41) + (20 — 2, 26 — Zhy1)- (16)

10
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We first bound the first term of the right-hand side of (16). By (13) and (14), we obtain

(kg1 — Zrg1s F(241))
= (2k41 — Zor1, F2k41) — F(2k) — DF(2k) (2k41 — 21))
+ (2k1 — 21, F(2) + DF (2) (2k41 — 2k))
< ?sz+1 — Zepll2ns1 — 2ll* — 6Hpllzia1 — Zall(2hs1 — Zht1s 2hr1 — 2k)- (17)

By the Cauchy-Schwarz inequality, we can easily get that

2541 — Bt 261 — 2ell® < Nzrrr — Z6ll® + Nzer — 260?126 — 2o,

(241 — Zrt1s 2kl — 2k) < —||2kp1 — 2k 2k1 — 2kll|[2e — Zeaall-
( ) < -l 12+ 1] Il I

By plugging the above two inequalities into (17), and using 3—13 < M1 Hi || zi+1 — 25| < %,
we have that
Ak1(2k41 = 21, F(2k41))
11Hp Ak . 13Hp Ay . N A
< - %HZIHI — 2|° + %sz—#l — 211202k — Zi4al
1 o, 1 e
<= gl = Zll” + Sl = 2ellll2e = 2
1 ) 1 . 1,. .
< =l = 2l + Sllzne — 2607+ 51120 — 2o
6 8 2
. .. .
== llart _Zk’|2+§”zk—zkz+1’|2a (18)
where the last inequality is by the Cauchy-Schwarz inequality.
On the other hand, it is easy to verify that
(Bhs1 — 20, 3% — 2 T DT STDU 2 1
ket = 20, 2k = Zen) = 5 (120 = 20l = 121 = 20ll” = 125 = 2k [17)- (19)
Plugging (18) and (19) into (16), we have
Motz 41 — 2, F(2g41)) (20)

1 R 1, . R N R
< - ﬂ”zk—l-l — &l* + 5(”% — 200> = 12rs1 — 20l1*) + (20 — 2, 2 — Zi41)-

The proof is then completed by summing the above inequality for k& from 1 to s and using
2’1 = 20. |

The following lemma further gives bounds for the sequences {z;} and {Z;} generated
by Algorithm 1.

Lemma 3 Suppose that Assumptions 1 and 2 hold. Let {z;} and {Zx} be the sequences
generated by Algorithm 1. Assuming that ||zp+1 — 2kl # 0, set Agy1 = m with cy,
being a constant. If in addition % < < %, then for any z € R™ xR"™ and s > 1, we have

S
1
E Mot (Zht1 — 2, F(2h41)) < §Hzo — 2|3, (21)
=1

11
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S
> bt =l < 120 = 1, (22)

1241 = 27| < 7llz0 — 27|, [[Zs41 — 27| < 3[[20 — 27, (23)
where z* = (x*,y*) is an optimal solution of (1).

Proof By Lemma 2 and the Cauchy-Schwarz inequality, we have

S S
1 1 .
3—1 M1 {2ne1 = 2, F(zr41)) < 5 llz0 = 2|1 - 9 E_ [ENEA (24)

Then, (21) holds directly by (24). Under the convex-concave setting, by the optimal condi-
tion of z*, we get

(Ze41 — 2", F(2k41)) 2 0. (25)
Then, (22) holds by combining (24) with z = z* and (25). On the other hand, by setting

z = z*in (24) and using (25), and by the Cauchy-Schwarz inequality and Young’s inequality,
we have

Z/\k+1 Zhr1 — 255 F(2p41)) Z 241 — 22
k=1

1. .
< —5”2’3“ - ZOH2 + (Zo — Zs4+1,20 — Z*>
1, . 1 R
< =5l = 20l* + 70— Eop1l® + llz0 — 2*1%,

which implies that ||Z511 — 20|| < 2||z0 — 2*|| for any s > 1. Then, by (22) and the fact that
21 = zp, we further have

[zs+1 = 20ll < llzs41 = 25/l + 125 = 20ll < 6[|z0 = 27[I-

Therefore, by the Cauchy-Schwarz inequality, we have || 2541 —2*|| < ||Zs41—20]|+][z0—2*| <
3llzo — 2*|| and ||zs41 — 2*|| < ||zs+1 — 20| + |20 — 2*|| < 7||z0 — 2*|]. The proof is then
completed. |

We then provide a technical lemma that establishes a lower bound for > 7 _; Ag41, which
is key to proving the final iteration complexity.

Lemma 4 Suppose that Assumptions 1 and 2 hold. Let {z;}, {z1} and {Z;} be the se-

quences generated by Algorithm 1. Assummg that szﬂ — Zk|| # 0, set Agr1 = Wklzk“

with ¢y, being a constant. If in addition - 33 < ¢, < then for any s > 1, we have Hg

137
and
Z - - (26)
z 66v/3H,| 20 — 2*||’
where z* = (x*,y*) is an optimal solution of (1), and p is the local Hessian Lipschitz

constant on the compact set C := conv{z*, Zo, 2k i, 2k, 2k, %, k = 1,2,--- }, which constitutes
the closed convexr hull generated by z* and the entire sequence of iterates.

