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Conformal prediction, a powerful framework for constructing prediction intervals for re-
sponse variables using any regression function estimators, often faces the challenge of
producing overly broad intervals with limited target data. In this paper, we study the
transfer learning problem in conformal prediction, aiming to improve the precision of the
prediction interval of the target data with insufficient data by leveraging related auxiliary
source datasets. Allowing for the potential non-exchangeability between source and target
datasets, we propose two transfer conformal prediction algorithms designed for scenarios
where knowledge of informative source data is either present or absent. Our approach
uses conditional Kullback-Leibler divergence to effectively identify relevant source datasets
for transfer. A comprehensive theoretical analysis of the non-asymptotic properties of the
proposed algorithms is provided, including lower and upper bounds, and the prediction
interval width. These results illustrate the potential to achieve more efficient, narrower
intervals without compromising coverage accuracy. Empirical results from extensive simu-
lations and real-world data confirm the efficacy of our methods, demonstrating significant
improvements in prediction interval precision by leveraging source data, achieving narrower
intervals while maintaining desired coverage levels.
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1. Introduction

Conformal prediction provides a powerful and flexible tool for generating prediction
intervals in classification and regression problems without relying on distributional assump-
tions on the data (Vovk et al., 2005; Shafer and Vovk, 2008; Vovk et al., 2009; Lei et al.,
2018; Angelopoulos and Bates, 2021). It provides a straightforward way to generate predic-
tion sets for any model. Formally, consider a set of n observations {(X1,Y1),...,(Xn,Yn)},
where X; € RP represents the covariate and Y; € R denotes the response. For a new data
point (X1, Y,41), the primary objective of conformal prediction is to construct a pre-
diction interval C,(X,+1) that covers Y, ;1 with a confidence level of at least 1 — a such
that Pr{Y,+1 € Cp, (Xpn+1)} > 1 — « for any distribution of the data. Without specific
assumptions on the distribution and the model, conformal prediction makes it a valuable
and general tool for learning the prediction interval of the new response.

One fundamental challenge in conformal prediction lies in securing the desired cover-
age level without imposing assumptions on the underlying data distribution. Based on
the exchangeable assumption, where the data-generating distribution is invariant under
permutations of sample points, split conformal prediction (Vovk et al., 2005; Solari and
Djordjilovié¢, 2022) employs empirical quantiles derived from the residuals of a holdout set
to ensure predictive coverage. This strategy incorporates data splitting to avoid multiple
refitting of the predictor (Shafer and Vovk, 2008). However, real-world applications fre-
quently encounter scenarios where the exchangeability assumption does not hold, such as
distribution drift between the observations and the new data point and correlations between
data points. Most existing works crucially rely on the assumption of data exchangeability,
with a few exceptions. In particular, Barber et al. (2023) modified the existing conformal
prediction methods to retain predictive coverage in the presence of violations of exchange-
ability. Meanwhile, several conformal prediction methods have been proposed for dependent
data, such as split-conformal based method (Oliveira et al., 2022), block-based construction
(Chernozhukov et al., 2018) and online adaptive method (Gibbs and Candes, 2021).

Another challenge in conformal prediction is the limited sample size of the data, leading
to inaccurate estimates of uncertainty. When the sample size of the target data is notably
small, the resulting prediction intervals may become excessively wide, thereby diminishing
their coverage probability (Linusson et al., 2014). The often limited sample size of a single
dataset prompts the need to augment it with supplementary external datasets to enhance
the precision of prediction. Transfer learning has been demonstrated as an effective tool
in utilizing information gained from related source data to improve performance in tar-
get data (Cai and Pu, 2022). It has received significant attention in statistics, including
transfer learning in classification (Cai and Wei, 2021; Reeve et al., 2021), high-dimensional
linear regression (Li et al., 2022), high-dimensional generalized linear regression (Bastani,
2021; Tian and Feng, 2023), and nonparametric regression (Cai and Pu, 2022). Despite
the considerable focus on utilizing transfer learning for point estimates, its application in
constructing conformal prediction intervals remains relatively unexplored. A notable excep-
tion is Fisch et al. (2021), however, it requires the exchangeability of related source data,
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an assumption often invalidated in practical scenarios by factors like distribution drift and
correlations among data points.

The aim of this paper is to develop a new transfer conformal prediction (TCP) method
that leverages auxiliary source datasets to improve the prediction precision of the target
dataset. Specifically, we aim to overcome the challenge of limited sample size by leveraging
information from source datasets. We seek to achieve the desired coverage level without
imposing the exchangeability assumption between the source data and the target data while
maintaining a narrower length of predictive interval compared to solely utilizing the target
dataset. The non-exchangeability between the target and source data, coupled with poten-
tial distributional shifts, complicates the TCP method. Unlike recent studies that develop
conformal prediction methods for hierarchical or grouped data (Dunn et al., 2023; Lee et al.,
2023; Duchi et al., 2024; Liu et al., 2024), our proposed TCP framework addresses a fun-
damentally different problem setting. Hierarchical methods (Dunn et al., 2023; Lee et al.,
2023; Duchi et al., 2024) focused on group-structured environments, where observations
are arranged into exchangeable clusters (e.g., students within classrooms, patients within
hospitals), and their validity depends on both between-group exchangeability (interchange-
ability of groups) and within-group exchangeability (i.i.d. observations within each group).
By contrast, our TCP framework targets transfer learning scenarios with non-exchangeable
source domains and no inherent hierarchical structure, and thus makes no exchangeability
assumptions. Although our TCP framework can also be applied in settings where hierar-
chical methods are valid, the reverse is not true: hierarchical methods cannot accommodate
non-exchangeable sources.

As for reducing the predictive band’s length, various conformal prediction methods have
been proposed. Recent work by Stutz et al. (2021) on the conformal training method focuses
primarily on classification tasks and does not explicitly handle non-exchangeable datasets or
distributional shifts. Dheur et al. (2024) provides a systematic extension of conformal high-
est density regions (HDRs) to multivariate responses, including joint prediction for mixed
continuous responses and categorical responses with numerous categories, while maintaining
finite-sample marginal coverage guarantees under exchangeability. Their approach builds
on the HPD-split framework of Izbicki et al. (2022) and leverages joint predictive densities
to construct sharp, distribution-free prediction regions. In contrast, our work focuses on
transfer learning settings with non-exchangeable source and target domains, where such
finite-sample guarantees are no longer attainable, and new methods are required to control
coverage under posterior drift. The approach by Huang et al. (2024) with CF-GNN is de-
signed specifically for graph-structured data, limiting its broader applicability. Xie et al.
(2024) propose a boosted conformal method that, while effective, relies on post-hoc adjust-
ments, which may lead to inefficiencies if the underlying model is sub-optimal. Different
from existing literature that relied on the conditional quantile regression on the outcome
(Romano et al., 2019; Kivaranovic et al., 2020), adapted to skewed data by estimating the
conditional histograms (Sesia and Romano, 2021), or estimating the conditional density
function to produce non-convex predictive bands (Izbicki et al., 2019; Hoff, 2023), we pro-
pose to leverage the information from external source datasets to reduce the length of the
predictive band.

Meanwhile, to mitigate the risk of negative transfer due to substantial distributional
differences between the target data and the source data, two prevalent frameworks have been
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utilized to delineate these differences and facilitate the transfer of source data that exhibits a
certain degree of similarity. In the case of covariate shift, the conditional distributions of the
response given the covariate are the same, but different distributions of the covariates are
allowed across the target data and the source data (Hanneke and Kpotufe, 2019; Schneider
et al., 2020). In the case of posterior drift, the distributions of the covariates exhibit
consistency while variations emerge in the conditional distribution of the response given the
covariates (Liu et al., 2020; Cai and Wei, 2021; Maity et al., 2024). This commonly seen
posterior drift model is also adopted in this article. We focus on posterior shifts rather than
covariate shifts because posterior shifts directly affect the conditional mean E(Y | X), which
is essential for conditional mean regression. Accurate estimation E(Y | X) is critical for
constructing valid and efficient conformal prediction intervals (Zhang and Candes, 2024).
Moreover, transfer learning can be highly beneficial by using source datasets with small
posterior drift differences. Intuitively, this can be achieved by controlling the estimated
difference of the posterior drifts similar to existing works. However, the specific influence
of this difference on the predictive interval in conformal prediction is not well understood,
which is one of the focuses of this paper.

In this paper, we propose a novel TCP method that leverages multiple non-exchangeable
source datasets to enhance the prediction efficiency for target data, based on the posterior
drift model. In contrast to the existing literature discussed above, we make several major
contributions, as outlined below.

e We propose two novel transfer prediction algorithms designed for scenarios with and
without prior knowledge of information sources, accommodating non-exchangeability
between source and target data. For cases where information sources are predeter-
mined, the algorithm integrates a transferring step, a debiasing step, and a conformal
step. The conditional Kullback-Leibler (cKL) divergence is employed to identify the
most informative transfer set for cases without knowledge of information sources.

e We thoroughly investigate the theoretical properties of the proposed TCP method,
including lower and upper bounds as well as the bounds on the width of the prediction
bands. The theoretical results not only affirm the method’s capability to provide valid
asymptotic coverage but also demonstrate its efficiency in producing prediction bands
of narrower widths compared to conventional conformal methods using a single target
data (Lei et al., 2018; Barber et al., 2023). Furthermore, the proposed algorithm
for source data detection is proven to accurately select the informative set with high
probability.

e We consider three prevalent regression settings: high-dimensional linear, generalized
linear models, and nonparametric regression. For each setting, we present the explicit
configurations of the corresponding TCP bands and detail the specific convergence
rates for both coverage and the width of the prediction intervals.

e Extensive studies and real data analysis of an election data set are conducted to
examine the finite-sample performance of the proposed algorithm. These results show
that the proposed algorithms can improve the quality of the prediction intervals,
achieving narrower widths while preserving the desired coverage level, by effectively
leveraging information from source data while avoiding negative transfer.

The remainder of the article is organized as follows. In Section 2, we introduce the
basics of the two different split conformal models. Section 3 presents the proposal TCP
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approaches with and without prior knowledge of useful sources. Section 4 investigates
theoretical properties, the lower and upper bounds, and the width of the prediction interval.
Section 5 and 6 assess the finite sample performance through simulations and an election
dataset, respectively. All technical details are included in the Appendix.

2. Preliminaries

In this section, we present a brief review of split conformal prediction and weighted
conformal prediction, which lays the groundwork for the proposed method.

2.1 Split conformal prediction

Split conformal prediction begins by fitting a pre-trained model to estimate the con-
ditional mean p = E(Y|X), denoted as 1 : X — R, using an initial training dataset.
Subsequently, residuals are computed from the model [, using a separate holdout dataset.
From these residuals, the corresponding quantile is determined. Finally, the prediction
interval is constructed by integrating both the model iz and the calculated quantile.

Specifically, suppose a model i : X — R that has been fitted on an original training
dataset. Residuals for n subsequent exchangeable observations (X1,Y1),...,(X,,Y,) can
be derived as R; = |Y; — i (X;)|, ¢ = 1,...,n. The prediction interval for a new testing
feature vector X, 11 can be expressed as

~ . 1 1

Cn (Xn+1) =H (Xn+1) + Qlfa (il m : 5Ri + 727 : 5+oo> ) (1)
with Q- () signifying the 7-quantile of its input and ¢, representing the point mass at a.
Notice that the confidence radius is the [(1 — «)(n + 1)]-th order statistic of the residuals
{Ry,...,R,}. Notably, the split conformal prediction technique has been demonstrated to
ensure finite sample validity, with predictive coverage at the desired 1—« level, regardless of
the distributional assumptions of the observations (Papadopoulos et al., 2002; Vovk et al.,
2005; Lei et al., 2015).

To validate (1), a fundamental assumption of the split conformal method is the ex-
changeability of the n observations (X1,Y7),...,(X,,Y,) with the subsequent observation
(Xn41,Ynt1) (Lei et al., 2018). However, this assumption is often compromised by factors
such as distribution drift, correlations among data points, and other related phenomena
(Barber et al., 2023). This challenge is particularly pronounced in datasets collected from
multiple sources, as frequently observed in transfer learning scenarios. In such contexts, dis-
tribution drift is likely to occur, leading to disparate distributions across datasets and thus
violating the exchangeability assumption. Consequently, to effectively leverage information
from the source data, it is imperative to acknowledge and account for non-exchangeability
when constructing prediction intervals for the target data.

2.2 Weighted conformal prediction

It is essential to emphasize that the standard split conformal prediction method uni-
formly assigns a weight of 1/(n+1) to the residuals in (1). To address the limitations posed
by the exchangeability assumption, weighted conformal prediction provides an alternative
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approach. This method assigns different weights to the residuals based on the similarity
between the testing and training data (Tibshirani et al., 2019; Lei and Candes, 2021; Fan-
njiang et al., 2022; Barber et al., 2023). In scenarios where there are no distributional shifts,
characterized by a density ratio across data points equal to one, the weighted conformal
prediction method simplifies to the conventional split conformal prediction approach.

In the weighted conformal prediction framework, each ith data point Z; = (X;,Y;) is
assigned a weight w;. This weighting is based on the principle that a higher value w;,
indicates a greater degree of reliability associated with the data point Z;. This reliability is
derived from the similarity of its distribution to that of the new point Z,,+1 = (X,41, Ynt1)-
Common choices for the weights include the density ratio of the covariate in the context
of covariate shift (Tibshirani et al., 2019; Fannjiang et al., 2022) or fixed weights based on
the ordering of the data points (Barber et al., 2023). Consequently, the non-exchangeable
weighted split conformal prediction, articulated within a symmetric algorithm, is defined as
follows:

Co (Xp41) = 11 (Xnt1) £ Qia (Z W; + OR; + Wpt1 - 5+oo> ;

i=1

where the normalized weights w; = w;/(w1 +---+w, +1),0 = 1,...,n, and Wy =
1/(wy 4+ +wy,+1) given w; € [0,1], i = 1,...,n. Barber et al. (2023) demonstrated
that this weighted conformal model extends a coverage guarantee, applicable even in the
absence of exchangeability:

n
Pr{Yai1 € Co(Xni1)} 21— a= > didry (2,77), 2)
i=1
where dpy denotes the total variation distance between distribution, Z = (Z1,..., Zp41)

and Z' = (Z1,...,Zi 1, Zn+1, Zis1,- -, Z;) that posts the substitution of (Xpi1,Yni1)
with (X;,Y;). The coverage gap between 1 — o and P{Y,,; € C, (Xy41)} is bounded by
drv (Z, Zi). Notably, this method aligns with the conventional split conformal prediction
(1) when the weights {w;}!" | are uniformly set to 1. Moreover, in the case of exchangeable
data, the distribution of Z equals that of Z’, ensuring that drv (Z, Zi) = 0 for all 7, and
thus preserving the coverage.

Remark 1 The significance of utilizing prior knowledge about the data distribution is par-
ticularly evident in the selection of appropriate weights w; aimed at minimizing the final
term in Equation (2). By assigning larger weights to calibration points (X;,Y;) that exhibit
similar distribution characteristics to Zny1, while allocating smaller weights to others, one
can attain more stringent bounds.

By moving away from the exchangeability assumption, the weighted conformal method
demonstrates greater precision in prediction intervals within a non-exchangeable context
compared to the standard split conformal approach (Tibshirani et al., 2019). However,
challenges arise when training data are significantly limited, which can lead to excessively
broad prediction intervals that may lack practical utility. We will provide a more detailed
discussion of this phenomenon in the simulation and application sections. To mitigate these
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limitations, we propose the transfer conformal model. This innovative approach seeks to
enhance the accuracy of empirical quantile estimations by incorporating relevant informa-
tion from source data and employing the non-exchangeable weighted conformal method,
thereby yielding more precise prediction intervals.

3. Methodology

In this section, we propose the TCP method designed to address the limitations of con-
ventional conformal prediction for single target data. We begin by describing the challenges
associated with the conventional method in Section 3.1 and then introduce a novel data
structure that integrates both the source and target data. Section 3.2 details a general
TCP algorithm applicable to scenarios with known informative source data. Additionally,
in Section 3.3, we introduce a transferable source detection algorithm that employs cKL
divergence to identify transferable source data that can enhance prediction accuracy.

3.1 Problem set-up and transferability

In this subsection, we formally define the problem underlying the proposed TCP method.
The target domain consists of an independent and identically distributed (i.i.d.) dataset
(XZ-(O),YZ.(O)) ~ Q, fori =1,...,ng, where X(© € R"*? and YO e R™. In the realm of
transfer learning, additional samples are available from K auxiliary source domains, denoted
as (Xi(k),Yi(k)) ~ P® fori=1,...,n; and k = 1,..., K. Typically, it is often the case
that the K source data are non-exchangeable with the target data. The objective is to
construct a conformal prediction for a new data point (X,ew, Ynew) from the target domain
by effectively leveraging not only the target dataset but also the source datasets.

When constructing the prediction interval for Y., solely using the target data, employ-
ing either standard split conformal prediction or weighted conformal prediction, a limited
sample size ng often leads to an expanded prediction interval. Intervals with excessive width
can significantly reduce the practical utility of conventional conformal prediction methods,
posing a challenge in achieving the desired balance between interval precision and coverage.
To address the above challenge of data scarcity, we propose a novel approach that incor-
porates conformal prediction within a transfer learning framework. The proposed method
utilizes K nonexchangeable source datasets with similar distribution structures to improve
the data efficiency of conformal prediction, resulting in narrower and more precise prediction
intervals for the target dataset.

In transfer learning, the source domain’s joint distributions P® k =1,... K, often
differ from the target domain’s distribution (). Directly combining these datasets for con-
formal prediction can introduce substantial bias when their distributions vary significantly.
It is more effective to utilize an auxiliary dataset that closely resembles the target dataset,
often termed the “information set” (Li et al., 2022). This study concentrates on scenarios
with posterior drift across the K source datasets and the target dataset. We assess the
similarity between different distributions by examining the divergence in their conditional
distributions. Specifically, if the conditional distribution P®*) (Y (®)| X *)) of the kth source
dataset (X*), Y (*)) closely aligns with Q(Y *)| X (¥)) of the target, valuable information can
be transferred from the kth source to enhance the TCP interval for the target data. A
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crucial aspect of our methodology is the identification of similar source data to target data.
To quantify this similarity, we introduce the “level-h” transferring set, denoted as Ap:

Ap = {k e{l,..., K} )(P<k>(y<k>|x<'f>) - Q(Y(k)|X(k))HOO < h} , (3)

where ||+ || is defined as the infinity norm such that ||P®) (Y ®)| X ®)) — Q(v®)| x ®)) | =
sup{|P®) (Y ®)| X)) — Q(Y*)| X (*))|}. This set includes source data where the transfer-
ability level is controlled by h. It’s important to note that h can be any positive value, and
adjusting h defines different sets Ay. A smaller h indicates that the source data within A,
are more closely aligned with the target, and a larger cardinality of A (|.Ay|) signifies a
greater number of informative auxiliary samples. When h is small but | Ay| is large, transfer
learning can offer significant advantages.

