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Abstract

This study proposes and evaluates a novel Bayesian network classifier which can asymp-
totically estimate the true probability distribution of the class variable with the fewest
class variable parameters among all structures for which the class variable has no parent.
Moreover, to search for an optimal structure of the proposed classifier, we propose (1) a
depth-first search based method and (2) an integer programming based method. The pro-
posed methods are guaranteed to obtain the true probability distribution asymptotically
while minimizing the number of class variable parameters. Comparative experiments using
benchmark datasets demonstrate the effectiveness of the proposed method.

Keywords: probabilistic graphical models; Bayesian networks; classification; structure
learning; generative models

1. Introduction

Deep learning can learn a huge number of variables and can provide more accurate classi-
fication than the Bayesian network approach. Nevertheless, the decisions made by a deep
learning classifier are not explainable because the mathematical properties of deep learn-
ing are unclear and because the decisions of deep learning classifiers are deterministic. By
contrast, the Bayesian network approach can estimate a class-posterior distribution, which
consists of the conditional probabilities of the class variable given feature variables. In
particular, probabilistic graphical models have high explainability: as opposed to a black
box, they have a ‘white-box’ characteristic. This study proposes a novel Bayesian network
classifier that provides high prediction accuracy and high explainability.

A popular Bayesian classifier is the naive Bayes classifier, in which the feature variables
are conditionally independent given a class variable (Minsky, 1961). It is reasonable to
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expect a naive Bayes classifier not to provide highly accurate classification because actual
datasets were generated from more complex systems. Therefore, the general Bayesian net-
work classifier (GBN), which has no structural constraints, would be expected to perform
better than the naive Bayes classifier because GBNs are more expressive than naive Bayes
classifiers.

However, Friedman et al. (1997) demonstrated that a GBN learned by maximizing an
approximation to the marginal likelihood can be outperformed by naive Bayes. They argued
that this is because marginal likelihood attempts to model conditional independences among
variables that are not directly related to classification and therefore offers no guarantee of
optimizing the conditional independences that matter for classification. For this reason,
they proposed the conditional log likelihood (CLL) as a discriminative score. Since learn-
ing a structure that maximizes CLL is more computationally demanding than maximizing
marginal likelihood, many approximate learning methods have been proposed (Greiner and
Zhou, 2002; Grossman and Domingos, 2004; Carvalho et al., 2013; Mihaljevi¢ et al., 2018).

Nevertheless, these works did not explain why CLL would outperform marginal likeli-
hood. For large datasets, because marginal likelihood has an asymptotic consistency, the
classification accuracy achieved by maximizing marginal likelihood is expected to be com-
parable to that achieved by maximizing CLL. Differences observed between the two scores
in prior studies may depend on the learning algorithms used there, which were approximate
rather than exact.

Sugahara et al. (2018); Sugahara and Ueno (2021) proposed exact learning of Bayesian
network classifiers by maximizing marginal likelihood subject to the constraint that the
class variable is a parent of every feature variable. They empirically demonstrated that
their method achieves higher classification accuracy than existing approximate methods that
maximize CLL. However, because their method requires the class variable to be adjacent to
all feature variables, the set of class variable parameters—parameters used to compute the
class-posterior distribution—becomes unnecessarily large. Increasing the number of class
variable parameters (NCP) slows the convergence of the estimated distributions.

To address the problem, this study proposes Bayesian network optimal classifiers (BNOC)
which can asymptotically estimate the true probability distributions with the fewest NCP.
To learn BNOC structures, we propose (1) a depth-first search based method and (2) an
integer programming based method.

First, for the depth-first search based method, we formulate the search for a BNOC
structure as a shortest-path-finding problem. Popular methods to solve shortest path prob-
lems for learning Bayesian networks are breadth-first search (Malone et al., 2011) and
depth-first search (Malone and Yuan, 2014). Although their computational times increase
exponentially as the numbers of variables increase, they can be decreased using branch-and-
bound methods (Malone et al., 2011; Malone and Yuan, 2014). Nevertheless, the traditional
heuristic functions used in the branch-and-bound method cannot be applied to learning a
BNOC structure. In this study, we prove that the NCP of a naive Bayes classifier is the
lower bound NCP of our model, and propose a depth-first branch-and-bound algorithm
using the lower bound NCP as a heuristic function.

Another efficient approach for learning Bayesian networks is an integer programming
(IP) based method (Cussens, 2012; Bartlett and Cussens, 2013; Liao et al., 2019), which
formulates Bayesian network structure learning as an integer program and solves it using
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off-the-shelf IP solvers, which are highly optimized and use decades of research in IP opti-
mization to speed up the search for the optimal Bayesian network structure. We propose
an IP-based method to search for a BNOC structure. The depth-first branch-and-bound
method proposed in Section 4 consists of two steps: maximizing BDeu for best-parents
search and minimizing NCP for structure search. On the other hand, the IP-based method
concurrently conducts the two steps with a single objective function. In addition, it reduces
the space complexity to O(n Z;l:o (?)) where n is the number of feature variables when we
give an upper bound d for the number of parents.
The proposed methods provide the four benefits presented below.

1. They guarantee asymptotic estimation of a structure which can asymptotically esti-
mate the true probability distributions with the fewest NCP.

2. They yield an explainable graphical structure of the feature variables to predict the
class variable.

3. The structure learned by them asymptotically does not include feature variables ir-
relevant to the class variable.

4. They are anytime algorithms.

Comparative experimentation has demonstrated the following: (1) For large datasets,
the proposed methods achieved a structure which can asymptotically estimate the true
probability distributions with the fewest NCP. (2) The proposed depth-first search method
provided higher classification accuracy than almost all the compared methods did for small
datasets. (3) The proposed IP-based method outperformed all the compared methods for
large datasets. (4) With parameters estimated by maximizing CLL, the proposed depth-
first search method provided higher classification accuracy than deep learning and random
forests.

2. Background

This section provides a background on Bayesian networks and Bayesian network classifiers.

2.1 Bayesian networks

Let V = {Xo, X1,...,X,,} be a set of discrete variables, where each X; (i =0,...,n) takes
values in {1,...,7r;}. We write X; = k when X takes state k. For any subset U C V| let
q(U) denote the number of configurations of U. When U takes the j-th configuration, we
write U = j.

A Bayesian network (BN) on V is an annotated directed acyclic graph (DAG) that
encodes a joint probability distribution on V. Formally, a BN is a pair B = (G,0¢q),
where G is a DAG whose nodes correspond to Xy, ..., X, and whose edges indicate direct
dependencies. Let H)G(i be the parent set of X; in G. The component O is the set of
conditional probability parameters

q(

n ng i
oc=1J U U{9X¢:k|ﬂ§(i:j}a

i=0 j=1 k=1

)

K3
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where each parameter 6y _ KIS = corresponds to a conditional probability of X; = k given
H)G(i = j. Letting Pp denote the probability distribution induced by B, the joint distribution
Pp(Xo, X1,...,X,) can be represented as

n

Pp(Xo, X1,...,Xp) = H (X |HG Hex g -
i=0

The BN structure G represents conditional independence assertions in the probability

distribution by d-separation. First, it is necessary to define path and collider to define
d-separation.

Definition 1 Path
Let G be a DAG on V. A finite sequence of pairwise distinct variables

p=(Vo,Vi,....Vi)) (I>1, V,eV)

is a path between Vi and V; in G if and only if each consecutive pair is adjacent in G (i.e.,
there is an edge between them in either direction).

Definition 2 Collider

Let G be a DAG on 'V and let p = (Vp,...,V}) be a path between Vi and V; in G. For an
internal variable V; of p (1 <1i <1—1), we say that V; is a collider on p if and only if there
exist two incoming edges to V; from Vi_1 and Viy1 in G, that is,

Vicer = Vi « Vi
Otherwise we say that V; is a non-collider on p.

d-separation is defined as follows.

Definition 3 d-separation

Let G be a DAG on V. Let X, Y € V be distinct variables and let U C V\ {X,Y}. We
say that X and Y are d-separated given U in G if and only if every path p between X and
Y satisfies at least one of the following conditions:

1. There exists a non-collider Z on p such that U includes Z.

2. There exists a collider Z on p such that U includes neither Z nor any of its descen-
dants in G.

We write X J_dG Y | U to denote that X and Y are d-separated given U in G. If they are
not d-separated, we write X ,}ig Y | U.

Let PT¢ denote the true probability distribution over V. Let X 1LY | U denote that X
and Y are conditionally independent given U under PT™¢. A DAG G is an independence
map (I-map) if all the d-separations in G entail conditional independence under PTrue,

Definition 4 I-map
Let G be a DAG on V. We say that G is an I-map if and only if, for all pairwise disjoint
subsets X, Y, U C 'V, the following implication holds:

X1§Y|U = X1Y|U.
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If G is an I-map, then P factorizes according to G, so there exists ©¢ such that Paeog) =

PTrue PTrue

. Otherwise, there is no ©¢ such that Pge,) =
Next, the following notation is introduced to support our discussion of learning BNs.