12
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Proof By Assumption 1 and (9), it is easy to see that for any k,i > 1,

6Hyillzi — 26ll® = = (2hi — 2k DF (21) (205 — 21)) — (F(3), 20 — 2k)
< NFCG)llllzes — 2l

which implies that

HF(zk)H HF

i = 271 < llzgs = 2ell + 126 = 27 < + 112 — 27| < - 12k —
Then, by further combining the above relation with (23), it follows that the sequences
{#k,i}, {#x} and {2} are bounded. By Assumption 2, there exists p > 0 such that for any

(x,y), (2, y) € C = conv{z*, 20, 2ki, 2k, 2k, 1, k = 1,2, - - }, we have
IV2f (2, y) = V2f ()] < pll(e — "oy — o). (27)
By induction and Step 2(c) in Algorithm 1, we then show that
Hy <2p,VEk2> (28)
Noting that Hy = ”DF(ﬁg()):zDﬁ(gO)” (z0 # Z0), we can easily see that Hy < p. Suppose (28)

holds for & — 1. Then, at the k-th iteration, for the case iy, = 1, we have Hy = Hj 1
Hj,—1 < 2p. For the case i > 1, by Step 2(c) and (27), we have

Hy g1
2
which means Hjy, = Hy,; = 2Hy;, 1 < 2p. Thus, we have Hj < 2p and it finishes the

induction.
Note that Hy < Hy41 by Step 2 in Algorithm 1. By further combining with the choice
that A1 Hg||zp+1 — 2kl = 33, we have

2,5 —1 — 26ll* < NIF (zh30-1) — F(2) — DF () (23,1 — 26)|| < gllzk,iwl — 2%,

S

1 \’<
<33Hs) ;()‘k-‘rl)_Q < Z()\k—i—l) (33Hk> Z ||Zk+1 — Zk”

k=1

Then by (22) in Lemma 3, we have

s

> (1) 72 < (66V3H |20 — =), (29)

k=1

On the other hand, by using the Holder inequality we obtain

s 2/3
> Akﬂ) . (30)

s s s s 1/3
s= Z 1= Z ((Me1)7?) / (Aes1)?? < (Z(/\k+1)_2) (
k=1 k=1

k=1 k=1

Combining (29) and (30), we have

; 2/3
s < (66V3H,| 2 — 2*[|)** (Z A,M) :

k=1

13
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which completes the proof. |

We are now ready to establish the iteration complexity for the LF-CR algorithm to
obtain an e-optimal solution of (1) with respect to the restricted primal-dual gap and
gradient norm. Let € > 0 be any given target accuracy, we denote the first iteration index
to achieve GAP(Zn,yn;3) < eor ||F(2n)] =0 by

N(e) := min{N | GAP(Zn,n; B) < € or ||[F(2n)]| = 0},

where GAP(z,y; ) is defined as in Definition 2, and

N N
IN = 72:]?:11/\“1 (kz_l >\k+l$k+1>a N = 725211/\“1 (kz_l >\k+1yk+1)
with 8 being specified later. In addition, we denote the first iteration index to achieve
[F(zr41)]l < € by
N(e) i= mindk | | F(zs0) < e}
In the following theorem, we provide an upper bound on N () and N (e).

Theorem 1 Suppose that Assumptions 1 and 2 hold. Let {z;} and {Z;} be the sequences
generated by Algom'thm 1. Set = T||z0— 2", Ae+1 = with ¢y, being a constant.

If3—13 <c 13, then

2/3
%3 B o x]|2
N(e) < (7841‘@’)”% all ) 11, N < 6ellzo =7y (31)

€ €

Cle
Hi|lzk+1—2¢ |l

where z* = (x*,y*) is an optimal solution of (1) and p is defined in Lemma 4.

Proof Under the convex-concave setting, we have

f@ri1,9) = (@ ykt1) = F@r41,Y) — F(@41, k1) + F(@k41, Yp1) — F(2, Yp41)
< (21 — 2, F(2141))- (32)
Then, we further obtain
N(e)—1

Z M1 (f (@rs1,9) — f(2,Yr41))

N(e
Z A1 {241 — 2, F(2k41))- (33)

f('i'N(e)—lay) - f(x>gN(e)—1) < N(e) 1)\k+1

According to the definition of N(€) and Lemma 1, for all k < N(e)—1, we have ||zx+1— 2| #
0. By further combining (21), (26) and (33), we get

33v/3Hn (o120 — 2[*ll20 — =°]|
(N(e) — 1)*/?

f(jN(e)—l7y) - f(xv gN(e)—l) < (34)

14
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By (23) and the definition of Zy()—1 := (Tn(e)=1, Un(e)—1)> We have |[Zy(—1 — 2*[| < 8. By
(12) and (34), we obtain
GAP(ZN(e)—1, UN(e)—1; B)

