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Abstract

In this paper, we examine whether a set of sparse symbolic interactions can faithfully
explain the complex inference patterns of large language models (LLMs), thereby using
interactions to diagnose the detailed representations of LLMs. Since previous studies lack
a comprehensive proof for interaction-based explanations, we first experimentally verify
the sparsity of interactions in LLMs, i.e., we observe that 50-100 interactions are usually
powerful enough to accurately mimic all subtle changes in the LLM’s output scores over an
exponential number of arbitrary masked inputs. More crucially, interactions provide new
perspectives for analyzing an LLM. (1) We propose to disentangle the interactions encoded
by the LLM in a coarse-to-fine manner and use interactions to analyze the increasing repre-
sentational complexity of features during forward propagation. The clear disentanglement
of interactions enables us to identify incorrect inference patterns hidden in an LLM. (2) We
empirically demonstrate that LLMs with different architectures encode similar interactions
for text generation, and simple interactions are more likely to be consistently extracted
by different LLMs than complex interactions. (3) We also empirically demonstrate that
an LLM encodes similar interactions over semantically similar input sentences. Again,
simple interactions are more likely to be stably extracted than complex interactions. (4)
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We empirically find that low-order interactions can serve as indicators for guiding model
compression.

Keywords: explainable artificial intelligence, large language models, interactions, inter-
pretability, deep learning

1. Introduction

This paper is inspired by a new counter-intuitive finding in deep neural networks (DNNs),
i.e., it has been found by Ren et al. (2024) that for all DNNs that satisfy three common
conditions', the DNN typically encodes only a small number of interaction patterns as
primitive inference patterns. These interactions represent non-linear relationships among
different input variables (e.g., words/tokens in Fig. 1), and each interaction contributes a
specific numerical effect to the output score of the DNN.

The notion of interaction is illustrated in Fig. 1. Given an input prompt, “Finstein’s
Theory of General Relativity proposes that gravity is the warping of,” the interaction among
the words in the set S = {Finstein’s, warping, of} contributes a numerical effect Is to boost
the DNN’s confidence in generating the target word “space.” Ren et al. (2023a, 2024) have
proven a series of theorems, showing that an LLM typically encodes only a small number
of interactions per input sample. These interactions can accurately predict the network’s
outputs across a sufficiently large set of samples, thereby ensuring the faithfulness of the
interaction-based explanation.

Nevertheless, this study focuses on a more fundamental question: can interactions
faithfully reflect the majority of the inference logic in LLMs? This remains an
open problem.

e LLMs often comprise billions of parameters and are trained on terabytes of data.
Therefore, analyzing an LLM’s behavior on a given input using only a small number of
interactions appears counter-intuitive and lacks sufficient validation.

e Unlike traditional mechanistic interpretability approaches, directly analyzing specific
neurons or sub-networks/circuits (Olah et al., 2020; Elhage et al., 2021; Conmy et al., 2023),
interactions are encoded by the entire model, rather than being localized to particular
neurons. Thus, when the interaction cannot be physically mapped to specific neurons, how
to verify the faithfulness or fidelity of such an interaction-based explanation remains an
unresolved issue.

e Although previous work has partially proven the sparsity of AND interactions, the
three mathematical assumptions underlying it are more like idealized conjectures.! These
assumptions are also difficult to verify strictly on LLMs.?

1. Ren et al. (2024) have proven the sparsity of interactions under three common conditions for smooth
inference on masked/occluded samples. (Condition 1) The DNN does not encode extremely high-order
AND interactions, e.g. an interaction between nine words. (Condition 2) The average network output
over all samples, plm) & E‘T‘:m [v(2T)], which have m unmasked input variables, increases when m
becomes larger. (Condition 3) When we decrease the number of unmasked input variables, i.e., m, the
decreasing speed of the average network output 7™ is not faster than a polynomial function of m.
Please see Appendix C for detailed introductions of the three conditions.

2. Please see Appendix D for reasons why it is difficult to examine the three conditions® in LLMs.
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Figure 1: Ilustrating that the LLM function on exponentially many masked samples can
be equivalently represented by a logical model based on AND-OR interactions.
Given an input sentence x with n words, the interaction patterns in the logic
model ¢(x) can well predict all subtle changes of the LLM’s outputs v on all 2"
randomly masked?® prompts {@r}, i.e., VI' C N,¢(xr) accurately approximates
v(xr). This guarantees the faithfulness of using interactions to analyze the LLM.

Therefore, in this paper, we aim to validate the faithfulness of interactions in LLMs, and
further explore new insights into the complex inference logic of LLMs from the perspective

of interactions.

Verifying faithfulness of primitive interactions. We empirically verify the faith-
fulness of taking interactions as primitive inference patterns, thereby allowing us to identify
defective semantic patterns in LLMs. Specifically, we verify that no matter how we ran-
domly mask the input sentence,® almost all subtle changes in the LLM’s outputs can be
accurately mimicked by a logical model based on these interactions, as illustrated in Fig. 1.

3. It is common to use a specific embedding to mask input variables of a DNN (Lundberg and Lee, 2017;
Ancona et al., 2019; Fong et al., 2019), but there are still no unified masking strategies. Please see
Appendix A for introductions of masking strategies.
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More importantly, this approach enables us to go beyond conventional performance metrics
and directly assess whether the LLM uses a set of semantically correct interactions for text
generation. For example, given the sentence “Mary is the wife of Adam. James is the son of
Adam. Mary is the mother of,” an LLM may incorrectly output “Jesus.” This hallucination
occurs because the model falsely associates the input with religious-related associations in
the training data, improperly linking “Mary” and “Adam” to “Jesus.” We conduct exten-
sive experiments in Section 5.1 to examine the correctness of detailed inference patterns
used by an LLM.

Exploring coarse-to-fine reasoning structure. We propose a method to disentangle
interactions for coarse inference logic encoded by an LLM and interactions for fine-grained
inference logic encoded by an LLM. We have observed that the LLM typically uses low-order
simple interactions (i.e., interactions between a small number of input words) to narrow
down the candidate token space to a contextually relevant subset. Subsequently, high-
order complex interactions (i.e., interactions between a large number of input words) are
usually activated to leverage detailed domain knowledge for final token selection. Example
illustrations are provided in Fig. 5.

Exploring how the interactions’ complexity changes through forward prop-
agation. We also use interactions to analyze the increasing representational complexities
of features during forward propagation. We empirically find that as features propagate for-
ward through successive layers in the LLM, the model progressively constructs increasingly
complex interactions.

Analyzing the representation quality of LLMs. Beyond the coarse-to-fine rea-
soning structure, we propose metrics to evaluate the representational quality of an LLM
by analyzing the consistency and stability of interaction patterns encoded by the LLM.
The consistency metric measures whether two LLMs with different architectures learn
similar interactions. For example, as Fig. 2 shows, given the same sentence “Finstein’s
Theory of* General Relativity proposes that gravity is the warping of’,” different LLMs
usually all encode similar interactions, such as {Einstein’s, of*}, { Finstein’s, Relativity, proposes
, the, warping, of’}, and { Einstein’s, the, warping, of’}, to generate the next token “space.” The
stability metric measures whether an LLM learns similar interactions over two semantically
similar sentences. We empirically find that low-order interactions exhibit higher consistency
and stability than high-order interactions. Furthermore, we also experimentally observe
that LLMs with superior generalization power are more likely to mainly encode low-order
interactions and avoid learning high-order interactions.

Using interactions to guide model compression. We also explore how interaction
patterns can be used to assess the representation quality of a compressed LLM, so as to help
determine the optimal pruning rate. We empirically observe a strong correlation between the
low-order interactions and model performance. This correlation emphasizes the potential
of using low-order interactions as a metric to help determine the optimal pruning ratio.

2. Related Work

Explaining LLMs. Recently, some studies have explained the LLM from different perspec-
tives. Sahu et al. (2022) measured the consistency of an LLM responding to conceptually
relevant background knowledge. Some studies observed that many LLMs had fragments
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Figure 2: Hlustrating that two different LLMs share a large set of salient interactions for
inference when given the same input sentence z. We show two AND-OR logical
models, each containing the top ten most salient interactions encoded by each
LLM. We find the seven green interactions (70.0% of all the ten interactions) are
shared by two LLMs. The remaining three gray interactions in each logical model
are exclusively encoded by a single LLM.

of knowledge (Gu et al., 2022), or observed that features generated by the GPT-3 model
were similar to each other (Hansen and Hebart, 2022). Some studies (Dai et al., 2022; von
Oswald et al., 2022) related the in-context learning ability of LLMs to running the gradient
descent on attention weights. Besides, Bansal et al. (2022) measured gradient-based impor-
tance scores w.r.t. different layers of an LLM, and observed that different layers contributed
unequally to the LLM’s ability. Meng et al. (2023) identified neuron activations that had
a great impact on the LLM’s prediction when the LLM processed input tokens. Wendler
et al. (2024) investigated the correlations between features of each intermediate layer and
specific natural languages, such as English and Chinese. However, previous studies failed to
clarify the exact mathematical mechanism behind the explanation. In comparison, in this
paper, we analyze the output score of an LLM using a small number of interactions, which
has been proved to be a faithful explanation.

Using game-theoretic interactions to analyze DNNs. Traditional explanations,
relying on visualization (Tenney et al., 2020) or interpretable surrogate models (Zhang et al.,
2020), did not formulate and mathematically guarantee that the explanation result really
reflected the true logic used by the DNN with a theoretical error bound. This might be why
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Rudin (2019) calls for us to stop explaining black-box models for high stakes decisions, and
shift attention towards constructing inherently interpretable models.

To this end, using interactions between input variables of a DNN presents a new direc-
tion to analyze a DNN, which has a series of solid theories to ensure the correctness of the
explanation (Ren et al., 2023a). Some studies used interactions to investigate the repre-
sentation power of a DININ, such as analyzing the adversarial robustness and adversarial
transferability (Wang et al., 2021a,b), investigating the overfitting problem (Zhou et al.,
2023b; Ren et al., 2023c), and proving the bottleneck of representing specific interactions
(Deng et al., 2022). The interaction was also used to analyze the common mechanism
shared by many empirical deep learning methods. Deng et al. (2024) proved that the
core mechanisms of fourteen attribution methods could be reformulated as a reallocation of
interactions. Zhang et al. (2022a) proved the common mechanism shared by twelve previous
transferability-boosting methods, that is, these methods all reduced interactions between
regional adversarial perturbations. Ren et al. (2023a); Li and Zhang (2023a) discovered
and Ren et al. (2024) proved that a DNN usually encoded sparse interactions. However,
the proved conditions! for the sparsity of interactions are difficult to examine on the text
generation task (see Appendix D for reasons). Thus, we still need to verify the faithfulness
of using interactions to analyze LLMs in this paper.

Interaction-based explanation vs. mechanistic interpretability. Mechanistic
interpretability (Olah et al., 2020; Elhage et al., 2021; Conmy et al., 2023) aims to explain
DNNSs by deconstructing them into interpretable components—ranging from individual neu-
rons and attention heads to emergent concept circuits—to characterize their functional
roles and semantic alignment in the model’s overall behavior. In contrast, the approach of
interaction-based explanation does not seek to atomize the DNN. Instead, it treats the DNN
as an integrated whole and describes its inference logic through a set of AND-OR interac-
tions, such that a DNN’s inference logic can be considered equivalent to these AND-OR
interaction patterns.

3. Extracting Interactions Used by LLMs

In this section, we conduct experiments to verify that a small set of sparse AND-OR inter-
actions can fully mimic the outputs of the LLM under an exponential number of occluded
input states, thereby validating the faithfulness of using interactions to explore new insights
into the complex inference logic of LLMs, including the coarse-to-fine inference process and
the layer-wise inference logic.

