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Abstract

We propose a scalable preconditioned primal-dual hybrid gradient algorithm for solving
partial differential equations (PDEs). We multiply the PDE with a dual test function to
obtain an inf-sup problem whose loss functional involves lower-order differential operators.
The Primal-Dual Hybrid Gradient (PDHG) algorithm is then leveraged for this saddle point
problem. By introducing suitable precondition operators to the proximal steps in the PDHG
algorithm, we obtain an alternative natural gradient ascent-descent optimization scheme for
updating the neural network parameters. We apply the Krylov subspace method (MINRES)
to evaluate the natural gradients efficiently. Such treatment readily handles the inversion
of precondition matrices via matrix-vector multiplication. An a posteriori convergence
analysis is established for the time-continuous version of the proposed algorithm for general
linear PDEs. By incorporating appropriate boundary loss terms, we further obtain a refined
a priori convergence result for elliptic equations in divergence form. The algorithm is
tested on various types of PDEs with dimensions ranging from 1 to 50, including linear
and nonlinear elliptic equations, reaction-diffusion equations, and Monge-Ampére equations
stemming from the L? optimal transport problems. We compare the performance of the
proposed method with several commonly used deep learning algorithms such as physics-
informed neural networks (PINNs), the DeepRitz method and weak adversarial networks
(WANSs) using either the Adam or the L-BFGS optimizer. The numerical results suggest
that the proposed method performs efficiently and robustly and converges more stably with
higher accuracy.
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1. Introduction

Machine learning, particularly deep learning, is a fast-developing direction with modern
computational technologies (Amari, 1998) and applications (Goodfellow et al., 2020; Ar-
jovsky et al., 2017). Typical examples of applications often come from computer science,
including creating new images, videos, and voices and generating languages. During the
development of modern applications, machine learning has introduced a variety of nonlinear
methodologies, including computational nonlinear models such as neural networks, as well
as variational frameworks such as generative adversarial networks (Goodfellow et al., 2020).
The impact of machine learning on scientific computing has therefore been profound and
cannot be overstated.

In recent years, deep learning algorithms have been developed to solve partial differen-
tial equations (PDEs). The physics-informed neural networks (PINN) method (Raissi et al.,
2019) employs neural networks to approximate PDE solutions by minimizing the discrep-
ancy between observed data and the equation’s residual. The DeepRitz method (Yu et al.,
2018) computes neural network surrogate solutions for PDEs using a variational approach,
minimizing the associated energy functional. The Forward-Backward Stochastic Differential
Equation (FBSDE) method (Han et al., 2017) makes use of the nonlinear Feynman-Kac
formula for semi-linear parabolic equations to derive numerical solutions at specific time-
space points. Additionally, the Weak Adversarial Network (WAN) approach (Zang et al.,
2020; Cai et al., 2024) leverages the weak formulation of PDEs by multiplying the original
equation with a test function, resulting in an inf-sup saddle point problem for computing
the equation. This approach is applicable to various types of equations and is scalable to
PDEs in high dimensions.

While these methods demonstrate the potential of applying machine learning techniques
in solving PDEs, challenges such as hyperparameter tuning, loss function designing, and
convergence guarantees remain unresolved. More critically, due to the nonlinearity of neural
networks, conventional optimizers such as Adam (Kingma, 2014) or RMSProp (Tieleman
and Hinton, 2012) suffer from strong fluctuations and do not achieve stable convergence,
which complicates the implementation of current algorithms.

In this research, we aim to tackle these challenges by adopting the adversarial training
strategy and propose a crucial preconditioned optimizer that takes advantage of the primal-
dual hybrid gradient (PDHG) algorithm (Zhu and Chan, 2008; Chambolle and Pock, 2011).
We utilize suitable preconditioned gradients known as the natural gradients (Miiller and
Zeinhofer, 2023) to update the parameters of the neural networks. The proposed algorithm,
named the Natural Primal-Dual Hybrid Gradient (NPDG) method, performs efficiently and
converges more stably than classical machine learning-based PDE solvers. In addition, we
also provide a theoretical convergence guarantee for the proposed algorithm.

To illustrate the main idea, we consider the following linear equation posed with suitable
boundary condition,

Lu= fon§, Bu=gon 0N. (1)

Here Q C R? is a bounded open region, 92 denotes the boundary of 2, f: Q = R, g: 0Q —
R are L? functions, and u: Q@ — R belongs to H%(Q2). We assume £ being a second-
order elliptic operator and B as a linear boundary operator, which indicates the Dirichlet
or Neumann or more general boundary conditions. Here we assume that £ can be split as
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L= MZZMP with M, Mg being first-order differential operators, L is a well-conditioned
bounded linear operator, and M}, denotes the L? adjoint of M. Suppose this equation
admits a unique classical solution u, € C%()NC(£). The goal is to efficiently compute ..

By introducing the test functions (dual variables) ¢ € H}(2) and ¢ € L?(99) into the
equation (1), we consider the following inf-sup problem with quadratic regularization terms.
Here, v > 0 denotes the regularization coefficient,

) ~ 14
inf up & (u, 0, 1) =(LMpu, Map) 120y — (f, ©) 12(0) — §||Md90|\%2(9)
@ (2)
1%
+ (Bu — g,9) 12(50) — §H¢HQL2(39)-

Note that u = u,, ¢ = 0,9 = 0 form the saddle point of &. In order to approach this saddle

point and hence solve for u,, we apply a preconditioned version of the PDHG algorithm to

the inf-sup problem (2). The algorithm utilizes alternative proximal point steps and an inter-

mediate extrapolation to solve the inf-sup problem with selected preconditioning operators

My, E, M. More specifically, the algorithm repeats the following three-line iteration

(Pn+1, Ynt1) = al“grlrplin {Qip(HMdSO — Magnll320) + 14 = YnllF200) — & (un (¢, 1/1))} ;
®,

Ontl = Pns1+ W(‘PnJrl - ‘Pn)a @ZnJrl = Ypt1 + w(¢n+1 - ¢n)
. 1 - ~
Up41 = argimin {QT(HMW - Mp“n”%z(g) + [|Bu — Bun”%2(ag)) + &(u, (<Pn+171/fn+1))} :
(3)

Here 7,,7, > 0 are the step sizes of the algorithm and w > 0 denotes the extrapolation
coefficient. We briefly illustrate the motivation of preconditioning steps in (3). In general,
the differential operator £ is usually ill-conditioned. As shown in (Liu et al., 2024a), the
convergence rate of the un-preconditioned dynamic equals 1 — (’)(%) with x denoting the
condition number of the spatial discretization of £. The convergence speed decreases fast
as k gets larger. This pronounced slowdown motivates us to introduce appropriate precon-
ditioning in the proximal steps (i.e., the first and third lines) of (3) in order to mitigate the
resulting inefficiency.

So far, the algorithm we have developed remains at the functional level, which is generally
intractable for practical implementation. To realize the proposed PDHG algorithm, we
parameterize u(-), ¢(-) and ¥(-) as ug(-), py(-) and 1p¢(-) with the tunable parameters 6 €
©p CR™ ne O, CR™ and £ € © C R™:. A straightforward parameterization approach
involves expressing these functions as linear combinations of predefined basis functions—
a method traditionally employed in finite element methods. However, as the problem’s
dimensionality increases, such parameterization becomes computationally prohibitive due
to the curse of dimensionality, since it requires a significant number of basis functions to
maintain accuracy (Hu et al., 2024). Recent advances in deep learning have highlighted the
potential of neural networks as computational tools to solve PDEs. Given their flexibility and
expressive power, we adopt three neural network functions, such as Multilayer Perceptrons
(MLPs, see Appendix A for detailed definition), to represent g, ¢y, and ¢. Therefore, we
reduce the original algorithm in functional spaces to a time-discrete dynamic in which the
parameters 6™, n", £ evolve together.
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We replace the implicit proximal step for updating 7, £, 6 with an explicit scheme known
as the linearized PDHG algorithm. We come up with the following algorithm:

[n”“ ] :[n" } +r [ Ma(n") V8 (ugn, oy, Yer) }
gl g P Mpaa(€™)1V el (ugn, pnn, then) |7

‘EnJrl _ | Py P+t || g (4)
Rl B b R (Rl R el )}
0n+1 =0" - T’MMP(Hn)TVQCga(UH"a QETLJrl’ JTHJ)'

Here My(n) € R™X™Ma - Myq(€) € R™eXMe M, (0) € R™>™6 are Gram type matrices.
They are derived from the bilinear form approximation of the proximal steps in the PDHG
algorithm (3). Here, we denote “I” as the Moore-Penrose inverse of a matrix. The precon-
dition matrix My(n™) incorporates the information of the precondition operator M,,, which
is built in the original operator £; we call Md(n")TVn@“’ (ugn, @yn, en) the natural gradient
of &(ug, pn, ¢) with respect to 7. Similarly, we can define the natural gradient ascent and
descent directions for variables £ and 6. The algorithm alternatively updates the primal and
dual parameters along the natural gradient directions. An additional extrapolation step in
the functional space is introduced to enhance the convergence of the method. We denote the
above updates as the Natural Primal-Dual Hybrid Gradient algorithm. For simplicity,
we refer to this method as the NPDG algorithm in the following discussion. We refer the
readers to Section 2 for a detailed derivation of the algorithm.

While the NPDG algorithm is designed around linear PDEs, it effectively accommodates
equations with nonlinear terms. Additionally, it can be extended to address certain fully
nonlinear equations, such as the Monge-Ampére equation, which emerges in the context of
the L2 optimal transport (OT) problem (Villani, 2021; De Philippis and Figalli, 2014). Since
the OT problem can be formulated as a constrained optimization problem, introducing the
Lagrange multiplier method leads to a saddle point scheme. This scheme involves adversarial
training with the pushforward map and the dual potential function to solve the Monge-
Ampére equation, substituting both the map and potential function with neural network
approximations and applying the NPDG algorithm with precondition matrices. The L?
Gram type matrices lead to stable and efficient numerical results. Further analysis around
the saddle point of the loss function suggests a more canonical preconditioning approach,
where the mapping still uses the L? Gram type matrix while the potential uses the H' Gram
type matrix. For a detailed discussion, readers are referred to Section 2.5.

In this research, we provide an a posteriori convergence analysis for the time-continuous
version of the NPDG algorithm when applied to the general linear PDE (1). Let (04, ¢, &)
be the solution obtained from the time-continuous algorithm for 0 < ¢t < T. Under spe-
cific conditions regarding the approximation capabilities of the tangent spaces spanned by
{00, 10, }, {Ony on, }> and {0g, ¢, }, we establish the linear convergence of the numerical solu-
tion uy,

| Mp(ug, — u*)||%2(9) + || B(ug, — U*)H%Q(aﬂ) < Cpy-exp(—rt) for0<t<T.

Here Cp > 0 denotes the initial error, r > 0 is the convergence rate depending on the
preconditioned operator £, the hyperparameters of the NPDG algorithm, and the neural
network parameters. An explicit lower bound for 7 in the case where ug, ¢,, and ¢ are
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linear combinations of basis functions is provided in (42). A fast convergence rate of the
time-continuous algorithm can be expected when the operator £ is well-conditioned and the
hyperparameters are appropriately chosen.

We further refine the above convergence analysis and remove the restriction on finite
time horizon [0,77] for an important class of elliptic equations in divergence form. By
incorporating a boundary loss term stronger than the standard L?(09) norm, we establish
an a priori convergence bound in the setting where ug, ©;, and 1)¢ are linear combinations
of prescribed basis functions {ux}, {¢r}, and {1y}, respectively. More precisely, we have

1 —rt
(195, ~ Vsl + A, —wal3)* < Coe™ 4 2= (Cr/Eut Ca/fEvyp + Cs /By ).
Here, || - ||x denotes a boundary norm stronger than L?(9), such as H'/2(9) or H'(9%).
The constant Cy depends on the initial error, while C1, Cy, and C3 are coeflicients determined
by the elliptic operator and the choice of hyperparameters. The quantities &,, £v,, and &y,
represent the approximation errors of the chosen basis functions in approximating the exact
solution u, and the boundary data g. Moreover, the convergence rate r admits a uniform
lower bound r > % under a suitable selection of hyperparameters. This result reveals a
clear two-phase behavior of the dynamics: at early stages, the numerical error is dominated
by the decay of the initial error, while in the long-time regime, the error is governed by the
intrinsic approximation of the chosen basis functions. The readers are referred to Section 3
for detailed discussions on this series of results.

In implementation, we apply the Monte-Carlo algorithm to approximate & (ug, ¢y, ¥¢);
we use automatic differentiation to compute the derivatives of & (ug, ¢y, ¢) with respect to
the parameters 0,7, €. It is usually prohibitively expensive to explicitly form the precondition
matrices My(6), Mg(n), Mpqq(§) given that mg,m,, m¢ might be very large. To cope with
this, we evaluate the pseudo-inverse in (4) via the iterative solver such as the Minimal
residual method (MINRES) (Paige and Saunders, 1975), which, instead of forming entire
matrices, only requires matrix-vector multiplication. Further details of the implementation
can be found in Section 4.

Numerical examples of linear PDEs (1), nonlinear PDEs (26), and Monge-Ampére equa-
tions (27) in Section 5 illustrate the accuracy, efficiency, and robustness of the NPDG method
compared to classical methods, including the Physics-Informed Neural Network (PINN), the
DeepRitz method, and the Weak Adversarial Network (WAN). Based on these numerical
results, the algorithm demonstrates linear convergence for the high-dimensional PDEs tested
in this section. Additionally, the proposed method converges more efficiently and achieves
higher accuracy in both L? and H' norms compared to the other tested methods.

1.1 Related references

In recent years, machine learning algorithms have attracted increasing attention from the sci-
entific computing community due to their flexibility and scalability. A considerable amount
of these investigations are based on the Physics-Informed Neural Network (PINN) algorithm
(Raissi et al., 2019; Lu et al., 2021a); further approaches that address the pathologies during
PINN training include calibration of interior-boundary loss coefficients (Wang et al., 2022a),
and variable splitting techniques (Basir, 2022; Park et al., 2024). The adaptive sampling
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methods (Tang et al., 2022, 2023) are introduced to gain better accuracy of the neural net-
work approximation. In addition to PINNs, a range of deep learning-based algorithms is
introduced for solving various types of PDEs, demonstrating scalability to high-dimensional
problems. These include the Deep Galerkin Method (Sirignano and Spiliopoulos, 2018),
Deep Ritz method (Yu et al., 2018; Lu et al., 2021b; Liu et al., 2023a), Forward-Backward
Stochastic Differential Equation (FBSDE) approaches (Han et al., 2017, 2018; Hutzenthaler
et al., 2021), Extreme Learning Machines (Dong and Li, 2021; Ni and Dong, 2023; Wang
and Dong, 2024), Tensor Neural Networks (Wang et al., 2022b, 2024), etc.

Recent research trends leverage adversarial training strategies (Goodfellow et al., 2020;
Arjovsky et al., 2017) to improve algorithm performance. In the Weak Adversarial Network
(WAN) algorithm, discriminator neural networks are used to enhance training efficiency
by employing the weak formulation of PDEs (Zang et al., 2020; Bao et al., 2020). The
weak formulation is further employed in (Cai et al., 2024) to train a generative model
for generating samples from the invariant measure of stochastic dynamics. Additionally, a
residual-attention-based approach has been introduced in (McClenny and Braga-Neto, 2020,
2023; Anagnostopoulos et al., 2023; Zeng et al., 2022) for seeking numerical solutions with
higher precision.

The Primal-Dual Hybrid Gradient (PDHG) method, which is widely used in image
processing problems (Zhu and Chan, 2008; Chambolle and Pock, 2011), has been introduced
to handle nonlinear PDEs on classical numerical schemes (Liu et al., 2023b, 2024a; Meng
et al., 2023). Suitable preconditioning is introduced to improve the convergence of the
algorithm significantly. The method is shown to converge linearly in (Liu et al., 2025).

Large-scale optimization algorithms play a crucial role in machine learning research.
Stochastic gradient descent (SGD) is a widely used first-order optimization method (Rob-
bins and Monro, 1951; Saad, 1998; Bottou and Bousquet, 2008). One can improve the SGD’s
performance by incorporating momentum terms (Rumelhart et al., 1986; Nesterov, 1983; Su
et al., 2016). Various modified versions of SGD with per-parameter learning rates—such
as AdaGrad (Duchi et al., 2011), Adadelta (Zeiler, 2012), RMSProp (Tieleman and Hin-
ton, 2012), and Adam (Kingma, 2014)—are popular optimizers in deep learning (Paszke
et al., 2019). Additionally, second-order algorithms like the BFGS method (Fletcher, 2000),
LBFGS method (Liu and Nocedal, 1989), and inexact-Newton methods (Dembo et al., 1982;
Brown and Saad, 1990, 1994; Eisenstat and Walker, 1994; Martens, 2010; Roosta et al., 2022;
Rathore et al., 2024) are also widely explored in machine learning research.

The natural gradient method is another critical category of second-order optimizers, ini-
tially introduced in (Amari, 1998) with further developments in (Amari, 2016; Thomas et al.,
2016; Song et al., 2018). An efficient, scalable variant known as the K-FAC (Kronecker-
factored Approximate Curvature) method was proposed in (Martens and Grosse, 2015).
The natural gradient method finds its application under different scenarios, including op-
timization involving combined loss functionals (Ying, 2021), PDE-constrained optimization
(Nurbekyan et al., 2023), simulation and acceleration of Wasserstein gradient flows (Li and
Montufar, 2018; Chen and Li, 2018; Wang and Li, 2020; Shen et al., 2020; Liu et al., 2022).
A series of research that utilizes the concept of the natural gradient to solve general time-
dependent PDEs have been conducted, as detailed in (Du and Zaki, 2021; Bruna et al., 2024;
Gaby et al., 2023; Chen et al., 2024) and the references therein. Recently, a natural gradient
primal-dual algorithm for decentralized learning problems is proposed in (Niwa et al., 2024).
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The natural gradient algorithm has recently been applied to training PINNs, achieving
highly accurate solutions (Miiller and Zeinhofer, 2023). The K-FAC method is exploited in
the follow-up work (Dangel et al., 2024) to enable scalability in high-dimensional settings.
Beyond natural gradients, the Gauss-Newton method has been introduced in (Hao et al.,
2024) for computing variational PDEs. Additional preconditioning techniques for solving
PDEs include the multigrid-augmented method (Azulay and Treister, 2022), domain de-
composition strategies (Kopani¢akova et al., 2024), and incomplete LU preconditioning (Liu
et al., 2024b). However, these methods typically need to scale more effectively to compute
high-dimensional problems.

Compared to these methods, we summarize the advantages of the proposed approach in
two key aspects: the primal-dual hybrid gradient algorithmic framework and the application
of natural gradients in neural network functions.

e On the primal-dual framework:

e By applying integration by parts, we reduce the order of the differential opera-
tor £ in the primal-dual formulation, lowering computational complexity when
performing automatic differentiation on the neural networks.

e The proposed primal-dual training scheme is versatile and adaptable, rendering
the algorithm applicable to a broad class of partial differential equations, includ-
ing linear elliptic problems, semi-linear equations with dominant viscosity terms,
fully nonlinear PDEs such as the Monge-Ampére equation, etc.

e On the primal-dual hybrid natural gradients:

e Unlike other second-order optimization algorithms, such as L-BFGS, which are
unable to handle the training involving random batches, the proposed algorithm
is well-suited to data stochasticity, performing robustly under stochastic approx-
imation.

e To address the computation of large-scale linear systems (specifically, the pseudo-
inverse of preconditioning matrices), we introduce the iterative method (MIN-
RES). Consequently, our approach readily accommodates high-dimensional PDEs
requiring neural networks with a large number of parameters. In experiments, we
handle neural networks with parameter counts ranging from 20,000 to 300,000.

