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Abstract

Temporal difference (TD) learning with linear function approximation (linear TD) is a classic
and powerful prediction algorithm in reinforcement learning. While it is well-understood
that linear TD converges almost surely to a unique point, this convergence traditionally
requires the assumption that the features used by the approximator are linearly independent.
However, this linear independence assumption does not hold in many practical scenarios.
This work is the first to establish the almost sure convergence of linear TD without requiring
linearly independent features. We prove that the weight iterates of linear TD converge
to a bounded set, and that the value estimates derived from the weights in that set are
the same almost everywhere. We also establish a notion of local stability of the weight
iterates. Importantly, we do not impose assumptions tailored to feature dependence and
do not modify the linear TD algorithm. Key to our analysis is a novel characterization of
bounded invariant sets of the mean ODE of linear TD.

Keywords: temporal difference learning, linear function approximation, reinforcement
learning, almost sure convergence, bounded invariant sets

1. Introduction

Function approximation is crucial in reinforcement learning (RL) algorithms when the
problem involves an intractable discrete or continuous state space (Sutton and Barto,
2018). The idea is to encode the states into finite-dimensional real-valued vectors called
features. A parameterized function of the features, with learnable weights, is then used to
approximate the desired function. For instance, linear function approximation computes
the approximated value by taking the dot product of the feature and the weight. Most
existing convergence results with linear function approximation assume the features are
linearly independent (Tsitsiklis and Roy, 1996; Konda and Tsitsiklis, 1999; Sutton et al., 2008,
2009; Maei, 2011; Yu, 2015; Sutton et al., 2016; Lee and He, 2019; Nachum et al., 2019; Zou
et al., 2019; Carvalho et al., 2020; Zhang et al., 2020a,b, 2021a,b; Zhang and Whiteson, 2022;
Zhang et al., 2023; Qian and Zhang, 2025). However, the linear independence assumption is
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not desired for at least four reasons. First, many well-known empirical successes of RL with
linear function approximation (Liang et al., 2016; Azagirre et al., 2024) do not have linearly
independent features, leaving a gap between theory and practice. Second, in the continual
learning setting (Ring, 1994; Khetarpal et al., 2022; Abel et al., 2023), the observations
received by an agent are usually served one after another. There is no way to verify whether
the features used in the observations are linearly independent. Third, the features are
sometimes constructed via neural networks (Chung et al., 2019). Usually, it is impossible
to guarantee that those neural network-based features are linearly independent. Fourth,
sometimes the features are gradients of another neural network, e.g., in the compatible
feature framework for actor-critic algorithms (see Sutton et al. (1999); Konda and Tsitsiklis
(1999); Zhang et al. (2020b) for details). One cannot guarantee those features are linearly
independent either. As a result, although the linear independence assumption greatly
simplifies the theoretical analysis, it is unrealistically restrictive. Dayan (1992) and Tsitsiklis
and Roy (1996, 1999) also identify the removal of the linear independence assumption of the
features as a future research direction.

This work makes progress towards closing this gap using linear temporal difference
(TD) learning (Sutton, 1988) as an example, since linear TD is arguably one of the most
fundamental RL algorithms. In particular, this work is the first to establish the almost
sure convergence of linear TD without requiring linearly independent features. The main
contributions of this work are

1. characterization of TD fixed points under arbitrary features and proof that all such
fixed points produce the same value estimate almost everywhere;

2. mean ODE analysis with Jordan normal form demonstrating every ODE trajectory
converges to an initial-condition-dependent point;

3. characterization of bounded invariant sets of the mean ODE in the absence of global
asymptotic stability;

4. establishment of a notion of local stability of the weight iterates.

Importantly, our proof does not introduce assumptions tailored to feature dependence and
keep linear TD in its original form. Building upon our work, Xie et al. (2025) conduct finite
sample analysis of linear TD under arbitrary features to characterize its convergence rate,
further completing the understanding of linear TD in its canonical form.

2. Background

Notations. A square complex matrix (not necessarily symmetric) M € C"*"™ is said to
be positive definite if, for any non-zero vector € C", it holds that Re(x Mz) > 0, where
zH denotes the conjugate transpose of x and Re(-) denotes the real part. A matrix M is
negative definite if —M is positive definite. Likewise, a matrix M is positive semi-definite
if Re(x Mx) > 0 for any non-zero z € C". A matrix M is negative semi-definite if —M
is positive semi-definite. Given a vector z € C", we define the {3 norm ||z| = VaHz. The

f5 norm ||-]| also induces a matrix norm. Given a matrix M € C™*"  the induced matrix
2 )

(| M|

norm is defined as || M| = sup,ecn 420 " - We now restrict ourselves to real vectors and
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matrices. A real symmetric positive definite matrix D € R™ induces a vector norm |||,
where 2|, = Va Dz for z € R™. We overload |-||, to also denote the induced matrix
norm.

We consider a Markov Reward Process (MRP!, Bellman (1957); Puterman (2014))
with a state space S C R¥ for some K € N. The MRP employs an initial distribution
po : B(S) — [0,1], where B denotes the Borel algebra. The dynamics of the MRP are
characterized by a transition kernel p : B(S) x S — [0,1]2. The MRP also adopts a
measurable and bounded reward function r : § — R. At time step t, suppose the agent
is at state S;. It transitions to the next state Sii+1 ~ p(:|S¢) following the transition
kernel. At the same time, the environment emits a reward Ry = r(St) to the agent for
transitioning out of S;. Note that (p,po) defines a Markov chain {S;}. We further define a
p-induced operator P : F — F, where F = {f : S — R" | f is measurable and integrable},
as (Prf)(s) = [5 f(s)p(ds’ | 5).

The state value functlon vr : S = R is defined as vr(s) = E[Y ;% 7' Ri41]S0 = 5|, where
v € ]0,1) is a discount factor. The state-value function maps each state to the expected
cumulative reward the agent gets starting from that state. We consider a linear function
approximation of vy with a feature mapping = : S — R¢ and a weight vector w € R?. The
function x maps each state s € S to a d-dimensional real vector x(s). One simply takes
x(s)Tw to compute the approximated state value for s. The goal is thus to adjust w such
that 2(s) "w =~ v,(s) for all s € S. Linear TD updates the weight w iteratively as

W1 = Wy + oy (Rt+1 + ’}/I(St+1)th - x(St)th>:c(St). (Linear TD)

where oy is the learning rate and we recall that {S;} is a Markov chain evolving as Spy1 ~
p(+|S¢) and Sy is sampled from an arbitrary initial distribution. The following assumptions
are commonly made in analyzing linear TD (Tsitsiklis and Roy, 1996).

Assumption 2.1 The learning rates {ay} is a decreasing sequence of positive real numbers

such that Y ;%q oy = 00, Y oo af < 0o, and limy_yeo (ﬁ - 02) < 00.

Assumption 2.2 The Markov chain {S;} admits a well-defined and unique stationary
distribution p : B(S) — [0,1], such that (Z) = [4p(Z | s)p(ds) for all Z € B(S) and
w(U) > 0 for all non-empty open sets U C S.

The sequence {ﬁ} where k& € (0.5, 1] satisfies Assumption 2.1 as a valid example.
In light of Assumption 2.2, we define an inner product (-, '>u induced by p as <f,g>u =
Js (f yu(ds), where f: S — R™ and g : S — R"™ are measurable functions. The inner
product ( , >u further induces a semi-norm ||f||i = (f, /)

Assumption 2.3 The feature function and reward function are bounded, i.e.,
sup,es [|7(s)]| < 00, sup,es|r(s)] < oco.

We use Ly (S, i) to denote the set of functions defined on S that are p-integrable with respect
to p. A direct consequence of Assumption 2.3 is that x € L,(S, p) for p € [1,00) because

(Jis ()P r(ds) """ < ((supses 25N [ 1(ds)) 7 = supyes [la(s)]| < oo,

'In policy evaluation, the policy = is fixed and induces an MRP from a Markov Decision Process (MDP).
*We define the kernel this way to be compatible with the conventional notation p(:|s)
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Assumption 2.4 Given any f : S — R"™ and f = 0 a.e. with respect to u, it holds that
Prf =0 a.e. with respect to p as well.

In the rest of the paper, we use “a.e.” to denote “a.e. with respect to u” for simplifying
notations. Notably, Assumptions 2.2 - 2.4 trivially hold when S is finite and {.S;} is irreducible.

We can represent the feature mapping = as z(s) = [z1(s) w2(s) - :L'd(s)]T, where
each x; : & — R is a basis function for ¢ = 1,2,...,d. Since it is defined on a general
state space, we define the linear dependence/independence of the features in the a.e. sense.
We say the set of basis functions {x1,x9,...,2z4} are linearly dependent a.e. if there exists
c € R%\ {0}, such that cjzy + coze + -+ + cqrqg = 0 a.e. Likewise, we say the set of basis
functions {z1, z2, ..., x4} are linearly independent a.e. if c;x1+coxo+- - -+cqxqg = 0 a.e. holds
if and only if ¢ = 0. In the rest of the text, we omit a.e. from linear dependence/independence
whenever it does not confuse.

Intuitively, when {S;} reaches the stationary distribution and the learning rate « is
“small”, linear TD behaves like a deterministic algorithm as w11 = wy + o (Aw; + b), where

A =Egopsimp(ls) [2(9) (v ()T —2(9)T)]
= [s(s) (v(Pra)(s)T — x(s) ") u(ds) € R4 (1)
b= Espu[z(S)r(S)] = [s2(s)r(s)u(ds) € RL (2)

We can then further relate the stochastic and discrete iterative updates (Linear TD) with
deterministic and continuous trajectories of the following ordinary differential equation
(ODE)

dwlt) — Aw(t) + b, (3)

which is known as the ODE method in stochastic approximation (Benveniste et al., 1990;
Kushner and Yin, 2003; Borkar, 2009; Borkar et al., 2025; Liu et al., 2025a).

In the finite case, it is also well known that P, is nonexpansive and A is negative semi-
definite (Tsitsiklis and Roy, 1996) (if {z;} are linearly independent, then A would be negative
definite). These are also true in the continuous state space we consider.

Lemma 1 Let Assumption 2.2 hold. For any v € Ly(S, ), it holds that || Pro|,, < ||v] ,-

See Appendix B.1 for the proof.
Lemma 2 Let Assumptions 2.2 € 2.3 hold. Then A is negative semi-definite.

