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Abstract

This paper proposes new methodologies for conducting practical differentially private (DP)
estimation and inference in high-dimensional linear regression. We first introduce a DP
Bayesian Information Criterion (DP-BIC) for selecting the unknown sparsity parameter
in differentially private sparse linear regression (DP-SLR), eliminating the need for prior
knowledge of model sparsity, which is a requisite in the existing literature. Next, we develop
the DP debiased algorithm that enables privacy-preserving inference on a particular subset
of regression parameters. Our proposed method enables privacy-preserving inference on
the regression parameters by leveraging the inherent sparsity of high-dimensional linear re-
gression models. Additionally, we address private feature selection by considering multiple
testing in high-dimensional linear regression by introducing a DP multiple testing procedure
that controls the false discovery rate (FDR). This allows for accurate and privacy-preserving
identification of significant predictors in the regression model. Through extensive simula-
tions and real data analyses, we demonstrate the effectiveness of our proposed methods
in conducting inference for high-dimensional linear models while safeguarding privacy and
controlling the FDR.
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1. Introduction

In the era of big data, the significance of data privacy has grown considerably. With the
continuous collection, storage, processing, and sharing of vast amounts of personal data,
there is a pressing need to protect sensitive information. Unfortunately, traditional data
analytics and statistical inference tools may fail to ensure such protection. The concept
of differential privacy, initially proposed by theoretical computer scientists (Dwork et al.,
2006), has made substantial progress and found widespread use in various large-scale ap-
plications. Differentially private algorithms incorporate random noise independent of the
original database and produce privatized summary statistics or model parameters. The
ultimate goal of differentially private analysis is to safeguard individual data while allowing
meaningful statistical analysis of the original database.

This work is motivated by the growing need to conduct statistical inference on confi-
dential data, particularly when variable selection is required. In this paper, we analyze
the National Resources Inventory (NRI) data, a statistical survey of land use and natural
resource conditions on U.S. non-Federal lands. Each observation in the NRI data includes
information on soil conditions, water conditions, and other related resources at a specific
geographic location on U.S. non-Federal lands. The NRI aims to assess the quantity and
quality of natural resources while closely monitoring changes and trends, with a particular
focus on soil erosion. Thus, it is crucial to provide accurate estimates and reliable confi-
dence intervals for soil erosion to facilitate regular evaluations of the effectiveness of soil and
water conservation practices, irrigation techniques, and farming technologies and practices.
In this paper, we build a regression model to predict the long-term average annual soil loss
based on available covariates such as climatic factors, erodibility factors, soil loss tolerance,
land cover and use, wetland conditions, and other variables in the NRI dataset.

However, the NRI data are highly confidential. Using standard statistical methods
may pose significant confidentiality risks. The locations of sampled points, along with
other identifying details, are considered confidential information under 7 USC 2276 and
the interpretive policy in NRCS General Manual Title 290, Part 400.11, B(4) in Appendix
A. Improper release of such information violates federal law and can lead to serious legal
consequences. Preventing the disclosure of sample location information in released analysis
results is therefore essential. If attackers were able to identify the geographic location of even
a single sample point, altering the original land conditions could introduce substantial bias
into national resource estimates. Such bias could mislead government policy and ultimately
threaten national security. Traditional data analytics and statistical inference tools often
fail to protect NRI data, particularly with respect to location confidentiality. We apply
our proposed methods to analyze water erosion using the NRI dataset, obtaining accurate
estimates and valid confidence intervals while protecting data privacy.

In this paper, we develop a novel framework for conducting differentially private statis-
tical inference in high-dimensional linear regression. Let Y € R denote the response and
X € RP denote the covariates. Assume the random vector (Y, X) follows the linear model

Y =8"X +e,
where e is random noise following a Gaussian distribution. Let {(x;, y;)}}_; be independent

realizations of (Y, X). We focus on the high-dimensional setting where p may grow expo-
nentially with n, and only a small subset of the coefficients in 3 are nonzero. Our goal is to
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develop differentially private estimation and inference methods for 3, along with a differ-
entially private false discovery rate control procedure for selecting the nonzero coefficients.

In the typical non-private setting, numerous approaches have been developed to ad-
dress the challenge of statistical inference in high-dimensional linear models. The debiased
Lasso (Zhang and Zhang, 2014; Javanmard and Montanari, 2014; van de Geer et al., 2014)
emerged as a technique to mitigate the bias inherent in the Lasso estimator, thereby pro-
viding asymptotically optimal confidence intervals for regression coefficients (Cai and Guo,
2017). More recently, Wang et al. (2022) introduced the repro framework for finite-sample
inference with high-dimensional covariates. Beyond inference on individual parameters,
another key objective in high-dimensional linear regression is controlling the FDR of the
variable selection. This objective has led to the development of FDR control methods in
the literature. One influential approach is the knockoff framework introduced by Barber
and Candes (2015), which exploits the symmetry of the statistics under the null hypothesis.
The idea was further developed in numerous other settings (Candes et al., 2018; Cai et al.,
2025). Recently, Dai et al. (2022, 2023) proposed a method that combines symmetric mirror
statistics with data splitting to asymptotically control the FDR.

Addressing privacy concerns in high-dimensional statistical inference has received sig-
nificant attention in recent literature. Avella-Medina et al. (2023) applied first and second-
order optimization algorithms to develop private M-estimators and analyzed their asymp-
totic normality, along with the associated privacy error rate. Xia et al. (2025b) proposed
the statistical inference method for differentially private stochastic gradient descent. They
demonstrated, both theoretically and empirically, that the error induced by the privacy
mechanism can be made arbitrarily small. The problem of private multiple testing has also
been actively studied (Dwork et al., 2021; Xia and Cai, 2023; Cai et al., 2025).

This paper contributes to the differentially private analysis of high-dimensional linear
regression in several key aspects.

1. We propose a DP-BIC to accurately select the unknown sparsity parameter in DP-
SLR proposed by Cai et al. (2021), eliminating the need for prior knowledge of the
model sparsity. This advancement enhances the reliability of the DP-SLR, framework
and can be used in many downstream tasks.

2. We develop a differentially private debiased procedure that yields asymptotically nor-
mal estimators under privacy guarantees. This procedure enables the construction of
differentially private confidence intervals for individual parameters of interest.

3. We design a differentially private method for controlling the FDR in multiple testing
scenarios, which inevitably arise in high-dimensional inference problems under privacy
constraints. Our approach achieves FDR control at any user-specified rate o and
attains asymptotic power approaching one under mild conditions.

Notation: For any p-dimensional vector © = (z1,. .. ,xp)T, we define the /;-norm of x
for 1 < ¢ < oo as [|z|q := (35, |#:]7)1/9 for 1 < g, with |-| representing the absolute value.
The loo-norm of x is defined as |||« := max;—1 ., |z;|. The supp(x) = {i : |z;| > 0} is the
index set of nonzero elements in . We define the lp-norm of « by ||x||o = |supp(x)|, which
is the number of nonzero coordinates of . For a positive integer n, we use [n] to denote the
set {1,...,n}. For a subset S C [p] and vector & € RP, we use x5 to denote the restriction
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of vector x to the index set S and |S| to denote the number of elements in S. For a vector
x € RP, we use IIr(x) to denote the projection of @ onto the lo-ball {u € R? : ||ulls < R},
where R is a positive real number. For a real symmetric matrix A € RP*P, we use Apin(A)
and Apax(A) to denote the minimum and maximum eigenvalues of A. For a set of random

variables { X, }°° ; and a random variable X, the notation X, Ly X means X, converges to
X in distribution and the notation X,, = Op(a,,) means X,,/a, is stochastically bounded
for a sequence of positive real numbers {a,}72 ;.

2. Preliminaries

Consider the dataset D := {(z;,y;)}I"; € D, drawn independently and identically from a
distribution satisfying
yi =Bz + ¢,
where e; follows a sub-Gaussian distribution and the unknown parameter 3 € RP satisfies
IBllo < s. We focus on the high-dimensional setting where the dimension p may grow
exponentially with the sample size n, while the sparsity s grows slowly with n, all under
the (g,0)-DP framework. In what follows, we introduce the formal definitions of differential
privacy and sensitivity.

Definition 1 (Differential Privacy (Dwork et al., 2006)). A randomized algorithm M(-) :
D — R is (¢,0)-DP for e,0 > 0 if for every pair of neighboring data sets D, D" € D that
differ by one individual datum and every measurable set S C R with respect to M(-),

P(M(D) e S) < eP(M(D') € S) + 4, (1)
where the probability measure P is induced by the randomness of M(-) only.

Definition 2 (Sensitivity). For a vector-valued deterministic algorithm T(-) : D — R™,
the 1, sensitivity of T(-) is defined as
Dg(T) = SUPDHT(D) = T(D"lq, (2)

D,D’'e
where D and D’ only differ in one single entry.

Sensitivity is extremely useful in characterizing the magnitude of change in the algo-
rithm when a single individual in the dataset is replaced. In the appendix, we introduce
some useful tools in DP, such as privacy mechanisms and composition theorems. In high-
dimensional problems, parameters of interest are often assumed to be sparse. Reporting
the entire set of estimation results can introduce substantial additional randomness due to
privacy requirements. Fortunately, by exploiting sparsity, one can selectively disclose only
the significant nonzero coordinates. The “peeling” algorithm (Dwork et al., 2021) is a dif-
ferentially private algorithm that addresses this problem by identifying and returning the
top-k most significant coordinates based on the absolute values. Since its proposal by Dwork
et al. (2021), the algorithm has been widely used for protecting privacy in high-dimensional
data analysis (Cai et al., 2021; Xia and Cai, 2023; Xia et al., 2025a). We summarize its
details in Algorithm 1 and present its theoretical properties in Lemma 3.

Lemma 3 (Dwork et al. (2021) and Cai et al. (2021)). For a vector-valued function T with
|T(D)—T(D")||oo <\, where D' is a neighboring data set of D, Algorithm 1 is (g,8)-DP.
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Algorithm 1 Noisy Iterative Hard Thresholding (Peeling) (NoisyIl HT (T (D), s’,e,8,\))

Require: Dataset D, vector-valued function T(D) = (T(D)1,...,T(D)s)" € R?, target
sparsity s’, privacy parameters (e, d), noise scale \.
1: Initialize S = ().
2: for i =1to s’ do 3
Generate m; = (i1, M2, »Mia)| € RT with mi1,mi0s -+ . Mia RS Laplace{\ -
24/3s"log(1/9)/e}.
4: Append j* = argmax;ciqp g |7 (D);| + mij to S.
5: end for
6: Set P{T(D)} = T(D)s.
7. Generate 1§ = (i1, 7o, ,7q) | € R with iy, --- , g Lig Laplace{\ - 24/3s"log(1/d)/e}.
Ensure: P{T(D)} + 7.

w

3. Differentially Private Estimation

The estimation of regression parameters in the high-dimensional differentially private set-
ting has been studied by Talwar et al. (2015); Thakurta and Smith (2013) and more re-
cently by Cai et al. (2021) with optimality guarantees for both statistical errors and privacy
errors. However, existing algorithms (Thakurta and Smith, 2013; Cai et al., 2021) for high-
dimensional differentially private estimation, when the dimension p grows exponentially
with the sample size n, require prior knowledge of the sparsity parameter s, which is typi-
cally unknown in practice. In this section, we propose the DP-BIC in Algorithm 2 to select
the sparsity parameter adaptively, eliminating the need for prior knowledge of the model
sparsity. The pipeline of the proposed estimation algorithm is presented in Algorithm 2.

In high-dimensional model selection, information criteria such as the Bayesian Informa-
tion Criterion (BIC) and the Generalized Information Criterion (GIC) have been widely
studied. In general, an information criterion is constructed as

estimate of risk functions 4 a,, X measure of model complexity,

where a,, is a positive sequence depending only on the sample size and the dimensional-
ity of the covariates. Specifically, the “measure of model complexity” corresponds to the
sparsity parameter s of the candidate model (Fan and Tang, 2013). When p = O(n") for
some k > 0, Wang et al. (2009) proposed using a,, = c¢glog(p)/n in the non-private setting,
which corresponds to the first term in the proposed DP-BIC (Step 13 in Algorithm 2). A
similar choice of a, was considered by Fan and Tang (2013) for generalized linear models
when log(p) = O(n"). Intuitively, the second part of the equation helps avoid overfitted
models by adding a penalty related to model sparsity. In this sense, a,, should be larger. On
the other hand, for underfitted models, the penalty should not exceed the improvement in
the risk function achieved by incorporating important features. Intuitively, by choosing the
penalty to approximately match the tight ¢2 estimation error bound of 3 (i.e., O(slog(p)/n)
for linear models under regularity conditions), one can prevent overfitting while mitigating
underfitting. In the differentially private setting, greater sparsity implies larger error vari-
ance and thus reduces estimation accuracy. Our choice for the DP-BIC is closely related
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Algorithm 2 Adaptive Differentially Private Sparse Linear Regression

Require: Dataset {(x;,y;)}" , candidate set size K, step size n°, privacy parameters (&, ),
noise scale B, number of iterations T, truncation level R, feasibility parameter C, initial
value B;y;, constant c¢pg in BIC criterion.

1. Data splitting: randomly split the dataset into 7" subsets of roughly equal size, [n] =

SoU---USpr_1, where S§;NS; =0 for i # j.

for £ in 0 to K do
Initialization: s’ = 2, ,8,5:0) = Bini-
if £ > 0 then

Warm start: ,BI(CO) = B(k—1).
end if
fortin0to7 —1do
Gradient descent: compute B,(:H]b) = ,@,(:) — (°/|S:]) D ies, (HR(:L';-F,@,(:)) -
Iz (y;))xi, where |S;| is the size of set S; and IIz(z) denotes the projection of x onto
the lo-ball {u € R: |lull2 < R}.

9: Private report: ](:H) = IIo(NoisyIHT( ,(:+0'5),s’,€/{T(K + 2)}0/{T(K +
1)}, 7°B/|St])), where Ilo(z) denotes the projection of & onto the lx-ball {u € RP :
lulls < C}.

10: end for

11: Parameter clipping: (k) = H;T)/maxi{|m;rﬂ,(€T)|/R, 1}.

12: end for

13: Model selection:

8= _argmin I:Z{HR@%) — Mg B(k)}* + 2
B(k):0<k<K L3

N log(p)? - 22*1og(1/6) log(n)” H 7

+ cB{ log(p) log(n) - 2% o2

where 2y, S Laplace{2(2R)?*(K +2)/c}.
Ensure: (3.

to the £y estimation error bound, which includes an additional term that depends on both
model complexity and sparsity parameters (Cai et al., 2021).

