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Abstract

Neural collapse (NC) is a phenomenon that emerges at the terminal phase of the training
(TPT) of deep neural networks (DNNs). The features of the data in the same class collapse
to their respective sample means and the sample means exhibit a simplex equiangular tight
frame (ETF). In the past few years, there has been a surge of works that focus on explaining
why the NC occurs and how it affects generalization. Since the DNNs are notoriously
difficult to analyze, most works mainly focus on the unconstrained feature model (UFM).
While the UFM explains the NC to some extent, it fails to provide a complete picture of
how the network architecture and the dataset affect NC. In this work, we focus on shallow
ReLU neural networks and try to understand how the width, depth, data dimension, and
statistical property of the training dataset influence the neural collapse. We provide a
complete characterization of when the NC occurs for two or three-layer neural networks.
For two-layer ReLU neural networks, a sufficient condition on when the global minimizer of
the regularized empirical risk function exhibits the NC configuration depends on the data
dimension, sample size, and the signal-to-noise ratio in the data instead of the network
width. For three-layer neural networks, we show that the NC occurs as long as the first
layer is sufficiently wide. Regarding the connection between NC and generalization, we
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show the generalization heavily depends on the SNR (signal-to-noise ratio) in the data:
even if the NC occurs, the generalization can still be bad provided that the SNR in the
data is too low. Our results significantly extend the state-of-the-art theoretical analysis of
the NC under the UFM by characterizing the emergence of the NC under shallow nonlinear
networks and showing how it depends on data properties and network architecture.

Keywords: Neural Collapse, Constrained Feature Model, Gaussian Mixture Model, Gen-
eralization

1. Introduction

Deep neural networks have achieved tremendous success in the past few years in a variety of
applications He et al. (2016); LeCun et al. (2015). However, the mystery behind deep neural
networks and deep learning remains far behind its significant applications in practice. In
this work, we will focus on a phenomenon called neural collapse (NC) that was observed
in Papyan et al. (2020) that some particular structures emerge in the feature representation
layer and the classification layer of DNNs in the TPT regime for classification tasks when
the training dataset is balanced.

To make our discussion more precise, we consider an L-layer feedforward neural network
in the form of

hℓ+1(x) = σ(W⊤
ℓ hℓ(x) + bℓ), 1 ≤ ℓ ≤ L− 1, (1.1)

where Wℓ and bℓ are the weight and bias on the ℓ-th layer, and the output after L−1 layers
goes through the last linear layer gives W⊤

L hL(x) which is used for classification. Here σ(·)
is a nonlinear activation function such as ReLU activation and sigmoid function.

From now on, we always set W := WL, i.e., the linear classifier on the last layer,
and let hθ(x) := hL(x) be the feature map of the data point x where θ represents all
the parameters {(Wℓ, bℓ)}L−1

ℓ=1 . Given the training data {(xi,yi)}Ni=1, the model training
reduces to the empirical risk minimization:

RN (W ,θ) :=
1

N

N∑
i=1

ℓ(W⊤hθ(xi),yi)

where W ∈ RD×K , hθ(x) : Rd → RD is a feature map and ℓ(·, ·) is a loss function such
ℓ2-loss and cross-entropy (CE) loss.

Suppose the training dataset consists of K classes with equal size {xki}1≤i≤n,1≤k≤K ,
i.e., each class contains exactly n points, and the label yk = ek is a one-hot vector. Then
at the nearly final stage of training, the linear classifier and features exhibit the following
structures Papyan et al. (2020) NC1-NC3:

• NC1 variability collapse: the features of the samples from the same class converge to
their mean feature vector, i.e.,

hki := hθ(xki) −→ h̄k :=
1

n

n∑
i=1

hθ(xki), 1 ≤ i ≤ n, 1 ≤ k ≤ K,

as the training evolves where hki is the feature of the i-th data point in the k-th class.
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• NC2 convergence to the simplex ETF: these feature vectors form an equiangular tight
frame (ETF), i.e., they share the same pairwise angles and length;

[⟨h̄k, h̄k′⟩]k,k′ ∝ IK − JK/K

where IK and JK are the K ×K identity and constant “1” matrices respectively.

• NC3 convergence to self-duality: the weight of the linear classifier converges to the
corresponding feature mean (up to a scalar product):

W⊤W ∝ H̄⊤H̄

where H̄ ∈ RD×K consists of the mean feature vectors {h̄k}Kk=1.

These empirical findings have sparked a series of theoretical works that try to explain
the emergence of the NC in the training of DNNs. The key question is to understand when
neural collapse occurs and how the neural collapse is related to the generalization. Starting
from E and Wojtowytsch (2022); Fang et al. (2021); Lu and Steinerberger (2022); Mixon
et al. (2022), a thread of works considers the unconstrained feature model (UFM) or the
layer peeled model to explain the emergence of neural collapse. The rationale behind UFM
relies on the universal approximation theorem Cybenko (1989); Hornik et al. (1989): over-
parameterize deep neural networks have an exceptional power to approximate many com-
mon function classes. Therefore, the expressiveness of the feature map hθ(x) is extremely
powerful so that it can be replaced by arbitrary vectors. Various versions of UFMs with
different loss functions and regularizations are proposed in these works E and Wojtowytsch
(2022); Mixon et al. (2022); Zhu et al. (2021); Fang et al. (2021); Dang et al. (2023a); Lu
and Steinerberger (2022); Tirer and Bruna (2022); Mixon et al. (2022); Yaras et al. (2022);
Zhou et al. (2022) including the NC on imbalanced datasets Fang et al. (2021); Hong and
Ling (2024); Dang et al. (2023a, 2024); Thrampoulidis et al. (2022). All the aforemen-
tioned works manage to find that the global minimizers of the empirical risk function under
the UFMs and the global minimizers indeed match the characterization of NC proposed
in Papyan et al. (2020) such as variability collapse NC1 and the convergence to simplex
ETF NC2−3. There are also some recent works trying to extend the UFMs to deep linear
neural networks Dang et al. (2023b); Garrod and Keating (2024) and also nonlinear ReLU
network Dang et al. (2024); Nguyen et al. (2023); Súkeńık et al. (2024); Tirer and Bruna
(2022). In particular, Tirer and Bruna (2022) shows that for two-layer ReLU networks with
nonlinear unconstrained features, the global minimizer to the empirical risk function with
ℓ2-loss matches the NC configuration. In Súkeńık et al. (2024), the authors prove that for
a binary classification task with deep unconstrained feature networks, the global minimum
exhibits all the typical properties of the NC. Another streamline of works focuses on an-
alyzing the dynamical side of neural collapse: whether the optimization algorithm such as
gradient descent converges to the NC Poggio and Liao (2021); Han et al. (2021); Ji et al.
(2022); Mixon et al. (2022); Tirer et al. (2023); Rangamani and Banburski-Fahey (2022).
For a review on the topic of neural collapse, the readers might refer to Kothapalli et al.
(2022). More recently, the combination of the dynamical NC property and general datasets
(without the UFM) has also been considered. Wang et al. (2023) proves the convergence
of deep linear networks to the NC architecture under the assumptions that the data are
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linearly separable and nearly orthogonal and that the network weights are balanced. Jacot
et al. (2024) proves the emergence of NC for deep networks with a pyramidal structure
in the NTK regime. The convergence to the NC configuration in three-layer networks is
discussed in the mean-field regime, with the network evolving along the gradient flow in Wu
and Mondelli (2025). The authors also show the collapsed model will generalize well if
the SNR of the training dataset is high. Also, the NC has been studied in the domain of
transfer learning Li et al. (2022); Galanti et al. (2021) and the relation between NC and
neural tangent kernel is discussed in Seleznova et al. (2024).

As the NC is rather challenging to understand for deep neural networks, the UFMs have
been a great surrogate to the complicated DNNs and make the theoretical analysis much
less difficult. However, the unconstrained feature model also has its obvious disadvantage:
by replacing h(x) with any vector, the resulting feature map actually has nothing to do
with the alignment of training data and labels. Consequently, the study of the NC under
UFMs is more or less equal to an analysis of optimization phenomenon. In addition, the
relation between input data and neural collapse remains unexplored yet but is the key to
understanding this intriguing phenomenon of NC Papyan et al. (2020); Yang et al. (2023).
Therefore, the UFMs do not seem to be suitable models to study the connection between
the generalization of DNNs and NC, as discussed in Hui et al. (2022).

To overcome the obvious limitations of UFMs, we take one step further to study the
NC under a more realistic setting: we focus on the shallow ReLU neural networks (with the
number of layers equal to L = 2 or 3) with a given dataset {(xi,yi)}Ni=1. In other words, we
will study the NC under a nonlinear feature model and more importantly, in the presence
of a general dataset. More precisely, our work aims to address a few important questions
regarding the emergence of NC and its connection to generalization:

Does the neural collapse occur for a sufficiently wide shallow network? (Question 1)

It is an interesting question since we believe that the family of two-layer neural networks
already has the property of universal approximation. Therefore, it is crucial to see if the
universal approximation of a two-layer neural network implies neural collapse, i.e., whether
the global minimizer to the regularized empirical risk minimization equals the ETF config-
uration.

Is the NC more likely to occur on a dataset with cluster structures? (Question 2)

The motivation behind this question arises from a simple observation: if the datasets are
highly separated, i.e., each data point is very close to its mean and far away from the data
in other classes, then intuitively the NC is more likely to happen than on purely random
noise. Therefore, it is natural to ask how the separation (which can be quantified by the
signal-to-noise ratio) determines the emergence of NC.

Does the emergence of the NC necessarily imply excellent generalization? (Question 3)

Intuitively, NC may help the generalization as the NC maps data in the same class to a
single point, and the classifier is simplified to a nearest class-mean decision rule, which is
related to the max-margin classifier Papyan et al. (2020) and implicit bias Behnia et al.
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(2023); Soudry et al. (2018). Thus, it is important to address the connection between NC
and generalization.

Motivation of focusing on shallow networks: We focus our analysis on shallow
networks in order to identify the simplest architectures capable of inducing NC and to
assess how far the assumptions of the UFM model can be relaxed. Shallow networks also
provide an analytically tractable framework, which enables us to derive explicit statistical
relationships between NC, network width, and dataset structure. This connection, to the
best of our knowledge, has not been established in prior work. Although deep, fully-trained
networks are more likely to exhibit NC due to their greater expressivity, their complexity
makes them much harder to analyze. Extending our theoretical framework to these richer
architectures remains an important direction for future research.

We summarize our main contribution as follows: we provide a new proof for the NC
under positive unconstrained ReLU feature model via convex optimization that is very
versatile and can potentially apply to many other unconstrained feature settings. More
importantly, we derive sufficient conditions for the NC under both general datasets and
Gaussian mixture model (GMM) for cross-entropy loss and ℓ2-loss: (a) we provide a com-
plete characterization of when the NC occurs for two-layer neural networks, i.e., when the
global minimizer exhibits the NC configuration. For a two-layer neural network, even if it
is sufficiently wide, the NC may not occur if the dimension of input data is not sufficiently
large. (b) If the data dimension is moderate, whether the NC occurs mainly depends on the
SNR in the data instead of the network width, which is fully elucidated under the GMM
as a benchmark example. For three-layer neural networks, we show that the NC occurs as
long as the first layer is sufficiently wide. (c) In addition, we show that under the Gaussian
mixture model, the generalization mainly depends on the SNR in the dataset even if the
NC occurs. Our results significantly extend the state-of-the-art works that mainly focus on
the unconstrained feature models.

1.1 Notation

We let boldface letter X and x be a matrix and a vector respectively; X⊤ and x⊤ are
the transpose of X and x respectively. The matrices In, Jn, and ek are the n× n identity
matrix, a constant matrix with all entries equal to 1, and the one-hot vector with k-th entry
equal to 1. Let

CK := IK − JK/K (1.2)

be the K × K centering matrix. For any vector x, diag(x) denotes the diagonal matrix
whose diagonal entries equal x. For any matrix X, we let ∥X∥, ∥X∥F , and ∥X∥∗ be the
operator norm, Frobenius form, and nuclear norm.

1.2 Organization

The following sections are organized in the following way. In Section 2, we start with
the model setting and then present our main theoretical results. In Section 3, we provide
numerical experiments to support our theoretical findings, and Section 4 justifies all our
theorems.
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2. Preliminaries and main theorems

In this work, we focus on the empirical risk minimization with activation regularization:

RN (W ,θ) =
1

N

N∑
i=1

ℓ(W⊤hθ(xi),yi) +
λW

2
∥W ∥2F +

λH

2
∥Hθ(X)∥2F (2.1)

where Hθ(X) = [h(x1), · · · ,h(xN )] ∈ RD×N is the aggregation of all features.

Throughout our discussion, we assume that the dataset is balanced, i.e.,

Y := IK ⊗ 1⊤n = [e1, · · · , e1︸ ︷︷ ︸
n times

, · · · , eK , · · · , eK︸ ︷︷ ︸
n times

] ∈ RK×Kn (2.2)

is the label matrix where each column represents the label of the corresponding data point,
and each class contains n samples. In particular, the mean feature matrix H̄ is given by

H̄ :=
1

n
HY ⊤ ∈ RD×K , h̄k :=

1

n

n∑
i=1

hki (2.3)

where h̄k is the k-th column of H̄. The regularization is crucial as it has been shown empir-
ically that without the regularization, the NC will not happen. In particular, Rangamani
and Banburski-Fahey (2022) has shown that without regularization, the DNN will interpo-
late the data but the features will not exhibit NC phenomenon. The reason for choosing
activation regularization instead of weight decay is due to the simplicities of analyzing the
activation regularization. We will leave the study of the role of weight decay to our fu-
ture research agenda. Before proceeding, we will need to formalize a concept about the
occurrence of neural collapse.

