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Abstract

Multi-relational networks among entities are frequently observed in the era of big data.
Quantifying the effects of multiple networks has attracted significant research interest re-
cently. In this work, we model multiple network effects through an autoregressive framework
for tensor-valued time series. To characterize the potential heterogeneity of the networks
and handle the high dimensionality of the time series data simultaneously, we assume a
separate group structure for entities in each network and estimate all group memberships
in a data-driven fashion. Specifically, we propose a group tensor network autoregression
(GTNAR) model, which assumes that within each network, entities in the same group
share the same set of model parameters, and the parameters differ across networks. An
iterative algorithm is developed to estimate the model parameters and the latent group
memberships simultaneously. Theoretically, we show that the group-wise parameters and
group memberships can be consistently estimated when the group numbers are correctly-
or possibly over-specified. An information criterion for estimating the group number for
each network is also provided to consistently select the group numbers. Lastly, we apply
the GTNAR method to a Yelp dataset to illustrate its usefulness.
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1. Introduction

As the world becomes increasingly connected, studying network effects has become an
important research topic across disciplines, including economics, finance, and many oth-
ers. The primary focus of our study is to analyze the network effects inherent in high-
dimensional time series observed over multiple networks. The existing literature has seen
notable progress in the study of time series within a single network. For instance, Zhu
et al. (2017) introduced a network autoregression model to investigate time series in large
social networks. Armillotta and Fokianos (2023) extended the framework to the nonlinear
network autoregression model, in which the multivariate observations could be both contin-
uous and discrete. Chen et al. (2023) proposed a community network vector autoregression
model for the high-dimensional time series. Fang et al. (2023) proposed a group network
Hawkes process with a single network to model unit event occurrences. Chen et al. (2026)
proposed a group network multivariate GARCH model that incorporates a latent group
structure and an observed network adjacency matrix. Compared with conventional high-
dimensional time series models (Walden and Serroukh, 2002; Leng and Tang, 2012; Zhou,
2014; Wang et al., 2019; Chen et al., 2020a; Chang et al., 2023; Wang and Tsay, 2023; Chen
and Fan, 2023), the network autoregressive model distinguishes itself by providing enhanced
parameter interpretability, offering deeper insights into the intricacies of network dynamics.

In real-world scenarios, entities within a population commonly establish connections
across multiple networks, often referred to as multi-relational or multi-layer networks. Re-
cently, there has been significant interest in investigating these networks collectively, as seen
in works like Lei et al. (2020), Zhang et al. (2020), Jing et al. (2021), MacDonald et al.
(2022), and Ma and Nandy (2023). While the majority of these studies focus on identifying
community structures within multi-layer networks, there is also a considerable interest in
quantifying the impacts of multi-relational network effects on various research objectives.
For example, Emch et al. (2016) investigated the joint effects of spatial and social networks
on disease transmission. Chen et al. (2017) proposed the utilization of network metrics
from various social networks to predict the adoption of new products in marketing research.
Besides, Corradini et al. (2021) investigated the influence of multi-dimensional social net-
works on negative reviews posted on Yelp. Although these models are valuable in empirical
research, a critical gap remains in the availability of rigorous statistical models capable of
providing valid statistical inferences about multiple network effects, and it is our intention
to fill this gap.

The objective of our work is to investigate tensor-valued time series indexed across multi-
relational networks. A straightforward way to analyze tensor-valued data is to stack it into
vectors or to consider only one of its dimensions. However, this will destroy the intrinsic
multidimensional structure and lack clear interpretations, and provide limited insights into
network effects. This drawback has also been recognized in several recent studies on matrix-
or tensor-valued time series (Zhou and Li, 2014; Wang et al., 2019; Chen et al., 2020a, 2021,
2022; Chen and Fan, 2023; Wang et al., 2024; Chen and Lam, 2024). Additionally, al-
though stacking into vectors allows the implementation of techniques for high-dimensional
VAR models, this still leads to a much larger number of parameters that need to be esti-
mated, on the order of []7 ,(N;)?, where g is the dimension of tensor data, and N; is the
number of nodes in the /th dimension. Even with commonly used sparsity regularization,
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the estimation variance of model parameters is likely to be much higher than that of the
network VAR model when the data is generated by the latter (Zhu et al., 2023).

To address high dimensionality, several recent studies focus on factor models to capture
low-rank structures (Zhou et al., 2023; Han et al., 2023; Wang et al., 2024). For example,
Chen et al. (2022) introduced a general framework of factor models for tensor-valued time
series. Han et al. (2024) propose a factor model and a high-order projection estimator to
analyze high-dimensional dynamic tensor time series. Moreover, Wang et al. (2022) used
the tensor decomposition technique to deal with the large transition matrices of the high-
dimensional VAR model. Chen and Lam (2024) introduced a pre-averaging procedure,
allowing for a spectrum of factor strengths, as well as the weak factors when both cross-
sectional and serial correlations are present. Besides, Wang and Tsay (2023) proposed a
general robust estimation procedure, which can address many high-dimensional VAR models
with low-rank or sparse structure. However, existing works do not exploit network structure
information across tensor dimensions and therefore do not provide direct statistical inference
on these network effects.

On the other hand, it is remarkable that nodal heterogeneity widely exists in practice
(Ke et al., 2015). The utilization of latent group structures to model heterogeneous data has
a well-established history in panel data analysis. For instance, Ke et al. (2015) introduced a
clustering algorithm in regression through data-driven segmentation to identify the groups,
and Vogt and Linton (2017) shed light on the latent grouped structure in the non-parametric
regression functions. Su et al. (2016) introduce a Classifier Lasso (C-Lasso) estimator for
panel models. And more recently, Ando and Bai (2020) proposed a new estimation method
for analyzing the quantile co-movement of large-scale financial time series data, which can
identify latent group heterogeneity among the series. There have also been recent efforts to
leverage latent group structures in modeling time series data within a single network, see,
e.g., Zhu et al. (2023), Chen et al. (2023), Fang et al. (2023), Liu et al. (2024), and Chen
et al. (2026). However, these works have predominantly focused on time series observed on
a single network; hence, they cannot be directly used in modeling the tensor-valued time
series data. Moreover, addressing the theoretical challenges involved in extending from a
single network to multiple networks is non-trivial due to the interactions between different
group structures, necessitating the development of new theoretical tools. To tackle this
challenge, we divide the members of the network on each dimension into several latent
subgroups. We assume that members within each subgroup share similar characteristics,
carrying the same model coefficients.

The main contributions of our work can be summarized as follows. First, we introduce
a highly interpretable network autoregression model for high-dimensional multivariate time
series indexed by multiple networks, namely, the Group Tensor-valued Network Autoregres-
sion (GTNAR) model. Second, to account for network heterogeneity, we allow for separate
group structures on related networks. Third, we establish estimation consistency for both
model parameters and group memberships, not only when the numbers of groups are cor-
rect, but also when they are over-specified. Simultaneously estimating group memberships
across multiple networks poses significant challenges compared to the existing literature,
which typically considers at most one network (e.g., Fang et al., 2023). We develop new
theoretical tools to address this challenge. Lastly, we develop a selection criterion that
consistently selects the true group numbers and establishes asymptotic normality when the
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group numbers are correctly specified. Our theoretical framework enables rigorous testing
of multiple network effects, which are crucial across various research disciplines.

The remainder of this article is structured as follows. In Section 2, we first show a moti-
vating example on the Yelp dataset to introduce a simple model form. Then, we introduce
the general GTNAR model. Section 3 outlines the model estimation procedure and the
selection method for the group numbers. Theoretical properties concerning parameter esti-
mation, group membership estimation, and group number selection are discussed in Section
4. Two model extensions and corresponding theories are provided in Section 5. In Section
6, we present extensive simulation studies to illustrate the finite sample performance of
GTNAR. Section 7 includes an application of GTNAR to the Yelp dataset. Finally, Section
8 provides concluding remarks. Additional technical proofs can be found in the Appendix.

2. Group Tensor-valued Network Autoregression

2.1 Notations and Tensor Algebra

Throughout the paper, we use the following notations. Denote [n] = {1,2,---,n} for an
integer n. For a vector v = (v; : j € [p])" € R?, let ||v| = ( y vjz)l/Q. For a matrix

M = (my;) € R™*"2 let M;. be the ith row vector and M.; as the jth column vector of
M. In addition, let M(©) = (m;; : i € C,j € [n2]) and MC) = (my; : i € [n4],5 € C),
where C is an index set. For a symmetric matrix M, define Apin (M) and Apax(M) as
the smallest and largest eigenvalues, respectively. For a tensor X € R™**"_ denote
X (€ Ca) as the corresponding subset of the tensor with each dimension selected by the
index sets C;s. Denote A ® B € R™M"XM2M4 a5 the Kronecker product between matrices
A € R"*™ and B € R™*™. For a matrix series {A; : | € [q]}, denote B ®;4 Ay =
BRA @ --®@A_1®A4+1 ® - ®A,; For a vector, matrix, or tensor M, let ||[M|max
denote its largest absolute entry. For a set S, denote |S| as the cardinal number of S.
We denote 1, € R? as a p-dimensional vector with all elements equal to one, and I, is an
identity matrix.

For a tensor X' = (i), ig)isefni], - ige[m] € R™ 7™, denote the vectorization as
X = vec(X) = (%171,... 15 T2 1, 1y 5Ty 1, 15 L1210 157" s Ty yng,ee- ,nq)T € RIL™ Denote
its mode-/ matricization as X(;) € R Xk "k which is calculated by setting the Ith tensor
dimension as the matrix rows, and collapsing all other into its columns, for [ € [g]. For tensor
X = (i, 4,) € RM* XM and a matrix M = (m; ;) € R?”*"™, denote the mode-I multipli-
cation X' x; M as a tensor in R™ > ™M-1XPM1 XXM and its (i1, -+, -1, 8,941, - ,%q)th
element is calculated by (X X; M)y iy_y sjiper,vig = Dot Tin,oesig,wigMs,iy - Subsequently,

we denote X' x/[_; My © (X x1 Mj) xg -+ xqg M. For two tensors X € R™**" and

Y € RM>* s with ¢ > s, their generalized inner product (X,)) is a (¢ — s) dimensional
tensor, calculated by (X, V)i, .ig = 2 oim1 iy XigisiagsigVir-is- We use AO Y to
denote the element-wise product between two tensors (A and ) with the same dimensions.
For a column vector x; € R™, xj0p4 1, = 1,,0---0x;0---01,, is a g dimensional tensor

T € RM>**"a with its (i1,--- ,,- - ,4q)th element being z;,.
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2.2 Motivating Example and A Simple Model

The objective of our work is to investigate time series indexed across multi-relational net-
works. To offer a more lucid representation of GTNAR, we demonstrate it through a mo-
tivating dataset collected from Yelp (https://www.yelp.com/). Yelp serves as a prominent
review platform for various businesses, including restaurants, local retailers, entertainment
establishments, and more. It also functions as a social platform where users can share
information and their personal experiences. The dataset covers the period from 2010 to
2018 and is collected from five North American cities (i.e., Charlotte, Las Vegas, Phoenix,
Scottsdale and Toronto), and comprises four main categories of information: user data (e.g.,
user registration time on Yelp), user-friend relationships, business information (including
spatial location), and user reviews of businesses. For example, Figure 1 illustrates a user’s
review of a restaurant named “Esther’s Kitchen” in Las Vegas. In this case, the user gave
the restaurant a five-star rating, and their review received 18 tags from other users, includ-
ing 8 “useful”, 3 “funny”, and 7 “cool” tags. Overall, the restaurant has accumulated 1611
reviews.

User
2
‘ Las Vegas Strip, NV

@ 235 @ 2325 33649

David N. (D

e T L
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00000 992022 e e L B

@ 1 check-in Stars

Review
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Figure 1: A review snapshot of the shop “Esther’s Kitchen”. It contains the user information, shop
statistics, review text, and the tags assigned to this review.

Within the Toronto segment of the dataset, we have records for N; = 462 users who have
provided reviews for restaurants in No = 56 distinct locations, spanning T' = 36 quarters.
Our primary focus in this analysis concentrates on the variable denoted as Yj;;, representing
the log(1+ z)-transformed number of reviews contributed by user i to restaurants in district
j during the tth quarter. This variable forms a time series indexed by both the user ID
(7) and the district ID (j). The first challenge we encounter when analyzing this dataset
is that neither users nor districts can be considered isolated units. As a result, it becomes
imperative to model the Yj;;’s in a collective manner. Specifically, users form a social
network, while districts establish a spatial network that fosters substantial interactions
among their respective network members. These interactions, in turn, significantly influence
the outcome variable Y;;; when considered jointly. For example, Tiwari and Richards
(2016) found that peer social networks play a highly effective role in influencing restaurant
preferences within social circles of friends. The social network analysis conducted on Yelp
data by Fe (2023) suggests that social network friends are 64% more likely to visit the same
restaurant when compared to non-friends. Sun and Paule (2017) discovered significant
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spatial effects on ratings across various categories of Yelp venues, and Gan et al. (2021)
investigated the spatial network effects on the tourism economy. However, these studies
are primarily empirical and lack a strong statistical foundation. Furthermore, they tend
to concentrate solely on the impact of a single network, rather than considering multiple
network effects jointly. As a motivating example, Figure 2(a) depicts the social network of
Toronto users with at least two friends, highlighting the observation that connected friends
often have similar comment volumes. Meanwhile, Figure 2(b) presents the spatial network
of Toronto, indicating that neighboring districts, such as zones 1 and 2, tend to exhibit
similar comment volumes. Both network effects contribute jointly to the outcome variable.
Therefore, the first challenge we intend to address is how to construct a multivariate time
series model that can rigorously quantify the impact of multiple network effects for data
similar to the Yelp review dataset.
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Figure 2: (a) The social network of Toronto users with degrees greater than one. Node sizes reflect
the logarithm of the number of comments made in 2008. (b) The spatial network of
Toronto districts during the last quarter of 2018. Colors represent four quantile intervals
of the logarithm of the number of comments made in the 4th quarter of 2008. Darker
colors indicate districts with higher comment activity. (c¢) Clustering results based on
estimated regression coefficients, categorizing users into three distinct groups. Different
colors and shapes visually represent each group.

The second challenge we encounter in the Yelp review dataset relates to the hetero-
geneity among members in both social and spatial networks. Previous research in network
analysis (Newman et al., 2006) highlighted that users tend to naturally form clusters based
on similar behaviors, a phenomenon consistent with Yelp’s ecosystem, and users display
distinct interaction patterns (e.g., frequent reviewers versus casual browsers) (Fe, 2023; Sun
and Paule, 2017). There is also empirical research (Wedel and Kamakura, 2000; Fiebig
et al., 2010), demonstrating that segmenting users enhances recommendation accuracy on
platforms with varied preferences, which is particularly applicable to Yelp’s diverse range
of restaurants and businesses (Jagabathula et al., 2018). Similarly, restaurants located in
different spatial regions, such as the central business district or other areas, may experience
different levels of popularity, leading to varying degrees of spatial spillover effects (see, e.g.,
Koschinsky, 2009). Recent advances (e.g., Bonhomme and Manresa (2015); Su et al. (2016);
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Liu et al. (2020)) in high-dimensional time series modeling demonstrated that subgroup-
ing mitigates bias in parameter estimation and enhances estimation efficiency given limited
sample sizes, which is also a critical feature for the Yelp data. As a motivating exam-
ple, we conduct a preliminary regression analysis with aggregated users’ comment volumes
(log-transformed) as the response variable, denoted as Yi; = > ; Yij+. Two covariates are
included: the lagged response (Yj;_1)) and the user’s duration since registration (i.e., the
number of months since joining Yelp as of the (¢ — 1)th quarter). The estimated regression
coefficients obtained from all users are clustered into three groups using the k-means algo-
rithm, and these clusters are visualized in Figure 2(c). An evident heterogeneous pattern is
observed among the users’ coefficients. To tackle this challenge, we adopt the approach pro-
posed in Zhu et al. (2023), which involves dividing the members of both social and spatial
networks into several subgroups. We assume that members of each subgroup share similar

characteristics.
Let A = (a (1)) € RN*M and A®) = (a@-)) € RM2XN2 ypepresent the observed ex-

ij
0genous adJacency matrices characterizing the social and spatial networks, respectively.

Specifically, a%) = 1 implies that the ith user follows the jth user, while agjl-) = 0 otherwise.

Similarly, ag) = 1 indicates that the ith district is a spatial neighbor of the jth district,

while az(-?) = 0 otherwise. We follow the convention by setting a( ) = 0 and ag) = 0 for
1<¢< Njand1<j < Ny We assume the existence of G groups in the social network
and G5 groups in the spatial network. The group membership for the ith node in the social
network is denoted as 92(1) (1< 91(1) < (1), and the group membership for the jth node
in the spatial network is denoted as gj(?) (1< gj(-2) < G2). We propose the following model
with a two-way group structure:

1) ) S O
1 J
Yije =) E: e+ A D Y
Nos
9; 9j k=1 25
Social Network main effect  Spatial Network main effect (1)

DT (1
+ag<1>g<2>Yz'j,(t—1>+X§t) C;<3>+ it C(@) +eijits
(3 J B

Self-momentum Covariate effects
1 2 1 2
where ny; = kNll Ek), noj = ]kvzla,(cj), xgt) € RP! and x§.t) € RP2 are exogenous co-

variate vectors of finite dimensions associated with the ¢th user and jth district, respec-
tively. Besides, €;;; represents independent and identically distributed (i.i.d.) white noise

with E(g;j:) = 0 and its variance var(e;;¢) = o2. For identifiability, it is required that
25(11):1 C;%l))’l = 0 when both intercepts are included in Xl(tl) and xg), where C;§11)> . (the first

element of C(glg)) represents the intercept for xl(t1 ).

The first term in (1), i.e., 5;1(05?/”12‘)1/1@]‘7@—1)’ represents the average number of
reviews (log(1 + x)-transformed) by user ¢’s following friends on the restaurants in district
j in the previous quarter. Consequently, )\((3) quantifies the influence of following friends

on user 7’s attitude towards dlstrlct j and encapsulates a social network main effect. On
the other hand, the second term in (1), i.e. Zk 1(%] /m2;)Yik (1—1), calculates the average
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log number of reviews by the ith user on districts that are connected with the jth district

in the previous quarter. Thus, A )) signifies how the user’s review count towards district
g]
j is influenced by his/her reviews towards the districts connected with district j, and can

be interpreted as the spatial network main effect. Additionally, « g 1 (2) represents the self-

driven time effect for the (i, j)th time series, quantifying the momentum effect of the review

activity by the ith user towards the jth district in the previous quarter. A higher value

of Q) (@) suggests a greater level of loyalty of user i to district j. Finally, ¢ (2) € Rm
i Jj 9;

and ¢ (2) € RP2 are external covariate effects at the user and district levels, enhancing the
g.

model’js capacity to account for user and district heterogeneity in the data. By evaluating
the significance of )\(g)’s and )\((g> s, one can examine the presence of social and spatial
network main effects Whlle controlhng for other factors in Model (1).

Our framework for multiple networks further extends the two-network model (1) to

multi-relational networks given by Model (2) in Section 2.3 below, which we refer to as the
GTNAR model.

2.3 General Model in Tensor Form

Suppose there are g observed exogenous networks characterized by adjacency matrices
AW ... A with the Ith matrix A = (a{)) € RV*N where N; is the number of
ag) = 1 implies that the ith node is

connected with the jth node in the [th network, while al(;) = 0 otherwise. We follow the

nodes in the [th network, and ¢ is finite. Specifically,

convention by setting agfgl =0for 1 <4 < N;yand 1< <gq. We assume that there exists
G} groups in the Ith network, and the group membership for the ith node in this network is
denoted as g(l)

]
among the N; network nodes, which is denoted by G; = (gi(l) 1 <i<Ny),1<1<gq. Under
such a model framework, the response variables of interest constitute a tensor-valued time
series, denoted by Vi = (Yiiy..igt) € RN1xN2xxNq - with the following model structure

(1< g( ) < G}). As aresult, each network has its own latent group structure

q (l)

(l Zlk
Yijig.igt = Z)\gmz - Yiy in akivgy g t-1) T O o q>Yzm dgy(t—1)
=1 7" k=1 !

The Ith Network main effect R

q
DT (1

+Z xEli Cég)l) +eiriy..igts  (2)
— i

N——

The Ith covariate effects

! l
where ny;, = ff;l aglgc, Elz € RP! represents exogenous covariates associated with the i;th
member in the /th network, and €;,4,..,+ denotes the white noise with V&I‘(Eil...imt) = o2

In this work, we treat the number of layers (¢) and the covariates dimensions (p;, [ € [q])

as fixed constants. For indentifiability, assume that 3% J0—1 ng)) =00 €lg—1)). Deﬁne

glz(;).lgzlgNl) € RM and denote G = {G; : 1 <1 < ¢}. LetR ={i: gzl —g}



MULTI-RELATIONAL NETWORK AUTOREGRESSION MODEL WITH LATENT GROUP STRUCTURES

and further denote N, = \Rél)|. Denote g~ = (g, ... gl=D U+ ... 4(9) as the
group membership indices excluding the /th network, and denote the group index Zyy,... gla)
as a function of (g(l), e ,g(Q)), which takes values from {1,---,[[, G}

Define W) = (ag-)/nli) as the /th row-normalized adjacency matrix of A(!). Then the
GTNAR model (2) can be expressed in a tensor form as follows,

q q
V=Y Q1 <y W) s LO + A0 Vit + B0, ot 1y, + & (3)
=1 =1
where L) = diag()\(l()l) (1 <i <N €RNNL A = (a NOE 1 <i; < N;) € RNixxNg,
g, gt

i i tq
! HT (1 .
8¢, = ) C;?» 1<y < N)T €RM and & = (g4, ... 4, 1) € RN N,
i
Remark 1. (Matrix Autoregression When ¢ = 2) When q = 2, the model in (3) can
be simplified as the matriz-valued autoregression model in (4) below,

Y, = LYWD)Y, 1 + Y, (WILE) + Aoy, + Bx, Ay, +1nBx,: + B, (4)

where Yy € RN*N2 s the response matriz, L) = diag()‘(lq)l) 11 < i £ N)) € RV for

7

I=1,2, A= (@ :1<i <Npi,1<iy <Ny) e RVXN2 gnd E; € RVIXN2 s the
random noise 771a1571‘z'1,‘.2

Remark 2. We remark that GTNAR is not limited to the motivating example and can
be utilized in a wide range of applications. Specifically, GTNAR is designed for tensor-
valued time series data, provided we can collect network relationships among the units. The
network under consideration is not restricted to spatial networks, as we use in the motivating
example. For instance, in financial data analysis, we can use the common shareholding
relationship to examine the spillover effects of systematic risk (Feng et al., 2025). In the
international trading market, regions can construct two adjacent networks from the export
and import aspects, while the trading products categories form a similarity network (Alves
et al., 2019). In the contextual recommendation system, the social network relationships
among the users form a network on the first dimension, the similarities based on the item
characteristics form the second one, and the proximities of different types of users’ activities
mode form the third network (Adomavicius et al., 2005; Wu et al., 2016). Other examples
include supply chain linkages (Serpa and Krishnan, 2018), common interests in customer
purchase (Carroni et al., 2020), and others, according to the application scenarios.

Remark 3. Applications of tensor-valued time series are widespread, spanning numerous
fields. For instance, a contextual recommender system naturally generates a 3-dimensional
tensor of users, items, and contexts, as it recommends items to users under varying conterts
(such as the promotion types and the users’ locations) over a period of time; each dimension
can be further enriched by its corresponding network, such as a user social network, an
item similarity network, and a contextual proximity network. Similarly, international trade
data, capturing the export volumes of different product categories between regions over a
period of time, forms another 3-dimensional tensor-valued time series, where geographical



REN, Zuu, XU AND MA

and product-similarity networks can be constructed on each dimension. In the domain of
neuroimaging, functional Magnetic Resonance Imaging (fMRI) produces a series of 3D brain
scans, creating a 3-dimensional tensor-valued time series where networks can be defined by
the adjacency of brain regions. A fourth example is found in online live-streaming, where
user activities (such as comments and shares) directed at various streamers and different
topics form a 4-dimensional tensor. This type of tensor recorded along a period of time
naturally forms a 4-dimensional tensor-valued time series. The practical and urgent need to
analyze this type of complex, high-dimensional data, which is ubiquitous in modern socio-
economic and scientific contexts, serves as the primary applied motivation for the GTNAR
model.

Remark 4. (Parameter Dimension Reduction) We remark that we reduce the param-
eter dimension by embedding the observed network weighting matrices W) and a group
structure. Take the case with ¢ = 2 for example. In general, one meeds to estimate
O(N? + N22) parameters in model (4). In contrast, with the imposed model structure, the
number of estimated parameters reduces to O(G1(p1 + 1) + Ga2(p2 + 1) + G1G2) when the
group memberships are given, which is greatly reduced due to incorporating the weighting
matrices WO and memberships G and Gs.

2.4 Comparisons with Existing Literature

There are numerous works that are closely related to GTNAR. The most pertinent works
encompass high-dimensional vector autoregression models (Davis et al., 2016; Wang et al.,
2022; Miao et al., 2023), tensor-valued time series models (Hoff, 2015; Wang et al., 2019;
Chen et al., 2021, 2022; Chen and Fan, 2023; Wang et al., 2024), grouped panel data models
(Ke et al., 2015; Ando and Bai, 2016; Su et al., 2016), and the network autoregressive models
with heterogeneous effects (Zhu and Pan, 2020; Zhu et al., 2023). In this subsection, we
illustrate how the GTNAR model differs from the above existing models.

2.4.1 HIGH-DIMENSIONAL VECTOR AUTOREGRESSION MODELS

Recently, there have been studies focusing on the high-dimensional vector autoregression
(VAR) models (Davis et al., 2016; Wang et al., 2022; Miao et al., 2023). By stacking
elements of the tensor V; = (Yj,... i,t) € RN1>xNa into a vector, GTNAR model (3) can
be re-written as a VAR model with dimension N' =[], N,

q

q
yi = [Z ((L(’)W(l)) gy INk) + diag(a)])’t—l + Z (Bgl()m kAl 1N’“> T et
— =1

where a = vec(A) € RM>*Na and g = vec(&). This allows for the application of
existing techniques of high-dimensional VAR models. While this formulation imposes fewer
assumptions on the model coefficients, it leads to a much larger number of parameters
to be estimated. Specifically, the number of parameters is O(]], N?), in comparison to
O, Gi(pr + 1) + I[; Gi) (when fixing the group memberships) for the GTNAR model.
Even with commonly used sparsity regularization, the estimation variance is likely to inflate
compared to the network models under certain scenarios (Zhu et al., 2023), which is also
investigated in our numerical studies. In addition, the “stacking” operation will destroy the

10
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intrinsic data structure in the original tensor form, hence the coefficients estimated in the
general VAR model lack clear interpretations and provide limited insights into the network
effects. These drawbacks are also recognized in existing literatures (Chen et al., 2021; Wang
et al., 2024).

2.4.2 TENSOR-VALUED TIME SERIES MODELS

This line of research contains two main categories, the tensor autoregressive framework
(Ding and Dennis Cook, 2018; Chen et al., 2021; Wang et al., 2024) category, and the
tensor factor model (Hoff, 2015; Wang et al., 2019; Chen et al., 2020b, 2022; Chen and Fan,
2023) category. Specifically, GTNAR should be classified into the first category. For ease of
understanding, we compare our modeling approach with existing approaches when ¢ = 2,
which reduces to the matrix case in (4).

First, the tensor autoregressive (TAR) models characterize the dynamics of Y; using
its lagged information Y;_;. For example, the TAR model proposed by Wang et al. (2024)
takes the following form, i.e.,

Vi = (A, Vi1) + &, (5)
where A € R™M X XMaXn1xX"q jg 5 2¢ dimensional tensor, which has Tucker ranks (rq,--- ,74)
with r; = rank(A(;). They assume that the tensor A takes a low rank structure as

A=C x?ﬁl U, C € R™*"*"24 ig the core low-rank tensor and U; € R™*" for | € [2q].
When ¢ = 2, the model (5) can be rewritten as

Y; = Us(CU{ Y, 1Uy)U, + E;. (6)

In model (6), the number of parameters to be estimated is O{l_[;l:1 .+ 2(Ny + Na)}.
Compared to the existing TAR modeling approach, the GTNAR model (4) has two major
differences. First, we embed the network weighting matrices W) into the autoregression
matrices to characterize the network dependence structure. To further reduce the number
of estimated parameters, we consider a group structure with autoregression coefficients in
L™ and L®), respectively. As we commented in Remark 4 for ¢ = 2, GTNAR contains
O(G1(p1 + 1) + Ga(p2 + 1) + G1G2) parameters in the network autoregression coefficients
when the group memberships are fixed. In addition, we provide an interpretable modeling
framework with the group-specific autoregression coefficients. Furthermore, we would like
to remark that the autoregression matrices in model (4) cannot be expressed with a low rank
form unless the network matrices W take a low rank structure. Second, in addition to the
network autoregression terms, we use A o Y;_1 to capture the self-momentum effect, which
cannot be characterized by (5) with the low-rank assumption. One can require A to have a
specific low rank structure A = MUOGM® T, where M®) = (eg(z) (1 <i <N T e RVixG

is a membership matrix for the I-th layer, and G = (ayy : g € [G1],d’ € [Go]) € RE1*C2,
This relates GTNAR to the traditional low-rank models (Chen et al., 2021; Wang et al.,
2024). We remark that the self-momentum effect contains cross-layer parameters in G,
which poses challenges in our theoretical analysis since the memberships from each layer
cannot be analyzed separately.

The second category of tensor-valued time series models includes the tensor factor (TF)
models considered by Wang et al. (2019), Chen et al. (2022), and Chen and Fan (2023).

11
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The TF model assumes that the dynamics of ); can be driven by a low-dimensional latent
dynamic tensor factor F;. For example, the TF model proposed by Chen et al. (2022) takes
the form Y, = Fi([ [, xx) Ak +E&. We refer to Hoff (2015) and Chen et al. (2020b) for other
TF models in various forms. Although the TF model can be used to directly conduct a
dimension reduction for )}, it cannot quantify the historical self-momentum effect for ),
and it also lacks a sound interpretation regarding the latent group structure.

We also compare the numerical performance of GTNAR with that of the multilinear
tensor model in Hoff (2015) to illustrate the advantages of our proposed model.

2.4.3 GROUPED PANEL DATA MODELS

Utilizing latent group structures to model heterogeneous data has a well-established history
in statistical models (Ke et al., 2015; Bester and Hansen, 2016; Liu et al., 2020). For
instance, Bonhomme and Manresa (2015) and Bester and Hansen (2016) introduced grouped
linear panel models with time-varying fixed effects and individual fixed effects, respectively.
Su et al. (2016) introduced a Classifier Lasso (C-Lasso) estimator for panel models, and more
recently, Liu et al. (2020) explored estimation and inference in the presence of possible over-
specification of the group number. Specifically, Su et al. (2016) considered the grouped linear
penal model Y;; = BiTxit + p; + €4, where the parameter 3; takes values from Gy group
centers {ay, - ,aq,}. However, the model format designed for vector-valued responses
limits its applicability to complex tensor-valued data, thereby lacking generality. Compared
to these studies, the GTNAR model further shows the additional advantage in quantifying
the multiple heterogeneous network effects by incorporating different types of networks in
tensor dimensions.

2.4.4 NETWORK AUTOREGRESSION MODEL WITH GROUP HETEROGENEITY

There have also been recent efforts to leverage latent group structures in modeling time series
data within a single network, as demonstrated by Zhu and Pan (2020); Zhu et al. (2023);
Chen et al. (2023); and etc. However, these works have predominantly focused on time series
observed on a single network, and to the best of our knowledge, our work is the first to
tackle time series indexed by multiple networks with distinct group structures. Specifically,
Zhu et al. (2023) considered an autoregression model for a vector formed response y; as

yi =Byi1+p, +e, (7)

where B € RV*N with its (i, j)th element being b;; = wijBg,q; With wi; = azj/n; for i # j
and by = vy, fori=1,---  N. In (7), p, = (xlTCgl, e ,X]—l\—[CgN)T represents the covariates
term. The key difference between these two approaches lies in how they model network
interactions. The goal of Zhu et al. (2023) is to capture interactions within a single network
as flexibly as possible, where the effect between nodes ¢ and j, namely, w;;f,,, depends
jointly on their group memberships g; and g;. This makes the consistent estimation of group
memberships substantially more challenging than in other existing group panel data models
(Su et al., 2016; Liu et al., 2020), where group memberships do not interact in the parameter
structure. To address this difficulty, Zhu et al. (2023) proposed a membership refinement
procedure based on brute-force enumeration. While a straightforward extension of this
approach to the multiple network tensor-valued data setting studied might be possible, we
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adopt a completely different within-network effect model in (4), where in each network, the

)

effect between node ¢ and j takes the form w;; )\g(l), depending only on the membership of

node i (but not j) within the Ith network, [ = 1,...,¢. This approach has the advantage
of avoiding the refinement procedure of Zhu et al. (2023), while has its own complexity of
handling multiple networks simultaneously. Thus, the theoretical challenges in Zhu et al.
(2023) and in our work stem from different sources, and we employ very different strategies
to resolve them. The GTNAR model is a new modeling approach that leverages the general
grouping idea to address challenges unique to the multi-layer networks setting.

3. Model Estimation

We first introduce the necessary notations. For the network corresponding to the Ith tensor
dimension, there exist G; groups for the network nodes, denoted by ¢) € [G}]. For each

group, the group-level parameters are denoted by H(Z()D = ()\&)l),C;l()l;r)T € RP+l The
collection of layer-specific parameters is then denoted as 00 = (9;?1) : g e [G)]) €

RGP+ Jeading to the collection of & = (0T ... 9@T vec(a)T)T € RE: Gilert DAL Gi
for all ¢ tensor dimensions. Finally, the self-momentum parameter is denoted as a =
(agu)_,,g(q))g(z)e[al] € RE1<xGa_ In the following, we discuss estimation for the GTNAR
model, which includes the group parameters & and memberships G. We utilize an iterative
algorithm to update & and G. We first discuss the estimation of & when G is given, and then
we introduce the iterative algorithm for joint estimation of {£,G}. For easy understanding,
we first introduce the estimation procedure for the matrix model in (4) when ¢ = 2. Then
we present a general estimation procedure for a general q.

