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Abstract

The mean field variational Bayes (VB) algorithm implemented in Stan is relatively fast and
efficient, making it feasible to produce model-estimated official statistics on a rapid time-
line. Yet, while consistent point estimates of parameters are achieved for continuous data
models, the mean field approximation often produces inaccurate uncertainty quantification
to the extent that parameters are correlated a posteriori. In this paper, we propose a simu-
lation procedure that calibrates uncertainty intervals for model parameters estimated under
approximate algorithms to achieve nominal coverages. Our procedure detects and corrects
biased estimation of both first and second moments of approximate marginal posterior
distributions induced by any estimation algorithm that produces consistent first moments
under specification of the correct model. The method generates replicate data sets using
parameters estimated in an initial model run. The model is subsequently re-estimated on
each replicate data set, and we use the empirical distribution over the re-samples to for-
mulate calibrated confidence intervals of parameter estimates of the initial model run that
are guaranteed to asymptotically achieve nominal coverage. We demonstrate the perfor-
mance of our procedure in Monte Carlo simulation study and apply it to real data from
the Current Employment Statistics survey.

Keywords: Small area estimation, Approximate Bayesian computation, Variational
Bayes, Parametric bootstrap, Uncertainty quantification, Bayesian hierarchical modeling,
Survey data estimation

1. Introduction

The Bureau of Labor Statistics (BLS) publishes employment estimates for geography-by-
industry domains on a monthly basis in the Current Employment Statistics (CES) survey.
Both a point and associated variance estimate is constructed for each domain from under-
lying survey data (linked to that domain) acquired from business establishments. These
survey-based domain-level point and variance estimates contain both sampling and measure-
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ment sources of error. It is common practice to conduct small domain estimation modeling
using a Bayesian hierarchical formulation (Savitsky and Gershunskaya, 2022) that borrows
information among correlated domains and outputs smoothed domain point and variance
estimates. The Bayesian hierarchical model used by BLS to produce CES domain esti-
mates are richly parameterized (with the number of parameters on the order of the number
of domains) to capture the correlation structures; for example, the model parameterizes
domain-level random effects under a mixture or clustering prior distribution to capture
dependence in the response variable of interest among the domains.

We utilize Stan (Carpenter et al., 2017) to estimate our Bayesian hierarchical model for
its expressive syntax and flexibility of prior specifications. Stan selects a (“No U-turns”)
version of Hamiltonian Monte Carlo algorithm (HMC) to conduct numerical integration.
HMC is a version of Markov Chain Monte Carlo (MCMC) that samples all parameters,
simultaneously, under the joint posterior distribution in a single sweep in each MCMC
iteration. By contrast, a Gibbs sampler blocks parameters and samples parameter full
conditional distributions sequentially to build the joint distribution. The joint sampling
of all parameters on each iteration produces better mixing when model parameters are a
posteriori highly correlated as compared to Gibbs sampling.

We are, however, unable to use HMC for our clustering model introduced in the sequel
because the discrete cluster assignment parameter vector must be integrated out (since
HMC does not sample discrete parameter spaces), which induces label switching. The label
switching prevents convergence under HMC estimation.

Stan provides an implementation of variational Bayes (VB) in their Automatic Dif-
ferentiation Variational Inference (ADVI) algorithm that uses optimization instead of the
numerical integration of MCMC that resolves label switching for our clustering model config-
uration. (A brief over of the mean field variational formulation underlying ADVI is provided
in Appendix A). BLS utilize Stan’s ADVI to produce the CES monthly smoothed estimators
from a Bayesian hierarchical model (that we review in the sequel). The ADVI algorithm
produces very accurate smoothed point estimates for parameters under the BLS model for
the CES (Gershunskaya and Savitsky, 2019), but the resulting variances or scales of the
estimated marginal posterior distributions are inaccurate. BLS desires to publish both the
smoothed point estimate, E pθi | yq of the posterior distribution for domain, i P p1, . . . , Nq

for data set, y “ py1, . . . , yN q, its associated variance, V pθi | yq, along with associated un-
certainty intervals for any level of misspecification γ. The ADVI estimation algorithm often
produces inaccurate scale estimates of the posterior distributions for tθiu

N
i“1 because it uses

a mean-field algorithm that assumes the model parameters are a posteriori independent,
which is typically not the case.

We introduce a simulation-based procedure in this paper that corrects or calibrates the
scale of the marginal posterior parameter distributions and outputs confidence intervals that
achieve nominal coverage under any misspecification probability, γ. Our simulation-based
calibration method may be used to calibrate uncertainty quantification under any estimation
algorithm for the marginal posterior distributions (and not just ADVI) under two conditions:
1. The specified estimation model is asymptotically correct (for data generation); 2. The
estimation algorithm produces consistent point estimates, though those point estimates may
asymptotically express a constant bias. For example, if the algorithm tends to produce an
overly small posterior variance for θi under an asymptotically correct model specification,
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then if we generate a replicate data set indexed by α, ypαq, using posterior draw θ
pαq

i as

“truth” and re-estimate the model on ypαq, then the estimated posterior variance of θ
pαq

i

from this model will also be downwardly biased. The estimation error propagates from the
real data to replicate data because the error is induced by the estimation algorithm.

Let index i P p1, . . . , Nq index a domain. Our simulation-based calibration proce-

dure takes a draw, α P p1, . . . , Aq, of pθ
pαq

i qNi“1 and generates a replicate data set, ypαq “
´

y
pαq

1 , . . . , y
pαq
n

¯

. We re-estimate the model on each ypαq from which we compute the ap-

proximate posterior means and variances, pmpθ
pαq

i q, vpθ
pαq

i qq from ypαq. We construct a

pivot statistic indexed for each re-sample, α, from pmpθ
pαq

i q, vpθ
pαq

i qq by treating the point

estimate, θ
pαq

i , as “truth”. We use the distribution of this pivot statistic to over the
α P p1, . . . , Aq replications to construct a mean (shift) and variance (scale) adjustment.
Each adjusted mean and variance for domain i are subsequently used to formulate a cali-
brated confidence interval for θi that replaces the approximate posterior distributions from
the ADVI algorithm.

Our simulation-based procedure introduced in the sequel may be applied to any poste-
rior estimation algorithm that satisfies the two conditions stated above. So, although we
illustrate our procedure to correct the joint posterior distribution estimated under ADVI,
the procedure as described may be applied to any approximate estimation algorithm that
produces consistent point estimation but incorrect uncertainty quantification.

1.1 Literature Review

Our calibration procedure directly operates on the marginal posterior distributions for
model parameters and outputs corrected variances and and associated confidence intervals
that are asymptotically guaranteed to achieve nominal coverage.