Definition 1 (Neural collapse occurs). We say the neural collapse occurs for the neural
network fW ,θ(x) = W⊤hθ(x) with data {(xki,yk)}1≤i≤n,1≤k≤K if there exists (W ,θ) such
that it is equal to the global minimizer of (2.1) and also it holds

Hθ(X) = H̄θ(X)⊗ 1⊤n , H̄θ(X)⊤H̄θ(X) ∝ IK , W⊤W ∝ IK − JK/K

i.e., the feature matrix Hθ(X) satisfies the within-class variability collapse and the mean
feature H̄θ(X) in (2.3) converges to an orthogonal frame.

Here are two important remarks about the definition. (a) The reason why we use the
convergence of the mean features to an orthogonal frame instead of a simplex ETF is because
of the nonnegativity of the ReLU feature discussed in this work, also see Dang et al. (2024);
Nguyen et al. (2023); Tirer and Bruna (2022); (b) This definition only concerns the global
minimizer to (1.1) and its NC properties, but we do not discuss whether an algorithm
(gradient descent or SGD) converges to a global minimizer, which is beyond the scope of
this work and will be investigated in the future. As (2.1) is quite challenging to analyze in
general, we will focus on the following special yet non-trivial models.
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Two-layer and three-layer ReLU network We consider the two-layer bias-free neural
network with ReLU activation function σReLU(x) = max{x, 0}, i.e., L = 2 or 3 in (1.1). For
two-layer neural networks, we have the empirical risk function as follows:

RN (W ,W1) =
1

N

N∑
i=1

ℓ(W⊤σReLU(W
⊤
1 xi),yi)+

λW

2
∥W ∥2F +

λH

2
∥σReLU(W

⊤
1 X)∥2F (2.4)

where W1 ∈ Rd×D, W ∈ RD×K , and X ∈ Rd×N . In addition, we also consider the three-
layer counterpart whose empirical risk function is given by

RN (W ,W1,W2) =
1

N

N∑
i=1

ℓ(W⊤σReLU(W
⊤
2 σReLU(W

⊤
1 xi)),yi)

+
λW

2
∥W ∥2F +

λH

2
∥σReLU(W

⊤
2 σReLU(W

⊤
1 X))∥2F

(2.5)

where W1 ∈ Rd×d1 , W2 ∈ Rd1×D, W ∈ RD×K , and X ∈ Rd×N . The two-layer neural
network (two-layer NN) has become one important model to study from a theoretical per-
spective as it is possibly the simplest nonlinear neural network. The convergence of gradient
descent and SGD in training two-layer neural networks has been discussed in Li and Yuan
(2017); Du et al. (2018) as well as in Mei et al. (2018); Rotskoff and Vanden-Eijnden (2022)
by using the mean-field analysis of shallow networks. Despite the shallowness, two-layer
neural networks have powerful approximation properties Cybenko (1989); Hornik et al.
(1989): the universal approximation theorem, which motivates the study of the uncon-
strained feature model or the layer-peeled model Fang et al. (2021); Zhou et al. (2022).
This inspires us to understand the NC phenomenon in shallow networks, especially when
the global minimizers to (2.5) include the NC configuration.

Unconstrained positive feature model One obvious difficulty to determine when the
NC occurs comes from the nonlinearity of (1.1) even if L = 2 or 3. Therefore, in most state-
of-the-art literature, a significant simplification of the nonlinear model (1.1) is to assume
the feature matrix H = σReLU(W

⊤
1 X) is unconstrained, i.e., H is any D×N nonnegative

matrix. We will also start with analyzing whether the NC occurs under the unconstrained
positive feature model (UPFM). Under ℓCE-loss function and unconstrained positive feature
model, we have

RN (W ,H) =
1

N
ℓCE(W

⊤H,Y ) +
λW

2
∥W ∥2F +

λH

2
∥H∥2F (2.6)

subject to H ≥ 0 where Y is defined in (2.2),

ℓCE(z, ek) = log
n∑

j=1

ezj − zk

and ek is a one-hot vector. The counterpart under ℓ2-loss is

RN (W ,H) =
1

2N
∥W⊤H − Y ∥2F +

λW

2
∥W ∥2F +

λH

2
∥H∥2F (2.7)
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subject to H ≥ 0. The study of the NC on (2.6) and (2.7) is the first step towards to
understanding the NC for two/three-layer neural networks (2.4) and (2.5). In fact, analyz-
ing (2.7) is quite straightforward as it is directly related to the singular value thresholding.
For (2.4), it is slightly more complicated but we will provide proof of the NC under UPFM
via convex relaxation.

2.1 NC under unconstrained feature model with general data

Now we present our first theorem that characterizes the NC under the unconstrained posi-
tive feature model for both ℓ2- and cross-entropy loss.

Theorem 2 (Neural collapse under unconstrained positive feature models). Under
the unconstrained positive feature model with a balanced dataset, the following holds.

(a) The global minimizer to (2.6) is given by

H⊤H = bY ⊤Y = bIK ⊗ Jn, W⊤W =
a2

b
(IK − JK/K),

W⊤H = a(IK − JK/K)Y ,

(2.8)

i.e., the mean feature H̄ is nonnegative and satisfies

H̄⊤H̄ = bIK , W⊤H̄ = a(IK − JK/K), W =
a

b
H̄(IK − JK/K) (2.9)

where Y is defined in (2.2),

b =

√
K − 1

nK
· λW

λH
a, a = max

{
log

(
(K − 1)

[√
1

nK(K − 1)
· 1

λHλW
− 1

])
, 0

}
In particular, a > 0 if √

n(K − 1)

K
> Knλ

where λ =
√
λWλH . Here (2.8) and (2.9) correspond to NC1 and NC2−3 of the UPFM

under cross-entropy loss.

(b) The global minimizer to (2.7) is given by

H⊤H =

√
λW

λH

(1−√
nKλ)+√
n

Y ⊤Y =

√
λW

λH

(1−√
nKλ)+√
n

IK ⊗ Jn,

W⊤W =

√
λH

λW
n1/2(1−√

nKλ)+IK , W⊤H = (1−√
nKλ)+Y

(2.10)

i.e., the mean feature H̄ ∈ RD×K is nonnegative and satisfies

H̄⊤H̄ =

√
λW

λH

(1−√
nKλ)+√
n

IK , W⊤H̄ = (1−√
nKλ)+IK , W =

√
nλH

λW
H̄

(2.11)
where λ =

√
λWλH and Y is defined in (2.2). Here (2.10) and (2.11) correspond to

NC1 and NC2−3 of the UPFM under ℓ2-loss.
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For part (a), the same result was obtained in Dang et al. (2024) for the unconstrained
positive feature model under imbalanced datasets. The proof of Theorem 2(a) is provided
in Section 4.1. Our approach relies on a convex relaxation of (2.6), where we derive the
solution via the KKT conditions and show that the collapsed solution is in fact the global
minimizer of the relaxation. Unlike the argument in Dang et al. (2024), our justification is
conceptually different and can be easily extended to the imbalanced case; for this reason,
we include a full proof here. For part (b), we impose the additional constraint H ≥ 0
compared with Tirer and Bruna (2022). Using a relaxation argument, it suffices to identify
a nonnegative H within the original solution set. For completeness, we provide a short
proof. From Theorem 2, it follows directly that the global minimizer exhibits both within-
class variability collapse and the convergence of class means to an orthogonal frame under
the unconstrained positive feature model.

Once we have a full characterization of the global minimizer to (2.6) and (2.7), we
will study whether the global minimizer exhibits the NC property for a given dataset
{(xi,yi)}Ni=1 and N = Kn. We begin with a two-layer neural network with ReLU acti-
vation, and the corresponding feature is exactly

H = σReLU(W
⊤
1 X) ∈ RD×N

where W1 ∈ Rd×D, and d and D are the dimensions of the input data and output features
respectively. Assume X = [X1, · · · ,XK ] ∈ Rd×Kn with Xk = [xk1, · · · ,xkn] ∈ Rd×n, i.e.,
Xk is the k-th class consisting of n points in Rd.

To see if the neural collapse occurs, Theorem 2 implies that we need to find out the
existence of W1 such that H = σReLU(W

⊤
1 X) = H̄Y with H̄ ≥ 0 and H̄⊤H̄ ∝ IK . Note

that for any nonnegative mean feature matrix H̄ with orthogonal columns, it satisfies

supp(h̄k) ∩ supp(h̄ℓ) = ∅.

where h̄k ≥ 0 and ∥h̄k∥ is constant over 1 ≤ k ≤ K. In other words, each row of H̄ ∈ RD×K

is a one-hot vector in RK multiplied by a nonnegative scaler. This reduces to show the
existence of a vector βk ∈ Rd such that

X⊤
k βk = 1n, X⊤

k′βk ≤ 0, ∀1 ≤ k′ ̸= k ≤ K, (2.12)

for each 1 ≤ k ≤ K, which is a linear feasibility problem. The answer depends on K, d and
n.

Our first result is quite general and applies to any dataset, and it concerns whether the
global minimizer to (2.4) contains the NC configuration, i.e., whether there exists W1 such
that H = σ(W⊤

1 X) = H̄ ⊗ 1⊤n for some H̄ ∈ RD×K
+ .

Theorem 3 (Neural collapse for general datasets). For any general dataset X, we
have the following results:

(a) Suppose X is not linearly separable, then the neural collapse does not occur.

(b) Suppose d ≥ Kn and moreover X⊤X is of rank Kn, and then (2.12) satisfies for any
1 ≤ k ≤ K.
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(c) Suppose d < n and X⊤
k does not contain 1n in its range, then the neural collapse will

not occur.

Theorem 3 specifies conditions on d and n under which the occurrence of NC is de-
terministic. In particular, case (b) corresponds to the setting where the data are linearly
separable—an assumption commonly adopted in the deep learning literature to simplify
analysis (e.g., Wang et al. (2023)). In this case, even a linear classifier suffices to induce
collapsed solutions. Another interesting implication of Theorem 3 is that even if the neural
network is extremely wide, NC may not happen if the input dimension d is too small, which
answers Question 1. The proof is very simple and thus we present it here.

Proof of Theorem 3. For (a), we prove it by contradiction. Suppose the neural collapse
occurs, then

X⊤
k βk = 1n, X⊤

k′βk ≤ 0, ∀k′ ̸= k.

It means the k-th clusterXk is separated from the rest by the hyperplane {x : ⟨x,βk⟩ = 1/2}
for all k. Therefore, if the linear separability fails to hold, then the neural collapse will not
occur. For (b), suppose X is of rank Kn, then the range of X is of dimension Kn and
definitely contains a vector such that (2.12) holds. For (c), suppose X⊤

k does not 1n in its
column space, then the first equality in (2.12) cannot hold.

2.2 NC and SNR

Therefore, the more interesting scenario is n < d ≤ Kn as when the input data dimension
is greater than the data size, i.e., d > Kn, it is very likely that the NC will occur due to
the linear feasibility in (2.12). To have a concrete discussion on the NC with d < Kn, we
consider the Gaussian mixture model with K classes:

Xk = µk1
⊤
n + σZk ∈ Rd×n.

We start with a two-layer neural network with a Gaussian mixture model (GMM) of two
clusters and then extend to the K-class scenario. The goal is to see how the signal-to-noise
ratio (SNR) in the data affects the NC. The data are assumed in the following form:

X⊤ :=

[
X⊤

1

X⊤
2

]
:=

[
1nµ

⊤
1 + σZ1

1nµ
⊤
2 + σZ2

]
∈ R2n×d

where µ1 and µ2 are the cluster centers, and each cluster consists of n samples in Rd.

Theorem 4 (Neural collapse for GMM with two clusters). Let 0 < ε < 1, 2n ≥
d > n + Cε−2 log n, and θ be the angle between µ1 and µ2. With probability at least
1−O(n−1), (2.12) is feasible, i.e., the global minimizer to the empirical risk is given by the
NC configuration under either scenario below:

• For cos θ < −4ε/(1− ε)2, i.e., θ > π − arccos(4ε/(1− ε)2), then

σ ≲ (1− ε)

√
d− n

d log n
min{∥µ1∥, ∥µ2∥}. (2.13)

10
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• For cos θ > −4ε/(1− ε)2, i.e., θ < π − arccos(4ε/(1− ε)2), then

σ ≲ (1− ε)

√√√√ d− n

d log n

(
1−

(
| cos θ|+ 4ε

(1− ε)2

)2
)
min{∥µ1∥, ∥µ2∥}. (2.14)

In particular, if µ1 = −µ2 = µ, i.e., θ = π, then

σ

∥µ∥ ≲ (1− ε)

√
d− n

d log n
,

then neural collapse occurs with probability at least 1 − O(n−1). Suppose d ≥ 2n, (2.12) is
feasible with probability 1, i.e., the neural collapse occurs.

In other words, if σ is sufficiently small, then even if d < 2n, the neural collapse still
occurs. Now we proceed to consider data that satisfy the GMM with K classes, i.e.

X⊤ :=

X
⊤
1
...

X⊤
K

 :=

 1nµ
⊤
1 + σZ1
...

1nµ
⊤
K + σZK

 ∈ RKn×d (2.15)

where {Zk}Kk=1 are K i.i.d. n× d Gaussian random matrices.
We define the mean vector matrix by

Π = [µ1,µ2, · · · ,µK ]⊤ ∈ RK×d.