See Appendix B.2 for the proof.

3. TD Fixed Points

As previously discussed, linear TD is approximately a stochastic discretization of ODE (3).
The fixed points of linear TD, commonly referred to as TD fixed points (Tsitsiklis and Roy,
1996; Sutton and Barto, 2018), are linked to the equilibria of this ODE. We hence consider
the linear system

Aw+b=0, (4)



CONVERGENCE OF LINEAR TD WITH ARBITRARY FEATURES

where A is defined in (1) and b is defined in (2). With linearly independent features, (4) adopts
a unique solution — the unique TD fixed point. Without assuming linear independence,
matrix A is merely negative semi-definite (Lemma 2), so (4) can potentially adopt infinitely
many solutions. In light of this, we refer to all solutions to the linear system as TD fixed
points. Namely, we define W, = {w.|Aw, + b = 0} and refer to W, as the set of TD fixed
points. A few questions arise naturally from this definition.

(Q1) Is W, always non-empty?
(Q2) If W, contains multiple weights, do those weights give the same value estimate?
(Q3) Do the iterates {w;} generated by (Linear TD) converge to W,?

We shall give affirmative answers to all the questions above in the rest of the paper. We use
- T
vw(s) = z(s) w (5)

to denote the value estimate for a state s given a weight w. Below, we answer (Q1) and (Q2)
affirmatively as a warm-up. The affirmative answer to (Q3) is much more involved and is
deferred to the next section.

Lemma 3 Let Assumptions 2.2 & 2.8 hold. Then, w' Aw =0 <= v, =0 a.e.
The proof is in Appendix C.1.

Lemma 4 Let Assumptions 2.2, 2.3, €& 2.4 hold. Then W, is non-empty.

The proof is in Appendix C.2. This answers (Q1) affirmatively.

Lemma 5 Let Assumptions 2.2 € 2.3 hold. Given any w € W, and any w' € R, it holds
that vy = vy a.e. = w' € W,.

The proof is in Appendix C.3. This answers (Q2) affirmatively.

4. ODE Solutions

In this section, we study the mean ODE (3) related to linear TD and establish its convergence.
We use w(t; wp) to denote the solution to (3) with the initial condition w(0;wp) = wp. Recall
that matrix A would be negative definite if the features are linearly independent. Then, it
would follow from standard dynamical system results (Khalil, 2002) that lim; o w(t; wo) =
—A~1b. In other words, regardless of the initial condition wy, a solution always converges to
the globally asymptotically stable equilibrium —A~'b. Without assuming linear independence,
matrix A is merely negative semi-definite (Lemma 2). It is then impractical to expect
all solutions to converge to the same point. However, can we still expect each w(t;wq)
to converge to a wp-dependent limit? The answer is affirmative. To proceed, we first
perform a standard change of variable. For any wy € R? and any w, € W,, we have
d(w(t;gg)fw*) = dw(é;wo) = Aw(t;wp) +b— (Aw, +b) = A(w(t; wp) — ws). This indicates that
w(t; wo) — ws is a solution to the shifted ODE

GO — Ax(1). (6)

(@31
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starting from wy — ws. Therefore, to study the original ODE (3), it is sufficient to study
the shifted ODE (6). We use z(¢; zp) to denote a solution to (6) with the initial condition
2(0; z9) = zp. We then have

z(t;wp — wy) = w(t; wo) — wy (7)

When it does not confuse, we write z(t; 29) as z(t) for simplicity. Analogous to the definition
of W, we define Z, = {z‘Az = O}.

Corollary 6 Let Assumptions 2.2 & 2.8 hold. Then v, =0 a.e. < 2z € Z,.

Proof We recall that Lemma 5 holds for any reward function r. By letting » = 0, we
obtain b = 0 and W, = Z,. Therefore, given any z, € Z, and any z € R, it holds that
v,, = v, a.e. <= z € Z,. Furthermore, since z, € Z,, it holds that Az, = 0, which
implies z] Az, = 0. Hence, by Lemma 3, it holds that v,, = 0 a.e. As a result, we have
v, =0 a.e. <= z € Z,, which completes the proof. |

*

4.1 Value Convergence

Here, we prove the value estimate of the mean ODE (3) converges for almost all states.

Theorem 7 Let Assumptions 2.2, 2.3, & 2.4 hold. For any wy € R? and any w, € W,
there erists ST C S with u(S™T) =1, such that Vs € ST, limy_,00 Va(tswp) (8) = Vw, (8).

Proof Fix an arbitrary z, € Z,. We define U(z) = ||z — z||>. Then, for any zy € RY, we
have

dU dz

2 =(2(t) — )T TG = (=) — 2) T A=(0) (8)
=(2(t) — 2) TA(2(t) — 2) < 0. (Lemma 2)

We now claim
WED) — ) = 2(t) € 2. (9)
To see dU(dZt(t)) =0 < z(t) € Z,, we note Az(t) = 0 by definition when z(t) € Z,.
Hence, % = (2(t) — z4) T Az(t) = 0. To see dU(dZt(t)) =0 = z(t) € Z,, we note that
Vy(t)—, = 0 a.e. when % = 0 according to Lemma 3. That implies z(t) — z. € Z, by

Corollary 6, which further implies z(t) € Z, by the definition of Z,.

The result in (9) suggests that U is almost a Lyapunov function except that %Zt(t)) has
multiple zeros. The standard Lyapunov stability theorem (e.g., Theorem 4.1 of Khalil (2002))
thus does not apply.

Theorem 4.1 (LaSalle’s theorem, Theorem 4.4 of Khalil (2002)) Let Q C R be a compact
set that is positively invariant® with respect to (6). Let U : RY — R be a continuously

A set Z is a positively invariant set of (6) if 2(0) € Z == Vt € [0,00), 2(t) € Z. Here, z(t) denotes a
solution to (6) on [0, c0).
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differentiable function such that % < 0 whenever z(t) € Q. Let E be the set of all points

in Q satisfying % = 0 whenever z(t) € E. Let M be the largest invariant set* in E.
Then every solution z(t) with zg € Q satisfies® limy_yo0 d(2(t), M) = 0.

Given any zg € R? to apply LaSalle’s theorem, we define Q = {z | ||z — z*|| < lzo — 2| }-
This set Q is compact because it defines a closed ball centered on z, in R?, thus is closed
and bounded. We first show that Q is posfmvely invariant. For any z, 6 Q it holds that
for any ¢ > 0, ||2(t; 2) — 21> < ||2(0; zo) — z)? = |25 — 2z1* < ||z0 — 2]|%, where the first

d[|=(t52) = ||
dt

inequality holds because < 0 by (8) and the second inequality holds because
z{, € . Then, we conclude that z(t; z)) € Q for any ¢t > 0, implying that  is positively
invariant. We use our previously defined U as the U for Theorem 4.1. Then % <0
holds by (8).

In light of (9), set E defined in Theorem 4.1 is then E = Z, N Q). We now show that E
itself is an invariant set, so that the set M defined in Theorem 4.1 is just E. Let z(t; 29) be a
solution to (6) in (—oo,00) with zg € E. Define Sf = {s| v;,(s) = 0,5 € S}. Since 29 € Z,,
it holds that ;(S7 ) =1 by Corollary 6. Then, for any t € (—o0,00) and 5" € SF, we have

z(t) =20 + fo Az(T)dr, (10)
z(s) T 2(t) =2( z0+f0 fs () (V(Prz)(s) T — 2(s) ") pu(ds)z(r) dr
= fs (s)(v (P w)(S)T 1?( )T) (ds)z(r)dr. (s € 85)
Then, recall the definition of v, in (5), we have
Va0 (8') = fo S5 V() () (V(Prva(r) ) (8) = Vo () p(ds) dr

=y <Ux<sf>» VPerz(T) —Uar)),, A7 = [} {0y, Vo) = VPrs(r)), AT

Therefore, when t > 0, we get

2
Uz(t)(sl)2 (f() <v$ Y Pr Vz(r) — UZ(T)>M dT)
<t fo < "y VPR () vz(T)>i dr (Cauchy-Schwarz inequality)

St”vm(s/) B fo H’yPﬂvZ(T) - vz(f)HidT. (Cauchy—Schwarz inequality)

It then holds that
S v-0(821(ds) <t [ [[onon |n(ds’) o 7 Prvsir) = vao | dr
<tC [y [ Prvsr) = vago |l dr (C' = supyes [[vas)

<tC fy (PN Prvsio |l + 20 Prver | losol, + oo [12) ar
<tC(y+1)? fg HUZ(T)HidT' (Lemma 1)

2
< 0)
I

1A set Z is an invariant set of (6) if 2(0) € Z = Vt € (—o0, 00),2(t) € Z. Here, z(t) denotes a solution
to (6) on (—oo, 00).
®The distance between a point z and a set Q is defined as d(z, Q) = inf.icq ||z — 2.
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We thus have H”Z(t)Hi <tC(y+1)? fot H’UZ(T)HidT for t > 0. By Gronwall’s inequality (see,

e.g., Theorem A.1 of Liu et al. (2025a)), we get HUZ(t)Hi < Oexp(t*C(y+1)*) =0 for t > 0.
Similarly, when t < 0, we have

0 2
V() (8')? =</t (Va(s)s Va(r) = VPrV2(r)),, dT>

0
< - t/t <vx(8/), Va(r) — 7Pﬂv2(7)>i dr (Cauchy-Schwarz inequality)

IN

0
_ tHvx(s/) ’2‘/15 HvZ(T) = YPrv,(r HZ dr. (Cauchy-Schwarz inequality)

Following the same steps as above, we arrive at Hvz(t) Hi < —tC(y+1)2 fto Hfuz(r) Hi dr for
t < 0. By a reverse time version of Gronwall’s inequality (see, e.g., Theorem A.2 of Liu et al.
(2025a)), it holds that HUZ(t)Hi < 0exp(t?C(y+1)?) = 0 for ¢ < 0. The fact HUZ(t)Hi =0
for t € (—o0, 00) implies that v, = 0 a.e. for t € (—o0,00). According to Corollary 6, we
have z(t) € Z, for t € (—o0,00). This means Az(7) = 0 in (10), implying that z(t) = zp € E
for all t € (—o0,00). We have now proved that E is an invariant set of (6). Theorem 4.1
then implies that for any zy,

lim¢ o d(2(¢; 20), E) = 0. (11)