By contrast, conformal inference (Lei et al., 2018) focuses on generating prediction
intervals for Yn`1, rather than parameter confidence sets. Conformal prediction intervals

assume data, pYi, Xiq
iid
„ P, i “ 1, . . . , n, are exchangeable and that the point estimate,

µ̂pXiq, is symmetric. Under these two assumptions, conformal inference outputs prediction
intervals that achieve nominal coverage under any misspecification γ for finite samples.
Remarkably, this result makes no assumptions about (the consistency of) µ̂ or distribution,
P (though the resulting intervals will be relatively longer in proportion to the bias in µ̂).

Fong and Holmes (2021) construct conformal prediction intervals under a Bayesian
modeling setup. The posterior predictive distribution, gi :“ gpZ1, . . . , Zn`1;Ziq “ ppYi |

Xi, Z1, . . . , Zn`1q “
ş

fθpYi | Xiq ˆ πpθ | Z1, . . . , Zn`1qdθ, where Zi “ pXi, Yiq. In their
set-up the posterior predictive distribution for each i is used as the “conforming score”.
Score gi is exchangeable because the πpθ | Z1, . . . , Zn`1q 9 πpθq ˆ

śn`1
i“1 fθpYi | Xiq.

The resulting rank of gn`1, πpyq “ 1
n`1

řn`1
i“1 1pgi ď gn`1q is uniformly distributed such

that one may form the conformal predictive set, CγpXn`1q “ ty P R : πpyq ą γu, where y is
sampled on a grid and the resulting intervals are guaranteed to achieve nominal coverage. In
the typical case the model must be re-fit for each value of y, though Fong and Holmes (2021)
devised an importance re-sampling scheme to re-weight the posterior draws for parameters,
θ, estimated from the first n data points.
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A key assumption to produce conformal prediction intervals under a Bayesian hierarchi-
cal model implementation (besides exchangeability) is that valid parameter samples from
the model posterior distribution, πpθ | Z1, . . . , Znq, are available. In our set-up, however, we
don’t have samples from a valid posterior distribution due to our use the computationally
scalable ADVI estimation algorithm. Even more, our focus is not on prediction of the next
datum, but on estimation of the marginal parameter posterior distributions.

Chen et al. (2018) develop a simulation-based calibration procedure that is similar to
ours, though their focus is on frequentist estimation of global parameters under variational
inference. They utilize a non-parametric bootstrap procedure since their inferential interest
is on model global parameters. By contrast, our procedure uses a parametric-based re-
sampling procedure because our inferential interest is in local parameters, θi, indexed by
observation / domain (such that the re-sampling with replacement procedure for the non-
parametric bootstrap would disallow inference on for local parameters indexed by domain
i). Chen et al. (2018) form a pivot statistic, but construct their variance estimate for each
re-sampled data set by using a sandwich estimator that requires analytical computation of
the gradient and Hessian. By contrast, we develop a numerical variance adjustment factor
that is applied to the estimated variance, vpθiq, from the original run under the approximate
estimation algorithm that does not require access to analytical gradients and Hessians.

The remainder of this paper presents our target model formulation in Section 2 that
motivates our calibration adjustments of marginal posterior distributions. We introduce our
resampling-based calibration adjustment method in Section 3 followed by simulation studies
in Section 4 that apply our calibration method to our models of Section 2. We discuss
the theoretical properties of our two proposed calibration methods that provide context
on simulation study results in Section 5. We subsequently apply our simulation-based
calibration procedure to correct uncertainty quantification on a real data application from
the Current Employment Statistics survey in Section 6 followed by a concluding discussion
in Section 7.

2. Model Formulations to Apply Simulation-based Calibration

We introduce a domain-level model used in the Current Employment Statistics (CES) survey
that estimates total employment in small domains defined by intersections of industry and
geography. This application motivates our development of the resampling-based calibration
algorithm introduced in the next section. We subsequently use the calibration procedure
we develop to correct bias in the mean and variance estimates from approximate marginal
posterior distributions. The approximate marginal posterior distributions are estimated
under our domain-level model from a computationally scalable optimization algorithm.

The domain-indexed CES total employment point estimate, yi, for domain i P 1, . . . , N ,
is constructed as a survey weighted statistic of underlying responses for sampled business
establishments in that domain. These survey-weighted domain statistics are referred to as
direct estimates and are not model-based. An accompanying statistic, vi, representing the
variance of yi (with respect to the distribution governing the taking of samples from a fixed
population) is also constructed.

Our inferential interest is extracting local parameters, θi, that represent latent “true”
domain point estimates. Our model is a so-called small domain estimation formulation
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where correlations between domains with relatively large respondent sample sizes and those
with relatively small respondent sample sizes are used to improve estimation quality in the
latter (as compared to the direct point estimate, yi). (See Rao and Molina (2015) and
Savitsky et al. (2023) for a background on small domain estimation.)

We developed and refined our total employment model for CES domains by estimating
the model on CES employment historical series and subsequently testing its performance
(e.g., mean-squared prediction error) against a “gold standard” of census/population-based
employment levels that become available to researchers several months after the actual
publication of the CES estimates. The results showed satisfactory performance of the model
fitted point estimates, as compared to direct sample based estimates or estimates based on
legacy CES models.

We estimate our CES model using the Variational Bayes (VB) ADVI algorithm im-
plemented in Stan. The VB algorithm is relatively fast, making it feasible for use under
a tight production timeline to produce monthly survey-based domain point estimates and
variances.

Based on this research, we are satisfied with the model fitted point estimates of employ-
ment. Our model framework specifies a joint distribution for domain-level point estimate
and variance statistics. The variance statistic measures the variation of the point estimate
with respect to the distribution governing the taking of samples from a fixed population.
The variance statistic is noisy and our model produces a “true” variance of the point es-
timate. We co-model the point estimate and variance because they are correlated and
because the variance provides information about the quality of the point estimate for regu-
lating model-induced shrinkage. That said, we are interested in the variance of the “true”
point estimate for each domain, θi (for domain i P 1, . . . , N), from the model, which is based
on the model credibility intervals for θi.

Yet, the credibility intervals for the estimated true point estimate are based on draws
from mean field variational algorithm that assumes the joint posterior distribution is fully
factored. So, we would a priori expect the credibility intervals to be too optimistic and
induce undercoverage.

Our chosen model may be viewed as a generalization of the classical area-level Fay-
Herriot (FH) model. Thus, we start by formulating the FH model (Section 2.1) and dis-
cussing its shortcomings to motivate the extension to our model formulation. A modification
of the FH model that allows co-modeling of direct point estimates and their variances is
given in Section 2.2. Finally, we formulate the “production version” of the model in Sec-
tion 2.3.