3.1 Preliminaries: Extracting Interactions Used by a DNIN

Given a trained DNN, let © = [z1,x2, ...,mn]T denote the input sample with n variables,
which are indexed by N = {1,2,...,n}. Let v(x) € R denote a scalar output of the DNN.
Take an LLM for text generation for example. Given an input sentence = = “he is a green
hand means that he is a” with n words, the LLM generates the next token y'™t" e.g.,
yruth = [heginner], by calculating the probability of generating y™" p(y = y'*u*h|z). Then,
the scalar output of the LLM can be formulated as the confidence score of generating ytuth
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as follows.

ply =y |z)

1 —p(y = ytruth|z)

Problem setting. In recent years, the interaction has been taken as a new mathemat-
ical tool that effectively disentangles primitive inference patterns used by a DNN, and has
received increasing attention (Wang et al., 2021a,b; Zhou et al., 2023b; Ren et al., 2023c;
Deng et al., 2022; Ren et al., 2023a; Deng et al., 2024). Interaction-based explanation
methods employ a logical model ¢(-) as a surrogate to represent the DNN’s primitive in-
ference patterns. The faithfulness of the logical model’s explanation of the DNN’s outputs
is guaranteed by two criteria: (1) Fidelity criterion: The logical model ¢(-) must accu-
rately capture the DNN’s outputs v(-) over a sufficiently large and diverse set of samples A;
(2) Conciseness criterion: The logical model should comprise only a small number of
inference patterns to ensure interpretability. These two criteria can be formally defined as
follows.

(1)

v(x) = log

ve' € A, ¢(x') =v(x’), subject to complexity(¢) < M, (2)

where M denotes the maximum allowed complexity for the logical model ¢(-).
First, the logical model ¢(-) is constructed to encode the AND-OR interac-
tions between input variables in N.

vale A, o@) E Y0 I Lao(Sle) + >0 I Lor(Sle) +b (3)

The AND trigger function 1anp(S|a’) € {0,1} represents an AND relationship between
input variables in S, which is also termed an AND interaction pattern. Please see Fig. 1 for
examples of AND-OR interactions. If all variables in S are present (not masked) in z’, then
the AND interaction S is triggered, and 1anp(S|z’) = 1; otherwise, the AND interaction S
is not triggered, and 1anp(S|z’) = 0. I5NP is the scalar weight of the AND interaction. The
OR trigger function 1or(S|2’) € {0, 1} represents an OR relationship between input variables
in S, which is also termed an OR interaction pattern. If any variable in S is present (not
masked) in 2/, then the OR interaction S is triggered, and 1ogr(S|z’) = 1; otherwise, the
OR interaction S is not triggered, and 1or(S|x’) = 0. ISR is the scalar weight of the OR
interaction. A video demo is attached as a supplementary material to introduce
the logical model.

Two examples to illustrate the AND trigger function and OR trigger function. Given a
sentence x = “he is a green hand,” the co-occurrence of the words in S; = {green, hand}
yields a numerical interaction contribution I §1ND that pushes the DNN’s inference toward
the meaning of a “beginner.” Conversely, if any word in .57 is masked to produce @ asked, the
AND trigger function outputs 0, i.e. 1AND(S1|®masked) = 0, indicating that the network
output does not receive this contribution. Similarly, consider sentiment classification of
the sentence “it has a poor environment and bad taste,” the presence of either word
in So = {poor,bad} contributes an interaction effect I%R toward the negative sentiment.
Conversely, the effect is nullified only if both words are masked to produce @jaskeq, in
which case the OR trigger function outputs 0, i.e. 1oRr(S2|Tmasked) = 0, indicating that the
network output does not receive this contribution.

Second, the fidelity criterion is guaranteed by the universal matching prop-
erty of interactions in Theorem 1. Under a specific configuration of the interaction

weights I4NP and IQR, the logical model ¢(-) can precisely reproduce the DNN’s outputs
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v(-), no matter how we randomly mask® the input sample . This precise reproduction
holds for all samples within the set A = {zr|T C N}, which comprises 2" masked
samples and is thus sufficiently large. Here, z+ denotes a masked variant of the sample
x, in which all input variables in 7' remain unchanged, while those in N \ T are masked.*
Theorem 1 theoretically guarantees the faithfulness of considering interactions as primitive
inference patterns equivalently utilized by the DNN.

Theorem 1 (Universal matching property; see (Chen et al., 2024; Zhou et al., 2023a)).
When scalar weights in the logical model ¢(-) are set to ¥S C N, S # 0, I4NP =
Sres(—DISIEITE y WD TOR — 3 g (—1)ISI=IT ~uf\),’\%T, subject to uANP = 0.5v(xr) + 1,
u@R = 0.50(x7) — v7, b = v(xy), where {yr} are learnable parameters. Then, no matter how
we set {yr}, we have

ve' € A, ¢(z') = v(x'). (4)

Theorem 1 provides a group of logical models with respect to different settings of {yr}
that all satisfy the universal matching property. Thus, we can follow Li and Zhang (2023b)
to optimize parameters {yr} using a LASSO-like loss to pursue the sparsest interactions
ming, .y 3g[ TN+ 197,

Third, the conciseness criterion is ensured by the sparsity property of inter-
actions. The sparsity of interactions means that only a few interaction terms have salient
interaction effects I4NP or I$®, and all other interactions have ignorable effects on the log-
ical model’s output, i.e., I4NP ~ 0, I9® ~ 0. This phenomenon has been widely observed
in various DNNs trained for different tasks (Ren et al., 2023a; Li and Zhang, 2023a). The
sparsity property of AND interactions has been proven by Ren et al. (2024) when the DNN
satisfies three common conditions!.

AND-OR interactions vs. the attention mechanism of Transformers. The attention layer
in the Transformer model only analyzes the local signal passing through an intermediate
layer. In comparison, the AND-OR interaction represents the overall non-linear relationship
encoded by all attention layers in the entire DNN.

Order (complexity) of an interaction. The order k of an interaction S is defined
as the number of variables in S, i.e., k¥ = |S|. The order of an interaction reflects the
complexity of the interaction. The low-order interaction indicates the simple interaction
between a small number of input variables, and the high-order interaction indicates the
complex interaction between many input variables.

3.2 Empirically Examining the Faithfulness of Interactions in LLMs

Whether the complex inference logic of LLMs can be interpreted in a symbolic manner
remains an open problem, particularly since its representation via symbolic interaction
patterns seems inherently counterintuitive.

e LLMs with massive parameters trained on vast amounts of data are generally believed
to encode a vast number of knowledge points.

e Theoretically, it is difficult? to directly verify whether an LLM satisfies the three suf-
ficient conditions', further complicating the justification for LLMs’ symbolic explanations.

4. In this paper, we generate the masked sentence 1 by using a padding token to mask all tokens belonging
to words in N \ T. The padding token is manually assigned or learned (see Appendix F.1 for details).
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Figure 3: (a) Sparsity of AND-OR interactions extracted from different input samples. We

show absolute values of AND-OR interaction effects in a descending order. (b)

Verifying the universal matching property. The red line shows model outputs on

all 2™ masked states of a single input sentence in an ascending order. We varied

the threshold 7 to obtain exactly 50, 100, and 150 top-ranked salient interactions,

respectively. It shows that when we use more than 100 top-ranked interactions,

the approximated outputs match well with the real outputs on different masked
sentences. Appendix F.7 shows more results.

e Additionally, the proof provided by Ren et al. (2024) is limited to AND interactions
and does not account for OR interactions, raising a further complication.

Therefore, in this study, we empirically examine the faithfulness of interactions
in an LLM. The following two experiments are designed to provide empirical evidence on
this matter. More crucially, we observe that, contrary to intuition, LLMs with
more parameters tend to encode fewer salient interactions.

Experiment 1. To verify the faithfulness of interactions, we use the following infidelity
metric for the explanation based on a small logical model, which is constructed using only
K top-ranked salient interactions.

einf(m/) = |’U(.’13/) - Qg(w,)‘v

. A .

VIIZI € A, ¢(x/) = ZSGQ?;}II;EM(E/) ISND . 1AND(S|SC/) + Z IgR . 1OR(S|£U/) + bias
subject to  QAND (x') = {S: [IENP| > 7}, QOR (2) = {S:|IS%| > 7}, (5)

salient salient

SEQOR m/)

salient

AND|ITOR|. We construct the logical

where 7 is set to the K™ largest value among |I g
model ¢ by using salient interaction sets QAND (2') and QOR  (z') of varying sizes. This
is achieved by setting the thresholds 7 to the K largest value among the interaction
effects |I4NP| and |I$R|, thereby controlling the number of selected interactions. We set
bias = arg minpies Egren[|o(’) — v(a’) ). )

In this way, Fig. 3 illustrates the infidelity €;,¢(z’) (matching error |v(z') — ¢(x')|)
in approximating the LLM outputs, when we construct logical models of different sizes
for evaluation. It shows that when we use more than 100 top-ranked interactions, the
approximated outputs match well with the real outputs on different masked sentences. The
averaged infidelity over different LLMs on different sentences is quite small. This proves
that the output score of the LLM can be represented with sparse interactions.

Experiment 2: Fig. 3(a) visualizes the distribution of interaction effects encoded by
different LLMs to examine the sparsity of interactions. Given each input sentence x, we
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obtain 2" AND interactions and 2" OR interactions. In this way, given M testing sentences,
we can collect a total of M - 2"*! interactions.

Each subfigure in Fig. 3(a) sorts absolute values of all these AND-OR interactions in
descending order. Only a few AND-OR interactions among all AND-OR interactions have
significant effects on the LLM’s outputs, and all other AND-OR interactions have almost
zero effect on the LLM’s outputs. Therefore, it is verified that an LLM’s output scores can
be disentangled into a small number of interactions.

Experimental details. We use interactions to analyze six LLMs for text generation,
including the OPT-1.3B/13B/30B model (Zhang et al., 2022b), the GPT-J-6B model (Wang
and Komatsuzaki, 2021), the GPT-Neo-2.7B model (Black et al., 2021), and the LLaMA-7B
model (Touvron et al., 2023a). Appendix F.1 shows details about how to mask words for
these LLMs. For some SOTA LLMs, e.g., ChatGPT, we cannot obtain the entire output
probability vector, so we cannot compute AND-OR interactions on these LLMs. We analyze
all LLMs on three data sets,” including the WikiQA (Yang et al., 2015), SQuAD (Rajpurkar
et al., 2016), and ARC (Clark et al., 2018) data sets. We take the first few words of each
document in each data set as the input of an LLM, and we let the LLM complete the input.%
We follow Chen et al. (2024) to select n = 10 meaningful words from each input sentence to
compute interactions, so as to reduce the computational cost.” The remaining unselected
words are never masked, just like a constant background.

3.3 Technology Extension 1: Coarse-to-Fine Interaction Analysis in LLMs

In general, the inference logic of an LLM is highly complex. Therefore, in this subsection,
we extend interaction-based explanations to decompose the complex inference logic of LLMs
into two categories: coarse-grained logic and fine-grained logic.

e Coarse-grained interactions refer to the interactions used by the LLM to generate a
small domain of contextually related tokens. These interactions usually use co-occurrence
relationships between tokens to identify a set of related tokens, just like the local strategy
of the bag-of-words model. For example, given a sentence x = “The theory of relativity is
centered around the speed of,” the interactions used by the LLM to generate tokens such as
“matter,” “planet,” “particle,” and “light” are considered coarse-grained interactions.