We now convert the convergence of z(t; zp) back to w(t; wg). To this end, fix any z, € E.
Define S = {s | z(s)"z. = 0,5 € §}. Since 2, € E, it holds that x(S;) = 1 by Corollary 6.
For any s € ST, it holds that inf.cp [(z(s), 2(t; 20) — 2)| = inf.ep [(x(s), 2(t; 20)) — (x(s), 2)]
> [(x(s), z(t; 20))| — [(x(s), 2«)|. Therefore, we have

limy o0 [((5), 2(t; 20))| < limy_yoo infoe g [(2(5), 2(8; 20) — 2)| + [{(x(5), 24)|
< [lz(s) || timy s 00 infoe [|2(45 20) — 2| + [(2(s), 2)]
= [lz(s)[l lim d(z(t;20), B) + [(x(5), 2] = [(2(s), 24)| = 0.
(By (11))

It then follows immediately that
limy— o0 (2(8), 2(t; 20)) = 0. (12)

Since (12) holds for any zg and corresponding trajectory z(¢; zp), it also holds for the trajectory
w(t; wp) — wy that starts from wy — wy, i.e.,

limy o0 2(5) T (w(t; wo) — wy) =0

limy 00 Uw(t;wo)(s) = Vw, (S)’

which completes the proof. |
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4.2 Weight Convergence

The value convergence in Theorem 7 immediately implies that any solution w(t;wp) would
eventually converge to the set W, as time progresses. But is it possible that w(¢; wg) keeps
oscillating within W, or in neighbors of W, without ever converging to any single point? In
this section, we rule out this possibility and prove that any solution will always converge to
some fixed point, formalized in the next theorem.

Theorem 8 Let Assumptions 2.2, 2.3, € 2.4 hold. For any wy € R?, there exists a constant
Woo(wo) € W, such that limy_,oc w(t; wp) = wee(wo).

We shall perform a finer analysis of the mean ODE (6) and propose several helper lemmas to
prove this theorem. Firstly, it is well-known that z(¢; zp) has a closed-form solution (Khalil,
2002) as

2(t; 20) = exp(At)zo. (13)

The standard approach to work with matrix exponential® is to consider the Jordan normal
form (Horn and Johnson, 2012). Namely, we decompose A = P.JP~!. Here, P is the invertible
matrix in Jordan decomposition and J is the Jordan matrix of A. We use A1, Ao, ..., A; to
denote the k distinct eigenvalues of A. We use myq, ..., mg to denote the algebraic multiplicity
of each eigenvalue. Likewise, we use g1, ..., gr to denote the geometric multiplicity of each
eigenvalue. It always holds that 1 < g; < m; for ¢ = 1,2,..., k. Each distinct eigenvalue
A; has exactly g; corresponding Jordan blocks. The dimensions of each Jordan block are
inconsequential for our analysis. Therefore, to simplify our notation, we use p; ; to denote
the dimension of the j-th Jordan block of A;. Notably, m; = 2377:1 pij- Then, the Jordan

matrix can be expressed as J = @le @?i:l Bij, where B; ; € CPi*Pij is the j-th Jordan
block corresponding to the eigenvalue \; and € denotes the direct matrix sum”. The matrix
exponential can then be computed as

exp(At) = 3>0° (PP~ = Pexp(Jt)P~! (14)
_ pexp(@;;l @, Bm-t) pl_p [@j;l DI, exp(Byjt)| P
A1 10
As an example of the Jordan blocks, suppose p;1 =3, then By; = | 0 A; 1 |. We may
0 0 X\
also express each Jordan block as B; ; = A;/, pi; + Nij, where N; ; is a nilpotent matrix8.
0 1 0
Continuing with our example, N1; = [0 0 1|. We denote the index of N; ; as y; ;. Using
0 00

the property of a nilpotent matrix and matrix exponential, we can compute exp(B; ;t) as

exp(Bi’jt) = eXp(/\ini,jt + Ni’jt) = exp(/\it) exp(Ni,jt)

For a square matrix X, its exponential is exp(X) = 3% L X™.

n=0 n!
"Given block matrices A and B, A@ B = [A Bl
8A nilpotent matrix (Section 0.9.13 of Horn and Johnson (2012)) is a square matrix N, such that N* = 0
for some positive integer k. The smallest & is called the index of N.
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=exp(Nit) D00, %t"Nﬁj (power series)
=exp(\;t) %:70_1 %t”Nﬁj (Ni’?j =0,Vn >y, ;)
= exp(Re(\;)t) exp(i Im(\)t) Y207t Ln N,

=exp(Re(\;)t) (cos(Im(A;)t) + 1sin(Im(N;))) f;:](;l %t"N[fj.

(Euler’s formula)

Here, Im(-) denotes the imaginary part. The fact that matrix A is negative semi-definite
(Lemma 2) implies Re(\;) < 0.9 We now branch into cases for Re(A) < 0 and Re()\) = 0.

Lemma 9 Let Assumptions 2.2 € 2.3 hold. If Re(\;) < 0, then it holds that lim;_,
exp(B;t) =0 Vje{l,...,g}.

The proof is in Appendix D.1. This is intuitive because all terms other than exp(Re(\;)t) are
at most polynomial and are dominated by the exponential. To analyze the case of Re()\;) = 0,
we make the following two observations.

Lemma 10 Let Assumptions 2.2 & 2.5 hold. Vi, j, it holds that sup;c(g o) lexp(Bi,;t)[| < oo.

The proof is in Appendix D.2. Intuitively, the boundedness holds because w(t; wp) is bounded
for any wg € R? (Lemma D.1). Furthermore, it follows from the value convergence that

Corollary 11 Let Assumpitons 2.2, 2.8, € 2.4 hold. Then Vzp € R4, limy_,o0 % =0.

The proof is in Appendix D.3. We are now ready to discuss the case Re()\;) = 0.

Lemma 12 Let Assumptions 2.2, 2.3, and 2.4 hold. If Re(\;) = 0, then it holds that for
any j € {1,...,gi} and any t > 0, exp(B; jt) = I, ..

The proof is in Appendix D.4. Intuitively, if Re(\;) = 0, we must have y; ; = 1. Otherwise,
exp(DB; jt) cannot be bounded, leading to a contradiction with Lemma 10. Furthermore,
it must hold that Im()\;) = 0. Otherwise, the derivative will not diminish, leading to a
contradiction with Corollary 11.

Combining Lemmas 9 & 12, we have lim; o exp(B; ;t) = I, . I{Re();) = 0}. Here, I{-}
is the indicator function. Therefore, lim; o exp(At) exists, and we define

Ao = Timy o0 exp(At) = P (@I, @I, I, I{Re(A) = 0}) P~ (15)
Plugging this back to (13) confirms that for any trajectory z(¢; zo) of the ODE (6),
limy 00 2(t; 20) = Aso20- (16)

Proof [of Theorem 8 Now, we have everything to prove the main statement. We recall
that w(t; wg) — wy is a trajectory of (6) starting from wy — w,. Therefore, we have from (16)
that limy_, oo w(t; wp) — Wy = Aoo(wp — wy). In other words, limy_,oo w(t; wo) = Weo(wo) =
Aso(wg — wy) + ws. Referring to Theorem 7, there exists ST C S, with u(S*) = 1, such
that im0 2(s) Tw(t;wo) = 2(5) T weo(wo) = vu, (s) for all s € ST and wy € RY. We get
Voo (wo) = Vw, a.€. for any wo € R?. Therefore, we have wuo(wo) € W for all wy € R? by
Lemma 5, which completes the proof. |

9Let A be a negative semi-definite matrix and u be an eigenvector of A having eigenvalue ), it holds that
Re(u” Au) = Re(\||ul|*) = Re(\)||ul|* < 0. Since ||u||* > 0, we have Re(\) < 0.

10
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4.3 Bounded Invariant Sets

In the ODE methods for stochastic approximation, if the mean ODE of the stochastic approx-
imation algorithm (cf. ODE (3) for linear TD (Linear TD)) is not globally asymptotically
stable, usually one can only expect that the iterates of the stochastic approximation converge
to a bounded invariant set of the ODE. In light of this, we now study the bounded invariant
sets of ODE (3). We first study the bounded solutions to the ODE on (—o0, 400).

Theorem 13 Let Assumptions 2.2, 2.3, & 2.4 hold. Let w(t) be a bounded solution to
ODE (3) on (—00,+00), i.€., SUPse(— oo, +o0) [[W(T)|| < 00. It then holds that w(t) is constant
and is in Wy, i.e., there exists some w, € W, such that w(t) = w, holds for any t €
(—00, +00).

Proof Let z(t; z9) be any bounded solution to (6) on (—o0,00). By (14) and (15), it holds
that, for any ¢ € (—o0, 00),

exp(A) A =P (DL 1@] Lexp(Byt) ) (D) @I L, T{Re(N) = 0}) P~

)
=P (@D, @ I, HRe(\) = 0})(@1 9, exp(Bit) ) P!
=A exp(At).

For any t € (—00,00) and ¢ > 0, we then have

12(£; 20) — Acozol| =[lexp(At)zo — ooon
=|lexp(A(#' +t) — At')z0 — exp(At') exp(—At') Aso 20 |
=|lexp(A(t' +t) — At')zo — exp(At') Ao exp(—At') 2

SHexp(A(t +1) ) exp(At')AooHHexp(—At')on
=lexp(A(t' + 1)) — exp(At') Asol[[|2(—1'; 20) |
SHexp(A(t +1)) — exp(At/)AOOH sup Hz(t”; Zo)”. (17)

" €(—o00,00)

We note that limy . exp(A(t' +t)) —exp(At') Aso = Ao — AccAo. In light of (15), it holds
that

AscAng = P(@L, @, I, H{Re(\) = 0}) PP (@, @Y, I, I{Re(N;) = 0}) P!
—P(@“ ]Wﬂ{Re( ) = 0}) (DL, @, 1, H{Re(X:) = 0}) P!
= P(@L, By L, 1{Re(\) = 0}) P! = A,

Hence, we obtain limy_,o, exp(A(t' +t)) — exp(At') Ao = 0. Taking ¢’ — oo on both sides
of (17) then yields [|2(t; 20) — Aso20l| < 0 - SUPyre(_oo,0) 12(t"; 20)[| = 0, where, to obtain
the last equality, we have used the boundedness of z(¢; z9). This concludes that for any
t € (—o00,00), we have z(t; 29) = Aocczo. Thus, z(¢; 29) is constant.

