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Abstract

This paper proposes an asymptotic theory for online inference of the stochastic gradient
descent (SGD) iterates with dropout regularization in linear regression. Specifically, we
establish the geometric-moment contraction (GMC) for constant step-size SGD dropout
iterates to show the existence of a unique stationary distribution of the dropout recursive
function. Based on the GMC property, we use the functional dependence measure to pro-
vide quenched central limit theorems (CLT) for the gradient descent iterates with dropout
regularization. Moreover, we obtain CLTs for the Ruppert-Polyak averaged GD (AGD) and
averaged SGD (ASGD) iterates with dropout. Based on these asymptotic normality re-
sults, we further introduce an online estimator for the long-run covariance matrix of ASGD
dropout to facilitate inference in a recursive manner with efficiency in computational time
and memory. The numerical experiments demonstrate that for large samples, the proposed
confidence intervals for ASGD with dropout achieve the nominal coverage probability.
Keywords: stochastic gradient descent, dropout regularization, ¢2-regularization, online
inference, quenched central limit theorems

1. Introduction

Dropout regularization is a popular method in deep learning (Hinton et al., 2012; Krizhevsky
et al., 2012; Srivastava et al., 2014). During each training iteration, each hidden unit is
randomly masked with probability 1 — p. This ensures that a hidden unit cannot rely on
the presence of another hidden unit. Dropout therefore provides an incentive for different
units to act more independently and avoids co-adaptation, which means that different units
do the same.

There is a rich literature contributing to the theoretical understanding of dropout regu-
larization. As pointed out in Srivastava et al. (2014), the core idea of dropout is to artificially
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introduce stochasticity to the training process, preventing the model from learning statis-
tical noise in the data. Starting with the connection of dropout and /?-regularization that
appeared already in the original dropout article Srivastava et al. (2014), numerous works
investigated the statistical properties of dropout by marginalizing the loss functions over
dropout noises and linking them with explicit regularization (Arora et al., 2021; Baldi and
Sadowski, 2013; Cavazza et al., 2018; McAllester, 2013; Mianjy and Arora, 2019; Mianjy
et al., 2018; Senen-Cerda and Sanders, 2022; Srivastava et al., 2014; Wager et al., 2013).
The empirical study in Wei et al. (2020) concluded that adding dropout noise to gradient
descent also introduces implicit effects, which cannot be characterized by connections be-
tween the gradients of marginalized loss functions and explicit regularizers. For the linear
regression model and fixed learning rates, Clara et al. (2024) proved that the implicit effect
of dropout adds noise to the iterates and that for a large class of design matrices, this
implicit noise does not vanish in the limit.

Though the convergence theory of dropout in fixed design and full gradients has been
widely investigated, an analysis of dropout with random design or sequential observations
is still lacking, not to mention online statistical inference. To bridge this gap, we provide a
theoretical framework for dropout applied to stochastic gradient descent (SGD). In partic-
ular, we establish the geometric-moment contraction (GMC) for the SGD dropout iterates
for a range of constant learning rates . We provide useful and sharp moment inequalities
to prove the g-th moment convergence of SGD dropout for any ¢ > 1.

Besides the convergence and error bounds of SGD dropout, statistical inference of SGD-
based estimators is also gaining attention (Fang, 2019; Fang et al., 2019; Liang and Su,
2019; Su and Zhu, 2023; Zhong et al., 2024). Instead of focusing on point estimators
using dropout regularization, we quantify the uncertainty of the estimates through their
confidence intervals or confidence regions (Chen et al., 2020; Zhu et al., 2023). Nevertheless,
it is challenging to derive asymptotic normality for SGD dropout or its variants, such as
averaged SGD (ASGD) (Ruppert, 1988; Polyak and Juditsky, 1992). The reason is that the
SGD iterates are dependent and the initialization makes the SGD iterates non-stationary.
In this paper, we leverage the GMC property of SGD dropout and show quenched central
limit theorems (CLT) for both SGD and ASGD dropout estimates. Additionally, we propose
an online estimator for the long-run covariance matrix of ASGD dropout to facilitate the
online inference.

Contributions. This study employs powerful techniques from time series analysis to de-
rive a general asymptotic theory for the SGD iterates with dropout regularization. Specifi-
cally, the key contributions can be summarized as follows.

(1) We establish the geometric-moment contraction (GMC) of the non-stationary SGD
dropout iterates, whose recursion can be viewed as a vector auto-regressive process
(VAR). The possible range of learning rates that ensures GMC can be related to the
condition number of the design matrix with dropout.

(2) The GMC property guarantees the existence of a unique stationary distribution of
the SGD iterates with dropout, and leads to the L?-convergence, the asymptotic
normality, and the Gaussian approximation rate of the SGD dropout estimates and
their Ruppert-Polyak averaged version.
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(3) We derive a new moment inequality in Lemma 27, proving that for any two random
vectors &,y of the same length, the ¢-th moment E||z + y||4 can have a sharp bound
in terms of E||z||4, E|ly||3 and E(zy), without the condition Efy | ] = 0 required
in previous results (Rio, 2009). The derived moment inequality is also applicable to

many other Li-convergence problems in machine learning.

(4) An online statistical inference method is introduced to construct joint confidence
intervals for averaged SGD dropout iterates. The coverage probability is shown to be
asymptotically accurate in theory and simulation studies.

The rest of the paper is organized as follows. We introduce the dropout regularization
in gradient descent in Section 2. Followed by Section 3, we establish the geometric-moment
contraction for dropout in gradient descent and provide the asymptotic normality. In Sec-
tion 4, we generalize the theory to stochastic gradient descent. In Section 5, we provide
an online inference algorithm for the ASGD dropout with theoretical guarantees. Finally,
we present simulation studies in Section 6. All the technical proofs are postponed to the
Appendix.

1.1 Background

Dropout regularization. After its introduction by Hinton et al. (2012); Srivastava et al.
(2014), dropout regularization was found to be closely related to £2-regularization in linear
regression and generalized linear models. See also Baldi and Sadowski (2013); McAllester
(2013). Wager et al. (2013) extended this connection to more general injected forms of noise,
showing that dropout induces an £2-penalty after rescaling the data by the estimated inverse
diagonal Fisher information. In neural networks with a single hidden layer, dropout noise
marginalization leads to a nuclear norm regularization, as studied in matrix factorization
(Cavazza et al., 2018), linear neural networks (Mianjy et al., 2018), deep linear neural
networks (Mianjy and Arora, 2019) and shallow ReLU-activated networks (Arora et al.,
2021). Moreover, Gal and Ghahramani (2016b) showed that dropout can be interpreted
as a variational approximation to the posterior of a Bayesian neural network. Gal and
Ghahramani (2016a) applied this new variational inference based dropout technique in
recurrent neural networks (RNN) and long-short term memory (LSTM) models. Additional
research has explored the impact of dropout on convolutional neural networks (Wu and
Gu, 2015) and generalization properties via Rademacher complexity bounds (Arora et al.,
2021; Gao and Zhou, 2016; Wan et al., 2013; Zhai and Wang, 2018). Dropout has been
successfully applied in various domains, including image classification (Krizhevsky et al.,
2012), handwriting recognition (Pham and Le, 2021) and heart sound classification (Kay
and Agarwal, 2016).

Stochastic gradient descent. To learn from huge datasets, stochastic gradient descent
(SGD) (Robbins and Monro, 1951; Kiefer and Wolfowitz, 1952) is a computationally attrac-
tive variant of the gradient descent method. While dropout and SGD have been studied
separately, only little theory has been developed so far for SGD training with dropout reg-
ularization. Mianjy and Arora (2020) showed the necessary number of SGD iterations to
achieve suboptimality in ReLU shallow neural networks for classification tasks, which is
independent of the dropout probability due to a strict condition on data structures. Senen-
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Cerda and Sanders (2023) extended this to more generic results without assuming any
specific data structures, focusing instead on reaching stationarity in non-convex functions
using dropout-like SGD. Furthermore, Senen-Cerda and Sanders (2022) analyzed the gradi-
ent flow of dropout in shallow linear networks and studied the asymptotic convergence rate
of dropout by marginalizing the dropout noise in a shallow network. However, a theoretical
convergence analysis or inference theory of SGD dropout iterates without marginalization
has not been explored yet in the literature.

1.2 Notation

We denote column vectors in R? by lowercase bold letters, that is, & := (x1,...,24)" and
write |||z := (a"x)/? for the Euclidean norm. The expectation and covariance of random
vectors are respectively denoted by E[-] and Cov(-). For two positive number sequences (ay,)
and (by,), we say a, = O(by) (resp. a, < by,) if there exists ¢ > 0 such that a,, /b, < ¢ (resp.
1/c < an /by, < c) for all large n, and say a, = o(b,) if ay /b, — 0 as n — oo. Let (z,,) and
(yn) be two sequences of random variables. Write z,, = Op(y,) if for Ve > 0, there exists
¢ > 0 such that P(|zy/yn| < ¢) > 1 — € for all large n, and say x,, = op(y,) if z,/y, — 0 in
probability as n — oo.

We denote matrices by uppercase letters. The d x d identity matrix is symbolized by
I;. Given matrices A and B of compatible dimension, their matrix product is denoted by
juxtaposition. Write A" for the transpose of A and define A := AT A. When A and B are of
the same dimension, the Hadamard product A ® B is given by element-wise multiplication
(A® B)ij = AijB;j. For any A € R¥4 let Diag(A) := I; ® A denote the diagonal matrix
with the same main diagonal as A. Given p € (0,1), define the matrices

A := A — Diag(A),
A, :=pA+ (1 —p)Diag(A).

In particular, A, = pA + Diag(A), so A, results from re-scaling the off-diagonal entries of
A by p. For a matrix A, the operator norm induced by the Euclidean norm || - [|2 is the
spectral norm and will always be written without sub-script, that is, ||A|| := || Al|op-

2. Dropout Regularization

The stochasticity of dropout makes it challenging to analyze the asymptotic properties of
dropout in stochastic gradient descent. To address the complex stochastic structure, we
investigate in Section 2 the dropout regularization in gradient descent, and then consider
stochastic gradient descent in Section 4.1.
Consider a linear regression model with fixed design matrix X € R™ ¢ and outcome
y € R", that is,
y=Xp" +e, (1)

with unknown regression vector 3* € R?%, and random noise € € R™. The task is to recover
B* from the observed data (y, X). Moreover, we suppose that E[e] = 0 and Cov(e) = I,.
We highlight that the noise distribution of € is often explicitly modeled as multivariate
normal, but this is not necessary for this analysis. We also assume that the design matrix
X has no zero columns. Because of that we also say that model (1) is in reduced form. We
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Notation Definition Equation Index Range

By GD iterates with dropout Eq. (2) keN
B,‘; stationary GD iterates with dropout Eq. (14) keZ
¢} 2 regularizer in the GD setting with dropout Eq. (3) /

5}; stationary affine GD iterates with dropout Eq. (15) keZ
By, SGD iterates with dropout Eq. (32) keN
Bv,‘; stationary SGD iterates with dropout Eq. (42) kel
Jé] ¢? regularizer in the SGD setting with dropout Eq. (34) /

_,%d AGD iterates with dropout Eq. (24) keN
_ng ASGD iterates with dropout Eq. (48) keN

Table 1: List of the sequences defined in the paper.

can always bring the model into reduced form, since zero columns and the corresponding
regression coefficients have no effect on the outcome y and can thus be eliminated from the
model.

We consider the least-squares criterion %|ly — X33 for the estimation of 3*. For the
minimization, we adopt a constant learning-rate gradient descent algorithm with random
dropouts in each iteration. Following the seminal work on dropout by Srivastava et al.
(2014), we call a d x d random diagonal matrix D a p-dropout matrix if its diagonal entries

satisfy Dj; HLd- Bernoulli(p), with some retaining probability p € (0,1). On average, D has
pd diagonal entries equal to 1 and (1 — p)d diagonal entries equal to 0. For simplicity, the
dependence of D on p will only be stated if unclear from the context. For a sequence of
independent and identically distributed (i.i.d.) dropout matrices Dy, k = 1,2, ..., and some
constant learning rate o > 0, the k-th step gradient descent iterate with dropout takes the
form

Br(a) = Br_1(a) — O‘VB,H%H?J - XDkBk—l(a)H;
= Br-1(a) + aDX " (y — XDiBr-1(a)),

(2)

with By a given initial vector. Taking the expectation with respect to Dy, one obtains the
gradient descent iterates with respect to the loss function E[$|ly — X DB|3|y, X], where the
expectation is taken only over the stochasticity in the dropout matrix D. The minimizer of
the loss is denoted by

o . Ly 2
B:= argﬂnéﬁld E[2Hy XDﬁH2 ‘ y,X}. (3)

Throughout Section 3, we assume that the sample (y, X) is given, and all the expectations
are taken only over dropout matrix D, i.e., E[-] = Ep[]. In fact, the vector 3 has a closed
form expression. To see this, we denote the Gram matrix by

X=X'X
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and recall
X = X — Diag(X), X, =pX+ (1 — p)Diag(X). (4)

Note that D? = D, Diag(X) = X, — pX, and that diagonal matrices always commute. Since
the fixed design matrix X is assumed to be in reduced form with min; X;; > 0, one can show
that solving the gradient for the minimizer 8 in (3) (Srivastava et al., 2014; Clara et al.,
2024) leads to the closed form expression

B=p(rX +p(L - pDing(x)) X7y =%,'XTy. (5)

If the columns of X are orthogonal, then X is a diagonal matrix, X, = X and B coincides
with the classical least-squares estimator X' X "y. We refer to Section 4.1 for a counterpart
of 5’ using stochastic gradient. While previous studies have linked ¢2-regularization and GD
with dropout by marginalizing the training loss over the dropout noise (Wager et al. (2013);
McAllester (2013); Srivastava et al. (2014)), Theorem 7 of Clara et al. (2024) uncovers a
persistent gap in their covariance structures under a constant learning rate. This proves
that dropout moreover incurs an implicit effect beyond what an explicit £?-penalty can
capture. Consequently, it is essential to investigate the GD dropout iterates ,ék ().

A crucial argument in the analysis of the dropout iterate Bk is to rewrite the dropout
update formula as

Br(a) — B = (I — aDXDy)(Br-1(a) — B) + aDyX(pls — Di)B,
—Ar(a) —br(a)

see Section 4.1 in Clara et al. (2024).

(6)

3. Asymptotic Properties of Dropout in GD

To study the asymptotic properties of gradient descent with dropout, we first establish the
geometric-moment contraction for the GD dropout sequence. Subsequently, we derive the
quenched central limit theorems for both iterative dropout estimates and their Ruppert-
Polyak averaged variants. Furthermore, we provide the quenched invariance principle for
the Ruppert-Polyak averaged dropout with the optimal Gaussian approximation rate.

3.1 Geometric-Moment Contraction (GMC)

First, we extend the geometric-moment contraction in Wu and Shao (2004) to the cases
where the inputs of iterated random functions are i.i.d. random matrices.

Definition 1 (Geometric-moment contraction) For i.i.d. d X d random matrices V;,

PR ) }
Ve, i,j €L, consider a stationary causal process

ak:g(\pkv"'aqjla\p()?\p—la"')v k€Z7 (7)

for a measurable function g(-) such that the d-dimensional random vector 6y, has a finite q-
th moment E||0k||3 < 0o, for some ¢ > 1. We say that 0y, is geometric-moment contracting
if there exists some constant rq € (0,1) such that

(El|6x — 0}12) "/ = O(F), forallk=1,2,..., (8)
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where 0), = g(Vg, ..., U, V[, V", . .)) is a coupled version of 0y with V;, i < 0, replaced
by i.i.d. copies V).

In general, an iterated random function satisfies the geometric-moment contraction prop-
erty under regularity conditions on convexity and stochastic Lipschitz continuity, see Sec-
tion B.1 in the Appendix for details. Here, we focus on the contraction property with
U, = Dy, the k-th dropout matrix. Setting

fo(u) :=u+aDX " (y — XDu),
we can rewrite the recursion of the dropout gradient descent iterate Bk(a) in (2) as

Bi(@) = Br—1(a) + aDp X " (y — X DiBr—1()) =: fp, (Bre-1())- 9)

We shall show that, under quite general conditions on the constant learning rate o > 0, this
process satisfies the geometric-moment contraction in Definition 1, and converges weakly to
a unique stationary distribution 7, on RY, that is, for any continuous function h € C(R%)
with ||h]|e < 00, E[h(f]k(a))] — [ h(u)Ta(du) as k — co. We then write By (a) = 7. Set

q\ /4
Ta,q = ( sup EH(Id — 04D1XD1)UH2> . (10)

vER:||v]|2=1

In particular, for ¢ = 2, we can rewrite the squared norm and obtain r?w = Amax(E(Ig —
aD1XD1)?) with Apax(+) the largest eigenvalue. The exponential stability of online algo-
rithms with constant step size has also been studied by Durmus et al. (2021) in the context
of linear stochastic approximation and by Samsonov et al. (2024) to establish convergence of
the stationary law in Wasserstein distance for temporal-difference learning. Theorem 3 be-
low complements these results by proving contraction in the Euclidean distance to show the
existence and uniqueness of the stationary distribution for GD with dropout and constant
learning rate.

Lemma 2 If ¢ > 1 and of/X]|| < 2, then, rqq < 1.

As we only assumed that the design matrix X has no zero column, X = X ' X can be
singular. The previous lemma shows that even for singular X, contraction coefficient r4 4 < 1
is possible. Without dropout, for any v in the kernel of X, one has ||({; — aX)v|j2 = ||v]|2,
implying that supyegd,|jo|,—1 Ell(1a — aX)vl|§ > 1.

Theorem 3 (Geometric-moment contraction of GD dropout) Let ¢ > 1. Choose
a positive learning rate o satisfying o||X|| < 2. For two dropout sequences Bk(a),,@;(a),
k = 0,1,..., generated by the recursion (6) with the same dropout matrices but possibly
different initial vectors Bo, ,36, we have

(EBr(c) — Br(@)|g) " < v 1180 — Bil2- (11)

Moreover, there exists a unique stationary distribution T which does not depend on the
initialization By, such that By(a) = 74 as k — oo.
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Regarding the condition «|/X]|| < 2, numerical experiments in Section 6.1 show that,
for a wide range of settings, choosing the learning rate « slightly larger than 2/||X]||, the
empirical version of r, , will be larger than 1, and consequently, the GMC property in (11)
will no longer hold. As we only require «|/X|| < 2, the dimension d influences the GMC
property in the previous theorem only through the structure of the Gram matrix X = X ' X.

As mentioned before, 7'372 = Amax(E(Iy—aD1XD1)?) < 1. A special case of Theorem 3 is
thus E||Bk(a) — B, ()13 < Amax(E(Iz—aD1XD1)?))*||Bo — Bh||3. Theorem 3 indicates that
although the GD dropout sequence {8 (a)}ren is non-stationary due to the initialization,
it is asymptotically stationary and approaches the unique stationary distribution 7, at an
exponential rate. Such geometric-moment contraction result is fundamental to establish a
central limit theorem for the iterates.

Another consequence of Theorem 3 is that if 3 is drawn from the stationary distribution
7o and D is an independently sampled dropout matrix, then also fp(8) ~ 7. We refer
to Corollary 23 in the Appendix for the detailed arguments. This result means that if
the initialization ,38 is sampled from the stationary distribution 7, then, the marginal
distribution of any of the GD dropout iterates ,éz () will follow this stationary distribution
as well.

We can also define the GD dropout iterates Bg(a) for negative integers k by considering
i.i.d. dropout matrices Dy, for all integers k € Z and observing that the limit

Bz(a) = n}i_{nooka o ka—l 0:--0 ka—m(/B) = ha(DkaDkfla . -)7 (12)

exists almost surely and does not depend on 3 (see Corollary 23). Then, it follows that
Bi(a) = fp,(By_;(a)) also holds for negative integers and the geometric-moment contrac-
tion in Definition 1 is satisfied for Bz(a), that is,

1/q
(IEHha(Dk, c..sD1,Dg,D_1,...) — ha(Dy, ..., Dy, D), D", .. .)Hg) —0(k,), (13)
for some ¢ > 1, 4,4 € (0,1) defined in (10), and i.i.d. dropout matrices Dy, Dy, k,{ € Z.