Algorithm 2 incorporates several innovations. First, our choice to use powers of 2 as
candidate values for the sparsity parameter strikes a delicate balance and achieves two
critical goals: (1) it ensures that the candidate set covers the true model by defining an
interval in which s falls, i.e., s* < s < 2s* for some s* in the candidate set; and (2) it limits
the total number of candidate models to O(log(n)), which is o(n). This guarantees that
the cost of privacy does not affect estimation accuracy beyond a logarithmic factor in the
asymptotic setting. The required candidate set size K = O( max{logy(y/n/log(p)?),1}) in
Theorem 2 aligns with the sparsity requirements for statistical inference, as discussed in
Section 4. The conditions can be relaxed to K = O(max{logy(n/log(p)),1}) by employing
the cross-fitting technique of Chernozhukov et al. (2018). Moreover, the choice of powers of
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2 can be replaced with any fixed base, providing greater flexibility in the algorithm. Second,
the proposed algorithm employs random sample splitting, which is equivalent to employing
the stochastic gradient descent algorithm with one pass of the entire dataset. Because of
the splitting, x; used in t-th iteration and ,8,(:) are independent, allowing us to obtain a high

probability bound of |:c;r,[§,gt)] using the Chernoff bound. Note that sample splitting is not
strictly necessary under stronger design assumptions commonly adopted in the differential
privacy literature. For example, Talwar et al. (2015) considered the optimization over
the set ||3]]1 < C for a given constant C, which is stronger than our Condition 3.2; Cai
et al. (2021) assumed that for any subset I C {1,...,p}, |®1]lc < cu/+/|I| and 1/L <
11|+ Amin(Cov(zrx] ) < |I|- Amax(Cov(z ] )) < L, which are less commonly imposed than
our Condition 3.1. In the finite-sample case, when the sparsity satisfies \/s < log(n), sample
splitting in Algorithm 2 can be omitted, and the full sample can be used at each step. Third,
the proposed algorithm leverages private estimation outcomes from earlier steps with lower
sparsity levels as warm starts, thereby improving the accuracy of subsequent estimation.

Condition 3.1. The covariates x; are independently sub-Gaussian with mean zero and
covariance matriz X, which satisfies 1/L < Apin(E) < Anax(X) < L. Moreover, there
exists a positive constant c; < 0o such that ||x;||cc < Cz.

The design condition ||;||sc < ¢, in Condition 3.1 is widely adopted in the differential
privacy literature to ensure bounded sensitivity (e.g., Dwork et al. (2014); Talwar et al.
(2015); Thakurta and Smith (2013)). It was also imposed in Cai et al. (2021) to facilitate
the statistical analysis of DP-SLR. This condition can be relaxed by employing a robust
loss function (Avella-Medina et al., 2023). The upper bound on the infinity norm of x; can
also be weakened to hold with high probability, which is easily obtained for sub-Gaussian
distributions with ¢, = O(y/log(p)). With similar technical procedures, the second term
of the error bound will be increased by log(p). The sub-Gaussian and bounded eigenvalue
assumptions in Condition 3.1 are frequently assumed in high-dimensional literature (van de
Geer et al., 2014). Unlike the algorithm of Cai et al. (2021), we employ a data-splitting
technique to establish independence between Bl(f) and the sub-data «; used in the t-th iter-
ation. Combining this independence with Condition 3.2, and by properties of sub-Gaussian
random variables, we obtain the high-probability bound |z, 8®)| = 0,{y/log(n)}. Lemma
4 provides the privacy guarantee of Algorithm 2, where only Condition 3.1 is required.

Lemma 4. Suppose Condition 3.1 holds and B > 4Rc,, Algorithm 2 is (e,9)-DP.

Condition 3.2. The true parameter satisfies ||B|l2 < ¢o for some constant ¢g > 0 and

1Bllo <'s.

The sparsity assumption in Condition 3.2 is commonly imposed in the high-dimensional
literature and can be relaxed to approximate sparsity (Chen, 2007; Belloni et al., 2019). In
Condition 3.2, the upper bound on the f» norm of 3 is used to control the sensitivity of
the gradient, as in Cai et al. (2021). Bounding the sensitivity of the gradient function is
necessary in differential privacy (Avella-Medina et al., 2023). Our Conditions 3.1 and 3.2
are less restrictive than the design conditions considered in Cai et al. (2021) and Thakurta
and Smith (2013). This relaxation comes at the cost of reducing the stochastic batch size
by a factor of 1/7T", analogous to the comparison between stochastic gradient descent and
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traditional gradient descent. As shown in Theorem 1, the number of iterations T satisfies
T = O(log(n)), which leads to an increase of O(log(n)) in the error bound. Throughout
our analysis, the privacy parameters (g,0) are allowed to depend on the sample size and
are not assumed to be fixed constants. We now establish an error bound for the proposed
estimation procedure.

Theorem 1. Assume that Conditions 3.1 and 3.2 hold. Let R = cy+/2log(n), B = 4Rc,
and C > cg, where ¢, is a positive constant only depends on L, ¢y and the distribution of the
random error e;. Suppose that the parameters satisfy K = O(max{logy(y/n/log(p)?),1})
and T = pL*log(8c3Ln) for some positive constant p. Assume further that the following
sparsity, dimensionality, and privacy conditions hold: 25 > pL*s, s?log(p)log(n) = o(n),
515 1og(p)+/log(1/6) log(n)>® /e = o(n) and log(1/8)log(n)?/e% = o(n'/?). Let the constant
cp in the BIC criterion be a sufficiently large constant. Then with probability at least
1 — exp{—c1log(n)}, there exist constants ca,c3,cq, such that

15— 1R <oy 1oV IoB) 5 og(p)?og(1/0)log(n)" _ log(r)”
n ne ne

The first two terms in the upper bound match the minimax lower bound established
in Cai et al. (2021), up to a logarithmic factor in n. Compared with the algorithm of Cai
et al. (2021), which assumes a known sparsity level s, our proposed algorithm introduces
an additional term log(n)3/(ne), arising from the large deviation of the added random
variable z; in the BIC criterion. The extra log(n) factors in both the statistical error
and privacy cost terms result from our use of data splitting in the estimation process, the
output of K estimates in total, and the application of BIC for selecting the “optimal”
model. Additional design assumptions can further reduce the privacy error. For example,
under assumptions |y;| = Op(1) (Talwar et al., 2015) and ||z;|2 = Op(1) (Dwork et al.,
2014), we can use the full dataset in each iteration. As a result, the estimation error can
be reduced to [|3 — B3 = Op(s log(p)/n + s? log(p)2 log(1/) log(n)?/(n??) + log(n), (ne))
when K = O(1). Such design assumptions are often reasonable in practice, as the data are
typically normalized before analysis.

The choice of an upper bound on model complexity in the candidate model class ensures
that over-parameterized models still converge, albeit potentially at slower rates. Let the
upper bound on sparsity be denoted by smax = 2%. For high-dimensional model selec-

tion using BIC, Theorem 1 of Fan and Tang (2013) required that spax = o( m)

across all candidate models. For high-dimensional model selection using cross-validation,
(Chetverikov et al., 2021) imposed a lower bound on the ¢; penalty, which serves a role
similar to that of an upper bound on model complexity and ensures the convergence of

candidate models. In our setting, we require Spax = O(logp)). This condition is motivated
by the sparsity requirement for the standard debiased Lasso. According to (van de Geer

Vn_

et al., 2014), the model sparsity s should satisfy s = o(bg(p)

condition.

), which is consistent with our

The results in Theorem 1 do not rely on a minimum signal strength condition, which is
commonly assumed in the high-dimensional tuning-parameter selection literature, see Fan
and Tang (2013). A key advantage of the debiased estimator—introduced in (4)—is that
valid inference requires only a specific convergence rate of the estimators. Consequently, our
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BIC procedure needs only to ensure a reasonable convergence rate. Our results further show
that the /o difference between the estimates and the true coefficients can be bounded by
the minimax rates, with an additional term log(n)3/(ne) arising from privacy constraints.

4. Differentially Private Confidence Interval

In this section, we construct a confidence interval for a particular regression coeflicient
Bj, for j € [p] under (g, §)-DP. Following the debiased Lasso framework, we first estimate
the precision matrix £ := X~! in a privacy-preserving manner. The jth column of €,
denoted by wj, satisfies the linear equation e; = Xwj;, where e; is the unit vector with
its jth component equal to 1 and all other components equal to 0. Thus, w; is the unique
minimizer of the convex quadratic function

1

ijTij —w]e;j. (3)

J

We propose to estimate w; by solving the empirical version of (3) with an ¢y constraint.
Our method differs slightly from node-wise regression (van de Geer et al., 2014), which first
performs a regression of x; on «_;, where &_; contains all columns of x except x;, and then
estimates the residual variance. A key advantage of our approach is that it directly estimates
wj, thereby eliminating the need for an additional composition theorem to combine the
private estimation of node-wise regression coefficients with the private estimation of residual
variance.

Condition 4.1. The j-th column of 2 is sparse and satisfies |[w;|lo < s; for j € [p].

The sparsity assumption of the precision matrix is frequently adopted in the high-
dimensional statistical inference literature (Zhang and Zhang, 2014; Javanmard and Monta-
nari, 2014; van de Geer et al., 2014). This condition is also essential for enabling differentially
private precision matrix estimation. Note that the /2 norm of w; is bounded by L under
Condition 3.1. Following the idea of Algorithm 2, we propose using a BIC criterion to select
the optimal model when the sparsity level s; is unknown. The algorithm for estimating w;
is summarized in Algorithm 3. Lemma 5 shows that, under certain regularity conditions,
Algorithm 3 is (g,6)-DP and the theoretical properties of w; are established in Lemma 6.

Lemma 5. Under Conditions 3.1, 3.2, and B > 2Rc,, Algorithm 3§ is (¢,6)-DP.

Lemma 6. Assume that Conditions 3.1, 3.2 and 4.1 hold. Let B = 2Rc,, C > L and
R = Cyy/log(n) for a constant Cy. Suppose that the tuning parameters satisfy K =
O(max{logy(v/n/log(p)?),1}) and T = pL*log(8L3n) for some positive constant p. As-
sume further that the following sparsity, dimensionality, and privacy conditions hold: 2% >
pL*s;, T = pL?log(8L3n), s? log(p) log(n) = o(n) and 5]1-'5 log(p)+/log(1/68) log(n)3? /e =
o(n) and log(1/6)log(n)?/e? = o(n'/?). Let the constant cp in the BIC criterion be a
sufficiently large constant. Then, with probability at least 1 — exp{—cjlog(n)}, there exist
constants co, c3, cq4, such that

7
5 log(p)log(m) 53 log(p)” log(1/6) log(n)” | , los(n)*
n

A 2
l; — wjlly <cp 9.2 e
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Algorithm 3 Adaptive Differentially Private Estimation of w;

Require: Dataset {x;}" ;, candidate set size K, step size °, privacy parameters (g, d),
noise scale B, number of iterations 7', truncation level R, feasibility parameter C, initial
value w;,;, constant c¢g in BIC criterion.

1: Data splitting: randomly split data into 1" parts of roughly equal size, [n] = Sy U -+ U
Sr_1, where §; N Sj =0 for i #3.

2: for k in 0 to K do

3: Initialization: s; = 2k, 'wj(.ok) = Win;-

4: if £> 0 then

5: Warm start: w(k) w;(k—1).

6: end if

T: fortin0Oto7 —1do

8: Gradient descent: w](t,jo 5 = w](.t/,)c —n°{ej — Yics, wzHR(:cZTwJ(tI)C)/\St\}

9: Private report: w](»,,jl) = Il (NoisyIHT (w; (t+05 S5, e/[{T(K + 2)},0/{T(K +
D} n"B/|S])).-

10: end for

11: Parameter clipping: w;(k) = wj(.:",;)/ maxi{|w;wﬁ)|/R, 1}.

12: end for

13: Model selection:
w; = argmin [Z{HR(wj(k)Tmi)HR(xz—‘rwj(k))/Q — (k) ej} + 2
1

i (k):0<k<K
log(p)? - 2% log(1/6) log(n)”
ne? ’

+ CB{ log(p) log(n) - 2k 4

where z; "% Laplace{(K + 2)R?/¢e}.
Ensure: w;.

One can show that the first two terms in the error bound of Lemma 6 match the
minimax lower bound, up to a logarithmic factor of n, using the “tracing attack” technique
developed in Cai et al. (2021). Compared with the case where the sparsity level s; is
known, the proposed algorithm introduces an additional factor of log(n) in the privacy cost
component of the error bound due to the DP-BIC selection step. The privacy error can be
further reduced under additional assumptions, as discussed earlier.

After obtaining the private estimator w;, we propose the following differentially private
debiased estimator to facilitate private inference:

=B+~ ZHR D (Mr(y:) — (@] B) + 24, (4)

where B (@) Genotes the debiased estimator of the jth component, Bj is the jth component of

B, and z( b~ N(0,(4R?/n)? - 21og(1.25/5) /?). Unlike the non-private debiased estimator
in van de Geer et al. (2014), the proposed estimator (4) incorporates additional random

10
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(

noise zjdb) to guarantee (g, d)-DP, since the debiasing step involves the dataset. Given w;
and B, the debiased estimator Bj(db) is (¢,0)-DP by the Gaussian mechanism. Owing to
privacy constraints, the variance analysis of ﬁ§db) differs from that in van de Geer et al.
(2014). The following lemma provides theoretical insights into the decomposition of the
private debiased estimator B](-db).

Lemma 7 (Limiting distribution of the private debiased estimator). Assume the same
conditions as in Theorem 1 and Lemma 6. Let sy = max{s,s;}, R = max{cy, L}/2log(n).
Then

Va(B® = Bj) = u; + v + V™,

where u; g N(0, QMUQ) and is independent of z](db)

matriz Q, and o is the variance of e; in the linear model. Let

, Q. is the (4, j)th entry of the precision

i = s0log(p) log(n) /n? + 53 10g(p)” og(1/8) log(n)7/ (n"3<2) + log(n)?/(n"/%).
The remainder term satisfies v; = Op(max(nll/Q, Tn))-

Therefore, we need to estimate the variance ijjaz in a differentially private manner
in order to construct a differentially private confidence interval. Note that an estimate of
€, ; can be directly obtained from ; ;, the jth component of w;. Thus, we only need to
estimate o2. We propose the following differentially private estimator of o?:

n

Z{HR(.%) —g(z/ B)} + 2,

i=1

A 1
62 ==
n

where z ~ N (0, {2(25)2 12 21°g(812'25/5)). The added noise term z ensures that the estimate
62 satisfies (g, 8)-DP.

For the reader’s convenience, we summarize the complete algorithm for constructing a
differentially private confidence interval for 3; in Algorithm 4. The algorithm consists of
four steps, with an allocated privacy budget of (¢/4,9/4) for each step: (1) estimating the
regression parameter ,é; (2) estimating the corresponding column of the precision matrix,
wj; (3) computing the debiased estimator 3§db); and (4) estimating the standard error of
the debiased estimator. Since each of these four steps is (£/4,6/4)-DP, Algorithm 4 as a
whole satisfies (¢,d)-DP. The privacy budget allocation is flexible and can be adjusted in
practice depending on specific requirements. The overall privacy guarantee, along with the
nominal coverage of the proposed confidence interval, is given in Theorem 2.

Theorem 2 (Validity of the proposed CI). Under Conditions 3.1 and 3.2, Algorithm 4 is
(e,6)-DP. Under the assumptions of Lemma 7, and we assume solog(p)log(n)/\/n = o(1),

sglog®(p) log(1/8) log(n)"/(n’*) = o(n~'/?), log(n)?/e = o(n'/?), log(n)log(1/6)"/?/c =
o(n'/?). We have
TELH;OP(ﬁ] S Ij) =1-oa.