We fix any w, € W, and recall (7). Suppose w(t;wp) is a bounded solution to (3) for
t € (—o00,00). Then, z(t; wy — wy) is a bounded solution to (6) for ¢t € (—o0, 00). We have
shown that z(¢; wo — wy) is constant whenever it is a bounded solution. So, w(t; wy) is also

11
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constant. By Theorem 8, it holds that lim; o w(t; wo) = weo(wg) € Wy for any wg € R%.
Consequently, it must hold that w(t;wg) € W for all t € (—o0,00) because it is a constant
solution. m

Theorem 13 leads to the following characterization of a bounded invariant set.

Corollary 14 Let Assumptions 2.2, 2.8, € 2.4 hold. If W is a bounded invariant set of
ODE (3), then W C W.

The proof is in Appendix D.5.

5. Convergence of Linear TD

Having fully characterized the mean ODE (3), we are now ready to connect the linear TD
update (4) with the mean ODE. To this end, we consider the joint process Y; = (S¢, St+1),
which is also a Markov chain. Recall that S; € RX. We then regard Y; as a vector in R?X.
As a result, the Markov chain {Y;} evolves in a subset of R?%X denoted as ). Since {Y;}
is essentially the same chain as {S;} but viewed differently, Assumption 2.2 implies that
{Y;} adopts a unique stationary distribution, referred as n. We additionally refer to the
transition kernel of {Y;} as Py Given a measurable and integrable function f : Y — RY,
we define Pyf as (Pyf)(y) = [}, f(y")Py(dy’ | y). With this joint process, the linear
TD update (Linear TD) can be ertten as wyy1 = wy + oy H(wy, Yiq1), where H(w,y) =
(r(s) +ywz(s") — w'z(s))x(s). Here, we have used shorthand y = (s,s’). The expected
update is then h(w) = Ey,[H(w,y)] = Aw + b. We now make a few standard assumptions
on the behavior of {Y;}.

Assumption 5.1 (Poisson Equation) There exists a function v : Y — R%, such that
v (y) — (Pywvy)(y) = H(w,y) — h(w) holds for all w,y. Furthermore, there exists a constant
Cs.1 such that Yw,y, [lvw(y)l < Csi(1 + [wl)(X + llyl);  [[(Pyrw)(y) — (Pyrw)@)] <
Cs.allw = wll(1+[lyl)-

Assumption 5.2 (Law of Iterated Logarithm) For any w, there exists a sample-path-
dependent finite constant (i.e., a random variable that is finite a.s.) (5.2, such that

1>, (H(w,Y:) — h(w))]| < ¢s.2¢/nloglogn  a.s.

Remark 15 Both Assumptions 5.1 € 5.2 are concerned about the behavior of the Markov
chain {Y;}. Assumption 5.1 is the standard way to handle Markovian dependence in the
update noise H(w,Y;) — h(w), while Assumption 5.2 says the cumulative fluctuation of
that update noise grows sufficiently slowly almost surely to be absorbed by the diminishing
step sizes. Furthermore, they are weak in that, if S is finite and {S;} is irreducible and
aperiodic, they hold automatically (in fact they hold for any function H : R¥ x Y — R* and
the corresponding expectation h : RF — RF not just the ones corresponding to linear TD). In
particular, see Section 8.2.3 of Puterman (2014) for how Assumption 5.1 is verified for finite
irreducible chains. See Remark 3 of Liu et al. (2025a) for how Assumption 5.2 is verified
for finite irreducible and aperiodic chains. For a generic state space S, there are multiple
sufficient conditions to imply both. For evample, if {Y;} is positive Harris'® and satisfies the

103ee pages 235 and 204 of Meyn and Tweedie (2012) for the definitions of positive and Harris chains,
respectively.
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Lyapunov drift condition (V4)'* with a constant function V(y) = 1Vy,'2 Assumption 5.1 can
be satisfied via the boundedness of the fundamental kernel through Theorem 2.3 of Glynn and
Meyn (1996). Assumption 5.2 can be satisfied via V -uniform ergodicity'® (which is implied
by (V4) through Theorem 16.0.1 (iv) of Meyn and Tweedie (2012)) through Theorem 17.0.1
(iii) and (iv) of Meyn and Tweedie (2012). Such implications are standard and have been
extensively studied in the existing literature. But detailing them necessitates introducing quite
a few additional definitions, which is not our contribution and deviates from the goal of this
paper. So, we present the current forms of Assumption 5.1 & 5.2 directly. They are also
widely used in existing works. For example, Assumption 5.1 is the most important assumption
in Benveniste et al. (1990). Assumption 5.2 is also used in Liu et al. (2025a).

We additionally make the following assumption regarding the state space.

Assumption 5.3 S is compact.

Remark 16 We note that Assumption 5.3 is not needed to characterize the TD fized point
or the mean ODE in Sections 3 & 4. It is also unnecessary for linear TD itself. We
employ Assumption 5.3 as a convenient sufficient condition to satisfy the assumptions made
in Benveniste et al. (1990) to work with infinite state spaces. That being said, we do envision
that Assumption 5.8 can be relazed to some non-compact state space with some additional
assumptions, as long as the assumptions in Benveniste et al. (1990) are satisfied. This
relaxzation is standard and too technical to be included in this paper, but it is worth noting
that it is possible.

The next theorem demonstrates the stability of linear TD.

Theorem 17 Let Assumptions 2.1, 2.2, 2.8, 2.4, 5.1, & 5.8 hold. Then, the iterates {w;}
generated by (Linear TD) is stable, i.e., sup, [|[w|| < oo a.s.

The proof is in Appendix E.1. It is based on Theorem 17(a) of Benveniste et al. (1990),
where we use U(w) = ||w — ws||® + ||ws||* as an energy function. Here, w, is any fixed point
in W,. In the canonical analysis with linearly independent features, ||w — w, H2 is commonly
used as the Lyapunov function. Without assuming linear independence, we additionally add
l|ws||* such that U(w) > %Hw”2 always holds. Apparently, this U(w) is not a Lyapunov
function, but it is sufficient to prove stability per Benveniste et al. (1990). In particular, this
U(w) satisfies Conditions (i) and (ii) on page 239 of Benveniste et al. (1990).

Having established the stability, the convergence of {w;} to a bounded invariant set
is now expected from standard stochastic approximation results (Benveniste et al., 1990;
Kushner and Yin, 2003; Borkar, 2009; Liu et al., 2025a). Here, we use Corollary 1 of Liu
et al. (2025a) to establish the desired convergence, which is essentially a simplified version of
Theorem 1 in Chapter 5 of Kushner and Yin (2003).

Theorem 18 Suppose Assumptions 2.1, 2.2, 2.8, 2.4, 5.1, 5.2, & 5.3 hold. Let w, € W.
Then, for any wo € R?, there exists St C S with u(S*t) = 1, such that the iterates {w;}
generated by (Linear TD) satisfy Vs € ST, limy_y00 #(s) "w; = 2(s) Tws  a.s.

See page 386 of Meyn and Tweedie (2012) for the definition of the (V4) condition.
12This condition again trivially holds for finite irreducible and aperiodic chains.
13See page 387 of Meyn and Tweedie (2012) for the definition of V-uniform ergodicity.
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The proof is in E.2. We conclude this section with an open problem. Theorem 18 is in
parallel with Theorem 7 in that both are concerned with the weight convergence to a set. In
light of Theorem 8, a natural question arises: can we prove that {w;} converges to a single
(possibly sample path dependent) point? Unfortunately, we do not have a definite answer
now. The best we know is that from Theorem 18, any convergent subsequence of {w;} will
converge to some sample path dependent point in W,. We further show that {w;} exhibits
some local stability along a convergent subsequence in the following sense.

Corollary 19 Let Assumptions 2.1, 2.2, 2.8, 2.4, 5.1, 5.2, € 5.3 hold. Then, there exists
at least one convergent subsequence of {w:}, denoted as {wy, }, such that for any T < oo, it
holds that limy_, oo Maxy, < j<m(t,, 1) |W; — wil| = 0, where ws € Wy is the limit of {wy, }.

Here, m(t,T) is defined as m(t,T) = max{n|> ., ,o; < T}. Intuitively, the magnitude
of the updates of linear TD in (Linear TD) is controlled by the learning rate «;. Then,
{t,t+1,...,m(t,T)} denotes a period during which the total magnitude of updates is no
more than 7. The proof is in E.3. Corollary 19 essentially confirms that {w;} will visit
(arbitrarily small) neighbors of w, infinitely many times. The number of update steps during
each visit (i.e., m(tg,T) — t) diverges to oco.

6. Finite State Space

We now consider a special case where S is finite, which is also considered in many previous
works (Sutton, 1988; Dayan, 1992; Tsitsiklis and Roy, 1996). This special case allows us to
make a more detailed comparison with previous approaches and provide finer characterization
of the set of TD fixed points W.

When § is finite, we can represent the transition dynamics as a stochastic matrix
P € [0,1]5I51 where P(i, ) = p(sj | si). Similarly, we overload r to denote the vector
representation of the reward function when it does not confuse. We now define the Bellman
operator T : RIS| — RISl as Tv = r+~Pu, given v € RIS|. We shall also represent the feature
function x compactly as a matrix X € RIS¥? where x(s) is the s-th row of X. Remarkably,
Assumptions 2.2, 2.3, 2.4, 5.1, 5.2, & 5.3 trivially hold for finite & when {S;} is irreducible
and aperiodic. We also define D € RISIXIS| a5 the diagonal matrix whose diagonal terms are
the stationary distribution of the induced Markov chain {S;}. Under Assumption 2.2, D is
symmetric and positive definite.