3.2 Iterative Dropout Schemes

Equation (6) rewrites the GD dropout iterates into Bi(a)—B = Ap(a)(Br—1(a)—B)+by(a).
If the initial vector B; is sampled from the stationary distribution m,, we also have

Bi(a) = B = Ap(a)(Bi_1(a) — B) + by(), (14)

and for any £ = 0,1,..., B,‘;(a) ~ To. We can see that {Bz(a)}keN is a stationary vector
autoregressive process (VAR) with random coefficients. While (Ax(a),bx(a)) are ii.d.,
Ag(a) and by («) are dependent. This poses challenges to prove asymptotic normality of the
dropout iterates. An intermediate recursion is obtained by replacing Ax(«) = Ij—aDp XDy,
by its expectation E[A;(«)] = I — apX,. This gives the recursion

Bl(@) = B = (Is— apX,) (B]_, (@) — B) + bi(a). (15)

The condition a € (0,2/||X]|) implies the operator norm bound ||I; — apX,|| < 1 (see Step
1 in the proof of Lemma 4). Thus GMC holds and the sequence {ﬁ;(a)}keN converges to
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a unique stationary distribution as k& — oo. For brevity, throughout the paper, we shall
assume that the initialization ﬁg follows the stationary distribution, and therefore the affine
sequence {ﬁ};(a)}keN is stationary. The proof then derives the asymptotic normality for
B,Tg(oz), and shows that the difference between By () and B,Tg(oz) is negligible, in the sense
that for ¢ > 2, (E|B(a) — ( )9 = O(a + Tfé,qHBg — BSHQ), where the first part is
due to the affine approximatlon in Lemma 4 and the second part results from the GMC
property in Theorem 3.

Lemma 4 (Affine approximation) If a € (0,2/||X|), then the difference sequence 8y ()
= Bz(a) — ,6;2(04) satisfies B[k ()] = 0 and for any ¢ > 2, maxy, (EHék( )2 )1/q O(a).

Lemma 5 (Moment convergence of iterative GD dropout) Let g > 2. For the sta-
tionary GD dropout sequence {B;(c)}ren defined in (6), if o € (0,2/[X]]), we have

max (E[|B7(a) - BlIf) " = O(va). (16)

If the Gram matrix X is ill-conditioned in high dimensions, then the allowed range for a
is more restrictive. While a smaller o improves the moment convergence rate O(y/«) by
Lemma 5, it causes the contraction constant r, 4 to approach 1, thereby requiring a larger
number of iterations k for 3j (a) to converge to the stationary distribution m,. If o | 0, the
stationary distribution 7, converges to the normal distribution in a sense that is formally
stated in the next result. Recall that m,(A) = P(8%(a) € A) is the stationary distribution
defined in (14).

Theorem 6 (Quenched CLT of iterative GD dropout) Consider the iterative gradi-
ent descent dropout sequence {Br(a)}ren in (6) and the (2-reqularized estimator B in (5).
Assume that the constant learning rate o satisfies o € (0,2/|X])), B # 0, and sup-
pose that for every I = 1,...,d, there exists m #* | such that Xy, # 0. For any set
B = (—00,b1] X ... X (—00,by] with real numbers by, ..., by,

Ta (,3 + fEl/Q(a)B) — ]P’(z S B), as o — 0, (17)

with z ~ N (0, 1) following the standard d-variate normal distribution, and

Bi(a) - B) _ El(Bl(@) - B)Bl(e) -B)]

E(a) = Cov( Ja

(18)

n (17), the centering term is 3 since one can show that the affine sequence B};(a)
satisfies E[ﬁ};(a) — B] = 0 (see the proof of Theorem 6), which along with Lemma 4 yields
E[BS(a) — B8] = 0. The result also implies convergence on all hyper-rectangles (aj,b;] x

X (aq,bq]. One can derive more explicit expressions of Z(a) and =(0) := limy 0 =().
Reshaping a d x s matrix U = (uq,...,us) with d-dimensional column vectors w1, ..., us
into a ds-dimensional column vector gives vec(U) := (u{ ,...,u] ). Moreover, for any two
matrices A € RP*? and B € R™*™, the Kronecker product A ® B is the pm x gn block
matrix, with each block given by (A ® B);; = A;; B. Following Theorem 1 in Pflug (1986),
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and assuming that =(«) is differentiable with respect to «, Z(«) becomes the solution of a
classical Lyapunov equation

2(0) (pXy) + (1X)Z () = S,
that is,
=(a) = W + aBy, (19)

where the d x d matrices S, Vj and B, are respectively defined as

1 — -
S = JCOV(bl (a)) = COV(D1X(pId - Dl),@), (20)
vec(Vp) = (Iqg @ pXp, + pX, ® I) "t vece(S), (21)
vec(By) = (I ® pX, + pX, @ Ig) ™ - vec(p?X,VoX,). (22)

The matrix Vj satisfies the equation VopX, + pX,Vy = S. By definition, the matrix S is
independent of o and X # 0 since there exist non-zero diagonal and off-diagonal elements
by assumptions in Theorem 6. Let Sy = BaT. By the proof of Theorem 6, we can express
S in terms of p, X and B3 as follows,

S = p*(XSX), — 2p (po(SOX)p +p*(1 - p)Diag(XSoX))

+ 9%, (50)%p + p(1 - p) (Diag(X(50),%) + 2%, Diag(SeX) + (1 - p)X 0 5| ©X).
(23)

One can see that, Z(0) = lim, |0 =() = Vp, and in particular, for small p, vec(Vp) can be
approximated by (I; ® X, + X, ® I;)~! - vec(Xp[BBT]po). By the expansion in (19), the
CLT in (17) still holds with =(«) therein replaced by =(0) = V4.

By Theorems 3 and 6, the GD dropout iterates 3y, () exhibit asymptotic normality via
a two-step limit. First, for any fixed constant learning rate o > 0, the GMC property (cf.
Theorem 3) guarantees that the GD dropout iterates will first converge to the stationary
distribution 7, as the iteration number k£ grows. Decreasing then the learning rate o — 0,
7o converges to the normal distribution (cf. Theorem 6). Similar two-step schemes are also
explored in the literature; for example, Defazio et al. (2024) proposed a modern learning
schedule which consists of an initial warm-up stage with relatively large learning rates
followed by rapid learning rate annealing near the end of training.

3.3 Dropout with Ruppert-Polyak Averaging

To reduce the variance of the gradient descent iterates Bk(a) introduced by the random
dropout matrix Dy, we now consider the averaged GD dropout (AGD) iterate

k

Bl (0) = 13 Bi0), (24)

=1

following the averaging scheme in Ruppert (1988); Polyak and Juditsky (1992). We derive
the asymptotic normality of B,%d (a) in the following theorem.

10
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Theorem 7 (Quenched CLT of averaged GD dropout) For a constant learning rate
a € (0,2/|X]]) and any fixed initial vector By, the averaged GD dropout sequence satisfies

VE(BE (@) — B) = N(0,%(a)), ask — oo, (25)

with S(a) = 322°__ Cov(B5(a), B°(ar)) the long-run covariance matriz of the stationary

N 1=—00
process 35 (a) ~ mq.

One can choose a few learning rates, say aq,...,«as, and run gradient descent for each
of these learning rates in parallel by computing ,@k(al), .. ,Bk(as) for k =1,2,.... An
example is federated learning where data are distributed across different clients (Dean et al.,
2012; Karimireddy et al., 2020; Zinkevich et al., 2010).

Corollary 8 (Quenched CLT of parallel averaged GD dropout) Let s > 1. Con-

sider constant learning rates az,...,as € (0,2/[|X[|). Then, for any initial vectors Bola1),
i ,,30(043),

Vi - vec(Bid(al) —-3,... ,Bid(as) - B) = N(0,2Y°), as k — oo, (26)

with vec(uq, ..., us) = (ulT, ... ,'U,ST)T € R for d-dimensional vectors w1, ...,us, and the

long-run covariance matrix

¢ = 3 Cov(vee(B3 (1), ..., Byla), vee(B(en), . B () )

1=—00

Next, we provide a stronger Gaussian approximation result, namely the rate for the
Komlés—Major-Tusnady (KMT) approximation (Komlds et al., 1975, 1976; Berkes et al.,
2014). In the quenched invariance principle below, we show that one can achieve the optimal
Gaussian approximation rate for the averaged GD dropout process.

Theorem 9 (Quenched invariance principle of averaged GD dropout) Assume the
constant learning rate satisfies o € (0,2/]|X]]). Define a partial sum process (S;(a))1<i<t
fort € Ny with

i
Sp(a) = (By(a) = B). (27)
k=1
Then, there exists a (richer) probability space (2, A*,P*) on which one can define d-
cfimensional random vectors B, the associated partial sum process SHa) =3 51(Br(a) —
B), and a Gaussian process G} = >, _, z%, with independent Gaussian random vectors

Z]: ~ N(O, Id), such that (Sf)lgigt 2 (Sf)lgigt and

max HS: - 21/2(04)(};“2 = op(t), in (0, A%, P), (28)

where Y(a) is the long-run covariance matriz defined in Theorem 7. In addition, this

approzimation holds for all (Siﬁo (a))1<i<t given any arbitrary initial vector By € R?, where

SP(a) =" (B(a) - B). (29)
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Theorem 9 shows that one can approximate the averaged GD dropout sequence by Brownian
motions. Specifically, for any fixed initial vector By € R?, the partial sum process converges
in the Euclidean norm, uniformly over u,

(71255 (@), 0<u <1} = {2V%(a)B(u), 0 <u <1}, (30)

where |m| = max{i € Z : i < m}, and B(u) is the standard d-dimensional Brownian
motion, that is, it can be represented as a d-dimensional vector of independent standard
Brownian motions. According to the arguments in Karmakar and Wu (2020), the KMT
approximation rate O]p(tl/ 7) is optimal for fixed-dimension time series. Since we can view
the GD dropout sequence as a VAR(1) process, the approximation rate in Theorem 9 is

optimal for the partial sum process (Sfao(a))lgigt.

4. Asymptotic Properties of Dropout in SGD

In the previous section, we considered a fixed design matrix and (full) gradient descent with
dropout. Computing the gradient over the entire dataset can be computationally expensive,
especially with large datasets. We now investigate stochastic gradient descent with dropout
regularization.

4.1 Dropout Regularization in SGD

Consider i.i.d. covariate vectors x;, € R? k = 1,2, ..., from some distribution II, and the
realizations yi |y from a linear regression model
T
Yk = T B + €k, (31)

with unknown regression vector 3* € R%. We assume that the model is in reduced form,
which here means that min;(E[z12/{]); > 0. In addition, we assume that the i.i.d. random
noises ¢, satisfy Elex] = 0 and Var(e;) = 1. In this paper, we focus on the classical case
where the SGD computes the gradient based on an individual observation (yg,xy) and a
dropout matrix Dj. For constant learning rate o and initialization ,éo, the k-th step SGD
iterate with Bernoulli dropout is

Bela) = Bir(0) — a2 (o — ] Dibr (@)’
= Br-1(@) + aDyzy (yr — f DpBr-1()). (32)

This is a sequential estimation, or online learning scheme, as computing ka(oz) from Bg_1 ()
only requires the k-th sample (yg, x) and the dropout matrix Dy. To study the contraction
property of the SGD dropout iterates Bk(a), we express the recursion (32) by an iterated
random function f : R4*4 x R x R% x R% — RY with

I (y2)(w) =u+ aDx(y — xDu),
that is,
Br(@) = Br-1(a) + aDyzy (yr — 2} DipBr-1())
=: ka,(yk,wk)(lék—l(a))' (33)

12
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We shall show that this iterated random function f is geometrically contracting under
suitable conditions, and therefore, there exists a unique stationary distribution 7, such
that By, () = 7o, where = denotes the convergence in distribution.

From now on, let (y, ) be a sample with the same distribution as (yg, ®x). By marginal-
izing over all randomness, we can view the SGD dropout in (32) as a minimizer of the
(?-regularized least-squares loss

v

, 1
B := arg min Eqo)Ep |5 (v~ x' DB)?|. (34)

Here, the expectation is take over both the random sample (y,x) and the dropout matrix
D. Throughout the rest of the paper, we shall write E[-] = E, z)Ep[-] when no confusion
should be caused.

Denote the d x d Gram matrix by X = xk:cg, and define

Xy = Xy — Diag(Xg), X, = pXg + (1 — p)Diag(Xg). (35)

By Lemma 28 in the Appendix, we have a closed form solution for B as follows
o -1
B = p(p2E[331$1T] +p(1 - p)Diag(E[ﬂﬂlmlT])) Elyiz1] = (E[X1,)) ' Elyiz],

and thus, we obtain the relationship E[X;,]8 = E[y121]. To study the SGD with dropout,
we now focus on the difference process {Bx(a) — B}ren. As in the case of gradient descent,
this process can be written in autoregressive form,

v

Br(a) — B = (Ig — aDyXy. Dy ) (Br-1(a) — B) + aDyxy(yr, — x) Di.B3) . (36)

— A (a) —ibu(a)

4.2 GMC of Dropout in SGD

Establishing the geometric-moment contraction (GMC) property to the stochastic gradient
descent iterates with dropout is non-trivial as the randomness of ,ék () not only comes from
the dropout matrix Dy, but also the random sample (yx,xi). Recall that X, is defined
in (35) and by Lemma 21(ii), E[DX;D] = pE[X}, ;).

Lemma 10 (Learning-rate range in SGD dropout) Assume that for some q > 2, the
q-th moment py(v) = (E||DpXgDpv||) < 0o for all unit vectors v € R If the learning
rate a > 0 satisfies

alg=1) (L ap () (o)

<1, (37)
2 perd o=t PUTE[Xplv
then, for a dropout matrix D,
i, = sup E||(Is— aDXD)v|] < 1. (38)

veR? ||lv|2=1

13
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This provides a sufficient condition for the learning rate a which ensures contraction
of Iy — aDXyD for moments ¢ > 2. This will lead to L%-convergence of the SGD dropout
iterates and determines the convergence rate in the Gaussian approximation in Theorem 17.

For the special and important case ¢ = 2, the identities ua(v)? = E|| DXy Dyv||3 and
E(DyXyDy) = pE[X} ] imply that condition (37) can be rewritten into

o pia(v)?
— sup — <1, (39)
2 veRY ||v||2=1 va]E[Xk7p]U
and
20 "E(D; XD
0<a< mf 22 EDZRDi)v (40)

veRd,vla=1 E|DpXpDpv||3

For ¢ = 2, Lemma 29 in the Appendix states that the conclusion of the previous lemma is
also implied by the condition E[2X; — aX3] > 0.

Remark 11 The upper bound in condition (40) can be interpreted as a generalized eigen-
value. For a given pair of real symmetric matrices (A, B) and a given non-zero real vector
u, the generalized Rayleigh quotient is defined as

u'! Au
u' Bu’

One can show that sup,,.o R(A, B;u) = max{\ : det(A—AB) = 0} is the largest generalized
eigenvalue of (A, B). Recall X}, = ka;—, let &, = Dyxy, and define the matrices

R(A,B;u) =

¥ = E(DpXDy) = (&) ), S := E(DpXp DX Dy) = E(&,&) @2 ) = E(a2, )2
Letting uw = v, A =Xy and B = X1, condition (40) is equivalent to

0<a< inf 2’U—r21'v 2
« 1mn = .
veRd [vlla=1 V' Xov  sup, R(Z2,Xq;v)

For the geometric-moment contraction for the SGD dropout sequence, we impose the
following moment conditions.

Assumption 1 (Finite moment) Assume that for some q > 2, the random noises € and
the random sample @ in model (31) have finite 2q-th moment E[|e|29] + ||x||3%] < .

Lemma 30 in the Appendix shows that this assumption ensures the finite g-th moment of
the stochastic gradient in (32) evaluated at the true parameter 3* and the /?-minimizer 3
in model (31), that is,

(B Vo5 - = 08)?) " = (Bl Doy~ = D) 1) " < o

and (IE||VB%(y - a:TDB)QHg)l/q < oo. Assumption 1 moreover guarantees (E||Vg3(y —
a;TDB)2H3)1/‘I < oo for all B € RY,

14
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Theorem 12 (Geometric-moment contraction of SGD dropout) Let ¢ > 2. Sup-
pose that Assumption 1 holds and the learning rate « satisfies (37). For two dropout se-
quences Bk( ) and Bk( ), k = 0,1,..., that are generated by the recursion 5’2) with the
same sequence of dropout matrices {Dk}keN but possibly different initializations ,@o, ,80, we
have

(E)18r(e) - ,é;(a>||g> < B0 — Bhlla,  for allk=1,2,..., (41)
with

. 1/
fag=(_swp B[ Ai(pofs) "
veR: ||v|2=1

Moreover, for any initial vector E’o € RY, there exists a unique stationary distribution 7,
which does not depend on By, such that Bi(a) = T as k — oco.

By Theorem 12, initializing Bg ~ 7, leads to the stationary SGD dropout sequence
{Br(a) }ken by following the recursion

Bi() = B = Ap(@)(Bi_1(a) = B) + Br(a), k=1,2,..., (42)

where the /2-regularized minimizer 3 is defined in (34), and the random coefficients Ay (ar) =
I;—aDp XDy and bg(a) = aDk:ck(yk—wng,B) are defined in (36). Furthermore, recall the
iterated random function f D,(y,z)(B) defined in (33). As a direct consequence of Theorem 12,
we have

Bi(@) = f, ) Bi-1 (), (43)

which holds for all k € Z. To see the case with k < 0, we only need to notice that, for any
B € R%, we have the limit

,éZ(Oé) = n"}gnoo fﬁk S fgk—m(ﬁ) = Ba(fkagk—la e ')7 (44)

where hq is a measurable function that depends on «, and we use & to denote all the
new-coming random parts in the k-th iteration, that is,

& = (D, (Y- 1)), k€. (45)

For k <0, & can be viewed as an i.i.d. copy of §; for some j > 1. The limit Ba(gk,gk,l, o)
exists almost surely and does not depend on 3. Therefore, the SGD dropout iteration

Br(a) = fpy (ye.ar) (Br—1(a)) in (43) holds for all k € Z.

As for GD with dropout, the parameter dimension d influences the contraction constant
Ta,q only indirectly through the matrix E[mk:ck] For i.i.d. Gaussian entries a more explicit
expression is derived in the next lemma.

Lemma 13 (Dependence on d in SGD with dropout) If the covariate vectors xy, are
independently drawn from a standard multivariate Gaussian, then,

1%72 =1—2ap + a?[(d — 1)p* + 3p]. (46)

Hence, a < 2/((d — 1)p + 3) ensures 742 < 1.

15
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4.3 Asymptotics of Dropout in SGD
In this section, we provide the asymptotics for the k-th iterate of SGD dropout and the

Ruppert-Polyak averaged version.

Lemma 14 (Moment convergence of iterative SGD dropout) Let ¢ > 2 and sup-
pose that Assumption 1 holds. For the stationary SGD dropout sequence {/81:( a) bren defined
in (42) with learning rate « satisfying (37), we have

max (E[|83(a) - AlIf) " = O(Va). (47)

Besides the stochastic order of the last iterate of SGD dropout Bk(a), we are also
interested in the limiting distribution of the Ruppert-Polyak averaged SGD dropout, which
can effectively reduce the variance and keep the online computing scheme. In particular,

we define
k
Z (48)

Theorem 15 (Quenched CLT of averaged SGD dropout) Under Assumption 1, if
the learning rate o satisfies (37), then,

sgd

w\»—n

\/%( Sgd() ,é) (O,E(a)), as k — oo, (49)

with Y(a) = Zl__oo [(,30( ) — ﬁ)(ﬁf(a) — B)7] the long-run covariance matriz of the

stationary process ,8;’( Q) ~ Tg.

The CLTs for fixed design (Theorem 7) and random design (Theorem 15) have different
covariance matrices in the limit k¥ — oco. In particular, the limiting covariance matrix of
the averaged SGD iterates with dropout depends on the random design.

As discussed above Corollary 8, one can also choose different learning rates aq, ..., ag
and then run the SGD dropout sequences Bk(al), B (as) in parallel. For d-dimensional
vectors w1, . .., us, recall that vec(us, ..., us) := (u{,...,u) )" is the ds-dimensional con-

catenation.

Corollary 16 (Quenched CLT of parallel averaged SGD dropout) Under Assump-
tion 1, consider a sequence of constant learning rates aq,...,as, for s > 1, satisfying the
condition in (37). Then, for any initial vectors Bo(ai), ..., Bo(as),

Vk - Vec< ng( D—-08,..., igd(as) - B) = N (0, i]vec), as k — oo, (50)

with the long-run covariance matriz

S = 3" Cov(vec(Bg(an),. ... B5(as)), vee(B7 (1), - .., B5 (as))).