= max TN(e)—15 — f(2, Un(o—
xeBB(x*),ye]BB(y*)(f( N-1Y) — (@ IN@)-1))

33vV3Hy( 1120 — 212120 — 2|

< max
z€Bg(z*),yEBg(y*) (N(e) — 1)3/2
33V3Hp(e)-1(l120 — 2|l + V28)? || 20 — 2*||
< max
z€Bg(z*),yEBs(y*) (N(e) —1)3/2

_ 33V3(TV2 + 1)*Hy 1 llz0 — 2*|°
- (N(e) = 1)3/2 '

Note that Hy < 2p for any k& > 1. Then by the definition of N(e), we immediately have

2/3 2/3
33v3(7Tv/2 + 1)2H EPATE A .13
N(o) < ( V3(TV2+1) N(e 1HZO 2| ) I < (78 V3pllzo — 2*|| ) 1,

€ €

which shows the first inequality of (31).

Next, we establish the iteration complexity of Algorithm 1 with respect to the gradient
norm. By the definition of N(€) and Lemma 1, for all k < N(e)—1, we have ||z41 — 21| # 0.
According to (13) and (14), it follows that

1 (zr )| <IF(2641) — F(2k) — DF(Zk) (2k+1 — 26) | + 1F'(2) + DF (2k) (241 — 2) ||

Hk} N ~ 13Hk ~
<5 ek = 2kl|” + 6 Hy || 2r 1 — 2% = 5 2kt — 2%,
Combining the above relation with (22), we have
N(e)—1 N(e)—1
> 13H = 1FE) < ) Mlawer — &7 < 12020 — %1
k=1 k=1

Note that Hy < 2p for all k > 1. Then by the definition of N(e), we immediately have

G 156p]|z0 — 2*|?

N(e) <

which completes the proof. |

+1,
€

Remark 1 Note that for any k > 1, we have Hy < Hy, < Hyy1 < 2p. At the k-th iteration,

the number of line searches for Hy, is upper bounded by i, = 1 + log, VT He  Then, we have

o (1) i = N(e) +logy H%EO)“ < N(e) +log, 22 it.- Theorem 1 implies that the total iteration
complezity of the LF-CR algorithm to obtain an e-optimal solution to (1) with respect to the
restricted primal-dual gap and gradient norm is upper bounded by O(p*/3|zy — z*|2e=%/3)
and O(p|lzo — z*||?e71), respectively.

15
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Compared to the Newton-MinMax algorithm in Lin et al. (2022), the LF-CR algo-
rithm achieves the same complexity for finding an e-optimal solution to (1) without re-
quiring prior knowledge of the Lipschitz constant, assuming that the Hessian is locally
Lipschitz continuous. Moreover, the LF-CR algorithm has better iteration complexity with
respect to the Lipschitz constant p compared to the ASOM method in Jiang et al. (2024),
which has an iteration complexity of O ((¢£4/3p2/3||zg — 2*||>/3 + p?||20 — 2*||?)e~2/3) (resp.
O ((Upllzo — 2*|| + p*|lz0 — 2*[|*)e™!)) in terms of the e-optimal solution of the restricted
primal-dual gap (resp. gradient norm).

3. A Fully Parameter-Free Cubic Regularization (FF-CR) Algorithm

In this section, we further propose a fully parameter-free cubic regularization (FF-CR)
algorithm that does not require any prior knowledge about the problem parameters. We
show that the proposed algorithm achieves the complexity bound 0(6_2/ 3) with respect to
the gradient norm in the absence of such information.

Based on the LF-CR algorithm, the proposed FF-CR algorithm further employs an
accumulative regularization method to construct the subproblem and uses a “guess-and-
check” strategy to estimate ||zo—z*|| step by step. Such accumulative regularization method
and “guess-and-check” strategy have also been used to design a first-order parameter-free
gradient minimization algorithm for convex optimization problem in Lan et al. (2023).

Each iteration of the proposed FF-CR. algorithm consists of two loops, the outer loop
and the inner loop. In the outer loop, the estimated bound Dy of ||zg — z*|| iteratively
increases. In the inner loop, for a given estimate Dy, it solves the accumulative regulariza-
tion subproblem approximately without prior knowledge of the Lipschitz constants. More
specifically, it performs the following two important algorithmic components at each inner
loop:

e Compute an approximate solution z}, of the following regularized minimax subprob-
lem:

t t
. ¢ O t12 9% —t (12
min m = + = |r — — ||y — 39
Inin yef@gfk(w,y) Fla,y) + Flle = 2ill” = S lly = gell”, (39)

where 2,2 =(1 —7,2)2,2_1 —1—7,2,2};_1 that is a convex combination of previous approximate

solutions {z{, -+ ,z._,} and o}, is the regularization parameter, which will be specified
later. The problem (39) is solved by running the LF-CR algorithm within N} times
iteration.

o At z}, search a pair of (M} ,, 2} ;) by backtracking such that:

M |

15 (21) = Fii(z) = DF(21) (21 — 2l < —

i — 2kl (40)
where z};z is a solution of the following nonlinear equation:
Fi(21.) + DF(#) (2 — 2i) + 6My ;|2 — 2ll(2 — 2;) = 0. (41)

16
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Algorithm 2 Fully parameter-free cubic regularization (FF-CR) algorithm

Step 1: Input zg, Zp; Set t = 0.
Step 2: Initialize My, Dy. i
(a): Set i = 1, M(),i = IDE(z0)=DF(Z)l| (ZO 7& 50).

llz0—Zoll
(b): Update zp; such that it is a solution of the following nonlinear equation:

F(z0) + DF(20)(z — 20) + 6 Moz — 20||(z — 20) = 0.