3.2 TCP with known information set

In this section, we consider the proposed TCP method when the information set Ay
is known and propose a novel TCP algorithm. The conditional mean function of the tar-
get population is denoted by 1o(X(?) = E{Y @ |X = X}, while the conditional mean
function for the kth source population is represented by (X *)) = B{Y®)|x = X(*)}

Given a new test feature X, from the target population, we propose constructing the
prediction interval for its corresponding response Y., using all the available observed data,

~

Cn (Xnew> = //J/ (Xnew) + (Q1 + A) 5 (4)

where [1 is constructed using both the target data and source data, g; represents the es-
timated 1 — « quantile of the fitted residuals from source data, and A denotes the bias
correction term that accounts for potential distributional shifts between the source and tar-
get data. This correction is defined as A = g9 — g1, where ¢o is the population 1 — a quantile
of the residual distribution for the target model. Importantly, when the target and source
distributions are identical, we have A = 0.

Remark 2 The proposed prediction interval (4) is built on two key components: an en-
hanced transfer learning-based regression function estimator and an improved 1 — o empir-
ical quantile of the fitted residuals, both tailored for the target data. First, the precision of
the regression function estimate [i is enhanced by applying transfer learning techniques in
regression (Li et al., 2022; Cai and Pu, 2022; Tian and Feng, 2023). Second, the 1 — «
empirical quantile qo for the target data is itmproved by initially calculating a weighted quan-
tile q1 from the source datasets. This preliminary q is then debiased and refined using A,
derived from the target data, to better align the quantile with the specific characteristics of
the target data.

Our proposed TCP algorithm consists mainly of three steps: the transferring step, the
debiasing step, and the conformal step. To avoid the overfitting problem, we partition
the target data (XY (%)) into two separate subsets, Z; and Z,. Similarly, for each k-th
source data (X (k) Y(k)), ranging from k = 1 to K, we divide them into two non-overlapping
subsets, SF and S§. By amalgamating all individual subsets SF and S§ for k = 1 to K, we
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generate two independent, equally-sized sets: S1 = UleS{“ and Sy = Ulesg. Specifically,
in the transfer step, we use data from Z; and S; to estimate a preliminary regression function
and a weighted 1 — o quantile of the residuals. The debiasing step employs a bootstrap
method to compute the correction parameter A, refining this preliminary quantile. In the
conformal step, S1,Z1, and A are used to obtain the debiased weighted 1 — a quantile, while
Sy and Zs are used to fit a transfer-learned regression function. These components are then
combined to construct the TCP interval.

3.2.1 TRANSFERRING STEP

In this subsection, we apply transfer learning techniques to integrate information from
both target and source datasets. Specifically, we use data from Z; and S; to estimate the pre-
liminary conditional mean and a preliminary weighted 1 — a quantile of the residuals. This
approach addresses the limitations of limited target data by leveraging auxiliary information
from source datasets. Under exchangeability conditions, Fisch et al. (2021) utilized multiple
preliminary conditional mean estimates pi; and preliminary weighted quantiles of residuals
¢ _,, t=1,---,T, derived from T independent and non-overlapping source datasets, to
calculate the correction parameter A. However, the assumption of exchangeability between
source and target datasets is often unrealistic in practical applications. In this paper, we
extend the bias correction framework to accommodate non-exchangeable cases.

To generate multiple sets of {fit,¢,__} for bias correction, we begin by using the boot-
strap resampling method to create T distinct random copies from 7, denoted as Z! for
t = 1,...,7. We define the ensemble of these samples as B = {Z{,t = 1,...,T}, and
the complementary set B_; as the collection with the t-th subset Z! removed. Since the
bootstrap samples are drawn with replacement from the same empirical distribution as the
target data, they remain exchangeable with the target data, ensuring their distribution
remains unchanged regardless of sample order.

For each subsample Z¢ drawn from Z;, we estimate a fitted regression function fi; by
combining the data from Sy and Z¢, formulated as follows:

pe = D1 ({(X;,Yi)}), (5)

where (X;,Y;) € S; UZ! and D; denotes a general regression algorithm. For the data
within S;, we compute the absolute fitted residuals R, given by R! = |Y; — fi; (X;)| with
(X;,Y;) € 81, and the weighted 1 —« quantile of the empirical distribution of éﬁ is expressed
as ¢,_, = Ql,a(zgﬁl W} - 07 ), where W} denotes the weight corresponding to Zj. As
highlighted in Barber et al. (20123), these weights are held constant, with higher weights
assigned to data points in &1 believed to be drawn from a distribution similar to the test
data (Xnew, Ynew). The necessity of this bootstrap procedure will be further discussed in the
next subsection. With these steps in place, we are now prepared to estimate the correction
parameter A.

3.2.2 DEBIASING STEP

In the previous subsection, we introduce the transfer step. This step inherently intro-
duces bias into both the fitted regression function fi; and the empirical quantile ¢, due to



ZHANG, L1, XIE, KONG AND JIANG

distributional differences between the source and target data. To correct for these biases,
we implement a bootstrap-based debiasing method, which adjusts the estimates to more
closely align with the target distribution as follows.

1. Correction of the fitted regression function: To correct for the bias in i, we
use target data Zt. The resulting corrected fitted regression function is denoted as i
and is defined as

fir = D2 ({(Xi, i)} 1 fir), for all (X3,Y;) €4, (6)

where Dy denotes a general transfer learning algorithm and fi; is the debiased regres-
sion estimate specifically adjusted for the target data.

2. Correction of the empirical quantile: To correct for the bias in ¢}__, we need to
accurately estimate the correction parameter A. This requires estimating the true
distribution function (denoted by F}) of ﬁz_ ¢ where ﬁ;t = |Y; — . (X;)|, for all
(X:,Y;)) e By and t = 1,---,T. A natural estimate of F}; is the empirical distri-
bution function, defined as:

(R <@ . +a@

ﬁt{ai—a—kA(Il)}: |Bft|+1

An intuitive approach to estimating A(Z;) is to adjust it such that ﬁt{ﬂ_a +A(Th)}
closely approximates 1—«. In other words, for each ¢, we aim for ﬁt{?ﬁ_ ot A(Z1)} tobe
as close as possible to 1 —a. However, relying on a single estimate for ﬁt{ffl_ oA}
can lead to instability. To address this, we apply a bootstrap procedure to generate
a sequence of estimates {ﬁt{ffl_a + A(Zy)};t=1,...,T}. We then select A (Z;) such
that the majority of these estimates are close to 1 — «, using a mode-based estimation
approach.

Remark 3 We illustrate the core concept behind the correction. Let A(Zy) denote the
estimate of the correction parameter A based on I;. If A(Zy) is valid, then for each t,
the expression ¢\_, + A (Z1) should closely approzimate the 1 — o empirical quantile of
E;t, t =1,---,T. Therefore, the correction can be estimated by selecting A(Zy) such that
Pr(]/%i_t <@ _,+AT1) = 1—a. Since {It}’s are bootstrap subsamples of Iy, and thus
exchangeable with Iy, or the target data, A(Z;) can be regarded as the correction for the
empirical quantile estimate in the target data.

As described above in the correction of the empirical quantile A(Zy) for ¢t =1,...,T, we
aim to compute ﬁt{(ﬁ,a + A (Zy)}. To further improve the accuracy of ﬁt{(ﬁ,a +A(Th)},
we can adopt the calibration-conditional empirical distribution function estimation method
(Bates et al., 2023), denoted as ﬁt(ccv), which is given by

) (G0 + A(T)} = min { ER Oy 1} ’ "

10
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where v = [(|B_¢| + 1) E(?ﬁ_a +A(Z1))] + 1, and

—log[—log(1 — §)] + 2loglog |B_:| + %log loglog |B_¢| — %logﬂ
/2loglog |B_4| ’

F‘t( cev)

c(0) =

with § being a user-specified value between 0 and 1. To compute , a value for the
parameter  must be selected. Any value of § within the range of 0 to 1 is acceptable. In
Section 5.2, we will perform additional simulations to test the robustness of our approach
with respect to different values of §. As illustrated in Figure 4, both the coverage probability
and the width of the TCP prediction intervals remain stable across various values of §.
After calibration of the empirical distribution function, ﬁt(ccv)
across different estimates {¢¢, + A(Z1),t =1,--- ,T}.

We now proceed to estimate the correction parameter A as follows. First, we consider

remains mutually independent

a predefined grid of potential values for A(Z;) and, for each value, compute {ﬁt(ccv){fﬁ_a +
ATy}t =1,...,T}. The optimal value of A (Z;) is then determined by:

A(T) = inf [A(T) B g {30 1 A @)} 21— 0] (s)
where ﬁ((f;:%.oﬂﬂ) is (|7'%0.05|+1)-th order statistic of {F\t(ccv){ﬁ_a—i—A(Il)}; t=1,...,T}.

This approach ensures that most values of E(CCV) {cﬁ_ o TA (Il)} are close to 1—a, providing
a robust estimate of A while reducing the influence of outliers, which usually correspond to

A(cev)
lower F; values.
Figure 1 illustrates the process of estimating A(Z;), showing how the bootstrap samples
Il,72,... ,If are used to estimate fi; and ¢{_, leading to the calculation of F} CCV), t =

1,---,T, and the final value of A(Z).

Compute fi; and §i_,
Compute fi; and f'i(cw)

Compute fiy and §i_,
Compute [ir and ﬁ,gcm

Compute fi, and §2_,
~ m(ccv)
Compute ji, and F,

T Compute A(l,)

Figure 1: Flowchart of the computation process for A(Z;). The estimates ﬁt(ccv) are derived

from the data B4, t=1,---,T.

3.2.3 CONFORMAL STEP

In this subsection, we implement the proposed TCP interval for the target data. First,
we use data from &1 and Z; to estimate the preliminary 1 — a quantile of the residuals. By
incorporating the information from &1 and combining it with Z;, we define the preliminary
regression function iz, as iz, = D1 ({(X;,Yi)}), where (X;,Y;) € St UZ;. The absolute
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fitted residuals computed on S, are given by ElIl = |y, — pz, (X;)], for all (X;,Y;) € Si.
Pooling the data from &j, the weighted 1 — o quantile of the empirical distribution of filzl
is defined as q~111 w= Ql,a(ZL‘ill‘H @L ¥ & ), where @Il represents the normalized weights
for 7y, calculated as {171»21 = wizl/(wlIl + -+ w]Z\} + 1) with w%l, . ,wﬁl being fixed values
within the range (0,1). As in previous methods, higher weights are assigned to data points
in &; that are most likely drawn from a distribution similar to the test data (Xnew, Ynew)
(Barber et al., 2023).

Next, we incorporate data from S by pooling it with Z, and estimate the preliminary
regression function fiz, to mitigate the risk of overfitting:

bz, = D1 ({(X3,Y:)}), where (X;,Y;) € S UTs,

After applying bias correction using data from Zs, we obtain the debiased regression
function piz,,

tiz, = Do ({(X3,Yi)} s fiz,) » for all (X;,Y;) € Io.
Given a new data point X, the proposed TCP interval is constructed as:

C (Xnew) = iy (Xnew) £ (20 + A (T1)) 9)

with the computation process for c (Xpnew) shown in Figure 2.

Compute fi,

Compute C(X,on)

Figure 2: Flowchart of the computation process for c (Xnew)-

3.2.4 SUMMARY

In this subsection, we present the proposed TCP method for constructing conformal pre-
diction intervals with limited target data. The process begins by leveraging the source data
through transfer learning to estimate both the initial conditional mean regression function
and the empirical quantile of residuals. To address any bias in these estimates, we employ
bootstrap-based debiasing techniques. This approach results in the final construction of
the TCP interval, which ensures reliable coverage for the target data by incorporating the
debiased estimates.

The details of the algorithm are provided in Algorithm 1. In Step 1, the dataset is
defined, and in Step 2, we use the bootstrap method to generate T" random replications of
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Ty, denoted as Zt,t = 1,...,T. In Steps 3-13, the correction parameter A(Z;) is estimated
using B and &;. Steps 14-16 involve estimating Eflzia using Z; and &;. Finally, in Step 19,

the proposed TCP interval C (Xnew), is constructed using fiz,, -, and A(Z;), where fiz,
is fitted with Zy and Ss in Steps 17-18.

Remark 4 In contrast to Liu et al. (2024), our work addresses a different problem formu-
lation. Liu et al. (2024) explicitly considered scenarios in which some target-site outcomes
are missing, indicated by a missingness indicator R = 0. Their density ratio is defined
as wpo(X) =p(X | T =0,R = 0)/p(X | T = k,R = 1). If all training data satisfy
R =1, then the set {X : T = 0,R = 0} is empty, and consequently the numerator term
p(X | T =0,R =0) is undefined. By contrast, our TCP framework assumes that all train-
ing samples have observed outcomes (R = 1 for all data points). Under this regime, the
density ratio of Liu et al. (2024) cannot be computed, and their influence-function-based
correction s therefore inapplicable. We emphasize that this distinction reflects fundamen-
tally different problem settings rather than a limitation of either approach. We also conduct
sitmulations against baselines inspired by Lee et al. (2023) and Duchi et al. (2024) (see Ap-
pendiz H for details). The results show that even with limited target data, TCP consistently
achieves better coverage and narrower prediction intervals.

Remark 5 A natural extension of TCP to time-series or dependent data is to treat TCP
as the base forecaster in a one-step-ahead setting and then calibrate its prediction sets using
a time-ordered adaptive conformal procedure, as in Zaffran et al. (2022). Specifically, we
observe a dependent sequence {(X¢,Y:) hi>1, where Y; may depend on the past observations
through lagged responses and historical covariates. A general time-series forecasting model
can be written as:

Y = my(Hi—1) + &, Hio1 = {(Xs,Ys) : s <t — 1},

where my(+) is an unknown forecasting function and the innovations €, may exhibit temporal
dependence (e.g., AR or ARMA-type structures) rather than being i.i.d.. The goal is to con-
struct a prediction set @(Xt) for'Yy at each time t using only the past history Hy_1. This is
the standard time-series forecasting regime considered in Zaffran et al. (2022), which allows
for both temporal dependence and distributional drift. To apply the proposed TCP in this
setting, at each time t, we refit the TCP forecaster using a moving window of recent target
observations, augmented with auziliary source data (e.g., earlier time periods, related envi-
ronments, or parallel series) selected via our source detection procedure. We then calibrate
the forecaster using the most recent target observations immediately following the training
window. Prediction sets are constructed from the (1 — oy)-quantile of the resulting noncon-
formity scores, with the proposed A correction incorporated in the same manner as in our
main method. To accommodate temporal dependence and potential distributional drift, the
nominal miscoverage level is updated online using the ACI (Zaffran et al., 2022) recursion:

app1 = ap + (a -1 {Yt ¢ @(XQ}) , (10)

which adaptively enlarges or shrinks future prediction intervals in response to recent under-
or over-coverage. When the auxiliary sources share a similar forecasting structure with the
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target series, incorporating them through TCP improves predictive accuracy for the target.
This extension therefore preserves the transfer learning benefits of TCP while providing a
principled and practical mechanism for handling temporal dependence via adaptive calibra-
tion. In particular, improved forecasting accuracy typically leads to smaller nonconformity
scores on recent target data, resulting in lower calibrated quantiles and shorter prediction
sets for the same nominal coverage.

3.3 Transferable source data detection

The proposed TCP method above assumes knowledge of the transferable set. In practice,
however, this set is typically unknown, and incorporating source data, while potentially
beneficial, can conversely impair performance on the target task. This is often attributable
to the disparities in the distributions of source and target data, a phenomenon termed
“negative transfer” (Pan and Yang, 2009; Torrey and Shavlik, 2010; Weiss et al., 2016).
The challenge of avoiding negative transfer has gained significant research interest in recent
years. Consequently, the need for a data-driven approach to detect transferable source data
is paramount.

Our TCP framework is developed for transfer learning in regression, where the validity
and efficiency of conformal intervals hinge on accurate estimation of the regression function
w(X) = E[Y|X] as discussed in Sections 1 and 3.3. To this end, we adopt the cKL di-
vergence, which directly characterizes the conditional dependence of the response variable
on the predictors, i.e., shifts in P(X) are irrelevant as long as they do not alter P(Y|X).
We provide the steps of the proposed transferable source data detection algorithm as fol-
lows. Firstly, we employ nonparametric methods such as Kernel Density Estimation (KDE)
(Sheather and Jones, 1991) to estimate the conditional distribution from k-th source data
and target data, denoted as P® (Y|X) and Q (Y|X), k = 1,---, K. Subsequently, we
calculate the estimated cKL divergence of k-th source data:

KL = Z P®) (Y;]X;) log {m} )

where (X;,Y;) are the samples of k-th source data, P®) (Y'|X) is the estimated conditional
probability of the k-th source data and @ (Y|X) is that of the target data. Finally, we
—(k
compute all cK L( ) values, for k = 1,--- , K, and compare them against a pre-determined
—(k
threshold Dgy. Source datasets where cK L( ) falls below Dy are selected into the estimated
~ —(k
transferring set, A = {k : cKL( )
the level-h transferring set Ay,.
Notably, the proposed algorithm for detecting transferable source data does not require
the specification of h. As explained in Section 4.3, under certain conditions, it is established
that A = A, for a designated h, which means that using A for the transferable set can
also improve the accuracy of the prediction interval’s lower and upper bounds, as well as
its width. This is in contrast to intervals based solely on the target data, especially when
the target sample size, ng, falls within a certain range.

< Dy}. This set serves as an empirical approximation of
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Algorithm 1 Transfer conformal prediction.

1: Input: Data T, Is, S1, Sa, a grid of potential values for A (Z;), new feature X,cq, coverage
level 1 — a, 6 € (0, 1], any algorithms D, transferring set A.

2: Use the Bootstrap method to generate T' random copies of Z;, each of which are denoted by
Iit=1,....,T. Let B={Z},t =1,...,T} and B_, = B\Z!.

3: for all possible values of A (Z;) do

4: fort=1to T do
5: Compute a preliminary mean estimator using equation (5):
i =D ({(X:i,Y})}), (Xi,Y;) € SiUTL.
Compute the corresponding fitted residuals: R! = |Y; — iy (X)], (X, Y;) € S1.
7 Compute a preliminary weighted empirical 1 — o quantile of R‘g:
[S1]+1
A’i—a = Ql—a Z wf . 6&2
i=1
9: Compute a debiased mean estimator using equation (6):
fir =D ({(Xi,Y)} s ), (X4, Ys) € I3,
10: Compute the corresponding fitted residuals: }A%;t =Y — i (X3)], (X;,Y3) € B_s.
11: Compute the calibration-conditional empirical distribution function using equation (7):

ﬁt(ccv) {aﬁia —i—A(Il)}.

12: end for
13: end for
14: Compute the correction parameter using eqation (8):

. ccv T*
AT = inf {A @)+ B 50 @000 4 A @)} 21 0.

15: Compute a preliminary mean estimator: iz, =D ({(X;,Y:)}), (X;,Y:) € St UT.
16: Compute the corresponding fitted residuals: RX* = |Y; — iz, (X;)|, (Xi,Y;) € S1.

17: Compute a preliminary weighted empirical 1 — «a quantile of Eizl:

[S1]+1
~Il =Qi_a Z &]’il-l '6§f1
i=1
18: Compute a preliminary mean estimator: iz, =D ({(X;,Y:)}), (X;,Y:) € Sa UZs.
19: Compute a debiased mean estimator: iz, = D ({(X;,Y:)};pz,), (X5, Y:) € Ts.
20: Compute the TCP interval using equation (9):

Q)
3
o
g

(Xnew) = iz, (Xnew) % [T + A (Z)] .