1=—00
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Theorem 17 (Quenched invariance principle of averaged SGD dropout) Let As-
sumption 1 hold for some q > 2 and consider the learning rate o satisfying (37). Define a
partial sum process (S5 (a))1<i<t for t € Ny with

S5 (@) =Y (Bi(a) - B). (51)

k=1

Then, there exists a (richer) probability space (%, A*,P*) on which one can define d-
czzmenszonal random vectors ,Bk, the associated partial sum process S*(a) = Y et (Br(a) —
B), and a Gaussian process GZ* = Zk:l zy, with independent Gaussian random vectors

%, ~ N(0,14), such that (S%)1<i<t 2 (5F)1<i<t and

max HS: 212(q op(tY), in (S0, A%, PY), (52)

max Gill, =

where i(a) is the long-run covariance matriz defined in Theorem 15. In addition, this

approximation holds for all (S’lﬁo (@))1<i<t given any arbitrary initialization Bo € RY, where

§(e) = > (Bele) — B). (53)

k=1

5. Online Inference for SGD with Dropout

The long-run covariance matrix f](a) of the averaged SGD dropouts is usually unknown
and needs to be estimated. We now propose an online estimation method for Zu](a), and
establish theoretical guarantees.

The key idea is to adopt the non-overlapping batched means (NBM) method (Lahiri,
1999, 2003; Xiao and Wu, 2011), which resamples blocks of observations to estimate the
long-run covariance of dependent data. Essentially, a sequences of non-overlapping blocks
are pre-specified. When the block sizes are large enough, usually increasing as the the sample
size grows, the block sums shall behave similar to independent observations and therefore
can be used to estimate the long-run covariance. In this paper, to facilitate the online
inference of the dependent SGD dropout iterates {3 (a)}ren, we shall extend the offline
NBM estimators to online versions by only including the past SGD dropout iterates in each
batch. The overlapped batch-means (OBM) methods are also investigated in literature;
see for example Xiao and Wu (2011); Zhu et al. (2023). We shall only focus on the NBM
estimates in this study given its simpler structure.

Let m1,7m9,... be a strictly increasing integer-valued sequence satisfying n; = 1 and
Nm+1 — Nm — 00 as m — oo. For each m, we let B,, denote the block

Bm:{nm,nm+1v"'vnm+1*1}- (54)

For the k-th SGD dropout iteration, denote by (k) the largest index m such that n,, < k.
For any d-dimensional vector v = (v1,...,v4) ", the Kronecker product is the d x d matrix
v®? = (vzv]) _,- Based on the non—overlapplng blocks { By, }men, for the k-th iteration, we

17
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can estimate the long-run covariance matrix ¥(a) in Theorem 15 by

R 1w(k)—1 . 22 1 k . 22
S =7 Y (X B@-8@]) +2( X [Bil@-82@)]) . (55)

The estimator ﬁ]k(a) is composed of two parts. The first part takes the sum within each
block and then estimates the sample covariances of these centered block sums. The sec-
ond part accounts for the remaining observations, which can be viewed as the estimated
covariance of the tail block.

For the recursive computation of flk(a), we need to rewrite (55) such that, in the k-th
iteration, we can update $;(c) based on the information from the (k — 1)-th step and the
latest iterate By («). To this end, we denote the number of iterates included in the tail part
(i.e., the second part) in (55) by

on(k) =k — nyay + 1, (56)

and define two partial sums

k
=Y Bil@) and Ru@)= > Bi(w). (57)

i€Bm 1=y (k)

Then, we notice that the estimator flk(a) in (55) can be rewritten as follows,

(30 Sn@)+ Ra@)) + (X2 1Bal? +15,090°) B (0)°

[ P(k)—1 P(k)—1

(k)fl

~ (3 1BalSn(a) + 5 (k) Ri(e)) B (o) T

m=1
P(k)-1 T
lgsgd( )( Z ‘Bm|5m(0‘)+577(k)7€k(0‘)> ]
m=1

= = [Velo) + KB (@)% — Hi(@)F ()T ~ B (0) Hy(o)T | (59)

As such, the estimation of 3(«) reduces to computing {Vi(a), Kz, Hi(a), igd(a)} recur-
sively with respect to k. We provided the pseudo codes of the recursion in Algorithm 1.
We shall further establish the convergence rate of the proposed online estimator Sk () in
Theorem 18.

The rational behind Algorithm 1 is as follows: if k+1 < 7yz)41, then the index k+1 still
belongs to the block By,y and ¢(k +1) = (k). Also we have Ry 11(a) = R(a) + Brya(a)
and 0,(k + 1) = 9,(k) + 1. Consequently, {Kj1,Vit1(a), Hpy1(o)} can be recursively
updated via

K1 = Ky — [6,(K)|* + |6,(k + 1),

Vis1(a) = Vi(@) — Ri(@)®? + Rpga ()2,
Hyy1(a) = Hi(a) — 0y (k)R () + 6y (k + 1) Ryt ().

18
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Algorithm 1: Online estimation of long-run covariance matrices of ASGD dropout

Data: Sequential random samples (y1,x1), ..., (Y, x); sequential dropout
matrices D1, ..., Dy; constant learning rate «; predefined sequences
{nm}mEN

Result: ASGD dropout 3} +1( «); estimated long-run covariance matrix 1 (a)
Initialize By(a) = Sgd( ) = Ro(a) <0,

| (0) 1, 6,(0) <~ 1, Ko = Ho(ar) 1, Vo(ar) < 0
for k=0,1,2,3,... do

Brt1(@) < Bi(e) + aDyay (yp — x DiBr_i1(a)) ; /* SGD dropout */
BEL (@) = (kB (@) + By (@)} /(k + 1) ; /* ASGD dropout */

if k+1 <mny)41 then 5

Ript1(@) < Ri(a) + Brr1 (), y(k +1) <= dp(k) + 1;

Kp1  Ki — 65 (k) + 0p(k + 1), ¢(k + 1) < 9(k);

Hy1(@) < Hi(a) — 6y(k)Ri() + 0y(k + 1) Ryt (e);

Vit1(a) < Vi(@) = Ryp(a)®? + Ryp1(a)®?;

else }

Ri+1(@) « Brr1(a), oy(k+1) « 1;

wk+1) < Pk)+1

K1 < Ki + 1, Hyp1 (@) < Hi(a) + Ry ();

Vk;+1 (Oé) — Vk(Oé) + R}g+1((¥)®2;

end

Spi1(a) « B
Vi (@) + Ke1 B (002 — Hypn (@B ()T — B (o) Hian (@) T/ + 1);

/* Estimated long-run covariance matrix */

end

Otherwise, if k + 1 = 1y, we have ¢(k + 1) = (k) + 1. Hence Ry41(a) = Bri1(a) and
dy(k+1) = 1. In this case, { K41, Vit1(a), Hi1(a)} can be recursively updated as follows,

Kp1 =K +1,
Vi1 () = Vi(@) + Rigr ()2,
Hyt1(e) = H(@) + Ryt1(e).

As such, given Bl(a), . ,Bk(a), the estimator ﬁ]k(a) for the long-run covariance matrix
Y («) can be updated online, requiring only O(1) memory storage.

Theorem 18 (Precision of 3,(a)) Let ny, = |emS] for some ¢ > 0 and ¢ > 1. If the
conditions of Theorem 12 are satisfied with q > 4, we have

E||Sk(a) — S(a)||p < dk/¢DVE1/20),

where || - |p denotes the Frobenius norm, and the constants in < are independent of k and
d. Consequently, for any dimension d, if the number of iterations k satisfies

¢
k> deTa
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then E||Sx(a) — X(a) || F = o(1).
In particular, for ¢ = 3/2,
E|| k() — S(a)||p S dk™ 2. (59)

This rate is optimal among long-run covariance estimators in the fixed-dimensional settings,
even when comparing to offline estimation; see Xiao and Wu (2011) for details.  This
result indicates that for the dimension d, at least n > d° training budget is needed to
ensure consistency. The slow scaling of the algorithm in the dimension makes it, however,
challenging to run the procedure for d > 1000 requiring > 10° training samples.

By the estimation procedure summarized in Algorithm 1, we can asymptotically estimate
the long-run covariance matrix of the SGD dropout iterates B_ng () for any arbitrarily fixed
initial vector. For some given confidence level w € (O 1), in the k-th iteration the online
confidence interval for each coordinate ﬂ], j=1,...,d, of the vector [3 in (34) is

Clyk,j == [ﬂk] — 21—w/2\/ Ok,jj (@) [k, 5;” )+ 21—w/2 &k,jj(a)/k}a (60)

with z;_,,/» denoting the (1 — w/2)-percentile of the standard normal distribution. Here,
0k,jj(c) is the j-th diagonal of the proposed online long-run covariance estimator f)k( ) in
(55), and Bzg;l(a) is the j-th coordinate of the averaged SGD dropout estimate f)’sgd( ).

Furthermore, the online joint confidence regions for the vector ﬁ is
Clw,k = {ﬁ S RY . k(Bng(a) _ :3) ( )(Bsgd( ) /3) < Xi,l—w/2}’ (61)

where Xz,l—w /2 is the (1 —w/2)-percentile of the x? distribution with d degrees of freedom.

Corollary 19 (Asymptotic coverage probability) Suppose that Assumption 1 holds
and the learning rate o satisfies (37). Given w € (0,1) and 1, = |em¢| for some
c >0 and ¢ > 1, Cl,; defined in (60), and Cl,j defined in (61) are asymptotic
100(1 — w)% confidence intervals, that is, P(Bj € CIWJW) —1—wforalj=1,...,d,
and }P’(B € CI%k) — 1 —w, as k — oo. More generally, for any d-dimensional unit-
length vector v with ||vll2 = 1, and z1_,s the (1 — w/2)-quantile of the standard normal
distribution,

Ol = [0 3 (0) — 21ujo\ 0T Si(@)), 0T B (0) + 21y k(0T Sk (0)o)
(62)

is an asymptotic 100(1 — w)% confidence interval for the one-dimensional projection v' g,
that is, P(v' B € Clzr;j‘]) —1—w, as k — oo.

By the quenched CLT of the averaged SGD dropout sequence {Bigd(a)}keN in Theorem 17
and the consistency of flk(a) in Theorem 18, we can apply Slutsky’s theorem and obtain
the results in Corollary 19. In Section 6, we shall validate the proposed online inference
method by examining the estimation accuracy of the proposed online estimator f]k(a) and
the coverage probability of CIPrOJ under different settings.
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6. Numerical Experiments

In this section, we present the results of the numerical experiments to demonstrate the
validity of the proposed online inference methodology. For a real-data application see Ap-
pendix H. The codes for reproducing all results and figures can be found online®.

6.1 On the Range of the Learning Rate
The GD dropout iterates can be defined via the recursion (6), B (@) —B= Ak(a)(,ék,l(a) —

B) + by (), and the derived theory requires the learning rate a to satisfy o||X|| < 2. Via a
simulation study we show that this range is close to sharp to guarantee that the contraction
constant

2
ri g = sup IEHAl(oz)UH2 = Amax (E[AI(@)Al(a)]) < 1. (63)

T veRd:||vlp=1

This then indicates that the condition «||X]|| < 2 in Lemma 2 is fairly sharp.

For the n x d full design matrix X, we independently generate each entry of X from the
standard normal distribution. Since X = X " X, the upper bound 2/Amax(X) of the learning
rate a can be computed. Then, we independently generate N = 500 dropout matrices D,
i = 1,..., N with retaining probability p. The simulation study evaluates the empirical
contraction constant

N
22 = Amax (N71Y0 4] (@)4i(@)), (64)
i=1

for different training budget n, dimension d, retaining probability p, and learning rate a.
Table 2 shows that even if the learning rate « exceeds the upper bound 2/Apax(X) by a

n,d 2/ Amax(X)  p o 7% 9
100, 5 0.0151 0.9 0.0150 0.97

0.0154 1.02

100, 50 0.0068 0.9 0.0067 0.93
0.0072 1.01

0.8 0.0068 0.90

0.0075 1.02

100, 100 0.0052 0.9 0.0050 0.93
0.0057 1.15

0.5 0.0050 0.94

0.0075 1.06

Table 2: Effects of the learning rate o on the geometric moment contraction of the GD
iterates with dropout.

small margin, the contraction will not hold any more since 7%72 > 1. This indicates that
the condition «||X]|| < 2 is close to sharp.

1. https://github.com/jiaqili97/Dropout_SGD
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6.2 Estimation of Long-Run Covariance Matrix

In this section, we provide the simulation results of the proposed long-run covariance esti-
mator X (a) defined in (55), and its online version (58).

Figure 1 shows the convergence of the GD and SGD iterates with dropout. The coor-
dinates of the true regression vector 3* are equidistantly spaced between 0 and 1. One can
see that the initialization is quickly forgotten in both GD and SGD algorithms.

Convergence of ASGD Dropout Iterates Convergence of AGD Dropout Iterates
o o
~ 7| — betat T - — beta1 e T
—— beta2 e P —— beta2 /e
P beta 3 i o _| beta 3 S
o 7 beta 4 Y R ° beta 4 /7
© beta 5 VA © beta 5 A
® o | —— betab S T «© | — betab .
o S beta 7 a S © beta 7
ks beta 8 /o k) beta 8
E < | — betad ) E < | — betad
= o beta 10 = o —— beta 10
17 7
w w
o~ ~
o S
o _| o
o O |

0 1 2 3 4 5 0 1 2 3 4
logo(k) log1o(k)
(a) AGD. (b) ASGD.

Figure 1: Convergence traces of AGD and ASGD iterates with dropout regularization based
on a single run, with dimension d = 10 and initialization at zero. The coordinates of the
true parameter 8* are equidistantly spaced between 0 and 1, the learning rate o = 0.01,
and the retaining probability p = 0.9. Each curve represents the convergence trace of one
coordinate.

Figures 2-3 evaluate the performance of the online long-run covariance matrix esti-
mator ﬁ]k(a). Suppose that the training budget is n. The parameters in the blocks
B = {Nm, Mm+1y - Mm+1 — 1}, m = 1,..., M, defined in (54), are chosen as M = |/n]
and 7,, = m?. In Figure 2, we can see that the long-run variances of each coordinate of
the ASGD dropout iterates Bzgd(a) converges as the number of iterations k grows. Since
there is no closed-form expression for the true long-run covariance matrix i(a) defined
in Theorem 15, in Figure 3, we set the true long-run covariance matrix as the average
of the 108-th iteration over 20 replications of the experiment, while we plot the first 107
iterations only. Figure 3(a) shows that the empirical convergence of the Frobenius norm
E||2k(a) — 2()|| for dimension d between 100 and 1000 agrees with the theoretical con-
vergence rate oc k~1/3 in (59). For v' = d~Y2(1,...,1)T, the length of the confidence
interval for the one-dimensional projection v ' 3* is displayed in Figure 3(b). The same v
is used for the simulation results summarized in Table 3. In the next section, we shall show
that by using these estimated long-run variances, the online confidence intervals achieve
asymptotically the nominal coverage probability.
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Estimated long-run variances of ASGD dropout Estimated long-run covariances of ASGD dropout
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Figure 2: Under the same setting as in Figure 1, the left panel displays the estimated
long-run variances of ASGD dropout iterates, that is, the diagonal entries of the estimated
long-run covariance matrix Y (a); the right panel displays the first row of ¥ («).

(a) Estimation error of long-run covariance matrix (b) Length of 95% CI
0.25

d
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Figure 3: Performance of the long-run covariance matrix estimator i]k(a) for learning rate
o =1/d and p = 0.9. (a) Empirical estimation errors E||S(a) — S(a)|| averaged over 20
replications. The dashed lines show the theoretical decay rate o« k~1/3. The coordinates of
B* are equidistantly spaced between 0 and 1. (b) Length of the confidence intervals CI}ZTEJ
in (62).
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6.3 Online Confidence Intervals of ASGD Dropout Iterates

Recall the 100(1 — w)% online confidence interval CIET,?J. in (62) for the one-dimensional
projection of the true parameter 3%, i.e., v' 3*. For dimension d € {50,100, 200, 500}, a
similar performance in convergence of the coverage probabilities is observed in Figure 4. In
Table 3, we report the coverage probabilities of the confidence intervals CIETEJ for dimension
d € {50,100,200,500}, dropout probabilities p € {0.5,0.9}, and constant ’learning rates «
ranging from 0.002 to 0.02. The results demonstrate that the online confidence intervals

can achieve the target coverage probability as the number of iterations increases.

1o Empirical coverage rate of 95% CI

o o o
I o ©
) ) )

Coverage Probability

o
[N)

0.0 T T T T
10?2 103 104 10° 106 107
k

Figure 4: Coverage probabilities of 95% confidence intervals for one-dimensional projection
of ASGD dropout iterates based on 100 independent repetitions, dropout probability p =
0.9, learning rate o = 1/d, and coordinates of 3* equidistantly spaced between 0 and 1 and
initialized at zero. The gray dashed line shows the nominal 0.95 coverage.

p=209
d k=10° k=5%10° k=109 k=5 %100 k=107
50 0.91 (0.0286) 0.95 (0.0218) 0.95 (0.0218) 0.95 (0.0218) 0.92 (0.0271)
100 0.94 (0.0237) 0.92 (0.0271) 0.91 (0.0286) 0.94 (0.0237) 0.92 (0.0271)
200 0.91 (0.0286) 0.89 (0.0313) 0.92 (0.0271) 0.93 (0.0255) 0.96 (0.0196)
500 0.68 (0.0466) 0.89 (0.0313) 0.92 (0.0271) 0.93 (0.0255) 0.95 (0.0218)
p=0.5
d k=10° k=5%10° k=109 k=15 x 100 k=107
50 0.94 (0.0237) 0.92 (0.0271) 0.92 (0.0271) 0.95 (0.0218) 0.96 (0.0196)
100 0.94 (0.0237) 0.96 (0.0196) 0.93 (0.0255) 0.94 (0.0237) 0.96 (0.0196)
200 0.81 (0.0392) 0.91 (0.0286) 0.93 (0.0255) 0.95 (0.0218) 0.93 (0.0255)
500 0.55 (0.0497) 0.86 (0.0347) 0.90 (0.0300) 0.96 (0.0196) 0.96 (0.0196)

Table 3: Empirical coverage probabilities of 95% confidence intervals based on 100 inde-
pendent repetitions (with standard errors in the brackets) and learning rate o = 1/d.
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Appendix A. Technical Lemmas

Lemma 20 (Burkholder, 1988; Rio, 2009) Letq > 1,¢' = min{q, 2}, and define My =
Zthl &, where & are martingale differences with a finite g-th moment. Then

T
(ENM|9)7 < KOS (Eler)§) ™, where Ky = max{(¢ — 1)}, \/q — 1}.

t=1

Lemma 21 (Clara et al., 2024) For any matrices A and B in R p € (0,1), and a
diagonal matriz D € R¥™ 9, the following results hold:

(i) AD = AD, DA = DA, and A, = pA = A,;
If in addition, the diagonal matriz D is random and independent of A and B, with the
diagonal entries satisfying Dj; LLd Bernoulli(p), 1 <i < d, then,

(i) ElDAD] = pA,, where A, = pA+ (1 — p)Diag(A);

(i4i) ElDADBD) = pA, B, + p*(1 — p)Diag(AB), where A = A — Diag(A);

(iv) E[lDADBDC D) = pA,B,Cp+p*(1—p) [Diag(AB,C)+A,Diag(BC)+Diag(AB)Cp+
(1-pA® B' ® C] , where ® denotes the Hadamard product.

Lemma 22 (Properties of operator norm) Let A = (ai;)i<i j<d be a real d x d matriz.
View A as a linear map R? +— RY and denote its operator norm by ||Al|.

(i) (Inequalities for variants of A). ||Diag(A)| < ||All, |4l < ||All, and if in addition,
A is positive semi-definite, then also ||A|| < ||A]|;

(i1) (Frobenius norm). [|All = supyepa,||v|,=1 [|4v[l2 < [|Allp, where ||A|F denotes the

‘ . 1/2
Frobenius norm, i.e., |Al|lp = (szzl |ai;]?) / ;

(iii) (Largest magnitude of eigenvalues). For a symmetric d x d matriz A, we have
maxi<i<q |[Ai(A)| = || A||, where X\;(A) denotes the i-th largest eigenvalue of A. If in addition,
A is positive semi-definite, then also Amax(A) = ||AJ|.