We now review the canonical convergence analysis of linear TD (cf. Tsitsiklis and Roy
(1996)) under linearly independent features (i.e., X has a full column rank). Given any vector
v € RISl define the projection of v onto the column space of X as

. : 2 : 2
v = ATG N, ¢ vy perd ) lvo —v||p = X arg min, cpa || Xw —v||}. (18)

Suppose the features are linearly independent, i.e., X has linearly independent columns,
Tsitsiklis and Roy (1996) prove that IT = X (XTDX) "X TD. The fact that X DX is
nonsingular follows directly from the linear independence of the features. The composition
II7 of the projection operator and the Bellman operator is a contraction mapping with
respect to ||-||, (Tsitsiklis and Roy, 1996) and thus adopts a unique fixed point vy, such that

IIT v, = vs (19)
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according to the Banach fixed-point theorem. Because of feature linear independence, there
exists a unique wy, such that Xw, = v,. This w, has the following two remarkable properties.
First, w, is the unique zero of the mean squared projected Bellman error (MSPBE) (Sutton
and Barto, 2018). Here, MSPBE is defined as MSPBE(w) = ||[TI(7 Xw — Xw)||3,. Second, w
is the unique solution to linear system (4), where A = X "D(yP — I)X and b = X " Dr (Bert-
sekas and Tsitsiklis, 1996). Notably, A and b here are defined in the same way as (1) and (2).
The uniqueness of these two properties follows from the fact that A is negative definite when
features are linearly independent (Bertsekas and Tsitsiklis, 1996; Tsitsiklis and Roy, 1996).
Under Assumptions 2.1, 2.2, and the feature linear independence assumption, Tsitsiklis and
Roy (1996) prove that the iterates {w;} generated by (Linear TD) satisfy lim; oo w; = wy
a.s. As a result, the weight w, is the unique TD fixed point. Importantly, the negative
definiteness of A ensures that the ODE (3) is globally asymptotically stable, which is key to
the convergence proof of Tsitsiklis and Roy (1996). In the above convergence analysis, the
linear independence of the features is vital in the following three aspects:

(i) it ensures that the TD fixed point is unique;
(ii) it ensures that ODE (3) is well-behaved;
(iii) it ensures that TD update (Linear TD) can be properly related to ODE (3).

Consequently, removing the feature linear independence assumption would at least entail
three corresponding challenges. We addressed each of them in the previous sections. Namely,
in Section 3, we analyzed TD fixed points with arbitrary features. In Section 4, we analyzed
ODE trajectories with arbitrary features. In Section 5, we established the convergence of
linear TD with arbitrary features.

Next, we show how we can relate W, with the MSPBE. If X does not have full column
rank, the arg min in (18) may return a set of weights instead of a unique one. In light of this,
we redefine II to always select the weight with the smallest norm. Namely, we redefine II as

ITv = X argmin [|lwl]. (20)

wearg miny, ||Xw—v||%

In the rest of the section, we always use this more general definition of II. It turns out that
this new definition of II also enjoys a closed-form expression.

Lemma 20 Let Assumption 2.2 hold. Let ()1 denote the pseudo-inverse. Then, we have
II = X(DY2X)t D2,

The proof is provided in Appendix F.1, where we have used standard results from least
squares, see, e.g., Gallier and Quaintance (2019). Moreover, as expected, this new definition
of II preserves the desired contraction property.

Lemma 21 Let Assumption 2.2 hold. Then, IIT is a contraction operator w.r.t. ||-|| .

The proof is provided in Appendix F.2. Banach’s fixed point theorem ensures that II7
adopts a unique fixed point, referred to as vy, such that

IIT v, = v,. (21)
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Here, we have overloaded the definition of v, in (19) and in the rest of the section we shall
use the overloaded definition of v,. The definition of IT in (20) then immediately ensures
that there exists at least one w,, such that

XWy = Uy, (22)

implying IIT Xw, = Xws.

The next lemma mirrors Lemma 5 in the case of finite state space. The only difference
is that we now have exact equivalence instead of almost everywhere equivalence for the
approximated value functions.

Lemma 22 Let Assumption 2.2 hold. Then, for any w,w’ € Wy, we have Xw = Xw'.

The proof is provided in Appendix F.3. Having redefined Il and established the equivalence
between value estimates for TD fixed points, we are able to relate W, to the MSPBE with
the following theorem.

Theorem 23 Let Assumption 2.2 hold. Then, Vw € R4, Aw +b=0 < IITXw = Xw.

The proof is provided in Appendix F.4. The above equivalence implies that the w, defined
in (22) must satisfy Aw, +b = 0, i.e., we € W,. It also confirms that all weights in W,
minimize MSPBE.

7. Related Work

The seminal work of Sutton (1988) formalizes the idea of temporal difference learning. The
linear TD update (Linear TD) in this paper is referred to as TD(0) in Sutton (1988), which
is a special case of the more general TD algorithm with eligibility trace, referred to as TD(\)
in Sutton (1988). Sutton (1988) proves the convergence of linear TD(0) in expectation.
Extending Sutton’s work, Dayan (1992) proves the convergence of linear TD(\) in expectation
for a general A and the almost sure convergence of tabular TD(0). Later, Dayan and Sejnowski
(1994) further show the almost sure convergence of linear TD(A). One should note that the
works of Sutton (1988); Dayan and Sejnowski (1994) require the observations to be linearly
independent, i.e., the feature matrix X has full row rank; in most cases, this is an even
stronger assumption than having linearly independent columns, because full row rank is
essentially equivalent to a tabular representation. Furthermore, the version of TD(A) Sutton
(1988); Dayan (1992); Dayan and Sejnowski (1994) consider is “semi-offline”, where the weight
update occurs after each sequence of observations rather than at every step. Tsitsiklis and
Roy (1996) provide the first proof of almost sure convergence of linear TD()), assuming
linearly independent features. The linear TD considered in this paper is exactly the same
as Tsitsiklis and Roy (1996) with A = 0. Tadic (2001) proves the almost sure convergence
of linear TD with weaker assumptions than Tsitsiklis and Roy (1996) but still requires
linearly independent features. Tadic (2001) argues (without concrete proof) that without the
linear independence assumption, the projected iterates {I'w;} converges almost surely, where
{w¢} are generated by (Linear TD) and I' projects a vector into the row (column) space
of XTDX as I'(w) = argminw,e{XTDXleeRd} lw —w|* = XTDX(XTDX)tw. Without

assuming linearly independent features, the convergence of {T'w;} does not necessarily imply
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the convergence of {Xw;}. More recently, Brandfonbrener and Bruna (2020) sought to
extend the convergence guarantee of linear TD to nonlinear function approximators. They
study the associated ODE of nonlinear function approximators and show that, under certain
homogeneous assumptions of the function approximator, the liminf of the norm of the
approximated value function is finite. Under stricter assumptions between the gradient of
the function approximator and the reversibility'* of the transition dynamics, the function
approximator converges to the true value function. Cai et al. (2024) provide a finite-sample
analysis of TD with a two-layer overparameterized neural network. Neural TD, their proposed
TD algorithm, requires a projection operator that confines the network’s weights to a ball
centered on the initial weights and uses weight averaging. Under those modifications, Cai
et al. (2024) establish the value convergence rate of Neural TD in expectation, including
an error term that only diminishes when the width of the network goes to infinity. Despite
working only with linear function approximation, we do not modify the original linear TD
algorithm and still provide almost sure convergence. We envision that our results will shed
light on an almost sure convergence of Neural TD, which we leave for future work.

The assumptions made about the features are not exclusive to the asymptotic analysis
of linear TD. They are also prevalent in the study of finite-sample guarantees. Recent
works on characterizing the convergence rate of linear TD include Bhandari et al. (2018);
Lakshminarayanan and Szepesvari (2018); Srikant and Ying (2019); Chen et al. (2025); Mitra
(2025). All their analyses rely on the linear independence of the features. As a matter of
fact, almost all previous analysis of RL algorithm with linear function approximation assume
feature linear independence, see, e.g., Sutton et al. (2008, 2009); Maei (2011); Hackman
(2013); Liu et al. (2015); Yu (2015, 2016); Zou et al. (2019); Yang et al. (2019); Zhang et al.
(2020a,b); Xu et al. (2020a,b); Wu et al. (2020); Chen et al. (2022); Yang et al. (2021);
Qiu et al. (2021); Zhang et al. (2021a,b); Xu et al. (2021); Zhang et al. (2022); Zhang and
Whiteson (2022); Zhang et al. (2023); Chen et al. (2023); Dal Fabbro et al. (2024); Wang
et al. (2024); Ganesh et al. (2025); Liu et al. (2025a); Qian and Zhang (2025); Maity and
Mitra (2025); Peng et al. (2025); Liu et al. (2025c). The only exception we are aware of is Xie
et al. (2025), who build on our results and conduct a finite-sample analysis of linear TD
under arbitrary features to establish L? convergence rates for linear TD in both discounted
and average-reward settings.

8. Conclusion

This work contributes to RL with arbitrary features using linear TD as an example, where
the commonly used linear independence assumption on features is lifted. The insight and
techniques in this work can be easily used to analyze other linear RL algorithms, e.g., linear
SARSA (Rummery and Niranjan, 1994; Zou et al., 2019; Zhang et al., 2023), gradient
TD methods (Sutton et al., 2008, 2009; Maei, 2011; Zhang et al., 2021a; Qian and Zhang,
2025), emphatic TD methods (Yu, 2015; Sutton et al., 2016; Zhang and Whiteson, 2022),
density ratio learning methods (Nachum et al., 2019; Zhang et al., 2020a), TD with target
networks (Lee and He, 2019; Carvalho et al., 2020; Zhang et al., 2021b), linear Q-learning
(Meyn, 2024; Liu et al., 2025¢,b), and actor-critic methods with compatible features (Sutton
et al., 1999; Konda and Tsitsiklis, 1999; Zhang et al., 2020b), as well as their in-context

1Reversibility measures how symmetric the matrix D(I —~P) is.
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learning version (Wang et al., 2025a,b). The mode of convergence may also be extended
to high probability convergence with exponential tails (and thus LP convergence) following
the techniques in Chen et al. (2025); Qian et al. (2024). This work is also closely related
to overparameterized neural networks, where the linearization of the neural network at the
initial weights naturally results in features that are not necessarily linearly independent (Cai
et al., 2024). Recently, the convergence of linear TD with linearly independent features has
been formally verified in Lean (Zhang, 2025). We envision that the convergence of linear
TD with arbitrary features can also be formally verified in Lean based on the results in this
paper.