Let D ={x1,...,xq,...,xN} be a complete dataset consisting of NV i.i.d. instances, where
each instance x4 is a data vector (zo 4, Z1,d,--.,%n,d). The likelihood of a BN B = (G, ©¢),
given D, is
G
N n X- T
X;=k,1§ =
=[] Ps(@oa:714:- - 2na) H H H z—kIHG -
d=1 i=0 j=1 k=1
where N X,=kI§ =j represents the number of samples of X; = k when H% = j. In
L amg)

other words, N = > .,

i T . . . .
e IV Xi=k 11§, =5 The maximum likelihood estimators of

Ny e _
GML(D) Xi=k,II% =]

X,=k|I§ =j — 0
2 X; NH?(Z:]

where NH)G(i:j =2k NXi:k,Hg;(i:j'

We define @H% ;= UZLI{GXZ:HH% _;}- The most popular parameter estimator of BNs
is the expected a posteriori (EAP) of Equation (1), which is the expectation of eXi:k|H§A:j
with respect to the density p(®n§ = | D) of Equation (2), assuming the Dirichlet przior
density p(@ng;(i:j) of Equation (3).

sEAP(D)  _
Oxi=king = = POxi=ung = | D)

= /eXikH)G(ij 'p(@rlg;(i:j | D)deﬂgi:j

ax=kng = + Nxi=kng = ,

pOe _ | D) = = g ) ﬁe(“Xz-—k,n%—ﬁNxz-—kvn%—fl)

113 =5 - i - G _;
X 2:1F(axi:k,ngizj +NXi:k,H§i:j) P} Xi=hlITx, =)

(2)
F(aH)G(:j) ~_kl'[ _j_l

POng ) = H e )

—
pe1 Doy, o, HG_:]

In Equations (1) through (3), OX,=h11§. = denotes the hyperparameters of the Dirichlet

. . . . . o i
prior distributions, with ape _; = D ore1 QX I§ =
K3 3
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Because the BN structure is generally unknown, the structure must be learned from the
observed data. Among structure-learning methods, the most common is the score-based
approach. In this paradigm, one searches over DAGs on V for a DAG G that maximizes a
chosen scoring criterion Score(G, D). It is desirable to employ a scoring criterion that has
an asymptotic consistency, defined below.

Definition 5 Asymptotic consistency of scoring criterion (Chickering, 2002)
Let Gy be an arbitrary DAG on V, and let G2 be the DAG obtained by adding the edge
Y — X to Gyi. A scoring criterion Score has an asymptotic consistency if and only if the
following two properties hold.

o [fG1 is an I-map and G2 is not an I-map, then

lim P(Score(G1, D) > Score(Ga, D)) = 1.

N—oo
o If G1 and Go both are I-maps, and if G1 has fewer parameters than Ga, then

lim P(Score(Gy,D) > Score(Ge, D)) = 1.

N—oo

The marginal likelihood has an asymptotic consistency (Chickering, 2002). Moreover, the
marginal likelihood has the following asymptotic local consistency.

Definition 6 Asymptotic local consistency of scoring criterion (Chickering, 2002)
Let G1 be an arbitrary DAG on V, and let Gy be the DAG obtained by adding the edge
Y — X to Gy. A scoring criterion Score has an asymptotic local consistency if and only if
the following two properties hold.

e X 1LY | H% = limy_,00 P(Score(Gy1, D) > Score(Ga, D)) = 1.
e X LY | H% = limpy_y00 P(Score(G1, D) < Score(Ga, D)) = 1.

Assuming Dirichlet priors on ®Xi|H)G<.=j foralli € {0,1,...,n}and j € {1,... ,q(H%)},
the marginal likelihood admits a closed form. Tn particular, when the Dirichlet hyperpa-
rameters are set to

N/

. . el
O, =k, =) = WH)G() for all i € {0,...,n},5 € {1,...,q(IIx)}, k € {1,...,7:},

the marginal likelihood is called the Bayesian Dirichlet equivalent uniform (BDeu) (Buntine,
1991; Heckerman et al., 1995), and is given by

BDeu(G, D) = /P(G,@G)(D) p(O¢) dO¢

N’ N’
- M%) <q<n§.>> e <nq<ng§_> *NXi—ka%—J

:1:[ L N N ’
=0 gj=1 T + Nec - k=1 T
(q(H%) %= riq(II§)
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where N’ > 0 is the equivalent sample size (ESS) determined by users. This study uses the
BDeu score, a widely used marginal likelihood that has asymptotic consistency; however,
BIC or MDL (Schwarz, 1978; Rissanen, 1978), both of which are asymptotic approximations
to the marginal likelihood, can also be used. The BIC(MDL) is represented as

N n
log N
BIC(G, D) = log P g (Z0,ds T1ds -+ Tn,d) — £ > (= 1)g(@g,)

d=1 e i=0

n Q(Hg ) r; N n

' o Xi=kI§ =i log N
—0 i— @ 0§ =5 i—
=0 j=1 k=1 X; =7 =0
~ s A
where O P = U, Uj(:ﬁ) U 1{9¥f:(ﬁ)ng _;} The first term in (4), the log likelihood

at the maximum likelihood estimates, is the fitting term, which reflects the degree of model
fitting to the training data. The second term is the penalty term, which signifies the model
complexity.

Both BDeu and BIC(MDL) are decomposable, i.e., their scores can be expressed as a
sum of local scores LS depending only on one variable and its parents as

Score(G,D) = Z LS(X;, HGZ,, D).
i=0

The decomposable score greatly facilitates the search for structures (Silander and Myl-
lymaéki, 2006; Bartlett and Cussens, 2013). Note, however, that even with a decomposable
score, BN structure learning is known to be an NP-complete problem (Chickering, 1996).

2.2 Bayesian network classifiers

A Bayesian network classifier (BNC) can be interpreted as a BN for which Xy is the class
variable and for which Xq,..., X, are feature variables. When X, X1, ..., X,, take values
xo, X1, ..., ZTn, the BNC B = (G, O¢g) computes the class-posterior as follows.

Py(xg,21,...,x
Pp(xo | x1,...,2p) = P;((;l ! . )n)
AR ) n

]._[7.1 9 G .
=0 Xi:zi|nxi:]i(10)

70 n
2021 0Xg:c|H)G(O =jo(c) Hi:l eXi:xi|H§i:ji(c)
0X0:$O|H)G(O :jo(ivo)HiiXOEH)G(i eXi:$i|H)G(i =ji(z0)

= ()

0
Zc:l HX():ClH)G(O =jo(c) Hi:XOGHg’éi eXi:miH'Ig;(i =ji(c)

In those equations, j;(c) denotes the index of the configuration taken by H)G(i when X; =
x1, X9 = x9,..., X, = xn, and Xg = c. From Equation (5), we can infer a class given only
the values of the parents of X, the children of X, and the parents of the children of Xy,
which comprise the Markov blanket of X.
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However, Friedman et al. (1997) reported that a BNC minimizing MDL is unable to
optimize the classification performance. Instead of the log likelihood for learning BNC
structures, they proposed the sole use of CLL of the class variable given feature variables:

N

CLL(B,D) =Y log Pg(x04 | T1,d:- - Tn.a)
d=1

N N 0
= E log Pe(z0.d; T1,d, " s Tnd) — E log E Pg(c,x1,4,- ,&nd)-
d=1 d=1  c=1

Furthermore, they proposed conditional MDL (CMDL), which is a modified MDL replacing
log likelihood with CLL. Consequently, they claimed that the BNC minimizing CMDL as a
discriminative model showed better classification accuracy than that maximizing marginal
likelihood as a generative model.

Unfortunately, CLL is not decomposable: we cannot describe the second term of CLL as
a sum of the log parameters in O¢. This finding implies that no closed-form equation exists
for the maximum CLL estimator for ©g. Therefore, learning the network structure which
minimizes the CMDL requires a search method such as gradient descent over the space
of parameters for each structure candidate. For that reason, exact learning of network
structures by minimizing CMDL is computationally infeasible.

To resolve this difficulty, Friedman et al. (1997) proposed an augmented naive Bayes
classifier (ANB) in which the class variable links directly to all feature variables. Links
among feature variables are allowed. Formally, we define ANB as follows:

Definition 7 Augmented Naive Bayes Classifiers (Friedman et al., 1997)
Let G be a DAG on V. A BNC with structure G is an augmented naive Bayes classifier
(ANB) if and only if the following condition is satisfied:

Vie{l,...,n},Xo € I§..

Actually, ANB ensures that all feature variables can contribute to classification. Later,
restricted ANBs of various types were proposed, such as tree-augmented naive Bayes clas-
sifiers (TAN) (Friedman et al., 1997) and forest-augmented naive Bayes classifiers (FAN)
(Lucas, 2004).

Various approximate methods have been proposed to maximize CLL. Carvalho et al.
(2013) proposed an aCLL score, which is decomposable and computationally efficient. More-
over, Grossman and Domingos (2004) proposed a structure-learning method using a greedy
hill-climbing algorithm to maximize the CLL while estimating the parameters by maximiz-
ing the log likelihood. Mihaljevi¢ et al. (2018) proved that all possible class-posteriors are
covered in class-rooted DAGs (CRDAGs) defined as follows:

Definition 8 Class-Rooted DAGs
Let G be a DAG on V. We say that G is a class-rooted DAG (CRDAG) if and only if the
class variable Xy has no parents.

Furthermore, they proposed the minimal class-focused directed acyclic graph (MC-DAGs),
a reduced subclass of CRDAGs, and they proposed a greedy search algorithm in the space
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of MC-DAGs using the CLL score. These reports described that the BNC maximizing
the approximated CLL provides better performance than that provided by maximizing the
approximated marginal likelihood.