Proof The inequalities in (i) follow directly from Lemma 19 in Clara et al. (2024). For
(ii), we notice that for any unit vector v € R?, one can find a basis {ei,...,es} and write
v into v = 2?21 cjej, with e; € R?, and the real coefficients c; satisfying Z;l:l c? = 1.
Then, it follows from the orthogonality of e; and the Cauchy-Schwarz inequality that

d d d d
1ol = || cies|) < (X lesllAesl)” < (X 1) (3 Ides13)
j=1 j=1 j=1 j=1
d
=3 |43 = 14113 (65)
j=1

Since this result holds for any unit vector v € R%, the desired result in (ii) is achieved.

(iii) is well-known. Nevertheless, we provide a proof here for completeness. For any
eigenvalue \;(A), denote its associated unit eigenvector by v. Then, ||Av|2 = |Ai(4)|||lv|l2 =
|Ai(A)|, which further yields [A;(A)| < sup,ecra joj,=1 |4v[2 = [|A]l, uniformly over i.
Hence, the inequality can be obtained. If in addition, A is symmetric, then A can be
diagonalized by an orthogonal matrix @ and a diagonal matrix A such that A = QTAQ.
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Therefore, Supycp,|jv|,=1 [[Av|l2 = maxi<i<a [Ai(A4)[, which completes the proof. ]

Appendix B. Proofs in Section 3.1

This section is devoted to the proofs of the geometric-moment contraction (GMC) for the
dropout iterates with gradient descent (GD), i.e., {Br(a) — B}ren. We first extend the
results in Wu and Shao (2004) to the cases where the inputs of iterated random functions
are i.i.d. random matrices. Then, we present the proof for the sufficient condition of the
GMC in terms of the constant learning rate o in Lemma 2, and showcase the GMC of

{Bk(@) — B}ken in Theorem 3.

B.1 GMC — Random Matrix Version

Let (), p) be a complete and separable metric space, endowed with its Borel sets Y. Consider
an iterated random function on the state space ) C R¢, for some fixed d > 1, with the form

Yr = f(Yr—1, Xx) = fx, (Yr-1), k€N, (66)

where f(y,-) is the y-section of a jointly measurable function f: Y x X +— Y; the random
matrices X, k € N, take values in a second measurable space X C R%*? and are inde-
pendently distributed with identical marginal distribution H. The initial point yg € Y is
independent of all Xj.

We are interested in the sufficient conditions on fx(y) such that there is a unique
stationary probability 7 on ) with yr = 7 as £ — oo. To this end, define a composite
function

yk(y):kaokaflO'”Ole(y)v foryey' (67)

We say that y;, is geometric-moment contracting if for any two independent random vectors
y ~ mand ¥y ~ 7 in Y, there exist some ¢ > 0, Cy > 0 and r, € (0,1), such that for all
keN,

E[p? (yr(y), yx(y'))] < Cyrk. (68)
Wu and Shao (2004) provided the sufficient conditions for (68) when Xj are random vari-
ables and y; and y are one-dimensional. Their results can be directly extended to the
random matrix version and we state them here for the completeness of this paper.

Assumption 2 (Finite moment) Assume that there exists a fixed vector y* € ) and
some q > 0 such that

I(q,y") :==Ex~u[p?(¥", fx(¥))] = /qu(y*,fx(y*))H(dX) < 00.

Assumption 3 (Stochastic Lipschitz continuity) Assume that there exists some ¢ > 0
and some Yo € Y such that

L=  sup Ex~n [p?(fx(90), [x(yp))]
ey, oty 07 (Y0, Yh)

<1,
where Lq = Lq(yo) is a local Lipschitz constant.
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Because of the affine form of the recursion in (36), the ergodic theory in Diaconis and
Freedman (1999) also applies here for the SGD sequence with dropout.

Corollary 23 (GMC — random matrix version) Suppose that Assumptions 2 and 3
hold. Define a backward iteration process

zr(y) = z1(fx, () = fxi o fxp, 0 0 fx, (y), foryel. (69)

Then, z(y) L Y (y), and there ezists a random vector z~, € Y such that for any y € Y,

a.s.

zk(Y) = Zoo.
The limit zo is measurable with respect to the o-algebra o(Xy, Xo,...) and does not depend

on y. In addition,
E[p?(ze(y), 200) ] < Crg, for all k € N, (70)

where the constant C' > 0 only depends on q and y* in Assumption 2, L, in Assumption 3
and yo. Additionally, (68) holds.

Before showing the detailed proof of Corollary 23, we first introduce a key technique for
this proof in the following remark.

Remark 24 (Backward iteration) We shall comment on the intuition for defining the
backward iteration zy in (69). Recall the i.i.d. random samples X1,...,X,. Clearly, for
any fized initial point yo € Y, for all k € N, we have the relations

Yt 1(¥0) = fx,1 (Yk(w0)),
zr+1(Yo) = 2y (ka+1 (yo))'

To prove the existence of the limit for yr = fx, o fx,_, © - o fx,(yo), we need to make
use of the contracting property of the function fx(-) stated in Assumption 3. However, we
cannot directly apply it to the forward iteration, because by the Markov property, given the
present position of the chain, the conditional distribution of the future does not depend on
the past. This indicates

E[p?(Yrr1 (), ye ()] = E[E[p?(fx: (W), ue () | Xis1]], (71)

where the two parts inside of p(-, ) are operated by two different functions, which are fx, ., (-)
and fx, o fx, , 0o fx,(-) respectively. In fact, as pointed out by Diaconis and Freedman
(1999), the forward iteration y moves ergodically through ), which behaves quite differently
from the backward iteration zi(-) = fx, © fx, 00 fx,(-) in (69), which does converge to
a limit. To see this, we note that by Assumptions 2 and 3, there exists some y* € Y such
that

Elp?(zr+1(y"), 21(y"))] = E[E[p? (21 (fx00s (¥7)): 21(y")) | Xpt1]]
< LEE[p? (fxor (¥%),9")]
— IE(g.y), ()
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which is summable over k by Assumption 3. Since Y is a complete space, we can mzmzc the
idea of a Cauchy sequence to prove the existence of the limit zo and further show zi “3 zso,
by applying the Borel-Cantelli lemma. Since X1,..., X, are i.i.d. and thus exchangeable,

we have zk(yo) L yr(yo). Hence, we can show that yy, also converges to zo, in distribution.

Proof Let g € (0,1] such that both Assumptions 2 and 3 hold. We will only show the
desired results for this choice of g, since if Assumptions 2 and 3 are satisfied for some ¢ > 1,
then they are also valid for all ¢ < 1 by Holder’s inequality (Wu and Shao, 2004). Recall
the definition of integral I(q,y*) in Assumption 2. Let yg € ) satisfy Assumption 3. Then,

I(g,y0) = E[p?(yo, fx (40))]
<E[p(yo,y") + p(y", fx(¥")) + p(fx (W), fx (%0))]
<o (yo,¥*) + (¢, y") + E[p?(fx(y*), fx (%0))]
< o1 (Yo, y") + 1(q,y") + Lep?(y*, yo) < o0,

where the first inequality follows from the triangle inequality, the second one is by Assump-
tion 3 and Jensen’s inequality, and the last one is due to Assumption 2. A similar argument
as in (72) yields

E[p?(zr+1(y0), zk(y0))| < LEI(q,y0) =: bk, (73)
where d;, = 0x(q, yo) solely depends on k, ¢, Ly and yo. By Markov’s inequality, we have
P(p(z1(y0): 26(w0) = 6/ C7) < 6,/%, (74)
Since Y 2, 5,1/ < 00, it follows from the first Borel-Cantelli lemma that

P(p(zk+1(y0), zk(yo)) = 5;/(2(1) for infinitely many k‘) = 0. (75)

Again, since 5;/ % is summable, zj is a Cauchy sequence in space ), which together with the
completeness of ) gives that almost surely, there exists a random vector z,, € Y such that

zi(Yo) % 2o, as k — 00,

where z is 0(X1, Xo,...)-measurable. Let 7 be the probability distribution of z.
Furthermore, it follows from the triangle inequality and Jensen’s inequality that for any
fixed yg € Y,

]E[,o (Zk(’yo [Zp Zk+1+1(Y0)s Zk+l(y0))}q
=0
< Z ?(2r1141(y0): 2+1(Y0) )]
=0

/(1 = L), (76)

33



L1, ScuMIDT-HIEBER AND WU

For any y € ), by Assumption 3 and triangle inequality,

E[p?(zk(y), 2) | < E[p?(2£(y), zk(y0))] + E[p?(2k(y0), Zo0)]
LEp?(yo,y) + 0k/ (1 — Ly). (77)

IN

Recall that &, = L5I(q,y0). Let C = I(q,y0)/(1 — Lg) + p?(yo,y) and we have shown
result (70) with r, = L,. Since C’r’qC in (70) is summable over k, it again follows from
Borel-Cantelli lemma that for any y € ),

a.s

zp(Y) = 200, ask — oo,

and therefore, the limit

vk’(y) = lim ka+1 © ka+2 0 ka+m (y) (78)

m—00

exists almost surely.
Finally, we notice that for any two independent random vectors y ~ 7 and y’ ~ m,

E[p?(ye(y), ye(¥))] < E[p"(yx(y), yx(w0))] + E[p? (yr(y0), yx(¥))]
=2E[p q(zk vi), 2K(Yo))|
= [ q(zoo,zk (Yo )] 20,/(1 — Ly), (79)

where the first equation follows from the observation that v, has the identical distribution
as Zeo = 2k(vk(y)) ~ m and is independent of i.i.d. random matrices X7, ..., X} because
vy as defined in (78) only depends on X; for large i > k + 1. The desired result in (68) has
been achieved. |

The recursion yr = f(yr—1, Xx) is only defined for positive integers k. Nevertheless,
Corollary 23 guarantees that for &k = 0,—1,... the relation yr = f(yx_1, Xx) also holds.
See Remark 2 in Wu and Shao (2004) for a simple way to define y; when kK =0,—1,... in
the one-dimensional case. The vector versions can be similarly constructed.

B.2 Proof of Lemma 2

Proof Let D be a dropout matrix with the same distribution as D;. Since X = X "X is
positive semi-definite and by assumption «|X|| < 2, we have —I; < I; — aDXD < I; and
consequently ||[I; — aDXD|| < 1. Thus for a unit vector v, ||(I; — aDiXDy)v||2 < 1. This
means that for ¢ > 2, we can use || - [| = || - ]3] - ||‘2172 to bound

2

Td g < sup EH (Id — aDXD)UH
T veERd:||v||p=1 2
~  sw  v'E[(ls-aDXD)’|v

vER:|v]|a=1

E[(fa - aDXD)*)|. (80)
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For a d x d and positive semi-definite matrix A, we have A% < ||A||A. To see this, let v;
be the eigenvectors of A with corresponding eigenvalues A;. Any vector w can be written
as w = vy + ... + Yqvg with coefficients v, ...,74. Now w' A%w = +2)\2 + ... + Y3N2 <
(max; ;) (VA1 + ... +720g) = w' || A||Aw. Since w was arbitrary, this proves A2 < ||A]l A.
Moreover, recall that Dy, is a diagonal matrix with diagonal entries 0 and 1. Thus D? =
Dy, < 1. Because X is positive semi-definite and by assumption A := 2 — «||X|| > 0, we
have a?D1XD?XD; < o2D1X?D; < o?D1||X||XD; < (2 — A)aD1XDy. Thus,

(I; — aD1XDy)% = I; — 2aD1XD; + o*D1XD?XD; < I; — AaD XD

Taking expectation and using Lemma 21 (ii) yields E[(Id - aD1XD1)2] < I;—AapX,. The
fact that E[(I; — aD1XD;)?| is positive semi-definite implies that ||E[(Ig — aD1XDy)?]||
is bounded by the largest eigenvalue of I; — AapX,. By definition, X, = pX + (1 —
p)Diag(X) > (1 — p) min; X;;I4. By assumption the design is in reduced form which im-
plies that min; X;; > 0. This shows that X, is positive definite and the largest eigenvalue
of I — AapX, must be strictly smaller than 1. This implies ||E[(I; — aD1XD;)?]| < 1.
Combined with (80) this proves rq 4 < 1.

If Lemma 2 holds for some ¢ > 2, then by Holder’s inequality, it also holds for all 1 <
g < 2. To see this, consider a unit vector v € R? and set r(q) := (E||(Ig— aD1XD1)ng)1/q.
Then for any 1 < ¢’ < g, it follows from Holder’s inequality that

/

r(¢) = B||(la - aD1XD1)vHZI < (B||(ra - aD1XD1)vHZ)q//q —r(g? <1.  (81)

The desired result is obtained. [ |

Throughout the rest of this paper, when there is no ambiguity, we omit the dependence
on «, writing B instead of B («a), Ax = Ar(«a), and by = bi(«).

B.3 Proof of Theorem 3

Proof Recall the recursive estimator 8j defined in (6). Write Ay = Ag(a) = I —
aDpXDy. We consider arbitrary d-dimensional initialization vectors Bo, Bo € R? and write
Bk and ﬁk for the respective iterates (sharing the same dropout matrices). Now Bk —
Bk = Ak(ﬁk 1 — Bk 1) =t ApAp_1, with independent Aj and Aj_;. By Lemma 2,
T 1= SUDyeRd, ||y p=1 (E||Ak'u\|g)1/q < 1, and thus, for any fixed vector v, E||Axv||2 < r9||v]|2.
Due to the independence between A; and Aj_q, it follows from the tower rule and the
condition above that

E|Bk — Bills = E|ArAx-1]§ = E[E[|AxAr-1[§ | Ax-1]] <E[r|Ax-1[13] = rEl| A1 ]3.

Since Ay (a) are i.i.d. random matrices induction on k yields the claimed geometric-moment

. = = 1 = =
contraction (E[|B(a) — By()[)""" < v 1180 — Bl
Finally, recall the quantity I(g,y*) defined in Assumption 2. For the recursion of the
sequence {Bg(a) — B}ren in (6), we have I(g,0) = E||br(a)]|4 < oo. To see this, note that

1br(@)ll2 = | DyX(pla — Di)Bl2 < | X[ B]l2.
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where || - || denotes the operator norm, and the last inequality holds since ||Dy| < 1,
lplg — Di|| < max{p,1 —p} < 1. By Corollary 23, the geometric-moment contraction
proved above implies the existence of a unique stationary distribution 7, of the GD dropout
sequence Sy, (a). This completes the proof. [ |

Appendix C. Proofs in Section 3.2
C.1 Proof of Lemma 4

Proof Since ,é,‘z(a) is stationary and E[b;] = 0 by (100), it follows that B,‘;(a) — 3 and
B;(a) — 3 both have zero mean, and thus E[dj(a)] = 0.
To prove the second claim, we first note that

(@) = (Is — aDXDy)(Br_1 () — B) + br(a) — [(Ia — apXp)(B]_, (e) — B) + by(a)]
= (I4 — apXp)dp_1 + a(pX, — DpXDy) (87, — B) (82)

is a stationary sequence. By induction on k, we can write d(«) into
51(0) = o (5%, — DIXD)(B7_, — B) + -+

+ (pX, — D1XDy)(Ig — apXp)* 1B — B) + - -

oo
=a) (PXp — Dg-ip1XDy—ip1)(la — apX,) T (Bi_; — B)
i=1
o>
=y Mii(a). (83)
i=1
For any k € N, {My_;(a)}i>1 is a sequence of martingale differences with respect to the
filtration Fj_; = o(..., Dr—ij—1, D—_;), since the dropout matrix Dy, is independent of 3;_;

and B. Therefore, we can apply Burkholder’s inequality in Lemma 20 to Yoy Mi—i(a),
and obtain, for ¢ > 2,

o0 q\ /4
(¢] ZM,C_MHQ)l
- (EH Z Iy — apX,) (po — Dk7i+1XDk7i+l)(Bl(c)—i - B>HZ> v

' oz /
EH(Id — apXp)' " (pXp — Di—ip1XDgin1)(Bi_; — 5)”3)2/61} -
1

%

- 9/a71/2
[ ’Id — apXp |2V (E||(pXp — Dp—is1XDy—is1)(Br—i — B)||9) /q} ;
where the constant in < here and the rest of the proof only depends on ¢ unless it is
additionally specified.

||M8
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We shall proceed the proof with two main steps. First, we show the bound ||1;—apX,|| <
1 for the operator norm and thus S0 Mg —apX, |2~ < co. Second, we provide a bound
for E||(pX, — DiXDy) (B, — B Hg uniformly over k.

Step 1. Since of|X|| < 2, it follows from Lemma 22 (i) that ofX,| < «|X]| < 2.
Moreover, the assumption that the design matrix X has no zero columns guarantees that
all diagonal entries of X are positive and thus Diag(X) > 0. Together with p < 1, this lead
to X, = pX + (1 — p)Diag(X) > (1 — p)Diag(X) > 0. We thus have —I; < Iy — apX, < I,.
Consequently, || I; — apXp|| < 1 and

[e.e]

> g — apX, |2

=1

1
T 1= [ — apX, |2

= O(a_l). (84)

Step 2. Next, we shall bound the term IEH (pX, — D;XD;) (B, —B) Hg We first consider
the case ¢ = 2. Denote M; = pX,, — D;XD;. Using that E[D;XD;| = pX,,, we find E[M;] =0
and by the tower rule,

E||(pX, — DiXDi)(B_y — B)|> = El(B5_, — B) M M;(B5_, — B)]
= E[E[(BSA —B) "™/ Mi(B;_, — B) | Fi-1]]
< |[EM M| - ElIBs_, — BlI3. (85)

By Lemma 5, we have E||3° ;, — B3 = O(a). We only need to bound the operator norm
|E[M, M;]||. To this _end, we use again E[D;XD;] = pX,, and moreover E[D;XD;XD;| =
pXI% + p%(1 — p)Diag(XX), which yields,

E[M; M;] = E[(pX, — DiXD;)" (pX, — DiXD)]
= pzxg - QpQX?D + pXIZD + p*(1 — p)Diag(XX)
= p*(1 — p)Diag(XX). (86)
Recall that X = X T X, where X is the fixed design matrix. Then, by Lemma 22 (i) and the
sub-multiplicativity of the operator norm, we have || Diag(XX)|| < [IXX|| < [IX||[IX|| < [IX]|?.