11
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Algorithm 4 (1 — a) x 100% differentially private confidence interval for 3;

Require: Dataset {(x;,y;)}/~, privacy parameters (e,¢), confidence level «, truncation
level R.
1: Compute B using Algorithm 2 with privacy parameters (e/4,0/4) and tuning parameters
defined in Theorem 1.
2: Compute w; using Algorithm 3 with privacy parameters (¢/4,/4) and tuning param-
eters defined in Lemma 6.
3: Debiased estimator:

@) 5, oy Hp(x] ) (R(y:) — Og(z] B))

( , (db)
i = Bj + n T
where 2™ ~ N(0,16(4R?/n)* - 2log(4 x 1.25/5)/<2).
4: Compute confidence interval:
_ 13(db) 7. pldb) %
L =087 —zi—ap\Vi: B +zi_ap\ Vi, (5)
where V] is defined as
2 09"
J n

and z)_, s is the (1 — «/2)th quantile of the standard normal distribution, and 62 =
LS (Ur(y:) —Hr(z] B))%+ 2, where z ~ N(0,16{2(2R)?/n}?- 2log(4 x 1.25/8) /¢?).
Ensure: [;.

Theorem 2 shows that the proposed algorithm achieves asymptotic nominal coverage
while ensuring privacy. The condition sglog(p)log(n)/+/n = o(1) matches that assumed in
the non-private debiased Lasso of Cai and Guo (2017), while the additional rate conditions
arise from privacy constraints. The choice of the upper bound K in Algorithms 2 and 3 is
crucial for obtaining the £; bound of the estimation error B—p and w,; —w;, which are key
to deriving the debiased estimator. These conditions can be relaxed to K = logy(n/log(p))
by applying the data-splitting technique of Chernozhukov et al. (2018).

The condition log(n)log(1/6)'/2/e = o(n'/?) in Theorem 2 ensures that the variance of
\/ﬁzj(.db) is o(1), and further implies that the asymptotic variance of \/ﬁ(BJ(-db) — B;) equals
that of the non-private debiased estimator. Nevertheless, in finite samples, we recommend
incorporating a minor correction by including the variance of \/ﬁz](-db) in the confidence
interval to improve finite-sample performance. A similar approach was previously discussed
by Avella-Medina et al. (2023) in the context of low-dimensional noisy gradient descent and
noisy Newton’s method algorithms. "

db

Note that the proposed debiased estimator (4) incorporates an additional noise z; 7,

generated from a Gaussian distribution with known variance. The confidence interval with

(db)
J

finite-sample correction is defined by accounting for the variance of z; ' as follows:

Iy = [Bj(db) — Z1—qa/2 ‘AG/” + Ve, Bj(-db) t 21-a/2/ ‘7]/" + Vel, (6)

12
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where V., = 16(%)2 . w represents the variance of zj(.db). Since V. is small by

assumption, it is dominated by ‘/7] /n as n — oo. Consequently, the corrected confidence
interval remains asymptotically efficient relative to the debiased Lasso. However, in small
samples, the effect of the additional noise should be taken into account, as demonstrated in
the simulation study.

5. Differentially Private FDR Control

Under differential privacy constraints, it is crucial to perform parameter selection with FDR
control and to release debiased estimators only for the selected subset of parameters. In
Section 4, we consider inference for a particular §; by constructing a debiased estimator
Bj(-db) under (e,9)-DP. For commonly used privacy parameters—such as ¢ = 1 and 6 =
n~!1=% for some k > 0—the composition theorem implies that releasing the full set of
debiased estimators {Bj(-db) ?:1 would require allocating a privacy budget of (¢/p,d/p) to
each individual estimator. Such an allocation induces a large privacy error in estimating
w; (defined in Lemma 6), making it impossible to obtain a consistent estimator of wj
and breaking the validity of the inference procedure. These observations underscore the
necessity of variable selection with FDR control and the release of debiased estimators only
for selected parameters.

False Discovery Rate (FDR) control with privacy guarantees in high-dimensional linear
models is a challenging problem. Existing approaches to differentially private FDR. control
(Dwork et al., 2021; Xia and Cai, 2023) require mutual independence of p-values under the
null hypotheses, an assumption that does not necessarily hold in linear regression settings.
Our approach draws inspiration from the recent advancements in mirror statistics (Dai
et al., 2022, 2023). In particular, the use of sample splitting and post-selection techniques
enables effective dimensionality reduction, transforming a high-dimensional problem into
one of substantially lower dimension. This reduction, in turn, allows us to more efficiently
manage the scale of noise required for privacy preservation.

Specifically, we divide the data into two parts, denoted by D; and D>. We first apply
the high-dimensional DP-SLR algorithm to D;. The resulting estimator is denoted by 5(1),
with its support defined as A := {j € [p] : B(I)J» # 0}, where B(l)j is the jth component of
6(1)- We then use Dy to fit a differentially private ordinary least squares (DP-OLS) model
based on the estimated active set A, and denote the resulting estimator by B(z)- For each
J € A, we define the mirror statistic M; as M; := sign(B(l)jB(g)j)fﬂBa)j|7 |B(2)j\). Following
Dai et al. (2022), the function f can be chosen as f(u,v) = 2min(u,v), f(u,v) = wv, or
f(u,v) = v+ v. The data-driven cutoff 7, is defined as

M < —t, g
Tq:zmin{t>0: #iJ My < =t j € A} < }7

4 M >tjeAvi =1

where ¢ is the target FDR level and # denotes the cardinality of a set. We select the subset
of variables A, = {j € A: M; > 7.} as the important variables. Let S := {j € [p] : 8; # 0}
denote the true support set, and let S = [p] — S denote its complement. The false discovery

13



ZHANRUI CAI, SAI L1, XINTAO XIA, LINJUN ZHANG

proportion (FDP), FDR and power of the proposed selection procedure are defined as

A, NS

FDP(A,, ) = A8 ppR(AL) = B{FDP(A, )}, Power(A,) = 5

C AL VDY

We summarize the details of the algorithm in Algorithm 5. The privacy guarantee of the
proposed procedure is established in Lemma 8.

Lemma 8. Assume Conditions 3.1 and 3.2 hold. Then Algorithm 5 is (2¢,20)-DP provided
that By > 4|A|c2/n and By > 4R+/|Alc/n.

Under mild conditions, the proposed method asymptotically controls the FDR at a user-
specified level ¢, while the power approaches 1. We summarize these results in Theorem
3.

Theorem 3. Suppose the conditions in Theorem 1 hold and assume that §31/log(1/5)/e =
o(nl/Q), where § denotes the size of the selected support set A. If the signal strength satisfies:

min 181 > max{/slog(p) log(n) /n, s log(p) log(n)*° log(1/8)"° /(ne), log(n)"° /v/ne},

where the true support set is defined as S := {j € [p| : Bj # 0}, then the output of Algorithm
b satisfies limsup,, , ., FDR(A:,) < g, for any nominal FDR level q € (0,1).
Moreover, if the signal strength further satisfies

min| 6] > max{3'/* log(n)"/2, 5%/ }/log(1/8), (ne),
JjE

then liminf,, , . Power(A;,) = 1.

The first minimal signal strength condition guarantees the SURE screening property
(Fan and Lv, 2008), i.e., the set A contains all active coefficients. This property is essential
for controlling the FDR in high-dimensional linear models; see Barber and Candes (2019)
and Dai et al. (2022). A critical requirement for valid FDR control is that the linear
model continues to hold conditional on the selected set A. By employing a data-splitting
strategy, this condition can be relaxed to require only that the selected set A contains all
active coefficients with high probability. The sparsity assumption ensures the consistency
of the DP-OLS estimator. Similar conditions were imposed by Dwork et al. (2014) for the
consistent estimation of covariance matrices. This requirement can be satisfied by choosing
an appropriate upper bound for the sparsity level 25 in Algorithm 5. Since the target of the
first-stage estimation is to prescreen the data, we can instead apply the algorithm of Cai
et al. (2021) with a conservative choice of sparsity level. For the power analysis, a minimal
signal strength condition is also necessary to account for the estimation error inherent in
the DP-OLS procedure.

Regarding DP-FDR control, we acknowledge the latest mirror statistics developed in Dai
et al. (2023). However, directly implementing the algorithm of Dai et al. (2023) would result
in the noise required for privacy overwhelming the signals. This is because DP-FDR control
requires the screening step to reduce the number of tests to a moderate level, ensuring that
the amount of noise needed remains manageable. See, for example, the peeling algorithm
in Dwork et al. (2021) and the mirror-peeling algorithm in Xia and Cai (2023).
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Algorithm 5 Differentially Private False Discovery Rate Control

Require: Dataset {(x;,y;)}?, privacy parameters (e, 0), noise scale By and B, target FDR
q.
1: Data splitting: randomly split data into Dy and Dz, each of roughly equal size.
2: Compute B(;) using DP-SLR with data D; with privacy parameters (g, d). Denote the
support set of ,C:}(l) by A.
3: Estimate

Baya =( Z wi,AwZA/!Dﬂ + NXX)_1 x ( Z aiiTAHR(yi)/IDz\ + Nxvy),
i€Do 1€Dy

where x; 4 is the subvector of @; corresponding to the index set A. The matrix Nxx is

a |A| x |A| symmetric matrix with i.i.d. entries drawn from N (0, B - 8log(2.5/9)/e?),

and Nyy is a |A| x 1 vector with i.i.d. entries drawn from N (0, B2 - 8log(2.5/8)/&?).
4: For each j € A, compute the mirror statistic M; by

M; = Sign(@u)jé(z)j)fﬂgu)j|7 |B(2)j‘)§
5: Let the data-driven cutoff 7, be defined as

#{j: My <-tjeA _ }
A M >tjeAvi =1

9

Tq ::min{t>01

Ensure: subset A, = {j € A: M; > 7,}.

6. Numeric Study
6.1 Simulation

We evaluate the finite-sample behavior of the private debiased procedure for inference on
individual regression coefficients, as well as the false discovery rate of the selection proce-
dure. In the simulation study, we consider linear models where the rows of the covariate
matrix X are i.i.d. drawn from N(0,3). The response variable y is generated according
to the linear model y = X3 + e, where y € R?, X € R"P and e € R".

6.1.1 DEBIASED INFERENCE

We first evaluate the performance of the proposed debiased procedure under two designs.
Consider the Toeplitz covariance matrices (AR) and the block equicorrelated covariance
matrices for the design matrix:

Toeplitz: 3 = plj_k| for j,k e {1,...,p}
Block equicorrelated: ¥ = 1,,/, ® ((1 —p)y+ pJ4),
where ® denotes the Kronecker product, so that ¥ is block diagonal with p/4 identical 4 x 4
equi-correlated blocks. The active set has cardinality sp = |Sp| = 3 and is given by Sy =

{1,2,3}. The nonzero regression coefficients are fixed at 1. The errors are independently
drawn from N(0,1). The sample size is set to n = 2000, and the number of covariates is
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p = 2000. The privacy parameters are ¢ = 4 and § = 1/n!! for each coordinate. The
number of candidate models is K = 2 for the debiased inference. The number of iterations
is T = 2, and the step size is n° = 4. For comparison, we report coverages and interval
lengths for three methods: DB-Lasso, which is the debiased Lasso method in van de Geer
et al. (2014); DP naive, which is the proposed DP debiased procedure (Algorithm 4) without
finite-sample correction; and DP correction, the proposed debiased procedure with finite-
sample correction in formula (6). All the results are based on 100 independent repetitions
of the model with random design and fixed regression coefficients.

Method
o DP
o NP
0.8

o  TRUE

0.4

-0.4

Index

Figure 1: 95% confidence intervals for one realization of DP correction under the AR co-
variance structure with p = 0.2 for the first 50 regression parameters. The true
parameters are denoted in red, and the debiased estimators are denoted in black.

To demonstrate the effectiveness of the proposed debiased procedure, we randomly select
the active set from the first 50 coordinates and present the estimated confidence intervals
for these coordinates in one particular realization in Figure 1. Notably, the estimated
confidence intervals cover all signals, which correspond to the first three coordinates. The
overall coverage for the coordinates shown in the figure is approximately 95%. Additional
results are reported in Table 1 for the Toeplitz covariance design and in Table 2 for the
equicorrelated design.

Measure Method p=00 p=02 p=04 p=0.6
DB-Lasso 0.950 0.954 0.959 0.966

Avgcov DP naive 0.823 0.829 0.845 0.896
DP correction  0.951 0.951 0.949 0.964
DB-Lasso 0.087 0.089 0.098 0.117

Avglength DP naive 0.087 0.089 0.097 0.112

DP correction 0.126 0.127 0.133 0.145

Table 1: Average coverage and length of the 95% confidence interval under the Toeplitz
covariance matrix.
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Measure Method p=005 p=010 p=015 p=0.20
DB-Lasso 0.958 0.960 0.960 0.961

Avgcov DP naive 0.843 0.826 0.824 0.820
DP correction  0.949 0.950 0.939 0.945
DB-Lasso 0.089 0.091 0.093 0.096

Avglength DP naive 0.096 0.088 0.096 0.089

DP correction 0.132 0.127 0.132 0.127

Table 2: Average coverage and length of the 95% confidence interval under the blocked
equal covariance matrix.

The numeric performance of our proposed debiased procedure exhibits remarkable sim-
ilarity between the Toeplitz covariance design (Table 1) and the equal correlation design
(Table 2). Notably, the coverage rates for DP naive fall significantly below the 95% bench-
mark, empirically confirming our intuition that additional correction is necessary for finite
samples, as discussed in Section 4. In contrast, the DP correction method achieves substan-
tially improved coverage compared to DP naive, albeit with wider confidence intervals. The
corrected confidence intervals are approximately 30% wider than those of DP naive. The
interval length for DP correction is approximately 30% greater than that of DB-Lasso, re-
flecting the efficiency loss introduced by privacy constraints. Overall, the proposed method
exhibits coverage rates of roughly 95% with only a marginal reduction in efficiency.

6.1.2 FDR CONTROL

Next, we evaluate the algorithm’s performance in controlling the FDR. To assess its ef-
fectiveness, we consider the Toeplitz covariance matrices. The active set, denoted as Sp,
consists of |Sp| = 30 covariates randomly chosen from the full set of covariates. The nonzero
regression coefficients 3; for j € Sy are independently sampled from a normal distribution
with mean zero and standard deviation £, where £ represents the signal strength. The errors
in the linear model are assumed to follow N(0,1). The sample size is set to n = 10,000,
and the number of covariates is p = 10,000. The privacy parameters are set to € = 4 and
§ = 1/n!! and the target FDR control level is ¢ = 0.1. Equal-sized data splitting is used.

We compare our method with the non-private FDR control algorithm presented in Dai
et al. (2022). The empirical FDR and power are reported, and all results are based on
100 independent simulations of the model with a fixed design and random regression coef-
ficients. Figure 2 presents the empirical FDR and power across various signal levels. Both
the proposed DP-FDR control procedure and the non-private procedure effectively control
the empirical FDR at the predetermined level of ¢ = 0.1. The power of the proposed
method exhibits a minor reduction compared to the non-private procedure due to privacy
constraints. For reasonably large sample sizes, the proposed algorithm can maintain FDR
control with a slight sacrifice in power compared to the non-private approach.