We set v°25¢(z) = log % to denote the LLM’s output that mainly relies on
coarse interaction patterns, where p(Y™#ted|yall) =37 . p(y[Y*!). Y denotes the
set of all tokens encoded by the LLM. Yrelated  yall denotes a subset of tokens that are
relevant to the domain knowledge (e.g., tokens related to physics: matter, planet, particle,

5. Note that regardless of whether the documents in these data sets were originally collected for text
generation, our experiments repurposed them for text generation tasks. Specifically, we use the initial
portion of each document as input to the LLM, which then performs text generation. Please see Appendix
F.4 for details about experimental data.

6. We take words, instead of tokens, as input variables in N, because different LLMs may divide the same
word into different tokens. For example, the LLaMA-7B model divides the word “raining” into two
tokens “ra” and “ining,” while the OPT-1.3B model obtains a single token “raining.” Thus, we take all
tokens within a word as a single input variable for fair comparisons.

7. Here, meaningful words refer to those words that are not conjunctions, prepositions, articles, and other
function words, such as “is,” “a,” “the,” and so on, because they are usually not so informative for
language generation as other words. More importantly, as shown by Chen et al. (2024), the selection of
meaningful words will not fundamentally compromise the faithfulness of interactions.
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Figure 4: Comparing the distribution of salient interactions over different orders (complex-
ities) when the LLM conducts coarse-grained inference and that when the LLM
conducts fine-grained inference. Results show that when the LLM conducts fine-
grained inference, the LLM usually utilizes more high-order (complex) interac-
tions compared to the case when the LLM conducts coarse inference.

and light in the above example).® p(y|Y?") is the output probability of the LLM generating
the token y.

e Fine-grained interactions refer to the interactions employed by the LLM to generate
the final token “light.” Therefore, in this subsection, we design a new interaction metric to
disentangle two distinct types of interactions.

truth related
We set vfine(z) = loglz’@”*}m to denote the LLM'’s classification confidence of

—p(y
using fine-grained interaction patterns to identify the exact target token y'™*" from
relevant tokens in Yeated  The probability p(ytuth|yrelated) is computed by putting output

scores of tokens in Yelated 5 a softmax layer.

We use the following metrics to represent the strength of interactions of the k-th order.

strength®P°s = Z max(I4NP0) + Z max(I$%,0), (6)
SeQAND |S|=k SeQOR L IS|=k

strength1s = Z min(I5NP,0) + Z min(I$R, 0). (7)
SeQAND 1 5|=F SeQOR |S|=k

salient’ salient’

Fig. 4 shows the distribution of interactions over different orders. We have observed that
compared to the coarse inference, the fine-grained inference encodes more com-
plex (higher-order) interactions to represent fine-grained domain knowledge,
e.g., the knowledge of “the theory of relativity.”

Fig. 5 shows how the OPT-1.3B model makes inference in a coarse-to-fine manner.
Results show that among salient interactions, the coarse interactions are mainly of low
orders (from the first order to the third order). In comparison, the fine-grained interactions
include not only lower-order interactions but also higher-order interactions, such as ninth-
order and tenth-order interactions.

8. Please see Appendix F.5 for details about how to select domain-specific tokens and salient interactions.
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Figure 5: Comparing interactions used for coarse-grained inference with those used for fine-
grained inference. The color intensity represents the interaction strength. Results
indicate that coarse-grained inference primarily uses low-order interactions, while
fine-grained inference incorporates both low-order and high-order interactions.
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Figure 6: Gradually encoding new AND-OR interactions during forward propagation of an
LLM.'® The blue curve represents interactions encoded by features in low layers,
and the red curve represents interactions encoded by features in high layers. The
strength [I5NP| or [IQR| of all interactions extracted from M input samples is
shown in the log space in a descending order.

3.4 Technology Extension 2: Layer-Wise Interaction Analysis in LLMs

Traditional interaction-based explanations typically focus on interpreting the interaction
patterns utilized by the entire DNN. In this subsection, we extend interaction-based expla-
nations to analyze the evolution of an LLM’s complex inference logic through its layer-wise
forward propagation.

Specifically, we define the explanatory target as identifying the interactions “used” in
generating features at different layers. This research shows how an LLM uses low-order
(simple) interactions to compute features in low layers, and gradually uses interactions of
higher orders (more complex ones) to compute features in high layers.  Specifically, for
each input sentence x, the explanation target for the [-th layer, i.e., vl(a:), is defined as
vi(x) = ol(x) " fi(a’), where f)(z') denotes the feature vector of the I-th layer. of(z) =
FH@®) /1 fY () ||L2-norm Tepresents the feature direction of the original input. In this way, we
can consider the interactions computed on v!(z) as the inference patterns utilized by the
LLM to generate the [-th layer’s features.

We conduct experiments to extract and compare interactions encoded by different layers
of each LLM on the SQuAD data set. We follow the settings of Experiment 2 in Section 3.2
to visualize the strength of interactions in a descending order. Fig. 6 compares the sparsity
of interactions extracted from different layers. It shows that computing features of higher
layers generally requires more interactions, i.e., the LLM continuously learns new
salient interactions through the forward propagation process. More crucially, Fig. 7
shows that features in low layers tend to represent low-order (simple) interactions. In
comparison, features in high layers usually model both low-order interactions and higher-

10. Please see Appendix F.3 for details about network architectures and chosen layers.
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Figure 7: Comparing orders (complexities) of AND-OR interactions extracted from differ-
ent layers of an LLM. Results show that high-order interactions gradually emerge
through the forward propagation process.

Interactions . . ) Interactions
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LLM @, Diabetes Diabetes disease LLM ¢,
disease Diabetes way way, body
disease bod
b adffects uses useg affects
OcY, uses uses  body body

Input sentence x = Diabetes is a disease that affects the way the body uses

Figure 8: Illustration of consistent interactions encoded by different LLMs.

order interactions. This reflects the gradual emergence of high-order interactions in
the forward propagation process.

4. Interaction Metrics for the Representation Quality of LLMs

In this section, we aim to propose metrics to evaluate the representational quality of an
LLM by analyzing the consistency and stability of interaction patterns encoded by the LLM.
The consistency metric measures whether two LLMs with different architectures learn to
converge to similar sets of salient interactions. The stability metric measures whether a
salient interaction is a stable inference pattern over semantically similar sentences.
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4.1 Consistency of Interactions over LLMs

Quantifying the consistency of interactions is crucial for analyzing an LLM. This is because
if an interaction pattern is universally shared among all LLMs, then this interaction pat-
tern tends to be highly convincing, and we refer to such patterns as consistent interaction
patterns. Conversely, inconsistent interaction patterns represent abnormal patterns that
are encoded only in a single LLM or in very few LLMs. Inconsistent interaction patterns
often reveal systemic biases or representational defects, which may stem from variations in
training data, model architecture, or optimization objectives. In this journal paper, we were
inspired by and extended our previous work (Lou et al., 2026). Specifically, we extracted
interactions from six LLMs for text generation tasks using the WikiQA, SQuAD, and ARC
data sets (details of these models and data sets can be found in Section 3.2) and another six
LLMs for text generation on the BBC News data set (Greene and Cunningham, 2006). The
six models include: Qwen2.5-7B/14B (Qwen et al., 2024), Llama-3.1-8B (Grattafiori et al.,
2024), DeepSeek-R1-Distill-Llama-8B (DeepSeek-Al, 2025), DeepSeek-R1-Distill-Qwen-7B,
and DeepSeek-R1-Distill-Qwen-14B.

As Fig. 8 shows, given the same input sentence z, if two different LLMs ®; and ®, extract
similar AND interactions and similar OR interactions, i.e., QANP (z|®;) ~ QAND (z|®,),

salient salient

QOR  (x]|®) ~ QOR  (x|®,), then we can consider that the learning of these two LLMs

salient salient

converges to consistent representations. Those shared interactions are considered to be

consistent representations encoded across different LLMs.

Therefore, we propose the following metric to quantify the consistency of interactions
encoded by the LLM ®; as the ratio of salient interactions encoded by ®; that are also
encoded by @,.

_ |28 e ([ @15 a1) N QENEL (2] P2; a2)| + [Q0ent (2] P1; a1) N QT ene (2] P2; a2)|

im (P Bolx: aun: _
sim{®1; 2|; on; 22) [QAND. (] ®y; )] 1 [QOR,., (@] ®1; 01)] ’
(®)

salient
where the two sets of salient interactions encoded by the LLM ®; are selected by following
Li and Zhang (2023a), as follows.

salient

Qi (@[®1,01) = {S C N |IENP| > r(a1)}, (9)

QO ent (®[®1,01) = {S C N : |IS%| > 7(n)} (10)
def

st (1) 9 ap - max{ T8N, .., [TANP| [19R), .. |19}, (11)

We try different thresholds 7(«a;) by setting different values of oy € [0.05,0.3] to collect
interactions of different saliency. Similarly, for the LLM ®,, we set as = 0.05 to compute
the threshold for selecting salient interactions QAND (x|®5, ) and QOR  (x|®s, as).

In experiments, we evaluate the interaction consistency by using a set of testing prompts
selected!! from those that make the two LLMs ®; and ®, generate the same token in the
experiments described in Section 3.2. Fig. 9 shows that the consistency of interactions
over different LLMs increases along with the increase of the saliency parameter «;. This
implies that the more salient an interaction is, the more likely it is to remain consistent
over different LLMs. When we set a; = 0.2, on average, 71.72% of salient interactions
are consistent across different LLMs. This proves the relatively high consistency of salient
interactions over different LLMs.

Fig. 10 visualizes consistent and inconsistent interactions. We can see that consis-
tent interactions tend to be low-order (simple) interactions, while higher-order (complex)
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Figure 9: Consistency of interactions sim(®1; Po|x; a1; ) for each pair of LLMs. For each
pair of LLMs, we compute consistency values across different saliency parameters
a1. We report the average consistency value over different input prompts. Results
show that interactions of higher saliency usually have higher consistency values
over LLMs.

interactions frequently exhibit inconsistency. This observation motivates us to further
investigate the consistency of interactions of each specific order. To this end, we use

the following metric to measure the consistency of interactions of the k-th order, i.e.,
Q8 ot (@] ®1500)NQETEE (@] Pas0r2) |+ Q010N (@|®1;0)NQTTE (@] P2502)|
)

alient alient alient alient

imF) (D P R _
smm ( 1; P2 ‘ 5370417042) [OAND (15 ) 190 (2] Dy sa)]

salient

sub-

salient

ject to QAN (@ | @p5a1) = {S € QAND (x| ®15a1) : |S| = k}, and QOLE (x| @1yaq) =
{S € QOR (x| ®1;01) : |S| = k}. We set the saliency parameter a; = 0.2 to select salient

interactions. As shown in Fig. 11, low-order interactions exhibited higher consistency than
high-order interactions. Notably, the consistency value of the salient first-order interactions
encoded by the LLM ®; is close to 1.0 on the ARC, SQuAD, and WikiQA data sets, while it
is close to 0.7 on the BBC data set (which may stem from differences in data set difficulty).
Results show that most of the salient first-order interactions can also be captured as salient
interactions by the LLM ®,.