Also, we assume Π is a matrix of full row rank. If it is not full rank, we simply pick the
maximum independent set of {µ}Kk=1, and then the theorem above with K = 2 generalizes
to the K-class case.

Theorem 5 (Neural collapse for GMM with K clusters). For the GMM with K
clusters, the following holds.

(a) Suppose Π is full rank, d− n ≥ CK2 log n, and

σ ≲

√
d− n

d log(Kn)
· σmin(Π)√

K − 1
, (2.16)

then there exists a global minimizer to the empirical risk minimizer which is given by
the NC configuration with probability at least 1−O(n−1).

(b) Suppose

d

n
≥ K + 1

2
+ 2

√
(K − 1) log n

n
+

K + 2 log n

n
, (2.17)

then the neural collapse occurs with a high probability of least 1−O(n−1).

(c) Suppose d ≥ Kn, then the neural collapse occurs with probability one since X is of rank
Kn.

11
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Theorem 4 and 5(a) provide an answer to Question 2. If the data has a cluster structure,
i.e., σ is small compared with ∥µ∥, the NC is more likely to occur. The proof follows
from constructing a vector that satisfies (2.12) with high probability by using the union
bound. Theorem 5(b) implies that for the GMM, d ≥ Kn is not necessary to guarantee the
emergence of the NC and in fact d ≥ (K + 1)n/2 suffices. The main technique is to first
reformulate the feasibility of (2.12) as a problem of finding the maximum of a Gaussian
process. Then we apply Gordon’s bound to find a sharp upper bound of the Gaussian process
and obtain Theorem 5(b). The proofs of Theorem 4 and 5 are provided in Section 4.2.

Building on GMM models, Theorems 4 and 5 establish precise statistical relationships
among data SNR, sample size, and dimension, which cannot be derived under UFM settings.
While the GMM model is admittedly specific, it illustrates the broader principle that NC
emerges more readily in data with higher SNR. Furthermore, the results of these theorems
extend naturally to unbalanced datasets, since the proofs do not rely on class balance. The
only change is that the global minimizer of the unconstrained positive feature model shifts
slightly, depending on the relative sizes of the classes.

Note that Theorem 3 provides a negative answer to Question 1 for two-layer neural
networks. However, things become interesting if we turn to three-layer neural networks
with the feature map matrix equal to

H(X) = σReLU

(
W⊤

2 σReLU

(
W⊤

1 X
))

(2.18)

where W1 ∈ Rd×d1 and W2 ∈ Rd1×D, and X ∈ Rd×N represents a dataset of N points. The
question of whether there exists W1 and W2 such that H(X) = H̄ ⊗ 1⊤n can be simplified
to a two-layer scenario: it suffices to consider a random feature model: each W1 ∈ Rd×d1

is assumed to be i.i.d. N (0, 1/d1). In other words, for a given input x ∈ Rd, the output
through the first layer σReLU(W

⊤
1 x) ∈ Rd1 exactly satisfies truncated normal distribution.

Based on Theorem 3, to induce the NC, it suffices to ensure that σReLU(W
⊤
1 X) is of

rank N = Kn for a sufficiently large d1, which is guaranteed by the following theorem.

Theorem 6 (Neural collapse for three layer random feature network). Suppose
{x1, · · · ,xN} is a given dataset with any pair of them non-parallel and ∥xi∥ = 1. Given a
three-layer network with feature map (2.18) and W1 is i.i.d. N (0, 1/d1), if we have

d1 ≳
∥X∥4

λ2
min(H∞)

·N logN

where H∞ is the kernel matrix that equals:

[H∞]ij = Ez∼N (0,Id)

(
σReLU(⟨z,xi⟩)−

√
2

π

)(
σReLU(⟨z,xj⟩)−

√
2

π

)
.

Then, with probability at least 1−O(N−2), the nonnegative matrix σReLU

(
W⊤

1 X
)
∈ Rd1×N

is of full column rank. Hence, Theorem (3)(b) implies that neural collapse occurs.

In other words, Question 1 has a positive answer (the NC will occur) as long as the
neural network has a depth of more than 2 and the first layer is sufficiently wide with width
d1 ≳ N logN . The proof of Theorem (6) consists of two main steps. First, we prove that

12
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H∞ is positive definite, i.e., λmin (H∞) > 0. Then, we apply concentration inequalities to

control the spectral deviation between d−1
1

(
σReLU

(
W⊤

1 X
))⊤

σReLU

(
W⊤

1 X
)
and H∞ to

prove σReLU

(
W⊤

1 X
)
is full rank. The details are presented in Section 4.3.

Note that in Theorem 6, the random feature model serves to guarantee both a large
ambient dimension and the presence of non-parallel pairs after the first layer. This condition
should be naturally satisfied in a trained network with a comparable number of parameters,
provided the dataset does not contain parallel training samples across different classes.
Thus, the random feature model is used only as a constructive device for the proof; the
results are expected to extend to general three-layer networks with a first layer of comparable
width.

2.3 NC and generalization

This section is devoted to Question 3: if NC occurs, does it necessarily imply good gener-
alization? To understand this question, we consider the task of binary classification for a
two-layer ReLU network. In particular, throughout the discussion in this section, we will
focus on the best misclassification error a simplified two-neuron classifier can achieve in the
presence of the NC. We need to make some preparations before proceeding to our main
results.

Data model: For the data generative model, we assume they are sampled from GMM
with two clusters and the mean vectors are opposite:

x = ξµ+ σz, z ∼ N (0, Id) (2.19)

where ξ is a Rademacher random variable and the training data are

X⊤ =

[
1nµ

⊤

−1nµ
⊤

]
+ σZ ∈ R2n×d (2.20)

where ±µ ∈ Rd denotes the class mean and Z ∈ R2n×d is a Gaussian random matrix.

Model under the NC: We now consider the generalization ability for a trained model
that exhibits neural collapse:

fθ(x) = W⊤σReLU(W
⊤
1 x) (2.21)

where W1 ∈ Rd×D and W ∈ RD×2. We denote the i-th column of W1 by βi, 1 ≤ i ≤ D
and the k-th column of W by αk, 1 ≤ k ≤ 2. We first try to rewrite (2.21) by exploiting
the information of NC. Under the feature collapse NC1, we have

σReLU(W
⊤
1 xki) = h̄k, ∀ 1 ≤ k ≤ 2, 1 ≤ i ≤ n,

where xki is the i-th sample in the k-th class and h̄k ∈ RD
+ is the mean feature for the class

k. Based on Theorem 2(a), we have ⟨h̄1, h̄2⟩ = 0 and ∥h̄1∥ = ∥h̄2∥, and thus

W = [α,−α], α := α1 = −α2 ∝ h̄1 − h̄2, supp(h̄1) ∩ supp(h̄2) = ∅ (2.22)

since W⊤[h̄1, h̄2] ∝ I2 − J2/2 and W ∝ [h̄1, h̄2](I2 − J2/2) = [h̄1 − h̄2, h̄2 − h̄1] ∈ RD×2.

13
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We denote S1 = {i : h1i ≥ 0,h2i = 0, 1 ≤ i ≤ D} and S2 = {1, · · · , D} \ S1, and then
the classifier becomes

fθ(x) =
∑
i∈S1

αiσReLU(⟨βi,x⟩)−
∑
i∈S2

αiσReLU(⟨βi,x⟩) (2.23)

where αi > 0 for i ∈ S1 and αi < 0 otherwise. Suppose x is sampled from the first class,
i.e., x = µ + σz, then fθ(x) produces a correct classification if fθ(µ + σz) > 0 and thus
to upper bound the misclassification error, we need to control Pr(fθ(µ + σz) < 0). This
quantity is too complicated to compute exactly because the actual βi is unknown and fθ(·)
involves the sum of D terms.

Simplification to a two-neuron classifier: We simplify it by considering the perfor-
mance of a two-neuron classifier:

f(x) = σReLU(β
⊤
1 x)− σReLU(β

⊤
2 x) (2.24)

and study whether it is able to correctly classify a given data point. This simplification
follows from two observations: (a) this two-neuron classifier is a reduced form of (2.23) by
setting both |S1| = |S2| = 1; (b) to achieve a good generalization performance on binary
classification on the data sampled from GMM, it suffices to find one single hyperplane that
is able to separate the two classes. Hence, understanding the generalization of this simple
model sheds some light on the general D-neuron case.

Our analysis of the two-neuron classifier relies on our understanding on the output of a
single neuron: gβ(x) := σReLU(β

⊤x) and consider

C1 := {β : X⊤
1 β = 1n, X⊤

2 β ≤ 0}, C2 = {β : X⊤
2 β = 1n, X⊤

1 β ≤ 0}, (2.25)

i.e., for any β ∈ C1, gβ(x) maps the first class of training data to 1 and the second class
to 0 which means the feature is collapsed. A similar counterpart holds for β ∈ C2. In other
words, for βk ∈ Ck, then f(x) in (2.24) achieves the feature variability collapse.

To estimate the misclassification of (2.24), we start with the misclassification of gβ(x)
for β ∈ Ck. First note that for any β ∈ C1, it holds that

1

2

[
Pr(gβ1(µ+ σz) ≤ 0) + Pr(gβ1(−µ+ σz) > 0)

]
=

1

2

[
Pr(⟨µ+ σz,β1⟩ ≤ 0) + Pr(⟨−µ+ σz,β1⟩ > 0)

]
=

1

2
Pr

z∼N (0,1)

(
|z| ≥ ⟨µ,β1⟩

σ∥β1∥

)
= Φ

(
−⟨µ,β1⟩

σ∥β1∥

)
where Φ(·) is the c.d.f. of standard normal distribution. Similarly for β2 ∈ C2, then
1

2

[
Pr(gβ2(µ+σz) > 0)+Pr(gβ2(−µ+σz) ≤ 0)

]
=

1

2
Pr

z∼N (0,1)

(
|z| ≥ −⟨µ,β2⟩

σ∥β2∥

)
= Φ

(⟨µ,β2⟩
σ∥β2∥

)
.

Therefore, under the NC, the best generalization and misclassification error of (2.24) is
closely related to the global maximum of the following problems:

max
β∈C1

⟨µ,β⟩
∥β∥ and max

β∈C2
−⟨µ,β⟩

∥β∥ . (2.26)

The following theorems provide an estimation of (2.26) in two different regimes.
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Theorem 7. Consider the data sampled from (2.20) and the following statements hold true:

(a) Suppose d− n+ 1 > Cε−2 log n and

σ

∥µ∥ ≲ (1− ε)

√
d− n+ 1

d log n
, (2.27)

then with probability at least 1−O(n−1) there exists β ∈ Rd×D that can induce (2.25).
Moreover, we have

min
β∈C1

Φ

(
−⟨µ,β⟩

σ∥β∥

)
≲ n−2, min

β∈C2
Φ

(⟨µ,β⟩
σ∥β∥

)
≲ n−2.

(b) For d ≥ 2n log n, then the following holds

min
β∈C1

Φ

(
−⟨µ,β⟩

σ∥β∥

)
, min

β∈C2
Φ

(⟨µ,β⟩
σ∥β∥

)

≥ 1− Φ

( n

2d

(
s3e−

1
2s2√

2π
+ s2 + 1− (c1s

2 + c2s)

√
log n

n

)
+ s2

)−1/2
 ,

(2.28)

where s = σ/∥µ∥, and c1 and c2 > 0.

Theorem 7(a) focuses on the estimation of (2.26) in the low-noise regime while Theo-
rem 7(b) concerns the regime when d is sufficiently large and the NC always occurs. Note
that Theorem 7(a) does not rely on the simplified two-neuron model. In this case, we
explicitly construct a parameter set that induces collapse while still achieving good gener-
alization. To recover the original model, one can simply set the remaining parameters to
zero, yielding an equivalent formulation. In contrast, part (b) establishes a lower bound
on the misclassification rate. This requires searching over multiple values of β, where the
resulting objective function is nonlinear and nonsmooth. Hence, the simplification to the
two-neuron setting is essential for this part.

Here we briefly describe the key steps of the proof. The key idea is to approximate
the global maximum of (2.26). However, it is not straightforward to estimate it exactly.
Therefore, we relax (2.26) by dropping the affine inequality constraints and solving it.
Then we consider the sufficient conditions under which the global maximizer to the relaxed
problem is also the global maximizer to (2.26). This leads to the proof and conclusion of
Theorem 7. For Theorem 7(b) with d ≥ 2n, it is different from Theorem 7(a) because
Theorem 3 implies that the NC1 occurs with probability 1. The feasibility of the NC makes
it possible to approximate the global maximizer to (2.26) directly by rewriting the affine
constraints in C1 and C2. The technical details are deferred to Section 4.4. With the theorem
above, we can obtain a characterization of the generalization performance of a two-neuron
classifier in presence of the NC.

Theorem 8 (Misclassification of a two-neuron classifier under the NC). Consider
f(x) = gβ1(x)− gβ2(x) in (2.24) where βk ∈ Ck for k = 1, 2.
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(a) Under the assumption of Theorem 7(a), there exists βk ∈ Ck such that the misclassifi-
cation error of f(x) in (2.24) is bounded by O(n−2);

(b) Under the assumption of Theorem 7(b), the misclassification error of f(x) in (2.24) for
any βk ∈ Ck is at least

1− Φ

( n

2d

(
s3e−

1
2s2√

2π
+ s2 + 1− (c1s

2 + c2s)

√
log n

n

)
+ s2

)−1/2


where s = σ/∥µ∥ measures the noise level in (2.19).