However, because marginal likelihood has asymptotic consistency, the classification ac-
curacies obtained by maximizing marginal likelihood are expected to be comparable to those
obtained by maximizing CLL for large datasets. Differences found between the performances
of the two scores in these earlier studies might depend on their learning algorithms used
to maximize marginal likelihood. They were approximate learning algorithms, not exact
learning algorithms.

Sugahara et al. (2018) compared the classification performances of the BNC with exact
learning using marginal likelihood as a generative model and those with approximate learn-
ing using CLL as a discriminative model. The results indicated that, for large datasets, max-
imizing marginal likelihood provides better classification accuracy than maximizing CLL
does. However, the findings also demonstrate that the classification accuracies obtained by
exact learning of BNC using marginal likelihood are much lower than those obtained using
other methods when the sample is small, and when the class variable has numerous parents
in the exactly learned networks. When a class variable has numerous parents, estimation of
the conditional probability parameters of the class variable becomes unstable because the
parent configurations become numerous and the sample used for learning the parameters
becomes sparse.

To resolve that difficulty, they proposed an exact learning ANB algorithm, which max-
imizes BDeu and which ensures that the class variable has no parents. As described in
earlier reports, the ANB constraint was used to learn BNC as a discriminative model. In
contrast, they used the ANB constraint to learn BNC as a generative model. Their pro-
posed method is guaranteed to achieve an I-map with the fewest parameters among all
possible ANB structures when the sample size is sufficiently large. They demonstrated that
the proposed method improves the classification accuracy of the exact learning of GBNs for
small datasets.

3. Bayesian Network Optimal Classifiers

Because ANB forces the class variable to be connected to every feature variable, the set of
class variable parameters—those used to compute the class-posterior distribution—becomes
unnecessarily large. A larger number of class variable parameters (NCP) in turn delays the
convergence of the estimated distributions. The NCP in G is defined as

NCP(G) = i NCP;(11%.), (6)
=0

where, for a variable set U C 'V,

(ri —1)q(U), ifi=0o0r Xpe U,

0, otherwise.

NCP;(U) = {

However, a GBN learned by maximizing BDeu does not guarantee minimization of NCP.
Figure 1 provides a counterexample. Figure 1(a) illustrates the true model, which is a
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(a) True model (b) I-map with the fewest parameters

v = {XO!X1iX2!X3}

ro=21 =7, =13 =3 « Number of parameters: 29
oo (%] Xy * NCP:29
XO J'I')(Zl (XIIXB)

Xl A X3| (Xo,Xz)

@.@ (c) I-map with the fewest NCP
* Number of parameters: 35
@ @ « NCP: 17

Figure 1: (a) True model, (b) I-map with the fewest parameters, and (c) I-map with the
fewest NCP.

Markov network containing a cycle of four variables. For this model, there exists no BN that
can perfectly represent the true conditional independencies and conditional dependencies.
In this case, the I-map of the true model with the fewest parameters is shown in Figure 1(b),
while the I-map of the true model with the fewest NCP is shown in Figure 1(c). Although
Figure 1(b) has fewer overall parameters than Figure 1(c), Figure 1(c) has fewer NCP than
Figure 1(b).
To address the problem, this study proposes Bayesian network optimal classifiers (BNOC)

defined as follows:

Definition 9 Bayesian Network Optimal Classifiers
Let G be a CRDAG on V. A BNC with structure G is a Bayesian network optimal classifier
(BNOC) if and only if the following conditions hold:

1. G is an I-map.
2. Among all I-map CRDAGs on 'V, G has the fewest NCP.

There are two reasons for restricting the BNOC structure to CRDAGs. First, this space
is guaranteed to cover all possible posteriors of the class variable (Mihaljevié et al., 2018).
Second, Sugahara et al. (2018); Sugahara and Ueno (2021) experimentally demonstrated
that BNCs with no parents of the class variable provide more accurate classification than
GBNs do.

In the remainder of this section, we present a theorem and a corollary that are important
to the search for a BNOC structure. Before that, we first introduce the following definition.

Definition 10 Variable-Order
Let U C V. A variable-order in U is an ordered tuple listing each variable of U exactly

10
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once. Letting G be a DAG on U and o be a variable-order in U, we say that G is consistent
with o if and only if
VX e U, I C Pre%,

where Pre% denotes the set of variables preceding X in o.
We derive the following theorem.

Theorem 1 Let o be an arbitrary variable-order in V. Let @U be an arbitrary DAG on
V that mazimizes BDeu among all DAGs consistent with o. Let G™®(V) be a set of all
I-maps on 'V that minimizes NCP among all I-maps consistent with o. Then

lim P (éa = ggﬁn(V)) =1 (7)
N—o0

We provide a proof of Theorem 1 in the appendix. Note that this theorem holds for any
structures, not only for CRDAGs. For any subset U C V with X, € U, let o(U) denote
a set of variable-orders for U in which the first element is Xy. Then, Theorem 1 leads to
the following corollary.

Corollary 1
Let GBI (V) denote the set of all I-map CRDAGSs on V with the fewest NCP. Then

lim P (@,, € Qg}i{l(V)) —1,

N—oo

where

o' = arg min NCP (éa)
oc€oo(V)

4. Depth-First Branch-and-Bound Algorithm for Learning BNOC

Corollary 1 suggests the following search process for obtaining a BNOC structure.

1. For each variable-order, obtain the highest BDeu structure. (Each structure maxi-
mizes BDeu given each variable-order.)

2. Obtain a structure minimizing NCP among the structures obtained in Step 1.

Before presenting details of the procedure which must be used for our method, we
introduce the following notation. Let U be an arbitrary subset of V with Xy € U. We
define the best parents of X; in a candidate set U as the parent set which maximizes the
local score in U: ﬁXi(U) = arg max LS(X;, W, D). We let G(U) denote a CRDAG on U

WCU

that minimizes NCP among all CRDAGs G for which there exists o € o¢(U) such that G
maximizes BDeu among CRDAGs consistent with ¢. When a variable has no child in a
structure, we say that it is a sink in the structure.

Learning a BNOC structure is equivalent to a shortest path problem for the CR reverse
variable-order graph (CROG), which is a directed graph consisting of nodes corresponding
to elements of 2V \ 2V\MXo}  Intuitively, CROG can be understood as “picking nodes in

11
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o, Xy, Xz, X} o X0, X2, X51

/) Py
o %0 1) (Ko X0 X @0 X0 X3) (o X0 XD o X X - - -

SC —

_____

Eok}) WoXed k) C?@?i:i{ﬂz:}:" o
ER> X
(a) (b)

Figure 2: (a) CR reverse variable-order graph (CROG) of four variables. (b) Running
example of the depth-first branch-and-bound algorithm.

reverse variable-order.” For a variable X; € V and a variable set U C V, CROG has an
edge from U to U\ {X;}. An example of CROG for V = { Xy, X1, X2, X3} is presented
in Figure 2(a). An edge from U to U \ {X;} represents that a sink in G(U) is X; and
that the parents of X; are ﬁxi (U \ {X;}). Moreover, the edge from U to U \ {X;} has
a cost NCPi(ﬁXi (U \ {X;})). Each path from V to {X(} in CROG corresponds to each
variable-order in oo(V). For each o € o((V), following the path associated with o yields
the family of parent sets {ﬁ Xi(Pre‘)’(i)}’f:l, which determine G,. The cost ¢(p) of path p
corresponding to ¢ is defined as

c(p) = Y NCP;(TLy, (Pre%,)) + o — 1 = NCP(G,).

=1

By finding the shortest path p* in which ¢(p*) < ¢(p) for any path p, one can obtain é(V)

Popular methods to solve the shortest path problems are breadth-first search and depth-
first search. For both, their computational times increase exponentially along with an
increasing number of variables. Their computational costs can be decreased using the
branch-and-bound method. For a variable set U C V, we define g(U) as the cost of a path
from V to U. Moreover, we define h(U) as the lower bound of the cost of the path from U
to {Xo}. Also, we use f(U) = ¢g(U) + h(U) for the cutting edges of CROG. When f(U) is
higher than a cost of the current best solution, we cut the node U because any path which
passes U is not the best path.

Figure 2(b) depicts an example of depth-first search using the branch-and-bound method
for V.= { Xy, X1, X2, X3}. After expanding { Xy, X1, X2, X3} and after exploring { X, X7, X2},
we expand { Xy, X1, X2} and explore { Xy, X;}. Subsequently, we expand {Xo, X1} and ex-
plore {Xp}. The resulting structure is an I-map with the fewest NCP among all structures,
which is consistent with the variable-order (Xo, X1, X2, X3). The current best solution
is updated to the NCP of this structure. Next, we expand {Xo, X2} if f({Xo,X2}) is
lower than the current best solution, or cut {Xy, X2} otherwise. Subsequently, we expand
{Xo, X1, X3} if f({Xo, X1, X3}) is lower than the current best solution, or otherwise cut
{Xo, X1, X3}, and so on. Algorithm 1 presents the pseudocode of our proposed algorithm.