Fig. 12 also shows that LLMs with superior generalization power are more
likely to mainly encode low-order interactions and avoid learning high-order
interactions. That is, models with good generalization, such as the LLaMA-7B, mainly
encode low-order interactions and rarely encode high-order interactions. In contrast, models
with poor generalization, such as the BERT-base and the BERT-large (Devlin et al., 2018),
tend to encode interactions across different orders.
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separate from the combustion products. Non-combustion heat sources such as solar power,
nuclear power or geothermal energy may be used. The ideal thermodynamic cycle used to
analyze this process is called the

LLM'’s prediction token: Rank

Figure 10: Examples of consistent and inconsistent interactions encoded by the OPT-30B
model and the LLaMA-7B model. Consistent interactions (represented by blue
nodes) denote salient interactions shared by both the OPT-30B model and the
LLaMA-7B model, while inconsistent interactions (represented by red nodes)
denote salient interactions exclusively encoded by the OPT-30B model. Under-

lined words denote input variables selected to compute interactions’.
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Figure 11: Boxplot of the consistency values across different orders. The consistency value
of interactions extracted from a pair of LLMs sim(*) (P1; Po|x; ;o) is averaged
over interactions of each specific order and over different input prompts. The
Boxplot is computed based on the consistency values over different pairs of
LLMs. Results show that low-order interactions exhibited higher consistency
than high-order interactions.
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Figure 12: The distribution of salient positive interactions and salient negative interactions
over different orders. Interaction strength is measured on the WikiQA data set.
Results show that LLMs with superior generalization power are more likely to
mainly encode low-order interactions and avoid learning high-order interactions.
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Figure 13: Stability of interactions sim(z(); 2()|®, oy, ay) across semantically similar sen-
tences. Stability values are computed by setting different saliency parameters
a;. Results show that interactions of higher saliency usually have higher stabil-
ity values across semantically similar sentences than not-so-salient interactions.

4.2 Stability of Interactions over Different Samples

Quantifying the stability of interactions is crucial for analyzing an LLM, i.e., examining
whether changing some semantically unrelated tokens in the prompt will change the ex-
tracted interactions. Given two semantically similar prompts (') = “Diabetes affects how
the body processes” and x?) = “Diabetes affects the way the body uses,” the LLM & gener-
ates the same token y*™"*® = [glucoses]. If an interaction S has significant effects on both
the inference of Y and the inference of z(?, then we can consider that the interaction S
is stable across the two prompts. Otherwise, we think the interaction S is unstable.
Therefore, given a pair of semantically similar prompts ") and x(, we propose to
quantify the stability of interactions extracted from () as the ratio of salient interac-
tions extracted from (! that can also be extracted from x| i.e., sim(z™"; 2 |®, ay, a0) =
|Q4N e (@ V]®,01)NQANE | (@) |@,00) | +[Q0 e (@D @,01)NQOT, | (2P |®,a0))|

salient alient salient salient

[0 ot (D [@,a)[+QO.,., (2D @,01)]

salient

In experiments, we select

salient

prompts used in Section 3.2 as (?), and we shorten z(? to generate its corresponding «(!), so
as to generate a pair of prompts (z(*), () for testing.!! We try different saliency parameters
a1 € [0.05,0.3] to collect different sets of interactions QAND (2(M)|®, a;) and QOF (V) |®, ay)

salient salient

11. Please see Appendix F.4 for details about experimental data.
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Input sentence: The Apollo program, was the third United States human spaceflight
program carried out by (NASA), which accomplished landing the first humans on the Moon
from 1969 to

LLM’s prediction token: 1972

Figure 14: Examples of stable and unstable interactions extracted from the OPT-30B
model. Stable interactions (represented by blue nodes) denote salient interac-
tions that can be stably extracted from semantically similar sentences, whereas
unstable interactions (represented by red nodes) denote salient interactions
unique to the above input sentence. Underlined words denote input variables

selected to compute interactions’.

from «(), and set the saliency parameter as = 0.05 to collect two sets of interactions
QMNP (2|9, 05) and QOF,,, (2@, as).

Fig. 13 shows that the stability of interactions increases along with the increase of the
saliency parameter «;. This implies that the more salient an interaction is, the more likely it
is to remain stable across semantically similar prompts. When we set a; = 0.2, on average,
77.38% of salient interactions remain stable across prompts. This also proves the relatively
high stability of salient interactions through semantically similar prompts.

Fig. 14 visualizes the interaction patterns encoded by the OPT-30B model to compare
stable interactions with unstable interactions. Results show that stable interactions tend
to be simple and low-order, whereas complex, higher-order interactions often exhibit in-
stability. This observation motivates further investigation into the stability of interactions
across different orders. To this end, we use the following metric to measure the stability of
interactions of the k-th order, i.e.,
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Figure 15: Stability of salient interactions of different orders sim®) (x();x®)|®; a1;as).
The stability value is averaged over different input prompts. Results show that
low-order interactions exhibited higher stability than high-order interactions.

AND,k AND,k OR,k OR,k
sim® (zD; 2?|®; ay; a0) = 122 Niene (w“’@;al)ﬂ‘gﬁié ((aw}:;‘\izf))lli‘\&%kt((:(‘;)l\gzi))lﬁﬂ Aion (22| Bia2)|

We set the saliency parameter a; = 0.2 to select salient interactions. Fig. 15 shows that
low-order interactions exhibited higher stability than high-order interactions. In particular,
the stability of the salient first-order interactions extracted from the prompt =) is close
to 1.0 on the ARC, SQuAD, and WikiQA data sets, while it is close to 0.7 on the BBC
data set (may stem from different data set difficulty). This indicates that most of its salient

first-order interactions can also be extracted as salient interactions from z(?.

5. Application

In this section, we introduce three potential applications based on the interaction. First, we
use the extracted interactions to diagnose the causes for LLMs’ incorrect predictions, which
helps reveal potential issues in their feature representations (see Section 5.1). Furthermore,
we use the interaction’s complexity as a new principle to help analyze the optimal pruning
ratio for network compression (see Section 5.2). Finally, we use the interaction to evaluate
the semantic soundness of the inference logic utilized by LLMs (see Section 5.3).

5.1 Exploring Defective Semantic Patterns in an LLM

LLMs commonly face issues such as hallucinations, data biases, and random responses. Prior
research (Yang et al., 2023; Zhang et al., 2023; Hou et al., 2025) has primarily analyzed
these issues through the lens of accuracy metrics, which often fail to uncover the underlying
mechanisms that cause such issues. In this paper, we use interactions to reveal potential
problematic feature representations that cause the LLM to generate incorrect answers.
Analyzing the hallucination problem. We first use interactions to diagnose hal-
lucinations by examining the meaning of interaction patterns that support the incorrect
answer, and Fig. 16 presents two case studies for illustration. In the first example, based on
the input prompt = “Mary is the wife of John. James is the son of John. John is the son
of,” the LLM is expected to answer “unknown.” However, the OPT-1.3B model incorrectly
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Figure 16: Using interactions to analyze hallucination patterns in two reasoning examples.
(Top) Family-relation reasoning: OPT-1.3B predicts “Mary” (hallucination),
while LLaMA-7B outputs “......"” (correct answer, as no relevant information is
provided by the prompt). (Bottom) Factual reasoning about planetary moons:
Phi-4-mini-instruct predicts “two” (hallucination), whereas Qwen3-8B correctly
predicts “no.” Please see Appendix F.8 for more hallucination examples. Un-
derlined words denote input variables selected to compute interactions’. Super-
scripts (a and b) disambiguate repeated words and are not input to the LLM.
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Figure 17: An example of using interactions to analyze why LLMs’ predictions are affected
by irrelevant facts in the input. Underlined words denote input variables selected
to compute interactions’. Superscripts (a and b) disambiguate repeated words
and are not input to the LLM.

predicts “Mary,” which is a hallucination problem. In comparison, the LLaMA-7B model
does not exhibit this issue, i.e., it outputs “......” for x, which is closer to the correct answer
“unknown.” As shown in Fig. 16 (top), the OPT-1.3B model incorrectly encodes a strong
prior that Mary is the mother of John, because an incorrect interaction S = “Mary” boosts
the generation confidence of “Mary” by I g‘N D — 92.4559. This is a partial reason behind the
hallucination problem. In contrast, although the LLaMA-7B model also encodes such an
incorrect prior interaction, the interaction effect is much weaker than that in the OPT-1.3B
model. The lack of dominating interactions leads to a more acceptable answer (i.e., “......”).

In the second case, given the prompt z = “A planet card says Earth has one moon and
Mars has two moons. Mercury has,” the correct answer is “no moon.” However, as shown in
Fig. 16 (bottom), the Phi-4-mini-instruct model (Microsoft et al., 2025) incorrectly predicts
“two.” The extracted interactions reveal that this hallucination stems primarily from the
model’s over-reliance on the specific pattern “Mars has two moons.” In particular, salient
positive interactions involving “moons,” “two, Mercury,” and “moons, Mercury” support
the generation of “two,” indicating that the model mistakenly transfers the Mars-related
fact to Mercury. In contrast, the Qwen3-8B model (Yang et al., 2025) correctly predicts
the token “no.” Its salient interactions focus more on Mercury, suggesting that Qwen3-8B
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Figure 18: An example for data bias. We select meaningful words (underlined) from each
input sentence as input variables to compute interactions to reduce the compu-
tational cost’. Superscripts (a and b) disambiguate repeated words and are not
input to the LLM.

better distinguishes the queried entity Mercury from the surrounding facts about Earth and
Mars. Please see Appendix F.8 for additional hallucination cases.

Analyzing why LLMs’ predictions are affected by irrelevant facts in the input.
Fig. 17 shows an example where a distracting sentence (“Martin’s cat has 4 legs.”) makes
the OPT-1.3B model make an incorrect prediction of “4” (the correct answer should be
“2"). Results show that the OPT-1.3B model has imprudently learned the interaction S =
{4} with a dominating effect on the number of legs, which leads to the incorrect prediction
of “4.” In comparison, the LLaMA-7B model predicts the correct answer of “2.” We observe
that the LLaMA-7B model encodes an interaction S = { Humans, legs®, human, Martin’s,
cat, 4, legs, Martz'nb}, which indicates that the LLaMA-7B model successfully encodes
the explicit knowledge that the human beings have 2 legs. Superscripts a¢ and b are used
to distinguish the same word in two different positions, which are not input to the LLM.
Therefore, the LLaMA-7B model correctly answers the fact that Martin, as a “human,” has
2 legs. Whereas, the OPT-1.3B model does not encode such prior knowledge.

Analyzing how predictions of an LLM are influenced by the bias of the
training data. As Fig. 18 shows, given the input sentence “Mary is the wife of Adam.
James is the son of Adam. Mary is the mother of,” the correct prediction of the next
token should be “James.” However, the OPT-1.3B model predicts the incorrect answer
of “Jesus.” It might be because the OPT-1.3B model overly relies on the information
about Christianity and related figures in training samples. Therefore, when the OPT-1.3B
model sees “Mary” and “Adam,” it tends to associate them with “Jesus,” and fails to
encode the exact correlation between the three terms “Mary,” “wife,” and “Adam.” From
the perspective of interactions, although the top-10 AND-OR interactions encoded by the
OPT-1.3B model include “Mary” or “Adam,” no interaction simultaneously contains the
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Figure 19: Visualizing the top-ranked salient interactions when LLMs generate random re-
sponses. Each bar chart displays the mutually canceling numerical effects of the
top 10 salient interactions, which are extracted from a specific input prompt.
Detailed interactions on the first prompt are shown above, and detailed inter-
actions for three additional prompts are provided in Fig. 25 in Appendix F.7.
Underlined words denote input variables selected to compute interactions’. Su-

perscripts (a and b) disambiguate repeated words and are not input to the LLM.

bE A4

three terms “Mary,” “wife,” and “Adam” as a single inference pattern, which validates the
above claim, to some extent.