3.1 Estimation Procedure for Model (4) when ¢ = 2

We first introduce the estimation of model (4) with two networks for clear illustration. We
aim to minimize the following objective function

LS W ) S
ZZZ ( gt A (1) Z )\g< 2) Z T;Y;k,(t—l)
i=1 j=1 t=1 Jog=1
2
— (1) (z)Y ( ) z(tl) C((z) Xg?)Tijg)) . (8)
J

To minimize (8), we solve

0AEYG) _, 9QE9) _, &9

- % ) - O
89;2) 80;%3) Doy g2
By solving the equations above, we obtain the estimator when ¢ = 2 as 0= M~13, where
M M2 (e b
M= M7 M® ME) | b= b® |,
M(la)T M(2a)T M b2

and the specific expressions are given in Appendix B.
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3.2 Estimation Procedure for General Model with General ¢

We now discuss the estimation of the GTNAR model (3) in general. To simultaneously es-
timate the model parameters and the group memberships, we aim to minimize the following
least squares objective function:

A zlk
Z ZZ 1112...1q,t Z (l)z Ny Yipir 1kigyy.ig,(t—1)
i

i1=1  ig=1t=1 =1 i k=

— ) @ Yigig.ig(t-1) qut g(l) )
tq 1]

11

We first discuss the estimation when the gro (p membersh1ps G are given. In this case,

the minimization of (9) is equivalent to Solvmg PO 0, % = (0 for all g(l) € [Gi]
g(l) g sg q

and [ € [g]. Recall that Nyyo) = |R\) | and let

o _ l x® (RYy»)
X0, oy = (veefGreoa WO) o h 1y, ) @@ (X)) 07 o D1y )
(10)
where Xgl) = (xglt), e Xg\l[)lt) € RV>Pi and that
N
_1x, W :( Y-...-...-_a(l)-n> .
(yt 1 l )g(l)...g(q) zl; 11,0500, gt 1( s»ll/ ZS) ilERg(l)yu.7S€Rg(l)7'~.7iq€Rg(Q)

Then one can verify that

9Q(&,9) _ ( S x0T x® )0@)

(l) g(l) g(‘I) t g(l) g(Q) t g(l)
90 ) -
o7 (m) (m)
- Z {Xg(l),,,g(q)7t Yg(l)...g(Q)ﬂf - Yg(l)...g(q),(t71)ag(1)...g(q) - Z Xgu) .g(@) teg(m) (11)
tg—M m#l
(1) (2)
(R W R

} c ]Rng(U"'ng(f”, and the summation »° o is
the simplified notation for ng e g(=1) gUH) gla)- Furthermore, it holds that

where Y ). 4@ ¢ = Vec{yt

9Q(&,9)

= Y()...()_ 204().”()
darg)...q(a ;H g0 g0 (- 1) || " ). ga

T o)
—;ng..g(q),(t_l)( g gl g ZX )..gla) g<z>> (12)

Equations (11) and (12) define a system of linear equations, whose solutions have the form
E: M~ !b with M € R Gt DHL G {3 Giln+DHIL G gpnd b e R2 Gt DHTL G
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where
M@ M2 3 Lo v(le) v(e) b
M2 M2 M®@3) ... M@0 MR
M = ., b= L@ (13)
M) a2 e v M@ M) N
MIOT MEOT . M) M@ b

The specific_terms in (13) are given in Appendix C. Subsequently, given the estimated
parameters &, we update the group memberships G; from | = 1 to q iteratively. Specifically,

given € and G_; & {G\ G}, the G, is updated by
T

A( ) Zlk
giz € arg (lr)nln ZZ 11%2...9q,t Z)‘ (1) Z s z1 A_1kipgq..dg,(t—1)
9i, Ul

elal i, = =1 Y=

a 2
DT .
= 0@ Vi t-1) ~ nglz C(g”) ; (14)

k2 Z ;
l q =1 U

where 37, = YL, - SR L S -

We summarize the algorlthm in Algorithm A.2 in Appendix D, which consists of itera-
tions of two major steps. The first step updates the estimated parameters given the group
memberships, while the second step updates group memberships given the parameter esti-
mates. We note that the update step in (14) requires input of memberships of other layers
(i.e., G_;). Therefore, we adopt a sequential updating rule. During the kth iteration, for
" < 1, we substitute Gy by gl, , and for I’ > [, we substitute G, by gl[,’“*” in the previous
iteration. See (A.25) for detailed expression. Each step can be efficiently computed due to
the simple analytical forms. This algorithm can be validated to converge to a local mini-
mizer, of which the proof is given in Appendix E. We remark that whether it can converge
to a global optimizer is a challenging question due to the nonconvexity of the objective
function (9) (Murty and Kabadi, 1987; Lin et al., 2020). To increase the chance of finding
the global optimizer, a set of initialization strategies is employed, which are described in
detail in Algorithm A.3. We try multiple initial values and use the one with the minimum
loss function as the best one, which guarantees a stable numerical performance. We leave
the theoretical investigation for a global optimizer as an interesting future topic.

Remark 5. In Algorithm A.2, STEP 2 achieves dimension reduction due to the calculation
of group memberships. Note that in each layer, the update equation (A.25) only involves
subject i;, and does not depend on other inner-layer subjects. Thus, the memberships update
equation (A.25) can be computed in parallel for each inner-layer subject (i; in the lth layer),
greatly increasing the computational speed. We show our computational cost under each
sample size setting in Figure A.7. Even at the mazimum network size configuration (N1 =
300, Ny = 250), total computational costs remain no more than 20 seconds across all time
horizons. More discussion can be found in Appendiz L.4.

3.3 Selection of Group Numbers

To simplify the notations, denote G = (G1,--- ,Gy) ", and denote the corresponding true
group numbers as G,. We focus our later theoretical analysis on the case that G is finite
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for 1 <1 < q. Write E(Q), G (@) as the estimators when the group numbers are specified as
G. Then, we estimate Gy by utilizing the following information criterion:

~

QIC(G) = 1og{Q(E(G),G(G))} + A(G), (15)

where Q(-, ) is defined in (9), and A(GQ) is a penalty function. Then we estimate the group
numbers by G € arg ming QIC(G). In practice, we specify A(G) = £(3_; G;), in which & is
a tuning parameter. Our theoretical analysis shows that if 7-%/2(m + Yo logN)) < Kk <
ceapCh/ (11, Gi), the QIC can consistently select G,. Here cgap and ¢, are group structures
related values depending on the strength of model signals, which will be defined in our
theoretical analysis in Section 4. In our numerical study, we specify x = {C(logT)T"/8}~1
with C' = 40, which achieves reliable finite sample performances in all of our numerical
studies.

4. Theoretical Properties

4.1 Estimation Consistency

(1) »
i1

q
[V],1 <1 < q) as a tensor of dlmensmn Nix - x Ny x >, + 1)+ 1}. With ©
we can rewrite the loss function (9) as follows

Define ©;,...;, = 6%, 9(2> Oy (z))T e R and @ = (@, @ 4 €
q

Ny Ny T 5 def N1 Ng
€
QO) = I (Vi = X i 1®@iriy)” = D> Qg (@), (16)
=1 ig=1t=1 =1 ig=1
where
def |
e 1 nT
Xiy it = (Zwgll)ﬁykig---iq,(t—l)axglz A
k=1
T T
Z“’ ity e Xt 5 Yigig )| € REEEDTL (17
PN N ~)T ~(@)T
Denote by ® = (@z‘1~-~z‘q = (9;% o ,Bgft)]) ,ag(l)_.@(q))T) the global minimizer of Q(®)
i iq i1 i

()

with the estimated group memberships g,

il S Nl ,l € q we define a pseudo distance
1] ( [ )
as follows

)
Z N Z H9A<Z> - 9( l)”2 TN Z Z ‘aﬁfi) o T Wl (18)

=1 z1 1 ig=1 Zq
Intuitively, d((:), ©®) measures the average distance between © and O. Next, we establish

the consistency of the global optimizer © of the loss function (9) in this pseudo distance,
for which we require the following definition and assumptions.
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Definition 1. (K-CONVEX CONCENTRATION) Let x € R™ be a random vector. If for every
1-Lipschitz convex function ¢ : R — R, we have E|p(X)| < oo and for every t > 0, it

holds that P(’gp(x) - E{go(x)}‘ > t) < 2exp(—t?/K?), then X is said to have the K -convex
concentration property.

Assumption 1. (PARAMETER SPACE) The parameter satisfies that ||®||max < 00.

Assumption 2. (CONVEXITY) Let X,..;, = E(Xj,.. X' . ). We assume that Tmin def

10g,t g gt
ming, ... i, Amin(Zi;..45,) 5 a positive constant.

Assumption 3. (DISTRIBUTION OF NOISE TERM) Assume €;,...i, ¢ is i.i.d across i € [IN]]
for alll € [q] and t € [T]. In addition, €;,..; ¢ is a zem—mean sub-Gaussian variable with a
scale factor 0 < v < oo, i.e., E{exp(ue;,..i,+)} < exp(v?u?/2) for allu € R. Let &;,..; 1 be

independent of {YVs—1, Xgl), . X(Q) s < t}, where X = (x O s € [N))T

7]

Assumption 4. (DISTRIBUTION OF COVARIATES) Recall that Xifz € RP s the covariate

vector of the ijth subject in the lth layer at time t. Assume E(xz(llg) = 0 for all i; € [IV]
and t € [T]. Let m; € RPU be a constant vector satisfying ||m;|| < ¢ for | € [q], where ¢ is
a positive constant. Define xgl)n = (ngz—rm cip € [N])T € RV Assume x(O = (xil)n—r
0<t<T)" ¢ RNUTHY) satisfies the K -convex concentration property for some constant K
according to Definition 1.

Assumption 5. (STABILITY) Denote Yy & vec(Qy) = 0, and assume that

max ‘Z)\(Z)—I—a(l) ‘Slﬂ?max<1,
gWE[G1,0], 9 DE[G 0]

where G g is the true number of groups in the lth dimension, and kmax 5 a positive constant.

Assumption 6. (GROUP DIFFERENCE) Assume min NO (z){HH o0 —B(l@ H2+maxg W0 ]
|0 gi”g—(U gg”g—ﬂ)' } > cgap holds for alll € [q], where cgap > T (Zl logN;)? as T — oc.

Here {g=W € [G°,]} denotes {gV) € [G10],--- , 9"V € [Gi_10], 9"V € [Gry0],-+, 9D €
[Gqol}-

Assumption 7. (GROUP PROPORTION) Let {gg)o 214 € [Ny]} be mon-random true mem-
bership sequences. Let 7r = > I(g”l)0 = gW)/N; for g € [Gio]. Assume that

minle[q],g(l)E[Gl ol ﬂ;()l) N 2 Cr > 0 for sufficiently large N;, where c; is a positive constant.

Assumption 1 requires the parameter space to be bounded. Assumption 2 ensures the
convexity of the element-wise objective function, i.e., Qj;...i; (©;;...4,), as a function of @;,..;,
for sufficiently large T'. This condition guarantees the unique solution of the local objective
function for each node. and is crucial for establishing the consistency result for the metric
(18). These conditions are also commonly used in the literature, see, Self and Liang (1987),
Fan and Li (2001), Zou (2006), etc., for example.
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Assumptions 3-4 concern about the distributions of the error term and covariates, re-
spectively. Specifically, Assumption 3 requires the error term ¢;,..;,¢ to be i.i.d. sub-
Gaussian variables, which is widely used in high-dimensional time series literature (Wang
et al., 2013; Lugosi and Mendelson, 2019; Fan et al., 2021). We also provide a weighted least

squares estimation procedure with group-specific variances, i.e., Var(z—:il...imt) = 0,00 @0,
i1 iq

in Section 5.2. Subsequently, Assumption 4 allows the covariates {xz(llz} to be correlated but
satisfying the K-convex concentration property according to Definition 1. This assumption
is employed to establish Hanson-Wright type inequality for dependent variables (Adamczak,
2015). Although this is a high-level condition, there are a variety of random variables sat-
isfying Definition 1, as discussed in the following Remark 6. We further comment that the
Assumptions 3-4 together imply that v def (vi{:0<t<T )T satisfies the K -convex concen-
tration property for some constant K. Here v, = (xgl)nT, e ,xgq)nT,EtT)T e RN+ N
where E; = vec(&:).

Remark 6. As discussed by Adamczak (2015), there are a variety of random vectors x sat-
isfying the K-convex concentration property in Definition 1. For example, (i) Any random
vector x with its elements x;s independent for all i, and |z;| < 1 a.s., satisfies Definition
1 (Talagrand, 1988); (ii) Any random vector x with its elements in a bounded interval and
geometrically strongly mizing satisfies Definition 1 (Samson, 2000). We refer to Adamczak
(2015) for more detailed discussions.

Next, Assumption 5 ensures the stability of the tensor-valued time series data as T
goes to infinity, as defined in Liitkepohl (2005). Assumptions 6 and 7 are imposed on cer-
tain group properties. Assumption 6 assumes there is a gap between the true parameters
of two different groups within any network. The condition is an extension of the same
type of conditions assumed by the group panel data models with groups assigned on one
dimension (Su et al., 2016; Ando and Bai, 2016; Zhang et al., 2019; Liu et al., 2020). In As-
sumption 6, special care is paid to the self-momentum parameter o )... s, indexed by the
tensor dimension-wise group memberships, to ensure the parameter identifiability. Specif-
ically, we require a min-max type condition for O‘2<1>...g(q) in Assumption 6. Furthermore,
instead of assuming cgap > ¢ > 0 by a positive constant c in existing literature (Bonhomme
and Manresa, 2015; Su et al., 2016; Zhang et al., 2019; Liu et al., 2020), we allow cgap — 0
to study how this signal strength affects the theoretical properties. Lastly, Assumption 7
assumes a lower bound of group proportions. In the following, we establish the consistency
of the pseudo distance.

Theorem 2. Suppose G; > Gy for alll € [q], where Gy is the true number of groups. In
addition, assume Assumptions 1-5 hold. We have that d(©,0°) = 0,{(3,logN;)*T '},

where @° = (@?1,,% = (0(1(2)00T, e ,0(2?(?,040(1)0 o) ) is the true parameter for ©.
g 9; 9, 9

1 tq 1 q

Theorem 2 implies that as long as we have T > (3, logN;)?, © is a consistent estimator
for ®° in the metric when Gy is possibly over-specified, i.e., G; > G- This allows N; to grow
exponentially fast with v/7", which is a mild condition compared to existing literatures (Su
et al., 2016). As a result, it allows for moderately large N; with respect to v/T. Subsequently,
we show in Theorem 3 that the QIC can consistently select the true group numbers.
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Theorem 3. Under Assumptions 1-7, and assume k= N(G)/(>_; G1) satisfies

'O 10Ny < K < egap/ ([ [ G- (19)
l l

Then we have P(@l = G0, - ,(A?q = Gg0) — 1 as min{Ny,--- , Ny, T} — oo and
(37, logN;)? — 0.

Theorem 3 implies that if we set x to satisfy (19), then we can consistently estimate the
true group numbers. Denote G_; = (G : k #1)T € RI7L, we need x> T3, logN;)? to
ensure that QIC(G) > QIC(G,) for the over-fitting case, i.e., G > G and G_; > G_;
for any | € [¢]. Here G_; > G_;p means G}, > Gy for any k # [. Conversely, we need
k < cgap/(I1; G1) to guarantee that QIC(G) > QIC(G,) for the under-fitting case, i.e., there
exists an [ with G; < Gj9. When both conditions are met, we can obtain CAJZ = Gy for
all [ € [¢] with a probability approaching 1. In the next subsection, we further discuss the
results of node-wise parameter estimation and the strong group membership consistency.

4.2 Membership Estimation Consistency and Asymptotic Normality

As we stated before, the metric in (18) measures the average estimation error between © and
©". Therefore, the result in Theorem 2 is not sufficient to imply the parameter consistency
for each node. To this end, we derive the following node-wise parameter consistency result,
which will be crucial to building the strong membership estimation consistency later.

Proposition 4. Under Assumptions 1-5, when G; > G for all l € [q], we have

~(1)
P Heggl) o(lmoH ZZ ‘0‘41) 39 O‘S(l)o...g(q)o‘Z

N m#Al im=1 ‘1 ‘a

_ op{T—l(ZlogNl)2}. (20)
l

Recall that G; = ( . q <4 < N))T, and let glO denote the corresponding true mem-
berships. Equation (20) establishes uniform node-wise parameter estimation consistency,
which is crucial for achieving the following strong consistency of membership estimation for

G, when G, > G o for all I € [g]. Denote the node set R(~<l) ={i;:g; =gW} for gV € [@y]
and R((U = {i; : Z)O = gV} for g € [G)0], where ggl) is obtalned by (14) when € is
spemﬁed

Theorem 5. (Strong Consistency of Membership Estimation) Under Assumptions 1-1, and
suppose G > G for all l € [q]. Then for each estimated group g¥ € [Gy], there exists a

true group g € [Gyo], such that 7%.(;2” - R;l()l? with probability tending to 1.

As implied by Theorem 5, the true groups are split into subgroups instead of join-
ing into new groups when G; > Gjo for all | € [g], as shown in Figure A.6. Define
G = (/g\z(ll) 4 € [N)])T € RM as the estimated membership vectors for all I € [g]. Par-
ticularly, when G| = G, we can show that QAZ = Qlo holds with probability tending to

19



REN, Zuu, XU AND MA

1 under certain label permutations. We would like to remark that establishing the group
consistency result is non-trivial due to several challenges under our framework. As shown
in the GTNAR model (3), group memberships from different dimensions are involved and
tangled in an additive form. In addition, the network dependence structure creates ex-
tra difficulty in establishing the node-wise membership consistency result. To establish the
membership consistency, for instance, in Zhu et al. (2023), a refinement procedure is further
required for obtaining this property. In Su et al. (2023), a two step estimation procedure is
used to achieve group membership estimation consistency when the true group number is
known. Specifically, their two-step procedure establishes node-wise parameter convergence
and consistent group membership identification sequentially, whereas we allow simultaneous
estimation of group membership and corresponding group-wise parameters within a unified
framework. In contrast to their work, a further investigation of our additive model form
enables us to address these challenges and establish the group membership consistency re-
sult for stochastically estlmated él directly, which is critically important for later statistical
inference. Furthermore, let E " be the oracle estimator when the true group memberships
Ql s are known for all [ € [g]. Then the oracle property holds that E E with probability
tending to 1, where .’5 is the estimator for £ = (0(1)0T, e ,H(Q)OT,vec(aO) )T, The results
are presented in the following Corollary.

Corollary 6. Under Assumptions 1-7, and assume G; = Gy for all | € [q]. Then under
label permutations, we have

G\l:g?;"'aéq:gg)%la (21)

lim (
min{Ny,--- ,Ng,T}—00

li P (A - “)r) 1 29
min{Nl,ml,I%q,T}—)oo £ 5 ( )

The results in Corollary 6 imply that E is asymptotically equivalent to E Therefore
to derive the asymptotic distribution of 5 , it is sufficient to investigate the case for 5 We
establish the asymptotic normality result in the following theorem.

Theorem 7. Assume Assumptions 1-7, G; = G and that there ewists n, such that cin <
min; N; < max; N; < con for some constants ci,co > 0. Define MnT =n qT_lE(M) and
assume MY = lim pinn, 7} 00 MnT exists, where M is given in (13). Assume Amin(M°) >
7> 0 for a positive constant 7. Let k =Y, {G)(p+1)} + [, Gi. Then for any n € R* with
IInl| = 1 we have

w1272 T (€~ €%) =g N (0,0%n " (M®)"'n). (23)

Theorem 7 establishes the asymptotic normality of the estimator. Specifically, the con-
vergence rates of 0 s vVndT for all | € [¢q]. Using (23), we can conduct the statistical

inference.

5. Model Extensions

The GTNAR model can be flexibly extended to accommodate an interactive model setting
and group-specific error variances. In this section, we present the corresponding estimation
and establish its statistical guarantees.
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5.1 Mixed GTNAR Model

GTNAR model can be extended to incorporating the interactive network effects as
Vi= 1 x, WOy <2 10

q
+ Z(yt—l g W) 5 LO + A0 Y + Zﬁﬁ?ht o In, + &, (24)
=1

which we refer to as the Mixed GTNAR model. The first term represents the interactive
network effects with TV = diag(’y;lg) D € [Nl]) = diag(y"). Specifically, the interactive

network coefficients are involved in (24) in a multiplicative form across different layers. Take
the case of ¢ = 2 as an example, model (24) can be expressed as

Y, = (tOwW)y,_;(WwAr®) + @OWOyy, | + Y, (WOL®)
+AO Y1+ 8% 1k, + 1588 + Er. (25)

Note that the multiplication form in rOwWOyY, ;WAr® causes the parameter identifi-
cation issue. Following the convention (Chen et al., 2021), we set [T}z = 1 to guarantee
the interactive network effects ") and I'® to be identifiable with sign flips. To estimate
model (25), we apply an iterative least squares method, and the detailed estimation algo-
rithms are given in Appendix G.1. In the following, we present the theoretical properties
for the estimator of model (24). Note that one can re-write the first interactive term in
(25) as (YMyAT) @ (WBY,_;W®), hence y(V~y@T plays a similar role as A. As a
result, we can borrow the proof idea for dealing with the autoregressive matrix A in our
original model (4) with ¢ = 2 to establish the consistency result for the Mixed GTNAR
model. We first introduce some necessary conditions. For notational simplicity, denote
@, = (933?,0(2?,@ 0,57, <2)) € RPH+P2+4 and denote © = (O, : i € [Ny],j €
Nol) € RNt Lo @ = (0 = (B0 0%, 2 1%001%e0) ) be the

7 J K J J

i

true parameter for @. Define the pseudo distance as

1) 2)
d(6,0) Zuom 9(<1)H2+*ZH9A<2) —0<<2)H2
1 N1 N>
2 1
+ ZZ {’O‘A(l)A@) — (1) (2>‘ + |’YA(1)')’ (2)> 7((1)7 (2)’ } (26)
N1N2 =1 j=2

In the above distance, we note that the interactive effect ’y( 1))7(<2) plays a similar role as

a§<1)§<2) in d(@, ®). Hence, we can borrow the proof idea of Theorem 5 to establish the
i 95

estimation consistency result with d(@, ®) for model (25). The required assumptions are
given in Appendix G.2. We state the formal theoretical results in the following.
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Theorem 8. Under Assumptions 2-4 and A.11-A.15, the following conclusions hold.
(1) Suppose G| > G for 1l =1,2, then d((-) ©°) = 0,{T!(log(N1N2))?}.
(ii) Assume k1 = A(G)/(G1 + Gg) satisfies

T log(NiN2))? < k1 < Coap/ (G1G2). (27)

Then P(Gy = G1,0,Ga = Gag) = 1 as {N1, No, T} — oo and T~*(log(N1N3))? — 0.

(iit) Further suppose Assumption 7 and A.14 hold, and Gy > Go for | = 1,2. Then for
any estimated group gV € [Gy] and §\?) € [Ga], there exists true groups gV € [Gy] and
g®) € [Gap], such that

50 ¢ R 50 ¢ R@0
P{RY, e RN} 1. P{RD), e RO} -1,

where ﬁg()l) ={i: §Z(ll) =gV} forl=1,2.

In Theorem 8 (i), we first establish the estimation consistency based on the pseudo
distance d(@, ©®) when the group numbers are possibly over-specified. It shows that when
the interactive model is correctly specified or over-specified, the parameter © is a consis-
tent estimator for @Y as long as T > (log(N1Nz2))?. Next in (ii), we show that the QIC
selection method in (A.30) leads to consistent group number estimators. When the tuning
parameter x; satisfies the condition (27), we can consistently estimate the group numbers.
The lower bound and upper bound for x; are applied for the results in over- and under-
specified situations, respectively. Subsequently, we establish the strong group membership
estimation consistency in (iii). The proof of Theorem 8 is given in Appendix G.4. Since

1) (2

the interactive parameter ~y (1)7 (2) plays a similar role as « oV (2) in model (25), the proofs

exhibit analogous roadmap to the proofs of Theorem 2-5 in Sectlon 4. However, the new
interactive term in Xj;; defined in (A.31) requires additional technical Lemmas 13-16 and
Lemma 18, which are all crucial to the proof of the theorem.

To demonstrate the finite sample performance, we conduct several simulation experi-
ments, which can be found in Appendix G.3.

5.2 Weighted Least Squares Estimation with Group-specific Error Variances

Next, we design a weighted least squares estimator for the case where the error terms have
group-specific variances when ¢ = 2. Several simulation studies are presented in Appendix
B.4.5.

5.2.1 ESTIMATION PROCEDURE

In the case where the error term has group-specific variance, the GTNAR model can be
modified as

1], (1) Zwllk‘Yk‘j t—1) + )‘ (2) Z ik,(t—1)W2kj + (1) (2) ‘j,(t—l)

2

+ (1)TC((Z) + (Q)TC(&) + 51] tsy (28)
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(1)o (2)0

where ¢;;; satisfies that E(e;;;) = 0 and var(e;;;) = 02(1)0 (20> and g;~"" are g;" are true
9;  9;

memberships. Under this situation, a weighted least squares (WLS) estimation procedure
can be introduced (Carroll and Cline, 1988; Shao, 1989). Specifically, similar to the calcu-
lation for (A.7), a weighted version for the corresponding terms can be written as

MO M2 MO b
M= | MI@T M M) |, b=| p® |. (29)
M(la)'l' M(QQ)T Ma Ba

Take the first term M) as an example, we set
MO = diag{M{{}, : ¢V € [G1]} € RO PGPt (30)

i)
M) = Z 7 g2 Xyt Kgg(2) 1 (31)

with additional weights 0’;%9(2). Other terms in (29) can be calculated similarly. Then, the
WLS estimator is obtained as 8 = M~'b. ~
However, there are still unknown parameters (e.g., 02(1) (2y) in 8. Therefore, to obtain
9Mg

a feasible WLS estimator, we first estimate 03(1)9(2) as follows

~2 2
o 32
g(l)g(Q) N1 (1)N2 (2)T 2) Z() ; it ’L]t ) ( )
IER oD JER Ne)
and (:)z-j is the estimator obtained by Algorithm A.2. This allows us to obtain the WLS
estimator as

~w

6" =M, (33)

where M and § are obtained by substituting the estimators 8;0)9(2) and © in M and b of

(29). In the next subsection, we establish the theoretical properties for 0"

5.2.2 THEORETICAL PROPERTIES

We first show that when the group-specific error variances exist, the membership estimation
consistency in Theorem 5 still holds. Technically, we need the Assumption A.10 in Appendix
B.4.1 instead of the Assumption 3 in Section 4. We state the formal theoretical results in
Theorem 9.

Theorem 9. Assume the group-specific error variances exist and the model is formed as
(28). Suppose that Assumptions 1, 2, 4-7, A.10 hold. When G1 = G1,G2 = Gap, we
have,

(i) under label permutation,

lim p(é(l) — g0 G — g(2)0) 1, (34)

min(N1,N2,T)—00
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li Pl6=0") = 1. 35
min(Nlj\I/IQl,T)%oo ( >4) ( )

Further assume that there exists n, such that cin < min; N; < max; N; < con and suppose
that VT > log(G1Gan?),
(i) it holds that

1 1

sup ’A = op(1).

T2
gM,gM T mg@ Ty g

(iii) Assume Apmin(M°) > 7 > 0 for a positive constant 7. Let s = G1(p1 + 1) + Ga(pa +
1) + G1Ga, then for any n € R® with ||n|| = 1, we have

(nVT)'nT (8" —6°) —4 N (0.7 (M%) "lp), (36)

where MO = limnyT%oo(nzT)*lE(M), and M is defined in (29).

The proof of Theorem 9 is provided in Appendix B.4.2-B.4.4. Conclusion (i) shows
that in spite of the group-specific error variance, the group membership maintains strong
consistency under nearly the same conditions. By conclusion (i), we have G = g0 and
G? = g0 with probability tending to 1, hence we next treat the group memberships as

;& and ng) in the technical proof. Note that we substitute ag_g)g@)

in (31) to be its estimator 8;(?)9(2). Hence, before we show the theoretical convergence

known, denoted as R

. ~w . . . AN . .. . . o .
properties of @ , we present the estimation consistency for Ugg)g@) in (ii), which is a critical

result for later analysis. Conclusion (ii) shows that when /T > log(G1G2n?), the sample
weight ﬁg_g)g@) is a consistent estimator of ag_<ig(2). Next, we establish the asymptotic

normality for the WLS estimator 6" = M~'§ in (iii). In practice, one can calculate

the estimator for M° as M,,; = (n2T)~'M, where M is obtained by plugging in the error
variance estimator ), calculated by (32) in M defined in (29). In addition, we evaluate

the finite sample performance of the WLS estimator 6" in Appendix B.4.5.

6. Simulation Study
6.1 Model Settings

To evaluate the finite sample performance of the GTNAR method, we conduct several

simulation studies in this section for ¢ = 2 (i.e., two networks). Three different scenarios
@

for G are considered. In each scenario, the node memberships g;,’s are sampled from

the multinomial distribution with probability w; = {ﬂ';l()l) = GZO1 cgW =1,... ,Giot, L e
[g]. The dimension of exogenous covariates is set as p; = 3, and the corresponding true
parameters are shown in Table 1. For all scenarios, the covariates xgllz,l € [q] are generated
from multivariate normal distribution N(0,1I,,). Subsequently, we generate the noise term
€irig,t from N(0,1) independently. For each scenario, the following two network structures
are considered.
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Table 1: True parameters for different scenarios.

Scenario 1 Scenario 2 Scenario 3
Gio Goo=2 Gip=3 Gzot:2 Gio=3 G-ont:ii
A A A e X e
(0.15, 0.2) (0.25, 0.4) (0.15, 0.2, 0.3) (0.25, 0.3) (0.15, 0.2, 0.3) (0.25, 0.3, 0.4)
< o7 G 50 < 57

0.2 025 -03 0.25 -03 0.35

5 5 35 5 _ 5
(&25 gi‘; 700'33,> (%2; 700'23, 8§§) 015 035 —035 (06220 7[?'235 8§;> 015 035 —0.35 0.2 —025 0.32
0Ty e : - 024 03 —032 : - 0.24 030 —0.32 01 02 02

Q1) g(2) Q1) (2) Qg1 g(2)
. —02 03 —0.2° 03 04
(:00‘128 00;) ~0.18 0.35 —0.18 0.35 04
: 2 —0.15 0.28 —0.15 0.28 0.2

Example 1. (Stochastic Block Model, SBM) The first type of network is the stochastic

block model, in which nodes in the same block (group) are assigned with a higher probability
to be connected. In the [th network, based on the group memberships gi(ll)
the setting of Nowicki and Snijders (2001), we set P(al(j-) = 1) = 20/N; when the ith and

the jth node are in the same group, and otherwise we set P(ag-) =1)=2/N;.

s and following

Example 2. (Power-Law Distribution Network) The second type of network is gener-
ated from a power-law distribution following Clauset et al. (2009). For the ¢th node in the
Ith network, its in-degree df;l) = Z;V: 1 agli) is assumed to be power-law distributed. Specifi-
cally, we first generate cAZy) with a probability P(cigl) =k) x k=27 and set dl@ = 4@”. Then,
dgl) followers of the ith node are randomly selected to construct the adjacency matrix. As
a result, the adjacency matrix is not symmetric, which implies a directed network.

6.2 Performance Measure and Simulation Results

We first introduce the model performance measure and then present the simulation results.
We set the network sizes (N1, N2) € {(100,80), (200, 150), (300,250)}. The time length is
set to be T" € {20,40}. For each scenario, we repeat the experiments for R = 500 times.
The networks are fixed throughout all replicates under one setting. In the initialization, we
use 3 trials for each clustering type, as described in Algorithm A 3 of Appendix F. Denote

the estimated parameters in the rth replicate as /\( zgr], A%T], Cg(1 ,Cg@)r], Q T]U (2 and the

estimated group number as G[l] and G[;].

6.2.1 ESTIMATION WHEN G = G19 AND G2 = Gay

We first evaluate the estimation accuracy when the group numbers are correctly speci-
fied. Take A = ()\gl)’ e a)\(Gll))T for example. Denote X(l)[r]
(Agl)o, e ,A(GII)O)T in the rth replicate. To evaluate the estimation accuracy, we calculate
the root mean squared error (RMSE) as RMSE, 1) = {R™* Zil(ux(l)[r} —AWoy2yy1/2,

Next, to gauge the performance of the statistical inference, we construct the 95% confi-
dence interval for each parameter. For example, denote the estimated standard error of

as the estimator of A0

A;}% as S/J\Ef:gn for the rth replicate, then the 95% confidence interval for Xéggr] is con-
s
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structed as CIE\T(ll()U = (X&erl 1.96 x gl\ﬂg\(]n),)\&zlﬂ + 1.96 x SEE\(]1()1)) Here SE[ l(l) s
obtained by Thgorem 7, plugging in the variance estimator &2, Whl(glh can be obtained by
the procedure in Appendix B.2. Subsequently, the coverage probability (CP) is formed as
CP/\<1 ) = =RI'SE 1A ((2> e ClIl (l1(>1>) We calculate the CPs for other parameters similarly.
For Comparison, we also calculate the RMSE and CP values for the oracle estimators un-

~ ~(@2)or 2(Dor ~(2or .
der the true group memberships (denoted as A;g?r, (Q?Y, ¢ ((l?r, ¢ ((2?r, Q fl) (2) accordingly).

Lastly, to evaluate the group memberships estimat10n we calculate the mis-clustering rates
for two network groups as i, = (N;R) ™! Zle >l (A(l # gll ) for I = 1,2, where Z]\(l) is the

2
estimated group membership of the 4;th node. Here the mis-clustering rates are calculated

after proper group permutations.

The simulation results of G19 = G2 = 3 are shown in Table 2. The first finding
across all combinations is that once the group numbers are specified as the true values in
advance, our iterative method can estimate the true group memberships with high accuracy,
especially when the sample size is large. As Ny, No or T increase, the mis-clustering rates
for both network groups approach zero. Furthermore, we note that the RMSEs decrease
either when the network sizes N7 and Ny increase or the time length T increases, and they
approach the oracle RMSEs when the sample sizes are large. Next, we inspect the statistical
inference results. We observe that in Table 2, the CPs are slightly smaller when the sample
sizes are not very large, but they grow up to around 0.95 as Nj, Ny and T increase. This
guarantees that even under the scenario with a large number of parameters to be estimated,
GTNAR can still perform well in terms of both estimation and inference for sufficiently large
sample sizes. The patterns are similar in the other two scenarios.

6.2.2 ESTIMATION WHEN G; > Gj FOR [ = 1,2

We next consider the case of estimation without specifying the true group numbers in
advance. Specifically, we estimate the group numbers by QIC in Section 3.3, where the
tuning parameter is set to be x = 1/{40log(T)T"'/®}. Let the true group numbers be
G10 = G2, = 3, and the corresponding true parameters are shown in Table 1. To evaluate
the estimation accuracy, we calculate the RMSE for each parameter as explained below.
Take A for example, define RMSE ) . = {(RNy)" 'S8 12“ e Aﬂlr] - )\ ) 112

Z1 Z1

as the RMSE for all nodes. RMSE for other parameters is calculated similarly. For
the group memberships, the mis—clustering rates are calculated following the idea of Zhu

et al. (2023). Recall that we have R (,) = {i : gll = g1}, where §Z(ll) is denoted
as the estimated group membership for the 4;th in the [th network. Note that Gj is
not necessarily equal to G;o. In this case, we define the mappings from the estimated
group memberships to the true group memberships x; : {1,- Gl} — {1 -~ ,Glo} as
Xl(g(l)) = argmax ey . ¢, 0} zg’zl I(z’l € ﬁ;l()l),gl(ll) g(l)/) for g ) e {1,--- ,G;}. Thus,
the mapping Xl(g(l)) maps group ¢ to the true membership ¢ where the majority of
nodes in ﬁ;?l) belong to. Then, for the row group memberships, the mis-clustering rate in

the rth replicate is defined as g T Zg(” _ Z” 1 (z € Ré()zl ,g”l)o # X1 (g(l))), where
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ﬁ;l()lgr} is the estimated node set belonging to the group ¢g¥) in the rth replicate. Then,
the overall group memberships error rate is calculated as a =R'Y, £IT}. The results are

shown in Table 3.

We discuss the results shown in Table 3 from two aspects. On one hand, when the group
number is under-specified (G1 = 2, G2 = 2), the node-wise RMSEs are large and usually do
not decrease when the Ni, Ny and T grow. Besides, the error rates £; and &; are around 0.3,
indicating a low accuracy in estimating node memberships. These results are expected since
a non-ignorable estimation bias exists in an under-fitted model. On the other hand, when
the group numbers Gjs are correctly (G; = 3, Gy = 3) or over-specified (G; = 4,Gy = 4),
the RMSE values are generally much lower. This is consistent with our theoretical analysis
in Theorem 2.

7. Real Data Applications

7.1 Data Description

The Yelp dataset spans from 2010 to 2018 and covers five North American cities: Charlotte,
Las Vegas, Phoenix, Scottsdale, and Toronto. The observation period is divided into 7" = 36
quarters. To ensure data quality, we filter the dataset to retain active users who have
provided more than 5 reviews over this time span. We further divide each city into districts,
as illustrated in Figure 3(a). Our response variable, denoted as Yj; ;, represents the log(1+x)
transformed number of reviews by user ¢ on district j during the tth quarter. Here Y;;
is treated as a continuous variable in our real data analysis. To visualize temporal trends
in review activity, we calculate the quarterly average responses for each city and depict
them in Figure 3(b). Different patterns emerge from this analysis. For instance, Las Vegas
stands out as the city with the most reviews, reflecting its bustling business environment.
Charlotte, Phoenix, and Scottsdale exhibit relatively similar and stable review trends. In
contrast, Toronto shows a noticeable increase in review volume after 2015, likely due to
Yelp’s expansion in the Toronto area during that period.

Next, we construct the adjacency matrices for users (A1) and districts (A(?)) as follows.

The user network is built based on the friend list information. Specifically, if user j is on
the friend list of user 7 on Yelp, then we set agjl-) = 1. Otherwise we set aijl.) = 0. The
spatial network is built based on the geographical adjacent relationship. Specifically, we set
az(.?) = 1 if the district j is adjacent to district i.