In prior work that addresses structure-learning as a shortest path problem, the goal has
been to discover the structure with the minimum MDL (Malone et al., 2011; Yuan et al.,
2011; Malone and Yuan, 2014). They employed the lower bound of MDL as a heuristic
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Algorithm 1 Depth-first branch-and-bound algorithm

1: function MAIN(D)
D: input data

For all i € {1,...,n} and for all U € 2V\{Xo-Xi}  compute ﬁxi (UU{Xo}) from the
data D.
3 for U e 2V\{Xo} do
4 hezact(UU{Xp}) ¢ o0
5 g(UU{Xp}) +
6: end for
7
8
9

v

optimal < oo
Repair < {(V,0)}
: while |Repair| > 0 do
10: for (S, g) € Repair do

11: if g(S) > g then

12: g(S) + g

13: Repair’ + EXPAND(S, Repair)
14: end if

15: end for

16: Repair + Repair’

17: end while

18: end function

19: function EXPAND(U, Repair)
20: for X; € U\{X(} do

21: g9 < 9(U) + NCP;(ILx, (U\{X;}))

22: duplicate + exists(g(U\{X;}))

23: if g < g(U\{X;}) then

24: g(U\{Xi}) g

25: end if

26: if duplicate and g < g(U\{X;}) then

27: Repair < Repair U{(U, g)}

28: end if

2: < h(U\X}) + g(U\{X})

30: if duplicate and f < optimal then

31: EXPAND(U\{X;}, Repair)

32: end if R

33: if hezact(U) > NCP;(ILx, (U\{X:})) + hewact(U\{X;}) then
34: hewact(U) — NCPi(H Z(U\{Xz})) + hewact(U\{Xi})
35: end if

36: end for

37: if U== {X[)} then

38: hezact(U) <= 0

39: end if
40: if optimal > hegaet(U) + g(U) then

41: optimal <+ hegzact(U) + g(U)
42: end if
43: return Repair

44: end function
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function used in the branch-and-bound method. However, because our method aims to
minimize NCP, the existing heuristic functions are not applicable. We prove the following
theorem and propose a new heuristic function for our learning algorithm.

Theorem 2 Let G* be a BNOC structure on V. Also, let GNB be the naive Bayes classifier
consisting of a set of feature variables V., which are children of the class variable in G*.
Then, NCP(GNB) < NCP(G*) holds.

We provide a proof of Theorem 2 in the appendix. This theorem states that one can predict
the lower bound of NCP of G* given V.. We propose the heuristic function h*(U) =
> x,e(unv.) NCPi({Xo}). The proposed heuristic function has consistency. A heuristic
function with consistency guarantees that one can find the shortest path.

Definition 11 For any node U or R in which there is an edge from U to R in a CROG,
the heuristic function h(U) has consistency if and only if h(U) < h(R) + ¢(U,R) holds,
and where ¢(U,R) is the cost of the edge from U to R.

Theorem 3 h* has consistency.

We provide a proof of Theorem 3 in the appendix.

Because we do not obtain V. before learning structures, the proposed method predicts
the V. using feature selection with Bayes factor. Sugahara and Ueno (2021) proposed
a method for learning the children of the class variable using the Bayes factor, which is
a ratio between BDeu of independence model g; and that of dependence model go, i.e.,
BDeu(g1, D)/BDeu(g2, D). Sugahara and Ueno (2021) determines the independence be-
tween the class variable and each feature variable when the Bayes factor is lower than a
threshold. We employ this method to obtain V. used in the proposed heuristic function.
Note, however, that this feature selection method may select more variables than V., which
can potentially break consistency.

While Algorithm 1 shares the same O(n2™) time complexity as existing exact GBN learn-
ing methods, it offers superior practical performance. This efficiency stems from avoiding
the parent set search for the class variable. As a result, the local-score computations are
limited to n2", the best-parent computations are limited to n2"!, and the CROG size is
restricted to 2" nodes. This is a significant reduction compared to conventional approaches,
which require (n + 1)2™ local-score computations, (n + 1)2" best-parent computations, and
2"+ nodes. Here, n denotes the count of feature variables. Moreover, we apply branch-
and-bound pruning during the CROG search, further reducing the running time.

Additionally, it is notable that the structure learned using the proposed method differs
from that learned by maximizing the marginal likelihood of GBN. Although learning GBN
provides a graphical structure to approximate the probability distributions over all the
variables, learning the proposed BNC yields the CI relation among the feature variables to
optimize prediction of the class variable.

5. Integer Programming for Learning BNOC

In score-based approaches, integer programming (IP) provides a more efficient method
than dynamic programming and breadth- or depth-first search (Cussens, 2012; Bartlett
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and Cussens, 2013; Liao et al., 2019). In addition, IP solvers are anytime algorithms which
can supply the best solution (here best BNOC structure) found at any point in time. Using
1P, we propose a fast approximation method to obtain a BNOC structure. The depth-first
branch-and-bound method proposed in Section 4 consists of two steps: maximizing BDeu
for best-parents search and minimizing NCP for structure search. On the other hand, the
IP-based method concurrently conducts these two steps with a single objective function. In
addition, it reduces the space complexity to O(n Z;-l:() (’;)) when we give an upper bound
d for the number of parents. We first formulate IP for BN structure learning.

5.1 Encoding the BN Learning Problem as an Integer Program

In this section, we define the IP formulation to learn a BNOC structure, based on Cussens
(2012); Bartlett and Cussens (2013); Liao et al. (2019). The variables in the IP encoding
represent whether or not a node has a given parent set in the network. For every possible
node, X € V and parent set W , a binary variable /(W — X) is created which will
be assigned the value 1 if W is the parent set of X in the BN or 0 otherwise. Using this
encoding, one must write the objective function to maximise as a linear combination of these
variables. One can then write the score to be optimised as the following linear expression
of the IP variables.

> > LS(X,W,D)I(W - X). (8)
XeV WCV\{X}

Having defined the IP variables and objective function, it simply remains to define the
constraints that must be obeyed by the I(W — X)) variables in order that they encode a
valid network. There are two such constraints; each node must have exactly one parent set,
and there cannot be any cycles in the network. The first of these constraints can be written
very directly as follows.

VX eV, Y IWoX)=1 (9)
WCV\{x}

The acyclicity constraint is much less straightforward to encode. Observe that for any set
of nodes (a cluster), if the graph is acyclic, there must be a node in the set which has no
parents in that set, i.e. it either has no parents or all its parents are external to the set. This
can be translated into the following linear set of linear inequalities, known as the cluster
constraints introduced by Jaakkola et al. (2010).

vecv, > > I(W = X)>1. (10)
XeC WCV\{X} sit. WNnC=0

Since there are exponentially many cluster constraints, only those that are necessary are
added, and this is done by adding them as cutting planes during the course of IP solving
(Cussens, 2012). Collecting these elements together, we can define the IP formulation to
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learn a BNOC structure as follows.

maximize » Y LS(X,W,D)I(W - X) (11)
XeEVWCV\{X}
subject to VX €V, Y IWoX)=1 (12)
WCV\{x}
vecov, > > I(W = X) > 1. (13)
XeC WCOV\{X} st. WNC=0
VX e V\{Xo}, YW C V\ {X}, I(W = X)e{0,1}. (14)

1 if W=,

YW CV\ {Xo}, (W= Xo)= .
0 otherwise.

When the goal is classifier learning, the search space can be further reduced. In the IP
above, for each feature variable we still explore parent sets that exclude the class variable.
However, the parameters of feature variables that do not have the class variable as a parent
are not used for classification (see (5)), so there is no need to consider such parent sets.
Accordingly, we can reduce the search space by fixing decision variables in (14) as follows:

VX € V\{Xo}, YW C V\ {X}st. Xg e W, (W= X)e{0,1}. (16)

I(W = X)e{0,1} if W=,

(1)
I(W—-X)=0 otherwise.

VX € V\ {Xo}, YW C V\ {X} s.t. Xo ¢ W, {

This modification fixes about half of the decision variables in (14) and is therefore expected
to significantly accelerate solve times.

To effect the reduction given by (15) and (17), GOBNILP was extended to allow the
user to (1) specify the maximum number of parents for a particular child (a childpalim
constraint) and (2) to specify that a particular variable must be present in all non-empty
parent sets other than its own (a required_parent_ifany constraint). If X0 is the class
variable then putting the following two lines in a constraints file suffices to ensure that a
BNOC structure is learned:

childpalim X0 O
required_parent_ifany XO

For efficiency reasons, binary variables I(W — X) which violate these constraints are never
created by GOBNILP, rather than being (pointlessly) created and then later removed.
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5.2 Objective Function with NCP Penalty

This section proposes a BDeu-NCP score that integrates the two steps of the depth-first
branch-and-bound method in section 4 into a single objective.

BDeu-NCP(G, D,~) = log BDeu(G, D) — yNCP(G)
N/
(TG + N)Q:k,ﬂ%:j)

N/
e ) r|—— T
L a1, | <Q(H§(z)> ri 1 (riq( X,
Y S N,
i=0 j=1 r CNeo k=1 r
(q(ﬂ%) %= rig(§)

-7 Z NCP;(I1$,), (18)
i=0

where 7 is a hyperparameter representing the penalty weight for NCP. Since the BDeu-NCP
score is decomposable, we use its local scores as the LS in the objective function (11), as
follows:

Vie{0,1,...,n},

N’ N’
A Paw) e, Pl Yeee)
LS(X;,W,D) = log - 4 + ) log—"4 ~
= T LN :.> = r( )
<q<w> W= riq(W)
— ANCP;(W).

The following theorem shows that there exists v such that a structure with the highest
BDeu-NCP score converges to a BNOC structure.

Theorem 4 Let Gor(V) denote the set of all CRDAGs on V, and let GBI (V) denote the
set of all I-map CRDAGSs on V with the fewest NCP. Then the following holds:

VG € GEIY(V), 3¢ > 0, VG € Ger(V) \ GER(V),
A}im P(BDeu-NCP(G*, D,yn) > BDeu-NCP(G, D,vy)) = 1,
—00
where vy = clog N.
We provide a proof of Theorem 4 in the appendix.