(c): If
MO,i 2
1 (z0,1) = F'(20) — DF(20)(20. — 20)ll < =~ llz0. — 2oll",
My = MOJ‘, Dy = HZO,Z' — Z()H; otherwise, set M07i_|_1 = 2Mg7i, 1 =141, go to
Step 2(b).

Step 3: For a given Dy, solve the accumulative regularized subproblem:
(a): Set z = 2§ = 20, ol = 0, Hf = M} = My, k = 1.
(b): Input of. Update ~}, zt, yt:
ot
Th=1- (’;it:,f}i = (1 =0Ty + b1, 0 = U =)ot + Mvhr- (35)

c¢): Running the LF-CR algorithm within N} iterations to approximately solve
k

t t
. ¢ Oy tn2 Ok —t 112
T 1) = + =l — - |y — 36
xei@%yeﬁ}rg‘f’“(gj’y) f(z,y) 5 |z — 2| B ly — v ll= (36)

with 2z}, as the initial point and H}, ; as the initial guess of Hessian Lipschitz
constant. Denote the output of the LF-CR algorithm as (2}, H}).
(d): Find a pair (M ;, 2. ;) to satisfy (40):
(i): Set i = 1. If 2}, # z(, set M} ; = max{M,ﬁil,
set M/{éz =M .
(ii): Update 2} ; such that it is a solution of the following nonlinear equation:

|DF(2,)—DF ()|
ll2;, =25l

} ; otherwise,

Fi(2}) + DFL(20) (2 — 1) + 6M,€7i Hz — z}iH (z—21) = 0. (37)
(iii): If
tot tot tot t t Mlﬁz t t)2
HFk(Zk,z’) — Fy(z,) — DFk(Zk)(Zk,i =zl < sz,i — 2 lI% (38)
2

M} = M} .,z = 2} ; otherwise, set M}, i+l = 2M} i =1i+1, go to Step 3(d)(ii).

(e): If k > Ky, set (2441, Myg1) = (2}, M}); otherwise, set k =k + 1, go to Step 3(b).
Step 4: If || F(z:41)]] < €, stop; otherwise, set Dyy; = 4Dy, t =t + 1, go to Step 3(a).
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Note that (41) can be solved in a similar way to (6). The detailed algorithm is formally
stated in Algorithm 2.

In the following subsection, we will establish the iteration complexity of the FF-CR
algorithm to obtain an e-optimal solution of (1) with respect to the gradient norm.

3.1 Convergence Analysis

Before proving the iteration complexity of the FF-CR algorithm, we make the following
assumption about f(x,y).

Assumption 3 The function f(x,y) is globally Hessian Lipschitz continuous.

We then outline the basic idea of iteration complexity analysis. We first prove that once Dy
in Step 3 of Algorithm 2 satisfies D; > ||zo — z*||, we can prove ||V f(zi+1, ye+1)] < € and

the algorithm will stop. Otherwise, Dy < 4\/¥ lzo — z*||. Then, we estimate the additional
number of iterations for such bounded D;, and finally prove the iteration complexity of
Algorithm 2.

First, we prove the following lemma which shows some bounds on o} ||z — (2})*|| at the
t-th iteration, where (z})* is the optimal solution of (39).

Lemma 5 Let {z}} and {z}} be the sequences generated by Algorithm 2. At the t-th itera-
tion, for all k > 1, we have

I2h-1 — (1)l < Hzi 1= () (42)
oillzr — Z o1 + o)z — ()", (43)
=1
t O.t
where (z)* = arg min max fi(z,y) == f(z,y) + *’“Ilw Tll? = iy = gl
Proof By (35) in Algorithm 2, we get
t d 2 Op 2
()" = arg min max f(z,y) + *Hw — g 5 1y — Gkl
t t
Th1 - 9% — 9%k—1
= arg min max f(z,y) + == o = T I + == llz — j [’
t t t
Uk 1 9% — Ok
ly = Gaa I” = == lly = v |”
Fiaton) + B o —af 2= 0y gt 2
= a a. _n ~ . _ KK _ .
Tgmfélﬁ% Z%R}é k—1\T, Y 9 T =T B Y= VYg-1
By the optimality condition of (z})* in (44), we then have
Fra((2)7) + ok ()" = 25—1) = 0. (45)

t t
Te%

t Lt
Under the convex-concave setting, ff_,(z,y) + 275z —af_[|> - ly =yt |I? is ayiok
strongly convex-strongly concave function. Then, by further combining with (45), we have