That said, the major open question is whether we can prove that the linear TD weight
iterates converge to a possibly sample-path-dependent TD fixed point. We are optimistic
about this question because recent work Blaser and Zhang (2026) show that tabular average-
reward TD can converge to a sample-path-dependent TD fixed point almost surely. We are,
however, pessimistic about solving this problem with the ODE technique. Instead, recent
works on stochastic Krasnoselskii-Mann iterations based on a fox-and-hare model (Cominetti
et al., 2014; Bravo et al., 2019; Bravo and Cominetti, 2024; Blaser and Zhang, 2026) may be
a promising direction to solve this problem.
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Appendix A. Mathematical Background

We first provide the definition of the Moore-Penrose pseudo-inverse for completeness.

Definition A.1 (Definition 25.1 of Gallier and Quaintance (2019)) Given any nonzero
m x n matric A of rank v, if A = VXU is a singular value decomposition of A such

A1
that 3 = [ A Orin—r },where A= is an r X r diagonal matrix con-
Om—r,r Om—r,n—r
Ar

sisting of the nonzero singular values of A, then if we let X7 be the n x m matriz ©F =

AT 0 1/
[ rmer },where ATt = , the pseudo-inverse of A is defined
On—r,r On—r,m—r

/A,

as At = USIVT. If A = Om,n 15 the zero matriz, the pseudo-inverse of A is defined as
AT = 0.

Theorem A.1 (Theorems 23.1 & 23.2 of Gallier and Quaintance (2019)) For any matriz
A and any vector b, consider the least square problem min, ||Az — b||. Then, xt = ATb is a
minimizer. Furthermore, any other possible minimizer has a strictly larger norm than xt,
i.e., 21 is the unique minimizer of the problem min {||z|||| Az — b|| = min, ||Ay — b[|}.
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Lemma A.1 For any matriz A € R™*™ of rank r,

AAT|| < 1.

Proof This follows immediately from the fact that AA is an orthogonal projection onto the
range of A (see, e.g., Proposition 23.4 of Gallier and Quaintance (2019)) and the well-known
fact that the operator norm of an orthogonal projection is 1. We also provide a short proof
for completeness. Let A = VXU be the singular value decomposition. We then have
a4 = vsuT@siv )| = vQrT e g = [, 7 e

Om—r,'r Om—r,m—r

easily that HAATH < HV||HQ||HVTH <1. ]

. It then follows

We then list supporting theorems from Khalil (2002) about nonlinear systems.

Theorem A.2 (Theorem 4.2 of Khalil (2002)) Let z = z, be an equilibrium point for (6).
Let U :R* - R be a continuously differentiable function such that

1. U(zs) =0 and U(z) > 0,z # z;

2. ||z]| > 00 = U(z) = oo;

3. U < 0,Vz # 2,

then z = z, s globally asymptotically stable.

A.1 Stochastic Approximation

We then present some general results in stochastic approximation from Benveniste et al.
(1990) and Liu et al. (2025a). Consider the iterates {w;} in R? generated by

wep1 = wy + o H (we, Yy), (23)

where {Y;} is a Markov chain evolving in R¥ and the function H maps from R% x R¥ to RY.
We use Py : B(R*) x R¥ — [0,1] to denote the transition kernel of {Y;}.

We first present a result from Benveniste et al. (1990) concerning the stability of {w;}.
We note that Benveniste et al. (1990) considers a time-inhomogeneous Markov chain, but our
{Y};} is time-homogeneous. Therefore, some assumptions in Benveniste et al. (1990) trivially
hold in our setting. For simplicity, we list only the nontrivial assumptions here.

Assumption A.1 {«;} is a decreasing sequence of positive real numbers such that

00 _ oo 2 3 1 _ 1
Yoo =00, Yooy <oo, limye (at+1 at) < 00.

Assumption A.2 The Markov chain {Y;} admits a well-defined and unique stationary
distribution n : B(RF) — [0, 1], such that n(Z) = [pu Py(Z | y)n(dy) for all Z € B(R*) and
n(U) > 0 for all non-empty open sets U C R¥,

Assumption A.3 There ezists a constant K4 3 € R, such that for all w € R? and y € RF,
we have || H(w, y)|| < Ka.3(1 + [[w])(1 + [[y])-

For any function f(w,y) on R? x R¥ we shall denote the partial mapping y — f(w,y) by
fuw. We shall also denote the function y — [oi f(w,y")Py(dy’ | y) as Py fu.
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Assumption A.4 There exists a function g : R* — R%, and for each w € R% a function
vy : RF = RY, such that

(i) g is locally Lipschitz on RY;
(i1) vy — Pyvy = Hy — g(w) for all w € RY;

(iii) there exists a constant K4 4 € R, such that for all w € R? and y € RF, lvw ()| <
Ka 1+ (lwl)@+ [yl

(iv) there exists a constant Ky , € R, such that for all w,w’ € R? and y € R¥,
1(Pyv)(y) = (Pyvw ) @)l < Ky yllw = w'[|(1+ [|y]])-

Assumption A.5 For alla € R%, ¢ > 0, and n > 0, there exists K4 5(q) < 0o, such that
E[l + [[Yas1l|? [ wo = a, Yo = y] < Ka.5(¢)(1 + [[yl|).

Define h(w) = Ey~,[H(w,Y)]. Then, we have the following theorem in Benveniste et al.
(1990).

Theorem A.3 (Theorem 17(a) of Benveniste et al. (1990)) Let Assumptions A.1 and A.3 -
A.5 hold. Assume there exists a function U : R — [0,00) of class C? with bounded second
derivatives'® and a constant ¢ > 0, such that for all w € RY,

i. (VuU(w),h(w)) <0, and

i. Uw) > c|jwl?,
then for all wy € R?, the iterates {w;} generated by (23) is stable, i.e., sup, |wy]| < o0 a.s.
We now present results from Liu et al. (2025a) concerning the convergence of {w}.

Assumption A.6 There exists a function L : Y — R such that for any w,w’,y,
|H(w,y) — H(w',y)|| < L(y)||w — w'||. Moreover, the following expectations are well-defined
and finite for any w € R%: h(w) = Ey[H(w,Y)],L = Ey ., [L(Y)].

Assumption A.7 For all wg € R?, the iterates {w;} generated by (23) is stable, i.e.,
sup, ||we]| < o0 a.s.

Theorem A.4 (Corollary 8 of Liu et al. (2025a)) Let Assumptions A.1, A.2, A.6 and A.7
hold. Then the iterates {w;} generated by (23) converge almost surely to a (possibly sample

. . dw
path dependent) bounded invariant set of the ODE # = h(w(t)).

We note that the original form of Corollary 8 of Liu et al. (2025a) involves some additional
assumptions regarding Hoo(w,y) = lim. 00 M and hoo(w) = Ey vy [Hoo(w, Y)], as well
as assumptions regarding the ODE dls—gt) = hoo(w(t)). Those assumptions are related to the
ODE@Qoo technique to establish the stability of the iterates {w;}. We refer the reader to
Borkar (2009); Borkar et al. (2025); Liu et al. (2025a) for more details about this technique.
After establishing stability, the convergence part in Corollary 8 of Liu et al. (2025a) follows

15A function of class C? is a function whose second derivative is continuous in its domain.
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a standard approach based on the Arzela-Ascoli theorem, akin to Theorem 1 of Chapter
5 of Kushner and Yin (2003) and does not rely on those additional assumptions. In this
paper, we instead assume stability directly (Assumption A.7). As a result, we no longer
need those ODEQoo related assumptions and thus omit them. In this work, instead of using
the ODE@Qoo technique, we will use the Lyapunov method in Benveniste et al. (1990) to
establish stability.

Appendix B. Proofs in Section 2
B.1 Proof of Lemma 1

Proof By definition, we have

1Peol2 = foes (Prv)()*1(ds) = [ics (Jues v(sp(ds'|s)) *p(ds)
p

< Jses Joes vl

= fs’ES U(S,)Q

s')2p(ds’ |s)u(ds) (Jensen’s inequality)
Ju(ds) = [yeg0(s)u(ds’) = [|olly-

=
m
V)
]
—~
o,
C,J\
3
V)

B.2 Proof of Lemma 2

Proof We prove the negative semi-definiteness of A by showing (w, Aw) < 0 for any
w € RY\ {0}. Firstly, we define v,,(s) = 2(s) Tw for all s € S. In addition, v, € La(S, 1) by
Assumption 2.3. Then, we have

(w, Aw) =(vw, YPrvw — V), (By (1))
2 2
=(vw, YPrvw), — [voll, < vllvell, [ Prowll, = vwll,

<(v = Dowl? <0. (Lemma 1)

|

Appendix C. Proofs in Section 3

C.1 Proof of Lemma 3

Proof We first note that v, € La(S, i) because ||z|| is bounded under Assumption 2.3. Then,
we have w' Aw = (vy, YPrvy — vw>“. We begin with the direction w' Aw =0 <= v, =0
a.e. When v, = 0 a.e., we have w' Aw = (vy, YPrvy — vw>“ = 0 trivially holds. We then
prove wlAw =0 = vy = 0 a.e. via contradiction. First, we have (vy, YPrvy — Uw>u =0
because w ' Aw = 0. Now, suppose |vwl|,, > 0. We have

2 2
(v, YPrvw = V), =(0w, YPrvw), = Vel < vllvwll, 1 Prowl], = [lowll,

<(y-— 1)||’Uw||i (Lemma 1)
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<0. (lvwll, > 0)
This generates a contradiction and completes the proof. Thus, we must have [[vyl, = 0
which holds if and only if v,, = 0 a.e. |

C.2 Proof of Lemma 4

Proof Recall that we can represent the vector-valued feature mapping = as x(s) =
[@1(s) @a(s) - :cd(s)}—r, where each z; : § — R is a basis function for ¢« = 1,2,...,d.
Without further assumptions on z, the basis functions can be linearly dependent. Without
loss of generality, suppose the first m basis functions form the largest linearly independent col-
lection of x. When m = 0, it implies z = 0 a.e., and we end up with a degenerate case, where
A =0andb=0. In this case, W, = R% and clearly is non-empty. In the rest of the proof, we
analyze the case where m > 1. We denote ¢(s) = [z1(s) z2(s) - :Cm(s)]—r € R™. Then,
for each g, where k € {m + 1,...,d}, there exists a vector of coefficients ¢ = [cl cy- - cm],

such that z, = > /" | ¢;; a.e. Therefore, we can define #(s) = [(ig?))} , where C' € R(d=m)xm

is a coefficient rnatrix such that # = z a.e. Define A = Js2(s)(V(Pr2)(s) " — &(s) ") p(ds)
and b = Js Z(s)r(s)p(ds). We have

By Assumption 2.4, it holds that P.(& — z) = 0 a.e. Consequently, we have A - A=0.
Similarly, we have b — b = [4(& — x)(s)r(s)u(ds) = 0. Thus, it holds that A = A and b= b.