6. Experiments

This section presents a description of experiments conducted to demonstrate the important
benefits of the proposed method.

6.1 Comparing proposals with Bayesian network classifiers

6.1.1 BENCHMARK DATA

First, we compare the classification accuracies of the following methods using the benchmark
datasets presented in Table 1.
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1. Naive Bayes: Naive Bayes classifier

2. GBN-CMDL (Grossman and Domingos, 2004): Greedy learning GBN method using
the hill-climbing search by minimizing CMDL while estimating parameters by maxi-
mizing log likelihood to calculate the CLL

3. BNC2P (Grossman and Domingos, 2004): Greedy learning method with at most two
parents per variable using hill-climbing search by maximizing CLL while estimating
parameters by maximizing log likelihood to calculate the CLL

4. TAN-aCLL (Carvalho et al., 2013): Exact learning TAN method by maximizing aCLL

5. MC-DAGGES (Mihaljevi¢ et al., 2018): Greedy learning method in the space of MC-
DAGs using greedy equivalence search (Chickering, 2002) by maximizing CLL while
estimating parameters by maximizing log likelihood to calculate the CLL

6. GBN-BDeu: Exact learning GBN method by maximizing BDeu
7. ANB-BDeu: Exact learning ANB method by maximizing BDeu

8. fsANB-BDeu: Exact learning ANB method by maximizing BDeu with feature selec-
tion by Bayes factor (Sugahara and Ueno, 2021)

9. BNOC-BFS: Learning BNOC using a breadth-first search to the shortest path prob-
lems of CROG

10. BNOC-DFBnB: Learning BNOC using the proposed depth-first branch-and-bound
algorithm to the shortest path problems of CROG

11. BNOC-IP: Learning BNOC by solving the IP defined in expressions (11) — (13) and
(15) — (17).

When evaluating classification accuracies, we use EAP estimators with ay _j ng = =
[

1/ (riq(H%)) as conditional probability parameters of the respective classifiers (Ueno, 2010,
2011). We employ nested cross-validation for tuning the ESS N’ € {1, 10,100, 1,000} of
each method (GBN-BDeu, ANB-BDeu, fsANB-BDeu, BNOC-BFS, and BNOC-DFBnB).
Specifically, an outer ten-fold cross validation is used to evaluate the final classification
accuracy, while an inner ten-fold cross validation is performed only on each training fold of
the outer loop to select the ESS by grid search. The held-out test folds of the outer loop
are never used in the tuning process. We tuned v € {1,2,4,8,16} of BNOC-IP using the
same inner-loop grid search on the training folds only. The ESS of BNOC-IP was fixed
at N/ = 1. BNOC-BFS and BNOC-DFBnB are implemented in C++. The source code
is available online (http://www.ai.lab.uec.ac.jp/software/). We run the BNOC-IP
with GOBNILP (Cussens, 2012), a system for BN structure learning that formulates the
problem as an IP and solves it via branch-and-cut mixed-integer programming. The other
methods are implemented in Java. As described throughout this paper, our experiments
are conducted using a computer with a 3.2 GHz 16-core processor and 128 GB of memory.
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This experiment uses 24 real datasets from the UCT repository (Lichman, 2013). Continuous
variables are discretized using a standard discretization algorithm proposed by (Fayyad and
Irani, 1993). In addition, data with missing values are removed from the datasets.

Table 1 presents the classification accuracies found for the respective classifiers. The
datasets in Table 1 are listed in ascending order of samples per pattern (SPP). Here, SPP is
defined as the sample size divided by the number of configurations of all the variables;
this quantity measures the average number of samples per configuration. We also re-
port “cMB”, the number of configurations of the class variable’s Markov blanket in the struc-
ture learned by GBN-BDeu. To assess the significance of the differences of BNOC-BFS,
BNOC-DFBnB, and BNOC-IP from other methods, we apply Hommel’s tests (Hommel,
1988), which are used as a standard in machine learning studies (Demsar, 2006). The p-
values are presented at the bottom of Table 1. Table 2 presents the NCPs of structures
learned using the respective methods. Table 3 presents the average runtimes of the respec-
tive methods. Moreover, “NTCE” in Table 3 presents the numbers of times BNOC-DFBnB
cuts the edges of CROGs.

The results presented in Table 1 indicate that BNOC-BF'S outperforms other methods at
the p < 0.1 significance level, except for fsANB-BDeu. Moreover, the findings indicate that
BNOC-DFBnB outperforms Naive Bayes, GBN-CMDL, MC-DAGGES, and GBN-BDeu at
the p < 0.1 significance level.

For large SPP such as datasets Nos. 20 and 24, the classification accuracies of Naive
Bayes, BNC2P, and TAN-aCLL tend to be worse than those of BNOC-BFS and BNOC-
DFBnB because of the upper bound of the maximum number of parents. The small upper
bound of the maximum number of parents tends to engender poor representational power
of the structure (Ling and Zhang, 2003). For large SPPs such as Nos. 3 and 6, GBN-CMDL
and MC-DAGGES yield much lower classification accuracy than BNOC-BFS does because
the exact learning methods estimate the network structures more precisely than the greedy
learning methods do.

The results indicate that BNOC-BFS and BNOC-DFBnB provide much higher classifi-
cation accuracies than GBN-BDeu and ANB-BDeu do for small SPP, such as dataset No. 8.
Table 2 shows that BNOC-BFS and BNOC-DFBnB provide smaller NCPs than GBN-
BDeu and ANB-BDeu do in the dataset because BNOC-BF'S and BNOC-DFBnB directly
minimize NCP, but GBN-BDeu and ANB-BDeu minimize the numbers of all parameters.
Consequently, BNOC-BFS and BNOC-DFBnB can avoid overfitting to the datasets. That
feature improves the classification accuracies for small SPP.

The results show clearly that the classification accuracies of BNOC-BFS and BNOC-
DFBnB are almost identical to those of GBN-BDeu, ANB-BDeu, and fsANB-BDeu for large
SPP. Especially, our findings indicate that neither the difference between BNOC-BF'S and
ANB-BDeu nor the difference between BNOC-BFS and fsANB-BDeu is significant.

The classification accuracies of BNOC-BFS are approximately equal to those of BNOC-
DFBnB for each dataset. However, BNOC-BFS provides higher average classification accu-
racy than that of BNOC-DFBnB. Because BNOC-BFS uses no branch-and-bound algorithm
to cut edges of CROGs, BNOC-BFS estimates the BNOC structures more precisely than
BNOC-DFBnB does.
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As shown in Table 3, the average runtime of BNOC-DFBnB is shorter than those of any
other method, except for MCDAGGES. Especially, BNOC-DFBnB provides much shorter
runtime than BNOC-BFS does for large NTCE of BNOC-DFBnB such as datasets Nos. 1
and 8. The results demonstrate the efficiency of the proposed branch-and-bound algorithm
of BNOC-DFBnB.

Overall, BNOC-IP achieves shorter runtimes than BNOC-BFS and BNOC-DFBnB, but
its classification accuracy is substantially lower. This likely occurs because the structure
learned by BNOC-IP is highly sensitive to the value of hyperparameter v in the BDeu-NCP
score. To improve accuracy, the tuning range for v should be broadened or a finer grid of
candidate values should be explored.

Finally, the classification accuracies of the ten methods for twelve large datasets from
the UCI repository are compared. Table 4 presents the classification accuracies of the re-
spective classifiers for the large datasets. For all methods other than Naive-Bayes, BNC2P,
and TAN-aCLL, we imposed an upper bound on the number of parents of each variable.
The column “Limitation on parent set size” in Table 4 indicates this upper bound. In
Table 4, “time over (TO)” signifies that learning was not completed within a time limit
of 6 hr. Also, “out of memory (MO)” signifies a failure to learn the structure because of
memory insufficiency. The results presented in Table 4 demonstrate that BNOC-IP outper-
forms the other methods at the p < 0.1 significance level. It is noteworthy that TAN-aCLL
fails to learn structures because of MO. Four exact learning methods fail to learn structures
because of TO: GBN-BDeu, ANB-BDeu, fsANB-BDeu, and BNOC-BFS. Actually, the com-
putational time and space of these exact learning methods increase exponentially with the
number of variables. However, BNOC-IP and BNOC-DFBnB can be stopped at any time.
The current best solution is obtainable because the depth-first search updates the current
best solution sequentially. Although BNOC-IP showed no statistically significant difference
from BNOC-DFBnB, it achieved higher mean classification accuracy. In particular, on the
242-variable dataset, the classification accuracy of BNOC-IP is much higher than that of
BNOC-DFBnB, supporting its effectiveness on large-scale data.

6.1.2 SIMULATION DATA

To demonstrate important advantages of the proposed methods (BNOC-BFS and BNOC-
IP) compared to GBN-BDeu, ANB-BDeu, and fsANB-BDeu, this section presents addi-
tional experiments using simulation data. Unlike the real-data comparisons in the previous
subsection, simulations allow us to directly compare the difference between the true model
and the structure estimated by each method, as well as the error between the true and esti-
mated distributions. The experiments presented here compare NCPs of structures learned
using the five methods and compare the Kullback—Leibler divergences (KLDs) between the
referenced (set true) probability distribution of the class variable and that using the five
methods from simulation datasets.