2.1 The Fay-Herriot model

The Fay-Herriot (FH) model’s name comes from Fay and Herriot (1979) paper, where the
authors adapted the James-Stein estimator for making estimates of income for small places.
The hierarchical formulation of the model is also familiar to many from the classical eight
schools example of Rubin (1981) and it is used as an introductory example to hierarchical
modeling by Gelman et al. (2013).

Let yi be a survey estimate of target “true” point estimate θi for domain i (in the case of
CES, it represents a relative change in employment from month t´ 1 to month t in domain
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i); for each domain, i “ 1, ..., N , assume

yi|θi
ind
„ N pθi, viq, (1)

θi|β, τ
2
u

ind
„ N

`

xT
i β, τ

2
u

˘

. (2)

Note that variances vi, i “ 1, ..., N , in Equation 1 are assumed to be fixed and known.

In practice, true variances of survey estimates are not known, and vi represents some
estimate of the variance. Since direct survey estimates of variances contain noise, the
traditional approach is to use some sort of preprocessing to smooth variances (for example,
based on a generalized variance function, or GVF) before they are used in the modeling.

2.2 Co-modeling point estimates and their variances

A more efficient approach seeks to remove noise from the direct variance estimates by
fitting them, simultaneously, with the point estimates in a single model (Maiti et al. (2014),
Sugasawa et al. (2015), Gershunskaya and Savitsky (2019)). For each domain i we consider
data vector pyi, viq of direct survey estimates. Assume the following model for i “ 1, ..., N :

yi|θi, σ
2
i

ind
„ N

`

θi, σ
2
i

˘

, (3)

θi|β, τ
2
u

ind
„ N

`

xT
i β, τ

2
u

˘

. (4)

vi|a, σ
2
i

ind
„ G

ˆ

an˚
i

2
,
an˚

i

2σ2
i

˙

, (5)

σ2
i |γ

ind
„ IG

`

2, exp
`

zTi γ
˘˘

, (6)

where Gpα, βq and IGpα, βq denote the gamma and inverse gamma distributions with
shape parameter, α and scale parameter β, respectively.

The shape and scale parameters of the gamma distribution depend on an unknown pa-
rameter a and domain sample size ni (we use standardized values for sample sizes,

n˚
i “

ˆ

ni ´

"

min
i

ni ´ 1

*˙

{

ˆ

max
i

ni ´ min
i

ni

˙

P r0, 1s).

Note that an˚
i controls the variation in the likelihood around latent true variance σ2

i ,
where domains with relatively larger values for n˚

i will have smaller variation, which accords
with the notion that the observed variances vi are of relatively higher quality for domains
with larger sample. Parameter a allows the data to estimate a uniform scale of this sample
size effect. Equation 6 denotes the prior distribution for the true variance σ2

i ; the true
variance has an inverse gamma prior distribution where the mean depends on vector of
covariates zi through exp

`

zTi γ
˘

, where γ are unknown parameters. We label this model as
“FHV”.

2.3 Relaxing linearity assumptions using finite mixtures

We now introduce our main model from Savitsky and Gershunskaya (2022). Here, we
assume that Equation 3 holds and relax the parametric assumptions of Equations 4, 5,

6



Simulation-based Calibration of Uncertainty Intervals

and 6 by specifying finite mixtures in place of each of their respective distributions,

θi|π, µ, β, τ
2
u

iid
„

ÿK

k“1
πkN

`

µk ` xT
i β, τ

2
u

˘

(7)

vi|a, σ
2
i ,b, π

ind
„

ÿK

k“1
πkG

ˆ

an˚
i

2
,
an˚

i

2bkσ
2
i

˙

(8)

σ2
i |γ, π

ind
„

ÿK

k“1
πkIG

`

2, exp
`

zTi γk
˘˘

. (9)

The maximum number of clusters, K, is over-specified and denotes a truncated model.
The actual number of discovered clusters, K˚ ď K, is governed by the following prior
formulations,

πk|α „ D
´ α

K
, . . . ,

α

K

¯

(10)

α „ Gpaα “ 1, bα “ 1q (11)

γk
ind
„ NP pµγ “ 0,Σγ “ IP q (12)

bk
ind
„ Gp

βb
2

´ 1,
βb
2

q, (13)

where Dp¨q denotes the Dirichlet distribution, and IP denotes the P ˆ P identity ma-
trix. Equation 10 encourages sparsity in the number of clusters/components discovered and
makes the setup equivalent to a truncated Dirichlet process. We set hyperparameter, βb “ 4
in the prior for bk and P denotes the number of predictors in zi.

The formulation is completed by utilizing the specification of a matrix of continuous
predictors that allows the prior distributions for any two domains to cluster together to
be influenced by predictors, gi, so that two domains, i1 and i2, that have similar predictor
values, gi1 and gi2 would be assigned a higher probability to cluster together, a priori. We
accomplish this setup by placing a further prior distribution on predictors, gi with,

gi|µg,Σg, π
ind
„

ÿK

k“1
πkNl

`

µgk,Σgk

˘

, (14)

where we influence the co-clustering of domains by incorporating mixture parameters,
´

µgk,Σgk

¯

, into the set of clustered parameters. Using predictors to influence the prior

probability of co-clustering parameterizes a predictor-dependent clustering formulation and
is another way to use predictors beyond a regression relationship with the response variable.
We do not believe the predictors, gi, are random and are not interested in the fitted values of
parameters µgk,Σgk, but fitting gi and including the µgk and Σgk in the clusters along with
µk, bk, γk helps better identify the clustering structure to give sharper estimates. Placing a
probability model on gi is a device that allows the use of the simple truncated mixture to
parameterize a predictor-dependent clustering model (Müller et al., 2011).

Finally, parameters bk allow the data to estimate a bias in the observed variances vi
(for those domains i linked to cluster k). The bias bk multiplicatively offsets the estimated
true variance, σ2

i . (See Savitsky and Gershunskaya (2022) for more details.) We label our
resulting model with “CFHV” to denote a clustering version of the Fay-Herriot that also
co-models the variance.
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3. Resampling-based Calibration

We use the ADVI estimation algorithm (Kucukelbir et al. (2017)) implemented in Stan to
estimate the mixture model described in Section 2.3. This algorithm implements a mean
field variational Bayes approximation for the posterior distribution characterized by a fully
factorized normal distribution (on a transformed parameter space such that each trans-
formed parameter lies on the real line). It has been reported in the literature (Yao et al.
(2018)) that the mean field approximation may produce inadequate measures of uncer-
tainty for model parameters, even if the resulting posterior means are unbiased estimates
of parameters.

