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Abstract

We address the issue of the testability of instrumental variables derived from observational
data. Most existing testable implications are centered on scenarios where the treatment
is a discrete variable, e.g., instrumental inequality (Pearl, 1995), or where the effect is
assumed to be constant, e.g., instrumental variables condition based on the principle of
independent mechanisms (Burauel, 2023). However, treatments can often be continuous
variables, such as drug dosages or nutritional content levels, and non-constant effects may
occur in many real-world scenarios. In this paper, we consider an additive nonlinear,
non-constant effects model with unmeasured confounders, in which treatments can be either
discrete or continuous, and propose an Auxiliary-based Independence Test (AIT) condition
to test whether a variable is a valid instrument. We first show that, under the completeness
condition, if the candidate instrument is valid, then the AIT condition holds. Moreover,
we illustrate the implications of the AIT condition and demonstrate that, under certain
additional conditions, the AIT condition is necessary and sufficient to detect all invalid TVs.
We also extend the AIT condition to include covariates and introduce a practical testing
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algorithm. Experimental results on both synthetic and three different real-world datasets
show the effectiveness of our proposed condition.

Keywords: instrumental variable, testability, unmeasured confounders, non-constant
effects, causal graphical models

1. Introduction

Estimating causal effects from observational data is a fundamental task in understanding
the underlying relationships between variables. The instrumental variables (IV) model is
a well-established method for estimating the causal effect of a treatment (exposure) X on
an outcome Y in the presence of unmeasured confounders and has been used in a range of
fields, such as economics (Imbens, 2014; Imbens and Rubin, 2015), sociology (Pearl, 2009;
Spirtes et al., 2000), epidemiology (Hernan and Robins, 2006; Baiocchi et al., 2014), and
artificial intelligence (Chen et al., 2022; Wu et al., 2022). Generally speaking, given a causal
relationship X — Y, the valid IV Z is required to satisfy the following three conditions:
Cl. Z is related to the treatment (relevance), C2. Z is independent of the unmeasured
confounders that affect the treatment and outcome (ezogeneity), and C3. Z has no direct
path to the outcome (exclusion restriction). Figure 1 illustrates the graphical criteria of the
IV model, where Z is a valid IV relative to X — Y in the subgraph (a).

(a) Valid IV model ) IV model that violates C2 ) IV model that violates C3

Figure 1: Graphical illustration of IV models, where U is the set of unmeasured confounders.
(a) Z is a valid IV. (b) Z is an invalid IV due to the edge U — Z (Violate C2).
(c) Z is an invalid IV due to the edge Z — Y (Violate C3).

Due to the presence of unmeasured confounders U, determining which variable serves
as a valid IV is not always straightforward based solely on observational data, and often
requires domain knowledge. A classic test for the IV model is the Durbin-Wu-Hausman test
(Nakamura and Nakamura, 1981). Given a subset of valid IVs, it can identify whether other
potential candidates are also valid IVs. However, it does not guide how to find the initial
set of valid IVs. Meanwhile, given an invalid IV, it may not consistently identify the correct
causal effect (Bound et al., 1995; Chu et al., 2001). Thus, it is vital to develop statistical
methods for selecting IVs solely from observational data.

It is not feasible to ascertain the validity of IVs solely based on the joint distribution of
observed variables, without incorporating additional assumptions (Pearl, 2009). Pearl (1995)
introduced a seminal necessary criterion known as the instrumental inequality, which acts as
a critical test for identifying potential IVs in models featuring discrete variables. Building
on this groundwork, subsequent research by Manski (2003); Palmer et al. (2011); Kitagawa
(2015); Wang et al. (2017) broadened the scope, exploring the applicability and limitations
of IV validity tests across diverse scenarios. A notable advancement was made by Kédagni
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and Mourifié (2020), who formulated a more encompassing set of criteria, the generalized
instrumental inequalities. These criteria cater to scenarios with discrete treatment variables,
removing constraints of the type of data on the IV and outcome variables and offering a robust
framework to challenge the exogeneity condition. Intuitively, these methods mentioned above
use the idea that if the IV is independent of the unmeasured confounders and the exclusion
restriction (C3) holds, then changes in the IV should not have a significant impact on the
outcome variable without altering the treatment variable, because the treatment variable
mediates the influence of the instrumental variable on the outcome variable. However, these
methods fail to work when treatment is a continuous variable. In reality, one may often be
concerned about the causal effect of the continuous treatment on the outcome; see Skaaby
et al. (2013); Martinussen et al. (2019).

Several contributions have been made to address continuous treatment settings under
certain assumptions. In an additive linear, constant effects (ALICE) model, Kang et al.
(2016); Bowden et al. (2016), and Windmeijer et al. (2019) have shown that if we assume
more than half of the variables are valid IVs in the potential IVs (known as the majority
rule), one may identify the valid IVs solely from observed data. Later, Hartwig et al. (2017);
Guo et al. (2018); Windmeijer et al. (2021) relaxed the majority rule and assumed that the
number of valid IVs is larger than any number of invalid IVs with the same ratio estimator
limit (known as the plurality rule). They demonstrated that it is still possible to identify
valid IVs under the plurality rule. Another interesting work by Silva and Shimizu (2017)
proposed the IV-TETRAD algorithm, which uses the so-called Trek conditions (Sullivant
et al., 2010; Spirtes, 2013) for selecting a valid IV set. This method requires at least two or
more valid IVs in the system. However, although these methods have been used in a range
of fields, they may fail to test whether a single IV is valid.

Recently, Xie et al. (2022) have demonstrated that a single IV imposes specific constraints
within the linear non-Gaussian acyclic causal model. However, their method assumes that all
noise terms are non-Gaussian and that the effects remain constant. More recently, Burauel
(2023) have introduced a novel validity condition for Instrumental Variables based on the
Principle of Independent Mechanisms, termed IV-PIM, within the linear IV framework. This
condition is particularly notable as it applies to both continuous and discrete treatment
variables. Nevertheless, its applicability is constrained by the presence of covariates, making
it unsuitable when no covariates are available. Additionally, the condition is limited to
scenarios with constant treatment effects.

Pearl (1995) conjectured that the validity of an instrument cannot be tested when
dealing with continuous treatment variables without additional assumptions, a theory
recently confirmed by Gunsilius (2021). Unlike the existing work that focuses on the
parametric linear constant effects model, we consider IV validity in a more challenging
additive non-parametric model, the Additive NonlInear, Non-Constant Effects (ANINCE)
Model. Rather surprisingly, although a single IV is in general not fully testable within the
ANINCE model, we will show that a single variable Z, being a valid IV relative to X — Y,
imposes specific constraints in the ANINCE model under the completeness condition (i.e., for
all functions (X ) with finite expectation, E[1)(X)|Z] = 0 implies /(X)) = 0.). ! Specifically,
we make the following contributions:

1. See Section 2.2 for more detailed discussion of the completeness condition. For related context, we refer
interested readers to Newey and Powell (2003); D’Haultfoeuille (2011); Hu and Shiu (2018).
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1. We introduce a necessary condition, termed the Auxiliary-based Independence Test
(AIT) condition, for detecting a single variable that cannot serve as an IV within the
ANINCE model, under the completeness condition (Assumption 1). This condition
is applicable to scenarios involving non-constant causal effects and both discrete and
continuous treatment.

2. We provide the necessary and sufficient conditions for detecting all invalid IVs using
the AIT condition under the ANINCE model. Specifically, we show that, under
the partial non-Gaussianity assumption (Assumption 2), all observable violations of
the IV exogeneity condition can be identified in the linear, constant effects model.
Additionally, under the completeness condition (Assumption 1) and the distributional
non-degeneracy condition assumption (Assumption 3), we can detect invalid IVs
resulting from violations of either exogeneity or the exclusion restriction in the ANINCE
model. We also present two notable types of non-identifiable invalid IVs (see Proposition
5), along with intuitive explanations for each.

3. We present a practical implementation of the AIT condition test that accounts for the
presence of covariates with finite data. We establish its asymptotic validity, including
control of Type I error and consistency (power tending to one) against alternatives.

4. We demonstrate the efficacy and applicability of the proposed approach on both
synthetic and three real-world datasets with different scenarios.

The rest of this paper is organized as follows. In Section 2, we introduce notations, the
additive non-parametric IV model, and the ANINCE model. In Section 3, we formulate the
AIT condition for the single IV. We show the AIT condition is a necessary condition for IV
validity in the ANINCE model under the completeness condition. We discuss the implications
of AIT condition in the linear, constant effects model and the nonlinear, non-constant effects
model, respectively. We show that, under additional assumptions, the AIT condition is a
necessary and sufficient condition for IV validity. In Section 4, we address the practical
scenario with covariates and provide the AIT Condition algorithm for implementing the
test. We further provide a theoretical analysis establishing the asymptotic level and power
of the AIT test. In Section 5, we present the efficacy and applicability of our method on
both synthetic and three real-world datasets which contain continuous and discrete data.
Conclusions are given in Section 6.

2. Preliminaries
2.1 Notations

This work is conducted within the framework of causal graphical models as elaborated
by Pearl (2009) and Spirtes et al. (2000). Specifically, we represent causal relationships
using the directed acyclic graph (DAG), denoted as G, where nodes represent variables and
directed edges (arrows) indicate causal links between those variables. Sets of variables are
represented in bold, and individual variables and symbols for graphs are in italics. We use
“Instrumental variable (IV)” and “instrument” interchangeably. The main symbols used in
this paper are summarized in Table 1.
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Table 1: List of main symbols used in this paper

Symbol Description

g A directed acyclic graph

X Treatment (exposure)

Y Outcome

Z A candidate (potential) instrument

U The latent (unmeasured) confounders

W Covariates

Z The residual of Z after regressing on covariates W

v Instrumental Variable

A 1l B|C A is statistically independent of B given C

A UM B|C A is statistically dependent on B given C

{X,Y||Z} The candidate instrumental variable Z used to assess the independence of
the auxiliary variable Ax_,y|z =Y — h(X)

[W]| The number of variables in set W

(X, Z) The causal effect of X and Z on Y

fbmS(X A The bias between estimated causal effect of X on Y and ground-truth causal
effect of (X,Z) on Y

£ The noise term of a variable

v« (U) The effect of the latent variables U on the observed variables

9+(Z2) The effect of the instrument variable Z on other observed variables

R The field of real numbers

R—R A mapping from the real numbers to the real numbers

Z(%) The indicator function

E(X) The expected value of random variable X

8‘3;782 The second-order partial derivative of Y with respect to X and Z

A XoY||Z The auxiliary variable of causal relationship X — Y relative to Z. We often
drop the subscript X — Y||Z when there is no ambiguity (i.e., A)

h(X, W) The empirical estimate of the function h(X, W)

A XY Z The estimated auxiliary variable computed as Y — B(X , W). We often use A
as a shorthand when there is no ambiguity

k,l The kernels k : U x U — R and [ :V x V — R used for variables in &/ and V,

K-test method

respectively
Kitagawa’s method from Kitagawa (2015)

IV-PIM method Burauel’s method from Burauel (2023)

2.2 Additive Nonparametric Instrumental Variable Model

The instrumental variable approach offers a strategy for inferring the causal effect of interest
in the presence of unmeasured confounders (Bowden and Turkington, 1990; Angrist et al.,
1996; Pearl, 2009; Imbens and Rubin, 2015). Given a causal relationship X — Y, a valid IV
Z is required to satisfy the following three conditions:

Cl. (Relevance). Z has a direct effect on the treatment X;

C2. (Exogeneity or Randomness). Z is independent of the unmeasured confounders U,

C3. (Exclusion Restriction). Z does not directly affect the outcome Y.
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Definition 1 A random wvariable Z is a valid 1V for the causal relationship X — Y if the
above three conditions C1 ~ C3 are satisfied.

We here consider the additive non-parametric IV model presented in Newey and Powell
(2003), which, for a valid IV Z, can be expressed as follows: 2

X =9(Z) +¢x(U) +ex,
—_————

’ (1)
Y = £(X) + ¢y (U) + ey,
e

€

where E[py (U) 4 ey|Z] = 0, and the noise terms cx and €y are statistically independent.

We here would like to mention that in nonparametric IV models, identifying the function
f(-) amounts to solving the conditional moment restriction E[Y — f(X) | Z] = 0, which can
be formulated as a linear inverse problem of the form Tf = ¢, where T'f := E[f(X) | Z]
and ¢ := E[Y | Z]. Under mild regularity conditions on the joint distribution of (X, Z),
the associated conditional expectation operator T' is compact. As a consequence, solving
Tf = ¢ constitutes an ill-posed inverse problem, and the existence of a solution is not
guaranteed for arbitrary g. Classical results from inverse problem theory show that existence
is characterized by a Picard criterion (Kress, 1989, 2013). 3 As noted by Darolles et al.
(2011), restrictions that confine the function to a compact set are mathematically equivalent
to enforcing the Picard criterion and thereby ensuring the existence of a solution to the
associated inverse problem. Following common practice in the nonparametric IV literature
(e.g., Newey and Powell 2003; Carrasco et al. 2007; Florens et al. 2011), we restrict the
true function f(-) to belong to a compact set of functions, which ensures the existence of a
solution to the conditional moment restriction E[Y — f(X) | Z] = 0, that is, ¢ lies in the
range of the operator T'. This condition is assumed to hold throughout the paper.

Assumption 1 (Completeness Condition (Newey and Powell, 2003; D’Haultfoeuille,
2011; Hu and Shiu, 2018)) Given a valid IV Z, if for all measurable functions 1 (X) such
that E[1:(X)[] < +oo,

E[¢(X)|Z] = 0 almost surely = 1(X) = 0 almost surely. (2)

Intuitively, for a valid IV Z, completeness imposes a condition on the conditional probabil-
ity density k(X |Z) in the nonparametric IV model. Note that identifying the nonparametric
IV model is generally nontrivial due to the challenges inherent in nonparametric settings.
Consequently, the completeness condition has been extensively studied to establish identi-
fication in various nonparametric and semiparametric models, such as Newey and Powell
(2003); Ai and Chen (2003); Hall and Horowitz (2005); Chen and Hu (2006); Blundell et al.
(2007); Chernozhukov et al. (2007); Carrasco et al. (2007); Hu and Schennach (2008); Carroll

2. Here, we have slightly modified the model from Newey and Powell (2003) to explicitly represent the
unmeasured confounders for subsequent analysis.

3. The Picard criterion provides necessary and sufficient conditions for the existence of a solution to
ElY — f(X) | Z] = 0. In particular, when the associated conditional expectation operator T is compact,
existence can be characterized in terms of the operator 7" and the function g; see Theorem 15.18 in Kress
(1989, 2013) and the discussion in Horowitz (2012).
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et al. (2010); D’Haultfoeuille (2011); Darolles et al. (2011); An and Hu (2012); Newey (2013);
Canay et al. (2013); Shiu and Hu (2013); Feve and Florens (2014); Andrews (2017); Hu
and Shiu (2018). For instance, Newey and Powell (2003) have shown that, given a valid TV
Z, the causal effect f(-) of interest in the model specified by Equation (1) can be uniquely
identified if the above completeness condition—i.e., Assumption 1—holds.

Remark 1 Regarding the completeness condition, three key aspects are worth highlighting:

1. The testability of the completeness condition has attracted attention in recent literature.
Canay et al. (2013) have shown that the completeness condition is generally untestable
without additional restrictions. Therefore, for more specific models, testable conditions
have been proposed. For example, Freyberger (2017) provided a test for restricted
completeness by linking the outcome of the test to consistency of an estimator. Hu and
Shiu (2022) provided a useful result for testing the completeness condition in a class
of models based on convolution. Other tests include full-rank tests for completeness in
discrete settings, as proposed by Robin and Smith (2000).