21: Output: a(Xnew).
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Remark 6 We do not use the full KL divergence because it measures discrepancies in both
the marginal covariate distribution P(X) and the conditional distribution P(Y | X). While
this makes KL divergence suitable when both covariate and conditional shifts are of interest,
in regression transfer problems, such generality can be misleading: it may cause the exclu-
ston of informative sources only due to differences in feature distributions, even when the
conditional structure is preserved. The cKL divergence addresses this limitation by isolating
variations in P(Y|X), making it more suitable for our transfer learning settings where ac-
curate estimation of u(X) is the primary goal and posterior drift is the main challenge. In
particular, posterior drift, i.e., changes in P(Y|X), directly undermines the estimation of
w(X), whereas covariate shift alters only P(X) and leaves (X) unchanged. Consequently,
cKL divergence serves as the correct selection criterion, as it identifies source datasets with
similar conditional structures even when their covariate distributions differ substantially.
To demonstrate this empirically, we conduct additional simulations under strong covariate
shift with minimal posterior drift in Appendiz D, where cKL consistently outperforms KL
i identifying useful sources.

Remark 7 When transferability is limited by weak overlap in X, for example, due to large
location and scale shifts, or by tail behavior that substantially affects predictive uncertainty, a
purely conditional criterion may indeed become overly permissive. In this regime, predictive
uncertainty depends critically on the joint behavior of (X,Y), specifically, on how much
probability mass from a source lies outside the high-probability region of the target covariates
and how frequently large tail events occur in the responses. As a result, sources that appear
conditionally similar in local neighbourhoods may still be globally incompatible, leading to
inflated calibration quantiles and wider prediction intervals after transfer. By contrast, a
KL-based criterion on the joint distribution of (X,Y) penalizes both overlap failure in X
and tail mismatch in'Y more directly. These findings clarify that, while cKL is well suited to
settings with adequate covariate overlap where conditional mismatch is the dominant source
of heterogeneity, full KL divergence can be preferable when variance shifts, poor overlap,
or heavy-tailed responses govern transfer performance. We include a dedicated simulation
section to present this setting and to provide guidance on when KL-based detection can
outperform cKL-based detection, as reported in the Appendiz M.

4. Theoretical properties

In this section, we present the theoretical results for the proposed TCP method. Specif-
ically, we establish the coverage properties of general models when the information set is
known and present three examples: high-dimensional linear, generalized linear models, and
nonparametric regression, to demonstrate how TCP can outperform traditional conformal
methods in Section 4.1. In Section 4.2, we discuss the conditional coverage properties of
our TCP method. Section 4.3 introduces a theorem stating that the proposed transfer-
able source detection algorithm can accurately identify the level-h transferring set Ay, for a
specified h. For proofs and further theoretical details, readers are referred to the Appendix.
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4.1 Oracle TCP

In this section, we provide the coverage probability and interval width of the proposed
TCP method, assuming the information set is known. Before proceeding, we introduce some

notations and standard assumptions. Let N = |S1| = [Sa|, and ng = |Z1| = |Z}| = |Z2|.
For theoretical purposes, we denote the population version of fiz,, jiz,, or fi; from Section
3 as i Apg s which combines g for £ = 1,..., K. Correspondingly, the debiased regression

estimators fir,, fiz,, or fi; are inferred as estimators of the population mean function of
the target regression function pg. For simplicity, let & and i respectively represent generic
regression estimators from the sets fiz,, fiz,, iz and iz, , fiz,, fir. Recall that uo(X(©) =
E{YO|X = X} and pu(X®)) = E{Y®)| X = X*)} for the k-th source dataset.

Assumption 1 The noise variables 6%0) = YZ.(O) - MO(X-(O)), P =y k) _ uo(XZ-(k)), satisfy

3 (3 7

E{e§0)|XZ-(O)} =0 and E{egk)|Xi(k)} =0, fork=1,..., K with bounded variance, respectively.

Assumption 2 || X, | X®) | for k=1,..., K are bounded and we define a level-hg
transferring set Ap, as

Apy = {k ef{l,...,K}: H“’“ (X<k>> — o (X(k)) HOO < ho}. (11)

Let Ay, denote the combined regression function over the transferring set Ay, , defined by
Ay, (2) :=E[Y | X =z, data fromk € Ap,].

We assume that the same bound holds on the target support:

[0y (XO) = 10X )| < o

Assumption 1 imposes less stringent conditions on the noise variables than those com-
monly found in the regression literature. This assumption is frequently employed in split
conformal prediction; see (Vovk et al., 2009; Lei et al., 2018). Assumption 2 places specific
conditions on the covariates and introduces the level-hg transferring set Ap,. This set en-
compasses source datasets whose conditional means uj are similar to the target dataset’s
conditional mean pg, specifically within a supremum norm difference of hg. The rationale
behind this transferring set definition instead of cKL divergence is that variations in condi-
tional means often reflect differences in the underlying conditional probability distributions.
This allows Aj, to serve as a simplified and more structured alternative to A, as specified
in (3), facilitating easier analysis of the theoretical properties of the proposed TCP method.

Remark 8 The transferring set at level hy, denoted by Ap, in (11), varies depending on the
specific regression models. For example, in high-dimensional transfer learning within linear
regression, where uo(Xi(O)) = (XZ-(O))TB and uk(XZ-(k)) = (Xi(k))TB(k), the level-ho transfer-
ring set reduces to Ap, = {k : |8 — 0™||1 < ho}, as seen in Li et al. (2022). In the setting
of high-dimensional generalized linear regression, this definition aligns with that described
by Tian and Feng (2023), where uo(Xl-(O)) = G(X,L-(O))T,B and ,uk(XZ-(k)) = G(Xi(k))—re(k), and
G is a known link function. Additionally, the definition of (11) corresponds to the level-hg
transferring set under a nonparametric regression setting in (Cai and Pu, 2022).
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Assumption 3 ({s-estimation error bound). There exist some sequences pi, — 0 and
Mp — 0 such that Pr{||n — pa, lloc = mmn} < p1n, as N — oco.

Assumption 4 ({-estimation error bound). There exist some sequences pz, — 0 and
N2 — 0 such that Pr{||[Z — pwollcc > 2.0} < p2n, as N — 0.

Assumptions 3 and 4 ensure that the estimators of the mean regression function de-
rived from the transfer and debiasing steps closely approximate their respective population
versions. These are just sup-norm consistency assumptions, which are typically met by
lasso-type estimators under standard assumptions, fixed-dimension ordinary least squares
with bounded predictors, and standard nonparametric regression estimators on compact
domains. Similar conditions can be found in Lei et al. (2018). Notably, when Ay, is not
empty and ng+IN > ng, the convergence rates 1y, and 72 5, are expected to be sharper than
those obtained through conventional non-transfer regression methods. These assumptions
are supported by various studies in transfer learning regression estimators (Li et al., 2022;
Cai and Pu, 2022; Tian and Feng, 2023), demonstrating the benefits of leveraging infor-
mation from informative source datasets to enhance the estimation of the mean regression
function in target models.

Theorem 9 (Lower and upper bounds on coverage). Assume Assumptions 1-4 hold. Let
N = Mim + N2, B =ho+ h and py, = p1n + p2n. Then the TCP defined in (9) satisfies

Pr {Ynew € é(Xnew)} >1-a—-0, (nn +pn+H +A+ Nfl/z) ’

and

Pr{Ynew eé(Xnew)} <l-a+@%, +0, (nn+pn—|—h’+A+N_1/2),

where A is the bias correction term defined in (4) and @]IVI_H denotes a prespecified weight
placed to data point (Xpew, Ynew), which has the order of .

Theorem 9 establishes the lower and upper bounds on the coverage of the proposed TCP
method, which applies to general conditional mean functions. When Aj,, is not empty, these
bounds are determined by the error terms in the estimates of the conditional means, i.e.,
Tns Pn, B/, A, and the sample sizes of both the target and source datasets. Notice that
ﬂ?ﬁlﬂ = 1/(10%1 + e+ w%} + 1), if w%l,--- ,wﬁl are all fix values, the order of zﬂﬁlﬂ
is typically O(1/N). Specifically, if »’ and A are much smaller than N~/2, and if N
is significantly larger than ng, with 7, and p, observed to be smaller than N—1/2 (or,
in the case of nonparametric regression, smaller than N—AP/(28r+1)  where Bp denotes
the smoothness degree of the unknown source function—see Definition 1 in Cai and Pu
(2022) for more details), it follows that the upper and lower bounds of the TCP method
approach the optimal order of N—1/2 or N=Pr/(28r+1)  Ag more relevant source data are
incorporated (that is, as N increases), the convergence rate of N~1/2 or N—8r/(28p+1)
improves, improving the prediction of the target, particularly when the target data set
is small. Compared to Theorem 2 of Barber et al. (2023), as described in equation (2),
incorporating additional source data (increasing V) when the target data set is small yields
a better lower coverage bound, bringing it closer to 1 — a. Specific examples of models and
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their corresponding coverage bounds are provided in Section 4.2. When Ay, is empty, the
lower and upper bounds of Pr{Y,ew, € C(Xpew)} are 1 —a and 1 —a+0O(1/ng), respectively,
which is the same as in split conformal prediction using only target data (Lei et al., 2018).

Remark 10 As noted previously, the integration of additional informative source data (in-
creasing N ) enhances predictive accuracy for smaller target dataset by improving the con-
vergence rate to N2 or N=Pp/2Br+1)  Ag o result, the coverage gap, Op(N_l/Q) or
Op(N*fHP/(QBP“)), becomes negligible, bringing the proposed TCP coverage closer to 1 — .,
especially when the source sample size N s large. Importantly, this enhancement is achieved
without imposing asymptotic assumptions on the target sample size ng. Although a strict
finite sample guarantee is not obtained, the method still provides highly reliable coverage in
practical applications. The key strength of this approach lies in its ability to achieve coverage
near 1 — a without requiring a large target sample size ng.

The robustness of our method stems from its ability to ensure valid prediction coverage
not only under distributional shifts but also in the presence of model misspecification. On
the one hand, our framework is designed for nonexchangeable data in a posterior drift set-
ting, where the conditional distributions P(Y'|X) for the source domains may differ from
those of the target. Our method restores coverage guarantees by detecting the informa-
tive sources whose conditional distributions are sufficiently close to that of the target and
constructing the prediction sets using only these informative sources. On the other hand,
the validity of our approach does not depend on f(X) or fi(X) being the true regression
functions. Assumptions 3 and 4 require only that the estimation errors in the £,, norm con-
verge to zero with high probability. Thus, for our theoretical guarantees to hold, the fitted
models need only approximate the truth uniformly well, rather than be perfectly specified.

Theorem 11 (Width of TCP). Assume those conditions in Theorem 9 hold. The width of
the TCP band is

N+1

Wtrconf = 2@1704 (Z ﬂle : 5§11> +2A (Il) = 2QZ + Op ("72,71 + pQ,n) y
i=1 ‘

where qa is the population 1 — a quantile of the distribution of |Y — po (X)|.

Theorem 11 demonstrates that the width of the proposed TCP interval is determined
by max{nan,p2,}. This represents a notable departure from the results only based on
target data as presented in Theorem 3.2 of Lei et al. (2018). Specifically, when ng = o(N),
Theorem 11 suggests a significantly narrower prediction interval compared to traditional
conformal prediction intervals, as documented in works by (Lei et al., 2018; Tibshirani
et al., 2019; Guan, 2023; Barber et al., 2023). This reduction in interval width is largely
due to the fact that both 7o, and p2, benefit from the increased effective sample size that
encompasses the entire data set, not just the target data set.

Remark 12 An intuitive alternative approach would involve leveraging transfer learning

techniques during the training phase, followed by standard conformal calibration using the
available target data. Although this method retains finite-sample guarantees, it typically
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produces overly wide prediction intervals when applied to limited target data, as discussed
after Theorem 11. In particular, the simulation study and the analysis of real data in
Sections 5-6 highlight the limitations of this intuitive approach, while also validating the
theoretical advantages of our proposed method.

Remark 13 It is essential to acknowledge the inherent trade-off between coverage guaran-
tees and prediction interval width in conformal methods (Barber et al., 2021). Traditional
approaches, such as split and full conformal prediction, which only depend on target data,
typically provide strong coverage guarantees, with coverage errors bounded at a rate of ng !
(Barber et al., 2023). However, these methods often lack statistical efficiency, resulting in
unnecessarily wide intervals. In contrast, our proposed TCP method capitalizes on valuable
source data, effectively increasing the sample size to N, which is significantly larger than
no (Hu and Zhang, 2023). This enhanced sample size allows our method to produce sub-
stantially narrower prediction intervals compared to those generated by the split conformal
method, which relies exclusively on target data.

Remark 14 Both our TCP framework and the work of Oliveira et al. (2024) aim to relax
the classical exchangeability assumption, but they address fundamentally different regimes.
Our TCP framework is designed for multi-source transfer learning under posterior drift,
where coverage validity and efficiency are guaranteed by the aggregate source sample size N.
In this setting, the bounds improve at rates determined by N, which s typically much larger
than the target size ng, yielding faster convergence and near-nominal coverage even when
only limited target data are available. By contrast, Oliveira et al. (2024) demonstrated that
split conformal prediction remains approzimately valid for dependent data (e.g., B-mizing
or spatiotemporal processes), but with a coverage penalty that scales directly with ng. Hence,
our problem setup extends to scenarios that fall beyond the scope of Oliveira et al. (2024).

From a theoretical perspective, the coverage gap in our TCP framework arises because
the usual finite-sample validity of conformal prediction critically depends on the exchange-
ability of the calibration and test residuals. In our transfer learning setting, the calibration
residuals are drawn from informative but non-exchangeable source datasets, while the tar-
get residual distribution differs due to posterior drift. This lack of exchangeability breaks
the finite-sample exactness of conformal prediction and necessarily introduces a coverage
gap. Similar limitations have been noted in prior work on non-exchangeable settings, such
as Gibbs and Candes (2021), Barber et al. (2023), and more recently Oliveira et al. (2024),
where coverage can only be established approximately under dependence.

In our TCP framework, this gap is controlled through error terms that depend pri-
marily on the aggregate source sample size N. As established in Theorems 9, and 11, the
gap shrinks at rates O, (N ~1/2) or Op(N —Bp/(2Bp+1))  depending on the regularity assump-
tions. This implies that with sufficiently large and informative source datasets, the coverage
approaches the nominal level 1 — a asymptotically. Importantly, this convergence occurs
without requiring asymptotic assumptions on the target sample size ng, which distinguishes
our results from those of Oliveira et al. (2024), whose guarantees depend directly on ng. If
the source and target distributions are exchangeable (i.e., no posterior drift), our method
can achieve exact finite-sample validity 1 — «. More generally, when posterior drift is mild
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and the source sample size N is large, the asymptotic guarantees provide coverage very
close to 1 — «, as confirmed by our simulations.

We provide three specific statistical models and examine the corresponding coverage
bounds and prediction interval widths for the proposed TCP method. These models include
high-dimensional linear regression, high-dimensional generalized linear regression, and non-
parametric regression. For a comprehensive discussion of the three models and detailed
explanations of the parameters 71, 720, P1m, P2,n, Mo, h, and A in the context of these
regression models, please refer to Section A in the Appendix. Table 1 provides a summary
of the coverage guarantees and prediction interval widths for each of the three regression
models under the proposed TCP framework.

Table 1: Comparative summary of optimal order for coverage guarantees and prediction
interval widths.s is the number of nonzero coefficients under the high-dimensional setting,
c1,C2,C3,cq4 are some positive constants relating to h, and Sp is the smoothness of the
nonparametric function under the nonparametric setting.

High-dimensional LM [High-dimensional GLM| Nonparametric
1/2 1/2 __Pp
ne | ()L ()T e
1/2 1/2 __Bp
M2,n 3(%) / +h s(%) / +h  |(ng+ N) 2Pp+I
__Pp
Pl,n p—c1 p—c3 (no —|—N) 268p+1
__Bp
p27n p—02 p—C4 (no + N) 28p+1
ho N—1/2 N—1/2 N-1/2
h N—1/2 N-1/2 N-1/2
A N—1/2 N—1/2 N—1/2
__Bp
Lower bound N—1/2 N—1/2 (no + N)~ 2Pp+1
__Bp
Upper bound N—1/2 N-—1/2 (no + N) 2Pp+1
__Bp
Width maX{??z,n, P2,n} maX{UQ,n, PQ,n} (no + N) 28p+1

4.2 Conditional coverage guarantee

An important direction is to investigate the conditional coverage properties of our TCP
method. This is particularly important in applications where uncertainty quantification
must be reliable at specific covariate values Xy, rather than only on average across the
covariate distribution. Examples include patient-specific risk prediction in medicine or
localized demand forecasting in economics, where relying solely on marginal guarantees
may obscure poor coverage in regions of low or high covariate density. Conditional coverage
guarantee is strictly stronger than marginal coverage and, as noted in Lei et al. (2018) and
Barber et al. (2021), is generally unattainable without additional structural assumptions
or by relaxing finite-sample validity. To establish the conditional coverage properties of
TCP, we strengthen the estimation assumptions so that they hold locally around X,¢y,. In
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particular, the global ¢, bounds in Assumptions 3 and 4 must be replaced by conditional £
error bounds that quantify the estimation accuracy of iz and fi given X,¢,,. This refinement
parallels the approach taken in conditional conformal prediction (see, e.g. Guan (2023),
Oliveira et al. (2024), and Hore and Barber (2025)), which extends marginal to conditional
guarantees by imposing additional covariate-conditional assumptions. In the following, we
present the conditional versions of these estimation assumptions.

Assumption 5 (/y-estimation error bound, conditional on X,.,) For any fized co-
variate value Xyew, there exist sequences p3,, — 0 and 13, — 0 such that

Pr (H/j - M.Aho ”oo > 773,n’Xnew) < P3n, as N — oo,

Assumption 6 (/,-estimation error bound, conditional on X,.,) For any fized co-
variate value Xy, there exist sequences py, — 0 and 14, — 0 such that

Pr (H//Z - /LOHOO > 7]4,n’Xnew) < Pan, aS N — 0.

Under these two assumptions, we establish the following result:

Theorem 15 (Lower and upper bounds on conditional coverage). Assume Assumptions
1, 2, 5 and 6 hold. Let S, = n3n + Nan, K = ho+ h and p, = p3n + pan. Then the TCP
satisfies

Pr{Ynew € 6()(new)LX'new} Z 1—Oé—Op {Ufl—ﬁ-pfl-l-nn+p27n+A—|—h/+N_1/2},
and
Pr{Ynew € a(Xnew”Xnew} <1 _a+@11\[1+1 +Op {77;+p% + M +p2,n+A+h/+N_1/2} .

This theorem shows that, under the strengthened local assumptions, TCP achieves condi-
tional coverage guarantees up to small residual error terms. The bounds depend on the
local estimation accuracy of i and iz in a neighbourhood of X, rather than on global
model correctness or exchangeability across domains. In other words, the procedure can
remain valid at a fixed covariate value even when the overall model is misspecified, so long
as the fitted regressions are sufficiently accurate locally. To support this theoretical claim,
we conduct a simulation study that examines conditional coverage at a fixed covariate value
in Appendix J. The results confirm that TCP remains robust in practice at specific regions
of the covariate space.

