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Abstract

While statistical modeling of distributional data has gained increased attention, the case
of multivariate distributions has been somewhat neglected despite its relevance in various
applications. This is because the Wasserstein distance, commonly used in distributional
data analysis, poses challenges for multivariate distributions. A promising alternative is the
sliced Wasserstein distance, which offers a computationally simpler solution. We propose
distributional regression models with multivariate distributions as responses paired with
Euclidean vector predictors. The foundation of our methodology is a slicing transform from
the multivariate distribution space to the sliced distribution space for which we establish a
theoretical framework, with the Radon transform as a prominent example. We introduce
and study the asymptotic properties of sample-based estimators for two regression ap-
proaches, one based on utilizing the sliced Wasserstein distance directly in the multivariate
distribution space, and a second approach based on a new slice-wise distance, employing
a univariate distribution regression for each slice. Both global and local Fréchet regres-
sion methods are deployed for these approaches and illustrated in simulations and through
applications. These include the joint distribution of excess winter death rates and winter
temperature anomalies in European countries as a function of base winter temperature,
and also data from finance.

Keywords: Distributional data analysis, Multivariate distributional data, Radon trans-
form, Slice-wise Wasserstein distance, Fréchet regression

1. Introduction

It is increasingly common for statisticians to encounter data that consist of samples of
multivariate probability distributions. Examples include distributions of anthropometric
measurements (Hron et al., 2023), joint distributions of stock price returns for multiple assets
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or indices (Guégan and Iacopini, 2018), and joint distributions of systolic and diastolic blood
pressure measurements (Fan and Miiller, 2024). Distributional data differ fundamentally
from functional data in that probability distributions do not form a linear vector space,
limiting the direct applicability of classical functional data analysis tools.

Most existing methodology in distributional data analysis has focused on univariate dis-
tributions (Matabuena et al., 2021; Ghosal et al., 2023; Petersen et al., 2022). In contrast,
regression methods for multivariate distributional responses remain comparatively underde-
veloped (Dai, 2022), largely due to the computational and theoretical challenges associated
with multivariate optimal transport and Wasserstein distances. In this paper, we study re-
gression models that feature Euclidean predictors and multivariate distributional responses,
a setting that naturally extends classical regression with scalar or vector outcomes and dif-
fers substantially from previously considered regression problems in which both predictors
and responses are distributions.

For regression with Euclidean predictors and univariate distributional responses, several
approaches embed distributions into Hilbert spaces, enabling the use of functional regression
techniques. These include global transformations such as the log quantile density and log
hazard transforms (Petersen and Miiller, 2016), as well as constructions arising from Bayes
Hilbert spaces in compositional data analysis (Hron et al., 2016; Menafoglio et al., 2018).
When equipped with the Wasserstein metric, the space of univariate distributions also
admits tangent space representations that have been used for principal component analysis
and regression (Bigot et al., 2017; Chen et al., 2023a). However, such approaches rely on
inverse mappings that are not globally well defined (Pegoraro and Beraha, 2022) and do
not readily extend to general multivariate distributions.

A separate line of research considers regression problems in which both predictors and
responses are distributions, typically aiming to learn optimal transport maps between ran-
dom probability measures. Examples include transportation-based regression models (Gho-
drati and Panaretos, 2022, 2023), autoregressive models for time series of distributions (Zhu
and Miiller, 2023) and distribution-on-distribution regression under multivariate Gaussian
assumptions (Okano and Imaizumi, 2024). While these approaches address important prob-
lems, they target fundamentally different regression settings and are not directly applicable
when predictors are Euclidean and only the responses are distribution-valued.

Existing approaches for regression with Euclidean predictors and multivariate distribu-
tional responses remain limited. Related work based on Bayes Hilbert space representations
has primarily focused on the analysis and modeling of density functions rather than condi-
tional regression. For example, Guégan and Iacopini (2018) considered functional represen-
tations of density-valued data in a Hilbert space setting, mainly in the context of temporal
modeling, while Hron et al. (2023) proposed an orthogonal decomposition of bivariate den-
sities into marginal and interaction components to study dependence structures. These
approaches rely on explicit density estimation and linearization in Hilbert spaces and are
not formulated as general regression frameworks with Euclidean predictors and multivari-
ate distributional responses. Another related approach constructs conditional Wasserstein
barycenters using entropy-regularized optimal transport (Fan and Miiller, 2024), with a
focus on interpolation and extrapolation of univariate and bivariate distributions. This
approach relies on grid-based discretization of sample space, which suffers from the curse of
dimensionality and becomes computationally infeasible for higher-dimensional distributions.
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Fréchet regression (Petersen and Miiller, 2019) provides a general and theoretically
grounded framework for regression with Euclidean predictors and responses taking val-
ues in a metric space. When applied to distributional responses, Fréchet regression yields
asymptotically consistent estimators for conditional Fréchet means. Existing theory and
methodology (Zhou and Miiller, 2024), however, are largely restricted to univariate dis-
tributions. Directly extending Fréchet regression to multivariate distributional responses
would be challenging because it needs to overcome the computational and geometric diffi-
culties inherent in multivariate optimal transport.

To address these challenges, the sliced Wasserstein distance (Bonneel et al., 2015) has
emerged as a computationally efficient alternative and has gained widespread use in statis-
tics and machine learning (Kolouri et al., 2016; Courty et al., 2017; Kolouri et al., 2019; Rus-
tamov and Majumdar, 2023; Tanguy et al., 2024; Quellmalz et al., 2023; Zhang et al., 2024).
Existing regression methods based on sliced Wasserstein distances have largely focused on
different problem settings, such as regression with multivariate distributional inputs and
scalar outputs (Meunier et al., 2022). These considerations motivate the development of a
regression framework that combines the statistical foundations of Fréchet regression with
the computational advantages of slicing-based Wasserstein distances. We propose a gen-
eral slicing transform framework, with the Radon transform as a prominent example, that
maps multivariate distributions into a collection of univariate distributions. Within this
framework, we develop two regression approaches: a slice-averaged method that applies
Fréchet regression in the multivariate distribution space equipped with a sliced Wasserstein
distance, and a slice-wise method that performs Fréchet regression independently within
each slice followed by reconstruction via a regularized inverse transform.

Both approaches come with theoretical guarantees on the convergence of the fitted
regression functions under suitable regularity conditions. Our results extend univariate
distributional regression theory to multivariate settings while explicitly accounting for the
effects of the inverse slicing transform. We also provide practical algorithms, simulation
studies, and real-data applications that demonstrate the utility of the proposed methods.
The framework and its theoretical foundation that we provide in this paper has already
been shown to be useful for applications beyond regression such as functional principal
component analysis for multivariate distributions (Chen and Miiller, 2025).

The remainder of the paper is organized as follows. Section 2 introduces slicing trans-
forms with emphasis on the Radon transform, and Section 3 describes the associated slicing
space. Section 4 presents the proposed regression models, with estimation procedures dis-
cussed in Section 5. Asymptotic convergence results are given in Section 6, and practical
algorithms are described in Section 7. Simulation studies and data applications are reported
in Sections 8 and 9, respectively, followed by a discussion in Section 10. Additional results
and proofs are provided in the Appendix. The implementation details and code are publicly
available at https://github.com/yidongzhou/Sliced-Wasserstein-Regression.

2. Slicing Transforms for Multivariate Distributions
2.1 Preliminaries

We denote by | - |2 the L? norm and by | - | the sup norm for vectors or functions and
throughout use Cy, C,... to denote various constants and their dependence on relevant
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quantities R will be indicated by writing Co(R),C1(R),.... All notations are listed in
Appendix A. We assume that the multivariate distributions under consideration possess
density functions and share a common support D, assumed to be known or diligently chosen,
usually from subject-matter considerations, where

(D1) The support D < RP is compact and convex.

Denote the space of multivariate density functions on R? with compact support D by

= {f e Ll(]Rp) : f(z) =0, f(2)dz =1, support I(f) = D, f satisfies (Fl)}, (1)
RP

where

(F1) There exists a constant My > 0 and an integer k > 2 such that for all f € F,
max{||f|o, [|1/fllwc} < Mo on D and f is continuously differentiable of order k& on D
and has uniformly bounded partial derivatives.

(F2) k > p/2.
(F3) k=p+1.

Smoothness of higher order leads to faster decay rate of Fourier-transformed functions
and Conditions (F2)—(F3) will be utilized to obtain rates of convergence. We also require a
set

= 1 cg(u) = u)du = satisfies an
g—{geL(R).g()>O,/Rg( )d 1, g satisfies (D2) d(Gl)}

of univariate density functions. Denoting the support of g € G by I(g), we require

(D2) For all g € G, the support I(g) is compact and | (g) is bounded.

geg

(G1) For an integer k as in (F1), there exists a constant M; > 0 such that for all g € G,
max{||g|w, |1/9llc} < M; on I(g) and g is continuously differentiable of order k on
I(g) with uniformly bounded derivatives.

Throughout we utilize the unit sphere to denote a slicing parameter set in R?,
= {2z e RP: |z|o = 1}. Defining the density slicing space Ag as a family of maps from ©

tog,
A@—{)\ O — Q// dud6<oo}

Ae can be endowed with an L? metric,

1/2
da(M, Ag) = ( / / (A1 (0 A2 (0) (u))? dude) . forall \j,\peAe, (2)

where we note that the integral is well defined because of the Cauchy-Schwarz inequality.
Two maps A1, A2 will be considered to be identical if they coincide except on a set of measure
Zero.
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Figure 1: Schematic diagram for the two-dimensional Radon transform. For each unit
vector () = (cos(a),sin(a)), the Radon transform integrates along the line (z,0) = u for
each u e R.

2.2 Radon Transform and Slicing Transforms

The Radon transform R (Radon, 1917) is an integral transform, which maps an integrable p-
dimensional function to the infinite set of its integrals over the hyperplanes of RP. Following
the notation in Epstein (2007), let 6 be a unit vector in ©, u be an element in R, and [,, g the
affine hyperplane represented as [, 9 = {z € R : (z,6) = u}. Employing an orthonormal
basis {6, e1,...,ep,—1} for RP with (#,e;) = 0 and {ej,e;) = d;1, for j,l = 1,...,p — 1, the
p-dimensional Radon transform R : F +— Ag is defined through integrals over [, g,

RO = [

p—1
f <u9 + 2 sjej> dsi---dsp—1, forfe© anduekR, (3)
RP-1

j=1

where we write R(f)(6,u) for R(f)(0)(u); see Figure 1 for a schematic illustration of the
two-dimensional Radon transform. Since [, 9 and [_, _¢ are the same line, the Radon
transform is an even function that satisfies R(f)(0,u) = R(f)(—6,—u).

The inverse Radon transform is related to the Fourier transform. The p-dimensional
Fourier transform J, : LY(RP) — {f : RP — C} is

Tp(f)(t) = / e_i<z7L>f(z)dz, for all . € RP,
RP

with the one-dimensional Fourier transform J; : L'(R) — {f : R — C} given through
the formula J1(g)(r) = [z g(w)e~""du for all r € R. The connection between the Fourier
transform and the Radon transform is as follows.

Proposition 1 (Central Slicing Theorem (Bracewell, 1956)) Assume f € F. For
any real number r and a unit vector § € ©, one has Ji (R(f)(8)) (1) = Tp(f)(r8).
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The inverse Radon transform has been well investigated both theoretically and numerically
(Abeida et al., 2012; Herman, 2009; Mersereau and Oppenheim, 1974). A common device
to reconstruct the original multivariate function from its Radon transform is the filtered
back-projection,

-1 2) = # r eir(@,z} Tp_l r
RN G) = e [ [ A0 002 e aras, n

which satisfies R™! (R(f)) = f for any f € F (Natterer, 2001; Epstein, 2007). The inversion
formula can be decomposed into two steps. The first step acts as a high-pass filter, suppress-
ing low-frequency components and amplifying high-frequency components. The second step
implements an angular integral which can be interpreted as a back-projection of the filtered
Radon transform (Epstein, 2007; Helgason, 2010). However, R ! is not a continuous map,
and small errors in the reconstruction of R(f) are amplified (Epstein, 2007). Therefore,
regularization is usually applied when reconstructing the original function from its Radon
transform (Horbelt et al., 2002; Qureshi et al., 2005; Shepp and Vardi, 1982), often through
the use of a ramp filter that has a cut-off in the high-frequency domain (Epstein, 2007; Kak
and Slaney, 2001).

Defining a regularizing function ¢, (r) with tuning parameter 7 as ¢-(r) = 1 for |r| <7
and ¢,(r) = 0 for |r| > 7, the regularized inverse map R;' : Ag — L'(RP) is obtained by
cutting off the high-frequency components in the filtered back-projection (4) through

-t z) = ! r)e™ 02 P~ (r)dr
RO @) = 5 [, [ T O ()2 o r)dra. )

As this regularized inverse is not guaranteed to be a multivariate density function, normal-
ization is applied to map the resulting L' function into the multivariate density space F
via

5—1 5—1 : 5—1
RN (2) = {‘RT N/ [pIR7AN ()| dz if [, R (M) (2)] dz > 0, (©)

" 1/|D| otherwise,

where | D| is the Lebesgue measure of the domain set D. Note that R ()\) (2) satisfies the
differentiability assumption in (F1) while the boundedness assumption can be enforced by
projecting to the space where (F1) is satisfied.

—_——

If the Radon transform R(f) is approximated by R(f), the corresponding reconstruction

obtained via the regularized inverse Radon transform is fT =R-lto 75?]7) We define the
total reconstruction error as A, = f — f.. This error can be decomposed as

A; = f=RIOR()+ R o (R(f) = R{),

Ar,l A-,—,Q

where A, ; represents the error introduced by regularization of the inverse Radon transform,
and Ao captures the effect of approximating the Radon transform.

Theorem 2 (Error bound for regularized Radon inversion) Assume (D1), (F1), and
(F3), and let f € F. Asds (R(f),R(f)) — 0 and 7 — o0, the two error components satisfy

[Ar

w =0 () Arals = O (72 (R(F).R(P))).

6



SLICED WASSERSTEIN REGRESSION

and consequently the total reconstruction error obeys
1870 = O (7P 1 7205 (R(f), R()) )

The first error term A, arises from the regularized inverse map and decreases with 7.
The convergence of A;; relies on the smoothness assumption for densities, where higher
order smoothness corresponds to a faster convergence rate of the Fourier transform in the
frequency domain. The second error term A; s results from the approximation of R(f) and
increases with 7. The value of the tuning parameter 7 is then ideally chosen to minimize the
total error A,. While the focus of this paper is primarily on the Radon transform, there
are other transforms that may also be of interest such as the circular Radon transform
(Kuchment, 2006) and the generalized Radon transform (Beylkin, 1984; Ehrenpreis, 2003);
see Appendix F for further details.

Next, we consider a general slicing transform ¢ : F — Ag that maps a multivariate
density function on D into a density slicing function indexed by the slicing parameter set
© and satisfies

TO) 1 is injective.

)
T1) For a constant Cp, da (¥(f1)(0),¢(f2)(0)) < Coda(f1, f2), for all fi, fo € F and 6 € O.
T2) An inverse transform 1 ~! exists such that ¢y~ o9(f) = f, for all f e F.

)

(
(
(
(T3) There exists a sequence of approximating inverses 1)~ ! and constants C1(7), Ca(T)

such that
do (U7 0p(f), f) < Ci(r) for all fe F

and

deo (V71 0 9(f), 97 (V) < Ca(7)da (¥(f), A) for all A€ Ao, f € F as da (¥(f), A) — 0,

where C(7) and Cs(7) depend only on 7, and C(7) is decreasing to 0 while Cy(7) is
increasing as 7 — 0.