Generally, the proposed algorithm converges smoothly, avoiding the intense fluctuations and
spikes commonly observed in the loss decay curves of classical momentum-based optimizers
such as Adam and RMSProp. With appropriate preconditioning, theoretical analysis (The-
orem 7, Theorem 8) indicates linear convergence of the method. In practice, the approach
performs more efficiently than classical machine learning methods and achieves higher pre-
cision in the norms L? and H!. Furthermore, as reflected in later Table 4, the method
demonstrates robustness with respect to its hyperparameters, including the regularization
coefficient v, step sizes 7,, 7,, and the extrapolation coefficient w. Typically, a standard
configuration of v = 0.1, 7, = 0.095, 7, = 0.05, and w = 1 yields satisfactory performance.
This paper is organized as follows. In Section 2, we provide a detailed derivation of the
algorithm. Supplementary discussions on treating the semi-linear PDEs and the Monge-
Ampére equations are provided in Section 2.5. Then, in Section 3, we establish a series
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of convergence analysis results for the time-continuous version of the algorithm. Imple-
mentation details are demonstrated in Section 4. We demonstrate the numerical examples
in Section 5. We provide further materials related to the algorithm, proof, and numerical
examples in the Appendix.

2. Derivation of Natural Primal-Dual Hybrid Gradient (NPDG) method

In this section, we provide a detailed derivation of the proposed method by first introducing
the Primal-Dual Hybrid Gradient algorithm for root-finding problems. We then apply this
algorithm to solving PDEs in the functional space. We improve the algorithm’s performance
by introducing suitable preconditioning. Finally, we discuss how we realize the algorithm by
substituting the functions with neural networks and introduce the Natural Primal-Dual Hy-
brid Gradient (NPDG) algorithm for adversarial training of the neural networks for solving
PDEs.

2.1 Primal-Dual algorithm for root-finding problem
We first consider a root-finding problem defined on Hilbert space X,

F(z)=0.

Here, we assume that F : X — Y is a function from X to another Hilbert space Y. The
goal is to find a solution x € X. For a certain convex functional ¢ : Y — R that satisfies
t(y) > 0iff y # 0 and ¢(y) = 0 whenever y = 0, the root-finding problem is equivalent to
the following minimization problem

inf «(F(x)). (5)

rzeX

We denote the Legendre dual of ¢(-) as ¢*(-) which is defined as ¢*(y) = sup,ey (¥, w)y —t(w).
Here, we denote (-,-)y as the inner product defined in the space Y. Then

u(z) =" (2) =sup (z,y)y — " (y). (6)
yeY

Substituting (6) into (5) yields the following saddle point problem

inf sup &(z,y):= (F(z). y)y — " (y)- (7)
xre yeY

We now apply the PDHG algorithm to deal with the inf-sup problem (7), yielding
_orpmin 1Y = ¥nll¥ _ -
Yn+1 =argmin - (go(zm y) = (Id - TyDyéa(l‘n, )) Yn, (8)
yey 27y

Un+1 =Yn+1 + W(Yns1 — yn)v

2
. r— ~ ~ _
Tp41 =argmin H 9 n”X +&(@, Ynt1) = (Id + 7 D& (-, Un1)) ! Ln- (9)
reX Ty

Here 7., 7, > 0 are the step sizes of the PDHG algorithm, D, & € X, D,& € Y are the Fréchet
derivatives and w > 0 denotes the extrapolation coefficient. The proximal steps (8), (9) can



A NATURAL PRIMAL-DUAL GRADIENT METHOD FOR SOLVING PDESs

be interpreted as the implicit update of the gradient ascent/descent algorithm of functional
& as Ty, Ty are small enough. In practice, one can choose ¢(-) = x(-), where Y is the indicator
function defined as x(y) = +oo for y # 0 and x(0) = 0. In this case, the Legendre dual
satisfies ¢*(-) = 0. Another popular choice is ¢(-) = 55| - |3 with o*(-) = 4| - ||3. Here, v >0
is a tunable hyperparameter. We will mainly focus on the latter throughout the subsequent
discussion of the paper.

2.2 Primal-Dual Hybrid Gradient algorithm for solving PDEs

From now on, we assume that Q C R? is a bounded open set. Let us start by considering a
linear equation defined on a Hilbert space H,

Lu = fon, with boundary condition Bu = g on 0f). (10)

We denote K C L?(2), Kgo C L?(09Q) as two Hilbert spaces. Then, £ : H — K C L*(Q)
is a linear differential operator, B : H — Ky C L?(952) is a linear boundary operator. We
assume u, € C?(Q) N C(Q) C H to be the classical solution to (10).

We now set F: H — K x Kyq,u — (Lu — f, Bu— g). By introducing the test variables
p € K'** C L2(Q) and ¢ € K&t C L?(09), and by defining L? := L?*(Q2) x L*(9Q), we
arrive at the following saddle-point problem:

: v
inf - sup  &(u, ¢, 9) =(F(u), (0, 9))2 — 510,917 (11)
u€H SOe]Ktest 2
Yekgs!
v v

=(Lu— f,)r2(0) — §||90H%2(9) + (Bu— g,¥) 12(50) — 5”7/}”%2(69)'
It is not hard to verify that u = us, ¢ = 0,9 = 0 form the saddle point of the inf-sup
problem (11). We refer to (Huo and Liu, 2024) for further discussion of the saddle point
structure of related inf-sup formulations. In practice, it is usually convenient to introduce a
boundary loss coefficient A > 0 and consider?,

1% 1%
Eo(u, o, 9) = (Lu — f,0)12(q) — 5”90”%2(9) + A((Bu = g,¥) 12(90) — §||¢||%2(ag))-

In this work, we propose the following PDHG algorithm to deal with inf-sup problem (11),

Pn+1 . 1 2 2
= agmin{ S (le = gl + 19— baln) ~ i)}

[ Vnt1 ] (ph)EKtest X KLest {QTw L@ L2(6)

(ZnJrl Pn+1 Pn+1 ©n

~ — + w — , (12)
|: wn—i-l :| |: ¢n+1 :| <|: ¢n+1 :| |: @Z)n :|>

) 1 ~ ~
Up+1 = argmin {Q(HU - Un||%2(9) + ||Bu — BunH%Q(aQ)) + &o(u; Pnt1, ¢n+1)} .
uw€H Tu

To develop an intuitive understanding of why the algorithm (12) has difficulties in approach-
ing the PDE solution, we consider the square region €2 and discretize it into Ng lattices.

1. The new functional is obtained by considering root-finding problem Fj(u) = 0 with Fx : u — (Lu —

FiVA(Bu — g)), and setting €o(u, ¢, v) := (Fa(u), (¢, VX2 — 5 (¢, VAY)|[Z2.



Liu, OSHER, AND LI

We apply the finite difference scheme to discretize (10) into grids. Solving the PDE yields
a linear equation Az — b = 0. Here, A is the matrix obtained upon discretizing £. Roughly
speaking, A € RNz xNg g self-adjoint and non-singular, x € RV denotes the numerical
solution of the PDE on the grid points, b € RM? is the vector encoding f and its boundary
condition. The proposed PDHG algorithm yields

T
Yn+1 =argmin Iy = ynll” _ (Az, —b) Ty,
y 27y
Ynt+1 =2Ynt1 = Yn,
2
. r—x ~
ZTpe1 =argmin M + (Az — b)TynH.
x 27,
Here, we set v = 0 and w = 1 to simplify the discussion. And | - || denotes the ¢ norm of

RN Tt is not hard to verify that the above algorithm is equivalent to the following update:

[ Tt } B [ e 2T$TyATA 7, AT } [ Tn ]
Yn+1 TyA I Yn |

denote as T’

Here, we denote x, as the solution to Ax —b = 0 and Z,, = x,, — z«. The convergence rate of
the PDHG algorithm depends on the spectrum radius p(I') of I'. The value of p(I') equals
\/1— -5, where ¢ € [1, %) and k denotes the condition number of A (we refer readers to
Theorem 1 in (Liu et al., 2024a) for a detailed discussion). For Laplace operator £ = A,
the matrix A obtained via central difference scheme takes condition number x = O(N2)
(Kulkarni et al., 1999). This indicates that the convergence rate of the PDHG method is
VIi-5=1- O(N%%)’ which is very inefficient as N, increases.

2.3 Preconditioning of the primal-dual algorithm

The discussion in Section 1 suggests that we should introduce preconditioning to the orig-
inal algorithm (12). As mentioned previously, we assume that £ admits the splitting
L = MZ}ZMP, where M7, Z, and M, are linear differential operators acting between
the functional spaces specified below.

H Mp>]ﬁl E K Ma

~

» K C L3(Q)

LQ(Q;RT) » Ktest Ma Ktest C LZ(Q)

Here we assume ]ﬁl,]ﬁ C L*(Q;R") are Hilbert spaces. Moreover, M, : Kt — Ktest is a
linear operator. M is treated as the “adjoint” of M, in the sense of

(MG, ) r20) = (U, M) 2(rry, YU E K, ¢ € Kb,
Now recall that u, € H is the solution to (10). For any u € H, ¢ € K**! we have

(Lu— f,0)r2q) = (L(u — ui), 9) 12(0) = (MELMyp(u — us), P r2(Q)
(£ Mp(u — us), Md‘P>L2(Q;RT)' (13)

10
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Example 1 Taking the negative Laplace operator L = —A as an example, by setting H =
H*(Q),H = K = HYQ,RY),K = L3(Q), and K!*! = H}(Q),K!*! = L2(Q;RY), and
choosing Mg = M, =V and L =1d, we obtain

(—Au— f,0)2(0) =(—Au — ui), @) r2(0) = (V(u — us), Vo) 12(0:ray.
for any u € H = H?(Q), p € Ki*st = H}(Q).

Example 2 Consider the elliptic operator £ = 1d — A, where 1d is an identity operator.
By setting H = H%(Q), H = K = H%(Q) x HY(Q;RY), K = L2(Q), and K = H}(Q),
Kfest = HL(Q) x L2(;R?), we can split the elliptic operator as

avami w4 [4]-[4] [ ][4 -se

Denoting (by abuse of notation) “Id” as the identity map on its corresponding space, we have

(u—Au—f,0)r20) = (Id = A)(u — us), 9) r2(0) = < [ vl(tu__u;*) } ’ [ v@(p } >L2(Q;R1+d)

for any u € H*(Q), ¢ € H} ().

Further examples of linear equations with elliptic operators £ belonging to divergence form
L=-V-(k(z)V) with K € C1(Q) are given in Section 5.

Remark 1 (£ of non-divergence form) Consider a general second-order differential op-
erator L = E?,j:l aij (w)%{;j with a;;(-) € L*(Y). The operator shows up as the generator
of diffusion processes and acts as a fundamental role in a wide range of applications. It is
not always tractable to split L into differential operators with lower orders as illustrated in
Ezample 1 and 2. In such a case, one possible treatment is to set M, = L, L= Id, Mg =1d
with H = HQ(Q),ﬁ =K=K = L?(Q) and apply the algorithm. However, in the cur-
rent work, we will mainly focus on elliptic equations of the divergence form and leave the
non-divergence cases for future investigation.

Similar to (13), recall that B is a linear boundary operator, for any u € H, 1) € K5t we
have

(Bu — g,%) 1200y = (B(u — u), %) 2(00)-

As mentioned in Section 1, we shall substitute u, ¢, in the proximal steps of (12) with
(My(u—u), VAB(u—us)) and Mgp, VA, Correspondingly, we use the following modified
functional & : Hx K" x K5t — R (we denote L? := L?(Q), L3, := L?(09) for simplicity),

1%
2 — —

s — oI Magls + Al6132)
~ 1%
—(EMyt, Mag) 12 = (Lte, @) + MBGs — ), 01, — 2 (| Magl2s + Alwl2)

(M, Mag) 12 = ()12 + MBu = g,0)z3. = = (IMawllZ + Mwl2)
(14

g(“v @, 1/}) :<EMP(U’ - u*)a Md(p)LQ + >‘<B(u - u*)? w>L

11
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We then consider the inf-sup problem

inf sup E(u, p, ). (15)
ueH ¢€Ktest7¢€K355t

The following theorem proves the consistency between the solution to this inf-sup problem
and the solution to the PDE (10).

Theorem 2 (Consistency) Assume the test spaces KteSt,ngét are dense in the spaces
L2(, 1), L2092, uaq), respectively. Suppose that (U, P, 1) € H x K5t x K&t is a solution
to the inf-sup problem (15). Then u is a strong solution to (10) in the sense that Lu— f = 0,
almost everywhere (a.e.) on Q@ and Bu = g, a.e. on OS.

The proof of the theorem is provided in Appendix B. As long as (10) admits a unique strong
solution, the function & must coincide with the classical solution wu..

To seek for the solution of the inf-sup problem (15), we treat (M, (u—u.), VAB(u—uy)),
together with (M, ﬁw), as the new primal and dual variables of the algorithm. By doing
so, we substitute (u,Bu), (¢,%) in the proximal steps (the 1st and the 3rd line) of (12)
with (M (u — ), VAB(u — us)), (Map, VAb). Therefore, we come up with the following
preconditioned version of the PDHG algorithm. This treatment is also known as the G-prox
PDHG algorithm introduced in (Jacobs et al., 2019).

Pn+1 | _ . 1 9 )
[ Y1 ] ket {mqu — MagnlLz () + Al = ¥nllz200)) = € (un, ¢, W} :
ey

¢n+1 Pn+1 Pn+1 ©n
~ — _|_ — ,
{ml} {wnﬂ] “’([wm} [wD
. 1 ~ ~
Un+1 = argrﬂnﬂln {27 (IMpu — Mpun”%%g) + Al|Bu — Bun||%2(ag)) + & (u, D1, ¢n+1)} )
ue u
(16)

2.4 Natural Primal-Dual Hybrid Gradient (NPDG) algorithm for neural
networks

At the beginning of this section, we briefly introduce the idea of the Natural Gradient
method (Amari, 1998, 2016; Martens, 2020).

2.4.1 NATURAL GRADIENT METHOD

For a wide range of machine learning problems, we assume that the loss function J(0) =
J (ug) where ¢ : U — R denotes the loss functional and ug is the parametrized function
on the metric space U with the parameter 8 € © C R™ to be determined. The essential idea
of the natural gradient algorithm is to conduct gradient descent on wug as an entity in the
functional space rather than on the parameter #. This can be realized by considering the
proximal algorithm

g L0, 0) | J(0) (17)
ulgnéU 2T '

12



A NATURAL PRIMAL-DUAL GRADIENT METHOD FOR SOLVING PDESs

The preconditioning matrix G(#) can thus be obtained by investigating the infinitesimal
distance d?(ug,ugn) ~ (6 — 0™) T G(0)(0 — ™), where d(-,-) is a distance function enriches
the Hessian information of the loss functional #. By sending 7 — 0, the implicit scheme
(17) reduces to the natural gradient flow

0 = —G(0)"'VyJ(6).

As aresult, viewing from the parameter space, the natural gradient algorithm can be realized
by applying G(6)-preconditioned gradient descent steps to loss function J(#). We refer the
interested readers to (Amari, 2016) for a comprehensive illustration of the Natural Gradient
methods.

Let us continue the discussion on the derivation of NPDG algorithm. We substitute
u(-), ¢(+), () with neural networks ug(-), ¢, (-) and 1¢(-) with tunable parameters § € ©g C
R™e . n e @, CR™, ¢ c O CR™. Here, we assume that the parameter spaces ©g, ©,,, O¢
are open bets of the Euclidean space. Then, algorithm (16) becomes

nn—i—l ) 1
[gnﬂ}:argﬂgn;n{% (IMapn = Magyn |22y + Mt — venl|22(a0)) — € (ugn, @n,1¢) ¢
neR™ ®
EER™E

gb/n—‘rl B Sonn+1 } ( |: Sonn+1 } [ Spnn } )
~ — + w — ,
[ Unt1 ] [ Pen+1 P ben
. 1 ~ ~
0"+ = argmin {27_u(||/\/lpue — /\/lpuenH%Q(Q) + A||Bug — Bugn H%Q(am) + & (ug, Pnt1, ¢n+1)} :

6eR™o
(18)

Let us take a closer look at the first line of (18). Since ¢ and v are separable in &, it is not

hard to verify that the updating rule of 7! can be formulated as
) 1
it = anguin {2 Mag, — Maor 20y = 6w, o000} (19
neR™n Te

As suggested in Section 1, we approximate Mgy, (z) — Mgpyn (x) with %Mdcpnn () (n—n"),
where we denote (%Mdgpnn () € R™™n as the Jacobian matrix of Mgy, () with respect to
the parameter n at n". Therefore,

o .
[Magy — Mgl gar) ~ / I M @)= ") P d(o)

my m,7

8 n n
= Z} ; <5m AP ?Md¢n”>L2(Q;RT)(77¢ =) (nj —n;)
=(n—n") " Ma(n™)(n —n"), (20)
where we denote
Y= [ M ()T e Mapy(a) o), 2

13
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as an my, X m, symmetric, positive semidefinite Gram matrix that encodes the information
of My.
Replacing the proximal term in (19) with the quadratic term (20) yields

1 n nogn .on n
5 A0 Ma(n") Ay — E(0", 1" + An, 7). (22)
©»

Here we denote An = n —n™ and E(G, n,&) = &(ug, oy, Ye) for shorthand. By linearizing
E0™,n,&™) at n =n", the quantity (22) yields
1 n nign .n n Dion .n en
50" Ma(n™)An — 7o (B(0", 0" + An, £") = E(0",n", ")
1 n LDiogn .n ¢n
oA M)Ay = TV B0 ", €°) T A+ O(rp | An| ).

We further omit the term O(7,||An||?) to obtain the linearized version of (19)

: 1 T n mgn on en\T
Amin {QAU Ma(n™)An =1,V B0, 0", ") An}- (23)

According to Lemma 6 from the next Section 3, we have VnE(G”, n", ") € Ran(My(n™)).
Therefore, the minimum value of (23) is finite. Recall that My(n™)" denotes the Moore-
Penrose inverse of My(n™), an optimal solution to this least squares problem (23) can be
denoted as

An=r1,- Md(n”)TvnE(en,n",gn).

The resulting formula suggests that we explicitly update n along the gradient ascent direction
preconditioned by the Gram matrix My(n™),

77n+1 ="+ T Md(nn)fvnﬁ(ﬁn’nn’gn).

By doing so, we exchange some of the numerical stability enjoyed by the proximal step for
computational feasibility and efficacy.

Remark 3 [t is worth mentioning that the Moore-Penrose inverse used here is generally

unnecessary. In order to determine a solution v to (23), one only needs to guarantee

that Mg(n™)v = VnE(O”,n”,fn). Consider any pseudo-inverse matriz M (n™) such that

Ma(n™)M (™) preserves the column vectors of Ma(n"), i.e., Ma(n™)M; (n™)My(n™) =

Ma(n™). Then, v = MJ(T}")V”E(H”W”,&”) will be a solution to (23). Thus, we can set
A= MF (") VyEO" ", €).

In this research, we pick Mj(n”) as the Moore-Penrose inverse for convenience in discus-
sion.

Moreover, we utilize the same idea to update the parameters £ and 6, such that

EHY =€" 4 1, - Mypaa(€)IVEEO™, 0", €M),
0" =0" — 7 - Mp(6") Vo8 (ugn, Pry1, Yns1),

14
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where @1 = @pn1 +wW(@ynit — @), Vi1 = Yent1 + w(ent1 — 1hen) are obtained via the
extrapolation. The Gram type matrices M (0), Mpqq(§) are computed as

d d 0 0
M,(0) :/Q %Mpue(x)T%Mpue(x) dp + A — Bug(y) " =-Bug(y) dpag. (24)

0 0
lubdd(g) =A /(99 w;éy) waféy) duam

This yields our NPDG algorithm (4).

In practice, choosing the stepsize 7, ranging from 1072 to 10! usually yields stable
and efficient performance of this explicit scheme. The study on the optimal choice of the
stepsizes, as well as the application of more meticulous line search strategies will serve as
the future research directions.

(25)

Remark 4 (Adoption of stronger boundary norm) For Dirichlet problem, B is treated
as the trace operator. Then B : HY(Q) — HY2(0Q) € L*(09) is a continuous and surjective
mapping (Grisvard, 2011), it is thus more natural to employ the HI/Q(aQ) norm—or even
stronger boundary norms—rather than L?(0Q) for the boundary loss in (19). A detailed
treatment is deferred to Section 3.2.2.

We conclude this subsection by briefly discussing the advantages and limitations of dif-
ferent ways to split the operator £ associated with the linear PDE (10). In general, £ may
admit multiple splittings, each leading to a distinct preconditioning strategy. For exam-
ple, the operator —A can be decomposed as in Example 1, or alternatively as described in
Remark 1.