Lastly, to characterize the dynamic patterns of the responses, we collect a number of
covariates for users and districts, respectively. For user i in quarter ¢, we consider the
following five covariates: (1) the number of months after joining Yelp by the start of the

quarter ¢ (xgtl)dur), (2) whether the user is VIP by the start of the quarter ¢ (xgtl’)vip), (3)
average tags (i.e., “useful”, “funny” and “cool”) the user i obtains for his/her reviews during

(1) (1) (1)

it use> Tit fun’ Z.t’cool). Next, for the jth district in quarter ¢, we consider

two covariates: (1) the average “stars” (:nﬁ’)star), and (2) the average review number (xg.f?num)

obtained by the jth district during the (t—1)th quarter. These two covariates are indicative
of the average popularity levels in the preceding time period. We standardize all continuous
covariates to the range [0, 1] for subsequent analysis. In Figure A.11 in Appendix M.1, we

the last quarter (z
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Figure 3: (a) Geographical maps with split districts in each city. The city from the top left panel
to the bottom right panel shows the map of Las Vegas, Toronto, Charlotte, Scottsdale,
and Phoenix, respectively. (b) Average number of reviews from 2010-Q1 to 2018-Q4 in
five cities.

visualize the relationship between these user-related covariates and the response variable.
The plot reveals that users who receive more tags for their reviews tend to be motivated to
contribute more reviews. Notably, VIP users in Scottsdale and Toronto tend to write more
reviews, whereas VIP users in Charlotte exhibit comparatively less activity. Subsequently,
we apply the GTNAR model to each of the five cities, enabling us to analyze and understand
the distinctive group patterns within each urban area.

7.2 Estimation Results

There has been a lot of research finding that the activeness of users on the platform can
lead to higher profit (Forman et al., 2008; Pansari and Kumar, 2017), hence finding out
the key factors that positively affect the review volumes can help business owners make
personalized recommendations to users and develop a commercial strategy. We employ
QIC for the selection of group numbers, and show the results of Charlotte, Las Vegas, and
Phoenix in Table 4. The results of Scottsdale and Toronto are provided in Table A.16 in
Appendix M.1. The numbers of user groups and district groups vary across the five cities,
indicating different levels of heterogeneity among them. For instance, consider the results
for Phoenix, where there are estimated 3 user groups and 2 district groups.

Notably, the spatial (column) network effects are consistently positive, suggesting a fa-
vorable effect from neighboring districts. Such an observation is consistent with the findings
in the literature (e.g. Sun and Paule, 2017). Furthermore, we can also observe that within
the two group-wise spatial effects, Xg) = 0.270 is larger than that of Group 1 (;gm = 0.05),
signifying a stronger neighbor effect. In other words, if the second group of districts’ neigh-
bors obtain more reviews in the last period, then it is likely that these districts would receive
more reviews in this period. We further visualize the districts by estimated groups on the
left panel of Figure 4, where the gray districts are from Group 2, and the white districts
are from Group 1. Subsequently, we mark the shops on the map, which are shown by red
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points in the right panel of Figure 4. By scrutinizing the locations, we find that the shops in
Group 2 are mainly located in the central business districts. The average number of shops
per district in Group 2 is 25.16, whereas that in Group 1 is 6.57, showing a higher density
of shops in the gray areas (Group 2). Our estimation results reveal that shops in Group 2
exhibit larger spillover effects on their neighbors. This finding is consistent with the exist-
ing research, which also reveals a stronger spillover effect for geometrically clustered units
(Arzaghi and Henderson, 2008; Rossi-Hansberg et al., 2010; Vitorino, 2012). Performing a

33.7

33.6 33.6
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&
[4;]

33.4 33.4

33.3 33.3

1122 1121 -1120 1122 -1121 -1120
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Figure 4: The left panel shows the two groups of districts in Phoenix (Group 2 is marked as gray).
The right panel marks all shops as red points.

similar investigation on the user dimension, one can find that the social network effect in
Group 1 appears to be significantly negative (Xil) = —0.02), whereas corresponding coef-
ficients in the other two groups are positive. This implies that user activities in Group 1
are influenced oppositely by their friends’ behaviors, whereas in the other groups, users are
still positively influenced by their friends. By scrutinizing deeper into users in Group 1, we
found that their average duration after joining Yelp is longer than in Groups 2 and 3. This
finding aligns with existing works showing that the social effects would decrease as the users’
membership duration prolongs (Nitzan and Libai, 2011; Aral and Walker, 2011). Further,
the social network effect is the largest in Group 3, i.e., Xgl) = 0.024. The network in-degree
and out-degree of users in this group are higher than in Groups 1 and 2, which is visualized
in the left panel of Figure 5. The phenomenon of larger network degrees associated with
larger social network effects has been extensively validated in literature (Hill et al., 2006;
Hinz et al., 2011; Susarla et al., 2012). Therefore, the business owners can implement a

precision marketing strategy targeting users in Group 3, who have stronger network effects.
Besides, the estimated & values are all positive, indicating a positive self-motivated

effect overall, whose values are visualized in the right panel of Figure 5. Specifically, the
momentum effect on the review number is the largest for the Group 1 users’ evaluation on
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Figure 5: Left panel: average in-degree and out-degree of users in the three estimated groups
in Phoenix. Right panel: heatmap of estimated momentum effect a in Phoenix.

the Group 2 districts, i.e., @12 = 0.193. This implies that users in Group 1 have higher
self-driven persistency in the historical reviews than the other groups, while they exhibit
smaller social network effects.

8. Concluding Remarks

In this work, we introduce a novel Group Tensor Network Autoregression (GTNAR) model
designed for time series data indexed by multi-relational networks. By leveraging network
structures on each dimension, GTNAR establishes a unique framework for analyzing tensor-
valued time series data. This model presents a valuable tool for analyzing data collected in
complex network environments, shedding light on various network effects. From a modeling
perspective, several intriguing future topics emerge. It would be interesting to consider the
high-dimensional covariates in this framework. Furthermore, it is worth exploring models
that consider multiple network effects in a multiplicative form, as investigated by Chen
et al. (2021). Besides, introducing a hidden factor structure into the GTNAR model can
potentially offer more insights into high-dimensional data, capturing more underlying in-
formation within the tensor-valued time series, and thus represents an interesting future
research topic. Lastly, it is also important to further investigate how to model categori-
cal responses in our modeling framework. From the theoretical perspective, although the
convergence rate established in Theorem 2 is typical in existing research, how to obtain a
minimax rate needs further investigation.
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In this part, the required notations are provided in Appendix A. More estimation details
for ¢ = 2 and general ¢ are provided in Appendix B-D. An numerical convergence analysis
for the algorithm is shown in Appendix E. The initialization procedure and of our main
algorithm is provided in Appendix F. We provide additional discussion about the interactive
model in Appendix G, followed by discussion on future extensions in Appendix H. We
provide the technical details and proofs for the main text in Section I, and several useful
lemmas are given in Section J-K. Besides, we provide a number of additional simulation
studies in Appendix L. Lastly, some additional real data analysis are given in Appendix M
and Appendix N.

Appendix A. Notations

Define Q*(®) = E{Q(®)} and Q7 . Zq( i1ig) = E{Qiyiy(®iy.i,)}, where Q(O) and
Qiy iy (©j...i,) are as defined in (16) in the main text. Denote G_1 ={Gm : m # [} and
iy = (im:m#1)T € RT'. Further, denote §~() = {( , 1 g™ € [Gp]) € REmmtD)

m#LL<m<q} € = (8] vee(er )T, sgfi” = ( ;2252) cvee(oeyom )T im £ )T,
Zl Zl 27

and g; (ll) = (gg;n) :m # [). Using these notations, we define

Qzl(g((l)vs_f(l(g)y Z Z Z{ 11ig,t Z)‘Z) Z zlk Yi,. A—1kipp1-ig,(t—1)

m#l im=1 t=1 Jiy k=1
2
— oy, <q)Yz1 g, (t—=1) — me g<z>} (A1)
- i
and Qfl(ﬁ m,&g (l), 1) = E{Qi, (& (l),Sg (l), G_1)}. By the definition, it readily follows

that Q(E,g) = Zzl 1 Qi (5((1),5 ~1y»G-1), where the Q(&,G) is the objective function de-

fined in (9). For the tensor o € REV*Ga we use a m € RG1X+Gro1xGri1x+xGq 1o
i

denote its subset by specifying the [th dimension being equal to gg).

RN1><-~~><Nq><m

Similarly, for the

parameter tensor @ € , when specifying the [th dimension as 7;, we obtain the
subset tensor @.;,. € RN XNiixNig1x-xNgxm Ve define the pseudo distance

2

diz(é'iz'7®'iz ) = N Z Z H(")zl g zl ~iq

m;él m#l im=1

=> Zueum)—o%)uuuom— mu?

m;él im 9y
TN Z Z \OéAu) 4@ . <q>| (A2)
m;ﬁl ™ mAlim=1
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For the parameter ©;,..; , define the element-wise pseudo distance as

iy wvig (Oiy iy Oiy i) ZHGA(Z) (z>H2+|04 ()50~ Oy (q>\2- (A.3)
q

q

Let Y; = vec();) € RILN and E; = vec(&;) € RILN, Then (3) can be rewritten as
Yt = B()Yt_l +c: + Et, where

Bo=) Iy @ @Iy, ® LW eIy, ® @Iy, + diag{vec(Ay)} € RIL NxIL Nt
l

(A.4)

q
Ct:ZVGC(lNl ~olp,. 10,8(“)olNHlo...oqu)déchgl)GRHZNL, (A.5)
l

and Lo, Ao, Bg?lot are the true values of the corresponding terms for [ € [¢], where Bgl()l,t =
( ”t C((l) 1 <i < N;)T € RM is defined in the main text. Recall that F(c;) = 0 because

E(x ()) =0 for all 9 € [IV}] and [ € [¢], and by Assumption 5 that Yy = 0, we have

th
t t def
Y; = § Blc,_i + § BLE,_; = Y¢ 4 Y¢. (A.6)

Let T' = cov(Y;). Denote Tiax = maxy, ... i, Amax(Zi;.i,) and 2.5, is defined in Assump-
tion 2.

GENERAL NOTATIONS. For a matrix M = (m;;) € R™*", let [Mle = (|m])icim),jen]-
For two matrices My = (mq;;) € R™*™ and My = (mg;;) € R™*", My < My means that
mii; < mo;j for all i € [m] and j € [n]. In addition, define || M|| as the largest singular value
of M, |[M||r = tr(MM)!/2 as the Frobenius norm, |M||s = max; > Imijl, and | M| max

as its largest absolute value. For a vector v, denote the norm ||v||; = ), |v;|. Denote e(n)

as a vector of length n, whose ith element equals to 1 while others are 0.

Appendix B. Additional Discussion for the Case when g = 2
B.1 Estimation Details

As shown in Section 3.1, the estimator when ¢ = 2 could be written as

M@ M2 p(le) b®
M= | M®T M® M) | p=[ b® |, (A.7)
M(la)T M(Qa)T M b

where the expressions are given as

M(l) _ Z X(l)T X(l) M(l) _ diag {M( ) .

(1) G1(p1+1)xG1(p1+1)
o = gD @) g2 ' €lGi]; eR ;

t,g( )
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M(12) _ Z X(l)T X(Q)
t

g(l)g<2) g(l)g(2>t g<1>g(2>t7

MO = (M1

1
M(guO;I @ Z g<1) (2, Y g2, (- I)I( W= g(l)/) » Lywrge) = (9% = DGy + 4",

W e [a1],¢® e [G2]> € RG1(m+1)xGa(p2+1).

M) = (M(if?z i 9 E (G Ty € [Glez]) € ROIPHGiC2,

2) _ (2) G xG 1
o = Z Xgu)gm g<1 oy M®) = diag {M w 9P e [GQ]} € RO P2t D)xGalpatl),

2)a _ (Q)T ( (2) _ (2)/)
9T 1) 4210 . X g2 Ygg@ -1l (9 g )
2o _ (2)a (2 Ga2(p2+1)xG1G
M( o — (MQ<1>IQ(1) 2 g( ) e [G2]7Ig(l)g(2)’ € [GIGQ]) cR 2(p2+1)xXG1 2,
O ,2) — 4@y
M%g<1>g<2>fg<1>/g(2>/ ZHY Mg, (t— 1)H I( - 9 =9 )’
Ma = (M%g(l)g(2)1g(l>/g(2)/ :Ig(l)g(Q) S [GIGQ],Ig(I)/g(Q)/ S [GIGQ]) € RGleXGle,
T
1 T
t’g(2)
T
)T
t7g(1)

T
. G1G
g(1) @) ZY gM g (t—1) 9(1)9(2),15’ b® <ng(1) @) 'Ig(l)g<2) € [G1G2]> € R™I™2.

In the above expressions,

(R(l) 7') (7R(2)) (1) .
1 1) @) DRy N, N, X (p1+1
Xf]&)g(?),t: (VGC(W1 ! 1" ) IN, ) @ (X)) s >€R( 19 Nag(®)X(1),
(A.)
(R (R @
2 (1) @) 2) (R %)) (N, 1yN, (2))x(p2+1)
X;(z)g(m,t: (VeC(Yt—lg W, 7’ ),(XE )) o® ®1N1g(1>) € R0 g2 )
(A.9)
and X(l) = (xglt),-~- xg\l,)lt)T € RNixm N( = |’R, (l)| for I = 1,2, and Y )y, =
R RG), _ RD, IR | "
vec(), g7 ) € R 6™ We then provide the iterative update algorithm when

q = 2 in the following Algorithm A.1.
We remark here that the technical conditions in Section 4 can be simplified in this matrix
case for easy understanding. For example, the covariates Assumption 4 can be rewritten as

follow.
Assumption A.8. (DISTRIBUTION OF COVARIATES OF MATRIX CASE) Recall that x(lz €

3]

RPt is the covariate vector of the ijth subject in the [th layer at time t. Assume E(xz(tl)) =0
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Algorithm A.1 Estimation of the GTNAR Model When ¢ = 2

1: Input: {V,, X", WO G} for 1 = 1,2.
2: Obtain initial group memberships gl[o] according to Algorithm A.3 in Appendix F. Let

{¢lM Ql[k]} be the estimators and memberships in the kth iteration.
3: Repeat STEP 1 and STEP 2 for kK = 1,2,--- until convergence.

STEP 1. Given {gl[k‘”} for all layers | = 1,2, calculate £F~1 = (Mlk—1)~1pk-1]
where M1 and blF~1 are obtained from (13) with g}’“*”s specified.
STEP 2. Given & [k_l], update the memberships in layer | = 1,2 sequentially by,

No T
g™ —arg min S {vi

1)6[01]] 1t=1

O = G Om < ag
A zm . + A ]m}/im B
( P £y J,(t=1) g ey i(t 1))
[k] (T 2 @)[k] 2
- O‘g§1>g§2>[k—uYU,(t*1) - (Xz’t G T xj) ¢ e )} (A.10)
and
(2)[K] S
2
g; =arg min Yiit
’ (2>€[G21 ; ; { ’
N1 (1) Ny (2)
~ (\D)[F] Aim (2)[%] Ljm :
(Aglm[k] 2y mj(t-1) + A o) = ny, Yzmﬁ(t—l)>
(K] 1T (1)[k] (2)T @)K\ 2
- 049(1)[k]g(_2)yij,(t71) - (th ¢ (1) it ¢ e )} (A~11)
1 J J

4: Output: Final estimator and memberships: E = E[K] and G = {QZ[K} : 1 =1,2}. Here
K is the final number of iteration rounds.
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for all i € [N1] and t € [T]. Let m; € RP' be a constant vector satisfying ||m| < ¢,
where ¢ is a positive constant. Define xgl)n = (xgtl)Tnl ci € [N])T € RN Assume

x(Wn = (xgl)77T 0<t<T) ¢ RM(THD) satisfies the K -convex concentration property for
some constant K according to Definition 1.

B.2 Model Inference

In this subsection, we provide an estimator to the asymptotic covariance when ¢ = 2. This

procedure can be easily extended to ¢ > 2. With the parameter estimator O = ((:)Zj =
~(DT ~(2)T . )
(0;& ,0;&) ,a/g\(l)/g\(Q))T), we first estimate o2 as follows

i 7 7 7

7= N1]1\72T Z Z Z(Yij,t - Xi;t@ij)Qa (A.12)

i=1 j=1t=1

where &j;; is defined in Assumption 2. Next, we estimate MO by ﬁ, where M is obtained

by plugging estimated parameters © into the expression in (13). In the following theorem,
we show that the covariance estimator is consistent.

Theorem 10. Suppose Assumption 1-5 and assume that there exists n, such that cin <
min; N; < max; N; < can for some constants c1,ca > 0. When G1 = G119 G2 = Gap,
assume {log(N1N2)}2/T — 0, then the following holds,

5 =y 0t (021)7 5% (M) 'y =, (7)o (MO) 1,
where n is defined in Theorem 7.

The proof of Theorem 10 can be found in Appendix B.2.1. Theorem 10 indicates that we
can obtain a consistent estimator for the asymptotic variance by plugging in the estimators
© and the consistent estimator 52. This assures a valid statistical inference procedure. We
next present a number of simulation studies to examine the finite sample performances of
the model estimation and inference procedures.

B.2.1 ProOF OF THEOREM 10
To prove Theorem 10, we prove the following two statements separately,
02—, 0% (A.13)
(n?T) " "M,p —p (nT) MO, (A.14)
(1) Proof of (A.13)
Note that 0 = (N1 NoT) 71 Y, 5 E(E?NA) = (NlNgT)_lE{Zm-A Qij(OY)} = (NLNoT) ™!
Q*(@°), and 3% = (N1NoT) ™'Y, - Qij(©i5) = (NiNoT)'Q(®). To prove (A.13), it
suffices to show that (NlNQT)_l\Q(C:)) — Q*(®Y)| = 0,(1). Further note that

1
Ni1NT

1
NiNoT

Q(8) - Q*(8")| < {10®) - Q" (®)+0"(®) - 0" (@")}.
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hence we bound the two terms on the right hand side.
(1.1) Order of (N;NoT')~ I\Q( ) — Q*(@)|.
By Lemma 17, we have that

sup
©]lmax<R N1N2T

(Q(©) - @'(©)} = 0, {72 + lou(Mi )}

where m = p; +p2 +3. Thus when {m+1og(N1N2)}/VT — 0, we have (NlNgT)*l\Q(@) -
Q"(©)] = 0,(1). )

(1.2) Order of (N1 N,T)7|Q*(©) — Q*(®")]

By Lemma 23 we have (N1NoT)~ 1{Q (@) — Q*(@O)} < Tmaxd(@ 0Y%). Since Tmax
is bounded due to Lemma 33 and d(G) C-)O) = O {T'?(m + log(NlNg))} according to
Theorem 2, we have that (N;NoT)7Q*(©) — Q*(0%)| = O,{T ' (log(N1N2)?)} = 0,(1)
when (logN1N2)2/T — 0. This condition can be implied by {m + log(N1N2)}/VT — 0.

From both (1.1) and (1.2), we have that (N1 NoT)7!|Q(®) — Q*(@°)| = op(1) when
{m + log(N1N2)}/v/T — 0. This implies that 52 —, ¢ under the same condition. This
finishes the proof of (A.13).

(2) Proof of (A.14)

Recall the expression of M defined in (A.7) when ¢ = 2, we need to show that the nine
elements in (nQT)*lﬁnT are consistent in an analogous manner. Hence, we take the first
element, i.e. (n2T)_1ﬁ(1) e RO+ )xGi(pi+]) 49 an example to show the consistency,
where n is defined in Theorem 10 Other terms could be proved similarly.

Recall that M(V) = dlag{M NOR g € [G4]} and M(l(z) =D 14® X;—(I)g@) th(l)g@) 4, We

show that for any g( ) e € [G1,0], it holds that ‘ n?T) 11\/[((2) —limy, 700 (n 2T) 1E (1) } =
op(1). Recall that
X4, = (vec(w1 My, lq BTSICD A )

= ((IN29(2> ®W g1 )Yt 91 1N e ®X g 1 )

def R (R0 ) (N, )N, (2))%(p1+1)
e ? X (p1
1€ (Wg(l)g(Q)Yt—gl ’1N2q(2) ® Xt g ) cR 1g(1) *¥24(2) ,

(R(l) ) (2) def (R ))

def 1) N, N N, N 2
where W 1) ) = IN, 2®W; s 2 RN2g@ Mg X Nyg) M1 and Y, 91() = vec(Y,_ ;77 )€
N, ()N o .
R"2s® 7 Hence, it is equivalent to prove that
(2) (2)
RZ T R
—1 (2) T (2)
DoV W Wemem Y
tg®
(2()) (2)
. g 2 T
=p Jim (W)Y B(Y AT W0 Wy g V), (A.15)
tg(2)
(2) (1)
R (R 1y»)
2 —1 g<2> g(1)’
(7)Y Y, Wg(1>g<2>1N @ @Xy
t,g(@
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R
( )"
. Z (2) T (1)
—>p 11111 E Y g V\vgu)g@) 1Nzg(2) ® xt 9 ) (A16)

n,T~>oo

We prove (A.15) for example, and (A.16) could be proved similarly. Similar as the decom-
R®) R o RE) e RE) e R®, R
position in (A.6), write Yt | @ — Yt_gf a +Y, g< , where Y, % @ z:t_:lo(B0 o ))kc 9

t—k
&) @ R® @ 2@
R RE) RE T (R R )
(2) (2)""74(2) (2)7774(2) N1N, N, N
By =1In, o @LoW1 + G, 7 7 W, 7 97 @1y, € R 2@ g ang
g9
(2) (2)
R

R e
(2) N1 N, . .. . . (2)
c,”  eR '729® ig a similar modification of c;. Y, %

could be represented analogously.
Then the left hand side of (A.15) could be separated as

R;2<>2>TW W Ve R
t—1 g(l)g(2) g(l)g(2) t— 1
@ (2<)) RyeT Rye
2 ¢ 2 2 2 €
Y B ‘w s Wy @ Y, % 2Y, 0 W0 Womm Y,
R(z) eT R e

q(2) €

(2)°
9
Y Wg(1>g(2)wg(l)g(2)Yt 1

N, yNIxN_ ()N
We take the first term as an example. Let Nja) ) = WT(1)9<2 W, 4 € R 29(2) X g N1
the we have

RO T R
g 2 T g(2
E Y Wow o Womge Y

t g(2)

TG2 t—1 t—1 R(2) T R(2) (2) (2)

R R
Z Z Z (2 (2) T (2) (2)
TL2 g )t h Ng(l (2) (B g )t ZQCZ g

2
tg(2> 11=012=0

T-17-1 ) T @) @) ()
R 1 R R R
o ST NI, oG
- E d > e T ) By ? ) Ny (By )2 ey,
9(2) 11=012=0 t:max(l,ll,lg)

T-1T-1 @ T R<2> 2)

det 1 @ R R
C C .
Z Z Z lh ll,lz lo

g(2) 11=012=0

(@) R T R T R® 72<2)

Define ¢ 1® = (¢, *” -+ ,¢,2F )7, and E "o = (B, gf 0 <li,lp <T —1), then we
have

(2) (2)
1 Rl T Re 1 RO, T RD, RY)
n2T Z Yt g]_ Wgﬂ)g(?)Wg(l)g(Q)Yt gl = 0 Z o ) E 9( )C ol )
t g<2) g(2)
@ @ @) 2) @)
_ LN R TR R @ 2§ Ry (DT gR Gy 2 Ry ()
@ @
g g
@ @ @)
L1 R, @DTER o) Rie) @)
e
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Then we could follow the proof of Lemma 21 to show the result. Since

n Z 1N2g(2)N1Wg(l)g(2)wg(l)g(2) 11\7251(2)]\,1 — 0(1)
g2
under Assumption that there exists n that ¢c;n < min; N; < max;N; < con, we would have

T R%) Ry T R0
g T g T g
{‘HQT Z {Y g<1 2>Wg<1)g(2)Yt 1 E(Yt_l Wg(l)g(Z)Wg(l)g(2)Yt_l )}’ > U}

< C’exp{ — cmin(TuQ,ﬁu)}.

This would lead to the statement (A.15). Then, (A.16) can be shown similarly. Therefore,
the consistency in (A.14) could be obtained when 7" — oco. Overall, the consistency of the
asymptotic covariance estimation in Theorem 10 could be obtained by Step (1) and Step

(2).

B.3 Existence of Asymptotic Covariance

We illustrate the asymptotic covariance matrix M in Theorem 7 exists when ¢ = 2, which
can be directly extended to the general ¢ case. For notation simplicity, in this subsection,
we use g and h to represent group in the first and second dimension, respectively.

(1) 15(2)
Assumption A.9. Recall that Y; = vec(Y;) € RM™N2. Denote Yy, = Vec(Yt(Rg R )).

For any g1, 92 € [G1] and hy, hy € [G2], denote Egﬂn,gzhz = B(Ye, ,Ye

X
gihi,t = g2ha, t) Z91/11792hz -

(1)
1 (RQ 7') N1gNop X NiNop, 2 _

E(Yg 5,4 Y92h2 ¢)- Denote W, = (In,, @ W, ) € RV1gV2 2h, and denote W, =
(Iny, ® ® (WJ)t Ry )) € RNigNanxNigN2 - Assume the following limits exist,

11 —2 11 I 1 —2 1
Rgihi,gahs = hm n t?”( 1h12 -hy,: h2W 1h2) Vgihi,g2ha = nhm n tT(W 1h1E ‘hy, h2W91h2)

22 2 2T 22 2 2 X
Kgihi,g2hs = nlggon tr(W, 1h1 91 a2V 1h1) g1h1,92h2 — IEEO” tr(W, g1h1 2g-,92 WV, 1h1)
K12 lim n~2tr(W, A% N hm 71_2137"(1/\/1 =X w2,

gihi,92ha — oo g1h1 h1 92" Vgrh1)y Vgihi,gaha = g1h1 = -h1,92-"Yg1h1/>

1 -2 2 1
ﬂ91h1792h2 hm n tr( 1}112 h1 92h2) glh1,gzh2 = nll)rgon tT(W 1}112']7,1,92}12)7

2 -2 2 2 X
Rg1h1,g2hs = hm n tr( 1h1 g1~,92h2)’ Vgihi,g2ha = nh_{rgon Zer()/vgﬂu291-792h2)’

« —2 (e% T —2
Kg1h1,g2,ha = nhm n tr(zgﬂn g2h2) Vg1h1,g2,ha = nhjf;o” tr(291h1792h2)’

N1N2h ><N1N2h & X Nig, No X Nig, No
wf;{ere =5 iy hQA}Ekfl hﬁf 65 ! ? sz g2 gy gzNG R qu N 9272, and 291 g2ha>
1g1 V2 X N1ge INop 191 {V2ho X IN1gq IV2

X gohy € RTIN 272y Eglhl,QQ 2 b ge € RN1a1 Non, 172 Further assume that

EX = B(xx{)T) e R 3y, = B(xDxT) € R2P2 eaist,

Lemma 11. Under Assumptions A.9, the asymptotic covariance matriz M° = lim, 7500 M?L,T
can be written as

=1 B

E'la
0 _—T — —
M"Y = =19 =9 —=2x
=T =T =
“la "2« —o
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_ ‘ si1,g OF _ . soop OF
B, = diag 0’ Sy cg€[Gh]), Bap=diag 0’ Sy :helGa) ),
1 2

zo= (55 % )ocicine o),
(

(ss1.9n1(g = 6),07) 1 g € [Ga], Iy € 1G]
20 = ((ss2gn (h = 1'),07) : h € [Ga], Ty € [G1Gl)
Bo = (sag0l(g =9, h = W) : Tyn € [G1Ga], Iy € [G1Ga]), (A.17)

12 12
(A ].7 811 g = Zh gh gh + 'V”'gh g2h’ S22 h = ) Z hgh + K’gh gh7 $12,gh = gh gh + th gh’
831,gh = gh gh T th ghr 532.9h = Vg on T Fgn gh and s4gn = l/gh gh T Klgh gh? with all the
constants defined in Assumption A.9.

Proof Recall the expression of M when ¢ = 2 is defined in (A.7),

M M12) (i)

M=| M@T wM®2 M@
MO)T )T M

Due to the similar format of the terms, we derive the expression of

s1 Y lim 27 'EMY), s Y lim (n27) " EM02),

n,T—00 n,T'—00
s3 Y lim (R27)'EM), 5, Y lim (n27)tE(M®)
n,T—o00 n,T'— o0

in the following four steps.
(1). Expression of s;.

We prove that s; = diag((sn,g,slTQ’g;s127g,s13) c g € [Gi]) with s119 = D), S11,90 =
Yo V‘;}l%gh + H;}hgh, S129 = »., 8129k = 0 and si134, = Xx,, which is defined in Assump-
tion A.9. Recall that M) = diag(l\/[él) : g € [Gh]) € RAPHDXGPiH]) yyith Mgl) =

(2
Zt,h X(g?,tTX;Et, where Xélh)i is defined in (A.8). By (A.8), denote Y., ;_1) = vec(ngf”' )),
we have

. — Ry, Ry,
Sll,gh = lim (TIQT) 1 ZE{YIL,(t—I)(INQh & Wg 9 ))T(INWL ® Wg g ))Y-h,(tfl)}a
t

n—o0

Si2,gh = lim (n 27) 1 ZE{YT " 1)(IN2h ®W§Rg,4))T(1N2h ® (Xil))(ng"))},

n,I'—o0

Stagn =, ZE{ Ly, ® (X)) T (1, @ (X(Y)Ro))).

n,T—)oo

Since Y p, (4—1) is independent with Xgl), we have s;5 = 0. Further note that

sitgh = lim (n®T) ) " [tr(W3, S5 Wi ) + (W, 25 W )]

n—00
t
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: - T £ T
= lim n 2[tr W B3, Wan )+t OV Z5 W )] = Vi gn + Fghogh-
Recall that xl(t1 s are independent and identically distributed covariates across all i € [INy]
and t € [T], denote the covariance as Xx, = E(x( )x(l)T) € RPr>P1 Therefore we have

S13,gh = XX, -
(2). Expression of ss.
Next, we prove that sy = ((s21,gh, S22,9h; 52T2 gh s23.gh) 1 g € [G1], h € [Ga]) with so1 g, =

;,% ot I{gh ghs S22,gh = 0 and sp3 55 = 0. Since M2 = (M;m) :g € [G1],h € [Gg])

derive the expression of lim,, 700 (n*T) "1 E(M ;h)) = lim, 700 (n?T) 71 Y, BE(X ghtT ﬁ)’t).
By the definition of Xéz),t and Xf;i),t in (A.8) and (A.9), we have
: 27 —1 T (RGY )\ T (RI)T
so19n = lim (n°T) ZE{Y-h,(t—l)(IN2h W )T Iy, @ Wy W -1}

n, T'—o00

. _ RV . 2\ (R .
sopgn = lim (n27) 1N B{Y] (_yy(Iny, @ W) T(XP) R0 @ 1y,,)),
t

n,T'—o00

(2) (1)
sopgn = lim (7)1 B{(XP) R @ 1p,,) T (g, ® (X)) Ra 7)),

n,T'—o00

Since Y., ;—1) is independent with XEZ)

between Xgl) and XEQ), we have sg3 = 0. Note that

, we have s99 = 0, and due to the independence
. 27 —1 1 X 2T 1 s€ 2T
521,gh = n %}'gloo(n T) Z [tr(WghE-h,g-Wgh ) + tr(vahz-h,g-vah )} = gh gh + ﬂgh gh>

we obtain the final expression.
(3). Expression of sj.

We show that sz = ((s31 ghI(g = ¢'),s320n) : g € [G1],Zyn € [G1G2]) with Zy), =
(h—1)G1 + ¢, where s31 g, = gh oh T /{gh gh and s32 g, = 0. Since Mo — (Mélzj,)h ig €
[G1), Zyn € [G1Gal) and M{EY) = Y, X ¥y 1>I<g = ¢) with Ty, = (h — 1)G1 + ¢/,
we derive the expression of hmn,T_mo( T)~ Zt ght 1), and we have

. R
ssign = lim (n’T) 1ZE{Y IN2h®W( LT Yon -}
(1),
ssan = Bm (D)7 3 B((,, © (X X)) RN TY g 1)

Since Y (;_1) is independent with Xgl), we have s33 4, = 0. Note that

ssign = lim (n27) 1ZE{Yh(t 1)(1N2h®w( s ’))TY n—n}

n,T'— o0

= hm (n2T -1 Z tl“ Wgh)z.}%gh) + tr(Wg(h)E h gh)} gh gh + K/gh gh*
t

n, '—o0
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Therefore, we obtain the final expression.
(4). Expression of sj.
We next show that sy, = (847ghI(g =4 ,h = h/) gh S [GlGQ] ’h’ € [GlGQ]) with

S4,gh = ;h gh T fig‘h gh- Since M® = (M th’h’ TIgn € [G1G2], Iy € [G1Ga]), where
M3, 7,0 =30 Y oy Yon-nI(g =g, h = h'), we derive sy g = limy, 700 (n*T) ' 3,
EQ gh,(t—l)th,(t—l))'
_ T
S4,9h = n%}goo Z (Ygn,(t—1) Ygn,t-1))
- n}p@m zt: [6x(S35,g1) + tr(B5n.g0)] = Vghgh + Kgh,gh-
Therefore, we obtain the final expression. |

B.4 Additional Discussion of Weighted Least Squares Estimation with
Group-specific Error Variances

B.4.1 TECHNICAL ASSUMPTION

We need the Assumption A.10 in Appendix B.4.1 instead of the Assumption 3 in Section 4.

Assumption A.10. (DISTRIBUTION OF NOISE TERM WITH GROUP-SPECIFIC VARIANCE)
Assume €55 15 a zero-mean sub-Gaussian variable, and independently distributed across

i € [N1],7 € [N2] and t € [T] and independent with {Ys :s <t — 1}, {Xgl) = (XO) NS

18

[N()T : s <t} and {Xff) — (Xg) 1 j € [Na])T s <t}. Assume that var(e;;1) = 05(1)0g<.2>07
i Y5

where ggl)o and gj(?)o

max, (1) 4(2) ngg(g) < c9, where ¢1 and ca are two finite positive constants.

are true group memberships. It holds ¢y < minga) ) 0'§<1)g(2> <

B.4.2 PrROOF OF THEOREM 9 (1)

Proof We prove the proposition in three steps. In step (1), we first show that d(©, ©°) =
O,{T~1(log(N1N3)?} holds under the clustered error case. This is a required condition
for the Theorem 5. In step (2), we show that when G| > G1, G2 > G2 and cgap >
d(®,®"), the three conclusions in Theorem 5 still hold. In the final step (3), we come to
the proposition.
Step (1). Order of d(©,®").

We first show that Lemma 17 and Lemma 23 holds in step (A), and then show that
Theorem 2 holds in step (B).
STEP (A). LEMMA 17 AND LEMMA 23.

First, we show that (A.66) and (A.67) hold in Lemma 17. To validate (A.66), it suffices
to show (A.68)—(A.70) hold. By scrutinizing the three inequality, we only need to take care
of (A.68) and (A.69), which are related to the error term. Rewrite the two inequality by

1
P(‘ — g2, — o2 2
T Zt: ij,t gl(l) g](?)

> x/3> < 2exp{—c;Tmin(z?, )}, (A.18)
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P( €llmax <2R ‘ T ZE” tX”tg‘ ~ x/g) = eXp{ — crmin(Ta?, T22) + csm} (A.19)
max<

where (A.18) could be obtained by Lemma 27. Since E(g;j+) = 0, (A.19) could be proved
following the similar procedure to prove (A.69). Hence, we have

1
P( sup ‘ =
1045 max<h ' T T

Qij(©ij) — =Q5;(0;5) > HUD < exp{ - min(Tx2, T1/2x) + 02m}

)

still holds for clustered error variance. Likewise, (A.67) could be validated similarly.

Next, we show that Lemma 23 holds. First note that Lemma 33 still holds under
Assumption 4 and Assumption 5, and the two assumptions could still be satisfied if the
error terms have group-specific variance. Hence, (A.85)—(A.87) in Lemma 23 are obtained
when Assumption 2 holds.

STEP (B). THEOREM 2 HOLDS.

By Step (A) we know that Lemma 17 and Lemma 23 hold, then we could borrow the
idea of proof for Theorem 2, and show that d(©,®°) = O,{T~!(log(N;N2)?}.
Step (2). Proof of Theorem 5.

We prove the two statements in Lemma 25 first in Step (A)—(B), and then we prove the
statement in Theorem 5 in Step (C).

STEP (A). PROOF OF STATEMENT (I) OF LEMMA 25.

Since the definition of Nél) and A, (&,9@°,G,) are the same as the case under homo-
geneity, hence by the similar techniques in the proof of (i) of Theorem 5, one could keep
the conclusion under heterogeneity case.

STEP (B). PROOF OF STATEMENT (II) OF LEMMA 25.

First, we show some required lemmas still hold. Note that in the clustered error case,
the Assumption 2 for convexity and Assumption 6 still maintain. Since we have shown that
Lemma 17 and Lemma 23 holds, we next show that Lemma 33 also holds. Because in the
clustered error case, Assumption 4 and Assumption 5 are not affected, Lemma 33 could be
proved similarly.