In this section we consider a re-sampling, bootstrap-like procedure (that we will refer
to as the “bootstrap” procedure in the sequel) to evaluate and re-calibrate potential bias in
the second moment of the estimation algorithm that improves the estimation accuracy of
parameter variances. BLS publishes both point and variance estimates for CES domains,
where each variance connotes a measure of estimation quality and its publication is facili-
tated by our proposed re-calibration procedure. We illustrate how to use our re-calibration
procedure to also correct bias in the first moment, though use of approximate estimation
algorithms like ADVI are typically predicated on producing high quality point estimates
(from first moments). We further demonstrate how to use re-calibrated first and second
moments to adjust confidence intervals that ensure the nominal coverage at any level of
misspecification γ.

The bootstrap procedure is now described in the following sequence of steps:

1. Estimate a hierarchical model (e.g., of Section 2.3) using the ADVI algorithm on the
given data. Let mpθiq and vpθiq denote the approximate posterior mean and variance,
respectively, of parameter θi for domain i obtained from the initial model estimation
using ADVI (on the untransformed parameter space in Stan). Extract random draws

of model parameters θ
pαq

i indexed by α “ p1, . . . , Aq from the approximate posterior
distribution of model parameters θi from the initial model run with ADVI. Use these

draws, θ
pαq

i to, in turn, generate draws of replicate data y
pαq

i from the approximate
posterior predictive distribution of yi conditioned on the parameter draws. This pro-
cedure constructs A re-sampled data sets for each domain, i P 1, . . . , n.

In each data set, obtained from draw α, we treat the associated y
pαq

i as “observed”

data, and θ
pαq

i as “bootstrap true” parameters for i “ p1, . . . , nq.

2. Estimate the model again under the same ADVI algorithm for each re-sampled data

set py
pαq

i qni“1, indexed by α “ 1, . . . , A. We obtain approximate posterior means,

mpθ
pαq

i q and variances, vpθ
pαq

i q for respective parameters from each model estimation
on data set α.

3. Use model estimations on the A re-sampled data sets to adjust the first moment, as
follows:

The bias of the model fitted approximate posterior mean mpθiq of parameter θi is
expressed with,

ai “ mpθiq ´ m̄pθ
pαq

i q,
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where mpθiq is the approximate posterior mean from the initial run and m̄pθ
pαq

i q “

A´1
řA

α“1mpθ
pαq

i q is the bootstrap mean, obtained as the average of approximate

posterior means, mpθ
pαq

i q, over the A replicate runs. The first order bias adjusted
posterior mean for θi is

m̃pθiq “ mpθiq ` ai. (15)

4. Use the A model estimations to formulate a second moment adjustment that we next
derive from properties of the pivot statistic,

Ti “
mpθiq ´ θi

a

vpθiq
. (16)

If mpθiq and vpθiq are consistent estimates of the domain point estimate and variance,
respectively, then the pivot is distributed as a t-statistic with p0, 1q mean and vari-
ance, respectively, that contracts on a standard normal distribution. We write that
Ti „ p0, 1q as a shorthand notation that denotes this statistic is distributed under a
symmetric distribution with mean 0 and variance 1. We next use this standardization
of the pivot statistic to derive our adjustment to the estimated variance.

We know that vpθiq is not a consistent estimator of the true variance (of the nu-
merator of the pivot) when estimated from the ADVI algorithm. We define variance
scale adjustment, ci, under an assumption that the variance correction factor is of a
multiplicative scaling formulation,

Varpθiq “ vpθiqci,

where Varpθiq denote the true (posterior) variance of the numerator in Equation 16.

We estimate the pivot statistic of Equation 16 from its distribution over the A boot-
strap samples (each indexed by α P 1, . . . , A) using,

T
pαq

i “
mpθ

pαq

i q ´ θ
pαq

i
b

vpθ
pαq

i q

. (17)

(a) We first focus on correcting or adjusting variance of the bootstrap runs, vpθαi q,
where the variance of the original model run, vpθiq, is treated as the truth.
The bootstrap variances may be corrected back to the original model run using,
vpθiq “ vpθαi qci. Thus, we divide pivot Tα

i by
?
ci to correct the bootstrap

variances in the pivot statistic back to the bootstrap truth.

(b) However, since we draw our bootstrap samples from an approximate posterior
distribution with biased variance vpθiq, we must again divide pivot Tα

i by
?
ci,

to correct back to the true posterior variance, Varpθiq.

We use the standardization property of the pivot under use of the correct variance to
derive our adjustment from,

Varpc´1
i T

pαq

i q “ 1.

which gives us c2i “ VarpT
pαq

i q for the form of ci. This form for ci, in turn, produces,

ci “

b

A´1
řA

α“1pT
pαq

i ´ T̄iq
2, where T̄i “ A´1

řA
α“1 T

pαq

i .
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5. Adjusted confidence intervals (II): the pivotal approach

The adjusted pivot after performing the variance correction using the estimated ci in
the previous step is,

T̃
pαq

i “
T

pαq

i ´ T̄i

ci
„ p0, 1q,

which we invert to produce the calibrated level-γ confidence intervals. Here γ denotes
the misspecification probability for target 1 ´ γ confidence intervals and t̃i,γ is the γ

quantile statistic of the empirical distribution, T̃
pαq

i indexed by α.

Cipγq “

”

m̃pθiq `
a

vpθiqcit̃i,γ , m̃pθiq `
a

vpθiqcit̃i,1´γ

ı

, (18)

6. Adjusted confidence intervals (II): direct re-scaling approach. We can obtain adjusted
confidence intervals for fitted θi by rescaling each draw θ˚

i from the approximate
posterior distribution of θi produced by the ADVI algorithm to match the first two
moments:

θ̃˚
i “

θ˚
i ´ mpθiq
a

vpθiq

a

vpθiqci ` m̃pθiq, (19)

where we use the same ci derived from standardizing the bootstrap indexed pivot
to scale adjust the approximate posterior variance, vpθiq. The adjusted confidence
intervals are obtained by computing percentiles over the adjusted draws θ̃˚

i .

4. Simulation study

4.1 Calibration under the Fay Herriott (FH) Model

In the first part of our simulation study, we generate data from the relatively simple Fay-
Herriot model and then fit the data using ADVI, evaluate and adjust the variance to produce
revised confidence intervals using the two methods to construct intervals proposed in Section
3. We consider N “ 150 domains and let true model parameters be β “ 1, τ2u “ 1, σ2

i “ 1;

we generate covariates as xi
ind
„ Unifp0, 2q, random effects as ui

ind
„ N

`

0, τ2u
˘

, and random

errors as ϵi
ind
„ N

`

0, σ2
i

˘

. True domain values are θi “ xT
i β ` ui and “direct” domain

estimates are yi “ θi ` ϵi. For this setup, variances of yi are assumed to be observed and
measured exactly (vi “ σi “ 1.q

We run the model and extract S “ 200 simulation data sets from the posterior distribu-
tion of θi and posterior predictive distribution of yi, where S denotes the number of Monte
Carlo simulation iterations (that allows us to assess coverage of our rescaled estimator).
Next, we perform the re-sampling algorithm A “ 500 times within each of the S “ 200
Monte Carlo simulation data sets.