Assumption (T1) is concerned with the continuity of the forward transform, while As-
sumption (T2) provides the existence of an inverse transform from the image set (F) to
F. Note that ¥ (F) is not required to cover the entire space Ag and the inverse transform
11 is only defined on the image space ¥ (F) of F. The sequence of approximating inverses
¥~ in Assumption (T3) is required when mapping elements in Ag that are not in v (F)
back to F. To be able to make use of a slicing transform for both forward and inverse

transformations, we require an additional property and call a slicing transform wvalid if in
addition to (T1)—(T3) it satisfies

(T4) Under (D1) and (F1), it holds that ¥(F) c Ag and (D2), (G1) are satisfied for all
A(0) for which A € ¢(F).

Proposition 3 The Radon transform R is a wvalid slicing transform, i.e., it satisfies As-
sumptions (T0)—(T4) where C1(1) = O(7=* =P)) and Cy(1) = O(1P) as T — 0.
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3. Distribution Slicing and Sliced Distance

As a formal device, we introduce the map ¢ that assigns to any distribution its associated
density function, and its inverse ¢!, which maps a density function to the corresponding
distribution. Recall from (1) that F denotes the space of multivariate density functions on
R? with compact support D, and G is the space of univariate density functions. We define
F = YF) and ¢ := ¢ 1(G) as the corresponding spaces of multivariate and univariate
probability measures, respectively. Let G denote the map that assigns to each univariate
distribution its quantile function, with G=! as its inverse. We then define Q := G(¥) as
the space of quantile functions corresponding to univariate distributions in ¥.

One has many choices for the metric d in the space (#,d) including the Fisher-Rao
metric (Dai, 2022; Zhu and Miiller, 2024) or the Wasserstein metric (Gibbs and Su, 2002),
the latter being closely related to the optimal transport problem (Kantorovich, 2006; Villani,
2003). The L2-Wasserstein metric between two distributions pq, po € % is defined as

dfy (i, p2) = inf B (|21~ 223), (7)
mEP (p1,142)
(Z1,Z2)~m
where P(u1, p2) is the set of joint probability measures on D x D with marginals pq and o,
and Z1, Zy are RP-valued random variables distributed according to p; and uso, respectively.
For p = 1, the L?-Wasserstein metric (7) can be equivalently expressed in terms of
quantile functions,

1
a2y (v1,19) = /0 (G71()(s) — Gil(Vg)(S))2dS, for all 11,1, € 9.

When the dimension p of the random distribution is larger than 1, i.e., p > 2, one does
not have an analytic form of the Wasserstein distance and the algorithms to obtain it are
complex (Rabin et al., 2011; Peyré et al., 2019). The sliced Wasserstein distance (Bonneel
et al., 2015) is a computationally more efficient alternative that utilizes the Radon trans-
form. It has become increasingly popular for multivariate distributions due to its attractive
topological and statistical properties (Kolouri et al., 2016; Nadjahi et al., 2019, 2020).

We define the quantile slicing space I'g as a family of maps from © to Q,

_ . N 828
F@—{v.@ Q,/@/[OJ]W(G)()dd9<oo}

and introduce a map ¢ : T'eg — Ag as o(7)(0) = ¢ o G~(v(#)),y € Te, which sends a
quantile function v(f) to its corresponding density function. Similarly, o~! can be defined
through o~ 1(\)(0) = G o = 1(\(0)), A € Ag; see Figure 2 for a schematic illustration. A
slicing transform 1 between F and Ag can be naturally extended to a transform @Z between
Z and I'g,

~

O(p) =0 T opop(p), peZ. (8)

The inverse transform 1! and regularized inverse transform ¢! can be extended as

~

brl() = tortoo(y), veTe and 7 () = ¢ Loy o p(7), yEY(F).  (9)



SLICED WASSERSTEIN REGRESSION

Figure 2: Schematic of maps involved in the slicing transform. Here ¢ maps the multivariate
distribution space % to the multivariate density space F and ¢ maps the quantile slicing
space I'g to the density slicing space Ag. A slicing transform ¢ and its inverse 1! with
a tuning parameter T between F and Ag can be naturally extended to a slicing transform
between .# and I'g through the induced maps 1/} and wT .

Note that the space of I'g is closed and convex. Define the distribution-slicing Wasser-
stein metric on I'g through the aggregated Wasserstein distance across the slices

1/2
dpw(71,72) = </ diy (G (m(0)),G! (’72('9)))d‘9>

1/2
(/ /01 (0 72<e><s>>2dsd9> . yyeTe.  (10)

Here the integral is well defined because of the Cauchy-Schwarz inequality. We then define
the slice-averaged Wasserstein distance as

dsw (11, p12) = dpw ($(p1), P(p2)),  for all g, ps € 7. (11)

Proposition 4 The slice-averaged Wasserstein distance is a distance over % if and only

if (T0) is satisfied.

4. Sliced Wasserstein Regression for Multivariate Distributions

A general approach for the regression of metric-valued responses and Euclidean predictors is
Fréchet regression with both global and local versions (Petersen and Miiller, 2019; Chen and
Miiller, 2022), where its application to distributional data has been extensively discussed in
recent studies (Fan and Miiller, 2022; Zhou and Miiller, 2024). We extend Fréchet regression
to the case of multivariate distributions by providing two types of sliced regression models.
The first model applies Fréchet regression to the multivariate distribution space .# equipped
with the slice-averaged Wasserstein distance, while the second model applies a Fréchet
regression step for each slice, followed by the regularized inverse transform.

Suppose (X, u) ~ F is a random pair, where predictors X and responses p take values
in R? and % and F is their joint distribution. Denote the marginal distributions of X
and p as Fx and F), respectively, and assume that mean F(X) and variance Var(X) exist,
where Var(X) is positive definite. The conditional distributions F,x and Fy|, are also
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assumed to exist. Given any metric d on %, Fréchet mean and Fréchet variance of the
random distribution p are defined as

po = argmin E [ (p,0)], Vo = E [d*(p, pa)] - (12)

wEeF

The conditional Fréchet mean, i.e., the regression function of p given X = x, targets

m(z) = arger;inM(w,x), M(-,z) = E[d*(p, )| X = =], (13)

where M (-, ) is the conditional Fréchet function. The global Fréchet regression given X = x
is

mg(z) = argmin Mg(w,z), Mg(,z)=FE [sG(X,:U)dQ(,u, )] , (14)

wWEF

where the weight sg(X,z) =1+ (X — E(X))T Var(X) ! (z — E(X)) is linear in .

The proposed slice-averaged Wasserstein (SAW) regression employs Fréchet regression
over the multivariate distribution space # equipped with the slice-averaged Wasserstein
distance

mSAW(w) = argminMSAW(w,:U), MSAW('ax) =FE [d%’W(Ma X = l‘] : (15)

WEF

The global slice-averaged Wasserstein (GSAW) regression given z is defined as

mgAW (z) = arg gm MEW (w,2), MEMW (1) = E[sq(X,2)dy (1, ). (16)
WE S
We note that for SAW based models the minimization is carried out over the space .% and
thus is automatically a multivariate distribution.
The second proposed model is the slice-wise Wasserstein (SWW) regression, where
Fréchet regression is applied over the quantile slicing space I'g, equipped with distribution-
slicing Wasserstein metric, followed by the regularized inverse transform,

MW (2) = g1 [arg min MSWWw,x)] M) = B [y (D), )X = ]
vel'e

(17)
The global slice-wise Wasserstein (GSWW) regression given X = z is
mg (@) = ;! [arg;nin MéWWw,x)] MYV () = B [se(X. )by (). ).
V€le

(18)

Proposition 5 Let g, = argmin MEWW (y,x), see (18). It can be characterized as

~el'e

YG,2(0) = argerg?inE [SG(X, x)d%, (G_l (J(u)(@)) ,1/)] ,  for almost all 6 € O.

10
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This result shows that the population SWW regression problem decouples across slices,
allowing the minimization to be carried out independently for each projection direction 6.
Consequently, SWW admits a practical slice-wise implementation while still targeting a
population-level objective. Proposition 23 in Appendix G shows that the search space of
SAW is a subset of that of SWW. In addition to the global Fréchet regression described
above, we also consider local Fréchet regression variants for both SAW and SWW. In these
local versions, the global weight function sg(X, x) is replaced by a localized weight function
sp(X,z,h), which depends on a kernel function K and a bandwidth parameter h > 0.
This modification allows the regression to adapt to local neighborhoods of the predictor
space, giving higher weight to observations with predictors that are close to the target
predictor level. The resulting methods are referred to as LSAW for the local version of
SAW and LSWW for the local version of SWW. Further implementation details of these
local variants are provided in Appendix D. Overall, the proposed methodology encompasses
four regression approaches: GSWW, GSAW, LSWW, and LSAW.

5. Estimation

Suppose we have a sample of independent random pairs {(Xj, p;)}.; ~ F. Define the
sample mean and covariance as

n n
= Y X, S=n ) (X - X)X - X)T
=1 =1

When the random distributions u; are fully observed on domain D, sample-based esti-
mators for GSAW and GSWW are given by

mg™W (z) = argmin MEAW (w,2), MW (., x) ES’G x) day (uis ), (19)
weF
) = 57 angin T )| ) =7 3 i) ).,
7€l e
(20)

where s;g(z) = 1+ (X; — X)TS (2 — X) is the sample version of sg(X, ).

In many applications, the random distributions {y;}}; are not directly observed; in-
stead, only samples generated from them are available. In such cases, we first estimate the
densities ji; using kernel density estimation as described in Appendix C, which also lists the
corresponding assumptions for this setting. The estimators in (19)—(20) then apply with u;
replaced by fi;, that is,

W (2) = Y ()], (21)
WY (@) = W (@), (22)

Sample-based estimators for the local smoothing models and bandwidth selection procedures
are discussed in Appendix D.2.

A practical, data-driven method for selecting the tuning parameter 7 in the presence
of an i.i.d. sample of random pairs {(Xj, 1;)};_; is to use leave-one-out cross-validation.

11
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Specifically, we aim to minimize the discrepancy between predicted and observed distribu-
tions, given by

n
7 = argmin ) iy (i Gy Zi(X0),

i=1
where M2V W.(X;) is the prediction at X; from the GSWW regression of the ith-left-out
sample {(Xl/, fi' )} ;- When the sample size n exceeds 30, we substitute leave-one-out
cross-validation with 5-fold cross-validation to strike a balance between computational effi-
ciency and accuracy.

We define a slice-averaged Wasserstein R? coefficient to quantify the discrepancy between

observed distributions and predicted distributions from the regression model as

Eldgy (1, m(X))]
Eldgy (1, he)]

where m(x) is a regression function obtained through either SAW or SWW regression and
L@ is the slice-averaged Wasserstein Fréchet mean pg = argmin z E [d%w(,u,w)], with
empirical estimates

2

Dy Ay (pa, 1 (X5))

R: =1-— S
® Z?:1 d%w(ﬂh M@)

(23)

for a sample {(X;, p;)}7 . Here fig = argmin, .z n~' 31" | d%yy (i, w) is the sample Fréchet
mean and 7(z) is the sample estimator of the regression function m(z) for SAW or SWW
regression.

6. Asymptotic Convergence

To study the convergence of SAW/SWW regression, we require a curvature condition at
the true minimizer, as is commonly assumed for M-estimators. For Fréchet regression such
a curvature condition has been established for the case of univariate distributions but not
for multivariate distributions. Convexity assumptions have also been invoked in previous
work (Fan and Miiller, 2024; Boissard et al., 2015; Zhou and Miiller, 2022). Specifically, we
require

~

(A1) ¢(&) is closed and convex.

(A2) argmin MEWW (y,x) as per (18) is in O(F).

~vele

Assumption (A1) guarantees existence and uniqueness of the population minimizer for SAW
regression, while Assumption (A2) ensures that the population SWW minimizer corresponds
to a valid multivariate distribution under the inverse slicing transform. Although (A2)
formalizes a compatibility requirement between slice-wise minimization and multivariate
reconstruction, it is not unduly restrictive in common settings. In particular, Appendix I
establishes that (A2) holds for multivariate Gaussian distributions, showing that the popula-
tion SWW minimizer exactly recovers the true Gaussian distribution via its one-dimensional
projections.

12
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Figure 3: Diagram for SAW (left) and SWW (right) sample estimation. The red dots are
population minimizers, the yellow dots are the sample SAW minimizer, the blue dots are
the sample SWW minimizers and the green dot is the intermediate state used to facilitate
the error analysis of SWW. Bidirectional yellow maps represent 1Z and 127‘1 while directional
blue maps represent the regularized inverse @ZT_ L

The following results establish consistency and convergence rates for GSAW and GSWW
under two scenarios: when densities are known and when they must be estimated from
data. In the latter case, we additionally require assumptions (P1), (K1), (K2), and (F1),
which are stated in Appendix C together with details of the density estimation procedure.
Corresponding results for LSAW and LSWW regression are provided in Theorems 14 and 16
for known densities, and in Theorems 15 and 17 when densities are estimated.

Theorem 6 (Convergence of GSAW regression) Assume (D1), (F1)-(F2), (A1) and
(T0)~(T2). For a fired x € RY, it holds for m2AW (z), mg MW () as per (16), (19) that

dsw (mg™W (x), gV () = O,(n~Y?),

H ?udesw (Mg (@), ™ (2)) = Op(n="C+),
T|E<

for a given B > 0 and any € > 0. When densities are estimated, the same rates hold for
mgW (z) as per (21) under (P1), (F1'), (K1)-(K2) in Appendiz C.

The GSAW thus yields a parametric convergence rate that does not depend on the di-
mension of the distribution space. Since the regularized inverse transform ¢! is continuous
due to (T3), it is possible to obtain sup norm convergence for SWW. Under Assumption

(A2), the population-level target mgWW is

5 a0 2
7€le
where MEWW is as in (18).

Theorem 7 (Convergence of GSWW regression) Assume (D1), (F1), (F3), (A2),
(T0)~(T4). For a fired x € RY, for m2WW (x), mgVZW(:c) as per (24), (20), Cy(7) and
Ca(T) from (T3),

doe (mEVY (@), VY (2)) = O, (C1(7) + Calr)n=27) .

13
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Furthermore, for a given B > 0 and any € > 0,

sup do, (mEWY (), mgy W (x)) = O, (01 (r) + oQ(T)n—2/<7+e>> _

[zl|z<B

For estimated densities one obtains the same rates for mgWW( ) as per (22) under (P1),

(F1'), (K1)-(K2) in Appendiz C.

The reconstruction error has two parts. The first term C(7) is linked to the approximation
bias in the reconstruction, while the second term Cy(7) ensures that the approximation in
the transformed space I'g is not excessively amplified (see Figure 3). If the slicing transform
is the Radon transform, Corollary 8 shows that the curse of dimensionality is manifested in
both C1(7) and Ca(7), as the required order of smoothness increases with the dimension of
the distribution to achieve the same convergence rate. We only provide the more intricate
scenario when densities are not fully observed; analogous results hold for the case of known
densities.