Then it comes to the proof for statement (ii). Similar as the proof procedure in Theorem

5, by using Lemma 23 and Assumption 2, one could have for any ¢(?) ¢ A, (8, gj(?)o),
7@ (59(2)759(1)7 (E)) - 7@ (5((2)0;69(1 0 gl) > Tmln(cgapcﬂ/z - )7 (A'QO)
when N1 — oo. On the other hand, for g( (2) (&, g GY), the following still holds,

fcz <5<<2),5<m, <s>>——cz 3 Ws D02 GY) < Tinax{d(©,0°%) 47} (A21)

Combining (A.20) and (A.21), and by the order of d(®,®") derived in Step (1), similar
conclusion as in the proof of Theorem 5 could be obtained,

W, (&) <21 <SUP sup %Qij(ez’j) - %Q%(GU)’ > En/?) :

63 [1®4j[max<R

53



REN, Zuu, XU AND MA

Further by Step (1), the results could be obtained.
STEP (C). PROOF OF STATEMENT (I1I) OF LEMMA 25.

We first show that Lemma 24 and Proposition 4 hold, and then (iii) could be proved.
Since Theorem 2 holds, one could use the same procedure to prove Lemma 24. To prove
Proposition 4, we need a new assumption for the distribution of noise term, namely As-
sumption A.10. Together with the previously stated Lemma 17, Lemma 23, Lemma 24 and
Theorem 2, Proposition 4 holds under the Assumption 1-2, 4-5 and A.10.

Then it comes to the proof of (iii) of Lemma 25. Similar as the proof of (iii) for Theorem
5, first it could be obtained that

. ~c 20,2 , 1 ~ 0 2
max  min (H0~<z) -0+ = g |0 1)~y — A (1)0 (o | )
5(2)€[G2] 9(2)€[G270] g 9(2) ]\[1 - g; 9(2) gl( ) 9(2)

= Oyl T (log(N1N2))?)

by Proposition 4, and due to Lemma 24, it also holds that

3 (2)0 2 1 ~ 0 2
max  min <||9~(2> =0 o7+ 5 D 10w = & o
9 €[G2,0] 5@ €[Ga) O5 Ny zz: 9,9 g

= Op(cz ' T~ (log(N1N2))?).

Then we have E € /\/'752) with 7 = TminCeapCr/{8(Tmin + Tmax)} under the condition that
Ceap > T 'og(N1N2)%. Then the statements (i) and (ii) in Lemma 25 hold, and then one
could demonstrate Theorem 5 by using the conclusion Lemma 25. Other proof details are
consistent with those in the i.i.d. error case.
Step (3). Membership Consistency.

Similarly as the proof for Corollary 6, using the statement in Theorem 5 proved in Step
(2), the arguments (34) and (35) hold. [ |

B.4.3 PROOF OF THEOREM 9 (11)

Proof We prove the result by two steps. In step (1), we first show that ’8;(?)9(2) —ag_(?)g@) =
op(1) when log(ng<1)N2g(2>)2/T — 0. Then in step (2), we show that sup ) ;)
Jg_(%g<2)| = 0,(1) under the condition VT > log(G1Gan?) + m.

~-2 —2
Step (1). Order of |O’g(1)g(2) — Ug<1)g(2>|'

By Assumption A.10, and define the event O ) ) = {Jg(l)g(Q) >0 g(1>g(2)/2} {672 J0g S

~—2
G _
gDy

202 < 2¢}, where c¢ is a positive constant. Then, we have
9(1)9(2) ’ ’

-2 _ -2 2
{|0 Mg ~ Ty | 2 t} - P{’U (g (Tgmge) = gu)g(z) <1> @ }

2 ~
P{’ 0 5y (T g — g(1>g<2))‘ > t/2} P(OL0) y)
P

t
{‘( T2 ~ 0o ‘ 25 2}+P(Of,<1>g(2>>-

IN

IN
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Note that for the event Ogﬂ)g@)’ we could calculate the probability as

1 1
c _ ~2 ~2 2 2
P(Og0) ) = P{O'gu)g(z) <3 g<1)g<2>} P{Ugu)g(z) O e < *Qagmg(z)}

IN

1
~2 2 2
P{|Ug<1>g<2> — 0wy 2 §Ug(l>g<2>}

1
P{’Ugu)g@) — O @] > %}

IN

Hence, we have

{|U g2 ~ g_g>g<2)| > t}
< P{’U§(1)9(2) - 3;(1)g<2> > %} + P{]a\j(l)g@) — 03(1)g<2)] > %}
ar{ys -T2 £}
when 0 < t < 1 and C = max(2c?, 2¢c). Note that
fggmg@) - U§<1>g<2)| = (N7, Ny g<2)T Z Z {QU (@%)H

2)
22

S(N19<1>Nzg<2)T)71U Yo > {ey@ CIN

(1) (2)
1E€ER o) JER e

Z Z {QZJ(GU —Q;(® }”

zeR%) jerR®

g(2)

ZGR(I)) jER(

Then we derive the order of the two terms on the right hands separately. First, by Lemma
17, we could directly obtain that

(N N D)7 Y0 DT {Qi(045) — Q55(05)) |
)

(2

ZER(1(>1> JER e
< Mg Nog D)™ 2 2 swp  {Qu(6) - Qi (@)}
i€R ) JER, S
< sup sup  [T71{Q4(©) — Q5(©)}],
26R<1()1) JGR<2) [©llmax<R
and
P{ sup sup ‘T_l{Qij(@) - ij(@)}} > t}

(1)
1ER e

< Nygy Nog2) €xp { —c min(TtQ, \/Tt) + Cgm}.

(2) () max
jer®), lel
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Then, for the second term, one could borrow the idea of the proof of Lemma 23 to obtain,

P{ngu)Nzg(z)T Z Z {Ql] o 6?3)}‘ > t}

iER! () JER )
< Nj ) Nyy2) exp { — ¢; min(Tt?, ﬁt) + cgm},

Hence, we have

t
2 /\2
{|0 (g ~ T grgn] = t} S 2P{’Ug<1>g<2> Tymg@| 2 5}

< ng(l)N2g(2) exXp { —C1 min(TtQ, \/Tt) + Cgm}.

—2
Step (2). Order of sup,) ) ]09(1)9(2) g(1>g(2)|'

By step (1), we have

-2 2 : 2
P{ (Slyl? ) ‘Ug (g — g(1>g(2)’ > t} < G1Gan” exp{—cy min(T't 7\/Tt) + com},
g

where n is defined in the statement of Theorem 9. This implies that sup ) @) ]39_(%)9(2) —

O’g_(%g<2)| = 0,{(log(G1Gan?) + m)/V/T}, and thus the proof is completed. [ |

B.4.4 PROOF OF THEOREM 9 (11I)
Proof Note that

nTY2(8" — 0°) = nTV2M 18 = (n2T)"'M) "} (nTV/2)1§ &

M LA(nTY?)71§,
where § = (60T, §@T §2T)T and

(1 ~ _oe()T % %
5;& = (Gy») 2X;(i>g<g),tEg<1>g<2>,t, W =@M gW e,

t,g(

<(2 . o ()T < <@)T

5;<%) = Z (Gymy@) 2X;(3>g<z),tEg<1)g<2>¢7 6 = (5(9&) 19 e[Ga])T,
t,g(H)

~

e Yo _gaT 1) @y T
O (1), —Zt:(agu)g(m) Yowge -1yBemge e 8% =07 ) )+ Tymgm € 19779 7])

Then, we have
nTl/QnT(éw - 6% = UTM;%(nTl/Q)_lg
=0 (M7 — (M%) " (nTV?) 718 + 0" (MO) " (nTY/?) 718
=n" (M) (nTY%) 718 + 5 M} {MYy — Mur }(MO,) " (nTV/2) 718

n
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=0 (M) (T2 718 + 0T (MO) " (nTV?) "1 (8 - 6)
+ 0 M, MO — M} (MY) 7L (nT/2) 713

Hence, it suffices to show that

n' (My7) " (nT"2)718 =4 N (0,m" (M°)'n), (A.22)
n' (Mpr) ™ (nT"?)71(8 = ) = 0,(1), (A.23)
n ML MY — My} (M2) " (nTV2) 718 = o,(1). (A.24)

While it is obvious that (A.24) holds when n,7T — oo, we prove the (A.22)-(A.23) in
the following two steps.
1. Proof of (A.22)

By noting that (A.22) and (A.56) have similar forms, one could borrow the idea from
the proof for (A.56) with the new Assumption A.10. Then we could obtain the similar
results by using the central limit theorem of the martingale difference array.

2. Proof of (A.23)

Note that [T (M9;) 7 (nT1/2) 71 (§-5)| < [[(MY;)n||(nT"/2)~1(5—8)|, and we have
assumed that Ayin (M?) > 0 and Max,1),(2) U;<1)g(2> < 00, hence it holds that ||[(M2,)~In| <

¢ < 00. Then to derive the order of ||(nT%/2)~1(§—8)||, we focus on the order of (n2T) (8§ —

8)T(8 — 8). We take the term §(1) € RE*(®1+1) and 5 e RE*(P1+1) for example to illus-
trate. Note that
27) 130 - 3T 0 — 5
_ (271 ~2 1) ON
= (n°T) Z (@ Tyyg ~ g(ng(z)) Eg(l)g@),txg(l)g@),th(l)g@),tEg(l)g(Q),t
g(1)7g(2) t

2 —1 ~—2 (1) N
< (n°T) E : { sup (Ug<1>g(2> g(1>g<2) }Eg<1>g<2> th<1>g(2> th<1>g(2> Egg@ ¢
(1)g(2)
gW,g@y 979

By Theorem 9 (ii), one has sup,a) ) (89_(?@(2) - O-g_(%) @) = Op{T 1 (m + log(G1G2n?)},
. _ 1 nT

hence we next derive the order of (n?7")~! PONEIINCI E(Eg(l)g@) tX;(z)g(z) tX;g)g(z) Eywg@ )

By Assumption A.10 and mMaX,(1)4(2) Tg1)g(2) < €, We know that with 1; € RPT! and

lmll =1,

27m —1 (1) T
(n°T) Z E(Egu)g@) th(1>g<2> txgmg(z) Bg g 1)

9,3t

_ (2mm—1 2 1) T
= @17 Y E{oyw g (X ) 0 Xy g )}

9,92t

(R GRG)  CGREOGNT (R AT

2/ 2 —1 (1) (2) (2) g(1)
STt > B{a(W, Y, Y, w, 7))

9,9t
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_ (R )\ T (R
ST Y Blvee(i, o @ X050 Tree(ty o (x(0)507))
g(l) g(z)t
A(n’T) 1ZE{tr (WiY Y W)} + PN (7)) ) E|Ix)2.

t lG[Nl]
Note that

S E{tr(WhY, Y[ W)} < ) tr(Wiln 15,185,158, W] ) = O(n’T),

where ¢; = FE(Y}

i ;) < 0o by Lemma 32, and also note that

Z Z E”xgtl)Hz < cgp1T Ny = O(nT's)
t ’iE[Nl]

(1)

due to the K-convexity property of x;,” and the definition of n, we have that

— 1 1
(”2T) ! Z (Egu)g@)txég)g(z)txég)g(z)tEg(l)g(?)t) Op(1).

g(l)jg(2)7t
Together with sup ), (ﬁg_(?)g@) — Ug_(%)g(z))Q = Op{TY(m + log(GHn?)}, we know that
s T xa) O
@2T) 1 @D — 3T EO —5Y) = 0,{(m + log(G1Gan?))/T} = op(1)

when T >> (log(G1G2an?)) due to that m is a fixed constant.
By step 1-2, we could arrive at the final conclusion.

B.4.5 SIMULATION RESULTS OF WEIGHTED LEAST SQUARES ESTIMATION

In this section, we conduct the simulation experiment when G19 = G2 = 3. We set the

group-specific error variances as ¥ = (Ogmg g € [G10],9? € [Gap]) € R3S as

> —

~ b~

2
)
8

O O W

Then we set (N1, N2) € {(100,80), (200, 150)} and set T € {20, 40, 80}. Next, we repeat the
experiment for R = 300 times, and show the RMSEs results of 6" in Table A.5. From the
table, we first focus on the estimation results under weighted least squares method (marked
as “WLS” in the table). We could see that when the error has group-specific variances, our
proposed estimation could estimated the true group memberships with high accuracy as the
sample size grows. Furthermore, we note that RMSEs of all parameters decrease toward

the corresponding oracle results when the sample sizes are large. For the inference results
of WLS, when both Nj, No, T are large, the CPs are all around 0.95. Then, we compare the
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results of WLS and the ordinary method in the main text (marked as “OLS”). One could
see that the RMSEs of WLS estimator are always smaller than those of OLS estimator, and
the RMSEs of the corresponding oracle estimators have the same pattern. This shows that
when the error has group-specific variances, our proposed weighted least squares estimator
outperforms the ordinary least squares estimator.

Appendix C. Specific Expressions of M in Equation (13)

(l) (l) D _ 1 (O G G 1
tg O]

(Im) T (m)

M g(Dg (m) — Z Xg(l)...g(q),th(l)...g(q),t’
tg_(lvm)

Mim) — (Ms(?;;(m) gV e [&], g™ e [Gi]) € RGP X Gm (pm+1)

(lox _ n_ @)
Mg( Dl L g Z g(q) t g(1)~--g(‘1),(t—1)I<g( ) = g( ) )7
with Z qy o) = l>’+z (g™ - 1)),

m=#l
6% la
g g 1

MIg(l) ,g<q) ’Ig(l)/“..g(q)’ = Z HYg(l)..-g(Q)7(t—1) H2I{(g(1)7 T 7g(q)) = (g(l) y T 7g(q) )}7
t

M® (MIgm W@ T @ Ty gt € [HGZ} g gle) € {HGZD

l
c R(Hl G x (I, Gl)

l
<z> = Z Xg(l) o0, Yg0 g DY = (bégl) 19V e [Gl]) e RAPHY,

q(l) (@ ZY!](I) gl (t— 1)Y9(1)'"9(q)7t’

b = (b%gu) @ 1Ty g € [HGI]> e RILG,
T l

where >, —a.m is the simplified notation for Y- a) .. j@y (0 gomy-

Appendix D. GTNAR Algorithm
We summarize the GTNAR algorithm in the following Algorithm A.2.

Appendix E. Local Convergence of the Numerical Algorithm

In this section, we would show that our estimation Algorithm A.2 is convergent, and its
solution is indeed a local minimizer of (9). We first show the convergence of the algorithm
in (1), followed by the local minimization proof in (2).
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Table A.5: RMSEs (x1000) of estimated parameters under scenario 3 (G1 = 3,G2,0 = 3) with 300 replications. The perfor-
mances are evaluated for different sample sizes N1, Ny and the time length 7. “OLS” means the results estimated
using the ordinary least squares method proposed in Section 3, “WLS” means the results using weighted least squares

proposed in Appendix B.4 The corresponding CPs are shown in the parenthesis.

REN, Zuu, XU AND MA

Ny T | Estimation ME M@ NE NQV a ME% MBVS NES m@g a” m M2
OLS 37.34 38.54 128.98 107.75 104.58 22.8 16.12 70.85 72.94 22.17
2 (0.671) (0.637) (0.746) (0.822) (0.515) | (0.864) (0.919) (0.944) (0.924) (0.914) | 0.3025 0.0930
WLS 36.64 38.57 99.58 106.13  103.84 15.61 14.92 40.94 69.28 21.87
(0.657) (0.676) (0.541) (0.87) (0.462) | (0.966) (0.949) (0.948) (0.952) (0.945)
OLS 24.79 12.47 87.59 52.22 46.10 15.10 11.18 51.11 50.26 14.68
100 10 (0.71)  (0.919) (0.774) (0.93) (0.696) | (0.883) (0.93) (0.945) (0.936) (0.936) | 0.1960 0.0077
WLS 24.45 12.02 68.28 49.96 45.45 11.20 10.23 28.77 47.34 14.53
(0.673) (0.928) (0.576) (0.951) (0.635) | (0.952) (0.947) (0.947) (0.954) (0.955)
OLS 15.86 8.31 53.54 33.93 22.80 9.39 8.30 39.10 33.94 10.71
% (0.774)  (0.949) (0.87) (0.952) (0.861) | (0.909) (0.952) (0.952) (0.952) (0.95) | 0.0877 0.0000
WLS 14.50 7.61 39.13 32.16 22.56 7.24 7.38 22.81 31.87 10.63
(0.783) (0.949) (0.765) (0.947) (0.81) | (0.948) (0.959) (0.946) (0.946) (0.949)
OLS 23.50 12.61 87.96 41.33 52.51 11.6 8.55 36.19 38.21 10.66
2 (0.584) (0.818) (0.616) (0.904) (0.562) | (0.876) (0.912) (0.947) (0.929) (0.924) | 0.2564 0.0189
WLS 25.15 12.5 79.29 40.03 51.98 8.47 8.09 20.16 36.66 10.63
(0.524) (0.827) (0.409) (0.94) (0.47) | (0.95) (0.933) (0.957) (0.95) (0.954)
OLS 12.26 5.48 40.14 26.10 16.32 7.85 5.48 26.85 26.10 7.59
200 10 (0.706) (0.928) (0.84) (0.929) (0.79) | (0.867) (0.93) (0.945) (0.928) (0.933) | 0.1033 0.0000
WLS 11.06 5.09 32.77 25.12 16.07 5.66 4.98 15.58 24.89 7.54
(0.946) (0.942) (0.673) (0.949) (0.74) | (0.95) (0.94) (0.952) (0.949) (0.95)
OLS 5.89 4.21 17.95 19.14 5.49 5.80 4.21 17.71 19.14 5.29
% (0.863) (0.910) (0.944) (0.920) (0.919) | (0.864) (0.910) (0.949) (0.920) (0.922) | 0.0078 0.0000
WLS 4.12 3.90 10.83 18.19 5.42 3.99 3.89 10.46 18.17 5.23
(0.950) (0.949) (0.939) (0.948) (0.944) | (0.952) (0.944) (0.954) (0.948) (0.951)
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Algorithm A.2 Estimation of the GTNAR Model

1: Input: {V,, X", WO G} for 1 <1< q.
2: Obtain initial group memberships gl[o] according to Algorithm A.3 in Appendix F. Let
{€lk], Ql[k]} be the estimators and memberships in the kth iteration.
3: Repeat STEP 1 and STEP 2 for kK = 1,2,--- until convergence.
STEP 1. Given {g}’H]} for all layers | € [g], calculate £F~1 = (MlE—11)~1plk-1],
where M1 and bl*—1] are obtained from (13) with Ql[k_l]s specified.
STEP 2. Given f[k*”, sequentially update memberships gl[ (gl(ll)[k] 1 <4 <
Ny)T for 1 <1< q as follows,

T Ny (I(l/)
DIk} _ wm
ng — arg mln Z Z 111%2.. Zq, Z )\ (l/ 'I’Ll/i }/Z'l...illilmil/+1...iq,(t—l)
m=1 v

g(l) €G], =1 =1 Y
N a(l) Nl” a(l”)
(D[K] uym (U")[k] Tyrm
+ A ® Z s }/’il---il—lmil+1---iq7(t 1) Z )\ l”)k 1] Z e Y;'1...il//,lmil/url...iq,(t—l)
R— iy —i+1 l" m—1 l Ly
_ oMM Y. .
Mk a=DIk] @) (+D)k=1]  (q)lk—1] L 41i2...5¢,(t—1)
iy -1 RARIES q
1—1
2
@) Olk] | l”)T (1")[k]
- (Z C (l' k] ut C o Z Xy <z">[k 1 (A.25)
=1 i I"=l+1

4: Output: Final estimator and memberships: E: ¢5] and G = {QI[K] :1€q]}. Here K
is the final number of iteration rounds.
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(1) Convergence of the algorithm.

We show that the objective function defined in (9) is monotonically decreasing and hence
could obtain the convergence. Denote the estimators in the kth iteration as (S(k),g(k)).
Then we have that

Q(E(k+l)a g(k+l)) _ minQ(E, g(k-i—l)) < Q(ﬁ(k), g(k-i—l))
: =

S Q(E(k)a {g£k)a gék‘f'l)’ o 7gék+1)})

< QEW {6, 6 ... g®1) = Qe®,g®),

where the inequalities (1)—(3) are derived by

Ql(kﬂ) = argming Q(¢), (g, g (B+1) glang’ G

in our updating mechanism (14). Then, we have that

*

Q(g(O)jg(O)) > Q(ﬁ(l),g(l )= > Q(E(k ) Q(E(k*+1)7g(k*+1))

Consequently, the estimators could be obtained by Q(& (k*), g (k*)).
(2) Local Minimality.

Next, we prove that the solution (& *9. g (k%)) is the local minimum of the function & def

ming Q(£,G). Define G def argmingQ(ﬁ(k*) +4,G), where § is a small perturbation. When
|6]| is small enough, we have that G = G**") due to the group memberships’ discreteness.
Then, we have

ngncxs(’f*) +4.9) = Q(e*) +4,G)
= Q™) +6,6%)) > (e, gy = mén@(&““*%g)-

This completes the proof.

Appendix F. Initialization

We provide the initialization procedure for the group memberships G; in the Algorithm A.3.

Appendix G. Additional Discussion of Mixed GTNAR Model (24)

G.1 Estimation Procedure

The element-wise model form can be given as

Yiit

J
iyt 7(1)’7 (z)zz lm mk,t—1 o
Jj
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Algorithm A.3 Initialization of the GTNAR Model

1: Input: {yt,Xgl),W(l),Gl} for 1 <[ <gq.
2: Treat each node as a group for all dimensions [ € [g], estimate 0" and & by (13). Here
9" ¢ RN+ and & € RN < x N,

3: Run the k-means clustering for the above estimators for Ti;; = 3 trials. For each trial
t=1,---, Ty, try the following two clustering types:
Type 1. (Clustering by time effect)
STEP 1. Clustering the nodes in the Ith dimension by the mode-I matricization of
self-driven time effect oy € RNl Nm) - Then one obtain the Qll[ﬂ for 1 <1 <gq.
STEP 2. Calculate the loss in the tth trial for type 1 by QI (E, G, where Gl =
{Ql[t] € [q]} is the first type initial group memberships.
Type 2. (Clustering by network and covariate effect)
STEP 1. Clustering by network effects and covariate effect on 5(” = (5521) g
[Gi]). Then one obtain the le[t] for 1 <1<q.
STEP 2. Calculate the loss in the tth trial for type 2 by Q! (E, G2, where G2l =
{Q?[t] : 1 € [q]} is the second type initial group memberships.
4: Select the best initial trial t* = argmin, [min{Q (E, g, Qi (E, G21}], and the corre-
sponding initial memberships are denoted as GO,
5. Output: Best initial memberships: GlO.

m

0 )
()\(2) Z Lik ij, 1+ >\(2) Z hﬁk,tq)
e T2

+a <2>Y (t—1) T (XS)TC((L +x

.
BTeD)) t ey
J

For simplicity, denote the interactive parameters as ¢ = (pM7T p@TT ¢ RG1+G2
with Q,b(l) = (’Y%l)’ e WSB)T € RE and qp(Q) = (7%2)7 e KYév?)T € R%. Recall that & =
OWT 92T vec(a)T)T € RE1P1+D)+GCa(p2+)+G1G2 jpcludes the other group parameters
except for the interactive parameters 1. To estimate the unknown parameters, we minimize
the following objective function,

N1 N al(f‘)
f’lpg ZZZ{ z]t_”)/(n’Y(z)ZZ mkt 172
i=1 j=1 t=1

()\(1) azk)Y + A(2) akj Y )
gl(l) Ek ni; kjt—1 93('2) E ny; ik,t—1

(1) @ \\?
—agZ(l)g;inj,(tq) - ( xi) ¢ oD +x ]t ¢ (2))} . (A.26)

We utilize the following iterative algorithm.
(1) Update the group parameters £ and .
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First, fix the group memberships ggl) and gj(z) and then we update the group parameters.

In this parameter updating step, we iteratively update @ and & as follows, which can be
conducted in a fast speed. To be more specific, given interactive network effects 1, we could
calculate

Y, =Y, — (TOwh)y, ;(wAr®),

Then the parameter & can be obtained by E = (M)~ 'b, whose specific expressions can be
( (1) (2) )

: . R 4R 2
found in (A.7), with Y ), , replaced by vec(Y, * 77 ).
Subsequently, given &, denote Y, =Y, -LOWDY, | - Y, {WOL® —AoY, | —
ﬁgatljvz —1n, ﬂ%: We need to minimize the following least squares problem,

i TOw) (2)12
i, S TOWON W

Denote that Xt =Wy, \WRTE ¢ RN1xN2, By the first order condition, we have that

= (2 T St /SES cer am

t 1) g
1ER (D)

As(ia (ZZ Z Xl] tY%J t)/z H (2) H 9(2) € [Gol, (A.28)

7 (2)
JER Ne)

where Rf(ﬁ) ={i e [N]: ggl) = ¢} and 7?,(92(%) = {j € [N9] : g](?) = ¢@}. Hence, we can

iteratively update I'™ and I'® using the above equations (A.27) and (A.28).

(2) Update the group memberships G; and Go.
(1)

Second, we consider given & and v, updating the group memberships G; = (g, : @ €
[N1])T and Gy = (9 ()., :j € [Na])T iteratively. Given Go, update
(1) M @2 i
Ai = argmin (l)e[G]ZZ{ zgt_'Y(l)'Y(z)ZZ mkt 172
1) - (2) g
— (A kY1 + A Vo
( gt” ; ni; ki1 g](?) Z n2; it 1)
T T

—amg <2>Y (1) — ( ) C(m +x 2) C((2>>} : (A.29)

The parallel computation is implement to update Gy given G;. To summarize, the iterative
algorithm is shown in Algorithm A.4.

To estimate the group numbers for model (25), denoted as G = (G1,G2), we minimize
the information criterion.

QIC(@) = 10g{Q(&(Q), %(G),G(G))} + A(G), (A.30)
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where El (Q), @Ab(Q) and QA(Q) are the estimated parameters when specifying the group
numbers as G and G, Q(+, -, ) is the objective function defined in (A.26), and A\(G) is the
penalty function. Specifically, we set A\(G) = k1(G1+G2) with k1 being a tuning parameter.

We summarize the estimation algorithm in the following Algorithm A.4.

Algorithm A.4 Estimation of the GTNAR Model with Interactive Term When ¢ = 2

1: Input: {Yt,Xgl),W(Z),Gl} for 1 <[ <gq.
2: Obtain initial group memberships gl[‘” according to Algorithm A.3. Let {s[k},g}’“}} be
the estimators and memberships in the kth iteration.
3: Repeat STEP 1 and STEP 2 for kK = 1,2,--- until convergence.
STEP 1. Given {gl““’”} for all layers [ € [q]
STEP (1a). Fix the interactive network effects TMWF=1 and T@FE-1 calculate
Y, =Y, — (COF-1IwO)y, | (WAT@E-1) Update £ = (MF-1)~1plk-1]
STEP (1B). Fix the estimated parameters £¥. Given T®F-1 obtain TMH using
(A.27); then given DMK obtain T using (A.28).

k 2)[k [k 2)[k k ML
STEP 2. Given 7(<1)[[k] 1> 'Y((z))[[ij 1] >\(<3£[£71p /\;(gg[gfu _[](11)% 1 (@) (k1] and ¢ <1[[11 11

g
cé(lg’ﬂ 1> update the memberships gl( )] and gé(k‘)] sequentially by,

ak-
Z()H—argmm (1) G]ZZ{ z],t_('7 (1) g(2)k 1] EZ Zm mkt 1TJ)
J J
(1)[K] af (2)[k] @22-)
— (A ik Yii s A ki )
( gil)[k]; n kjt—1+ g](?)[k—l] — ik,t—1

4 (DT | @7 e(2) ?
YW Pl 0Yij-1) = ( < oM ¢ (2>[k 11)}

and

0 o)

g§2)[k] = argmin (2)€[G ] Z Z { ijt — ('Y (1)[]1]]'7((2))[ } Z Z %Ymk,t—l ﬁ)

L m 1% 9

0 @)
(D[] Qg (2)[K] kj v
()‘ggmk] Xk: —=Yja—1+ A oo k o Ek,tq)

[K) (DT +(1)[K] @)T @)K\ 1?
*O‘g£1>[klg§2>yij,(t—1) - <Xit Cglgn[k] Xt Cgf) )}

4: Output: Final estimator and memberships: E = ¢lK], 12 = 5] and G = {QZ[K] =
1,2}. Here K is the final number of iteration rounds.
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G.2 Technical Assumptions

Denote
N1 N2

§ 4
th o szk Yk]t7xlt Zw( )Y;kt7 z]t 1,Zszk Ykmt lw( )) c Rp1+p2+
k=1

(A.31)
By using &j; ¢, we rewrite the objective function as Q(©) = 3, ,; ,(Yij: — XZ] 0;;)%. Denote
© as the estimator of © by minimizing the loss function Q(®). We require the following
assumptions.

Assumption A.11. (PARAMETER SPACE) The parameter satisfies that ||®||max < 00.

Assumption A.12. (CONVEXITY) Denote 3;; = E(Xith ), where X;j; is defined in

ij,t
(A.31). Assume that 7L, o min; ; 3;; > 0 is a constant.

Assumption A.13. (STABILITY) Suppose Yq & vec(Yo) = 0, and assume that

(1)0_(2)0

10 2)0
)\() +)\() +04(1) (2)+’)/ 1)7(2

g() < Kmax < 17

gMelG1,0],9P €[G2,0]
where G is the true number of groups in the lth dimension, and kmax 5 a positive constant.

Assumption A.14. (GROUP DIFFERENCE) For the first dimension, assume

0 (20 _(1)0_(2)0

min g0 _gtl)o ’ + —
<1) <1> Ty Tg@ 7951) Ty

2
W) H > Cgap;
91 7592

where Cgap > 71 (log(NlNg)) (Gng) as T — oo. Here G1,Go are finite. Assume the

same holds for the group g 75 g in the second dimension.

+ max {‘a a )9(2)

o0
1
9De[GY] Yol g

G.3 Numerical Studies
The estimation results in Table A.6 demonstrate excellent finite sample performance: all
RMSEs decrease with increasing time length 7' or increasing sizes Ni, Na (e.g., RMSE of

X(l) declines from 0.0131 at 7' = 40 to 0.0028 at 7' = 80), while the coverage probabil-
ities in parentheses converge closely to the nominal 95% level at larger T. Furthermore,
the group membership errors 77; and 72 remain near-zero across all configuration with con-
sistently diminishing magnitudes at larger sample sizes, indicating exceptionally accurate
group classification even for moderate sample sizes.

G.4 Technical Proofs
G.4.1 PrROOF OF THEOREM 8 (1)

By using the Aj;; defined in (A.31), we define the objective function,

N1 N2 T N1 N T
=20 D (Voo = 5@y =3 3 > Qi(®
=1 j=2 t=1 =1 j=1t=1
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Table A.6: RMSEs of estimated parameters under when G0 = G2 = 3 with 100 replica-
tions. The performances are evaluated for different sample sizes N1, Ny and the
time length T'. The corresponding CPs are shown in the parenthesis.

(1 ~(2 ~(1 ~(2 ~ = —~ —~
>‘( ) )‘( ) C( ) C( ) 87 Fnorm m 72

Gi G| Ny N | T
0.0131 0.0119 0.0137 0.0150 0.0369
20| 000) (093 (0.93) (092) (0.02) | 0282 | 00122 0.0086

0.0079 0.0081 0.0089 0.0094 0.0131
100 80 | 40 (0.93) (0.95) (0.95) (0.95) (0.95) 1.2326 | 0.0005 0.0001

0.0055 0.0052 0.0064 0.0067 0.0091
80| 003) (0.95) (0.95) (095 (0.95) | 5685 | 0:0000 0.0001

0.0061 0.0053 0.0070 0.0069 0.0095
20| (091 (093 (0.94) (0.91) (094) | 25897 | 00004 00002

0.0040 0.0039 0.0047 0.0048 0.0068
200 150 | 40 (0.95) (0.93) (0.95) (0.96) (0..95) 1.0622 | 0.0000 0.0002

0.0027 0.0028 0.0032 0.0035 0.0047
30| (0.95) (0.93) (0.96) (0.96) (0.a) | 8653 | 00000 0.0001

Given this objective function, we can follow the proof of Theorem 2 using the partition of
the new parameter space. To obtain the conclusion, we use the Lemma 15 and Lemma 13
instead of the usage of Lemma 23 and Lemma 19 in the original proof of Theorem 2. Since
the rest of the proof remains the same, we omit the details here.

G.4.2 PROOF OF THEOREM 8 (I1I)

(1) M) ,@) )

We first declare some notations in the proof. Denote 7yg(1) = (79(1)7 @) € [Ga]) T € RE2
2 2 ~ ~(1
and 'y((;) = (’y( 1)>*y( ). gV e [G1])T € RE1. Denote v = (’Y;(i) g e [G1])T € R&1G2,

Further denote that & = (vec(ay, ). )T g™ e [G1])T € RG1G2, Recall that 1) = (9;2; :
g € [G4])T. Denote E;l(i) = (0(2) ,vec(ay).) ,’7(& )T as the parameters of the g(Vth
group (g € [G1]). Correspondingly, denote 5(9(1>0 as the true parameters of the true
group g0 ¢ [G1,0]. Let e = (0(1)T ~T,:/T)T. In parallel, we can define 522) =

(9(2(2?, ~T,’yT) and €@ = (0 0T NT,’yT) . At last, denote &€ = (O(I)T,9(2)T,&T,’~)/T)T.
In the following, we prove the theorem for the first dimension, and the second dimension
group membership consistency can be proved similarly. For gV € [G1] and g0 € [G1,0],

define
2
L0 062,99 = (67, — 61|

1 (2) (1)0 _(2)0 |2
+ N2 Z {‘ g(l)g<2) (1)0 (2)0’ + ‘/yg(l) (2) '79(1)079§2)0’ } (A32)
j

For notation simplicity, denote Li((z) 00 L ca )(E;prég?o; G2,GY). Define the distance

(D) e(1) ¢(1)0, 0y _ : 1) 1
d;’(€9,€97:Ga,Gy) —max{g(l){}le%lﬁo} g(lr)flel[%l] £g<1),g<1)oa (1)6[G1]g(1>£21[G1 ]Eg(1>7g(1>o}-
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In addition, given parameters &, denote the estimated group memberships in the second
dimension as Gy(&) = @](-2) (&) 17 € [No])T, define

N = (g :dM (M, 610, Gy(8),69) < n}

and denote

((g,910,08) = {“) (hE

HB @ 99“ Z{ 5@ e <1>o <2>0‘ + |'Y 1>'Y£22)>(£) _7((1))07;2)) } } < 77}-

Based on the above notations, we first give the following lemma, whose proof can be
found in Appendix G.4.3.

Lemma 12. Under Assumptions 3, 4, 7, A.11-A.14, and assume that G; > G1o and
Go > Gay. For © satisfying the condition

d(©,0°) = 0,{T"(log(N1N\2))*} = 0p(cgap) (A.33)

as Ny — oo, 1 = 1,2, the following conclusions hold,

(i) For all € € ./\/'751) with 1 < cgapCr /4, then we have that {.A (E g0 G9) - g0 € [Gy 0]}

is a partition of [Gl]

(z'z') For all ¢ € N;g with n < 7L CoapCr/ (8(Thi + Thax))s define the event O = {sz(l)(ﬁ) €
(5 g(l)O GY) : i € [N1]}. Then we have P(O°) < Cexp(—c1VTcgap + cam + logNy +

logNg) where C, c1,co are positive constants, and m = p1 + p2 + 4.

Next, by using Lemma 12, we first show that £ € ./\/'75 when 1 = 7L coapcr/(8(Thi, +
7}ax)) With probability tending to 1, then we use (i) and (ii) in Lemma 12 to obtain the
final results.

Step 1. P(E € /\/'751)) — 1.

Using the similar procedure in the Step 1 of proof of Theorem 5, we can show that

d(L”(E(l),él)O; @(E), G9) = O,{T~'(log(N1N2))?}. By the condition that

cgap > T~ (log(N1N2))?,

we have £ € Nél) with probability tending to 1.
Step 2. Conclusion of Theorem 8 (iii).

For gV e [Gl] suppose there are i1,i9 € ﬁgz), then @(11) = @(22) =g

12(ii), we have g\ A(l)(f g(l)0 G9) and gV € A(l)(f g(l)O G9) hold with probability
tending to 1. By Lemma 12(i), we know that ,477 (€, ,GY) is a partition of [G1], hence

(1)0 (1)0 . (1o _ (1)0 . (1)0
9;," =9;," - Then, by setting gV = g;," =49;, ,we have 11,12 € ’R,g(l).

. By Lemma
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G.4.3 PROOF OF LEMMA 12
(1) Proof of (i).