To assess the coverage properties of the confidence intervals (CIs), we compute the
number of times, over S “ 200, that the CI - before and after adjustment - covers the
true parameter value. We implement the pivotal and rescaling based adjustments solely
to adjust the second moment and not the first moment of the model estimation algorithm.

So, we use the posterior means, mpθ
pαq

i q (in place of m̃pθ
pαq

i q) to form revised confidence
intervals. Our experience reveals that the ADVI produces accurate point estimates for our

10



Simulation-based Calibration of Uncertainty Intervals

Orig Fitted Rescaled Pivot

Coverage 0.531 0.493 0.492
Length 1.019 0.935 0.933

Table 1: Coverage properties for model fitted mpθiq, 50% nominal, over 150 domains and
S “ 200 simulation runs, using A “ 500 re-samples
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Figure 1: Domain coverages (50% nominal) of fitted point estimates vs number of re-
spondents. Black dots represent originally fitted model; green triangles represent adjusted
coverages using rescaling method; red diamonds represent adjusted coverages based on the
pivotal method.

CES models of Section 2.3. Including the first order bias correction in this case where
ADVI produces relatively accurate point estimates induces added noise in the calibrated
confidence intervals.

Results for 50% nominal coverage, averaged over all 150 domains for S “ 200 simulation
runs, are presented in Table 1. The original fit produces slight overcoverage; both rescaled
and pivotal based adjustment methods give nearly nominal coverages. The lengths of the
adjusted intervals are shorter than the original lengths.

In Figure 1, we plot coverages for each domain. The black dots represent coverages
from the original fit, the green triangles and red diamonds correspond to the rescaled and
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Figure 2: Lengths of the adjusted vs the original (50% nominal) confidence intervals. Green
triangles represent adjusted coverages using rescaling method; red diamonds represent ad-
justed coverages based on the pivotal method.

pivotal based adjustment methods, respectively. The adjustments bring coverages closer to
the nominal 50% line.

In Figure 2, we plot the length of the adjusted CIs against the lengths of the original
CIs. The lengths of CIs from the rescaled and pivotal based adjutment methods (green
triangles and red diamonds, respectively) are shorter than the original CIs. The pivotal
based CIs are somewhat noisier but a little shorter than the rescaled-based CIs.

To check the performance of the method under a different scenario, we conducted addi-
tional simulations, where the data are generated by setting the true value of σ2

i parameter
to 2. The variation among domains remain essentially unchanged. We include results of
this sensitivity study in Appendix B.

4.2 Calibration under the clustering CFHV model

In the second part of our simulation study, we evaluate the proposed calibration procedure
for a more complicated CFHV model, given in Section 2.3. For this part of the study,
simulation data sets are generated as follows: We first estimate the mixture model of
Section 2.3 on an available real data set and extract S “ 200 random draws from the
posterior distribution of model parameters. These can be viewed as “true” values of the
model parameters for data set s, s “ 1, . . . S. We use the same initial run to draw “observed”

12
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Orig Fitted Rescaled Pivot

Coverage 0.625 0.559 0.549
Length 0.618 0.537 0.528

Table 2: Coverage properties for model fitted mpθiq, 50% nominal, over 166 domains and
S “ 200 simulation runs, using A “ 500 re-samples

data py
psq

i , v
psq

i q from the posterior predictive distribution of pyi, viq. These data, along with
covariates, domain labels, number of respondents from the original data set form our S
simulated data sets. As noted, the data set is based on real domains of various sizes with
the number of respondents ranging from 1 to 247 over the total of 166 domains.

For each simulation data set s, we generate A “ 500 re-sampled data sets obtained from
a model estimation run and perform the calibration procedure as described in Section 3.

We use posterior draws from respective A “ 500 model estimation runs (for each data
set, s P 1, . . . , S) to construct CIs for each model parameter and compute the number of
times, over S “ 200, that the CI - before and after adjustment - covers the true parameter
value.

We present coverage properties (for 50% nominal coverage) of the confidence intervals
for model fitted mpθiq in Table 2. The results in the table are averaged over all domains.
One notices the overcoverage of the original (“Orig Fitted”) intervals obrained from the
model posterior draws. The adjustment using the rescaling and pivotalbased approaches
brings the coverage closer to the nominal.

To complement the overall results presented in Table 2, we present plots showing the
distribution of the coverages over domains. We show coverage properties for each domain
of the 50% confidence intervals in Figure 3 computed over the S simulation runs - both
before adjustment and after adjustment under the rescaling and pivotal based approaches.
Coverage for point estimates is plotted on the vertical axis vs the number of respondents in
a given domain, on the horizontal axis where the domains are ordered according to an in-
creasing number of sampled establishments (sampled in a domain) from left-to-right. Black
dots represent the original model results, green triangles show results from the rescaling
method, and red diamonds represent the pivotal based adjusted coverages. We observe
overcoverage of the original model fit for most of domains. The rescaling and pivotal based
approaches produce similar results for dispersion of domain-indexed coverages around the
truth 50% nominal, though the pivotal based coverage results are slightly more compactly
distributed along the horizontal line representing the nominal 50% coverage.
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Figure 3: Domain coverages (50% nominal) of fitted point estimates vs number of re-
spondents. Black dots represent originally fitted model; green triangles represent adjusted
coverages using rescaling method; red diamonds represent adjusted coverages based on the
pivotal method. Domains are ordered along the horizontal axis by increasing number of
sampled establishments from left-to-right.
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Over 166 domains and 200 simulations.

Figure 4: Distributions, over 166 domains and 200 simulation runs, of residuals of model
posterior variances vpθiq and adjusted variances ṽpθiq, relative to respective true variances of
θi. (”Original” - model approximate posterior variances; ”Adjusted” - adjusted variances).
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The violin plots in Figure 4 show distributions over domains and simulation runs of
relative residuals of vpθiq, the model approximate posterior variances of θi, and also the
adjusted variances ṽpθiq under the pivotal calibration method. The original model posterior
variances of θi are upwardly biased and the bias is corrected in the calibrated version of the
variances.

In Figure 5, we plot lengths of the adjusted confidence intervals against the lengths of the
original CIs. Each symbol corresponds a domain. The adjusted intervals are shorter than
the original ones, with the pivotal based mathod being slightly shorter than the rescaling
based.