As a direct consequence, |E[M, M;]|| < p?(1 — p)||X]||? < oo, which together with Lemma 5
and (84) gives

Elg(a)l = (Efo > Mii(@)|[) " < a( 30 15— ap%,126-0a) " = 0(a).
=1 =1

uniformly over k. For the case with ¢ > 2, we can similarly apply the tower rule and obtain

E[|(pX, — DiXDi) Hz

= E[E[n(pX ~ DiXD; >< B)I1g | Fi]]

< swp  E|(pX,- Dixmvuz E|IB, - Bl (87)
veR? ||v|l2=1
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where the last inequality can be achieved by writing Bf_l —B= I Bf_l — Bl]sv. Here v is
the unit vector (82, — B)//|B5_; — Bll2 with ||v]ls = 1. In addition, recall the Frobenius
norm denoted by || - ||. It follows from Lemma 22 (i) and (ii) that

sup  E[|(pX, — D;XD;)v||3 < E[|pX, — DiXD;| %
veRY ||v|2=1

S E(pXpll% + 1DiXDil| )
< (" + DX < o0,

where the constant in < only depends on gq. Combining this with the inequality (84), we
obtain (E||d(a)[9)Y9 = O(a), completing the proof. |

C.2 Proof of Lemma 5

Proof Recall that by applying induction on k to Equation (6), we can rewrite the GD
dropout iterates By («) into

Ag(a)(Br-1(a) — B) + br(a)
k k
( T st )oucste) + (TL ) ote) = B
j=1

where we set H;“:kﬂ Aj(a) = 1. Following Brandt (1986), since both A and by, are i.i.d.

random coefficients, the stationary solution {B,‘;(a) — BYen of this recursion can be written
into

Brla) — 3

N
—

I
gM

Bi(a) — B = Ar(@)(Bi_1(a) — B) + bi(a)

-
(I 4@
k—i

j=k—i+1

o

Il
o

7

k
[ T (a- aDjXDj)} Dy,_iX(plqg — Dy—;)3
j=k—it1

|
oL

(83)

I
Q
R
S
B

@
Il
=)

We observe that, for any k € N, {Mi,k(a)}ieN is a sequence of martingale differences with
respect to the filtration Fi_; = o(Dg—;, Dg—i—1,...). Hence, it follows from Burkholder’s
inequality in Lemma 20 that, for ¢ > 2,

(181 - A19)"* = o (] L stuato]})

Sa( Y E1St@177) ", (39)

1=0
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where the constant in < only depends on g. Recall Hy, defined in (96), and we define a d x d
matrix B; i, by

k

Bij = [ I1 (Id—aDjXDj)}Dk,iX(pId—Dk : :( H A; )Hk . (90)
j=k—i+1 j=k—i+1

This random matrix is independent of ,é For ¢ = 2, by the tower rule, we have

E[Mi;k(e)|3 =E[E[B" B\BixB | Fi]]
=E[E[tx(B 5TB wBik) | Fr)]
=E[tr(E[3 BTszBZk\fk])]
= E[tr(88" B} Bix)]
= tr(BB'E[BBix))
< |E[BBixlll - 18I5. (91)

Following the similar arguments, we obtain for g > 2,

E[Mig(@)|§ < sup  E[Bioll§- (18]35 (92)
vERY,||v][2=1

Moreover, we notice that by the tower rule

et = [ (T 4)°( 11 am)|

j=k—it+1 j:k7i+1
k-1
< e alan - [5[( T 4) (T 4)]] o
j=k—i+1 j=k—i+1

By a similar argument as Step 2 in the proof of Lemma 4, we obtain
[ELH, Ay AxHy—i]l| S p?[1X]1% < oo, (94)

where the constant in < is independent of a. Further, recall that A; are i.i.d. random
matrices and ||E[A] A1]|] < 1 — apAmin[X " (215 — aX)X] by the proof of Lemma 2. When
al|X]| < 2, it follows from the sub-multiplicativity of operator norm and the similar lines as
the Step 1 in the proof of Lemma 4 that

k—1

>[e[( T 4)'( T1 )]

j=k—i+1 j=k—i+1

-S| T e

i=0  j=k—i+1

< S IEA] 4| = O(1 /). (95)

=2
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Therefore, 5% E|M;x(a)|3 = O(1/a), which yields (E||B3(a) — B|3)Y/? = O(y/a). By
leveraging the inequality in (92) and the similar techniques adopted in the proof of Lemma 2
for the case with ¢ > 2, we obtain that for any ¢ > 2, 3 o EIM; k()97 = O(1/a). As
a direct consequence, we obtain (E|| Bg( )— 8|99 = O(y/a), which completes the proof. B

C.3 Proof of Theorem 6

Proof If we can establish the asymptotic normality for the affine sequence {,Bk( a)— ,C;'} kEN,
then by applying Lemma 4 and Markov’s inequality, we can prove the CLT for the statlonary
sequence {37(a) — B}ren. Therefore, in this proof, we shall show the CLT for {,Bk( a) —

B}kGNu that iS, 5
Bl(a) - B
Va

First, we recall the random vectors by (a) in (15) and let

= N(0,E(a)), asa—0.

bp(o) =: aHB, with Hy := D X(ply — Dy). (96)

Then, since {,8 (« ) B}keN is a stationary sequence and using induction on k, we can
in

rewrite B};( )— B in
8=

ﬂ};( ) — (Ide+(Id—(JépX VHi—1 + - (Id—apo)k*1H1 +>B
=a) (Ig— apX,) Hy_if3 (97)
=0

Here, the random matrices Hy are i.i.d. and independent of B,Ll. For negative index k,
Hj, is independently drawn from the same distribution as Hj. In the second row of (97),
we can write the recursion until H_, since in the definition of B};(a) — B, we chose the
initialization as the stationary random vector ,88 = 33 ~ 7. Thus, {,611(04) — Blren is a
stationary sequence. This together with the discussion at the end of Section B.1 in Appendix
gives Eq. (97).

Again, since Hj are i.i.d. we shall apply the Lindeberg-Feller central limit theorem to
the partial sum in (97). To this end, we first take the expectation on both sides of (97).
Since the random matrices H; are independent for all ¢ € N, we obtain

E[Bl(a) — 8] = a > (Is — apX,) E[Hy—;]
=0

=a) (Ig— apX,)'E[H]B = 0. (98)
=0

To see the last equality, we apply Lemma 21 (i) and (ii) and obtain E[DyXDy] = pX,, = p*X,
which gives

E[Hy) = E[DyX(pla — Dy,)] = p*X — p*X = 0, (99)

40



AsymMmpTOTICS OF SGD wiTH DROPOUT

As a direct consequence, by (96), we have

Elbi(a)] = aE[H]B = 0. (100)

Next, we shall provide a closed form of the covariance matrix COV(,@;L (o) — B). Notice that
the random vectors H;3 are uncorrelated over different i, and E[H;38" H;] = E[H188" H1]
due to the stationarity of the sequence {H;3};cn. Hence, by (97), we have

V, := Cov (a_l/Q(B};(Oé) - B))
= o 'E[(B](a) - B)(B}(a) - B)"]

(I — apX,) E[Hy—iBB " Hy—i] (I — apX,)’

M8

=

(2

(Ig — oszp)iS(Id — oszp)i, (101)

NgER

s
Il
o

=

with d X d matrix

S = E[HLBBTHl] = E[HlsoHl], where So = BBT (102)

Furthermore, by Lemma 21 (i), one can show that (X) = X and Diag(AX) = Diag(AX)
for any matrix A. Then, by the definition of Hj in (96) and Lemma 21 (ii)—(iv), we can
simplify E[H;S0H;] as follows:

E[H1SoH:]
= E[DkX(pId - Dk>50(pfd - Dk)XDk}
= p2E[D1XSOXD1] - pE[D1XD150XD1] - pIE[D1XSOD1XD1} + E[DlngSODkXDﬂ
— p*(XS0X), — 20 (p%p($o%)p + p2(1 — p)Diag(XSoX)
+ %, (50)%p + p(1 - p) (Diag(X(%0),%) + 2%, Diag(5eX) + (1 - p)X 0 5 ©X).
(103)

By (103), we obtain a closed form solution of S which is independent of a.
Now we are ready to solve the covariance matrix V, in (101). We multiply the matrix
I; — apX,, to the left and right sides of (101) and obtain

(Ig — apXp)Vo(Ig — apXp) = o Z(Id — apo)iS(Id — apo)i. (104)
i=0
Taking the difference between V,, and (Ig — apX,)Vo(1g — apX,) yields
Vo — (g — apXp)Vo(Ig — apX,) = aS. (105)

Denote the symmetric matrix A4, = pX,. By simplifying the equation above, for a > 0, we
have

Vo Ay — AV + aA,VaA, = S, (106)
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Let Vo = limy—0 Vio. As a — 0, the quadratic term a4,V A, vanishes. Thus, we only need
to solve the equation

S — VoA, — AVp =0, (107)

to get the solution for
Vo = lim V.
a—0
Following Theorem 1 in Pflug (1986) and the subsequent Remark therein, we can get the
closed form solution of Vj, that is,

vec(Vo) = (Ig® Ay + Ap @ Ig) ™' - vec(S), (108)

where the d? x d? matrix I; ® Ap + Ap ® Iy is invertible since the fixed design matrix X is
assumed to be in a reduced form with no zero columns. For a small a > 0, we shall provide
a similar closed form solution for V,, = Vy + aB,. Specifically, we need to get the closed
form of the matrix B, by solving a similar equation:

A, VoA, — ByA, — A,B, =0, (109)

which gives
vec(B,) = (I;® Ap + A, @ 1) x vec(Ap,VoAp). (110)

The deterministic matrices Vy, A, and B), are all independent of a. By inserting the results
of Vo and B, into V,, = Vj + aBBp, we obtain

E(a) = Vo = Vo + aBy,

which holds uniformly over k& due to the stationarity of {,3;2 () — B}keN
Finally, by applying the Lindeberg-Feller central limit theorem to the partial sum in
(97), we establish the asymptotic normality of {,8;2(04) — B}ren and complete the proof. W

Appendix D. Proofs in Section 3.3

We first outline the main techniques for establishing the asymptotic normality of the aver-
aged GD dropout sequence {B,%d () }ren defined in (24).

Recall the observation y in model (1) and the dropout matrix D. For the GD dropout
{Br(a)Yren in (2), by Theorem 3, we can define a centering term as follows,

Bmean(a) = k:lgrolo ED[/@k(O‘)] = ED[B?(O‘)]’ (111)

where B?(a) follows the stationary distribution 7, as stated in (14). According to Lemma 1
in Clara et al. (2024), we note that Ep[By(c)—8] # 0 but |Ep[Br(a)—8]|l2 — 0 if ap||X|| <
1 with a geometric rate as k — co. Therefore, we shall first show the central limit theorems
for the partial sum of {8 () — Bmean () Yxen and then for the one of {Bj(a) — B}ren.
Next, we take a closer look at the partial sum of {,@k (o) — ,@mean(a)}keN. The iterative
function f defined in (9) allows us to write By (a) = fp, (Br_1(c)) for all k € N. Similarly,
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for the initialization BS () that follows the unique stationary distribution 7, in Theorem 3,
we can write the stationary GD dropout sequence {3} («)}ren into

Bi(a) = fp,(Bi_1()), keN. (112)

Recall Brean (@) defined in (111). Then, we can recursively rewrite BZ () using the iterative
function f and obtain the partial sum

t

Sy (@) == [B(@) = Bumean(a)]

k=1
= {/D,(85()) —E[fp, (B5())] } + {fps © f0, (B5 () — E[fp, © fp, (B5(a))] }
+- 4 {fp, o0 fp,(B3()) —E[fp, oo fp,(B5())] }- (113)

Primarily, we aim to (i) prove the central limit theorem for the partial sum ¢~/259(«),
and (ii) prove the invariance principle for the partial sum process (SP(a))1<i<;. To this
end, we borrow the idea of functional dependence measure in Wu (2005), which was fur-
ther investigated in Wu (2011) to establish the asymptotic normality for sequences with
short-range dependence (see (120) for the definition). We shall show that the GD dropout
sequence {BZ(&)}keN that satisfies the geometric-moment contraction (as proved in Theo-
rem 3) satisfies such short-range dependence condition.

Finally, we shall complete the proofs of the quenched central limit theorems by showing
that, for any given constant learning rate « > 0 satisfying the conditions in Theorem 7, and
any initialization 5’0 € R?, the partial sum

SVtéO (a) = Z[Bk(a) - Bmean(a)] (114)

k=1

converges to the stationary partial sum process S¢(cv), in the sense that ¢~1/2 (IEHS?O (o) —
Se(a) |9 = o(1) as t — oo

D.1 Functional Dependence Measure

Before proceeding to the proofs of Theorems 7 and 9, we first provide the detailed form of
the functional dependence measure in Wu (2005) for the iterated random functions with
i.i.d. random matrices as inputs. This will serve as the foundational pillar to build the
asymptotic normality of averaged GD dropout iterates.

First, for any random vector ¢ € RY satisfying E||¢||2 < oo, define projection operators

PrlCl = E[C | Fil = E[C | Fh-al, ke€Z, (115)

where we recall the filtration F; = o(D;, D;_1,...) with i.i.d. dropout matrices D;, i € Z.
By Theorem 3 and (12), there exists a measurable function hq(-) such that the stationary
GD dropout sequence {3} (a)}ren can be written as the following causal process

Bi(a) = ha(Dy, D1, ...) = ha(Fi). (116)
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Define a coupled version of filtration F; as F; (3 = o(Di, ..., Djt1, D ,Dj_1,...). In ad-

dition, F; (jy = F; if j > 4. For ¢ > 1, define the functional dependence measure of BZ(@)
as

Orq() = (EIBR(a) — B} 10y (@)9)", where B () (a) = ha(F (0)): (117)

The above quantity can be interpreted as the dependence of ,Bk( «) on Dy (see the discussion
below Theorem 3 for the meaning of ,Bk with £ < 0), and 3} {0}( «) is a coupled version of

f)’k( «) with Dy in the latter replaced by its i.i.d. copy Dj. If ,Bk( «) does not functionally
depend on Dy, then 6y, 4(c) = 0.

Furthermore, if Y 72 16k ,(a) < oo, we define the tail of the cumulative dependence
measure as

a) =Y Orgla), meN. (118)

This can be interpreted as the cumulative dependence of {Bg(a)} k>m on Dy, or equivalently,
the cumulative dependence of Bg( ) on Dj, j > m. The functional dependence measure in
(117) and its cumulative variant in (118) are easy to work with and they can directly reflect
the underlying data-generating mechanism of the iterative function Bk( a) = fp, (ﬁk—l( a)).
Specifically, for all ¢ > 2, Theorem 1 in Wu (2005) pointed out a useful inequality for
the functional dependence measure as follows,
oo _ oo
(ElIPoBR@)I5) " < 3" Orgla) = O g(c). (119)
k=0 =

In particular, for some given learning rate o > 0, we say the sequence {BZ(&)}keN satisfies
the short-range dependence condition if

©p4() < 00, for some g > 2. (120)

This dependence assumption has been widely adopted in the literature; see for example
the invariance principle in Wu (2011); Berkes et al. (2014); Karmakar and Wu (2020). If
condition (120) fails, then ,@Z(a) can be long-range dependent, and the partial sum (resp.
partial sum processes) behave no longer like Gaussian random vectors (resp. Brownian
motions).

Here, we introduce Theorem 3 in Wu (2011) and Theorem 2 in Karmakar and Wu (2020),
which are the fundamental tools for the proofs of Theorems 7 and 9, respectively.

Lemma 25 (Asymptotic normality (Wu, 2011)) Consider a sequence of stationary

mean-zero random variables xy, = g(€x, €x—1,...) ER, for k =1,...,n, where e ’s are i.i.d.
random variables, and g(-) is a measurable function such that each mk is a proper random
variable. Recall the projection operator Po[-] defined in (115). Let 04(i) = (E|Po[z:]||3)"/9,

q > 1. Assume Elz;] =0 and

O, = iﬂq(i) < 0. (121)

Let S, = Y ji_, wx and define the process Sy = S|y + (t — [t])x |4 41, for t > 0 and the floor
function |t] = max{k € Z: k <t}. Then,
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(i) we have the moment inequality

(EHSan)l/q < (¢ — 1)/2n1/20,, q> 2, (122)
~ | (¢g—1)"'nl19,, l1<qg<2.
1) If moreover (121) holds with q = 2, the invariance principle
(
1
{%Snu, 0<u< 1} = {oB(u), 0 < u < 1}, (123)

holds with long-run variance o* = E|| Y52, Polz:] 13-

Lemma 26 (Gaussian approximation (Karmakar and Wu, 2020)) Suppose that we
have a sequence of nonstationary mean-zero random vectors xy, = gi(€x, €x—1,...) € R?, for
k=1,...,n, where the €;’s are i.i.d. random variables, and gi(-) is a measurable function
such that each xy is a proper random wvector. Let S; = ?c:l xy. Assume the following
conditions hold for some q > 2:

(i) The series (||xk||d)k>1 is uniformly integrable: Supk21E[H$k”gluxku22u] —0asu—
OO7

(i) The eigenvalues of covariance matrices of increment processes are lower-bounded, that
18, there exists Ay > 0 and l, € N, such that for allt > 1,1 > I,

Amin (COV(SH_Z — St)) > A

(11i) There exist constants x > xo and k > 0, where

=4+ (-2 +20g+4

X0 8¢ )

such that the tail cumulative dependence measure
Om,q(a) = Y O gla) = O{m X (log(m)) "} (124)
k=m

Then, for all ¢ > 2, there exists a probability space (0, A*,P*) on which we can define

random vectors xy, with the partial sum process S} = >, _, @} and a Gaussian process

; . : . D
Gr =Y}, 2. Here z} is a mean-zero independent Gaussian vector, such that (S})i<i<n =

(Si)lgign and
max|Sf — G7| = op(n'/7) in (2", A", P*).

We notice that condition (ii) in Lemma 26 on the non-singularity is required when the
sequence {xy}ren is non-stationary. However, if the function gx(-) = g¢(-), that is, the
sequence {xp}ren is stationary, then the covariance matrix of the increments is allowed
to be singular. To see this, consider a stationary partial sum S; = (51, .. .,Sljd)T with
a singular covariance matrix ¥ € R?*? and assume rank(¥) = d — 1. Then, there exists
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a unit vector v € R? such that Yv = 0, which indicates that S;1 can be written into a
linear combination of S, ...,S; 4, and the covariance matrix of this linear combination is
non-singular. Hence, condition (ii) in Lemma 26 is not required for stationary processes.

In addition, the original Theorem 3 in Wu (2011) and Theorem 2 in Karmakar and Wu
(2020) considered a simple case where the i.i.d. inputs €, are one-dimensional. These two
theorems still hold even if the inputs are i.i.d. random matrices such as the dropout matrices
Dy, in our case. In fact, as long as the inputs are i.i.d. elements, the functional dependence
measure can be similarly computed as the one in one-dimensional case. The essence is that
the short-range dependence condition (120) is satisfied using an appropriate norm (e.g.,
L?-norm for vectors, operator norm for matrices) by the output x;. For example, Wu and
Shao (2004) considered iterated random functions on a general metric space, and Chen
and Wu (2016) assumed the ¢;’s to be i.i.d. random elements to derive asymptotics for xy.
We will verify this short-range dependence condition on the GD dropout vector estimates
{B3() }ren in the proof of Theorem 7.

D.2 Proof of Theorem 7

Proof We verify the short-range dependence condition for the stationary GD dropout
sequence {3} (a)}ren.

First, consider two different initial vectors ,387 ,égl € R? following the unique stationary
distribution 7, in Theorem 3. Denote the two GD dropout sequences by {Bz(a)}keN and
{Bz/(a)}keN accordingly. By the geometric-moment contraction in Theorem 3, for all ¢ > 2,
we have

20 20’ 1/
sup (]EH/Bk(a) - /Bk (a)H%) ! <k ke N (125)
20 20’ — T, )
33,83 R4, B3£AS 185 — 55 II2

for some constant 744 € (0,1). Equivalently, it can be rewritten in terms of the iterative
function f defined in (9) and hq(+) defined in (12). That is, for all G5, ,@8/ € R?, such that
B85 # 68/, we have
20 20’ 1
(Ellfpi -+ 0 0, (B3) = fo, o=+ fo, (B3 )5) "
= (E|ha(Dg, ..., D1, Do, D_1,...) = ha(Dg, ..., D1, Dy, D'y, )||2)

1
= (Ellha(F) = ha(Fego1..)19)"

< cqrh o (126)
where we recall the filtration F; ;1 = o(D;, ... ,Dj+1,D§.,Dj_1, ...), and ¢4 > 0 is some

constant independent of k. Moreover, since hqo(Fy) is stationary over k and D; and D;- are
i.i.d. random matrices, for all i, j € Z, it follows that

El|ha(Fk g0y) — ha(Fr0,-1,.1)1I3
= EHha(]:k) - ha(]:k,{—l,—z..})Hg
= E[lha(Frt1) — ha(Fit1q0,-1,. )15 < Cfﬂ"g,qa (127)
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where the constant ¢ > 0 is also independent of k. Hence, by (126) and (127), we can
bound the functional dependence measure defined in (117) as follows

Orq(@) = (Ellha(Fr) = ha(Fiqop)]9) "
< (Eha(Fr) = ha(Frgo1. DID Y+ Ellha(Frgo-1..3) — halFegop)ll4)
< (cq+ )k . (128)

As a direct result, we have finite cumulative dependence measure defined in (118), i.e.,

a) = Z Or.q(a) = O(ry,) < oo. (129)
k=m

Therefore, for the constant learning rate o > 0 satisfying the assumptions in Theorem 3, the
stationary GD dropout sequence { 5’,‘; () bren meets the short-range dependence requirement
n (120). Consequently, the condition (121) in Lemma 25 is satisfied, which along with the
Cramér-Wold device yields the central limit theorem for gf(oz) defined in (113), that is,

t71/252(a) = N(0, (), (130)

where the long-run covariance matrix ¥(«) is defined in Theorem 7.