The theorem above implies that in the low-noise regime and d − n + 1 ≳ log n, there
exists a two-neuron classifier that achieves theNC and also enjoys an excellent generalization
bound. For d ≥ 2n log n and also the NC occurs, any two-neuron classifier that achieves
the NC does not have a small misclassification error if the noise level σ/∥µ∥ is large. This
provides a partial answer to Question 3.
Proof of Theorem 8. The misclassification error of a two-neuron classifier in (2.24) is
given by

1

2

[
Pr(gβ1(µ+ σz) < gβ2(µ+ σz)) + Pr(gβ1(−µ+ σz) > gβ2(−µ+ σz))

]
.

An upper bound of the error is given by

1

2

[
Pr(gβ2(µ+ σz) > 0) + Pr(gβ1(−µ+ σz) > 0)

]
=

1

2

[
Pr(σ⟨β1, z⟩ > ⟨µ,β1⟩) + Pr(σ⟨β2, z⟩ ≥ −⟨µ,β2⟩)

]
=

1

2

[
Φ

(
−⟨µ,β1⟩

∥β1∥

)
+Φ

(⟨µ,β2⟩
∥β2∥

)]
≲ n−2.

Theorem 7(a) implies in the low noise regime, there exists βk ∈ Ck such that the corre-
sponding two-neuron classifier enjoys a very small misclassification error.

On the other hand, a lower bound is given by

1

2

[
Pr(gβ1(µ+ σz) < gβ2(µ+ σz)) + Pr(gβ1(−µ+ σz) > gβ2(−µ+ σz))

]
≥ 1

2

[
Pr(gβ1(µ+ σz) ≤ 0) + Pr(gβ2(−µ+ σz)) ≤ 0)

]
=

1

2

[
Pr(⟨µ+ σz,β1⟩ ≤ 0) + Pr(⟨−µ+ σz,β2⟩ ≤ 0)

]
=

1

2

[
Φ

(
−⟨µ,β1⟩

σ∥β1∥

)
+Φ

(⟨µ,β2⟩
σ∥β2∥

)]
.

Theorem 7(b) implies that as noise level σ increases, even if d is large and NC occurs (recall
that if d > 2n, the NC occurs), any W1 that induces NC will not achieve a misclassification
error smaller than (2.28). For example, if s is large, i.e., s ≳

√
n/d, then (2.28) is roughly

approximated by

1− Φ

(√
d

n

1

s3/2

)
,

which is close to 1/2. For any βk ∈ Ck, it holds that the misclassification error is at least

1− Φ

(√
d
n

1
s3/2

)
.
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2.4 Future Directions

We conclude this section by summarizing our findings and outlining directions for future
work. In this paper, we have provided a rigorous study of the conditions under which two-
layer and three-layer ReLU networks can induce neural collapse. We further presented a
simplified generalization analysis for the collapsed model. Moving beyond UFM settings,
our results connect NC to fundamental data properties—signal-to-noise ratio (SNR), sam-
ple size, and feature dimension—which have not been systematically addressed in prior
literature.

A key limitation of our work is the lack of algorithmic analysis. Because the loss land-
scape of nonlinear networks is inherently nonconvex, it is unclear whether standard opti-
mization methods such as (stochastic) gradient descent will converge to an NC state, even
when such solutions exist. Current studies of NC dynamics either impose strong assump-
tions (e.g., orthogonality of the dataset, reducing to linear models) Wang et al. (2023), or
focus on regimes such as NTK and mean-field Jacot et al. (2024); Wu and Mondelli (2025).
For two-layer nonlinear networks in particular, especially under mild over-parameterization
or under-parameterization, convergence guarantees remain elusive. Understanding the algo-
rithmic dynamics of NC in shallow networks is therefore a natural and important direction
for future work.

Another open question concerns the link between NC and generalization. Our simplified
analysis suggests that NC may impair generalization in the presence of noisy data, but this
remains far from fully understood. A promising direction is to design more refined models
and to study how optimization dynamics can be guided toward solutions that combine the
neural collapse with strong generalization guarantees.

3. Experiments

3.1 NC1 for two-layer neural networks

This subsection aims to verify the sufficient conditions for inducing the NC derived in
Theorem 4 and 5. For both theorems, we verify our bounds by sampling data from the
GMM in (2.15). We solve the following linear programming to examine the feasibility of
the NC:

Find β such that
(
1nµ

⊤
1 + σZ1

)
β = 1n,

(
1nµ

⊤
k + σZk

)
β ≤ 0, (k ̸= 1). (3.1)

Note that here we only consider the linear feasibility problem regarding the first class
because a similar conclusion can be drawn for other classes. For this test, the goal is to
study the feasibility and its dependence on d, n,K and σ.

For K = 2, we let n = 300 and d/n vary from 1 to 2. To simplify our discussion, we
consider the mean vectors having the same norm ∥µ1∥ = ∥µ2∥ = ∥µ∥ = 1 and denote their
angle by θ. For each pair of (d, σ), we run 10 experiments and solve (3.1), and if the linear
program is feasible, then we count it as a successful instance and we plot the successful
rate of each set of parameters. From Figure 1, we can see that Theorem 4 and 5 does not
exactly match the phase transition but provides a good approximation. For lower σ and
larger θ, then white regions are clearly larger, showing that well-clustered data are more
likely to induce the NC. For the case when the signal-to-noise ratio of the GMM model is
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low, e.g., for σ is large or for θ = 0, we can see d/n = 3/2 = (K+1)/2 provides an accurate
description of the phase transition, which is guaranteed by the Gordon’s bound.
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Figure 1: The NC feasibility plot for a two-class GMM with mean vectors µ1 and µ2, and θ
is their angle. The legends denote the sufficient conditions provided by Theorem 4
and 5 represented respectively by red solid line (union bound) and blue dashed
line (Gordon’s bound).

For K ≥ 2, the setup of experiments is similar to the K = 2 case: K = 4, n = 250,
µk = ek, and d/n ranges from 1 to 4. For each (d, σ), 10 experiments are carried out.
Figure 2 shows a similar phase transition plot as in Figure 1. In the high and low σ regime,
Gordon’s bound (blue dashed line) and union bound (red solid line) approximate the phase
transition boundary respectively. Overall, our characterization given by Theorem 4 and 5 is
not able to exactly capture the regime when d/n is larger than 1 and below (K+1)/n. The
further improvements of the bound will rely on a much more refined analysis to understand
the feasibility of (3.1)

3.2 NC for two-layer neural network

Theorem 4 and 5 only provide an answer to whether a neural collapse configuration exists
for a two-layer neural network. Note that the objective function (2.4) is non-convex for
the training of two-layer neural networks with ReLU activation. This subsection is devoted
to exploring whether such a network could converge to a neural collapse configuration by
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Figure 2: NC1 feasibility plot for GMM with four clusters and µk = ek, 1 ≤ k ≤ 4.

SGD. Similar to the previous subsection, we sample data with K = 2 from GMM under
different d and σ and train two-layer ReLU neural networks to do the classification task.
We train each network for 105 epochs under the cross-entropy loss (2.4) with activation
regularization: we use plain SGD starting with learning rate 0.1 and divide the rate by 10
at the 1/3 and 2/3 of the first epoch respectively and the regularization parameters are
λW = 10−3 and λH = 10−6. We fix µ1 = −µ2 = e1 and let d/n ∈ [1.1, 1.3, 1.5, 2, 3, 4] and
σ ∈ [0.18, 0.36, 0.53, 0.8, 1.07, 1.42] which correspond to the grid in Figure 1. We calculate
the commonly adopted NC1 metric to measure the degree of feature collapse for each
network after training.

NC1 :=
1

K
Tr
(
ΣWΣ†

B

)
, (3.2)

where

ΣW :=
1

N

K∑
k=1

n∑
i=1

(hki − h̄k)(hki − h̄k)
⊤, ΣB :=

1

K

K∑
k=1

(h̄k − hG)(h̄k − hG)
⊤

and

hG :=
1

K

K∑
k=1

h̄k, h̄k :=
1

n

n∑
i=1

hki, 1 ≤ k ≤ K.

We observe that when data is well clustered (σ = 0.18), the NC1 drops as the data
dimension d increases. In particular, the NC1’s are all below 10−4 except for the case when
d/n = 1.1, which is consistent with our characterization in Figure 1 and under this noise
level we find that large d facilitates the feature collapse. However, as σ increases, larger d
does not yield to smaller NC1 anymore. Especially, for cases where σ ≥ 0.8 (SNR is close or
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Figure 3: NC1 plot for two-layer ReLU networks after training for 106 epochs with varying d
and variance σ. The legend denotes the variance σ in GMM models that generate
data.

smaller than 1), we find the NC1 almost all stay at the same level of magnitude. We think
a higher σ makes the gradient less aligned among the SGD iterates. Also, increasing the
dimension of the data means more neurons need to be aligned to induce feature collapse,
which could result in slow convergence to neural collapse configurations or getting stuck
at local minima. We verify this analysis by plotting the following quantities together with
NC1 along training epochs, which measure the convergence of mean and weight to neural
collapse configurations (2.9) in Figures 4 and 5,

NC2,H̄ =

∥∥∥∥∥ H̄⊤H̄∥∥H̄⊤H̄
∥∥
F

− 1√
K

IK

∥∥∥∥∥
F

,

NC2,W =

∥∥∥∥ W⊤W

∥W⊤W ∥F
− 1√

K − 1
CK

∥∥∥∥
F

,

NC3 =

∥∥∥∥∥ W⊤H̄∥∥W⊤H̄
∥∥
F

− 1√
K − 1

CK

∥∥∥∥∥
F

,

(3.3)

where CK = IK − JK/K is defined in (1.2)
Figures 4 and 5 respectively depict the change of NC1−3 metrics of networks shown in

Figure 3 when σ equals to 0.18 and 1.42. We observe that all the metrics converge for
all the networks after 105 training epochs, which implies the stabilization of the training
process. The major difference between the final trained parameters and the neural collapse
configuration comes from H̄ (NC2,H̄) and the concentration of feature vectors around the
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Figure 4: NC1-NC3 of two-layer networks along the training epochs in Figure 3 along the
training epochs with σ = 0.18. The legend denotes the dimension d of the train-
ing data. Upper left plot: NC1. The left three plots record the alignment of
mean feature matrix H̄ and weight of classifier W to orthogonal frame and ETF
(described by (2.9)) respectively measured by the relative error (3.3) under Frobe-
nius norm.

class mean feature vectors (NC1) while NC2,W drops to the level below 10−6 for all the
networks (NC2,W actually becomes 0 under single-precision floating-point format at some
points). Although adding dimension in general makes NC2,H̄ smaller, it also makes the
decay of NC1 much harder in the case of σ = 1.42, as NC1 quickly becomes stable for all
networks in Figure 5. Additionally, by comparing Figures 4 and 5, NC1 and NC2,H̄ both
become higher for σ = 1.42, which implies that the convergence becomes slower as the noise
level rises. This observation leads us to conclude that when the GMM model has a low noise
level, SGD could approach a neural collapse configuration as the global minimizer when it
exists. However, when the noise level is high, it takes a very long time for the SGD to get
close to a neural collapse configuration.

3.3 NC for three-layer neural network

As shown in Theorem 6, for a three-layer neural network with the first layer randomly
initialized, NC should emerge if the width of first layer d1 ≳ N logN : W1 ∈ Rd1×d to
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Figure 5: NC1-NC3 of two-layer networks along the training epochs in Figure 3 with σ =
1.42.

be Gaussian matrix containing i.i.d entries from N (0, 1/
√
d1). To better understand our

theoretical result, we train three-layer neural networks with the weights on the first-layer
(W1) fixed. The dataset is FMnist containing n = 500 samples from each class withK = 10.

We train each network under the regularized cross-entropy loss (2.5) with the same
setting in terms of training epoch, regularization parameters, and stepsize schedule as those
in the previous subsection. In Figure 6, we plot again the metrics NC1−3 along the training
epochs.

As d1 increases, the feature collapse and the convergence of H̄ and W to the NC2

characterized in (2.9) are stronger in the terminal phase of training. The relative error
proposed in (3.3) shrinks as the width d1 increases but it is still at the order of 10−3 for
d1 = 2 · 104. This implies despite the global optimality of NC in the regularized ERM, it
may still take much time for the actual training process to achieve NC. Similar to cases
presented in the previous subsection, the slow convergence is likely due to the nonconvex
nature of the objective function and the random feature training. The gap between the
experiments and theory exhibited in this section calls for further studies of the convergence
of first-order iterative algorithms to the neural collapse configuration. Our code for all the
experiments above is available on Github.
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Figure 6: NC1-NC3 of three-layer networks along the training epoch. The legend denotes
the width d1 of the first-layer weight.