Comparing these two choices, the former is typically more computationally efficient,
as it avoids the evaluation of second-order derivatives. Moreover, the theoretical analysis
presented in Theorem 7 in the following section shows that, under the former splitting, the
error term ug — us can be bounded using a more effective H 1 seminorm, rather than the
(—A)-weighted L? norm that arises in the latter case.

As a trade-off, as discussed in Remark 14 of Section 4, adaptive sampling strategies
cannot be readily incorporated into the former framework, whereas such techniques can be
naturally integrated under the latter choice.

In practice, we focus on the first splitting for the elliptic equations considered in this
work. A comprehensive investigation and systematic comparison of different splitting and
preconditioning strategies will be pursued in future investigations.

2.5 Nonlinear Equations

A similar treatment can be applied to the semi-linear equations taking the form of
Lu+Nu=f, onQ, Bu=g on 9, (26)

where £, N denote the linear and nonlinear operators, respectively. B is the boundary
operator. f : Q — R, g : 00 — R. Suppose that £ splits as £ = M}jLM,. We then

15
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multiply the equation and its boundary condition with the dual variables ¢, and derive
the functional

& (u, 0,1) = (LMpu, M) 120mr) + N (), ) 12() — (f ) r2(0) + MBu, ) 1200
14
=2 (IMaplZ gz + AWl o) )

We can now apply algorithm (4) with preconditioning matrices My, M, Mp4q mentioned
above in (21), (24), (25) to solve the equation. Related numerical examples and more
detailed descriptions of our treatment can be found in Section 5.3 and 5.4.

2.5.1 MONGE-AMPERE EQUATION

The algorithm can readily handle some fully nonlinear equation that possesses a saddle point
formulation, such as the Monge-Ampére equation.

det(D?u(z))| = M, dz —a.e., wis convex on R%. 27
det(D2u(@)| = 8. po (27)

Here, pg, p1 are probability density functions. D?u denotes the Hessian matrix of the po-
tential function u. This equation takes an equivalent form of

Vugpog = p1, w is convex on RY,

where g, pt1 are probability distributions. We assume pg, p1 are absolutely continuous with
respect to the Lebesgue measure on R?, with density functions pg, p1. And # denotes the
“pushforward” of probability distribution pg by the map Vu in the sense of

/d h(Vu(z)) dpo(z) = /d h(y)dp1(y), for any measurable function h defined on R%,
R R

There is already adequate research on the classical numerical methods for the Monge-Ampére
equation. We refer the readers to (Benamou et al., 2010; Froese and Oberman, 2011; Ben-
amou et al., 2014; Neilan et al., 2020) and the references therein for further discussion.

In this research, we aim to propose a mesh-free algorithm based on the data samples
drawn from pp and p; to evaluate Vu(-) of the equation. We should first point out that the
Monge-Ampeére equation is closely related to the following Optimal Transport (OT) problem
(also known as the Monge problem) (Villani et al., 2009; De Philippis and Figalli, 2014),

1
min M = T(2)1? dpg (). 28
T@mwﬂéﬂu (@12 duo () (28)
Typo=p1

Here M(R?, R?) denotes the space of measurable maps from R to R?. We aim at computing
for the optimal map T that transports the probability distribution pg to p; by minimizing
the L? transportation cost. One can show that (c.f. Section 3 of (De Philippis and Figalli,
2014)) the optimal map T of (28) exists uniquely as long as g, p1 possess densities po, p1,
and there exists a convex function u : R? — R such that T, (z) = Vu(z) for pg-a.e. x € R%.
Furthermore, if o, 11 are supported on bounded smooth open sets X,Y C R%, and pg, p1

16
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are bounded away from zero and infinity on X and Y, then the potential u solves the
Monge-Ampére equation (27).

Given the connection between the Monge-Ampére equation and the OT problem, we
mainly focus on computing (28) instead of (27). The goal is to compute the OT map T, (or
Vu). Notice that (28) is a constrained optimization problem. By denoting Cy(R%) as the
space of bounded continuous functions, it is natural to introduce the Lagrange multiplier
@ € Cp(RY) (also known as the Kantorovich potential of the OT problem) to the constraint
Typo = p1, and obtain

M) = [ 5la=T@I duofa) + |

Rd

PT@)dpole) = [ o)l (29

R

Upon solving (28), we consider the sup-inf saddle point problem

sup inf E(T, ). (30
ECy(RY) TeM(R?,R?) ) )

It is shown in (Fan et al., 2023) that, as long as ug, u1 are compactly supported, and pg is
absolutely continuous w.r.t. Lebesgue measure, the saddle point (7%, ¢4) of (30) exists, and
the map T4 (+) equals the OT map Tx(-) po—almost surely.

In the computation, we substitute T', ¢ with neural networks Tp, ¢,. A natural way of
preconditioning this problem is to set M, = Id and M, = Id for M,(0), M4(n), i.e.,

:
) = [ TR T o)

00 00 (31)
T

However, a more canonical choice is to set M, = Id and My = V. To motivate this
preconditioning technique, we carry out the following calculation. Suppose (7%, ¢y) is the
saddle point of the above problem (30). As T,(-) = Tx(-) po—almost surely, one can show
that Tiypo = p1, and

T.(x) —x 4+ Vo (Tu(z)) =0, po— a.s. (32)

Here we denote Vi, (Tx()) as Vou(y)|y=r, (a)-
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We have

= [ (@)~ 2+ VoT@) (T(@) - Tu(x)m(a)ds (33)
+/ %(T ) = To(2)) T (I = V2p(&(2))(T(x) — Ti(x)) po(x)dx
Rd
+Const

Here we denote {(z) = (1 — s)T(z) + sTy(z) with 0 < s < 1.
Now recall the optimal relation (32), we can reformulate the term (33) as

| o= VL) = 2+ VolT (@) (T(@) = Tu(a)m(a) da

= /Rd(Vw(T(w)) — Vu(Tu(x)) ' (T(x) = Tu(@)) po(x) da. (34)

Now (33) and (34) suggest that as (T, ) approaches the optimal solution (75, ¢, ), the loss
functional &(T, ¢) is roughly the sum of <Vg0(T(-)) — Vo, (T(+)), T(-) — T*(‘)> : and a

L2
quadratic term of T'(-). This suggests setting T'(-) — T%(-) and Ve(T'(-)) as new entities of
primal and dual variables in optimization. This yields the preconditioning matrices:

OTy(z) " OTy(x)
Ra 00 0

Mai0) = [ S (Vo TN 5 (Veou( Do) .

Mp(‘9> =

po(z) da,
(35)

Applying (4) to the adversarial training of Tj, ¢, leads to a faster, more robust algorithm
for computing the saddle point (T, ) of (30), where T yields the desired OT map T,
or equivalently, the solution Vu to the Monge-Ampére equation. We refer the readers to
Section 5.5 for details on implementation and numerical examples.
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Remark 5 It is worth mentioning that the idea of optimizing ¢ with respect to the H'
metric has also been discussed in (Jacobs and Léger, 2020), in which the authors introduce a
back-and-forth algorithm with H'-preconditioned optimization to deal with the Kantorovich
dual problem of (28).

3. Convergence Analysis of the NPDG flow

In this section, we provide an a posteriori convergence analysis on the time-continuous
version of the NPDG algorithm (4) as 7,,7, — 0 and w7, — v > 0.
Recall that (4) can be reformulated as

<< "t > B ( n" )) /T _ ( My(n™) V& (ugn , yn, then) )

gt & v Mipaa (") V& (ugn, oy, then) )
@w—kl _ [ Pyt Gpnt1 \ [ Py

(am )= (o )vem (G )= (0 ) [

9n+1 —_gn ; N -

——— = —My(0")"'Vo& (upn, Prnt1, Ynt1)-

Ty

By replacing the finite differences by the time derivatives, as 7,,7, — 0 and w7, — 7, we
verify that (4) converges to

ﬁt :Md(nt)TvnéD(UGtv Py wﬁt)?
&t :Mbdd(ét)Tv£g(u6’tu Pnes T/J&)v (36)
ét = - Mp(et)TVQg(UQt, taa ’th)a

(2)=(o) (o) e

We call the above time-continuous dynamic (36) the NPDG flow. In this section, we
analyze the convergence of the numerical solution {ug, } along (36).

where we denote

3.1 Natural gradient induces orthogonal projections of Fréchet derivatives

Before our discussion, we need the following lemma. Similar results have already been proved
in several references, including (Liu et al., 2022; Nurbekyan et al., 2023; Wu et al., 2023;
Miiller and Zeinhofer, 2023; Zuo et al., 2024). We restate the lemma here for the sake of
completeness.

Lemma 6 Given a certain Hilbert space X, we consider a Fréchet differentiable functional
Z : X = R. Suppose © C R™ denotes the parameter space, we consider a parametrized
family of functions {ug}ece which belong to X. We denote D% (u) € (X)* = X as the
Fréchet derivative at u. Assume that ug is differentiable with respect to 6 and %—Iéf € X for
arbitrary 1 <i <m, 0 € ©. We define the m x m Gram matriz M(0) as

Oug Oug o

Furthermore, we denote F(0) = % (ug). Then one can show that
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o VyF(#) € Ran(M(6)),

CeER™ CeER™ (1,....¢mER

One can also verify that

e For any v € R™ such that M(0)v = VgF(0), we can show that v is the solution to
0
DuZ (ug) — 22

the following least squares problem?.
00

0 0
v E argmin{HD F (up) UGCH } argmin {HD F (up) ZQ 4o
as a vector in X, is orthogonal (w.r.t. inner product defined on X) to the subspace

spanned by {g%f,...,g@%}. Or equivalently, %%;’v is the orthogonal projection of
D% (ug) on span{g—gf, ol ggﬁ}.

We defer the proof of this lemma to Appendix C.1.

We should mention that the Moore-Penrose inverse M (8)TVyF(6) yields a solution to
the least square problem mentioned above. For the convenience of our future discussion, we
denote the orthogonal projection (w.r.t. inner product on X) onto span{g—qgf, ceey geii} as
[Ip,u, : X — X, we thus have

Oug
%M(H)TVGF(Q) = Loguy [Du (ug)] -
Correspondingly, we denote the orthogonal projection onto the orthogonal complement of
span{g—lgi’, e geii} as Hagué : X — X, we have,
P Oug i - _
D, 7 (U,g) — WM(H) VoF(0) = Haeué [Duf (UQ)] .

3.2 Convergence analysis of the NPDG flow

Throughout this section, we assume that  C R? is a bounded open domain with Lipschitz
boundary 092 (Grisvard, 2011). That is, 9 can be locally represented as the graph of a
Lipschitz function.

3.2.1 A POSTERIORI CONVERGENCE RESULT FOR GENERAL LINEAR PDES

Recall that we consider the linear equation (10) defined on H. We assume u, as a real
solution to (10). We will adopt the notations used in previous Section 2.2 and 2.3. In our
discussion, we always assume that the operator £ is bounded from above and below in the
sense of

Cul| ;2 Lul|fe2
0<L0<1nfw§supw<lq<oo (38)
weli [[ullzz) ~ yem ullzz@
We denote Ly V1 =max{L;,1} and Lo A 1 = min{Lg, 1}, and
. Lyvil
= 39
" LoNn1 ( )
2. It is worth mentioning that for fixed x, 6"5’7651) is a k X m matrix.
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for shorthand.
Suppose that we perform the NPDG flow up to a time 7. We denote «,B1,82 €
[0,1] as coefficients quantifying the approximation power of the subspaces spanned by

OMpuyg OBug OMgp oY
{( a0, - VA aekt)}lgkgmga {# and {—5 for t € [0,7]. To be

O, }1§k§m§
more specific, a is a constant satisfying

}1gkgmn’

. aMpU(gt 2 il 8Bu9t 2
. Q%EGER{HZC o0, My (ug, =) L2(Q) + H;Ckﬁ 09 — VAB(us, — u) L2(69)

(| My (ug, — w)lIF2 () + IIVAB(ug, — w)|f2(on))s  for all ¢ € [0,7).

Recall that we define L2 = L?(Q2) x L?(9), we denote the subspace

6MPUQ 88"&9 aMPUQ 8BUQ 2
p— I[J .
W0 Spa“{< o0,V ael) (aeme ‘Faemf,)} .

Then, a quantifies the upper bound of the relative L? norm of (%Ué; component of (M,,(ug, —
us), B(ug, —uy)) for t € [0, T]. Here we denote dyUy; as the subspace of L2 that is orthogonal
to 99Uy, w.r.t. L? inner product. Similarly, we denote the subspace

mn me
Op e ®, ¢ = span {Wd(pn} X span {\F)\awg} c L2
ol Oy ) j—

B1, B2 denote the upper bounds of the relative L? norms of O, §<I'm ¢, components of

(E./\/lp(uet ), VAB(ug, — uy)) and (Mapn,, \fw&) The detailed definitions of «, 81, 32
can be found later in (69), (70) and (71).

The following Theorem analyzes the convergence of the numerical solution ug, solved
from (36) on [0, 7.

Theorem 7 (A posteriori convergence analysis of NPDG flow) Suppose {(0¢,m:, &)}
solves the NPDG flow (36) on [0,T]. Recall that c, B1, B2 quantify the approzimation qual-
ity of neural networks ug,, Py, Ye, through [0,T], and K denotes the condition number (39).
Suppose a + B < E—lg, Bo < 1, if we further assume that the hyperparameters of the NPDG
flow v,v > 0 satisfy

<1 ((Hﬁl)) (1 gy > LB fatall =) (40)

K2 4yv
Then there exists a constant r > 0, such that
[ Mp(us, — u*)HQLZ(Q;]RT) + Al|B(ug, — U*)H%Z(aﬂ) <2exp(—rt)-Cp for0<t<T.

Here Cy > 0 is a constant depending on the initial value (6o,n0,&0) of the NPDG flow. We
note that r > 0 s the convergence rate depending on L, the hyperparameters v,v, and the
relative errors «, f1, B2. The explicit form of r is provided in (72).

The proof of Theorem 7 is provided in Appendix C.2.
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The dependence of the convergence rate r on v, v, a, 81, 82 can be significantly simpli-
fied as a and B9 approach 0. This assumption is reasonable provided that the tangent
spaces associated with the primal and test networks, OUy and 0%, ¢, possess sufficiently
strong approximation power for Uy and ®, ¢, respectively. Actually, if we assume that
ug(+), (), ¥e() are linear combinations of basis functions, i.e.,

me my me
ug(x) =D Our(x), on() =D mepr(x), ve(z) = Gibi(x), (41)
k=1 k=1 k=1

with 6,7, serving as the coefficients of the basis functions and uy € H%(Q), ¢ € HY(Q),
Yy, € L?(09Q). If u, can further be represented by linear combination of {u};,, then it
holds exactly that &« = 2 = 0. And the sufficient condition (40) for the convergence of

NPDG flow reduces to yv < %. Furthermore, we have the explicit lower bound of r

(4 (2 = B1) = (L4 B)*yw) v
r> .
3 (G = 7+ i)

(42)

Theorem 7 is a posteriori analysis as one may verify whether the estimate in the the-
orem is valid after obtaining the solution (6;,1m:,&:), by checking whether condition (40)
holds on a finite time interval [0,7]. It is worth mentioning that as ¢ increases, ug, will
approach the real solution wu,; however, as the approximation gets better, the error term
(Mp(ug, — ux), B(ug, — uy)) will erect orthogonally away from the exploration space Jy Uy, .
Consequently, the quantity « will approach 1, and so will 5; — 1. That may prevent condi-
tion o + 1 < %2 at a certain time ¢ along the NPDG flow (recall that k > 1), thus yielding
the analysis only applicable on a finite time interval.

3.2.2 A REFINED CONVERGENCE ANALYSIS FOR ELLIPTIC PDES OF DIVERGENCE FORM

The main challenge in establishing an a priori convergence result that extends to the infinite
time horizon stems from the imbalance between the primal function space H and the test
function space K'*s*. To be more specific, let us consider the Dirichlet boundary problem
associated with Example 1

—AU:f, BU:g,

where B denotes the trace operator. Then we set H = H?(Q), K" = H}(Q). Suppose
we compute the equation using wg, ¢y, ¢ as defined in (41). Then, the convergence of
the NPDG flow is anticipated as long as the tangent space dyUy = span{Vuy, Buy} and
Ope®pne = span{Vyy}, xspan{tyy} along which the primal function (Vug,Bug) and the
test functions (¢y, 1¢) move can effectively approximate the gradients of & (ug, ¢y, ¢¢). The
main issue arises when using span{Vey} to approximate the term V(up — u.). Since each
o € Kt = H}(Q), however, ug — u. € H = H?(2) is not guaranteed to lie in H}(€2).
Therefore, a significant approximation error

2 : N 2
HHspam{chl,...,chmn}L [V(UQ - u*)] HLQ(Q) - SOGSpan?sz?..,cpmn} ”V(UQ u*) v()0”L2(Q)a (43>
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will arise and it will bound (8; away from 0, and hence impeding the convergence of the
NPDG flow. Intuitively, if we assume that span{e1,...,@m,} constitutes a basis of Hj ()
as my, — 00, the term (43) can exactly be bounded from above by the fractional Sobolev
norm |lug — u*||12gl/2(aﬂ) (Gagliardo, 1957; Grisvard, 2011). This key observation yields a
remedy to substitute the original boundary loss term L?(9)) with a stronger norm such as
HY/ 2(092) in order to offset the approximation error caused by the imbalance between the
primal and the test functional spaces during natural gradient optimization.

In the following discussion, we establish a modified version of Theorem 7 by incorporating
suitable boundary loss. We primarily focus on an important class of linear elliptic equations
in divergence form,

-V - (A(x)Vu(z)) = f(x) on Q, wu(z)= g(x) on 09,

where f € L?(Q),g € HY(0Q) C HY?2(09), A(-) : Q — R with each entry A;;(-) €
L3(Q)NCHQ). We further assume A(-) is bounded from both above and below, i.e., for any
r € R, we always have A - ||£]|? < T A(x)¢ < A||€||?, with the constants A > A > 0.

Let us denote the Hilbert space X such that H3/2(9Q) C X € HY/?(0Q) with continuous
inclusion map X < H'/2(9€). Then, there exists a constant Cy > 0 such that

[Bwllx > Cx|[Bwl| g1/2(9q). for any w € X.

Denote (-, -)x as the inner product on X, we slightly modify the original functional & by
using the X —boundary norm,

Ex(u, 9, %) = (LMpu, Map) 12— (f, ) 12+ M Bu — g, ¢>X*%(||Md80H%2+>\WH%c)- (44)

Suppose we conduct the NPDG flow (36) associated with &x(ug, ¢y, ¥¢). We further intro-
duce a useful seminorm | - [f1(q 4) on H(Q):

‘U|%11(Q,A) = /QVU(CC)TA(.I)VU(Z‘) dz, foruec HY(Q). (45)

We have the following theorem.

Theorem 8 (A refined convergence analysis of NPDG flow) Suppose we pick the hy-
perparameters v,v > 0 such that yv < 2. Assume the coefficient X\ associated with the

_ 2
boundary loss is sufficiently large, i.e., A > 8A <%§it’3> , where cq > 0 1s a constant whose

value is discussed in detail in Appendixz C.3. Then we have

tl 2
|u@t—u*\%l(ﬂA)—F)\Hu@t—u*HQX < (e” E0+/ §efr(t*T)Err(97,7]T,§T,fy, v, )\)d7'> . (46)
0

Here, v denotes the convergence rate. It can be shown that the convergence rate

1 2 —
> L2 (47)
2 v+ 2v
We set Ey = |ug, — “*‘%Il(Q,A) + Mlug, — w3 as the initial error. Err(0g,me, &y, v, )

represents the summation of the approximation errors associated with the tangential spaces
of primal and test networks. The detailed formulation is provided in (91).

23



Liu, OSHER, AND LI

We prove Theorem 8 in Appendix C.4.
As a corollary of Theorem 8, an a priori convergence result can be obtained under the
case in which ug, ¢, 9¢ are linear combinations of basis functions.