Mokl (zha)” = ()17
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< (Fima (1)) + 1ok ()™ = 2im1) = Frma ((20)7) = 0k ((20)" = 261)
(zh-1)" = (2)")
= <F£71((21271)*) + 71@‘72((21271)* - thcﬂ), (2h—1)" = ( Itc)*> : (46)
By the definition of (z}_;)*, we get F{_;((zf_;)*) = 0. Then, we further have
Mokl (2h-1)" = ()11

< Mk ((Zh1)™ = 21y (1) — (thf)*>
’y o * * * *
= A ([(2h—1)" = PP + 1 C2hm) ™ = RN = Ny — 0)7IP)
which implies that

(zk—1)™ = (217 + 2oy = (&)1 < Nk — (k)" (47)

Then, (42) holds directly from (47). Denoting af := o} — ol ; and noting that 7 =

¢ ¢
1-— U’Z_t‘l = %, we can rewrite the definition of z} in (35) of Algorithm 2 to
k k

t=t _ _t =t t _t
Op2f = Op_12p—1 T Q2 _1- (48)

By b =0, af, := ol — o}_, and (48), we have

k k
t t t -t t ot
O = Zaiv Or2 = Z%Zi—r (49)
i=1 i=1

Then, by (49), we obtain

k—1 k—1
ok () 4 e~ ) () (e - 00)

i=1
= af, (thc—l - (thé)*) + UZ—l(Zk;—l - (zi‘—l)*) + 012—1((212—1)* - le;—l)

= 04 (zho1 — (1)) Foho1 (Bior — (2hm1)") + 0kt ((2hm1) " = 2m1)- (50)
By (50) and (42), we get
aollZ — (21)"l
< otlloboy — I + o allzhoy — (b)) + oo (o) — bl
< (051 + o) 1251 = ()l + o 121 = (Zha)* |-
Then, (43) is proved by combining with of, = 0. [ |

The following lemma gives an upper bound of the gradient norm at the point z by using
the distances between zf and (zf)*, i=0,-- k.
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Lemma 6 Suppose that Assumptions 1 and 5 hold. Let {z}} and {z.} be the sequences
generated by Algorithm 2. At the t-th iteration, for all k > 1, we have

1272 *
\\F(zm<( 12 11)Mm AriE 22 Mk(ZHZ D) - G
M t\* E 1 t t T\ *
b - (a4 Mk — 0+ (22 4+ 1) bzt - (L))
n \/ﬁquZé)nnzz — (4l + ol - b))

k
+ Y (ol +ad)llzfy = ()" (51)
i=2
Proof By Step 3(d) in Algorithm 2, we have
Fy(#) + DFp(24) (2 — 21) + 6My |12 — 2] (2 — ) = 0, (52)
- - M
IFi(2) = Fi(2h) — DF{(2) (2 = 2l < SEI12 = 21 (53)

Under the convex-concave setting, by the optimality condition of (z})*, we further have

0 < (Fg(2), 2 = (1))
= (Fi(2) = Fi(21,) = DF(21) (2 = 21,), 2 = (2)")
+ (Fi(2) + DF() (2 = 2), 2 = (2)")
Mt =~ * = ~ = *
< EE = 27112 = ()71 = 6ME[1Z = 24]1{2 — 2k, 2 = (1)),
which implies that
0 < 12 = 2llllZ = (=)l = 12(2 — 2, 2 — (21)"). (54)
By (54) and the Cauchy-Schwarz inequality, we obtain
1 ~ * ~ ~ * *
0< SlIZ = 2l* + *HZ = ()1 = 6112 = 2 l* + 12 = (=11 = ll2k — (1))
= - 5!!5 = 5l* = 12 = ()71 + 62 — ()11,

which implies that

k= ()"l (55)

12 — 241> < ﬁsz

Then, by (55) and (52), we have

IFE (2| = IDFE(2) (2 — 2) + 6Mi[1Z — 21 (2 — 1)l
< IDFE(#)IIZ = 2]l + 6012 — 21
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12 T2M?!
<A IPFECEDNIE = GOl + =Nz = G (56)
- . DF DF(z
By combining (56) with DFf(z}) = DF(z}) + 0} Inin and ” (ﬁgi—zoll( = < M}éz < M
in Step 3(d) of Algorithm 2, we have
175 (=5 \/ 2|DF(:4) + 04t — DF() + DF ()| 124 — ()"
72M .
+ 22t ey
<\ ML — bl — 41+ 11 ok + IDEGEI 1% — (4]
S 7 MEIERE T 2ollll2e T ok 11 \7k 0 2 — Bk
T2M! .
+ =z — (=) (57)
Next, we are ready to give an upper bound on ||F(z})|. By combining (57) with
1P (i)l = 1Pk (2k) — ok (2 — 201 < IFC()N + okllzk — ()7 + okl z = ()l
we have
tyx 12, ¢ ¢ ty*
17 (2 MkHZk 20llll2, = ()"l + [ 7 (@ + IPF0) D2k — ()
72M . X _ *
Bl — (21) N7 + okll=h — (1)l + okllzk — ()" (58)
By (42), we can easily prove that
1% — 20|
= [l2 — (21)" + (ZZ)* — 21+ 2ho1 = (Fon) 2 = ()T + (21) -
< g = (2)] +22||Z = (&)1 + 126 — (=6)"1l. (59)
By plugging (59) and (43) into (58), the proof is then completed. [ |

By applying the convergence properties of the LF-CR algorithm, the following lemma shows
that [|F(z¢+1)|| < € when Dy > ||z0 — 2*||.