Analyzing the phenomenon of random responses. We observe that sometimes
a significant portion of salient interaction effects cancel each other out when the LLM
generates random responses. As Fig. 19 shows, given the input sentence “Mary is the wife
of Adam. James is the son of Adam. Mary is the mother of,” the correct prediction of
the next token should be “James.” However, the LLaMA-7B model provides a random
response of “100% of the human.” From the perspective of interactions, the top 10 AND-
OR interactions extracted from the input sentence w.r.t. the generation of the first token
(“100”) are mostly complex (high-order) interactions, and most of these interaction effects
cancel each other out. The bar chart in Fig. 19 visualizes the effect values of the top 10
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Figure 20: Comparing the top 12 salient interactions extracted from the original prompt
with the same interactions extracted from a slightly revised prompt. Results
show that a trivial prompt modification (“Answer” — “ANSWER”) significantly
changes the effects of the 12 interactions, particularly high-order interactions.
Since the LLM’s output score on this input prompt heavily relies on high-order
and highly sensitive interactions, the model’s overall output becomes vulnerable
to minor prompt perturbations.

salient interactions. We observe that it exhibits alternating positive and negative values
with similar magnitudes, which leads to near-total cancellation. Such cancellation between
positive and negative interactions reflects a breakdown in the reasoning process of the
LLaMA-7B model. Besides, Fig. 19 also includes bar charts of interactions extracted from
four additional samples in which LLMs also generate random responses. They also exhibit
the cancellation phenomenon. Detailed interaction results for three additional samples are
provided in Fig. 25 in Appendix F.7.
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Analyzing the prompt sensitivity. Prompt sensitivity reflects the instability of an
LLM’s outputs, where specific changes of some semantically irrelevant tokens may lead to
significant changes in the LLM’s output. As shown in Fig. 20, the original input prompt
is &1 = “Where is most fresh (non-salty) water on Earth located? Answers: A. oceans B.
rivers C. lakes D. polar ice caps Answer:” Changing “Answer” to “ANSWER” causes
the LLaMA-7B model (Touvron et al., 2023a) to switch from the correct answer “D” to the
incorrect answer “B.” Results in Fig. 20 reveal that such a trivial modification of the input
prompts can cause a complete shift in both the model’s generated token and the effects of
its top salient interactions. In particular, high-order interactions exhibit strong sensitivity
to such input modification. Since the LLM’s output score heavily relies on these high-
order and highly sensitive interactions for this input prompt, the model’s overall output
becomes vulnerable to minor prompt perturbations. In fact, such sensitivity of high-order
interactions has already been illustrated in Section 4.2 (see Fig. 15). It is the high sensitivity
of high-order interactions that makes the entire LLM’s inference sometimes sensitive to even
subtle changes in the input prompt.

5.2 Helping Analyze the Optimal Pruning Ratio for Network Compression

In this subsection, we are inspired by Li et al. (2026) and use interactions to analyze and
assist in selecting the optimal pruning ratio for network compression. The pruning ra-
tio corresponds to the proportion of neurons removed from the neural network. A higher
pruning ratio implies that a greater proportion of neurons are removed, which can substan-
tially degrade model performance. Therefore, it is crucial to choose an appropriate pruning
ratio. Network compression typically seeks to remove as many neurons as possible while
preserving model performance. In this work, we empirically find that the interaction can
effectively elucidate the effect of the pruning ratio on model performance, thereby offering
a new method for pruning ratio selection. We conduct pruning experiments on LLaMA-7B,
Llama-3.1-8B, and DeepSeek-R1-Distill-Llama-8B using the Wanda pruning method (Sun
et al., 2023), and extract the interactions encoded by the pruned models. The data set
consists of one hundred sentences from The Economist and government work reports.

Pruning neurons ultimately removes interactions encoded by the LLM. Fig. 21 shows
changes in the distributions of interactions when the pruning ratio increases. Results show
that as the pruning ratio increases, (1) the accuracy declines moderately at first, and (2)
then declines rapidly later. Interaction analysis reveals that in the first phase, the network
compression method primarily removes interactions of medium and high orders. Then, in
the second phase when the pruning ratio reaches 40.0%, the strength of almost all mid-
order and high-order interactions approaches zero. In contrast, the strength of low-order
interactions remains relatively high. As the pruning ratio continues to rise, the network
compression method further removes both low-order and high-order interactions. These
results indicate that removing medium and high-order interactions has a comparatively
smaller impact on accuracy than removing low-order interactions. This can be attributed
to the fact that high-order interactions often correspond to non-generalizable and noisy
patterns, while low-order interactions are essential for core and generalizable reasoning.
This interaction-based perspective provides a new principle to analyze the effects of network
compression on interaction patterns.
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Figure 21: Evolution of interaction distributions under increasing pruning ratios for network
compression. Results show that accuracy declines first moderately, then more
rapidly. Given a small pruning ratio, the LLM preferentially reduces medium
and high-order interactions. The accuracy drops sharply only when low-order
interactions are compromised under a large pruning ratio. Thus, such low-order
interactions provide new insights into network compression quality.
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Figure 22: (Left) Illustrating interactions exclusively containing semantically relevant to-
kens and those containing semantically irrelevant tokens. (Right) Comparing
semantic relevance between low-order interactions, middle-order interactions,
and high-order interactions. Results show that low-order interactions usually
exhibit stronger semantic relevance than high-order interactions.

5.3 Evaluating Semantic Relevance of Inference Logics via Interactions

In this subsection, we use interactions to evaluate the semantic relevance of LLMs’ infer-
ence logics, i.e., the proportion of interactions that focus on tokens relevant to the target
output. To quantify the semantic relevance of interactions, we classify input variables into
two sets: (1) a set of relevant input variables, which are denoted by R and can be
considered as true causal factors for the target output, and (2) a set of irrelevant in-
put variables, which are logically irrelevant for the target output. For example, given the
input prompt “Humans have 2 legs. Martin is a human. Martin’s cat has 4 legs. Mar-
tin has,” an LLM is expected to generate “2 legs.” In this case, only input variables in
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R = {Humans, have, 2, legs, Martin, is, a, human} are relevant to the target output “2 legs.” The
remaining input variables in N\ R are irrelevant to the output. Then, we define the semantic
relevance of an interaction S as the ratio of relevant input variables that S comprises, as

follows. SR
SemRel(S):| |g| |

The original input prompt contains both relevant input variables and some background
input variables that are not very relevant to the target output. Besides, to address cases
where irrelevant variables are too sparse in certain prompts, we can optionally insert a
sentence irrelevant to the target output into each input prompt. In this way, the inserted
words can be annotated as definitively irrelevant input variables. For example, given the
prompt “Which characteristic describes the texture of a kitten’s fur? Answers: A. gray
B. warm C. long D. soft Answer:” we insert an irrelevant sentence “Kittens have four
legs” at the very beginning of the given prompt. In this case, relevant input variables are
annotated as R = { Which, characteristic, describes, the, texture, of, a, kitten’s, fur}, and irrelevant
input variables are {Kittens, have, four, legs}. The remaining input variables in the prompt,
i.e., “Answers: A. gray B. warm C. long D. soft Answer:” are considered as background
and are excluded from the computation of interactions.

Then, the average semantic relevance of all the k-th order interactions is quantified as
follows.

(12)

SemRel, = Ey |E SemRel(S)} . (13)

SENent (#10)UQQL (]a)

We conduct experiments to evaluate the semantic relevance of six LLMs, including the
Llama2-70B model (Touvron et al., 2023b), the Qwen2-72B model (Team et al., 2024),
the Qwen2.5-72B model (Qwen et al., 2024), the Qwen3-32B model (Yang et al., 2025),
the OLMo02-32B model (OLMo et al., 2025), and the InternLM2-20B model (Cai et al.,
2024). We insert irrelevant sentences to the multiple-choice questions of the ARC data
set (Clark et al., 2018) to obtain testing samples for evaluating the semantic relevance
of these six LLMs. As Fig. 22 shows, across all LLMs, the semantic relevance of low-
order interactions is consistently higher than that of medium-order interactions and high-
order interactions. Notably, the Qwen2.5-72B model and the Qwen3-32B model exhibit
significantly greater semantic relevance of low-order interactions compared to other LLMs,

with semantic relevance values ranging between 0.8 and 1.0.

6. Conclusion and Discussions

This study proposes an interaction-based framework for analyzing and interpreting LLMs.
We first empirically demonstrate that the outputs of an LLM can be represented as a concise
logical model based on a small number of primitive interactions. Building on this, we
discover that the interaction metric can be used to probe the internal mechanisms of LLMs
from two perspectives. First, we extend the interaction metric to disentangle interaction
patterns for coarse-grained inference and interaction patterns for fine-grained inference. We
empirically find that LLMs tend to rely on low-order interactions for coarse-grained inference
and employ more high-order interactions for fine-grained inference. Second, we extend the
interaction metric to a layer-wise analysis, 4.e., we track the evolution of interaction patterns
through layers in LLMs during forward propagation. Experimental results show that as
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depth increases, LLMs progressively learn more interactions, with an increasing proportion
of high-order interactions. This indicates that with the forward propagation process, LLMs
progressively construct increasingly complex logical representations.

We discover that the interaction-based framework can also be extended to evaluate
the representation quality of LLMs and to explore defective semantic patterns in LLMs.
In terms of evaluating the representation quality of LLMs, we introduce interaction-based
metrics for evaluating consistency of interactions over LLLMs and stability of interactions
over different samples. Based on these metrics, we observe that given the same input
prompt, different LLMs share a set of optimal interactions. Additionally, a single LLM
exhibits high stability in the interactions it captures across semantically similar prompts. All
these findings indicate that the extracted interactions can be regarded as faithful primitive
inference patterns used by the LLM. Furthermore, the interaction patterns can be considered
to determine the performance. We empirically find that LLMs with better generalization
tend to encode a higher proportion of low-order interactions.

In terms of exploring defective semantic patterns in LLMs, we find that the interaction
successfully reveals the causes of several typical prediction errors. Specifically, LLMs may
learn and overly rely on interactions stemming from statistical biases in the training data.
These interactions can be viewed as reflecting incorrect yet ingrained strong associations,
and such strong associations can override rational reasoning based on the current input
prompt, even when contextual information is contradictory.

We also use interactions to help analyze and guide network compression task. We
empirically observe a strong correlation between the low-order interactions and model per-
formance. This correlation emphasizes the potential of using low-order interactions as a
metric to help determine the optimal pruning ratio.

Moreover, we investigate the semantic relevance of the interactions used by the LLM to
generate the target output. We quantify the proportion of semantically relevant interactions,
so as to evaluate the reliability of the internal decision logic of a neural network.

A limitation of our current study is the high computational cost associated with the
interaction framework. Specifically, according to the interaction formula given in Theorem
1, computing the interactions modeled on a single sample requires 2" inference operations.
Fortunately, we still have a practical method to reduce the computational cost. When
applying Integrated Gradients to visualize attributions across input tokens, we observe
that the tokens most relevant to the target output are often concentrated within 5 to 10
contiguous textual regions. By merging the tokens within each such region into a single
phrase and treating it as an aggregated input variable, we can compute interactions in a
substantially more efficient manner.
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Appendix A. Strategies of Masking Input Variables

In the research of attribution methods, it is common to use a specific embedding to mask
input variables of a DNN (Lundberg and Lee, 2017; Ancona et al., 2019; Fong et al., 2019),
and use changes in network outputs on the masked samples to estimate attributions of
input variables. However, each method has certain limitations. The mean baseline value
(Dabkowski and Gal, 2017), that is, setting the baseline value for each input variable to its
mean across all samples, introduced additional signals, e.g., grey dots in images. Similarly,
the zero baseline value (Ancona et al., 2019; Sundararajan et al., 2017), that is, setting
baseline values for all input variables to zero, would also introduce additional signals to the
input, such as black dots. Additionally, blurring image pixels using a Gaussian kernel (Fong
and Vedaldi, 2017; Fong et al., 2019) as the masked state removes high-frequency signals
but fails to eliminate low-frequency signals (Covert et al., 2020; Sturmfels et al., 2020).