We now prove that W, is non-empty. Let w = [wl], where w; € R™ and wy € R¥™™,

N 00000 1ol [0 T oo
Define d(s) = 7(Pro We then have
A K s

[ A/CT w) [V
“lea cAaCT||ws] T OV
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where we use shorthands A" = [¢ ¢ Tu(ds) and b = [5 ¢ )u(ds). Thus, it leaves
us with two linear equations

/ 1T / _
{Aw1+AC wy + b -0 (24

CAw + CACTws +CY =0

which we can solve to obtain some wj, wa, such that A [51} +b=0. Let ker(M) denote the
2

kernel space of a matrix M. We choose wy € ker(A’C'"), such that (24) reduces to

A’w1 = —b/
CAwy =-CV. (25)

We then observe that w; = —A’~1¥ is a valid solution to the first equation of (25) provided
A’ has full rank. Furthermore, this w; would also satisfy the second equation of (25), thus
solving the system of linear equations. We now prove that A’ is indeed invertible by showing it
is negative definite. The proof mirrors the proof of Lemma 2. We first define v/, (s) = ¢(s) " w
for all s € S and any w € R™ \ {0}, which is square-integrable under Assumption 2.3. Recall
that the basis functions x1, xo, ..., x;, that constitute ¢ are linearly independent. Hence, it
is impossible that v}, = 0 a.e. We then have

il

(w, A'w) =(vi,, YPrvy — Vi), = (Vi YPru), — Wil < V0L 11 Prv L, — (vl

<(v=D)v,]2 <o. (Lemma 1)

The matrix A’ is negative definite and thus invertible. As a result, we have constructed a so-

lution set {w = [wl} wy =
w2

when m > 1. H

— A" ws € ker (A’ C’T)} C Wi and proved W, is non-empty

C.3 Proof of Lemma 5
Proof We first recall that v,,_,s = 2(s) (w —w’). We begin with w' € W, == vy, = vy
a.e. Suppose that w’ € W,. We have
Aw + b — (Aw' +b) =0
Alw —w'") =0
(w—w)TA(w —w') =0
By Lemma 3, we have v,,_,s = 0 a.e., implying v,, = v,y a.e.
We now show v, = v,y a.e. => w’ € W,. Suppose v, = v,y a.e. holds. We then have

Vy—u = 0 a.e. Define [vy_y|(s) = |z(s) T (w — w’)}. Then, it holds trivially that |vy,_q| =0
a.e. We have

JA(w — )| =] s 2(s) (1) () = 2(5) ) a(dds) (w — )|
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=[l/s=

/—\

8)(V(Prvw—u)(8) = vw—ur () p(ds)]]
8( (P Vap— w/)(s

< fs ll( ) — Vw—w (8)) || pe(ds) (Jensen’s inequality)
= Js 1) (¥ (Prvw—uw ) () — vw—wr(5))]p(ds)
< fs |2 (

3)||7|(P7rvw—w’)(5)|# (ds) + [s ()l vew—wr|(s)p(ds)
|

<C: fg YN (Prvw—w)(8)|1(ds) + Cy fg [Vw—uw | (5)p(ds)
(Cy = supyes ||z(s)|| < oo by Assumption 2.3)

=Cy [ V(Prvw—uw)(s)|p(ds) (|vw—w| =0 a.e. wrt. p)
=0. (Assumption 2.4)

The result suggests A(w — w') = 0, which implies Aw = Aw’. We therefore have Aw' +b =
Aw + b = 0 and have proved that w’ € W,. [ ]

Appendix D. Proofs in Section 4

Lemma D.1 Under Assumptions 2.2 and 2.3, it holds that supycfo o) [|w(t; wo)|| < oo for
all wy € RY.

. _ 2
Proof Fix an arbitrary w, € W,. We first show that W < 0 for any wqg € RY.

dlwlswo) w2 _ o0 (4; ) — w,) T (Aw(t; wo) + b)
= 2(w(t;wo) — wi) T (Aw(t;wo) + b — (Aw, + b)) (Aw, +b=0)
= 2(w(t; wo) — wy) T A(w(t; wg) — wy) < 0. (Lemma 2)

Thus, ||w(t;wo) — ws|| is monotonically decreasing given any wg € RY. Hence,
llw(t; wo) — wy|| < [|wo — wy|| for ¢ > 0, and by triangle inequality we get
SUPyefo,00) [[W(t; wo)|| < [Jwi|| + [|wo — wy]|, which completes the proof. [ |

D.1 Proof of Lemma 9

Proof The absolute homogeneity of a matrix norm implies that

limy_so Hexp(Re(/\i)t)(cos(Im()\i)t) + isin(Im(\)t)) 3;‘3‘51 LNy,

= limy o0 exp(Re(Aq)t)[cos(Im(A;)t) + 1 sin(Im(A \H e ,t"

7]

=limy_, o0 exp(Re(A H y” l!t"Niij .

It appears that H v 'l At NG = O(t¥+i=1). When Re()\;) < 0, we have lim;_, o
‘Zyz]’—l 1 tnNn

H y’L] 1 ltnNTL

exp(Re(A = 0 because exp(Re(\;)t) decays exponentially, whereas

exhibits polynomial growth. |

24



CONVERGENCE OF LINEAR TD WITH ARBITRARY FEATURES

D.2 Proof of Lemma 10

Proof We shall prove this claim by propagating the boundedness of w(t; wg) through different
levels, starting from z(t; z). For any zy € R, w, € W, pick wg = 29 + w,. From (7), we
obtain

SUPte[0,00) |2(85 20) || = SUDse[0,00) lw0(E; 20 + ws) — w]]

< SUPre(o,00) [ (E; 20 + wa) | + [lws]| < oo (Lemma D.1)

Then, we prove that exp(At) is bounded. Let e, be the n-th column of I, the identity
matrix in R¥4. By the boundedness of z(t; zg) and (13), we have for all n € {1,2,...,d},
SUPse(0,00) lexp(At)en| = supsejo oo [2(ti€n)]| < oo. By the definition of the induced
norm and the invariance of fo norm under matrix transpose, we obtain [exp(At)| <
Vdmax, ||exp(At)e,| = Vdmax, ||z(t; e,)||. Since n is finite, we have SUDP¢[0,00) |lexP(At) L]
< SUPye[0,00) \f dmaxy, ||z(t;en)|| < co. It then follows from the Jordan decomposition (14)

that sup;c(o, o) [lexp(Jt)|| = supsefo,o0) | P~ exp(At)P|| < SUPtefo,00) ||€xXP(AL) PP <
oo. Since exp(Jt) is a block diagonal matrix, we have max; ; Hexp(B GO = llexp(Jt)|| < oo,
which completes the proof. |

D.3 Proof of Corollary 11

Proof For any zy € R%, w, € W,, pick wg = 29 + ws. From (7), we obtain z(t;zy) =
w(t; 20 + ws) — ws. By Theorem 7, we have limy— o0 Vy(t;294w,) = Vw. a-e. Thus, we have
lim¢ o0 V(429) = liMt—s00 Vu(t;29+w,) — Yw. = 0 a.e. Then, according to Corollary 6, it holds
that limy_,o d(2(t;20), Z«) = 0. Since % Az(t; z0), we have limy_, o dz(éfo) =0 by
the definition of Z, and the fact that z(¢; zp) converges to Z,. [ ]

D.4 Proof of Lemma 12

Proof Given Re(\;) = 0, we have
exp(Bijt) = (cos (Im(A\;)t) + isin (Im(A;)t)) XU ! L™ N7, We first prove y;; = 1 by
contradiction. Suppose y; ; > 1. If Im()\;) = 0, we then have

ii—1
lim o Jexp(Bi)| = limgosoo [0 7N,

= 00,

yielding a contradiction with Lemma 10. If Im(A;) # 0, then exp(B; ;t) oscillates with t.
Consider the sequence {tk e = |Im()\ ik k> O} We have

= 00,

im0 [lexp(Bi jtr) || = limp 00 H vi I %tﬁ]\/ﬁj

again leading to a contradiction with Lemma 10. We then conclude that y; ; = 1 must
hold, and we are left with exp(B; ;t) = (cos (Im(\;)t) + isin (Im(A;)t))1,, ;. We now prove
Im()\;) = 0 by contradiction. Assume that Im(\;) # 0 holds. Then,

QBB = Tm(A;) (i cos(Im(A;)t) — sin(Im(A;))) Iy, (26)
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and % would oscillate and never converge. On the other hand, we have % =

% exp(At)zg = P% exp(Jt)P~12y. We have showed in Corollary 11 that lim; s dzgfo) =0

for all zop € R%. Hence, by setting zg = ey, es, ..., eq, where e, is the n-th column of I, it
holds that

limy 00 P& exp(Jt) P71, =0
P limy oo P& exp(JH)PTIP =0

limy o0 % exp(Jt) =0,

implying that lim;_,. % exp(B; jt) = 0, yielding a contradiction with (26). We then conclude
that Im()\;) = 0. We are finally left with V¢ > 0, exp(B;t) = I,, ;, which completes the
proof. |

D.5 Proof of Corollary 14

Proof Let W be a bounded invariant set of ODE (3). By definition, for every wg € W, the
solution w(t;wp) to ODE (3) on the domain (—o0,00) would remain in W. Furthermore,
since W is also bounded, it implies that w(¢; wp) is a bounded solution on (—oo,c0). By
Theorem 13, it holds that w(t;wq) is constant and in W,. Thus, it implies that wy € W,
which completes the proof. |

Appendix E. Proofs in Section 5

We recall for analyzing (Linear TD), we have H(w,y) = (r(s) +yw'z(s') — w'z(s))z(s),
h(w) = Eyy[H(w,y)]. Some elementary properties then follow.