For all £ E ./\/}51), by the definition of N}gl) and the group set definition .A,%l)(é, g0 g9,
we have U® (1)0 ) ,(71)(5 gMo. g 0) = [Gl] Then we prove A%l)(g,g§1)°,gg)mA§1)(£,g§”0,QS) =
0 for g(l)o, gél) € [Gip ] and g1 7$ g2 We use the contradiction. Assume there exists

gé ) € [Gq] s.t. g(l) 77 (5,91 ,gz) N A%l)(E,gél)O,QS). Then under Assumption A.14,
we have
)

(2)0 (1)0 _(2)0

(1)0
0 ‘|‘ (1)0 g<2)o - ’7g§1)o’Yg(z)o

Coan < HO —
gap 951)0 gél)()

2 0 0
+ max { ‘oz —«
9(2)0€[Gg} g§1>09(2)0 ggl)og(z)o

1)0 2 1)0 2
< 2“9;(3)0 -0 o + 2”0((2)0 -0 o)
1

T ome { Z ‘Oz 1o, (2)0 —a’ oM (2) I(g](?)o = 9(2)0)}
g(20¢[G2 ] 7r (2 -

* Deres { Z ‘ (1))07 (2))0 - ((1) 07( 2))0 I(gj( ) = 9(2)0)}
g(20¢[Ga 0] 7T (2)0 N

2
(1)0
< 2H0 (1o — eg:())l) + 2H09§1)0 - 99(1>

3

0 0
(6% —
> Z {’ g§1>og§-2)0 ggl)o (2)0

J

(1)0 _(2)0 10 (2)0
"Y (1) o <2) 7((1))0'7((3)0
9o 9;

)

+ max <()1

@o¢[c 2
g €[G2,0] 7Tg(2)07N2N2

< 2”9 (1)0 09&1)

2 2
(1)o
+ QHGQPO — 99;1)

1
0 0
+( ) 3= {Jefn 0 - a
- @) Z ggl)og]@)o gg1)og](_2)0

Min 2106, 0] o0 N, Ny” 5

2

10 _(2)0 10 _(2)0 |2
} ( 1))0’)’( 2))0 - ’Y;é1))07;(3)0 }
J
2 1)0 (1)0 2
= ( : (2) ){HG Hgél) + 2”%5”0 B egél)

mlng(z)o €[Ga,0] 7Tg(2)07N2

1 2 1
— E 0 0
+ ‘a —Q (1)~(2 ‘ + — ‘a —Q (12
Ny & g51)09§2)0 a5 )gj(- '(©) N, Z g§1>og§2)o a >9§- ) (&)
J j

1 @wo_@o0 (1 (2 >, 1 Lo _@o0 _ (1) 2 |?
+NQ;"YQ§1)0’YQ;2)0 _Vggﬂgg”(g)’ +NQ; v o) o’)’ 2)0 ’Ygél)’ng@)(g)‘ }

‘ 2

< il :

: (2)
mlng(2)06[02,0} ﬂ-g(Q)O,Ng

where the last line holds due to g3 e A 1)(5 g(l)O ahn A(l)(f g(l)O QS) However this
conclusion contradicts 7 < ¢gapcr/4 as No — co. Therefore, we prove that .A (E g(l)O gNN
A%l)(ﬁ;ggl)o, G9) = 0, which completes the proof of (i).

(2) Proof of (ii).
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Denote 5((1) = (6(2 VeC(ag(l) )T 'y((i) ). Define the loss function

2 2 2
Qi (E(u)a ;(3)7 ZZ{ ijt — 7(1)7((2))221017,1 mk,t— 1w](€])
_>‘(2>Zw Yiji—1 — (2)Zwkjyik,t—1
9;
DT (1 DT (2 2
—agl(l)gj(_z)}/%j,t—l—( St) C(gz) + Et) C(;g))} ) (A.34)

For simplicity, for any given £ satisfying £ € ./\ﬂgl), denote ’g\(l)

(&) as §i(1). Hence we have
that for any g # ¢(t)

{7 = gW}  {Qile'):€%), Ba()) < Qu(el): €0, Gate))}-

Hence, for EZ(I) € Aél)(5,9§1)0,g§),

G1

13" ¢ AV 9,00 = S 1(gW ¢ AV, 4,615 = V)

g(l)zl

G1
1)0 1) .2 d f
< Y I ¢ AP 0" 99)) {Qi€)5 650 . Ga(€)} = Z o (€
g=1 =1
On one hand for all g ¢ -A1(71)(£>gi(1)0,gg) and gV € [G4], there exists a 91(21)0 a 92(1)07
such that g1 (£ 921)0 G9) due to the conclusion of (i). Then we have

1
ot - <gz?ou2 5 o =l R = A

1,0 1)0 1 0 0 2 10 _(2)0 10 (2)0 2
= 5“0;(3)0 9((3>0H + o 2N, Z {‘O‘ggl)og(z)o - agg1>og(2>o| + ‘V;gl))07;(g)o - 7;(1))0'7;(2))0‘ }
9 2 g 2 J K3 J
0o 12 2 2)0
[Hggm ;52%0!! N, Z {}aga)g@)(g) —a! g <2>0‘ + 1y (1>7£<2)>(€) 7(521))07;](2))0} H
> Cgapcﬂ'/2 -1,
when Ny — 00, where cgap and ¢ are defined in Assumption A.14 and Assumption 7,
. . 1 10
respectively. By Lemma 15, it holds for any g(!) ¢ A% )(E,gz( ) ,GY),

1

(1) . 42 xe(1) | £(2)
Ny T{Q (59(1)759(2)’ 2(8)) — Q; (592(1)07%(2) ) Qg)} r}m(cgapcﬂ/z n)- (A.35)
On the other hand, for @“l-(l) € A%”(g,g}”o, G9), it holds that

1

N Q€60 Ga(8) — Qi (el € 98)]
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1
<l 8 T~

1 1 (2 (10 _(2)0 |2
+ 77 2 (g g = s W” + 150750 ¢ ™ Ty e )}
J
< Thax(d(©,0%) + 1) < 7, ACT ' (logNy + logN3)? + 7}, (A.36)

with probability tending to 1, where the first inequality holds due to Lemma 15, and the

last inequality holds due to (A.33). Together with (A.35), we have that with probability
tending to 1,

N €€ 0a(8) — Qi €0 Ba(0)
> Tmm(cgapcﬂ'/2 - 77) - Tr%lax{CT_l(logNl + 10gN2)2 + 77} déf €n-
Then we apply the similar techniques as in (A.93) and (A.94), to obtain that
Pl 1@ ¢ A€ o, 60 )

Gt

< > P{swWyn( >0

g<1>:]_
< Giexp { — (Y min(Te?i, ﬁen) + Csm + logNy + logNg}.

by Lemma 13. Since cgap > T7(log(N1N2)?, by the condition on 7, we have n <
{7} inCaapCr /4 — ThaxCT 1 (log(N1N2))2} /(1L + Thax). Hence, by the definition of e,
we have ¢, > Tmmcgapcw/ll as No,T'— oo. This leads to that

P{ supI(gZ ¢ A (S,gi(l)o,gg))} < C’exp{ — clﬁcgap + com + logN7 + logNz},

where m = p1 + p2 + 4.

G.4.4 TECHNICAL LEMMAS FOR INTERACTIVE MODEL

Lemma 13. Under Assumptions 5-4 and A.11-A.13, we have
P{ sup ‘T_lQij(@ij) - ij(@ij)‘ > 33}

”einmaXSR
< Chexp { — Cymin(Tz?,VTz) + Cgm} (A.37)
Further recall that S;;(0;5) = Q;j(O;j) — Qz-j(@?j), we have that

P{ T_1|Sw( ij) — SZO(@M)I
@z] dij (G)ZJ?G) )

with m = p1 + p2 + 4, and Cq, Co, C3 are positive constants, and

ZL'} < C1exp { — Cymin(Tz?,VTz) + Cgm}. (A.38)

1
d;;(©;5,0Y) = ue@ —O(J)HQ+ H0 2 —0<<2)\|2

( ) 1) 2
+ o ()~2) — @ (1) 2| +
[ Gge) ~ Ay )2 |’Y§§1)7§§_2> T <2)|

J
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Proof
1. Proof of (A.37).
Note that

T71Qi(04) =T (eiju + ;5,08 — X,045),
t

where Xj;; is defined in (A.31). We use the similar procedure in the proof of Lemma 17.
The three core steps in the proof of Lemma 17 are (A.68)—(A.70). While the implementation
of (A.68) remains the same, the interactive network terms in &j;; and ©;; cause changes
in using (A.69) and (A.70). We take the change in (A.70) for example.

Specifically, the diagonal elements of 771 5", Xij,txg,t take the forms 771 3, w Y, Y, w,

Ty, HXS)‘P, and T-15", Hxﬁ)H2 For the additive network term, w is replaced by
W@(})T ®1n, € RN1xN2 while for the interactive network term, w is replaced by ng) T &
W(f) € RNMXN2 Both types of network terms satisfy that ||w||; = 1. Hence, for 771y, w 'Y, Y, w,
we apply Lemma 18 to prove the concentration inequality. For 7713, sz(tl ) 12, and T71 5", Hxﬁ) 12,
we use Lemma 18 and Assumptions 4.

Then, similar with the Step 2 in the proof of Lemma 17, by taking union upper bound

for all ||®;;|lmax < R, we obtain the final conclusion.
2. Proof of (A.38).

Note that
Si1(©45) — S5(®4) = (@5 — ©F) T X1 X;] (O — ©F))]
— E[(®; — O%)" XX} (0 — ©)))] (A.39)
+ QXz;r,t(@U — Q?j)eij,t- (A40)

We borrow the idea to prove Lemma 17 to derive the results. For instance, we can apply
(A.66) on (A.39) by using the fact that ||©;; — @%||/1 [dij (i, @?j) < cR for some constant
c. Similar techniques can be applied on proof of (A.40). |

Lemma 14. Under Assumptions 54 and A.11-A.13, for vector A € RP1TP2H4 jp the
parameter space of the interactive model (25), we have

P{sup sup (NQT)*‘ZZ{ATXU,tXiLA— [ATE(Xij7tXi}t)A]}‘ >z}
i HA”QSWQ i t

< Crexp { — Cy min (Tx2/w2, \/Tx/w) + Csm + log(NlNQ)},
Lo i O Bt 22
< Chexp { — Cymin (T:vz/(,uQ, \/T:E/w) + Csm + log(NlNQ)},

where X;j¢ is defined in equation (A.31), m = p1+p2+4, C1,C2, Cs are positive constants.
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Proof The proof is similar with the proof of Lemma 20. The key difference lies in the
expression of &j;;. The technical details can refer to the proof of Lemma 13, which is
omitted here. ]

Lemma 15. Under Assumption A.12, it holds that

Inlnd (91 1>®0) {Q (5 (1)759(2)ag2) Q (5((1)0,€g(2>0,92)}

NoT
< Tmaxd (elv 6?)7
1

d(®,0°% < T

T @(©) - Q0" <7l d(0,0)

mll’l

where T}, s defined in Assumption A.12, and 1), is defined in Lemma 16. Besides,

©;. = (0] : j € [Ny]) e RN2*™m @;; = (9;2) ,9;2) 0yl 4(2)> Vg0 Vg )T €R™, and
J .7

d;(©;,07) = IZHGW CHIs
(1 1)0 2)0
=65 —o&i)ouzw IZHB(@) 6 ol
J
—1 1) (2 (1o _(2)0 2
+ Ny zj: {’a9§1>9§2> - O‘gl(1>0g§2)0‘ + ’7951)7{];2) - 7951)0’79;2)0‘ }
Proof By the definition of loss function Qz(ﬁ S o) ,G2) in (A.34), we know QF (E( ) 5(2)

g

9) = Zj Q;;(© ij) and QF (E 1)@,59(2)0, Gd) = Z Q5 (@0 ) by following the snmlar deriva-

tion in (A.1). Since Q;;(©; ) > oi(eije + XZLQO /’\,’Jt@ )2, where X;;; is defined in

(A.31), we can use similar techniques in the proof of Lemma 23 to obtain the conclusion. B

Lemma 16. Under Assumption 4 and A.13, we have 7., = max; j Amax (E (X, me ¢)) < 00
with Xj;; defined in (A.31).

Proof We use the similar techniques in the proof of Lemma 33. Due to the interactive
network term, the different term in Aj; is (W(f) ®W§_1)T)TYt, with HW(jQ) ®Wl('.1)TH1 =1
Denote w = W( ) ® ngl)‘r, this typical term has the property that var(w'Y;) = w ' T'w <

||I‘||max|wT11Tw| = ||T||max < cr, where cr is the upper bound conclusion in Lemma 32.
Other terms are the same as in the Lemma 33. [ |

Appendix H. Discussion about Future Extension

We remark that the GTNAR model can be easily extended to a general-purpose machine
learning model by considering nonlinear terms. Take ¢ = 2 for example, model (1) can be
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extended to

th = )\(13)2 zf Yy 7,(t—1) +)‘ (2) Z kj sz ,(t—1) (A-41)
+am <2>Y t71)+f1( )+f2( D) + iz, (A.42)

where f1(-) and f2(-) are non-linear functions. To estimate model (A.42), we could conduct
the following (1) and (2) iteratively.

(1) Estimate the linear part. First given the non-linear part f(x (1)) and f(x (2)),

calculate th =Yijt f1( ) f2( ) Then we implement Algorithm A.2 to estimate

the other parameters and group membershlps iteratively.
(2)7 )‘(2(2)7 and a 1) (2),
9; 9i 9,

(2) Estimate the non-linear part. Given the parameters A

~ akA
calculate Yij; = Yijs — <1 DI n’l Yije-1) — 2> SRy Y1) — @ o Yij (t-1):

Subsequently, one can use deep learning model to ﬁt the function f;(-) and f2( )
Since the discussion of theoretical guarantees is beyond our scope, we leave it as an
interesting future topic.

Appendix I. Proof of Main Theorems
1.1 Proof of Theorem 2

Recall that d(©,©) is defined in (18). To prove d(©,8°%) = Op(a%r), it suffices to show
that

P{ayy/d(©,8%) > K} = 0 as K — .

Denote € as the parameter space, and partition the space into shells 2; = {® € Q :
j—1< ajvlT d(©,0°% < j}, where j > 1 takes over all positive integers. For a positive

integer K, if a;vlT\/d((:), 0% > K, then Oc Q; with j > K. Since © minimizes objective

function Q(®), we have ([[, N\T)~18(0) ¥ ([, MT)"'Q(©) — (I], NT)~'Q(®°) < 0.
Denote S*(®) = E{S(®)}. Then we have

Plazyy/d(©,8) > }gp{eednj HNZT )7's(e) <o}
<Z {mf HNlT )y"ls(@) < }
<Z {mf HNlT )" H{S(@) — S*(©)}

+®1&f}j HNIT) S*(@) < 0}
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By Lemma 23, we have that ([T, N;T)71S*(©) = (I[, MT)"H{Q*(©)—Q*(0")} > 1uind(©, ©°)
with Tyin defined in Assumption 2. Since d(®,®°) > (j — 1)2a%,, for all © € Q;, we have

P{aNT d(©,8) > }<ZP{ inf ( HNIT )"HS(®) - S*(@)}S—Tmm(j—l)?a%w}
jI>K

<y p{ ,(H NT)YS(©) = S*(©)] > Toin(j — 1)2a§VT}.
jI>K 2; l
(A.43)

Denote Si1~~-iq(®i1--~iq) = Qil--~iq(@i1-~-iq) Qh zq( i1-g ), where Qi1~~-iq(®zl “ig ) is de-
fined in (16) in the main text. For simplicity we denote d;,...i, = d;...i, (s, ...i,, O . i) We
next show that

P{ sup (H NT)'5(0) — 5*(©)| > ac}
d(©,0%<w? 7,
< Chexp { — Cymin(T2?/w?, VTz/w) + Cam + log( H N) }

l

We have

P{ sup (HNZT)’1|S(G))—S*(G))\23:}
d(©,8%)<w?

SP{ SUp HNl 1ZZT 1‘5“ Zq O, Zq Sl*l 2q(®i1“'iq)‘ 233}

d(©,0°%)<w?

TSy, (@iyiy) — ®.i,)]
= P{ 1 q 12q 11 zq 1°lg \/ﬁ }
@S(;l[};<w2 Hl N ZZ iy iy 17+
<p { sup Z Z ‘Sn zq 11 zq - Zl zq 11 Zq | \/7 }
= d(® @D)§w2 Hl Nl dll iq 110tg
T72[Si; iy (Oiyiy) — S5 i (O ,q)|
- f di...i, > 2}
{@mme¥§ i 2
_Q‘Sil...iq (@i1~~~iq) — S:1~~~iq(®i1--~iq){2 , ,
: { Sup< 2 Hl Nl ZZ dz’1~~-iq whz }

d(©,0°

T-2|8. . ) Qx L
< ZZP{ sup {Szl"'zq(911“;(;)“.%521-'%(1(@)Zl"'lq)‘ (,J? > xQ}
l i

d(©,0°)<w?

T8ty (@) = SF iy (O]

<> > p{ gw = vz

<4 exp{ — Cymin(T2?/w?, VTz/w) + Cam + log(HNl)},
!
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where the third inequality holds due to Y, (a?b?) < (3, a?)(3,; b?) and the last inequality
holds due to Lemma 19. Here m = ) ,(p; + 1) + 1 is a fixed constant. Then plugging the
last line into (A.43), we have

P{a&lT d(©,0) > K} < Z P{ sup (H NT)7}|S(®) — S*(©)] > Tin(j — 1)2a?VT}
1

Sk e,
< Z Ch exp{ — Cymin (T(j _j12)4a%VT, VT _jl)QaNT> + Csm + log(HNz)}
Jjz2K l
< Z oy exp{ _ Cymin ((j — 1)41052(1_11 Nz)7 (4 — 1)219g(Hz Nz)> + Cym + log(HNl)}
ISK J J )
= Z o) exp{ — (4 — 1)21;8;(1_11 Ny) + Csm + log(HNl)}
Jjz2K l
<> G exp{ — Cy(j — 1)1 = K log(J] M) + Csm + 1og(HN,)}
i>K 1 !

exp { — Co(K — 1)(1 — K~ Y)log([], Vi) + Csm + log (I, Vi) }

1 —exp{ —Co(1 — K-1)log([], M) }

< exp(—C2(K — 1)(1 — K1) — Dlog([T; M) + Csm
- 1 — exp(—Calog([], M)

when K — oo. The third inequality holds by plugging in the expression of a?VT =

log?(TT; M)T~!. The equality holds due to the sum of a geometric sequence. Then we
finish the proof.

—0 (A.44)

1.2 Proof of Theorem 3

In the following proof we write Q(E(Q),Q\(Q)) as Q(C:)(Q)) as we defined in (16). We
use the notations here to denote (:)(Q) as the estimate when group numbers Gi,---,G|
are specified. Define G_; = (G : k #1)" € R7! and we use G_; > G_1 to denote that
G > Gy for k # 1. To establish the consistency property, we consider both the underfitted
model (there exists an [ with G; < G ) and the overfitted model ({G; > Gi0,G_; > G_;}
for any 7). In the following we show QIC(G,) < QIC(G) with probability tending to 1 under
both circumstances. We write the difference of the two criteria as

QIC(G) — QIC(G,) = log{Q(O(G))} — log{Q(O(Gy))} + A(G) — M(G)
Q(O(G)) -~ Q(O(Cy))
Q(O(Gy))

1. OVERFITTED MODEL. In the following we show that (T], N;T)~ 1{Q(@(G0)) Q(O(Q))

(I, MiT)H[Q(O(G))~Q(©°)|-[Q(8(G)~Q(O")]} = (T, NT) " {5(8(Go) ~5(8(C
Op(anT), where ayr = T3, logN;)2. Note that we have

= log{1+ b+ A(G) ~ MGo).

} =
)} =

_
(1T, N1

1
(I, N)T
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\5* Gy)) — 55(0(Q))| + T NT

me Tﬁﬁﬁyé 0) ~ S"(O(G))|

(Hz Nz

by Lemma 19.
Further by Lemma 23 and Theorem 2, it holds that

1

LS (@G - 5" ®(@)

1 S “( 0 1 (@0 _ 0@
smmﬁmm>>Q®HHl\m®>mww
< Tmax{d(@(go),@ )+ d(©(G), ©°) } ZlogNl :

where Tiax is defined in Assumption 2. Since m is a fixed constant, ([T, N;)T) ! ‘Q((:) G
Q(O(G))| = Op{T (35, logN)?}, e,

L
(1L N)T

1

QO(Q)) = TLN)T

Q(O(Gy)) + Op{T™" ZlogNl

Next we show ((I], N,)T)~* (@(G )) = 0% + 0,(1). Similar to above while replacing
©(G) by ®°, we have

HNZ = (JIM)1)'@*(8°) + Op{T~! ZlogNl : (A.45)
l

Here we have (([], N))T)71Q*(®") = ¢? > 0. This shows that ((Hl N)T)'Q(O(G 0)) =
0? + 0,(1). It implies QIC(G) — QIC(Gy) = O {T71 (3], logN;)?} + A(G) — A(G,). We
can verify that A\(G) — A(Gy) > & under the overfitting case, where k = \(G)/( )
Further note that x> T71(}", logN;)? as we assume, this implies QIC(G,)) < QIC(G) w1th
probability tending to 1 under the overfitting case.

2. UNDERFITTED MODEL. From the specification of A(G), we have [A(G) — MGy)| =

0(cgap/ (IT; G1))- Tt suffices to show that ((IT, N)T) " {Q(O(G))~Q(O(Gy))} = Ciegap(cx)?/
(I, Gi) for a positive constant C; when N; — co. Note that

HM ) HQO(Q)) - Q(O(G)))}
IIM ) HQO(Q)) - Q1(0") — QO(Gy)) + Q*(O°)},

and we have already proved that (([], Nl)T)_l{Q((:)(QO))—Q*(GD)} = 0,(T71(3,1ogN})?) =
op{ceap/(I1; G1)} in (A.45). Also note that ¢, is a constant according to Assumption 7.
Hence it suffices to show (([], Nl)T)*l{Q(@(Q)) —Q*(®")} > Cegap(cr)?/([1, Gi) for some
positive constant C' when N; — oo.
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Without loss of generality, we consider G; < G . To prove the result, we use two steps.
First, we show that by Assumption 6, we have

max min {”9 W — <l H2 +a

g(l)E[Gl 0l g~ WelGY,] g0 e[y @1(gM)-p1_1(g=1)gD oy 41 (gHD)-0q (9(0))

0 2
0 g(1). g1 g1 g1+ g @) | } > Cgap/4, (A.46)

where ¢;(9") = argmax qy g 3, 10t = 90,5 = g), and {g= € [G,]} denotes

{g(l) € [Gl,O]v e 79(1_1) € [Gl—l,O}ag(H— ) [Gl-i-l,()]v e 7g(q) € [GQ,O]}' We prove (A46) by
contradiction. Assume (A.46) does not hold. Define oy : [G o] — [Gi], such that

: ()0
o1(g") = argmin 1 {”‘9 W = ()z) I?

+ g—(glgat}éo ] |a<P1(g(1))"'s0171(9(1_1))9(1)/%“(g(l“))"'@q(g(‘”)

_ aO |2}
©1(gM)-pr—1 (gt gB 1 (D)o (gl) I [

Since Gjo > G, there exists at least two g%l), gé) € [G 0], such that oy (ggl)) = al(gél)). Then
we have for all g~ € [G? ],

Do _ 4002 0 0 2
16 0' I +‘ g()..gl— 1>g<l>g<z+1> g(@ O‘gu)...ga—l)ggl)g(m)..‘g<q>’

MO MO
< 2/j6® 0 242000 — 8" |2

| u) - oy 17+ 2]l u) cN

2

2{ a —a 2
+ 24 01(gM) 011 (g )01(8\) o141 (gUHD) )-r0q (g(0)) g<1)...gafl)ggl)g(m)...g<q)’

~ 0 2
18, ()11 (00101 (0 )11 (40 (910)) O‘g<1>---g<lfl>g§”g<l+1>---g<q>’ }
< cgap/2 + cgap/2 = Cgap, (A.47)

which contradicts Assumption 6. We explain the last inequality as follows. For any ¢!) €

[Gro),g~ U € [GO_Z],Q(Z)/ € [Gy], we have

/\l)

||0(l m|* + & 1 -1 ! 1+1 —a’ 2
g 5,(50) P1(gM)-p1-1 (g4 )a1(gD) o141 (gUHD) g (g() gD --g(=D g glt1)...g(a)
~(1) 2
< max { 0 -0 !
= g-Oea,) H g<z) a1(g( ))H

0 2
+ ‘O‘w (M) 01_1(g@ =)oy (M) oy 1(g1F D))o ipg (g(D) ag(l)...g(lfl)g(l)g(l+l)...g(q)’ }

(l) 9
< max {0
= g-Wefeo,) 160 — Ogar

+ |a 1 1—1)4(1)’ I+1 —a? 1 1—1) (1) o (141 |2
1(gD)-p1 -1 (g=D) g @y 41 (g ))---Wq(g(q)) g-g=D g g41)...g(a)

< max max {HG g _ 9! (l) ik
gVelGrolg-Delgo, U9 79
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+|a 1 -1 1)’ 1+1 *0501 1—1) (1) 5 (141 |2
©1(gM)-011 (g1 gD 0111 (gUH1D)- 04 (g(D) gW.g=D g gUtD...g@ ] >

where the second inequality holds by the definition of ¢;(¢g"). Since the above inequality
holds for any g(l)/, hence by setting

' _ : (0o _ 2
gV = arginiyw/ e()] {Heg( 9(”’ 17+ e, o), ~p1-1(90 1) gW 011 (9(H+ D) pg (9(D))

0 |2
Q). g(1=1) gD gD .g@ | [ >
we get

mo 70
Hoga) - eal(g(l))H + |a<p1(g(1)) 01-1(g8=D) oy (gD) o141 (gD 0q (g(D) T

< max max

a \2
g(l)~~~g(l*1>g(l>g(l+1)...g(q)
l max - min {Hegm—ewn +a,,
gDelGrol g~ WelGY,] g €[y

(g1 1(g0=D) g0 oy 41 (g0HD) ) ipq (g())

0 2
1), g1=1) g(0) g141) . (@) | } < Cgap/4-

Hence, by the contradiction (A.47), we could obtain that (A.46) holds
Subsequently, define the mapping ¢;(¢g")) = argmax.(

)0 ~(1
D elG] Ziz I(gl(l) - g(l)’gi(l) -
¢gW"). In addition, let
* . ~(0) )0

(g g P) = argmaX,(e(Gy o}, 9@ €[Gq,0] {g(lngIFGl} {Hag(”/ -6

18, (001 (90-D)g D 41 (901D (9(0)) agm--~g<‘*1)g<”g<‘“>'“9<‘1) |2H (A.48)
In this case, we have

~ 2

d(@(G) Nl zl g 11 g

ig=1
N, G;  Guo

S I I SID SR (AL R DI
l

(102
o)
= lg(l)’—lg(w 1

Gy G1,0

SEDID JRED Sl SRt 3

g g'=1  gl@'=1gM=1  gD=1
~(1 1) ! 1)0 1 0 ~ 0 2
I(gl(l) — g( ) 7gZ(Q) g(lI) ’92(1) — g( )’ o 7gz(qq) _ )|ag(1)’...g(q)’ — %y
l )0 (1) )0
> Z Z oulg), 0 = g8 g0-) — O
zl 1

+ ST 1@ = 019V, 50 = g9l 0%), g0 = gD gl = gl
Hl Ny, —~. ! !
11, 42q

. 0 )
Qi (g0 pg@) — gy, glas
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y (A.46), we further have
4(0(G), ")

1 -~ * A~ * * *
S Z 1@ = o199, 50 = 0 (9'9), 9" = gV, glP0 = gl0)
l .

)0
He gy = 00012

1 Nz >0 1@ =198 = 0907, 90 = g1 g = o)
L i

’a¢1(g(1)*)...¢(g(q)*) - 042(1)*,,_9@)* ’2
Cga, ~(1 * * 1)0 * 0 *
B S I = o195 = (907, g0 = g0 gl 00 = (@)

Jq

— 4 Hl N,
217 st q
c o _
_ gap ¢
= Z Z I{gz - SDZ ) gll )*}
4TI N
l 1 7’1 1
where the last inequality is due to that
P JOLNP: 0 2
|’9¢l(g(l) (l)* H + ‘agpl g(l)*) . (g(Q)*) - ag(l)*...g(@*‘
Ho - 0 2
> ( -
g(lml?G {Hag(”' 0 g T+ 11 (g0%)- 11 (g1=1%) g 141 (g1 (9() T A, glar= }
= max max min {HB W — 0(@ 12
De(Grol g-Delc ] g0’ efcr] L9 g
c
gap
T |O‘<ﬂ1 (911 (g=)gD @111 (glHD) g (@) ag(l) 9(‘1)’ } 4

by the definition (A.48) and (A.46).
By the definition of ¢;(-), we have

_ (1 X ¥ * ~1_(
NUSTIGE = 9,000 = g0 = NG Y 16 = g0 = 6L
, .
From Assumption 7, we know that there exists M > 0, such that for N; > M it holds

Gy ﬂ(()w* > ¢x/2Gp. This yields d(8(G),8°% > ﬁ%ﬁlél as Ny — oo for all | € [g] by

Assumptlon 7. Then by Lemmas 19 and 23, we have

HNZ “HQ(O(Q)) - Q(O(Gy))}
ZlogNl)2) + <<H Nz)T)‘l{Q*(@(Q)) -Q'@")}

> Tmind(@(G) @O )+ Op( E logNl

TminCeap (Crr )Y _ Cegap(cr)?
> _mintgap\tm/ 7-1/2 logN;)) > ——8ap\-m)
= R [, G + Op( (m + El ogNy)) e

with probability tending to 1, where C' = 7p,;,/29%2 is a positive constant, and the last
inequality holds since the condition (19) that T=1(3>";logN;)? < cgap/(IT, G1)-
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1.3 Proof of Proposition 4
Recall that

q
(
Qu(‘f (z)vgg (l)7 Z Z Z{ i1-ig,t Z/\g(l) zlk Yiroois ki g, (t-1)

m#lim=1t=1 k=1

q
—Oégm <q> i1-ig,(t— 1)—qut m}’

Zl

which is defined in (A.1). Define

I . (1) POL
a(g") = argm1n~<l>e Gl]{”%m =0 0l
0 2
E |O‘A(1) .A(l 1)~(1)A(l+1) /g\(Q) (1)0 =10y (14+1)0 (q)0| }
m# - 1z+1 q i1 i 9 gll+1 iq

Let Rl = Supl Supil Supll®7;1“47jq||max<R |%{Q111q(®111q) - Zl'“iq (Gllzq)}| a’nd we haVe

Ry = Op(T~/?(m + 3, logN;)) due to Lemma 17. Therefore again by Lemma 17 and the

~(1 ~DT _
fact that £(§()z> = (G(A()Z) , vec(a Qo). )"1)T minimize Q;, (E;?Z);EQ,(Q),Q,;), we have
i i

7@1

1 <) =0 = 1 20 =0 =
TT N T ;Fl ~()3 *l’g— _R S— 1] ~(1 —l,g_
(T Nm)TQ (590 §g-0,9-1) — B (T Noo)T Qi (€< 1€5-1,G-1)
1 (O 1 (1)
S— i lo, y,G_ S— i 10y 5 n, 1)+ R
(Hm#l N, ) @ (5 () Sg v ) (HmilN ) Q (E () ) 59 o ) 1

for all 4; € [N;]. Therefore it holds

1 (l) U
—_———— g0 , Y ,g <2R;.

(A.49)

1 ) =0 =
Sgp {WQ”@A@,&Q ,G-1) —

On the other hand by Lemma 23 we have

~(1) 1
0 SSUp{—Q* (S (1)0 aE (l)a ) - —Q (£ ,5 a )}
T 07 o Ny T i, 0
< Tmax Sup{ N Z Z ||0A(m) (m)0||2 + ||0 (1)0) - 9 1o ”2
1] m;él m#l im g'bl

0 2
+ = E E !0441) -1 DO0v=0+1) @) — O (1o (g)0] }
Hm# Gy, o1(9;,) g gy g

9;
k2 1 k2
m;él im=1 -1 41 a 1 ‘q

YD T10gNy)?) + Op(T (D 10gN))?) = Op(T (D logVi)?) (A.50)
! l l

where the second last equation is obtained by Theorem 2 and Lemma 24.
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Next, we use the order in (A.50) to improve the order of R; in (A.49). Denote (:)il
as the parameter by replacing the Z]\Z(Z) by U(QEZ)O) in (:)” while keep the other terms the
same. By (A.50), there exists a positive constant C, the event O; = {sup” du(C-) iy ,@0 ) <

Ca%;} has the probability P(O;) > 1 — € for Ve > 0, where ayr = (Zl logNl)/\F
To derive the order of Ry, we need to derive the order of distance dzz(@u ,@ ). We

next show that P(ay} sup;, dil((-).il.,(a,il,) > K) — 0 as K — oo, which implies that
dil((:).il.,(:),ail,) = Op(a%p). Partition the parameter @, into space Q; = {©,,. € Q :

G - 1) < aypp dil(('-).il.,@)zl,) < 5}, with j > 1 taking over all positive integers

and v = \/ 1 + C(Tmax + Tmin)/Tmin is a positive constant. For a positive integer K, if
apy/diy(©.,.,07,) > K, then ©.;,. € ;- ;. Define

Szl( ) Qll (EA(Z)aEQ (2)7 G ) - Qil (g ol l)O aég l(z)vé )

By the definition of é'iw we know that Sil(é.il.) < 0. Hence, we have

P{ajvlT sup \/d;\(©.,.,67,) > K} < P{ inf inf ([ NaT) 'S (0.) < o}
i ‘ . m#l

i 0. €Us

<Zp{mf[ inf ([T M) {84(©.3,.) — S;,(©.5,)}
J>K 0 €
inf (][ NuT) 55O ”.)} go}

ezl €y 1y

Under event Op, we know that if (:j” € Q;,

* <O =0 = <) -0 =
(] N~ me = (][] NmT)™ H;f{Q” EA(mﬁg w,G-1) — Q5 (&, (o) i €g-1,G-1)
m#l m#l
=)
= (H NmT) 1nf [{Qzl A(l),Eg (l)a ) Qzl(€ (z)oasg (z) ago )}
m#£l

RPN RS
+{Q; E(mo,ﬁg (mgo ) — Qil(fgl(g(no);ﬁg—(mg—z)}]
i

® .
> Tonin inf diy (©.4,., 0% ) — Tonax sup d, (07, ©Y)
] ;

’Ll J
2

® PO
> Tmin IDf ;) (©.4,., ©,.) — (Tmin + Tmax) SUP d”(G (90 )
] ;

’Ll Y
2]

Tmax T Tmin

> Tmin(J — 1)2(1 +C )a%VT — C(Tmax + Tmin)a?VT

Tmin
= Tmina?VT(j - 1)2 + C{(J - 1)2 - 1}(Tmin + TmaX)a?VT

@

> Tmina%\fT(j - 1)27

82

}



MULTI-RELATIONAL NETWORK AUTOREGRESSION MODEL WITH LATENT GROUP STRUCTURES

where the inequality (1) holds due to Lemma 23, inequality (2) holds due to the triangle
inequality, inequality (3) holds under O; and the definition of the partition, and inequality
(@) holds when j > 1. Therefore, we have

P{a]_vlT sup diz((:)'im(:)zl-) > K}

< Z {mf [A inf (H NmT)_l{Sil(é-il) Sz*l(@ )}

©.,.€;

émf (T[] NwT) 15* ”.)} go}

2, m#l
< ZP{ sup sup HN T) 1|S”( i) — S*( i) > TmmaNT(] —1) }+P((’)f).
J>K U ©.. €9 ml

(A.51)
Next, we derive the upper bound for the first term in (A.51) under event O;. Note that
Si(©.4.) = Qi (©.5,.) — Qi) (0.;,.)