In addition to conditional coverage at a fixed covariate value X, it is natural to
study group-conditional coverage, as emphasized in Hore and Barber (2025). Exact test-
conditional guarantees are known to be unattainable in a fully distribution-free setting
(except for discrete X), whereas marginal guarantees are often too weak for practical ap-
plications. Group-conditional coverage offers a natural compromise: instead of requiring
validity at a single point X, it requires validity averaged over subsets of the covariate
space (Hore and Barber, 2025). Formally, let B denote a collection of measurable subsets
of the feature space X' (e.g., age intervals in biomedical applications, income brackets in
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economics, or quantile bins of a covariate). The group-conditional requirement is that, for
every B € B,

Pr{Yew € C(Xnew) | Xnew € B} > 1— a.

This guarantee is weaker than pointwise conditional coverage, because each B aggregates
outcomes across many covariates rather than requiring validity at every individual X,,¢,.
Our theoretical framework already establishes bounds for conditional coverage at a fixed
Xnew (Theorem 15). However, extending these results to group-conditional coverage is
non-trivial. In particular, pointwise convergence at each fixed X, does not automatically
imply uniform validity over subsets B C X, especially when B contains infinitely many
covariate values. Obtaining group-conditional guarantees would require stronger assump-
tions to control uniform estimation error across subsets of the covariate space, and we leave
the development of such conditions as an important direction for future work. To support
this perspective empirically, we have conducted additional simulations where the covariate
space is partitioned into meaningful subgroups B € B (e.g., bins defined by the range of
a selected covariate). We then evaluated TCP’s empirical coverage within each subgroup.
The results, presented in Appendix K, confirm that TCP maintains near-nominal coverage
in every subgroup while continuing to produce narrower intervals than baseline methods.

4.3 Source detection consistency

In this section, we demonstrate that our transferable source data detection algorithm
can accurately recover the level-h transferring set Ay, for a specified h, with high probability,
given certain conditions. To achieve this goal, we first define the population counterpart of
cK L, which is given by:

L P®) (Y] X;)
(k) — *) (V| X il
cKL® =3"p (Y1|Xl)log{ omIx) [
=1

where P*) (Y|X) denotes the population conditional probability associated with the k-th
source dataset and @ (Y| X) represents that of the target dataset. In addition, we need to
introduce the following conditions on the identifiability of a specific Ay,.

Assumption 7 There exist some sequences hz(,k) — 0 and hy — 0 such that

Pr <sup |P®) (vi|X:) = PO (vi],)

> th“)> < ¢ (x),

Pr <sgp (@ (YilX;) — Q (V3] Xi)

> mhq> < g2(k),

where ggk)(/i),gg(n) — 0 as kK — o0.

Assumption 8 Let Af = {1,..., K}\Ay. Suppose that there exist constants l3, us, la, us
such that 0 < I3 <wuz < 1,0 < 1ly <uy <1, I3 < PE(Y|X) < uz for all k, and Iy <
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(k) (k)
Q(Y|X) < ug. Furthermore, assume that h = o(1), h > (u3+_nhp J(hnhy (J,Z)HhQ) +/€h§,]€)+/€hq,
min{l3,l4}(I3—khy ’)

and

sup | P (Y] X;) - Q (V3] X0)

< h,Vk € Ay, (12)

inf \p<k> (i1 X:) — Q (YilXy)

> h,Vk € Aj,. (13)

Assumption 7 guarantees that as sample sizes increase, the maximum discrepancies repre-
sented by sup; |P®)(Y;|X;) — P®)(V;|X;)| and sup; |Q(Yi|X;) — Q(Y;|X;)| consistently de-
crease. Assumptions 7 and 8 enhance the framework of Aj identifiability, introduced in
Assumption 5 of Tian and Feng (2023), which primarily addresses the stability of coef-
ficient estimates across source and target data within generalized linear models. Notice
that, under the assumptions (12) and (13), a significant difference is observed between the
population-level conditional distributions of Y given X from the source data and those
associated with the target data, particularly when the source data falls outside the A
transferring set. Our contribution extends their framework to the analysis of conditional
distributions, specifically P*)(Y|X) and Q(Y'|X). This extension is critical for conformal
prediction, as it ensures compatibility with the model-free nature of conformal prediction
and enhances its applicability across various statistical settings.

Theorem 16 (Detection consistency of Ay). Assume Assumptions 7 and 8 hold. For any
& >0, there exists N(§) > 0 such that when minng > N(§),

Pr(ﬁ:Ah) >1-¢.

In addition, under the assumptions outlined in Theorem 9, the proposed detection algorithm
exhibits the same high-probability upper and lower bounds of coverage probability as those
specified in Theorem 9.

Theorem 16 establishes that, under certain conditions, A can be equated with Ay, for
a particular value of h. A crucial implication of this theorem is that our algorithm for
detecting transferability works effectively without an explicit specification of h. When the
source sample size is sufficiently large, employing A for transfer not only leads to a reduction
in both the lower and upper bounds of the prediction interval but also narrows the interval
width, in contrast to approaches that construct the prediction interval only based on the
target data.

) and hq in Assumptions 7 and 8 depend on the
estimation procedures used to compute the conditional densities P® (Y |X) and Q(Y|X).
Common density estimation techniques, such as kernel density estimation (KDE) or K—
nearest neighbour methods (KNN), produce reliable estimates, especially when the underlying
data distributions are sufficiently smooth. The choice of bandwidth (in KDE) or the number

of neighbours (in KNN) plays a critical role in controlling the size of hék) and hy, allowing
them to decrease at rates that align with the assumptions in Theorem 16. For practical
values of h, cross-validation methods can be employed to tune h in a way that balances
detection consistency with estimation accuracy. Small values of h lead to good detection
consistency, especially when large enough source datasets are used.

Remark 17 In practice, the constants h,(f
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Remark 18 Our theoretical results (Theorems 9, 11, and 16) show that both coverage va-
lidity and interval width are primarily determined by the total number of informative source
samples, N = Zszl ng. As long as N is sufficiently large, the coverage gap of our confor-
mal prediction procedure decreases at the rate Op(N~2) or O,(N—Pr/28r+1)) " depending
on the reqularity conditions. At the same time, a larger N improves estimation accuracy,
yielding narrower prediction intervals. From this perspective, the relative contributions of
K and ng matter only through their effect on N : both increasing the number of sources and
enlarging the sample size within each source improve efficiency by expanding the overall pool
of informative source data. In practice, however, increasing K can also diversify the envi-
ronments represented in the data and is only beneficial if the additional sites are sufficiently
informative. Thus, in theory, efficiency depends solely on N, while in applications, both K
and ng influence performance through their combined effect on N and the informativeness
of the included sources.

5. Simulation studies

In this section, we illustrate the empirical performance of the proposed TCP algorithms
in several simulation settings. Specifically, we demonstrate the numerical performance of
the proposed TCP method with known and unknown informative auxiliary set .4 in Section
5.1 and 5.3, respectively. The sensitivity of the discrepancy parameter § for the proposed
algorithms is discussed in Section 5.2. All results displayed average over 200 independent
Monte Carlo trials.

5.1 Simulation with known A

In this subsection, we investigate the empirical properties of the conformal prediction
intervals under three simulated data settings when A; is known. In each setting, the

B y®)

)i =1, .

(k)
(3
$(k)}, then specifying a distribution for Xi(k), and lastly specifying a distribution for eik) =

Y;(k) — ,LL(XZ-(k)), k=0,..., K. These specifications are described below.
Setting 1 (linear regression, high-dimensional): Consider the simulation setting as follows:
we take the target mean function po(x(?)) = (T3 and source mean function s, (z*)) =
a:(k)TG(k), k =1,...,K. The predictors from target study z(® s N(0,,%) with ¥ =
(0.51791)1<; j<, and the predictors from source studies ) b N(0,, % + ee') with € ~
N(0,,0.32I,). For the target data, the coefficient is set to be 8 = (0.5- 15, Op_S)T, where 1,
is has all s elements 1, 0, is a zero vector, and s is set to be 5. Let rl(ok) be p independent
Rademacher variables (taking values in {1, -1} with equal probability) for any k. Notice

that rz(,k) is independent with rz()k,) for any k # k’. For any source data k in A, we set

0®) = B+ (h/p)ry.

Setting 2 (poisson regression, high-dimensional): Same to Setting 1, but where the target
mean function takes pg(z(®)) = exp(2(®7T3), the source mean function takes () =
exp(:c(k)TO(k)), k=1,..., K, and predictors are coordinate-wise truncation at +0.5. In this
setting, we explore target sample sizes ng = 75, 100, 150, 200.

target samples (Xi(o), }/i(O)) along with auxiliary source samples (Xi(

k=1,...,K are generated in an i.i.d. fashion, by first specifying p;(z*)) = E{Yi(k) | X
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Setting 3 (nonparametric regression): We set the dimension to 1 and consider the target
and source mean functions as follows:

pio(z @) = sin(1072@) + (2(©)3/2,

pe(z®)) = sin(10mz ) + (x(#))3/2 — ﬁhox(k) +¢, k=1,.. K,
where ¢ ~ N(0,1), and 2 ~Unif(0,10),k = 0,1,..., K. The sample sizes of the target
study are ng = 25, 50, 100, 200, and the sample size of source studies is fixed at ny,...,ng =
100 with K = 5. In this setting, we utilize B-spline regression to investigate the performance
of the proposed algorithms. The remaining setup is the same as in Setting 1.

We consider various target sample sizes, specifically ng = 25,50,100,200 and K = 5
source studies with sample ni,...,ng = 100. The dimension p = 500 for both target
and source data. The transferring level h is considered at two levels, h = 5,30, and the
discrepancy parameter § is set to 0.1. The number of bootstraps is fixed at 50, each with
an equal sample size, denoted as ‘Iﬂ = |Z;]. For each setting, we evaluate the following
methods, targeting a coverage level of 1 — a = 0.9. Specifically,

e SCP: We consider the original split conformal prediction, with i the lasso regression
fit using only data from the target study.

e FS: Applying the few-shot conformal prediction method (Fisch et al., 2021), we select

a subset of the source data, (XZ-(kl), Yi(kl)), t=1,...,nk, k1 = 1,2, to train a transfer

learning algorithm (Li et al., 2022) to fit . Subsequently, we use the data from the
last three sources, ()(i(’”),l/;(kz))7 t=1,...,nk, ko = 3,4,5 to estimate correction
parameter A (Z;) without employing weights.

e TL: Analogous to the SCP method, we employ the transfer learning algorithm (Li
et al., 2022) to fit f.

e TL+UQ: We run the proposed TCP algorithm without using weights, i.e., 'LEZL =1
and w! =1,¢t=1,...,T defined in Algorithm 1.

e TL4+WQ: We also run the proposed TCP algorithm with unequal weights. The
details for selecting weights @Il and w!, for all three settings, can be found in Section
B of the Appendix.

Our results are summarized in Tables 2-4 and Figure 3. In terms of coverage, we observe
that the proposed methods, i.e., TL+UQ and TL+WQ, have coverage ~ 90% across all
settings with h = 5, while for h = 30, the proposed TL+WQ performs better in maintaining
the desired coverage level due to significantly non-exchangeable data setting. Meanwhile,
as expected, both the SCP and TL methods exhibit poor performance in most cases — this
is because of inaccuracies in estimating the regression function and errors in determining
the 1 — a quantile of the empirical distribution of the fitted residuals, especially when the
target sample size ng is limited. Turning to the prediction interval width, we observe that
for h = 5, TL4+UQ and TL+WQ methods show similar mean widths. This is because a
smaller h leads to a less distinct difference between source and target datasets. In addition,
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variability is higher for TL+UQ than for TL4+WQ in most cases. Conversely, when h = 30,
we see that the TL+UQ method consistently yields wider prediction intervals than the
TL+WQ method, which is to be expected due to the greater degree of nonexchangeability
in the source data caused by the larger h value. Moreover, the SCP and TL methods perform
poorly with a limited target sample size ng across all settings, although their performance
improves as ng increases. This highlights the utility of the proposed algorithms for settings
where the target data are limited. Furthermore, the FS method presupposes that source
and target data are exchangeable. However, this assumption does not hold in our setting,
resulting in poorer performance of the FS method in terms of coverage probability and
interval width. Even in scenarios where the non-exchangeability between source and target
data is minimal (e.g., when h = 5, the FS method still underperforms. This is primarily
because it relies on source data to estimate the correction parameter A (Z; ), and the number
of source data is limited.

Remark 19 While our theoretical guarantees are asymptotic, the simulation results show
that the empirical coverage remains close to the nominal level 1 — «, even when the tar-
get sample size is limited, and is comparable to that of classical conformal prediction. In
addition, TCP consistently yields substantially narrower prediction intervals than conven-
tional conformal prediction, thereby demonstrating clear efficiency gains while effectively
preserving coverage at the nominal level.

Additionaly, in Appendix F and G, we present simulation studies under Conformalized
Quantile Regression (CQR) scores (see Romano et al. (2019)) and under binary outcomes,
respectively. For the CQR setting, we compared five methods: CQR, Few Short learning
under quantile regression conformity scores (FSQR), Transfer only under quantile regression
conformity scores (TLQR), and our Transfer Learning under quantile regression conformity
scores procedures with unweighted (TCQR+UQ) and weighted (TCQR4+WQ) quantile cal-
ibration. As shown in Tables 12-13, TCQR+WQ achieves the smallest prediction set size
while maintaining valid coverage. For example, at ng = 50, TCQR+WQ yields a set size of
4.973 with 89% coverage, outperforming CQR, which has a larger set size of 5.844. For the
binary outcome setting, we compared five methods: SCP, FS, TL, TL+UQ and TL+WQ.
As shown in Tables 14- 15, TL4+WQ achieves the smallest prediction set size while main-
taining valid coverage. For example, at ng = 100, TL+WQ yields a set size of 1.460 with
89.5% coverage, outperforming SCP, which has a larger set size of 1.970. These results
demonstrate that our TCP method remains both effective and efficient under CQR scores
and under binary outcomes, highlighting its adaptability to diverse prediction problems.

Instead of residual-based nonconformity scores, we consider an HPD-type score con-
structed from an estimated conditional density f(,- | ). Let (X,Y) denote a generic
covariate-response pair from the target domain, and let (z,y) represent a covariate value
and response value. We define the HPD-based nonconformity score as:

supn(z,y) =B (FV | X) > fly | 2)| X =),
which corresponds to the estimated conditional probability mass assigned to outcomes whose

estimated density is at least as large as that of y at the same covariate value x. Given target
calibration data {(Xj;,Y;) }icz.,,, we compute the calibration scores Sgpp (X;, Y;) and let 1o
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denote their (1 — «) empirical quantile. The resulting split conformal prediction set is:

Crpp(z) = {y : Supp(#,y) < Gi-a} -

To empirically illustrate this extension, we have conducted additional simulation studies
using the HPD-based nonconformity score and report the corresponding empirical cover-
age and interval widths alongside our existing baselines in Appendix L. Tables 24 and 25
show that our qualitative conclusions remain unchanged under this alternative choice of
nonconformity measure. These additional experiments further demonstrate the flexibility
of the proposed TCP framework, which naturally accommodates density-based noncon-
formity scores derived from HDP regions. This extension is motivated by recent work
connecting conformal prediction to HPD regions and distribution-free uncertainty quantifi-
cation (Izbicki et al., 2022; Dheur et al., 2024). Unlike residual- or quantile-based scores,
HPD-based nonconformity measures exploit an estimated conditional density to assess the
plausibility of a candidate response under the fitted predictive distribution.

We also conduct additional simulation studies under CATE settings. While the aver-
age treatment effect (ATE) is a well-established causal effect of interest, our framework,
grounded in conformal prediction, is primarily designed to provide predictive inference at
the individual level. Specifically, conformal methods construct valid prediction intervals
for each test instance, thereby quantifying uncertainty for individual-level outcomes rather
than population-level averages. Consequently, our framework aligns more naturally with
the CATE (Lei and Candes, 2021). In this case, the target quantity is

(0)

0
T(CC) = Mgrgatment(x) - iucontrol(x)’

where Nggiatment(l‘) = E[Y(1)|X = z] and “g(o]znrol(m) = E[Y(0)|X = z] denote the con-
ditional mean outcomes under treatment and control in the target population. To apply

TCP, we proceed analogously to Algorithm 1 in our paper:

e Fit outcome regression models for treatment and control using both target and source
data, obtaining fitreatment () and feontror (), along with preliminary transfer-learned
estimators fiyreatment () and fieontror(x) based on source data and target data.

e Estimate predicted treatment effects as 7(z) = Lireatment(T) — Heontroi(x), With a
corresponding transfer-learned version 7(x) = figreatment () — Heontrol (T)-

e Construct conformity scores using the residuals of 7(z) and apply the same debiasing
and weighting steps as in TCP.

This yields prediction intervals for 7(x) that retain the validity and efficiency properties
of TCP in the causal setting. As shown in Tables 18 and 19, our proposed TCP perform
better than other methods. Details of the CATE data-generating process and results are
provided in Appendix I.

5.2 Sensitivity of §

In this subsection, we present additional simulation results to assess the sensitivity
of § that appeared in Algorithm 1, which affects the computation calibration conditional
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averaged over 1000 independent trials, and the standard errors are in parentheses.

ho ng SCP FS TL TL+UQ TL+WQ
5 25 | 7.827(0.819) 4.944(0.562) 4.503(0.528) 4.071(0.381) 4.051(0.349)
50 | 6.298(0.613) 4.529(0.411) 4.188(0.394) 3.471(0.261) 3.456(0.260)
100 | 4.655(0.352) 3.909(0.319) 3.679(0.215) 3.392(0.182) 3.351(0.182)
200 | 3.972(0.195) 3.758(0.248) 3.547(0.151) 3.215(0.129) 3.226(0.126)
30 25 | 8.094(0.881) 5.423(0.767) 4.774(0.579) 4.645(0.366) 4.482(0.427)
50 | 6.379(0.655) 5.012(0.494) 4.299(0.371) 4.161(0.214) 3.928(0.269)
100 | 4.603(0.343) 4.237(0.362) 3.823(0.226) 3.982(0.168) 3.619(0.176)
200 | 3.908(0.193) 3.828(0.334) 3.595(0.160) 3.839(0.147) 3.407(0.130)

Table 3: Comparison of prediction interval width in Setting 2. All quantities have been

averaged over 1000 independent trials, and the standard errors are in parentheses.

ho ng SCP FS TL TL+UQ TL+WQ
5 75 | 4.999(0.675) 4.852(0.591) 4.604(0.542) 3.580(0.239) 3.462(0.196)
100 | 4.174(0.495) 4.211(0.475) 3.913(0.361) 3.497(0.217) 3.396(0.189)
150 | 4.096(0.432) 4.141(0.396) 3.851(0.321) 3.388(0.198) 3.312(0.173)
200 | 3.846(0.315) 3.963(0.402) 3.699(0.229) 3.257(0.143) 3.218(0.141)
30 75 | 4.741(0.627) 5.010(0.690) 4.561(0.524) 3.865(0.241) 3.625(0.242)
100 | 4.298(0.535) 4.506(0.518) 4.108(0.399) 3.730(0.238)  3.551(0.226)
150 | 4.092(0.385) 4.202(0.548) 3.872(0.299) 3.649(0.194) 3.411(0.191)
200 | 3.899(0.328) 4.152(0.536) 3.824(0.235) 3.565(0.187) 3.292(0.160)

conformal p-values. To achieve this, we specifically consider a sequence of § values, i.e.,
d € {0.01,0.03,0.05,0.10,0.15, 0.17,0.20, 0.25, 0.30, 0.35, 0.40, 0.45,0.50}. For each § value,
we run Algorithm 1 with A = 30 in Setting 1 and repeat this procedure 200 times.