Appendix B. Mathematical Proof of the Universal Matching Property in
Theorem (1)

We follow Chen et al. (2024); Zhou et al. (2023a) to prove the universal matching property
as follows.
Proof (1) Universal matching property of AND interactions.

We prove that the output component uﬁND on all 2" masked samples {x4 : A C N}
could be universally explained by all AND interactions contained in A, i.e., V0 # A C
N, uiNP = D 0£5CA IENP +o(zxp). In particular, we define u@ND = v(xyp) (i.e., we attribute
output on an empty sample to AND interactions).

Specifically, the AND interaction is defined as I SAND => Lc 5(—1)‘5 ‘*|L‘U%ND in Theo-
rem 1. To compute the sum of AND interactions
D 0£SCA IEND = D 0£SCA ZLQS(—1)|S|_|L|u%ND, we first exchange the order of summation
of the set L C S C A and the set § D L. That is, we compute all linear combinations of all
sets S containing L with respect to the model outputs uéND given a set of input variables
L,i.e., Zs;LCSCA(_l)‘SHL‘UéND- Then, we compute all summations over the set L C A.

In this way, we can compute them separately for different cases of L C S C A. In the
following, we consider the cases (1) L =5 = A, and (2) L C S C A, L # A, respectively.

Case 1: L =S = A, the linear combination of all subsets S containing L with respect
to the model output ufNP is (—1)/AI=IAl AND — 4 AND,

Case 2: L C S C AL # A, the linear combination of all subsets S containing L
with respect to the model output ufNP is 3¢, —gc 4 (=17 AND - For all sets S :
A D S D L, let us consider the linear combinations of all sets S with number |S| for the
model output ufNP, respectively. Let m := |S| — |L|, (0 < m < |A| — |L|), then there
are a total of C(X'_' L combinations of all sets S of order |S|. Thus, given L, accumulating

AND |S|=| L], AND _
L L =

the model outputs u corresponding to all S D L, then Zs:LgSgA(—l)

Al-|L
upNP . Z‘n1|=[)| | (4| (=1)™ = 0. Please see the complete derivation of the following

=0
formula.
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Z JAND
p£SCA S
_ 1)S1-1L1, AND
Z@;ASCA ZLCS
_ 1)ISI=1L1 AND _ | AND
ZLCA Zs LCSCA — Y
uAND+Z L AND ZV“ L e (—1)™ —uND (14)
A Lca,L£A L |Al-|L] 0
L=A 5
—uAND _ AND
AND
=uy" " —v(xy).

Thus, we have V) # A C N, uitNP = > 045CA IEND + v(zp).
(2) Universal matching property of OR interactions.
According to the definition of OR interactions, we will derive that VA C N, ugR =

Y 5.5MA 20 IgR, where we define u(,?R = 0 (recall that in Step (1), we attribute the output
on empty input to AND interactions).
Specifically, the OR interaction is defined as IQ® = — ZLCS(—1)|S|*‘L‘U%}\{L in Theo-

rem 1. Similar to the above derivation of the Universal matching property of AND interac-
tions, to compute the sum of OR interactions » g g9 ISR = > 5:SALD

[— ZLQS(—I)‘S‘*M'U%I%L}, we first exchange the order of summation of the set L C .S C N

and the set S : SN A # (. That is, we compute all linear combinations of all sets S
containing L with respect to the model outputs U%I\{L given a set of input variables L, i.e.,

ZSszA#Q’SQL(—l)‘SHL‘U%%L. Then, we compute all summations over the set L. C N.

In this way, we can compute them separately for different cases of L C .S C N, SNA # (.
In the following, we consider the cases (1) L= N\ A, (2) L=N, 3) LNA#0,L # N,
and (4) LN A=0,L # N\ A, respectively.

Case 1: L = N\ A, the linear combination of all subsets S containing L with respect to
the model output “1?71& is 3 s5.5nA20,500(— 1)S=IFL R N\L = ZS:SQA;é(Z),SQL(_l)ISF'““SR'
For all sets S : S D L,SNA # 0 (then S # N\ A,S # L), let us consider the linear
combinations of all sets S with number |S| for the model output u R respectively. Let

IS’ :=|S| —|L|, (1 <|5’] < |A]), then there are a total of C”A" combinations of all sets

S" of order |S’|. Thus, given L, accumulatlng the model outputs ugR corresponding to all

|A] /| ,
S S|-|L OR }: IS s OR
S 2 L, then S:SmA;é(z),S;L( )l = lu 15| = 1 1)' = —ug

=1

Case 2: L = N (then S = N), the linear combination of all subsets S containing L with
respect to the model output ugf\{L S D s.5n440 SDL(—l)‘S‘_M'u%l%L = (—1)‘N|_|N|U8R =
WGk, )

Case 3: LN A # (), L # N, the linear combination of all subsets S containing L with
respect to the model output U%P\{L is Y g.5nazp sor(— 18- |L|u01§‘ Let us split |S| — |L]
into |S’| and |S”|, i.e., |S| —|L| = |S'| + |S”|, where S" = {i|i € S,i ¢ L,i € N\ A},
S" ={ili € S,i ¢ L,i € A} (then 0 < |S”| <|A| — |AN L]). Thus, given L, accumulating
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the model outputs u%}\{L corresponding to all § O L, then ZS:SOA#@’SQL(_U\SI*ILIUJ%f\iL =

|A]—]ANL| S//|

S/+S// o
uN\LZS/CN\A\LZLSW‘ -0 \A\ |AﬂL\( )| I+ |_O

=0
Case 4: LNA =, L # N\ A, the linear combination of all subsets S containing L with
respect to the model output u]OVP\{L is D g.9na £0.5 (= 18- |L|uOP\{ Similarly, let us split
|S| —|L| into |S’| and |S”|, i.e., |S|—|L| = |S'|+1S"|, where S" = {i|i € S,i ¢ L,i € N\ A},
S" = {ili € S,i € A} (then 0 < |S”] < |A]). Thus, given L, accumulating the model
outputs u]%P\{L corresponding to all S 2 L, then 3 g 429 51 (— 1)ISI=1E1, QR OR

N\L — Yn\L "
‘A‘ |S” S'|+18"
ZS’CN\A\LZ‘SW 0 (—)FHIE = o,

=0
Please see the complete derivation of the following formula.

OR _ B _ 1\IS|=IL|, OR
ZS:SmA;é@IS ZS:SmA;é@[ ZLQS( ) UN\L

= _ _1\ISI-1L|, OR
ZLQNZS:SOA;HD,SQL( D) UN\L

|Al
S’
Z C' | |S\ ) u(XR _u(g)R
[S'|=1 ' Y
L=N\A L=N
|A|—|ANL|
_ [Ss"] |S'|+]S"| OR
> > > Caliann(-D TUN\L
LNA#D,L#N | S’CN\A\L |S""|=0
| Al

_ Z Z Z C\S” 1)1/ 1+18"] “%{L (15)

LNA=0,L#N\A | S'CN\A\L \|S”|=0

SR A LD SR D DRI Y 3

LNA#),L#£N | S’CN\A\L

- 2. 0 -uRly

LNA=0,L#N\A | S'"CN\A\L

— uGQR — QR
— uGR.

(3) Universal matching property of AND-OR interactions.

With the Universal matching property of AND interactions and the Universal match-
ing property of OR interactions, we can easily get v(z4) = ui™P + QR = v(xzy) +
Z(z);ésgA I?ND "‘ZS:SmA;&@ IgR, thus, we obtain the Universal matching property of AND-
OR interactions.

|

32



EXPLORING INFERENCE PATTERNS OF LLMS AS SYMBOLIC INTERACTIONS

Appendix C. Introductions of the Three Conditions for the Sparsity of
AND Interactions

The sparsity of AND interactions has been proved by Ren et al. (2024) under the following
three conditions.

Condition 1: The DNN does not encode AND interactions higher than the M-th order.
That is, VS € {S C N||S| > M + 1}, I4NP = 0.

Condition 2: The average network output over all samples with m unmasked input
variables increases when m becomes larger. That is, Vm' < m, (M) < (M) where o(™) £
Eirj=m[v(zT)].

Condition 3: When we decrease the number of unmasked input variables, i.e., m, the
decreasing speed of the average network output 7("™ is not faster than a polynomial function.
That is, Vm/ < m, 5(™) > (%)p (™M) where p > 0 is a positive constant.

Condition 1 can be derived by assuming no derivatives higher than the M-th order in the
Taylor expansion of the function v, as proved by Ren et al. (2024). This is a common setting
for a simple Al model or an Al model with almost zero high-order derivatives. Condition
2 means that a well-trained DNN is supposed to yield higher classification confidence for
samples that are less masked. Condition 3 ensures that the classification confidence of the
DNN does not significantly degrade on masked input samples. In real applications such as
the image classification, the classification/detection of occluded samples is common. Thus,
for a well-trained DNN, its confidence when classifying occluded (masked) samples should
not be substantially lower than its confidence for unmasked samples.

Appendix D. Difficulty in Examining Whether an LLM Satisfies the
Three Conditions for the Sparsity of AND Interactions

It is difficult for us to verify whether an LLM strictly satisfies the three conditions for the
proof of Ren et al. (2024), due to the following three reasons. (1) The proof implicitly
assumed that the DNN has a large number of input variables, i.e., n was supposed to be
large. For example, the DNN for image classification with thousands of pixels. However, the
LLM for text generation does not have such a large number of input words. (2) The proof
assumed that the occlusion/masking of input variables was common in training samples.
However, except for masking-based subsequence learning, the masking of words is not a
necessary setting for learning an LLM. (3) The LLM has many more parameters than
traditional DNNs.

Appendix E. Discussions on Theorem 1

Because the output of an LLM can be represented as the sum of all 2"*1 AND-OR inter-
actions, according to Theorem 1, we can explain the inference logic of a DNN by analyzing
all 21 AND-OR interactions. Furthermore, if we verify that among all 2"t! AND-OR
interactions, only a small number of interactions have salient effects on an LLM’s inference
scores, and the effects of the remaining interactions are almost zero, then we can use a
small number of salient interactions to explain the LLM’s inference logic. These few inter-
actions can be considered symbolic patterns encoded by an LLM. Thus, we could explain
the inference logic of an LLM in a symbolic manner.
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Appendix F. Experimental Details and More Results
F.1 Details About How to Mask Input Words for Different LLMs

In this paper, we used interactions to analyze six LLMs for text generation, including the
OPT-1.3B model, the OPT-13B model, the OPT-30B model, the GPT-J-6B model, the
GPT-Neo-2.7B model, and the LLaMA-7B model. For the three OPT models, we use the
“pad” token with the token id = 1 to mask the words in N\T'. For the GPT-J-6B model, we
use the “extratoken_1” token with the token id = 50257 to mask the words in N\ 7. For the
GPT-Neo-2.7B model, we use the “endoftext” token with the token id = 50256 to mask the
words in N\ T. For the LLaMA-7B model, there is no token without special semantics in
the dictionary. Therefore, following Ren et al. (2023b), we use a special embedding vector
b* to mask the embedding of the first layer corresponding to the tokens decoded from the
words in N\ T.

F.2 Details About How to Select Salient AND-OR Interactions

Ren et al. (2023a) proposed a method that iteratively removed interactions from all 2"
AND interactions, thus preserving K most salient interactions. We extend the method of
Ren et al. (2023a) to select K most salient AND-OR interactions from all 2"*! AND-OR
interactions. Specifically, in each iteration, we remove an interaction from the remain-
ing interactions, causing the minimal decrease in the value of p""fith = Epcy[v(zr) —
(g IENP + > SAT£0 I§®))2. This process continues until K interactions are left, at
which point the iteration stops.