2. Newey and Powell (2003) have shown that the case of finite support and the exponential
family setting constitute sufficient conditions for completeness. Many commonly used
distributions—such as Gaussian, Poisson, Binomial, and certain multivariate forms of
these—fall within the exponential family framework (Hu and Shiu, 2018). Building
on this, other sufficient conditions for completeness have been further developed in
the literature (D’Haultfoeuille, 2011; Chen et al., 201/4; Andrews, 2017; Hu and Shiu,
2018). Notably, D’Haultfoeuille (2011) derived sufficient conditions for various forms
of completeness of the endogenous variable X given the instrument Z, and applied these
results to nonparametric IV regression. Furthermore, Hu and Shiu (2018) provided
sufficient conditions for completeness of the distribution of treatment conditional on
the instrument, without relying on a specific functional form.

3. Under the completeness condition, estimation methods for nonparametric IV models
have also been extensively studied (Newey and Powell, 2003; Ai and Chen, 2003;
Darolles et al., 2011; Chernozhukov et al., 2007; Newey, 2013; Singh et al., 2019;
Bennett et al., 2019). Among them, Newey and Powell (2005) developed a nonparamet-
ric equivalent to the two-stage least squares estimator: they used linear-in-parameter
series expansions of E[Y | Z] and E[g(X) | Z] in a generalized method of moments
framework. Darolles et al. (2011) analyzed identification and overidentification of the
nonparametric IV model, and proposed an estimator based on Tikhonov reqularization
to address the ill-posed inverse problem inherent in nonparametric IV estimation. A
comprehensive review of several estimation techniques has been provided in Carrasco
et al. (2007).

2.3 Additive Nonlinear, Non-Constant Effects Model

Without loss of generality, we assume that all variables have a zero mean (otherwise can
be centered) and that no covariates are present for simplicity. In Section 4, we address the
practical scenario where covariates are included. In this paper, we focus our attention on the
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Additive NonlInear, Non-Constant Effects (ANINCE) Model. Specifically, the generation
process satisfies the following structural causal model:

X =9(Z) + ¢x(U) +ex,

Y = f(X.2) + v (U) + 2. ¥
where f(-) denotes the true, unknown causal effect of interest, and g(-) : R — R, f(-) : RZ —
R, and ¢.(-) : RIUI — R are smooth functions. The noise terms €x, €y, €z and ey are
mutually independent. Note that Z and U may be dependent, which indicates that the
exogeneity condition (C2) is violated, and the non-zero f(-, Z) function indicates that Z
directly affects the outcome Y, implying that the exclusion restriction condition (C3) is
violated.

A special case of the ANINCE model is the additive linear, constant effects model (AL-
ICE), where functions g(-), f(-), and @.(-) are linear functions, which have been extensively
studied in works such as those by Bowden et al. (2015); Kang et al. (2016); Silva and Shimizu
(2017); Windmeijer et al. (2021). Compared to these works, we investigate the testability of
IV in a more challenging scenario, where g(-), f(+), and ¢.(-) may be non-linear functions.
Additionally, we focus on the testability of a single valid IV, whereas previous works have
focused on the testability of a set of IVs (assuming that including at least two or more valid
IVs among the candidate variables).

Remark 2 Regarding the structural causal model (SCM)-based IV framework and its differ-
ence from the classical econometric IV framework, two key aspects are worth highlighting:

1. The ANINCE model is formulated within the SCM framework and therefore assumes
mutually independent noise components. This SCM-based independence structure
is essential for deriving additional distributional constraints that render IV wvalidity
testable; without it, valid instruments would not imply observable independence relations
and no empirical test could be constructed. Moreover, the usefulness of independent-
notise assumptions is well established in additive SCMs for causal discovery, where
they enable identifiability of causal directions and have been validated across numerous
applications (Hoyer et al., 2008; Peters et al., 201/4; Peters and Biihlmann, 2014;
Bihlmann et al., 2014; Peters et al., 2017; Glymour et al., 2019). Consequently, our
adoption of independent-noise terms follows standard practice in SCM-based causal
analysis rather than departing from conventional modeling assumptions.

2. In contrast to classical econometric IV frameworks, such as additive nonparametric IV
models (Newey and Powell, 2003), which rely on the moment restriction Ele | Z] =
Eloy (U) + ey | Z] =0, the ANINCE model imposes mutual independence among the
noise terms. This SCM-based formulation offers a key advantage: the independent-noise
assumptions provide additional structure from which testable implications, such as the
AIT condition (see Definition 2), can be derived for assessing IV wvalidity. The trade-
off is that these SCM assumptions encode structural restrictions beyond the moment
restrictions commonly used in classical econometric IV models. Consequently, our
results apply to IV settings that admit this SCM-based independent-noise representation,
rather than to all settings satisfying only the classical moment conditions.
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Our Goal. The goal of this paper is to determine, from the observed dataset {X,Y, Z}
satisfying an ANINCE model, whether Z is related to X (i.e., relevance condition), Z
is exogenous relative to (X,Y) (i.e., exogeneity condition) and Z does not directly affect
outcome Y (i.e., exclusion restriction condition). Note that the first condition relevance,
can be easily checked by the independence test because Z and X are observed variables.
Therefore, we focus on the last two conditions of IV Z. In summary, we aim to provide
a new necessary condition to detect whether a variable is a valid IV and investigate the
necessary and sufficient conditions under which all invalid IVs can be detected.

Remark 3 Euxisting approaches have attempted to detect violations of the exogeneity for a
single IV in settings with discrete variables, such as through instrumental inequality and
its extensions. In contrast to prior work, we focus on continuous-variable settings. Notably,
instrument validity is generally untestable in continuous variable settings without additional
assumptions. Hence, in this paper, we introduce additive function constraints, allowing us to
detect the invalid IVs when the treatment variable is continuous.

3. AIT Condition and Its Implications in ANINCE Models

In this section, we first formulate the Auxiliary-based Independence Test condition (AIT
condition) and show that it is a necessary condition for evaluating IV validity under the
completeness condition (Assumption 1). We further present theoretical results regarding
the implications of the AIT condition in the linear, constant effects model and nonlinear,
non-constant effects model.

3.1 AIT Condition

Below, we give the AIT condition, which defines the independent relationship between the
“Auxiliary variable” and candidate IV. Note that the concept of “auxiliary variable” has been
developed to address different tasks (Drton and Richardson, 2004; Chen et al., 2017; Cai
et al., 2019), but our formalization is different from theirs (see Equation (4)). To the best of
our knowledge, it has not been realized that the independence property involving such an
auxiliary variable reflects the validity of the IV in the ANINCE model.

Definition 2 (AIT Condition) Suppose the treatment X, the outcomeY , and a candidate
1V Z are nodes in a causal graph G. Define the auziliary variable of the causal relationship
X =Y relative to Z as

-AX—>Y|\Z =Y — h(X), (4)

where h(-) satisfies E[Ax_y|z|Z] = 0 and h(-) # 0. We say that {X,Y||Z} follows the AIT
condition if and only if Ax_,y| z is independent from Z.

The AIT condition states that if there exists a function A(-) such that E[Y —h(X) | Z] =0,
then {X,Y||Z} satisfies the AIT condition if and only if the auxiliary variable Ax_,y |z is
independent of Z. If no non-zero function h(-) exists that satisfies the conditional moment
restriction—i.e., E[Y — h(X) | Z] # 0 for all h(-)—then Y — h(X) is always correlated with
Z (recall that all variables are assumed to be mean-centered). This implies that Y — h(X) is
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dependent on Z, and hence the AIT condition does not hold. It is noteworthy that under the
completeness condition, there exists a unique function h(-) satisfying E[Y —h(X) | Z] =0 in
the additive nonparametric IV model (Equation (1)); this function coincides with the true
causal function f(-) of X on Y. For the sake of conciseness, we often drop the subscript
X = Y||Z from Ax_y|z when there is no ambiguity. The following theorem shows the
testability of an IV in light of the AIT condition in an ANINCE model.

Theorem 1 (Necessary Condition for IV) Let X, Y, and Z be the treatment, outcome,
and candidate IV in an ANINCE model, respectively. Suppose that X, Y , and Z are correlated
and that Assumption 1 holds. If Z is a valid IV relative to X —Y, then {X,Y||Z} always
satisfies the AIT condition.

Proof If Z is a valid IV relative to X — Y, then the ANINCE model can be rephrased as
additive nonparametric IV models:

X=9(Z)+ex(U)+ex, Y =[f(X)+ey(U)+ey, (5)

where U = ey, Z = ez, and E[py (U) 4+ ey|Z] = 0 due to IV validity.
Taking conditional expectations of Y with respect to Z yields

E[Y[Z] = E[f(X) + ¢v(U) + ev|Z] = E[f(X)|Z] Z/f(X)k(XIZ)dX (6)

where k(X|Z) is the conditional probability distribution function of X given Z. Thus, f(-)
is a solution to the integral equation (6).
Now let h(-) be any function that satisfies the conditional moment restriction

ElY —h(X)|Z]=0 <= E[h(X)]|Z]=E[Y|Z] (7)

Since f(-) also satisfies E[Y — f(X) | Z] =0, both f(-) and h(-) solve the same integral
equation. Subtracting the two displays yields

En(X) - f(X)|Z] = E[n(X)|Z] - E[f(X)|Z] = E[Y|2] - E[Y|Z] = 0. (8)

Define ¢(X) := h(X) — f(X). By the completeness condition (Assumption 1), the con-

dition E[¢)(X) | Z] = 0 implies ¢(X) = 0 almost surely, and thus h(X) = f(X) almost

surely. Therefore, the function h(-) that solves E[Y — h(X) | Z] = 0 is uniquely identified

and coincides with the true causal effect function f(-) of X on Y. This is the standard

completeness-based identification argument in the additive non-parametric IV literature (see,

e.g., Newey and Powell 2003; Newey 2013, Singh et al. 2019, and Bennett et al. 2019).
Thus, we have the auxiliary variable

Axoyz =Y —h(X) =Y — f(X) = ¢y (U) +ey. (9)

By Theorem 2.2.5 and its extension both in Meester (2008), if random variables are mutually
independent, then any measurable functions applied to disjoint subsets of them yield
independent random variables (see Theorem 5 and Corollary 3 in Appendix A for further
details). Based on this result, we next show that the auxiliary variable Ax_,y/z and Z are

10
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statistically independent. Specifically, since the noise terms €z, €y, and ey are mutually
independent, we can obtain that ez is also independent of ¢y (er7) + ey. Furthermore,
combining the equations U = ey and Z = ez, we conclude that Z is independent of
¢y (U) + ey Therefore, the auxiliary variable Ax_,y|z and Z are statistically independent,
i.e., Ax_y|z AL Z. This implies that {X,Y||Z} satisfies the AIT condition.

|

Theorem 1 means that if {X,Y||Z} violates the AIT condition, then Z is an invalid IV
relative to X — Y. Otherwise, Z may or may not be valid.

3.2 Implications of AIT Condition in Additive Linear, Constant Effects Models

In this section, we focus our attention on a special type of ANINCE model, the linear,
constant effects model, which has been widely studied (Bowden et al., 2015; Kang et al.,
2016; Silva and Shimizu, 2017; Windmeijer et al., 2021). Specifically, we assume that the
underlying causal structure of the system can be represented by a DAG G, and that the
data-generating process follows a linear structural equation model associated with G. In
particular, each variable V; satisfies V; = Zvjepa(vi) a;;jVj +ey,i = 1,2,...,r, where the
noise terms €y, ..., €y, are independent of each other, and «;; is the direct effect of V; — V;.
Hence, the ANINCE model in Equation (3) can be expressed as follows:

X=1Z+p"'U+ex, Y=BX+vZ+rTU+e¢y, (10)

where Z = ¥vTU + e7. When 47 = 0 (satisfying the ezogeneity condition) and v = 0
(satisfying the exzclusion restriction condition), Z qualifies as a valid IV relative to X — Y.
Below, we show the implications of the AIT condition in this model.

Motivating Examples: Firstly, we illustrate with two simple examples that while a
valid IV does not impose any restrictions on the joint marginal distribution of the observed
variables within the linear Gaussian model, it does impose certain constraints in the linear
partial non-Gaussian model, which can be identified using AIT condition. Consider the
causal graph in Figure 1(b), where Z is an invalid IV for X — Y, as it violates the exogeneity
condition. Let N(0, 1) denote the standard normal distribution, and exp(0.5) denote the
exponential distribution with a parameter of 0.5. Suppose the generating mechanisms of
these models are as follows:

o Linear Gaussian model. U = ey, Z = 2U + ez, X = 152+ 08U +¢x, Y =
X +3.5U + ey, and ey, ez,ex,ey ~ N(0,1).

e Linear partial non-Gaussian model. U = ey, Z =2U + ez, X =152+ 0.8U +¢x,
Y =X 435U + ey, ey ~ exp(0.5), and ez,ex,ey ~ N(0,1).

The difference between the above two models lies in the noise term ey; the first follows
a Gaussian distribution, while the second follows an exponential distribution (non-Gaussian
distribution). Figure 2 shows the scatter plots of Ax_,y|z versus the invalid IV Z for
two models. Interestingly, we find that, in the linear Gaussian model, Ax_,y |z and Z are
statistically independent (satisfying AIT condition), while in the linear partial non-Gaussian
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Figure 2: Scatter plots of Candidate IV Z and Auxiliary-variable A under the linear models.
(a) All noise terms follow Gaussian distributions. (b) Some noise terms follow
non-Gaussian distributions.

model, Ax_,y|z and Z are statistically dependent (violating AIT condition). These results
suggest that non-Gaussianity is beneficial for identifying the invalid IV.
The following Propositions 1 and 2 formalize the phenomena discussed above.

Proposition 1 (Non-Testability in Linear Gaussian Models) Let X, Y, and Z be
the treatment, outcome, and candidate IV in a linear model (Equation (10)), respectively.
Suppose that X, Y, and Z are correlated. If all noise terms of variables follow Gaussian
distributions, then regardless of whether Z is a valid IV relative to X —'Y or not, {X,Y||Z}
always satisfies the AIT condition.

Proof The proof of Proposition 1 is straightforward. Let Z represent any candidate IV,
which may or may not be valid. In the linear Gaussian model, by the definition of the AIT

condition, there exists a function h(X) = % - X such that E[Y —h(X) | Z] = 0. Hence,

E[Ax v |z/Z] = E]Y — %x | Z] = 0, which implies that Cov(Ax vz, Z) = 0. Since
zero correlation implies independence in the linear Gaussian model (Bain and Engelhardt,

1992), we conclude that Ax_,y 7 is independent of the candidate IV Z. Consequently,
{X,Y||Z} always satisfies the AIT condition. [ |

Proposition 1 states that checking the AIT condition in a linear Gaussian causal model
(second-order statistics) does not provide any useful information for identifying invalid IVs.
Below, we show that one can leverage higher-order statistics of noise terms to identify certain
types of invalid IVs that violate exogeneity condition. 4 Before presenting the result, we
give the key assumption.

Assumption 2 (Partial Non-Gaussianity) At least one of the following conditions holds:
(i) there exists at least one variable U; € U whose noise term follows a non-Gaussian distri-
bution and cause Z; (ii) the noise term of Z follows a non-Gaussian distribution.

4. Higher-order statistics mean beyond the second-order moments in statistics of the data, such as skewness
and kurtosis.
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Assumption 2 states the non-Gaussianity of data, which is expected to be widespread,
as suggested by Cramér Decomposition Theorem (Cramér, 1962). Considerable works have
already been built on this assumption (Shimizu et al., 2006; Salehkaleybar et al., 2020). For
additional references, see Spirtes and Zhang (2016); Shimizu (2022).

We now show that the AIT condition can access the validity of erogeneity condition in
linear models under Assumption 2.

Proposition 2 (Testability of Exogeneity in Linear Models) Let X, Y, and Z be
the treatment, outcome, and candidate IV in a linear model (Equation (10)), respectively.
Suppose that X, Y, and Z are correlated, and that Assumption 2 holds. If Z wviolates the
exogeneity condition, i.e., at least one variable U; € U causes Z, then {X,Y||Z} violates
the AIT condition.