As depicted in Figure 4, both the coverage probability and interval width of predictive
intervals exhibit uniform behavior across varying values of . Consequently, it should be
noted that one has the flexibility to select any appropriate ¢ value tailored to their specific
needs.

5.3 Simulation with unknown A

In this subsection, we investigate the empirical properties of the conformal prediction
intervals via the following simulated data settings when Ay is unknown. Specifically, we
consider the same setting as Setting 1 in Section 5.1, but where the predictors from the target

study z(© Y (0p, I,) and two types of source studies belong to Aj, or Aj are generated
as follows: For any source data k in Ay, the coefficient is set to be 0% =8+ (h/p)rl(,k);
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averaged over 1000 independent trials, and the standard errors are in parentheses.

b g SCP FS TL TL+UQ TL+WQ
5 25 | 10.761(7.566) 2.491(0.287) 2.469(0.188) 2.332(0.122) 2.284(0.136)
50 | 3.247(0.853) 2.160(0.206) 2.235(0.109) 2.163(0.074) 2.111(0.079)
100 | 2.263(0.096)  2.206(0.204) 2.139(0.068) 2.148(0.063) 2.079(0.053)
200 | 2.171(0.051) 2.096(0.198) 2.075(0.038) 2.111(0.060) 2.073(0.042)
30 25 | 10.734(7.566) 2.599(0.312) 2.642(0.210) 2.373(0.137) 2.333(0.150)
50 | 2.985(0.579) 2.242(0.249) 2.435(0.126) 2.213(0.082) 2.167(0.089)
100 | 2.315(0.097) 2.218(0.196) 2.245(0.073) 2.171(0.063) 2.129(0.065)
200 | 2.181(0.059) 2.136(0.210) 2.180(0.053) 2.164(0.058) 2.137(0.046)
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Figure 3: Simulation results showing mean prediction interval coverage averaged over 1000

independent trials across three settings. Shaded regions around each curve represent 95%
confidence intervals for the estimated coverage rates.

For any source data k in Aj, the jth element of the coefficient 0" is generated as:

(k)
w  Jos+ T e {s+1,...,25) USW,
;7 =
; , otherwise,
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Figure 4: Coverage and width of predictive intervals across various ¢ values for h = 30 with
np = 25,50, 100, 200 in Setting 1.

where we randomly select a subset, denoted as S*¥), which has a dimensionality of s, from
the set {2s+1,...,p}, and r](-k) is a Rademacher variable. We consider various target sample
sizes ng = 25, 50,100, 200 with dimensionality p = 500 and s = 5. The transferring level h
is set to be 15 and the total number of source studies K = 10 with |Aj| =5 and |Af| = 5.

In this setup, we know that the kth source data and target data are both generated
from the multivariate Gaussian distribution. Hence, we use the following cKL divergence
between two multivariate Gaussian formulas to detect whether the kth source is informative
or not,

or(x ol (x xT) — )21
e o { ) L B o)l Ay

where po(z) and pg(z) are the mean functions from the target data and the kth source data,
respectively, and og(x) and oy () are their respective covariance functions. Notice that the
estimated probability densities may become too small due to the curse of dimensionality
when considering the high-dimensional setting. To address this issue, we first conduct
principal component analysis (PCA), selecting the top ten principal components to compute
the cKL divergence. We then apply the proposed transferable source detection algorithm
to select the informative transferring set A with A limited to five sources.

For comparison, we also run the proposed TCP algorithms with and without weights
based on source data in Aj, denoted as TLUQ(A;) and TLWQ(A},), respectively. Mean-
while, we consider the transterable source data detection to identify the informative trans-
ferring set A and then proceed to run the proposed TCP algorithms with and without
weights based on source data in A denoted as TLWQ(A ) and TLUQ(A ), respectively.
Our coverage results are shown in Figure 5, and the prediction interval width results are
summarized in Table 5. Obviously, TLWQ(.A) consistently outperforms its counterparts
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in performance across all settings, which aligns with expectations, as TLWQ(.A;) benefits
from incorporating information transferred from the sources within A;. Notably, the per-
formance of TLWQ(A) shows a remarkable similarity to that of TLWQ(Ay), suggesting
that the algorithm for detecting transferable sources effectively identifies Aj,.

Table 5: Comparison of average prediction interval width. All quantities have been averaged
over 1000 independent trials, and the standard errors are in parentheses.

ng | TLUQ(AL) | TLWQ(A)) | TLUQ(A) | TLWQ(A)
25 | 3.972(0.390) | 3.942(0.375) | 4.388(0.432) | 4.303(0.435)
50 | 3.455(0.245) | 3.465(0.247) | 3.637(0.267) | 3.555(0.287)
100 | 3.270(0.174) | 3.282(0.178) | 3.524(0.240) | 3.418(0.216)
200 | 3.155(0.121) | 3.128(0.120) | 3.408(0.212) | 3.221(0.148)
Average coverage (h = 15)
TLUQ(A,) TLWQ(A,) TLUQ(R) TLWQ(R)
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0.6

25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
No

Method - TLUQ(A;) -~ TLWQ(A,) A TLUQ(A) <+ TLWQ(A)

Figure 5: Comparison of average prediction interval coverage over 1000 independent trials.
Shaded regions around each curve represent 95% confidence intervals for the estimated
coverage rates.

We clarify that the cKL divergence can be computed using nonparametric methods
without requiring prior knowledge of the posterior drift. Specifically, we estimate the cKL
divergence between the target and each source using a nonparametric kernel density esti-
mation (KDE) approach. To address the potential high dimensionality of covariates, we
first conduct principal component analysis and retain the leading principal component. For
each observation, we then apply a univariate Gaussian KDE to estimate the conditional
density of Y given this component. For each source—target pair, we compute the estimated
conditional densities P(*) (y | ) and @(y | ) over a discretized grid, and approximate the
cKL divergence numerically via

cKL Z/Q | ;) 1og{ (32||$;))}dy

We then apply the same transferable source detection procedure as before, selecting the

(K N
sources with the lowest estimated cK L( ) to form the set A. Specifically, we adopt the
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feature distribution from Setting 1 in Section 5.1, where target predictors are i.i.d. samples
from N(0,1) with p = 1. Unlike the linear model in earlier settings, the target response

is generated via the nonlinear model y(®) = sin(argo)) +e, e~ N(0,0.5%). The source

studies are divided into two types: for informative sources (k € Ap,), the response is y(k) =
sin(z(*) 40.2) 4 ¢, introducing a mild posterior drift relative to the target; for uninformative
sources (k € A), the response is y*) = sin(2(*) +-1.2) + ¢, introducing a stronger shift. We

consider target sample sizes ng = 25, 50,100,200 with K = 10 total sources and | Ap| = 5.

Table 6 reports the average prediction interval widths, and Figure 6 reports the cor-
responding coverages. The results are consistent with those from the earlier multivari-
ate Gaussian simulations: TLWQ(Ap,) delivers the most efficient prediction intervals while
maintaining reliable coverage, and TLWQ(A) performs comparably to TLWQ(A). This
robustness further confirms the effectiveness of our KDE-based cKL divergence approach
for detecting informative sources, even when conditional distributions are complex and un-
known. In this KDE-based implementation, we do not rely on any parametric assumptions
about the data-generating process; instead, the conditional densities pk) (y | ) and @(y | )
are approximated directly using Gaussian kernel density estimation.

Table 6: Comparison of average prediction interval width. All quantities have been averaged
over 1000 independent trials, and the standard errors are in parentheses.

no | TLUQ(A;) | TLWQ(A,) | TLUQ(A) | TLWQ(A)
25 | 2.261(0.279) | 2.252(0.271) | 2.417(0.385) | 2.270(0.282)
50 | 1.994(0.244) | 1.971(0.231) | 2.010(0.256) | 2.005(0.252)
100 | 1.879(0.251) | 1.857(0.235) | 1.953(0.244) | 1.903(0.236)
200 | 1.714(0.160) | 1.712(0.158) | 1.794(0.166) | 1.747(0.163)

Average coverage

TLUQ(A) TLWQ(A,) TLUQ(R) TLWQ(A)
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Figure 6: Comparison of average prediction interval coverage over 1000 independent trials.

Shaded regions around each curve represent 95% confidence intervals for the estimated
coverage rates.
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6. Election data set

In this section, we illustrate the usefulness of the proposed TCP method by predicting
how Americans voted in the 2020 U.S. presidential election (Cherian and Bronner, 2020;
Gibbs and Candes, 2021). Our experiments are designed to investigate the county-wise
representation of the relative changes in the number of votes for the Democratic Candidate
in 2016 versus 2020, defined as: Y = DemQODQgr;ﬁimmw, where Demoggg is the number of
Democratic Party votes in a given county in 2020, with analogous definitions for 2016. In
our study, the covariate will include 27 potential factors for each county in our analysis
such as ethnicity, age, gender, median income, and educational metrics based on the 2020
dataset. The detailed information for this dataset can be found in the Appendix in Barber
et al. (2023).

In this experiment, our primary focus is on swing states that are characterized by a large
number of counties. To make this experiment precise, we have excluded Alaska and Wash-
ington, D.C. from our analysis of the 49 states, selecting Texas as our target state, which
presents a diverse political landscape, with the percentage of counties voting Democratic
between 10% and 90%. Texas, with its substantial tally of 254 counties, serves as a key
state for extensive analysis. Beyond Texas, we incorporate 12 additional states as our pri-
mary source datasets: North Carolina (100 counties), Virginia (133 counties), Missouri (115
counties), Kentucky (120 counties), Pennsylvania (67 counties), Nevada (17 counties), Col-
orado (64 counties), Georgia (159 counties), Illinois (102 counties), Maryland (24 counties),
California (58 counties), and New Jersey (21 counties). Specifically for Texas, we divide the
counties into two separate datasets for our analysis: the first dataset comprises the first 25
counties for training data and the remaining 229 counties for testing data. Similarly, the
second dataset consists of the first 100 counties for training data and the remaining 154
counties for testing data.

Transfer conformal prediction method

‘ Prediction Interval: Relative change in TX Democratic Votes |

Figure 7: Left map: A geographical depiction of source states, highlighted in yellow and
green, with the target state, Texas, marked in red. Right map: A diagram provides a visual
explanation of how the TCP method is applied to forecast changes in Democratic votes in
Texas.

Figure 7 displays the chosen U.S. states, highlighting both the source states and the
target state (on the left map), along with a schematic representation of the TCP method
(on the right map), illustrating its use in predicting relative changes in Democratic votes in
Texas. To run the experiment, we first apply our transferable source detection algorithm to
identify states that share notable similarities with Texas. The relative importance of these
states is illustrated in Figure 8, where lower values correspond to higher relevance. Based
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on a significant gap in the cKL divergence between KY and IL, we select the top five states:
CO, CA, PA, NV, and KY, as the estimated transferring set A In Figure 7, the source
states included in A are highlighted in yellow, while those excluded are shown in green. We
then proceed to evaluate the four conformal methods: SCP, TL, TL4+UQ, and TL4+WQ), as
in previous analyses. To implement the proposed method, the experimental parameters used
are consistent with those in Setting 1 in Section 5.1, including the discrepancy parameter
0, the number of bootstrap iterations, and the configuration of the weight vectors w;. For
this experiment, we evaluate the above methods using the target coverage level of 0.9.

cKL Divergence for 12 States vs. Texas
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Figure 8: The cKL divergence between 12 states and Texas.

Table 7: Election data results showing coverage, and interval width averaged over all test
counties.

np=25 np=100
Width Coverage | Width Coverage
TL+WQ | 0.692 0.905 0.497 0.896
TL+UQ | 1.021 0.925 0.583 0.916
TL 8.377 0.985 0.626 0.948
SCP 8.478 0.985 0.685 0.916

Table 7 shows the predictive coverage and interval width, averaged over all the test data
points for each of the four methods. It can be seen that the SCP and TL methods often
exceed the necessary coverage, leading to considerably wider intervals, especially when the
target data size, ng is small. On the contrary, both the TL+WQ and TL+UQ methods
closely achieve the desired 90% coverage while maintaining narrower intervals. Furthermore,
the TL4+WQ method consistently outperforms TL+UQ, which is attributable to the specific
structure of the non-exchangeable source data.

By leveraging information from related source counties, our TCP method produces sub-
stantially tighter prediction intervals while maintaining valid coverage guarantees. This
enables more accurate estimation of shifts in Democratic support at the county level, par-
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ticularly within swing states. Such precision is especially valuable in politically competitive
regions, where even small changes in voter preferences can decisively affect election out-
comes. Accurate uncertainty quantification in these contexts not only informs interpreta-
tions of election results but also guides strategic decision-making in campaign planning and
resource allocation.

7. Conclusion and Future Work

This paper presents a novel TCP algorithm that enhances the accuracy of estimated
residual distribution quantiles. The proposed TCP method not only maintains the de-
sired coverage probability but also ensures narrower prediction intervals, regardless of the
sample size or the underlying distribution of the target data. Additionally, we introduce
a transferable source detection algorithm that effectively distinguishes between informa-
tive and non-informative sources under certain conditions. We provide some theoretical
insights into the proposed TCP method, illustrating its advantages over traditional con-
formal methods. Our findings are validated through extensive simulation studies and an
analysis of real-world data.

Several directions for future research are worth exploring. One direction is to concern
adaptive selection of the coverage level. In line with standard practice in CP (e.g., Vovk
et al. (2005), Lei et al. (2018), Romano et al. (2019), Barber et al. (2023), Candes et al.
(2023)), we fix the coverage level in advance (e.g., 1 — a = 0.90) to guarantee validity and
ensure comparability across methods. However, in practice, practitioners may be tempted
to tune o post hoc to obtain narrower sets, thereby undermining theoretical guarantees.
Recent work by Gauthier et al. (2025) addressed this by inverting the problem: adaptively
selecting prediction sets (e.g., minimizing size) and then estimating the achieved coverage.
it remains limited to classification with exchangeable data and does not address challenges
such as distributional shift or regression outcomes, which our TCP framework explicitly
tackles. Extending adaptive CP strategies to transfer learning therefore constitutes an
exciting future direction. A second avenue involves leveraging surrogate or auxiliary vari-
ables to enhance efficiency. Recent work by Gao et al. (2024) demonstrated that surrogate
outcomes can yield tighter conformal intervals for causal effects while preserving validity
under appropriate assumptions. Building on this insight, our TCP framework could be
extended to exploit surrogate information, either to refine estimation of u(x) or to guide
weighted calibration. Such an extension would be particularly valuable in domains such as
healthcare or manufacturing, where surrogate measurements (e.g., biomarkers, sensor data)
are abundant, whereas primary outcomes are scarce. Investigating how surrogate-assisted
conformal methods interact with our posterior-drift framework under distributional shift or
non-exchangeability provides another fruitful line of research.

Acknowledgments

We are grateful to three anonymous reviewers for their insightful comments and sugges-
tions, which have helped improve the presentation of this paper. Jinhan Xie was supported
by the National Key R&D Program of China (102022YFA1003701) and the National Nat-
ural Science Foundation of China (No. 12501388). Ting Li’s research was supported by

36



TRANSFER CONFORMAL PREDICTIVE INFERENCE FOR REGRESSION

the National Natural Science Foundation of China (Grant No. 12571304), the Shanghai
Pujiang Program (Grant No. 24PJIC030), and the Program for Innovative Research Team
of Shanghai University of Finance and Economics. Bei Jiang and Linglong Kong were
partially supported by grants from the Canada CIFAR AI Chairs program, the Alberta
Machine Intelligence Institute (AMII), and Natural Sciences and Engineering Council of
Canada (NSERC), and Linglong Kong was also partially supported by grants from the
Canada Research Chair program from NSERC.

37



ZHANG, L1, XIE, KONG AND JIANG

Appendix A. Verification of the assumptions for three statistical models

In this section, we verify why Assumptions 3 and 4 are applicable to three specific
statistical models. Additionally, we provide the explicit forms of 01, 72.n, p1n, and pa,
for these models in Section 4.2.

A.1 High-dimensional linear regression

In this subsection, we consider a high-dimensional linear regression setting to validate
Assumptions 3-4. For the linear regression models, we assume that the fitted regression
function is denoted by g = X Té, and the debiased fitted regression function by @ = X TB.
The true parameters for the target model are represented by 3, and for the kth source
model by 0%). Here 8% ¢ R? and B € RP are both assumed to be a sparse vector with
s < min{n,p} nonzero entries. Following the definition of transferring set in (Li et al.,
2022), ie., |8 — W} < hy, we assume that |X*)||, is bounded by a constant Cp.
Analogous to the level-hg transferring set Ay, defined in equation (11), we introduce the
level-hg transferring set for high-dimensional linear regression, denoted as A%})\/I:

ARM — {k: ef{l,...,K}: HXUf)T (eUf) _ B) HOO < ho},

where hg = Cphy, defining the boundary within which the source domains are considered
transferable.

In high-dimensional linear regression, usually, we have the following oracle inequalities
(Van de Geer, 2008; Van de Geer et al., 2014) for lasso problems, i.e., we have

log(p)
ng+ N’

10 — 6, < Kis

with a probability at least 1 — p™', where ¢; and K are some positive constants. Conse-
quently, Assumption 3 is satisfied for i = X ', A, = XT70,m ., = 0(sy/log(p)/(no + N))
and p1,, = p~ . This leads to the bound:

= log(p) -
Prl[|XT(0—0)|x > < p,
ro fIX 7 ( Moo > s ot N (=P

Furthermore, according to Theorem 1 of Li et al. (2022), if slog p/N+h1 (log p/no)l/2 =o(1)
and hy < sy/logp/ng with ng + N > ny, they first establish that, for any B € 04 (s, h1),

. 1 ~ 2~ slogp  slogp
f P —HX(O) — H VB -85 < A
pedit B (o [XO@- ) vIB - o1 5 SEE 4 SO

>1—exp(—calogp),
where 7y, = h1+/log p/ng A h?. From this, it follows that, with probability at least 1 —p~¢2,

logp
ng+ N

18— 8|1 < Kas + Kohy,
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where ¢ and K3 are positive constants. Consequently, Assumption 4 is verified with =
X8, po = X8, n2n = Cas\/log(p)/(no + N) 4+ Cahy and pyp, = p~©2, where Cs is any
constant. Thus, we have

Pr HXT(B—,@>HOOZCQSHm+CQh1 <p .

A.2 High-dimensional generalized linear regression

In this subsection, we validate Assumptions 3-4 using high-dimensional generalized
linear models. We assume that the fitted regression functions in the transferring step,
I = G(X78), and the debiased fitted regression function, i = G(X3), are nonlinear in
X, where G(-) is the link function with bounded first derivation as discussed in Tian and
Feng (2023). Similarly to Section A.1, the true parameters for the target model and the kth
source model are denoted as 8 and ) respectively. We maintain that [|3—0® ||, < hy and
that || X*)||,, is bounded by some positive constant Cy. Building on the definition of the
level-hg transferring set Ap, in equation (11), we introduce the corresponding transferring
set for high-dimensional generalized linear regression, denoted as ASOLM:

A~k e, Ky : o (x0TeW) — G (xWTB)| < ho},

where hg defines the threshold beyond which source datasets are considered non-transferable.