F.3 Details About Network Architectures and Chosen Layers for Experiments
in Section 3.4

OPT-1.3B model. The OPT-1.3B model is composed of the following parts: one word
embedding layer (namely Embedding Layer), one position embedding layer (namely OPT
LearnedPositionalEmbedding), 24 OPT decoder modules (namely OPTDecoderLayer), and
one linear output layer (namely Linear Layer). The architecture can be summarized as
Embedding Layer—OPTLearnedPositionalEmbedding—[OPTDecoderLayer|*24— Linear
Layer. Each module of OPTDecoderLayer contains a self-attention mechanism layer
(namely OPTAttention), an activation function (namely ReLU), a layer normalization
operation (namely LayerNorm), two fully connected layers (namely Linear), and a final
layer normalization operation (namely LayerNorm). In our experiments in Section 3.4,
we uniformly selected 6 out of the 24 OPTDecoderLayer modules and conducted experi-
ments based on the output features of their LayerNorm layers. Specifically, the selected
modules are named OPTDecoderLayer 3, OPTDecoderLayer 7, OPTDecoderLayer 11,
OPTDecoderLayer 15, OPTDecoderLayer 19, and OPTDecoderLayer 23.

GPT-J-6B model. The GPT-J-6B model includes a single word embedding layer
(namely Embedding Layer), followed sequentially by 28 Transformer blocks (namely GP-
TJBlock), culminating in an output layer normalization (namely LayerNorm) and a linear
output layer (namely Linear Layer). This architecture can be succinctly described as: Em-
bedding Layer— [GPTJBlock]|*28 — LayerNorm — Linear Layer. Delving into the details
of each module of GPTJBlock, it comprises three integral components, including a layer
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normalization (namely LayerNorm), a self-attention mechanism (namely GPTJAttention),
and a feed-forward network (namely GPTMLP). In our experiments in Section 3.4, we uni-
formly select 7 out of the 28 GPTBlocks and conduct experiments based on the output
features of the LayerNorm operation. Specifically, the selected modules are named GP-
TJBlock 3, GPTJBlock 7, GPTJBIlock 11, GPTJBlock 15, GPTJBlock 19, GPTJBlock 23,
and GPTJBlock 27.

LLaMA-7B model. The LLaMA-7B model is composed of various elements: a sin-
gle word embedding layer (namely Embedding Layer), followed by a sequence of 32 Llama
decoder layers (namely LlamaDecoderLayer), an output layer normalization layer (namely
LlamaRMSNorm), and culminating in a linear output layer (namely Linear Layer). This
architecture can be summarized as Embedding Layer — [LlamaDecoderLayer|*32 — Lla-
maRMSNorm — Linear Layer. Delving into each module of LlamaDecoderLayer, it inte-
grates multiple components, including a self-attention mechanism layer (namely LlamaAt-
tention), a feed-forward network layer (namely LlamaMLP) encompassing several linear
layers and activation functions, an input layer normalization (namely Input LayerNorm),
and a post-attention layer normalization (namely Post Attention LayerNorm), the latter
serving to normalize the output from the self-attention mechanism layer. In our experi-
ments in Section 3.4, we uniformly select 7 out of the 32 modules of LlamaDecoderLayer
and conduct experiments based on the output features of the Post Attention LayerNorm
operation of each selected module. Specifically, the selected modules are named LlamaDe-
coderLayer 1, LlamaDecoderLayer 6, LlamaDecoderLayer 11, LlamaDecoderLayer 16, Lla-
maDecoderLayer 21, LlamaDecoderLayer 26, and LlamaDecoderLayer 31.

F.4 Details About Experimental Data
F.4.1 TESTING SETS FOR EXAMINING THE STABILITY OF INTERACTIONS

To examine the stability of interactions over different samples, we collect different sets of
sentences generated by the LLM. We must carefully select these sentences to ensure that
different sentences have similar contents and the same target word y'™'*", For example, given
two sentences (1) = “Diabetes is a disease that affects the body’s ability to use” and z(?) =
“Diabetes is a condition that impairs the body’s ability to use,” we hope to check whether
we can extract similar interactions from the two sentences, when the LLM generates the
token y'™"*h = [glucoses]. To this end, we revise samples in the SQuAD, the WikiQA,
and the ARC data sets, respectively, to obtain about seventy sets of sentences. Each set
contains two sentences. One comes from the above data set, denoted by (), and another
is obtained by abbreviating 2(?), denoted by (). Table 1 shows some examples of testing
sets for examining the stability of interactions across different samples.

Besides, to examine the consistency of interactions encoded by two LLMs (®1, ®2), we
collect a set of sentences {z}. Given each sentence in the collected set, the two LLMs
(®1,P2) generate the same token y****2. We select samples in the SQuAD, the WikiQA,
and the ARC data sets, respectively, to obtain about fifty-five sets of sentences. Given the
six LLMs introduced in Section 3.2, there are 15 pairs of LLMs in total. Table 2 shows
some examples for examining the consistency of interactions across different LLMs.
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2 = Super Bowl 50 was an American football
game to determine the champion of the National
Football League (NFL) for the 2015 season. The
American Football Conference (AFC) champion
Denver Broncos defeated the National Football
Conference (NFC) champion

ytruth — San

() = Super Bowl 50 was an American foot-
ball game to determine the champion of (NFL)

(AFC) champion Denver Broncos defeated
(NFC) champion

ytruth — San

2(®) = One of the most famous people born
in Warsaw was Maria Sktodowska-Curie, who
achieved international recognition for her re-
search on radioactivity and was the first female
recipient of the
ytruth — Nobel

() = A famous people born in Warsaw was
Sklodowska-Curie, who achieved international
recognition for her research on radioactivity and
was the first female recipient of the

y*uth = Nobel

2 = Huguenot numbers peaked near an
estimated two million by 1562, concentrated
mainly in the southern and central parts of
France, about one-eighth the number of French
Catholics. As Huguenots gained influence and
more openly displayed their

ytruth — faith

2 = Huguenot numbers peaked near two mil-
lion by 1562, concentrated in the southern and
central parts of France, one-eighth of French
Catholics. As Huguenots gained influence and
more openly displayed their

YTt = faith

Table 1: Examples for examining the stability of interactions over
different samples.

x = One of the most famous people born in Warsaw was Maria Sklodowska-Curie, who achieved
international recognition for her research on radioactivity and was the first female recipient of the
ytruth — Nobel

x = The Apollo program, also known as Project Apollo, was the third United States human
spaceflight program carried out by the National Aeronautics and Space Administration (NASA),
which accomplished landing the first humans on the Moon from 1969 to

ytruth — 1972

@ = The Amazon rainforest (Portuguese: Floresta Amazonica or Amazonia; Spanish: Selva
Amazénica, Amazonia or usually Amazonia; French: Forét amazonienne; Dutch: Amazoneregen-
woud), also known in English as Amazonia or the Amazon Jungle, is a moist broadleaf forest that
covers most of the Amazon basin of South

yruth — America

x = Starting in the late 1950s, American computer scientist Paul Baran developed the concept
Distributed Adaptive Message Block Switching with the goal to provide a fault-tolerant, efficient
routing method for telecommunication messages as part of a research program at the RAND
Corporation, funded by the US Department of

ytuth = Defense

@ = The Normans (Norman: Nourmands; French: Normands; Latin: Normanni) were the people
who in the 10th and 11th centuries gave their name to Normandy, a region in France. They were
descended from Norse ("Norman” comes from ”Norseman”) raiders and pirates from Denmark,
Iceland and

ytruth — Norway
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x = The immune system is a system of many biological structures and processes within an
organism that protects against disease. To function properly, an immune system must detect
a wide variety of agents, known as pathogens, from viruses to parasitic worms, and distinguish
them from the organism’s own

ytruth — cells

Table 2: Examples for examining the consistency of interactions
over the OPT-1.3B model and the OPT-30B model.

F.4.2 TESTING SETS FOR CHECKING COARSE-TO-FINE INFERENCE PATTERNS

We ask ChatGPT to provide us with some testing sentences that require complex expertise.
Specifically, we give ChatGPT the following prompt, “Please tell me 10 theories from the
field of [x], with each theory introduced in one sentence,” where [x] can be physics or
economics in this experiment. Then, ChatGPT generates some sentences based on our
prompts, such as “The Big Bang theory, along with related cosmological research, reveals
the origin, evolution, and structure of the universe.” For this sentence, we input “The Big
Bang theory, along with related cosmological research, reveals the origin, evolution, and
structure of the” into the LLM used for our experiments (such as the OPT-1.3B model). If
we observe that the output of the LLM is indeed ”universe,” then we retain this sentence
for the experiment.

F.5 Details About How to Select Domain-Specific Tokens and Salient
Interactions in Section 3.3

Let Y2l denote the set of all tokens encoded by an LLM. Given an input sentence @, each
token y € Y has an output score z(y) € R. We identify 20 tokens with the top 20 highest
scores z(y), and let Y2 contain only these 20 tokens for simplicity. For example, let the
OPT-1.3B model be given the input sentence = “The Big Bang theory, along with related
cosmological research, reveals the origin, evolution, and structure of the,” the selected
20 tokens with the top 20 highest scores z(y) are Y2 = {universe, Universe, cosmos,
observable, entire, Big, cosmic, early, known, big, matter, material, first, galazries, world,
solar, Milky, physical, fundamental, large}. Then, we select tokens relevant to the domain of
physics from Y, and obtain the domain-specific set Y™2td = Lyniverse, Universe, cosmos,
observable, cosmic, matter, material, galaxies, world, solar, physical, fundamental}.

In terms of selecting salient interactions, for each sample @, we select interactions {5 |
[I4NP] > 0.03 - Egr|v(z’) — v(zg)|} and {S | [I®| > 0.03 - Ep|v(x’) — v(zp)|} as salient
interactions.

F.6 Settings for the Fair Comparison of Sparsity Between LLMs

We also consider the fair comparison of sparsity between LLMs. Different LLMs have
different sizes of dictionaries. The dictionaries of all GPT models contain 50,257 tokens.
The dictionaries of all OPT models contain 50,272 tokens. The dictionary of the LLaMA
model contains 32,000 tokens. To normalize the variation of dictionary size over different
LLMs, we put the output dimension for y*™t*" and the other 999 output dimensions into a
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Figure 23: Sparsity of AND-OR interactions extracted from different input samples. We
show the absolute values of AND-OR interactions in a descending order.

softmax layer to compute the probability p(y = y***|z), where the 999 output dimensions
(corresponding to 999 tokens) are uniformly selected from all output dimensions.

F.7 More Experimental Results
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Figure 24: Quality of universal matching. The red line shows model outputs on all 27
masked samples in an ascending order, given a specific input sentence. We
use the matching error averaged over neighboring 50 subsets T for a smoothed
visualization of the matching error, i.e., errory.

Fig. 23 shows that an LLM’s output scores can be disentangled into a small number of
interactions. Fig. 24 shows that we can use a small number of salient AND-OR interactions
to well estimate the LLM’s outputs on different masked sentences. Note that both in
Fig. 3(b) and Fig. 24, we use the matching error averaged over neighboring 50 subsets 7" for

38



a smoothed visualization of the matching error, i.e., errorr. Fig. 25 shows more examples
of the LLM providing random responses, which also indicate that the extraction of high-
order and offsetting interactions is a common phenomenon when the LLM fails to extract

EXPLORING INFERENCE PATTERNS OF LLMS AS SYMBOLIC INTERACTIONS

meaningful information for inference.