Corollary 8 When taking the Radon transform R and the corresponding reqularized inverse
R-Y as per (3) and (6), under the assumptions of Theorem 7,

den (mgww( ) mg}r/w(m)) =0y (Tf(k’p) + Tpn*2/7> :

P deo (m&W (@), g (2)) = Op (7~ 4 P02
T|EX

and with T ~ n? ™,

doe (mEY (@), VY (2)) = O, (n727),
sup_dop (m&"Y (), gV (2)) = Oy (7).
|z z<B

7. Numerical Algorithm
7.1 SAW Regression

To solve problem (21) in practice, we use a numerical optimization process proposed in
Bonneel et al. (2015) that involves parametrizing a probability measure with equal weights.
Specifically, we use random observations W = {Wj}jv: | € RP*N where each observation
W, € RP follows a distribution characterized by a density function fw in F. We intro-
duce the Radon slicing operation (-,6) : RP +— R for each random observation, resulting
in a univariate distribution with the density function R o fyw(#). The multivariate distri-
bution p corresponding to the density fw can be represented as a discrete input measure
uw = %Z;V 1 5W, Similarly, we represent the ¢-th distribution p; as a discrete input
measure [y = 7 Zj 1 0w,; where W = = {W;; }n’ L € RP*N and W ~ pi. The GSAW
regression of (21) given X = a; can be represented as

n

argmin Mg(W,z) =n" Z dsw Mw(z),,U«W)] (25)
WeRpxN —

14
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It is known that the target function is smooth for the Radon transform, a result that
we state below for reference. We use the notation W(#) = ((W, 9>)§V: , € RY and similarly
wO (@) = (<W,-j,9>)§vzl e RY. For any A = {Aj}é-v:l € RY where 4; € R, 14 is a
permutation operator on A, such that I1a(A4) = (A, An(2), - Any)T with Ay <
Ane) < -+ < Anav)-

Proposition 9 (Theorem 1 (Bonneel et al., 2015)) For each fized x and N; = N, we
have Mg(W,z) : RP*N — R is an L' function with a uniformly pg-Lipschitz gradient for
some pg > 0 given by

VMG(W,z) =n " ) [Sig(x) /@ 9 (W(a) Ty ) © Mo g) © W(’)(9)> d&} .
i=1

The operation H;‘}(Q) o Iy (g) © W) () aligns W (9) with W(#) in the sense of non-
decreasing order for calculating the empirical Wasserstein distance. In practice, an equidis-
tant grid (61, 62, ..., 01,) along the angular coordinate 6 is used to approximate the integration
over ©. Note that (25) is non-convex and we use gradient descent to find a stationary point;
see Algorithm 1.

Since the algorithm implied by Proposition 9 requires that the sample sizes N; at which
each distribution is sampled are identical, we set N = min;—1 ., IV; in step 2 of the following
algorithm. In instances where N; > N, we choose a randomly selected subsample of size N,
referred to as downsampling in the following. For an additional discussion about the local
modeling approach for SAW, we refer to Appendix D.4.

Algorithm 1 GSAW Algorithm when using the Radon Transform
Initialize a grid (61,62, ...,601) along ©

Set N = min;—1,. , N;, convergence threshold ¢ and learning rate 7
For each piyy i), downsample W@ such that all W e RPN
Initialize W0 ¢ RPN arbitrarily and fix the output predictor X = x

repeat
Calculate VMg(WIH, )

n L
. T
VMW 2) = (nL)™ > Y sia(x)6, (W(eo — Ty gy © Mwai(g,) © Wm(el))
1=11=1

. W = W — p U Mg (WL 1)
8: until Algorithm converges with HW[kH] — Wikl ||2 / HW[k] H2 < e to Wl
SAW(x)

9: Consider each column of WI*! as a sample from e and apply the kernel density

estimator (27) in the Appendix to derive the density estimator f

7.2 SWW Regression

Since SWW regression is split into completely separate slice-wise regression steps, one can
leverage parallel computing to enhance computing efficiency; the permutation operator is
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not needed. We note that the local model for the SWW approach can be implemented
analogously simply by using local instead of global Fréchet regression in the algorithm.

Algorithm 2 GSWW Algorithm for the Radon Transform

1: Initialize a grid (01, 02, ...,01) along © and fix the output predictor X = x

2: Perform a Radon slicing operation over random observations, i.e. <W(i),01>, 1 =
1,...n,l=1,....L

3: for I =1,..., L do in parallel

4: Apply the Fréchet regression for sliced random pairs, (Xi,<W(i),91>), i=1,...,n
(Petersen and Miiller, 2019; Chen et al., 2023b)

Calculate the fitted density on the output X = z as A(6;)
6: end for
7. Apply the regularized Radon reconstruction f = R=1(\) through (6)

8. Simulation Study

To evaluate the finite-sample performance of the proposed methods, we design a generative
framework that produces random p-dimensional probability distributions pu, together with
a scalar predictor X from a uniform distribution on [—0.5,0.5]. We begin with multivariate
Gaussian responses, where both the mean vector and covariance matrix depend on X.
Specifically, given X = z, the mean vector is generated as N'(a(z), I,), with a(x) € RP, and
the covariance matrix is sampled from a Wishart distribution W, (Z(z),p+ 1), with degrees
of freedom p + 1 and scale matrix Z(x) € RP*P.

To generate more complex non-Gaussian responses, we apply a random transport map
to the Gaussian distributions constructed above. Specifically, each coordinate of the mul-
tivariate distribution is pushed forward by a map 7', chosen uniformly at random from
Ti(z) = z —sin(kz)/|k| for k € {—2,—1,1,2} (Panaretos and Zemel, 2016). The map T
is non-decreasing and has expectation equal to the identity. This transformation preserves
the true regression function while significantly complicating the distributional structure,
yielding non-Gaussian multivariate distributional responses.

We consider both Gaussian and non-Gaussian distributional settings, each with two
different dimensions (p = 2 and p = 5), and further distinguish between global and local
regression models. This results in a total of eight simulation settings. Table 1 summarizes
all cases: Settings I-IV correspond to Gaussian responses with parameterizations depending
on X = x, while Settings V-VIII represent their non-Gaussian counterparts, obtained by
applying the random transport map 7' to the Gaussian distributions.

The proposed global (GSWW, GSAW) and local (LSWW, LSAW) regression methods
were evaluated separately under each of the eight simulation settings. For comparison, we
included two existing approaches for regression with distributional responses. The first com-
parison method, denoted as FM (Fan and Miiller, 2024), is based on the Sinkhorn distance
(Cuturi, 2013) and focuses on interpolation and extrapolation of univariate and bivariate
distributions. The second comparison method, denoted as HMM (Hron et al., 2023), is
based on a Bayes-Hilbert-space representation of bivariate densities using centered log-ratio
transformations and spline approximations. Both FM and HMM are applicable only in the

16



SLICED WASSERSTEIN REGRESSION

Table 1: Simulation settings. Settings I-IV correspond to multivariate Gaussian distribu-
tional responses with distributional parameters depending on X = z as indicated. Settings
V-VIII are identical to I-IV, but with an additional random transport map 7', sampled from
{Ti(z) = z —sin(kz)/k : k € {—2,—1,1,2}}, applied to generate non-Gaussian multivariate
distributional responses.

Distribution Dimension Regression Setting

a(z) = (z,2)T,

I p=2 GSWW, GSAW P(x) = diag(z + 1,z + 1)
Gaussian o —
11 Lsww, Lsaw @) = a(sin(5). 5 sin(52))T,
’ 2 (x) = diag(cos(5z),cos(5x))
a(z) = (z,...,2)7,
H p=5 GSWW, GSAW 5y — diag(e + 1,...,2 + 1)
v LSWW, LSAW a(z) = (3sin(52),..., 3sin(32))T,

2 (x) = diag(cos(5z),...,cos(5z))

GSWW, GSAW:; Same as Settings I-IV but with
LSWW, LSAW a random transport map T’

V-VIII non-Gaussian p =25

bivariate setting (p = 2): FM becomes computationally infeasible in higher dimensions due
to its grid-based discretization (e.g., a 50° grid for p = 5 would require excessive memory
and runtime), while HMM is inherently designed for bivariate distributions. Accordingly,
comparisons with these methods were restricted to the bivariate case.

Simulations were conducted for sample sizes n € {50, 100,200}. For each distribution,
N = 200 observations were generated per distribution for p = 2 and N = 500 for p = 5.
Fach configuration was replicated 100 times, and estimation accuracy for the kth Monte
Carlo run was quantified by the integrated squared error (ISE):

0.5
1se - [ dy (i), m(@)) da. (26)

where m(z) is the true regression function and my(x) the fitted regression function from
the kth run. For the local methods, bandwidths were set to 0.25n1/5.

The results for the proposed SWW and SAW approaches and the comparison methods
are reported in Table 2. Across all considered settings, the proposed SWW and SAW meth-
ods yield considerably smaller mean ISE values than both comparison methods FM and
HMM. This performance gain reflects the effectiveness of slicing in capturing distributional
variation through one-dimensional projections, which is particularly advantageous for com-
plex multivariate distributional responses. As the sample size n increases, both SWW and
SAW exhibit clear convergence behavior, while FM and HMM show comparatively limited
improvement. For FM, this behavior can be attributed to approximation errors induced by
grid-based discretization and entropic regularization. In contrast, the reduced performance
of HMM is likely due to its reliance on clr-based linear representations and spline smooth-
ing, which do not explicitly capture the transport geometry underlying the distributional
responses.
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Table 2: Simulation results for three sample sizes across eight settings using the proposed
regression methods (SWW and SAW) and comparison methods FM (Fan and Miiller, 2024)
and HMM (Hron et al., 2023). Each cell reports the mean (standard deviation) of the
integrated squared error over 100 replications. FM is reported only for the bivariate case
(p = 2) due to computational infeasibility in higher dimensions, while HMM is only ap-
plicable to bivariate distributions. Settings I-IV correspond to Gaussian responses, while
Settings V-VIII correspond to non-Gaussian responses generated via a random transport
map T

Distribution  Dimension n SWW SAW FM HMM
50 0.080 (0.035)  0.109 (0.032)  0.460 (0.070) 0.652 (0.071)
I p=2 100 0.053 (0.021) 0.086 (0.019) 0.438 (0.059) 0.637 (0.052)
G . 200 0.037 (0.012) 0.073 (0.011)  0.416 (0.031)  0.630 (0.037)
aussian
50 0.076 (0.020) 0.115 (0.023) — —
111 p=>5 100 0.041 (0.010) 0.088 (0.016) — —
global 200  0.027 (0.006) 0.076 (0.015) — —
50 0.081 (0.037)  0.109 (0.034) 0.515 (0.126)  0.734 (0.097)
A\ p=2 100 0.047 (0.021) 0.081 (0.019) 0.481 (0.101) 0.709 (0.077)
non- 200 0.031 (0.012) 0.067 (0.010) 0.436 (0.049) 0.698 (0.055)
Gaussian
50 0.068 (0.019) 0.110 (0.020) — —
VII p=>5 100 0.033 (0.009) 0.081 (0.010) — —
200 0.019 (0.005) 0.071 (0.010) — —
50 0.150 (0.054)  0.126 (0.035)  0.448 (0.063)  0.588 (0.066)
11 p=2 100  0.086 (0.024) 0.094 (0.019) 0.414 (0.045) 0.575 (0.050)
Caussi 200 0.056 (0.014)  0.076 (0.011)  0.393 (0.026)  0.567 (0.033)
aussian
50 0.144 (0.027)  0.131 (0.023) — —
v p=>5 100 0.074 (0.016) 0.092 (0.016) — —
local 200  0.046 (0.007) 0.077 (0.014) — —
50 0.163 (0.062)  0.131 (0.038) 0.505 (0.107)  0.644 (0.096)
VI p=2 100 0.086 (0.026)  0.092 (0.020)  0.467 (0.093)  0.616 (0.084)
non- 200 0.055 (0.015)  0.073 (0.011)  0.422 (0.049)  0.594 (0.054)
Gaussian
50 0.135 (0.024) 0.125 (0.019) — —
VIII p=>5 100 0.068 (0.015) 0.086 (0.009) — —
200 0.039 (0.006) 0.074 (0.009) — —

Between the two proposed methods, SWW consistently outperforms SAW, especially
for larger sample sizes. This advantage can be attributed to the fact that SWW minimizes
a convex objective function independently within each slice, ensuring a unique minimizer,
whereas SAW relies on gradient-based optimization of a global non-convex objective over
the multivariate distribution space. A visual comparison of the true and fitted bivariate
densities obtained by SWW and SAW is provided in Figure 11 in Appendix J, where SWW
produces density estimates that are visually more accurate and better aligned with the true
distributions.

Runtime comparisons for the proposed methods (SWW and SAW) and the comparison
methods FM and HMM are reported in Table 3. All experiments were conducted on a
16-inch MacBook Pro equipped with an Apple M3 Max chip (14 CPU cores and 36 GB
unified memory) running macOS Tahoe 26.2, with parallelization configured to use 10 CPU
cores. As shown in the table, FM is substantially more computationally demanding than
all other methods in the bivariate case, reflecting the cost of repeated Sinkhorn iterations
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Table 3: Runtime (in seconds) for the proposed regression methods (SWW and SAW) and
comparison methods (FM) (Fan and Miiller, 2024) and HMM (Hron et al., 2023) across
different dimensions and sample sizes. FM is reported only for p = 2 due to computational
constraints, while HMM applies only to bivariate distributions.

Dimension n SWW SAW FM HMM

50  0.80 10.32  43.88 0.76
p=2 100 1.04 16.94  107.76 1.28
200 1.21 35.60  386.55 2.50

50  2.75 4093 — -
p=93 100 3.31 78.64 — _
200 6.79 153.07 — —

50  0.71 9.37 45.64  0.64
p=2 100 1.02 18.89  83.40 1.22
200 1.29 35.20 399.69 2.40

50 2.0 41.27 — —
p=>5 100 2.41 79.70 — —
200 4.75 153.83 — —

global

local

on fine grids, and becomes infeasible for higher-dimensional distributions. In contrast,
HMM exhibits comparatively low runtime in the bivariate setting, but this computational
efficiency comes at the cost of reduced estimation accuracy, as observed in Table 2.

Among the proposed methods, SWW is consistently the most computationally efficient
across all settings, while SAW incurs a substantially higher computational cost due to the
need to solve a global non-convex optimization problem via gradient-based methods. The
runtime of SAW increases rapidly with the sample size n and the distributional dimension
p, whereas the runtime of SWW grows more moderately. These empirical findings are
consistent with the theoretical and algorithmic differences between the two approaches and
with existing analyses of computational complexity for bivariate Wasserstein barycenters
based on Sinkhorn and sliced Wasserstein distances (Bonneel et al., 2015).

9. Data Analysis

9.1 Excess Winter Deaths in Europe

Excess winter deaths are a social and health challenge. For European countries, they have
become an acute problem due to rapidly rising heating costs. It is known that in general
Northern European countries have lower excess winter mortality rates compared to Southern
European countries (Healy, 2003; Fowler et al., 2015). Our goal in this analysis was to
follow up on this by modeling conditional distributions directly, rather than characterizing
mortality effects through summary statistics such as sample mean or standard deviation,
as was done in previous studies. Simply applying the conventional regression model to
the scatter plot between excess winter mortality rates and the absolute winter temperature
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Figure 4: Scatterplot of excess winter death rates (y-axis) against winter temperature (-
axis)

(see Figure 4) makes the analysis susceptible to Simpson’s paradox, creating a misleading
perception of an association between increased excess winter death rates and higher winter
temperature. A better approach is to separate the observations by country.

We focused on n = 31 countries with available data from 1999 to 2021, for which
we adopted the proposed GSWW and GSAW models with the country-level base win-
ter temperature averaged from 1961-90 as predictor and the country-level bivariate distri-
bution between the excess rate of winter mortality relative to the previous summer and
winter temperature anomaly relative to the base winter temperature from 1961-90 as the
response. We chose standardized winter temperature anomalies to ensure better overlap
of shared subdomains within country-specific bivariate distributions. The absolute num-
ber of deaths in each of the 31 European countries from 1999 to 2021 was obtained from
the Eurostat database https://ec.europa.eu/eurostat/web/main/data/database and
the winter temperature anomalies and base winter temperatures from 1961-90 from https:
//www.uea.ac.uk/groups-and-centres/climatic-research-unit/data. The observed
smoothed bivariate distributions are in Figure 5(a) for a few selected countries.

The fitted densities obtained from the GSWW model are shown in Figure 5(b), where the
corresponding sliced Wasserstein fraction of variance explained is 0.53; the fitted densities
when fitting GSAW for the same countries can be found in Appendix J. Countries with
warmer climates typically experience a higher rate of excess deaths during the winter season
compared to colder countries for the same temperature anomaly. For instance, in Spain, a
country with a warm climate, there is a roughly 30% increase in the number of deaths during
the winter months compared to the preceding summer. However, in Sweden, a country with
a colder climate, this increase is only around 15%.