Corollary 9 (A priori convergence of NPDG flow) Suppose that ug, @y, V¢ are linear
combinations (41) of suitable basis functions u, € H*(Q), pr € HY(Q), vr € X. We keep
all the notations and the conditions on v,v, A mentioned in Theorem 8. We denote

me me
A
&, = min Vg — Vu,|?dz + = Buy, — g%
= i, 120GV~ Tl 516
my me
Evy, = min / Vo — Voo |?dz, &, := min G — g%
0= min nggil vk = Vx| ¥ CERmeEil %

Here we denote o, € H}(Y) as the (weak) solution o to
-V - (A(x)Ve(x)) = =V - (A(z)Vus(z)), on Q, ¢ =0 on 0.

Suppose the basis {uy} are picked so that span{Tui} C span{ey},span{Bui} C span{y},
we then have

1
(‘Uet - u*’%h(Q,A) + /\HUgt — U*H%(> 2 S e_rt E(]

1—e = Y+3 =
e A&+ —F/A
+ , [(3 \Y ’y) Eu + \/§ ng + 57/1

The convergence rate r > 0 satisfies the same lower bound as described in (47).

The corollary is proved in Appendix C.5.

Remark 10 It is straightforward to verify the following bound

1
3 E
(IIVuo, = Vuel[Fa+Allug, = wal%) ™ < ey [

1— efrt

r

+ BVY)VE(A) Eut+—=1/k(A) Evy + — |-

provided €T A(-)¢ > Al|€||? for ¢ € RY. Here we denote k(A) := A/A > 1.

A natural choice of the boundary norm X is the fractional Sobolev norm H'/2(9Q).
However, the definition (73) might not be convenient to evaluate. A more practical choice
could be the H'(9Q) norm, which has been considered in recent reference such as (Shao
et al., 2025) for nonlinear equations. In Section 5.2, we present numerical examples that
incorporate the H'(9) boundary norm computed using Monte-Carlo approximations. The
numerical evidence provided in Figure 4 suggests improved convergence and accuracy of the
algorithm.
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Remark 11 (Hyperparameters v,v,\) Notice that in the a posteriori analysis presented
in Theorem 7, the convergence rate r depends not only on the hyperparameters v and v, but
also on the relative approximation errors «, 1, B2, which themselves depend on v and v.
This interdependence makes it infeasible to determine suitable values of the hyperparameters
~v and v in practice.

In contrast, under the current framework, the convergence rate r depends solely on v, v.
2

W5+723V), which is attained at

Ve = % and v, = % Consequently, the convergence rate satisfies r > %
In both Theorem 8 and Corollary 9, the choice of A > 0 relies on the constant cq asso-

ciated with the H1/2(8Q) norm. It is usually intractable to determine cq for general Q. In

practice, we pick a rather large X = 10 to ensure better performance of the method.

As a result, we can explicitly mazimize the lower bound % .

Remark 12 The Lyapunov-based proof framework for the NPDG flow developed in this
section is inspired by earlier studies in (Liu et al., 2023b), (Liu et al., 2025) which focus
on fully time-implicit schemes for conservation laws and reaction—diffusion equations. We
clarify several fundamental differences that distinguish the present theoretical analysis from
these previous works in Appendiz C.6.

4. Algorithm

In this section, we provide a detailed description on implementing the NPDG algorithm (4).
We take the linear PDE (10) as an illustrative example.

4.1 Loss functional and the precondition matrices

Recall our discussions in Section 2.3. We introduce the pair of dual neural networks (¢,, 1¢)
to equation (10) and consider the loss functional

o) = </Q LMyu(z) - Map(z) = f()p(z) du - g /QMdSO(x) - Map(x) dﬂ)
+ A (/m(Bu(y) —9()) - ¥(y) dusa — ;/{jg¢(y) b(y) d;m) _

It is worth noting that the loss functional & (u,p,1)) considered here differs slightly from
that introduced in (14), as we incorporate probability measures p and pgg in the evaluation
of the integrals so that the loss can be efficiently approximated using Monte Carlo methods.
Moreover, we assume that both measures are absolutely continuous with respect to the
Lebesgue measures on 2 and 052, respectively, with strictly positive densities, ensuring that
the algorithm adequately explores the entire domain and boundary. A convenient choice is
to take both p and pgq to be uniform distributions over 2 and 0f2.
Sometimes, it also helps if we add the L? boundary loss

1Bu = 91120000 = /a (B 9)* dum
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into &(u, ,1), and consider
(;[;(uv P, ) = E(u, 0, 9) + Al|Bu — gH%Q(BQ,u@Q)‘

We also recall that the precondition matrices M, (0) € R™¢*™¢ My(n) € R Myqq(§) €
R™*™e are defined in (24), (21) and (25).

4.2 Monte-Carlo approximation

We apply the Monte Carlo algorithm to approximate the loss function & (ug; ¢y, 1¢) through-
out our computation. Assume that {X;}i<i<n,,, {Y;}i<j<n,,, are samples uniformly
drawn from the domain €2 and its boundary 952, respectively. We compute

Nin
& (ug; oy, Ve) N ZZMpu(Xi) cMap(X) — F(X)e(X5) — gMdSOn(Xi) Mg (X)
=1
1 Npdd )
+ A m Z(Bu(Yy) - g(Yj))d)g(Yj) — §¢§(Yj)¢f(Yj)

j=1
Here, “-” denotes the inner product of vectors. For example, if M,=M;=V, L= Id, then
LMpu(X3) - Map(X ) = Va(X3) - Vo(Xi),  Mapy(Xi) - Mapy(Xi) = [ Veo(X)|1*.

For general nonlinear PDE, the loss function & (ug; ¢y, 1¢) can also be approximated via
the Monte-Carlo algorithm. Its gradient Vy& (ug; ¢y, 10¢) can be computed using auto-
differentiation (Baydin et al., 2018).

Furthermore, it is also straightforward to evaluate the preconditioning matrices M, (6)
via Monte Carlo method, for example M, () can be computed as 3

1 Nin g p \ Neas g o
M, (0) ~ N, Z%(Mpue(Xi)) %(Mpu@(X,-))+N Z%UG(YJ') %UG(Yj)a
in in P
e (Mo(8)y = < %::a/wpue(xi)‘a/wpw(xi)+ A %aug(yj)aue(yj)
A\ pt 00; 00, Npad = 00; 20;

It is worth mentioning that we use the same set of samples for computation of both the
loss function and the preconditioning matrices. A new set of samples is generated at each
iteration of the NPDG algorithm.

4.3 Inverting the preconditioning matrices via Krylov iterative solver

We then solve the least square problem (23) for v. As mentioned in Remark 3, this is
equivalent to solving the linear equation

MP(Hk‘)V - vag(u%; Prge s wfk) (48)

3. Recall that we denote %Mpua (X;) as the Jacobian of Myup at X ;. For example, if one sets M, = V,

then %Mpug (X;) is a d x m matrix. Similarly, we assume W is1xd.
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However, this may suffer from the limitation on scalability: The method always computes
and records the entire preconditioning matrix M, () at each optimization step. For neural
networks such as Multilayer Perceptron, M,(#) is generally non-sparse, which suggests that
forming this m x m matrix will occupy immense memory space of the computing resources
as the number of parameters of the neural networks increases. For example, in numerical
experiment 5.2, we deal with MLP wg(-) with d;, = 50,d, = 256,dpy: = 1 and n; = 6,
this neural network contains mg = 279090 parameters. Forming such mg X my matrix is
generally infeasible.

As a mitigation, instead of the direct evaluation of the preconditioning matrices, we
apply the MINRES algorithm, which is an iterative solver, to solve (48). The MINRES
iterative solver only requires matrix-vector multiplications that can readily avoid the direct
formation of the preconditioning matrices. Similar treatment is also utilized in (Dembo
et al., 1982; Martens, 2010; Roosta et al., 2022; Rathore et al., 2024) and the references
therein in optimization problems. The same technique is also used in (Wu et al., 2023; Jin
et al., 2024) to handle the computation of Wasserstein geometric flows.

We briefly describe how we evaluate M,(0)v for arbitrary vector v.€ R™ under the deep
learning framework. Given neural network ug(-) : R? — R with parameter § € R™, we
make a copy ug, ™ (-) by inheriting the architecture of ug(-) and by setting 6’ = §. We apply
auto-differentiation to evaluate {Mug(X )} and {Mpufe™ (X;)} 1, we also evaluate
{ue(Yj)}Nbdd {ug™ (Y )}Nbdd Then we compute the scalar

Jj=1> J
\ Npdd
g™ (X) - Mpueuc>+mZuQ/W<Yj>ue<Yj>. (49)
=1 j=1

Now, by applying auto-differentiation again, we take the partial derivative of T';,,(¢’, 6) w.r.t.
6, and making an inner product with v, this yields 9gT';,, (€', O)Tv. Finally, taking the partial
derivative w.r.t. 0 yields 9p (0T (0, 0)v)|g—g =~ M,(0)v. This suggests an effective way of
evaluating M, (0)v without forming M, (#) explicitly. We summarize this procedure in the
following Algorithm 1. Similarly, the matrix-vector multiplication involving My(n), Mpqq(§)

Algorithm 1 Evaluating M,(0)v

Input: Preconditioning operators M, M. Neural network wug(-), samples {X 1}5\[:’? C Q,
{Y; }N”dd C 09, vector v € R™.

. Make a copy ug ™Y (+) of the given ug(-) with ' = 6.

. Evaluate T'(¢’, 9) as defined in (49).

Apply auto-differentiation to evaluate 9pT'(¢’,6)v.

Apply auto-differentiation to evaluate u = g (0pI'(0',0)v).

Return: u

=W =

can be computed by using the same technique.
Remark 13 Calculating My(0)v can be further simplified by using the finite-difference ap-

proximation, which may lead to faster speed and lower memory cost. This technique has been
conducted in several Hessian-free optimization algorithms (Martens, 2010; Knoll and Keyes,
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2004; Rathore et al., 2024). This possible improvement will serve as the future research
directions.

We adopt the scipy.sparse.linalg.minres solver in SciPy (Virtanen et al., 2020)
throughout our implementation. This algorithm involves two key hyperparameters: the
maximum number of iterations nyngrgs, and the tolerance value tolyinrgs, wWhich deter-
mines the acceptable relative residual. For more details on selecting these parameters, please
refer to Section 5.

4.4 Sketch of main algorithm

We summarize the proposed method in Algorithm 2.

Remark 14 The probability measures p and paq used in our implementation need not be
uniform. In fact, it is often more appealing to choose these measures adaptively according
to the residuals |Lug(-) — f(-)|, |Bug(-) — g()| Samples from such adaptive distributions
can be generated using Markov chain Monte Carlo methods or deep generative models (Tang
et al., 2023). However, when the density of p is non-constant, applying integration by parts
introduces additional score terms associated with v, which may significantly complicate the
construction of the corresponding preconditioning matrices. One possible alternative is to
choose M, = L, L = 1d, and My = 1d, thereby avoiding integration by parts altogether.
The integration of the NPDG framework with adaptive sampling strategies will remain as an
important direction for future research.

)

5. Numerical Examples

In this section, we apply the proposed Natural Primal-Dual Hybrid Gradient (NPDG) algo-
rithm to various types of PDEs, including linear and nonlinear, static, and time-dependent
equations. We denote our method as the NPDG algorithm for simplicity.

Throughout numerical experiments, we set neural networks as Multilayer Perceptron
(MLP). That is, the fully connected neural network with the input dimension djy,, the hidden
dimension dpjqden, the output dimension dy,t, and the number of layers nyp. We denote
such MLP with activation function f as MLP ¢(din, dhidden, dout, PMmLp). Readers are referred
to Appendix A for further details on MLP.

Throughout the experiments in this section, we fix the hyperparameters v =1 and w = 1
for the NPDG algorithm. When applicable, unless otherwise specified, the boundary loss
coefficient is always set to A = 10. We always choose the maximum iteration number for
the MINRES algorithm as nynres = 1000.

We compare the proposed algorithm with a series of commonly used deep-learning
solvers, namely, Physics-Informed Neural Network (PINN) (Raissi et al., 2019), Deep Ritz
method (Yu et al., 2018), and primal-dual-type algorithms for PDEs/optimal transport
(Zang et al., 2020) (Fan et al., 2023). We apply Adam (Kingma, 2014; Paszke et al., 2019)
and (or) L-BFGS (Liu and Nocedal, 1989; Paszke et al., 2019) algorithms to PINN. When
we use the L-BFGS method, we choose [r = 1.0 as the default. The L-BFGS method does
not perform stably with the Deep Ritz and primal-dual type methods. We will only apply
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Algorithm 2 Natural Primal-Dual Hybrid Gradient method (NPDG)

Input: The equation F(u, Vu, V?u,...) = 0 on Q with (if any) boundary condition Bu = g
on 0f). Preconditioning operators M,,, My. The functional & (u, ¢,1)). Stepsizes 7, 7y,
7y of the NPDG algorithm; extrapolation coefficient w; Total iteration number of the
NPDG algorithm Nje,. Number of samples drawn from 2 and 9€: Ny, Npgg- Max
iteration number nynrEs and tolerance of relative residual tolynges of the MINRES
algorithm.

1: Initialize the primal neural network ug(-), dual neural network(s) ¢,(-) and v (-) if the
equation is equipped with boundary condition(s).

for iter = 1 to Njter do
Set g =n,& = ¢&.

Resample points for the Monte-Carlo estimations in each iteration.
Apply Monte-Carlo algorithm and auto-differentiation to evaluate

(W(—;, W;Z)T = v(n,ﬁ)éa(u(% “ns 7,[)5)

6: Apply MINRES algorithm (nyiNres, tolyvinres) with Algorithm 1 to solve

Ma(n)vy = W, Mygq(§) vy = Wy.

7: Update n =1+ 7,vy, £ =&+ 7yvy. > Natural gradient ascent
8: Set @ =y + Wy — Py ), Y = Ye + w(be — Yg,)- > Extrapolation in

functional space
9: Apply Monte-Carlo algorithm and auto-differentiation to evaluate

Wy = Veéa(Ue, P, ¢>
10: Apply MINRES algorithm (nMINREs, tOlMINRES) with Algorithm 1 to solve
M, (0)v, = wy.

11: Update 8 = 0 — 7, vy, > Natural gradient descent
12: end for
Return: wy(+)

the Adam algorithm to these two methods. To remain consistent with NPDG Algorithm 2,
we resample at every iteration for all tested algorithms, except for the L-BFGS method,
which exhibits severe instability when trained with randomly resampled batches.

To keep the comparison fair, we keep the same neural network architecture for all the
methods tested. We justify the computational efficiency of the proposed methods by sum-
marizing the GPU-time costs of each method for different PDEs with various dimensions
in Table 4. The robustness of the proposed method is reflected in the semi-log plots of the
relative L?-loss for different equations. Necessary plots are also provided to visualize the
numerical results produced by the proposed method.
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The Python codes associated with the examples tested in this section can be accessed
from the GitHub repository https://github.com/LSLSliushu/NPDG.

5.1 Poisson’s equation (10D, 50D)
We consider the following Poisson’s equation defined on the region Q = [0, 1]¢.
—Au=f on, wu=g, on o, (50)

where we define f(z) = Zizl q—zsin(gajk), and g(z) = EZ:l sin(§zx) on 9§2. The exact
solution of this equation is

d
ug(x) = Z sin(gazk).
k=1

In this example, by multiplying the dual functions ¢ and ¥ to the equation —Au = f, and
its boundary condition u|gq = g, we introduce the loss functional & : H2(Q) x H}(2) x
L?(092) — R as

Slue.) = [ au=ppdu—5 [ 190 ([ 0= gwduon 5 [ sauan)

1% 14
—/ ViV — fodu— 2/ V|2 + A (/ (u — gydpon — 2/ wdum).
[9] Q o0 o0

In practice, we discover that it is helpful to add the L?(99, 1) loss functional to & (u, @, ).
Thus, we obtain

E(u, 0,0) = &(u,0,9) + MBu = gll32 (50,10

In short, we use the functional &. We substitute u, i, 1 with MLPs with number of layers
ny, and tanh as activation,

Up = MLPtanh(d7 2567 17 nl)7 907] = MLPtanh(d7 2567 17 nl) : C? w&j = MLPtanh(da 647 17 nl)'
Here, we multiply the MLP with the truncation function

— mi 1-—
¢() 1ggd{xk7 Tk}

in order to enforce ¢, € H}(£2). Furthermore, based on the definition of &, we set

as discussed in Section 3. And recall the definition (24), (21) and (25), we define the
preconditioning matrices in the proposed NPDG algorithm as

M) = [ (Tuao) g (Fua(o) x| 2T gy
Ma(n) = /Q §7<wn<x>ﬁ§7<wﬂ<x>>du, Maaal) =) | 5§¢5(y)T(§§¢5(y)dan-

30


https://github.com/LSLSliushu/NPDG

A NATURAL PRIMAL-DUAL GRADIENT METHOD FOR SOLVING PDESs

In this example, we pick N;, = 2000 for d = 10, N;;, = 4000 for d = 50, and Nyqq = 80d.
We set the stepsizes 7, = 0.5 - 1071, T, = Ty = 0.95 - 10~'. We test the thresholds
tolyinres = 1073, 10~ in the algorithm. Throughout this research, we consider the relative
L? error of ug and Vuy.

In the 10D case, we set n; = 4. We plot MINRES iteration numbers at each NPDG
step in Figure la. We investigate the effectiveness of our natural(preconditioned)-gradient
method by comparing it with the same algorithm using flat gradients. That is, we replace
line 7, line 11 in Algorithm 2 by n = n + 7,wy,, { = §{ + 7ywy, and 0 = 0 — 7,w,,. This
is demonstrated in Figure 1b. In the same plot, it is also observed that the extrapolation
step (line 7 of Algorithm 2) will slightly enhance the convergence of the proposed algorithm.
Furthermore, choosing suitable preconditioning matrices compatible with the mathematical
nature of the PDE is crucial for the proposed method. In Figure lc, we compare our treat-
ment with the NPDG algorithm with M, (6), M4(n) obtained by setting M, = M, = Id.
As reflected in the plot, naive preconditioning may lead to instabilities in the optimiza-
tion procedure. We tested the NPDG algorithms using exponentially growing sample sizes
N, = 2F and N, = 10- 23 with k = 4,6, 8,10, 12, 14. Figure 1d illustrates how the relative
L? error of ug, computed by the NPDG algorithm, varies with the sample complexity. The
relative error gradually plateaus as the sample size increases beyond 2'° = 1024. Based on
this observation, throughout the remaining examples in this section, we consistently choose
sample sizes in the range of 103 ~ 10%.

Number of MINRES iteration vs NPDG iterations

10D, Poisson equation

10D, Poisson equation

Rel L2 error vs. sample size

PD with flat grad omega=1

NPDG omega=(
—— NPDG with omega=1

NPDG (M_d=M_p=Id)
—— NPDG (M_d=M_p=grad)

o o5 -0 \
'N ‘\“U” | ‘”‘ “ H‘Hm 5 -1s \

L2 error (log_10 scale)

Number of MINRES iteration
log_10(L2 error)

—20 ™ -20

9 25 50 75 100 125 150 175 G 25 50 75 100 135 150 175
NPDG iteration Computation time (seconds) Com ime (seconds)

(a) (b) (c) (d)

Figure 1: (10D Poisson equation) la: Numbers of iterations required by the MINRES
algorithm for updating 6,n,& at each NPDG step vs. NPDG iteration. 1b: Comparison
with the same algorithm using flat gradients instead (pink), and with the same algorithm
without extrapolation (w = 0) (light red); lc: Comparison with our NPDG method, but
using M, (0), My(n) obtained by M, = M, = Id as our preconditioning (orange). All the
plots in these two figures are relative L2 error vs. computational time (seconds). 1d: Log-log
plot of relative L? error vs. different sample sizes.

N el ) .

0200400600800 1000 200 T400 T ) = 7
sample size (log_2 scale)

In addition, we also test the same example with d = 50. We set MLP depth n; = 6. We
choose the tolerance tolyinrrs = 1074 to ensure higher accuracy in computing the natural
gradient. We compare the algorithms with the PINN, DeepRitz, and WAN methods. The
detailed settings for these three methods are provided in Table 2. We run each method up
to 8000 seconds and make semi-log plots of relative error vs. computational time for all
the methods tested. Figure 2 presents the associated numerical results. The loss plot 2c
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suggests that our proposed NPDG algorithm converges faster and more stably compared
with the algorithms based on the Adam optimizer.