_ZZZ{( i1-igst T 11 ‘g, teu zq)z— <Y;‘1...iq7t—X“ Zq’t(--) iq>2}

m#L iy, T
/\ T T 0 .
- Z ZZ{ i1 'Lq - 7'1 Zq) Xil"'lq,thl Zq (G)’Ll ’Lq - ®'Lllq)
m#l im
— (@ ., —0; )X (@ .. —& )
11-+lg i1-+ig u---zq,t 11 “ig,t i1-++4g i1-ig
T A\ ~
+ 2'/Yll “ig,t (®leq - ®i1"'iq)€i1---iq,t}

Hence we have
19,(0.4,.) — S5(©.4,.)] <

~0 o
<2\ZZZ{ i = OF1ig) Xyt iy (O iy = O7 )

m#l im t
[(6?1 Gg 911 zq) E(Xil"'lq,thT “ig,t )((9?1 “iq _®i1--~iq)]}’ (A52)
+ ‘ Z ZZ{ i1dig 0. "iq)TXil“'iq,thT syt (911---iq - @i1-~~iq)
m#l im
—[(©4.i, = ©iyiy) E(Xil...zq,tXZT i) (©F i — ®i1...z-q)]}] (A.53)
+ 2‘ Z Z Z i1 74q7 welg ®i1-~~iq)5i1~~~iq,t (A54)
m#l im T

Due to the definition of parameter @;,.’s partition £2; and under event Oy, the concentration
inequalities for (A.52)—(A.54) can be obtained by Lemma 20 that,

Z P{ sup sup (H NmT)_1

i>K g elleﬂj m#l
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e’ 7T T 0 ~o
‘ Z Z Z { i1eig 21 -~iq) Xil"'iqthzl ‘gt (Gilmiq - ®i1~~~iq)
m#l im t

~C ~0

- E[(G% e ®i1miq)TXi1miqt i1 g5t (691 ‘g 611 4 )]}‘ > Tmina?VT(j - 1)2}

<N exp{ — Cymin (T(j _O) ahr VTG -1 “NT) +C’3m+log(HNl)}
l

i>K Ve
—ZC’lexp{ (j—1210g HNl + Csm + log( HNl}
i>K
< Z C1 exp{ 02(j ), jog(nl M) + Csm + log(H Nl)} —0
j>K l

as K — oo, where the equality holds as ant = log([[, N;)/ VT, the last inequality holds
when j > 1, and the limit holds by the same calculation in (A.44). Therefore, by substituting

the tail bounds for the first term in (A.51), we obtain that P{az_vlf sup;, diz(©~iz~> @il) >
K} —0as K — oo.

0

This implies that sup,, diz(é-im ©.,.) = Op(ax ). By using Lemma 23, we have that

1 >0 = 1 « 2D Rl O
sup WQ”(EAU),@ 0, 9-1) = 7 @i &gy g0 €90, G-1)
2 mz£l ' m m##l m) l
'O logNy)?)
l
Therefore, together with (A.50), we have
su 1 0 (E(l) ~?(l) G- 1 *f(g(no' ~o_ g0 )
ilp —(Hm;éle)T i ggl”’ g~ W=l (Hm7£lN7m)T i gff)m g—F—l
1> TlogN))?). (A.55)
l
By Lemma 23, we get
~(1) (z)o 2y
sup ||0A(l> - g(z)o” H #N Z|O‘A<1) 5@ —a’ (1)0 (q)()
12 i m 'L

= Op{Tr;lnT ZlogNl) } = Op{T* (ZlogNl)
l l

1.4 Proof of Theorem 5

The Figure A.6 visualizes the strong group Illemberships consistency when true group num-
ber G = 3 and estimated group number G; = 4.

To prove the result, we use Lemma 25 by setting & = E First we note that © satisfies
(A.88) by Theorem 2 and the condition for cgap. In the following we first show that § € N,gl)
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Figure A.6:

with n = Tmincgap(cﬂ)q_l /{8(Tmin + Tmax)} with probability tending to one.

,,"—’ O\ 1”" d\
s 48550
C Co0, (@ g0 S
<~ @0@,-Y0o0" - 0CH 00,
@26 G000 (@ Ja 00
: \ %§ \:\\‘Q_~’ \\\O%Cﬁo\:\()-——’/
\\ OO // ‘\O OO ’/
QO oo
RO RW
Gio = Cr=4

The group memberships when G109 = 3 and CAJl = 4. The units belonging to
the blue group are split into two sub groups (marked as blue and pink).

Then the

conclusions of Lemma 25 hold. Second, we use the conclusion to prove the result. We
remark that the notations in the following proof are borrowed in the statement in Lemma

Step 1. Proof of E € ./\/}gl) with probability tending to one.
First by Lemma 24, we have

max
gD e[Gyo] W elGI]

Z Z |O‘~<1)A*(l)

. (1) )0
min (1850 — O +
m;él m#l im

0 |2
g(z)gi—_(ll)o

'O “logy)?)
;

Next we show

. ~(1) O 2y
_max  min (||0§(z> 0.0l +
gWe[G] gWe[Gy 0]

' logNy)?)
!

Define the set Ozo) = {i; € [N/] /g\l(ll)
Therefore for all 7; € Oz, it holds

min 0~ — 0(1)0 2
i (1850~ 0017 +
~(1) 10
< 1650 — 6% 112 +

95 m;él

~(0) ()0 2,
=6 —6
” gill gz(lz)oH Hm;él

N Z Z |O‘~(z)A—(l)

m;él m#l im

0 |2>
-
g(Z)gL(l)o

g}, where fq\l(ll) is obtained by (14) by using E

Z Z ’O‘wr—(l)(g

™ Al i
Z Z ’a~<z>A*<l>
m;él im
> G505~ gy
™ mAL im iy
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Then it yields

Y o2 4
min O~ — 6O
g(l)E[Gl]g(l)e[Gl N (” g0 — 0,0 l" +

o0 2
Z Z ’a~(z>A*<l>(g g(z>g;_(ll>o | )

m;él ™ Al i

Y Mo y2 9
< max sup < |00 — 60" ol° + \aA(l)A_(l) —al oo, ol
gWelGi] o ) i (m msél g;e:zzz: Gi i 95, 9i_
(1) (0o 2,
= max 0. —0 E E aA(z)Af(z) —a% _
ielN] | . gzglz)oH m# m o @ g Ve (z)o (z)o|

= O/I,{T_1 (Z logNl)Q},
l

where the last equation is obtained by Proposition 4. By the condition that cg.p, >
(37, 1ogN;)?, and the definition of J\/}gl), we can conclude E € Né” with probability
tending to one.
Step 2. Proof of conclusion of Theorem 5.
Sinceg € /\/}gl) , we have that the two conclusions in Lemma 25 holds for E Then it should
be equivalent to prove that for ;1,72 € ﬁg(),) for some g € [G1], it holds 1,172 € R;l()l)

for some g0 e € [Gi0]. Suppose 1,42 € 7%9()” for some 'gv(l) € [Gy], then @\() s — g

in = Yip =

in this case. By conclusion (ii) in Lemma 25, we have g¥) A(l)(ﬁ g(l)0 G9) and g e

uy ?
A%” (&, gggo, GY) with probability tending to 1. Next, by conclusion (i) in Lemma 25, it holds

ggl)o = gg;o since Ag) (E, -,GY) is a partition of [G)]. By defining g\ def g(l)o = () € [Grol,

111 7»l2
we have 41,10 € R;l()l?. Then the conclusion we finish the proof.

1.5 Proof of Corollary 6

By the Step 1 in the proof of Theorem 5, we have E € /\/;gl) with probability tending to
one. For G; = G, since {A,(f)(g,g(l),gg),g(l) € [Gio]} is a partition of [Gy], then we
can conclude that .Ag) (E,g(l),gg) contains only one element in [G;]. Consequently, we
can define a permutation by A,(f) (€, G 1 [Gio] — [G)). By Theorem 5, this implies
that limpingn, ... N, T} 00 P (él = glo) — 1. Next, given that the probability of {31 =
Go, ... ,g] = g};} goes to 1, (22) can be directly obtained.

1.6 Proof of Theorem 7

By Corollary 6, we have E = ?r with probability tending to 1. Then it suffices to treat E as
R (a)

R R @) )X x N

€” equivalently. Recall that & e RV1500 497 is defined as the subset of
the tensor & with each dimension selected by the index sets R(l()l). By the vectorization of

(R(l)l , ",R(Q) )
tensor defined in the main text, denote Y ). @ = vec(yt ot o) ) and E ). g0 4 =
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M @
Ry R (o)
Vec(Et )

, then we have
nq/ZTl/Q(/é _ g% = nd2T12 1§ — (nquflM)fl(nfq/2T71/25)7
where 8 = (6M7T, ... §@T 51T and

z nT nT
5;20 = X;<)1>.~~g<q>,tEg(1>~~g<q>,t’ o0 = (5;&) gV e [Gi)) " e RO,
t,g—

o _ T a _ (soT . T
02 1) .y = 2 Ygg@ (-1 Bggr 0% =00F ) )+ Ty, g € [HGJ) '
¢ !

Here
X;?l)...g(q),t = (Vec{ (Vi1 <1 W(l))gm...g(q)},
1N, o @ (X(l))( S 2 ® 1ng(q)> e Ry N @)X (01D
is defined in (10). Recall that M,,p = n~2T~'M and then we have
nd/2T12 T (€ — %) = nTM;%(nfq/2Tfl/25)
=n 12T 2T (M) 716 + 02T 20 T {M, f — (M) '} 8
=n 92T 2 T (MO )18 + 2T 2 TML L (MO — Myr) (M) ~1e.
Since we have n= 42712 "M 1 (M%,. — M,,1) (M%) 718 = 0,(1), then it suffices to show
n= 2T 2 T (MO )7 —q N{0,0%n " (M°) "'} (A.56)

Next, we provide the proof of (A.56).
_ ~()T ~(1)T ~(q)T ~(T ~ ~
Define n n (MO ) 177 = (775 ) ) " an(Gl) y " 777§q) P 777(5'13 777?..-17'” 77’%1...Gq>—r7

where 77;21) € R+ and My)...g@ € R. Then we have

—q/2—1/2. T (n 50 1s T
n a/ T /"7 (Mn ) 0= \/TTZZ g Z X M)...gla) ¢ Qm gt

R0 t,g—®

\/TTZ Z 77 1. g(‘Z)ZY M.g(@ (t—1) g<1> gDt

I gh=1

def def T
ZZ g ...g(@) ¢ g(l) gt = Zzt E,.

t g(l) t

Define F; as the sigma field generated by {g;,..i,,s : 4 € [Ni],] € [q],s < t}. We have
{ZJE;, F;} as a martingale difference array. By the central limit theorem of Hall and
Heyde (2014), it suffices to verify for any u > 0

T
ZE{ ZE) (|2 Byl > U)|]:t—1} —p 0 (A.57)
=1
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T
> E{(ZTEFi | - 0T (M) MY(MO) ! (A.58)
t=1
where M) = hmmm(n T)moo T n~9T~ var(§) = o2 B0 (n, 1) 00 M?, = o2M?, and (M?)~!

(M%)~ 1M0(M0) by the condition that &;,...;, ¢ is i.i.d over iy, - -+ , i, t with var(e;,..;,¢) =
02 and it is also independent of {ys,l,Xgl), e ,ng) i s < t}, where x{ = (xz(l)s D €
[N
(1) Proof of (A.57)

We have

ZE{ 2 E) (|2 By| > )| Fie 1} 2213{ (2B Fie 1} <ecu” 22 (2] 2,)2,
t=1

where c is the fourth moment of &;,...;, 1, which is a finite constant by Assumption 3. Then
it suffices to show E{Zt(ZtTZt)Q} — 0. Note that we have

=10 !
Zg(l) g(q>t Z \/7T g(l) g(q) tng(l) + \/7TYg(1) g(Q> (t 1)779(1) g(‘I)

def o
= zl:Zgu)...g(q),t T 2. gl

Then it suffices to show

OT @
E{Z(Z Z Zgu)...g(q),tzgu).l.g(q)’t)z} — 0, (A.59)
t g®
E{Z ZZ g(l) g(D ¢t g(l) (), t) } —0 (A.60)
t

g

due to Cauchy-Schwarz inequality. We first show (A.59) in Step (1.1), and then show (A.60)
in Step (1.2).

nT l
(1.1) Proof of E{S,(X, X0 210, /200 g )} = 0

Write n(<)l) = (?]f]l()l) 1 ﬁ;l()lI(_l))T. By the definition of V,_; x; W) in the main text, we
have

yt—l X1 W(l)(Rg(l) 7')
N,

— 0
= (3 Yo im0 0 i g € R
il=1 g

NlX“'Xng(l) ><Nq.

We have

20 2 1 =) 2O 2
Z ZZ g(1> 9@ 1240 g<q>7t) SCHQqTE Z (”ga);) ”Xgu)‘..gm),t”
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2
1 ~(OT  OHT Ot =0
+Cn2qTE Z HN gtm)M (l) )X @)...g(a), thu) 9@ g (1)
g . gl@ m#l
2
1 N ! - ! -
= CanTE Z(U;ﬁ2)71)2VeC{yt71 X W( Ry )}TveC{yt—l X W( YRyw )}
g
2
1 70T R DT (5 0y Raty ) =0
+Cn2qTE Z HN g(l)( 1)(Xt ) g(l) ( ) (l) n (l)( 1) )
g m#l

where c¢ is a constant. By Lemma 22 and Cauchy-Schwarz inequality, it holds

2

E (Z@l()w 2vec{ V-1 51 W R0 ey, s WHE guw)})
g

(l) )

~( w! YR 4y
<y 2(77;()071)2“( a

G

T T
(1N1 ]-Nl 11N11Nl+1' '1Nq)

T MR, T2 !
(1Nq T 1Nl+1 1N11Nl—1 T 1N1)W alV ) <y Z(ﬁ;()l)?l)202nq < Cn2q
0

where ¢4y = F (Yl‘fzq ,—1) < oo and c is a constant. Here the last second inequality holds
because N; < con and co is a positive constant. Next, we have

2

1 70T W)\ RO AT o)y (R - 70
nQCITE Z H N g(l) (Xt ) o) (Xt ) g(l) g(l)( 1)
o ml

2 2
)2 AOT L Dy2 AOT  LDy2
anT HN E Z Z g(l> —1) zlt) = n2T Z Z g(l>( 1) zlt)
g zleR(l) g zleR(l)
0! NO)
By the Cauchy’s inequality we have
1/2
~OT () \2=(OT (1) \2 =0T (1) \4 ~OT (1) \4
E{("?gy)’(_l)xmt) (nggn’(_l)xilzt) } < [E{(ng§z>7(_l)xillt) }E{("ggz),( 1)Xi12t) H :

We also have

e} = i o 2 (T stfz) )

_4l=0 HOt ) 4
=4l H / 2P|y x| > tfde < exclify

where ﬁ;l()l;(fl) = ﬁg@) / ||77 o0 ( || and ck is a constant related to K. Here the last
inequality is obtained by noting that (né()l) (_1),ng) is a 1-Lipschitz convex function of Xz(n)t
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@

with mean zero and x; ; is K-convex defined in Definition 1. Consequently we have

c xD 2 (HOT URY:
WE Z Z Z (l) 1 let) (ngél),(—l)XiZQt)
gy),gél) i1 ER( ()l) 112 ER( <))

C 2,2 -1
<o | X el IR, B | = 0T <o),
@ 0
91 592
. ! -
Consequently, it yields F {Zt(Zl Zg(l) Zg(()l> @ tZ;()l) 40, t)2} =O(T™1) = o(1).

(1.2) Proof of E{>_,(>>,> ,0 zael o). g(0), tZg(l) 4@, t) }—0
Next, we have

Z ZZZO) gDt g(l) -g(a), t)2
t

g0

anT ZZ o)) Y g1y gta) (1-1) Yg0g@) (1)
0
g

2

= anT Z Z (1. g(q) = O(T_l) = o(1),

g0

where the inequality is obtained by Lemma 22.
(2) Proof of (A.58)
We have

ZE{Z Et ’]:t 1}—O'ZZZTZ,5—UZZZZ gD g(@) ¢ g(l) -g(D ¢t

)

_ =OTxOT O] ~(0)
- an ZZ Z Moy Xy1)... g 1R g(0)...gt0) 4Ty

t g, gl

25T
an E E 1500 @) Y g -1y Y -g@) (1-1)-
T g g
g g

In the following we prove that

sOTxOT 0 ~U)
anZ Z My Xy g@ Ky g@) My
g(Q>

: 1 ()T e®T 0 ~(1)
= Jim —o > My Xy g Xy g Iy —» 0 (A.61)
g(l)7~~~ 79(‘1)
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1 ~a 2y T
T YooY @ @)Y g 1) Yewg 1)
TG
g

1. gl
1 ~ 2 iy T
~ Jm — > (M50 .... g@) EY g0y g0 (1) Yg).gt@ t-1)) | = O- (A.62)
g<1)7~~~ 79(‘1)

We first show (A.61) in the following. Note that by the step (1.1), we have

=TT O] ~(0)
anZ Z Ny X,y g0 gl M0

t g . g@
- qTZZ Vec{yt 1 xg W0 } vec{ Vi1 x W0 )}
n
t g
U] (]
nT (ONSS (l)’)T 1\ (R ()v) )
an ;% H;AZN g(l) _ (X ) (Xt ) ! g(l>( ) (A63)
g m
Note that
1 . . .
ndT Z 2(77;[()1>71)2V6C{yt71 X W(l)(Rg(l)’ )}Tvec{yt,l X W(l)(Rg(”’ )}
t g
MRY, ) T
- an ZZ g<l> D ( Iy @ @Iy, @W 7 90" @Iy, - @1Iy,)Y,
t g

DRy

<(IN1 PR ®Ilel ® W ®INl+1 "‘®INq)Yt) .

Further note that

-
O®RY, )
an Zt: %): 9, 1 ( INI ® Ilel ® W @ INl+1 o ® INq)Yt
g

O®RY

((IN1®”'®IN1—1 ® W (l>7)®INl+1' ‘®IN‘1)Yt>

ORY, T

RO
)T R,

w ®INL+1®”'®INq)F}‘

nd
g

= 0,(1) (A.64)

by Lemma 21, where W in Lemma 21 is set to be (Hm# Nm)*l/z(IN1 ® - -In_, ®
(szj&),o

1 !
- 3G ) { (I, @+ @Iy, @ W

(ﬁ{gl()l) W 1 <D <an’e Iy, ® - ®1Iy,) € RUILNOXTIL M) and we can
verify that n_llﬁ N, WTW1Hl ~; is bounded under when N; = N, ) = O(n) for all | € [g].

def Ry By (Ra,) ~
Nextdeﬁnex“*ﬁuxi”‘ﬂl A )T X ERIRI T xR )T,

l (=1 Gi(=1)
where ?]égj,(f 1 17( 0, /H’? poys 1)H. Then we have
l)(R DT R @) -
T 9 W)~ l
an()l X X, 77;21)7( y| = Z o (A.65)
t g(l) t
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where A1) = dlag{Hn o0 ( H2 . ¢® € [G]}. Note that x| satisfies K-convex concen-

tration property deﬁned 1n Deﬁnltlon 1. Then by using Lemma 27, we have

|(nT)71 ZXEI)TTA(I)XEZ)T _ n*lE( ({ )TTA(l) ‘ _ Op(l)

Together with (A.64) and (A.63), and by taking the limit, we have proved (A.61).

Next, (A.62) can be similarly proved by using the same technique as (A.64) and Lemma
21. Together with the fact that n=9/27~/2nTM, 1 (M2, — M) (MY ) 716 = 0,(1), we
reach the conclusion.

Appendix J. Technical Lemmas

Lemma 17. Suppose Assumptions 1-5 hold. Then we have

1
P( sup ‘ Qiyoie (i) — =OF . (©1.) >x)
||®’1 ’Lq”max<R T e i1-iq T ©tig 11°+1q
< e { — comin(Te?, T'/%0) + cam (A.66)

where m =Y ;(p1 + 1) + 1, and c1, ¢z are positive constants, In addition, we have

1
swp | =———-{Q(©) - @"(©)}|
1©[lmax<r | (TT; NO)T { }
1
< Sup su ) Qiyig (@i iy) — = Qi (O i) ‘
i1, . zqumax@ T{ e e e q}
=0, (T—1/2(m +3 IogNl)). (A.67)
!
Proof Note that we have
1 L 2
0 T
Qzl zq 21 “ig —TZ Eiqq- zq,t+ 11 “ig tG) g le gt ®i1---iq)

M=

2 0
{Eil"'iq7t+2€i1"'i47 11+0+ig,t (@u ‘g _®i1"'iq)

Nl =

t=1

+ (@i, — O VT X i XL (O, — O )}

21 zq 71" zq 1 1q

Recall that 3;,..;, = E(Xir--zq,tXl g t) It is sufficient to show

1 .
P(‘f ZE?I"'iqyt - 02‘ > ZL’/3) < 2exp{—c;Tmin(z?, z)} (A.68)
t
P( sup ) Z‘S“ gt X i ta‘ > x/3) < exp{ - min(T:):Q,Tl/Q:U) + 03m},
laflmax<2r ' T
(A.69)
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P(

< exp { - min(Tx 2 TV2%) + 03m} (A.70)

T
a max

where m = 3, (p; + 1) + 1 as defined in Theorem 2, and ¢;, c3 are positive constants. First
by Lemma 27, (A.68) holds directly. We next prove (A.70) in two steps. First we establish
the upper bound for a fixed a, then we establish the upper bound for all a satisfying
|a]lmax < 2R. This yields (A.66) and (A.67) holds subsequently.

Step 1. We first show

T
(’ E :a 11°g,t 7,1 ’tha_a EZ‘1""L.qa

for any a, where c3 and ¢( are positive constants. For the sake of similarity, we only verify
the concentration inequality for diagonal elements of 7! Do Xil..ilmté\’ i1 emig Note that

the diagonal elements of 7! > Xy zq,t)( .+ takes the form T-1 DWW TYtYT (with

21 “ig
w € RILN and [lw|; = 1), or T PICH i

length vector x( )t For T~ 1Zt ”t ng)t We use Lemma 27 and Assumption 4, and note

> x/3> < ¢p exp < — c3min(Ta?, T1/2x)>

)2, where x , is the jth element of the p;-

zl]t

that cg exp{—csT min(z2, )} < c¢pexp{—c3z min(Tz?, T'/?z)}. This yields the concentration
inequality. For the 7! Dot WTYthT w, we use Lemma 18 to obtain the result.

Step 2. Here we follow Lemma F.2 of Basu et al. (2015) to prove the result. First we
define M = {v € R" : [|V|lmax < 2R}, where m = 37 (py + 1) + 1. Let A = {u1,--- ,upq}
be a R/5-net of M, where |A] < 10™. Hence for any v € M, there exists some u; € A such
that [|AV||lmax < R/5, where Av = v —u;. Define M = [T~1 3", Xil...,q’té’( — X igle-

i1-ig,t

i sup [v Mv| < max |u] Muyg| +2 sup | max Av' Muy| + sup |IAv MAv|

veM 1<k<|A| vem 1<k<|A|
<2 max lug Muy,| 4 2 sup IAv MAv| < 2 | Dnax lul Muy| + 7/50
1<k< <

where the last step is because 10Av € M. Thus 7 < (100/49) max; <j<| 4| | Muy|. This
leads to

sup <‘ Za Xy gt X, Zl it aTZil...iqa >:1c/3>

lallmax<2R
= P{ sup ‘VTMV’ > — } < P{(100/49) max |u) Muy| > x/3}
veM 1<k<|A|

< ¢g| Al exp ( — ¢4 min(7T'(492/100)2, T1/249x/100)) < exp { — ¢y min(T#?, T ?z) + c;»,m},

where c3, ¢4 are positive constants. (A.69) can be proved similarly hence we skip the details.
|
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Lemma 18. Under Assumption 4, then we have

1
P(‘f S WYY w - wTrw) > u) <2(¢> + g+ 1) exp ( — Cy min(Tw?, T1/2u)),
t

(A.71)

where w € RILN s element-wisely non-negative and |w|y = 1 and T' = cov(Y;), and

C1,Cy, Cs are positive constants.

Proof By (A.6), we have

1 1 2 1
T Z w' Y, Y w = T Z w ! YSYS T w + = Z wYOYS w T Z w ! YOYS T w
t t t t

Specifically, let I' = cov(YY) and I'® = cov(Y¥). It suffices to show
1
P( T Z WTYfoTW — WTI‘CW) > u/3) < 2¢° exp{—c1 min(Tu?, Tl/zu)}
2
P( T Z WTYfoTW’ > u/?:) < 2gexp{—c2 min(Tu27 Tl/zu)}
t

P

/N

1
T Z wYOYS w — WTFeW’ > u/3) < 2exp ( — c3min (TuQ, T1/2u>).
t

where c1, c2, c3 are positive constants. In summary we obtain the final conclusion.

1. Proof of (A.72)
Let A = ww! e RULNOXILN) By (A.6),

T t t
%ZWTygygT 772Y§TA§(C_;ZZ S ol (BT ABS e

t= 1[1 0 s2= 0

T T T o T T
SPID I D DU D o oy T
1=0s2=0 t=max{1,l1,s2} 11=0s2=0
For any [ > 0, we define ¢ = (cg,¢{, -+ ,cp) ', and
Do Doi -+ Dor
Dy Di1 -+ Dir
D= ) . , )
D79 D71 --- Dgpr

(A.72)
(A.73)

(A.74)

(A.75)

(A.76)

Then we have T~ "1 Y¢TAYf = ¢'De = 30 @ TDc® + 2>, ncWTDcl™ | where

e — (c[(]l)Tj... , gf) ). Obviously,

1
P(‘T gwwgww — w'Tw]| > u/3)
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—P(‘ZC TDc® 123 WD Zc(”Dc +23 c0TDcm ‘>U/3>

l#m l#m
<> P{|c"" D — E(c"TDe")| > 2u/3q(q + 1)}
l

+ > P{lcW D™ — B(c"TDc™)| > 2u/3q¢(q + 1)}.
l#m

Recall that ¢ ( ) is defined as vec(ly, o+ o0 59<m o---1y,) € RIL Nt in the notations, and
denote ¢ = (c g)T :0<t<T)" e RILNITHY - Also denote the Cyu = 2u/3q(q + 1).

Due to the bounded assumption for parameters in Assumption 1, we treat cgl) as igl)n in

Lemma 29, which indicates that

P{|c(l)TDc(l) — E(cYTDc®)| > Cyu}

{’ Z {C Dllsz 5 E(Cx)TDllsz Csy }‘ > (O, u}

l1,52=0

( (Cuu)?  Cyu

1
< 1
< 2exp ( — min D02 DO

c H )) < 2exp{—c1 min(u?T, uTl/Z)},

where DU is given in Lemma 29 and the last step is due to Lemma 30. Similar treatment
leads to

P{lcTDc™ — BE(cWTDc™)| > Cyu} < 2exp{—c; min(u?T, uT/?)}

Combining the above results, we get
1
P(’ T Z w! VY w — w! Déw| > u/3) < 2¢% exp{—c; min(Tu?, T?u)},
t

where ¢ is a constant.
2. Proof of (A.73)

We can obtain that £ >, w'Y¢Y§ T w = le;:O ZZ;:O cZDthIlz?,s2 = ¢ DE, where E =
(EJ,...,EN)T e RULNIT+Y - Obviously,

P(‘% Zt:WTYfoTW > u/6> - P(’ ZZ:C(Z)TDE‘ > u/6> < ZZ:P{C@TDM > u/(6q)}.

Treating cgl), which is defined as vec(1y, o---o 'Bg(z,t o---0ly,), as igl)n in Lemma 29, we

get

T
P{lc"TDE| > u/(69)} = P{| > el Dy, Euyl > u/(60)}

l1,52=0

§2exp(—— - ”)> 2 exp{ —co min(Tu?, TV %u)},

( 2
i
¢ IDO% DO
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where DO is given in Lemma 29 and the last step is due to Lemma 30. Therefore, we get

1
p((f > wlveysw| > u/6) < 2q exp{—co min(Tw?, T"/?u)},
t

where ¢y is a positive constant.
3. Proof of (A.74)
Similar to the expression of (A.75), we can obtain that

T T
1 T T T T
n > wivivi'w=>" Y E/D,,,E,, =E'DE,
t 11=0s2=0
where E = (}E(—l)— yeen ,IE—lT— )T e RIL Nt Since E follows the K-convex concentration property,

following Lemma 27, we have

1
p(‘f S w VY Tw - w Tow] > u/3) - P(‘ETDE - E(ETDE)‘ > u/3>
t

1 U2/9 U/3 ) 1/2
SQexp(——min( , ))SQexp(—c;:,min(Tu,T/u)),
¢ ™" \K7D[2’ &2|D]

where c3 is a finite constant and the last step is due to (A.100) of Lemma 30.

Lemma 19. Under Assumptions 1-5, denote diy iy def di.. %(@il...iq,@

Su---zq(@n---zq)—Qzl---lq( 11---zq) Qiy - zq( i1-ig ). we have

P{ sup T_I\Sz'r--z'q(@z‘ywq) Sy (i )| >$}
O .ig \/ dil---zq

< Chexp { — Cymin(Tz?,VTz) + Cgm}, (A.77)

Recall that

zlz)

where m =% _,(p + 1) + 1. Furthermore, we have

maxsup - sup T8y (@iyiy) — i (@i )| = Op{w( ZlogNl INTY (A.78)

. i1°+1q
U diy 1q<w

sup ([ MT)118(©) — 5%(®)] = Op{w(> 10gN)/VT}. (A.79)
l

d(©,0%)<w?

Proof
1. Proof of (A.77).
We first write
Si1~--iq(®i1~~iq) S (@Z’l..liq)

i1+

= (i — O i ) Xiyig 1 Xy i 1(Oyeiy, — O i)

i1l 110t 11l
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i1°ig
+2X i (@i iy — OF L Ve iyt (A.81)

We use similar techniques in the proof of Lemma 17 to derive the concentration inequality.

For example, we can apply (A.70) on term (A.80) by noticing that ||©;,...,,—©?. . g/ A/ iy i

< ¢R for some constant ¢. Similarly, (A.81) can be shown by applying the proof for (A.69).

Hence, we can obtain the conclusion under the same Assumptions of Lemma 17.

2. Proof of (A.78) and (A.79).
For simplicity, denote d;,...;,

Note that we have

— B4y = O )Xoy 1K iy (i, — OF,i)} (A.80)

def 0 def
= dil"‘iq(@il“'iq7®i1~--’iq)7 and S“ g = S“ lq(@)il...iq).

P{ sup  |Siy..q, — S, Z|>m}
d;

iq- l<w

:P{ sup  [Siy.i, — S, Z]/w>x/w}
d

i1ig <w?

< P{ SUp  [Siyeig — Syigl/ ) iy ig > :E/w}

o 2
d,lmlqgw

< P{ @sup |Siyeviq = iy /) iy vig > :C/w}

i1-evig

< exp{ —Cy min(T:z:z/uJQ, \/T:c/w) + C’3m},

where the last line uses (A.77). By taking the union bound, we have

MAXSUp  Sup |Siy i = iy = Op{w( ZlogNl /\/>}

il d’il"'iq SUJQ

Using similar procedure, we can obtain (A.79) holds.

Lemma 20. Under Assumptions 1-5, for vector A € RZi@tD+1 iy the parameter space,
we have

P{sup sup HNT ‘ZZZ

i |AlP<w?

m#l im
{ATX“ g>t T"'iq»tA [ATE( 11 hzthlT g, t)A]}‘ = :L'}
< Ciexp { — Cymin (Tﬁ/w?, \/fx/w> + Csm + Z logNl}, (A.82)
l
o g T ST vl
< Ciexp { — Cymin (T:L‘Q/UJ , \/Tm/w) + Csm + Z logNl}, (A.83)
l

where X, .., ¢ is defined in equation (17), m = ,(p + 1) + 1, and C1,Cs, C3 are positive
constants.
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P{ sup sup ‘ {ATX XA
i [A2<w? HmﬂN T n%:l%:zt: ettt e
_[ATE@,. WX“ )AL} = 2}
< P{ sup sup
u ||A]2<w? Hm;ﬁl mZ;HlZ
‘Zt Z1 7fq7tX1 ’L tA [ATE( 11+ 'Lq’t/‘t‘l—lr ’Lq,t)A]‘
< INEEY
A
< P{ sup sup
i flAlPsw?
-
oy T AT ]~ AT Bt
>
o/ A
= P{ sup sup Z Z
’Ll IIA||2<W2 ?,él im
2
’Zt 21 1q,tX1 “ig tA - [ATE(Xil"‘iq1tXi—1r--~iq,t)A]‘ HA||2 S 2}
>
A2
< P{ sup  sup Z Z
i ||A2<w? mAL im
2
‘Zt 7,1 7fqth1 ’L tA [ATE( 11+ 'qutXu ’Lq,t)A]‘ 2> 2}
w T
A2
< {
2
Et 7,1 zq,t‘)(l 7, tA [ATE( 11+ lq,t‘)cll Zq,t)A]‘ 2> 2}
w >
A
‘Zt 'Ll thXl ’L tA [ATE( i1 Zq:tXn ) t)A}‘
< {sup z w > x}
D ial
<C; exp{ — Cymin(T2?/w? VTz/w) + Cam + log(H Nl)},
!
where m = >",(p; + 1) + 1, the third line holds due to Y_;(a?b?) < (3, a2)(>,b2). The

last line is obtained by applying (A.70) and using that ||Al/max/||A] < ¢R. The proof of

(A.83) can be finished in a similar scheme, while applying (A.69).
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Lemma 21. Under Assumption 4 and 5, let M = WTW e RILN)XTL M) pe g symmetric

—14T W T AT _

matriz. Here W € Rm>ILiN) g elementwisely positive and assumen
O(1), where n is the order of Ny, | € [q]. Then we have

1
P(‘ﬁ S v My, - n*ltr(rM)‘ > u) <2(¢*+q+1)exp ( — emin(Tw?, Tl/Zu)),
t

and we have n~1tr(MT') < ¢ for a positive constant c.

Proof By (A.6), wehave 7 3>, Y/ MY, = £ 3, YETMY§{+2 3, YETMY§+4 >, Y§TMYY.
The proof follows the proof of Lemma 18. The difference is that we need to replace the A
matrix with M/n. Since the procedure is the same we omit the details here.

Furthermore, we have n~!tr(MT) < niltr(l\/lll—[l Nzlﬁl N, CT) S 0pllf[l NMI1p, N, /n =
O(1), where the first inequality is obtained by Lemma 32. [ ]

Lemma 22. Under Assumption 4, we have max; max;, E(Y.4 ) < ¢, where ¢ is a positive

i1-eig,t
constant.

Proof Let w = el(di) X - ® egfvl) e RILN where eglNZ) € RM is a vector whose i;th

element being equal to 1 while others being equal to 0. Then we have Y;,...;, + = w!Y,. By
(A.6), we have

2
El “ig,t T

=w Y, Y, w=w YV w4+ 2w YV w4+ w T YOV w
<ow ! YOYSTw + 2w T YOV T w

Thus, Y}, = (W'Y, Y/ w)? < 4w Y{Y{Tw)? + 4(w YiYETw)?. It suffices to investi-
gate the above two terms respectively.
1. Proof of E{(w'Y{Y{ w)?} < oo

First, let A = ww ' € RILNXIL N then by (A.6) and the definition in Lemma 30,

t t
wlYiYsTw =YiTAYS = Y > el (B TABf c,,

51—0 52—0

t
l
2 enltacn = Sy Z tsisa (3 el)
2=0 $1=0s52=0 l
t

t
2
$1=0
g
O]

t,s182 — (1]1\—[1 ® ® 1Nl 1 ®]:]Vl ® 1Nl+1 ® U ® 1]—|\—/'q)Lt,8152(1N1 ® e ® 1Nl,1 ®INl ®
Iy, ®---®1y,) € ]RNZXNl as defined in Lemma 30.

Further, let E(Z) = (Z(l) : 0 < 51,89 < T), where £

t.5152 ts1sy — 0 for s >t or
s3 > t, and Eg 2,152 = 42152 otherwise, as defined in Lemma 30. Let ,@(l)o = (,@g?lOsT :

0 <s<T)T. Then we have ¢ > 8% )  8Y° = (" ¢ l)ﬁ ©°, which

t

t
NHOT A(1 )0
Z TLt 5152C 52 Z Z Z 'Bg()l,sl‘cg,leﬁg()l,SQ‘ (A84)
l

$1=0s52=0 $1=052=0

| /\

where L
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implies that (w'Y{Y§Tw)? < 421(6%1“5?),8&?[ )2. Let E =i N u;u; be the eigen-
decomposition of £§l), where \;, and u;, are the 7;th eigenvalue and eigenvector respectively.

One can verify that Egl)

(ﬁ hHoT l)ﬁ Z)O Z Nipy i (ﬁ l)OT u;, mﬁ Z)O) (Bgl()lo U, 112/6 ) .