Figure 6 illustrates the Fréchet regression steps for one-dimensional distributions for
some representative projections. As the base temperature increases, the variance of the
temperature anomalies decreases and the excess winter death rates shift to a higher level.
The slice corresponding to the projection angle at 135 degrees illustrates the main effect of
the regression, which is a shift to the right as winter base temperature goes up, leading to
higher winter mortality, an effect that is most pronounced for Spain. Most likely, populations
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Figure 5: (a) Observed smoothed and (b) fitted densities from global slice-wise Wasserstein
regression (GSWW) of the joint distributions of excess winter death rates (y-axis) and winter
temperature anomalies (z-axis) for selected European countries, ordered by their base winter
temperature. Each panel is labeled with the country name, and the corresponding average
base winter temperature (in °C) for 1961-1990 is shown. The sliced Wasserstein fraction of
variance explained is 0.53.

used to a relatively warm winter contain a higher fraction of individuals who are more
susceptible to cold temperatures than populations accustomed to a cold winter.
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Figure 6: Fréchet regression between the base winter temperature (predictor, on the y-axis)
and the slicing distributions (responses, on the z-axis) for various projections. The number
at the top of each panel indicates the angle of the respective projection with the z-axis in
Figure 5(a).

9.2 S&P 500 and VIX Index Joint Modeling

In the realm of financial markets, the application of distributional data modeling tech-
niques holds promise, particularly concerning assets like stocks, exchange-traded funds or
derivatives (Officer, 1972; Madan, 2020). One central challenge for financial market model-
ing stems from complex market dynamics featuring non-normality, low signal-to-noise ratio,
and sudden, unpredictable changes in volatility (Madan and Wang, 2017). Traditional mod-
eling of multivariate distributions in finance has centered on copula-based approaches that
link marginal univariate distributions such as bilateral gamma marginals through a pre-
specified copula function (Cherubini et al., 2004; Kiichler and Tappe, 2008; Madan, 2020).
The promise of sliced Wasserstein regression is that it eliminates the need to decompose
the bivariate distribution into marginal distributions and to specify a copula function by
directly targeting the bivariate distributions and their relation with predictors. In this con-
text, there is growing interest in exploring the joint distribution between weekly returns of
two crucial financial indices, the S&P 500 index and the Volatility Index (VIX), where the
latter tracks expected volatility in the stock market over the subsequent 30 days (Madan,
2020). The objective is to gain a deeper understanding of this joint distribution and its
connection with the Gross Domestic Product (GDP) of the United States. The S&P 500
and VIX index data were sourced from Yahoo Finance (https://finance.yahoo.com/).
The observed smoothed bivariate distributions are in Figure 7(a) for a few selected years,
ordered by the associated GDP growth rate.

Consistent with the findings in the prior study by Madan (2020), the VIX returns are
seen to exhibit more variation than the S&P 500 returns, along with an evident negative
correlation between these two returns. This inverse relationship occurs because elevated VIX
levels, indicating market turbulence, typically coincide with lower stock prices, reflecting
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Figure 7: (a) Observed smoothed and (b) fitted densities from global slice-wise Wasserstein
regression (GSWW) of the joint distributions of weekly returns of the VIX index, which
reflects expected market volatility (y-axis) and S&P 500 index (z-axis) for selected years,
arranged in order of the associated yearly GDP growth rate. Each panel is labeled by year;
the corresponding yearly GDP growth rate (as a percentage) is also indicated.

investor anxiety. In contrast, periods of market stability or upward trends in stock prices
are associated with lower VIX values. The fitted densities obtained from the GSWW model
are shown in Figure 7(b). They are seen to generally track the observed trends but not
the sharpness of the density peaks; the Wasserstein fraction of variance explained is low at
0.15. Details of how the sliced regression works can be seen in Figure 8, which illustrates
the (global) Fréchet regression step for the univariate distributions corresponding to a few
representative slices.

Further results for GSAW (instead of GSWW) and the local models (LSWW and LSAW)
can be found in Appendix J. The slice-wise fits elucidate the association between the GDP
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Figure 8: Fréchet regression between the GDP growth rate (predictor, on the y-axis) and
the slicing distributions (responses, on the z-axis) for various projections. The number at
the top of each panel indicates the angle of the respective projection with the x-axis in
Figure 7(a).

growth rate and the bivariate distributions, showcasing the profound influence of GDP
growth on the marginal distribution of the S&P 500 index’s weekly return and its relation-
ship with the VIX index. In Figure 8, an increase in the GDP growth rate coincides with
a substantial decrease in the variance of the S&P 500 index return, contrasting with the
relatively stable variance of the VIX index. Moreover, as depicted in Figure 7(b), a higher
GDP growth rate intensifies the responsiveness of VIX index upticks to downticks in the
S&P 500 index. In essence, during times of robust economic health (indicated by higher
GDP growth rates), declines in the S&P 500 index are more likely to be associated with
market turbulence, resulting in an increase in the VIX index.

For instance, during challenging periods such as 1990 (amidst the Gulf War), 2001
(following the September 11 terrorist attacks), 2008-2009 (amidst the financial crisis and
substantial recession), and 2020 (amidst the COVID-19 pandemic), when the US economy
faced significant hardships, a notable increase in the variance of the S&P 500 index was
expected. In contrast, during more favorable economic phases like 2004 (highlighted by solid
economic performance and low inflation rates), 2018-2019 (marked by sustained economic
expansion and robust GDP growth), and 2021 (notably aided by fiscal stimulus to rebound
from the pandemic’s impact), when the US economy was thriving, downturns in the S&P
500 index were more prone to coincide with surges in the VIX index. This association
potentially stems from fears regarding an impending economic downturn.
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9.3 Exchange Traded Funds

An additional data illustration is presented in Appendix E to highlight the application of
the local versions LSWW and LSAW of the sliced Wasserstein regression models.

10. Discussion and Outlook

The proposed SAW and SWW regression approaches are new tools for the statistical analysis
of multivariate distributional data that come with theoretical guarantees and with the
flexibility to employ both global and local Fréchet regression methods. The SAW regression
model employs Fréchet regression over the multivariate distribution space equipped with the
established slice-averaged Wasserstein distance, where the pointwise rates of convergence are
optimal for both global and local SAW regression models under certain regularity conditions.
The SWW approach offers a new perspective on how slicing transforms can be utilized for
the analysis of data that consist of multivariate distributions. SWW regression is based
on a regression step for each slice, thus allowing for parallel computation and avoiding the
entanglement of the slices that is a characteristic of SAW regression. SWW is coupled with
a regularized inverse transform from the sliced space to the original distribution space and is
motivated by the idea that executing a regression step for each slice minimizes the slice-wise
prediction error and when integrating this error it is smaller than the SAW error, as the
latter seeks to minimize the aggregated error across all slices.

A downside of SWW regression is that it is associated with a slower rate of conver-
gence. This is due to the fact that the slice-wise minimizers are not necessarily in the image
space J(ﬁ ), necessitating the use of a generalized version of the inverse slicing transform
J; ! when transforming back to .%, which requires a regularization parameter 7 and slows
down the convergence of the final distribution estimates in the distribution space .#. Ad-
ditionally, SWW requires a higher order of smoothness for the densities of the underlying
distributions to achieve comparable convergence rates to SAW, since the convergence rates
of SWW depend crucially on the convergence of the Fourier transform, where the undesir-
able assumption k > p+1 is required to ensure sufficiently fast convergence. However, these
disadvantages are mitigated by the improved performance of SWW regression compared to
SAW regression in both simulation settings and real data applications. This superior per-
formance likely is due to smaller constants in the error rates for the slice-wise optimization
in SWW as compared to the slice-averaged optimization in SAW, where the better rates of
convergence of SAW cannot overcome this advantage for moderate sample sizes as typically
encountered in statistical data analysis.

For situations where Assumption (A2) does not hold exactly, the theoretical arguments
can be extended. In particular, if the slice-wise SWW population minimizer is sufficiently
close to the image of the slicing transform 1;(,95 ), one may redefine the population SWW
target as the inverse image of its projection onto J(ﬁ ), and analogous convergence results
can still be obtained. We note this possibility here but do not pursue it further, as fully
developing this alternative would substantially increase technical complexity without adding
to the main statistical insights of the paper.

We investigated two cases, the theoretically ideal case where the underlying densities
are all known, an assumption that has been routinely made in previous research on sliced
Wasserstein methods, and a more realistic case where the densities are not known and must
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be estimated from data generated from them. When densities need to be estimated, several
additional issues arise. One of these is that uniform convergence of the estimators over
the entire domain D is required, while the resulting estimates also need to be bona fide
densities on D. While we offer a valid approach by truncating distributions to suitable
subdomains, in order to keep the focus of the paper on the sliced Wasserstein approaches, a
full resolution of this issue is left for future research. Commonly available estimators such
as kernel estimators and their many variants do not achieve both properties over the entire
domain; see Petersen and Miiller (2016) for an in-depth discussion of the analogous issue
for the one-dimensional case.

An ideal solution would lead to a bona fide density estimator that takes advantage of
the additional order of smoothness k in the SWW case. However, our practical experience
with kernel density estimation has shown that faster rates of convergence that are theoret-
ically attainable for higher order smoothness of the underlying density functions coupled
with higher order kernels rarely materialize for moderate sample sizes typically encoun-
tered in statistical data analysis. The reason for this is the same as mentioned above for
the superiority of SWW over SAW in practical applications: The improvement in the rate
of convergence is not strong enough to mitigate the effect of the larger constants associ-
ated with higher order kernels and one also incurs the problem of negative-valued density
estimates (since higher order kernels cannot be non-negative).

In view of these considerations, we implemented a simple approach: We assume all
distributions have sufficiently smooth densities f on domains Dy > D, > D, where D is
a compact convex set that is chosen by the user for a specific application. Then densities
are estimated with positive kernels (of order 2) on D, and the truncated versions of these
estimates on domain D are used as estimates of the densities on D, which are assumed to
be the targets. This allows for boundary-effect-free estimation, yielding bona fide densities
on D that satisfy the requisite assumptions. The individual domains Dy may be known in
some settings, but are often unknown in practice. In such cases, the choice of the common
domain D should be guided by subject-matter knowledge and standard statistical judgment.

Concurrent with our work, geometric properties associated with the so-called disinte-
grated distributional space have been recently studied (Kitagawa and Takatsu, 2026) and
it was shown that the SAW representation and metric associated with the slice-averaged
Wasserstein distance does not lead to a geodesic space (Park and Slepcev, 2025). In con-
trast, the SWW representation and associated distribution-slicing Wasserstein metric per-
mits geodesics and thus is a geodesic space; this is a straightforward consequence of the
fact that the Wasserstein space for univariate distributions is a geodesic space with the Mc-
Cann interpolants serving as geodesics (Gangbo and McCann, 1996). A geodesic space is
a prerequisite for adopting promising intrinsic approaches for principal component analysis
(Bigot et al., 2017), regression (Zhu and Miiller, 2026) and extrapolation (Fan and Miiller,
2024). The geodesic structure of the novel slice-wise methodology that we introduced in
this paper is thus a major advantage of this approach and exploiting this structure is a
promising avenue for future research.

A natural direction for future research is to extend the proposed slicing-based frame-
work to distribution-on-distribution regression, where both predictors and responses are
probability distributions. Existing approaches in this setting include Ghodrati and Panare-
tos (2023) and Okano and Imaizumi (2024). Developing slicing-based regression methods
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for distribution-valued predictors would require new methodological and theoretical tools,
such as appropriate slicing transforms on predictor spaces and corresponding Fréchet re-
gression formulations. This could be a promising avenue for broadening the scope of sliced
Wasserstein regression methods.

For the common scenario where response distributions are not fully observed and must
be reconstructed from random samples generated by the underlying distributions, a situa-
tion that was not considered in previous applications of the Radon transform for distribution
slicing, the domain assumption requires a slight adjustment as discussed in Appendix C.
This adjustment makes it possible to avoid an unproductive discussion of boundary effects
when estimating densities from available data they generate while conforming with sta-
tistical practice, where invariably a user will choose a reasonable domain of interest. To
guarantee that the density estimators are non-negative bona fide densities, we utilize the
second-order smoothness of the multivariate density function. To take full advantage of the
assumed smoothness of the multivariate density function to achieve a faster convergence
rate, the option of employing a higher-order kernel k of order k is available. However, the
resulting density estimates are not guaranteed to be non-negative, violating the requirement
of being bona fide densities. Further discussion of this issue can be found in Appendix C.
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Appendix A. Abbreviations, Notations and Summary of Models

Table 4: List of notations (1). The bracketed explanation corresponds to the second half of
the notation.

Notation ‘ Explanation
D known support of multivariate distribution
|D| Lebesgue measure of the support D
P dimension of the multivariate distribution
q dimension of the predictor X
f(z), F multivariate density functions (space)
g(u), G univariate density functions (space)
I(g) support of univariate distribution, g € G
q(s), Q quantile functions (space)
w, F multivariate distributions (space)
v, 9 univariate distributions (space)
0,0 slicing parameter (set)
A Ao density slicing functions (space) from © to G
v, g quantile slicing functions (space) from © to Q
U, Py slicing (regularized slicing) transform from F to Ag
R, R, Radon (regularized Radon) transform from F to Ag
o (1) a regularizing function on Fourier domain
A; reconstruction error
J1, Ip univariate (multivariate) Fourier transform
%) map from % to F or from 4 to G
0 map from I'g to Ag
G map from ¢ to Q
0,y induced slicing (regularized slicing) transform from .# to I'g

Appendix B. Additional Assumptions

(A3) argmin cp, MPWW (y,2) € (.F) as per (32).

(L1) The kernel K used in the definition of the local sliced Wasserstein regression in Section
D is a probability density function and is symmetric around zero. Furthermore,
defining Kyj = [ K*(u)u/du, |K14| and |Kyg| are both finite.

(L2) The marginal density of X denoted as Ex(x) and the conditional density of X given
po=w, Ex u(-,w), exist and are twice continuously differentiable, the latter for all
w e F, With supxw | (02Ex),/02?) (z,w)| < 0. Additionally, for any open U c .Z,
fU ul x (z,w) is continuous as a function of z.

(L3) The derivative K’ exists and is bounded on the support of K, i.e., supy ()~ [ K'(u)| <
o0; additionally, [p u?|K’(w)|(Julog |ul|)/2du < .
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Table 5: List of notations (2). The bracketed explanation corresponds to the second half of

the notation.