Figure 3 presents the empirical FDR and power across increasing sample sizes. It is
important to note that the proposed procedure may fail to control the empirical FDR when
the sample size is very small. This is primarily because, in cases of small sample sizes, the
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Figure 2: Empirical FDRs and powers of Algorithm 5 (DP) and the non-private algorithm
(NP) with increasing signals £ for p = 0.2 and n = 10, 000.
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Figure 3: Empirical FDRs and powers of Algorithm 5 (DP) and the non-private algorithm
(NP) with increasing sample sizes n for p = 0.2 and £ = 0.3.

initial step involving DP-SLR may not accurately identify all active features. Additionally,
there may be a nontrivial bias in the second step, which is the DP-OLS estimation. However,
as the sample size increases, the proposed method successfully controls the empirical FDR
at the predetermined level of ¢ = 0.1. Similarly, for small sample sizes, the power of the
proposed procedure is notably lower than that of the non-private procedure due to reduced
estimation accuracy caused by privacy constraints. Nevertheless, as the sample size grows,
both the differentially private algorithm and the non-private algorithm exhibit increased
power, and the difference between them diminishes. This improvement is due to increased
estimation accuracy in both the DP and non-private algorithms. Overall, our numerical
study demonstrates that for reasonably large sample sizes, the proposed algorithm can
effectively maintain FDR control with a slight reduction in power compared to the non-
private algorithm.
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6.2 Real Example: Soil Erosion in National Resources Inventory

In this section, we demonstrate the performance of the proposed differentially private al-
gorithms in analyzing soil erosion using the National Resources Inventory (NRI) dataset.
Due to legal requirements, we cannot report non-private estimators. An additional real
data analysis is provided in the appendix, where we compare the proposed methods with
non-private methods on a public dataset.

Protecting data privacy is crucial when analyzing the NRI dataset. The NRI collects
longitudinal data on land use, land cover, and natural resource conditions on non-Federal
lands in the United States (Nusser and Goebel, 1997). The integrity and confidentiality of
the data collection sites, which are selected using rigorous scientific sample survey meth-
ods, are paramount. According to policies set by the USDA (United States Department of
Agriculture) and the NRCS (Natural Resources Conservation Service), the NRI program is
conducted in a manner that ensures the confidentiality of information and restricts access to
the locations of data collection sites. This includes keeping confidential the location coordi-
nates, maps, photographs, observations of local conditions, and other materials collected for
inventories, as they do not constitute public information and are intended solely for use in
official inventory activities or as authorized by the Secretary of Agriculture. Furthermore,
any NRI data that could reveal the identity of owners, operators, or the locations of data
collection sites is strictly protected and not disclosed outside the USDA.

Soil erosion, a natural process influenced by both environmental factors and human
activities, leads to runoff over less permeable sub-layers and causes indirect environmental
harm. Estimating soil erosion by water is crucial because of its impact on agriculture,
infrastructure, ecological sustainability, and water quality (Kim et al., 2005). A primary
goal of the NRI is to estimate erosion reductions that may result from the implementation
of conservation plans. An accurate soil erosion model plays an increasingly important role
in the design and implementation of soil management and conservation strategies (Panagos
et al., 2015). Our focus is on developing a soil erosion model using the NRI dataset by
identifying key features and providing valid confidence intervals within the framework of
differential privacy.

The dataset comprises sampled locations from the state of Kansas, collected in 2017.
The original dataset contains 40,475 observations, including both real observations and
imputed points, with 636 covariates describing various land features and sample indicators.
The dataset is pre-processed by focusing on core points consistently observed in every survey
year and by removing sample indicators from the covariates. This processing method is
widely adopted within the NRI to ensure sample reliability. After processing, the dataset
contains n = 2100 observations with p = 474 covariates. The response variable Y is the
long-term average annual soil loss.

We first evaluate the performance of the DP-FDR control algorithm on the NRI data.
The privacy parameters are set to e = 4 and § = 1/n'!. Equal-sized data splitting is used.
When the FDR is controlled at ¢ = 0.1, the selected variables are presented in Table 3.

WCFact KWFact TFact IFact
USLE1 USLE2 USLE3 USLE4

Table 3: Selected Real Feature by Algorithm 5 with FDR control at ¢ = 0.1
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The proposed method selected a reasonable subset of important features. For instance,
KWFact denotes the soil erodibility factor in the Universal Soil Loss Equation (USLE), and
TFact signifies soil loss tolerance, indicating the acceptable level of annual soil loss in tons
per acre. These two covariates are known to be highly correlated with soil erosion (Alewell
et al., 2019) and are selected in both steps of the procedure. WCFact represents the cli-
matic factor in the Wind Erosion Equation (WEQ), which is directly associated with the
wind erosion model and is typically not incorporated into water erosion models. However,
as highlighted by Nearing et al. (2004), the dynamics of how climate change influences soil
erosion by water are multifaceted. For example, rainfall patterns may vary in volume and
intensity, frequency of precipitation days, and proportion of rain to snow. These variations
affect plant biomass production, the rate of plant residue decomposition, soil microbial ac-
tivity, and evapotranspiration. Thus, it is reasonable to incorporate climatic factors into
the model. Our procedure also selected IFact, the soil erodibility index, which appears
in the WEQ model. WEQ is an empirical modeling procedure used to estimate soil loss
caused by wind erosion from agricultural fields and has become the most comprehensive
and widely used model for this purpose. Since water erosion and wind erosion compete with
one another, it is reasonable to expect that increasing wind erosion reduces water erosion.
Additionally, USLE1, USLE2, USLE3, and USLE4 function as polynomial expressions of
various USLE factors, including rainfall, soil erodibility, cover and management, support
practices, slope length, and slope percentage. These factors are integral to the USLE model
and were used to predict soil erosion in previous NRI studies. It is therefore consistent that
our methods selected these four USLE variables. Overall, the proposed procedure success-
fully identified critical features from the prior NRI soil loss model while also incorporating
additional variables that significantly affect water erosion but have not yet been considered
in the current NRI project.

To evaluate the performance of Algorithm 4, we report the 95% confidence intervals of
the variables selected in the DP-FDR control step in Table 4. All covariates, except IFact,
are significant at the 95% confidence level. The parameter associated with WCFact has
a negative sign, reflecting the positive correlation between climatic factors and vegetation
cover, which in turn leads to a negative correlation with soil erosion. The parameters
associated with KWFact and TFact are positive: KWFact reflects soil erodibility, while
TFact represents soil loss tolerance. Both are determined using expert knowledge and
historical information, and are directly linked to soil erosion. The parameter associated
with IFact also has a negative sign, consistent with the competitive relationship between
water and wind erosion. However, its coefficient is not significant at the 95% level, suggesting
that the competition effect is weak. Table 4 can be used to forecast soil loss under specific
soil conditions, making it a valuable tool for developing conservation strategies and crop
management plans.

7. Discussion

This paper presents a comprehensive framework for conducting differentially private analysis
in high-dimensional linear models, encompassing estimation, inference, and false discovery
rate (FDR) control. The framework is particularly valuable in scenarios where individual
privacy in the dataset must be protected and can be readily applied across various disci-
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Feature | Parameter Lower bound Upper bound
WCFact -0.177 -0.246 -0.109
KWFact 0.028 0.006 0.051

TFact 0.058 0.036 0.081
[Fact -0.022 -0.057 0.012

USLE1 -0.134 -0.157 -0.112

USLE2 0.029 0.006 0.051

USLE3 -0.043 -0.066 -0.021

USLE4 -0.030 -0.052 -0.007

Table 4: The 95% confidence intervals for selected features in Table 3 by proposed Algo-
rithm 4 with finite sample correction.

plines. The numerical studies conducted in this work demonstrate that privacy protection
can be achieved with only a minor loss in the accuracy of confidence intervals and multiple
testing.

We briefly discuss several possible extensions. For example, the tools developed for
DP estimation, the debiased Lasso, and FDR control in this paper can be extended to
generalized linear models. It would also be interesting to explore scenarios where part of a
dataset—potentially following a different distribution—is publicly available and not subject
to privacy constraints. In addition, the newly developed DP-BIC could be adapted for other
tasks involving the selection of tuning parameters with privacy guarantees. These directions
are left for future research.
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Appendix A. Proofs
A.1 The convergence rate in Algorithm 2

We first establish the privacy guarantee and derive the convergence rate of ,é in Algorithm
2.

Proof [Proof of Lemma 4|
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For 0 < k < K, the {, sensitivity of the gradient at the ¢-th iteration, given by
—10/|St] X ies, (HR(:BI,B,(P) — IR (yi))x; as defined in line 9 of Algorithm 2, satisfies:

oS /IS (Ma(e] BY) = Hr(y)e: — (r(; B) — TR ()}
Li,Yi )\ L;,Y;

<moT/n-2R + R)ey,

where we use the fact that the sample size is |S;| = n/T and Condition 3.1, which as-
sumes that ||x;||c is bounded by c¢;. By the Gaussian mechanism (Lemma 10) and the
advanced composition theorem (Lemma 11), reporting the gradient in line 9 of Algorithm
2is (e/{T(K + 2)},6/{T(K + 1)})-DP. Thus, by the composition theorem (Lemma 11),
for 0 < k < K, the output B(k) is (¢/(K + 2),6/(K + 1))-DP. Finally, by applying the
composition theorem, releasing all {ﬁ(k)}fzo is (e(K +1)/(K + 2),6)-DP.

Next, we consider the sensitivity of the BIC loss. Note that

iy (Hg(x] B(k)) — Mr(y:))? — (Mr(z; B(k) - Mr(y))?| < 2(2R)%,
T5,Yi ),\L;,Y;

for every 0 < k < K. The BIC selection procedure returns the noisy minimizer. By Claim
3.9 in Dwork and Roth (2014), the BIC selection procedure is (¢/(K + 2),0)-DP. Finally,
by the composition theorem, the output of Algorithm 2 is (g, )-DP. |

Proof [Proof of Theorem 1] Let k be the selected number corresponding to the selected
model B in Algorithm 2, and let k&* denote the true index such that 2¥"~1 < pL*s < 2F",
By the condition 2% > pL*s stated in Theorem 1, the true parameter k* satisfies k* < K.
Note that £* is uniquely determined by s and (p, L). For two sequences of positive integers,
{an}2% 1, {bn}22, the notation a, = o(b,) means that lim,_, a, /by, = 0.

Define the event

Ey:={ inf u' Zu > ¢y ul3, sup u'Su < ¢, ulf3},
lullo=o(n),|lu]l2=1 [lullo=0(n),||ull2=1

where 3 = S &) xi/n, and ¢, ¢, are positive constants depending only on the eigenval-
ues of the population covariance matrix 3. The event E provides lower and upper bounds
on the sparse eigenvalues. It is closely related to the well-known restricted eigenvalue condi-
tions essential in high-dimensional linear regression. By Theorem 16 in Rudelson and Zhou
(2012), the event Ey holds with probability at least 1 — exp(—Cyn) for a positive constant
Cy. Define the event under which the truncation operators do not take effect to be

t .
Brim{ g lul SR, o, JelB0) S Rforal i€ i}

We use || - ||, to denote the sub-Gaussian norm and || - ||, to denote the sub-exponential

norm, respectively. By Condition 3.1 and the independence between x; and ,8,(:) due to
data splitting, we apply the Chernoff bound to obtain the following large deviation result:

P(jz] 8| > R) < 2exp{—cR?/(C?||lz]12,)},
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where we use the fact that a:iT,B,Ef) is sub-Gaussian with its sub-Gaussian norm bounded by
Cllz;]|y,, and ¢ is an absolute constant. The use of ¢ is standard in the high-dimensional
statistics literature; see, for example, Theorem 2.6.2 in Vershynin (2010). By definition, the
sub-Gaussian norm of mz—ﬂg) is bounded above by ”/31(:)||2”1’in < Oz, , where we use
the assumptions that x; is a sub-Gaussian random vector and that H,Bl(f) |2 < C due to trun-
cation. Furthermore, by Condition 3.2 and the linear model assumption, the response vari-

able y; is also sub-Gaussian, with its sub-Gaussian norm bounded by c\/ coniHiQ + ||ei||fb2,

where c is an absolute constant. Note that the event Ej is the intersection of n + n(K + 1)
sub-events. A union bound for the probability of £ can be obtained using the inequality

(I=p1) x (L=p2) X=X (L =pp)>1—p1 —- — pm. Thus, we have
n K T-1
P(E) >1-Y Pyl = R) - >3 S P2/ 8| > R)
1=1 k=0 t= iESt

> 1 2n(K + 2) exp(—cR* max{C?||z; ||}, collzs |3, + llesll3,}),

where the first inequality follows from applying the Chernoff bound n(K + 2) times. By
choosing R > \/2 maX{C2||a:iHiQ, coniHiz + ||ez|]ig} log(n)/c, we have P(E1) > 1—2n(K +

n—oo

2)exp{—2log(n)} =1 —2(K + 2)exp{—log(n)} = 1, where we use the assumption that
K = O( log(n)). It remains to analyze the convergence of the differentially private sparse
linear regression. Define the event

k 2k 2 7
Br= {167 - gl < TR EIOE) 2 00) ORCUO) OB por gt > prts),

where Es captures the event that, for a given k, the corresponding estimator ﬁ,gT) achieves
the convergence rate stated in Theorem 4.4 of Cai et al. (2021). Under the event Fy, and by
Theorem 4.4 in Cai et al. (2021)—with T" therein replaced by KT—the event E5 holds for a
given k with probability at least 1 — exp{—c] log(n)}, for some positive constants ¢}, ¢4, c5.
By applying the union bound, we conclude that the event E5 holds with probability at least
1— (K +1)exp{—c]log(n)}. We now analyze the theoretical performance of the proposed
BIC method under the event Ey N E; N Es.