Similar to high-dimensional linear regression with lasso problems in Section A.1, oracle
inequalities are also typically established for generalized linear models; see Van de Geer
(2008); Van de Geer et al. (2014), i.e.,

log(p) { _ e,

Pri|0—-0|, > K
r 1> K3s e

where K3 and c3 are some positive constants. Consequently, Assumption 3 is satisfied with
n=G(X'8), A, = G(XT0), mn = Css\/log(p)/no + N, p1, = p~, ensuring that

rel 0 (x78) -0 (70> cun 25 1<

where (5 is some positive constant. Furthermore, according to Theorem 1 in Tian and Feng
(2023), when h; < sy/log(p)/no, no + N > ng, we have

~ | log(p) -
P — > K4 —2L 4 Kby b < p ¢
rq 1B — Bl > Kus ot N + Kyhy p <p~“,

where K4 and ¢4 are some positive constants. Consequently, Assumption 4 is verified with
= G(XTB), 1o = G(XT,B), Nom = 043\/log(p)/(no + N)+ Cyhy and pa, = p~“, that is

Pr HG (XTB> e <XT5> HOO > Cys m +Cahy p <p i,

where C} is some positive constant.
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A.3 Nonparametric regression

In this subsection, we verify Assumptions 3-4 in the framework of nonparametric regres-
sions. The nonparametric regression model for the target data is defined as follows:

O = 00 ¢,

)

where f(-) is an unknown function of interest, assumed to be g smooth, and CZ.(O) are 1.i.d.
random noise variables with a mean zero. The model for the kth source data is given by:

v = g (XM + k=1, K,

)

where g,k =1,..., K are unknown functions that are 5;5) smooth, and Ci(k) are i.i.d. with

a mean zero. For detailed definitions of 8o and ﬁl(gk), please refer to Definition 1 in Cai and
Pu (2022). Building upon the discussions in Sections A.1 and A.2, we define the level-hg
transferring set for nonparametric regression, denoted as

ANM {k e{l,....K}: Hgk (X(k)) _ (X(’“)> HOO < ho},

indicating that the kth source data are close enough to f(-) to be potentially useful to
transfer learning.

Recall that N = |S1| = |Sz2|, and p denotes the dimensionality of X. Let g represent
the combined function of g for k = 1,..., K, along with the target function f. According
to the minimax optimal rate of estimation for local polynomial regression (Fan, 1993), we
have

~ 2 —2p_
B9 =0 ((V+ o) 75,

Given that E(g — g) = 0, applying Chebyshev’s inequality yields

Bp

__Pp B
o (Hﬁ—g”oo > (N +no) 2£P+p> < C5 (N +ng) 2Prir

Bp

where Cj is some positive constant. Therefore, let i =g, i, = g, mn = (N +ng) PPt
__Bfp
and p1, = Cs (N +ng) ?p», Assumption 3 is verified as follows:
Pr (Ha_ gHoo > 771771) < Pln-

According to the Theorems 1 and 2 in Cai and Pu (2022), the estimation risk for transfer
learning nonparametric regression, E(f — f)2, is proportional to:

AQ e
Q/Bmax _——_— J— 1
—gpoma . 280 +p 2Bo+p
Nmad™> P 4+ min {hg,no Q } -1y ey —

o)
28 +p

where Bmax = max{fqg, fp} and nmax = max{ng, N}. Assuming that hy < n, , Bp >
Bg and N > ng, the minimax risk for transfer learning is smaller than the minimax risk for
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Bp

estimating f using data from target domain alone. Let i1 = J?, po = f,man = (N+ng) 2Pptr

__Bp_
and pa , = Ce{(N+ng) 2°p*7}, where Cj is some positive constant. Therefore, Assumption
4 is verified by

Pr(||f = flloo = M2n) < p2n-

Appendix B. Details of settings 2 and 3 in simulation study

This section presents the process of selecting weights for three different settings in the
simulation study. For Settings 1 and 3 with continuous responses, we begin by establishing
the distances between each data point (X;,Y;) € S; and test point (Xpg41, Yng+1):

Dj = {[fi (Xi) = fie (Xng+1)| + 1 X5 = Xng1llo} 1¥i — fie (X3)],
Df* = {|fiz, (Xi) = fiz, (Xng+1)| + 1 Xi = Xug1llo} 1Yi = iz, (X)),

where i = 1,...,nca and ng, = |Si|. We then arrange the residuals ﬁf =1Y; — u (X;)| for
each data point (X;,Y;) € S in ascending order based on the respective distances D!. In
a similar manner, the residuals Elzl = |Yi — uz, (X;)| are sorted in ascending order for all
data points (X;,Y;) € S; according to DiZ !. For the algorithm implementation, we apply
weights w! = e~/ (neartl) to the ascending ordered residuals Eﬁ with wflcal 41 = 1. Similarly,
weights u)iI1 = ¢~/ (ncat)) for the ascending ordered residuals ﬁizl, setting wg;l 41 = 1. The

corresponding normalized weights @iIl and w! are defined as follows:

t
~t w;

i .
W; = 77‘:17"'7nca17
' w§+...+w%cal+1
el
~T, w; .
w, = :17'--7ncal-

= 2
i T T ’
wyt + o wng, +1

For Setting 2 poisson regression with discrete responses, the weights are constructed the
same as Settings 1 and 3, but the distances Df and DZAI ! between each data point (X;,Y;) € &1
and test point (X, +1, Yn,+1) are different,

D} = {|1ie (Xi) — It (Xng+1)| + [lexp(X;) — exp(Xpg41)[lo} [Vi — 11 (X3)],
D} = {|fiz, (X;) — Az, (Xng+1)| + llexp(X;) — exp(Xng41) o} |Y: — Fiz, (X3)],

where i = 1,...,ncal.

Appendix C. All Technique Proofs

In this section, we provide proof of the theorems and lemmas in the manuscript. To
facilitate our proof, let’s introduce some notations.

e Let N =|S1| = |S2| and ng/2 = |Z1| = |Z¢| = |Z2|, for ease of illustration.
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e Population regression functions. We denote by (X)) = E[Y(© | X = X )] the tar-

C.1

get regression function, and by (X ®)) = E[Y® | X = X*)] the regression function
for the k-th source dataset. The transferring set Ay, is associated with the combined
regression function pu, (z) :=E [Y(k) | X = X®) | data from k € Ap,]. Preliminary
regression estimators, such as jiz,, fiz,, or fi;, are understood as approximations to
[tA,,,» while debiased transfer—learning estimators, such as fiz,, liz,, or ¢, approxi-
mate pg. For brevity, we use ;i and i to represent generic elements from these two
classes of estimators.

Population residuals. We denote Ry ; = |Y; — Ay, (Xi)| and Ry ; = |Y; — po(X5)|, with
distributions F1, F> and quantiles q1, ¢o.

Fitted residuals. We denote R; = |Y; — i (X;)| and R; = |Y; — i (X;)|, with corre-
sponding distributions F, Fz and quantiles ¢, g.

Test residuals. For a fresh point (Xnew, Ynew), we write ﬁnew = |Yaew — 1 (Xnew)| and
Rnew — |Ynew - ﬁ(Xnew)‘-

Correction parameter. We clarified that the population correction parameter is A =
|g2 — q1], with the empirical analogue A (Z;) defined from calibration residuals.

Recall that 9, = 910 + N2m, K = ho + h, pn = pin + pP2n, 15 = N3n + Nan, and
PS5, = p3n + pan for simplicity.

Some lemmas

Lemma 20 Assume Assumptions 1-4 hold. For a new data point (Xnew, Ynew), we have

Pr (‘énew - Enew

Znn+h0> < Pn,

where hg is defined in equation (11).

Lemma 21 Assume Assumptions 1-4 hold, if fi and fo are both upper bounded by some
positive constants uy, ug and lower bounded by some positive constants li, and ly respectively,
we then have

A1) = Al = Op { + pan + NT2}.

Lemma 22 Assume Assumptions 1, 2, 5, and 6 hold. Conditional on a fited Xpew, we

have

Pr (‘Enew - Enew

> 'r]r,cl + hO ‘ Xnew) < p;:z
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C.2 Proofs of lemmas

Proof of Lemma 20. Using the definition of A}, and Assumption 2, we then have

Pr (‘Enew - ﬁnew

> M + ho)

=Pr {' |Ynew - [71'2 (Xnew)| - ’Ynew - ZZIQ (Xnew)| ' > Mn + hO}

<Pr{|piz, (Xnew) — iz, (Xnew)| = 1 + ho}
<Pr{liiz, (Xnew) = iz, (Xnew)| = 10 + ho,

EIQ (Xnew) - ,U.Aho (Xnew)‘ < Mmn,

‘ﬁl’g (Xnew) NO( new)| < 2 n} + Pr {‘/"LIQ Xnew) ,UfA;LO (Xnew)‘ > T n}
(

+ Pr{‘ﬁIz Xnew) ( new)‘ > 772,n}
SPI"{ MAhO (Xnew) — Mo (Xnew)’ > h()} + p1n + P20

where the first inequality is derived from the Triangle’s inequality and the last inequality
holds due to Assumptions 3-4.

Proof of Lemma 21. Notice that fs5 is bounded by us > 0, using the Theorem 3.1 in Lei
et al. (2018), for any m > 0, we then have

Fg(m) =Pr (]/i\’, < m)
<Pr (]:2 < m,

<Pr
<Fy

’ < n2,n) + Pr (’E - RQ‘ > 772,71)
R2 <m+772n)+p2n
)+ uan2n + p2.n-

(
(m
Additionally,

<Pr(R <m, ‘R R2’<n2n)+Pr<’R R2‘>772n>

<PI‘( <m+772n> +p2,n
<Fg(m) + uann + p2n.
Thus, we have

su[[)) ‘Fﬁ (m) — Fy (m)} < ugM2n + p2,n- (C.1)
m>

Moreover since fa is lower bounded by I, it then follows that
|7 — q2| < (1/12) (uanam + p2,n) - (C.2)

Let Qi ot @; - dp.) denote the weighted 1 — a quantile of the empirical CDF of
Ei,i =1,...,N, and Q;_q( NJ{l w; - OR, ;) denote the weighted 1 — a quantile of the
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empirical CDF of Ry ;,i = 1,..., N, for all (X;,Y;) € S;. Notice that by Triangle’s in-
equality and Assumption 3, and on the event {[|@ — p4, [loc} < 71,0, we have [R; — Ry ;| =

1Yi — n(Xa)| = Y5 — pa,, (Xz)|‘ <mn fori=1,...,N. Therefore, we have

N+1 N+1
Pr (‘Ql_a (Z W - 5@) —Qi-a (Z W - 531,1,)
=1 i=1

> 771,n> < Pln- (CS)

Using Corollary 21.5 in Van der Vaart (2000) and the assumption that f; is lower bounded
by Il1, we obtain

N+1
Q1-a (Z w; - 631,2.) =q+0, (N—1/2) . (C.4)
=1

Combining (C.3) and (C.4), we have
N+1
Qi-a (Z w; - 51%) =q+0, (m,n + N‘l/Q) : (C.5)
i=1

By the definition of correction parameter A(Z;), we can treat Ql_a(zlj-v;{l w; -0 Ei) + A(Zy)

as the 1 — « quantile of empirical CDF of Ej, jg=1,--- ,no(T—1)/2 for all (X;,Y;) € B,
where T is the number of random bootstrapping samples of Z;. Furthermore, using the
same arguments as (C.4) along with (C.2), we get

N+1
Q1_a (Z W; - 5?%) +A(Th) =7+ O, {(T — 1)—1/2710—1/2}
=1
=q2 + Op {nz,n + pon + (T — 1)—1/%51/2} . (C.6)

Therefore, when T is sufficient large and combining (C.5) and (C.6), we can conclude that

IA(T1) = Al =0p {mn + pon + N7V2}.
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Proof of Lemma 22. Conditional on a fixed X,,¢,,, we proceed as follows. By the definition
of Ap, and Assumption 2, we have

Pl“ (‘Rnew - new
=Pr (
<PI‘ <|:U’IQ (Xn@w) IU'I2( new)| 2 77181 + hO’Xnew)
|,U'I2 Xnew) /J’IQ( new)| > 77;:;, + h07

(
SPI‘ ‘ Z(Xnew) :LL.Ah (Xnew)‘ S nS,n; Xnew
|,U'l'2 (Xnew) (Xnew)| < Nan

+ Pr <‘ﬁ12 (Xnew) - N.Aho (Xnew)‘ > 7]3,n|Xnew)
+ Pr (’ﬁlg (Xnew) - NO(Xnew)‘ > 774,n‘Xnew)
<Pr ( NA;LO (Xnew) - MO(Xnew)‘ > hO‘Xnew) + P3n + P4an

> nn + hO ’ Xnew)

Xnew)

’Ynew MIQ Xnew)’ - ’Ynew - /712 (Xnew)’ ‘ Z 77761 + hO

<p;

n:

C.3 Proofs of theorems

Proof of Theorem 9. For simplification, we hereafter denote IBL]I\} 41 a8 énew. We first
establish the lower bound for coverage probability. Notice that the definition of the TCP
interval, as stated in equation (9), reveals

N+1

Ynew ¢ 6 (Xnew) — Enew > Qlfa <Z &}ZZI : 5§I1> + A (Il) )

i=1
Then, using the same arguments as (C.1) in Lemma 21, we obtain

su% ‘Fﬁz (m) — Fy (m)} < Ui n + p1p- (C.7)
m>
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According to Lemma 20 and (C.7), we have

Pr {Ynew ¢ 6 (Xnew)}
N+1
=Pr { new>Q1 O‘<Z '&711' ~Il +A(Il)}

=1

N+1
{ new>Q1 a(Z ~Il 0% Il

~ ~
Rnew - Rnew

+ Pr { }ﬁnew - Enew

)
£ )
o)

)

{new>Q1a Z~Il'~

< +A(Il)_77n_h0}+pn
(N+1

N+1

{ Bnew > Quo | 2 0 O }+F~{Ql a<Z oy 8 >}
i1 =1
—F~{Q1 a(Z ~Il' ~I1> (Il)_nn_h0}+pn

B N+1 N+1
SPr{Rnew>Ql—o¢ <Z @111 ~Zl>}+F1 {Ql —a (Z azl' ~Il>}
i=1 =1

N+1
- F {Ql—a (Z @Il '5§_11> +A(Z1) —nn — ho} +2u1m g + 2p10 + Pn

i=1

N+1
{ new > Ql a (Z ~Zl . "11) } + uq |m1n(0aA(Il) —Mn — h0)|

+ 21 + 2p10 + Pn-

Using the same argument as Theorem 2 in Barber et al. (2023), we know

N+1 N+1
>Q Z TR < o7t - dpy (BT, RD
new 11—« 11 Sa+ Z w; TV ) )
=1

where RZ! denotes the fitted residual sequence, i.e., RL = (Efl, cees EJI\}_H) and RT17 is a
new sequence after swapping the test residual E}I\% 410 L€ Emw, with the ith fitted residual
Riz1 which has the elements

R, ifj#iand j#N+1,
(RIl’i>j =Ry, ifi=i,
R, ifj=N+1.
Consider a data sequence Z = (Zy,---,Zny1) with Z; = {X;,Y;}, we then define Z* as
a new sequence obtained by swapping the ith data Z; with Zy1q in Z. As all the data
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are independent, and the total variation distance between any function applied to each of
Z and Z' cannot exceed drv (Z, ZZ) itself, we apply Lemma 1 in Barber et al. (2023) to
obtain

drv (ézl, EI”) <drv (2,2") <2 drv (Zi, Zng) -

Let A; be the domain of probability distributions P(; for each data point Z; = {X;,Y:},

where P = P®) if Z; belongs to the k-th source data. Using equation (4.1) in Levin and
Peres (2017) and posterior drift assumption, it then follows that

N+1 N+1

Sl - dey (B2 R) <23 al - dr (Z Zna)
. v
<23 W e, 1P (5Y) - QY]
N+1 .
=23 @ e Py (V130 Py (X) - QI QX))
<2h,

where the third inequality is due to (3). Therefore, combining the above results and Lemma
21, we obtain

Pr{Ynew ¢ 5(Xnew)} <a+0, {nn + o+ 1 +A+N—1/2}.

Next, we show the upper bound for coverage. Using the same arguments as the lower bound
on coverage, the coverage event for new data point Zpew = (Xnew, Ynew) can be described
as follows

N+1
Ynew € C(Xnew) — Rnew < Ql—oz (Z '[DZII : 5&?1) + A(Il)a

i=1
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Thus,
Pr{ new € C’ new)}

N+1
<Q1a<z ~Il‘ ~Il>+A }

=Pr

N+1

Rnew < Ql -« (Z NII :

+ A new - ﬁnew

Snn"i_h[)}

+ Pr {‘ new -~ Rnew
N+1

{Rnew<Q1 a(Z ~Il 05 11 +A Il +nn+h0}+pn

N+1 N+1
=Pr Rnew < Ql -« (Z NZl 5§11>}+F~{Q1 « <Z ~Il : ~I1> +A(Il)+nn+h0}

o (Et )]

N+1 N+1
{ new<Q1 a(Z NII' ~Il>}+F1{Q1 a(Z ~Il' ~Il>+A(Il)+77n+h0}

N+1
- F {Ql o (Z ;- ~zl> } + 2uim o + 2010 + pn

N+1
{ new < Qi—a (Z ;! 5}35_11> } + 1 [max (0, A (Z1) + 1n + ho))|

+ 2u1m n + 2010 + P

>77n+h0

A direct argument as Theorem 3 in Barber et al. (2023), we have

N+1 N
{ Rpew < Q1- a(Z NIl‘ ~I1>}<1—a+wN+1+Zﬁi-dTV(RIl7R11,i)

=1
<1—a+dy,, +aih,

for some positive constant a;. Combining the above results and Lemma 21, we have
Pr{Ynew € 6(Xnew)} <1 _CY—FI/UﬁI_i_l+Op{77n+pn+h/+A+N_1/2}.