Notation Explanation
d metric on %
dw Wasserstein distance on .% or ¢
dpw distribution-slicing Wasserstein metric on I'g
dsw slice-averaged Wasserstein distance on %
do L? norm
deo L* norm
Z1, 4o random variables on RP
P, p2) probability measure with marginal distributions p1, o
wy X random pair with € .7, X € R?
F joint distribution of X and u
Fx,F, marginal distribution of X (of u)
m(x) Fréchet minimizer
M(-,x) conditional Fréchet function
sa(X,x), siq(x) (sample) weight function of global Fréchet regression
SAW, GSAW (global) slice-averaged Wasserstein
SWW, GSWW (global) slice-wise Wasserstein

A (2), mE Y

MEW (-, x), MEWW (-, x)
7Gx
{(Xi, pi) Fiey
,ailf(?)
X5
R,

W = {Wj}évzl
WO = (W},
W (0), W)
MG(Wa ‘T)
<'> 9>
IT4
n

GSAW (GSWW) regression minimizer
GSAW (GSWW) conditional Fréchet function
minimizer of MWW (., z)

a sample of random pairs of predictors and measures
estimated distribution (density function)
sample mean (variance) of {X;}" ,
slice-averaged Wasserstein R? coefficient
random observations
random observations from p;
sliced observation (observations from ;)
GSAW objective function
Radon slicing operation on random observation in R”
permutation operator on A € RY
step parameter in the gradient descent

(L4) Let T be a closed interval in R and 7 be its interior. Denote Ex(s) and Ex|,(+,w) as
per (L2), which exist and are twice continuously differentiable on 77, the latter for all
w € % . The marginal density Ex(x) is bounded away from zero on T, inf,e7 Ex () >
0. The second-order derivative £% (z) is bounded, sup 7o |E5 (x)| < 0. The second-
order partial derivatives (0*Ex/,,(2,w)/0x?)(z,w) are uniformly bounded, i.e.,

SUD 7o wes |(02Ex),/027) (2, w)| < 00. Additionally, for any openset U < .Z, [, dF, x(z,w)
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Notation Explanation
D, neighborhood surrounding the common support D
Dy support of the density function f
D; support of the i-th distribution
Ji,Dys i, D the i-th sample density (distribution) on support D;
Ji,0;D. the i-th sample density on the subdomain D,
N;, 1\71- number of observations on D; (D)
K,b kernel function (bandwidth) for density estimation
Extipur Ex conditional (marginal) density of X
K, h kernel function (bandwidth) for local regression
T domain of the predictor X when ¢ =1
st (X, x, h), sipn(2) (sample) weight function of local Fréchet regression
LSAW local slice-averaged Wasserstein
LSWW local slice-wise Wasserstein
m%‘}lw(:c),mif/}{y LSAW (LSWW) regression minimizer
Mfﬁw(‘, x), Mffffw(-, x) LSAW (LSWW) conditional Fréchet function
YL b minimizer of M‘LS},/LVW(-, x)
Mp (W, x) LSAW objective function
Dk differentiation operator on F
K,a kernel function (bandwidth) used for a proof
N(e, Z,d) covering number using balls of size e
Bs[m2AW (z)] S-ball in Fcentered at m2A"W (z)
Bg(x) best approximation
v map from quantile functions to distribution functions
10, 11512, Bo, B, Ba constants
Ay, As, As, By, B1 constants
70, T1, T2, Co, C1, C2, C, constants

is continuous as a function of x; for any x € T, M(-,z) is equicontinuous, i.e.,

lim sup sup |M(w,y) — M (w,z)| = 0.

Y—xr  weF

Appendix C. Additional Preliminary Density Estimation Step

We assume for our main results that the multivariate distributions under consideration are
well defined and possess density functions on a common domain D, satisfying (D1) and (F1).
In practice, the common domain D will either be pre-specified in statistical applications or
will be chosen by the analyst based on subject-matter or practical considerations. This is
exemplified in our data examples. Once D has been selected, distributions truncated on
D are the targets of the analysis and serve as responses for the SAW or SWW regression
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Table 7: Summary of the global and local regression models.

Type  Regression Object Result
weight function sq(X,r) =1+ (X — E(X))T Var(X) ! (z — E(X))
m2AW (z) = argmin, . MW (w, 1)
target function G weF G ’
SAW ° MEAY (@) = Elsa (X, @)d%w ()]
Global convergence dsw (M3AW (2), mSAW (1)) = O, (n~1/?)
SWW — -1 ; SWW
target function ma TSWE}V) = ¥r [arg mmVEF%MG N (7, x)]
SWW MEWW (.2) = B |sa(X,@)dby (B(u), )|
convergence deo (mZVW (), MWW (z)) = O, (C1(7) + Co(T)n=27)
weight function sp(X,z,h) = Kp(X — 2)[ve — v1 (X — 2)]/03
m3W (z) = arg min,, MSAW(w x)
target function €F
& MSAW (- ) = B [dhy ()| X = a]
SAW local target mfélw( ) = argmin,cr th (w, z)
SAW ,
Local My (@) = Elsp(X, x, h)dsw(ﬂa )]
convergence dsw (mS*W (z), M4V (x)) = Op(n=2/)
SWW () — —1 SWwW
target function m SV{EQ‘;/) = [arg I;m“ire M (7.2)]
MSWW (,2) = B |y (D(1), )X = 2]
SWW

mi Y () = 07" [argmin, e, MEY™ (7,)]

MEWY () = B [s1(X, 2, )by (D), )|

convergence du (mSWW (@), mEY (@) = Op (Cr(r) + Ca(r)n %)

local target

models. The actual distributions may have domains of which D is a subset and these
domains may vary from distribution to distribution and could be unbounded.

For the practically important case where the distributions u; are not known but must be
inferred from observations, we make some robust assumptions that will suffice to side-step
the issue of boundary effects in density estimation without delving into complex technical
details. A first assumption is that there exists € > 0 so that D. = .. B(2, €) is a subset of
the domain of each underlying distribution, where B(z, €) is a ball with radius € centered at
z. This assumption makes it possible to avoid a detailed discussion of boundary effects when
estimating densities from available data they generate. We furthermore assume that the
continuous differentiability assumption (F1) holds on D.. If a random distribution in the
sample with density fp, has the (random) domain Dy, we require that Dy > D, and that on
De the density fp, is uniformly bounded from below and above, continuously differentiable
of order k and has uniformly bounded partial derivatives, where the uniformity requirement
extends across all fp,. Formally,

(F1') There exists a constant My > 0 and an integer k& > 2 such that for all f € F,
the density function f is the density of a truncated distribution on the domain D,
where the original distribution has a domain Dy with Dy 5 D, and a density fp,
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that is defined on Dy. It holds that max{|fp, |, |1/fp;llx} < Mo on D, and that
fp, is continuously differentiable of order k on De, with uniformly bounded partial
derivatives. The target distribution with density f is the truncated version of the fp,
on D, so that for all z € D one has f(2) = fp,(2)/ [, fp, (u)du.

Assume we have a sample of distributions p1 p,, ..., ftn,p, With densities fi,p,,..., fa,D.
and domains D; > D, and N; i.i.d. observations generated by f; p, by a random mechanism
that is independent of the random mechanism that generates the p; p,. Let N; be the
number of observations made for f; p, that fall inside the domain D.. We impose the
following assumption (P1) on the N; to ensure that the L? convergence rate of the density
estimates is faster than or at least as fast as the parametric rate n=1/2.

(P1) N(n) = minjcicn, N; = nP*9/4 where N; is the number of random observations for
the i-th distribution p; p, .

The following proposition shows that N; follows the same rate as (P1) with probability
approaching one.

Proposition 10 Assume (P1) and (F1'). Let N = miny<;<, N;. There exists a constant
¢ such that

P (]\7 > En(p+4)/4> — 1, asn— .

To obtain the consistency of estimates of SAW regression and SWW regression when
estimated densities are used, one needs to quantify the discrepancy between the true den-
sities of the distributions {y;}!" ; and their estimates. This preliminary density estimation
step can be implemented with standard density estimation methods, which have been ex-
tensively studied in the literature for both univariate and multivariate scenarios (Cowling
and Hall, 1996; Hazelton and Marshall, 2009).

Let up, be a random probability distribution with density function fp, that satisfies
(F1"), from which random observations Z1, ..., Zy are independently sampled. Then a stan-
dard kernel estimator f for fp ; and its truncated version f for the density f truncated to
the domain D is

f<z>=N1bp§1n(z‘be'), f<z>=f<z>//Df<u>du, ceDCR. (20)

Here, k is a kernel function and b a positive bandwidth (tuning parameter) satisfying As-
sumptions (K1) and (K2) listed below.

(K1) The kernel function k as per (27) is a probability density function that has compact
support and is symmetric, bounded and k times continuously differentiable (without
loss of generality, the support is assumed to be contained in the unit cube of R?).

(K2) For some A > 0 and w > 0, the class of functions 7, = {x (%~),z € RP,b > 0}
satisfies

A w
sup M (T Ta (P el Flaagpy) < (2
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where M (T, d,e) denotes the e-covering number of the metric space (T,d), F is the
envelope function of Z, and the supremum is taken over the set of all probability
measures on RP.

Proposition 11 Assume (D1), (F1') and (K1). Choosing b ~ N_Pﬁ, the kernel density
estimator f in (27) satisfies that

sup E£ [d2 (ﬁ f)Q‘f] = O(N /), (28)

feF

We note that by construction, f = 0, fD f(z)dz = 1 and since b — 0 as N — o0, we only
need to consider the scenario where b < ¢, when due to the compactness of the support of
the kernel k there are no boundary effects when estimating f, as for any © € D one has
B(z,€) < D.. The following proposition formalizes this in terms of a uniform convergence
rate.

Proposition 12 Assume (D1), (F1') and (K1)-(K2) and b ~ N~7¥3. The kernel density
estimator f in (27) satisfies

sup dp (f, f) = 0,(y/log NN 77). (29)
feF

We have assumed symmetric non-negative kernel functions, thus their first non-zero
moments are of order two (alternatively one can also use products of kernels that are one-
dimensional symmetric densities). If one wants to take full advantage of the higher order
smoothness of the density function f in view of Assumptions (F2) or (F3), one can use
higher order kernels k of order k, where the order of the first non-zero moments is k. We
refer to Miiller and Stadtmiiller (1999) for a more detailed account on multivariate kernels
and boundary effects in multivariate density estimation. It is well known that such higher
order kernel functions cannot be non-negative valued and thus it is not guaranteed anymore
that the resulting kernel density estimates on D satisfy f > 0, however one can still show
that, since boundary effects can be ignored,

sup F |:d2 (f, f)jf} = O(N_%/(%ﬂ’)).

feF

For example, under the condition k = p + 1 in (F3) one has

sup E [d2 (f, f)Q'f] — O(N~23),

feF

Under (F3), the condition (P1) can then be replaced by a dimension-independent rate, if
one adopts the following condition (P1).

(P1) N(n) = minjgj<p N; 2 n3?2, where N; is the number of random observations for the
i-th distribution u; when densities need to be estimated.
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The fact that f > 0 is not guaranteed for these faster converging estimates makes this
option less practical for our setting where the density estimates must be bona fide densi-
ties. The gains for higher order kernels are a consequence of their bias-reducing property,
while the variance typically suffers a substantial increase through larger constants that are
associated with these kernels. One can artificially enforce bona fide density estimates by
modifying the estimator (Gajek, 1986) but this leads to new problems. If one nevertheless
follows through with these adjustments, it may be possible to relax Condition (P1) to (P1).

Appendix D. Local Sliced Wasserstein Regression
D.1 Regression Model

For local Fréchet regression (Petersen and Miiller, 2019) we consider the case of a scalar
predictor X € R while the extension to X € R? with ¢ > 1 is easily possible but tedious and
for ¢ > 3 usually subject to the curse of dimensionality, just like ordinary nonparametric
regression approaches. For a smoothing kernel K (-) corresponding to a probability density
and Kj = h™'K(-/h), where h is a bandwidth, local Fréchet regression at z is defined as

mL,h(l‘) = arg min ML,h(wa :E)v ML,h('7 l‘) =F [SL(Xa z, h)d2 (/-La )] s (30)
wEF
where sr,(X,z,h) = Kp(X — z)[va — 01(X — 2)]/0d with v; = E[Kp(X — 2)(X — z)] for
7 =20,1,2 and 08 = vgvg — v?. The proposed local slice-averaged Wasserstein (LSAW)
regression at z is

miﬁw(x):arggﬁnMﬁﬁW(w,x), MfﬁW(.,x):E[sL(X,x,h)dgw (1, )] - (31)
WEF

The proposed local slice-wise Wasserstein (LSWW) regression at x is defined as

it @) = 0 | argmin MEYY () | MEY™ (2) = B |5 (X, B (9(0), )]
T€le
(32)

In analogy to Proposition 5 for GSWW, the following result shows that the LSWW regres-
sion is equivalent to applying the Fréchet regression along each slice 6 followed by an inverse
transform.

Proposition 13 The minimizing argument 7r, p, , = arg min
characterized as

Tna(0) = argmin F [sL(X, z, h)d2, (G*l (@Z(u)(e))) V)] _ for almost all 6 € ©,

vel'g Mf";LVW(’}/,ib), see (32)7 is

D.2 Estimation

Suppose we have a sample of independent random pairs {(Xj, p;)}_; ~ F', then the sample
mean and variance are

n n
X=n"'YX;, S=n")(X;-X)(X;—X)T.
=1 =1
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If random distributions p; are fully observed, sample estimators of LSAW and LSWW are
obtained as

n

(z) = argminMSAW(wvx)v Mfﬁw(vx) =n! Z [SiL,h(x)d%W (i, )] ) (33)
weF i=1
P @) = 0 argmin MEYY () | NIERY () = n7t 3 s )b (900, )|
T€le i=1
(34)

where s;p, () = Kh(X )[ Uy — 01(X; — 2)]/63 with 0 = n~' 3L Kp(X; —2)(X; — ),
j =0,1,2 and 63 = 0902 — 07. If the random distributions j; are estimated by fi; as per
(27), the corresponding estimators are

n

i () = argmin MW (w,2), MW (,2)=n"" Z [sin(2)d%w (i,)];  (35)

WEF i=1
n
iy (@) =v;" fargmin MEGY (3,2) MY (- E[mh dDWw(m),-)].
Y€l e i=1

(36)

A practical data-driven approach to select the tuning parameter 7 and bandwidth h
when an i.i.d. sample of random pairs {(X;, it;)}}~ is available can be obtained through
leave-one-out cross-validation. Specifically, we aim to minimize the discrepancy between
predicted and observed distributions, given by

n

7, h = argmin ) dgy (i, i (X))

nh i1

where meXKV_Z(XZ-) is the prediction at X; from the LSWW regression of the ith-left-
out sample {(X s M)} ;- When the sample size n exceeds 30, we substitute leave-one-
out cross-validation with 5-fold cross-validation to strike a balance between computational
efficiency and the accuracy of the tuning parameter selection.

D.3 Asymptotic Convergence

Some additional assumptions listed in Section B are required to derive asymptotic conver-
gence results for the local models. Assumption (A3) ensures the underlying minimizer of
the LSWW regression belongs to the image space of the slicing transform. Additional ker-
nel and distributional assumptions (L1)—(L4) are standard for local regression estimation.
We provide the following convergence result for LSAW. Here Theorem 14 provides rates of
convergence for the case where the densities in the random sample are known and Theorem
15 for the case where they are unknown and must be estimated from the data.

Theorem 14 (LSAW for known distributions). Assume (D1), (F1)-(F2), (A1), (T0)-
(T2) and (L1)-(L2). When adopting the slice-averaged Wasserstein distance, for a fized
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x€R and mSAW(x),m*qu}ZW(:U), and mféj"’(x) as per (15), (31) and (33),

dsw (m5*W (z), m74" (z)) = O (h?),

dsw (mE4Y (@), mi 4 (2)) = Op ((nh)~?),

and when taking h ~ n_1/5,

dsw (mSY (2), mE3" () = Op(n=?7).

)

Furthermore, assuming (L3)—(L4) for a closed interval T < R, if h — 0, nh?(—logh)~! —
0 as n — 0, for any € > 0,

Sugdsw(mSAW(m),miﬁW(ﬂﬂ)) =0 (1*),
xTe

sup dsw (mE " (), 23" (2)) = Op(max{ (nh?) ") [nh2(—log h)T7V2,
xe

and when taking h ~ n~1/(6+2¢)

sup dsw(mSAW(l‘), mgﬁW(w)) _ Op (n—l/(3+e)> .
zeT

Theorem 15 (LSAW for estimated distributions). Assume (D1), (F1)-(F2), (A1), (T0)-
(T2), (L1)-(L2) and assumptions based on kernel density estimation (P1), (F1'), (K1)-
(K2). When adopting the slice-averaged Wasserstein distance, for a fized © € R and
m3W (), mfﬁw(x), and mfﬁw(:n) as per (15), (31) and (35),

dsw (mW (z),m74" (z)) = O (h?),

dsw (m3 4" (@), 4 (2)) = Op ((nh)~?).

and when taking h ~ n*1/5,

dsw (m* W (z), 74" (2)) = Op(n=7).