Note that under the event Fq N Ey, for 2k > pL4s, we have

2/ 871 < 2/ Bl + 2] (B 8| < 2] Bl + w118~ B 1
< [2 Bl + e V2H|8 — B2,

where the first inequality follows from the triangle inequality, the second inequality follows
from Holder’s inequality, and the last inequality uses the bound || - [[1 < /|| - [lo % || - |l2- By
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the assumptions in Theorem 1, we have

22+ log(p) log(n) Jng??”“ log(p)?log(1/6) log(n)"

Cz“ﬁ Bk Hl < Cx\/

n n2e?
22K] 1 23K] 2]log(1/6)1 7
< ey 7B o8] |, PR Ien g log(1/5) gl

B nlog(p)log(n) = n®?log(p)?log(1/6)log(n)”
‘O<\/ nlog(p)t 22 log(p)° )

1 log(1/0) log(n)?
=0<\/1Og(p)2+ S )=o)

and thus, for a proper choice of R, the parameter clipping does not occur for 2 > pL%s.
In the remainder of the proof for the BIC criterion, we use y and X to denote the vector
(y1,...,yn)" and the matrix (x1,...,2,)", respectively. By the oracle inequality for the
BIC criterion, we obtain the following expression, which is a direct consequence of the
selection procedure:

ly = XBI3 + enf(nk) + 2 < lly = XBH-IE + cpf(n, k") + 2,

where the function f(n,k) = 2Flog(p)log(n) + {22¢log(p)?log(1/5)log(n)"}/(ne?), and
2;, 2k« are the added noise terms due to privacy. Furthermore, by taking the maximum of
the additional noise terms, we have:

ly — XBI3 + caf(n.k) < ly = XBHE3 + cnf(n, k) + eprivacy,

where €privacy is defined as 2 SUPg—0,... K |zk|. The above inequality implies that

HX(B - B(k*))Hg < 2’<X(B - B(k*))7y - XB(]C*»’ + CB{f(”? k*) - f(nv ];:)} + Eprivacy-
(7)

Let the support set be U = supp(8 — B(k*)). Note that
0] = O/ 1og(p)” + ) = o(n)
Hence, under the event Ep, the inequality,
el — BHIZ < IX (B A3
<X (B~ B, X(BO) — B)| + (X (B~ A(K)),y ~ XB)
+en{F(n, k) = F(n B)}/n+ iy
21X (B~ BN LI X (BH) ~ Bl + 218 — B - X el
+en{F(n, k) = F B)}/n+ eprivacy/n

<2¢,, 18 - BB — Bl + 18 —ﬁUf*)Hl\/ 2Nwieilly,/ lgn(p)
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+ CB{f(”? k*) - f(nv ]%)}/n + 6I’Tivflcy/n (8)

holds with probability at least 1 —2exp(—log(p)), where the second inequality follows from
the relationship in (7), the third inequality follows from Hélder’s inequality, and the last
inequality follows from the event Fy and a concentration inequality. In this expression, we
use e = (e1,...,e,) to denote the vector of random errors in the linear model. Note that
each component of x;e; is a product of two sub-Gaussian random variables, and is therefore
sub-exponential. Thus, we have

I T 2 log(p)
(12X el = |22,

D n
1 log(p)
<> ]P’<|n > " x;jei| > \/2Hw¢6i||i1/c
j=1

X n
=1

<_ CQHwiez‘Hil log(p)

= 2pexp(—2log(p)) = 2exp(—log(p)),
cllziei|)3, >

where we use the union bound in the first inequality and Bernstein’s inequality in the second
inequality.
We first consider the case where k < k*. We obtain the following inequality:

ey llB = BB < 265,118 — BRIl B(K*) — Bll2

L 2k 4 2k%)]
+ Hﬁ—ﬁ(k*)\lz\/ NN

+ CB{f(na k*) - f(nv ]A{)}/TL + €privacy/n7

by applying Hélder’s inequality to (8),

18— B(k*)|l1 < 18 — B(E)[l20/ 118 — Bk o,

and we use the fact that |3 — B(k*)|jo < ok 4 ok", By treating |3 — B(k*)||2 := t as an
unknown variable, the preceding expression becomes a quadratic function in ¢. To simplify
the notation, we define

) 2k 4 2k7)1
a1=20»yu/0w||ﬁ(k*)—ﬂl!2+1/0w\/ e

and
az = CB/C‘ﬂ{f(na k*) - f(n> ]%)}/n + 1/6“/1 X 6PMU&CZ//TL'

Then we have the inequality t?> — a;t — az < 0. By the assumption that k < k* and
cg > 0, it follows that cg{f(n,k*) — f(n,k)} + €privacy > 0. Therefore, the solution to
the quadratic inequality exists and satisfies ¢ < ay/2 + \/a% /4 + ay. Furthermore, by the
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inequality va +b < y/a+ Vb for a,b > 0, we obtain ¢t < aj + \/az. Finally, by the event Fs
and the fact that 2F + 28" < 2F"+1 < 2,0L48, we have

a

_2¢, \/ 2+ log(p )log( )+ 226" Jog(p)2 log(1/6) log(n)7

T ey n2e2
lo
+1/¢y, 4||w161||¢ /e 2" loglp)

It remains to consider the term ,/as. Since the distribution of z; is Laplace, it is sub-
exponential. We have

K

? 2
P{epmacy > delog(n )W} = ZP{%\ > 4clog(n)2(2R)£tK+2)}

< (? + 1) exp{—2log(n)} < exp{—log(n)}.
By the definition of f(n, k), we have
ag < cg/e {f(n k%) = f(n, k)Y /n + 1/ €privacy /1
< e Fn k) + 2etog(n) D) o
22 log(p)? log(1/6) log(n)* ] log(n)

ne? n

< ep ey |28 log(p) +

2(4R)*(K +2) 1
€ Cy M

+ 2clog(n)

By combining the upper bounds of a% and ao, we have:

~

18 = BUIIE < (a1 + Vaz)? < 2ai + 2az

slo lo s21o 21log(1/8) log(n)” log(n)3
(OB oB(r) | 2log(r)log(1/6) og(r) gt

)

for some constant cs, c3, 4.
Next, we consider the case where k > k*. By applying the triangle inequality to (8), we
obtain:

P P . PN 1
I8 = BB <26, 18 - BUDIBO) — Bl + 18 - B0y e, /52
+ea{f(n. k") = F(n,B)} /0 + €privacy /m
<2, 18— B0 21180:%) — Bll2 + 18 —ﬁ\|1J2|rwiei|ral/clog§p)

3 1
+18 - ﬁ(k*)Hl\/QHiEieiHil/c Ogn(p)
+ep{f(n, k") — f(n,k)}/n+ Eprivacy /M-
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By treating || — B(k*)|2 :=t as an unknown variable, the previous expression becomes a
quadratic function in ¢. To simplify the notation, we define a} = 2¢,, /¢y, ||B(k*) — B||2 and

ay = en /ey (K%)= £, )}/ + 1y eprivacy/n + 1/ 18 = Blliy/2lweil3, /52 +
1/cy||B — ﬁ(k*)||1\/2\\miei]@1/c%. Under the event Fs, we have

2¢y, |, 2Flog(p)log(n) , 22k log(p)2 log(1/6) log(n)”
Cy +c3 .

!
a; <
1 n n2e2

Cy

By the inequality || - [|1 < || - [l2 x /]| - |0, we have

wiei||?, [2k1
a,2 S2/0%\/2” 7 1“1/;1\/ og(p)
C n

1 2Flog(p)log(n) |, 22* log(p)*log(1/9) log(n)"
Cy + ¢35 22

n
+eg/ey {f(n, K*) — f(n, I;:)}/n + 1/cy €privacy /-

For cg > 2y/max{ch, ¢4} /2H-’£i€i‘|12pl/0, we have
al2 < CB/wa(nv k") /n+ l/c’yzeprivacy/n-

By properties of solutions to quadratic inequalities and the bound ¢ < a; 4+ /a2, we have
18 = B3 < 2(=)218(K") — B3 + 2a5.

Then, using the fact that f(n,k*)/n < WHB(R*) — B3 and applying the large
2°-3
deviation bound for €piyacy as used in the bound for az, we have

. log(p) *log(p)* log(1/0) log(n)" _ log(n)*
||B—ﬂ(k*)||%§628 og(p7)z Og(n)—l—038 og(p) 2%25:2/5) og(n) v Ogrfg)7

for some constant cs, c3, 4. |

A.2 Proofs of Statistical Inference

Given a pre-specified sparsity level s;, the differentially private estimation algorithm for w;
is presented in Algorithm 6.

The ¢4 error bound for the output of Algorithm 6 is outlined in Lemma 9. The proof
follows arguments similar to those in Theorem 4.4 of Cai et al. (2021).

Lemma 9. Suppose conditions 3.1, 3.2 and 4.1 hold, and let B = 2Rc;, C > L and
R = Ci+/log(n) for a constant Cy. There exists a constant p such that, if s* = pL4sj,
T = pL?log(8L3n), s;log(p) = o(n) and s;log(p)log(1/8)log(n)*?/e = o(n). Then with
probability at least 1 — exp(—c) logn), there exist constants ¢ and ¢, such that

(T)

ij

s _ s silog(p)log(n) , 5710g(p) log(1/0) log(n)®
—wji3 SC2T+C3 222 :
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Algorithm 6 Differentially Private Estimation of w; given sparsity

Require: Dataset {x;}7, step size n°, privacy parameters (g, ), noise scale B, number of
iterations 7', truncation level R, feasibility parameter C, sparsity s*, initial value 'wj(.o).
1: Random split data into T parts of roughly equal size: {1,...,n} =Sy U---USp_1 and

SiﬂSjZ(DfOI"L'#j.

2: fortin0to7T —1do

3 Gradient descent: w](-t+0'5) = w](t) —n(ej — > ics, miHR(m;—w§t))/\St|).
4: Private report: 'w](-tﬂ) = HC(NoisyIHT(w§t+0'5), s*,¢/T,5/T,n°B/|S|)).
5: end for

Ensure: w§T)

A.2.1 PROOF OF LEMMA 9

Proof [Proof of Lemma 9]

We begin the proof by first presenting the statistical error without differential privacy
constraints. Let Sorqce = supp(w;) denote the support of the true parameter w;. For any
subset S satisfying Sorqcie € S, |S| < ¢js;, and s* < |S|, the oracle estimator wy is defined
as follows:

N . R
w) = argmin  Ly(w):= —w'Sw —w'ey,
wERP supp(w)CS 2

where ¢; is a positive constant and 3= S @] z;/n. The condition |S| < ¢;s; implies
that the sparsity requirement for s* is satisfied.

The name “oracle” refers to the fact that QIJ; is an estimator that uses the true support
set. We first study the statistical properties of wj. The nonzero components of w7 are
given by

W) ¢ = arg min %walsg'w — wTej,S,
wERIS|

where 12;5’ g is the sub-vector of ’117;-, and f]gs is the sub-matrix of f), with both indexed by
the set S. Since j € S, the sub-vector e; ¢ remains a unit vector. The analytic solution is

given by 127]975 = 2§éej,5. Then,

. . S-1 -1
[ — wjlla = 0] s — wisl2 = [(Zgs — Zgg)ejsl
S-1 -1
< [[Bgs — Tigslle,
where the first equality uses the fact that the support of both w] and wj lies in S, the
second equality follows from the analytic solution form, and the last inequality uses the
definition of the matrix /5 norm.

By Corollary 10.1 in Tan et al. (2020), for any constant ¢, and any set S satisfying
|S| < ¢jsj, there exists a constant ¢,, > 0, such that

~ C
1255 — Bss||3 < ;wsj log(ep/sj),
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with probability at least 1 — exp{—c),s;jlog(ep/s;)}. Then we have the following relation:

1258 — 258l = 1854(Zss — Bss)Sgall2
< [1E55111Ess — Sssl2 |58l

< 2L2\/C;:sj log(ep/sj),

where the first equality holds because 3 gg is invertible by Condition 3.1, and ) S5 converges
to Xgg, implying that f]gs is also invertible for sufficiently large n. The second inequality
uses the bound on ||Egg— % ss|lz from the previous result, and Condition 3.1, which implies
[Z5sllz < |=7Y|2 < L. Since ESS converges to Xgs, we also have HESSHQ <2z e <
2L for sufficiently large n. The constant 2 is not tight, but keeps the correct order. A
similar technique will be used later in the proof. Then we have the following bound:

Hw — ijQ < 4L4—sj log(ep/s;),

with probability at least 1 — exp{—c),s;log(ep/s;)}.
Next, we consider the properties of the gradient descent algorithm. Before discussing
the algorithm, we define an event under which the truncation operators do not take effect:

E3—{ _max |a:'w |<Rf0ra112€8t}

By Condition 3.1 and the independence between x; and w'® induced by data splitting, we
apply the Chernoff bound to obtain the following large deviation result:

P(la] w’| > R) < 2exp{—cR?/(C?|zi]3,)},

()

where ¢ is an absolute constant and we use the fact that zr:ZT w; is sub-Gaussian with
sub-Gaussian norm bounded by C/||x;||y,. By applying the union bound, we have

P > 1= 3 B(alwl] = B) > 1 - 2nexp{—cR2C i, 1),
t=0 i€S;
where the first inequality follows from applying the Chernoff bound n times. By choosing
R= \/2(72||avi|]12p2 log(n)/c, we obtain P(E%) > 1 —2nexp(—2log(n)) = 1 —2exp(—log(n)).
Thus, truncation operators do not occur with high probability, and we omit them in the
remainder of the proof. To simplify notation, we define the empirical loss function as

1
Ln(w) = B w' Sw— w'e;.

Since data splitting is used in the algorithm, the sample size in each iteration is n/T. For
clarity of presentation, we omit the subsample notation. Note that £,(w) satisfies the
following property:

(VLp(wy) — VL (ws), wy — wa) = (w1 — ws) B(wy — ws).
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Thus, we have
allwi — w3 < (VLu(wi) — VL (w2), w1 —w2) < [wi — w23, (9)

for all wi, ws € RP such that max{|supp(w1)|, [supp(w2)|} < ¢;s;/2. Since |[supp(w) U
supp(ws)| < ¢;s;, and by the uniform convergence of submatrices, the above inequality
holds with o« = 1/(2L) and v = 2L with high probability, where we use Condition 3.1 for
the population matrix 3. Then we have

t+1 ¢ t+1 t+1 6T t t+1 ¢
£alw) — Zal?) =0T S0l — Lo TS — @l — )T,
—fapy D) ®) L (OT 33 ,
=(w; " —w; w;’ X —ej)
LoD VTS 4D oy ®
+§(wj —w;’) Y(w; " —w,;)
t+1 t g t+1 t
< (Y —wll) ') + Sl — w5,
where gt = 'w](t)TE — e; is the gradient of £, (w) evaluated at w( ). Let St = supp(w (t ))
Sttl — supp(w§t+1)) and define I' = ST USTUS. Let ni,n, ..., nl. be the noise vectors
added to 'w](-t) — nOVEn(w](. )) during the peeling mechanism over a total of s* iterations in
the tth step, and define N* =43, ||nt||2 Then we have the following decomposition:
t+1 t v t+1 (t+1
(w™V —wl,g") + LV —w |} =Ll - wl) + gﬁnz 7”91t||2
+ (1 - n)<w](t+ ) - wj('t)agt>7

where 7 is defined in (9), and we introduce the notation 7 := ~ - n°.
We first consider the first two terms. Let R be a subset of S*\S**! such that |R| =

[T\ (ST U )| = |81\ (S* U S)|. Then, using the fact that w](‘gt/(stuS) =0, and by Lemma
3.4 in Cai et al. (2021), we have, for every ¢ > 1,

n t n
2ng\stus>||2 w0 (srus) — S sus) |3 2 > (1-1/0)lwl), - SRl — eN"

(t+1)

Since w (t40.5)
J

is obtained by selecting the noisy maximum of w; J

we can write wj(-tJr ) = wj(-tJr ) o5

maximum index of w{"%? and ngt+1 represents the additional noise introduced by the

peeling mechanism. Then we have

and then adding noise,

+ N ge+1, where w; " is the vector corresponding to the noisy

Y t+1 t n
gl — i+ Zgil = 3k s I
- (t+1 t n Y t n cy
<TlAgen |3+ 310l —wl) + ;gm% = 3= 1/l — gkl + 5N
- t+1 t+1 t n
=2l = w + Lghl3 — Tl — w + gkl + S (1/c)lwl), — Tahl}
’ Y Y Y
~ C
+ §||"St+1||% + N
2
D@D _ 4y ® Ui t 2, Vs 2 ¢
§§ij,1t\3 iR T gjt\RH2 207(1 + 1/C)H9ﬂ\(stu5)”2 + §Hnst+1 12+ YN,
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~(t+1)
where we apply the selection criterion in the first inequality, use the fact that ik =0

in the second equality, and apply Lemma 3.4 in Cai et al. (2021) to ijR — ;gRH2 in the
last inequality. By Lemma A.3. in Cai et al. (2021), we have