This experiment uses the following three networks: the Cancer network (Scutari, 2010)
in the structure (1) of Figure 3, the Asia network (Scutari, 2010) in the structure (2) of
Figure 3, and the Markov network in the structure (3) of Figure 3, which is identical to the
structure in Figure 1(a).
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Figure 3: Structures: (1) the Cancer network, (2) the Asia network, and (3) a Markov
network with a cycle.

From the three networks, we randomly generate datasets with sizes N = 100, 1,000, 10,000,
and 100,000. Based on the generated data, after learning BNC structures using the five
methods, we evaluate the KLDs and the NCPs. Table 5 presents the NCPs and the average
KLD over all feature variables’ values. “Imin(GBN)” and “Imin(NP)” in Table 5 respec-
tively signify whether the learned structure is an I-map with the lowest NCP in all GBN
structures and in all CRDAGs.

The results demonstrate that, for the Cancer network, the average KLDs between the
referenced (set true) probability distributions of the class variable and the ones learned by
all five methods are identical when N > 10,000 because the five methods learn an I-map
with the lowest NCP. Similarly, for the Asia network, because GBN-BDeu, BNOC-BF'S, and
BNOC-IP learn an I-map with the lowest NCP, the average KLDs between the referenced
(set true) probability distributions of the class variable and those learned by BNOC-BFS
and BNOC-IP are identical to those learned by exact learning GBN-BDeu when N > 10,000.

Moreover, in the Markov network presented in Figure 3, the average KLDs between
the referenced (set true) probability distributions of the class variable and those learned by
BNOC-BFS and BNOC-IP are smaller than those learned by GBN-BDeu when N > 10,000
because BNOC-BFS and BNOC-IP learn I-maps with the lowest NCP, but GBN-BDeu
does not. The reason is that the GBN-BDeu does not asymptotically guarantee estimation
of an I-map minimizing NCP, although it guarantees minimization of the number of all
parameters.

Furthermore, we demonstrate the explainability of the proposed method. Figure 1(b)
and 1(c) depict, respectively, the structures learned by GBN-BDeu and BNOC-BFS using
simulation data with N = 100,000 generated by Structure (3) depicted in Figure 3. The
structure learned by BNOC-BFS (Figure 1(c)) has the true Markov blanket of the class
variable, {X1, X3}. However, Figure 1(b) shows that the Markov blanket of the class
variable learned by GBN-BDeu has an extra variable Xy that does not affect the class
variable. Because NCP of the structure learned by the proposed method is smaller than
that of GBN-BDeu, the proposed method provides a simpler and understandable relation
between the class variable and feature variables than GBN-BDeu does.
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6.2 Comparison of the Proposed method with Random Forest and Deep
Learning

This subsection presents comparisons of the classification performance of the proposed
method with those of RF (random forest) and those of DL (deep learning). We employ
nested cross-validation: an outer ten-fold cross validation to evaluate the final classification
accuracy, and an inner ten-fold cross validation performed only on each training fold of the
outer loop to tune the hyper-parameters of RF and DL (as shown in Table 6). The test folds
of the outer loop are never used in the tuning process. For DL, we employ the standard
cross-entropy as the loss function.

6.2.1 BENCHMARK DATA

First, we compare the classification accuracies of the respective methods for benchmark
datasets. In this experiment, we estimated conditional probability parameters of the struc-
ture learned by the proposed method using a maximum CLL estimator (MCE), which tends
to provide higher classification accuracy than an EAP estimator does (Greiner and Zhou,
2002). Although learning structure to maximize CLL is computationally infeasible as men-
tioned in Section 2, only estimating parameters of a given structure to maximize CLL is
relatively fast enough to be practically feasible. Calculation of the MCE requires a gradi-
ent descent algorithm because CLL has no closed-form equation for estimating the optimal
parameters. However, the CLL surface of a BNC might have local (non-global) maxima,
which leads to a poor classification accuracy. As a theorem to overcome this difficulty, it is
known that there exists no local maximum in the CLL surface of a Markov network when
the Markov network structure is chordal, i.e., all cycles of four or more variables have an
edge that is not part of the cycle but which connects two variables of the cycle (Roos et al.,
2005; Koller and Friedman, 2009). To obtain the global maxima of CLL, we transform
the structure learned by BNOC-BFS into a chordal Markov network by adding edges and
undirecting all the edges. Then we obtain a MCE of the chordal Markov network structure
GM using the steepest descent method using the following gradient of the CLL as

9 N
—— CLL(GM,®,D) = No—x — > P(x(X0) | Z14d,---+Tnd), 19
900 ) ( )= Nc dZ; (x(Xo) | 21,4 ) (19)

where C denotes a clique in GM | x stands for a configuration of C, ¢c(x) is a parameter of
C =x, ® is a set of pco(x) for all cliques C' and all configurations x, No—x represents the
number of samples of C' = x, and x(X() denotes the value of Xy in x. In the steepest descent
method, we initialize all the parameters in ® to zero. We designate the resulting method
as proposal with chordalization and MCE (PCMCE). PCMCE performs classification by
estimating the class-posterior distributions using the chordal Markov network.

Table 7 presents the classification accuracy of RF, DL, BNOC-BFS, and PCMCE. The
results indicate that both BNOC-BFS and PCMCE provide lower classification accuracy
than RF and DL do for datasets with small SPP, such as Nos.1-5. When data become
sparse, discriminative models RF and DL have better classification performance than our
proposed BNCs do. On the other hand, BNOC-BFS and PCMCE provide slightly better
average accuracy than RF and DL do for datasets with large SPP. Because the estimated
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Method Hyperparameter Candidate

RF Number of trees in the forest 10, 20, 30, 50, 100, 300

Maximum depth of the tree 10, 20, 30, 50, 100, 300

] ] (50, 50, 50), (50, 100, 50), (100),
Hidden layer sizes (50, 50, 50, 50), (50, 50, 50, 50, 50)
Activation function tanh, relu
DL Solver for weight optimization sgd, adam
Strength of the L2 regularization « 0.0001, 0.05
Learning rate schedule for weight updates constant, adaptive

Table 6: Candidate hyperparameters for RF and DL.

Sample BNOC-
No. Dataset Variables  size SpPp RF DL BFS PCMCE
1 Image Segmentation 19 2310 9.41x10~% 0.9706 0.9662 0.9550 0.9558
2 Pendigits 17 10992 1.13x107' 0.9914 0.9904 0.9601 0.9743
3 Letter 17 20000 9.32x10712 0.9649 0.9511 0.8608 0.8805
4  Lymphography 19 148 1.63x10~7 0.8386 0.8248 0.8041 0.8176
5 EEG 15 14980 2.17x10~7 0.8132 0.8062 0.7304 0.7408
6  Breast Cancer Wisconsin 10 683  3.42x10~7 0.9693 0.9677 0.9751 0.9531
7 Zoo 17 101 7.34x1075 0.9500 0.9200 0.9505 0.9505
8  Hepatitis 20 80  7.63x107° 0.8625 0.8250 0.7875 0.7813
9  Wine 14 178 1.19x10~* 0.9778 0.9719 0.9775 0.9551
10 Australian 15 690  2.23x10~* 0.8449 0.8580 0.8551 0.8601
11 Vehicle 19 846  8.07x10~* 0.6408 0.6277 0.6019 0.6135
12 Breast Cancer 10 277  8.33x107% 0.7111 0.7151 0.7401 0.7274
Average accuracy for datasets with small SPP (Nos. 1-12) 0.8779 0.8687 0.8498 0.8508
13 Heart 14 270 1.22x107% 0.8296 0.8370 0.8074 0.8037
14 HTRU2 9 17898 1.56x1072 0.9797 0.9797 0.9783 0.9788
15 Congressional Voting Records 17 232 1.77x1072 0.9567 0.9567 0.9655 0.9569
16 Solar Flare 11 1389 3.72x1073 0.8294 0.8409 0.8431 0.8431
17  Glass 10 214 6.63x1072 0.6310 0.6602 0.6262 0.6946
18 Contraceptive Method Choice 10 1473 2.66x1072 0.4772 0.4983 0.4623 0.4912
19 Hayes-Roth 5 132 2.29x10~1 0.8088 0.7571 0.8333 0.8258
20 Balance Scale 5 625  3.33x107! 0.8287 0.9808 0.9152 0.9904
21 Lenses 5 24 3.33x107! 0.8167 0.7667 0.8750 0.8750
22 Iris 5 150  6.17x107 0.9333 0.9467 0.9467 0.9333
23 LED7 8 3200  2.50x10° 0.7269 0.7344 0.7316 0.7334
24 Banknote authentication 5 1372 2.72x10° 0.9432 0.9432 0.9410 0.9406
Average accuracy for datasets with large SPP (Nos. 13-24) 0.8134 0.8251 0.8271 0.8389

Table 7: Classification accuracies of RF, DL, BNOC-BFS, and PCMCE.

class-posterior distribution converges to the true class-posterior distribution as N — oo,
the classification accuracies of BNOC-BFS and PCMCE become high when the sample size
becomes large.
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Sample

Network size RF DL BNOC-BFS PCMCE
100 849 x 1072 529x 1072 270x1072 288 x 1072
Cancer 1,000 533 x 1072 4.85x 1072 267 x1072 263 x 1072
(Structure (1)) | 10,000 | 1.88x 1073 838 x 1072 127x107% 1.45x 1073
100,000 | 2.73x 107* 511 x 1072 846 x 107°  3.80 x 1075
100 1.23x 10717 151 x 1077  4.40x 1072  4.37 x 102
Asia 1,000 1.82x 1071 231x107'  6.38x1072  6.35 x 1072
(Structure (2)) | 10,000 | 5.62x 1072 311 x1072 246 x 1072 2.40 x 1072
100,000 | 3.26x 1072 1.92x 1072 272x10~* 5.88x10~*
100 273x 1077 116 x 1077 818 x 1072 816 x 1072
Markov net 1,000 1.38 x 1071 7.86x 1072  6.63x 1072  6.65 x 1072
(Structure (3)) | 10,000 | 1.30 x 107%  1.36 x 107! 443 x107*  4.42x 107*
100,000 | 1.17 x 107! 144 x107! 7.94x107° 7.94x107°

Table 8: Average KLDs between the true probability distribution of the class variable and
those using RF, DL, BNOC-BFS, and PCMCE.