Although our motivation for using a variance calibrated version of ADVI derives from the
inability to estimate the clustering / mixture model in HMC, it bears mention that another
motivation for using some optimization-based approximation (that may not be ADVI) to
the joint posterior distribution may be to reduce computation time for estimation; however,
in our case, if we set the number of mixtures in our CFHV model to be K “ 1 to avoid label
switching and allow HMC estimation, HMC computes much faster than ADVI + calibration.
TheK “ 1 model reduces to a relatively simple parametric model where an HMC estimation
run on our small domain estimation model takes a matter of minutes (versus many hours
to conduct all of the ADVI re-estimations to derive the calibration scale, c). So, if one is
motivated by the goal to reduce computation time in their choice of an optimization-based
approximation and subsequent calibration of uncertainty intervals, our experience suggests
that a computation benefit would require a relatively complex, semi-parametric formulation
and/or a relatively larger data set.
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Figure 5: Lengths of the adjusted vs the original (50% nominal) confidence intervals. Green
triangles represent adjusted coverages using rescaling method; red diamonds represent ad-
justed coverages based on the pivotal method.

17



Savitsky and Gershunskaya

5. Convergence of Adjusted Uncertainty Intervals

We next discuss a convergence result of our corrected γ´level uncertainty intervals to nom-
inal coverage at OpN´1q rate where we recall that N denotes the number of domains. We
leverage existing theoretical results from the bootstrap literature to assess the convergence
properties of uncertainty intervals produced from our simulation-based calibration proce-
dure. To leverage these results, we require two conditions: Firstly, the specified model
must be asymptotically correct for data generation because our simulation-based calibra-
tion procedure uses a parametric bootstrap since our interest focuses on inference for model
parameters. (See Ghosal and van der Vaart (2017) for assumptions that guaranty the con-
sistency of a Bayesian model. Two important assumptions are: 1. Bounded entropy that
regulates the complexity of the model; 2. The joint prior distribution is required to place
positive mass on the truth.) Secondly, we require first-order consistency of the estimation
algorithm, although the converged value may express a constant or fixed bias (e.g., If the
(unknown) true value for parameter θi is denoted by θ0,i, the estimation algorithm may
contract onto fixed point, θa,i ‰ θ0,i).

We compare the convergence of the adjusted marginal credibility interval of the pivotal
method to that obtained with the scale correction method. The pivotal method is con-
structed from a re-sampled distribution, while the scale correction method performs a scale
adjustment to each parameter approximate marginal posterior distribution.

We formulate a pivot statistic for each re-sampled data set, α P p1, . . . , Aq with scale

adjustment factor c2i multiplying the model posterior variance, vpθ
pαq

i q in the denominator
of the pivot indexed by re-sample iteration α. The quantiles of the resulting distribution
of the pivot statistic over the re-sampled iterations are used to form a confidence interval
for θi under our pivotal method. So, these intervals are based on the re-sampling/empirical
distribution (of the pivot statistic), not the approximate model posterior distribution (of θi)
obtained from the scalable estimation algorithm, such as ADVI. We replace the approximate
posterior distribution with the empirical distribution to formulate a calibrated confidence
interval for θi.

Efron and Tibshirani (1993) discuss that the convergence of the pivotal method intervals
under a bootstrap re-sampling procedure are “second order accurate”; that is P pθi P Cipγqq Ñ

1 ´ γ at an Op1{Nq rate. Our re-sampling procedure that draws replicate data from the
model posterior predictive distribution may be viewed as equivalent to the bootstrap proce-
dure conditioned on the correctness of the underlying model used to estimate the posterior
predictive distribution.

Efron and Tibshirani (1993) notes that the variance of the distribution of the pivot
statistic (that we will refer to as “pivot distribution”) is independent of θi such one does
not have to estimate the variance by plugging in θ̂i. Therefore, the variance of the pivot
distribution converges to the truth at a relatively faster (higher order) Op1{Nq rate (versus
the slower Op1{

?
Nq rate for the percentiles of the underlying bootstrap distribution that

require plugging in θ̂i, which converges to θi at Op1{
?
Nq). The convergence of the higher

distribution moments (e.g., skewness and kurtosis) are Op1{N3{2q and Op1{Nq, respectively.
Therefore, the resulting pivotal based confidence intervals (realized from the distribution
governed by repeatedly drawing samples from the parametric model) converge to nominal
coverage at a second order rate without requiring convergence to a normal distribution. So,
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this rate will be faster than the convergence of intervals that require convergence of the
estimated distribution to a normal distribution for intervals to achieve nominal coverage.
Chen et al. (2018) demonstrates this same result for intervals based on the pivot statistic
when using variational inference to obtain point estimates for θi.

Our re-scaling option, by contrast with the pivotal method, uses the variance correction
factor, ci, to directly perform a re-scaling (variance correction) of the draws taken from
the approximate posterior distribution for θi. The convergence of the adjusted posterior
distribution to the truth (required for convergence of the adjusted credibility intervals to
achieve nominal coverage) requires that the adjusted posterior distribution converges to a
normal distribution. Even where the adjusted posterior distribution converges to a normal
distribution, we expect the convergence of the associated credibility intervals to be at a
slower first order (Op1{

?
Nq) rate.

The faster convergence of the pivotal based confidence intervals as compared to the
re-scaled credibility intervals explains why their domain-indexed (i P p1, . . . , Nq) coverages
are more tightly clustered around the 1 ´ γ “ 50% target for the former as compared to
the those of the latter in Figure 3.

Our motivating application on estimation of CES point estimates, θi, determines our
choice of the ADVI (mean-field variational Bayes) algorithm estimation. BLS use ADVI to
computationally scale the model estimations to support the monthly production process for
CES employment estimates. Using the re-scaling option to calibrate the uncertainty inter-
vals requires that the underlying ADVI produces approximate posterior distributions that
converge to a normal distribution. Wang and Titterington (2004) show that the mean field
variational Bayes approximate posterior distribution does achieve asymptotic normality for
parametric models of the exponential family. However, Zhang and Gao (2020) demonstrate
that the distribution error has two parts: 1. Convergence of the true posterior distribution;
2. Variational Bayes error. For nonparametric and high dimensional models, a specific
prior formulation must be used such that the first error source dominates the second and
asymptotic normality is achieved. However, if a prior distribution of this specific form is not
used, the approximate posterior distributions will not converge to a normal distribution.
In this case, the second order correction will not resolve errors in higher moments and the
resulting adjusted credibility intervals will not achieve nominal coverage, no matter how
large is the sample size.

Even though it may be the case that most model formulations will produce approximate
posterior distributions that converge to normal distributions under use of mean-field vari-
ational Bayes, there is yet some possibility that such will not the case for a specific model
formulation suggests that one may not universally rely on uncertainty intervals formed
from the adjusted (calibrated) posterior distribution. Replacing the approximate posterior
distribution with use of the empirical distribution over the re-samples avoids this issue of
convergence to normality that is tied to the approximation algorithm and may be uni-
versally relied on. It bears mention that there is a computational cost to re-estimate the
model for each re-sampled data set and there is some minimum (e.g., A “ 100) re-samples
required to control Monte Carlo estimation error to estimate the empirical distribution
over the re-sampled parameter estimates (though the replicate model re-estimations may
be parallelized if computational resources permit).
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Figure 6: Posterior predictive check for (a) direct estimates yi and (b) observed variances
of vi of direct estimates yi. The black line in each plot represents the distribution of the
real data.