~ (t41) t 3|I'/R| — o
& It\R §7}t\R T F\RH2 = 2|I'/R| — ng,lt\R w(}t\R + ta\RHz +3N°,

where w7 is the oracle estimator. Plugging it into the previous inequality, we have

Y t+1 t ) n 2
w5 — ), + 201l = 3 gh s I

2
3y [I'/R| —s* | CRRLERT e A+, >
<7 WHU’;H Wt §gzt||2 +37/2N" + Tngt/(stus)Hz
+ Ljngenl3 + orN* (10)
3y 2s; . " N 4 .2 (1 +1/c) 9
ST +]Sj | e — w](',}t + ;gfrtHz +37/2N" + T‘|g§t/(stus)”2

+ S lfgees 3 + YN,

where in the second inequality, we use the fact |I[*\R| < 2s; + s* and I*\(S' U S) C St
Furthermore,

3’)/ 28j ~0 (t) n
4 s + s ||wj,1t — W + 591t||2
3s; N
<l —wl.gh) + i~ w) \\2+—\|gpu2> (11)
J
3s; (ty , Y =ne, O 2
_8*+Sj (T}En( ) 77£ ( )+ 9 ||w;)_w] ||2+%||glt||2))

where the constant « is defined in (9).
Next, we consider the second term, which can be decomposed as follows:

(1) _ p® gty — (gpt+D) (t)

= t
st T Wy St+lagst+1> + <nst+1agst+1>
_ <,w(t) )
j7St\St+17gSt\St+l

n
—;Hgfqm I3 + cllmge |13 + (1/40) | ggea I3
t
- <w;7gt\st+17ggt\st+l>7
where we use the inequality ab < a?/2 + b?/2. The last term satisfies
t Ui n
- <w§7gt\5t+1aggt\5t+1> > {H J,St\St+L ;gfgt\sm H% — (;)nggt\stﬂ ’%},
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by simple algebra. By applying Lemma 3.4 in Cai et al. (2021) to ”w]('%t\stﬂ —

Nt 2
7951\ st+1 H27
we have

t (t+1) Ui
—<w§,;t\st+l,ggt\st+1>_2n{<1+1/ Mgt sellf + (1L N} = S lighessevs 3
n

g n
=, 10+ 1/0)llgesnsell3 + (1 + C);Nt} - g\!gfgt\sm\\%,

where we use the fact that 'w(tsti)l\ gt = gggt g in the second equality. Combining the

results above, we have:

(i —wl” gty < — guggm 13 + cllfager |13 + (1/4) |l gle |13
+ A0+ 1/ ghean gl + (14 e)o N} = o llghe el
gguggm\stué — 5 lgbe gl = gk 3
+(1/e)(4+ 5 >ugsmuz Fellasenl+ (140 TN

<- ”gstustﬂ I3+ (1/e)d+ 5 )HgstHHz + 0H7Lst+1 I3+ (1+¢)- Nt,

where we use simple algebra. Then, by plugging in the previous results into En(w](-tﬂ)) —
[,n(w](t)), we have:

n(l—mn)

D = wlfh o+ Tgh 3 - lghel3 — o lgbusea 3

(t+1) (t) 7 (t+1) (t)
En('wj )_‘Cn('wj) 5”"”

+(1=m(A/c)d+ 3 )Ilgst+1H2+C(1* g3

+(1-n)(1 +c)5Nt

Y t+1 n
<l —wif), + ngb ,Yugﬁt\(stus)n% — 5 lgkusl
n(l—mn)

- THQEHI\(StUS)H% + @ =n)(1/c)(4+ QV)HQSt‘H [
et =m)lself+ (1= n)(1+e) N,

where we use the fact that S\ (S* U S) is a subset of S* U S*1. Note that the first two
terms

(t+1) (t)

2 N 2
wa] oWt ;ngg - g”g}t\(stusﬂb

are analyzed in (10) and (11). Combining all the results, we obtain:

2
(t+1) )y 35 (B, Y= ne Oz Tt 2
Ln(w; ™) = Ly (w; )<S*+Sj(77£n( 7) = nkalw;) + by = witla 4 o llgh )
2
n ni—n
- 7”9%%3”2 - (M)’ggtﬂ\(stw)”%
+

o2

SUFB5 N+ (G + 53
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where we let 7 = 2/3 and choose the constant ¢ to be sufficiently large.
By choosing s* = 72(y/a)?s; = pL*s; where p is the absolute constant, we ensure that
3sj/(s* + sj) < a?/{24~v(y — na)} < 1/8. Then,
La(w{*) — £, (w")
3Sj

2
_° o w "o Op2 . L e
—Sj+s*77(£n(wj)_£n( ; )}+48 W] — w; H2+36,Y|!ng2

1 2 1 2 2 TGN 2

- %”ngsuz - 187”ggt+1/(5tu5)H2 + +§(4 + 30)%Nt + (5 + g)”"stﬂ 12
3s; . (t) a? Oz 3 ot P
< (i) - L)} + ) w3 = g labs

C| ~
(4+3)nNt (2 §)||"st+1||g

3o 2s* ) Y i , t
< (2= )y _ : ~
B <727 N sj + ) (La(w;?) = La(wh)) + calllngella + NY)

1 ~0 ~
< - m(ﬁn(w](t)) — L (@9)) + enl|lfrges |3 + N,

where we use the fact that ||g% |3 = [|gk. <lI3+ HgfgtJrl\(StuS) |2 in the second inequality, and

apply Lemma A.4 from Cai et al. (2021) in the third inequality for an appropriate constant
¢n. Thus, we have

1

£n(w§t+1)) — [,n(’li)?) <(1- m

)(La(w!) = Lo(@2)) + call[gen]|3 + NY).

Let Ny = cp(||mgi+1 |3 + N*) and iterate above equation,

T-1
. y )
Lo(w{") — La(w9) < (1 - m) {La(w”) — Lo ()} + kzo(l pL2)T 1N

By choosing T' = Q(log(n)), the first term is of order 1/n, due to the boundedness of

En(wj(-o)) — Ly (w7). Furthermore, we have:

L") = Lo(@2) > Lo(w") — Lo(w;) > a/2llwl"” —w;|3 — (VL (w)), w; —w"),

where the first inequality follows from the oracle property of the finite-sample loss function,
and the second from algebra and the properties of submatrices. Combining all the results,
we have:

r T
a/QHw(. ) _ wjug < chn(wj)noo\/ﬁ”wj _ w§ Iy

+1/n+ Z — )Tk
where we use Holder’s inequality and the norm inequality || - |2 < /|| - llo X || - [[co. Thus,
by treating ¢ = ||wj(-T) — wj||2 as the unknown variable, the inequality above becomes a
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quadratic inequality. Then, by the argument used in the proof of Theorem 1, we have:
- T
(20) |w!" — wjll% < (IVLa(w))lloo/55 + 5%)°
+ (2a){1/n + Z 1— —)TF 1N},

It remains to analyze the two terms separately. Note that VL, (w;) is the gradient evaluated
at the true parameter. Under the model, each coordinate of VL, (w;) = w;fl — e is an
average of n/T ii.d. sub-exponential random variables, where we use the fact that the
product of two sub-Gaussian random variables is sub-exponential. Then, by Bernstein’s
inequality and the union bound, we have:

P(IVLn(w))]oc < \/210g (p)llw] @iz |4,/ (cn/T))
> 1—pexp{-2log(p)} = 1 — exp{—log(p)}.

Thus, with probability at least 1 — exp{—log(p)}, by the choice s* = €(s;), the first term
is bounded by c2s;log(p) log(n)/n for a constant cz. The second term satisfies

1 - > 1
1——) T IN <Y (1 - —)F N, < pL? N,
( pL2) b= Z pLz) oSt PR i

B
Il

0

Note that Ny = ¢, (||fage+1 |3 + N*). The term max{||fogi+1 oo, || N?||loo} is the maximum
over T'(ps* 4 s*) independent sub-exponential random variables. Thus, by a large deviation
bound (Chernoft’s inequality) and the union bound, we have:

o BT/ s* log( T/5

P(m?X{HnS“rlHooa [melloo} < 4n | St |e (®)/e)

>1— (ps* + s")T exp(—4log(p)) > 1 — exp(— log(p)).

Therefore, with probability at least 1 — exp(— log(p)), the second term is bounded by

0355 log(p)?log(1/6) log(n)®/(n?e?)

for a constant c3, where we use the condition s* = €)(s;). Combining both terms, we obtain:

sjlog(p)log(n) , 57 log(p)* log(1/9) log(n)”

T
Jf — ;3 < BB 4 o -

J

A.2.2 PROOF OF LEMMA 5

Proof [Proof of Lemma 5| For 0 < k < K, the { sensitivity of the gradient at the ¢-th
iteration, given by

—n{e; = @illr(@ w)/|S},

1€St
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as defined in line 8 of Algorithm 3, is

sup 7"/|Si| - |lzillp (2] w") — @/g(2; w") o < 1°T/n - 2Re,,

T4,L;

where we use the fact that ||x|c < ¢z, by Condition 3.1. By the advanced composition
theorem, reporting the gradient is (¢/{T'(K + 2)},6/{T(K + 1)})-DP. For 0 < k < K,
outputting w(k) is (¢/(K+2),/(K+1))-DP by the standard composition theorem. Finally,
by the composition theorem, returning all {w(k)} , is (e(K + 1)/(K + 2),8)-DP.

Next, we consider the sensitivity of the BIC loss. Note that

sup [Ip(w(k) o) g (2] w(k))/2 — Lp(b(k) o)k (z; b (k) /2] < R

A %
T, X,

The BIC selection procedure returns the noisy minimizer. By Claim 3.9 in Dwork and Roth
(2014), the output is (¢/(K + 2),0)-DP. Finally, by applying the composition theorem, Al-
gorithm 3 is (g,0)-DP. [ |

A.2.3 PROOFS OF LEMMA 6

Proof [Proof of Lemma 6]

The proof follows similarly to that of Theorem 1. Let k be the selected index corre-
sponding to w; in Algorithm 3, and let £* denote the true parameter such that 2k -1 <
pL4sj < 2¥". Note that k* is uniquely determined by sj and the constants (p, L). By the
condition 2K > pL4sj in Lemma 6, the true parameter k* < K is feasible. Recall that the
event

Ep:={ inf u' Su > ey |lul|3, sup u'Su < c%Hqu},
[lullo=0(n),|[ull2=1 llullo=0(n),||ull2=1
holds with high probability, as shown in Theorem 1. We now define the event under which
the truncation operator does not take effect in the estimation procedure:

FEs3 = max max zc-Tw(t) < Rforallie S;t.
3 {t:O,...,Tflk:O ..... K| P Wikl < o

By the proof of Lemma 9, the event E3 occurs with high probability. Define the event

T 2" log(p) log(n)

By = {ng(‘,k) —wj3 < 0/2#

s 2% log(p)? log(1/9) log(n)"
3

+
n2e2

for all k such that 2% > ,oL4sj}.

By Lemma 9, and replacing 7" with KT in the term maxo<i<7-1 Nt in the proof of Lemma
9, the event Ey occurs with probability at least 1 — exp(—c} logn). Note that under the
event F3 N By, for 28 > pL4sj, we have

T T T T T T T
] w)| < ol w] + |2 (w5 — wii)] <l w)| + i ool — w0l

T T T
< Ja]ws| + con/w; — ) flo - [lw; — w |2,
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where the first inequality follows from the triangle inequality, the second inequality follows
from Hélder’s inequality, and the last inequality uses the bound || - [[1 < /|| - [lo % || - |l2- By
the assumptions in Lemma 6, we have

\/C, 2%*log(p) log(n)  , 2°* log(p)? log(1/9) log(n)”
2
mn

T
callw; —w) | < e

3 n2e2
22K 1o log(n 23K 1o 21og(1/8) log(n)7?
gcm\/c; g<5> g |, P log(p) n2g5<2 /5) log(n)

nlog(p) log(n) _ /2 log(p)? log(1/3) log(n)7
O(\/ nlog®)t 2% log (p)" )

B 1 log(1/6)log(n)3\
‘O(\/log<p>2+ s )=o)

and thus, for a proper choice of R, the parameter clipping does not occur for 2% > pL4s]~.
By the oracle inequality for the BIC criterion, we obtain the following expression as a

direct consequence of the selection procedure:
S /2 — ) €j + e f(p,k)/n + 2 /n
(k)" (k") /2 — i (k) Te; + ep f(p, k") /n + 21/,

where we define the function f(n, k) = 2% log(p) log(n)+{2?* log(p)? log(1/8) log(n)7} /(ne?),
and z; and zg~ are the noise terms added for privacy. Furthermore, by taking the maximum
of the additional noise terms, we have:

'zi;;—f]zbjﬂ - ijej +cfp, k)/n
< (k") S (k) /2 — i (k) "ej + cpf(p, k*)/n+ eprivacy /s

where €privacy is defined as 2supy_g |2x|. By simple algebra, the above inequality implies
that

(W — by (k")) " Sy — (k) /2 < [(wy — (k) w;(k*) S — ej)]
+ep/n{f(p, k) = f(p.k)} + €privacy /.

Let U = supp(w; — w;(k*)). Note that

U| = v/n/log(p)® + 55 = o(n).
Hence, under the event Ej, we have:
ey /2|5 — b (K)[I3 < (b — a (k7)) T S (b — oy (k*))/2
<[y — b (k*), w] B — e;)] + [(w; — wb; (k*), (;(k*) — w;) " )|
+cp{f(p, k") = f(p, k) }/n + €privacy /1

<y — (k)1 ]lw; E — ejlloc + ey, [l — (k) [2llw; — 4 (k*)|l2
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+cp{f(p, k") — f(p. k) }/n + €privacy/ T, (12)

where the second inequality follows from the oracle inequality, and the third inequality
follows from Hoélder’s inequality. By the proof of Lemma 9, we have

[w0] S~ el < /21080 [w] @] |14, /(cn)

with probability at least 1 — exp(—log(p)).

We first consider the case where k < k*. By applying Holder’s inequality to (12), we
obtain:

Oy /2]t — by (k)| < ey |ty — (k) 2]|b; (k™) — w2

A 2k 4 26" ) log(p
+ ey — oy >H2\/ EAZ 8D, oo ]

+ep{f(. k") — f(p.k)} /1 + €privacy/ -

Under the assumption that & < &*, we have cg{f(p,k*) — f(p,k)} + €privacy > 0 When
cg > 0. Let ||w; — w;(k*)|2 := t be treated as an unknown variable. Then the previous
inequality becomes a quadratic inequality of the form t? < a1t + ao, where we define:

A 2% log(p)
a1 = 2y, fey |y (k) = wylla + /e \ | =22 flw] @] |2, fe.

az = 2CB/C’Yl{f(n7 k*) - f(na ]%)}/n + 2/C’n Eprivacg)(/n-

and

By the solution to a quadratic inequality, it follows that ¢ < a; + \/as. Furthermore, under
event B4 and using the fact that 2" < pL4sj by the definition of £*, we obtain the following
upper bound for aq:

9 k* 2k~ 2 7
o < [ 2k log(p) log(n) y 22k log(p)? log(1/6) log(n)
c 2 n 3 n2e?
"

2% log(p)
ey lw] @] |3, Joy) =5

It remains to consider the term /as. Since the distribution of each z; is Laplace, it is
sub-exponential. Therefore, we have:

K

< ZP{\zi\ > delog(n)

i=0
< (K + 1) exp{—2log(n)} < exp{—log(n)}

R2(I§+2)} R2(K€'+2)}

IP>{€privacy > 4c log(n)
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By the definition of f(n, k), we have

a2/2 < ep /ey {f(n, k") = f(n,k)}/n+ L/ ey €privacy /.