Proof Roughly speaking, by the Darmois—Skitovich theorem (Darmois, 1953; Skitovitch,
1953), if Ax_,y)|z shares any common non-Gaussian noise terms ey, or ez with Z, Ax_,y| 2
is statistically dependent on Z. This implies that {X,Y||Z} violates the AIT condition. See
Appendix A.1 for its complete proof. |

Remark 4 When all noise terms follow the non-Gaussian distributions, the linear partial
non-Gaussian model becomes the well-known Linear Non-Gaussian Acyclic Model (LiNGAM),
which has been extensively studied (Shimizu et al., 2006; Salehkaleybar et al., 2020). Conse-
quently, according to Proposition 2, an invalid IV that violates the exogeneity condition in
LiNGAM can be detected in light of the AIT condition.

Proposition 2 states that we can detect an invalid IV that violates ezogeneity condition
using the AIT condition based on the observational data in the linear model under Assumption
2. A natural question that arises is whether we can detect IVs that violate the exclusion
restriction condition within the same framework. Unfortunately, in practice, we cannot
detect an invalid IV that solely violates the exzclusion restriction condition in the linear
model, as shown in the following example.

Example 1 Let’s consider the causal structure illustrated in Figure 1 (a), where Z is a valid
IV. We assume the following relationship: Z = ez, X = 17Z+p ' U+ex,Y = BX+KkTU+ey.
Next, we demonstrate how to construct another causal structure as shown in Figure 1
(c), where Z becomes an invalid IV (violating solely the exclusion restriction condition).
Specifically, let B! = B—%,Z' = Z, X' = X, andY' = B'X'+vZ'+KkTU+ey+L(p" U+ex) =
Y. Thus, (Z,X,Y) has the same distribution as (Z', X', Y"). This implies that a variable
being an instrument imposes no constraints on the joint marginal distribution of the observed
variables. The same result is also discussed in Section 3 of Chu et al. (2001).

The following proposition states the above phenomenon in the linear model.

Proposition 3 (Non-Testability of Exclusion Restriction in Linear Models) Let
X, Y, and Z be the treatment, outcome, and candidate IV in a linear model (Equation
(10) ), respectively. Suppose that X, Y, and Z are correlated. If Z satisfies the exogeneity
condition, regardless of whether Z wviolates the exclusion restriction condition or not, then
{X,Y||Z} always satisfies the AIT condition.
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Proof This proof is straightforward. The auxiliary variable Ax_,y|z shares no common
noise terms with candidate IV Z, whether the noise terms are Gaussian or non-Gaussian. By
the Darmois-Skitovich theorem (Darmois, 1953; Skitovitch, 1953), Ax_,y|z is statistically
independent from Z. This implies that {X,Y||Z} always satisfies the AIT condition. See
Appendix A.2 for its complete proof. |

Based on Theorem 1 and Propositions 1 ~ 3, we derive the following theorem, which
provides a necessary and sufficient condition for detecting invalid IVs that violate the
exogeneity condition within a linear causal model.

Theorem 2 (Necessary and Sufficient Conditions in Linear Models) Let X, Y, and
Z be the treatment, outcome, and candidate IV in a linear model (Equation (10)), respec-
tively. Suppose that X, Y, and Z are correlated and that Assumption 2 holds. {X,Y||Z}
violates the AIT condition if and only if the candidate 1V Z is invalid due to a violation of
the exogeneity condition.

Proof See Appendix A.3 for its proof. |

This theorem states that the AIT condition is necessary and sufficient to detect the
candidate IV violations of the exogeneity condition when Assumption 2 holds.

3.3 Implications of AIT Condition in Additive Nonlinear, Non-Constant Effects
Models

In this section, we investigate the implications of the AIT condition on the ANINCE model.
Before giving our main results, we first show a simple example to show that nonlinearity is
beneficial in identifying the invalid IV.

A Motivating Example: Continue to consider the causal graph in Figure 1 (b), where
Z serves as an invalid IV for the causal relationship X — Y, violating the exogeneity
condition. Here, we modify the generation mechanism of the linear Gaussian model by
introducing a nonlinear function between U and Z, specifically as follows:

e Partial Non-linear Gaussian model. U = ey, Z = exp(U) +¢ez, X =1.5Z2+0.8U +¢x,
Y =X +35U + ey, and ey,ez,ex,ey ~ N(0,1).

Figure 3 presents the scatter plots of Ax_,y|z versus the candidate IV Z in the partial
non-linear Gaussian model. Compared to the linear Gaussian model, we transformed the
functional relationship between U and Z from a linear function (2U) to an exponential
function (exp(U)). Interestingly, in the partial non-linear Gaussian model, Ax_,yz and Z
are statistically dependent (violating AIT condition). Note that Proposition 1 shows that
the AIT condition is always satisfied in the linear Gaussian model. These findings suggest
that nonlinearity is beneficial in assessing the validity of exogeneity condition.

We now investigate the conditions under which the invalid IV can be detected in terms
of AIT condition. It is noteworthy that the ANINCE model (Equation (3)) is flexible
as functions g, f, ¢x, and ¢y might be any unknown functions. Consequently, without
imposing further parametric assumptions, it is impossible to determine the explicit forms of
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Figure 3: Scatter plot of Candidate IV Z and Auxiliary-variable A when all noise terms
follow Gaussian distribution in the partially non-linear invalid IV model.

the estimated f and Ax_,y/ 7. Hence, let h(-) be a function satisfying E[Y" — h(X)|Z] =0
and h(-) # 0. According to the definition of the AIT condition, the auxiliary variable
Ax_y]z 1s given by:

Axoyz =Y — MX) = f(X, Z) — h(X) +ov(U) + ey,

.]leias(XVZ)

(11)

where fbias({(, Z)=f(X,Z) — h(X). It is important to note that for a valid instrumental
variable Z, fpiqs(X, Z) = 0.

Below, we give the key assumption regarding the second-order partial derivative in the
nonlinear model.

Assumption 3 (Distributional Non-degeneracy Condition) Assume that the joint
density p(AX_,YHZ, Z) is twice continuously differentiable and satisfies

2

——logp(A ) #0 12

on a set with non-zero Lebesgue measure.

Assumption 3 is a natural condition that one expects to hold for detecting all invalid IVs
in the ANINCE model. Intuitively, if the auxiliary variable Ax_,y| 7 is independent of the
instrument Z (i.e., AIT holds), then the joint probability density of (Ax_,yz, Z) factorizes
into the product of the marginal densities: p(Ax_y|z,Z) = p(Ax_y|z) P(Z). According to
Lin (1997), for a set of independent random variables whose joint density is twice differentiable,
the Hessian matrix of the logarithm of their joint density is diagonal everywhere (see Theorem
7 in Appendix A for further details). Taking the logarithm of p(Ax_,yz, Z) and computing

b . . . . . . 82 logp(.AXHYHZ,Z) . .
its second-order mixed partial derivative yields: = 0. In contrast, if AIT

does not hold—i.e., Ax_,y| 7 and Z are dependent—then p(Ax_,y|z, Z) # p(Axy|z)P(Z),

. . . 0% logp(Ax_, Z) .
which implies that —; AX:;quél"g # 0 (Equation (12)).

Below, we provide two nontrivial analytic examples that satisfy the distributional non-
degeneracy condition.
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Example 2 (Violation of the Exogeneity Condition) Consider the causal graph in
Figure 1 (b), where Z violates exogeneity. Let the structural model be U = ey, Z =~yU + €4,
X =exp(Z) 4+ pU +ex, and Y = BX + kU + ey, where v # 0 and (ey,ez,ex,€y) nd
N(0,1). According to the definition of auziliary variables, we obtain Axoy)z = (B —

B)exp(Z) + ((6 B+ R)U + (8 = Bex + e, where b= Gx ) = B+ sramitrayim
and UZ = 72 + 1. Conditioned on Z = z, the auziliary variable Ax_y|z is a linear
combination of Gaussian variables ey,ex, and ey, implying A | Z = z ~ N (m(z),v), where

m(z) = (8 — B)exp(z) + ((B — 5)p+f~€)2zandv—((B—B)p+ﬁ)2é+(ﬁ—3)2+1

Using the factorization p(A,Z) = p(A | Z)p(Z), we take the derivative of the joint density
of (A, Z) and obtain:

0*logp(A, Z) _ Plogp(A| Z) _m/(Z) _ Ky = Briaslpy +exp(Z)(7? + 1)

dA0zZ  0A9Z v (h—Buiasp)? + (P D (B + 1)
.S SE——
oz exp(oy/2)+py
identically zero, the mized derivative is nonzero on a set with non-zero Lebesgue measure,
and therefore Assumption 3 holds. A detailed derivation is provided in Appendiz B.1.

where Bpiqs = . Since the numerator kv — Byias|py + exp(Z)(7? + 1)] is not

Example 3 (Violation of the Exclusion Restriction Condition) Consider the causal
graph in Figure 1 (c), where Z violates the exclusion restriction. Let the structural model
be U =cy, Z =¢ez, X =exp(Z)+ pU +ex, and Y = X +vZ + kU + ey, where
v#0 and (ey,ez,ex,€y) lrlifi N(0,1). According to the definition of auziliary variables,
we obtain Ax yyz = (8 — B)exp(Z) + vZ + ((8 — B)p + R)U + (8 — Blex + ey, where
B _ Cov(Y,Z)

Cov(X,Z)
a linear combination of Gaussian variables U,ex, and ey, implying A | Z = z ~ N (m(z),v),
where m(z) = (8 — B)exp(z) + vz, and v = ((B — B)p + k)* + (8 — B)? + 1. Using the
factorization p(A, Z) = p(A | Z)p(Z), we take the derivative of the joint density of (A, Z)
and obtain:

O?logp(A,Z)  8%logp(A|Z) m/(Z) v[l —exp(Z —1/2)]

0AdZ 0A0Z v [k —vexp(F)2 +v2exp(-1)+1

= B+ vexp(—1/2). Conditioned on Z = z, the auziliary variable Ax_.y 7z is

Since the numerator v[1 — exp(Z — 1/2)] is not identically zero, the mized derivative is
nonzero on a set with non-zero Lebesgue measure, and therefore Assumption 3 holds. A
detailed derivation is provided in Appendix B.2.

Proposition 4 (Testability of IV in ANINCE Models) Let X, Y, and Z be the treat-
ment, outcome, and candidate IV in an ANINCE model, respectively. Suppose that X, Y,
and Z are correlated and that Assumptions 1 and 8 hold. If the candidate IV Z is invalid,
then {X,Y||Z} wviolates the AIT condition.

Proof See Appendix A.4 for its proof. |

The proposition above shows that, under Assumptions 1 and 3, the AIT condition can
be used to detect invalid IVs. Although it is not obvious whether Assumption 3 (the
dstributional non-degeneracy condition) holds in general, some solutions under which the
Assumption 3 does not hold are worth reporting, as shown in the following proposition.
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Proposition 5 Let X, Y, and Z be the treatment, outcome, and candidate IV in an
ANINCE model, respectively. Assumption 3 does not hold if any of the following conditions
is satisfied:

(i) the candidate 1V Z solely violates the exclusion restriction condition and the direct
causal effect of Z —'Y is a linear function of the direct causal effect from Z — X in
the ANINCE model, i.e., gy (Z) = a- gx(Z) + b, where a is the non-zero constant;

(71) all noise terms associated with the variables follow Gaussian distributions within the
linear causal model.

Proof See Appendix A.5 for its proof. |

Condition (7) implies that the AIT condition is always satisfied when the candidate IV
Z satisfies the exogeneity condition and the relationship of effect gy (Z) = a-gx(Z) + b
holds in the ANINCE model. In other words, if the direct causal effect of Z — Y is not
a linear function of the direct causal effect of Z — X, we can identify invalid IVs that
solely violate the exclusion restriction condition using the AIT condition. Intuitively, the
distribution of the invalid IV model under condition (7), in which candidate IV Z solely
violates the exclusion restriction condition and satisfies the specific linear relationship, can
be transformed into the distribution of the valid IV model, as illustrated in Example 4. Note
that the constraint gy (Z) = a - gx(Z) + b naturally arises in linear causal models. Thus,
condition (i) further implies that when the candidate IV Z solely violates the exclusion
restriction condition in the linear causal model, Assumption 3 does not hold, which is
consistent with the result of Proposition 3. In addition, condition (i) shows that the AIT
condition is always satisfied in the linear Gaussian model, which aligns with the conclusion
of Proposition 1.

Example 4 Continue to consider the causal graph in Figure 1 (c), where Z is an invalid
1V relative to X — Y. The generating mechanism is as follows:

Z=cz, X=gx(2)+9x(U)+ex, Y =[fX)+gv(Z)+ey(U)+ey, (13)

where gy (Z) = a - gx(Z) +b. We now construct another model based on the causal graph
shown in Figure 1 (a), where Z is a valid IV relative to X — Y. Let Z' = Z, X' = X, and
(X" = f(X")+a-gx(Z')+b. Furthermore, Y' is expressed asY' = f'(X")+py(U)+ey =
fX)+9v(Z2) + ¢y (U) + ey =Y. Hence, we conclude that the distribution of (Z,X,Y)
and (Z',X'")Y") are identical. Because we can solely observe the variables (Z,X,Y), it is
impossible to determine from the distribution of (Z, X,Y’) whether the data come from Figure
1 (a) or Figure 1 (c). In other words, we cannot ascertain whether Z is a valid IV or not.

According to Proposition 5, not all invalid IVs can be identified solely from the joint
distribution of observational data. Below, based on Theorem 1 and Proposition 4, we
introduce the necessary and sufficient conditions for invalid IV in the additive nonlinear,
non-constant effects model.
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Theorem 3 (Necessary and Sufficient Conditions for IV in ANINCE Models) Let
X, Y, and Z be the treatment, outcome, and candidate IV in an ANINCE model (Equation
(3) ), respectively. Suppose that X, Y, and Z are correlated, and that Assumption 1 holds.

o IfZ is a valid IV relative to X — 'Y, then {X,Y||Z} always satisfies the AIT condition.

o If Z is an invalid IV relative to X — Y and Assumption 3 holds, then {X,Y||Z}
always violates the AIT condition.

Proof See Appendix A.6 for its proof. |

Theorem 3 outlines two scenarios where a candidate IV would be considered invalid: either
the IV doesn’t meet the ezogeneity condition or it violates the exclusion restriction condition
within a nonlinear model. Figure 4 presents how the AIT condition relates to the validity
of IVs under different assumptions. The completeness condition (Assumption 1) alone
guarantees necessity, while adding a distributional non-degeneracy condition (Assumption 3)
ensures sufficiency.

______________________

( \
I Completeness Condition |
! (Assumption 1) '

Necessary Condition ———— i
Valid IV y AIT Condition
Gr— Sufficient Condition ————— Holds

Completeness Condition
(Assumption 1)

+

Distributional Non-degeneracy Condition
N (Assumption 3) ;

Figure 4: Flowchart showing how assumptions lead to the AIT condition being necessary or
sufficient for IV validity.

4. Practical Implementation of AIT Condition

In this section, we discuss the practical implementation of the AIT condition. In Section 4.1,
we first address how to implement the AIT condition when covariates are present. In Section
4.2, we then propose a sample splitting procedure for implementing the AIT condition with
finite samples. Finally, in Section 4.3, we establish the asymptotic validity of the AIT test.
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4.1 AIT Condition with Covariates

In practice, there are scenarios where covariates W are present. For instance, age may
influence how the treatment method affects patient recovery speed. Specifically, we focus on
the generation of the ANINCE model with covariates as follows:

Y = f(X7W7 Z) + @Y(U) +5Ya
where g(-) : RIWHL 5 R £(1) : RIWIH2 5 R, and ¢.(:) : RIYl = R are smooth functions.
The noise terms €x, €y, €z, and ey are statistically independent. Below, we first extend

the AIT condition from Definition 2 to account for the presence of covariates, as stated in
the following definition.