4. Proofs

4.1 Unconstrained positive feature models

Proof of Theorem 2(a). Consider

RN (W ,H) =
1

N
ℓCE(W

⊤H,Y ) +
λW

2
∥W ∥2F +

λH

2
∥H∥2F

subject to H ≥ 0 and Y is the label matrix defined in (2.2). This optimization problem
is nonconvex. The proof idea is: we will find a convex relaxation of RN (W ,H), then
find the corresponding global minimizer, and then prove that the solutions to the original
nonconvex problem and convex relaxation are identical. Note that RN (W ,H) only depends
on Z := W⊤H, U := W⊤W , and V := H⊤H. Therefore, a convex relaxation is given by

min
1

N
ℓCE(Z,Y ) +

λW

2
Tr(U) +

λH

2
Tr(V )

subject to

Q :=

[
U Z
Z⊤ V

]
⪰ 0, V ≥ 0
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where U ∈ RK×K and V ∈ RN×N . We claim that

U =
a2

b
CK , V = bY ⊤Y , Z = aCKY

for some a > 0 and b > 0 where CK is the centering matrix in (1.2). Then it holds that

Q =

[
U Z
Z⊤ V

]
=

[
a2

b CK aCKY
aY ⊤CK bY ⊤Y

]
=

1

b

[
aCK

bY ⊤

] [
aCK

bY ⊤

]⊤
(4.1)

is exactly rank-K.
The Lagrangian is

L(U ,V ,Z,S,B) =
1

N
ℓCE(Z,Y ) +

λW

2
Tr(U) +

λH

2
Tr(V )−

〈
S,

[
U Z
Z⊤ V

]〉
− 1

2
⟨V ,B⟩

where B ≥ 0 and S ∈ R(K+N)×(K+N) is positive semidefinite:

S =

[
S11 S12

S21 S22

]
⪰ 0.

The dimension of the blocks of S matches that of U ,V , and Z.
Setting ∇U ,V ,ZL(U ,V ,Z,S,B) = 0 leads to

λW IK = 2S11, λHIN = 2S22 +B, 2S12 =
1

N
(P − Y )

where
∂ℓCE(Z,Y )

∂zki
=

1

N
(pki − ek), pki =

exp(zki)

⟨exp(zki),1K⟩ .

We have the dual variable

S =
1

2

[
λW IK N−1(P − Y )

N−1(P − Y )⊤ λHIN −B

]
.

To ensure Q is a global minimizer, then there exist S ⪰ 0 and B ≥ 0 such that the following
KKT condition holds

Q :=

[
U Z
Z⊤ V

]
⪰ 0, SQ = 0, ⟨B,V ⟩ = 0. (4.2)

Under Z = aCKY , we have

P = P̄ Y = P̄ ⊗ 1⊤n , P̄ =
JK + (ea − 1)IK

K − 1 + ea

and

IK − P̄ =
KIK − JK

K − 1 + ea
=

K

K − 1 + ea
(IK − JK/K).

As a result, we have

S =
1

2

[
λW IK − K

N(K−1+ea)CKY

− K
N(K−1+ea)Y

⊤CK λHIN −B

]
.
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Moreover, we choose

B = t(JN − IK ⊗ Jn) = t(JK − IK)⊗ Jn. (4.3)

It remains to verify that (4.2) holds for some positive a, b, and t. Note that Q ⪰ 0 and
B ≥ 0 follow from its construction (4.1). For ⟨B,V ⟩, we have

⟨B,V ⟩ = bt⟨JN − IK ⊗ Jn,Y
⊤Y ⟩ = bt(⟨JN , IK ⊗ Jn⟩ − ∥IK ⊗ Jn∥2F ) = 0, ∀b ≥ 0, t ≥ 0

where Y ⊤Y = (IK ⊗ 1n)(IK ⊗ 1⊤n ) = IK ⊗ Jn. It suffices to ensure S ⪰ 0 and SQ = 0.
Due to the factorization of Q in (4.1), we have

SQ = 0 ⇐⇒
[

λW IK − K
N(K−1+ea)CKY

− K
N(K−1+ea)Y

⊤CK λHIN −B

] [
aCK

bY ⊤

]
= 0,

which is equivalent to

0 = aλWCK − bCK

K − 1 + ea
,

0 = − Ka

N(K − 1 + ea)
Y ⊤CK + bλHY ⊤ − bBY ⊤

= − Ka

N(K − 1 + ea)
(Y ⊤ −K−1JN×K) + bλHY ⊤ − bnt(JN×K − Y ⊤)

where Y = IK ⊗ 1⊤n , Y Y ⊤ = nIK = (N/K)IK and

t−1BY ⊤ = (JN − IK ⊗ Jn)(IK ⊗ 1n) = nJN×K − nIK ⊗ 1n = n(JN×K − Y ⊤).

To make SQ = 0 hold, we need to have

b

K − 1 + ea
= aλW ,

Ka

N(K − 1 + ea)
= bλH + bnt,

a

N(K − 1 + ea)
= bnt

where n = N/K. Then the second and third equations determine t:

K =
λH

nt
+ 1 ⇐⇒ λH + nt− ntK = 0 ⇐⇒ t =

λH

n(K − 1)
. (4.4)

The coefficients a and b are the solution to

b

K − 1 + ea
= aλW ,

a

N(K − 1 + ea)
=

bλH

K − 1
=⇒ a

b
=

√
nK

K − 1
· λH

λW
. (4.5)

Then

a = log

(
(K − 1)

[√
1

nK(K − 1)
· 1

λHλW
− 1

])
, b =

√
K − 1

nK
· λW

λH
a.
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Finally, we verify S ⪰ 0:

S =
1

2

[
λW IK − K

N(K−1+ea)CKY

− K
N(K−1+ea)Y

⊤CK λHIN − λH
n(K−1)(JK − IK)⊗ Jn

]
where

K

N(K − 1 + ea)
=

bnKt

a
= Kn ·

√
K − 1

nK
· λW

λH
· λH

n(K − 1)
=

√
KλWλH

n(K − 1)
.

Note that S11 =
λW
2 IK ≻ 0, and thus S ⪰ 0 equals S22 − S21S

−1
11 S12 ⪰ 0, i.e.,

2(S22 − S21S
−1
11 S12) = λHIN − λH

n(K − 1)
(JK − IK)⊗ Jn − K2

N2(K − 1 + ea)2λW
Y ⊤CKY

= λHIN − λH

n(K − 1)
(JK − IK)⊗ Jn − KλH

n(K − 1)

(
IK ⊗ Jn − JN

K

)
= λHIN − λH

n
(IK ⊗ Jn) ⪰ 0

where

Y ⊤CKY = Y ⊤Y − 1

K
Y ⊤JKY = IK ⊗ Jn − JN

K
.

To summarize, we have verified that (4.1) with coefficients (4.4) and (4.5) is the unique
global minimizer where the uniqueness comes from the strict complementary slackness.
Therefore, the global minimizer (W ,H) is given by

W⊤W =
a2

b
CK ,H⊤H = bY ⊤Y =⇒ W =

a√
b
CK , H =

√
bY

where a is strictly positive if

(K−1)

[√
1

nK(K − 1)
· 1

λHλW
− 1

]
> 1 ⇐⇒

√
K − 1

nK
· 1

λHλW
> K ⇐⇒

√
n(K − 1)

K
> NλZ .

Proof of Theorem 2(b). Under ℓ2-loss function and unconstrained positive feature model,
the empirical risk function is

RN (H+,W ) =
1

2N
∥W⊤H+ − Y ∥2F +

λW

2
∥W ∥2F +

λH

2
∥H+∥2F

where H+ is a nonnegative matrix. We note that

min
W ,H

RN (W ,H) ≤ min
W ,H+

RN (W ,H+).

Without any constraint on H+, the minimization of RN (H,W ) is exactly singular value
thresholding. Let Z = W⊤H, and then

min
W⊤H=Z

λW

2
∥W ∥2F +

λH

2
∥H∥2F =

√
λWλH∥Z∥∗.
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Thus RN (W ,H) equals

min
Z

1

2N
∥Z − Y ∥2F + λ∥Z∥∗

and the global minimum for RN (W ,H) is attained at

Z = W⊤H =
(
√
n−Nλ)+√

n
Y = (1−√

nKλ)+Y

where Y is a binary matrix satisfying Y Y ⊤ = nIK and λ =
√
λWλH . Given Z, (Zhu et al.,

2021, Lemma A.3) implies that the global minimizer is given by (H,W ) that satisfies

H⊤H =

√
λW

λH

(1−√
nKλ)+√
n

Y ⊤Y =

√
λW

λH

(1−√
nKλ)+√
n

IK ⊗ Jn,

W⊤W =

√
λH

λW
n1/2(1−√

nKλ)+IK ,

and we can select a nonnegative H to be the global minimizer for (2.7), for example,

H = H̄ ⊗ 1⊤n , H̄ =

(
λW

nλH

) 1
4

[
(1−√

nKλ)
1
2
+IK

0D−K,K

]
.

4.2 Two-layer neural network

4.2.1 Proof of Theorem 4: NC for GMM with two clusters for 2n ≥ d > n

Proof of Theorem 4. For now, we first try to establish a condition such that

⟨µ1,β⟩+ σZ1β = 1, ⟨µ1,β⟩ = 1, ⟨µ2,β⟩+ σZ2β ≤ 0, (4.6)

is feasible, i.e., the set is non-empty. Once it is done, the same result also applies to
the second cluster. The second equality constraint makes the argument cleaner without
compromising much. With (4.6), we have

Z1β = 0, ⟨µ1,β⟩ = 1, ⟨µ2,β⟩+ σZ2β ≤ 0,

which means β is in the null space of Z1 ∈ Rn×d.
Let Φ ∈ Rd×(d−n) be a partial orthonormal matrix with columns being the basis of the

null space of Z1, which belongs to the Grassmannian Gd,d−n. It is easy to see that β has
the following form:

β = Φ

(
Φ⊤µ1

∥Φ⊤µ1∥2
+ v

)
where v is perpendicular to Φ⊤µ1, i.e., ⟨v,Φ⊤µ1⟩ = 0.

With the representation of β, it remains to ensure the third constraint in (4.6) satisfies.
Note that for any fixed β,

⟨µ2,β⟩1n + σZ2β ∼ N (⟨µ2,β⟩1n, σ2∥β∥2).
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To guarantee a high probability of the event ⟨µ2,β⟩1n + σZ2β ≤ 0, we need to maximize
the ratio of ⟨µ2,β⟩ over ∥β∥ subject to the constraints on β. Therefore, we define

f(v) :=
⟨µ2,β(v)⟩
∥β(v)∥ =

⟨Φ⊤µ1/∥Φ⊤µ1∥2 + v,Φ⊤µ2⟩√
1/∥Φ⊤µ1∥2 + ∥v∥2

subject to ⟨v,Φ⊤µ1⟩ = 0. By applying Lemma 10 with v1 := Φ⊤µ1/∥Φ⊤µ1∥2 and v2 :=
Φ⊤µ2, we have

f∗ := min
⟨v,Φ⊤µ1⟩=0

f(v) =

{
−∥Φ⊤µ2∥

√
1− cos2 θ̃, if cos θ̃ ≥ 0,

−∥Φ⊤µ2∥, if cos θ̃ < 0,
(4.7)

where θ̃ is the angle between Φ⊤µ̃1 and Φ⊤µ̃2.

Therefore, it suffices to have i.i.d. n samples from N (f∗, σ2) such that all of them are
nonpositive. By taking union bound over n samples, we have

2σ
√

log n+ f∗ ≤ 0 (4.8)

with probability at least 1−O(n−1). It remains to estimate f∗. From the lemma 11,

| cos θ̃ − cos θ| ≤ 4ε

(1− ε)2
.

For cos θ < −4ε/(1− ε)2, then cos θ̃ < 0, and then

−f∗ ≥ (1− ε)

√
d− n

d
∥µ2∥

where the bound on ∥Φ⊤µ2∥ ≥ (1−ε)
√
(d− n)/d∥µ2∥ follows from the Johnson-Lindenstrauss

lemma. For cos θ > −4ε/(1− ε)2 and | cos θ̃| ≤ | cos θ|+ 4ε/(1− ε)2, then

−f∗ =
√
∥Φ⊤µ2∥2 − |⟨Φ⊤µ1,Φ⊤µ2⟩|2/∥Φ⊤µ1∥2

= ∥Φ⊤µ2∥
√
1− cos2 θ̃ ≥ (1− ε)

√
d− n− 1

d
∥µ2∥

√
1−

(
| cos θ|+ 4ε

(1− ε)2

)2

.

All bounds above hold with probability at least 1− C exp(−ε2(d− n− 1)).

For d ≥ 2n, we notice that X⊤ is full row rank for any σ > 0, and thus one can always
find a β such that X⊤

1 β = 1 and X⊤
2 β ≤ 0.

4.2.2 Proof of Theorem 5(a): NC for GMM with multiple classes for
Kn ≥ d > n

Proof of Theorem 5(a). To ensure the neural collapse occurs, we first show that for each
fixed k, there exists β such that

(1nµ
⊤
k + σZk)β = 1n, ⟨µk,β⟩ = 1, ⟨µk′ ,β⟩ = −γ (k′ ̸= k, γ > 0).
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These equations reduce to the set such that

Zkβ = 0, Πβ = ek − γ(1K − ek)

where Π ∈ RK×d and Zk ∈ Rn×d. Let Φ be an d× (d−n) orthogonal matrix whose columns
span the null space of Zk. Let β = Φα where α ∈ Rd−n and Φ ∈ Rd×(d−n) is a random
projection matrix, and ZkΦ = 0. Since Π is assumed to be of rank-K,

ΠΦα = ek − γ(1K − ek) (4.9)

and ΠΦ ∈ RK×(d−n). Under d − n > K, then ΠΦ is of rank K with probability 1. Here
we choose

α = Φ⊤Π⊤(ΠΦΦ⊤Π⊤)−1(ek − γ(1K − ek)),

β = ΦΦ⊤Π⊤(ΠΦΦ⊤Π⊤)−1(ek − γ(1K − ek)),

where
∥β∥2 = (ek − γ(1K − ek))

⊤(ΠΦΦ⊤Π⊤)−1(ek − γ(1K − ek)).