2
<cp/ey f(n, k™) /n+2c log(n)MR)im/(cwn)

n 22" log(p)® log(1/9) log(n)® ] log(n)

< CB/CW 2+ log(p) ne2 n

2(4R)*(K +2) 1
€ Cy,M

+ 2clog(n)

Then, by combining the upper bounds of a3 and az, we obtain:

l; — w;(k)]3 < (a1 + Vaz)® < 2af + ap

1 1 2] 2log(1/6)1 7 1 3
< ot og(p) log(n) oyt og(p)“log(1/6)log(n) Lo og(n)
n n2e2 ne

i

for some constant cs, c3, c4.
We now consider the case where k > k*. By applying the triangle inequality to (12), we
obtain:

2oy — oy ()13 < 15 — oy (6°) | ey (") — w3
+ [[do; — wjll1y/210g(p) ] @] |14,/ (cn)

+ Jw; = ’lffj(k*)lll\/2 log(p) [w] @@/ |4,/ (cn) + cu{f (k") = f(p,k)} /1 + eprivacy/n.

Let [|w; — w;(k*)||2 := t be treated as an unknown variable. The inequality above is a
quadratic in £. To simplify the notation, define:

@i = 26, [y |li; (k) = wy e,
and
dy =2¢p/c {F(n, k%) = F(n, B)}/n + 2/ €privacy I
+2/cy iy — wjl1y/2108(p) [w] wiz] |5,/ (cn)

2/ [w; — (k) |11/ 2 og(p) [w] @] |14,/ (cn)

By the event E4 and the fact that the || - ||; norm is bounded by || - |2 X /|| - |0, we have :

T T i
w; T, 2k |
ah §4/C'n\/2|| s lem\/ e(r)

C n

y \/ ’ 2% log(p) log(n)

2 log(p)? log(1/0) log(n)’
€3 n2e2

e /ey {f (k") = f(n,B)}/|ST] + 1/ 5, €privacy /|57
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For c¢p > 4\/max{c’2,cé}\/QijT:ci:n;rHW/c, then:
CL/2 < CB/C’nf(n7 k*)/n + 1/C’yl 6p?‘ivacy/n-

Using the fact that
1

~ . k* _ . 2
max{c’Q,cg}Hw]( ) wJH2

f(n, k%) /n <

and applying the large deviation bound for € jpqacy as used in the bound for ag, we conclude:

1 ] s2log(p)? log(1/6) log(n)” 1 3
(k*)H% S o 5j Og(p) Og(n) + 3 J g(p) g( / ) g( ) + 4 Og(n)
n n2g? ne

oy — b :

for some constant cs, c3, 4. |

Proof [Proof of Lemma 7| We first consider the event related to truncation. By the events
FEy, By, B3, B4 defined in the proofs of Theorem 1 and Lemma 6, we know that trunca-
tion does not occur with probability approaching one. Therefore, we omit the truncation
notation in the remainder of the proof. By simple algebra, we have:

~ “ ?: IT;€E; ~ TS A
B — By =] 2711 —(ef —w]S)(B-B)+=".

—_——— ~~
Ry Raj Rs,j

For Ry j,
|Roj| < |(e] —w] S)(B—B)| +|(w; —w;) E(B - H)|
< [lej — w] SlsllB = Bll1 + eyl — w;2]18 — Bll2
< lej — w] Bl V2E (B = Bll2 + ¢y, 05 — wj2]18 — Bl

1
< \/2lw] @] ooy B VR

n

2 2 7 3
" CZSlog(p) log(n) es® log(p)?log(1/4) log(n) +C410g(TZ)
n n2e2 ne

1 1 s2lo 21og(1/9) log(n)? 1 3
+C%\/028] og(zg og(n) +c3 ! g(p) ni(e?/ ) g( ) +cq og(n)

)

slo log(n s2log(p)?log(1/8) log(n)” log(n)3
y \/62 8(p)log(n) | s*log(p)?log(1/0)log(n)” _ _ log(r)

n n4e ne
we use the triangle inequality in the first inequality; Holder’s inequality and event Fy in the
second inequality; the inequality || - |1 < /|- [Jo % || - ||2 and the bound ||3 — B0 < 2% in
the third inequality; and results from Theorem 1 and Lemma 6 in the final inequality. Let

= s0log(p) log(n)/n'/? + s2log(p)?log(1/6) log(n)"/(n'°e?) + log(n)®/(n'/%¢).

Then, we have

0 IOg(p) \/ﬁ _1/2 _1/2 o _1/2 _1/2
’R2”“O<\/ n X Toggp X" et ) = O ).
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The term R ; is asymptotically normal when ; is replaced by w;. Let

n
. T Die1 Ti€i
1 = Wj
' n
Then we have )
Qo
* _ J5J
Var( 1,j) =,

where ©; ; denotes the (j, j)-th entry of £~1. It remains to bound the difference between
1, and Ry j. We have:

[R1; — Rl < lij — wlly]| lloo < y/llwj —wllo - [[w; — w2 -

[e.e]

Doy Tk
n

Do Tl
|

logpl 521og(p)?log(1/8) log(n)7 ] 3
SrZK\/C;J osplogn sl (LD (0) oo

n2e2 ne
log(p)
X \/2||miei||12/;1/c -

B log(p) ~— v/n _
‘O<\/ n g " 1/27“”)’

where we use Holder’s inequality in the first step; the inequality || - |1 < /I - llo X || - [|2
and the bound ||8 — B0 < 2¥ in the second step; and Lemma 6 together with the high-
probability bound for || D7 | @ie;/n|/oc, which appears in the proof of Theorem 1, in the
final step.

It remains to combine all the terms. The combined quantity \/n| Rz ;| + v/n|R1; — R] ||

is of the order Op(max(r}/ z,rn)). Furthermore, we consider the term z](-db). By Markov’s
inequality, we have
db R?
A" =0, (m\/log(1/6)>,

which is typically op(n_l/ 2) under the regularity conditions in Theorem 2. |

Proof [Proof of Theorem 2| We first establish the privacy guarantee. By Lemma 4 and
Lemma 5, the first two steps of Algorithm 4 are each (¢/4,d/4)-DP. By the composition
theorem, it remains to show that Steps 3 and 4 are also (£/4,0/4)-DP, respectively.

The sensitivity of > ., HR('Lb;ra:i)HR(yi)/n -y HR('zi);rmi)HR(m;r,@)/n is bounded
by:

1 A A )
sup  —|Mp(w; =) r(y:) — Mg(w;jz:) Mgz B)
(wzvyl)a(wévy;) n

. . - 2
— (W, ) g(y;) + Mg (w;z)Ig(z] B) < E(RQ + R?).
The sensitivity of L 3" | (I (y;) — HR(a:iT,é))2 is bounded by:
o
n

sup

(Tr(y:) — Tr(a! B))% — (Wa(y) — (=] B)% < >(R + R).
(@i,91),(2,95) n
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Therefore, Steps 3 and 4 are each (£/4,0/4)-DP by the Gaussian mechanism. Finally, by
the composition theorem, Algorithm 4 is (g, §)-DP.

We now establish the validity of the proposed confidence interval. Note that under the
additional order conditions in Theorem 2, and by Lemma 7, we have:

VAB™ = B) 5 N (0, %y0%).

By Lemma 6, the />-convergence of w; implies its {-convergence, and consequently, w; ; 2
w; ;. It remains to consider the estimation of 2. We first address the event of truncation.
By event F1q, defined in the proof of Theorem 2, truncation does not occur with probability
approaching one. Therefore, we omit the truncation notation in the remainder of the proof.
Then we have:

1 n
A2 2z T _
o nE: z] B)? + 2 — o

n

fZ 2 g2y Z (@] B! B~ 2> (i~ ) x (2] B2 B) + -

=1

where 2z is the noise added in Step 4 of the algorithm. We have the convergence > " | (y; —
x; 3)%/n — 02 = 0,(1) by the weak law of large numbers. For the second term, we observe:

IS @] B2l B = (B-B)EB - B) < el - BIE = 0p(1),
=1

where the first equality follows from simple algebra, the inequality uses event Ej, and the
convergence follows from Theorem 1. The remaining term satisfies:

n n

25 -2l BT h—wl B = 12 Y eu(wl -l B)] < 2L 3 cilllB - Bl

=1 i=1 i=1

1 & . N
<2 LS el 18- Bl /18- Bl
=1
<\ 2l ey 2P VaR

y \/@slog(p)log(n) 1 o5 log(p) log(1/6) log(n)” | log(n)*

n n2e? ne

_ O(\/log(P) LV _x n—l/an> — 0,(1),

n log(p)

where the first equality follows from the definition of the linear model, the second inequality
applies Holder’s inequality, and the third inequality uses the fact that || |1 < /|| - llo- |- ||2-
The final convergence follows from Theorem 1 and the conditions in Theorem 2. Therefore,
we conclude that 62 5 o2, and the final result follows by Slutsky’s theorem. |
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A.3 Proof of FDR

Proof [Proof of Lemma 8] By Lemma 4, releasing B(l) satisfies (g, 0)-DP. By the composition
theorem, it remains to show that the DP-OLS procedure also satisfies (g,)-DP. Note that
the DP-OLS procedure estimates the numerator and denominator separately. We first
compute the /2 sensitivity of the denominator, » ; p, @, Aa:iT 4/ |Dal:

sup @ ax, 4 — @} 41i 4ll2/n2 < 2| Al /ng,

(:.l:»“il:fb)
where we use the notation no = |Dy|. Note that the sparsity level |A| is bounded by 2%
according to Algorithm 2. The /2 sensitivity of the numerator, >, p, @i allr(yi)/|Az2|,
satisfies:

sup [[@iallr(yi) — @ AR (Y))ll2/n2 < 2V/|Alca R /.
(mz)yz)z(m;’y;)

The DP-OLS procedure satisfies (¢, d)-DP by the Gaussian mechanism and the composition

theorem. The output of Algorithm 5 is a deterministic function of B(l) and B(g) 4, and is
therefore (2¢,20)-DP by the post-processing property. [ |

Proof [Proof of Theorem 3| We first consider the truncation operators. Note that under
the event E1, truncation does not occur. Thus, we omit truncation in the following analysis.
Given the signal strength condition, for each i € S, we have

30> 18 — 1B — B:] > mi 118 — > mi . .
|Bi] = 1Bi] — |Bi ﬂz\_glelglﬂg! 18 Bllz_ljlgglﬂyl/2>0

Thus, the sure screening property holds with probability approaching one; that is, P(S C
A) — 1 as n — oo. Furthermore, since we only need to consider the subset A C [p],
we omit the subscript A to simplify the notation. Without loss of generality, we assume
‘DQ’:TLQZTL/Q. ~

Note that the DP-OLS estimator () satisfies:

where we use the definition of a linear model and the following notations

i(Q)XX = Z wiwz’T/|D2|72(2)XX = Z fﬂi$¢T/\D2| + Nxx.
i€Do 1€D2

The decomposition of the DP-OLS estimator differs from that of the OLS estimator. Due to

the additional noise added to the denominator, the DP-OLS estimator is closely related to

the ridge regression estimator. Consequently, the term Bg; represents the bias component
in the DP-OLS estimator.
The following proof relies on two critical observations: (1) conditional on Dy U{x;}iep,,

the distribution of ,é((g)) is symmetric around 0; and (2) the term BE;; , representing the bias,
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is small. The first observation can be justified as follows. Conditional on the first part of
the data Dy, the active set A selection is fixed. Furthermore, conditional on the covariates
{x;}icp, and the added noise Nxyx, the distribution of Bég; is symmetric around zero
because it is a linear combination of independent Gaussian random variables. Therefore,
conditional on {x;};ep,, the distribution of ,@((g)) is a weighted mixture of distributions
symmetric around zero and is itself symmetric around zero. Without loss of generality, we
assume that |A| = § — oo; otherwise, the FDR control problem becomes trivial.
Define the variable R and its normalized version R as follows:

~ -1 S
R = (2(2)XX + NXX) (022(2))()( + apr)

& ~1
(@) xx + Nxx)
=: ABA,
and
VERiRj;’
where o2 is the variance of the residual e; and 02 = B2 - 8log(2.5/9)/e? is defined in
Algorithm 5. Without loss of generality, we assume o2 = 1. Here, R?j represents the

conditional correlation between the i-th and j-th components of the DP-OLS regression
coefficients B(3). By Wigner’s semicircle law, the maximum eigenvalue of Nxx converges

to 0 with high probability:
v/log(1/d
c\/§§7og( /%) =o0(1)
ne

0._ 0 0 _

9

where we use the fact that the sparsity is denoted by |.A| = §. Furthermore, by the order

condition in Theorem 3, we have 02 = o(1). By the proof of Lemma 9 and Weyl’s theorem,

we have
(A — 2:&4) = Op(l) and )‘j<B —Xa4) = op(1),

for j =1,...,|A|, where \;(-) denotes the j-th eigenvalue. Here, 22}4 is a sub-matrix of
37! and X 44 is a sub-matrix of X. Moreover, we have

Amin(R) = 1/L 4 0p(1) and A\par(R) = L + 0,(1),
where we use the Condition 3.1. Therefore,

IRl1,1 < A (R) Rzt < Auin(R) ' 3]| 2

min

< )\max(R)Amin(R)71§3/2 _ Op(<§3/2),

where || Rl == (321, ]Rfj|)1/ P denotes the element-wise matrix norm. We use the rela-
tion \/R;; Rj; > min; Ry; > Apmin(R) in the first inequality, the inequality || |l;1 < /I - [|10-
|| - |l7,2 in the second inequality, and the relation | R||;2 < \/é max; Zle Ri?j < V3 mae(R)

in the last inequality. In addition, we have HRg—mAHH < Op(pg/2), where py = |S N A|.
These results will be used to bound the correlations.
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For any threshold ¢t € R, we define
1

GOty = — 1(M; > t), GO>t) = — P(M; > t);
»(®) po.Z (M; > 1), Gy(?) po.Z (M > 1)
JESNA JESNA

A 1 N 1
Got)=— Y 1M >1), V()= — > 1(M; < —t),
2 JeESNA Po jeSNA

where pp = |SN A| and p; = § — po. Let rp, = p1/po and

G9(t) V(1)
FDP(t) = —— FDP*(t) = — S
GO( ) +rpGL(t) GO(t) 4+ rpGL(t)
Go(t)
GO(t) + rpGL(t)

and FDP®(¢t) =

It is easy to see Gg(t) = E{Gg(t)} Furthermore, we have

1
Var{GO(t)} = Z Var{l(M; > )} + — > Cov{1(M; >t),1(M; > t)}.
po JjESNA 0 1,jESNAi#£]

n—oo

The first term is bounded by (1/4)/po — 0. Without loss of generality, we assume
ﬁ( 1),i > 0 and B ; >0, where ﬁ (1), denotes the estimate from the first part of the data, D;.
By definition, the function f(u,v) is non-negative, symmetric in 4 and v, and monotonically
increasing in both arguments. Therefore, there exists a function Z;(u), defined by Z;(u) =
inf{v > 0: f(u,v) > t}, such that for It(B(l),i) and Zt(,B( 1)), we have,

P(M; >t,M; >t) = P{B@),i > It(B(l),i)7B(2),j > It(B(l),j)}'
Note that the bias satisfies
VBl < valBLlle < VAIEG ¢ x — S5 ¢ Il xx 1218112
832, /log(1/5
\/ﬁ—g(/)) — o(1),

= Op( ne
where we use Wigner’s semicircle law and the conditions in Theorem 3. By the Lipschitz

continuity of f(u,v), we have

P{Bay > Ze(Byi): Broyj > Te(Bay)t = P{Byi ))
> Ty(Bayi), By — 5(( )) > T(By;)} + op(1).