(14)

Definition 3 (AIT Condition with Covariates) Suppose the treatment X, the outcome
Y, the covariates W, and a candidate IV Z are nodes in a causal graph G. Define the
auziliary variable of the causal relationship X — 'Y relative to (Z, W) as

Axoyzw) =Y — (X, W), (15)
where h(-) satisfies E[Ax_y| (zw)|Z, W] =0 and h(-) # 0. Define the residual of Z after

regressing on W as:
Z =7 —E[Z|W]. (16)

We say that {X,Y||(Z, W)} follows the AIT condition if and only if Ax_y|zw) is inde-
pendent from Z.

Remark 5 It is worth noting that covariates W can provide additional constraints that can
be exploited in the IV wvalidity test. Specifically, under the ANINCE model, incorporating
covariates generalizes the AIT condition to the independence Ax_.y|zw) AL (Z, W),
meaning that the auziliary variable must be independent of the joint vector (Z, W). However,
directly testing independence against a high-dimensional vector is statistically challenging:
nonparametric tests typically suffer from low power in high dimensions due to the curse of
dimensionality and concentration of measure (Zhang et al., 2011; Ramdas et al., 2015). To
mitigate this issue, we use a statistically more tractable surrogate condition: Ax_,y| (zw) AL
Z, where Z := Z — E[Z | W], which tests independence between the auxiliary variable and
the residual part of Z that is conditionally orthogonal to W. This preserves the intended
inferential target under the ANINCE model while improving statistical power.

Based on Definition 3 and Theorem 1, we obtain the necessary condition for IV in the
presence of covariates W, as described in the following corollary.

Corollary 1 (Necessary Condition for IV with Covariates) Let X, Y, W, and Z
be the treatment, outcome, covariates, and candidate IV in an ANINCE model, respectively.
Suppose that X, Y, W, and Z are correlated and that Assumption 1 holds. If Z is a valid
IV relative to X —'Y given W, then {X,Y||(Z, W)} always satisfies the AIT condition.

Proof See Appendix A.7 for its proof. |

Corollary 1 means that if {X,Y]|(Z, W)} violates the AIT condition, then Z is an invalid
IV relative to X — Y given W. Otherwise, Z may or may not be valid.
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4.2 AIT Condition with Finite Data

Below, we provide the practical implementation of the AIT condition with finite data. For a
candidate IV Z, under the ANINCE model, we need to test the following hypothesis:

Hy: Zisavalid IV, Hj:Z is an invalid IV. (17)

Since the AIT test is implemented as a plug-in procedure involving estimated functions,
including the function iL(X , W) and, when covariates are present, the regression function
(W) of E[Z | W], we employ sample splitting to separate estimation and testing (Doran
et al., 2014; Chernozhukov et al., 2018; Maia Polo et al., 2023; Ren et al., 2025; Scheidegger
et al., 2025). Specifically, we randomly split the observed dataset D with |D| = N into two
disjoint subsets, D = D; U Dy, where |D1| =n = |pN ], p € (0,1) is the splitting ratio, and
|Da| = m = N —n. The functions h(-) and 7(-) (if covariates are present) are estimated using
dataset D;, and the statistical independence test between AX_W”(Z’W) =Y - iL(X, W) and
Z = Z — #(W) is then implemented using dataset Ds.

Next, we describe how to address the two main issues above, including estimating the
functions h(-) and #(-) on Dy, followed by conducting the independence test on Ds.

Issue 1: Estimating the Functions on D;. Regarding the estimation of the function
h(-), the intuitive idea is to apply a standard IV estimator to obtain h(X, W). Note
that solving a nonparametric IV problem is, in general, highly nontrivial and may require
regularization to address issues such as slow convergence rates, as thoroughly discussed in
Darolles et al. (2011). Newey and Powell (2003) show that, given a valid IV and under
the completeness condition, the estimated function ﬁ(X , W) converges to the true function
f(X, W) in the population (infinite-sample) limit for exponential families or for discrete
data with finite support. Conversely, if the IV is invalid, the population-limit estimator
iL(X , W) is biased relative to the true model. There are now many IV estimators for Additive
Non-Parametric IV Models (Guo and Small, 2016; Singh et al., 2019; Bennett et al., 2019).
Rather than proposing a new estimation strategy for nonparametric IV models, our paper
focuses on developing a testable condition for identifying valid instruments using existing IV
estimation methods, under an oracle scenario where the estimator is assumed to have access
to the true structural function. Hence, we here adopt the control function IV estimator
proposed by Guo and Small (2016), which is a two-stage approach. In the first stage, it
regresses the treatment variable X on covariates W and instruments (Z, 72(2),...,7(Z)) (a
known vector of linearly independent functions of Z), obtaining the predicted value X and
the residual e; = X — X. In the second stage, the outcome Y is regressed on the treatment
X, covariates W, and the residual e; from the first stage regression. The coefficients of the
second stage regression are taken as the control function estimates. Note that nonlinear
functions can be estimated using basis functions. In our experiments, we apply polynomial
basis functions as a predefined set of linearly independent functions, leveraging this control
function method. Regarding the regression function 7 (-), when the covariates W are present,
we use the random forest regression method (Pedregosa et al., 2011; Breiman, 2001) to fit
the function 7(W).

Issue 2: Testing Independence on Ds. As a first step, we compute the estimated
auxiliary variable .,ZlX_>y||(Z,W) =Y — iL(X,W) and the residualized instrument Z =

Z — #(W) using the dataset Da, where the functions h(-) and 7#(-) were estimated on D; in
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the previous Issue 1. To check whether le_>y||( zw) and Z are statistically independent, we
employ the Large-Scale HSIC Test, a Hilbert-Schmidt Independence Criterion (HSIC)-based
test proposed by Zhang et al. (2018) for independence testing. If the output pyqrye is less
than the preset significance level «, we reject the null hypothesis Hy, indicating that the
candidate IV Z is invalid. Conversely, if we fail to reject the null hypothesis, it suggests
that Z is a valid IV.

Based on the above discussions, the complete AIT Condition test procedure is given
in Algorithm 1. To allow for greater flexibility in the algorithm and considering that prior
knowledge, such as a constant causal effect, may sometimes be available, we include a
two-stage least squares estimator suitable for linear effects (Basmann, 1957; Henckel et al.,
2024) to estimate the causal effect.

Algorithm 1 AIT Condition
Input: Observed dataset D = {X,Y, W, Z}, where X is the treatment, Y is the outcome,
W denotes covariates, and Z is a candidate I'V; block size B; data split ratio p; significance
level o
1: Initialize: Result <— Do not reject Hy

2: Sample Splitting. Randomly split the dataset D with |D| = N into two disjoint
subsets, D and Dy, where |Di| =n = |pN|, and |Ds| =m =N —n.

Step 1: Estimate functions A(-) and 7(-) on D;
if :uhe constant-effect assumption is adopted then

h(-) < Two-Stage Least Squares Estimator (X,Y, W, Z) on D;
else

h(-) <= Control Function IV Estimator (X,Y, W, Z) on D;
end if

if W # () then
Fit the regression function 7(-) using the random forest regression method on Dy
10: end if

Step 2: Test the AIT Condition on D,
11: Compute the auxiliary variable AX—>YH(Z,W) ~Y - lAl(X, W) on D,
12: if W # () then
13:  Compute the residualized instrument Z < Z — #(W) on Dy
14: else
15: Set Z <+ Zon Do
16: end if
17: Pyalue < Large-Scale HSIC Test(/lxﬁy”(z’w), Z, B)
18: if pygiue < o then
19:  Result < Reject Hy
20: else
21:  return Result
22: end if
Output: Result
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4.3 Theoretical Analysis of Type I and Type 1I Errors in the AIT Test

In this section, we investigate the asymptotic properties of the AIT test, focusing on both
Type I and Type II errors. Despite being a plug-in procedure, the AIT test achieves
asymptotic control of the Type I error at the nominal level under the null hypothesis and
appropriate regularity conditions. At the same time, the AIT test exhibits desirable power
properties against fixed alternatives.

In the implementation of the algorithm, we adopt the block-based HSIC statistic in-
troduced in Zhang et al. (2018). We first briefly review the relevant theoretical results on
the Hilbert—Schmidt independence criterion for testing independence between two random
variables; see Zhang et al. (2018); Gretton et al. (2005, 2008). Let U and V be random
variables taking values in domains U and V), respectively. Given kernels k : U x U — R,
[:V xV — R, and the independently and identically distributed samples ST, = {u;, v; }7* 4,
the samples are split into  disjoint blocks, each of size B, denoted by {{ugb), Ui(b) f;l an/lB .
For each block b € {1,..., 5}, the unbiased HSIC statistic is

1 o= 1TK® 11701 2 .
N )7 ®) _ T 0 f ()
b= 55y [tr(K L )+ G-DE-2y Bl KMy

where K = K —diag(K), with K; j := k(u;, uj), i.e., the kernel matrix with diagonal elements
set to zero, and similarly for L. Here, 1 denotes a vector of ones of relevant dimension.
Throughout, we assume that the block size satisfies B > 4; when the sample size m is not
divisible by B, the number of blocks is taken to be [m/B], so that the estimator is well
defined. .

The block-based HSIC estimator is then given by HSIC = % ZZZIB 7p. According to
Zhang et al. (2018), in the asymptotic regime where m — oo, B — oo, and m/B — oo, we
have

VmBHSIC 2>N(0,02),

where ¢ is the variance of the null distribution.

For notational convenience, let £ and [ denote the kernels used to construct A and Z in
the oracle setting, as well as A and Z in the estimated setting of the AIT test. For simplicity,
we show the asymptotic validity of the AIT test without covariates. Before that, we first
introduce regularity assumptions on the kernels required for our theoretical results.

Assumption 4 (Boundedness and Lipschitz Kernels) Let U C R% and V C R,
and let || - || denote the Euclidean norm.

(1) The kernel l : V x V — R is bounded, i.e., there exists a constant M > 0 such that
[l(v, )| < M for all v,v" € V.

(2) The kernel k : U x U — R is Lipschitz continuous, i.e., there exists a constant Q@ > 0
such that [k(u,u’) — k(a,@')| < Q(|lu — al| + || —@'|) for all u,u',a,a" € U.

These two conditions are standard in the kernel literature. In particular, the Gaussian
radial basis function (RBF) kernel satisfies both boundedness and Lipschitz continuity
on compact domains. Moreover, similar regularity assumptions have been employed in
kernel-based independence testing, including the regression-based conditional independence
tests studied by Maia Polo et al. (2023); Ren et al. (2025).
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Assumption 5 (y/n-Consistency of h) The estimator h satisfies the \/n-convergence
rate:

1h = 2l Lo(py) = Op(n™'72).

where h denotes the oracle function, and || - ||1,(py) denotes the Ly norm with respect to the
distribution of X.

Note that fully nonparametric IV estimators generally fail to achieve the /n-rate due to
the ill-posedness of the associated inverse problem (Horowitz, 2012; Chen and Reiss, 2011;
Hall and Horowitz, 2005). In the nonlinear case, we employ the control function IV estimator
proposed by Guo and Small (2016), which is semiparametric and attains the y/n-rate under
standard regularity conditions (Guo and Small, 2016; Murphy and Topel, 2002). In the linear
case, the two-stage least squares (2SLS) estimator also satisfies Assumption 5 (Basmann,
1957; Henckel et al., 2024; Wooldridge, 2010).

Theorem 4 (Asymptotic Level and Power of the AIT Test) Suppose that Assump-
tions 4 and 5 hold, and that the sample sizes satisfy mB = o(n) as n — co.

e Type I Error: Under the null hypothesis Hy,

P, (Type I error) = Py, (\/mBH/SI\C <fl, Z) > cm7a> <a+o(l),

e Type II Error: Under any fized alternative hypothesis Hy such that HSIC(A, Z) =
n>0,
1

Py, (Type II error) = Py, (\/mBH/SE(fl, Z) < cm’a> =0 <m66m3> . mB = oo,

where ¢, o denotes the critical value, and the constant ¢ = 2;722 > 0, and J%{l s the
Hy

asymptotic variance.

Proof See Appendix A.8 for its proof. |

Theorem 4 establishes bounds on both Type I and Type II errors of the AIT test while
simultaneously accounting for errors in both the estimation and independence testing stages.
Specifically, the test controls the Type I error at the nominalﬁx@ «a asymptotically and
achieves vanishing Type II error under fixed alternatives with HSIC(A, Z) > 0.

We next consider the theoretical asymptotic validity of the AIT test with covariates W.
To this end, we introduce three assumptions that will be used to establish the result.

Assumption 6 (Boundedness and Lipschitz Kernels) Let U C R% and V C R,
and let || - || denote the Euclidean norm. The kernels k : U xU — R and ! :V xV — R
satisfy the following conditions:

(1) There exists a constant M > 0 such that |k(u,u')] < M and |l(v,v")] < M for all
u, v’ €U and all v,v" € V.
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(2) There exists a constant Q > 0 such that |k(u,u')—k(a,@')| < Q(lu—a| + (v —@||) and
[l(v,0") = 1(0,0")] < Q|[lv—"2| + ||/ =) for all u,u’, 0,7 €U and all v,v',0,7" € V.

With covariates, Z is estimated. Unlike Assumption 4, which requires boundedness and
Lipschitz continuity for only one kernel (k or ), Assumption 6 imposes these conditions on
both.

Assumption 7 (y/n-Consistency of h with Covariates) The estimator h satisfies the
/n-convergence rate:

1h = Bl (pix ) = Op(n ™).

where h denotes the oracle function, and || - |]L2(p(x w)) denotes the Ly norm with respect to
the distribution of (X, W).

Assumption 7 is an extension of Assumption 5 that takes covariates into account.
Assumption 8 (n?-Consistency of 7) The estimator T satisfies the convergence rate

|7 — 7l Ly (Po) = Op(n™9),

for some q € (0,1/2), where || - || 1,(py) denotes the Ly norm with respect to the distribution
of W.

Assumption 8 is formulated as a high-level rate condition on the regression estimator. In
our implementation, we employ random forests to estimate 7. Random forests are known to
be consistent under suitable structural assumptions, such as additive or low-dimensional
models (Scornet et al., 2015). More generally, under standard nonparametric smoothness
assumptions (e.g., Holder smoothness of order s in dimension d), regression estimators
typically achieve convergence rates of the form n~5/(25t4)  which corresponds to some
q € (0,1/2) (Stone, 1982; Yang and Tokdar, 2015). Therefore, Assumption 8 is compatible
with commonly used nonparametric estimators, including random forests.

Corollary 2 (Asymptotic Level and Power of the AIT Test with Covariates)
Suppose that Assumptions 6 ~ § hold, and that the sample sizes satisfy mB = o(n*?) as
n — oo.

e Type I Error: Under the null hypothesis,

P(Type I error) = Py,(VmB H/SI\C(A, 2) > tma) < a+o(1),

e Type II Error: Under any fixed alternative hypothesis Hy such that HSIC(A, Z) =
n>0,

— . . 1
Py, (Type II error) = Py, (\/mBHSIC( ,Z2) < cm,a) =0 <e_cmB> , mB — oo,
vmB

7]2

202

where ¢y o denote the critical value, and the constant ¢ =
Hy

> 0, and 0%,1 is the asymptotic

variance.
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Proof See Appendix A.9 for its proof. |

Corollary 2 establishes that the proposed test controls the Type I error asymptotically
and achieves consistency under fixed alternatives, with power converging to one as mB — oc.