Note that for each given γ,

(1nµ
⊤
k′ + σZk′)β ∼ N (−γ, σ2∥β∥2In)

for any k′ ̸= k, and ⟨µk′ ,β⟩ = −γ. We proceed to determine the choice of γ > 0 by
minimizing

min
γ>0

− γ

∥β∥ ⇐⇒ max
γ>0

F (γ)

where

F (γ) :=
γ2

∥β∥2 =
γ2

(ek − γ(1K − ek))⊤(ΠΦΦ⊤Π⊤)−1(ek − γ(1K − ek))
. (4.10)

Then we know that (1nµ
⊤
k′ + σZk′)β ≤ 0 holds if

2σ
√
log(Kn) ≤ F (γ)

with probability at least 1−O((Kn)−1).
By Lemma 12, it holds with probability at least 1− c exp(−ε2(d− n)) that

λmin(ΠΦΦ⊤Π⊤) ≥
(
(1− ε)2 − 4Kε

) d− n

d
σ2
min(Π)

where σmin(Π) is the smallest singular value of Π. Therefore, we have

∥β∥2 ≤ (1 + (K − 1)γ2)d

((1− ε)2 − 4Kε) (d− n)σ2
min(Π)

,

which implies

sup
γ>0

F (γ) ≥ sup
γ>0

γ2

∥β∥2 =

(
(1− ε)2 − 4Kε

)
(d− n)σ2

min(Π)

(K − 1)d
.
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Then (1nµ
⊤
k′ + σZk′)β ≤ 0 is implied by

σ <
1

2

√
((1− ε)2 − 4Kε) (d− n)σ2

min(Π)

(K − 1)d log(Kn)

with probability at least 1 − c exp(−ε2(d − n)) − (Kn)−1. Note that we need to choose
ε < 1/(10K), i.e., d− n ≥ CK2 logKn such that the probability is at least 1−O(n−1).

4.2.3 Proof of Theorem 5(b): NC for GMM with multiple classes under
d/n > (K + 1)/2

Proof of Theorem 5(b). In this subsection, we present a tighter bound for the linear
feasibility when d/n > (K + 1)/2 holds. For class k, we consider the set of β’s such that

(1nµ
⊤
k + σZk)β = 1n, ⟨µk,β⟩ = 1, ⟨µk′ ,β⟩1n + σZk′β ≤ 0. (4.11)

We consider β in the following form:

β = Φ

(
v +

Φ⊤µk

∥Φ⊤µk∥2
)

(4.12)

where Φ ∈ Rd×(d−n) represents the orthogonal basis of the null space of Zk and

⟨v,Φ⊤µk⟩ = 0, 1 ≤ k ≤ K.

Such v ∈ Rd−n exists if d− n ≥ K + 1. Now for any k′ ̸= k, it holds that

⟨µk′ ,β⟩1n + σZk′β =

(
⟨Φ⊤µk′ ,Φµk⟩1n + σ

ZkΦΦ⊤µk

∥Φ⊤µk∥2
)
+ σZk′Φv.

To have ⟨µk′ ,β⟩1n + σZk′β < 0 it suffices to find v such that Zk′Φv < 0 for k′, since we
can arbitrarily rescale the term Zk′Φv by rescaling the norm of v. The effective dimension
of all v is d−n−K. Therefore, this problem is equivalent to finding v̄ ∈ Rd−n−K such that

Av̄ < 0

where A ∈ R(K−1)n×(d−n−K) is a Gaussian random matrix. The next proposition provides
sufficient conditions for constructing a high probability bound.

We aim to search for v̄ ∈ Rd−n−K such that Av̄ < 0 holds entrywisely. By hyperplane
separation theorem, if the convex set {A⊤s : ∥s∥1 = 1, s ≥ 0, s ∈ R(K−1)n} does not
contain 0, then there exists v̄ s.t.

⟨v̄,A⊤s⟩ < 0, ∀∥s∥1 = 1, s ≥ 0 ⇐⇒ A⊤v̄ < 0.

Hence it suffices to show that mins≥0,∥s∥1=1 ∥A⊤s∥ > 0 holds with high probability. Note
that

min
s≥0,∥s∥1=1

max
∥u∥=1

⟨u,A⊤s⟩ = min
s≥0,∥s∥1=1

∥A⊤s∥ = min
s≥0

∥A⊤s∥
∥s∥1

= min
s≥0

∥A⊤s∥
∥s∥2

∥s∥2
∥s∥1

≥ 1√
(K − 1)n

min
s≥0

∥A⊤s∥
∥s∥2

=
1√

(K − 1)n
min

s≥0,∥s∥=1
∥A⊤s∥

=
1√

(K − 1)n
min

s≥0,∥s∥=1
max
∥u∥=1

⟨u,A⊤s⟩.
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Applying Proposition 13, we have,

E min
s≥0,∥s∥=1

max
∥u∥=1

⟨u,A⊤s⟩ ≥
√
d− n−K −

√
(K − 1)n/2. (4.13)

Therefore, we have

E min
s≥0,∥s∥1=1

∥A⊤s∥ ≥ 1√
(K − 1)n

E min
s≥0,∥s∥=1

∥A⊤s∥ ≥
√
d− n−K −

√
(K − 1)n/2√

(K − 1)n
.

By Lemma 15, we have

Pr

(
min

s≥0,∥s∥=1
∥A⊤s∥ ≤

√
d− n−K −

√
(K − 1)n/2− t

)
≤ exp(−t2/2).

As a result, by taking t =
√
2 log n, it holds with probability at least 1− 1/n that

min
s≥0,∥s∥1=1

∥A⊤s∥ ≥
√
d− n−K −

√
(K − 1)n/2−√

2 log n√
(K − 1)n

.

Therefore, to ensure the existence of an NC solution, it suffices to have the RHS above
positive:

d− n−K ≥ (K − 1)n

2
+ 2 log n+ 2

√
(K − 1)n log n.

4.3 Proof of Theorem 6: neural collapse for three-layer neural network

Next, we consider the feasibility of inducing the neural collapse of a three-layer network
with the first layer having random Gaussian weight, i.e. the format of the output is given
by

f(W1,W2,W3) = W⊤
3 σReLU

(
W⊤

2 σReLU

(
W⊤

1 X
))

(4.14)

where W1 ∈ Rd×d1 ,W2 ∈ Rd1×d2 ,W3 ∈ Rd2×K and X ∈ Rd×N is some general data. One
natural question is whether neural collapse occurs for a three-layer neural network. From
Theorem 3(b), we know that if there exists W1 such that σReLU(W

⊤
1 X) ∈ Rd1×N is rank

N with d1 ≥ N , then there exists W2 and W3 such that the neural collapse occurs.
We will show that by setting W1 to be a Gaussian random matrix with each entry being

i.i.d Gaussian random variables, i.e., σReLU(W
⊤
1 X) gives the ReLU random feature of N

data points in Rd, then the neural collapse occurs with high probability if d1 is sufficiently
large.

Given N points {xi}Ni=1, we define that

[H∞]ij := Ez∼N (0,Id)

(
σReLU(⟨z,xi⟩)−

√
2

π

)(
σReLU(⟨z,xj⟩)−

√
2

π

)

as the kernel matrix. Provided that xi is not parallel to any xj , then it can be shown that
H∞(X) is full rank with λmin(H∞) > 0 as shown in the lemma below.
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Lemma 9. Let X ∈ Rd×N be a data matrix with columns xi ∦ xj for any (i, j) pair. The
kernel matrix

H∞ := Ez∼N (0,Id)σ(X
⊤z)σ(X⊤z)⊤ − 2

π
JN

has a strictly positive smallest singular value λmin(H∞) > 0.

Proof of Lemma 9 The main idea for this proof is adopted from (Du et al., 2018, Theorem
3.1). Define the feature map ϕx(w) := σ(w⊤x) −

√
2/π, w ∼ N (0, Id), which is a

continuous function w.r.t. w ∈ Rd and the gradient ∇wσ(w
⊤xi) is continuous everywhere

except
Di := {w : ⟨xi,w⟩ = 0} .

Now to prove H∞ is strictly positive definite, it is equivalent to show ϕxi(w) is linearly
independent, i.e., for any {ai}Ni=1 such that

N∑
i=1

aiϕxi (w) = 0, ∀w ∼ N (0, Id),

then ai = 0 holds for 1 ≤ i ≤ N. For every {ai}Ni=1, we define

f(w) :=
N∑
i=1

aiϕxi (w) .

Assume f(w) = 0 holds for w ∼ N (0, Id). By definition, f(w) is a continuous function on
Rd and it means f(w) ≡ 0 and ∇f(w) ≡ 0d.

Under xi ∦ xj for all (i, j) pair, it holds Di ̸⊂ ∪j ̸=iDj , i.e., there exists z ∈ Di \ ∪j ̸=iDj

such that ⟨xi, z⟩ = 0 and ⟨xj , z⟩ ̸= 0 for any j ̸= i. Since Di’s are closed sets, there exists
r0 > 0 such that for any r ≤ r0, B(z, r0) ∩ (∪j ̸=iDj) = ∅. In other words, ϕxj (w) is
differentiable w.r.t. w insides B(z, r0) for all j ̸= i. For i, the ball B(z, r0) contains two
disjoint parts:

B+(z, r) := {w : ⟨xi,w⟩ > 0} ∩ B(z, r), B−(z, r) := {w : ⟨xi,w⟩ < 0} ∩ B(z, r)

and z is on the boundary of both B+(z, r) and B−(z, r).
Therefore, there exist two sequences

{
w+

ℓ

}
⊆ B+(z, r) and

{
w−

ℓ

}
⊆ B−(z, r) such that

limℓ→∞w+
ℓ = limℓ→∞w−

ℓ = z. Due to the continuous differentiability of ϕxj (w) in B(z, r)
for j ̸= i, we have

lim
ℓ→∞

∇ϕxj (w
+
ℓ ) = lim

ℓ→∞
∇ϕxj (w

−
ℓ ) = ∇ϕxj (z). (4.15)

For i, we note that ϕxi(w) is not differentiable at z ∈ Di while the gradient exists on
B+(z, r) and B−(z, r). It holds

lim
ℓ→∞

∇ϕxi(w
+
ℓ ) = lim

ℓ→∞
wℓ = z, lim

ℓ→∞
∇ϕxi(w

−
ℓ ) = 0 (4.16)

where

ϕxi(w) =

⟨xi,w⟩ −
√

2
π , w ∈ B+(z, r),

−
√

2
π , w ∈ B−(z, r).
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Therefore,

0 = lim
ℓ→∞

∇f(w+
ℓ )− lim

ℓ→∞
∇f(w−

ℓ )

= lim
ℓ→∞

N∑
j ̸=i

aj(∇ϕxj (w
+
ℓ )−∇ϕxj (w

−
ℓ )) + ai lim

ℓ→∞

(
∇ϕxi(w

+
ℓ )−∇ϕxi(w

−
ℓ )
)
= aiz.

Note that z ̸= 0 and it implies ai = 0.
Proof of Theorem 6. By Theorem 3(b), when d1 ≥ N , it suffices to have σReLU(W

⊤
1 X) ∈

Rd1×N to be rank N to induce neural collapse. Without loss of generality, We assume each
xi is a unit vector in Rd. Here we define φk as

φk = σReLU(X
⊤zk) =

σReLU(⟨x1, zk⟩)
...

σReLU(⟨xN , zk⟩)

 , Eφk =

√
2

π
1d,

which is exactly the k-th row of σReLU(W
⊤
1 X) and it is a sub-gaussian random vector. To

guarantee that σReLU(W
⊤
1 X) is full rank, it suffices to have∥∥∥∥∥ 1

d1

d1∑
k=1

(φk − Eφk)(φk − Eφk)
⊤ −H∞

∥∥∥∥∥ < λmin(H∞).

The first step is directly implied by Lemma 9, i.e. λmin(H∞) > 0. The estimation reduces
to the covariance matrix estimation, which can be done by computing the sub-gaussian
norm of the centered φk. For any v ∈ SN−1 and define

f(z) :=

〈
v, σReLU

(
X⊤z

)
−
√

2

π
1N

〉
,

which is a random variable depending on z. Then for any v, it holds

|f(z1)− f(z2)| ≤
∥∥∥σReLU

(
X⊤z1

)
− σReLU

(
X⊤z2

)∥∥∥ ≤ ∥X∥ ∥z1 − z2∥. (4.17)

Then by (Wainwright, 2019, Theorem 2.26), we know that f(z) − E f(z) is a subgaussian
random variable with

E eλ⟨v,σReLU(X⊤z)−EσReLU(X⊤z)⟩ ≤ eλ
2∥X∥2/2, ∀v ∈ SN−1, λ > 0.

Therefore, the random vector σ(X⊤z) − Eσ(X⊤z) has a sub-gaussian norm bounded by
∥X∥.