Lemma E.1 Let Assumption 2.3 hold. Then there exists some Kg ; > 0, such that for any
w,w’ € R and y € Y, it holds that |H(w,y) — H(w',y)| < Kg.1||lw —w'|.

Proof Given w,w’ € R? we have

1H (w,y) = H(w', )| =|| (v(w — ') Ta(s') — (w - w’
=l (w —w',z(s")) =
)

w—w',z(s))|[|x(s)]|
SCx(h«w - w',x(s') '

| +

(
[(w —w' x(s)
(C = sup,es [[x(s)]| < o0)

<Co(Cellw — w'l| + Callw — w'l))
=(1+7)CZllw —w'|.

Setting Kg.1 = (1 4+ 7)C2, the lemma is proved. |

Lemma E.2 Let Assumptions 2.2 and 2.8 hold. Then there exists some Kg o > 0, such that
for any w,w' € RY, it holds that ||h(w) — h(w')|| < Kpg.o|w — w'||.
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Proof

[h(w) = h(w')|| =[[By~y[H(w,Y) = H(w",Y)]|
<Eypl||H(w,Y) — Hw',Y)|] < By [Kg1|w —w'||] = Kpaljw—w'|.

Hence, the inequality holds by setting Kg o = Kg 1. |

Lemma E.3 Let Assumption 2.3 hold. Then there exists a constant Kg g > 0, such that for
ally € Y, it holds that |H(w,y)|| < Kg.s(1+ ||w]]).

Proof We have by Lemma E.1 ||H(w,y) — H(w',y)| < Kgi||lw —w'||. Then, fixing an
arbitrary @ € R? with ||@|| = 1, we have
[1H (w,y) — H(w,y)|| <Kg.lw — ]
1H (w, y)|| = [[H (@, y)|| <Kp.aljw — @]
| (w, )| <Kpallw - @] + || (r(s) + 7@ a(s) — & Tx( )x ol
<K (] + 2] +c (s) i (") — ()|
(Co = supses Hw(S)H < 00)
<Kpa(wll + D)C(|r(s)| +~|d x(s)| + [ (s)|)
<Kp.a([w]l +1)Co(Cr +A[|@|[[l(s) | + [@][[l(s)]])
(Cr = supyeg [r(s)] < o0)
<Kpa([wl +1)Ca(Cr +7C; + Ca)
=Ku.1(CoCr +7C3 + C3) (o]l + 1)

Hence, setting Kg 3 = Kg.1(CyCr +~C2 + C2), we get ||H(w,y)|| < Kg.3(1+ ||w]]), which
completes the proof. |

E.1 Proof of Theorem 17

Proof We shall show that Assumptions A.1 and A.3 — A.5 hold. Invoking Theorem A.3 will
then complete the proof. First, Assumption A.1 is satisfied by Assumption 2.1. Assump-
tion A.3 holds by Lemma E.3. We then proceed to show Assumption A .4 can be satisfied.
Choosing g = h, where we recall that h(w fy dy), Assumption A.4 (i) holds by
Lemma E.2. Assumption 5.1 automatlcally satisfies (m) (m), and (iv) of Assumption A.4.
Lastly, we prove Assumption A.5 holds. Since § is compact by Assumption 5.3, then )
is also compact. Thus, sup,cy ||ly[| is finite. We denote this quantity as C,. Then, for all
a€RY, g>0andn >0, it holds that E[1 + ||Ys41[? | wo = a, Yo =y] < 1+ Cf. Thus, by
setting Ka 5(q) = (1 + Cf), Assumption A.5 is satisfied.

Having verified the assumptions, we now show the existence of the function U required by
Theorem A.3. Fixing an arbitrary w, € W,, we define U as U(w) = ||w — w,||* + [|Jws|*. The
second derivative of U is 2I;. Therefore, U is of class C? with bounded second derivatives.
We now show that it satisfies Condition (i) of Theorem A.3. Taking the gradient, we have

(VuU(w), h(w)) = (2(w — w,), Aw + b) = 2 (w — w,), Aw + b — (Aw, + b))
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= 2(w — wy, A(w —wy)) <0. (Lemma 2)

Condition (i) holds for our selected U. Next, we prove that Condition (ii) also holds by
showing that U(w) > %HwH2 for all w € RY. We have

2 2 2 2 2 2
Uw) = sllwl® = [lw = w.* + [Jw]|* = 3llwl® = 3llw|® = 2 (w, w.) + 2[|w.|

2 2 2
= 3 (Ill® = 4 (w, w.) + 4lje]”) = 3w = 20”2 0.

Hence, Condition (ii) holds by setting ¢ = % The proof is completed. |

E.2 Proof of Theorem 18

Proof We apply Theorem A.4 to show that {w;} converges almost surely to a possibly
sample path dependent bounded invariant set of ODE (3). To be able to do so, we need to
verify Assumptions A.1, A.2, A.6 and A.7 hold. Assumptions A.1 and A.2 are satisfied by
Assumptions 2.1 and 2.2, respectively. Regarding Assumption A.6, we have

[1H (w,y) = H(w', y)|| = [|(y{z(s"), w = w') = (2(s), w = w'))a(s)|
= [(ya(s) — z(s), w — w)|[|z(s)]
< Col{ya(s') = x(s), w — w') (Co = supyes [[z(s)]| < o0)
< Coflw — w'l|[lya(s") — 2(s)]]
< Collw = w'| (Y[l ()] + [lx(s)]]) < Callw —w'[[(Cr +~C)
= (1 +7)C2llw — ']

Thus, simply setting L(y) = (1 4+ v)C? satisfies Assumption A.6. Lastly, Assumption A.7 is
satisfied by Theorem 17. As a result, we have {w;} converging almost surely to a bounded
invariant set of ODE (3). In light of Corollary 14, any bounded invariant set is a subset
of W,. Hence, {w;} converges almost surely to W,. Lemma 5 then completes the proof of
Theorem 18. |

E.3 Proof of Corollary 19

Proof For any sample path {wg,wi,...}, let w : R — R? be the piece-wise constant
interpolation of {w;}, i.e.,

t>0
B(t) = Wm(ot) U=
0 t<O0.

Intuitively, on the positive real axis, w(t) is the piece-wise constant interpolation of {w;},
with each piece having a length {a;}. We then define a helper function 7 : N — R as
T(k) = Efzo ay. Next, we define a sequence of functions {fi R — Rd}, where f;(t) =
w(7(7) +t). The boundedness of {w;} follows from Theorem 17, implying that w(t) is
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also bounded, which in turn ensures that {f;} is a sequence of bounded functions. Un-
der Assumptions A.1, A.2; A.6, A.7 (these assumptions have been verified in the proof of
Theorem 18), and 5.2, Lemma 32 and the conclusion right above Lemma 34 of Liu et al.
(2025a) proves there exists at least one convergent subsequence {f;, } C {f;}, such that
limy o0 fi, (t) = limg_oo w(7 (i) +t) = W(t), where w(t) is a bounded solution to ODE (3)
on (—o00,00). Additionally, Theorem 13 guarantees that w(¢) is a constant solution and in
Wi,. Hence, we can conclude that for all ' < oo, we have limy_, o w(7(ix) + 1) = ws, where
ws € Wy. Since w(t) is merely a piece-wise constant interpolation of the weight sequence
{w;}, the statement of this corollary immediately holds. [ |

Appendix F. Proofs in Section 6

F.1 Proof of Lemma 20

Proof We first note that ||Xw—v|]?) = HDl/Q(Xw—v)Hz. Then, by Theorem A.1,
it holds that X argmin |w|] = X arg minweargminw 1DY/2(Xw—o)||° |w| =

X (DY2X)I D2y, Hence, we have I1 = X (DY2X)TD'/2 by (20). [ |

weEarg ming, HwavH%

F.2 Proof of Lemma 21

Proof Lemma 4 of Tsitsiklis and Roy (1996) proves that 7 is a contraction mapping
w.r.t. |||, under Assumption 2.2. Next, we show that II is nonexpansive w.r.t. |-[p.
Define Z = D'/2X. Then, by Lemma A.1, we have |[ITv||, = HX(D1/2X)TD1/2UHD =
HZZTDl/QvH < HZZTHHDUZUH < HDl/QvH = ||v||p. It then follows immediately that 7TI is
a contraction w.r.t. ||-|| 5. [ |

F.3 Proof of Lemma 22

Proof Our proof relies on the fact that D(yP — I) is negative definite (Sutton et al., 2016).
For w,w" € W, we have

Aw+b— (Aw' +b) =0
Alw—w') =0
XT"DP -~ DX (w—w')=0
(w—w)TXTD(YP - X (w—w') =0
X(w—-w)=0 (D(yP — I) negative definite)
Xw=Xw'.
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F.4 Proof of Theorem 23

Proof We begin with the direction IITXw = Xw = Aw + b = 0. Define Q =
{w | IITXw = Xw}. Suppose w, € €, we have

II7T Xw, = Xw,
X(DV2X)IDV2T Xw, = Xw,
DY2X(D'V2X)'DV2T Xw, = DY?Xw,

D\2X (D2 X)'DY?T Xw, = DY/2X(DY?X) D2 Xw, (AATA = A)
DY2X(DV2X) I DYVA(T Xw, — Xw,) =0
(D'2X)TDV2X (D2 X) I DYV(T Xw, — Xw,) =0
(DY2X)TDYV2(T Xw, — Xw,) =0
X"D(ry + yPXw, — Xw,) =0
X'D(yP —DXwy,+ X" "Dry =0
Aw, +b=0.

(ATAAT = AT)

We now have IITXw = Xw = Aw + b = 0. Next, we proceed to proving the other
direction, i.e., I T Xw = Xw <= Aw+ b= 0. In view of (22), there exists at least one w,
such that w, € Q. The proof in the direction of = then confirms that w, € W,. Let w
be any weight in W,. Then, Lemma 22 implies that Xw = Xw, = v,. In view of (21), this
means w € ). So, we have now proved that w € W, = w € (), which completes the proof.
|
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