(a)

(b)

(c)

Input: Question: The wood? crafter complains that coins? are typically minted from metals rather
than wood®. Which material are coins® made of? Answer: The coins are made of
The GPT-Neo-2.7B model predict: 9).

(the following interactions are computed using the first output token “9”) v(“9”) =-0.23
{coins?, minted, metals, rather, wood®, coins?, made} I,na(S)=0.13

{made} Iina(S) =-0.13
{crafter} I3nq(S)=0.11

{crafter, coins?, minted, metals, rather, woodb} I3na(S) =-0.11
{coins?, minted} I,:(S)=-0.11

{crafter, coins?, minted, metals, rather, wood®, coinsb} Lng(S)=-0.10
{minted, metals, material, coinsb, made} I3nq(S) =0.10
{crafter, coins?, minted, metals, rather, woodP, material, coins?, made} I3nq(S) =-0.10
{coins?, material, coins®, made} Iana(S) = 0.09
{crafter, coins?, minted, coins®, made} I,ng(S) = 0.09

Input: Emma? is the daughter of Mary. Mary's favorite dish is pasta. Emma® comes from
The LLaMA-7B model predict: 2 parents.

(the following interactions are computed using the first output token “2”) v(“2”) =0.79
{comes, from} I, (S)=0.86
{comes, from} Iing(S) =-0.85
{Emma?, Emma®, comes, from} Iing(S) =-0.57
{Emma?} I3na(S) =-0.52
{favorite, dish, pasta, Emmab, comes, from} Iing(S) =-0.51
{from} Iana(S) = 0.47
{Mary’s, favorite, dish, Emmab, comes, from} I3na(S) =-0.47
{Mary, Mary’s, favorite, dish, pasta, comes, from} I10q(S) =-0.46
{daughter, Mary, Mary’s, favorite, dish, pasta, Emmab, from} I3na(S) =-0.46
{Emma?, Mary’s, favorite, EmmaP, comes, from} I3na(S) =0.43

Input: Kevin loves playing the guitar and writing songs. His favorite type of weather is
The LLaMA-7B model predict: 70 degrees.

(the following interactions are computed using the first output token “7”) v(“7") =2.53
{His, favorite, type} I,.(S)=1.27
{loves, playing, guitar, writing, songs, His, favorite, type, weather} I30a(S) =-1.25
{His, favorite, type, weather} Io:(S)=-1.20
{favorite, type} I (S)=-1.13
{His, type} I (S) =-1.07
{His} I30q(S) = 0.90
{His, favorite} I,.(S)=-0.82
{loves, playing, His, favorite, type, weather} I;nq(S) = 0.80
{Kevin, His, favorite, type, weather} I304(S) =0.77
{favorite} L1na(S) =0.73
{weather} I304(S) =0.71
{loves, playing, writing, songs, favorite, type, weather} Ianq(S) = 0.69
{loves, writing, His, favorite, type, weather} I304(S) =0.63
{Kevin, loves, playing, His, favorite, type, weather} Iing(S) =-0.61
{Kevin, loves, playing, guitar, writing, songs, His, favorite, weather} I3na(S) = 0.60
{Kevin, loves, playing, writing, songs, favorite, type, weather} Ina(S) =-0.57

Figure 25: More examples of the LLM providing random responses.
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F.8 Additional Hallucination Cases

Input: An art note says Starry Night was painted by Van Gogh and Sunflowers was painted by Van Gogh. The

Scream was painted by

Phi-4-mini-instruct model predicts: Van X

IAND = 7.0805

198 =1.0191

Sunflowers Scream

painted
19" = -0.9638

Starry | Sunflowers

painted
18NP = —0.8791
Sunflowers

14NP = 0.6895

Y
Van Gogh painted

198 = 0.6849
—

+\

198 =0.4897

——

Starry | Sunflowers

Scream painted
14ND = 0.6470
Scream
19" = —0.6381

ﬁ—
Night | Sunflowers

painted
19 =0.5856

Night Scream
painted

I9R = 0.5425

Night | [Sunflowers

Scream| painted

Starry Scream

painted
14ND = —0.4318

—
Starry Van Gogh

Sunflowers | painted
JAND = _0,4080

P -
Night Van Gogh

Sunflowers |painted
14N = 0.3948
—

Gogh| painted

JAND = 0.3257

Night  Gogh
Sunflowers Scream

painted

correct answer: Munch

Qwen3-8B model predicts: M N

IAND = 6.9017

seem

19R = 0.6090

———

I4ND = —0.2142
art Van

14N0 = 0,1887

——

Sunflowers| Scream
I14ND = —0.5670
——
Starry Night
I4ND = 0.5138
e
Van Gogh Scream

I4NP = —0.2540

Y
Gogh painted

T 1
Starry | Night

Scream
I4ND = 0.1849

Van Sunflowers
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I4ND = 0.1836

art Van Scream

18ND = —0.1807
—
Starry  Night
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I14NP = 0.1802
Starry Scream
19 =0.1693
=_|

art |Sunflowers

Scream
I9R = -0.1651

Starry Gogh

Scream
J14NP = —0.1646

?_|
Van Gogh

JAND = 0.1606
p——

art| Scream

@D Positive interaction [ Negative interaction (Greater transparency indicates lower strength)

(a) Phi-4-mini-instruct focuses on irrelevant interactions in the previous context, such as
“Sunflowers, Scream, painted” and “Van Gogh, painted,” transferring the painter pattern
of Starry Night and Sunflowers to The Scream. In comparison, Qwen3-8B better identifies
“Scream,” assigning this token a much higher effect (I5NP
gives the correct result.

= 6.9017), explaining why it

Input: The caption compares bodies: humans have two legs, dogs have four legs, fish have  correct answer: fins

Phi-4-mini-instruct model predicts: two X Qwen3-8B model predicts: fins N

19" =1.7770 140 = 0.4940 140 = —0.4173
s 5.4‘ ) 5.4‘ ) I8NP = 5.5092 19" = —0.7881 8NP = —0.6228
humans two | legs humans ' dogs = four I ' . - - :
legs  four  legs caption two = legs
legs | fish legs
" - 197 = ~1.6546 fish dogs | fish
I =0.4890 [/ =0.3814
s s I4NP = —0.7546 [N = 0.6001
legs  dogs  four
four humans two legs r 1 r L
legs two legs | legs dogs | four | fish
fish
I9R = -0.4581
s 197 =1.5222 L0 10 = 05962
AND humans  dogs | legs IéND =0.3794 ———— I19R =0.7243
10 = ~0.183 g0 s | o
T fish humans | legs || four I P T
OR _ egs || dogs || four OR _
two| | legs || four o egs 1R =1.3911 IR = 0.5448
W\ 1§"P = 0.4469 Y legs | fish
198 =0.3771 (egs caption) (e
AND _ two| | legs || legs 19R =0.7034
18"° = 0.6571 JAND — 0.8965 S legs
AND _ caption | two | four s
1§"P =0.4329 humans  legs | dogs | og
[ess 1AND = _0.3551 legs ] fish [ Z0as02
dogs | four | fish s =-0. four || legs | fish — —
ceseen cesens humans two = dogs
caption humans two /?R =0.6995 Tour | (Fish
humans fish

- Positive interaction - Negative interaction (Greater transparency indicates lower strength)

(b) Phi-4-mini-instruct focuses on irrelevant interactions in the previous context, such
as “legs, fish,” “four, fish,” and “two, four,” transferring leg-count facts about humans
and dogs to fish. In comparison, Qwen3-8B better identifies “fish,” assigning this token a
much higher effect (I AND _ 5.5092), explaining why it predicts “fins” correctly.
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Input: A sky note says the Sun is a star and Sirius is a star. The Moon is a correct answer: satellite
Phi-4-mini-instruct model predicts: star X Qwen3-8B model predicts: satellite v
1§"° =2.4888 197 =0.7658 19" = -0.4115 JAND = 37650 JAND = 0.6202 I9R = 0.3640
L . 1 r . 1 T ] T 1
sy Sun e || | i Sun var | Mown] | S star | s
AND — AND — Moon
JAND = 1.3913 JAND = —0.7247 1400 = 1 5888 1440 = 0.5587 star
:_| OR —
3 198 =0.4018 ——— (1 OR —
star  Moon | is S 5 1$" =0.3549
-ISH 1s
Sun | star | Sirius
19" =1.2870 8NP = 0.6541 JAND — 0 6799 IR = —0.4609 star | star
& star | 'Moon s _— = s — =
t: i — pe r 1 OR —
star | 197 = ~0.3658 M star || Sirius Sun Moon | is Is" =0.2967
14N = 0.9295 I9R =—-0.6441 Y Sun [(star | [star
— star [Moon is 1§"° = —0.4305
note Sun  star I9R = 0.6627 [ —— Moon
Moon 187 = 0.3620 ) G | g o
14NP = 0.8776 ——— sky Sun [ Sirius | o 1" =0.2828
J9R — 0.6050 Sirius || star =l 1§"%'=0.3788 Y/
S : Moon! —] note || star Moon
Soml (st | [stor ] 8NP = —0.3617 star
EofEERE = 197 = ~0.6299 197 = 02729
cescee [Moon note Sun  star — ] ceseee T
Sirius = star sky Moon

Sirius  star is
@ Positive interaction [ Negative interaction (Greater transparency indicates lower strength)

(¢) Phi-4-mini-instruct focuses on irrelevant interactions in the previous context, such as
“star,” “star, is,” and “Moon, is,” transferring the star category of the Sun and Sirius
to the Moon. In comparison, Qwen3-8B better identifies “Moon,” assigning this token a
much higher effect (I AND 3.7650), explaining why it predicts “satellite” correctly.

Input: A geography note says France is a country and Japan is a country. Greenland isa correct answer: territory

Phi-4-mini-instruct model predicts: country X Qwen3-8B model predicts: territory N
AND — _ OR — OR —
140 =-16475  |19"=0.9316 I9R = 0.6305 149 = 4.1236 140 — 0.5480 40 — 0.3655
Greenland —
- m i geography country Greenland
I9R = -0.8132
5—,_|_| 14ND =1.8734 14NP = 0.5339 19" = -0.3488
198 =0.5124
France - — —— —1— —
- - France Greenland France Japan
JAND — 07200 France country
NP =0.
14NP =1.2910 Creeg country Greenland IéND =0.7206 /éND =0.4041 Greenland
: Greenland| 1 1
JAND — _().4869 . 1 r 1 19" =0.3315
1AND — 0.6836 S |Japan| (Greenland /F\ geography France
4ND = 0, _—— e B Y
IéND —1.1851 e France country I?R ~0.6732 Greenland | is geography| country
Japan | is J9R — 0.3991 country| (Greenland
J9R = 0.6616 geography Greenland s — -
> . 19" = ~0.4769 — —— 197 = 0.3267
/AN = 1,1800 JOR — > France country '
country country S 06329 3 "
D — apan| country country  is
Greenland | is France country
(Greenland | is | o ~ooan] (count JAND = 03718 JAND = 03143
IR =0.4571 B Ty
Fralnce = ee:ﬂand Greenland geography France country
T
sesnee n cesaee country

is

@ Positive interaction [ Negative interaction (Greater transparency indicates lower strength)

(d) Phi-4-mini-instruct focuses on irrelevant interactions in the previous context, such as
“country,” “country, is,” and “Japan, country, Greenland, is,” transferring the country
category of France and Japan to Greenland. In comparison, Qwen3-8B better identifies
“Greenland,” assigning this token a much higher effect (I AND _ 4.1236), explaining why

it predicts “territory” correctly.

Figure 26: More examples of the LLM providing hallucination responses.
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