Furthermore, we record the GPU time spent by each method to achieve a certain accuracy
for various dimensions d = 5, 10, 20, 50. Details are provided in Table 4 of Appendix E. The
proposed method performs more efficiently than the other methods as the dimension d
increases.

Graph of u 50D, Poisson equation
Heatmap of |u_theta - u_*| on 20-40 plane

(with all remaining coordinates=0.5) 00) WAN
—— DeepRitz
PINN(Adam)
—— NPDG, tol_MINRES=1e-4

)

10g_10(L2 relative error

e e
Al S ‘\U‘,M“L“‘}‘“‘“\\“\W
\

(a) (b) ()
Figure 2: (50D Poisson equation) Left: Graph of learned ug and real solution u, on the
20-40 coordinate plane (with remaining coordinates equal to %) in R%; Middle: Heatmap
of |ug(x) — u«(z)| on the same plane. Right: Semi-log plot of relative L2 error vs. compu-
tational time (seconds). The values of |lu.||2(q ) and [[Vus|p2(q,, are provided in Table
3.

5.2 Elliptic equation with variable coefficients (10D, 20D, 50D)

We consider the following elliptic equation with a variable coefficient

=V (5(@)Vu(z)) = f(z), uly) = g(y) on OQ. (51)
Here we assume = [—1,1]¢ with even dimension d. We set
k(z) = :CTA;Hl, with A = diag(Xg, A1,. .., Ao, A1),
where A\g = 1, A\; = 4 appear alternately for % times, and choose
f@) =~ 0T 4 1)~ el and gy) = SyTA Ty, v e o0

2

The solution to this equation is u.(z) = 32T A~ z.
Similar to the previous example, we introduce ¢, to the equation and its boundary
condition. Integration by parts yields the functional

£ ) = [ #(@)Vpla) - Vula) = f)p(o) du =5 [ V@) du

v 2
+)\</(9Q(U—g)¢duaﬂ—2/m¢ dﬂaﬂ)-
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Similarly, we add the boundary loss function to & (u, p, 1) to obtain
E(u, 0,0) = E(u,0,9) + MBu = gl 7290, 100
We use & in the computation. We set
Mp=Myg=V

for the preconditioning matrices Mpy(6), Mq(n), Mpqa(€) as defined in (24), (21) and (25).

In this example, we also employ the stronger H'(9Q, 1sq) boundary loss discussed in
Section 3.2.2. In our implementation, the boundary integral of the functional & (u, ¢, ) is
now replaced by

2d

) ) v .
Z/S (u—g>w+vsﬂ<u—g>-vsﬂwdum—2/g ¥* + IV dpoe.
j=1""*J J

Here, for each j =1,...,d — 1, we denote
S]i = {({f?l,...,i‘jfl,il,fj,...,i‘d_l) ze [—1,1]d_1}

as each face of the cubic region Q. Then 0 = U;l:l(Si+ US;"). V5 denotes the gradient of
a function restricted to the face S]jﬁ The functional is modified correspondingly as
g(u’ 2 T/}) :g(ua 2 1/}) + )\”BU - g”%ﬂ (0Q,po0)"

Furthermore, to ensure consistency with the strengthened boundary norm, we modify the
preconditioning matrices accordingly. In particular, the matrices M),(6), M4(n) are obtained

from (24) and (21) by setting
My =Mg=+/k(-)V.

Moreover, in the definition (24) of the primal preconditioning matrix (Mp(H))ij, the bound-
ary integration is replaced by

)‘Z/ 8u9 3u9 . ) 4 a‘zi(vsjue(y)) . (joj(vsjw(y)) dpaq- (52)

Matrix (Mpgq(§))i; is reformulated analogously to (52), with the partial derivatives % and
the function ugy replaced by a% and 1)¢, respectively.

We test this example with d = 10,20,50. We substitute u,p,1 with MLPs with
softplus(-) as activation functions. Here, softplus(-) is a smooth approximation of the ReLLU
function defined as*

softplus(z) = ;log(l + exp(fSx))

with 8 = %. We summarize the neural net architecture of our experiments in Table 1. Similar
to our treatment for the Poisson’s equation, we multiply ¢, by the truncation function {(-)
to enforce o, € H} ().

4. In PyTorch, for numerical stability, the implementation of softplus(-) reverts to the linear function when
T > w, The default value for the threshold equals 20.
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Primal & Dual Neural Networks

Nin, N Tus Toos T MINRES tol
ug [ ©n [ Ve bad ety
d=10 (d,256,1,4) | (d,256,1,4) | (d,128,1,4) | 4000,80d 0.1,0.19,0.19 0.5-1073
d=20 0.05,0.095,0.095
d=150 | (d,256,1,6) | (d,256,1,6) | (d,128,1,6) | 6000,80d 09, LA90, T 107

Table 1: Basic setting of our experiments on computing (51).

In this example, for all dimensions d = 10,20, 50, the stepsizes 7,7y, 7y, the number
of samples Njy,, Npqq, as well as the tolerance of MINRES, are summarized in Table 1. We
improve the tolerance of the MINRES algorithm from 0.5 - 1072 to 10~ as the dimension
d increases to 50. We run the proposed method for 500 and 1000 seconds for 10D and
20D problems. For d = 50, we perform the proposed method using L?(9, usq) boundary
loss for 36000 iterations and the method using H' (9, paq) loss for 3000 iterations. For all
d = 10, 20, 50, we compare the algorithm with the PINN, DeepRitz, and WAN methods. The
detailed settings for these three methods are provided in Table 2. We make semi-log/log-
log plots of relative error vs. computational time for all methods. The error plots are
presented in Figure 3. The plots justify the linear convergence of the proposed method. The
experimental results further demonstrate improved convergence rates and accuracy for the
NPDG algorithms, both with and without the use of a stronger boundary norm. Compared
with the other algorithms based on Adam optimizers, the proposed method performs more
stably and achieves higher accuracy in this example. We also record the GPU time spent
by each method to achieve a certain accuracy. One can find the details in Table 4 of
Appendix E. It turns out that only the proposed method can achieve an accuracy such that

U —Ux
o w20 < g o5,
||“*||L2(Q,u) -

For d = 20, we visualize the solution ug learned by the NPDG algorithm by plotting
the graph of ug on the 9 — 10 plane while fixing the remaining coordinates to 0 and 0.5 for
d = 20 in Figure 4. The associated heatmaps of |ug(z) — u«(z)| on the 9 — 10 plane are
also provided in Figure 4. To investigate the accuracy of uy over the entire space of 2, we
separate () = U?ﬁl Q; into 50 square shells with gradually increasing sizes,

O ={z=(21,...,2q) €RY(I—-1)/50 < |z} < 1/50, 1 <k < d}.

We plot the average L? error of uy computed via different methods on €; with respect to
the size 1/50 of each square shell §; in Figure 4e.

Different MINRES tolerances: Slightly improving (i.e., decreasing) the tolerance tolyiiNrEs
of the MINRES algorithm yields more accurate directions of the natural gradients and en-
hances the convergence of the NPDG algorithm. However, selecting tolyinres too small
makes the algorithm sensitive with respect to data stochasticity and thus may introduce
instability to the method. This is reflected in Figure 5a and 5b.

Comparing with L-BFGS optimizer: We apply the L-BFGS optimizer to PINN and
compare its convergence speed with the proposed method. L-BFGS utilizes the second-
order information from the loss function in optimization. However, L-BFGS is known to be
unstable in stochastic settings—using random batches is not a feasible strategy for L-BFGS
method. In this example, we fix the Monte-Carlo samples in the algorithm and optimize the
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10D, Variable coefficient 20D, Variable coefficient 50D, Variable coefficient
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Figure 3: Left column (3a) (3d): Semi-log plot (up) of relative L2 error vs. computational
HVU@*VU* ”LQ(QW«)
Mol )
vs. computational time. Dimension d = 10; Middle column (3b) (3e): The same plots for

d = 20; Right column (3c) (3f): The same plots (but in Log-log form) for d = 50. The
values of |lul[2(q ) and [|[Vu.| 2 ) are provided in Table 3.

time(seconds) and semi-log plot (down) of relative H' seminorm error (

PINN loss function with L-BFGS method. For d = 20, as shown in Figure 5c, our NPDG
algorithm with tolyinges = 107* converges faster than the L-BFGS method. Moreover,
the L-BFGS method faces instability even without data stochasticity. As demonstrated
in Figure 5d, the L-BFGS method always blows up given a long enough running time for
dimensions d = 20 and d = 50.

5.3 Nonlinear elliptic equation (5D)

We consider the following nonlinear elliptic equation equipped with Dirichlet boundary

condition on a d-dimensional ball with radius R = 3

By ={z € R?| |lz|| < R}.

SIVu@) | + V(o) = Au(e), ulos, , =0. (53)
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Graph of u Graph of u

— NPDG, tol M

PINN(Adam)

—— PINN(L-8FGS)
wan

02 0 06
Size of each shell

(a) (b) (c) (d) (e)
Figure 4: Plots for d = 20. 4a: Graph of uy obtained by NPDG method (blue) with real
solution (red) plotted on 9 — 10 plane with remaining coordinates fixed to 0; 4b Heatmap of
error |ug(z) — us(z)| plotted on 9 — 10 plane with remaining coordinates fixed to 0. 4c, 4d:
Same plots plotted on 9 — 10 plane with remaining coordinates fixed to 0.5; 4e: Semi-log

plot of logy (ﬁ”u@ - U*HLQ(QZ)) vs. size of each square shell €.

20D, NPDG with different tol_ MINRES 20D, NPDG with different tol MINRES 20D, NPDG vs LBFGS PINN(L-BFGS), 20D and 50D

sssssssssssssssssssssssssssssssssssssssssssss

(a) (b) (c) (d)
Figure 5: Figures 5a, 5b: Plots of relative error vs. computation time(seconds) with different
tolviinges = 1074,0.5-1073,1073. Figure 5¢: Plot of relative L? error vs. computation time
(seconds), we compare NPDG with tolyinges = 107% to PINN using L-BFGS optimizer.
Figure 5d: Long-time behavior of L-BFGS optimizer when applied to 20D and 50D problems.

Here we set

w2 T w2 T m(d—
V(z) = ——sin?(=r) — = cos(=7) — %

in(=r)
1n( —
8 2 1 Py ST

with 7 = ||z||. The solution to this equation is the radial function
us(z) = cos(gr).

Similar to the previous examples, we introduce ¢, to the equation and its boundary con-
dition. We consider solving inf,, sup, ., &(u,,v) = &(u, %) + )\HBUH%Z(%Q) with

Slu.) = ([ Vola) - Vuta) + S IVu@IPeta) + Viaeta)du - § [ V()P an)

1%
A (/ wth dppg — 5/ ¥ duafz)-
o0 o0
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It is still unclear what is the optimal way to precondition the nonlinear term in this equation.
In our treatment, we only focus on the linear part Au and set

for the preconditioning matrices M, (0), Mq(n), Mpga(§).
We test this example with d = 5, we set

ug = MLPany,(d, 256,1,4), ¢, = MLPiann(d, 256,1,4), )¢ = MLPiann(d, 128,1,4).

The stepsizes are chosen as 7, = 0.05,7, = 0.095,7, = 0.095. We apply Monte-Carlo
method to evaluate the loss function, in order to sample uniformly from Bg g, we first
randomly sample Ny, = 4000 points p1, ..., pn;,, from the interval [0, R] following the density
function p(p) = diRl (%)d,p € [0, R]°. Then we sample N, points wi,...,wy, from the
standard Gaussian distribution N(0,1;). Thus, we obtain N;, sample points in Bg g by
forming x; = pi”w:’rifi_eo, 1 < i< Ng,. We add eg = 1078 to prevent division by zero. We
run the proposed method for Ny, = 10000 iterations.

In this example, we also test the PINN(Adam/L-BFGS) and WAN methods. The hy-
perparameters for these methods are provided in Table 2. Log-log plots of the relative error
vs. the computation time among the methods are provided in Figure 6. We plot the graph

5D, nonlinear elliptic equationl 5D, nonlinear elliptic equationl 5D, nonlinear elliptic equation2

\ 0.00 —— LBFGS
EE —— NPDG, tol_MINRES=1e-4

| I
° o
S I
Il 3

log_10(relative L2 error)
L
5
8

0 1000 2000 3000 4000 5000
Computation time (s)

(a) (b) ()
Figure 6: Equation (53): Left: Log-log plot of relative L? error vs. computational time
(seconds); Middle: Log-log plot of relative H' seminorm error vs. computational time
(seconds). The values of |lu.||2(q,) and [|[Vul[r2(q,) are provided in Table 3. Equation
(54): Right: Semi-log plot of relative L2 error vs. computational time.

of ug obtained by the algorithm on the 1 — 2 coordinate plane in Figure 7a. We also plot
the heat maps of the error function |ug(-) — u.(:)| on various coordinate planes in Figures
Tb-Te. Similar to previous examples, we record the GPU times spent by different methods
for achieving certain accuracy in Table 4 of Appendix E. Furthermore, we also consider the
following equation on the same region By g (d =5, R = 3) with a weaker nonlinear term,

FIVu@)|P + Aue) = V(@), ulos,, = 0. (54)

5. This can be done by first sampling n, points r1,. .., 7y, uniformly from [0, 1] and then transforming each

1
ri to ps =717 CR¥™d for 1 <i<np.
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Figure 7: Figure 7a: Graph of uy on the 1—2 coordinate plane (that is, the plane spanned by
the first and second components with the remaining coordinates fixed to 0). The parameter
f is obtained by the NPDG method after 10000 iterations; Figures 7b-7e: Heatmaps of
lug(-) — u«(-)| plotted on 1 — 2, 2 -3, 3 —4, 4 — 5 coordinate planes.

Here we set ¢g = 1—10 and

Vix) = sin2(§r) — — cos(

The solution to this equation is still u.(x) = cos(§r). We apply the NPDG algorithm
with exactly the same neural network architecture and hyperparameters as in (53) to solve
equation (54). We also test the L-BFGS optimizer to minimize the PINN loss of equation
(54). Figure 6¢ indicates that the proposed method achieves performance that is comparable
with L-BFGS in this example.

5.4 Allen-Cahn equation

We have discussed several examples of time-independent PDEs. We now briefly show how
the proposed method is applied to resolve the time-implicit, semi-discrete schemes of the
time-dependent equations. In this section, we primarily focus on the 1D and 2D Allen-Cahn
equations to illustrate the main idea. Future research will explore additional approaches,
such as adaptive sampling techniques (Wight and Zhao, 2020) and extensions to higher
dimensions.

We consider the Allen-Cahn equation on a bounded domain §2 posed with the homoge-
neous Neumann boundary condition on time interval [0, 7.

B 1, ou B
= ¢gAu(x,t) — %W (u), e 0on 09, wu(-,0)=up(-).

ou(z,t)
ot

Here we define the double-well potential function W (u) = +(1 —u?)?, with W’(u) = v® — u.
It is well-known that the Allen-Cahn equation can be viewed as the L?—gradient flow of the
energy functional E(u) = [, 2||Vul* + ﬁW(u) dz.

In this research, we focus on resolving the time-implicit, semi-discrete numerical scheme
of this equation. We divide the time interval into NV; subintervals and consider

ul(x) —ut () ¢ 1, out
> = ¢Au'(x) — %W (u'(x)), I 0 on 09,
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sequentially for 1 < ¢t < N; with u®(-) set as up(-). One motivation for considering this
implicit scheme is its energy stability, in the sense that E(u’) < E(u'~!), which respects the
gradient-flow nature of the equation.

The problem boils down to solving N; consecutive elliptic equations with a cubic term
as shown below,

ul(x) — eohe Aul () + = ((u'(2))? — ul(z)) = v’ H(x), e Oon 9, 1<t<N;. (55)

In the implementation, we substitute the primal function u, and the test functions ¢, ) with
neural networks with tanh activations,

g = MLPyonn (d, 128,1,5), @y = MLPaun(d, 128,1,5) - ¢, e = MLP o (d, 64,1, 5).

We adopt different preconditioning strategies based on the magnitude of ¢y. A detailed
discussion is provided in Appendix F.

1D example We first test the algorithm on the 1D example with Q = [0, 2], initial data
up(x) = (1 — cos(m(z — 1))) cos(m(z — 1)). We work on two cases in which ¢g = 0.1, =
1, Ny = 10; and ¢g = 0.01,7 = 0.08, Ny = 80. We treat the distribution pgo = %(60 + 62)
where J, denotes the Dirac measure® concentrated on the point z € R.

For the algorithm, we set N;;, = 2000 and Npgq = 2. Since 9 = {0, 2}, one boundary
sample is assigned to each endpoint. The boundary loss coefficient is chosen as A = 1. We
keep 7, = 0.05, 7, = 0.095, and 7, = 0.095 for ¢ = 0.1, and choose smaller stepsizes
7w = 0.01, 7, = 0.02, and 7, = 0.02 for ¢y = 0.01.

In Figure 8, we plot the graphs of our numerical solution wug, obtained at different time
nodes t = N% (1 < k < N) with the benchmark solution {Uk}fj;l solved from time-
implicit, finite difference scheme (94) provided in Appendix F.2. The semi-log curve of

\/N%C Ef&l (ug, (z;) — UF)? vs. the computation time (g = 0.1) is presented in Figure Sc.
The energy decay plot of E(ug,) versus t, for ¢ = 0.01 is included in Figure 8d. The

numerical solution ug, exhibits monotonic decay of its energy and shows agreement with the
benchmark solution.

2D example We further consider a 2D Allen-Cahn equation with = [0,2]?, ¢g = 0.1 and
the initial condition ug(z) = tanh (—W) with zo = (1,1)7, R = 0.5 and s = 0.1.
We set T = 1.5 and Ny = 15. We keep the hyperparameters of the NPDG algorithm the

same as the previous example except that we set Ny, = 1000. The numerical results are
provided in Appendix F.2.

5.5 Monge-Ampére equation for the L?-Optimal Transport problem

In this section, we focus on the computation of the Monge-Ampére equation (27). A PINN
solver for this equation is proposed in (Singh et al., 2021). Deep learning algorithms from

6. That is, 0,(E) = 1 for any measurable set £ C R that contains z, and §,(E) = 0 for measurable sets
that do not contain x.
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Figure 8: 8a&8b: The graph of ug, (-) (blue) obtained from the NPDG algorithm for ¢, = N%,
1 < k < Ny together with the benchmark solution (red, dashed line). 8c: Semi-log plots of
the vMSE loss vs. computation time (seconds) at physical time 0.1,0.3,0.5,1.0. 8d: Plot

of energy FE(ug, ) versus time .

the optimal transport perspective are discussed in (Korotin et al., 2019; Makkuva et al.,
2020; Fan et al., 2023), among other references.

As discussed in Section 2.5.1, solving the equation is equivalent to solving the L% —optimal
transport problem. This can be further reduced to a sup-inf saddle point problem (30). In
this research, we assume that the samples of g, 41 are available. In order to evaluate the
functional &(Ty, ¢,), we generate samples {X;}¥ | ~ ug = podx and {Y;}¥; ~ pu = p1dy
and apply the Monte-Carlo algorithm,

N
Z %HX" - T9(Xi)”2 + (Pn(TG(Xi)) - SOU(YZ‘).
=1

1
@((}(T@v SO”]) ~ N

By applying Algorithm 1, we calculate the natural (preconditioned) gradients of & (Tp, ¢;)
with respect to 6, 7. We then apply the NPDG algorithm 2 to solve the saddle point problem
(30) for Tiu(+) (Vu(:)).

In experiments, we use the Primal-Dual algorithm with the Adam optimizer (PD-Adam)
proposed in (Fan et al., 2023) as a benchmark for the proposed method. A brief description
of this method, as well as its hyperparameters used in all tests, are provided in Appendix
G. We test three numerical examples as a demonstration. The first two examples possess
explicit formulas for the OT maps. In the third example, we compute the OT map from
standard Gaussian to mixed Gaussian distributions embedded in 10D and 50D spaces. In
the implementation, we set Ty(-), ¢, (-) as MLP with PReLU activation function

x, ifx>0
ar, otherwise,

PReLU(z) = {

where a € R is a learnable parameter. The Input Convex Neural Networks (ICNN) archi-
tecture (Amos et al., 2017) advocated in (Makkuva et al., 2020) will be considered in future
research.
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5.5.1 1D GAUSSIAN TO MIXED GAUSSIAN

We set pg = N(O, 1), p1 = ka:1 )‘k‘N(Nka]%) with A\p > 0, 221:1 A =1, up € R, g > 0.
The optimal transport map takes the explicit form,

m
_ A T — _ _
a) = Fy U (FE). Folo) =3 et (T2 p ) et 2y - 1),
P 2 vV 20y
In the example, we consider m = 2, A\; = %»Ml = —1,00 = 0.5; Ay = %,ug = 1,09 = 0.5.