We have completed the proof of this theorem.
Proof of Theorem 11. According to the construction of TCP (9) and (C.6), the width
of prediction interval Wi,cons satisfies

N+1

Wtrconf 2Q1 «a (Z s 6&%) +2A (Il)

=1
=2q2 + Op{n2.n + p2,n} -
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Proof of Theorem 15. Following the same proof strategy as the lower bound on coverage
in Theorem 9, and according to Lemma 22 we have that,

new }

N+1 ~
new > Ql -« (Z T NIl) +A(Il) )Rnew - Rnew

I‘{‘E - new
Xnew}+p;
N+1 N+1
o> Qe (8 ) o+ e (5 )

N+1
Bl Xnew {Ql a( ~1'5§§1>+A(11)—775}+P2

Pr Y new ¢ 6 (Xnew) |Xnew}

N+1

Enew > Ql «a (Z T ~Il> +A(Il)

i=1

=Pr

<, +ho

XTLEU}}

—J /—’g\/—/h\f—"\

_l’_

> 77n + hO‘Xnew}

Rnew > Ql @ Z NII 5'“11) +A(Il) C - hO

ﬁj /—’H/—’H

{ Ryew > Qi-a Z?Il 5;#1)‘Xnew}+Op{n2+p2+nn+p2,n+A+ho+N‘1/2}

N+1

<a+ Z wII dTV 1|Xnew7RI Z|‘Xvnew> + O {773 + PfL + Nn + P2.n +A+ hO + N_1/2} 5

where dpvy <}~211|Xnew,§117i|Xnew) denotes the total variation distance between condi-
tional distribution, R%t and R conditional on Xnew. Let B; be the domain of con-
ditional probability distributions P(:|Xpew) for each data point Z; = {X;,Y;}, where
Py (| Xnew) = P®) (| Xpew) if Z; belongs to the k-th source data. Using equation (4.1) in
Levin and Peres (2017) and posterior drift assumption, it then follows that

N+1 N+1

Z {Ezzl : dTV <§Il ‘Xnewa RI new) <2 Z w; dTV (Zi’Xnewa ZN+1|Xnew)
=1

N+1
=2 Z wIl : Xn;aé(B | (4) (Y|Xnew) -Q (Y|Xnew) |
SQh,

where the third inequality is due to (3). Therefore, combining the above results, we obtain

Pr {Ynew ¢ a(Xnew) |Xnew} <a+0, {77701 + 5+ +p2n A+ h' —I—N_1/2} .
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Next, we establish an upper bound on the coverage. Using the same arguments as for
the lower bound on conditional coverage and the same proof strategy as for the upper bound
in Theorem 9, we have

Pr {Ynew € C (Xnew) |X,ww} <l—a+ad%,, +0, {n,i 4 0C t N+ o+ AR + N*W} :
Proof of Theorem 16. Using the Mean Value Theorem (MVT), we obtain

‘logP(k) (Y;X)—logQ(YyX)) < ®) (Y|X) - Q(Y|X)|,Vk € Ay

——F  |P
min {lg,l4} ‘

Then, according to Assumptions 7-8 and Triangle’s inequality, for k € Ay, we have

{ﬂmm&?‘
@ (Vi X5)

1 _ N
E ®) (v x. (k
“min{ls, l4} = PR 1P

KL ’ ZP’” (Yi|X3) |lo

) (Yi|X:) - Q (Vi X))

1 = 5
- ) (V| X ) (V| X)) — X,
Sy 2o P 0 ([P (i1 - @ (1)

+W“m&%ﬂmm&>

i) — Q (Yi| Xi)

)
<m1n {l3 l4} Z { (Vi X:) + Kh( )} (h + Hh’(’k) + /ihq>

(U3 + Hh(k)> (h + Hh(k) + nhq)

<
- min {l3, 14}

§D07

simultaneously with probability at least 1 — maxyc 4, {ggk)(/ﬁ) + g2(x)}. On the other hand,
using Assumption 8 and Triangle’s inequality, for k& € A¢, we know

M (Yi|X:) - Q (Vi|X3)

KL ‘ ZP (Yi| X:)

> 30 PO (i) { [P 071 — Q1)
i=1

- [P® (viixi) -

-|Qwix) - wixy

}

> i {P“f) (Y| X;) — nh},’“)} (@ — kh{F) — /@hq)
i=1

>y, (1s — 1)) (b= wh{) — ki, )

ZD()v
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simultaneously with probability at least 1 — maxye a¢ {ggk)(/i) + g2(k)}, where Dy is a con-
stant. Combining the above results, we have

Pr(ﬂ;éAh)gPr U (CKL ‘>D0>UU <cKL <D0>
keAy ke AT
< Z Pr < Cﬁ(k)‘ > D()) + Z Pr < cﬁ(k)‘ < D(])
keAp kE.Ac

(k) (k)
<l e {1 5) + 92(0) p 145 s {1 () + ()

For any given £ > 0, we can find constants Dj(§) and &’ > 0 such that when Dy = Dj(§),
K maxe, {91 (+) +92(w")} < €/2, K maxpes {91" (W) +92(w')} < €/2. Correspondingly,
there exists N = N’(¢) > 0, such that when minn; > N'(§), I3 > m’hl(,k) and ny(us +
/i’hék))(h + /i’hl()k) + K'hg)/ min {3, 14} is sufficiently small to satisfy

nk (u;g + m’hz(,k)> (h + H,hék) + Iilhq)

min {l3, 14}

< Dy(€) <y, (lg - H,hz(;k)) (ﬁ - /{’h](ok) - /{/hq) .

Combining the above results, given any £ > 0, there are constants D{(§) and N'(§) > 0
such that if Dy = D{(¢) and minny > N'(£), the probability that A is not equal to Ay, is
less than or equal to £&. We have completed the proof of this theorem.

Appendix D. Additional Simulation Studies: cKL vs. KL Divergence

In this section, we conducted some simulations studies to provide further insight into
scenarios, where the marginal distribution of X differs substantially across source and tar-
get domains, while the regression function u(X) remains largely similar across domains
(achieved by setting h = 5). Specifically, we modified the baseline data generation pro-
cess described in Setting 1 in Section 5.1 with h = 5 by altering the marginal distribution
of covariates X across source and target datasets, while keeping the response generation
mechanism unchanged. In the target domain, covariates are generated as:

0) iid.
2@ "N (0, 1,),
whereas in each source domain k € 1,..., K, covariates are generated as

:c(k)“d./\f(5 1,,I, + €€ )

with € ~ N(0,,0.32I,). This construction induces strong covariate shifts in the form of
mean differences across all dimensions.

For comparison, we evaluate two strategies for identifying informative source datasets.
The first strategy employs cKL divergence to select the transfer set and applies our proposed
TCP algorithms with and without weighting, denoted as TLUQ(cKL) and TLWQ(cKL),
respectively. The second strategy uses full KL divergence for source selection, followed
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by the same TCP algorithms with and without weighting, denoted as TLUQ(KL) and
TLWQ(KL). As expected, cKL divergence successfully identifies all sources as transferable
(since P(Y|X) is aligned), whereas KL divergence fails due to differences in the marginal
covariate distributions. The results, reported in Tables 8 and 9, corroborate our theoretical
motivation: selecting sources via cKL divergence, which explicitly targets similarity in the
conditional distribution Y|X, leads to more accurate estimation of the conditional mean
function and consequently yields tighter conformal intervals with valid coverage.

Table 8: Comparison of average prediction interval width. All quantities have been averaged
over 1000 independent trials, and the standard errors are in parentheses.

ng | TL+UQ(KL) | TL+WQ(KL) | TL+UQ(cKL) | TL+WQ(cKL)

25 | 7.806(1.827) | 7.806(1.827) | 4.082(0.988) | 4.044(0.963)
50 | 6.280(1.373) | 6.280(1.373) | 3.491(0.599) | 3.476(0.567)
100 | 4.637(0.789) | 4.637(0.789) | 3.378(0.388) | 3.377(0.367)
200 | 3.957(0.437) | 3.957(0.437) | 3.220(0.325) | 3.217(0.284)

Table 9: Comparison of average prediction interval coverage. All quantities have been
averaged over 1000 independent trials, and the standard errors are in parentheses.

ng | TL+UQ(KL) | TL+WQ(KL) | TL+UQ(cKL) | TL+WQ(cKL)

25 | 0.932(0.008) | 0.933(0.008) | 0.912(0.009) | 0.898(0.009)
50 | 0.917(0.009) | 0.915(0.009) | 0.894(0.010) | 0.893(0.010)
100 | 0.891(0.010) | 0.899(0.009) | 0.897(0.009) | 0.897(0.009)
200 | 0.918(0.009) | 0.910(0.009) | 0.903(0.009) | 0.905(0.009)

Appendix E. Additional Simulation Studies: Robustness Properties of
the Method

We build upon Setting 1 in Section 5.1, with the same covariate generation struc-
ture. That is, for target and source datasets, we simulate the covariates z(©) and
(k =1,...,K) independently from multivariate normal distributions: z(%) N N (0, %),
2 ®) HE (0,,3 + €€"), where = = (0.51771)1<; j<p and € ~ N(0,,0.3%I,). However, un-
like Setting 1, where both target and source response variables were generated from linear
models, here we generate the target mean function according to a nonlinear mean function:

po(@) =sin (27 By)

where B, = (0.5,...,0.5)" € R? with the first s entries being 0.5 and the remaining entries
being 0. The response variable for the target data is then simulated as

(2

VO = pio (2) 49, ¥~ N (0,1),
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Source mean function are generated similarly as those in Setting 1:

where 8%) = 3, + (h/p) - r ) and rl(,k) consists of i.i.d. Rademacher entries (taking values
+1 with equal probability). Thus, the fitted regression model (linear) deviates from the true
target mean function (nonlinear sin transformation), leading to model misspecification.

We apply the same conformal prediction procedures as in Section 5, including SCP, F'S,
TL, TL4+UQ, and TL4+WQ. As shown in Tables 10 and 11, TL4+WQ achieves the smallest
prediction set size while maintaining valid coverage. For example, at ng = 25, TL4+WQ
yields a set size of 4.117 with 89.2% coverage, outperforming SCP, which has a larger set
size of 8.352. When compared with the results from the correctly specified Setting 1, the
coverage and set sizes here show only a modest degradation, indicating that the proposed
method is robust to model misspecification.

Table 10: Comparison of average prediction interval width. All quantities have been aver-
aged over 1000 independent trials, and the standard errors are in parentheses.

ng | SCP | FS | TL | TL4+UQ | TL+WQ
25 | 8.352(1.950) | 5.187(0.800) | 4.588(1.000) | 4.164(0.880) | 4.117(0.850)
50 | 6.718(1.450) | 4.741(0.980) | 4.286(0.900) | 3.544(0.600) | 3.535(0.590)
100 | 4.869(0.820) | 4.084(0.750) | 3.736(0.500) | 3.451(0.420) | 3.436(0.420)
200 | 4.155(0.470) | 3.894(0.580) | 3.630(0.360) | 3.294(0.300) | 3.277(0.290)

Table 11: Comparison of average prediction interval coverage. All quantities have been
averaged over 1000 independent trials, and the standard errors are in parentheses.

ng | SCP | FS | TL | TL+UQ | TL+WQ
25 | 0.943(0.007) | 0.928(0.008) | 0.932(0.008) | 0.881(0.010) | 0.892(0.010)
50 | 0.926(0.008) | 0.928(0.008) | 0.925(0.008) | 0.882(0.010) | 0.889(0.010)
100 | 0.913(0.009) | 0.912(0.009) | 0.919(0.009) | 0.893(0.009) | 0.896(0.009)
200 | 0.910(0.009) | 0.916(0.009) | 0.911(0.009) | 0.896(0.009) | 0.897(0.009)

Appendix F. Additional Simulation Studies: TCP under Quantile
Regression

Our method is not restricted to absolute residual—it naturally extends to Conformalized
Quantile Regression (CQR) scores (see Romano et al. (2019)). In this case, the target
population’s a,-th quantile is defined as:

©(X©) = inf {t cR: PO (Y(O) < t|X(0)) > aT} . (14)
We determine the lower and upper quantiles by setting o; = /2 and ah —a/2, allowmg
the calculation of the corresponding conditional quantile functions ¢ (X ) and ¢)(X©).

53



ZHANG, L1, XIE, KONG AND JIANG

Furthermore, in the context of transfer learning, we include additional observations from the
auxiliary source domains K, denoted (Xi(k), Yi(k)) ~P® fori=1,... nyandk=1,..., K.
The 7-th conditional quantile function of the k-th source is defined as:

“(X™) = inf {t cR: p® (Y(k’) < t|X(k)) > aT} . (15)

Similarly, we compute the conditional quantile functions qf(X (k)) and q,’j(X (k)) for each
source data at the levels of o; and oy, respectively. Building on these definitions, we
propose a transfer learning CQR (TCQR) procedure, which is organized into three steps:

e Step 1. Estimate preliminary quantile regression functions Qvl,zl and éhL at levels
a; = /2 and ap, = 1 — /2 using both &1 and Z;. Compute the empirical weighted
(1 — ) quantile of

E} = max{Qy1,(X;) - Yi, Yi — Qnz, (Xi)},
denoted as ¢;_,,, based on source data Sj.

e Step 2. Apply transfer learning quantile regression to obtain debiased estimators
Q1,1, and Qp 7, at the same quantile levels, using both Sz and Zs.

e Step 3. For a new covariate X, construct the TCQR prediction interval for Y;,eq
as

C Xnew) = |Qu.2, Xnew) = {G1—a + AT}, Qnz, Xnew) + {Gi—a + AT1)}],

where A(Z;) is the bias correction term. Its computation follows the same procedure
as in Algorithm 1 in our manuscript, except that the residuals are replaced by CQR
conformity scores derived from the estimated quantile regression functions.

To illustrate this extension, we consider additional simulation studies under CQR scores.
Same design as in Setting 1 of our manuscript, but instead of estimating the conditional
mean function, we compared five methods: Conformalized Quantile Regression (CQR),
Few Short learning under quantile regression conformity scores (FSQR), Transfer Only un-
der quantile regression conformity scores (TLQR), and our Transfer Learning under quan-
tile regression conformity scores procedures with unweighted (TCQR+UQ) and weighted
(TCQR+WQ) quantile calibration. As shown in Tables 12 and 13, TCQR+WQ achieves
the smallest prediction set size while maintaining valid coverage. For example, at ng = 50,
TCQR+WQ yields a set size of 4.973 with 89.3% coverage, outperforming CQR, which has
a larger set size of 5,844. These results demonstrate that our TCP method remains effective
and efficient under quantile regression conformity scores, offering a promising extension to
discrete-response prediction problems.

Appendix G. Additional Simulation Studies: TCP with the Binary
Outcomes

When the response is binary, the TCP method adapts by using transfer learning logistic
regression (or another classifier) to estimate probabilities, and defining conformity scores in
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Table 12: Comparison of average prediction interval width. All quantities have been aver-
aged over 1000 independent trials, and the standard errors are in parentheses.

no | CQR | FSQR | TLQR | TCQR+UQ | TCQR+WQ
50 | 5.844 (1.467) | 5.777 (1.329) | 5.123 (1.219) | 4.982 (1.005) | 4.973 (0.994)
100 | 5.303 (1.037) | 5.219 (1.003) | 4.753 (0.813) | 4.713 (0.831) | 4.705 (0.830)
150 | 5.102 (0.967) | 4.921 (0.931) | 4.721 (0.865) | 4.656 (0.743) | 4.651 (0.731)
200 | 5.041 (0.876) | 4.734 (0.841) | 4.632 (0.729) | 4.571 (0.712) | 4.564 (0.696)

Table 13: Comparison of average prediction interval coverage. All quantities have been
averaged over 1000 independent trials, and the standard errors are in parentheses.

ng | CQR | FSQR | TLQR | TCQR+UQ | TCQR+WQ
50 | 0.946(0.007) | 0.933(0.008) | 0.878(0.010) | 0.891(0.009) | 0.893(0.009)
100 | 0.923(0.008) | 0.929(0.008) | 0.880(0.009) | 0.893(0.009) | 0.896(0.009)
150 | 0.887(0.010) | 0.881(0.010) | 0.883(0.010) | 0.902(0.009) | 0.903(0.009)
200 | 0.891(0.009) | 0.893(0.009) | 0.885(0.009) | 0.896(0.009) | 0.901(0.009)

terms of the misfit between predicted probabilities and each candidate label. In this case,
same as the mean regression function, but with binary outcomes where the target label is
generated from a Bernoulli distribution:

v < Bernoulli (p(o) (m(o))> . pl® (azz(o)) =Pr (Y =1|X= :cgo)> .

K 3

Each source k =1, ..., K follows its own logistic mean function:
Yi(k) ~ Bernoulli (p(k) <ml(k))> , p(k) (mgk)) =Pr (Y =1|X= acl(k)> .

When the response is binary, our TCP framework extends naturally by replacing the
regression step with transfer learning generalized linear models (GLMs) (Tian and Feng,
2023), such as logistic regression.

e Step 1. Using (Sz,7Z2), we fit a transfer learning GLM to obtain the estimated success
probability

V@) =Pr(Y=1|X=u).

e Step 2. Using (S1,Z;), we estimate preliminary success probilities p(x) and define
the corresponding conformity scores for each candidate label y € 0,1 as

sy=[1-p@)-y—(1-p) (1-y)l.

This reduces to 59 = |p(x)| when y = 0 and 51 = |1 — p(x)| when y = 1. Then we find
the empirical (1 — a) quantile of conformity score s,, defined as ﬁlzi o
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e Step 3. To construct a prediction set c (Tnew) C {0, 1}, we first evaluate the confor-
mity score for both candidate labels y € {0, 1} using:

gy =1 _ﬁ(o)(wnew) ' (1 _ﬂo)(wnew)) . (1 - y) .

The prediction set C(pe,) contains all labels y such that 5, <@+ A(Ty), where

A(Zy) is the bias correction term. Its computation follows the same procedure as in
Algorithm 1 in our manuscript, except that the residuals are replaced by conformity
scores derived from the estimated probabilities.

Same design as in Setting 1 of our manuscript, but instead of estimating the conditional
mean function, we estimate the conditional class probabilities. To illustrate this, we have
carried out additional simulations in the case of TCP under the binary classification setting.
We compared five methods: Standard Split Conformal Prediction (SCP), Few Short (FS),
Transfer Only (TL), and our Transfer Learning procedures with unweighted (TL+UQ) and
weighted (TL+WQ) quantile calibration. As shown in Tables 14 and 15, TL+WQ achieves
the smallest prediction set size while maintaining valid coverage. For example, at ng = 100,
TL+WQ yields a set size of 1.460 with 89.3% coverage, outperforming SCP, which has a
larger set size of 1.970. These results demonstrate that our TCP method remains effec-
tive and efficient for binary outcomes, offering a promising extension to discrete-response
prediction problems.

Table 14: Comparison of average prediction interval width. All quantities have been aver-
aged over 1000 independent trials, and the standard errors are in parentheses.

ng | SCp | FS | TL TL+UQ | TL+WQ
100 | 1.970(0.733) | 1.830(0.714) | 1.670(0.609) | 1.575(0.507) | 1.460(0.500)
150 | 1.840(0.633) | 1.660(0.604) | 1.540(0.503) | 1.525(0.511) | 1.421(0.501)
200 | 1.640(0.624) | 1.625(0.511) | 1.505(0.513) | 1.300(0.463) | 1.280(0.454)
250 | 1.542(0.601) | 1.503(0.512) | 1.412(0.493) | 1.200(0.462) | 1.190(0.450)

Table 15: Comparison of average prediction interval coverage. All quantities have been
averaged over 1000 independent trials, and the standard errors are in parentheses.

ng | SCP | FS | TL | TL+UQ | TL4+WQ
100 | 0.953(0.007) | 0.922(0.008) | 0.918(0.008) | 0.887(0.010) | 0.893(0.009)
150 | 0.928(0.008) | 0.915(0.009) | 0.881(0.010) | 0.890(0.009) | 0.895(0.009)
200 | 0.881(0.010) | 0.888(0.009) | 0.879(0.010) | 0.892(0.009) | 0.905(0.009)
250 | 0.887(0.009) | 0.893(0.009) | 0.883(0.009) | 0.901(0.009) | 0.903(0.009)

Appendix H. Additional Simulation Studies
Lee et al. (2023) and Duchi et al. (2024)

: Comparison of TCP with

In this section, we further empirically validate our TCP method. We conducted some
simulations comparing our TCP approach with representative baselines inspired by Duchi
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et al. (2024) and hierarchical conformal prediction (Lee et al., 2023). Specifically, we denote
the hierarchical conformal prediction method as HCP, implemented following Section 2.2
of Lee et al. (2023), and the resized multi-environment split conformal method as MHCP,
corresponding to Algorithm 7 in Duchi et al. (2024). The data generation process follows
Setting 1 in Section 5.1 in our manuscript. The results, summarized in Tables 16 and
17, demonstrate that in our setting, especially when the target sample size ng is small,
TCP consistently achieves better coverage while producing tighter prediction intervals. Our
method is thus both more flexible and more efficient in the transfer learning context. In
contrast, when applied to non-hierarchical data, hierarchical methods such as HCP and
MHCP typically yield intervals that are much wider than those from TCP, even though
the coverage levels are comparable (92% vs. our 90% target). This inefficiency arises
because hierarchical methods must account for potential groupwise dependencies, even in
cases where no such structure exists, whereas our cKL-based weighting adapts directly to
the empirical similarity between the source and target domains.