Next, we bound the difference between S9 () and S’QB °(«) for any arbitrarily fixed By €
R? in the ¢g-th moment, for all ¢ > 2. For the constant learning rate a > 0 satisfying
a||X]| < 2, applying Theorem 3 yields

(El|57(0) - 5P ()3)
= (EH [FD,(B5(@)) + fpy 0 f,(B5 (@) + -+ + fp, 0+~ 0 fn, (B ()]
— [, (Bo(@)) + fp, © [0, (Bo(a)) + -+ + fp, 0+ 0 fp,(Bo(e))] |5 )

t
< (30 8a) 188 — ol (131)

Since the contraction constant r,, € (0,1), we can derive the limit for the sum of the
geometric series {rk 1}t | as follows

t t
Tagll—T
lim O Gty ) NV (132)
t—o0 Pt t—o0 1—rag4 1—7rayg

This, together with (131) gives
(15 (a) — 52 (a)][9) 1 = O(1) = o(v/3), (133)

which yields the quenched central limit theorem for the partial sum 5‘? (cv) defined in (114),
that is, for any fixed initial point By € R¢,

1255 (a) = N(0, 5(a)). (134)
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Finally, we shall show that || 32t E[Br(a) — B]|l2 = o(v/t). To see this, we note that
given two independently chosen initial vectors BO and 5'8, where ,38 follows the stationary
distribution 7, while By is an arbitrary initial point in R?, it follows from the triangle
inequality that

< [E[ 3 (B - i) |, + [E[ X (B - 3],

=1 + Is. (135)

i
I

We first show Is = 0. Recall the representation of {Bz(a) — B} ren in (14). Since E[Ay(a)] =
E[l; — aDyXDy| = I; — apX,, and E[b(a)] = 0 by (100), it follows that

E[Bi(e) = B] = (Ia — apXp)E[B7_, (o) — A]. (136)

Thus, due to the stationarity of {Bz(a)}keN and the non-singularity of X,,, we obtain that
uniformly over k € N,

E[B;(e) — B] = 0. (137)

As a direct consequence,

I = )\E[i (B -B)]||, = | S B -4, =v. (138)

k=1 k=1

In addition, for the part Iy, it follows from Jensen’s inequality and (131) that

~

L= B[ (Bule) - Bi@)]

1

2

Eond
~

< (] 32 (Buto) - o))"

k=

—_

t
< (Drha) 1180 - Bl (139)
k=1
By inserting the results of parts I; and Is back to (135), we obtain
t . ) t . )
| > BB - 81, < (Drk2) 180 - B3l (140)
k=1 k=1

which remains bounded as t — 0o when «||X]|| < 2 by Theorem 3. This completes the proof.
|
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D.3 Proof of Corollary 8

Proof Recall the stationary GD dropout sequence {,C:}Z(a)}keN which follows the unique
stationary distribution 7,. Since this sequence satisfies the short-range dependence condi-
tion as stated in (120), it follows from Lemma 25 and the Cramér-Wold device that any
fixed linear combination of the coordinates of SP(a) in (113) converges to the corresponding
linear combination of normal vectors in distribution. Then, the CLT for the averaged GD
dropout with multiple learning rates holds by applying the Cramér-Wold device again, that
is,

t12vec (S (), - . ., S (as)) = N(0, %), (141)

Then, followmg the similar arguments as in the proof of Theorem 7, we obtain the quenched
CLT for Vec(ﬁk (1) —B,..., 4 (045) - ,6) We omit the details here. [ |

D.4 Proof of Theorem 9

Proof Recall the stationary GD dropout sequence {,5,2( ) tren in (14), where B,i( ) follows
the stationary distribution 7, for all £ € N. Also, recall the centering term Bmean(a) =
E[B5(a)] as defined in (111). By (137), we have E[,Bk( ) — B] = 0 uniformly over k € N.

Hence,

(| Brncan (@) — BI13) " = (EIE[B; (a) — Bl =0 (142)

This, along with Lemma 5 gives, for ¢ > 2,

(EN82(c) — Bmean(@)119) < (BB (@) — BIIZ)" + (Bl Bumean(@) — BlI%) " = O(Va).

Moreover, we notice that by Markov’s inequality and (143), for any v € R and § > 0, we
have

sup E [HBZ(CM) — Bmean(a) HglH,@z(a)—ﬁmean(a)||22“]

k>1
< SupE[[32(0) — Bumean(@)[13 - 187(0) — Auncan() 13/
k>1
= sup E[[|87(@) — Bmean(@) 5] /u’
k>1
= 0{al?t)/2 /0 (144)

which converges to 0 as u — oco. Therefore, condition (i) in Lemma 26 is satisfied. Since
{Bg(a)}keN is stationary, following the arguments below Lemma 26, condition (ii) is not
required. Regarding condition (iii), for the constant learning rate o > 0 satisfying ol X|| < 2,
it follows from (128) that the functional dependence measure 6y 4(a) < c- rk g forall g >2
and k € N, where the constant ¢ > 0 is independent of k. Consequently, there exists a
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constant x > 0 such that the tail cumulative dependence measure of {Bz(a)}keN can be
bounded by

Omg(@) = Y Orqla) = O{m ¥ (log(m)) "}, (145)
k=m

where y > 0 is some constant that can be taken to be arbitrarily large. Then, the condition
(iii) in Lemma 26 is satisfied.

Thus, we can obtain the invariance principle for the stationary partial sum process
(87 (a))1<i<t defined in (113). That is, there exists a (richer) probability space (€2*, A*, P*)
on which we can define random vectors ,Bz’s with the partial sum process S} =3, _,(Bf —
Brmean), and a Gaussian process Gf = >, 2, where Z}’s are independent Gaussian ran-
dom vectors in R? following N(0, I;), such that

Qx D &o
(57 )1<i<t = (57 )1<i<ts (146)
and
max [|S7 — £/%(a) G|, = 0p(t/9), in (Q%, A%, BY), (147)

where the long-run covariance matrix ¥(«) is defined in Theorem 7.

Next, recall the partial sum 5’50(04) = [Br() — Bmean ()] as defined in (114), given
an arbitrarily fixed initial point By € R?. It follows from the triangle inequality that

(5] s, 5 0) — 526, ]")

= (& o |52 (@) - S7(0) + §7(0) - 221 )

- (E-max HS?O(Q) — 52(a)|, + max || 52 (a) — gl/z(a)é:\Hq)l/q

L 1<i<t 1<i<t

- g _ 1/ _ _ 1/
g(E_lrg%usfﬂ(a)—S§(a)\\2]q> q+(E{llg?%ctHSf(a)—21/2(oz)G;-‘H2}q) T (148)

Therefore, to show the invariance principle for (5’? 0 (04))1 <i<p» it suffices to bound the dif-
ference part max;<j<¢ HS’?O(a) — S%()||2 in terms of the ¢-th moment. To this end, recall

the iterative function fp(8) = B8+ aDX " (y — XDP) in (9) that rewrites the GD dropout
recursion (2). We note that

max [|$2°(a) — 52(a),

1<i<t
= max [0, (80) = f0.(B)] + -+ [fp, o+ o, (Bo) = fp. o+ fo, (B})]
< Pﬁl?%(t (HfD1(BD) - fDl(IéS)HQ +oet Hsz 0---0 fD1(/é0) - sz' ©--0 fD1(68)H2)

= |0, (Bo) = fo. By + -+ | o, 00 fp,(Bo) = fo 0+ 0 f, (B, (149)
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This, along with the triangle inequality and Theorem 3 yields

([ 57 = St )

< (|| /5, (Bo) — 1o, B9+ -+ (B|| fpy 0 -+~ 0 f0,(Bo) = fpr o+ 0 f, (B[4 *

Taq(l =1t ~ ~
oo 5, — Bl = ot/ (150)
a?q

A

IN

We insert this result back into (149), which together with (148) gives the invariance principle
for the partial sum S’ZBO (o) = Z;c:; [B() — Bumean(a)].
Finally, let the partial sum Siﬁo(oz) = 22:1[5’;@((1) — 3] be as defined in Theorem 9.

We shall bound the difference between S?S(a) andNS’Z-BO (). Since Bmean(a) = Ep[B5(a)] as
defined in (111) and Bmean(a) — B = Ep[Bf(a) — B] = 0 by (137), it follows that

(el s 1500~ 5P @) = (& g |32 Bt ~B1J) " =0 150
- -7 k=1

Combining this with the invariance principle for (S’Zﬁ °(av))1<i<t, we obtain the same approx-

imation rate op(t'/9) for the partial sum process (SZ-BO (0))1<i<t. This completes the proof. B

Appendix E. Proofs in Section 4.2

Recall the SGD dropout sequence {G(a)}ren and the random coefficient Ax(ar) in (36).
To prove that sup,cgd |o|,=1 E||Ag(a)v]|§ < 1 is a sufficient condition for the geometric-
moment contraction (GMC) of the SGD dropout sequence, we first introduce two useful
moment inequalities in Lemma 27.

E.1 Proof of Lemma 10

Lemma 27 (Moment inequality) Let g > 2. For any two random vectors x and y in
R? with fized d > 1, the following inequalities holds:
(i) Bl |z + yl§ — |l — all=ll3 2 y| <E(l|zl2 + |yl2)” - El@(l — (] [yll2)-
(i1) Ell|z + yll3 — =I5 — qllz|i 2 T y| < [(B]la]|$)'/7+ (E|y|3)*/7]*

~Ellz[§ — a(Ellz]3) 1/ 1(El|y]5)"/*.

Lemma 27(i) immediately follows if we can prove the inequality
) —1
’Hwﬂ/l!g— 13 — qll]|3 ZUT?J’ < (llllz + lyll2)* = =I5 — a(lll§ " lyll2),  (152)

which is of independent interest. The right hand side of the inequality in Lemma 27(ii)
only depends on expectations of either one of the random vectors & or y. This makes the
inequality particularly useful if  and y are dependent. Lemma 27(i) is more favorable in
cases where & and y are independent, or if one vector is deterministic.
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Proof [Lemma 27(i)] We can assume that ||x|2 > 0 and ||y|l2 > 0 as otherwise, the
inequality holds trivially. It is moreover sufficient to assume & = wej, for a positive number
w and e; € R? a unit vector. Then, we can find two numbers u, v such that

y=u- (wey) + ves, (153)
where e; € R? is a unit vector orthogonal to e;. Let r = ||yl = v/(uw)2 +v2 > 0. We
note that 'y = vw? and ||z + y||3 = (1 + v)?w? + v2, which gives

-2 T
o+ yl3 = )3 — gllell3 "=y

=[(1+ u)?w? + UQ] V2 — qu? 2uw?

= (w? + 2uw? + )12 — wl — quw?. (154)
Since r = /(uw)2 + v2, we can rewrite uw = rd for some scalar § with § € [—§*, 1], where
§* = (w? +r?)/(2wr), ie., w? — 2wré* +r? = 0. Here, |§| can be viewed as the projection

length of y on the direction of @, and the end point ¢* falls in [0,1]. Then, (154) can be
rewritten into

©(8) := (w? + 2wrd + 1212 — wI — qui~'rd. (155)
Recall that w = ||x||2 > 0 and r = ||y||2 > 0. The first order derivative of ¢(0) is

o'(6) = %Qwr(wQ + 2wrd 4 r2)@/2D71 _ gty

= qur[(w® + 2wrd + r2) /-1 wi™?]

= qut[(14 20 DY),

e (156)

This indicates that, for ¢ > 2, ¢/(6) < 0 when 6 € [—6*,7/(2w)], and ¢'(§) > 0 when
d € (—r/(2w), 1]. In particular, by Bernoulli’s inequality, we can observe that

o(—0%) = —w! + qui™'r* = (¢/2 — 1w + qui~*r* > 0,
o(—r/(2w)) = —quw?*r?/2 <0,

o(1) = (w4 r)? — w! — qu?™'r > 0. (157)
Moreover, regarding ¢(—d*) on 0* € [0,1], we consider a new function ¢(s) = —w? —
qwi~1rs, which is decreasing on s € [—1,0]. Note that p(—1) = —w? + qw?~1r. Thus,

by comparison, we have —p(—r/(2w)) < p(—06*) < @¢(—1) < ¢(1). As a direct result, we
obtain

sup |p()] = max{p(—5%), —p(—r/(2w)), p(1)} = ¢(1). (158)

By inserting w = ||z||2 and r = ||y||2 back to ¢(), we obtain, for any & and y in R?,

-2_T -1
&+ yll3 — llzl3 — allzll3 "= y| < (lzll2 + [lyll2)? — =3 — a3 lyll2.  (159)
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The desired result holds by taking the expectation on the both sides. |

Proof [Lemma 27(ii)] First, we define a function ¢(t) = ||z + ty||3 on t € [0, 0). The first
and second order derivatives of ¢(t) are as follows

d _
#(0) = So(t) = allz+ 1yl (tlyl3 + = Ty),

d? 4 2 9
¢'(t) = 20®) = ala = 2) @+ tyl5 (tlyllz + 2" y)" + dllz +tyll3 |yl
— 2 —
= q(qg - 2)||lz + tyl|§* [(= + ty) "y]” + gl + tyl|2 2 |yl2
—2
< qlq— )|z +tyll§ > yl3, (160)

where the last inequality follows from the Cauchy-Schwarz inequality. In the previous

inequality, equality holds when both random vectors  and y are scalars. Note that ¢(1) =
) .

& + yll3, #(0) = [|=[3, and ¢'(0) = || =[5 "z "y. Since

1
¢(1) = p(0) = ¢'(0) = | ¢ (t)dt — ¢(0)

=0
1 t
= /tjo (420 ¢"(s)ds + ¢ (0)>dt — #(0)
B /t=0 ARAOL (161)

it follows from the upper bound of ¢”(s) in (160) that

1 gt
o+l — =13 = alells "=y <ata=1) [ [ oyl ylfasa 102
Taking the expectation yields
1 gt
B+ ol lo13 — el ) <ae=1) [ [ E(le+ syl plE)dsar. (163
Furthermore, by Holder’s inequality and the triangle inequality, we obtain
E(llz+syll§ *llyl3) < (Ellz+ syl) " (E[y]3)*"
< [©I=19)""+ @119 ") €919, (64)
which together with (163) gives
E(lle + yll§ - 215 - allzl§ *="y)

1 t _92
<ola=0) [ [ (@121 + sE@119)) " @) asa

1 . .
=4 /t_o{[(Enwn%)”q+t<Euy||g>”ﬂ" ~ (Ellg) ) Elylg) Voar

q _
= |Ell=lIg)"" + (Elyl$)""")" - El=]5 - a(ll2ll) " Elyl5) . (165)
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In addition, recall that by the proof of Lemma 27(i), we have
-2 T —1
e+ yl3 — =3 — qllzll3 "z y‘ < (lzll2 + llyll2)* = ll=l3 — allzllz™ 1yl
1 gt
—ata=1) [ [ (el slyll)* ?ylBdsa
t=0 Js=0

Taking expectation on both sides, we obtain

1 t
=) _
Elle +yl — lal ~alelf 2"y <ata=1) [ [ Elllala+ syl lyl3] ds

(166)
It follows from Hélder’s inequality and the triangle inequality that
_ -2 2
E[(lzll2 + slyll2)2l3] < E(lzllz + sllyll2)] > (Ellyl|3)>
1 1/4192 2
< [®l219) " + @Iyl "] ©lyI)¥. a67)
Evaluating the double integral as in (165) yields
-2
E|llz + yl§ - llzl$ - allzll§ = y|
< [®])9) "+ ElylD)""]" - Bl — a@ )5 (Elly)3) "
> Lllo Ylio Tl —4q La1p) Yil2 .
This completes the proof. |

Proof [Lemma 10| Since a dropout matrix Dy, is a diagonal matrix with values 0 and 1 on
the diagonal, D? = D, and
2 T 2
|(Ia — aDpXDy)v||; = v (Ig — 2aDpX Dy, + o DX DXy Dy, ) v

=1 —2av DX Dpv 4 o0 DX DX Dyv

=1—av'[2D;X; Dy — aDyX DXy, Dg]v

=1—av' M, (168)
with

Recall the condition on the learning rate « in (40), it follows that E[M}] is positive definite
(p.d.), which further implies the lower bound E(aw " Myv) > aAmin(E[M}]) > 0, that holds
uniformly over all unit vectors v. As a direct consequence,

sup  E||(ly— oDy Dp)ols < sup (1 - E(aw Myw)) < 1, (170)
veR?,[[v]l2=1 veR,|[v]|2=1

proving the result in the case ¢ = 2.
Next, we shall show that for all ¢ > 2, we also have

sup EH(Id — OéDkaDk)’UHg < 1.
vERY [|lv[|2=1
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In this case, the techniques in the proof of Lemma 2 cannot be directly applied due to the
randomness of X, and we need to leverage the moment inequalities in Lemma 27 instead.
Specifically, let & and y in Lemma 27 be

x=x(v)=v, y=yw)=DpX;Dyv, (171)

respectively, for v a deterministic d-dimensional unit vector. It remains to show that for
any ¢ > 2, E|lxz — ay|| < 1 holds for any arbitrary unit vector v. By Lemma 27,

-2 -1
Ellz — ayll3 — =3 - qlz|§ "E(-z " ay) < E(|zll2 + loyl2)” — =l — allz|§Elayll2,

(172)
which along with ||@||2 = ||v]|2 = 1 further yields,
Elz — oyl —1+qaE(z"y) <E(1+allyl2)? — 1 - gaE|yll2. (173)
Therefore, to prove sup,cpd |jv|,=1 Ellx — ay||3 < 1, it suffices to show
E(1+allyl2)? =1 - gaE|y|2 < gaE(z "y). (174)
By applying Lemma 27 again, we have
E(1+alyll2)’ =1 - oyl < (1+ a(Elly|$)"/*)* — 1 — qa(El|y|§)"/“. (175)
Thus, we only need to show that for any d-dimensional vector v,
(1+ a(Elly|$)"9)* = 1 - qa(El|y|5)"/* < gaB(ay). (176)

Recall the definitions of  and y in (171). By Lemma 21 (i), it follows that E(z'y) =
po E[X; plv, where X, = pX, + (1 — p)Diag(Xy). With pg = pe(v) = (Elly(v)||9)Ye =
(E|| Dy Xy Dyvl|3)1/9, it suffices to show that

1 11—
p LT o) qasiq

< qou. (177)
weRd olo=1  PUTEXpplv

Let ¢ > 2. Consider a function f : Ry — R with f(¢) = (1 4+ ¢t)? — 1 — gt, which is
strictly increasing on R . Note that f”(t) = q(q — 1)(1 +t)?"2. Since ¢ > 2, it follows that
ft) = fst:O [2_oalqg — 1)(1 4 u)?2duds. Therefore,

—1
fO)=Q+t)7—-1—qt< q((12)(1 + )72, (178)
Thus, the condition (177) is satisfied if
-1 14+« =2 2
Q(qi)oﬂ sup ( - ta) "y < qou. (179)
2 serd =1 PYE[Xpplv
As this is true by assumption the proof is complete. |
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E.2 Proof of Lemma 13
Proof For any fixed unit vector u € R%, since flk(a) = I — aDpXy Dy, as defined in (36)
with X, = wkw;, it follows that
|4k ()v3 = [|(Ia — aDraya) Dy)ol3
= |lv||% - QavTkakm;Dk'v + a2vTkakw;D,%wkngkv
=1 —2a(z} Dyv)? + o?||Dyxy||3(z] Dyv)?. (180)

Write v = (vy,...,vq)" and x = (Tp1,...,2hq) . Let Dy, ;j; be the j-th diagonal element
in Dy. Since x ~ N(0,1;) and Dy, is independent of xy, it follows that

d
2 2
x] Djv)? Z viE[Dy, jjxk] Zvjp =p. (181)
=1 j=1
Moreover,
d d
D 2(e T Dv)2 = Dy o2 Dy D ) .
| Dry|lz(xy Dyv)” = i T k.gi Dr 00Tk TR
i=1 =1
d
2
= Z Dy, i Dy jj Din0j Uiy, Trj Tt - (182)
iji=1

For j # I, Elz},apjxk) = 0. For j =1 and i # j, E[azila:i]] = 1. For j=1and i=j,
E[miz] = 3. Therefore, by the independence of the diagonal elements in Dy, we have

I
M&

E[HDMBH‘%(CC;D]{’UF] ?E(ng” + ZDk Mij]>

i#j

<.
Il
—

v} (3p+p°(d—1))

|
.M&

I
W S
.!.

D+ pP(d — 1). (183)
Finally, we obtain
El|Ax(e)v]|5 = 1 = 2ap + o?[3p + (d — 1)p’),

for all unit vectors v € R?. This completes the proof. |

E.3 Proof of Theorem 12

Proof Let the random coefficient matrix /Vlk(a) = I; — aDiX; Dy be as defined in (36).
We write Ai(a) = Ay exchangeably in this proof.
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First, we study the case with ¢ = 2. Consider two SGD dropout sequences {,Bk( ) been
and {ﬁk( a) bren, given two arbitrarily fixed initial vectors Bo, flo Let & = By — BO Then,
it follows from the tower rule that

E|[Bx(c) — Br(@)]3 =

k
< TTIEA A - 118113 (184)

Recall that for the constant learning rate o > 0 satisfying the conditions in Lemma 10, we

have ||E(A; 4;)|| < 1 uniformly over i € N. Thus, Hle IE(A] 4;)|| < 1. Since the dropout

matrices Dy’s are i.i.d. and are independent of the i.i.d. observations x;’s, it follows that

Hle IE(A] A;)|| = |E(A] A})||* < 1. This gives the desired result for the case with ¢ = 2.
For ¢ > 2, we note that

E|Bi(a) — Bi()lls = E| Ay - A,8)§ = E(I Ay --- A18)3) "
—E(8TA] - AL Ay 4,8)7 (185)

Similarly, it follows from the tower rule that

E(6TA] - A Ay 4,8) =R[E[(8TAT - A] Ay 4,8)7* | Ay, ..., Ay 4]
< sup  E|Awo| E(STAT - Al Ay - A18)77

 veRY, |vf|a=1
k

<[[ sw E|4wlf-[0]5 (186)
i:l”eRd’”””Q:l

Since Supyepd |v||,=1 E||Aw||9 < 1 holds uniformly over i € N, we obtain the geometric-
moment contraction in (41) for ¢ > 2.