By (Vershynin, 2018, Exercise 4.7.3) or (Wainwright, 2019, Theorem 6.5), it holds that∥∥∥∥∥ 1

d1

∑
k

(φk − Eφk)(φk − Eφk)
⊤ −H∞

∥∥∥∥∥ ≲ ∥X∥2
√

N

d1
< λmin(H∞)

with probability at least 1− 2e−N provided that d1 ≳ ∥X∥4N logN/λ2
min(H∞).
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Note that

1

d1

∑
k

φkφ
⊤
k − Eφkφ

⊤
k =

1

d1

∑
k

φkφ
⊤
k − (H∞ +

2

d1π
JN )

=
1

d1

d1∑
k=1

(φk − Eφk)(φk − Eφk)
⊤ −H∞

+
1

d1

√
2

π

(
1N

d1∑
k=1

(φk − Eφk)
⊤ +

d1∑
k=1

(φk − Eφk)1
⊤
N

)

where Eφk =
√
2/π1d1 . It suffices to estimate ∥d−1

1

∑
k φk − Eφk∥. We know that

E eλ
∑

k⟨v,σReLU(X⊤zk)−EσReLU(X⊤zk)⟩ ≤ eλ
2d1∥X∥2/2, ∀v ∈ SN−1, λ > 0

and thus d−1
1

∑
k⟨v, σReLU(X

⊤zk)− EσReLU(X
⊤zk)⟩ is ∥X∥2/d1-subgaussian. Thus

Pr

(∥∥∥∥∥ 1

d1

∑
k

σReLU(X
⊤zk)− Eφk

∥∥∥∥∥ ≥ t

)
≤ 2 exp

(
− d1t

2

2∥X∥2
)
.

By picking t = 2∥X∥
√

d−1
1 logN , we have∥∥∥∥∥ 1

d1

∑
k

φkφ
⊤
k − Eφkφ

⊤
k

∥∥∥∥∥ ≲ ∥X∥2
√

N

d1
+ ∥X∥

√
N logN

d1
≲ λmin(H∞)

under d1 ≳ ∥X∥4N logN/λ2
min(H∞). Therefore, the smallest eigenvalue of d−1

1

∑
k φkφ

⊤
k is

at least λmin(H∞)/2, implying that σReLU(W
⊤
1 X) ∈ Rd1×N is of full column rank.

4.4 Two-layer neural network: best generalization under NC
4.4.1 Proof of Theorem 7(a)

Proof of Theorem 7(a). We consider the minimization for the term involving β,

min
β

Pr
(
β⊤µ+ σβ⊤z ≤ 0

)
s.t.

(
1nµ

⊤ + σZ1

)
β = 1n,

(
−1nµ

⊤ + σZ2

)
β ≤ 0. (4.18)

The difficulty of optimization mainly arises from incorporating the inequality constraints.
For now, we drop the inequality constraints and consider the following simplified version
that only involves the equality constraints, then the minimization is equivalent to solving
the following maximization program.

max
β∈Rd

⟨µ,β⟩
∥β∥ s.t.

(
1nµ

⊤ + σZ1

)
β = 1n. (4.19)

Note that for any β satisfying (1nµ
⊤ + σZ1)β = 1n, it holds that

(In − Jn/n)Z1β = 0,

〈
µ+

σZ⊤
1 1n
n

,β

〉
= 1.
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Therefore, we let Φ be the orthonormal basis of the null space of (In − Jn/n)Z1. Since
Z1 ∈ Rn×d is a Gaussian random matrix, Φ is a random matrix sampled from Gd,d−n+1.

Therefore, we have the following representation for β:

β(v) = Φ

(
Φ⊤µ̂

∥Φ⊤µ̂∥2 + v

)
where

µ̂ = µ+
σZ⊤

1 1n
n

, ⟨v,Φ⊤µ̂⟩ = 0.

Now we can see the maximization of (4.19) is equivalent to maximizing

f(v) :=
⟨µ,β(v)⟩
∥β(v)∥ =

⟨Φ⊤µ,Φ⊤µ̂/∥Φ⊤µ̂∥2 + v⟩√
1/∥Φ⊤µ̂∥2 + ∥v∥2

over v such that ⟨v,Φ⊤µ̂⟩ = 0.
We apply Lemma 10 to −f(v) with v1 := Φ⊤µ̂/∥Φ⊤µ̂∥2 and v2 := −Φ⊤µ. Then we

obtain

f∗ = max
⟨v,Φ⊤µ̂⟩=0

f(v) =

{
∥Φ⊤µ∥ · | sin θ̃|, if cos θ̃ ≥ 0,

∥Φ⊤µ∥, if cos θ̃ < 0,
(4.20)

where θ̃ is the angle between Φ⊤µ and −Φ⊤µ̂.
Now we aim to identify a regime for σ such that the global maximum of (4.20) matches

the minimum of (4.18), i.e. the inequality constraints hold with high probability. It occurs
if

cos θ̃ < 0, −⟨µ,β∗⟩1n + σZ2β
∗ ≤ 0

where ⟨µ,β∗⟩/∥β∗∥ = ∥Φ⊤µ∥. For the first constraint, it holds

−⟨Φ⊤µ,Φ⊤µ̂⟩ = −∥Φ⊤µ∥2 − σ

n
⟨Z⊤

1 1n,Φ
⊤µ⟩ ∼ N (−∥Φ⊤µ∥2, σ2∥Φ⊤µ∥2/n).

Therefore,
Pr(cos θ̃ < 0) = Pr(Z <

√
nσ−1∥Φ⊤µ∥),

which means cos θ̃ < 0 holds with probability at least 1−O(n−1) if

σ
√
log n <

√
n∥Φ⊤µ∥. (4.21)

For the second inequality to hold with probability at least 1−O(n−1), we have

Pr(−⟨µ,β∗⟩+ σ⟨z, β∗⟩ < 0) = Pr(Z < σ−1∥Φ⊤µ∥),

then we need
2σ
√
log n < ∥Φ⊤µ∥, (4.22)

by taking union bound over the n samples. As (4.22) is more strict than (4.21), we have the
best possible generalization error bound is attained with probability at least 1−O(n−1) if

2σ
√

log n < (1− ε)

√
d− n+ 1

d
∥µ∥. (4.23)
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where we construct the lower bound (the RHS) for ∥Φ⊤µ∥ by applying Johnson-Lindenstrauss
lemma. Under condition (4.23), the best misclassification error is upper bounded by

Pr

(
Z +

f∗

σ
< 0

)
≤ Pr

(
Z >

1− ε

σ

√
d− n+ 1

d
∥µ∥

)

≤ 1√
2π

exp

(
−(1− ε)2∥µ∥2

2σ2

d− n+ 1

d

)
≤ n−2

where f∗ ≥ (1− ε)∥µ∥
√
(d− n+ 1)/d.

4.4.2 Proof of Theorem 7(b): an upper bound on (4.18) with d > 2n

Proof of Theorem 7(b). Consider

X⊤
1 = 1nµ

⊤ + σZ1, X⊤
2 = −1nµ

⊤ + σZ2.

We assume µ = ∥µ∥e1 without loss of generality, and we will need to provide a lower bound
of minβ Prz∼N (0,1)(⟨µ,β⟩ + σ∥β∥z ≤ 0) subject to the constraints imposed by NC. This
lower bound leads us to consider program (4.18) again. The difference here is we assume
d > 2n, i.e., the neural collapse occurs with probability 1. Our aim is to establish the best
possible generalization bound v.s. σ/∥µ∥.

The idea to minimize (4.18) follows from two steps. We first consider

F (c,γ) := max
β∈Rd

⟨µ,β⟩
∥β∥ s.t.

(
1nµ

⊤ + σZ1

)
β = 1n,

(
−1nµ

⊤ + σZ2

)
β = −γ, ⟨µ,β⟩ = c

for c > 0 and γ ≥ 0. Note that for any γ and c > 0, there exist feasible β’s. To obtain the
maximum of ⟨µ,β⟩/∥β∥ is equivalent to minimizing ∥β∥. Once we have that, the second
step is to maximize over c and γ.

Now we compute F (c,γ) by minimizing ∥β∥ subject to the constraints:

⟨µ,β⟩1n + σZ1β = 1n, −⟨µ,β⟩1n + σZ2β = −γ, ⟨µ,β⟩ = c.

Note that the third constraint above implies β1 = ce1/∥µ∥. Substituting it into the first
two equalities gives

σZ1β = −c1n, σZ2β = −γ + c1n,

and then

Z(−1)β(−1) =
1

σ

[
(1− c)1n
c1n − γ

]
− cZe1

∥µ∥
where Z(−1) is a Gaussian matrix of size 2n× (d− 1) that excludes the first column of Z,
and β(−1) is the same as β after removing the first entry in β. The minimum norm solution
to β(−1) is given by

β(−1) = Z⊤
(−1)(Z(−1)Z

⊤
(−1))

−1

(
1

σ

[
(1− c)1n
c1n − γ

]
− cZe1

∥µ∥

)
, β1 =

c

∥µ∥
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where d− 1 ≥ 2n ensures the invertibility of Z(−1) As a result, we have

F (c,γ) =
c√∥∥∥∥Z⊤

(−1)(Z(−1)Z
⊤
(−1))

−1

(
1
σ

[
(1− c)1n
c1n − γ

]
− cZe1

∥µ∥

)∥∥∥∥2 + c2

∥µ∥2

.

Maximizing F (c,γ) is equivalent to minimizing 1/F 2(c,γ):

1

F 2(c,γ)
=

1

c2

∥∥∥∥Z⊤
(−1)(Z(−1)Z

⊤
(−1))

−1

(
1

σ

[
(1− c)1n
c1n − γ

]
− cZe1

∥µ∥

)∥∥∥∥2 + 1

∥µ∥2

=

∥∥∥∥Z⊤
(−1)(Z(−1)Z

⊤
(−1))

−1

(
1

σ

[
(1/c− 1)1n
1n − γ/c

]
− Ze1

∥µ∥

)∥∥∥∥2 + 1

∥µ∥2 .

For Z(−1) ∈ R2n×(d−1) Gaussian random matrix, we have

d

2
I ⪯ Z(−1)Z

⊤
(−1)

holds with high probability provided that d ≥ 2n log n. Let

G(c,γ) =

∥∥∥∥ 1σ
[
(1/c− 1)1n
1n − γ/c

]
− Ze1

∥µ∥

∥∥∥∥2 = ∥∥∥∥1− c

cσ
1n +

Z1e1
∥µ∥

∥∥∥∥2 + ∥∥∥∥ 1σ (1n − γ

c

)
− Z2e1

∥µ∥

∥∥∥∥2
and then

G(c,γ)

2d
+

1

∥µ∥2 ≤ 1

F 2(c,γ)
.

We proceed to compute the minimum of G(c,γ). For any positive c > 0, the minimizer
of the second term is attained at

γ = c

[
1n − σZ2e1

∥µ∥

]
+

with minimum value

min
γ≥0

∥∥∥∥ 1σ (1n − γ

c

)
− Z2e1

∥µ∥

∥∥∥∥2 = ∥∥∥∥[Z2e1
∥µ∥ − 1

σ
1n

]
+

∥∥∥∥2 ,
which is independent of c. So we are left to minimize the first term, which is a quadratic
function in 1/c,

argmin
c>0

1

σ2

∥∥∥∥1c1n +

[
σZ1e1
∥µ∥ − 1n

]∥∥∥∥2 = argmin
c>0

n

c2
+

2

c

〈
1n,

σZ1e1
∥µ∥ − 1n

〉
=

{
n∥µ∥

n∥µ∥−σ1⊤
nZ1e1

, if n∥µ∥ − σ1⊤nZ1e1 > 0,

+∞, else,

(4.24)
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and thus

min
c,γ

G(c,γ) =
1

σ2

∥∥[sZ2e1 − 1n]+
∥∥2+

 1
∥µ∥2

∥∥∥(In − 1n1⊤
n

n

)
Z1e1

∥∥∥2 , if n∥µ∥ − σ1⊤nZ1e1 > 0,

1
σ2 ∥−1n + sZ1e1∥2 , else

where s = σ/∥µ∥. Now we provide a high probability value bound for the second term in
two cases respectively.

Case 1: n∥µ∥ − σ1⊤nZ1e1 ≤ 0: The term is a sum of exponential random variable: E |1 +
sZ|2 = 1 + s2 for Z ∼ N (0, 1) and

E(|1 + sZ|2 − 1− s2)2 = s2 E(2Z + sZ2 − s)2 = s2(4 + 2s2).

Then we have ∣∣∥sZ1e1 + 1n∥2 − n(1 + s2)
∣∣ ≤ Cs

√
(4 + 2s2)n log n (4.25)

holds with probability at least 1−O(n−2).

Case 2: n∥µ∥ − σ1⊤nZ1e1 > 0: In this case, we want to obtain concentration bound for
quadratic form z⊤Cnz where z ∼ N (0, In). Note that z⊤Cnz ∼ χ2

n−1, and then we have∣∣∣z⊤Cnz − E z⊤Cnz
∣∣∣ > c

√
n log n (4.26)

with probability as least 1 − O(n−1) where we use the fact that ∥Cn∥op = 1 and we have
E z⊤Cnz = Tr(Cn) = n− 1.

For the first term, we notice it is also a sum of exponential random variables, so we have∣∣∥[−1n + sZ2e1]+∥2 − nE[−1 + sZ]2+
∣∣ ≤ Cs

√
(4 + 2s2)n log n (4.27)

holds with probability at least 1−O(n−2).

In expectation, it holds that

E[−1 + sZ]2+ =
1√
2πs2

ˆ ∞

0
x2 exp

(
−(x+ 1)2

2s2

)
dx

=
1√
2πs2

ˆ ∞

1
(x− 1)2 exp

(
− x2

2s2

)
dx

=
1√
2πs2

(
(s2 + 1)

ˆ ∞

1
e−

x2

2s2 dx− s2e−
1

2s2

)
.