6.2.2 SIMULATION DATA

Finally, using simulated data, we compare the KLLDs between the true class-posterior dis-
tribution and the class-posterior distributions estimated by RF, DL, BNOC-BFS, and
PCMCE. We obtain the class-posterior distributions for RF and DL via scikit-learn’s Rand
omForestClassifier.predict_proba and MLPClassifier.predict_proba, respectively.
In scikit-learn, RandomForestClassifier.predict_proba returns the average, over trees,
of the class frequencies in the terminal leaf reached by each tree (i.e., per-tree empirical class
probabilities). MLPClassifier.predict_proba returns the network’s output probabilities
(softmax for multi-class, logistic for binary). In the same way as the preceding subsec-
tion, this experiment uses the three networks depicted in Figure 3 as referenced (set true)
models. Datasets with sizes N = 100, 1,000, 10,000,100,000 are generated randomly for
each network. Table 8 presents the average KLD over all feature variables’ values for each
method and each sample size. The results indicate that the average KLDs of BNOC-BFS
and PCMCE close to zero as sample size increases, but those of RF and DL do not. This
difference of tendencies demonstrates that BNOC-BFS and PCMCE guarantee asymptotic
estimation of the true probability distribution, although RF and DL do not. Therefore, the
proposed method is superior to RF and DL when accurate estimation of probabilities is
necessary, as it is for decision-making tasks. The differences between the average KLDs of
BNOC-BFS and PCMCE for all datasets might be caused by errors of EAP estimator and
MCE.

Minimizing NCP reduces the average number of children of the class variable (see the
end of Section 6.1.2). This may improve explainability. The proposed method is expected to

be more explainable than DL and RF in both probability estimation and variable selection.
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7. Conclusions

We proposed Bayesian network optimal classifiers (BNOC) which can asymptotically esti-
mate the true probability distribution with the fewest NCP. We proposed two algorithms:
one based on depth-first branch-and-bound and one based on integer programming. The
experimental results demonstrated the following: (1) BNOC outperforms almost all the
other BNC learning methods at the p < 0.1 significance level, (2) that BNOC can estimate
the true probability distribution while minimizing NCP, (3) that BNOC provides a shorter
runtime than that of almost any other method, and (4) BNOC has higher classification
accuracy than random forests and deep learning when the sample size becomes large.

Deep learning and random forests suffer from the “black-box” problem: it is often
difficult to understand how they arrive at their decisions. In contrast, the BNOC has
explainability while keeping good classification performance and high estimation accuracy
of class-posterior distributions.

Exact algorithms for learning optimal Bayesian networks based on score-based approach
are still limited to a relatively small number of variables. As an alternative approach to learn
larger networks, constraint-based approaches have been proposed. Such approaches learn
networks by conditional independence tests and the direction of edges using the orientation
rules. Our future work is to extend the proposed method to learn larger networks using
the constraint-based approaches with a modified conditional independence test to minimize
NCP.
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Appendix A.

This appendix presents the proofs of Lemma 1 and Theorems 1-4. We begin with the
following lemma.

Lemma 1 For all pairwise disjoint subsets X, Y, A, BCV,
XUB|(AAYYAXLY|(AB)=X1Y]|A.

Proof From the decomposition property of conditional independence (Pearl, 1988), X 1l (Y, B) |
A =X1Y | AAXIB | A holds. The contraposition of the implication above is
XLY|AVX LB|A=X1(Y,B)|A. Clearly, one obtains

X LY |A=XI(Y,B)|A. (20)

From the intersection property of conditional independence (Pearl, 1988), X 1L B | (A, Y)A
X1U1Y|(AB)=X1U(Y,B)| A holds. The contraposition of the implication presented
above is

X I (Y,B)|A=X L B|(AY)VX LY |(AUB). (21)

From (20) and (21), weobtain X Y Y| A=X L B|(A,Y)VX L Y |(A,B). Taking
the contrapositive, we also have X 1L B | (A, Y)AX 1Y | (A,B)=X 1Y |A. [ |

Next, we introduce the following proposition.

Proposition 1 (Pearl, 2000)
Let G be a DAG on V. For every X € V, let ND)G( denote the set of non-descendants of
X in G. Then

VX eV, X 1§ (ND§\ 1) | 11§

We now present the following proof of Theorem 1.

Theorem 1 Let o be an arbitrary variable-order in V. Let ég be an arbitrary DAG on
V that mazimizes BDeu among all DAGs consistent with o. Let G™®(V) be a set of all
I-maps on 'V that minimizes NCP among all I-maps consistent with o. Then

lim p(ég = ggﬁn(V)) ~1 (22)

N—o0

Proof Let H,(V) be the set of I-maps on V that minimizes the number of all the pa-
rameters among all I-maps consistent with o. From the asymptotic consistency of BDeu
(Chickering, 2002) described in Definition 5,

lim P (ég € HU(V)) ~1. (23)

N—oo

Therefore, it is enough to show that

Ho(V) C G (V). (24)
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Let H = (V,Epg) be an arbitrary DAG in H,(V), where Ep is the set of edges in H. Then
(24) is equivalent to

H e g™ (V) (25)

Let G5(V) denote a set of all the I-maps on V consistent with o. Then, a sufficient condition
for (25) to hold is

VG € G,(V), Ey C Eg, (26)

where E¢ denotes the set of edges of G. We prove that (26) is true by contradiction. First,
we assume that there exists G = (V,Eq/) € G,(V) such that Egy ¢ E¢s. This assumption
engenders that there exist distinct variables X,Y € V such that

(Y —>X) € Ey and (Y — X) ¢ Eq.
Letting A = [T \ {Y'}, then we obtain
XULY|A (27)

from (Y — X) € Eg and the asymptotic local consistency of BDeu (Chickering, 2002)
described in Definition 6. Let B represent a set of variables Pre% \ IT{. From the contra-
positive of Lemma 1, we obtain

XULY|A=XUB|(AY)VX LY |(A, B). (28)

From (27) and (28), X L B | (A, Y)VX L Y | (A,B) holds,ie., X I B|(A,Y)= X |
Y | (A,B) holds. Because X 1L B | (A,Y) holds from the local independences (described
in Proposition 1) in H, we obtain

X LY |(A,B). (29)

However, (X 1§ Y | (A, B)) holds because X and Y are not adjacent in G’ and because
no variable in A UB is a descendant of both X and Y in G’. This result contradicts (29).
Therefore no such G’ exists, and (26) holds. Consequently (24) follows, and combining (23)
and (24) proves (22). [ |

In the remainder of this appendix, we prove Theorems 2—4.

Theorem 2 Let G* be a BNOC structure on V. Also, let GNP be the naive Bayes classifier
consisting of a set of feature variables V., which are children of the class variable in G*.
Then, NCP(GNB) < NCP(G*) holds.

Proof Because the parent of feature variables in GNB(V..) is only X, we obtain

NCP(GNB(V,)) = Y NCP;({Xo})+ro—1,
X;eVe
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where NCP;({Xo}) = (r; — 1)ro. Because X € II§ for all X € V., we obtain
VX; € V., NCP;({Xo}) < NCP,(TI§).
Consequently, we obtain
NCP(GNB(V.)) = ) NCP;({Xo}) +7r0—1
Xl'EVc
< ) NCPME) +7o— 1
X;EV,
= NCP(G").

Theorem 3 h* has consistency.

Proof For any pair of nodes (U, R) in which R has an incoming edge from U in a CROG,
let ¢(U,R) represent the cost of the edge from U to R. Moreover, let X; be a variable
included in U\ R. When X; ¢ V., we obtain

Pr(U)= > NCP;({Xo})

X;€(UNV,)

= > NCP;({Xo})

X e(RNV,)
< Y NCPi({Xo}) + NCP,(TIx, (U \ {X;}))
X, e(RNV,)
=h*"(R)+¢(U,R).
When X; € V,, the following equation holds using X, € ﬁxj (U\A{X;}).
BU)= > NCPi({Xp})
Xie(Uch)

= > NCP;({Xo}) + NCP;({Xo})
XiG(UmVC)\{Xj}

= > NCP;({Xo}) + NCP;({Xo})
X;e(RNVe)

< Y NCPi({Xo}) + NCP(TLy, (U \ {X;,}))
X;e(RNVy)

=h*(R) 4+ ¢(U,R).
Consequently, we obtain

h*(U) < h*(R) + (U, R).
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Theorem 4 Let Gor(V) denote the set of all CRDAGs on 'V, and let gg}igl(V) denote the
set of all I-map CRDAGSs on V with the fewest NCP. Then the following holds:

VG* € GERN(V), e > 0, VG € Gor(V) \ GER(V),
A}im P(BDeu-NCP(G*, D,~vn) > BDeu-NCP(G,D,vyn)) =1,  (30)
—00
where vy = clog N.