Finally, by Corollary 23, the geometric-moment contraction in (41) implies the existence
of a unique stationary distribution 7, of the SGD dropout {Bk(a)}keN. This completes the
proof. |

E.4 Proofs of Lemmas 28-30

Lemma 28 (Closed-form solution of the ¢?> minimizer) Assume that model (31) is
in reduced form, i.e., min; E[zix]|; > 0. Then, for the minimizer of the (*-regularized
least-squares loss (3 := arg minﬂeRdE[(y — scTDﬂ)z/Q] as defined in (34), we have the

closed form solution
B = (E[X1,])) " 'Elyizi].
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Proof Recall the d x d Gram matrix X = wkwg and
Xk = Xk — Diag(Xk), th = pXk + (1 — p)Diag(Xk).

To obtain the closed form solution, we first compute the gradient of the ¢?-regularized
least-squares loss as follows,

(y—=2'B)’ =y* — 2" DB+ B D(za") DB,

Epl(y —a'B)%] =y — 2pyz" B+ p*B" (zz")B + p(1 — p)B Diag(zz")8,

EEplly — 2'8)*) = Ely’] - 2pElyz"]8 + p’B"Elzz"]B + p(1 — p)B' Diag(Elzz"))8,
VB Epl(y - ' B)%] = ~2pElya] +2(p*Elza ] + p(1 - p)Diag(Elza"])) 6.

Recall that the i.i.d. random noise € is independent of the i.i.d. random covariates xy.

Since model (31) is assumed to be in a reduced form, i.e., min; E[z12{ ];; > 0, the closed
form solution of 3 is

v

8 =p(rElere]] +p(L - pDing(Elmra])))  Elnz] = (E[X1,)) Bl

This completes the proof. |

Recall that for any d x d matrix A, A, := pA + (1 — p)Diag(A).

Lemma 29 If the d x d matriz E[2X;, — aX}], is positive definite, then the condition on
the learning rate o in (37) holds for ¢ = 2.

Proof By rewriting the condition (37) with ¢ = 2, for all the unit vector v € R%, |lv|s = 1,
we aim to show

QUTE(DkaDk)’U

. 187

I<a<

Since D} = Dy, < I, it follows from Lemma 21(ii) that

20 E(Dp XDy )v — av ' E[Dy X, DX Dy]v
> 20 B(DpXpDy)v — av ' E[Dy X2 Dyl
= v E[Dy(2X}, — oX2)Dy]v
= pv E[2X}, — aX}],v > 0.

As the unit vector v € R? was arbitrary, condition (37) holds for ¢ = 2. |

Lemma 30 (/*-minimizer 3 and true parameter 3*) Assume that E[|e[2] + ||z|3] <
o0o. Then, the q-th moment of the gradient in (32) exists at the true parameter 3* in model
(81), for some q > 2, that is,
1 2|19\ /4 . 1/q
(EHvﬁ*i(y —2'Dp") HQ) = (B[ Da(y—2TDB)|[) " < o,
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which further implies the finite q-th moment of the stochastic gradient at the (*-minimizer
B defined in (34), that is

(EHV%(?J - wTD[;yHZ)l/q _ (EHDm(y —z"DB)|" )”q

Proof First, it follows from the triangle inequality that

(EDa(y - 2TDg")3) "
— (B|De(@"8 +c—= D))"
< (B[ Dax )" + (B D)/ + (B Daw DB (1s)
By Assumption 1, since the dimension of 3* is fixed, we have
(E|| Dz 8 [2)"7 < (E)l3%)"7)|8"2 < .
Due the independence between x and €, Assumption 1 gives
(E||Dze|2)"/" < (Bl||§)/a(E]le]§) 1 < oo.
Moreover, we obtain
(B|| Dz DB*||2)"" = (B[ D |3)" 118" [12 < (El2|57) |8 ||z < oc. (189)

Inserting the inequalities into (188), we obtain the finite ¢g-th moment at the true parameter
B*. Replacing 8* in (189) by any vector 3 € R? satisfying ||3||2 < oo, the result still holds.

Next, we show that the finite ¢-th moment of the stochastic gradient at 3* can also
imply the finite ¢g-th moment at [5’ Note that

(Bl D21 (1 - =] DA)2)*
< (B Dz (nn — =T 228 [2) "+ (B|DxDiB - 87)[2) " %)

We only need to show that the second term is bounded. Since X; ), = pX; + (1 —p)Diag(Xy),
X; = X; — Diag(X,), and 8 = (E[Xy1,]) " 'E[y11], it follows that

E||DiX1D1(8 - 87) |3 = E|| D1 X1 D1 ((E[X1 ) Elyaan] — 87) 3
= B[ DiX1 D1 ((E[X:1 ) El(e] 8 + e)z1] - 873
= E|| DiX1 D1 ((E[X1,)) " "E[X1]8" - 87) |3
(1— QEHDlxlDl(E[Xl,p])—lE[Xl]ﬁ*Hg
p)!||(EX1,)'E X1]qu sup  E||DiX;Dyol|7 - ||8*(.

R ||v]2=1

(191)
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The sub-multiplicativity of the operator norm yields

AmaX(E[Xl])
M= S EXL) <

since Amin (E[X1]) > (1—p) Amin (E[Diag(X1)]) = (1—p) min; E[X1];; > 0, and Apax (E[X1]) <
Amax (E[X1]) < 0o. Moreover, [|3*||2 < oo. As we assume supyegd |y(,=1 B[ D1X1 D195 < 0o
in Lemma 10, also (191) is bounded. |

[(EX1p) " EX] (192)

Appendix F. Proofs in Section 4.3

F.1 Proof of Lemma 14

Proof The recursion in (36) is Bx(a) — B = Ap(@)(Br—1(e) — B) + bi(cx ), with random
matrix Ak( ) = I — aDpXg Dy, and random vector Ek( ) = aDyxi(yr — x4 Dkﬁ) Recall
B = arg mingepa E[(y — x " DB)?/2] in (34), where the expectation is taken over both (y, x)
and D. By Lemma 21 (ii),

v

E(y 2 Ep[br(@)] = E( o) EplaDyay(yr — ) Di)]
= E(y,a:) [apldykwk - apXk,p/B]
= aP]E[Xl,p]ﬁv - OZPE[XLP]BV
— 0. (193)

Similar to (88), we can rewrite the stationary SGD dropout sequence B,‘;(a) into

k
Bi(a) - Z (II Ai)bite)
Jj=k—i+1
00 k
-« Z ( H (La — aDijDj)>Dk7ixk—i(yk7i - zc;z-Dk,iB)
i=0  j=k—it1
=: az./\hi,k(oz). (194)

Recall the filtration F; = o(&,&i-1,...) in (205) for i € Z, where &; = (y;, x;, D;). Notice
that E[bg(a)] = 0 by (193), and therefore we have

E[M; k() | Fiis1]

)

k
= E[ H Iy — aD;X;Dy) ’ Fie z—i—l] [Dk iTh—i (Yh—i — fB;ka—iB)}
j=k—i+1
k
—E[ [ (a-aDX;D)) | Foia] -Elbyia)]
j=k—i+1
—0. (195)
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Hence, for any k € N, {Miyk(a)}ieN is a sequence of martingale differences with respect to
the filtration ]t"k,i. Let t = k —i. By applying Burkholder’s inequality in Lemma 20, we
have,

185t - 319" =a(e] 32 tocsa])”

k

<o Y @M m@g??) " (196)

t=—o00

where the constant in < only depends on g. Denote the vector §; = Dyay(y: — a:tT Dt[;)
and the matrix product Ay i1y, = Apgryi(a) = H;?:H_l Aj(a) for simplicity. Then, we can
write

v

bi(a) = as and My_yp(a) = Aygyyrla)s. (197)

For the case with ¢ = 2, notice that /vl(Hl):k is independent of S, and by the tower rule,
we have

E| M k()5 = Ell Arryudil
—E[E[”I (Tt+1):kA(t+1):k§t| t”
= E[E [tr(gtgtTf‘QH) kfzi(t—i—l) k) | t]]

|
] v(Tt—',-1):16"21(t+1):k)]
(Al Aiy])
SHE[AEEJA)ICA t+1): H E||5]13- (198)

Next, we shall bound the parts HE (t41):k A(tﬂ H and E||8;|% separately. First, recall

Aj(a) = Ig—aD;X;Dj in (36), which are i.i.d. over j. By the tower rule with the induction
overj:t+1,t+2,...,k, we have

| E[ A(t+1) WAl = |E[E [ 1) kA(t—H & | z‘it+1,x‘it+27~--,x‘ik—1]]}}
HE [AL (@) Ak (]| - [[BIA 1)1y A e—) |

< H IE[AT () 4, ()]

J=t+1
= |[BA] (@) Ax@)] " (199)

Moreover, recall the random matrix My(«a) = 2Dy XDy — aDpX DXy Dy as defined in
(169). For any unit vector v € R%, by (170) in the proof of Lemma 10, we have

TE[A] (a)A1(a)]v <1 — aw E[M;(a)]v
<1 — admin(E[M:1(a)]) <1, (200)
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as the constant learning rate « satisfies condition (37). In fact, condition (37) also implies
that E[Mj(a)] is positive definite for each k£ € N, which can be seen by (40).

We shall show that the term E||5||3 = E| Dyxi(yx — ) T DiB)||3 remains bounded as
k — oo. In Assumption 1, we have assumed that the stochastic gradient in the SGD dropout
recursion Vg(y — x"DR)?/2 = Dx(y — =" D), has finite ¢g-th moment when 8 = B* for
some ¢ > 2. By Lemma 30, Assumption 1 also implies the bounded ¢-th moment when
B = B. As a direct consequence, E||5;||3 is bounded as k — oco. This, along with (196),
(198) and (200), yields

. y 1 2 1/2
(Bl () — BI3)" ( Bl Mo i(0)3)
t=—o0
k 1/2
<a 3 [IBIAG xAcadll - El53)
t=—o0
k 1/2
Sa (1 —ar)r™
(X )
i 1/2
= a( (1 —al) )
_o(ya), (201)
where the last equation holds since Y 5°(1 — a),)! = m = O(1/a). Here, the

constants in < are independent of k and «, and Ay = Apin (E[Ml(oc)]) is bounded away
from zero since E[M;(a)] = E[2D:1X;D; — aD1X; DX D] is positive definite by condition
(40).

For the case ¢ > 2, following similar arguments as in (198), we obtain

E[Mi—tk(@)13 = E(| Ay 1)a3el13)"

oT ¥ bt o 2
= E(S:A?;_,'_l)kA(t_i_l)kSt)q/

sup Bl Aqpr)vlld - Ellse)
veRY,||v]|2=1

e k— o
<( sup  E[lAo)9)" B[54 (202)

veR? ||v|l2=1

IN

With p14(v) = (E||D1X1D10|4)!/? < 0o as defined in Lemma 10 and the Equations (173)
and (175) in the proof of Lemma 10, we have

El| Ao < (14 aptg(v))? — qauprg(v) — gapv 'E[Xq plv. (203)

This, together with Taylor expansion around o = 0 and the inequalities (196) and (202)
gives finally max;, (E||3q(c) — Bl )I/q O(Va). [ |
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F.2 Proof of Theorem 15

The proofs of the quenched CLT and the invariance principle for averaged SGD dropout
follow similar arguments as the ones for averaged GD dropout. The key differences lie in
the functional dependence measures, because for SGD settings, both the dropout matrix
D;. and the sequential observation x; are random. We shall first introduce some necessary
definitions and then proceed with the rigorous proofs.

Recall the generic dropout matrix D € R?*? and random sample (y,z) € R x R%. For
the SGD dropout sequence {8 (a)}ren, we define the centering term

/émean(a) = leH;oE[Iék(a)] = E[IBVT(O‘)]? (204)

where the expectation is taken over both (y, ) and D, and 3%(a) defined in (44) follows the
unique stationary distribution 7,. We first use Lemma 25 to prove the CLT for the partial
sum of the stationary sequence {,BUZ(a) — Buean(@) Yoen, and then apply the geometric-
moment contraction in Theorem 12 to show the quenched CLT for the partial sum of the
non-stationary one {Bk(a) — Bmean(a)}keN- Finally, we extend the quenched CLT to the
partial sum of {ﬁk(a) - Bmean(a)}keN by providing the upper bound of Bmean(a) —Bin
terms of the g-th moment for some ¢ > 2.

Similar to Section D.1, we introduce the functional dependence measure in Wu (2005)
for the stationary SGD dropout sequence {,ég (@) }ren. However, the randomness in B5(«)
is induced from both the dropout matrix Dy and the random sample (yi,xr). Therefore,
we define a new filtration Fj, by

Fio =o€k, €r1,...), k€L, (205)

where the i.i.d. random elements &, = (Dy, (yk, xk)), k € Z, are defined in (45). For any
random vector ¢ € R? satisfying E||¢||2 < oo, define projection operators

Pel¢] =E[¢ | Fi] —E[¢ | Fr1], Kk €Z (206)

By Theorem 12 and (44), there exists a measurable function FLQ() such that the stationary
SGD dropout sequence {83} («)}ren can be represented by a causal process

Bi(a) = ho(€r &1, .) = ha(Fp). (207)
We denote the coupled version of Fi by
j’;{]} = 0(5% s anJrlv 537 Ejfl .. '); (208)

and let }v},{j} =F if j > 4, where E;- is an i.i.d. copy of &;. For ¢ > 1, define the functional

dependence measure of By(a) as
0 30 30 1 30 i T
Orq() = (E[IBR() — B oy (2)13) /1 where Br. 103 (@) = ha(Fy 0})- (209)

In addition, if >~.7, thq(a) < 00, we define the tail of cumulative dependence measure as

Omg(@) =Y bOrgle), meN, (210)
k

=m
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Both ék,q(a) and (:);ﬁq(oz) are useful to study the dependence structure of the stationary
SGD dropout iteration ,é,‘z(a) = ka’(yk’mk)(Bzfl(a)). To apply Lemma 25, we only need to
show that the stationary SGD dropout sequence {Bg(a)}keN is short-range dependent in
the sense that ©g 4(a) < oo, for some g > 2.

Proof [Theorem 15| Consider two initial vectors ,ég, BSI following the stationary distribution
7o defined in Theorem 12. By the recursion in (36), we obtain two stationary SGD dropout
sequences {Bz(a)}keN and {ﬂuz,(a)}keN. It follows from Theorem 12 that for all ¢ > 2,

(E[1B2(a) — B (a)]|3) "

S <7
3o 3o’ d (3o-£30’ HBO — O/H -
85,85 €R4,857#083 0 0 112

keN, (211)

’q’

with #q = (SUp,cpd. [vlla=1 IEvall(a)vH%)l/q as defined in (38) and random matrix A; (o) =
I; — aD1X1D1. When the constant learning rate o > 0 satisfies the condition in (37),
we have 7o, € (0,1) as shown in Theorem 12. Recall the coupled filtration ]:"Z-,{j} =
o(&is-- - &+1,85,€-1-..) as defined in (208). Then, (44) and (211) show that

(Ellfe, 0o fer (B3) = fep 0=+ 0 fe, (B9
(EHh Ek7 s 75175075—17 .- ) - EO&(&’% cee ’51’56’£L17 e )Hg)l/q
(EHh (Fi) — ha(ﬁk,{o,fl,.‘.})\\%)l/q

< (212)

¢

q 7q’

for some constant ¢, > 0 that is independent of k. Following a similar argument in (127),
for all ¢ > 2 and k € N, we can bound the functional dependence measure ékg(a) in (209)
as follows

5 o ; 1
Ora(@) = (Ellha(F) = ha(Fr o))"
v 1 v v 1
< (Eha(Fr) = ha(Frqo,-1..1)]1%) /14 (Ellha(Fig0,-1,..3) — ha(Fi01)112) /a
< &t (213)

for some constant E’q > 0 that is independent of k. Consequently, the cumulative dependence
measure (:)m,q(a) in (210) is also bounded for all ¢ > 2 and m € N, that is,

o0

=> b, O(#7,) < 0. (214)

k=m

The inequality in (119) derived by Wu (2005) holds for a general class of functional depen-
dence measures, as long as the inputs of the functional system (i.e., the measurable function
ﬁ(ﬁk,ﬁk_l, ...)) are i.i.d. elements. Thus, we can apply (119) to the projection operator
P[] in (206) and obtain

> (Bl Po[BR(e (@]9 < D Org(@) = Og4(a) < oo, (215)
k=0 k=0
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implying the short-range dependence of the stationary SGD dropout sequence {Bz(a)}keN.
Then, it follows from Lemma 25 that

7123 " (B(a) = Brean(@)) = N(0, (), (216)
k=1

where the long-run covariance matrix ¥(a) is defined in Theorem 15. Following similar
arguments as in (131)—(133), for any initial vector Bo € R?, we can leverage the geometric-
moment contraction in Theorem 12 and achieve the quenched CLT for the corresponding
SGD dropout sequence {Bk(a)}keN, that is,

t

7123 (Br(a) = Brmean(@)) = N(0, 5(a)). (217)

k=1

Recall the ¢2-minimizer 3 in (34) and the centering term Buean (@) = limy_,o E(Bx () =
E(35(a)) in (204). We shall prove || St _ E[Bx(a) — B]|l2 = o(v/1). For any two initial vec-
tors ,éo and 587 where ,[;8 follows the stationary distribution 7, in Theorem 12, while ,(;0 is
an arbitrary initial vector in R?, it follows from the triangle inequality that

= k=1
< [E[ 3 (B - 500 |, + [ 3 (B - ],
= =1
=1+ 1, (218)

2

o
=

< (]| 3 (Beto) - B [[))
k=1
< (;%z,z)uéo - 55, 219)

For the part I, we recall the random matrix A; (a) = Ij—aD1X Dy in (36) with Xy = :lzlaclT.
Recall the notation X;, = pX; + (1 — p)Diag(Xj) in (35). Notice that by Lemma 21 (ii),
we have E(, ) Ep [A1(a)] = Ey2)Ep[la —aD1X1D1] = E(y ) [Lq — apXy ] = 15— apE[Xy p],
which along with E[bg] = 0 in (193) gives E[35(a) — 8] = (Ig — apE[X1,))E[BS_, (a) — B].
Since {B2()}ren is stationary and E[X; ] is non-singular by the reduced-form condition
min; (E[z12 ]); > 0 imposed on model (31), it follows that

E[Bi(a) —B] =0, forall k e N. (220)
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This further yields

Iy = )\E[i (B -B)]|, = | S Effi(a) - A

= 0. (221)
k=1 k=1 2
By applying the results for I and I, to (218), we obtain
t t
| S BB - 81 < (D 2) 1180 - 5]l (222)
k=1 k=1

When the constant learning rate o > 0 satisfies the condition in (37), 742 € (0,1) by The-
orem 12, and hence (222) remains bounde(l ast — oo. By this result and (217), the desired
quenched CLT for the partial sum > ;_, (82(e) — B) follows. [ |

Proof The proof of Corollary 16 applies the Cramér-Wold device to Theorem 15 and can
be derived in the same way as the proof of Corollary 8. We omit the details here. |

F.3 Proof of Theorem 17

Proof Consider a stationary SGD dropout sequence {BZ(Q)}keN following the stationary
distribution 7, in Theorem 12. Define the mean-zero stationary partial sum

S?(O‘) = Z (BZ(O‘) - Bmean), 1€ N. (223)

k=1

Recall that ,Bmean( ) = E[B%(a)] as defined in (204). Due to the stationarity, we have
[ﬁk( o) — B8] =0 for all k € N by (220). This gives

(El|Bumean(@) — BII2) " = (EIEB; () - B]12) "¢ =0 (224)

Since we supposed in Theorem 17 that Assumption 1 holds for some ¢ > 2, it follows from
Lemma 14 that, for all ¢ > 2,

(E83(0) = Bumean(@)[9)* < (BIIBL) — B12)"* + (Bl Bmean(e) — B9 = O w(a).)
225

Following a similar argument as for (144), we can show that Bk( ) — Brmean (@) satisfies con-
dition (i) on the uniform integrability in Lemma 26. Due to the stationarity of {,Bk( ) Hren,
condition (ii) in Lemma 26 is not required (see the discussion below Lemma 26 for details).
Condition (iii) is also satisfied, since when the constant learning rate o > 0 satisfies condition
(37), the stationary SGD dropout sequence {BZ(Q)}keN is shown to be short-range depen-
dent by (215), i.e., the tail of cumulative dependence measure ©,, ,(a) = Y e Guk,q(a) <
00.
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Hence, by Lemma 26, there exists a (richer) probability space (Q* A, IP*) on which we
can define random vectors ﬁ s with the partial sum process S = l(ﬁk Bmean) and

a Gaussian process G =Y 11 2%, where 2}’s are independent Gaussian random vectors in
RY following N (0, I), such that

S9)1<i<t, (226)

and

max HS* SY2 ()G

1<i<t I, = op(t'/9), in (O, A%, P*), (227)

where the long-run covariance matrix ¥(c) is defined in Theorem 15.