Furthermore, assuming (L3)-(L4) for a closed interval T < R, if h — 0, nh?(—logh)~! —
0 asn — ©, for any € > 0,

sup dsw (m*W (2), m74W () = O (h?)

zeT

~ —1/(2+e€ N
sugdsw(mfﬁw(w),mfﬁw(x)) — Op(max{(nh?) ") [nh?(~logh)"1]"2}),
xre

and when taking h ~ n~1/(6+2¢)

sugdsw(mSAW(x), m%fllzw(x)) _ Op (nfl/(3+e)) .
x€
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The pointwise convergence rate of the LSAW estimator achieves the optimal rates estab-
lished for local linear estimators for the special case of real-valued responses.

Turning to the convergence of LSWW, under Assumption (A3), we define the population-
level targets mSWW as

m "W = =1 |arg min M5V (v, z) | . (37)
vel'e

For LSWW we again obtain results for two scenarios, when the densities are known in
Theorem 16 and when they are unknown and must be estimated in Theorem 17.

Theorem 16 (LSWW for known distributions). Assume (D1), (F1), (F3), (A3), (T0)-
(T4) and (L1)-(L2). For LSWW regression, for a fired x € R and m°"W (z), miv,‘{zv(m)
and mgf,‘:KV(x) as per (37), (32) and (34), with C1(7) and Ca(7) from (T3),
oo (MWW (@), mERY (@) = O (C1() + o))
doe (N (@), R (2)) = Oy (Calr) (nh) 7).

and when taking h ~ n=/?,

doe (Y (2), N (2)) = O (Cu(7) + Co(rn ™).

Furthermore, assume (L3)—(L4) for a closed interval T < R, if h — 0, nh?(—logh)™t — o
as n — oo, then for any ¢ > 0,

suﬂ;r) doo(mSWW(x), m‘zv}fzv(ac)) =0 <C1 (1) + CQ(T)h8/7> ,
xTe

sup doo(mf,vﬁv(fc), mfvﬂv(:c)) =0, <CQ(’7') max { (nh2)72/(7+6) , [nh2(— log h)_1]72/7}> ,

zeT

and when taking h ~ n~Y6+€)

supdas (m ™" (), Y (@) = Oy (Calr) + Cofrn /2159
xE

Theorem 17 (LSWW for estimated distributions). Assume (D1), (F1), (F3), (A3), (T0)-
(T4), (L1)-(L2) and assumptions based on kernel density estimation (P1), (F1'), (K1)-
(K2). For LSWW regression, for a fized x € R and m®"VW (z), m‘g‘?{zv(x) and T?LEV;{KV(QC)
as per (37), (32) and (36), with C1(7) and Ca(7) from (T3),

o (MY (@), mEN W (1)) = O (C1(7) + Co(r)h¥T)
doe (N (@), A (2)) = Oy (Calr) (nh) 7).

and when taking h ~ n=/?,

doe (MY (@), N (2)) = O (Cu(7) + Ca(rn ™).
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Furthermore, assume (L3)-(L4) for a closed interval T < R, if h — 0, nh?(—logh)™! — o
as n — o0, then for any e > 0,

suﬂ;;dw(msww(x),miyxzv(x)) =0 (Cl (1) + CQ(T)h8/7> ,
e

Su}r) doo(mLViIz/Kv(fU) miV}I{KV(x)) =0, (02(’7') max { (nh2)72/(7+6) , [nhQ(— log h)_1]72/7}) ,
xre

and when taking h ~ n=1/(6+¢)

sup o, (m*"™W (), Y (@) = O (Ci(7) + Co(ryn=/@1+))
zeT

This result demonstrates the convergence rate of LSWW regression and provides a
decomposition of the reconstruction error into two components, similar to the situation for
GSWW. In the special case of a Radon transform, Corollary 18 below shows that the curse
of dimensionality is manifested in both C1(7) and C2(7), as a higher order of smoothness is
required for a higher dimensional distribution to achieve the same convergence rate. Here
we only give an explicit result for the more intricate scenario where densities are not fully
observed and must be estimated; however, analogous results are available for scenarios with
fully observed densities.

Corollary 18 When taking the Radon transform R and the corresponding regqularized in-
verse R;! as per (3) and (6), under the assumptions of Theorem 17,

doe (Y (@), Y (@) = Op (=577 + 7700

Sul,)_doo (m VW (2),mI" ¥ (x)) = O, (T—(k—p) n Tpn—4/(21+e)> ’
xre

8/(35k)

doe (mWW (@), E N (2)) = Oy (n~ Sk

and with 7 ~n

Furthermore, for  ~ n*(21%)

sup deo (mSWW(LL’), mf%‘f’(x)) =0, <n_4(k_p)/(21k+e)) .
zeT

We note that the uniform convergence results for LSAW and LSWW can be applied to
scenarios where one aims at maximizing/minimizing a functional of the unknown distribu-
tion in dependence on the predictor. Then the target is the location z* and the value of
the functional where the extremum occurs; see Miiller (1985) for the case of real-valued
responses and Chen and Miiller (2022) for univariate distribution-valued responses.

D.4 Numerical Algorithm

Following the notations in Section 7, the LSAW regression of (35) given X = z is defined
as,

n

argmin My, ,(W,z) =n~ Z sipp(2)dew (two, iw) ] - (38)
WeRpPxN —
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The following proposition states that the target function of LSAW is smooth for the case
of the Radon transform.

Proposition 19 (Theorem 1 (Bonneel et al., 2015)) For each fired x and N; = N,
Mp (W, z) : RPN s R s an L' function with a uniformly pp-Lipschitz gradient for
some pr, > 0 given by

VMpp(W,z) = n-t Z [siL’h(x) /@ 0 (W(G) — H;\}(a) o HW@)(@) ow(@ (0)) dG] .
i=1

In analogy to Algorithm 1, we use the following gradient descent algorithm to find a
stationary point.

Algorithm 3 LSAW Algorithm when using the Radon Transform
Initialize a grid (61,62, ...,01) along ©

Set N = min;—1 ., NV;, convergence threshold € and learning rate n
For each piyy (i), downsample W@ such that W ¢ RP*N

Initialize W0 € RP*N arbitrarily and fix the output predictor X =

repeat
Calculate VM (WK, 2) through

n L
. T
VMW, 2) = (D)7 Y sinn(@)n (W(0) =TI ) © Ty gy e WO (0))
i=11=1

. W =W — v My, (WL )
8: until Algorithm converges with [Wk+1 — Wk |, /|[WE] |, < ¢ to W]
9: Consider each column of WI*! as a sample from mff}LW(x) and apply the kernel density

estimator (27) to derive the density estimator f

Appendix E. Additional Data Application
E.1 Exchange Traded Funds Modeling

We provide an additional data application to further illustrate the LSAW and LSWW
regression models, aiming to demonstrate that these models can be used for the smoothing
(nonparametric regression) of multivariate distributions against a one-dimensional covariate,
for which we use calendar year in this application. Exchange Traded Funds (ETFSs) are
investment vehicles that invest assets to track a benchmark, such as a general index, sector,
bonds, fixed income, etc. Sector ETFs that track a particular industry have become popular
among investors and are widely used for hedging and statistical arbitrage. Historical data
for sector ETFs can be obtained from Yahoo Finance https://finance.yahoo.com/.

For each year, we model the bivariate distribution between the weekly return of iShares
Biotechnology ETF (IBB) and the weekly return of iShares U.S. Real Estate ETF (IYR).
Kernel density estimates of the data are in Figure 9(a). Figure 10 displays the local Fréchet
regressions for representative angles for LSWW. The variance of weekly returns for the
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Figure 9: (a) Observed smoothed densities and fitted densities from (b) local slice-wise
Wasserstein regression (LSWW) and (c) local slice-averaged Wasserstein regression (LSAW)
of the joint distributions of Biotechnology (IBB) (y-axis) and Real Estate (IYR) ETFs (z-
axis). Each panel is labeled by year. The sliced Wasserstein fractions of variance explained
are 0.95 for LSWW and 0.74 for LSAW.
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Figure 10: Fréchet regressions for LSWW between year (predictor, on the y-axis) and fitted
slicing distributions (response, on the z-axis) for various projections. The number at the
top of each panel indicates the angle of the respective projection with the z-axis (IYR) in
Figure 9(a).

two included sectors increased during the financial crisis of 2008-2009 and the COVID-
19 pandemic in 2020, indicating increased market uncertainty during these periods. The
real estate market was impacted more significantly than biotechnology, likely due to its
sensitivity to economic and financial conditions.

Reconstructed density surfaces obtained from LSWW are shown in Figure 9(b) while
those obtained from LSAW are shown in Figure 9(c). The sliced Wasserstein fraction of
variance explained for LSWW and LSAW models, as per (23), is 0.95 and 0.74. During
periods of economic expansion and positive investor sentiment, the biotech and real estate
sectors both benefit and become positively correlated, as was the case during the housing
bubble from 2002 to 2008 and the post-crisis period from 2010 to 2018. Conversely, during
times of economic uncertainty or market volatility, correlations between sectors tend to
decrease as investors shift toward safe-haven assets. This was evident during the financial
crisis of 2008-2009 and the COVID-19 pandemic in 2020. Both LSWW and LSAW models
reveal the general trends of the joint distribution and achieve satisfactory values of the
sliced Wasserstein fraction of variance explained.

Appendix F. Slicing Transforms

Various slicing transforms besides the Radon transform may be of interest. One of these
is the circular Radon transform CR (Kuchment, 2006). This transform is the integral of a
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function f over a sphere centered at 6 € O, where
CRUNOw= [ [E)del), bce.
|z—0|=u

The injectivity property of the circular Radon transform has been studied previously, es-
pecially for the case when © is a unit sphere (Agranovsky and Quinto, 1996; Ehrenpreis,
2003). However, the analytic inverse formulas for even dimensions are still unknown (Finch
and Patch, 2004).

Another transform of interest is the generalized Radon transform, which extends the
classic Radon transform (Beylkin, 1984; Ehrenpreis, 2003). The generalized Radon trans-
form GR is defined as an integral over I,, g = {z € D|x(2,0) = u},

GR (f) (6,u) = / RCLE!
x(z,0)=u

where do(z) integrates the surface area on I,y and yx is a so-called defining function if it
satisfies some regularity conditions (Beylkin, 1984). The sliced Wasserstein distance has
been extended to the generalized Radon transform (Kolouri et al., 2019).

Appendix G. Auxiliary Lemmas and Propositions

Lemma 20 Assume (D1) and (F1). For any vector k = (ki,...,kp,) of p non-negative
integers with Y7 k; = k let DX = % It holds that R(f)(0,-), f € F, is k—times
P

2k,
differentiable, and

p k
R|D*f| (60,u) = (~1)* (H al’ﬂ) a(;i,g))(e,u), (39)

=1

for each 6 = (61, ...,6,) € ©. Furthermore,

*(R(S))

P L < Blpk/Q < 0,
u

(6, u)

for each 6 € © where the constant By does not depend on f or 6.

Proof Assumptions (D1) and (F1) imply f has bounded support and continuous partial
derivatives of order k, and formula (39) follows from Proposition 6.1.3 in Epstein (2007).
For each § = (01, ...,6,) € © with >¥_, 67 = 1 one has that

max (6] > 2
Jj=1,..p

Setting j(0) = argmax;_; .. , |0;| and k(0) = (0,...,0,k,0,...,0) = (k1,...,ky) with &k =

0,1 +# ](9), and kj(g) =k,
p % p
‘(H 911>‘ _ (H |91|kl> > pfk/2'
=1 =1
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Since HDk(a)fHOO < Bj for a constant B; from (F1), it follows from the definition of the
Radon transform that HR [Dk(g)f] (0, u)HOO < Bj. Hence,

ok (afl(cf)) (G,u)’ < Bph’2.

Lemma 21 Suppose hi, hy are three times continuously differentiable on [0,1] with
max{Hh@(s)Ho@, Hhés)(s)Hoo} < By where By is a constant, then

B, (s) — hy(s)| < C(Bo)dy " (hn, ha), ¥z e [0,1].

Proof Consider a kernel function K(-) that is a symmetric probability density function
with compact support on [-1,1] and a bounded derivative K'. Furthermore, assume K
satisfies that 0%(K) = [w*K(u)du < o and ¢3(K) = [ |u]>K(u)du < co. Adopting Lemma
1 in Chen et al. (2020), arbitrarily fix s € (0,1), and assume for the bandwidth a that
a < min{s,1 —s}. Asa — 0,

/0 e U (wk (‘9 - “) du = ha(s) + %a%%mh@(s) + Rii(a), (40)
! -2 (S U Y, 19 9 (3)

/ a “hy(u)K < - >du hi(s) + 5470 (K)hi” (8) + Riz2(a). (41)
0

Expanding hj(u),

D) (u—t)?

h(u) = ha(s) + By (s)(u — 5) + WP (s)(u — 5)2/2 + /Uhl s "

Combining the expansion of hi(u) with (40) and (41), the remainder terms Ry1(a), Ri2(a)
can be bounded as follows

1 o u 7,(3) AW
Ty o [ h” (®)u =) dtdu
0 a s 3'

1 - u 1 (3) 12
Ris(a) = / a 2K’ (S p u) / Ll (t):g? ) dtdu
0 S .

|Ri1(a)| = < Boa®,

Similarly for ho(u), we have

1 s—u
/0 a-2h2<u>zc’< a )du = 1y(5) + a0 (RS (s) + Ra(a).
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Then
i)~ (o) < a”? [ () — ha(w)|K ¢
+ [Ri2(a) — Raz(a)l

1/2
< @™ 2dy(hy, ho) </ (IC’(u))Qd“> + Boa’o*(K) + |Riz(a) + Raa(a)|

1
u) du + ia%—?(IC)!hf’) (u) — hgg) (u)]

< Ci(By) (a72dy(ha, h2) ) + CalBo)a?,

for constants C1(By), C2(By) which only depend on By. By choosing a ~ dg/ 7(h1, he),

1) (s) — hh(s)| < C(Bo)dy " (ha, ha).

Lemma 22 If D is compact, the univariate Wasserstein distance is bounded by the L?
distance of the corresponding densities

dW(Vl’VQ) < dy (()0(7/1)’90(”2))’ VlaVQEg' (42)
Proof From Theorem 4 in Gibbs and Su (2002),
dw(lll, VQ) < diam(D)dTV(yl, 1/2), Vi,V € g,

where diam(D) = sup{d(z1, 22) : 21,22 € D} and dpy(v1,v2) represents the total variation
distance dry = supgc p [V1(S) —12(S)|. Note that when vy and v, have densities ¢(v1) and
©(v2), it follows that

dTV V1,1/2 / ‘(p V1 ( ]du \/dlam d2 ))
If D is a compact set, diam(D) is bounded. We conclude that

dw (v1,12) < da(p(1), p(12)). (43)

Proposition 23 Assume (T0) and (T2), for mg™ as per (16) and MEWW as per (18),

mgMW (z) = P! [ argmin  MEYW (5 ,a:)] .
vele Ny (F)
Similarly, for m%ﬁw as per (31) and M}?‘;LVW as per (32),
o) 5 | i 330

velon(F)
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~

Proof The change of variable v = J(w) € Y(F), w € F is a bijection because of the
injectivity of the transform . Hence,

m%AW(x) = argmin F [sG(X, x)d%w(u,w)]
wWEF

= argmin F [sG(X, m)d%w(i(ﬂ)a J(W))]

weF

151( arg min E[SG(X,fE)d%w(J(MM)])

vele N (F)

15_1[ arg min M‘GSWW(%:U)].
velo NY(F)

Similarly,

A () = ! [ arg min M%VW”’”:)] |
’yereﬁw(ﬁ)

Appendix H. Proofs

H.1 Proof of Proposition 10

Proof Denoting by N; the number of observations made for fi,p;p. that fall within the
domain D, it is clear that each N; follows a binomial distribution Z(p;, N;), where p; =
Ip. fipyp.(2)dz = M| D| according to (F1’). From (P1), there exists a constant ¢ > 0,
such that minj<;j<, N; = en' ™%, Let & = ¢-|D.|/(2My). Hoeffding’s inequality (Hoeffding,
1994) implies that for any p < N;p;,

2
P (Ni < P) < exp <_2Ni (Pz‘ - ,0) ) )
N;

whence

n
P ( min N; > En1+p/4> = HP (Nl > En1+p/4>

1<isn 1

%

(1 _p (Ni < 5n1+p/4)>

Il

S
Il
—

\Y
.::

-
I
—

(1 - €—2N¢(Pi—\D€|/(2MO))2> .
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Setting m; = p; — | Dc|/(2Mp) = |D¢|/(2My) > 0,
P ( min N; > 6n1+p/4> > (1 — 6_2Niﬁ‘?)n
1<i<n
)

n10g<1 e 20 "1+p/4)
=€

— 1 asn — oo.