11,812

is semi-definite, then we have all A;, > 0. Then we have

Note that

B (B0 wiul, 8) (8L T wipul,89°) = B (i, 8L i, BL?)
< (1/2)E ((w,, 88)) + (1/2)F (i, L))

:2/ P {|{u m,ﬁ(l)o)|>t}dt+2/ P { | B > 1} di
0 0

* 3 2 /72 def
<8 t° exp(—t°/K*)dt =
0

where ck is a constant related to K, and it is the constant defined in Definition 1. Here

the last inequality is obtained by noting that <uil,ﬂg?lo> is a 1-Lipschitz convex function of
vector x with mean zero and x is K-convex defined in Definition 1. Therefore we have

{(5 DoT 1 B(l)lO)Q} < ek Z Ain iy = cxctr(£P)? < oo,
Q1512

where the last inequality is obtained by (A.102) of Lemma 30.
2. Proof of E{(w'Y{Y¢Tw)?} < oo
By the definition in Lemma 30, we have

Tyeyg—rw YGTAYE _ Z Z ET Bt s1 TABt SQE Z Z Lt 5152

51=0s2=0 51=052=0

Define L; = (itslSQ 0 < s1,82 < T), where f‘tslsz = 0 for sy > t or s3 > t, and
L s1ss = Lt s, 5, Otherwise. Then we have wiYeve w = ETLtIE where E = (EJ, o EDT.
Similar to the proof given in Step 1, we can verify E{(w'Y{Y{' w)?} = E{(ETLE)?} <
ctr(L¢)?< ctr(Ly)? < oo, where the second last inequality used the definition of L; in Lemma
30 and the last inequality is obtained by (A.102) of Lemma 30. |

Lemma 23. Under Assumption 2, it holds that

Ly
Tinin| @iy iy — ©F.. [I” < T{Q,-l...iq<@il...,-,,)— N (CH Zq)}gfmaxueil...zq e .|
(A.85)

(@@ - 20} < (. 0°) (4.56)

. 0
Pl &) = g T
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1
Tmind (@ RIE 790 ) W{Q (5 (l)7£g (l )_Qzl(g((z)mgg (z)vgo ))}

< Tmaxdzl (G) i) G)O ) (A87)

where Tmin 15 defined in Assumption 2, Tmax is defined in notation Section A, and d;,(-,-) is

defined in (A.2).
Proof We have

T
2
= § : Qil"'iq(eil“'iq)ZE E E (521 th+ i1 zq,tezl dg 11 ‘i, 1Oy Zq)
7:17"'77:(] =
N, T
- 2 ) T 0 o
= E E E {5i1~~~iq,t + 2601 gt G gt (@i1~~-iq — Ojy.iy)

1 i=1t=1

+ (®iyiy — O ) Xy i1 X i (O iy — ©F )}

i1°1g

We have T{ i Zq(@il ig) — Q. ,q “ ig } O, ., 9?1 zq)TEil-..iq((‘)il...iq—(")?1...2'(,).
By using Assumption 2 and Lemma 33, (A.85) can be obtained.
Next, it holds

bt
(IL, Nz)

H Nl T ZZZ i1ig T 11 Zq)Tzil'"iq(@il'“iq - 9?1 Zq)

lzzltl

{Q*(@) - Q1 (@")]

T 0
HlNlZZ i T Zl lq) Eil"‘iq(@il"'iq_®i1~-~iq)-

I =1

We have

Nl Z Z i1ig T 11 “ig )Tzil“'iq(@il“‘iq - G)?lzq)

I 3y=1

l_T[TZI\lfz Z Z H@“ K ” ‘ig

lzll

2
= 7—mind((")7 90)7

T 0
HlNlZZ (%S Zq ’Ll ’lq) Z7:1""LAq(®Z'1“"Lq G)’Ll zq)

I =1
Tmax
- HzNzZZH@“ K “ ‘ig
U=

by using Assumption 2 and Lemma 33. This proves (A.86).
Similar arguments as that of the proof for (A.86) at a fixed 4; leads to (A.87). [ |

2
= Tmaxd(©, @)
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Lemma 24. Suppose G; > G for alll € [q], where G is the true number of groups. In
addition, assume Assumptions 1-5 hold. Define

. ~(1) 2
ou(g") = argmingo ci 1950 — 8,0 I +

o0
Z Z ’aw)g*(” g(l>g;<ll>0

m#l im

m;él N

Then we have

o2 o0 2}
g(lgrel?g'(l {Heal(g(l) ag(l) ” Tnzﬂlz Ul g(l) A—(l) g(l)gi:(ll)o
< max N d(©,0°) = ( ZlogNl )
gWe[Gro) Nigw
Proof We have
Woy2 | 2
||00'l(g(l) 99(1) || Nl Z Z 01 (g5~ (l> () ;(no
#l m#l im =1
_ 1 Mo _ @) 2
= mzf(gil =g ){Haal( 0y~ o' ff)OH
1
1 4 2
+ DON~—(1) — a 10 _—(1)0 }
| J Y = o195, )9, 9, 9%_,
1 (Ho NI (o 2 2
< I(g~ =g ){HGA(U -0 0 H l)Af 1) -a° (10 —(1)0 }
ng(z) %: 2 93, gill 0 lNl gl im 94, 9i_, 95 9i_,
N,
<L 4®,0%
Ny

Then by taking max,e(q, ] of both sides, we have

50 o2 - 0 )
max 10,0y — 6 417+ @ ) — Qo
gWelG ] o(e) g Hm I T%;l zz: ))gi,l g(l>gi_l

N
~ min g ngd(@ G)O ( ZlogNl )

by Theorem 2.

Lemma 25. Under Assumptions 1-7, and suppose G; > G for all l € [q]. For any &,

let §Z(ll) (&) denote the membership obtained with (14). Define ® = (©;,..;, : iy € [N]) with

—_(pT (T
Oi..i, = ( 7(11)(5) ,Hfzq)( . A(l)(g) §£3>(€))T. Assume we have
d(©,8°%) = ZlogNl = 0p(Cgap), (A.88)
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as miny N; — oco. Let €0 = (O(I)T,(vec(a,g(z),)T s gW e [G)))T = ((05()” g €
[Gi])7, (vec(a,, w) i gWe [Gl]))T. Define

! 0 )0 12
M()(Eg(z)7£g(z)o;g l;g ) HO (l) ;21)0”
1 N
+ m Z Z |Oé (1) (l 1)g(z)g(l+1) (q) - a (1)0 (z 10 400y (l+1)o (q)O
m

m#£l im=1 i i i

d f )0 2 2
= ”99(1) é(%)o” Z Z ‘ag(z) —(l> ga)ogi—_(ll)O‘

m;él m;él im=1

2

with i_; = (i :m #1)7 and gii(l) = ( l;”) m#1)T € R, Further denote

l

dg)(E(l),E(l)o;g—l,ggl):max{ max  min (M(l)(ﬁg(n’ﬁg(z)o,g G2 ))7

g0e[Gy 0] gV elG]

: Oe® 0O 0
g(glea[)G(’l} g(l)(r)rél[gw] (M (ﬁgm ) 59(1)07 G, g#)) }7 (A.89)
where G_; = {Gp, = m 7& I} = {(gz(:j) :1 < iy < Np)Ttm # 1} In addition, define
./\/’751 {& d (E(l) ¢Wo. g G_1(8),G°%) < n} given &. Correspondingly, denote

1)
A (€,gM°,0%) = { W efc: 6, - ol
_ a? <np. A.
m#N mzﬂgb‘gur Mg g(z>og£(l1>o| < 77} (A.90)

Then the following conclusions hold:
(i) For all € € /\/;gl) with 1 < (cr)9 L egap/4, we have {.A7(7 (&,900.G0), g0 € [Gyol} is a
partition of [G));
(ii) Define the event 2 = {’g\z(ll) (&) € Ay @ (&, gzl)0 G°)), Vi, € [N|]}, where & satisfying that
£ e /\/}El), and n < TminCgap ()™ L/{8(Tmin + Tmax)}. Here, Tmax is given in the notation
Section A. Then we have P(2°) < Cexp (— clTl/chap +com+) logNl>, where C, c1, o
are positive constants.
Proof 1. Proof of (i)

By the definition of Né” and A,(f)(g,g(”,gEl), we have U (l> 1./477 (&, g¥ ) [G1].

Then it remains to show that .A 0 (£ g, G%,) is a partition of [G}]. That is .A% (S, g1 ,GY)N

”47(71) (évgél)v gg ) - @ for any gl 7& g(l)
We prove by contradiction. Suppose there exists ggz) € [Gy] so that g ) ¢ A77 (€, 91 7gO )N
AD (e, g6 ) for ¢, gl € [Gro) an d o % o9 Denote g0 — (gt - m £ 1), and

correspondingly denote the event {ng =g U} as {gl(:: = g™ . m #£ 1}, In this case
we have
cup < {1600 = 6017+ _max, lagw ) = G, )

> g§> <) ~(WefGo ] { g™ g5 g™
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(10 ! 10 !
<2000 — 6 I° + 26 ) — 6 I
912 92 912
1 270000 _ ~()
+g—<131§}c{;911 (m) ZZ{| g\Wg- —ay s *<l)| g, =9 )}

Hm;ﬁl(ﬂ- (m) N, Nm) m#l im

l 0 l
—2wz> Qﬂﬁ+m0m—eww
912

" Vel ZZ{| (l) —(l)O - Oé (l) —(l)0| I( g_(l))}

=) 0
g~ VelG)] m;él (m) Nim m m#l im

lO
<2w&> &mﬁ+wem—emw

max ( ) Z Z ’06 MO —<z>o —a’ MO —<z>o
o'

@ °,
g €lG2 m;él 7T (™) Ny, Nm m;él im

)0 )0
—mw“ <MP+M¢$—GUW
1

+ max DN
g~ WelGY ] ( Z Z ‘ (l> (l>0 (z) (z)o
(

g(m o Nm m#l im

lO
<we> )W+ﬂwm—e I

1
o (m) Z Z ]a e *(1)0 —a’ O 7(z)o|

ming -0 | (Tmoat Tym) w,, Nem) mztt i

; (m)
mlng—<l>e[00 ](Hm;ﬁl Tgm) Nom

1—[ # Z Z |a My —(1)0 -G (l>~(l> 5)‘
m

m;él m

Hm# ZZ \04 W0~ a o g)\ )

m;él
< 477

= ming*(UE[Ggl] (Hm;ﬁl W;ZQ),Nm)

2 0o _ g 12 (Ho 0 42
< 0 + 1100 — 6
< < (10 - 000 1°-+ 0,7 — 000 |

The last line contradicts the definition of 1 that n < cgap(cr)971/4 as Ny — oo. Therefore,
there does not exist a gg € [Gy] such that ggg € A7(7l) (&, ggl GO nN ./47(7[) (E,gél), G°,) for any
ggl),gg) € [Gi0] and ggl) # gél), which suggests that A%l)(é g(l) g°,)n Aﬁf)(g,gg”,gg) =
for any ggl) #+ ggl). This completes the proof of part (i).
2. Proof of (ii)

For the notation simplicity, we use @(ll

and also (A.88). By the definition of @(ll), we have

) to replace 5@(5), where £ satisfies that £ € N,§”

)

1) = g0 < 1(Qu (€960, G.1(6) < Qu(eDi€, 0. Gu(6))
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for any g # ¢, Therefore, for § gz € ./477 (&, gll 0 g0 1), we have

Gy
(30 ¢ AP0, 6%)) = 3 1(9 ¢ AP (€0, 6%)) 1) = o)

g(l)zl

Gy
< Z I(Q(Z) §{A7(7l)(€>g£ll)oaggl)> <Qzl(£((1)7£g (l)7 (5)) < Qzl(é(f()mgg (l)7 (5)))

g(l) =1

def Z
g(l)

gh=1

For all g ) ¢ A(l (E g”l )0 ,G%)) and ¢ € [G], due to (i), there exists a g§f)0 # gi(ll)o, such
that ¢g® A(l (&, gjl 0 g0 1)- Then we have

l l
Hg(()DO - 0;()” Z Z ’a (l)/\,(l)(g — a (Z)O 7(1)0|
mil m;él im
Lilpmo _ gy
Z 5 Heg(l)o Hg(l)D 9 H Z Z ‘ (l)O —()o0 — OZ (l)O —(l)0|
iy Ji m;él m;él i 9i_, 9, %_,
1)0 1 )
! {le(g()l)o ~o] + o N 2= 2 @ g0~ o0 ~wol” } > cgap(cx)’ /2=
" m;él m;él im 9i _1

by Assumption 6 when N; — co. By Lemma 23, it holds for any ¢() ¢ Ag) (&, g,fll)o, G2,
1

W{Qzl g(l)’ég (l)7 A (5)) Qzl (E (l)Ovsg (l) ,QO } > Tmln(cgap(cﬂ-) 1/2 . 77)

(A.91)

On the other hand, for any g(l) € .A%l) (&, gl(ll)o, G°,), it holds

1 1 % 710 -0
TQil (EQEZ)O; ng(l) ) ggl)

0.5 B
'2

m)O
A(m )0

(D)o O]
i

“

1 N . )
+ m Z Z |Oé§§l)§j(l)(£) - O‘gﬂmgf(wo\ }

m . g 1_ (3 i
m#l im ! ! LT

< Tnax{d(®,0°) + 0} < 1o {CT (D logNi) + 1} (A.92)
l

in probability tending to 1 by (A.88), where C' is a positive constant. Combining (A.91)
and (A.92), we have

1

1

" g
@5 (€ <z>759 G (5))_(Hm#—Nm)T

QZ (E;)l) ) 59_7(2) ) éfl (5))
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— — def
> Tmin{cgap(cﬂ)q 1/2 - 77} - Trnax{n +CT I(Z IOgNl)2} = €n
l

when N; — oo. Note that 7y, and 7yax are both bounded positive constants due to
Assumption 2 and Lemma 33. This leads to

Wi 0 (%)
=1 (9" ¢ AP (€91, 6%)) 1 (Q”(s(m,sg -G (E))<Q”(£(u),£g .G l<s>>>
<1 (9" ¢ AD(E, o ))

. ~ Gue) - — 0.V G
I(WQH (€ l)asg (l)7 (E)) (Hm7£l Nm)TQu (Sg(l),ﬁg,m,g_z(ﬁ))

1 5 1 .
+ mQ* (5;21)’59 . G-1(8) - WQ* (f%fg 0).Gi8)) > fn)
<2I (,su_pi o Suﬁ) <R’TQ” ig (O i) — %Qfl...iq(@)il..-iq) > Gn/2> , (A.93)

Consequently, we have
Gy
)0
P< sup I(g” §Z.Al (5,91(1) ,Q%)) >0, < Z Pq sup W, (&) >0
1<y <N, =1

1< <N,
> 617/2}

= G exp { —d min(TE%, T1/2677) + com + Z 10gNl} (A.94)
l
by using (A.66) of Lemma 17. Finally, noting that cgap > T 1(>",logN;)? and we have
n < {Tmincgap(cw)q_l/ll — TmaXCT_l(Zl logNl)2}/(Tmin + Tmax), then we can obtain ¢, >
Tmincgap(cﬁ)q*1/4 as min; N;, T — oo. This results in

1 *
Q’L1 Zq( i71- ’Lq) - lellq(Qzllq)

Gy
< Z P sup sup ‘T
g(l)zl il"“’iq ||®i1,---qumax<R

< G’l(H N;) exp { -7 min(Te%7 T1/2€77) + CQm}
l

P{ sup [ (g” ¢ .Al (£,g§f)o,ggl)> > 0} < Cexp{ — clTl/chap + com + ZlogNl}.

1< <N ;

This finishes the proof of (ii).

Appendix K. General Technical Lemmas

Lemma 26. (HANSON-WRIGHT INEQUALITY) Define the ¢o-norm of variable X as

X2
| X |4, = inf {t >0: Eexp (t—2> < 2}_
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Let X1, , Xy, be independent variables satisfying E(X;) = 0, E(X?) = 02, and || X;||p, <

17

M < 0o and A be a symmetric n x n matriz. Define x = (X1,---,X,)" € R*. For any
t > 0, we have

p<yxTAx — tr(AX,)| > t) < 2eXp{ — cmin <M4GZH%’ M%i(A)) }’

where 3, = diag{o?, -+ ,02}, 01(A) is the maximum singular value of A, ||A||r denotes
the Frobenius norm of matrix A, and ¢ > 0 is a constant.

Proof The proof is given in Hanson and Wright (1971). |

Lemma 27. let x be a mean zero random vector in R"™ satisfying K -convex concentration
property according to Definition 1. Then for any A € R™™ ™ and t > 0, it holds

(A~ 2T A 2 ) < 200 (= i (g gty

Proof The proof can be found in Theorem 2.5 of Adamczak (2015). [ |

Lemma 28. Ifx € R" satisfies the K -convex concentration property according to Definition
1 with E(x) = 0, then we have || cov(x)|| < 2K2.

Proof For any unit vector u € R" with ||u|| = 1, (u,x) is a 1-Lipschitz convex function of
x. Then we have

u'cov(x)u = Elu,x)? = 2/ tP(|(u,x)| > t)dt < 4/ texp(—t*/K?)dt = 2K*.
0 0

This implies ||cov(x)| < 2K2.

Lemma 29. Let {D,,,, € RULNOXALN) . 5, 5o € {0,...,T} be a sequence of matri-

ces. Define the following three terms, Dg?sQ = (1}1 Q- ® IITVZ_1 ®In ® IRH Q- ®

l
10 )Das(ly, @+ @ 1y, © Iy, ® Iy, ® - @ 1y,) € RN, D) = 1] @ - ®

1}1_1 @Iy, ®1]TVI+1 ®- - -®1]Tvq)Dsls2(1Nl ®- @1y, @Iy, @1y, ® -®1y,) € RNXNm,
and ngll)SQ =1, ®® 1}1_1 @Iy ® ILZH ® - ® 1;\}(1)D3152 e RVN<UILND - Correspond-
ingly, let DO = (Dgll)s2 : 51,82 € {0,...,T}) € RINTH)XN(THD)) - ey Dlm) — (Dglfgg :
s1,80 € {0,...,T}) € RNTH))XNm(T+D)) - gng Jet DO = (1591)82 81,80 € {0,---,T}) €
RNT+D>AL NI+ - Define )~(§l)n =1y,0-0 Xgl)n o---oly, € RIL N where xgl)n 18
defined in Assumption 4. Further note that x(V" = (xgl)n :0<t<T)eRNTH) | Then we
have

T T
P{‘ Z igl)nTDstggl)n_ Z E(ggl)nTDswzigl)n)’zu}

81,82=0 81,82=0
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U2
< 2exp ( — %min <HD A HDZ(LI)H )), (A.95)
T
P{‘ 122: O <D, (m)n( up < 2exp (- %min (HD:;)H%’ HD(TZLWH))’ (A.96)
T 2
P{‘ Z igl)’?TDslsQIESQ > u} < 2exp ( - %min (Hls?l)’%, ’51?1)‘0) (A.97)

51,52=0

Proof 1. Proof of (A.95)
Note that we have S°7

Here x(V" satisfies the K’-convex concentration property defined in Deﬁnltion 1 by Assump-
tion 4 for a constant K’. Therefore by Lemma 27 the concentration inequality in (A.95) is
directly obtained.

2. Proof of (A. 96)

Note that 37 x0T Dy, xm = 5T xTpImmn — s@nTplim) x(min,

Define h" = (xW1T x(m)n YT and D = (0, D¢™); DT 0). Then we have x(O7T D) x(m)n —
h"TDh"/2. By Lemma 27 and Assumption 4 we obtain that

x(l)nTD <On _ ZT ()nTD(l) (l) M OnTpO)xOn

s1,52=0 §182-*52 S1,89= 0 8182

p(‘x(l)”TD(lm)X(m)n‘ > u) < 2exp ( — 61‘1 min <||g|2|2 ’ ﬁ))
F

2
< 2exp ( - %min <yD<7m>H%’ \\ng>|| ))

3. Proof of (A.97)
Denote E = (B : 0 <t <T)" € RULNIT+D " Note that 281 52=0 "D, B, =

xnTDOE, then we follow the proof of (A.96) and obtain the result.
|

_so def T
Lemma 30. Let D5182 - 1/T Zt =max{1, 31,52}( By~ SI) (l)w(l)TBé 2= I/T Zt:max{l,sl,sz}

nglsy where wll) = e,(qu) Q- Wl(ll) ® - ® e( Na) e RILM for any | € [q]. Here
wii,. = (wy,; 1 J € [IN])T € RM, wyi,; > 0 and ||wl”.||1 = 1. In addition, let DU, DUm)

and DU be defined as in Lemma 29. Furthermore, let Lgl) = (L(l) 10 < 51,50 <t) and

t,5152

l l
ﬁi,im =1}, ® -1k 1®1N5®1N1H® 1LY (v @ © 1y, 91y @1y, ®

@ 1y,) € RN*Ni Define L’ (Zgng :0 < 1,80 <T) forl € [q], where Eg 2152 =0
for sy >t or sp >t, and £§ 2132 = LE 2132 otherwise. Then we have for any | € [q],

DO < a7t PO < 6P T2, (A.98)

DU < e, D) < 6”72, (4.99)

IDI[F < T, D < e 1712, (A.100)

IDO)2 < 7!, 1DV < &> 7712, (A.101)
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max tr(ﬁy)) < 00, tr(Lgl)) < 00, (A.102)

where D is defined in (A.76), and c1, co are two positive constants.
Proof 1. Proof of (A.98)—(A.99)
Note that by Lemma 31 we have

T
O3 = Y 10,1

s1,52=0

T
= Z H(lxl ®--Q 111\—71—1 @Iy ® 1Ll+1 Q- ® lxq)]:)sls2
s1,52=0
2
Ay ®@ @1y, 0ILy @1y, ® - ®1y,) ‘F

T
2
-
< Z <1H5N1’D5152’51H1N1>

s1,52=0

T T
1 —s1—s27T ! T 2
< T2 Z ( Z Koo SlelNl‘W()|e|W() |61]‘[1Nl>

51,82=0 t=max{1l,s1,s2}

T T T
o i 2t—s1—82 2 < i 1 |81—82| 2 < T—l
) Kmax = 72 1 — g2 Kmax >a
51,52=0 t=max{1,s1,s2} 51,82=0 max

where ¢; is a finite constant. Furthermore, noting that |[DW|| < DY)z < 01/2T_1/2, we
have the upper bound for |D®||. Subsequently, the upper bounds for D™ |2, and |D0™) ||
can be established using the same technique.
2. Proof of (A.100)

First, for any two matrices My, Mg,

MM | < max MM, 117 < max My || Mgy (117

When [[Mi|[max < 1 and |[[Ma|[max < 1, we further have ||My;.||||Mgj.|| < [|[Mi]lso|Mz2]/o

Hence |M1 M3 |¢ < [|[Mi]loo]|M2|loc117, and therefore
wTMIM w < M oo M [loow® T 11T = [ M| oo | M2 | oo (A.103)

Note that Lemma 31 implies ||BE||oo < &%, < 1 for any k > 0, hence

— max

T

HDH%: Z HDSISQH%
s1,52=0
1 T T
— ﬁ Z Z W(Z)TBélfsz (Bézfsz)Tw(l)w(l)TBézf&(B61751>Tw(l)
51,82=0¢1,to=max{1,s1,s2}
1 T T
<oy 2 (IBE Rl BE B B )

51,82=0¢,to=max{1,s1,s2}
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T T

2t14+2to—251—259
,{ImaX

51,82=0 tl,tzzmax{l $1,82}
ST21 5 22&2\31 = < e
— K
max 51,59= =0

where ¢z is a finite constant and we used Lemma 31 in the second inequality.
3. Proof of (A.101)

We have
- T T 2
IDOE = 3 1B0, = Y |ak e e1f, ey @1k, @ 1% )Dl|,
s1,52=0 51,59=0
1 I T
:ﬁ Z Z W(l)TBgl_s2B62_82TW(Z)W(Z)TB62_81

51,52=0t1 to=max{1,s1,s2}

(1N1 1—]\51 R ® 11\[1711}171 X INZ X 1Nz+111—\rfz+1 R & qu]-Lq)(Bélisl)Tw(l)

1 T T
- —soT
<qm o2 2 IBETEelBE T e
$1,52=0¢1 to=max{1,s1,s2}
DT pata— T —s1 T (l
0 ‘B62 81‘6(1H1N11H1Nl)|B61 81|e W()
T T
< ? > > IBE 2 oo IBE 20 BE ™ oo IBE " [laow® 11 Tw )
1,82=0¢1,to=max{1,s1,s2}
T T
Z > IBG ™2 [loo|BE ™2 [loo|BE ™" [loo B " [l
51182 =0+¢;,to=max{1,s1,s2}
T T

< i 2t1+2t2—2s1—2s2
= T2 K‘max

51,52=0¢1 to=max{1,s1,s2}

T

1 2|s1— -1

S P 2 s S
max/ g so—0

In addition, it further implies that |D®|| < cé/QTfl/z.
4. Proof of (A.102)
Note that by Lemma 31 we have

t
=Y (A @ @1l @Iy e @ 1)L, AN @ @1y, @1y - 8 1y,))

t
T D) —2s4 T ! nT 1
< (1Hl NZ|L£ sslelqr, Nz) < Z <’{12111€ax2s]'nl Nz|w( | o|w® ey, Nz) < T2 <

s=0 s=0 Finax
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Consequently the first inequality of (A.102) holds. Next we note

t

l
(L)) < (A e, )
s=0
t

( ?ntax2s]-n l‘w(l)|6|w |61Hz Nz) < 1/( max) < 00,

IN

then the second inequality holds. |

Lemma 31. Under Assumption 5, we have ||B||oo < Kjjax and [Bol|¢ 17, v, < Kmax LT, vy -

Proof Note that we have

Bolelyy, v, < Z vy @1y, @Loly, ® 1, @ @ 1y, +[vec(Ao)le < Fmax 1], N,
]

by Assumption 5. As a result, we have |Bf|oo < [||Bo|Z||cc = H|Bg|g11—h N llmax < K] [ |

max*

Lemma 32. Under Assumptions 4 and 5, we have |I'||max < cr, where cr > 0 is a constant.

Proof Define h; = c¢; + E; and then h; follows K’-convex concentration property by
Assumption 4 for some constant K’. In addition, let H; = (h;r ,h:,l, e ,h(—)r )1, B =
(Il_[z N, Bo, B3, -+ ,Bf). Note that we have

T = cov(Y,) = Z Bklcov{ht ks e ,Q}B"“ZT Beov(H,)B.
k1 k2 =0

Then we have || T'||max = max; ; [e, T'e;| = max; |e] Te;| < ||cov(H;)|| max; |e; BB e;|, where
e; € RIL N g a vector with its ith element bing equal to 1 while others being 0. By Lemma
28, it holds ||cov(H,)| max; |e,; BB e;| < 2K*2|e, BBe;| for some constant K*. Next, we
have e/ BB e, — 3, _oe] BSBA e, < S0 B2, < 4 o w2, < 1/(1— k2,,) < o0 by
Lemma 31 and Assumption 5. Thus the result holds with cr = 1/(1 — k2,,). |

max

Lemma 33. Under Assumptions 4 and 5, we have Tmax = maX, ... i, Amax(Bi;.i,) < 00.

Proof Recall that we have defined

Ny
def (1) T
Xz‘1~~~iq,t = ( g wilkYkig"'iq,(t71)7xi1t y T
k=1

T T
sz Wiy (1) X (q) 7Yiln_iq7(t71)) e RXi(mi+1)+1
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Note that there are (2¢+1) elements in ;.. ~ig,t» denote the mth element as A" 1<m<

11+ig,t?

(2¢+1). Specifically, 7" gt = Zk 1 wzll)cy;l"'il—lkil—o—l"'iq (t—1) When m takes {1,3, - ,2¢—

HnT 2g+1 .
1}, & gt = Xl(l?)f when m takes {2,4,---,2q}, and X“q gt = Yigoig(t—1)- We write
= (71,72,03, M4, ,M2g+1) | for any vector g € REZ:P+D+1 Here the even elements, i.e.,
72,74, -+ ,12¢ are vectors with dimension ps,p4,-- -, p2q, while other elements are scalar.
Then we have
2q+1
T k ke
Amax(zil...iq) = sup Z nklcov<)(lll zq,t’le igit )nk2
Iml=1 k1,ko=1
2g+1
T k
<(2q+1) sup > mfvar(XE . Ok
M=t g=1

Note that Xi’imimt has two typical forms. The first can be written as w'Y; (k= 1,3,5,---)

by taking w as a vector with non-negative elements and ||w||; = 1. The second is xz(llz, which
represents the covariate information. The first form yields ngvar(w ' Y;)ne = n,%wTI‘w <
IT|lmax|WT11TW| = ||T|lmax < cr, where cr is defined in Lemma 32. The second form
yields n,;rvar(xgz)nk < Var(xgl)n) < 2K? due to Assumption 4 and Lemma 28. Thus,
Tmax < (2¢ +1)((¢ + L)er + ¢K?) < <. [ ]

Appendix L. Additional Simulation Studies
L.1 Group Number Selection Consistency

To examine the finite sample performance of the group selection consistency, we conduct
experiment when ¢ = 2. The data generating mechanism is the same as in Section 6.1 in
the main text. Specifically, we define

R R
=R IGY =Gy, o(Ga) =R IGY) =
r=1 r=1

where @Y) and (A}‘g) are estimated group numbers in the rth replicate. Hence, o(G1) and
0(G2) evaluate the proportion of the correctly group numbers for G; and Ga. The results
are shown in Table A.7, from which one could see that as the sample size increases, the
correct group numbers selection percentage is closer to 1, which can illustrate the group
numbers selection consistency in Theorem 3 from the finite sample experiment.

L.2 Random Initialization

In the STEP 2 of Algorithm A.3 in Appendix F, we use the k-means clustering for initializa-
tion of the group memberships. Alternatively, we also consider using random initialization
in STEP 2, and the estimation results are shown in Table A.8. We take ¢ = 2 as an example,
and set N1 = 100, No = 80. The time lengths vary in {40,80,150,200}. All the evalua-
tion metrics are the same as Section 6.1 in the main text. The results demonstrate that
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Table A.7: The proportion of selected group numbers G; and Go in R = 500 replicates
under different settings.

Scenario 1 (SBM) | Scenario 2 (Power-Law)

MM TS @ G) oG @) oG
2 2 0.966 0.966 0.838 0.838

20| 3 3 0.034 0.034 0.162 0.162

100 | 80 4 4 | 0.000 0.000 0.000 0.000
2 2 0.134 0.134 0.000 0.000

40 | 3 3 0.866 0.866 1.000 1.000

4 4 0.000 0.000 0.000 0.000

2 2 0.756 0.756 0.010 0.010

20| 3 3 0.244 0.244 0.990 0.990

4 4 0.000 0.000 0.000 0.000

200 1 150 2 2 0.016 0.016 0.000 0.000
40 | 3 3 | 0.984 0.984 1.000 1.000

4 4 0.000 0.000 0.000 0.000

k-means initialization yields superior parameter estimation accuracy compared to random
initialization under limited temporal lengths. Notably, as the temporal length increases, the
RMSE gap between the two initialization methods narrows significantly, i.e., random initial-
ization based procedure converges to the similar performance as the k-means initialization
based procedure. This convergence pattern is consistently observed in mis-classification
rates (the last two columns in Table A.8). Critically, k-means initialization maintains ro-
bust performance regardless of sample size, while random initialization achieves comparable
finite-sample performance when sufficient data is available.

L.3 Robustness Evaluation

To show the robustness of our proposed model, we add several simulations in this section,
including model mis-specification and heavy-tail noise settings.

L.3.1 MODEL MIS-SPECIFICATION

In this subsection, we consider two model-specification settings. In both settings, we set
(N1, N2) € {(100,80), (200, 150)}, and the training time length 7" € {20, 40, 80, 120}.
1. Mis-specified network structures.

First, we consider the case that the network weighting matrices {W(l)} are misspecified
when ¢ = 2. First, we generate the “correct” networks A® by setting P(a;j; = 1) =
1/N; and set a;; = 0 by convention. Then, we simulate mis-specified networks by setting
P(aj;; = 1) = 1/(10N;) for those a};; = 0, i # j. Consequently, we observe more links

7,1
than the correctly specified networks. Denote the mis-specified networks by Afii)s and Agi)s.

Correspondingly, denote the row-normalized weighting matrices as Wl(il)s and Wni)s Our

data is generated by model (1) with the “correct” weighting matrices W1 and W), while
the estimation is conducted using mis-specified weighting matrices ng)s and ijl)s
2. Non-linear covariates.
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Table A.8: RMSEs of estimated parameters and mis-clustering rates when G1 9 = G2 = 3 with 300 replicates. The Initialization
methods include random and k-means initialization.

3

3@

-1

=2

~

Gy | G2 | Ny | Ny | Initialization | T A A ¢ ¢ a m M2
40 | 0.0100 0.0071 0.0140 0.0094 0.0153 | 0.0313 0.0001

K means 80 | 0.0054 0.0046 0.0068 0.0067 0.0092 | 0.0031 0.0001

150 | 0.0040 0.0038 0.0047 0.0060 0.0068 | 0.0000 0.0001

3 |3 100! 80 200 | 0.0034 0.0032 0.0041 0.0043 0.0057 | 0.0000 0.0001
40 | 0.0157 0.0135 0.0207 0.0135 0.0356 | 0.0673 0.0124

Random 80 | 0.0089 0.0105 0.0112 0.0093 0.0208 | 0.0296 0.0044

150 | 0.0050 0.0039 0.0067 0.0053 0.0084 | 0.0117 0.0013

200 | 0.0043 0.0040 0.0054 0.0054 0.0083 | 0.0078 0.0036
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Table A.9: ReMSPEs of the mis-specified model and the true model in two scenarios.

NN e Changing Networks Nonlinear Covariates
v ReMSPEis ReMSPEqye | ReMSPE ;s ReMSPE e
20 0.7097 0.7082 0.9190 0.8924
100 80 40 0.6845 0.6833 0.8758 0.8497
80 0.6445 0.6435 0.8589 0.8339
120 0.6290 0.6282 0.8514 0.8260
20 0.7309 0.7300 0.9257 0.8985
200 150 40 0.6926 0.6921 0.8792 0.8531
80 0.6741 0.6736 0.8560 0.8305
120 0.6415 0.6410 0.8489 0.8236

Second, we consider the case when covariate structure is mis-specified. We generate
data using the following model,

) ! a(l) @ No
ik
Y;J}t = )‘ggl) § g Y J(t—1) + )\ ( E
? k=1 1 J =1 ]
toym Y1+ F)T¢ <1>+f( (2)) C(f) + €ijits (A.104)
i 9j 9;2)

where f(v) = (f(v1),---, f(vp,)) with f(vy) = 0.1v3, + sin(0.1v,,7). Then we estimate
the model using our proposed algorithm A.1, mis-specifying the true covariates f (xgt1 )) and
f(xﬁ)) with thl) and Xﬁ).

The data generating scheme for other parts of the model is the same as Section 6.1 in
the main text. To evaluate the performance of the two mis-specification settings, we cal-
culate the out-of-sample mean square prediction error (MSPE) for the fitted response }/}ij,t,
respectively. Specifically, we set the subsequent T} = 7'/2 samples after the training set as

the testing set. Denote the predicted response for the testing set as Ylget Correspondingly,
calculate the MSPE as

Ttest

MSPE = (M NoTiest) ™t > S (Vi — Via)?
t= Ttrazn+1 Z»]

Then we calculate the relative mean square prediction error as ReMSPE = MSPE/MSPE,),
Where the baseline MSPE; = (NlNQTtTaZ'n>71 EZLT{”” (Y;j,t — Mij,train)za and Wijtrain =

tmm ZT”‘“" Yij+. For comparison, we calculate the ReMSPEs for the true models, de-
noted as ReMSPE,4e. Specifically, we use WO and W) as the true networks in the first
scenario, and use f (thl )), f( 5?) as the true covariates in the second scenario. The results
are shown in Table A.9. Across both scenarios, ReMSPEs for misspecified models exhibit a
pronounced decreasing trend as temporal length increases. Notably, prediction errors under
misspecification are close to those of true models, demonstrating the robust performance of

the proposed GTNAR framework against model deviations.
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L..3.2 HEAvY-TAIL RANDOM NOISE

In this subsection, we generate heavy-tailed data to validate the robustness of our proposed
methodology. The experimental design specifies ¢ = 2 with G119 = G2 = 3 underlying
groups, with network structures generated from Stochastic Block Model (SBM) networks
as in Section 6.1. We conduct R = 300 replicates for a reliable evaluation. For each
replicate, the idiosyncratic noise €;,;, follows an independent and identical ¢-distribution
with 5 degrees of freedom (i.e., €4, b t(5)). All other simulation parameters align
with Section 6.1 of the main text. The results are shown in Table A.10. As both the
sample sizes (Ni, N2) and the time length (7') increase, the RMSEs for all parameters
decrease significantly. Our proposed estimators closely approach their oracle counterparts,
particularly at larger sample sizes. Notably, the group membership errors (71, 72) converge
rapidly to zero, reaching near-zero values at T' = 40 for N; > 200, which confirms the
high accuracy of the proposed methodology. This demonstrates the GTNAR method’s
robustness in maintaining finite sample performance despite heavy-tailed noise setting.