We set Tp(-) and ¢, as

Ty = MLPPRQLU(L 90,1, 3), Py = MLPPReLU(L 90,1, 3).
We set the sample size N = 800, w =1, and 7, = 7, = 1.5 - 10~'. We perform the NPDG
algorithm for 6000 iterations. Figure 9a demonstrates the semi-log plots of the L?(pg) error
Ty — TillL2(p) Versus the computation time. We make comparisons among the NPDG

algorithms with different preconditioners ((31) and (35)), as well as the PD-Adam method.

5.5.2 5D GAUSSIAN TO GAUSSIAN

For g, 11 € R5 and positive-definite symmetric matrices o, X1 € R>*5, we set pg =
N(po, o), pr = N(u1,%1). One can verify that the OT map takes the affine form Ty (x) =

Ax + b with
A= vV 2071(\/ 2021\/ Eo)l/Q\/Zoil, b:,ul —A/Lo.

For simplicity, we set puo = p1 = 0 in the test example. The cases in which pg # 1
can be readily handled by the pre-translating technique introduced in (Kuang and Tabak,
2017), which reduces the problem to the case in which pg = p1. We define

- o 5/8 3/8
o = diag(1/4,1,1,1), %y = diag(1,1/4,1) & [ 3/8 5/8 ] ‘

Then the OT map is given by Ti(z) = /X5 ' S1, with

V2018 = diag(2,1/2,1) @ [ i’ﬁ ;?i ] .

We set Tp(-) and ¢, as

Ty = MLPPRQLU(5, 80, 5, 4), Yy = MLPpReLU(5, 80, 1, 4).
We set the sample size N = 2000, w =1, and 7, = 0.5 - 10*1,@ =0.95-10"'. We perform
the NPDG algorithm for 20000 iterations. Similar to the previous example, we present the

semi-log plots of L?(pg) error vs computation time in Figure (9b). The plots of the computed
transportation map Ty(-) together with 7, (-) are provided in Figure (9c) and (9d).
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log_10(L2 error) vs. computation time log_10(L2 error) vs. computation time

Primal-Dual using Adam = real OT map = real OT map
0.5 NPDG (M_d=M_p=Id)
—— NPDG (M_d=grad, M_p=Id) 2

pi-
05

P
-1.0] :

125 o
-150 _1s
-175 -2
-20f

g 50 100 150 200 250 300 G 250 500 750 1000 1250 1500 352 1 [ T 3 R Ry [ T 3
computation time (seconds) ‘computation time (seconds) x1 x4

(a) (b) () (d)
Figure 9: OT problem (1D, 5D): 9a: Semi-log plots of || Ty—Tx|12(,,) Vs computation time
(seconds) for the 1D problem discussed in Section 5.5.1; 9b: Semi-log plots of [|Tp —Tk||12( )
vs computation time (seconds) for the 5D problem discussed in Section 5.5.2; 9c: Plot of
the computed transport map Ty(-) (blue) with real OT map T4 (-) (red) on 1-2 plane; 9d:
Plot of the computed transport map (blue) with real OT map (red) on 4-5 plane.

0.00] Primal-Dual using Adam
| NPDG (M_d=M_p=Id)
~025 ‘ —— NPDG ((M_d=grad, M_p=Id))

log_10(L2 error)

5.5.3 HIGH DIMENSIONAL GAUSSIAN TO MIXED GAUSSIAN (10D, 50D)

We consider the mixed-Gaussian distribution Y-8 M (ug, 071) defined on R?, where

=10 R ﬁ Rsi E 0 : ith R =3 —i
pe=10,...,Rcos 47r ..., Rsin 47r ey wi =3, ak—25.

We assume that the two nonzero entries of puy are located in the ig and i1 entries. We denote
pa as equal mixed-Gaussian

8

1

pa =D NN (k07 0), M = 3
k=1

, 1<k <8
we denote pp as a non-equally distributed mixed-Gaussian distribution with

8 1 .
= kis even
=Y MN(ug,02I), Np=<7° T 1<k<8,
Db ;k (o d), Ak {210 L odd. <k<

Consider pg = N (0, I). We compute the optimal transport from pg to p,, as well as pg to
Pb, by solving the sup-inf problem (30) using the NPDG algorithm. In the implementation,
we always set

U@() = MLPpReLU(d, 120, d, 6), cpn(-) = MLPpReLU(d, 120, 1, 6)

We first test the algorithm by setting d = 10, and ip = 4,43 = 8. We choose (31) as
preconditioners for NPDG algorithm. we choose the sample size N = 2000, w = 1, and
7w = 0.5-1072,7, = 0.95 - 107%; we perform the NPDG algorithm for 15000 iterations. We
compute the optimal transport maps from pg to p, and pg to pp by applying the NPDG
algorithm and the PD-Adam method. We compare the computational results in Figure 10.
The pushforwarded distribution Tyspo of the proposed method outperforms PD-Adam in
terms of homogeneity and shape of the mixed Gaussians.

42



A NATURAL PRIMAL-DUAL GRADIENT METHOD FOR SOLVING PDESs

(a) NPDG (b) PD-Adam (¢) NPDG (d) PD-Adam

Figure 10: OT problem (10D): Plots of the pushforwarded density Tp3po by using Kernel
Density Estimation (KDE), together with the optimal transport map (red segments). Left
two figures: OT from pg to p,, 10a: Numerical result obtained by NPDG, 10b Numerical
result obtained by PD-Adam; Right two figures: OT from pg to pp, 10c: Numerical result
obtained by NPDG, 10d: Numerical result obtained by PD-Adam. All figures are plotted
on the 4 — 8 plane.

We further consider the OT problem with dimension d = 50 with ig = 10,43 = 20 in
which the NPDG algorithm performs more robustly and achieves more accurate solutions
compared to the PD-Adam algorithm. We set tolynrEs = 10~%. We choose the sample
size N = 2000, the extrapolation coefficient w = 5 and stepsizes 7, = 7, = 0.5 - 1072, We
perform the NPDG algorithm for 20000 iterations.

We first test the case of transporting pg to equally distributed mixed-Gaussian distri-
bution p,. We test the NPDG algorithm with various preconditioning (31), (35), as well
as the PD-Adam method. The results are presented in Figure 11. It is worth mentioning
that upon comparing the transport maps shown in Figure 11a and 11b, the more canonical
precondition (35) yields a solution with higher accuracy. We then test the case of trans-
porting pg to non-equal mixed-Gaussian distribution pp. The results are presented in Figure
12. Again, our NPDG algorithm with precondition (35) produces the transport map with
better quality. Further plots on the numerical solutions can be found in Appendix H. The
PD-Adam method does not behave as robustly as the NPDG algorithm in this 50D example.

6. Discussions

In this paper, we design a preconditioned adversarial training algorithm called Natural
Primal-Dual Hybrid Gradient (NPDG) for solving various PDEs. We incorporate the pre-
condition operators M,,, My in the precondition matrices M, (), Mq(n) for computing the
natural gradients. Alternative gradient descent and ascent algorithms, together with suit-
able extrapolation, are utilized to update the primal and dual neural network parameters.
Linear convergence guarantees are established for the time-continuous version of the NPDG
algorithm. In practice, we apply the MINRES iterative solver to handle natural gradi-
ents efficiently. The proposed algorithm outperforms classical machine learning—based ap-
proaches—including PINNs (Adam/LBFGS), the Deep Ritz method, and the Weak Adver-
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| ©

(a) NPDG with (31) (b) NPDG with (35) (c) PD-Adam (d) Heat graph of ¢, (-)
Figure 11: OT problem from pg to p, (50D): Plots of the pushforwarded density Tpspo
by using Kernel Density Estimation (KDE). 11a-11c: Numerical results produced by NPDG
method and PD-Adam method. 11d: heat graph of the Kantorovich dual function ¢, (-)
learned from NPDG algorithm with precondition (35). All figures are plotted on the 10 — 20
coordinate plane.

(a) NPDG with (31) (b) NPDG with (35) (c) PD-Adam (d) Heat graph of ¢, (-)

Figure 12: OT problem from py to p, (50D): Plots of the pushforwarded density Tpspo
by using Kernel Density Estimation (KDE). 12a-12¢: Numerical results produced by NPDG
method and PD-Adam method. 12d: heat graph of the Kantorovich dual function ¢, (-)
learned from NPDG algorithm with precondition (35). All figures are plotted on the 10 — 20
coordinate plane.

sarial Network / Primal-Dual Adam algorithm—in terms of convergence speed, robustness,
and accuracy across various classes of PDEs, particularly in high-dimensional settings.

Based on the numerical experiments, several critical questions about the proposed algo-
rithm have arisen. The first concerns the convergence analysis of the time-discrete NPDG al-
gorithm—mnamely, what are the optimal step sizes 7, 7,, 77 Is it possible to adopt adaptive
step sizes? Another crucial aspect that warrants more investigation is reducing the compu-
tational burden and improving the accuracy of the method by adopting refined strategies for
evaluating natural gradients, such as Kronecker-factored Approximate Curvature (KFAC)
(Martens and Grosse, 2015; George et al., 2018; Dangel et al., 2024) and randomized Nys-
trom methods (Martinsson and Tropp, 2020; Bioli et al., 2025).

A primary motivation for developing the preconditioned primal-dual algorithm stems
from the weak formulation obtained via integration by parts. However, this approach re-
lies critically on the assumption that the dominant elliptic operator in the equation is of
divergence form. Extensions to more general linear PDEs—such as elliptic equations in non-
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divergence form, as noted in Remark 1, are not addressed in the present work and constitute
an important direction for future research.

Beyond time-dependent reaction—diffusion equations, extending the NPDG method to
equation systems involving first-order convection terms, which commonly arise in the mod-
eling of complex fluids, remains a challenging and largely unexplored direction. Other im-
portant time-dependent physical equations that are worthy of further investigation include
Navier—Stokes equations and Maxwell’s equations.

Although the NPDG algorithm has demonstrated satisfactory performance on several
classes of nonlinear PDEs, rigorous theoretical guarantees, particularly concerning the con-
vergence of the method, remain open problems and will be pursued in the future work.

In addition to the task of handling various types of PDEs, the proposed research also
paves the way for the future application of natural gradient algorithms in adversarial training
of neural networks, including Generative Adversarial Networks (GANs) (Goodfellow et al.,
2020; Arjovsky et al., 2017) and large-scale optimal transport problems (Fan et al., 2023;
Korotin et al., 2022).
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Appendix A. Multiple Layer Perceptron (MLP)

In this research, we denote a Multiple Layer Perceptron (MLP) with activation function f,
input dimension d;,, hidden dimension dj,, output dimension d,;, and number of layers n;
as MLP ¢ (din, dp, dout,1). Such MLP takes the form

MLPf<dz'na dh7doutanl)(x) = hnl o---ohgo hl(m)v
where each hy(+) is defined as

f(WliL' + bl) here W7 € Rdthi”, b € R if k=1
hi(z) = f(Wygx + b)) here Wy, € Rdthh, b € R& if 2 <k < ng—1
W,z 4 by, here W, € Rout xdn_ by, € Réout  if | =m;

The parameters of the MLP are (W, by, ..., Wi, b1). The number of the parameters equals
dowt(dp, + 1) + (ng — 2) - dp(dp, + 1) + dp(dir, + 1). The activation function f of the MLP is
usually chosen as a nonlinear function such as ReLU(-), tanh(-), etc’.

Appendix B. Proof of the consistency Theorem 2

Proof Without loss of generality, we always assume A = 1 for brevity in this proof. We
first show

sup  &(U, p, ) = 0. (56)
(pEKtESt ,¢€K§f§t

Notice that for arbitrary v € H, we pick ¢ = 0, 1) = 0. Then we obtain & (u,0,0) = 0. This
yields that sup & (u, , 1) > 0. For brevity, we omit the name of functional spaces for ¢, ),

o
and u in this proof. This leads to

inf sup &(u,p, ) > 0. (57)
Yo

On the other hand, since u, is the solution to (10), we have

1%
E(us, 0, ¥) = (Lus — f,0)12(0) + (Bus — 9, V) 12(90) — §(HMd<PHQL2(Q;Rr) + 19 [172(90))

(HMdQO”%Q(Q;]RT) + HwH%Q(BQ))’

v
2
with the supremum value

sup & (ux, p, 1) = 0.
R

Combining this with (57), we obtain

inf sup &(u,p,) =0.
Yoy

Since (u, @, 12) is the solution to the inf-sup problem (15), we obtain (56).

7. ReLU(z) = max{z, 0}, tanh(z) = S—=¢—

el4e—T "
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Notice that equation (56) further yields
o v
(LMp(U = us), Map) 12 (rr) — §||Md90||%2(Q;R"")
N v
+(B(U — us), V) r2(00) — §||1l}||%2(am <0

for arbitrary ¢ € K™, ¢ € K5, By setting ¢» = 0 and then ¢ = 0 in the above inequality,
we obtain

(LM (i = ), Magh 120y — 31 Maplfeqpn <0, Vo € K (58)
and
(B(@ =), ¥ 1200 — IV lFz00) SO, ¥ € KA.
We first prove that (58) leads to
(LMp(T@ — us), Map) 2i0mr) =0, V¥ ¢ € K, (59)
Let us suppose (59) does not hold, then, there exists ¢ € K such that
(EMy(E — ), Mad) r2(0mr) = @ 7 0.

This also yields Myp # 0, otherwise, (/j./\/(p(u — Ux), Ma®) 2(orry = 0 leads to contradic-
tion.
Now, substituting ¢ = s@ in (58) leads to

~ v v -
(LM (T — us), Ma) 12(rr) — §|\Md<ﬂ||%2(g;w) =as — §||Md80||%2(Q;RT) 5%,
Since Mgy # 0, we have | Mgp|r2qrr) > 0. By setting s = W, the above
L= (R

inner product equals

042

2VHMdSZH%2(Q;Rr)
This is in contradiction to (58). We thus prove (59).
Using the similar argument, we prove

(B(@ — us), ) r200) = 0, Vo € K55

Now (59) further leads to (M%LM,, (1 — u.), @) r2(qrr) = 0, for arbitrary ¢ € K***. That
is,

> 0.

(LT = us), @) r2i) =0, Vo e K
Since K'** is dense in L?(£2), this further leads to [|£(d — u.)| 12(0) = 0.

Recall that Lu, = f € K C L?(Q), we thus have ||£7 — fllz2@) = 0. We deduce that
Lu = f, a.e. on §. Similarly, we also prove that Bu = g, a.e. on 9. |

Example 3 Consider the Poisson equation —Au = f, ulgg = g, or the linear elliptic
equation —Au + u = f, wulpa = g, as mentioned in Example 1 or 2, we set the test
functional spaces Kt = H}(Q) and K&t = L?(0). Since HY(Y) is dense in L*(9),
Theorem 2 justifies the consistency between the solution to the inf-sup scheme (15) and the
solutions to the equations.
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Appendix C. Supplementary proofs and discussions regarding Section 3

In this section, we present the proof to Lemma 6, Theorem 7 and provide further discussions
regarding the theoretical work. We first prove Lemma 6.

C.1 Proof of Lemma 6

Proof We first prove that Vo F(6) € Ran(M(6)). We can first calculate

VoF(6) = <D F (ug), ‘3;;">

By decomposing D,.% (ug) as
D7 (ug) = gy, [DuF (ug)] + Haué [DyF (ug)].

The first term can be written as the linear combination of { a6 Hiets -6 oy, [F (ug)] = 86“99 u

for certain u € R™. The inner product between 1P [Duﬁ (ug)] and ‘9“9 equals 0. As a
result, we have

Oug Oug >

VoF(0) = <ae vy

_ = M(0)u € Ran(M(6)).

On the other hand, we write

1) = | Du (ug) = 5 cH = CTM(0)¢ — 2C TV F(6) + Const.

Recall that M () is a Gram matrix, it is positive semi-definite, thus f(() is a convex function.
Thus, v is a minimum of f(¢) iff Vf({) = 0, which is equivalent to M (8)v = Vo F(0).

To show the orthogonality, consider arbitrary w € R™, for any s € R, f(v+sw) > f(v).
This yields

d Oug Oug
0 dsf(v—i-sw)s:0 < wT (ug) 50V ag W)y forany we
This verifies the fact that Dy,.% (ug)— 889 v is orthogonal to the subspace span{ S0 880%}
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C.2 Proof of Theorem 7
Proof We first recall the functional & : H x K x K%' — R defined in (14),

éa(u7 Soﬂb) :<‘Cu - f7 @>L2(Q) + A<B'LL - 97¢>L2(8Q)
174
- 5(”Md90H%2(Q;]RT) + 19 1172(o0))
=<Md£Mp<u—u*>,so>L2(m + A(Blu—w).v)

(IMaplZ2mry + AMlZ2(00))
+ (VAB(u = u.), VG )

(”Md<PHL2 Q,R™) + A1 09)

—<(’3 o) (Rt ) (V0 )51 ()

VABu—u) )\ VX ) /2 2 VY
We now substitute u, ¢, 1 with parametrized functions ug, ¢y, ¢, with 6 € ©9 C R 5 €
0, C R™, £ € O C R™. Recall that we define as E(G;n,ﬁ) = &(up; pn, ). In our
discussion, we assume that M,,(ug — u.), B(ug Us), Mgy and ¢ are differentiable w.r.t.
parameters 6,7, &; and %(M (ug — u*)) € H, Yoo (Mapy) € Kt“t and ag(fwg) e K5t for
arbitrary 6 € ©9,n € ©,,& € O¢.