Remark 6 We would like to mention two main tuning parameters in practical implemen-
tations: the data split ratio p and the block size B. Regarding the data split ratio p:
Theoretically, our method requires the rate condition mB = o(n) (or mB = o(n??) in the
presence of covariates). In practice, we heuristically set the data split ratio to p = 0.7,
following Maia Polo et al. (2023); Wang et al. (2025). Moreover, the experimental results
in Section 5 show that this choice leads to favorable performance. Regarding the block size
B: The sample size of each block B can be guided by Zaremba et al. (2015); Zhang et al.
(2018), who showed that the null distribution is well approximated by the central limit theorem
when B is small, which thus helps the Type I error approach the nominal level. However, a
smaller B may lead to reduced statistical power for a given sample size. In our experiments
(Section 5), we heuristically set B = m/15 in the continous setting and B = m/6 in the
discrete setting, which demonstrates superior performance.

5. Experiments

In this section, we evaluated the performance of the proposed AIT condition for instrument
validity across both synthetic data and three real-world datasets. Our source code is available
at https://github.com/zhengli0060/AIT_Condition.

5.1 Synthetic Data

We conducted simulation experiments from four perspectives. First, in Section 5.1.1, we
verified the correctness of our theoretical results. Then, in Section 5.1.2, we compared the IV-
PIM method proposed by Burauel (2023), which is designed for continuous treatments with
covariates. Moreover, in Section 5.1.3, we compared the proposed method with Kitagawa’s
method, abbreviated as the K-test method (Kitagawa, 2015), which is designed for discrete
treatments. Finally, in Section 5.1.4, we validate our theoretical results under an oracle
setting, where the auxiliary variable is correctly specified (i.e., no estimation error in Step 1
of Algorithm 1). In all experiments, we evaluated the performance of our method using the
following metrics:

e Valid IVs Misidentification Ratio (abbreviated as Valid MR): the ratio of the
number of valid I'Vs incorrectly identified in the output.

e Invalid IVs Misidentification Ratio (abbreviated as Invalid MR): the ratio of
the number of invalid IVs incorrectly identified in the output.

5.1.1 THEORETICAL VALIDATION OF PROPOSED METHOD

In this section, we conducted simulations to verify our theoretical results for both the linear
model and the ANINCE model. Table 2 summarizes the propositions validated by the
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experimental results reported in various tables, along with the corresponding model settings.
Specifically, we tested our method’s ability to identify invalid IVs that violate the exogeneity
condition under three scenarios: linear constant-effect setting with varied distributions,
partially nonlinear constant conditions (with Gaussian noise terms), and partially nonlinear
non-constant conditions with varied functional forms but a consistent Uniform distribution.
The performance results are presented in Table 3, Table 4, and Table 5, respectively. Further,
we examined the proposed method’s effectiveness in identifying invalid IVs that violate
the exclusion restriction condition under nonlinear constant and nonlinear non-constant
conditions, considering various functional forms as well as Beta and Uniform distributions,
respectively. Results for these tests are shown in Table 6 and Table 7.

Table 2: Summary of propositions validated by the experimental results, along with the
corresponding model settings.

Table Proposition Demonstrated Model IV Violation

Table 3 Propositions 1 and 2 Linear Exogeneity

Table 4 Proposition 4 Partial Non-Linear Constant Effect Exogeneity

Table 5 Proposition 4 Partial Non-Linear Non-Constant Effect Exogeneity

Table 6 Proposition 4 Partial Non-Linear Constant Effect Exclusion Restriction
Table 7 Proposition 4 Non-Linear Non-Constant Effect Exclusion Restriction

Note: “Proposition Demonstrated” refers to the propositions that are supported by the experi-
mental results presented in each table.

Experimental Design: We generated data according to the model in Equation (3),
where each candidate IV set contains both a valid IV and an invalid IV. For the nonlinear
non-constant effects model, we applied five functions—Ilogarithmic, quadratic polynomial,
cubic polynomial, logarithmic quadratic polynomial, exponent quadratic polynomial—for g(-),
f(), and ¢«(-). In contrast, these functions were linear under linear, constant settings.
For the error term e,, we selected six distributions: Gaussian, Uniform, T, Beta, Gamma,
Log-normal. ® In all experiments, the significance level was set to 0.05 for sample sizes
smaller than 1000, and to 0.01 otherwise, with the sample splitting ratio fixed at p = 0.7.
Each experiment was repeated 100 times with randomly generated data, and the reported
results were averaged. The sample sizes are chosen from 3000 (3k), 5000 (5k), and 7000 (7k).
Additional experimental details can be found in Appendix C.

Table 3: Performance in Testing Violations of Exogeneity within Linear Models.

Size=3K Size=5K Size=7K

Distribution | Valid MR] Invalid MR/ | Valid MR] Invalid MR/ | Valid MR| Invalid MR|
Uniform 0.00 0.04 0.00 0.00 0.00 0.00
Beta 0.01 0.12 0.00 0.03 0.00 0.01
T-distribution 0.02 0.08 0.00 0.04 0.00 0.01
Gamma 0.01 0.08 0.00 0.01 0.00 0.01
Log-normal 0.01 0.08 0.00 0.02 0.00 0.00
Gaussian 0.00 1.00 0.00 1.00 0.00 1.00
Mixed 0.01 0.20 0.00 0.15 0.00 0.05

Note: | means a lower value is better, and vice versa.

5. The “Mixed distribution” refers to that obtained by randomly selecting from the mentioned distributions.
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Table 4: Performance in Testing Violations of Exogeneity within Partial Non-Linear Constant
Effect Models.

Size=3K Size=5K Size=7TK
Function Valid MR| Invalid MR] | Valid MR] Invalid MR| | Valid MR| Invalid MR|
Log 0.00 0.01 0.00 0.00 0.00 0.00
Quadratic polynomial 0.00 0.00 0.00 0.00 0.00 0.00
Cubic polynomial 0.00 0.00 0.00 0.00 0.00 0.00
Log(quadratic) 0.00 0.00 0.00 0.00 0.00 0.00
Exp(quadratic) 0.00 0.00 0.00 0.00 0.00 0.00

Note: | means a lower value is better, and vice versa.

Table 5: Performance in Testing Violations of Exogeneity within Partial Non-Linear Non-

Constant Effect Models.

Size=3K Size=5K Size=7TK
Function Valid MR| Invalid MR/ | Valid MR] Invalid MR| | Valid MR| Invalid MR/|
Log 0.00 0.00 0.00 0.00 0.00 0.00
Quadratic polynomial 0.00 0.00 0.00 0.00 0.00 0.00
Cubic polynomial 0.00 0.00 0.00 0.00 0.00 0.00
Log(quadratic) 0.00 0.00 0.00 0.00 0.00 0.00
Exp(quadratic) 0.00 0.01 0.00 0.00 0.00 0.00

Note: | means a lower value is better, and vice versa.

Table 6: Performance in Testing Violations of Exclusion Restriction within Partial Non-
Linear Constant Effect Models.

Size=3K Size=5K Size=7K
Function Valid MR| Invalid MR/ | Valid MR] Invalid MR| | Valid MR| Invalid MR/|
Log 0.02 0.11 0.01 0.08 0.00 0.04
Quadratic polynomial 0.00 0.09 0.00 0.05 0.00 0.02
Cubic polynomial 0.01 0.12 0.00 0.07 0.00 0.01
Log(quadratic) 0.00 0.16 0.00 0.09 0.00 0.04
Exp(quadratic) 0.01 0.09 0.00 0.05 0.00 0.03

Note: | means a lower value is better, and vice versa.

Table 7: Performance in Testing Violations of Exclusion Restriction within Non-Linear
Non-Constant Effect Models.

Size=3K Size=5K Size=7TK
Function Valid MR, Invalid MR| | Valid MR| Invalid MR/ | Valid MR| Invalid MR|
Log 0.00 0.16 0.00 0.12 0.00 0.04
Quadratic polynomial 0.00 0.02 0.00 0.00 0.00 0.00
Cubic polynomial 0.00 0.02 0.00 0.00 0.00 0.00
Log(quadratic) 0.01 0.06 0.00 0.02 0.00 0.00
Exp(quadratic) 0.00 0.00 0.00 0.00 0.00 0.00

Note: | means a lower value is better, and vice versa.
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Results: As shown in Tables 3 ~ 7, both metrics generally improve significantly with
increasing sample sizes across various distributions and functions. Those facts suggest that
our method can correctly identify invalid IVs that violate the ezogeneity condition or violate
the exclusion restriction condition. More specifically, Table 3 highlights that non-Gaussianity
is beneficial for identifying IV in linear models, as demonstrated in Figure 2 and supported
by Proposition 2. Notably, the Invalid MR value in the Gaussian distribution of the linear
model in Table 3 is 1, indicating that our method cannot detect invalid IVs in a linear
Gaussian model. This finding is consistent with the conclusions presented in Proposition 1.
Tables 4 ~ 5 further show that even a slight degree of nonlinearity facilitates the assessment
of IV validity under the exogeneity condition in both nonlinear constant and non-constant
effect models, as illustrated in Figure 3 and stated in Proposition 4. Lastly, Tables 6 ~ 7
reveal that in nonlinear models, when the direct causal effect of Z — Y does not follow a
linear function of the effect of Z — X, it becomes possible to assess the validity of IVs solely
concerning the exclusion restriction condition, as highlighted in the negative of Proposition
5 (7) and elaborated in Proposition 4.

5.1.2 COMPARISON WITH IV-PIM IN CONTINUOUS TREATMENT SETTING

In this section, we compared the proposed AIT Condition with IV-PIM, as proposed by
Burauel (2023), in continuous treatment settings. Note that since IV-PIM requires covariates,
we introduce covariates here for a fair comparison.

Experimental Design: The specific generation mechanism with covariates W in the
linear model is defined as follows: U = ey, W = ew, Z1 = Z(U+W+eyz), Zo = Z(W+ez9),
X =05214+05Z4+ AW + 6, and Y = X + W + ¢, where ey ~ T'(5), 21 ~ Beta(0.5,0.1),
ezo ~N(0,1), and d,e ~ T'(5). Here, Z(x) is the indicator function such that Z(x) > mean(x)
equals 1; otherwise, it is 0. The coefficient A is randomly drawn from a normalized standard
normal distribution. The noise terms ew follow a multidimensional normal distribution
and are consistent with IV-PIM, with the dimensionality of covariates W varying across
IW| = {2,3,5}. The remaining settings are the same as in Section 5.1.1.

Results: As shown in Table 8, our method outperforms experimental results of IV-PIM
with covariates under both Valid MR and Invalid MR. Interestingly, IV-PIM’s performance
improves as the dimensionality of covariates increases, consistent with findings in Burauel
(2023). Additionally, Table 8 highlights the practicality of the AIT condition with covariates,
as presented in Corollary 1.

Table 8: Performance in Testing Instrumental Variables with Covariates.

Size=3K Size=5K Size=TK
[W] Condition Valid MR| Invalid MR] | Valid MR, Invalid MR] | Valid MR| Invalid MR|
2 IV-PIM method (Burauel 2023) 0.22 0.25 0.22 0.18 0.32 0.22
AIT condition 0.00 0.11 0.00 0.01 0.00 0.00
3 IV-PIM method (Burauel 2023) 0.15 0.27 0.20 0.21 0.15 0.16
AIT condition 0.01 0.05 0.00 0.00 0.00 0.00
5 IV-PIM method (Burauel 2023) 0.11 0.16 0.06 0.25 0.08 0.23
AIT condition 0.00 0.02 0.00 0.00 0.00 0.00

Note: | means a lower value is better, and vice versa.
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5.1.3 COMPARISON WITH K-TEST IN DISCRETE TREATMENT SETTING

In this section, we compared the proposed instrument validity test with the K-test,
which was proposed by Kitagawa (2015) for discrete treatment settings without covari-
ates. The source code for the K-test is available at https://rdrr.io/github/CarrThomas/
TestforInstrumentValidity/.

Experimental Design: The discrete-treatment data were generated to simulate
violations of the ezxogeneity and exclusion restriction conditions as follows: U = ¢y,
Z =1I(pz(U) + ez), X = L(gx(Z) + ox(U) + ex), ¥ = BX + gv(Z) + ¢y (U) + ey,
and e, ~ N(0, 1), where the causal effect 8 = 1, and Z(x) is the indicator function such that
Z(*) > mean(*) equals 1; otherwise, it is 0. The functions ¢, (U) and ¢.(Z) are nonlinear and
randomly selected from the following set: cos, sin, square, cubic(third-degree polynomials),
logarithmic, exponential. The significance level is set to be the same for both methods at
each sample size. The remaining settings are the same as in Section 5.1.1.

Results: As shown in Table 9, the proposed AIT condition exhibits competitive
performance relative to the K-test in terms of Invalid MR. Specifically, AIT achieves lower
Invalid MR at sample sizes of 3K and 7K, while yielding comparable performance at 5K.
For the Valid MR metric, both methods achieve a value of 0, indicating that neither method
mistakenly identifies valid IVs as invalid.

Table 9: Performance in Testing Instrumental Variables with Discrete Treatment.

Size=3K Size=5K Size=TK
Condition Valid MR, Invalid MR/| | Valid MR| Invalid MR| | Valid MR| Invalid MR]
K-test method (Kitagawa 2015) 0.00 0.20 0.00 0.10 0.00 0.08
AIT condition 0.00 0.15 0.00 0.13 0.00 0.07

Note: | means a lower value is better, and vice versa.

5.1.4 THEORETICAL VALIDATION WITH THE AUXILIARY VARIABLE CORRECTLY
SPECIFIED

In this section, we present additional simulation experiments to verify the theoretical results
with the auxiliary variable correctly specified. Specifically, we report results for both valid
and invalid TV testing cases.

e For valid IV testing, we evaluate the Valid MR under three different model settings:
the Linear Model, the Partial Non-Linear Model with Constant Causal Effect, and the
ANINCE Model.

e For invalid IV testing, we evaluate the Invalid MR under various scenarios where IV
assumptions are violated. These include: the Linear Model with exogeneity violated;
the Linear Model with both exogeneity and exclusion restriction violated; the Partial
Non-Linear Model with Constant Causal Effect where exogeneity is violated; the
Partial Non-Linear Model with Constant Causal Effect where exclusion restriction is
violated; and the Partial Non-Linear Model with Constant Causal Effect where both
exogeneity and exclusion restriction are violated.

It is worth noting that for the nonparametric invalid IV model, we are unable to derive the
explicit closed-form solution for the auxiliary variable. As a result, we cannot report the
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Invalid MR for that setting. Besides, in each model, we include only a single candidate IV
to focus on the core objective of the test—assessing the validity of that IV. The remaining
settings are the same as in Section 5.1.1.

Results. As shown in Tables 10 and 11, both Valid MR and Invalid MR are low across
different sample sizes and model specifications. Specifically,

e The Valid MR is consistently low in both the constant and non-constant effect models,
indicating that the test appropriately controls the false positive rate when the auxiliary
variable is correctly specified.

e The Invalid MR is also very low in the constant effect model with an invalid TV,
suggesting that the test has strong power to detect violations of IV validity.

In summary, these results provide empirical support for the validity of our test when the

auxiliary variable is assumed to be correctly specified.

Table 10: Performance in Testing Valid IV with the Auxiliary Variable Correctly Specified
in Different Cases.

Valid MR
Cases Size=3K | Size=5K | Size=7K
Linear Model 0.00 0.00 0.00
Partial Non-Linear Model with Constant Causal Effect 0.00 0.00 0.00
ANINCE Model 0.00 0.00 0.00

Table 11: Performance in Testing Invalid IV with the Auxiliary Variable Correctly Specified
in Different Cases.

Invalid MR
Cases Size=3K | Size=5K | Size=7K
Linear Model: Exogeneity Violated 0.01 0.00 0.00
Linear Model: Exogeneity & Exclusion Restriction Violated 0.00 0.00 0.00
Partial Non-Linear Model with Constant Causal Effect: Exogeneity Violated 0.00 0.00 0.00
Partial Non-Linear Model with Constant Causal Effect: Exclusion Restriction Violated 0.02 0.00 0.00
Partial Non-Linear Model with Constant Causal Effect: Exogeneity & Exclusion Restriction Violated 0.01 0.00 0.00

5.2 Real-World Datasets

In this section, we evaluated the effectiveness of the proposed method by applying it to
three real-world datasets from different domains.