H.2 Proof of Proposition 3

Proof First, we show that if Assumptions (D1), (F1) are satisﬁed R(F) satisfies Assump-
tions (D2) and (G1). It is clear that R(f) = 0 and [ R(f)(0,u)du = 1, where we denote
R(f)(0,u) as R(f)(0)(u) for simplicity. The validity of (D2) follows from (D1) and the
definition of the Radon transform. Furthermore, (G1) holds based on (D1), (F1) and the
implications of Lemma 20. Next, we prove that (T0) and (T1) are satisfied. The injectivity
of the Radon transform is evident from the definition. Hence, (T0) is satisfied. Since D
is compact, there exists a constant C' such that |[D|, < C. Computing the L*-distance
between R(f1) and R(f2) for fixed 6 € O,

/ RO (0, u) — R(f2) (0, w)|2du

i (uMg?e]))dT...@p)yu
2cp1/ /( - (u@—l—ZS]e])) dsy -+ dsydu

< (20715 (f1, fa)-

The first inequality follows from the Cauchy-Schwarz inequality. Thus, (T1) holds as well.
Assumptions (T2) and (T3) naturally follow as a corollary from Theorem 2. [ ]

H.3 Proof of Theorem 2
Proof Set R(f)(0,7) = JTi(R(f)(0))(r), re R and A, = f — R, (R(f)). Then we have

1 — .
Arq = / R(f),r 021 P g dp.
2= g [ RO

Since R(f)(0)(+) has uniform bounded k-derivative for each 6 € © from (G1), it follows from
Proposition 4.2.1 in Epstein (2007) that

|7Tf)(6’7‘)‘ < M3‘r|7k7
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where M3 is a constant such that |[R(f)(0)(-)| < Ms. Therefore, we get

1An], <

R(f)(O,7)||r|P~drde

|7|>
do / r|P~FLar
2(27T)p o Ji>r

-0 (T—(k—p)) ’

where we note that k£ > p + 1 from (F3). Since [, f(2)dz =1 > 0 and | f|e < My from
(F1), we obtain |Ar1]e = O (T—(k P))_

Next, set Af = R(f), N5 = R(f) € Ag and A, = R;1(Af) — R;1(A%),. This yields

A 1 Y, \ —1 ir
Beall, = g [ Osl0r) = X500l aras

Tp 1
<3 / / Ar(0,7) )\;'2(9,7") drdf
Ir|<r
Tp 1
< / / / (Afp(0,u) — N30, u)|dudrdd
Ir|<r
S 5o de(Ar AT):

2()

The last inequality follows from the bounded support of Ag and F. Note that |R,(R(f)) —
floo = O (1=*=P)) as 7 — 0. The boundedness of A, 5 follows from the fact [, f(2)dz = 1
and the condition that da(A}, Af) — 0, whence

1Ar2]l,, = O (Pda(As, N5)) = O (Tde (R(f)jéff))) _

H.4 Proof of Proposition 4

This proof follows a similar approach as Proposition 1 of Kolouri et al. (2019), but we present
it for a more generalized version of the slicing transform as follows. If p1 = g, p1, po € F,
the slice-averaged Wasserstein distance satisfies dgyw (1, p2) = 0. The non-negativity and
symmetry properties of the slice-averaged Wasserstein distance are direct consequences of
the Wasserstein distance being a metric. We next consider the triangle inequality. For any
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B, p2, p3 € F
dswu. i) = ([ (@7 (30m)(0)) .6
< ([ dite (Fum) .6

+ </@ diy (G~ (J(ug)(e)) e (%%)(0))))1/2

= dsw (p1, p2) + dsw (p2, 13)

The last inequality is obtained using the Minkowski inequality. We have thus established
that the slice-averaged Wasserstein distance satisfies non-negativity, symmetry and the
triangle inequality, hence it is a pseudo-metric. If dgw (p1, 12) = 0,

dw (G_l (J(uﬁ(&)) .Gt (J(ug)(ﬁ))) =0, for almost all 6 € ©.
Equivalently, considering that the Wasserstein distance is a metric, we have ZZ(M) QZ(,ug).
Therefore, the slice-averaged Wasserstein distance is a distance if and only if D(p1) = ¥ (p2)
implies g1 = po, which is equivalent to the injectivity of w Note that ¢ is induced from 1,

and since ¢ and g are bijective, the injectivity of ¢ is equivalent to (TO0).

H.5 Proof of Proposition 5 and Proposition 13

Proof For any 71,7 € To,
() = [ dh (G (1), (a(0)0

< [ (e 0). o2 a0,

< [ Ee(6).e0)O)a0.

The first inequality comes from the distance relationship discussed in Lemma 22. Following
the boundedness condition in (D1) and (G1), dpw (71, 72) is bounded from above. Therefore,

E[SG(X ﬂf)dl)w( (N)v'Y)]

= [ ot [[dy (67 (39@)), 67 0(0)) dode (X,

// X o(X, 2)diy (G_ <J( )(9)> G (7(‘9))) dp(X, p)do
- /@E [SG(X,LU)d%V (G—l (J(M)(9)> G (7(9))” @,

The second equation follows from the Fubini theorem. The last equation indicates that

finding the minimum in E [SG(X, x)d%w(i(u), ’y)] is equivalent to finding the minimum in
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E [SG(X, )d2, (G—l (J(u)(e)) LG (7(9)))] for almost all € ©. The result for the local

slice-wise Wasserstein regression can be derived analogously. |

H.6 Proof of Proposition 11 and Proposition 12

Proof Set z = (21,...,2,)T€ D < D¢, t = (t1,...,1p)T € D, and the density fp, on domain
D¢ as fp, = fp 1. We can express the expected value as follows

Bl -5 [ (2

Expanding the multivariate density function fp_(t) yields

D z P 0
ID. (t) = /p. (Z) + Z afaD;( ) Z Z fDE B 251)(t52 - 282)/27 t € De,
s=1 S

Zgqa R
s1= 152183152

Zt> fo.(t)dt, zeD. (44)

where z* = z + ot — z) € D, for a a € (0,1). With (44),

EUOW - 0.0+ 555 33 [, H2En (550) Gomnfan, 2

Here we use the symmetry property (K1) of the kernel function. From (F1’), there exists
a constant Mz that does not depend on the function fp, such that the partial derivative
|02 fp.(2*)/022| is uniformly bounded by M3 for s = 1,...,p. Then

supiup |E[ |f] fDE(z)1D| = O(b2). (45)
Next, we establish the boundedness of the variance of f(z),
. 1 —Z;
Var (Fa)lr) = 3 var (252 077]1)

1 z—1 2
< = b= fp (t)dt
N DEH( b ) fo.(#)

2
<M m<z_t) b=2Pdt,
Dc

b

where My from Assumption (F1) is a constant that does not depend on the density function
fp.. From (K2),

supsup Var (f(2)|f) = O (Nlbp> .

zeD feF

Combining the above results, we obtain

sup F (d2 (/. fDelD)Q‘f) _0 <1 + b4)

feF
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Choosing b ~ N 543 leads to

p <d2 G fpelD)2|f> A (N—4/(4+p)) .

feF

For a fixed f € F and the corresponding fp_, by (45) and Proposition 9 in Rinaldo and
Wasserman (2010),

log N

sup e (f, fp.1p) = O(b%) + O, ( Nb»

) = 0,(/log NN 7+7).
feF
The error of uniform bound can be decomposed into a deterministic term E[f(2)] — fp,(2)
and a probabilistic term f — E[f(2)]. The first part depends on smoothness properties of
fp. only while the second part is characterized via empirical process techniques (Rinaldo
and Wasserman, 2010; Jiang, 2017; Chen, 2017).

Note that the truncated density on domain D is presented as f(z) = fp.(2)/[pfp.(u)du,z €
D. We can then provide the convergence result for the truncated densfcy f . Note that when
N is large enough we have,

\D| _ ol
[ fowanz 2 [ fdes 5o
Whence,
A f(z) fp.(2)1p fp.(2)1p  fp.(2)1p
& <f’f)<d2<fo<u>du’f Flu)d )”2(& >du’foD€<u>du>
2M < 2M
|D|° o(f. 1o 10) + (o da(f Io.1o).

Similarly, we have

2M, < 2M3 .
ds (f.4) < Tpdeld fo.1p) + Jplda(f. S, 1)

It follows that when choosing b ~ N i

sup F [dg (f, f)z] =0 (N—4/(4+p)> :

feF
supdy, (£, ) = Opl/log NN~ 7+7).
feF
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H.7 Proof of Theorem 6

Proof The proof proceeds in two steps.

Step 1. We first prove dgw (m2A% (z), mg™"W (z)) = O, (n_1/2) and establish the

following three properties for the SAW estimator m2A"W (z).

(R1) The objects m2A"W () and m2AW (x) exist and are unique, the latter almost surely,
and, for any € > 0,

inf MEAW (w, z) > MW (m2AW (), z) .
o M ) = MEN (Y (0).)

(R2) Let Bs [mZ*W (z)] be the &-ball in .Z centered at mZW (z) and N(e, Z,dsw) its
covering number using balls of size e. Then

1/2

/1 (1 +log N {d¢, B [mgAW(:z:)] Jdsw}) ' “de=0(1) asd—0.
0

(R3) There exists n9 > 0, 8y > 0, possibly depending on z, such that

inf MSAW(w,x)—MSAW mSAW(a:),:c — Bodsw mSAW(:c),w 2 = 0.
dsw(mgAW(x)»w)<no{ “ “ ( ¢ ) ( “ )}

Proof of (R2). We note that d¥,(v1,v2) = O(da(¢(11), ¢(12))) from Lemma 22, whence
N N 1/2
dswliron) = [ (6 (3 @) .6 (T )))a0)

1/2
< ( / d%(@bO@(u1)(9),¢0¢(u2)(9))d9>

< da(p(p), o(p2)), (46)

where the last inequality follows from (T1) and the compactness of ©. Using Theorem 2.7.1
of van der Vaart and Wellner (2023), there exists a constant A; depending only on k and p
such that

log N (&, F, ||o0) < Aye Pk,

for every € > 0 and k > p/2 from (F2). Note that dgw (u1,p2) = O(d2(p(p1), (u2))) =
O(do(p(p1),¢(u2)) and from the boundedness of the support D, we have Ba, (i, ||[«) <
Be(u,dsw) for some constant As. Thus, we have N(e, #,dsw) < AsN(e, F,||lon). For
k = p/k <2 it follows that

1 1
//¢1+ngwgBﬂm%mﬁﬂthMe</ﬁ¢1+ngwgﬁﬂhWMe
0 0
1
< / V14 AzAjeP/kde (47)
0
1

5/64ﬂ<m (48)
0
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Proof of (R1) and (R3). We define the Hilbert space H as the set of all functions
H:={ceH:0 x[0,1] »—»R/ / §2(0,s)dsd9 < oo}
o J[o.1]

with the inner product

<§1,<2>=// 1(0, 5)s2(0, s)dsdb.
o J[0,1]

Here the integral is well defined due to the Cauchy-Schwarz inequality. It is easy to ver-
ify that the space H is a vector space over the field R. The inner product satisfies the
conditions of conjugate symmetry, linearity, and positive definiteness. The compactness
of the Hilbert space follows from the fact that H consists of measurable functions that
are square integrable. We define the L? distance between two functions S1,$2 € H as
da(s1,52) = (51 — 2,61 — s2). Note that the quantile slicing space I'g is a subspace of
H and the distribution slicing Wasserstein metric coincides with the L? distance, i.e.,

~

dpw(71,72) = da2(71,72) for 71,72 € T'e. Let Bg(x) = E[sq(X,z)y(n)], then for any
fixed w e &,

MG (w,z) = Elsq(X, z)dgy (1, w)]
= Elsq(X, 2)d3 (¥ (1), Y (w))]
= Elsa(X,2)@ (1) — (), ¥ (p) — P(w))]
= Elsq(X, )W (n) — Be (@), d(p) — Ba(x))]

where the last equation follows from the fact that F[sq(X,z)] = 1. Thus,

mgAW (z) = arg r;in d% (Bg(z), J(w))

Using n™1 Y. | sic(x) = 1, one can similarly show that

gl (x) = arg min d3(Bg (), (), (49)

where Bg(z) = n~ 1Y, sic(z)1h(p;). From the convexity and closedness of space 1(.%),
the minimizers mZA"W (z) and m2AW (x) exist and are unique for any x € RY, so that (R1) is

satisfied. The best approximation m2A" (z) € .# can be characterized by (Deutsch, 2012,
chap.4)

(Ba(w) = p(mg™ (@), d(w) — P(mE™ (2))) <0, for all we 7. (50)
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Consequently, d3(Bg(x), ¥(w)) > d3(Bg (), d(mZ" (x))) + d3 ($(mg" (x)), & (w)). Then,
MM (w,2) = MG (mg; W(-’L‘) z) + 3 (D(mE" (@), P(w))
= MM (m&" (x),2) + diy (m&" (2),w),

for all w € .%. Hence, we may choose 3y = 1.
Under Properties (R1)-(R3), it follows from Petersen and Miiller (2019) that

dsw (mg"" (), m¢™ () = Op(n"?). (51)

We mention here that one can circumvent (R2) by directly appealing to the representation
of one-dimensional distributions as quantile functions that form a convex subset of L?. The
basic assumptions on the slicewise distributions imply that one can then directly utilize the
results of Petersen et al. (2021) on the weighted averages of quantile functions.