Lemma 7 Suppose that Assumptions 1 and 3 hold. Let {z}} and {zl} be the sequences
generated by Algorithm 2. Set

2/3
N (33\/383—’€H,§Dt>

t
O

t __
Tk = 41Dt

2M?E D? Mt D? 4\/12 11||DF(z0)|| D
Kt — |Vmax{log643kt’log 8 k=t 1 / H ZO | t}-‘ ]
€

At the t-th iteration, if Dy > ||z0 — 2*||, then we have ||F(zi41)| < €, and ||ze41 — 2% <
32|29 — 2*||, where z* = (z*,y*) is an optimal solution of (1).
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Proof By Step 3(c), (2%, y}, Hf) is an output of the LF-CR algorithm within N} iterations
and f} is p-Hessian Lipschitz continuous. We consider two output cases of Algorithm 1, i.e.,
|EE(zE)]] # 0 or ||Fi(2;)| = 0. For the case ||F{(zL)| # 0, substituting f = ff,z = (z})*,
2= (21)"20=2_;,N(e) —1= N,f:,HN(E),l = Hj}, and ZN(e)—1 = 2t into (34), we have

33\/§Ht t, S AR
Sl Wh)*) = (=) ur) < k&i);/z Gl (60)

Under the convex-concave setting, f,ﬁ is a}; strongly convex-strongly concave. Then, we
further have

||th€ — () Hz < 33\/§H12HZ12—1 - (z,i)*||3 < 33\/§H]i‘||z]€,’—1 - (212—1)*’\3
HOIRE ol (NP2

(61)

where the second inequality is by (42). For the case || F}(z})|| = 0, we know that 2} = (z})*,
so (61) obviously holds.
Next, by (61) and induction, we show that for any k > 1, we have

* 1 *
12k = ()" < gllzier = ()l (62)

) with the choice of N{, z§ = 2z and (z{)* = 2*, we can
|

|z0 — z*||. Next, suppose that (62) holds for k. Then, we

If Dy > ||z0 — z*||, combining (6
easily prove that ||z — (2})*]| <
have

1
1
8

* 1 *
12k = (2)°Il < ggllzo = ="1- (63)
By D; > ||zp — z*||, combining (61) with the choice of Ny, and (63), we have

2 < Iz — ) I1P Nz — )12
82—th = ]2 ’

Hz,iﬂ (Zk+1)

which implies that ||z}, — (z1)*]| < %Hz,’i — (24)*||. Next, we further bound the norm
|F(zL)| in (51) by using (62). By (62) and the choice of o}, we have

k—1

1 *
ZHZ - Z§IZO—Z | < *HZO—Z I, (64)
=1
k
Y (ot ol Izt - 25% 15 1Hzo—z | < IIZ -2 (65)
=2

By plugging (64) and (65) into (51), we have

12 72 1 2 /12 1
t t *1|2 t * (2
12 121
= k-1 —~_|IDF — 2z
+ (2 1) ot gl =+ T R IDF ol - =
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50t
Fotllzo — 2+ 2z — 2|

1 . 1 co A1
< 8M{zpllz0 — 22+ 2Migllz0 — 2| + Teotllzo — 2|

16
121 .
o/ 17 gr IPF (20)llllz0 — 27,
where the second inequality is by \/ 247 11 <8, (% + 1) \/% < 2 and (@ / % + 1) 4]““_18% <

(w/ﬁ + 1) 1 < . By the choice of K; and o}, we have |F(2%,)|l < e. Combining (59)
with (63) and (64), it follows that for any k& > 1

% 135
2 — 2" < *||20—Z ||+*||Zo—z I+ 2llz0 = 27l = = llz0 — 27

The proof is then completed by Step 3(e) in Algorithm 2. |

We are now ready to establish the iteration complexity for the FF-CR algorithm. In partic-
ular, let € > 0 be any given target accuracy. We denote the first iteration index to achieve
[1F'(z)]| < € by

T(e) := min{t | ||F(z¢)] < €}
We provide an upper bound on 7'(¢) in the following theorem.