Now recall the preconditioning matrices introduced in (21), (25) and (24), they can be
formulated as:

0 My (ug — uy) 0 M (up — uy)
(Mp(0))i; = <(9791 < \f)\%(uge — uy) > ’ 879] ( ﬁ%(uee — Uy) > >]L2
(Ma(n))ij <8?h(Md<pn), ;)W(Md%)>
(5 (V30 5 M ve))

To alleviate our notation, we denote Md,bdd(n, €) = Ma(n) & Mpgq(§). We further denote

M (u9 ) T 2 Md(pn rtest test 2
C C .
Uy (fB(ug—u*) el xKyp CL2, &, e ) EE XK L

By slightly abusing the notation, we denote &:L2xL2 5 Ras

L2(99)

l\'J\t

:<£Mp(u — Uy ), ./\/ldgo>

L2(QR7) L2(0Q)

N\t

L2(QR7)

(Mpqa(€))iz

~ v
&(Up, ®,¢) = <(£ & 1d) Uy, q)n,£>]L2 = 1 ®nelliz,

which is equal to the previous functional & (uQ, Oy Ye).
Notice that (37) is denoted as ®,, ¢, + v®,, ¢, by using our new notation, the NPDG
flow (36) can be formulated as

(0 &) T =Mapaa(m, &)1V, 66 (Ug,, @y )

. T . (60)
et = - Mp(et) VQ@[{)(UOM @m,& + P)/q)m,ﬁt)‘
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Now suppose (0, m¢, &) solves (60); we compute

. 0P
By, ¢ = 5 Mapaa(ni &) Ve 6 (Us,, By e,)- (61)
9(n, )
By treating X = L? and .#(:) as &(Uy, ) in Lemma 6, the right-hand side of (61) is nothing
but the orthogonal projection of Dg& (Uy,, ®,, ¢,) = (LB 1d)Up, — v P, ¢, onto the tangent
space Oy ¢®,, ¢, that is,

0P
ngMd,bdd(nta &)Tvn{@ﬁ(Uem P c) =, c®,, ¢, (D& (Up,, ,.60)]
:H8n7§<1>77t7§t [(Z@ Id)Uet - V@nhgt]'
Similarly
. 00Uy i
Up, = — 00 : Mp(et)Tvﬁg(UQt’ Py, e, + 7<I)77t,§z)' (62)

By denoting L* as the adjoint operator® of Z, we have

~ 1% ~ 1%
£(U,@) = ((Lolu,@)  —Z|@|Z = (U. (L el)e) - )@

Then, the right-hand side of (62) equals

_Hanat [DUg(U@H <I)77t,§t + fyq.:)??t,ﬁt)] = _H89U9t [(‘C* & Id)(q)ﬁt,ﬁt + ry{)??t,ﬁt)}v

Thus the corresponding dynamic of (60) in the functional space can be formulated as

P = Han,g‘1>m,gt (Lo Id)U9t - Véntvfi:l’
Uy, = _H(%Ug[(ﬁ* D Id)(‘i)nt,fz + 'Yq)mét)]-

We now consider the Lyapunov functional
1
(U, ®) =5 (IMp(u — w)l|Z2 oy + M Bu = w)|[L290) + [MaelL2@zr) + M1 12(00))
1 1
=301 + 5 1@ (63)

We shall study the decay of this Lyapunov functional along {(Uy,, ®,, ¢,)}. We calculate

d . .
%I(Ueﬁ ) = <U6t’ U9t>L2 + <@77t7§t7 @nt7§t>L2

= <U9t7 —Hagugt [(E* ® Id)((bm,ét + Fy(i)nt,it)]>
(1)
+ <¢)nt7ft7 Han,gq%;t,gt [(£ S Id)UGt - V@nt7ft]>L2

n'g

(2)

]LQ

8. In the sense that

w> , Vouel, weK'.
L2(Q;R™)
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We further compute (1) as:

W) = = (Un, Tlow, [(£* ©1d)(®y,.e, + 1Mo, o, [(£ @ 1)U, — vy, ])])

= <H8U9 (U], (£ @1d)(®,,¢ + (L ®1d)Up, — ’Y’/‘I’m,&)>L2
+ (Tou,, [Us), AL @1d)ps (L@T)Us, —vy.c))

Nt L2

= (U, (£ @1d)(1 =)@y +7(L @Id)Ue»}U

~ (65)
+ (Mou U], (£ @1)((1 = 1)®yq + 1L T)US))
(1)
7<(Z & 1) Uoy,, [Ug), oy [(£&1d)Ug, - ,m]>
(R2)

For the second equality, we use the fact that the orthogonal projection Hau,, is self-adjoint
on L2,
Furthermore, the term (2) equals

(2) = <(I)77t,§u (Z@ 1d)Uy, — V@nt,§t>L2 + <(I)7It,§t’ gL [(Z@ 1d)Uy, — V(I)nt7§t]>

nt:E¢ L2
— (@ (LU — 1@y )  + (gt [ @yl (£OT)Uy, — vy, ¢, )
L U3 L2

(B) (R3)
(66)

Then one can calculate

(4) + (B)
~(Uo,, (£ @ 10)(1 = 1)@y, + V(LS 1)UG)))  +( By (£ 1)U, — vy, )

= (Vs (£ @ 1)(£ 1)Uy, ), +70( By (LT, ), = 1{ By By, ), (67)
Recall the assumption (38), we have:

I(£ @ 1)U = [|£uF20mr) + w7200
< Lilulle @) + lwlZ2o0)
< (LEv 1) - (lullfzomrn + lwll7z@0) = (L1 V1) - [U|Z..

That is, ||[(£&1d)U] 2 < (L1V1)-||U||p2. Similarly, we have ||(£&1d)U||p2 > (LoAL)|[U|J2.
We can verify that (67) yields

(A) + (B) < =v(Lo A1?[[Ug,|[F2 + (L1 V 1)@y, ¢, lln2 - [|Ug, [IL2 — ]| @y, eI (68)
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Moreover, by Cauchy-Schwarz inequality, we estimate the remainder terms (R1), (R2), (R3)
as

(R1) < HHaU;t [Ue, ][l - (L1 V1)1 — ’Y’/\Hq’m,&ﬂm +y(L1V 1)2”U9t”L2)

< af|Ug,[liz - (L1 V DL = [ @, Iz + (L1 V 1)%][Ug,||r2)
= (L V1) [L =] |[Ugll - @y, e Iz + 0y (L1 V1) [|[Ug, |-

(R2) < 7 (L1V 1)[Mouy, [UeJlliz - [Mpe [(E@ 1d)Up, — v®y, ][>
<7 (L1V 1) - [Us ez - (g [(ﬁ @ 1d)Ug,][> + Vs, ¢, [®n e ]llL2)
<y (L V1) - [Ug |z - (Bill(£ @ 1d)Ug, |12 + s @ g, lli2)
<y (L1V 1) Bul|Ug,|E2 + v - (L1 V1) - B2 [Up Iz - @, e, lli2-

(R3) < Mpgs [ @yl (£ 10U, — vy, 12

< Ba - [[@n g llez - (Lo V DU, [z + v[[®n, &, [|L2)
= B2 (L1 V1) [Up, Iz 1@y, g lliz + B2 v @y, .17

Here, we denote

HHaUg [Uet] HL2

o = max - ) 69)

teo,1]  [[Ug,[|L2 (
Mg [(£&1d)Up,]| L2

f1 = max — ; (70)
t€[0,T] (£ @ 1d)Up, ||

5 HHE)‘P#t ” [‘I)nt,ft]H]LQ (71)

9 = max ’ :

t€(0,T) [EOWAE

It is not hard to tell that 0 < a, 81, B2 < 1.
Now, recall (64) and (67), together with the estimates on the remainder terms (R1), (R2), (R3)
we obtain
d
T U0, ) <=7+ (Lo AL = (L V1) (e + B1)) - [|UnIE

+ (Lo VD) - (L By + B+ all = qv]) - [| @y, ¢ Iz - [ U, 12
—v- (1= B2) - [y eI

r Fey/2 U
_[||U9t||L27H(§nt7€t||L2] uu (I>U/ :||: || 9t||L2 :|

Fsu/2 Tas [ A
T

Here we denote

PUU:’y'((LQ/\l)Q—(Ll\/l)2(Oé+,81)), I'sa :V(l—ﬁg),
sy = —(Ll V 1) . ((1 + 51)"}/1/ + 52 + Oé’l — ")/I/|).
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Since we assumed that ?12 > a + (1, this yields I'yy > 0; and B2 < 1 yields I'ggp > O;
moreover, (40) is equivalent to det(I') = M'yul'es — 11%y > 0. In conclusion, these lead to
the fact that I is positive definite. Further, we denote the smaller eigenvalue of I' as

1
r = 5 (FUU —+ Fq>q> — \/(FUU — F¢q>>2 =+ F?I'U) . (72)
Thus, r > 0, and we obtain
d

%I(Ueﬁ @ntufi) < -r 'I(UGH (I)T]tyﬁt)v te [OvT]'

Applying the Gronwall’s inequality yields
I(Uaﬁ (I)nt,ﬁt) < exp(—rt) 'I(UH()’ (I)n(),ﬁo)?
for t € [0,T]. Recall definition (63), we have proven the theorem
[ My (tt, — ) gy + Bt — ) B oy < 2exp(—rt) - T(Ugy, @), 0 <t <T.
|

C.3 Some definitions related to the fractional Sobolev space

We give a brief definition of the fractional Sobolev space H'/2(9Q) and state a useful result
to be used in the next section characterizing its norm.

Definition 15 (H'/?(9Q) space) For open bounded domain Q C R with Lipschitz bound-
ary 0N), we define

H'Y2(09) = {u € LX09) : |[ulljp/2go0) < oo} ,

where we define the fractional Sobolev norm (also known as the Sobolev-Slobodeckii norm
using general LP norm, see (Gagliardo, 1957) and the references therein for more details)

||U||§{1/2(3Q) = HUH%%aQ) + ’u|§{1/2(ag)a (73)

2
ul? ::/ / [u(@) = w4 4
R A A

One can then define the bounded, surjective trace operator B : H'(Q) — HY2(0Q) by
extending it from the smooth function space (McLean, 2000; Evans, 2022). We have the
following theorem:

with seminorm

Theorem 16 The H'/2(9Q) norm is equivalent to the following norm ||-||x up to a constant:

gl = _nf i), for any g € B(H'(Q)) = H'*(09). (74)

That is, there exist constants Cq > cq > 0 only depending on ) s.t. for any g € H1/2(8Q),

Callglls = 19l m172(00) = callglls-

We refer the readers to Theorem 1.I in (Gagliardo, 1957) as a proof. More comprehensive
discussions regarding this result can be found in (McLean, 2000; Pechstein, 2013).
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C.4 Proof of Theorem 8.

As we focus on the Dirichlet boundary problem, we always treat B as the trace operator
throughout this section. Before working on this proof, we slightly modify the definitions of
several notations that are used in the previous proof of Theorem 7 for the current result. In
this case, we have H = H2(Q),H = HY(Q;R?), K = H(Q;R%),K = L2(Q), Kyq = X and
Ktest = L2(Q; RY), Ktest = HE(Q), Kiest = X. The operators M, E, My are defined as

M, H = Hu— /AN Vu(-), L=Id:H—-K, Mqg:K" =K o JA)Ve().

In this proof, we define L2 := L?(; R%) x X. We keep the notations of Uy, P, ¢ as

[ Mp(up — ) 9 [ Mayp 2
Ug_(ﬁ%mu*))d” q”?v“(ﬁwZ)eL’

and define the preconditioning matrices

10Uy 0Ug o OMapy OMap
(Mp(0))ij = <8701, 60j>]L2’ (Ma(n))is _< on; g on; n>L2(Q;Rd)’
(VA (VA
(Mpaa(€))ij = < (\g;f}g)7 (\g;/}é)%

Again, we assume the differentiability of Uy, ®, ¢ w.r.t. parameters 6,7,&; and %(Mp(ue -
Uy)) € H, (%(/\/ldgon) € K'est and (%(\F)\zﬁg) € Kist for arbitrary 6,7, and &.

Recall that Ilsy, : L2 — LL? denotes the orthogonal projection onto span{dy, Ug} w.r.t.
the L2 inner product, while similarly, pe, , = HQ% @ py ¢ with Ha%, oy c denote the
orthogonal projections onto de, = span{dy,, Mapy} and span{dg e} w.r.t. L*(Q;R?) and
X inner products, respectively.

Before we present the proof, we need the following two lemmas.

Lemma 17 For a given w € H?*(Q), the following variational problem admits a unique
minimizer p € H}(Q),
. 2
- . 75
e o — wlii(,a (75)
Denote T : HX(Q) — HY(Q),w — §, then T is a linear operator. Furthermore, \/A(-)(Vp—
Vw) is orthogonal to all \/A(-)V¢ with ¢ € HY(Q) w.r.t. L2(;R?) inner product.

Proof The existence and uniqueness of the minimizer of (75) is a standard result in calculus
of variations. Readers are referred to (Evans, 2022) (c.f. Theorem 2 and Theorem 3 in Chap.
8) for a proof. It can be verified that Tw = ¢ is the weak solution to the Euler-Lagrange
equation, which is a linear elliptic equation:

-V - (A(x)Ve(x)) = =V - (A(x)Vw(z)), on Q, ¢ =0 on 9. (76)
This yields that [, V(@(z) — w(z)) " A(z)V¢(z)dz = 0 for arbitrary ¢ € H}(Q). This

verifies the orthogonality assertion of the Lemma. Conversely, any weak solution ¢ of (76)
is a minimizer of (75). See Section 8.2.3 of (Evans, 2022) for a detailed discussion. The
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equivalence between the minimizer of the variational problem and the solution to Euler-
Lagrange equation verifies the linearity of 7.
|

Lemma 18 For arbitrary w € H*(Q), denote $ = Tw = argmin |w — @l (0,4), we have
PEH ()
the inequality

[w = Bl 0,4) < VA|IBw]l.
Proof Let us first consider the variational problem

: 2
. 77
P 16+ wllF(q) (77)

By using the similar arguments for proving Lemma 17, one can show that there exists unique
¢« € H(Q) that minimizes (77).

On the other hand, it is straightforward to verify the equivalence between (77) and (74).
Therefore, the optimal value for (77) yields ||« + w|| g1 (q) = [[Bw|l.

Furthermore, we have

~12 . 2 2
w =l = min 1w =¢li@a < 0+ lm @)
0

and
| + ¢slr, 0,4) = /Q V(w+ )T A@@)V(w + ¢ )dz < Alfw + ¢ ) = AllBuwll7.
Combining the two inequalities proves the assertion.
We are now ready to prove the result:

Proof Recall that {(6¢,7:, &) }+>0 denotes the solution to the NPDG flow associated with
the functional &x(ug, ¢y, Y¢) defined in (44). We again consider the Lyapunov functional

I2L2)7

1
Z(Us, @) = 5(IUalfEs + [y

defined in (63). Using almost the identical derivation demonstrated in the proof of Theorem
7, we obtain the time derivative of Z(Uy, ®,¢) as

L 1 (Up, ) =(1) + (2)

dt (78)
=[(A) + (R1) + (R2)] + [(B) + (R3)],

where the terms (1) and (2) take the same forms as in (64). They are further decomposed
as (A)+(R1)+(R2) as in (65) and (B)+(R3) as in (66) respectively.
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We first estimate the remainder terms (R1) and (R2) in (65). Instead of introducing the
relative errors «, 81, B2, we keep the approximation errors in the present estimation. For
(R1), we have

(R1) <[Hauy [UeJllLz - 1 ®y.g +1Mlow,, ¢, [Uo, — vy, ¢ ll2
<err(Uy,|0Uy,) - (1 +w)[|®y, & [lL2 + V([ Ug, ||L2) (79)
<2 ((1—|-7y) \/7) 'err(U9t‘aU9t) : I(Ueﬁcbﬁmét)'

The first inequality is due to the Cauchy-Schwarz inequality and L£=1d Here, we denote
the approximation error err(Uy | 9Uy) := HHaUé [Ug]||1.2, which can be formulated as’

err(Up | 9Up)* = Jnin, /Q IV (Bpug (), ¢) =V (up — wa) %y d + N[ (Bpug, ¢) — (ug — w) 1%

(80)

where we denote (Jgug(x),C) = Y1 CuOp,ug(x) € dUy,. For the term (R2) in (65), we

have
(£2) = - (Mou,, [Us]: Upgr  [Us, —v®y g ])r2
=7 {Mouy, [Ue), Upgr  [Us iz — v - (Mo, Ul Hogr [ ®neliz  (81)
<7 Usllez - Mggs  [Uelliz +v - [1Us Iz - o, ¢, [P gl

To estimate ||I,qL . [Ug,]|l2 in the first term above, we have
M-St

Mo [Ualite = Moy My (us, = wolllZ2 iz + Moy [ — wallx-

The estimation of HH&P#t My (ug, — uy)] H%Q(Q;Rd
approximation of using elements in H& (2) to approximate the vector in H*(§2), thus yielding
non-negligible discrepancy. To deal with this term, we can decompose

Mp(ug, — us) = VAV (ug = us) = VAC)(V(ug — ue) = VO) + VA()VE()

Here we denote @ = T (ug — u.) € H} (), with the operator T : H1(2) — HZ(Q) defined in
Lemma 17.
Then we have

Mot [Mp(ug, — )] =Tagr [V AC)(V(up — we) = V)] + Tyt [V A()VE]
=VA()(V(ug — us) = VP) + Ha% [VA()Ve]. (82)

) requires more effort as it accounts for the

The second equality is due to Lemma 17, which asserts that \/A(-)(V(ug — us) — V) is
orthogonal to each 0, Mppy, € dp,, for k=1,...,m,.

9. For matrix A € R™?, we denote the vector norm ||x|% := x ' Ax for x € R%.
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Furthermore, we have

Mo [VAC)VE] =(1d — Ty, ) [V/A() V]
=V A()VE — oy, [VA()VE] € {VA()Ve|o € Hy ()}

Thus, the two vectors in (82) are orthogonal to each other in L?(€; R%) thanks to Lemma
17. We can then compute

1Mo My (s, — w2 ey = (g, — 1) = B2y + Mo [VAOVE 22z

Here we denote the seminorm |-[f1(q 4 as defined in (45). Lemma 18 leads to the estimation

. - a
|(ug, — us) — @l 1(0,4) < VA||Blug, — il < EH% = U /250

The second inequality is due to Theorem 16.
On the other hand, we denote

err(ug, |0y, ) := [Hogr [V AC)VEl |l 12(ra) = B Hlf |(Onen, €) — PlE1(0,4) (83)

with (9y0n (), () = S, (kO on() € O, And analogously,

err(Bug,| 0%, ) := gy, [uo, — usllx = Jnf, 1{0ee,, C) = (up, — us)llxe,  (84)

with (Db (x),¢) = 3105 Cule, Ve () € Oty .

As a result, we can bound ||II;g . [Ug,J|I3, as
N8t

Vi’
Mg [Us]liEe < (m lu, — w1200y + err(ue,| 0y, )* + Xerr(Bug,| e, )*.
We define
ere(py,| Opy,) = min [{Onni C) = nel (.0 (85)
err (e, | 0, ) = Cgﬁgg 1{0ve, ) — e, Il x- (86)

Then, |[ow,, , [Py, & ]lIf2 = err(p,,[0p,,) + Xerr(h | 1, ).
As a result, the remainder term (R2) in (81) can be bounded by

va\’
(R2) < \/57(1 + v)||Ug, |12 - ( (CQ |ug, — u*||§]1/2(69) + err(uet\a‘Pm)Q

1
2

+ Aerr(Bug,| 81#&)2 + err(gom\ 8<pm)2 + )\err(v,bgt] 81/)&)2) .
(87)
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The remainder term (R3) in (66) can be bounded using
(R3) <|Hoe,, . [®n &lllLz - [[Uo, — vy, ¢, lI12
<(err(py ] Opy ) + Nerr(abg | 0% ))E - ([Ug s + vii®pcllis)  (s8)
V(err(‘PnJ 0p,,)% + Nerr(g | 0, ))7 - \/T(Up,, @y, c,).

We have now established estimations for the remainder terms (R1), (R2), (R3) in (78).
The term (A)+(B) can be estimated using the same technique presented in (68). However,
before estimating (A)+(B), recall that (A) = —7|| Uy, |2, — (1 — y)(Ug,, @y, ¢, )12, We shall
separate (A) as

1v
<

g g
(A) = =5 Us,lIE2 = (1 = 7)(Up,, By )12 =5 [Us, 12,

[\

(A7)

where the —7||Up,[|?, term will be used to offset the boundary term [jug, — Ul 172 (o)
arising in the estimation (87) of (R2).
Recall that £ = Id, hence L1 = Ly = 1, we have
v

5 _l -5 U6 2
)+ B) = [Value el | 53 2 || B | < unl + 12a022)
2 v H nt,é}H]LZ

=—2r- I(Ugt, q)m’&).
(89)

Here we denote the larger eigenvalue of the above 2 x 2 matrix as —r with

r:'7+421/_\/<7+421/>2_ (72’/_ (72)2)‘

v (w)? B
One can verify that » > 0 as long as yv < 2. Furthermore, r > ; e = % . w’gizzﬂ

Finally, we combine our estimations (89), (79), (81), and (88) together to obtain

ST =((A) + (B)] = 2[Us, B2 + (R1) + (R2) + (RY)

g
<207, - 21U, |2,

+2 (L +9v) V7) -err(Ug,|0Uy,) - VI,
N
+V29(1 4 1)U, Iz - ( <CQ [0, =l 200 + erx(un,| ey, )?
(90)

[NIE

+ Xerr(Bug, | 0tpe, 2 + exr(p,,| 0p,,)? + Aerr(vhg | Oape, )?)

2 err(p,, | 0, + Nerr(hg, | e, )2)E - VT

< -—2r 'It +Err(0t777t7€t77a v, )‘) ’ \/Z

v VA
- §||U9tHi2 +V2y(1 + v)||[Ug, |12 - EHU& — Ul 172 (902)
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where we denote Z; = Z(Uy,, ®,, ¢,) for brevity. For the second inequality, we use the fact

that ||Ug, |12 < vZy, and (a2+b2)% < |a|+b| for any a,b € R. The quantity Err(0y, n, &, \)
collects all the approximation errors

El"r(etﬂ?ta&a% v, )‘) = 2((1 + 7”) \4 f)/) : err(Uet ’8U9t)

+V27(1 +v) (err(ugt ]890,”)2 + Xerr(Bug, \81#&)2

3 91
+ err(cpm \Ocpm)Q + /\err(w& ]81#&)2) (91)

1
2

1V
v (err(cpm |8cpm)2 + )\err(djét |61,b&)2> .