Note that the joint distribution of (ﬁ(o) , ﬁ ) is bivariate normal conditional on Nxx. By
Theorem 1 in Azriel and Schwartzman (2015) for any t1,t2 € R,

P(B2); — 5(((2)))1 > 11, B2y — B§§§j>t2)
—P(Byi — By); > t1)P(By; — Blg); > t2) < O(RY)).
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Therefore,

> Cov{1(M; > t),1(M; > )} < Op(py | RS 4l11) + 0p(1)
1,jESNAi#]
<0, (g 2p%) + 0p(1) "= 0.

=
Stol

By Markov’s inequality,
IGY(t) — GO(t)| — 0.

Similarly, we have
~ 1
VOo(t) — -~ > P(M; < —t)| = 0.
0 jeSNA

Using the fact that the bias satisfies HBE;;HOO = 0,(n"'/?), we obtain

P(M; >t) = P{B@),j > It(@(l),j)} = P{B((;))] > It(B(O),j)} + op(1)
=P{Bly); < ~Ti(Buys)} + op(1),

for j € SN A, where the last equality follows from the symmetry of B((g)) ,, under the null.

Therefore, we conclude that
V(1) = Gy(t)] =0

Thus, by algebra, we have

sup |[FDP(t) — FDP*(t)| = 0,(1).
0<t<1

For any c € (0,q) and t,_. satisfying P{FDP*(¢,—.) < ¢ — ¢} — 1, we obtain
P(ry < tg—c) > P{FDP*(t4—c) < ¢}
> P{FDP(t;—c) < q — ¢, [FDP*(t4—.) — FDP(t;—.)| < ¢} (13)
>1—-c+o(1),

where the first inequality follows from the definition of ¢,. It then follows that

lim sup E{FDP(7;)} < limsup E{FDP(7;) | 7y < tq—c}P(1q < tg—c) +P(1q > tg—c)

n—oo n—oo

<limsup E{FDP?*(7y) | 74 < tg—c}P(7q < tg—c)

n—oo

+ limsup E{|FDP(7;) — FDP®(7)| | 7y < tq—c}P(7q < tg—c)
n—oo

+ lim sup E{|[FDP?*(7,) — FDP®(1,)| | 7y < tg—c}P(1y < tq—c) +c¢

n—oo

< limsup E{FDP?*(r,)} + lim sup E{|[FDP(7,) — FDP®(7,)|}
n—oo n—oo

+ lim sup E{|[FDP*(7;) — FDP®(7,)|} + ¢+ o(1) < g+ c+ o(1),
n—oo

where the first inequality uses the law of total expectation, the second applies the triangle
inequality, and the third follows from inequality (13).
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So far, we have shown that limsup,,_, ., FDR(7;) < ¢. Next, we consider the power of
the procedure. Recall that the bias of the DP-OLS estimator satisfies:

18 — Blloo < 185) oo + 18]l
< 18D oo + 1Dl
< O{\/log(5)/n + /310g(1/0) log(n) / (ne) + 8*/*/10g(1/0)/ (ne)},

with probability at least 1 — exp(—log(n)), where we apply the large deviation theorem to

> iep, Tici/(n/2) and Nxy, and use the bias bound of B(%)) Under the additional signal
strength condition, we have

. A . > A -,
2Pl 2 g

By the sure screening property, we also have
min |55 > max |51 4.
€S €S

By the definition of f(u,v), it follows that min;csn4 [M;| > max;cg5- 4 |M;|. Consequently,
we have G%,(Tq) — 1 with probability approaching one, and therefore, the power asymptot-
ically converges to one. |

Appendix B. Additional Numerical Results

B.1 Simulation Results for DP-BIC

We evaluate the finite-sample performance of the proposed DP-BIC procedure in Algorithm
2, focusing on its selection properties and estimation accuracy for debiased inference. The
simulation settings are identical to those described in Section 6.1.1, using the identity co-
variance matrix. The privacy parameter for each coordinate is ¢ = 2 and § = 1/n!!. To
assess parameter selection, we compute the proportion of correctly identified true features,
the average number of falsely selected zero coefficients, and the mean squared error ||3—3||2
for the selected model, following the evaluation criteria used by Fan and Tang (2013). We
examine the performance of DP-BIC under varying sample sizes and signal strengths, which
are two critical factors in model selection.

Figure 4 presents simulation results evaluating the performance of the proposed DP-
BIC procedure in terms of feature selection and estimation accuracy across varying sample
sizes. The left panel shows the proportion of true non-zero features correctly identified,
demonstrating that selection accuracy improves as the sample size increases. When the
sample size is small (n = 500), the proposed procedure fails to recover the true coefficients
due to the large sample requirement imposed by DP. In contrast, when the sample size
is large (n = 2000), the procedure successfully identifies all the true coefficients. The
middle panel displays the average number of false positives. Note that the true non-zero
features are So = 1,2, 3, and the proposed DP-BIC selects 2X features. Thus, the proposed
method tends to select K = 1 when the sample size is smaller than 1500, and tends to
select K = 2 when the sample size is larger than 1500. As a result, we see the average
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Figure 4: Simulation results evaluating the performance of the DP-BIC procedure for vary-
ing sample sizes. The three panels display: (left) the proportion of true non-zero
features correctly identified, (middle) the average number of false positives, and
(right) the mean squared error. Error bars represent +2 standard errors across
100 simulation replications.

number of false positives decrease first, and increase to 1 as the sample size continues to
increase, because 22 —3 = 1. The right panel illustrates the mean squared error between the
estimated and true coefficients, which consistently decreases with increasing sample size,
reflecting improved estimation accuracy. These results collectively confirm that the DP-BIC
procedure becomes more reliable and accurate with larger sample sizes, aligning with the
findings of Fan and Tang (2013) for the non-private BIC.

Figure 5 presents simulation results evaluating the performance of the proposed DP-
BIC procedure across varying signal strengths. Instead of evaluating the mean squared
error, we assess the relative mean squared error defined as |8 — B|3/|8|3. The trends
for the proportion of true non-zero features correctly identified and the average number
of false positives are similar to those observed in Figure 4. As signal strength increases,
selection becomes more accurate, consistent with the findings of Fan and Tang (2013) for
the non-private BIC. The right panel illustrates the relative mean squared error between the
estimated and true coefficients, which consistently decreases with increasing signal strength.
Given a fixed privacy budget, higher signal strength improves both selection accuracy and
relative estimation efficiency.

B.2 Additional Real Data Example: Parkinson’s Telemonitoring

For real data applications, we demonstrate the performance of the proposed differentially
private algorithms in analyzing the Parkinson’s Disease Progression data (Tsanas et al.,
2009). In clinical diagnosis, assessing the progression of Parkinson’s disease (PD) symptoms

47



ZHANRUI CAI, SAI L1, XINTAO XIA, LINJUN ZHANG

1.00

0.75 15

0.75

0.50 1.0

0.50

0.25 05

Relative Mean Squared Error

Proportion of True Non—-Zero Features
Average Number of False Positives

0.00 0.0
04 06 08 1.0 04 06 08 1.0 04 06 08 1.0

Signal Strength

Figure 5: Simulation results evaluating the performance of the DP-BIC procedure under
varying signal strengths. The three panels display: (left) the proportion of true
non-zero features correctly identified; (middle) the average number of false pos-
itives; and (right) the mean squared error. Error bars represent +2 standard
errors computed over 100 simulation replications.

typically relies on the Unified Parkinson’s Disease Rating Scale (UPDRS), which necessi-
tates the patient’s physical presence at the clinic and time-consuming physical evaluations
conducted by trained medical professionals. Thus, monitoring symptoms is associated with
high costs and logistical challenges for patients and clinical staff. This dataset aims to track
UPDRS by noninvasive speech tests. However, it is crucial to protect the privacy of each
patient’s data, as any unauthorized disclosure could lead to potential harm or trouble for
the participants. By ensuring privacy protection, individuals are more likely to contribute
their personal data, facilitating advancements in Parkinson’s disease research.

The data collection process involved the utilization of the Intel AHTD, a telemonitoring
system designed for remote, internet-enabled measurement of various motor impairment
symptoms associated with Parkinson’s disease (PD). The research was overseen by six U.S.
medical centers, namely the Georgia Institute of Technology (seven subjects), the National
Institutes of Health (ten subjects), Oregon Health and Science University (fourteen sub-
jects), Rush University Medical Center (eleven subjects), Southern Illinois University (six
subjects), and the University of California, Los Angeles (four subjects). A total of 52 indi-
viduals diagnosed with idiopathic PD were recruited. Following an initial screening process
to eliminate flawed recordings (such as instances of patient coughing), a total of 5923 sus-
tained phonations were subjected to analysis. In total, 16 dysphonia measures were applied
to the 5923 sustained phonations. Tsanas et al. (2009) proposed using a linear model and
did not consider privacy issues.
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B.2.1 DEBIASED INFERENCE

To evaluate the performance of our proposed differentially private inference algorithm 4
in high-dimensional settings, we add 5,000 random features generated independently and
identically from the standard normal distribution. Therefore, the dataset comprises a sam-
ple size of n = 5,923 with covariates having a dimension of p = 5,016, where the first 16 of
these covariates represent real features.

We consider the following three methods: the oracle method, the proposed differentially
private algorithm, and the non-private debiased Lasso (van de Geer et al., 2014). The oracle
method uses only the 16 real features, while the proposed algorithm and the debiased Lasso
utilize all 5,016 features. The privacy parameters are ¢ = 0.5 and § = 1/n'!. Figure 6
displays the confidence intervals for the 16 real features obtained from the three methods.
Overall, the private confidence intervals consistently cover the estimates obtained from the
oracle method and the debiased Lasso. The private confidence intervals exhibit substantial
overlap with the confidence intervals from both the oracle method and the debiased Lasso.
However, due to the privacy costs, the width of the proposed confidence intervals is slightly
larger than the confidence intervals from the debiased Lasso.

_ Method

0.54 o OLS

A S, B g Bl

-0.51

age  sex test_timelitter Abs PPQ5Shimmer dB APQ5 APQ11 DDA NHR1 HNR2 RPDE DFA PPE

Figure 6: The 95% confidence interval of OLS, nonprivate debiased Lasso (NP), and pro-
posed Algorithm 4 with finite sample correction (DP).

B.2.2 FDR CONTROL

Next, we evaluate the performance of the private FDR control algorithm proposed in Section
5 on the Parkinson’s Disease Progression data. We add 100 random features generated
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independently and identically from N (0, 1). The proposed algorithm is compared with the
non-private data splitting algorithm by Dai et al. (2022) and the knockoff by Barber and
Candes (2015). We use equal-sized data splitting. The results are reported in Figure 7,
where the target FDR is set to 0.1 and 0.3, respectively. The proposed method exhibits
a notable number of discoveries within the real features while registering only a minimal
number of false discoveries among the random features, compared to knockoff and non-
private data-splitting methods.

Target FDR: 0.1 Target FDR: 0.3

Categoty

154 . Feature 154

. Noise 2

104 104

count
count

0+ 0+

DP knockoff NP DP knockoff NP

Figure 7: Numbers of the discovers for Algorithm 5 (DP), the non-private version (NP),
and the knockoff at target FDR=0.1 and 0.3.

We further report the selected features at the target FDR level of ¢ = 0.1 in Table
5. There is substantial overlap among the three methods, with several features being con-
sistently selected. For instance, age, Jitter, Abs, HNR2, DFA, and PPE are all chosen
by all three methods. For Parkinson’s disease (PD), which is the second most prevalent
neurodegenerative disorder among the elderly, age is the most crucial risk factor. Numer-
ous medical studies underscore the pivotal role of age as the single most significant factor
associated with PD, as documented by Elbaz et al. (2002). Furthermore, Jitter and Abs
are commonly employed to characterize cycle-to-cycle variability in fundamental frequency,
while HNR (Harmonics-to-Noise Ratio) is an essential feature in speech processing tech-
niques. Detrended Fluctuation Analysis (DFA) and Pitch Period Entropy (PPE) represent
two recently proposed speech signal processing methods, both of which exhibit a strong
correlation with PD-dysphonia, as highlighted in Little et al. (2008). In addition to these
commonly selected features, the proposed method also identifies shimmer and DDA, which
are frequently used to describe cycle-to-cycle variability in amplitude. Shimmer and DDA
are also endorsed as relevant features in clinical studies by Tsanas et al. (2009). The fea-
tures identified by our proposed method receive substantial clinical support, with a privacy
guarantee for the individual patients.
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feature age sex test_time  Jitter Abs
knockoff v v v v
Non-Private v v v v v
DP-FDR v v v
feature APQ5 APQI11 DDA NHR1 HNR2
knockoff v v v
Non-Private v v v v
DP-FDR v v
feature PPQ5 Shimmer dB RPDE DFA
knockoff v
Non-Private v
DP-FDR v v
feature PPE

knockoff v

Non-Private v

DP-FDR v

Table 5: Selected Real Feature for Algorithm 5 (DP), the non-private version (NP), and
the knockoff at target FDR=0.1.

Appendix C. Useful Tools in Differential Privacy
Lemma 10 (Dwork and Roth (2014)).

1. (Laplace mechanism): For a deterministic algorithm T (-) with 1y sensitivity A1(T),
the randomized algorithm M(-) := T (-) + & achieves (g, 0)-differential privacy, where
€= (&1,...,&n)" follows i.i.d. Laplace distribution with scale parameter A1(T)/e.

2. (Gaussian mechanism): For a deterministic algorithm T (-) with ly sensitivity Ao(T),
the randomized algorithm M(-) := T (-) + &€ achieves (e, d)-differential privacy, where
€= (&1,...,&n)T follows i.i.d. Gaussian distribution with mean 0 and standard devi-

ation /210g(1.25/0)As(T)/e.
Lemma 11. Differentially private algorithms have the following properties (Dwork et al.,
2006):

1. Post-processing: Let M(-) be an (e,6)-DP algorithm and f(-) be a deterministic func-
tion that maps M(D) to real Euclidean space, then f(M(D)) is also an (e,d)-DP

algorithm.

2. Composition: Let M(-) be (e1,01)-differentially private and Ma(-) be (g2, 62)-differentially
private, then My o Ma(-) is (e1 + €2, 1 + 02)-differentially private.

3. Advanced Composition: Let M(-) be (g,0)-differentially private and 0 < §' < 1, then
k-fold adaptive composition of M(-) is (g',d")-differentially private for ' = ke(e® —

1) + 1/2k log(1/).
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