Lastly, our simulation-based calibration procedure may be used with any estimation
algorithm that propagates its error over multiple data estimations to calibrate confidence
intervals that achieve nominal coverage. While we have focused on ADVI, there are other
computationally scalable algorithms that may be selected to estimate an approximation to
the model posterior distribution (Vehtari et al., 2020). Convergence of the approximate
posterior distributions to (true) normal distributions would have to be verified for each
estimation algorithm and class of models if one desires to re-scale the approximate posterior
distribution to calibrate the uncertainty intervals.

6. Application of simulation-based calibration to real data

6.1 Model fit checking and calibration procedure

We now apply the calibration procedure to real data from the Current Employment Statis-
tics (CES) survey, where we use our area-level mixture model described in Section 2.3 to
obtain better estimates of employment levels in 166 domains within the “Leisure” indus-
trial sector. As a first step, we fit the model and extract draws from the model posterior
predictive distribution of yi and vi.

Before performing simulation-based calibration, we conduct posterior predictive checks
to assess the correctness of the model formulation based on how well it preserves the dis-
tribution properties of the real data. We examine the marginal distributions over domains

i P p1, . . . , N) for replicate draws of each of py
pαq

i qNi“1 and pv
pαq

i qNi“1 as well as examine the

joint distributions, py
pαq

i , v
pαq

i qNi“1. We only expect our simulation-based calibration proce-
dure to work if the specified model well reproduces the distribution properties of the real
data.
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Figure 7: Posterior predictive check for pairs pyi, viq, based on 16 random draws from the
posterior predictive distribution. Each of the 16 panels represents a single vector draw (in
light blue) from the posterior predictive distribution, overlayed by the observed distribution
(gray) over domains.
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Plots in Figure 6 demonstrate that the model provides reasonable fit for observed yi and
vi. Next, we briefly check if the model also preserves correlation between vectors yi and vi.
For this, we use a contour plot to show the density of two-dimensional vector pyi, viq over

the set of domains. On the same plot, we include the analogous density of vector py
pdq

i , v
pdq

i q

obtained by randomly drawing from the posterior predictive distribution of pyi, viq. The
plot panels in Figure 7 show D “ 16 sets of such contour plots corresponding to D “ 16
draws from the posterior predictive distribution overlayed by the observed distribution of
pyi, viq. The contour plots demonstrate that correlation between yi and vi in the simulated
data is similar to the observed data. We, therefore, conclude that the model describes the
data reasonably well.

We now save A “ 100 random draws py
pαq

i , v
pαq

i q, α “ 1, . . . , A, from the posterior pre-
dictive distribution of pyi, viq and compute calibration adjustments as described in Section
3.

There is a practical concern that it would not be feasible to perform calibration in
the tight real-time monthly CES production environment. To overcome this difficulty, we
conjecture that the CES calibration adjustments would be similar for each month in a given
industry because the underlying model formulations and data structures are highly similar.
If this is the case, our plan for the real-time application of the method would be to derive a
set of adjustments once a year based on past year historical data, before the start of a new
production cycle for the current year. These historical-based monthly adjustments would be
averaged over the 12 months of the previous year, and the average values would be applied
in the upcoming monthly production cycle.

To test the proposed procedure, we save another B “ 100 sets of draws from our
initial model run, in addition to the A “ 100 sets already used to derive the calibration
adjustments. We then run the model once for each of the B data sets and apply our average
adjustments to check coverage properties. The procedure is summarized below.

1. Use historical CES monthly data and fit the model for each month of the year. Call
it the “initial” model run.

2. Produce A “ 100 re-sampled data sets using draws from the initial model run. Derive
calibration adjustments from these data sets, as described in Section 3. Run the
calibration procedure for each month of a year (to obtain calibrated intervals for each
month).

3. Produce additional B “ 100 “test” data sets using B additional draws from the initial
model run. Fit the model once on each of the b “ 1, . . . , B test data sets using the
same algorithm as in the initial model fit. For each model run, b, we use the associated

py
pbq

i , v
pbq

i q as ”observed” data.

4. Apply calibration adjustments to estimates obtained from each of the B model runs.

5. For each b, construct confidence intervals for model fitted posterior means mpθ
pbq

i q.

Compute the number of times (over B) that respective true values θ
pbq

i are covered by
the interval. Perform the coverage computation for the originally fitted and adjusted
estimates.
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Month Orig Fitted Rescaled Pivot

Jan 0.577 (0.750) 0.523 (0.668) 0.503 (0.642)
Feb 0.572 (0.582) 0.523 (0.520) 0.500 (0.500)
Mar 0.589 (0.531) 0.537 (0.474) 0.516 (0.455)
Apr 0.569 (0.663) 0.517 (0.591) 0.497 (0.566)
May 0.597 (0.511) 0.544 (0.456) 0.522 (0.437)
Jun 0.580 (0.573) 0.529 (0.511) 0.509 (0.491)
Jul 0.590 (0.585) 0.538 (0.521) 0.516 (0.500)
Aug 0.576 (0.710) 0.520 (0.633) 0.501 (0.608)
Sep 0.590 (0.469) 0.538 (0.419) 0.516 (0.402)
Oct 0.568 (0.661) 0.516 (0.589) 0.498 (0.565)
Nov 0.590 (0.608) 0.540 (0.542) 0.518 (0.520)
Dec 0.604 (0.542) 0.549 (0.483) 0.529 (0.464)

Table 3: Coverage properties of model fitted θi, 50% nominal, over 166 domains and 100
simulation runs

We tested the average adjustment factors on our B “ 100 “test” data sets and evaluated
for each of the 12 months. Results are presented in Section 6.2.

6.2 Results

We use draws from the VB posterior distribution of θi to construct credibility intervals; the
adjusted confidence intervals are constructed using the rescaling and pivotal approaches of
Section 3. For each domain i, we used adjustments averaged over 12 months and we test
results separately for each month.
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Figure 8: Domain coverages (50% nominal) of fitted point estimates vs number of respon-
dents for each of the 12 months. Black dots represent originally fitted model; green triangles
represent adjusted coverages using rescaling method; red diamonds represent adjusted cov-
erages based on the pivotal method. Domains in each panel are ordered along the horizontal
axis by increasing number of sampled establishments from left-to-right.
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In Table 3, we show monthly test results of coverages, averaged over domains. Respective
average CI lengths are shown in parenthesis. We note the overcoverage of the original model
CIs, ranging from 57 to 60 percent covered, for the nominal 50%. The rescaled CIs provide
improved coverage (from 52 to 55 percent); the pivotal method gives best close to the
nominal results and the shortest CI lengths.