Following similar arguments as for (148)—(150), we can leverage the geometric-moment
contraction in Theorem 12 to show the same Gaussian approximation rate, i.e., O[P(tl/ 7), for
the partial sum sequence (Z}C:l(ﬁk(a) — Bmean(a)))l <;<p» for any arbitrarily fixed initial

vector By € R%. Finally, recall the partial sum process gfo(a) = ZZZI(Bk(a) — ,é) By a
similar argument in (151), the desired Gaussian approximation result for the partial sum

process (S’?O(a))lgigt follows. [ |

Appendix G. Proofs in Section 5
G.1 Proof of Theorem 18

Lemma 31 For any d x d symmetric matriz S = (S;j), we have E||S||p < /trE(S?) <
dmax;; (E[SZ]) ",

Proof For a symmetric matrix S, tr(S?) = ||S||% = Y 52 Since /(+) is a concave
function, by Jensen’s inequality,

E|S]lr = Ev/tr(S?) < /r[E(S?

This completes the proof. |

Proof Recall the SGD dropout sequence {Bk(a)}keN in (36), the long-run covariance
matrix f](oz) of the averaged SGD dropout iterates in Theorem 15, and the online estimator
f]k(a) in (55). When there is no ambiguity, we omit the dependence on a, e.g., S = flk(a)
and > = (). We shall bound E||3;, — 3|5

Recall the stationary SGD dropout sequence {Bz(a)}keN in (42), which follows the
stationary distribution 7, in Theorem 12. For simplicity, we define Vi(a) = k¥i(a). By
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Equation (58), we can write Vj(«) into

P(k)— P(k)—1
( Z ()2 + Ri(@)2) + (D2 1Bl + 10, (0)?) B ()
m=1
( )—1
— (X2 1BulSm(@) + 6, (k)Ri(0) ) B (@)
m=1
Y(k)-1 T
=B (D2 1BulSn(@) + 8, (Ri(@)) - (228)
m=1

Recall the partial sums Sp,(a) = > pcp Br(a) and Ry(a) = SF ot Bi(a) in (57). We

similarly define

Y(k)— k P(k)—1

Vila)= ) (ZB ) +( > 8 ) Z 82 (a)®2 + RS (a)®2. (229)

m=1 1€Bm 2:77111(16)
By the triangle inequality, we have
KEI|Zk — 2| p = E[Vi — kZ[|p < E|Vi — Vllr + EIIVY — kE| F. (230)

We shall bound these two terms separately.

First, for the term E||V};? — k||, we shall use the results in Xiao and Wu (2011). To this
end, we need to verify the assumptions on the weak dependence of SGD dropout iterates
{Bi}ren in (36) and the growing sizes of blocks { By, }men in (54). Denote the elements of
d x d matrices V] and )y respectively by

Vi = (vuhsijea and = (3i)i<ij<a- (231)

Moreover, we write the stationary SGD dropout iterate B,‘; in (42) and the ¢2-minimizer Jé;
in (34) respectively into

B = (B )" and B= (B, f) (232)

By the short-range dependence of {,éz}keN in (215), it can be shown that for any 1 < 4, j < d,
COV(BZi, ng) < cijpfj for some constants ¢;; > 0 and 0 < p;; < 1. For the non-overlapping
blocks { By, }men, since the positive integers {nm }men satisfy mmi1 — nm — o0, it follows
that 7m+1/1mm — 1 as m — oo, and therefore,

M
> Ot = 1m)® = marr (Mg — ). (233)
m=1
Then, by Theorems 1(i) and 2(iii) in Xiao and Wu (2011), we obtain, for each 1 < j <d,

. } . 1/2 o y 1/2) 2
E(ofy — k535)” < { (B — Bog)?) " + (B — k) |
< KRIOVE1/0) (234)
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For E(vf;, — k&;;)? with i # j, the same rate as in (234) holds. To see this, define two new
sequences {3 }ren and {B; bren With 87 = (8y; + 55;) — (Bi + 5;), and 8, = (By; — 65;) —
(Bi — B;). Notice that

Gij = Z E(By; — Bi)(/é(())j - Bj)

k=—o00
§2 gl = )+ 3, = B~ (G~ ) = (= B
4
k=—0oc0
= S EG- Y EG (235)
k=—00 k=—o00

which can be viewed as the long-run variances of the sequences {8} }ren and {8, }ren as
indicated by the last line. A similar decomposition can be applied to vfj - Since the results
in Xiao and Wu (2011) hold for any linear combination of weak-dependent sequences, again
by the short-range dependence of {8} }ren in (215), we have

E(vy

ok — ki)t S REOVETYO L forall 1 <4, < d. (236)

For dimension d > 1, it follows from Lemma 31 that

E|VQ = kE|r < d max \/ﬂ«:(v?.k — k#5;)2 < die/OVA-1/20) (237)
]<d 7’.]’

where the constants in < are independent of k and d.
Next, we bound E||V}, — V?||p. Similar to (237), by Lemma 31, we have

E|Vi, = VZ|lr <d | ax \/IE Vijk (238)

'L]k

Thus, we only need to show the bound for the one-dimensional case. Now, consider Vj, V,?,
Vi, Hj, and B_ng as scalars. Note that E|| - | = (E[]?)"/? for d = 1. By the decomposition
in (58) and applying Jensen’s inequality, we have

(E[Vi — VIHY? < BV — I + 2B[HBE?) 2 + K (EBIBEHY2 (239)

We shall bound the three term respectively. First, recall the contraction constant 7, 4
defined in (38). By the GMC in Theorem 12 and Hélder’s inequality, it follows that

(EVi — V2PV
P(k)—1
< Z — S ESH + S2N ! + (B[R — RYY V(B[R + RYH M

(k)—1
Z Ta,g) ™™ (Mm+1 — Mm )1/2 + (Fa,g) ™™ (k — My (k) + 1)1/2

- 0(1), (240)

,_.
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where the constants in < and O(-) are independent of k. Similarly, since the dimension d
is fixed and E[37] = B by (220) with the (2-minimizer 3 defined in (34), we can show that

wae s B a]) s @ m] ) =k e
i=1 i=1

and (E[H])'/? < k(k—nyx))?. Combining these results with the fact that Ky < k(k—my))
yields

KyEIBETY 2 =k =y and - (BIHGGET)? S k= nyqr (242)
Inserting all these expressions back into (239), we obtain
(EVi = V1)V S k= gy < B9, (243)

Consequently, by (238), for the multi-dimensional case, it follows from (238) that

_ < o, )2 < 1-1/(2¢)
EVi ~ Vellr < d max \/E vije — 3 )2 S dk
Since ¢ > 1, compared to the rate of E||V; — EX|p < dk/OVA-1/20) iy (237), the

(23
latter dominates. This, along with (230) gives the desired result E[3(c) — S(a)||r =
O(dk(l/é)v(l—l/(%)))

|
G.2 Long-Run Covariances for Gaussian Random Samples
Consider i.i.d. covariate vectors @, ~ N (0,13), k = 1,2,..., and the responses y; | ) from
the linear regression model
yr =) B + e, e ~N(0,1). (244)
For the SGD iterates with dropout
Br(a) — B = (Ig — aDyXy. D) (Br-1(a) — B) + aDyxy(y, — x5 D),
=:Ag (@) =:bi(a)
defined in (36), and the minimizer of the £2-regularized least-squares loss
. -1
8 =p(pElzi{] +p(1 — p)Ding(Elz12])) ) Elyiwi] = (E[X1,))Elysz),
defined in (34), we have
B=4". (245)

This result holds since E[Xy,,] = E[Dyxrx, Di] = ply = E[X}]. Recall the long-run covari-
ance matrix

L(a):= ) El(B5(a) - B)(B(a) - B) ],

1=—00
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defined in the quenched CLT in Theorem 15, where Bf(oz) ~ T, denotes the stationary
SGD process with dropout. We can derive a closed form expression of the limit

¥ = lim Y(«). (246)

Lemma 32 (Long-run covariance matrices for Gaussian random samples) For the
model (244) with Gaussian random samples, suppose that conditions in Theorem 18 are sat-
isfied. Then, ¥* is diagonal, with the i-th diagonal element

%)

as a — 0, (247)

foralli=1,...,d, where we write 3* = (57, .. .,B;)T and

Nk 1 1 - P *
L

In particular, Y = Iy if p=1.

Proof The proof consists of two steps. In Step 1, we construct an affine sequence with
long-run covariance matrix ¥ and prove that with i.i.d. Gaussian random samples (Y, k),
> is diagonal, and the i-th diagonal element i;(a) = 3% for each i. Then in Step 2, we
bound the error of this affine approximation by showing that ||(a) — %f|| = 0 as o — 0.

Step 1. Define the affine approximation to the SGD dropout sequence {ék(a)}keN as
{Bu};(a)}keN, which follows the recursion

Bi(e) = B = (L= aH,)(B]_,(a) = B) + bi(a), (249)

where
H, =E[DiX1D1], bi(a) = aDpzi(yr — i Dif). (250)
Recall the contraction constant 7, , defined in (38). Let ¢ = 2. Since | - || is convex, it

follows from Jensen’s inequality that
2
E|(Is — aDX1D)v||3 > |E[(Is — aDX1D)v] ||, = |(Ia — acHp)v|3. (251)
Since the matrix I — o), is symmetric, we therefore obtain

a2 = sup E[(Ig—aDXiD)w|3> sup |(lg—aHp)vl = |la—aHy|?.  (252)

[v][2=1 [v][2=1

By Theorem 12, since the constant learning rate « satisfies condition (37), we have ||Ig —
aH,|| < 7q2 < 1. Hence, GMC also holds for the affine sequence {B};(a)}keN and [5’};(04)
converges to a unique stationary distribution as k — oco. Throughout this proof, we as-
sume that the initialization ,ég follows this stationary distribution, and thus the sequence

{B1(a)}ren is stationary.

71



L1, ScuMIDT-HIEBER AND WU

Since {Bl(a)}keN is a stationary sequence, define its long-run covariance matrix as

Sia) == Y E[(Bl(a) - B)(Bl(a) - B)T].

1=—00
We denote the i-th diagonal element of () by Si(a), i = 1,...,d. Next, we show that
S(e) =55, forall i. (253)

Recall that by(a) are i.i.d. and by (193), E[bg(a)] = 0. Thus, recursion (249) yields a
VAR(1) process. By iterating (249), we obtain

—B =) (Ia— aH,) bp_j(), (254)
7=0

which converges since ||I; — aHp|| < 1. Define the covariance matrix
Qp(a) :=E[bi(a)bi(a)"]. (255)

Since Iu)k_j are independent over j, it follows that

Mg

S a) =) Iy — oH,) Qp(e)[(Ia — aHy)']"

[e=]

= [Li— (la — aH,)) "' Q) [a — (L — )]
— (aH,) "' Qp(a)(aH,) ™, (256)

where the sandwich form in the second equation follows from the the spectral density of
[5’;2(04) — B at frequency 0 (see Brockwell and Davis (1991), Chapter 11).
Now we compute H,, and Q,(«) for i.i.d. Gaussian random samples. Since xj ~ N (0, 1),

H, = B[DiX, Dy = pl,, (257)
which yields
S (@) = (ap) 2Qp(a). (258)
Moreover, by (245), B = B*, and thus Yk = wg,é + ¢ for all k£ € N,, which leads to

Qp(@) = Ebr(a)bi() "]
= o’E([Drz1(y1 — &{ D1B)]|[Dizi(y1 — =] D1B)]")
= &®E[D1X1D1(e1 + x| (Is — D1)B)?]. (259)

Expanding the square gives

(e1 + ] (I; — D1)B)? = (x] (I; — D1)B)? + 2e12] (I; — D1)B + €2.
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We consider the three terms separately. Since € is independent of xj and Dy,
E(y.z) [D1X1D1e12{ (Is — D1)B | D1] =0. (260)
By Ele?] = 1 and D} = Dy, we have
E(ye [D1X1D1€; | Di] = Dy. (261)
In addition, since x; ~ N (0, Iy),
Eyz)[D1X1 D1 (2] (I — D1)B)? | D]

= DBy [[|(Ia = D1)Bl31a +2(Ia — D1)BB" (Is — D1)] Dy
= D1y [l(Za — Dl)léH%Id]v (262)

where the last equation holds due to Dy(I; — D1) = 0. Combining all the three equations
above, we obtain

E(ya)[b1()bi(a) " | Di] = @*(1+ ||(1g = D1)B|3) D1 (263)
Taking expectation over D gives the diagonal matrix ()p(«) with entries
Qpile) = o (p+p(1 =) 3 32), (264)
J#i
and Qpij(«) = 0 for i # j. Inserting this back into (258) yields, for all i,
Sli(a) == + — Z B2 =13y, (265)
JF

which is independent of a. Write %f(a) = 3.
Step 2. Finally, we complete the proof by showing that

1S(a) = Xf|[p =0, asa— 0. (266)
To this end, consider the difference
Si(a) = Bi(a) — Bl(a) = Ap(@)dr—1(a) — a(DyXi Dy — Hy)[B]_ (@) = B (267)

Since both initializations ,58 and ,ég; follow the stationary distributions, respectively, the
difference sequence {Sk () }ren is stationary. By Lemma 10 and the independence between
(Dg, xy) and ﬂ);_l(a), we obtain, for any n > 0,

@ o v 1 " v
E|81(@)3 < (1 -+ mEIAk(@)dir(@)B + (1+ - )’ EI (DXiDs — Hy)IBL (@) - BlIB
<(1+ W)fg,zEHSkfl(Oé)H%

1 y v
+(1+2)a?  sw E|(DyXeDy— Hy)oll-EIBL(a) - BI3.  (268)
n vERY, [|v][2=1

73



L1, ScuMIDT-HIEBER AND WU

By Assumption 2, there exists some finite constant ¢ > 0 such that

sup  E|(DpXpDy — Hp)v|3 <ec. (269)
veR, ||lv]|2=1

Moreover, by similar arguments as in the proof of Lemma 14, one can show that
5 3112
E||B]_, () - B3 = O(a). (270)
Since To,2 < 1, by choosing 7 such that (1 + 7])%372 < 1, it follows from the stationarity of
{6k(a)}k€N that

E[|dk(c)[l3 = O(a?). (271)
For brevity, denote
wp = up(a) = Bi(a) = B, uf = ul(a) = Bl(a) - B. (272)
For any lag h € Z, the difference of the two covariance matrices can be decomposed into
Eluou)] — Elujul'] = E[dou] | + Efu)d) . (273)

We take the Frobenius norm and it follows from Cauchy-Schwarz inequality, Lemma 14 and
expression (271) that

IE[Souy )|+ < (E[160]13)"/(Ellunll3)'? = O(a*?) - O(a'/?) = O(a?). (274)
Similarly, ||E[u$5;] | = O(a?), which together with the expression above yields
| Bl ] — Blufu]» = O(a?). (275)

For any truncation level H € N,

S T
1) E*HF—HZ fwow]] — Efufuf 1)

guzm[uouh]_mug |+ 3 eluous) — Erudud )|,
|h|<H |h|>H

<O(HA) + Y |Euouyllr+ > |[Eluful]|F. (276)
|h|>H |h|>H
Recall the functional dependence measure in (209). By GMC of uy, the coupled distance
also contracts, which gives

Or2(a) < 7 20,2(a) < 274 5(Elluo|l3)'/? = 2% ,0(Vav). (277)

Recall the projection operator 75k[] in (206). By the martingale decomposition and the
orthogonality of projections, for h > 0,
oo

Efugu) | = KZP_, [uo] ) (Zﬁh—j[uhDT]

J=0

E [P fuo] (P_ifuwi]) |- (278)

o0

1=0
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By the triangle inequality, Cauchy-Schwarz inequality, and Theorem 1 in Wu (2005),

|E[uouy)||p < i HEPS%[UO] (754[’1%])1 HF

IE(P—iluol) 3] [IE(P—ilun)) 13] 2

IA
e L

-
I
o

0;2()0nj2(c). (279)

M8

<

.
Il
=)

As a direct consequence,

> Efuouy e <> Z% )0 yj2(a) = O(ailly). (280)

h>H h>H j=0

The bounds for the parts >, | E[uow, ]| and Do lh>H HE[uJ{)uL—r]HF can follow similar
arguments. Choose H = [¢"log(1/a)] with some constant ¢’ > 1/|log(7q,2)|. Then, we
have arll, < acllg(ra2)l+1 — o(q) for the tail part in (276), and Ha? = ¢’a?log(1/a).
Both converge to 0 as o« — 0. This completes the proof. |

Appendix H. Real-Data Application

The Online News Popularity dataset from UCI ML Repository (Fernandes et al., 2015)
summarizes a set of features about articles published by Mashable (www.mashable.com)
in a period of two years. This dataset contains 39,797 samples and 58 features. We apply
the efficient ASGD-dropout algorithm to predict the number of shares in social networks
(popularity) and use our proposed online inference methodology to test the significance of
features towards prediction.

To standardize the dataset, we center all the predictors and scale them to unit variance.
The response is transformed as log(1 + shares) and centered. This ensures comparable
gradient magnitudes across features and avoids a few heavy-tailed article outliers dominating
the updates. We adopt p = 0.9 and the dropout rate is 1 —p = 0.1. Dropout regularization
is not strictly necessary for classical linear regression, but it demonstrates how the ASGD
framework can incorporate randomized feature masking, especially when scaling to large-
dimensional data. The online nature of the proposed inference methodology means we
never store the full design matrix or compute costly matrix inversions, useful for streaming
or memory-constrained environments.

Figures 5 and 6 plot the ASGD-dropout trajectories over n = 39, 797 iterations, showing
rapid stabilization of estimated regression coefficients. By estimating the long-run variances
of these coefficients and constructing marginal 95% Cls using expression (60), at the last
iteration, any feature whose CI does not cover zero can be deemed statistically significant.
Prominent positive predictors include number of videos, number of links, publication at week-
ends and global text subjectivity. Primary negative predictors include mid-week publication
and average length of the words in the content. Interestingly, for the five Latent Dirichlet
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ASGD Trajectories with 95% CI
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Figure 5: Convergence trace of 95% CI of ASGD iterates with dropout regularization for
significant features. Each subplot represents the convergence trace of one feature.
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ASGD Trajectories with 95% CI (continued)
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Figure 6: (Continued) Convergence trace of 95% CI of ASGD iterates with dropout reg-
ularization for significant features. Each subplot represents the convergence trace of one
feature.
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Allocation (LDA) topics, LDA topics 0, 3 and 4 have positive coefficients whose 95% Cls lie
entirely above zero, while LDA topics 1 and 2 have coefficients whose Cls lie entirely below
zero. We refer to Figures 5 and 6 for the detailed significant features, where we plot the
trajectory of ASGD-dropout (solid line) with its 95% CI ribbon for the significant features.

Our findings of significance features echo the literature. For example, Ciampaglia et al.
(2018) found that certain latent topics (e.g. technology, social media) boost sharing while
others (e.g. politics, hard news) suppress it, matching our positive significance for certain
LDA components and negative for others. Szabo and Huberman (2010) documented a
“weekend effect” in which articles published on weekends tend to garner more attention,
consistent with the positive coefficient on weekend publication. Moreover, Bandari et al.
(2021) demonstrated that multimedia richness (links and video counts) are among the most
correlated variables with news popularity.
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