L.4 Computational Cost

As we comment in Remark 5, the memberships update equation (A.25) can be computed
in parallel for each inner-layer subject (i; in the [th layer). Therefore, we implement the
algorithm by a multi-core computational scheme. For each layer, the group memberships
estimation is conducted in R version 4.4.3, running on a Apple M3 platform. Parallel pro-
cessing implements 4 CPU cores using the doParallelSNOW package (version 1.0.17). Total
available hardware resources included 8 physical cores supporting 8 concurrent threads. We
report the average computational cost of 10 replicated experiments in Figure A.7. The re-
sults demonstrate the computational efficiency of the proposed methodology under varying
network sizes and time lengths. The initialization stage (orange dashed line) exhibits near-
constant time complexity with stable execution times (minimal fluctuation as 7" increases),
indicating negligible scaling overhead in initialization. The iterative estimation phase (blue
solid line) shows linear scaling with time length 7". Notably, even at the maximum network
size configuration (N7 = 300, Ny = 250), total computational costs remain no more than
20 seconds across all time horizons, which highlights the GTNAR method’s suitability for
large-scale applications despite increasing data dimensionality.

L.5 Numerical Convergence Analysis

In this subsection, we take ¢ = 2 for example to evaluate the numerical convergence rate
of our proposed algorithm. Specifically, denote the loss function in the kth iteration as

~ [k ~ [k
Q[k]((-D[ ]), where 6[ ] is the estimators in the kth iteration. The convergence criterion is set

as |QF+1] ((:)[kﬂ]) — QI (@[k])| < 1075, We first show the steps of iteration required for algo-
rithm convergence and the corresponding total loss defined in equation (8) in each iteration
step in Figure A.8. Specifically, we set the network sizes (N1, N2) € {(100,80), (200, 150)}
and the time lengths 7' € {20,40}. We repeat the experiments for 50 replicates in each
sample size setting. For a baseline comparison, we calculate the oracle loss by using the
oracle estimators, which are obtained by setting the group memberships as true values. Fig-
ure A.8 demonstrates the highly efficient convergence of our proposed iterative algorithm
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N1 =100, N2 =80 N1 =200, N2 = 150 N1 =300, N2 = 250

Time Type Initialization time Iteration time Time Type Initialization time Iteration time Time Type Initialization time Iteration time

Time in seconds
Time in seconds
w
[
Time in seconds
=
5

10 20 30 40 50 60 70 80 90 100 10 20 30 40 50 60 70 80 90 100 10 20 30 40 50 60 70 80 90 100
Time length Time length Time length

Figure A.7: Computational costs (in second) of the initialization (orange dashed line) and
iterative estimation (blue solid line) stage under different sample sizes and time
lengths.

to the oracle loss across diverse sample size configurations. Notably, either larger network
sizes (N1 = 200, N2 = 150) or longer time periods (T" = 40) enhance convergence speed.

We further show the average and the maximum number of iterations. Fix network
sizes as N1 = 100, No = 80, we show the results as the time length 7' grows from 10 to
100; and fix the time length 7' = 20, we increase the network sizes throughout (N7, Na) €
{(30,20), (50,40), (80, 60), (100, 80), (120, 100), (160, 120), (200, 150), (250, 180), (300, 250)}.
The results are shown in Figure A.9. The average iteration number demonstrates consis-
tent monotonic decline as sample sizes increase, which highlights the algorithm’s intrinsic
efficiency. While the maximum iteration number exhibits fluctuations at minimal network
sizes, it undergoes rapid stabilization followed by progressive decline as sample sizes grow.

L.6 Simulation Results when ¢ =3

In this subsection, we conduct experiment when ¢ = 3 to show the finite sample perfor-
mance of our proposed method. We set the true group numbers in the three dimensions
as G0 = 3,G20 = 3,G30 = 2. The true parameters are provided in Table A.11. We
consider the networks generated from stochastic block models. The network sizes are set as
(N1, No, N3) € {(20,20,20), (30,30,30)}, and the time length is set to be T' € {10, 40, 80}.
The network and the data generation schemes are the same as those in Section 6.1 in the
main text. The experiments are repeated for R = 300 times.

We first evaluate estimation accuracy under correctly specified group numbers, with
comprehensive results presented in Table A.12. We observe three key patterns. First, the
mis-classification rates decline rapidly to zero as sample sizes increase, confirming precise
recovery of group memberships. Second, the RMSEs decrease monotonically with increas-
ing network sizes or time length, demonstrating consistent estimation efficiency. Third,
the coverage probabilities converge to the nominal 95% confidence level under larger sam-
ples, validating asymptotic normality of the estimators. Collectively, these findings meet
theoretical results for statistical consistency.
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Figure A.8: Total loss in each iteration step and the number of iterations required for
algorithm convergence in different network sizes and time lengths. Each box
shows the total loss of R = 50 replicates. The red line shows the oracle loss.

Table A.11: True parameters when G19 = 3,G20 = 3,G3,0 = 2.

Gio=3 Gop =3 Gz =2
M @) @)
)‘gu) )‘g@) /\g<3>
(-0.1, 0.2, 0.3) (0.15, 0.2, 0.4) (-0.2, 0.25)
(M ) 6)
Cyth e 4 )
02 025 -0.3 025 —0.3 0.35
0.15 0.35 —0.35 0.2 —0.25 0.32 (‘0051 8? _%“§2>
0.24 0.30 —0.32 01 —02 0.2 C '
(o %} .2
02 025 -0.3 02 025 —0.3
0.15 0.35 —0.35 0.15 0.35 —0.35
0.24 0.30 —0.32 0.24 0.30 —0.32
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Table A.12: RMSEs of estimated parameters when G19 = G2 = 3 and G3 = 2 with 300 replications. The performances are
evaluated for different sample sizes N1, No, N3 and the time length T'. The corresponding CPs are shown in the

REN, Zuu, XU AND MA

parenthesis.
N, Ny Ns|T ME M@ M@ mE m@ m@ & 7 By
10 0.0165 0.0141 0.0097 0.0207 0.0204 0.0128 0.0666 00083 0 0
(0.9256) (0.9411) (0.9367) (0.9226) (0.9315) (0.9272) (0.9222)
20 20 20 | 40 0.0066 0.0067 0.0044 0.0093 0.0096 0.0059 0.0263 0 0 0
(0.9356) (0.9378) (0.9533) (0.9411) (0.9452) (0.9372) (0.9422)
80 0.0025 0.0024 0.0024 0.0065 0.0065 0.0042 0.0158 0 0 0
(0.9311) (0.9467) (0.9383) (0.9459) (0.9519) (0.9478) (0.9478)
10 0.0105 0.0082 0.0057 0.0130 0.0106 0.0068 0.0435 00078 0 0
(0.9422) (0.9400) (0.9383) (0.9196) (0.9370) (0.9378) (0.9269)
0.0034 0.0033 0.0023 0.0050 0.0049 0.0033 0.0133
303030 140 (0.9489) (0.9567) (0.9583) (0.9526) (0.9556) (0.9411) (0.9459) 0 0 0
30 0.0013 0.0013 0.0012 0.0034 0.0037 0.0024 0.0084 0 0 0
(0.9478)  (0.9422) (0.9650) (0.9489) (0.9507) (0.9461) (0.9463)
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Figure A.9: Average and maximum number of iterations required for convergence under
different sample sizes throughout 50 replicates. The orange dashed line shows
the maximum number, while the blue solid lines shows the average one.

Next, we consider the setting of unspecified group numbers. We implement the QIC
introduced in Section 3.3 in the main text, with « set as the same with Section 6.1. The
results are shown in Table A.13. When the group numbers are under-specified (i.e., G; =
2, I = 1,2,3), the node-wise RMSEs are large and do not decrease as the sample sizes
increase. On the contrary, when the group numbers are correctly- or over-specified, the
node-wise RMSEs show a decreasing pattern as the theoretical results show. These findings
are consistent with those for two dimensional tensor in Section 6.2 of the main text.

L.7 Comparison with Existing Methods
L.7.1 COMPARING WITH ESTIMATION USING A SERIES OF MATRICES MODELS

To enhance the difference between our proposed GTNAR model and a series of matrix
models, we conduct an experiment when ¢ = 3 to show the fundamental role of the in-
trinsic inner-tensor data information. Specifically, we generate data using the same setting
as in Appendix L.6. The total time length is set to be Tirqin + Tiest, and we use the first
Tirain as training set, while leaving the following Ti.s as the testing set. By imglement—
ing Algorithm A.2, we obtain the in-sample and out-of-sample predicted values thTNAR.
For comparison, we divide the data by the third dimension into N3 parallel data slices.
Each slice contains a matrix-valued time series. By algorithm A.1, we can estimate the
two-dimensional parameters for each series slice. Take the i3 slice for example, we can cal-
culate the in-sample fitted matrix i\(.‘iB’t, (t € [Tirain)) and out-of-sample prediction values
S?..ig’t, (t = Tyrain + 1, - - Tirain + Tiest) for each slice. Then we aggregate the fitted and pre-
dicted values in all Nj3 slices, obtaining the in-sample and out-of-sample predicted tensor
yé\ﬁatSlice‘ We call this method by “Matrix Slices” method. Using the same metrics as in
Appendix L.3.1, we calculate ReMSPE for both methods regarding in-sample and out-of-
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Table A.13: Simulation results with pre-specified group numbers as well as the QIC selection group numbers @r 1=1,2,3. The
true group numbers are set as G190 = G20 = 3 and Gzg = 2. The node-wise RMSEs of different estimators are

denoted as meu mm_wu o, forl=1,2,3.

N

NG

NG

(1)

=)

~3)

Ni|[No | N3 | T |Gi Ga Gz | Ay Aall Aall Call Call Call Qall &1 £ &
Oracle 0.0037 0.0038 0.0031 0.0052 0.0046 0.0040 0.0058 | - ; ;

2 2 2 |0.0559 0.0805 0.0551 0.0361 0.0468 0.0051 0.1400 | 0.2500 0.2080 0

201202040 3 3 2 |0.0037 0.0038 0.0031 0.0052 0.0046 0.0040 0.0174 | 0.1403 0.0142 0
4 4 4 |0.0047 0.0048 0.0047 0.0061 0.0060 0.0063 0.0123 | 0 0 0

G, Go Gs|0.0037 0.0038 0.0031 0.0052 0.0046 0.0040 0.0058 . § :

Oracle 0.0014 0.0017 0.0017 0.0034 0.0034 0.0026 0.0037 | - _ _

2 2 2 |0.1140 0.0571 0.0580 0.0343 0.0213 0.0041 0.1447 | 0.2449 0.1959 0

2020208 | 3 3 2 |0.0037 0.0028 0.0028 0.0040 0.0038 0.0026 0.0065 | 0 0 0
4 4 4 |0.0040 0.0033 0.0038 0.0046 0.0042 0.0043 0.0099 | 0 0 0

Gi G Gs|0.0014 0.0017 0.0017 0.0034 0.0034 0.0026 0.0037 | - - ;
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Table A.14: In-sample and out-of-sample ReMSPE of GTNAR and the matrix slices esti-
mation methods.

N N, N T GTNAR Matrix Slices
L ReMSPE;, ReMSPE(, | ReMSPE,, ReMSPE,
10 | 0.6739 0.6549 0.8836 1.0319
20 20 20 |40 | 0.5882 0.5871 0.7692 0.8003
80 | 0.0234 0.0049 2.4769 4.3342
10 | 0.6261 0.6173 0.8789 1.0281
30 30 30 |40 | 0.4710 0.4660 0.9787 1.7442
80 | 0.0066 0.0006 4.8092 2.9876

sample performance. The experiments are both repeated for R = 100 times. The results are
shown in Table A.14. GTNAR exhibits consistent improvement in both in-sample and out-
of-sample prediction accuracy as sample size increases. In contrast, Matrix Slices shows no
systematic improvement trend, with error magnitudes actually increasing substantially at
larger T'. Compared with the Matrix Slices method, our proposed GTNAR shows a superior
prediction performance. These results show that the GTNAR fundamentally differs from
simple matrix slicing approaches. The error gaps reveals critical information loss inherent
in slice-based approximations when the inherent data is generated from the tensor-valued
model.

L.7.2 COMPARING WITH OTHER METHODS

In this section, we conduct the prediction and compare the accuracy with a number of
competing methods. Denote Ti.qin and Ties; as the time length for training set and the
testing set. We generate the simulation data when ¢ = 2, and the generation scheme is the
same as that in Section 6.1 in the main text. We set the sample sizes as (N1, N2, Tirqin) €
{(30, 20, 20), (50, 40, 30), (80, 60, 40), (100, 80, 50), (120, 100, 60), (160, 120, 70), (200, 150, 80),
(250,180,90)}. For each sample size setting, we set the following Tiest = 0.5T}rqin as the
test set. To evaluate the prediction accuracy, we repeat the experiments for each setting for
R = 50 times, and we compute average relative mean square prediction error (ReMSPE).
Specifically, first calculate mean square prediction error as

ttest,0+Ttest

MSPE" = (N1 NoTjest) ! Z Z it ir ’

t=ttest ,0 ,]

where Y it is the predicted response in the rth replicate, and ticst,0 = Tirain + 1 is the
starting time point. Then, calculate

ttﬁst,0+Ttest

MSPEj = (NiNoTiest) ™ Y D (YVfa = Hijurain)’s

t:ttest,O i7j

where ﬁfj’tr ain = m an ZT”‘“" Y it 88 the mean response in the training set. Subsequently,
we calculate the average ReMSPE as ReMSPE = R71 Y~ MSPE"/MSPE;,.
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Specifically, we compare the prediction accuracy estimated by the proposed algorithm
with that estimated by the sparse VAR method (sVAR, Nicholson et al. (2020)), the mul-
tilinear tensor regression model (BiTR, Hoff (2015)), the group NAR model (GNAR, Zhu
et al. (2023)), and the deep learning method for time series, LSTM (Hochreiter and Schmid-
huber, 1997). For the sVAR model, we first vectorize the matrix response Y; to be in the
vector form as vec(Y;). Subsequently, we apply the sVAR method in the bigtime package to
{vec(Y)} to obtain the model estimation and prediction result. For BiTR model, we use
Y, as the response variable, and set the explanatory variables as the concatenation by the
row network term WY, ;. the and column network term Y, ;W@ the lag term Y;_;
and the covariates Xil), X§2). We apply the alternating least squares algorithm proposed
by Hoff (2015) to estimate the model. For the GNAR model proposed by Zhu et al. (2023),
we note that it only involves a single network and can only be applied for the vector time
series data. Therefore we make prediction with their model form by involving one network
matrix a time. To involve the user network (i.e., row network), we apply the GNAR model
in the following form

Ny

nT
Yijt = E Bg(l)g(l)wl,ikykj,t—l + Vg(l)Yij,t—l + XE ) Cgu) + €ijit (A.105)
=1

and estimate the model parameters and make prediction for each j € [N3]. The model
prediction performance is denoted as GNAR-R in Table A.18. Similarly, to incorporate the
spatial network (i.e., column network), we estimate the following GNAR model as

No
@)T
Yije =) B,o @warYike-1 +v,oYie1 X € o+ e,
=1 k73 J J

for each ¢ € [N1], whose prediction performance is denoted as GNAR-C in Figure A.10. For
the above two models, we use the open source code provided by Zhu et al. (2023) to obtain
the result. Lastly, we apply the LSTM method (Hochreiter and Schmidhuber, 1997) to our
data {(xgtl) € Rpl,xﬁ) € RP2)Yj;4) 14 € [N1],j € [N2],t € [T]}. During training, we set the
learning rate as 0.05, the dimension of hidden layers as 64, and set the number of iteration
as 100. The momentum coefficient is set as 0.5.

We remark that due to the suboptimal estimation accuracy of BiTR, which exhibits
orders of magnitude differences compared to others, we present the ReMSPEs of GTNAR,
GNAR-R, GNAR-C, sVAR and LSTM in Figure A.10 for visual clarity. The results for BiTR
are provided in Table A.15 for detailed examination. Based on the simulation results, when
the data is generated using the GTNAR model, the prediction accuracy of all alternative
methods proves suboptimal. Even the LSTM model, which is recognized for its strong fitting
capabilities by its non-linear structure, fails to achieve satisfactory prediction accuracy.
Furthermore, in Appendix M.3, we conduct rolling-window prediction comparisons across
six methods using the Yelp dataset, which also demonstrate the superiority of our proposed
approach.
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Figure A.10: Average ReMSPEs of GTNAR, GNAR-R, GNAR-C, sVAR and LSTM under
different sample sizes.

Table A.15: Average ReMSPEs of GTNAR and BiTR under different sample sizes.

N1 No | Tyrain | GTNAR  BiTR

30 20 20 0.7237 94.8849
50 30 30 0.6827 160.6119
80 60 40 0.6740 219.2674
100 80 50 0.6770 138.1804
120 100 60 0.6636 105.4973
160 120 70 0.6672 139.3628
200 150 80 0.6596 101.1558
250 180 90 0.6610 28.5175
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Appendix M. Additional Yelp Data Analysis
M.1 Additional Results for Yelp Data Analysis

We visualize the relationship between these user-related covariates and the response variable
in Figure A.11. The plot reveals that users who receive more tags for their reviews tend to be
motivated to contribute more reviews. Notably, VIP users in Scottsdale and Toronto tend
to write more reviews, whereas VIP users in Charlotte exhibit comparatively less activity.
The estimation results for city Scottsdale and Toronto are provided in Table A.16.

M.2 Ablation Experiment

In this subsection, we use ablation experiments to show the necessity of each component in
our GTNAR model. We implement both the GTNAR model (1) and the Mixed GTNAR
model (25) to analyze the Yelp dataset. The evaluation metric is the similar as that in Ap-
pendix L.7.2 yet under a rolling window. Specifically, first calculate mean square prediction
error as

tiest,0+Ttest

MSPE = (N1 NoTiest) 1 > Y (Viju — Yise)?,

t:ttest,o i7j
Then, calculate

tiest,0+Ttest

MSPEq = (N1 NoTyest) Z Z(Y%j,t — Tijtrain)?

t:ttest,O i,j

-~ _ —1 7ftest,O*1 . : I
where iij train = Tyrign t—ttoot.0—Torain Y;j+ as the mean response in the training set. Sub-

sequently, we calculate the ReMSPE as ReMSPE = MSPE/MSPE(. Recall the GTNAR
model

Y= LOWO)Y,  + Y, (WOLD)+ AoYe: +8( 1%, + 1585 | +E.,

network terms momentum term

covariates terms

(A.106)

For the ablation experiment, we remove the network terms, the lag term, and the covari-
ates terms from GTNAR (A.106) and perform predictions, respectively. For performance
evaluation, we predict the out-of-sample review number in the same rolling window set-
tings, and calculate the ReMSPE as defined in Appendix L.7.2. The prediction results are
shown in Table A.17, from which we can see that both GTNAR and Mixed GTNAR con-
sistently achieve the highest prediction accuracy across most of the five evaluation testing
time periods. This performance superiority is particularly evident in Charlotte, Las Vegas,
and Scottsdale, where these models outperform all ablated versions at every starting time
point. The ablation study reveals performance deterioration when each component is re-
moved, validating the contribution of each model component (network terms, momentum
term, and covariates terms) to GTNAR’s robust predictive capability.
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Figure A.11: Boxplots for response variable with regards to the users’ covariates in Charlotte, Las
Vegas, Phoenix, Scottsdale, and Toronto (displayed in each line). Specifically, the y-
axis is the log-transformed average review number given by each user throughout the
time span. The x-axis shows the corresponding high or low level for each covariate,
separated by the median for continuous variables.
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Table A.16: Estimation results for Scottsdale and Toronto. The p-values are shown in the parenthesis.

Parameters Scottsdale (N7 = 391, Ny = 60) Toronto (N7 = 462, Ny = 56)
) Ao Ay Ao
0.067 0.011 0.069 0.239 0.013 0.037 0.305 0.107
(<0.001) (<0.001) | (<0.001) (<0.001) | (<0.001) (<0.001) | (<0.001) (<0.001)
¢ ¢ ¢ ¢
Intercept -0.002 0.002 -0.001 0.003 -0.009 0.009 0.016 -0.001
(0.175)  (<0.001) | (<0.001) (<0.001) | (0.001) (<0.001) | (<0.001) (0.274)
W, 2 | 0009  -0.003 | 0002  0.004 104 -0.006 | 0.003  0.003
Cawr / Gstar | (20.001)  (<0.001) | (<0.001) (<0.001) | (0.453) (<0.001) | (0.209) (<0.001)
(1) (2) 0.002 0.001 0.003 0.002 0.001 0.001 0.003 0.005
Cip / Gm | (0037)  (<0.001) | (<0.001) (<0.001) | (<0.001)  (0.155) | (0.009) (<0.001)
(1) 0.227 0.023 0.032 0.069
Gust (<0.001) (<0.001) (<0.001) (<0.001)
(1) -0.360 -0.025 -0.002 0.013
Sfun (<0.001)  (<0.001) (0.401)  (<0.001)
W 0176 0.028 0.002  0.041
Seool (<0.001) (<0.001) (0.483)  (<0.001)
Q% c %QPXQN Q% c H%QHXQM
0.071 0.023 0.055 0.290
(<0.001) (<0.001) (<0.001) (<0.001)
0.235 0.051 0.033 0.096
(<0.001) (<0.001) (<0.001) (<0.001)
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Table A.17: ReMSPEs of the ablation study in five cities under the rolling window setting.

Starting time point

2010-Q1 2010-Q2 2010-Q3 2010-Q4 2011-Q1

GTNAR 0.8386 0.8132 0.8361 0.8646 0.8951

Mixed GTNAR 0.8228 0.7725 0.8382 0.9019 0.9629

Charlotte no network terms 0.8421 0.8140 0.8392 0.8689 0.8979
no momentum term | 0.8717 0.8199 0.8629 0.8824 0.9624

no covariates terms 0.8539 0.8297 0.8565 0.8772 0.9131

GTNAR 0.8336 0.7811 0.8549 0.9102 0.9601

Mixed GTNAR 0.8228 0.7725 0.8382 0.9019 0.9629

Las Vegas no network terms 0.8373 0.8021 0.8519 0.9237 0.9784
no momentum term | 0.8238 0.7913 0.8520 0.9145 0.9729

no covariates terms 0.8119 0.7918 0.8395 0.9070 0.9691

GTNAR 1.1625 1.0784 0.9419 0.8730 0.8581

Mixed GTNAR 1.1406 1.0888 0.9571 0.8822 0.8582

Phoenix no network terms 1.1048 1.0793 0.9393 0.8677 0.8616
no momentum term | 1.1426 1.0859 0.9424 0.8731 0.8554

no covariates terms | 1.1310 1.1023 0.9542 0.8877 0.8664

GTNAR 0.8725 0.8588 0.8535 0.8757 0.8415

Mixed GTNAR 0.8986 0.8757 0.8629 0.8859 0.8581

Scottsdale | 1© network terms 0.8761 0.8629 0.8587 0.8771 0.8441
no momentum term | 0.8992 0.8699 0.8545 0.9057 0.8931

no covariates terms 0.8831 0.8685 0.8636 0.8854 0.8492

GTNAR 1.5779 1.4670 1.3785 1.2241 1.0669

Mixed GTNAR 1.5829 1.5279 1.3961 1.2313 1.0773

Toronto no network terms 1.5751 1.4678 1.3863 1.2334 1.0681
no momentum term | 1.5783 1.4787 1.4079 1.2362 1.0766

no covariates terms 1.5995 1.4942 1.4019 1.2513 1.0877
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M.3 Prediction Accuracy of Comparing Methods

In this section, we conduct the prediction for the Yelp dataset and compare the accuracy
with a number of competing methods. To illustrate the prediction performance of our
proposed GTNAR model, we take a rolling window prediction setting. Specifically, we set
the training length as T}.qin = 25 from the first data point, and set 1.5 = 5. Then we use
a sliding window approach to evaluate the prediction performance by calculating the Root
Mean Square Prediction Error (RMSPE) with moving one quarter in each step, which is
calculated by

ttest,() +Ttest

RMSPE = {(NlNZTtest)il Z Z(ﬁj’t - Ej’t)2}l/27

t:ttest,O i,j

where ﬁj,t is the predicted response from user ¢ to the district j in the ¢th quarter, and
ttest,0 is the starting time point. The settings for the competing methods, namely, sVAR,
BiTR, GNAR-R, GNAR-C and LSTM are the same as those in Appendix L.7.2.

The prediction results are detailed in Table A.18. In comparison to the sVAR, BiTR,
GNAR-R and GNAR-C, the GTNAR method demonstrates superior and more stable pre-
diction accuracy across various staring points in all five cities. In comparison to the LSTM
model, we find that the prediction performances are comparable. In particular, for Char-
lotte, Las Vegas, Scottsdale and Toronto, the GTNAR method outperforms the LSTM with
higher prediction accuracy. For Phoenix, the prediction error of the LSTM method in the
first start time point is slightly smaller than that of the GTNAR method. We would like to
remark that other than our relative robust prediction performance, our modeling approach
provides a clearer model interpretation compared with complex nonlinear machine learning
methods.

Appendix N. Addtional Trading Data Application
N.1 Data Description

In this section, we embark on an analysis of the monthly import and export volumes of
goods among countries/regions, spanning the period from 1993 to 2022, comprising a total
of T'= 360 months. The source for our multilateral trading data is the IMF-DOTS database
(IMF, 2017). To enhance the stationarity of the time series, we define the response variable,
denoted by Y;;;, as the first-order difference in export volume, which is referred to as the
“increased export volume (IEV)” in the subsequent discussions. IEV quantifies the change
in export volume from the ith country/region to the jth country/region between the tth
month and the preceding (¢t — 1)th month.

Covariates. In our analysis, we consider three essential covariates for each country
or region. Firstly, the annual gross domestic product (ajgtl )gdp /l’ﬁ)gdp) serves as a measure
of the overall size of the economy. Secondly, we incorpofate the difference of log-annual
average exchange rate to US dollars (acgtl)exc / x§??exc) in consecutive years, which influences the
actual costs of exporting goods. The influence from exchange rate toward trading pattern
is underscored in prior research (Hooper and Kohlhagen, 1978; Auboin and Ruta, 2013).

Lastly, we include the proportion of the population with internet access (xz(tl Let /xﬁ?net),
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Table A.18: Prediction RMSPE in five cities under the rolling window setting.
City ‘ Model ‘ Start Time Point

2010-Q1 2010-Q2 2010-Q3 2010-Q4 2021-Q1
GTNAR | 0.0848 0.0841 0.0845 0.0848 0.0854
sVAR 0.1145 0.1067 0.0999 0.1048 0.1061
BiTR 0.0560  0.2329 0.7017 0.5040 0.6093
Charlotte | GNAR-R | 0.0964 0.1128 0.1227 0.0923 0.0949
GNAR-C | 2.6539 0.1023 0.2522 0.1080 0.0953
LSTM 0.0866 0.0851 0.0863 0.0860 0.0871
GTNAR | 0.0786 0.0760 0.0790 0.0814 0.0829
sVAR 0.1118 0.1344 0.1300 0.1273 0.1442
BiTR 1.5677 1.5457 1.6350 1.6465 1.2869
LasVegas | GNAR-R | 0.0862 0.1124 7.0599 0.6934 0.0849
GNAR-C | 43.9337  3.4841  37.4009  0.0943 0.2487
LSTM 0.0789 0.0782 0.0790 0.0816 0.0837
GTNAR | 0.0791 0.0762 0.0716 0.0690 0.0682
sVAR 0.0877 0.0881 0.0861 0.0930 0.0881
BiTR 0.6108 1.1864 0.2036 0.2322 0.2437
Phoenix | GNAR-R | 0.0801 0.0796 0.0792 0.0736 0.0733
GNAR-C | 1.3056 0.0795 0.1082 0.0745 0.1303
LSTM 0.0782  0.0790 0.0738 0.0700 0.0717
GTNAR | 0.0617 0.0614 0.0611 0.0619 0.0600
sVAR 0.0772 0.0720 0.0715 0.0766 0.0730
BiTR 0.7890 2.0271 0.8091 0.8288  0.0446
Scottsdale | GNAR-R | 0.0655 0.0639 0.0680 0.0638 0.0639
GNAR-C | 0.1423 0.0778 0.0656 0.0713 0.1265
LSTM 0.0632 0.0624 0.0616 0.0624 0.0606
GTNAR | 0.0989 0.0972 0.0958 0.0915 0.0865
sVAR 0.1117 0.1106 0.1105 0.1067 0.1083
BiTR 1.3064 0.9224 0.6444 1.2483 0.9182
Toronto | GNAR-R | 0.1013 0.1006 0.1013 0.1022 0.0951
GNAR-C | 5.1932 3.0433 6.2586  18.4431  0.4216
LSTM 0.0999 0.0985 0.0969 0.0932 0.0877
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a metric that captures the effects of the rapid development of e-commerce and its effect
on cross-regional commodity circulation, as discussed in studies such as those by Freund
and Weinhold (2004) and Terzi (2011). This covariate data has been sourced from both the
World Bank Database! and the IMF-DOTS database, encompassing the years 1992 to 2021.
Figure A.12 depicts the accumulated response for export volume in the year 2022 versus
the three covariates of export countries in 2021, which suggests that a lower exchange rate,
higher GDP, or a higher proportion of internet users in 2021 are associated with potentially
higher export volumes in 2022.

[} [} [}
£ £ £
2 N —_ 2 N —_ =] N °
g = ] - g = 7] g =7 -
£ ] - £ ] == T
L == N e I
(=8 (=8 (=8
5 _1 . 5 7 _ | 5 _ ==
3 < - = h 3 < — 3 < — —_
Q = o —) Q = ) Q = )
- o -4 o - o -4 o - o -4 o
© T T ° T T © T T
° low  high ° low  high ° low  high

Exchange rate level GDP level Internet use level
1) 1) 1)
o o o
o o o
— — —
. . .

o o o

L ® L @ L &
£ ° 1= ] ° £ a o
g « ° g « ° g « 7 °
S o ° s o | ° s o | °
g - S 8 g - H g - ° H
[} [} _ [} _ —_—
® © _—— § O | = —— T O - i ——
g g T ' g
G low  high G low  high G low  high
= = =

Exchange rate level GDP level Internet use level

Figure A.12: Top panels: the relationship between the total export volume in 2022 and the levels of
three covariates in 2021 (the categorization into ”low” and ”high” levels is determined
by the medians). Bottom panels: the relationship between the first-order difference
in exports between 2022 and 2021 and the levels of the same three covariates in 2021.

Spatial Networks. The countries under study are interconnected through various
international relationships. In this analysis, our focus is on the spatial network spillover
effects, a phenomenon well-documented in the literature (Redding and Venables, 2004; Yin
et al., 2020). After filtering out countries/regions with missing data, we have a total of N; =
Ny = 82 observed units. To construct the adjacency matrices A®) and A@) | we reference
neighboring countries and territories for each country and region, as listed on Wikipedia??.
In these adjacency matrices, an element al(-;) =1 (al(.jz.) = 1) signifies the presence of at
least one land border between the two regions. Consequently, our response variable, Y;;;,
is indexed by two networks, the exporter network A and the importer network A . In

particular, we note that although these two networks share the same network nodes and

2. https://en.wikipedia.org/wiki/List_of_countries_and_territories_by_number_of_land_borders

132



MULTI-RELATIONAL NETWORK AUTOREGRESSION MODEL WITH LATENT GROUP STRUCTURES

topology, they exert different influences on the response variable, accounting for export and
import spatial spillover effects on IEV, respectively.

N.2 Estimating Results

We next implement the GMNAR model to investigate the dynamic trading patterns around
the world. The QIC suggests two groups for the exporter network (A(l)) nodes and three
groups for the importer network (A(2)) nodes. The group patterns are color-coded in Figure
A.13 and estimated model parameters are summarized in Table A.19. We summarize the
estimated results as follows.

Self-momentum effects. Table A.19 reveals that the self-momentum effects a are
consistently negative for all cases, with the exception of ass. One possible explanation for
the negative auto-correlation is that the demand for exported goods from specific countries
within the importer network tends to remain relatively stable over the years. Consequently,
a significant increase in imports in the previous year may indicate a reduction in the im-
portation of these goods in the following year. The sole exception is dgo > 0, representing
the self-momentum of exported goods from group 2 of the exporter network (i.e., main-
land China and Brazil) to group 2 of the importer network (i.e., Canada, mainland China
and Tunisia). This implies that trade between these countries has consistently grown at
an accelerated speed from 1992 to 2021. For instance, mainland China’s exports to the
Canada have increased at annualized rates of 10.8% and 14.7%, respectively, while Brazil’s
exports to mainland China and Canada have grown at rates of 17.6% and 8.41%3. Such
observations align well with the estimation by the GTNAR method.

Spatial exporter network effects. Table A.19 indicates that the export network
effects (//\\;1(3) ’s) are negative for both groups, but the second group, consisting of Brazil and
mainland China, exhibits a substantially larger magnitude. The negative exporter network
effects imply that a country’s export is negatively influenced when neighboring countries
experience significant increases in their exports, particularly pronounced in the case of
large developing countries like Brazil and mainland China. This observation suggests that
countries in neighboring regions tend to be competitors rather than collaborators in the
export market.

Spatial importer network effects. In Table A.19, we also observe that the import
network effects /):g(g) are positive in the first two groups (i.e., X?) = 0.042 and ng) = 0.032),

but negative in the third group (i.e., ng) = —0.005). The positive values of Xg@) for the

first two groups indicate that if neighboring countries import more goods, it positively
influences their own imports. This implies a positive spillover effect of the import market
for regions within the first two groups (such as mainland China, the United States and
Canada). Conversely, the third group predominantly comprises developing countries in
South America and Africa, which are shown to be less affected by their neighbors’ imports.

Covariates effects. In Table A.19, we can observe distinct effects on IEV (International
Export Volume) resulting from the three covariates. Firstly, it is notable that for the
second group of exporters, E(S('):Q = —1.710, signifying a significant negative correlation.
This suggests that higher export costs lead to reduced IEV in Brazil and mainland China.

3. https://oec.world/en/profile/bilateral-country
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Conversely, for the second group of importers, 26()2(2:2 = 0.035, which is a positive value and

aligns with expectations, as higher exchange rates generally correspond to increased import
volumes. Secondly, both Zé(ll)p and Zé?p display positive effects on IEV across all countries.
This aligns with existing research indicating that domestic economic development bolsters

international trade (Bernard and Jensen, 1999, 2004; Berman and Héricourt, 2010). Thirdly,

we can observe that 61(121 = 0.228, suggesting that a higher level of Internet access in most
exporting countries leads to increased IEV. However, it’s worth noting that countries in the
second export group (Brazil and mainland China), as well as the second importer group
(mainland China and Canada), exhibit negative coefficients concerning Internet population
percentage. This discrepancy may be attributed to the rapid growth of internet users in
China, which has outpaced the growth in export volume from 1993 to 2022.

Figure A.13: The group patterns of export (the top) and import (the bottom) markets. The Group
1 and 2 in the export market are marked with dark green and pink. The Group 1, 2,
3 in the import market are marked with dark green, pink and orange, respectively.
The gray color refers to the regions excluded in the model dataset.
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Table A.19: Estimation results for trading data analysis. The p-values are shown in the

parenthesis.
Parameters Aég) )\;2(;
-0.003  -0.512 0.042 0.032 -0.005
(<0.001) (<0.001) | (<0.001) (<0.001) (<0.001)
¢ Coth
g g
Intercept -0.011 2.072 -0.369 2.674 -0.244
(0.960)  (0.002) | (0.112) (<0.001)  (0.329)
1), -(2) -0.120  -1.710 -0.104 0.035 -1.399
Coc/Coxe | (0484)  (0.036) | (0.549) (<0.001)  (0.027)
1) ~(2) 0.693 2.544 1.046 1.015 1.681
Cadp/ Cap (<0.001) (<0.001) | (<0.001) (<0.001) (<0.001)
(1), A(2) 0.228 -2.962 0.029 -1.314 0.206
Cuet/Cnet | (0.022)  (0.010) | (0.838)  (0.001)  (0.186)

aT c RGl X G2

-0.431 -0.494
(<0.001) (<0.001)
-0.287 0.021
(<0.001) (<0.001)
-0.315 -0.311
(<0.001) (<0.001)
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