5.2.1 SCHOOLING-RETURNS DATA

We consider the application of our method to the study by Card (1993). This study
investigates the impact of education levels on earnings using data from the Young Men
Cohort of the National Longitudinal Survey.

Data Description: The dataset is a sample of 3010 men taken from the US National
Longitudinal Survey of Young Men (NLSY). It includes variables such as LivedNearCollege,
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Schooling, Returns, and a set of Covariates including { Fzperience, Ezperience square,
Black, Smsa, Smsa66, Region information (req662-reg669), South}, among others. The
hypothesized model of Card (1993) is presented in Figure 5. The hypothesized data generation
mechanism is described as follows:

Schooling = ag + oy - LivedNearCollege + o' - Covariates + 0, (19)
Returns = By + By - Schooling + ,BT - Covariates + ¢,

where § and € are dependent.

Covariates
(Ezperience

South) P A

Figure 5: Graphical illustration of an IV model for estimating the causal effect of Schooling
on Returns (Card, 1993).

Lived near
the college
~— =

Results: Card (1993) demonstrated that LivedNearCollege can serve as a valid IV for
the causal relationship Schooling — Returns, while controlling for the Covariates. For
consistency, we adopt the causal effect of Schooling on Returns, i.e., 1 = 0.1315, as well
as the coefficients 3 of the covariates from Card (1993), as the estimated parameter B

under the AIT condition. We then obtain the residual LivedNearCollege by regressing
LivedNearCollege on the Covariates. The/]izalue of the independence test between the
auxiliary variable and the residual LivedNearCollege is 0.73, indicating that we cannot
reject LivedNearCollege as a valid IV. This result further supports the validity of using
LivedNearCollege as an 1V, consistent with the findings in Card (1993).

5.2.2 COLONIAL ORIGINS DATA

We apply our method to the study by Acemoglu et al. (2001), which estimates the impact of
colonial history on the economic development of different regions using the Colonial Origins
of Comparative Development dataset.

Data Description: The dataset includes five key variables across 64 countries, after
excluding samples with missing data. These variables are: Mortality, Furo1990, Latitude,
Institutions, and Economic Development. The hypothesized model proposed by Acemoglu
et al. (2001) is illustrated in Figure 6, and the hypothesized data generation mechanism is
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described as follows:

Mortality
Institutions = v + (’yl Y2 ’yg) Latitude | + 9,
Euro1990 (20)
) Institutions
Economic Development = 3 + (ﬂ1 52) Latitude )

where 0 and e are dependent. Here, we adjust the parameter to B = m/10 to avoid overly
small subsamples and improve the stability of estimation, due to the small sample size
(m = 64) in this dataset.

)

Furo1990 |«------ 4

4 1\ (" N\

Mortality Institutions

.

FEconomic
Development

\& J

Latitude
—

Figure 6: Graphical illustration of an IV model for estimating the causal effect of Institutions
on Economic Development (Acemoglu et al., 2001).

Results: Acemoglu et al. (2001) demonstrated that both Mortality and Euro1990 can
serve as valid IVs, conditional on Latitude, with respect to Institutions and Economic De-
velopment. To verify this, we test their validity using the AIT condition. For consistency, we
adopt the causal effects of Institutions on Economic Development as reported by Acemoglu
et al. (2001), specifically 51 = 0.9458 and 2 = —0.5971, as the estimated parameters

P

Bi(i = 1,2) in the AIT condition. We next obtain the residuals Mortality and Euro1990
by regressing Mortality and Euro1990 on covariate Latitude, respectively. The validity test
for Mortality yields a P-value of 0.61, whereas the test for Euro1990 yields a P-value of
0.25. These results indicate that Furo1990 is more likely to be an invalid IV compared
to Mortality, suggesting that the exogeneity of Furo1990 is weaker than that of Mortality.
These findings are consistent with those of Acemoglu et al. (2001), and we cannot reject the
validity of Mortality and Euro1990 as IVs, aligning with their conclusions.

5.2.3 CONFLICT AND TIME PREFERENCE DATA

We consider the application of our method to the study by Voors et al. (2012). This study
uses the Conflict and Time Preference Data to investigate the impact of violence on a
person’s patience.

Data Description: The dataset consists of 302 observations and fifteen variables, as
described in Voors et al. (2012). Treatment variable, Violence, is measured by the percentage
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dead in attacks in the area the person lived, while the person’s Patience (outcome variable)
is assessed by a person’s discount rate for willingness to receive larger amounts of money in
the future compared to smaller amounts of money now. Other variables include Distance
(distance to Bujumbura) and Altitude, and Covariates such as {whether the respondent is
literate, the respondent’s age, the respondent’s sex, the total land holding per capita, land
Gini coefficient, distance to market, conflict over land, ethnic homogeneity, socioeconomic
homogeneity, population density, per capita total expenditure}. The Covariates used in the
study represent exogenous personal and geographical information variables. As discussed in
Voors et al. (2012), violence may be targeted in a non-random way, potentially related to
community patience, which makes violence endogenous. The hypothesized model from Guo
and Small (2016) is illustrated in Figure 7, and the hypothesized generation mechanism is
as follows:

Distance
Altitude
Di 2

Violence = ag + (a1 as a3 a4 Qs aGT) AZ:.Z?(;:Q + 9,

Distance - Altitude (21)
Covariates
Covariates
Patience = By + (,BlT B9 63) Violence + €,
Violence®
where 0 and € are dependent.
Distance to] . Social and -

Social and :

Bujumbura Political confounder

[ Altitude H Violence ]—'[ Patience ]

Covariates
(Personal and

Geographical
information)

Figure 7: Graphical illustration of an IV model for estimating the causal effect of Violence
on a person’s Patience (Voors et al., 2012).

Results: Voors et al. (2012) showed that both Distance and Altitude can serve as valid
IVs, conditional on Cowvariates, with respect to Violence on Patience. To verify this, we
test their validity using the AIT condition. For consistency, we adopt the causal effects
of Violence on Patience as reported by Guo and Small (2016), specifically 2 = 2.054 and
B3 = 0.049, as the estimated parameters BZ(Z = 2,3) in the AIT condition. We obtain
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the residual Dgt\c;;ce and Altitude by regressing Distance and Altitude on Cowvariates,
respectively. We first test the validity of Distance, which yields a P-value of 0.33, suggesting
that Distance cannot be rejected as a valid instrumental variable. This is consistent with
the findings of Voors et al. (2012). Similarly, testing Altitude as a potential IV results in a
P-value of 0.76, indicating that Altitude also cannot be rejected as a valid IV. These results
align with the conclusions of Voors et al. (2012).

6. Conclusions

In this paper, we explored the testability of single IVs in the additive nonlinear, non-
constant effects (ANINCE) model, where the treatment variable can be either discrete or
continuous. To this end, we introduced a necessary condition, termed the AIT condition.
We showed that, under the completeness condition, the AIT condition can detect whether a
variable is a valid IV without requiring knowledge of whether any other variable serves as
an instrument. Furthermore, we provided additional precision conditions for identifying all
invalid IVs in linear and ANINCE models. We then proposed the practical AIT condition
test algorithm with covariates and finite data, and established its asymptotic level and
power. Experimental results using both simulation data and three real datasets have further
validated the usefulness of our algorithm.

A limitation of the current asymptotic analysis of the AIT test is its reliance on the
v/n-consistency of the IV estimator h (Assumption 5). Although this rate is plausible for
parametric and some semiparametric IV estimators, it is generally difficult to attain for
fully nonparametric IV estimators because of the ill-posed inverse problem. Future work
could therefore develop more efficient testing procedures that maintain asymptotic validity
under weaker rate requirements. More broadly, this paper studies testability in the single-IV
setting, whereas some applications involve multiple candidate instruments. It would be useful
to examine whether the AIT condition can be extended to provide testable implications for
IV sets, including cases where some instruments may be invalid.
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Appendix A. Proofs

Before presenting the proofs, we introduce three important theorems since these are used
to prove our results. We begin by recalling the theorem on the properties of independent
random variables from Meester (2008). These results serve as the foundation for the proofs
of Theorem 1 and Corollary 1.

Theorem 5 (Theorem 2.2.5 in Meester (2008)) Let X1, Xo,...,X,, be mutually in-
dependent random variables, and for i =1,...,n, g; be a function g; : R — R. Then the
random variables g1(X1), g2(X2), ..., gm(Xm) are also mutually independent.

Corollary 3 Let X1, X9 and X3 be mutually independent random variables; and let function
g:R? = R and function h : R — R. Then, g(X1,X2) and h(X3) are independent random
variables.

Proof Let g:R? — R and h: R — R. We aim to show that the random variables g(X1, X2)
and h(X3) are independent. We here provide the proof for the case where the random
variables are discrete. The argument for continuous random variables is similar and can be
obtained by replacing the summation with integration.

We compute:

P(g(X1, X2) = a,h(X3) = b)

- Z P(Xy =21, X = 22, X3 = x3)
x1,T2,T3:
g(z1,x2)=a, h(x3)=b
T1,T2,23:

g(z1,22)=a, h(z3)=b

— Z P(Xy = 21)P(X3 = x3) Z P(X3 = x3)

x1,T2: x3:
g(gjl,x2):a h(iﬂg):b

= P(9(X1,X2) = a) - P(h(X3) =)
Therefore, (X1, X2) and h(X3) are independent. |
We then quote the Darmois—Skitovitch theorem that characterizes the independence of

two linear statistics (Darmois, 1953; Skitovitch, 1953). This theorem provides the foundation
for proving Propositions 2 ~ 3 and Theorem 2.

Theorem 6 (Darmois—Skitovitch Theorem) Define two random variables Vi and Vs
as linear combinations of independent random variables €1, ...,€p:

P P
Vi=> ae, Vo= B (22)
i=1 i=1

where the oy, B; are constant coefficients. If Vi and Vo are independent, then the random
variables €; for which o;f; # 0 are Gaussian.
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The above theorem states that if there exists a non-Gaussian ¢; for which a;3; # 0, V1 and
V5 are dependent.

Next, we introduce a local geometric information theorem that characterizes the inde-
pendence of two nonlinear statistics (Lin, 1997). This result provides the foundation for
proving Propositions 4 ~ 5, and Theorem 3.

Theorem 7 (Proposition in Lin (1997)) The Hessian Hy of function f is block diago-
nal everywhere, 8i8jf}86 = 0 for all points s and all i < k, j > k, if and only if f is separable
into a sum f(s1,...,9m) = g(s1, ..., Sk) + hA(Sk+1, ..., Sm) for some functions g and h.

Theorem 7 states that a function f is separable if and only if its mixed second-order
partial derivative is zero.

A.1 Proof of Proposition 2: Testability of Exogeneity in Linear Models

Proof Under the assumption of a linear model, Equation (3) can be expressed as follows:

U:€U7 Z:’)’TU“‘EZ,

- . (23)
X=7Z2+4p U + ¢y, Y=8X4+vZ+£'U+ecy.

Let h(X) = BX = %X . According to the AIT condition, in the linear model, the
function h(X) satisfies the conditional moment restriction, i.e., E[Y — h(X) | Z] = 0. By

Equation (23), B can be expressed as follows:

(vyT + k1) Cov(U)y + v Var(ey)

=5+ (9T + pT)Cov(U)y + 7 Var(ez)

(24)

Bbias

Hence, we have

Axoyz=Y — BX
=vZ 4+ kTU + ey — Brias X (25)

= [¥" + k" — (v7 + ") Boias) €U + (V — TBbias) €2 — Bbiasex + €y

Since Z is an invalid IV violating exogeneity, without loss of generality, we assume
that U; causes the candidate IV Z, i.e., v; # 0, then Bpins # 0. This will imply that
(Vi + ki — (VT + pi) Boias) # 0 for ey, and (v — 7Bpias) # 0 for ez. Furthermore, because
of Assumption 2, i.e., (i) there exists at least one variable U; € U whose noise term
follows a non-Gaussian distribution and cause Z or, (ii) the noise term of Z follows
a non-Gaussian distribution, then at least one of the non-Gaussian noise terms ey,
or €z, is common between Ay _,y|z and Z. Due to the Darmois-Skitovitch Theorem,
we have Ax _,y| is dependent on Z. That is to say, { X, Y||Z} violates the AIT condition. W
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A.2 Proof of Proposition 3: Non-Testability of Exclusion Restriction in Linear
Models

Proof Because candidate IV Z satisfies exogeneity condition, the model of Equation (3)
can be written as:

UZEU, Zzsz,

T T (26)

X=7Z+p U+e¢ex, Y=08X+vZ+kKr'U-—+ey.
Let h(X) = BX = %X. According to the AIT condition, in the linear model, the
function h(X) satisfies the conditional moment restriction, i.e., E[Y — h(X) | Z] = 0. By
Equation (26), 8 can be expressed as follows:

Cov(Y, 2)

. v
BZW:5+;:5+5M%-

Hence, we obtain
Axoyz=Y — X
=vZ+ kTU + ey — BpiasX

T
p v v

= (kT - "= ey — —ex +ey.
T T

When v = 0, Equation (26) implies that Z is a valid IV, we have Ax_,y|z = kley + ey.
Since Z only contains the noise term ez, in both cases—whether Z is an invalid
IV that violates solely the exclusion restriction condition or a valid IV—there are
no shared noise terms between Ax_,y|z and Z. By the Darmois—Skitovitch Theorem,
we have Ax_,y ||z is independent of Z. Thus, {X,Y||Z} always satisfies the AIT condition. B

(27)

A.3 Proof of Theorem 2: Necessary and Sufficient Conditions in Linear Models

Proof Below, we prove the necessary and sufficient condition for identifying invalid IV in
the linear model.

(=): According to Theorem 1, we know that if Z is a valid IV relative to X — Y, then
{X,Y||Z} always satisfies the AIT condition. This indicates that if {X,Y||Z} violates the
AIT condition, then Z is an invalid IV. Below, we processed with a proof by contradiction
to prove that candidate IV Z violates the exogeneity condition. If Z solely violates the
exclusion restriction condition, then by Proposition 3, {X,Y||Z} always satisfies the AIT
condition. This contradicts the assumption that {X,Y||Z} violates the AIT condition. As a
result, candidate IV Z violates the erogeneity condition.

(<=): To establish that Assumption 2 holds and that the candidate IV Z is invalid due
to a violation of the exogeneity condition, we need to show that {X,Y||Z} consequently
violates the AIT condition. This conclusion is equivalent to Proposition 2, thereby proving
the theorem. |
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A.4 Proof of Proposition 4: Testability of IV in ANINCE Models
Proof If Z violates the IV conditions, the generating mechanism can be described as follows:

U=ey, Z=¢z(U)+ez,
XZQ(Z)—FQOX(U)-FE)(, Y:f(X,Z)+(PY<U>+EY.

Without loss of generality, let h(-) be a function satisfying E[Y — h(X)|Z] = 0 and
h(-) # 0. According to the definition of the AIT condition, we have

Axoyz =Y — M(X)
= f(X,Z) = h(X) +¢y(U) +ev, (29)

.]T‘bias(XaZ)

(28)

where fyias(X, Z) = f(X, Z) — h(X).
Combining Equations (28) and (29), we have

Ax vz = Joias(X, Z) + oy (U) + ey,

(30)
Z = (pz(U) +ez.

Below, we prove this proposition using the linear separability of the logarithm of the
joint density of independent variables, which states the fact that for a set of independent
random variables whose joint density is twice differentiable, the Hessian of the logarithm
of their density is diagonal everywhere from Lin (1997) (See Theorem 7 in Appendix A

for further details). According to Assumption 3, we know that the second-order partial

. . 9?1 A Z . . .
derivative 0ePAxv)1z.2) # 0. Furthermore, according to the local geometric information
0Ax Ly 2z0Z

theorem (Theorem 7), we have Ax_,y|z J. Z. This implies that {X,Y[|Z} violates the
AIT condition. |

A.5 Proof of Proposition 5

Below, we provide separate proofs for each of the two cases in Proposition 5.