Theorem 2 Suppose that Assumptions 1 and 3 hold. Let {z;} be a sequence generated by
Algorithm 2. Set

2/3
€ gk Nt 33383k H! D, /
T ap, 0k ot ’

32M}! D? 8MtD2 4\/ HDF 20)[| Dy
K = |max < loggy ,log
€

Then, we have Dy < 44/ 12|20 — 2*|| for any t < T(e) and

7(6) < [tog, 105 =1 ).

where 2* = (z*,y*) is an optimal solution of (1) and Do < /2|20 — 2*|.

Proof By Step 2 in Algorithm 2, we initialize Dy by a backtracking routine. According
to a similar proof as in (55), we have Dy = ||z0; — 20|| < 1/ 2]|20 — 2*|. Notice that by

Lemma 7, if D; > ||zo — 2*||, we have ||F'(z¢+1)|| < €. The proof is then completed by using
the definition of T'(¢) and Step 4 in Algorithm 2 that D; = 4! D). [ |
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Remark 2 Note that in the t-th iteration, similar to the proof in Lemma 4, for any k > 1
we have H(t) = M} = My, H}é_l < H}i < 2p, and M,ﬁ_l < M,i < 2p. Therefore, on the one
hand, at iteration k, the number of line search steps for M}; and H,i 1s upper bounded by

t 13
1+ log, % and N} + log, %, respectively. On the other hand, Theorem 2 implies that

T(e) K +
H! M,
E (Nk + log, t + logs t + 1)

t=1 k=1
/3 T(e)
33{ 8 H Dy 2p
t=1 k=1 t=1
2/3 T(e)
4/3 6_3x [ 2706V/3p 2p
k=1 t=1

€

280p]| 20 — 2*|? 18| DF _
< T [max{logsmz\\’logg IDFCo)lllz0 — 2 \H
€

512 (2706\/§puz0 — 22
i

2
) +27(e) log, ﬁp, (66)
0

€

where the last inequality is by ZT(€ f/3 = ZZ;(? D§/344t/3 < 8|z0—2*||*/3 and Y5t 2673k <
64. Then, the iteration complezity of the FF-CR algorithm to obtain an e-optimal solution
of (1) with respect to the gradient norm is upper bounded by O(p2/3||20 - z*||4/36_2/3).

Remark 3 Compared with the restricted primal-dual gap termination criterion, the gra-
dient norm is a more general termination criterion in optimization problems and is easy
to compute in practice (Yoon and Ryu, 2021; Chen and Luo, 2024). This is particularly
important for parameter-free optimization algorithms.

Moreover, if the FF-CR algorithm obtains an e-optimal solution with respect to the
gradient norm, then we can obtain an O(eD)-optimal solution with respect to the restricted
primal-dual gap after no more than O (p*/3||zg — 2*||*/3¢72/3) additional iterations of the
FF-CR algorithm. We provide the following simple proof. Assume that 2 = (&,7) is an
e-optimal solution with respect to the gradient norm. According to step 4 of Algorithm 2,

i.e., Dy = 4t Dy, after [log4 HZ()l;iOZ*H-‘ additional outer iterations of the FF-CR algorithm, we
obtain Dy > ||zo — z*||. Then, according to Lemma 7, z+1 further satisfies |[F(zi1+1)|| < €
and ||ze41 — 2% < D = 135”20 — z*||. Using these bounds, the restricted primal-dual gap
can be estimated as

GAP(Ty41,Ye41; D) < max (zt41 — 2, F'(2)) < 3D||F(2t41)|| < 3De.
2€Bp (z*),yEBp (y*)

Thus, by further combining the bound (66), z+1 becomes an O(eD)-optimal solution with
respect to the restricted primal-dual gap after no more than O (p2/3|]z0 — Z*”4/36_2/3) addi-
tional iterations of the FF-CR algorithm. This means that the gradient norm termination
criterion is stronger than the primal-dual gap in this sense.
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Note that although the homotopy-continuation cubic regularized Newton algorithm in
Huang et al. (2022) has the best iteration complexity results in terms of the gradient norm,
additional assumptions of error bound conditions are needed. For problems without assum-
ing such error bound conditions, we improve the complexity in Ostroukhov et al. (2020) for
the convex-concave setting by a logarithmic factor. Moreover, our method achieves better
iteration complexity compared to the adaptive second-order optimistic method in Jiang
et al. (2024), which has an iteration complexity of O ((¢pl|lzo — 2*|| 4+ p*[|z0 — 2*[|*)e™!) in
terms of the gradient norm.

4. Numerical Experiments

In this section, we compare the numerical performance of the proposed LF-CR algorithm and
the FF-CR algorithm with the extragradient (EG) method (Korpelevich, 1976), the Newton-
MinMax method (Lin et al., 2022), the homotopy inexact proximal-Newton extragradient
(HIPNEX) algorithm (Alves et al., 2024), the optimistic second-order method (OSOM)
with line search (Jiang and Mokhtari, 2025) and the parameter-free variant of the adaptive
second-order optimistic method (ASOM) (Jiang et al., 2024) in solving a synthetic minimax
optimization problem and an AUC maximization problem. All methods are implemented
using MATLAB R2017b on a laptop with Intel Core i5 2.8GHz and 4GB memory.