To complement the results averaged over domains shown in Table 3, we present monthly
coverages for each domain in Figure 8. Percent covered for each domain in a given month is
plotted against the number of respondents. The black horizontal reference line corresponds
to the 50% nominal level. Black dots represent coverages corresponding to the original
model fit. Similar to the simulations results of Section 4, we observe overcoverage across
the domains in the originally fitted model results. The rescaling method (green triangles)
corrects the overcoverage to a certain degree. Red diamonds corresponding to the pivotal
based adjustment method lie closer around the horizontal reference line, which is consistent
with our conclusion that the pivotal based adjustment gives the best performing method
among the alternatives considered.

7. Discussion

This paper formulates a parametric re-sampling procedure to calibrate the outputs of a scal-
able, approximate Bayesian estimation algorithm where the algorithm produces accurate
point estimates (e.g., approximate posterior means) but incorrect uncertainty quantifica-
tion. Our simulation-based calibration procedure produces asymptotically correct marginal
posterior variances. Our procedure requires that a scalable algorithm provide consistent
point estimation (though there can be an asymptotically constant bias) under a Bayesian
model that asymptotically contracts on the true generating model. It would be expected
that practitioners would only use a scalable algorithm to the extent that it produced simi-
larly high quality point estimation as do Markov Chain Monte Carlo (MCMC) algorithms.

Bayesian hierarchical models are favored for small domain estimation in BLS for their
ability to allow the data to estimate complex correlation structures among domains that
regulates shrinking to produce more accurate domain point estimates. A fast turnaround
monthly BLS data publication cycle requires use of computationally scalable estimation
algorithms. BLS seeks to publish both smoothed domain point estimates, θi, as well as
their variances (of the θi) so that users may assess the quality of each point estimate.
We use Stan’s (Carpenter et al., 2017) ADVI variational Bayes estimation algorithm and
achieve high quality point estimation, but the variances are incorrect such that uncertainty
intervals do not achieve nominal coverage.

Our application of the simulation-based calibration procedure requires re-estimation of
the model on the order of A “ 100 times, which reduces the scalability of the estimation
algorithm (unless one possesses the computational resources to parallelize the A model
runs). Yet, we show that under a regularly produced data set for a collection of domains
that computation of the mean and variance adjustment factors may be performed once
and applied for each month throughout the year because the model formulation and data
structures that together determine the calibration adjustments are largely unchanged over
the months. This procedure produces uncertainty intervals on a monthly basis that provide
much better coverage than unadjusted intervals.
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Our derivation of a calibration scale adjustment factor for each domain, ci, by standard-
izing the distribution of a pivot statistic formed over replicate model runs provides a fast
and easy numerical procedure.

Finally, an alternative simulation-based procedure calibrates the first and second mo-
ments using replicate data drawn from the prior predictive distribution (as contrasted with
our approach that calibrates data drawn from the approximate posterior predictive distri-
bution) (Talts et al., 2020). Calibrating from the prior predictive does not require an initial
model estimation using the approximation algorithm as does our algorithm. Yet, we find
that while calibrating from the prior predictive achieves nominal coverage for simple models
like the Fay-Herriot of Section 2.1, it performs poorly (fails to achieve nominal coverage)
for more complex models that co-estimate both the point estimates and variances as does
our FHV and CFHV models of Sections 2.2 and 2.3. We speculate that there is an implicit
condition that the distribution of replicate data generated from the prior predictive distri-
bution express some minimal mass covering the true data generating distribution, which
is overly difficult to achieve in practice for a complex hierarchical model. Even more, in
the case of the FH where calibration from the prior predictive is feasible, it nevertheless
produces longer interval lengths than calibrating from the posterior predictive where both
algorithms achieve nominal coverage.
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Appendix A. Overview of Mean Field Variational Bayes (MFVB)

A.1 The Mean Field Assumption

Let z “ pz1, . . . , zmq denote “local” or latent variables or model parameters. The goal of
variational Bayes (VB) is to approximate an intractable posterior ppz|xq with a simpler
distribution qpzq. In the Mean Field formulation, we assume the joint parameter posterior
distribution if fully independent, and so can be factorized as:

qpzq “

m
ź

i“1

qipziq (20)

A.2 The Evidence Lower Bound (ELBO)

The ELBO, denoted as Lpqq “ Eqpzqrln ppx, zqs ´ Eqpzqrln qpzqs, is the objective function
maximized during optimization. It is derived from the log marginal likelihood of the data
(the evidence) using Jensen’s Inequality:

ln ppxq “ Lpqq ` KLpqpzq}ppz|xqq (21)
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Orig Fitted Rescaled Pivot

Coverage 0.550 0.508 0.507
Length 0.929 0.849 0.847

Table 4: Coverage properties for model fitted mpθiq, 50% nominal, over 150 domains and
S “ 200 simulation runs, using A “ 500 re-samples, for the σ2

i “ 2 setup.

Because the KL divergence is non-negative, Lpqq serves as a lower bound on the log-evidence:
ln ppxq ě Lpqq. So, by maximizing Lpqq for estimation of qpzq one achieves the closest
approximation within the class of qpzq “

śm
i“1 qipziq to the target distribution, ppz|xq.

A.3 Practical Implementation via ADVI

As implemented in ADVI, qpzq, is specified as Gaussian with each of the factorized dis-
tributions, qpziq specified as normal. Stan implements ADVI by first transforming all pa-
rameters to the real line (and then back transforms them, applying the Jacobian). While
the Bayesian central limit theorem asserts that the Gaussian joint distribution will provide
a good approximation for a sufficiently large sample size under mild regularity conditions
Ghosal and van der Vaart (2017), the factorization will tend to mis-estimate the uncertainty
quantification to the extent that parameters are correlated a posteriori.

Appendix B. Sensitivity analysis

To explore the sensitivity of the method to the underlying model parameters to the scale
of the data, we used the same simulation setup as described in Section 4.1 but now set true
model parameter σ2

i to 2 (as opposed to original σ2
i “ 1.) The results are given in Table 4

and Figures 9 and 10. We note that these results are very similar to the original simulation
results, in terms of the coverage and variation among domains.
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Figure 9: Domain coverages (50% nominal) of fitted point estimates vs number of re-
spondents. Black dots represent originally fitted model; green triangles represent adjusted
coverages using rescaling method; red diamonds represent adjusted coverages based on the
pivotal method.
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Figure 10: Lengths of the adjusted vs the original (50% nominal) confidence intervals.
Green triangles represent adjusted coverages using rescaling method; red diamonds represent
adjusted coverages based on the pivotal method.
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