Table 16: Comparison of average prediction interval width. All quantities have been aver-
aged over 1000 independent trials, and the standard errors are in parentheses.

ng | HCP(Lee) | MHCP(Duchi) | TL+UQ TL+WQ
25 | 10.277(4.043) | 6.865(1.904) | 4.682(0.862) | 4.459(0.952)
50 | 8.533(2.602) | 4.417(1.454) | 4.251(0.573) | 4.042(0.513)
100 | 7.762(1.772) | 4.179(0.892) | 3.990(0.357) | 3.783(0.370)
200 | 6.944(1.389) | 3.931(0.426) | 3.866(0.331) | 3.401(0.214)

Table 17: Comparison of average prediction interval coverage. All quantities have been
averaged over 1000 independent trials, and the standard errors are in parentheses.

ng | HCP(Lee) | MHCP(Duchi) | TL+UQ | TL4+WQ
25 | 0.927(0.008) | 0.923(0.008) | 0.915(0.009) | 0.897(0.010)
50 | 0.921(0.008) | 0.928(0.008) | 0.893(0.010) | 0.893(0.010)
100 | 0.919(0.009) | 0.917(0.009) | 0.899(0.009) | 0.896(0.009)
200 | 0.911(0.009) | 0.913(0.009) | 0.901(0.009) | 0.899(0.009)

Our approach is both more flexible and more efficient in our target setting: Tables 16
and 17 show that when applied to non-hierarchical data, hierarchical methods like HCP
and MHCP typically produce intervals much wider than ours while achieving comparable
coverage ( 92% vs. our 90% target). The inefficiency arises because hierarchical methods
must account for potential groupwise dependencies even when none exist, whereas our cKL-
based weighting adapts directly to the empirical similarity between sources and target.

Appendix I. Details of CATE in Simulation Study

We simulate a linear regression setting to evaluate the performance of transfer conformal
inference for estimating confidence intervals for the CATE. Similar to Setting 1, but we set
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the number of the coefficients is 20 and the potential outcomes Y (9)(0),Y(©)(1) for target
data are defined as:

Heontrol

The binary treatment assignment 7' € {0,1} is generated according to a logistic model

1

PriT=1|X)= )
14 exp (—x(lo) + 0.5$g0)>

where only the first two covariates contribute to the propensity score. Then the observed
outcome is defined as

YO =T i) et (@) + (1= T) - ) (),

treatment control

For the k-th source dataset, the potential outcomes are defined analogously as

B (k) = 09w o R (2®)) = uto) (™)) + 1+ 0.5sin (xgk)> Ye,

Feontrol Hireatment = Heontrol

and the binary treatment assignment 7' € {0, 1} is generated according to a logistic model

1
1+ exp <—x§k) + O.ngk)) '

Pr(T=1|X)=

Then the observed outcomes of the k-th source dataset are similarly obtained as

YO =T i imene@®) + (1= T) - g (@),

We aim to construct valid and efficient prediction intervals for the individual treatment
effect 7(z) = YO (1) — YO (0) = ,ugggatmem(x) - ,uﬁ(o)gltml(x) using our method. To evaluate
performance, we compare five methods: SCP, FS, TL, TL+UQ, and TL+WQ. The results,
summarized in Tables 18 and 19, show that transfer-based methods (TL, TL+UQ, TL+WQ)
consistently yield narrower intervals than SCP and FS, while maintaining coverage close
to the nominal level. Notably, TL4+WQ consistently yields the narrowest intervals while
preserving coverage, showing that weighted quantile adjustment leads to more informative
and reliable inference.

Table 18: Comparison of average prediction interval width. All quantities have been aver-
aged over 1000 independent trials, and the standard errors are in parentheses.

ng | SCp | FS | TL | TL+UQ | TL4+WQ
25 | 13.234(4.034) | 9.721(3.211) | 8.422(2.899) | 7.334(2.445) | 6.928(2.157)
50 | 10.313(3.102) | 8.567(2.731) | 7.753(2.463) | 7.063(2.118) | 6.733(1.965)
100 | 9.778(2.881) | 8.184(2.510) | 7.216(2.207) | 6.822(2.034) | 6.519(1.932)
200 | 7.122(2.218) | 7.131(2.233) | 6.937(2.104) | 6.637(1.921) | 6.448(1.899)
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Table 19: Comparison of average prediction interval coverage. All quantities have been
averaged over 1000 independent trials, and the standard errors are in parentheses.

no | SCp FS TL | TL+UQ TL+WQ
25 | 0.953(0.007) | 0.931(0.008) | 0.924(0.008) | 0.889(0.010) | 0.912(0.009)
50 | 0.931(0.008) | 0.924(0.008) | 0.921(0.008) | 0.891(0.010) | 0.907(0.009)
100 | 0.927(0.008) | 0.915(0.009) | 0.918(0.009) | 0.893(0.009) | 0.895(0.009)
200 | 0.912(0.009) | 0.912(0.009) | 0.909(0.009) | 0.896(0.009) | 0.903(0.009)

Appendix J. Additional Simulation Studies: Validity of Conditional
Coverage

To complement the theory, we have conducted a simulation study under Setting 1 (Sec-
tion 5.1), focusing on the conditional coverage at a fixed test point X,,c,, = 1, and comparing
five procedures: SCP, FS, TL, TL4+UQ, and TL4+WQ. We compute the conditional cover-
age rate and average prediction interval width at this specific covariate value. The results
in Tables 20 and 21 confirm that our method maintains near-nominal conditional coverage
while yielding narrower intervals compared to baselines, validating its practical robustness
at specific covariate levels.

Table 20: Comparison of average prediction interval width under group-conditional cover-
age. Results are averaged over 1000 replications, with subgroup membership defined by
bins of Xj.

ng | SCP | FS | TL | TL4+UQ | TL+WQ
25 | 8.731(1.944) | 5.289(0.877) | 4.583(1.012) | 4.321(0.901) | 4.217(0.864)
50 | 6.882(1.521) | 4.812(0.933) | 4.303(0.897) | 3.912(0.652) | 3.633(0.581)
100 | 5.244(0.899) | 4.313(0.762) | 3.951(0.533) | 3.602(0.482) | 3.492(0.427)
200 | 4.557(0.641) | 3.981(0.629) | 3.572(0.374) | 3.412(0.362) | 3.280(0.318)

Table 21: Comparison of average prediction interval coverage under group-conditional cov-
erage. Results are averaged over 1000 replications, with subgroup membership defined by
bins of Xj.

ng |  SCP | FS | TL | TL+UQ | TL4+WQ
25 [ 0.939(0.008) | 0.927(0.008) | 0.922(0.009) | 0.888(0.010) | 0.896(0.009)
50 | 0.932(0.008) | 0.926(0.008) | 0.925(0.008) | 0.890(0.010) | 0.899(0.010)
100 | 0.924(0.008) | 0.913(0.009) | 0.920(0.009) | 0.888(0.010) | 0.902(0.009)
200 | 0.945(0.007) | 0.910(0.009) | 0.918(0.009) | 0.895(0.010) | 0.906(0.009)

59



ZHANG, L1, XIE, KONG AND JIANG

Appendix K. Additional Simulation Studies: Validity of
Group-Conditional Coverage

To complement the theoretical results on group-conditional coverage, we have carried
out a simulation study in which the test covariates were divided into predefined groups and
coverage was assessed within each group. This setup reflects the guarantee

Pr{Vpew € C(Xnew) | Xnew € B} > 1—q,

for all subsets B € B of the covariate space, as formalized in Hore and Barber (2025). The
simulations use the same baseline data-generating mechanism as in Setting 1 of Section
5.1. To evaluate group-conditional validity, we stratify the test feature space by the first
coordinate X7, which captures a meaningful direction of variation across datasets. Four
disjoint groups are defined:

Blz{XZX1<—1}, BQZ{—1§X1<O},
BgI{O§X1<1}, B4:{X:X121}.

Each test sample is placed into one of these bins, and coverage is evaluated separately within
each Bj.

In each replication, we generate 1000 test points from the target distribution. For a
given method, the empirical coverage within group B, is computed as

Cov,(B;) = Sy e C(xa),

7Bl 2,
where T,.(By) is the set of test indices assigned to group Bj in replication r. This yields four
coverage estimates per replication. Averaging over R = 1000 replications gives the final
estimate for each group:

R
<ﬁ@béz&w@.
r=1

Prediction interval widths are computed in the same way, averaged within each group and
across replications. We compared five procedures: SCP, FS, TL, TL+UQ, and TL4+WQ.
Tables 22 and 23 present the results. Across all target sample sizes and groups, TCP achieves
coverage close to the nominal 90% level while producing substantially narrower intervals
than SCP, FS, and other baselines. These findings reinforce the theoretical guarantees: even
when conditioning on broad subgroups of the covariate space, TCP delivers both validity
and efficiency.

Appendix L. Additional Simulation Studies: Extension to HPD-Split
Nonconformity Measures

In this section, we further illustrate the flexibility of our TCP framework by extend-
ing it to a density-based nonconformity measure based on highest predictive density (HPD)
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Table 22: Comparison of average prediction interval width. All quantities have been aver-
aged over 1000 independent trials, and the standard errors are in parentheses.

@p]

CP | FS | TL | TL+UQ | TL+WQ
25 | 8.042(1.933) | 5.022(0.821) | 4.367(1.078) | 4.264(0.931) | 4.125(0.862)
50 | 6.624(1.431) | 4.735(0.971) | 4.231(0.889) | 3.747(0.631) | 3.503(0.581)
100 | 4.773(0.810) | 4.077(0.731) | 3.722(0.531) | 3.483(0.478) | 3.471(0.422)
200 | 4.266(0.577) | 3.822(0.598) | 3.392(0.3720) | 3.282(0.359) | 3.211(0.319)

TLQ‘

Table 23: Comparison of average prediction interval coverage. All quantities have been
averaged over 1000 independent trials, and the standard errors are in parentheses.

ng | SCP | FS | TL | TL+UQ | TL+WQ
25 | 0.937(0.008) | 0.928(0.008) | 0.921(0.009) | 0.883(0.010) | 0.891(0.010)
50 | 0.931(0.008) | 0.927(0.008) | 0.924(0.008) | 0.887(0.010) | 0.897(0.010)
100 | 0.923(0.008) | 0.911(0.009) | 0.919(0.009) | 0.885(0.010) | 0.904(0.009)
200 | 0.944(0.007) | 0.908(0.009) | 0.916(0.009) | 0.893(0.010) | 0.903(0.009)

regions. This extension is motivated by recent developments that connect conformal predic-
tion to the highest density regions and distribution-free uncertainty quantification (Izbicki
et al., 2022; Dheur et al., 2024). Unlike residual- or quantile-based scores, HPD-based non-
conformity measures leverage an estimated conditional density to assess how plausible a
candidate response value is under the fitted predictive distribution.

Specifically, we adopt the same data-generating mechanism as in Setting 1 (linear, high-
dimensional regression) in Section 5.1 to isolate the effect of the nonconformity score while
keeping all other aspects of the simulation unchanged. Target covariates z(?) are generated
independently from N(0,,X) with X;; = 0.5/"=l while source covariates z*) are drawn
from N (0,, 3 + ee"), where € ~ N'(0,,0.32I,). The target response satisfies:

A mEO)TB + 61(0), ggo) ~ N(0,1),

7

with a sparse coefficient vector 3, while source responses are generated analogously with
perturbed coefficients, as described in Setting 1. Given a fitted regression function fi(z),
we construct a plug-in conditional density estimator

2 y—p@)\ /o
f<y|:c>=¢>( ! )/o,
o
where 7 is estimated from training residuals and ¢(-) denotes the standard normal density.

Under this Gaussian plug-in model, the HPD nonconformity score admits the following
closed-form:

N —u(x
supp(x,y) = 2P <W> -1,

where ®(-) is the standard normal cumulative distribution function. Subsequently, we
compute HPD scores on the target calibration set and obtain the (1 — «) empirical quantile
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q1—a- The resulting HPD-split conformal prediction set for a new covariate value Xpew is
CHPD(Xnew) = {y : §HPD(XneWay) < alfoz} .

We consider two implementations: a target-only HPD-split baseline and an HPD-based
TCP method, and compare five procedures: SCP, FS, TL, TL4+UQ, and TL+WQ. The
results are reported in Tables 24 and 25. Across all target sample sizes, the HPD-based
TCP method achieves empirical coverage close to the nominal level 1 — a = 0.9. Com-
pared to the target-only HPD-split baseline, the HPD-based TCP intervals are consistently
shorter, particularly when the target sample size ng is small. This behavior mirrors what
we observe for residual- and quantile-based nonconformity scores, confirming that the per-
formance gains of TCP are not tied to a specific choice of nonconformity measure. Overall,
these results demonstrate that the proposed framework naturally extends to HPD-based
scores, providing a density-based alternative aligned with recent developments in conformal
prediction while preserving the benefits of transfer learning.

Table 24: Comparison of average prediction interval width. All quantities have been aver-
aged over 1000 independent trials, and the standard errors are in parentheses.

ng | SCP | FS | TL | TL+UQ | TL4+WQ
25 | 5.867(1.466) | 4.166(1.033) | 3.923(0.889) | 4.002(0.352) | 3.391(0.337)
50 | 4.991(1.471) | 4.003(1.021) | 3.777(0.661) | 3.661(0.344) | 3.170(0.320)
100 | 4.054(1.470) | 3.713(1.013) | 3.482(0.663) | 3.332(0.351) | 3.129(0.327)
200 | 3.894(1.435) | 3.657(1.008) | 3.482(0.663) | 3.306(0.353) | 3.022(0.314)

Table 25: Comparison of average prediction interval coverage. All quantities have been
averaged over 1000 independent trials, and the standard errors are in parentheses.

ng | SCP | FS | TL | TL+UQ | TL4+WQ
25 [ 0.932(0.012) | 0.927(0.009) | 0.922(0.009) | 0.885(0.008) | 0.891(0.011)
50 | 0.924(0.010) | 0.924(0.009) | 0.918(0.009) | 0.891(0.009) | 0.894(0.009)
100 | 0.919(0.009) | 0.915(0.009) | 0.912(0.010) | 0.894(0.010) | 0.899(0.009)
200 | 0.914(0.007) | 0.914(0.008) | 0.910(0.009) | 0.896(0.009) | 0.902(0.007)

Appendix M. Additional Simulation Studies: When KL Divergence
Outperforms cKL

In this section, we clarify that cKL is well suited to settings where conditional discrep-
ancies dominate and sufficient covariate overlap holds, whereas KL divergence on the joint
distribution (X,Y) may be preferable when transferability is constrained by overlap failure,
substantial variance inflation, or heavy-tail behavior. To illustrate, we include a dedicated
simulation study comparing cKL- and KL-based source criteria. Specifically, we fix the
dimension p and sample sizes ng (target) and {n;}_, (sources) as in Setting 1. Target
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covariates are generated as:
XOere,  xOHS A0, 1),
with responses
VO =sin(x;”) +€9, €9~ N0, 08).

Among the K sources, the first K, are informative and share the same conditional mean,
differing only through mild covariance perturbations. For k < K,, we generate

X® = z® L ®T o ZzB L N(0,1), uP ~N(0,1), e ~N(0,621,),
with

y® = sin (x7) + €0, €8~ N0, 02,0).

The remaining sources are non-informative and exhibit weak overlap through both large
mean shifts and variance inflation:

iid.
X(k) IE\J N(,ushiftlpa Ug(Ip)a k > Ka7
with large ag(. To induce tail-driven uncertainty, we contaminate responses via

YO = sin(xX{V) + 709 4 €00, €0 (0, 020),
T(k) = B(k)Z(k), B(k) ~ Bernoulli(ﬂtaﬂ), Z(k) ~ N(Ov 7-t2ail)7

Unless otherwise stated, we set K = 10, K, = 5, 0peise = 0.5, 0= = 0.5, pshige = 6, a§< =6,
Tail = 0.25, and 7Ty, = 4. This design yields a regime in which (i) the high-probability
regions of X®*) for k > K, are far from that of X in both location and scale, and (ii)
rare but large response outliers can dominate calibration quantiles when such sources are
included.

We compare two source criteria strategies: cKIL-based criterion followed by our TCP
methods (TLUQ(cKL), TLWQ(cKL)), and KL-based criterion followed by the same pro-
cedures (TLUQ(KL), TLWQ(KL)). Results in Tables 26 and 27 show that, across all tar-
get sample sizes, KL-based criterion yields consistently shorter prediction intervals while
maintaining empirical coverage near the nominal level. Intuitively, cKL may admit shifted
or heavy-tailed sources because conditional similarity is assessed locally and can under-
represent regions with weak covariate overlap; once such sources are included, contamina-
tion inflates the calibration quantiles and leads to wider prediction intervals. In contrast,
KL-based criterion penalizes both marginal shifts in X and tail behavior in Y, enabling
more effective exclusion of non-informative sources in this regime. These findings clarify
that cKL is advantageous when conditional mismatch dominates under sufficient overlap,
whereas KL on (X, Y") can outperform cKL when variance shifts, overlap failure, and heavy-
tailed responses are the primary barriers to transfer.

63



ZHANG, L1, XIE, KONG AND JIANG

Table 26: Comparison of average prediction interval width. All quantities have been aver-
aged over 1000 independent trials, and the standard errors are in parentheses.

ng | TL+UQ(KL) | TL+WQ(KL) | TL+UQ(cKL) | TL+WQ(cKL)

25 | 2.549(0.519) | 2.385(0.465) | 6.012(0.831) | 3.564(0.450)
50 | 2.410(0.448) | 2.209(0.408) | 5.116(0.788) | 2.977(0.431)
100 | 2.334(0.442) | 2.155(0.412) | 4.213(0.637) | 2.691(0.433)
200 | 2.301(0.401) | 2.111(0.407) | 4.005(0.616) | 2.487(0.429)

Table 27: Comparison of average prediction interval coverage. All quantities have been
averaged over 1000 independent trials, and the standard errors are in parentheses.

no | TL+UQ(KL) | TL+WQ(KL) | TL+UQ(cKL) | TL+WQ(cKL)

25 | 0.933(0.008) | 0.910(0.007) | 0.941(0.012) | 0.932(0.011)
50 | 0.927(0.011) | 0.913(0.008) | 0.936(0.010) | 0.934(0.010)
100 | 0.911(0.009) | 0.908(0.008) | 0.927(0.009) | 0.917(0.009)
200 | 0.915(0.009) | 0.906(0.008) | 0.923(0.009) | 0.918(0.009)
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