Proof We will prove that (30) holds for the vy = clog N with the following positive
constant c:

c = % (1 + Z(m -1) (Q(H)G(j) — q(H%))) , (31)
=0

where G’ is an arbitrary [-map CRDAG with the fewest number of all the parameters. We
split the proof of (30) into two cases according to whether G is an I-map.

(1) G is not an I-map.

For a large dataset, from Theorem 1 of Ueno (2010), the BDeu-NCP score can be approxi-
mated by:

n q(ng) T N/
BDNCP(GD1) =3 3 3 (e g )
=0 j=1 k=1 \"19ULx, ‘

N’
— =+ Ny,_ —j
<rﬂxH§g ‘“hnﬁif>

Nl
(q(HS%) i NH%?’)

n 9% o, 1 T Q(H_?(i)NXizk,Hgvi:j

— v NCP(G) + O(1), (32)
where N’ is a positive constant. Let f1(G, D,vn) denote the first term of (32) as follows:

N/
g ————=— + Ny _ s
n %) N (riq(H%) Xl_k,Hg"(i_]>
- rig(g) T xeeng - o8

(g, N’
q(11§) ng =

The logarithm’s argument in f1(G, D, yn) equals the EAP estimator (see (1)) with Qx,—pmg =
N’/(mq(H%)) as follows:

N’
——~ T Nx,—rn¢ —;
<7"iQ(H§(,-) X _ jEAP(D)

N’ Xz-:k:\H?(i:j
) "
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Therefore, we have

n 05 )
ED=2, 2 <7~NG+NX g, - ) log &5 Tk
i=0 j=1 k=1 ZQ(HXZ-)
G
N %) - ( N ) log §EAP(D)
i=0 j=1 k=1 mq(H%) Xi=hlIIg, =)
n @) o,
+ Ny,—imig = 080y Ty e . (33)

In the first term of (33), N’/(riq(H%)) does not depend on N and GEAPD) ¢ (0,1) for

X; k|H91:J
all N, hence that term is O(1). Therefore,
n am§)
AEAP(D
F(G, D, vy) = ZNX g = log ] ,glngl:j +0(1). (34)

=0 j=1 k=

Let B be the BN with structure G and EAP-estimated parameters. Using the empirical
distribution P( =k H)G( =j)= in=k,ng§i=j/N7

- NXF’%H;GQ:J SEAP(D)

~ . AP(D
=NY ST N P = k11, =) log ,E‘H)g_:ﬁ()(l)

= —N-H(P(V),Pg(V)) +O(1), (35)

where H(P(V), Pg(V)) is the cross-entropy between the empirical distribution P(V) and
the model distribution Pg(V) induced by B. Let B* denotes the BN with structure G* and
EAP-estimated parameters. Similarly, we have f1(G*,D,yn) = —N - H(P(V), Pg(V)) +
O(1). Hence,

f1(G*, D) = Fi(G. D) = N (H(P(V), Ps(V)) = H(P(V), Pg-(V))) + O(1).

Let f2(G, D,~vn) denote the second term in (32) as follows:

1 n X T _1 qu(]:[ )NX kHGZJ
G, D, N — log| 1+
F2(G, D) = = 2 ; kz — log ~
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With this notation, the difference in BDeu-NCP scores can be written as
BDeu-NCP(G", yn) — BDeu-NCP(G, vn) = f1(G", D,vn) — f1(G, D, ¥n)
+f2(G*, D,vn) — f2(G,D,yn) — v (NCP(G*) — NCP(G)) + O(1)
= N(H(P(V), Pg(V)) = H(P(V), P3-(V)))
+(f2(G*, D,1n) = f2(G, D, w)) — v (NCP(G*) — NCP(G)) + 0(1)<-36)

In (36), both fa2(G*,yn) and f2(G,yn) are clearly O(log N), and we also have yn =
O(log N) by v = clog N. Hence, for sufficiently large N, the difference in BDeu-NCP
scores is dominated by N(H(P(V), Pg(V))— H(P(V), Pg- (V))). If this quantity is posi-
tive, then the score difference in (36) is positive. As N — oo, P(V) converges to the true
distribution PT™¢(V). Moreover, since G* is an I-map, Pg(V) converges to PT¢(V) as
well. On the other hand, because G is not an I-map, Pg(V) converges to a distribution
P'(V) different from P™¢(V). Therefore,

Jim H (P(V),Pg(V)) = H(P(V), Pg-(V)) = H(PT™(V), P'(V)) = H(PT™(V), PT"(V))
= Dk (PT(V) || P/(V))
>0 (. PT(V) £ P(V)),

where Dk, is the Kullback-Leibler divergence. Therefore, limy_soo P(H(PT¢(V), Pg(V))—
H(PTve(V), PTrue(V)) > 0) = 1. Consequently,

lim P(BDeu-NCP(G*, D, yn) > BDeu-NCP(G, D, vy)) = 1.

N—o0

(2) G is an I-map.
As N — oo, Pg(V) converge to the true distribution PT¢(V), hence

i H (P(V), P5(V)) = H(P(V), Pg+(V)) =H(PT"(V), PT(V)) = H(PT™(V), PT"(V))
=0.

Therefore, for sufficiently large N, f1(G*,D,vn) — f1(G, D,~vyn) can be ignored in (36)
(Koller and Friedman, 2009). Therefore, we obtain

BDeu-NCP(G*, yn)—BDeu-NCP(G, vn) = fo(G*,vn)— f2(G,vn) =7~ (NCP(G*)—NCP(G)) +0p(1).
We expand f2(G, D,vy) as

n 1% 7 ri q(I1§, NX =k, 1§ =j

RAG.DAN) = =530 3 Y tog 1+

e
1 a(IT,) riq(H% NX —k11g =
log | 1+

1 n
T 2Ly,
=0 k=1 j=1
" v, 91%)
1 r; — 1 / el
_ -3 : log (N +TIQ(HX1-)NX k¢ _J) +0
i—0 =1 =1
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To simplify notation, for fixed ¢ and k we define

q(11§,)

9ik(G, D, N) = Z log <N,+er(HX)NX kHG_:j)
7=1

We have

lim P(NXF,C,H%:]. >0)=1 forallie{0,...,n},je{l,...,q@§)} ke {l,....m}.

N—oo

Therefore, for sufficiently large N, we can expand g¢;x(G, D,yn) as

q(§)
i N/
(G, D, = log(r; ¢TI ) + log Ny _, e . +1log | 1+
i ( YN) ]z; ( g(ri q(I1%,)) + log X;=h 11§, = 1108 reg(9) Ny, e

(37)

Inside the sum in (37), the first term is constant for N and the third term is uniformly
bounded in N (e.g., by log(1+ N’)), hence

q(II§,)

9ik(G, D, ) = Z log Ny, =k,1§ —]+O( )
j=1

~

Because NXZ':k,H?(_:j =N-P(X; =k H)G( =7,

q(II§,)
9ik(G,D,yn) = log(N - P(X; = k, 11§, = j)) + O(1)
j=1
q(II§,) q(§,)
= log N + Z log P(X; = k, 11§ = j) + O(1)
j=1 j=1
q(I1§,)
= q(I1§,) log N + Z log P(X; = k, 11, = j) + O(1). (38)
J=1
: : q(Hg,) True y G ;
Since the second sum in (38) converges to the constant » ;""" log P™(X; = k,II%. = j)
as N — oo, we have
9k (G, D, ) = q(TIF,) log N + O(1). (39)

37

) |



SUGAHARA, KaTO, CUSSENS, AND UENO

Therefore,

n

Tewr — 1«
fo(G,D,yN) = —3 ; ;gik((},%\/) +0(1)

Il — 1

=3 — > (q(1I§,) log N + O(1)) + O(1)

i

a(11,) log N + O(1)

I
|
M: 3
=
|
=
=
=
o)
_|_
©

Similarly,

and thus

BDeu-NCP(G*, D,vyn) — BDeu-NCP(G, D, vn)

log N «— * *
= ——— > _(ri = D(q(IF) = ¢(I15))) + 7 (NCP(G) = NCP(G")) + Op(1).  (40)
i=0
Here, since G* is an I-map CRDAG that minimizes NCP while G is an I-map CRDAG
whose NCP is not minimal, we have NCP(G) — NCP(G*) > 1. Hence, by (31),

1 (NCP(G) - NCP(G)) 2 v = 2N (1 #3200 - 1) (o) - q(H%))) @
=0

From (40) and (41), we obtain

BDeu-NCP(G*, D,vyn) — BDeu-NCP(G, D, vn)

n

log N .
> === (= 1)(e@%) — (1))
i=0
log N - o o
+ 5= (14 2= 1) (a@f) — o)) | + 0p(1)
i=0
log N - G - o
== L4+ (ri— Dg(M§) =D (ri = 1)q(M¥,) | + Ou(1). (42)
i=0 i=0
Here, since G’ has fewer parameters than G,
Y (i = Dq(T§) =Y (ri = 1q(IIS) > 0. (43)
i=0 i=0
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From (42) and (43),
log N

BDeu-NCP(G*, D,vn) — BDeu-NCP(G, D, vy) > + O,(1). (44)
The right-hand side of (44) is positive almost surely for all sufficiently large N. Conse-
quently,

lim P(BDeu-NCP(G*,D,~vyn) > BDeu-NCP(G, D,vn)) =1

N—oo
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