Note that

ˆ ∞

1
x exp(− x2

2s2
) dx = −s2

ˆ ∞

1
de−

x2

2s2 = s2 exp(− 1

2s2
),

ˆ ∞

1
x2 exp(− x2

2s2
) dx = −s2

ˆ ∞

1
x de−

x2

2s2 = s2e−
1

2s2 + s2
ˆ ∞

1
e−

x2

2s2 dx,

ˆ ∞

1
exp(− x2

2s2
) dx ≤

ˆ ∞

1
x exp(− x2

2s2
) dx = s2e−

1
2s2 .
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As a result, we have

E[−1 + sZ]2+ ≤ s3e−
1

2s2√
2π

.

Hence, collecting all the concentration bounds (4.25),(4.26),(4.27) we have derived above,
it holds with at least probability 1−O(n−1),

minG(c,γ) ≥


n
σ2

(
s3e

− 1
2s2√

2π
+ s2 − (c′1s

2 + c′2s)
√

logn
n

)
, if s1⊤nZ1e1 < n,

n
σ2

(
s3e

− 1
2s2√

2π
+ s2 + 1− (c′3s

2 + c′4s)
√

logn
n

)
, else,

for some positive constants c′1, c
′
2, c

′
3, and c′4. Recall that we have

F ∗ = maxF (c,γ) ≤
(
minG(c,γ)

2d
+

1

∥µ∥2
)−1/2

.

As a result, the best possible misclassification error is lower bounded by:

Pr

(
F ∗

σ
+ Z < 0

)
≥ Pr

Z >

(
n

2d

(
s3e−

1
2s2√

2π
+ s2 + 1− (c1s

2 + c2s)

√
log n

n

)
+ s2

)−1/2


(4.28)
where c1 > 0 and c2 > 0.

5. Appendix

Lemma 10. Let v1 and v2 ∈ Rd be two arbitrary vectors. Then it holds

min
⟨v,v1⟩=0

h(v) :=
⟨v1 + v,v2⟩√
∥v1∥2 + ∥v∥2

=

{
−
√

∥v2∥2 − |⟨v1,v2⟩|2/∥v1∥2, if ⟨v1,v2⟩ ≥ 0,

−∥v2∥, if ⟨v1,v2⟩ < 0.

Proof. Note that v is in a linear subspace, and thus the global minimum is certainly
negative. Let c = ⟨v2,v1 + v⟩ < 0 be fixed and then h(v) is increasing w.r.t. ∥v∥. As a
result, we need to search for a v with the minimum norm subject to

⟨v,v1⟩ = 0, ⟨v,v2⟩ = c− ⟨v1,v2⟩.
Let P = I − v1v

⊤
1 /∥v1∥2 be the projection matrix onto the complement of span(v1) The

minimum is given by

v = (c− ⟨v1,v2⟩)
Pv2

∥Pv2∥2
.

Therefore, the minimization of h(v) is reduced to minimizing h(c) for c < 0:

h(c) :=
c√

∥v1∥22 + (c− ⟨v1,v2⟩)2/∥Pv2∥2

=
c∥Pv2∥√

∥v1∥2∥Pv2∥2 + (c− ⟨v1,v2⟩)2

=
−∥Pv2∥√

(∥v1∥2∥Pv2∥2 + ⟨v1,v2⟩2) /c2 + 2⟨v1,v2⟩/|c|+ 1
.
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If ⟨v1,v2⟩ ≥ 0, then function h(c) satisfies

inf
c<0

h(c) = −∥Pv2∥ = −
√

∥v2∥2 −
|⟨v1,v2⟩|2
∥v1∥2

.

If ⟨v1,v2⟩ < 0, then the denominator is a quadratic function of 1/|c|. The minimum is
achieved at

1

c
=

⟨v1,v2⟩
∥v1∥2∥Pv2∥2 + ⟨v1,v2⟩2

=
⟨v1,v2⟩

∥v1∥2∥v2∥2
and then minc<0 h(c) = −∥v2∥.
Lemma 11 (Johnson-Lindenstrauss lemma for angles). Let Φ ∈ Rn×m be a random
orthogonal matrix with m > n. For any two unit vectors v1 and v2 ∈ Rn, we denote the
angle between v1 and v2 and Φ⊤v1 and V ⊤v2 by θ and θ̃ respectively. Then with probability
at least 1− 4 exp(−cε2m),

| cos θ̃ − cos θ| ≤ 4ε

(1− ε)2
.

Proof. Without loss of generality, we assume ∥v1∥2 = ∥v2∥2 = 1. By JL lemma, we have
with probability at least 1− 2 exp(−cε2m), for k = 1, 2,

(1− ϵ)

√
m

n
∥vk∥2 ≤ ∥Φ⊤vk∥2 ≤ (1 + ϵ)

√
m

n
∥vk∥2. (5.1)

By applying union bound over ∥Φ⊤vk∥2, (k = 1, 2), we have with probability at least
1− 4 exp(−cε2m), the following bounds hold. We proceed to estimate cos θ̃ :

cos θ̃ =
∥Φ⊤(v1 + v2)∥2 − ∥Φ⊤(v1 − v2)∥2

4∥Φ⊤v1∥∥Φ⊤v2∥

≤ (1 + ε)2(1 + cos θ)− (1− ε)2(1− cos θ)

2(1− ε)2
=

2ε+ (1 + ε2) cos θ

(1− ε)2
.

As a result, it holds

cos θ̃ − cos θ ≤ 2ε+ (1 + ε2) cos θ − (1− ε)2 cos θ

(1− ε)2
=

2ε+ 2ε cos θ

(1− ε)2
.

Similarly, for the lower bound, we have

cos θ̃ ≥ ∥Φ⊤(v1 + v2)∥2 − ∥Φ⊤(v1 − v2)∥2
4∥Φ⊤v1∥∥Φ⊤v2∥

≥ (1− ε)2(1 + cos θ)− (1 + ε)2(1− cos θ)

2(1 + ε)2
= − 2ε

(1 + ε)2
+ cos θ.

Therefore, for cos θ > 0, we have

− 2ε

(1 + ε)2
≤ cos θ̃ − cos θ ≤ 4ε

(1− ε)2
⇐⇒ | cos θ̃ − cos θ| ≤ 4ε

(1− ε)2
.

For cos θ < 0, we consider −v1 and v2 instead, and the same bound holds.
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Lemma 12 (Johnson-Lindenstrauss lemma for singular values). Let V ∈ RK×d

and Φ ∈ Rd×m is a random subspace sampled uniformly from Gd,m ⊂ Rd×m with m < d
where Gd,m stands for the Grassmannian consisting of all m-dimensional subspaces in Rd,
then with probability at least 1 − K2 exp(−cε2m) for some constant c > 0, the following
inequalities hold,

σmax(V Φ) ≤
√

m

d
(1 + ε2 + 2Kε)σmax (V ) ,

σmin(V Φ) ≥
√

m

d
(1− ε2 − 2Kε)σmin (V ) ,

(5.2)

where σmax(V ) and σmin(V ) denote the largest and smallest singular value of matrix V . In
other words, under m > c−1ε−2 log(K2d), the probability of success is at least 1−O(d−1).

Proof. The idea is to apply the Johnson-Lindenstrauss lemma to bound the quadratic
form a⊤ (V ΦΦ⊤V ⊤)a for a ∈ SK−1 where Φ ∈ Rd×m is a random orthogonal matrix with
Φ⊤Φ = Im. Without loss of generality, we can assume V V ⊤ = IK , as we can perform the
SVD on V and only take care of the orthogonal parts.

Let V ⊤ = [v1, · · · ,vK ] ∈ Rd×K with orthogonal columns. Then by applying Johnson-
Lindenstrauss lemma on vi, see (Vershynin, 2018, Lemma 5.3.2), we have with probability
at least 1−K2 exp(−cε2m),

(1− ε)

√
m

d
≤ ∥Φ⊤vi∥ ≤ (1 + ε)

√
m

d
,

√
2(1− ε)

√
m

d
≤ ∥Φ⊤(vi + vj)∥ ≤

√
2(1 + ε)

√
m

d
,

(5.3)

where we use the fact that ∥vi∥ = 1 and ∥vi ± vj∥ =
√
2 (i ̸= j). We have

a⊤
(
V ΦΦ⊤V ⊤

)
a =

K∑
i=1

a2i ∥Φ⊤vi∥2 +
K∑
i=1

K∑
j ̸=i

aiaj⟨Φ⊤vi,Φ
⊤vj⟩

=

K∑
i=1

a2i ∥Φ⊤vi∥2 +
K∑
i=1

K∑
j ̸=i

aiaj
2

(
∥Φ⊤(vi + vj)∥2 − ∥Φ⊤vi∥2 − ∥Φ⊤vj∥2

)
.

(5.4)
Applying (5.3), we obtain

∥Φ⊤(vi + vj)∥2 − ∥Φ⊤vi∥2 − ∥Φ⊤vj∥2 ≤
2m

d

(
1 + ε2 − (1− ε)2

)
≤ 4mε

d
. (5.5)

Therefore by (5.3), (5.4) and (5.5), it holds

a⊤
(
V ΦΦ⊤V ⊤

)
a ≤ m

d

K∑
i=1

a2i (1 + ε)2 +
2εm

d

K∑
i=1

K∑
j ̸=i

|aiaj |

≤ m

d
((1 + ε)2 + 2(K − 1)ε) =

m

d
(1 + ε2 + 2Kε)

(5.6)
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where
∑

i ̸=j |aiaj | ≤ K − 1. Similarly,

a⊤
(
V ΦΦ⊤V ⊤

)
a ≥ m

d

K∑
i=1

a2i (1− ε)2 − 2εm

d

K∑
i=1

K∑
j ̸=i

|aiaj |

≥ m

d

(
(1− ε)2 − 2(K − 1)ε

)
=

m

d
(1 + ε2 − 2Kε).

(5.7)

Proposition 13. Let Z ∈ Rn×d be a standard Gaussian random matrix with i.i.d. entries.
Then it holds

E min
s∈Sn−1

+

max
u∈Sd−1

⟨s,Zu⟩ ≥ Eg∼N (0,In),h∼N (0,Id) [∥h∥ − ∥g+∥] ∼
√
d−

√
n/2

where s ∈ Rn and u ∈ Rd, and g+ is the positive part of g. Here

Eg∼N (0,In) ∥g+∥ ≤
√

Eg∼N (0,In) ∥g+∥2

and

Eh∼N (0,Id) ∥h∥ =

√
2Γ(d+1

2 )

Γ(d2)
∼
√

d− 1

d− 2

(
1 +

1

d− 2

) d−2
2

√
d− 1√
e

∼
√
d.

The core idea of the proof relies on Gordon’s inequality.

Theorem 14 (Gordon’s inequality). Suppose Xu,t and Yu,t are two Gaussian processes
indexed by (u, t). Assume that

E(Xu,t −Xu,s)
2 = E(Yu,t − Yu,s)

2, ∀u, t, s,
E(Xu,t −Xv,s)

2 ≥ E(Yu,t − Yv,s)
2, ∀u ̸= v, and t, s,

then

E inf
u
sup
t

Xu,t ≤ E inf
u
sup
t

Yu,t.

Proof of Proposition 13. Consider two Gaussian processes:

Xs,u = ⟨s,Zu⟩, Ys,u = ⟨s, g⟩+ ⟨h,u⟩

where g ∼ N (0, In) and h ∼ N (0, Id), and all Then

E |Xs,u −Xt,v|2 = ∥us⊤ − vt⊤∥2F = 2− 2⟨u,v⟩⟨s, t⟩
≤ ∥s− t∥2 + ∥u− v∥2 = E ∥Ys,u − Yt,v∥2.

For s = t, it holds

E ∥Xs,u −Xs,v∥2 = ∥u− v∥2 = E ∥Ys,u − Ys,v∥2.
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Note that
E min

s∈Sn−1
+

max
u∈Sd−1

{⟨s, g⟩+ ⟨h,u⟩} = E[−∥g+∥+ ∥h∥].

By Gordon’s inequality, it holds that

E min
s∈Sn−1

+

max
u∈Sd−1

⟨s,Zu⟩ = E min
s∈Sn−1

+

max
u∈Sd−1

Xs,u

≥ E min
s∈Sn−1

+

max
u∈Sd−1

Ys,u = E [∥h∥ − ∥g+∥]

where h ∼ N (0, Id) and g ∼ N (0, In).

Lemma 15. Let Z ∈ Rn×d be a standard Gaussian random matrix. Define

f(Z) := min
s∈Sn−1

+

max
u∈Sd−1

⟨s,Zu⟩,

we have

Pr(|f(Z)− E f(Z)| ≥ t) ≤ 2e−
t2

2 . (5.8)

Proof. First note that
f(Z) = min

s∈Sn−1
+

∥Z⊤s∥.

Given two Gaussian random matrices Z1 and Z2, and we let s1 and s2 be two positive
unit vectors such that

f(Zℓ) = ∥Z⊤
ℓ sℓ∥, ℓ = 1, 2.

Then

∥Z⊤
2 s2∥ − ∥Z⊤

1 s2∥ ≤ f(Z2)− f(Z1) = ∥Z⊤
2 s2∥ − ∥Z⊤

1 s1∥ ≤ ∥Z⊤
2 s1∥ − ∥Z⊤

1 s1∥

and it implies
|f(Z2)− f(Z1)| ≤ ∥Z2 −Z1∥F ,

i.e., f(Z) is a Lipschitz-1 continuous function. Then following from (Wainwright, 2019,

Theorem 2.26), we have Pr(|f(Z)− E f(Z)| ≥ t) ≤ 2e−
t2

2 .
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