A.5.1 PROOF OF PROPOSITION 5 (I)

Proof Because candidate IV Z satisfies exogeneity condition, the model of Equation (3)
can be written as:

U= gu, Z = €7,
X =9x(Z)+ ¢x(U) +ex, Y =f(X)+g9v(Z2)+ ¢y (U) +ey.
If the direct causal effect of Z — Y is a linear function of the direct causal effect of Z — X,
ie., gv(Z) =a-gx(Z)+b, then it is possible to construct a valid IV model that shares the
same distribution as the above invalid IV model (31). The model for this valid IV, which
has an identical distribution, is as follows:
U =0, 7' =Z,
X' =X, Y = f(X)+ py(U) +ey =Y,

(31)

(32)
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where f'(X') = f(X) + gy(Z). According to Equation (32), we know that Z’ is a valid IV
relative to X’ — Y.

Based on Theorem 1, the auxiliary variable Ay _,y 7 is independent of IV Z. As a result,
the joint probability density of (AX_>y|| 2, 7) factorizes as the product of the marginal
densities:

p(AX—>Y|\Z> Z) = p(AX—>Y\|Z) p(Z).

According to the local geometric information theorem (Theorem 7), taking the logarithm of
both sides and computing the second-order partial derivative yields:

0? logp(-AX—WHZ,Z) . 82[10gP(AX—>Y|\Z) +log p(Z)]

= =0.
OAx v z0Z OAx _y)|z0Z

This result indicates that Assumption 3 does not hold. |

A.5.2 PROOF OF PROPOSITION 5 (II)

Proof Due to the assumption of linearity in the model, the model in Equation (3) can be
written as:
UZEU’ Z:"YTU"_EZ,

- - (33)
X=7Z+p U +e¢x, Y=X+vZ+kU+c¢y,

where all noise terms are Gaussian.

Let h(X) = BX = gg:(()};?)X . According to the AIT condition, in the linear model, the
function h(X) satisfies the conditional moment restriction, i.e., E[Y — h(X) | Z] = 0. Since
all noise terms are Gaussian and the model is linear, the vector (X, Y, Z) is jointly Gaussian.
Because Ax_y |z =Y — BX is a linear combination of (X,Y), the pair (Ax_y|z,Z) is
also jointly Gaussian.

Hence, we have
Cov(Ax_y|z, Z) = Cov(Y — BX, Z) = Cov(Y, Z) — 3 Cov(X, Z) = 0. (34)

Therefore, Ay _,y|z and Z are uncorrelated. For jointly Gaussian variables, uncorrelatedness
implies independence, and thus

P(Ax_y)z,Z2) = p(Axy)z) p(Z) = logp(Ax_y |z, Z) = logp(Ax_y|z) + log p(2).

(35)
It follows immediately that
92
W IOgP(AX—WHZa Z) =0, (36)
which implies that Assumption 3 does not hold. [ |
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A.6 Proof of Theorem 3: Necessary and Sufficient Conditions for IV in
ANINCE Models

Proof Below, we prove the necessary and sufficient conditions for identifying invalid IV in
the ANINCE model.

e (=): According to Theorem 1, we know that if Z is a valid IV relative to X — Y/,
then {X,Y||Z} always satisfies the AIT condition.

e («<=): To establish that Assumptions 1 and 3 hold and that the candidate IV Z is
invalid, we need to show that {X,Y||Z} consequently violates the AIT condition. This
conclusion is equivalent to Proposition 4, thereby proving the theorem.

A.7 Proof of Corollary 1: Necessary Condition for IV with Covariates

Proof Below, we apply the same proof technique used in Theorem 1 to demonstrate
Corollary 1. Suppose Z is a valid IV relative to X — Y given W, the generating mechanism
can be expressed as follows:

U=¢ey, W=tyw(PAw)+ew, Z=1tz(W)+eyz,

X = g(W.2) + ox(U) tex. ¥ = [(X.W) + gy (U) + ey (37)
where functions g(-), f(-) and ¢.(-) are smooth functions, PAw denotes the set of parent
variables for each variable in W, and PAw C W. According to Newey and Powell (2003),
Singh et al. (2019), Bennett et al. (2019), under the completeness condition and given that Z
is a valid IV under the covarites W, the function h(-) that satisfies the conditional moment
restriction E[Y — h(X)|Z, W] = 0 is uniquely identified, and coincides with the true causal
effect function f(-) of (X, W) on Y, that is, h(-) = f(-).
Thus, we have

AxSy)zw) =Y —MX, W)=Y — f(X,W) = py(U) +ey. (38)

Let Z denote the residual from the regression Z on W. Thus, Z = ¢4.

By Theorem 2.2.5 and its extension in Meester (2008), if random variables are mutually
independent, then any measurable functions applied to disjoint subsets of them yield
independent random variables (see Theorem 5 and Corollary 3 in Appendix A for further
details). Based on this result, we next show that the auxiliary variable Ax_,y|(zw) and Z
are statistically independent. Specifically, since the noise terms €z, ey, and ey are mutually
independent, we can obtain that €z is also independent of py(ery) + ey. Furthermore,
combining the equations U = ey and Z = £z , we conclude that Z is independent of
¢y (U) +ey. Hence, the auxiliary variable Ax_>y||( zw) and Z are statistically independent,
i.e., Axy(zw) AL Z. Consequently, {X,Y|[(Z, W)} satisfies the AIT condition. [ |
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A.8 Proof of Theorem 4: Asymptotic Level and Power of the AIT Test

Proof Let h(-) denote the oracle function and h(-) its estimator trained on the dataset D; C
D. We establish our theoretical results using an independent dataset Dy = {(X;,Y;, Z;)}7", C
D. For notational simplicity, we below use (X Y, Z) to denote a generic observation drawn
from Dy. Recall that A =Y — h(X) and A =Y — h(X). In the absence of covariates, we
simply have Z = Z. To establish the asymptotic level and power of t of the AIT test, we e analyze
the difference between HSIC(.A Z) and its oracle counterpart HSIC(.A Z), where HSIC( )
denotes the block-based estimator of Zhang et al. (2018). Specifically,

(\/mBH/SE(A, 2) — VmBHSIG(A4, Z)‘

m/B m/B

—‘F an —VmB- —an ‘

m/B
=vmDB - B Z iy (A) — ﬁb(A)] (by the triangle inequality)
m
b=1
B m/B
<VmB- =3 |[in(A) = nl(A)|
b=1
B m/B 1 B (39)
VB - B L [ (RWE® o (RO E®
mB m; 55 =3) [m«(K L ) tr(K I )}
Part 1
1 1ITRO1ITEO1 17RO 11701
TBB=3) | B-1)B-2 (B-1)B-2
Part 11
o 2 TRWF®] - 2 TR®F0)
553 [B_Q]l KOLOL - =1 "KOLOL |,

Part 111

where K®) denotes the kernel matrix for the estimated auxiliary variables A in the b-th
block.

Below, we prove the asymptotic level and power of the AIT condition test, respectively.
1. Proof of the asymptotic level of the AIT condition.

To establish the asymptotic level of the AIT test under the null hypothesis, we proceed in
three steps. First, we derive a bound on the estimation error within a single block. Second,
we extend this bound to the full HSIC estimator. Finally, we study the asymptotic behavior
of the resulting test statistic.

e Step 1: Single-block Error Bound for |7j,(.A)—#;(A)|. For a fixed block b (omitting

the superscript (b) for brevity), let l;; = I(Z;, Z;). We decompose the difference into
the three components appearing in (39) (Parts I-III) and bound them separately.
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(1) Part I in Equation (39):

553 =S 5 (KE) - B<Bl_3) i (KL)
:B(Bl—B) LZ;&] (b (A As) = (A A ) 1

Taking absolute value of the above expression, and by the boundedness and
Lipschitz continuity (Assumption 4), we have

L. { S (kA A) k(A A 1

1,510 #]

SB(BgW—B) Z ’(k (/lz,fl]) —k (Ai,Aj))‘ (by Assumption 4 (1))
1,Ji0FE]
B(A;Q 3) ;ﬁj (‘ L= A

MQ Z‘

<~
~B(B-3)
_2MQ(B-1)

=~ B(B-3) Z‘

(2) Part II in Equation (39):

IN

j ) (by Assumption 4 (2)) (40)

51344

1 1Tk117L1 1 1TK117L1
B(B-3)(B-1)(B—2) B(B-3)(B-1)(B-2)
1 o
“B(B-3)(B-1)(B-2) 2> [ (“4““4>_’“ AirA; ] 2 lor

YRS q,m:q#T

Taking absolute value of the above expression, and by the boundedness and
Lipschitz continuity (Assumption 4), we have

B(B - 3)(31 1)(B - 2) ) [kr(jli,ft)—k (A, Aj) ] 7 g

) i,51i#] q,rq#T
<B(B 3)(( )()B 2) Z%y‘k(AZ,A ) — k(A Aj )‘ (by Assumption 4 (1))
(;WQB ; HA] — .AjH) (by Assumption 4 (2))
MQ(B
(129 3)( Z

(41)
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(3) Part III in Equation (39):
—1

T7~ T
BB-3B-2" M1t gm oy p_at M1
) o

Taking absolute value of the above expression, and by the boundedness and

Lipschitz continuity (Assumption 4), we have

i2 N "
1%3—3x3—mimggﬁ%%(&”%)_MA“&HQT
<MB 3)( —22;2;% k(A Ar) E;MJ
SB(QM Z Z; ‘k (Ai, Ar) — k(AL A (by Assumption 4 (1))
_B(Qé\sz(g) ( -1) HA —A; ) (by Assumption 4 (2))
AMQ(B —V ;
SB(B-3)(B-2) Z Ai = Ai

(42)

Combining the bounds derived in (40)—(42), we obtain

NP N C(B
i) — )| = S S
€Ly
where the constant C(B) := % [1 + % +

set of the b-th block with |Z| = B

e Step 2: Overall HSIC Error Bound ]H/Sﬁ(fl, Z)
the block-based HSIC estimator is defined as HSIC(A, Z) =

summing over all m/B blocks:

A~

A — A;

I

2(5_21)]7 and 7 denotes the index

- H/SE(A Z)|. Recall that
Zm/B iy(A). Hence,

m/B
— . — B R
[HSIC(A, 2) — HSIC(A, Z)[ = — ) [7(A) — 7 (A)l
b=1
BYL oB) O(B) &
<X g ZHAZ—«‘% < o[-

Substituting the auxiliary variable A =Y — h(X
Thus,

[HSIC(A, 2) — OSIC(A, 2)| <
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By the law of large numbers, L 3" A (X)) —h(X:)|| & E[||h(X;)—h(X;)]|]. Moreover,
since h is estimated using another independent dataset Dy of sample size n, and is
v/n-consistent by Assumption 5, we have ||h — iL"LQ(PX) = 0,(n~"/2). Combining the
above results yields

IHSIC(A, 2) — HSIC(4, 2)| = 0, (n_l/Q) . (43)

Step 3: Asymptotic Validity vmB HSIC. By the assumption that the sample
sizes satisfy mB = o(n) as n — oo, together with Equation (43), Equation (39) can
be expressed as follows:

|VmBHSIC(A, £) — VmBHSIC(A, £)| = VmB - 0p(n~?) = 0,(1).

Hence,

VmBHSIC(A, 2) = VmB HSIC(A, Z) + 0,(1).

Under Hy, let ¢, o be a critical value such that the oracle statistic satisfies
Py, (WH/S'E(A, 2) > cm,a) <a+o(l).
By Slutsky’s theorem,
P, (\/@H/SI\C(A, Z) > Cm,a) = Py, (\/@H/SI\C(.A,Z)—%OP(I) > Cmya) < ato(l).
Consequently,

Py, (Type I error) = Py VmBH/S-EA,Z >Cmal <a+o(l).
0 0 )

2. Proof of the asymptotic power of the AIT condition.

Under the fixed alternative H;, assume that HSIC(A, Z) = n > 0. Recall that the

block-based HSIC estimator can be written as

M
HSIC(A, 2) = % S i, M =m/B.
b=1

Under Hy, the block statistics {f}}, are i.i.d. with E[f] = 7 > 0 and finite variance
Var () = 72 < co. By the classical central limit theorem,

VM (H/SI\C(A,Z) _ n) Dy N(0,72).

Since M = m/B, multiplying both sides by B, this is equivalent to

VimB (BSIC(A, 2) - ) 2 N(0,0%,).

2

where o7, = B2,
1
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By the plug-in error bound established in Equation (43), ﬁSI\C(A, Z) = ﬁSI\C(.A, Z)+
0,(n~1/2), and under mB = o(n),

VinB (HSIC(A, 2) - HSIC(A, 2) ) = o,(1).
By Slutsky’s theorem,
vVmB (H/SE(/L Z)— 7]) TN N(0,0%,).
The Type II error probability is
Py, (Type 11 error) = Pp, (\/miBH/S_E(/l, Z) < cma) ,

where ¢, o is defined as the (1 — a)-quantile of the null limiting distribution. Subtracting
vmBn and standardizing yields

VB (BSIC(A.2) =) o~ By

< — =Py, (TinB < Am.B),
oH, oH,

Py,

where T;,, B =N N(0,1). Since the null distribution is non-degenerate, its quantiles are finite,
and hence ¢, o = Op(1). Moreover, because n > 0,

App=— il vmB+ O(1) = —oc.
oH,

Hence,
Py, (Type II error) = ®(A,, ) + o(1), as mB — .

Applying Mills’ ratio for A, p < 0 gives

(A p) < L e s o( ! e0m3>
m S YV &K - = T )
B V21 (—Ap,B) P 2 vmB

where ¢ = 7?/(20%,) > 0. Therefore,

1
P, (Type 11 error) = O( ecmB> .

]

A.9 Proof of Corollary 2: Asymptotic Level and Power of the AIT Test with
Covariates

Proof Let h(-) and 7(-) denote the oracle functions, and let A(-) and #(-) denote their
estimators trained on the dataset D; C D. We establish our theoretical results using an
independent dataset Dy = {(X;,Y;, W;, Z;)}7, C D. For notational simplicity, below we use
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(X, Y, W, Z) to denote a generic observation drawn from Ds. Recall that A =Y —h(X) and
A=Y — h(X), and that Z =27 —7(W) and Z = Z — 7(W). To establish the asymptotic
level and power of the AIT test, we analyze the difference between H/SE(A, Z ) and its oracle
counterpart H/SE(A, Z), where H/Sﬁ(7 -) denotes the block-based estimator of Zhang et al.
(2018), i.e., [HSIC(A, Z) — HSIC(A, Z)|.

Applying the triangle inequality, we have

[HSIC(A, £) — ASIC(A, )|

< [HSIC(A, Z) — HSIC(A, Z)| + |[HSIC(A, 2) — HSIC(A, Z)| . (44)
Part I: error induced by A Part II: error induced by Z

We next show that, by arguments analogous to those in the proof of Theorem 4, the two
terms can be bounded separately. Specifically, by Assumptions 6 and 7, we have

[HSIC(A, 2) — HSIC(4, Z)| = O,(n~"/?).
Moreover, by Assumptions 6 and 8, it holds that
[HSIC(A, Z) — HSIC(4, Z)| = 0,(n™9), g€ (0,1/2).
Combining the above two results, we obtain
[HSIC(A, 2) — HSIC(4, Z)| = Op(n~ /) + 0p(n™%), g€ (0,1/2).