_l’_

Recall that err(Uy, | 0Uy,), err(uy, | 6cpm),err(ugt ] 81/)&),err(cpm\ Ggont),err(t/)gt ] 81/)&) are
defined in (80), (83), (84), (85), (86) respectively. In the following discussion, we denote
Err(9t7 Mt gta Y Vs )‘) as Err(eta s ‘ft) for Slmph(ﬂt},

The last terms in (90) yield

v VA
- §HU9tH]%2 +V27(1+)|[Ug, |12 - EHU(% — sl g1/2 (50
V11 Us, |lv2 VA
= - WO (s — 23001+ )2 o, = o (©2)

Y| Ug, || 1.2 VA

< W0l (ﬁnuet — el = 2V 1+ ) 2 g, - u*HHl/z(am) -

Now recall that the boundary norm || - || ¥ satisfies that for arbitrary w € H'(Q),
[Bwllx = Cx[|Bwll 17250,

together with fact that

Cyx - co
we know the quantity (92) < 0.
In conclusion, (90) yields

dZ,
=t < =2r - Iy + Err (0, me, &) - \/ft,

dt
which further leads to %(62”@) < et Err(0y, mi, &) - VI
Now, denoting J; = e?"'Z; yields

a7,

o < e Err(y,m, &) - VT

As long as J; > 0, we have
rt

d e
T T < 7Err(9t,m,§t)-
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Integration on the interval [0, ¢] yields

t 1 2
I < (e_” Io+/ 26_T(t_T)EIT(9.,-,’I’]T,f.,-)dT) )
0

This proves the result.

C.5 Proof of Corollary 9

Proof Notice that ug is the linear combination of basis functions {uy};%;, we have

A€, > inf /|]ZCkVuk—Vu*||A da:+)\HZCkBuk—g||X

R Jo o k=1
me
Icéﬁfne /Q | ZCkVuk — V(up — w5y d + A Y GeBux — (Bug — 9)|%
k=1 k=1

80
(:)err(Ugtl Uy, )>.
This is

err(Uy,|0Uy,) < \/ A&,

Recall the approximation error err(ug,|de,,) defined in (83). Notice that & = T (uy, —

as T is linear, this yields @ = >~} 05T ur, — Tus. We thus have

err(uet| 8(Pm)2 = ce l]ﬁfnv |<a77Q07]t7 C> - @’%{1(9,14)

= elr%fnn/ ||ZCkV90k (ZQkVT ug)(x) — VT(“*)(@) H?ﬁl(az)dx

k=1

Now, as we have assumed that span{7u;} C span{¢y}, we obtain

Mn
Z8V<p > inf /Q H ZCkVSOk(l') - VT(U*)(QS‘)HIQ“J:)d-f = el"l“(UQt|6QOm)2,
k=1

¢erR™n
err(ug,| Oy, ) < /A&y,

Moreover, as span{Buy} C span{yy}, we have

err(ug,| Ote,) = \/Ey.-
Furthermore, as ¢y € span{py}, ¢ € span{t;}, we obtain

err((Pnt’ 8(p77t) = O? err(qut‘ 8¢§t> = O

Plugging these estimations into (46) of Theorem 8 yields the result.

which leads to
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C.6 Comparison with previous works

The Lyapunov-based proof framework for the NPDG flow developed in this work is inspired
by earlier studies in (Liu et al., 2023b), (Liu et al., 2025). Nevertheless, we shall clarify that
there are several fundamental differences that distinguish the present theoretical analysis
from these previous works.

First, the methods in (Liu et al., 2023b, 2025) are formulated within a finite-difference
setting, where the primal and dual variables v and ¢ are approximated by their values
on discrete grid points. In contrast, our approach employs intact parametrized functions
as computational models. This leads to substantially different convergence analyses: the
former relies primarily on spectral estimations of the preconditioned matrices arising from
spatial discretization, whereas the latter exploits the projection properties between primal
and test functional spaces induced by natural gradient structures.

Moreover, in (Liu et al., 2023b, 2025), the discretized differential operator is incorpo-
rated into the preconditioner without splitting, namely, £ = M3LM,, with My = 1d, L =
Id, M, = L, and the dual variable is allowed to vary freely without boundary constraints.
By contrast, our framework accommodates general operator-splitting strategies based on
integration by parts. This naturally enforces the choice of the test space K = Hg (), lead-
ing to a more canonical formulation but also necessitating a more delicate treatment of
boundary error term and a more refined convergence analysis as demonstrated in Theorem
8.

Appendix D. Basic settings for the methods tested in Section 5

We provide the loss function, as well as the hyperparameters of the three methods PINN,
Deep Ritz, and WAN tested in experiments in the following Table 2. In the following Table
3, we summarize the real solutions and their norms for equation (50), (51) and (53) tested
in our experiments.

Appendix E. Comparison among different methods

In the following Table 4, we test four different methods with various step sizes on different
equations. The step sizes used for each method are summarized below.

e NPDG (74, 7, 7y): A.(1.5-1071,1.5-1071,1.5-1071), B.(107%,107%,1071), C.(0.5 -
1071,0.95-1071,0.95-1071), D.(0.5-1071,0.5-1071,0.5 - 1071);
We fix tolyiNRES = 1073 for d = 5,10, 20, and tolyiNRES = 10~% for d = 50.

e PINN(Adam) (I7): A.(0.5-1072) B.(1073) C.(0.5-1073) D.(107%) E.(0.5- 107%);
e DeepRitz (Ir): A.(0.5-1072) B.(1073) C.(0.5-1073) D.(107%) E.(0.5- 10~%);

e WAN (79,7,): A.(0.5-1072,0.5-1071), B.(1073,1072), C.(0.5 - 1073,0.5 - 1072),
D.(107%,1073), E.(0.5-107%,0.5 - 1073).

We record the computation time (seconds) spent by each method to achieve accuracy § in
Table 4, we only present the time for the most efficient step size(s). When applying NPDG
to VarCoeff, we adopt the H'(99, ) boundary loss as described in Section 5.2.
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PINN [ Deep Ritz [ WAN /Primal-Dual using Adam ]
\ log (| Jo Vu - Veou — fonde|?
loss fQ | — Aug — f|§dz ]Q %HVM@Hz — ftzl,gdx ( o (] 2y ) )
X . _log -
Poisson (50) function +A]agz |ug — g|“do +A fan lug — g|“do g \Ja ¥y 2
(d = 50) +A [og lue — g|*do
h) 107 107 10%
= 10-9
lr lr=10"% lr=10"% To =0.5-1077
T, = 0.5 10
Niter Tterate till GPU time reaches 200s (d = 10)/8000s (d = 50)
Nin, Noad) (2000, 80d) (2000, 80d) (10000, 60d)
NN ug = MLPianh(d, 256,1,6), ¢y = MLPiann(d, 256,1,6) - ¢
log (| fq KVug - Ve da|?
loss fﬂ\ — V- (kVug) 7f\2dz anHVHQHde ( 2 5 K )
function X fogq lue — g% do X [pq lug — g* do N lég (jQ “n d;)
VarCoeff (51) A Jaq lug — g~ do
(d = 10, 20, 50) A 107 107 107
— 10-2
(d=10)70 = 82 18,1
Ir r=10"4 Ir=05-10"3 s 10-8
79 = 0.5 -
d = 20,5
( 0:50) L — 0.5 1072
Niter Tterate till GPU time reaches 500s (d = 10)/1500s (d = 20)
14000 (d = 50) T 10000 (d = 50) 12000 (d = 50)
Nins Noad) {2000, 80d) (2000, 80d) (2000, 80d)
NN ug = MLPgoftplus (d,256,1,4), ¢n= MLPsoftplus(dv 256,1,4) - ¢ for d =10, 20
g = MLPgoreprus(d: 256, 1,6), ¢ = MLPeoriprus(ds 256, 1,6) - ¢ for d = 50
L log([ Jg Vug - Vn N
loss fQ\%HVugHQ+V7Au9\2dz N.A +351Vugll“en + Vendz|?)
X LA - 9
) o function +A [50 ugdo' —log ( [ pypdz
Nonlinear Elliptic y 2
(53) d =5 A Jag upde
- Y 107 N.A. 10°
Ir 10— 7% N.A. 0.5-103,0.5-10 2
Niter 20000 N.A. 20000
Nins Npad) {4000, 40d) N.A. {4000, 40d)
NN ug = MLPy,np (d, 256,1,4), @y = MLPiany(d,256,1,4) - ¢

Table 2: Loss functions and hyperparameters of the different methods tested in our experi-

ments.

‘ Domain 2 ‘ Solution u. ‘ sl 20, 0) ‘ IVl 20,0
5d: 3.2566 | 5d: 2.4836
Poisson [0, 1]% S in(Z ) 10d : 6.4402 |10d: 3.5124
(50) Q=1 k=1 S 2TR) 004 : 12,8066 | 20d : 4.9673
50d : 31.9052 | 50d : 7.8539
o LT Aot 10d: 1.0969 | 10d : 1.4434
Va(l";())eﬁ [Ql’_l}Qd \ flAA T, |20d: 21392 | 20d: 2.0412
9= 0= B AT 50d: 5.2647 | 50d : 3.2275
Nonlinear B3
Elliptic = 7/234 cos( Z||z|) 5d: 0.6285 | 5d: 1.2218
(53) ¢ +1)

Table 3: Solutions and their L?(£2, 1) norms used for benchmarking.

Appendix F. Algorithmic details for the Allen-Cahn equation

In this section, we provide more details on the NPDG algorithm for the Allen-Cahn equation
discussed in Section 5.4. Given the time implicit scheme of the equation, our goal is to solve

the semi-linear elliptic equation (55) at each time step.
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Equ | 0 | d |PINN(Adam) [ Deep Ritz [ WAN | NPDG |
5D 26.22 (a) 25.11 (a) 51.14 () 68.87 (a)
Poisson 0.005 10D 44.83 (a) 43.45 B) 51.65 (o) 40.98 B)
’ 20D 160.82 (c) 183.49 (B) 460.12 (D) 110.42 B)
50D 1989.06 (c) 1452.29 ) | 2117.24 (D) 821.24 (o)
10D - 105.2 (¢) — 151.80 (o)
0.01 | 20D — 228.55 (o) — 309.05 (o)
50D 774.70 (D) - - 419.15 (¢
VarCoeft 10D - - - 231.49 (o)
0.005 | 20D - - - 382.59 (o)
50D - - - 674.18 (o)
. .. 0.1 5D 2805.92 (B) N.A. 1130.76 (¢) | 1086.35 (c)
Nonlinear Elliptic | —55——=5 = NA. - 1894.89 (o)

Table 4: GPU time (seconds) spent by different methods upon achieving the designated
accuracy ¢. The uppercase letters inside each parenthesis indicate the optimal learning
rate(s) used in the algorithm. We apply the Monte-Carlo method with sample size 10°
to evaluate the relative L? error of ug. “~’ denotes that the method does not achieve the
designated accuracy in a given time.

F.1 Handling Different Regimes of ¢;

When the positive diffusion coefficient €y is bounded away from 0, equation (55) is dominated

by the linear Laplacian operator. We can further tame the nonlinear term W'(u) = u® — u

by subtracting its linear approximation at the equilibrium state u = +1, i.e., we consider

R(u) = W'(u) — (W'(a) + W"(a)(u — u)). One can verify W”(a) = W"(£1) = 2. We then
absorb the linear term W”(u)u of W'(u) + W”(u)(u — @) to the linear portion of (55) to
obtain
(=
(4 V@ g eon)u+ R = w1 — P @) — Wy
€0 €0 €0
D C;Irlst

It is reasonable to precondition on the linear differential operator D for this equation. We
introduce the operators

My = My s ( VI + W (@) Jeou )

Veoh:Vu

It is not difficult to verify that (Mpu, Map) 2 = (Du, )2 for arbitrary ¢ € H} (). Thus,
we introduce ¢ € H}(Q),1 € L%(9Q) for the equation and its boundary condition and
design the loss functional

& (u, p, Y| ut_l) = / (u— ut @W/(u))go + eohtVu - Vodu(x)
Q €0

(1w [ ) o [ 19017 due)
(/m — dpsa(y —/ ¢2dM69>
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In practice, we found that it makes the optimization more stable if we add the residual loss
t—1 t—1 he 00 (|2
ERes(ulu’™") = ‘u —u " —eghtAu+ —W (u)‘ dp(z) + A ‘ dpsa,
Q €0 o0 a

as a regularization term to &(u, ¢, ), and consider

E(u, 0,0 | ut) = E(u, 0, [l ™Y) + Ees(u, 0, 90 | 7).

Correspondingly, the precondition matrices are set as
heW" () dug | Aug 0 T 0
M, =1+ —— - = — —
»(0) ( + L 90 0 dp(z )+ht€0/989(vu9) 80(Vu9)du(x)

0 (93)

9 8
- /E)Q %@“u@) %(%ue) dpaa(y),

1 (~
My(n) = <1+ i (“)> Oy Do 4

B ny
) [ S Shduta) + o | 5 (T)” (Vi) dia),

T
Myqa(§) = /\/asz 8*51/15 a?ibg dpsa(y)-

We apply this treatment to both the 1D and 2D examples in Section 5.4 with ¢y = 0.1.

In the presence of strong reaction and weak diffusion, the parameter ¢y approaches 0.
Equation (55) is dominated by the nonlinear term %W’ (u). Under such regime, we change
our strategy and consider the test functions ¢ € L%*(Q),v € L?(09), together with the
functional

hy v
8uso b = [ (= — i+ W @)pdnae) - § [ Fdunla)

A —pd — = 2q
+ <8981/1an /¢ Mag)

By dropping the Laplacian term in the Jacobian of u — u!™' — ephsAu + %W’(u), we
approximate the Jacobian operator using G := Id + %W”(u) DU ou %W”(u)u. By
incorporating G as the preconditioning operator, we obtain

he Qauﬂ Oug 0 T 0
= 1 — —(On —(On .
Mp(0) /Q( + - W (ug)) 0 90 dua(x) + A - 80(8 ug) 89(8 ug) dpao(y)

Meanwhile, the preconditioning matrices My(n) and Mygq(&) are derived by considering the

identity operators on L*(2) and L?(9€). Consequently, Mq(n) = [ 8567 o 6“0" dug, while
Mpqq(€) remains the same as defined in (93).

This treatment is adopted in the 1D example presented in Section 5.4 with ¢g = 0.01. An
advantage of this treatment is that it avoids integration by parts, thereby allowing greater
flexibility in the choice of the error-adaptive measure ug. In our implementation, we take
po = 3U[0,2] + 21[0.8,1.2], which places additional sampling weight near x = 1 and
thus enables a more accurate resolution of the solution profile in that region. Here, U[a, b]
denotes the uniform distribution on the interval [a, b].
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F.2 Benchmark solution & Comparison

We use the numerical solution {U k}kNil solved from the following time-implicit, finite dif-
ference scheme

Uk — k-t UEF, —2UF + UF 1
B T Il (A 1) (94)

Uk, =UF, UN . =Uk, YO<i<N,, for 1<k<N,

as the benchmark for ug computed from the NPDG algorithm. In our computation, we set
N =400, hy = 2/Ny, UP = ug(F).
For the 2D example, in Figure 13, we plot the graphs of the neural network solution ug,

together with the numerical solution {Ui’j-} obtained via the time-implicit finite difference

scheme. The semi-log curves for v MSE loss versus training time are provided in Figure 13.
Further comparison plots and the heatmaps of the pointwise error |ug, (-) —U*| are presented
in Figure 14.

Graphs of u(t) from t=0 to 1.5 (h_t=0.1) Graphs of u(t) from t=0 to 1.5 (h_t=0.1) Plot of log_10(L2 relative error) vs iteration at v;

z-axis
z-axis

Figure 13: 13a & 13b: Comparison of neural network solution ug(-) (blue) and finite differ-
ence solution U* (red) along the  and y axis at time ¢, 1 < k < 15. 13c: Semi-log plots of
VMSE loss vs computation time (seconds) at physical time 0.2,0.6,1.0,1.4.

H |

e K |

Figure 14: Up row: plots of ug, (blue) together with the numerical solution {Uk} solved
from implicit finite-difference scheme (red) on € at physical time 0.2,0.6,0.8, 1.0, 1 2. The
initial function ug is marked with green color; Down row: heatmaps of the error term
|ug, (-) — U*| at physical time 0.2,0.6,0.8,1.0, 1.2.
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Remark 19 Recall the semi-log plots of vV MSE loss vs. training time for both 1D and 2D
Allen Cahn equations presented in Figure 8c and 13c, respectively. It is worth noting that
in the 1D case, the accuracy of the mumerical solution deteriorates as the physical time
tr increases. This behavior can be attributed to the stationary profile of the equation: its
highly localized and strongly curved geometry makes it increasingly difficult for the MLP to
accurately approximate. In contrast, the stationary profile associated with the 2D equation
collapses to a flat plane, making it fairly easy for the MLP to approxzimate. Thus, we observe
mcreasing accuracy as ty increases.

Appendix G. Primal-Dual algorithm using Adam optimizer for Optimal
Transport problem

In this section, we briefly describe the PD-Adam algorithm tested in Section 5.5. Recall
the loss functional £(7, ) defined in (29), we parametrize both the map 7" and the dual
function ¢ by neural networks Tp, 0, We aim at solving the following saddle point problem

. 1
maxmin L(Ty, ¢,) ::/ “|lz = T(x)|]? po dx—i—/ o(T(z)) podx —/ o(y) p1dy
n 6 Rd 2 Rd Rd

N
%%Z%”Xi_TG(Xi)HQ_@W(TG(Xi))"FSOn(Yi), (95)
=1

where N is the size of the datasets, {X;}.,, {Y;} | are samples drawn by pg and p;. The
PD-Adam algorithm is summarized in Algorithm 3.

Algorithm 3 Computing optimal Monge map from p, to pp

Input: Marginal distributions py and p1, learning rate Ir,,lr, of the Adam algorithm;
Batch size N, total iteration number Njie,.
Initialize Tj, ;).
for iter =1 to Ny do
Sample {X;}¥| ~ pa. Sample {Y;}¥,| ~ pp.
Update 6 to decrease (95) by Adam algorithm with learning rate ir, for K steps.
Update 7 to increase (95) by Adam algorithm with learning rate Ir, for Ky steps.
end for
Output: The transport map Tp.

In all tests, we always set K1 = Ko = 1. We summarize all the other hyperparameters
of the PD-Adam algorithm in Section 5.5 in Table 5.

Appendix H. Further numerical results regarding Section 5.5.3

For the OT problem from pg to pp, we provide the intermediate results obtained by the
NPDG algorithms as well as the PD-Adam algorithms in Figure 15. PD-Adam behaves
unstably in this example, while NPDG method performs robustly for both preconditions.
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| | lry,lry | Niter | N | NN architecture |

5.5.1 (ID) [ 0.5-1073,0.5-1072 | 40000 | 800 | MLPpgreru(1,50,1,3)
552 (5D) | 0.5-107%,0.5-10~% | 200000 | 2000 | MLPpgrery(5,80,5,4)
(10D) | 0.5-107%,0.5-10~* | 100000 | 2000 | MLPpRery (10, 120,10, 6)
(50D) 107°,107° 300000 | 2000 | MLPpRery (50,120, 50, 6)

5.5.3

Table 5: Some hyperparameters used in the PD-Adam algorithm tested in Section 5.5.

(a) NPDG iter (b) NPDG iter (c) NPDG iter (d) NPDG iter
5000 10000 15000 20000

(e) PD-Adam iter (f) PD-Adam iter (g) PD-Adam iter (h) PD-Adam iter
150000 200000 250000 300000

Figure 15: OT problem from pg to pp: Plots of the pushforwarded densities Tyypo of the
computed Ty obtained by NPDG method (1st row ((31) as preconditioning) & 2nd row ((35)
as preconditioning)) and PD-Adam method (3rd row). All figures are plotted on the 10 —20
coordinate plane.
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