Step 2. Here we show that dgw (m2A"W (), m2AW (x)) = O,(n~Y/2). As before, ¢(y1;)
and ¢(f1;) denote the density functions of the i-th sample distribution p; and the estimator
fi; (see (27)). From Proposition 11,

max da(p(1i), p(f1i)) = Op (N*2/(4+p)) ’

i=1,...,n
and the derivation of (46) implies
do(P(p), V(1)) = dsw (i, f1s) < da (i), (i) -
Consequently,

max da(¢p(u), ¥(f1i)) = O, (N—Q/(4+p)) _

i=1,...n
Setting Bo(z) =n~ '3, sic(2)¥(fi;) and noting that n! i sic(x) =1,
da(Bale), Balw)) = 0, (N0},
Similarly from the derivation of (49), we have

AW (x) = argmin da(Ba(z), ¥ (w)).

weF

By Theorem 5.3 of Deutsch (2012), considering the closedness and convexity of LZ(}" ), we
obtain

dao(S(nEY (2)), DE (2))) = O, (N0
whence
dow (Y (2), &Y (2)) = O, (N2, (52)
From (51) and Assumption (P1), we conclude that
dsw (m&" (x), g™ (2)) = Op(n™"/?).
Uniform convergence results require stronger versions of these properties provided by (R4)—

(R6) as stated below. Let | - |z be the Euclidean norm on R? and B > 0 a constant.
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(R4) Almost surely, for all |z < B, the objects mgA"W (z) and m2A"W (z) exist and are
unique. Additionally, for any € > 0,

inf inf MSAW w,z) — MSAW [, SAW (. 2t >0
HQUHEéBdSW(mgAW(I)’w)>E{ g (w,2) G [ a (z) ]}

and there exists ¢ = ((€) > 0 such that

|z|E<B dgw [méAW( ),w]>e

pr ( inf inf {MSAW z) — MW [mgAW(l‘),ﬁ]} = C) — L

(R5) With Bs[mZW (x)] and N {e, Bs[m AW (1 )], dsw} as in Condition (R2),

1
/ sup (1 +logN {de, Bs [m SAW (1 )] ,dsw})1/2 de=0(1) asd—0.
0

|zl E<B
(R6) There exist 79 > 0, Cy > 0, possibly depending on B, such that

i 2
I HmiB {MgAW( x) = Mg [mg" (2),x] = Codsw [m&™ (x),w] }2 0.
z|g<B,

dsw (mZAW (z),w) <m0

The derivation of (R1) and (R3) lead to (R4) and (R6) with Cp = 1. From equation
(47), we find that (R5) is satisfied. From Theorem 2 of Petersen and Miiller (2019), we
conclude that

sup dsw (m&*" (), g™ (z)) = O, (n,wﬁ)) .

lz|z<B

Note that formula (52) is uniform for |z| < B, leading to

sup_dsw (mE (2), W () = O (n71E9).

|z|e<B
[ |
H.8 Proof of Theorem 15
Proof We first show that
dsw (m*W (z),m?3" () = O (h?), (53)
dow (mEAY (2), mi 47 (2)) = O, ((nh)~?). (54)

We establish the following three properties for the SAW estimator mfﬁ‘lw( )
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(Ul) The minimizers mSAW(:v),mff}LW(w) and 'mSAW( ) exist and are unique, the last
almost surely. Additionally, for any € > 0,
inf (MSAW (W, ) — MW [mSAW (1), 2]} > 0,
dsw (mSAW (z),w)>e
lim inf inf {M7 MW (w MSAW [mf“}LW (z),z]} > 0.

h=0 dgy (m§AW () w)>e

(U2) Let Bs[m34W ()] be the ball of radius § centered at m 4% () with covering number
N {d¢, Bs[m W (z)],dsw }. Then

1
/ (1 + log N {d€, Bs[m W (2)], dSW})l/2 de =0(1) asd— 0.
0

(U3) There exists 11,12 > 0, 81, B2 > 0 such that

inf MSAW w,T — MSAW mSAWx,a: — pid mSAWx,w2 =0,
s M ) (S (@), ] = Budsw (m™ (@),)° |
lim inf inf {MSAW( w,x) — MSAW [mf‘}‘bw(x),x]

h—0  gou (mfAhW (z) ,w) <n2

—B2dsw (mfﬁw(ﬂv),w)z} > 0.

Proof of (U2). Similar to the derivation of (47), we have

1 1
/ V1 + log N{de, Bs[mSAW (a)], dsu }de < / 1+ log N{be, 7, dgw }de
0 0

1
< / v1+ A3A1€*p/kd€ < 00.
0

We note that condition (U2) (analogously to (R2)) can be bypassed by using the weak
convergence results of Petersen et al. (2021).

~

Proof of (Ul) and (U3). For any distribution u € 7, let ¢ (u) € (F) and B(z) =
E[¢(p)|X = z]. Then

MW (w, ) = Elddy (1, w)|X = 2]
— B[B((), 2())|X = 1]
= Bld3($(n), B@))|X = 2] + E[d(B(x), $(w))| X = a]
- M3 [B(2),2] + & (B(2), b(w))

for all w e %, whence
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Set By j(x) = E [sL(X, z, h)J(u)] Bpn(z) = n 'S sipn(2)9(u;). Considering E[sy(x, h)] =
Land n 13" | sipn(z) = 1, one finds

m%‘}lw( ) = argmind% (BLh(a:),zZ(w)) ,
WEF

WA () = argmin d} (B (@), d(w))
weF

From the convexity and closedness of space (%), the minimizers m54W (), m34W (x)

MLk
and mf“,‘lw(x) exist uniquely for any x € R, so that (U1) is satisfied. Following the charac-

terization of the best approximation as per (50), we have

MSAW((U,Q?) > MSAW (mSAW(m),:L') + d%W (mSAW(x)’w) ]
Similarly,

M"Y (w,2) = MERY (mZ (@), ) + d&w (mZ3" (2),0).

Thus, (U3) is satisfied with 5, = 2 = 1 and 71,72 chosen arbitrarily. Under Conditions
(L1)—(L2) and (U1)-(U3), or replacing (U2) by directly applying the weak convergence
results of Petersen et al. (2021), it follows from Theorem 3 and Theorem 4 in Petersen and
Miiller (2019) that

dsw (m™W (), mz4" (2)) = O (h?),
dow (mEAY (2), mi 4" (2)) = O, () ~?).

Hence, we conclude that (53) and (54) are satisfied. Similarly to the derivation of (52), it
follows that

dow (mEAY (@), mEAY (@) = Op ((nh) ™2 4 N=HED).
From Assumption (P1), we conclude that
dow (mEAY (@), mf 4 (@) = O, ((nh) 2.

Next, we provide stronger versions of the assumptions and then show that the previous
results can be extended to hold uniformly over a closed interval 7 < R.

(U4) For all z € T, the minimizers m 4% (z), mf’?tw( ) and mSAW( ) exist and are unique,
the latter almost surely. Additionally, for any € > 0,

inf inf {M5W (w,2) — MW [V (2), 2]} > 0,
2T dgw (m(z)w)>e
lim inf inf inf {M7 MW (w MSAW [m%ﬁw (),z]} >0,

h=0 €T dgy (m4V (z)w)>e

and there exists ¢ = ((€) > 0 such that

pr (mf inf { SAW MSAW[ fﬁw(x),x]} > C) — 1.

merSW( SAW( )W)
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(U5) With Bs [m W (2)] and N {d¢, Bs[m*4W (z)],dsw } as in Condition (R5),

1
/ sup (1 + log N {de, Bs[mAW (2], dsw})1/2 de =0(1) asd—0.
0 zeT

(U6) There exists 71,7 > 0 and C,Cy > 0, such that

igﬁfrd ( Sfi\]&/f( e (MW (w, z) — MW [V (1), 2] — Crdgw (m W (), w)?} = 0,
T sw(m T),w)<T1
lim inf inf inf {My MW (w — M7 paw [mfﬁw (z), ]

h—0 zeT dsw (mf“}lw (z) ,w) <Ty

—Caodsw (mz4" (x),w)z} = 0.

The arguments provided for (Ul) and (U3) lead to (U4) and (U6) with C; = Cy = 1.
Using (47), one finds that (U5) is satisfied. With Assumptions (L1)—(L2) from Theorem 1
of Chen and Miiller (2022), we may conclude that

supdsw (m*W (z),mi}" (2)) = O (h%),

zeT

. —1/(2+€ 17—
sug dsw (mf“}zw(x),mfﬁw(x)) =0, (max{(nhQ) /@+e) ,[nh%(—1logh)™Y 1/2}> :
xTe
From (52) which holds uniformly for x € 7 and Assumption (P1),

Sup dsw (miy" (z), mi3" () = O, (max { (nhz)_l/(ﬂe) , [nh?(—log h)*l]_l/2}> ,
e

H.9 Proof of Theorem 7

Proof Let yg = argmin, cp, MEWW (y,2) and A¢ = arg Minep, M*Ggww(fy,x). Note that
the space I'g is convex and bounded. Then applying the arguments used for Theorem 6 to
the metric space (I'e, dpw), it follows that

o 0o 6 = [ [ G60)6) =606 dsdt = 0, (n7). (55)

0,1]
Recall that G maps a univariate distribution to the corresponding quantile function while
G~! maps a quantile function to the corresponding distribution. Let ¥ map the quantile

function to the cumulative distribution function. The arguments given in the proof of
Proposition 2 in Petersen and Miiller (2016) lead to

/ / (T (ya(0)) (u) — ¥ (3¢(0)) (u)* dudh
/ /o 1] (e 70(9)(5))2 dsdf,
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where we observe that by Assumption (G1) the derivatives of ¥ (v5(0)) and ¥ (95(0)) are
bounded above and below.
From Lemma 21 and the fact that (G~ (vq(0))) = 0V (v¢(0)) (u)/0u we obtain

[ 166 6@ w) = (6 oo ) o
4/7
N 2
<[ /R (V60 () ~ Wa0)) du) - ao
a7
u) — v U 2 U = n_4/7.
s( [ [ weao - wGew ) dde) 0, ()

Here the first inequality follows from Lemma 21 and the second inequality from Holder’s
inequality and the compactness of ©. By Assumption (D2) the support of elements in G is
uniformly bounded, whence

[ [ 6167 6600)0) ~ A6 Ges)0)* dudd = 0,47

Recalling the notation o(v¢)(6) = ©(G~1(y5(#))) and the definition of L? distance in (2),
we conclude

&2 (e(16); (i) = Op (n~7). (56)
By Theorem 2, we have
Ao (mEVY (@), mETY) = 0, (C1(7) + Calr)n 7).
Uniform convergence then follows similarly to the uniform convergence in Theorem 6,

HSFPB dDW (’YG(*T%’?G(J“)) = Op (nil/(2+6)> ’
z||<

for a given B > 0 and any € > 0. Since this holds uniformly across z, we have

Hsﬁlde oo (MWW (2), mgVTVW) O, (Cl (1) + C’Q(T)n’2/(7+6)) '
)<

H.10 Proof of Theorem 17

Proof Consider the following notations
Y, = arg min MSWW(% x),
~vel'e

Ya,L,h = argmin MSWW( , ),
~v€l'e

- SWW
Yo Lh = argmmM (v, ).
~vel'e
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Note that the space I'g is convex and closed. Applying the arguments in the proof of
Theorem 15 to the metric space (I'e, dpw ), it follows that

dDW('Yx,L,ha%c) = Op (hg) ,
dDW(’Vx,L,h,’S/%Lﬁ) = Op ((nh)71/2> ‘

In analogy to the derivation of (56), we have

dz (0(12,z.,n), 0(72)) = Op <h8/7) :
d2 (0(Vz,L,n)s €(Fz,L,n)) = O
From Assumption (T3), we obtain
doo (m™Y (@), mIRY (@) = 0, (C1(7) + Ca(r)¥T)
doe (MY (@), Y (@) = 0, (Ca(r) (nh) 7).

1/5

When choosing h ~ n~"/°, the resulting convergence rate is

do (mSWW(l‘), miv,{?’(az)) =0, (C’l (1) + C’g(T)niS/gE’) .

Under the additional assumptions (L3)—(L4), the uniform convergence rate similarly is
obtained as

su7;2 doo (MW (22), mﬁvﬂ"(x)) =0 <C1 (1) + CQ(T)h8/7> ,
xTe

sup dw(mgfji[{,‘f/(x)a mLLqViIL/ZV(CU)) =0y (CQ(T) max { (nh2)72/(7+6) ; [nh2(— log h)71]72/7}> ,
zeT

and when taking h ~ n~Y/(6+€)

supdas (™" (), Y (@) = Op (Ca(r) + Colr)n /159 ).
xe

Appendix I. Gaussian Compatibility in Slice-Wise Wasserstein
Regression

We verify the compatibility of the slice-wise Wasserstein (SWW) regression framework with
multivariate Gaussian distributions in a tractable setting. This result illustrates the role of
Assumption (A2) in Section 6, which ensures that the population slice-wise minimizer lies in
the image space J(ﬁ ) and therefore corresponds to a valid multivariate distribution under
the inverse slicing transform. The following calculation is for the Radon, or equivalently
projection, slicing transform; it should be interpreted as a Gaussian compatibility result for
the corresponding untruncated Gaussian family.
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Proposition 24 (Gaussian Compatibility) Let v = R be the Radon transform, and
let ¢ be the induced quantile slicing transform. Consider a regression model with scalar
predictor X € R, E(X?) < o0 and Var(X) > 0, and conditional response

pl(X =) = N(21p, 1),
where 1, € RP is the all-ones vector and I, is the p x p identity matriz. Let

. SWW
G,z = argmin Mg" ™ (7, )
v€l'e

be the population global SWW minimizer. Then, for each 0 € ©,

p
G Hrea(0)} =N (:g D6, 1) :
i=1

FEquivalently,
P
rYG,w(e)(S> =T Z 0; + (I)_l(s)a S € (07 1)7
i=1

where ® is the standard normal distribution function. Thus, yg s precisely the collec-
tion of one-dimensional projections of the multivariate Gaussian distribution N (xz1y, Ip).
Consequently,

Vau € P(F),

within this Gaussian projection family, verifying the compatibility condition in Assump-
tion (A2).

Proof For the conditional response
pl(X =) = N(21p, 1),

the Radon, or projection, slice in direction 6 € © is the distribution of (Z,0) for Z ~
N (21, I,). Since Gaussian distributions are closed under linear projections,

(Z,0) ~ N ((1,,0),0"1,0) = N (m zp: 0;, 1) ,
i=1

where we used |0]2 = 1.
By Proposition 5, the SWW criterion decouples across slices. Hence, for almost every
0 € O, the slice-wise minimizer satisfies

1614(0) = arganin B s (X.0)hy (67 0000).6 (@) |

For the present Gaussian model,
N P
G Ho(w(0)} =N (X >0, 1) :
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The quantile function of this univariate Gaussian distribution is
Q% (s X29+¢ (s),  se(0,1).
=1

Since the squared Wasserstein distance between univariate distributions is the squared
L?(0,1) distance between their quantile functions, the weighted Fréchet minimizer in each
slice is obtained by the weighted average of the quantile functions:

162(0)(3) = B [s6(X,2)Q% (s)] .

e (X — E[X]) (@ — E[X)
X —ElX]|)(x — FE|X
Sg(X,$) =1+ Var(X) ,
we have
E{sq(X,z)} =1 and FE{sq(X,z)X}=zx.
Therefore,

16a(0)(s) = E

sq(X,x) {Xi 0; + @1(8)}]

i=1

=Z i E{sq(X,2)X} + & Y(s)B{sq(X,z)}

—:EZO + &1

This is the quantile function of N (2 YF_; 6;,1) and thus

G_l{f)/G’x } = ( 207,71>

which is exactly the collection of one-dimensional projections of N (x1,,I,).

By injectivity of the Radon transform, this collection of projected distributions uniquely
determines the multivariate Gaussian distribution N (z1,, I,). Hence, the slice-wise popula-
tion minimizer belongs to the image of the induced slicing transform, namely vq . € J(ﬁ ),
within this Gaussian projection family. This verifies Assumption (A2) in this setting. W
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Appendix J. Additional Figures

Sww True SAW

-—s

Figure 11: Comparison of the fitted bivariate Gaussian densities obtained by SWW (left)
and SAW (right) with the true density (center).
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Figure 12: Excess Winter Death Rates: Fitted density surfaces for randomly selected coun-
tries obtained by the GSAW version of sliced Wasserstein regression with sliced Wasserstein
fraction of variance explained at level 0.28.
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Reconstructed Density
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Figure 13: S&P 500 and VIX Index Data: Fitted density surfaces for randomly selected
years obtained by the GSAW version of sliced Wasserstein regression with sliced Wasserstein
fraction of variance explained at level 0.13.
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Figure 14: S&P 500 and VIX Index data: Fitted density surfaces for randomly selected years
obtained by the LSWW version of sliced Wasserstein regression with sliced Wasserstein
fraction of variance explained at level 0.31.
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