4.1 A Synthetic Minimax Optimization Problem

We consider the following convex-concave minimax optimization problem (Lin et al., 2022):

. _ P 3 Ar —
Inin moax f(z,y) = §llzl]” + (y, Az — b), (67)

where p > 0, the entries of b € R™ are generated independently from [—1,1] and A € R"*"
is given by

It can be verified that the function f(z,y) is p-Hessian Lipschitz continuous, and admits a
global saddle point 2* = (z*,y*) with z* = A~!b and y* = —£||z*[|(AT) 1a*.

In our experiment, the problem parameters are chosen as n € {50,100}, p = ﬁ Let
Hj be the initial estimate of Hessian Lipschitz constant p and Dg be the initial estimate of
|lzo — 2*||. For the LF-CR algorithm and the FF-CR algorithm, after selecting the initial
point zp, another random point Zy close to the initial point is generated. Then, Hy and
Dg are generated using the formulas in the two algorithms, and each cubic subproblem is
calculated until a high accuracy is achieved. For the HIPNEX algorithm, we set 6 = 0,
0 = 0.3, and other hyperparameters are determined by formulas (24) and (25) in Alves et al.
(2024). For the OSOM algorithm, we set the initial step size o9 = 1 and the line search
hyperparameters o« = 0.5 and 8 = 0.3. For the ASOM algorithm, we set \g = Hy. We run
each algorithm until |V f(z,y)| < le—4.
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Figure 1: Numerical results of the tested algorithms for solving synthetic minimax problem

Figure 1 shows the gradient norm descent curves of the seven algorithms. Obviously,
the second-order methods perform better than the first-order method, i.e., the EG method.
Among the second-order methods, the LF-CR algorithm and the FF-CR algorithm perform
slightly better than the other methods.

4.2 AUC Maximization Problem

We consider the following minimax formulation for the area under the receiver operating
characteristic curve (AUC) maximization which aims to find a classifier § € R? that max-
imizes AUC score on a set of samples {(a;,b;)}M,, where a; € R? and b; € {1,—1} (Lin
et al., 2022; Ying et al., 2016; Shen et al., 2018):

M M
. I—p 2 p 2
x:(gyir’lz})neﬂgd+2 I;lealé(f(x, y) - M {;:1:(<07 ai) - u) I[[bi=1]} + M {;:1 (<97 ai> - ’U) ]I[bi:—l]}
M
2(1+y) p
=7 {;(97 ai) (p]l[b,-—l} —(1- p)ﬂ[bi1]> } + 6||:1:||3 —p(1—p)y?,

where p > 0 is a scalar, u,v € R are auxiliary variables, I is the indicator function, and p
is the proportion of samples with positive label.

In our experiment, we choose p = ﬁ, which is the same as in Lin et al. (2022), and
use two imbalanced binary classification data sets “a9a” (d = 126, M = 32561), “w8a”
(d =300, M = 49749) from LIBSVM data sets. For the LF-CR algorithm and the FF-CR
algorithm, we generate Hy, My and Dy using the formulas in both algorithms. For the
HIPNEX algorithm, we set 6 = 0 , § = 0.2, and other hyper-parameters are determined
by the formulas (24) and (25) in Alves et al. (2024). For the OSOM algorithm, we set the
initial stepsize g = 1, the line-search hyperparameter o = 0.5 and 8 = 0.5. For the ASOM
algorithm, we set \g = Hp. We run each algorithm until |V f(z,y)| < le—10.

Figure 2 shows the numerical performance of the seven tested algorithms when solving
the AUC maximization problem, where the horizontal axis represents the number of itera-
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Figure 2: Numerical results of the tested algorithms for solving AUC maximization problem

tions and the vertical axis represents the gradient norm of f(z,y). The results show that
the proposed FF-CR algorithm slightly outperforms the other algorithms.

5. Conclusions

In this paper, we propose parameter-free second-order algorithms for unconstrained convex-
concave minimax optimization problems. Under a mild assumption that the Hessian is lo-
cally Lipschitz continuous, the proposed LF-CR algorithm achieves the iteration complexity
of O(p*3||20 — 2*|2€2/3) (resp. O(pllzo — z*||¢ ")) in terms of the e-optimal solution of
the restricted primal-dual gap (resp. gradient norm) without prior knowledge of the Lip-
schitz constants. And the proposed FF-CR algorithm achieves the iteration complexity of
O(p*3||z0 — 2*||*/3¢2/3) in terms of the e-optimal solution of the gradient norm without
any prior knowledge of problem parameters. To the best of our knowledge, the proposed
FF-CR algorithm is a completely parameter-free second-order algorithm, and its iteration
complexity is currently the best in terms of € under the termination criterion of the gradient
norm.

The only disadvantage of the proposed FF-CR algorithm is that it requires the exact
optimal solutions of the subproblems. If the subproblems are allowed to be solved inex-
actly, whether it is still possible to obtain the current iteration complexity of a completely
parameter-free algorithm is worth further study.
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