Since n~9 dominates n~'/2 for ¢ < 1/2, the overall convergence rate is O,(n~9), ie.,

[HSIC(A, Z) — HSIC(A, 2)| = 0,(n™9).
By the assumption that the sample sizes satisfy mB = o(n??), which ensures that:

|VmBHSIC(A, £) — VmBHSIC(A, Z)| = 0,(1). (45)

Below, we prove the asymptotic level and power of the AIT condition test, respectively.
1. Proof of the asymptotic level of the AIT condition with covariates.
Under Ho, let ¢, be a critical value such that the oracle statistic satisfies

P, (@H/SE(A, Z) > cm,a> <a-+o(l).
By Slutsky’s theorem, we further have
Py, (VmBHSIC(A, 2) > o) = Py (VmBHSIC(A, Z) + 0p(1) > ma) < a+ o(1).
Consequently,
Py, (Type I error) = PHO(\/@H/SE(A, Z) > ema) < a+o(l).

2. Proof of the asymptotic power of the AIT condition with covariates.
We proceed analogously to the proof of Theorem 4. In particular, applying the same
block-averaging and a central limit theorem argument to the oracle variables (A, Z) yields

vmB <H/SE(.A, Z)— 77) EEN N(0,0%,), oy, =B,
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where 7 = HSIC(A, Z) > 0 and 72 = Var(f)) < oc.
According to Equation (45), we have

VimB (BSIC(A, ) — 1) = VB (HSIC(A, 2) ~ 1) + 0,(1).
By Slutsky’s theorem,
VimB (HSIC(A, 2) - n) 2 N(0,0%,).
The Type II error probability is
Py, (Type II error) = Py, (@H/Sﬁ(/l, Z) < cm7a) ,

where ¢, o is defined as the (1 — a)-quantile of the null limiting distribution. Subtracting
vmBn and standardizing yields

VmB (H/Sﬁ(/i, Z) — 77) ¢ \JmB
Py, < e T = Py (T8 < AmB),
UHl UHl

. Since the null distribution is non-degenerate, its quantiles are finite,

where T, B =N N(0,1
(1). Moreover, because n > 0, we have

and hence ¢, o = O),

)
1

ApB=— " /mB + Op(1) = —o0.
OH,

Hence,
Py, (Type 11 error) = ®(A,, ) + o(1), as mB — oo.

Applying Mills’ ratio for A,, g < 0 gives

(I)(A ) < 1 e Agn’B O< 1 e—cmB)
m S Y &KX - = e )
b V2 (—Arm B) P 2 vVmB

where ¢ = 7?/(20%,) > 0. Therefore,

Py, (Type 11 error) = O <

-
Sy
C‘)I
:
Sy
N———

Appendix B. Two Analytic Examples Satisfying Assumption 3

In this section, we provide two fully analytic data-generating processes and verify Assump-
tion 3 in a straightforward manner. Our verification is based on the following observation:
since p(A,Z) = p(A | Z)p(Z), we have

2 2

0
5487 logp(A, Z) = BADZ logp(A | Z),

logp(A, Z) =logp(A | Z) +1ogp(2), =
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because log p(Z) does not depend on A. Thus, it suffices to show that the mixed derivative
of logp(A | Z) is nonzero on a set with non-zero Lebesgue measure.
Throughout, we define the auxiliary variable for the constant effect model as

. - Cov(Y, Z
Ax_yz =Y — BX, B = Cov((X Z))‘

B.1 Example 2: Violation of the Exogeneity Condition (Z J U)

Consider the nonlinear Gaussian noise model

U=ey, Z =~U+egz,

46
X =exp(Z) + pU +¢x, Y =68X + kU + ¢y, (46)

where (ey,ez,ex,¢y) d N(0,1). Since Z =~U + ez, we have Z J U whenever vy # 0, i.e.,

exogeneity is violated.
Step 1: Compute 3 = Cov(Y, Z)/Cov(X, Z).
Let 0% := Var(Z) =~% + 1. For Z ~ N (0,0%), the moment identity gives

d d
£E[etz] =7 exp(%a%tQ) = 0% exp(%o’%) .40
t=1 t=1

Cov(exp(Z), Z) = E[Ze?] =
Moreover, Cov(U, Z) = Cov(U,yU + ez) = ~. Hence
Cov(X, Z) = Cov(exp(Z),Z) + p Cov(U, Z) = 0% exp(0%/2) + py.
Since Y = X + kU + ey and ey 1 Z,

Cov(Y,Z) = 8 Cov(X, Z) + k Cov(U, Z) = B(0 exp(0%/2) + p7) + k7.

Therefore,
~  Cov(Y,Z) Ky
- — . 48
p Cov(X, Z) b+ o2 exp(c%/2) + py (48)
Bbias

Step 2: Derive A and p(A| 2).
Using Y = X + kU + ¢y,
A=Y - X
= (6~ B)X +rU +ey
= (8~ B)exp(Z) + ((B—B)p+ KU + (8~ Bex + ey

Conditional on Z = z, the random variable U | Z = z is Gaussian since (U, Z) is jointly
Gaussian. Specifically,

. Cov(U,2) vy L Cov(U,Z)* 1
ElU | Z =z] = Var(Z) Z—O_%Z, Var(U | Z =2)=1— Var(Z) o3
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Since (ex,ey) AL Z and are Gaussian, it follows that A | Z = z is Gaussian with mean m(z)
and variance v given by

m(z) = (8= B) exp(z) + ((B = )+ k) 5=
Oz
R 5 1 - (49)
= (- Bt r) S+ (- BP 1.
9z
In particular, v > 0 is constant (independent of z).
Step 3: Verify Assumption 3.
Since A | Z = z ~ N(m(2),v),
o _Amm)? 1
logp(A| Z==2) = 5 5 log(27v).
Hence
0 . A-—m(2) 0? . m/(2)
ﬂlogp(A‘Z_z)__ v I aAazlogp(A‘Z_Z)_ v N
Using Equation (49), we have the derivative
m'(2) = (8= B)exp(z) + (8~ B)p+ r) 75 (50)
z
Therefore, combining Equations (49) and (50) yields
0? 0? m'(Z) _ K = Biaslpy + exp(Z)(v* + 1)]
—1 Z)= ———1 7)) = = )
5457 ogp(A, Z) A7 ogp(A | Z) " (5 — Briasp)? + (2 + 1)(BE,. + 1)

(51)
Since m/(z) is not identically zero (which holds generically; e.g., if £y — Bpias [y +exp(2) (72 +
1)] # 0), the set {z : m/(z) # 0} has non-zero Lebesgue measure. Consequently, Equation (51)
is nonzero on a set with non-zero Lebesgue measure, and Assumption 3 holds.

B.2 Example 3: Violation of the Exclusion Restriction Condition (Z — Y Direct

Effect)
Consider the model
U=¢ey, Z = ey, (52)
X =exp(Z)+pU +¢ex, Y =8X +vZ + kU + ey,

where (ey,ez,ex,€y) N (0,1). Here Z 1L U (exogeneity holds), but exclusion is violated

when v 7 0 due to the direct effect vZ.
Step 1: Compute 3 = Cov(Y, Z)/Cov(X, Z).
Since Z ~ N(0,1), by Equation (47) with 0% = 1,

Cov(exp(Z),Z) = exp(1/2).
Moreover, U 1. Z and ex 1 Z, hence
Cov(X,Z) = Cov(exp(Z), Z) = exp(1/2).
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Since Y = X +vZ + kU + ey and (U,ey) 1L Z,

Cov(Y,Z) = Cov(X,Z) +v Var(Z) = Bexp(1/2) + v

Therefore,
. Cov(Y, Z)
b= Gt 2y = P re 12 (53
Bbias

Step 2: Derive A and p(A| 2).
We have

~ BX
( —B)X +vZ+ kU + ey
=(B-B)exp(Z) +vZ+ ((B—B)p+rK)U + (B - Blex +ey.

Conditional on Z = z, U remains N (0,1) and is independent of Z. Thus A | Z = z is
Gaussian with mean and variance

~

m(z) = (8 — B) exp(z) + vz,

« . 54
v=((B=B)p+r)*+(B-B)>?+1 oY

where v > 0 is constant.

Step 3: Verify Assumption 3.

As in Example B.1, using Equations (53) and (54), we obtain m/(z) = (8 — B) exp(z) + v,
which implies

0? 0? m/(Z) v[l —exp(Z —1/2)]
1 A, Z 1 Al Z = .
0ADZ 0gp(A, Z) = dADZ ogp(4|2) = [k —vexp ()2 +v2exp(—1) + 1
(55)
Since v # 0 (i.e., exclusion is violated), and m/(z) # 0 for all z # 1/2, {z : m/(z) # 0}
has non-zero Lebesgue measure. Therefore, the mixed second derivative (Equation (55)) is
nonzero on a set with non-zero Lebesgue measure, and Assumption 3 holds.

Appendix C. More Details on Simulation Experiments in Section 5

In this section, we provide details of the simulation experiments corresponding to Tables 3
~ 11. Specifically, the generation mechanism for each table is as follows:

e Table 3. The model setup is as follows: U = ey, Z1 = U + €41, Zo = €79, X =
T Z1+ 1l +pU +ex,Y = X + KU + ey, where all constant coefficients are randomly
selected from a uniform distribution with parameters min = 0.5 and max = 1.5. The
noise terms ey,ez1,€z92,6x, and €y follow the specific distributions listed in each
row. The final row indicates that all noise terms are randomly drawn from one of six
distributions. ¢

6. These six distributions include Uniform, Beta, T, Gamma, Lognormal, and Gaussian.
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Table 4. The model setup is as follows: U = ey, Z1 = ¢z1(U) + €21, Z2 = €z9,
X =mnZ1+ 172+ pU +ex, Y = X + kU + ey, where all constant coefficients
are set to 1, and all noise terms follow the Gaussian distribution with mean 0 and
standard deviation 1. The nonlinear function ¢z;(U) matches the corresponding
function provided in each row. The details of the nonlinear function are as follows:

Log:

Quadratic polynomial:
Cubic polynomial:
Log (quadratic):

Exp (quadratic):

Table 5. The model setup is as follows:

Y =log,.(0.2|X — 1]);

Y =X2-2-X+1;

Y =X3-05-X2402-X;
Y =log,(|0.5- X% + X|);

Yy — (0-3-X7+1,

(56)

U = ¢y, Z1 = YU + €71, Za = €z2,

X =nZ1+ 12+ pU +ex,Y = f(X)+ kU + ey, where all constant coefficients are
set to 1, and all noise terms follow the Uniform distribution with parametric min = -2
and max = 2. The nonlinear function f(X) corresponds to the specific function listed
in each row. The details of the nonlinear function are as follows:

Log:
Quadratic polynomial:
Cubic polynomial:

Log (quadratic):

Y = 8-log.(|X]);

Y =(5-X +2)2—10;
Y=5-X342-X242.X —3;
Y =8-log.(2- X? + X +1|);

(57)

Y — 3. el X?H05:X 42,

)

Exp (quadratic):

Table 6. The model setup is as follows: U = ey, Z1 = €z1, Zy = €z9, X =
sign(Z1) + gx(Z2) + pU + ex, Y = X + gy (Z1) + kU + ey, where all constant
coefficients are set to 1, and all noise terms follow a Beta distribution with parameters
alpha = 0.5 and beta = 0.1. The sign(x) denotes sign function, where * > 0 equals 1,
* = 0 equals 0, and otherwise, it equals -1. The nonlinear functions gx(Z2), gy (Z1) are
defined by the specific functions provided in each row. The specific nonlinear functions
are as follows:

Y =4.5 log.(2-|X|+0.3);

Y =(15-X+2)?%-8;

Y =3 -X3+2-X?+55 X +5
Y =log,(|4.5- X% —0.1- X —0.1));
Y — 25X +1.9-X,

)

Log:

Quadratic polynomial:
Cubic polynomial: (58)
Log (quadratic):

Exp (quadratic):

The model setup is as follows: U = ey, Z1 = €71, Zo = €29, X = sign(Z1) + gx(Z2) +
ox(U)+ex, Y = f(X)+gv(Z1) + oy (U) + ey, where sign(*) denotes sign function,
and all noise terms follow the Uniform distribution with parametric min = -2 and max
= 2. The nonlinear functions correspond to the specific functions provided in each
row. The detailed forms of these nonlinear functions are as follows:
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Log: Y =log.(]X —0.01|) — 0.01;
Quadratic polynomial: Y =0.1-(0.5- X —0.1)? — 10;

Cubic polynomial: ¥ = X3 +0.5- X2 +0.2- X — 0.05; o
Log (quadratic): Y = log(|0.5- X* + X| +1);
Exp (quadratic): Y = 60.2.X2;

e Table 8. The specific generation mechanism for the linear model with covariates W
is defined as follows: U = ey, W =ew, Z1 = Z(U + W +¢e41), Zo = Z(W + £29),
X =052 +05Zy + AW + 6§, and Y = X + W + ¢, where ey ~ T(5), 71 ~
Beta(0.5,0.1), ez2 ~ N(0,1), and d,e¢ ~ T'(5). Here, Z(x) is the indicator function
such that Z(*) > mean(x) equals 1; otherwise, it is 0. The coefficient A is randomly
drawn from a normalized standard normal distribution. The noise terms ey follow a
multidimensional normal distribution, consistent with IV-PIM, with the dimensionality
of covariates W varying across |W| = {2, 3, 5}.

In the IV-PIM method, the parameters are set as follows: the number of bootstrap
samples Bpyootsirap = D, the kappa method is specified as spectral, and the synthetic
treatment variable method is set to knockoff.

e Table 9. The discrete treatment data that simulates violations of the exogeneity
and ezclusion restriction conditions as follows: U = ey, Z = Z(pz(U) +ez), X =
I(gx(Z) + ox(U) +ex), Y = BX + gv(Z) + ¢y (U) + ey, and &, ~ N(0,1), where
B =1, and Z(x) is the indicator function such that Z(x) > mean(x) equals 1; otherwise,
it is 0. The functions ¢,(U) and g.(Z) are nonlinear and randomly selected from the
following: cos, sin, square, cubic(third-degree polynomials), logarithmic, exponential
function.

e Table 10. The model settings are as follows:
— Linear Model: U =¢cy, Z =¢z, X =2+ U+c¢ex,Y = X +U + ¢y, where ¢y,
ez ~U[-1,0)U (0,1], and ex,ey ~ N(O, 1).

— Partial Non-Linear Model with Constant Causal Effect: U = ey, Z = ez,
X =sin(Z)+ U +ex, Y = X +U? + ey, where all independent noise follow the
standard Gaussian distribution e, ~ N(0,1).

— ANINCE Model: U =¢py, Z =€z, X =22+ U +¢ex, Y =X + U + ¢y, where
all independent noise follow the standard Gaussian distribution €, ~ N(0,1).
e Table 11. The model settings are as follows:
— Linear Model and Exogeneity Violated: U = ey, Z =2U 4 ez, X = Z2+4+U +¢x,
Y = X + U + ¢y, where ey, ez ~ Gamma(l,2), and ex,ey ~ Beta(l,2).

— Linear Model and Exogeneity & Exclusion Restriction Violated: U = ey7, Z =
3U+ez, X =Z+4+U+ex,Y =X+2Z+U +¢ey, where ey, ez ~ Gamma(1,2),
and EXH,EY ™~ N(O, 1).
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— Partial Non-Linear Model with Constant Causal Effect and Exogeneity Violated:
U=c¢y, Z = U3+EZ, X=Z+4+U+e¢ex,Y =X +U+ ey, where ey, ez ~
N(0,1), and ex,ey ~U[—1,0) U (0, 1].

— Partial Non-Linear Model with Constant Causal Effect and Exclusion Restriction
Violated: U = ey, Z=¢cz, X =Z+U +ex, Y = X + sin(Z) + U? + ey, where
ev, ez ~ N(0,1), and ex,ey ~ U[—1,0) U (0,1].

— Partial Non-Linear Model with Constant Causal Effect and Exogeneity & Ex-
clusion Restriction Violated: U = ey, Z2 = U 4+ ez, X = Z 4+ U + ex,
Y = X + €% 4+ 2U + ey, where ey, ez ~ U[-1,0) U (0,1], and ex,ey ~ N(0,1).
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