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Abstract

Regressing a function F' on R? without incurring the statistical and computational curse
of dimensionality requires exploitable structure. Compositional models F' = f o g in which
g has a low-dimensional range include classical single- and multi-index models as well as
certain neural networks; while the case of linear g is well understood, substantially less is
known for nonlinear g. We study the model F(X) = f(Il,X), where II, is the closest-
point coordinate associated with an unknown regular curve 7, and f is an unknown one-
dimensional link function. The predictor X need not be intrinsically low-dimensional and
may have full-dimensional variation throughout a tubular neighborhood of the curve. We
construct a nonparametric estimator based on response slicing, local principal component
analysis, data-adaptive slice assignment, and one-dimensional local polynomial regression.
Under coarse monotonicity of f and sufficient variation normal to the curve relative to the
observational noise and the coarse-monotonicity scale, the estimator attains, up to logarith-
mic factors, the minimax-optimal one-dimensional mean squared rate down to an explicit
geometry- and noise-dependent saturation level. When the normal-variation condition is
removed, we prove a complementary guarantee for the wide-slice regime. The estimator
can be constructed in time O(d?nlogn), and the constants and sample-size thresholds in
our bounds depend at most polynomially on the ambient dimension d.

Keywords: high-dimensional regression, nonparametric regression, compositional mod-
els, single-index model, inverse regression

1. Introduction

We consider the standard regression problem of estimating a function F : R — R from

n samples {(X;,Y;)}",, where Xi,...,X,, are i.i.d. realizations of a predictor variable
X € R? with distribution px, and (1, ...,{, are mutually independent realizations of a
centered observational-noise variable ¢, independent of X1, ..., X,, with

Y= F(Xi) + G-

In the general nonparametric, distribution-free setting, if we know only that F' € C*(R?) is
Hoélder continuous with exponent s > 0 and, say, compactly supported, then the minimax
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rate for estimating F in L?(px) is niﬁ; see (Binev et al., 2024; Gyorfi et al., 2002) and

the references therein. Equivalently, the minimax squared L?(px) risk is of order nT o,
Kernel estimators attain this rate with a properly chosen bandwidth and kernel, as do a
variety of other well-understood estimators based on Fourier or multiscale decompositions;
see (Gyorfi et al., 2002; Binev et al., 2005, 2007) and the references therein. This rate
deteriorates dramatically as the dimension d of the ambient space increases: this is an
instance of the curse of dimensionality. Because no estimator can achieve a faster minimax
rate over all such functions and d is very large in many applications, it is natural to consider
structured regression problems in which the curse of dimensionality can be avoided.

In this work, we study the Nonlinear Single-Variable Model F(x) = f(Ilyx), where v
is an unknown curve in R? and IL, returns the parameter of the closest point on . The
predictor X may have full-dimensional variation in a neighborhood of the curve and is
therefore not intrinsically low-dimensional. From response slices, our estimator learns local
curve geometry by PCA, assigns each point to a nearby slice, and performs one-dimensional
local polynomial regression along the resulting coordinate. It attains the minimax-optimal
one-dimensional mean squared rate up to logarithmic factors, plus an explicit saturation
term, and can be computed in O(d*nlogn) time.

Two key assumptions are made for our strongest convergence results: the link f is
assumed to be coarsely monotone, so that response slices correspond to localized portions of
the curve, and a lower conditional variance condition is imposed, requiring sufficient normal
variation around the curve relative to the observational noise and the coarse-monotonicity
scale of f. Under these assumptions, the estimator avoids both the statistical and the
computational curse of dimensionality. We investigate the robustness of our estimator when
these assumptions are relaxed. In particular, when the lower conditional variance condition
is removed, we prove that the estimator achieves small error provided the observational
noise is small and f is nearly monotone.

We first state the model, its main guarantees, and our contributions, and then place them
in the context of related work. We view the present model as primarily of theoretical inter-
est because its inner function is currently restricted to projection onto a one-dimensional
manifold. Extending the construction to higher-dimensional manifolds is natural and may
help explain why some functions can be learned efficiently even from data that appear far
from any low-dimensional structure. We also give a stylized application to learning com-
mittor functions in high-dimensional stochastic systems, where a reaction-path coordinate
can induce an approximate NSVM structure; see Section 4.3.

1.1 The Nonlinear Single-Variable Model and contributions

We call this the Nonlinear Single- Variable Model (NSVM). Our contributions are as follows:

(i) We study the Nonlinear Single-Variable Model, an intermediate model between the
semiparametric single-index model and the nonparametric function-composition model:
both the outer and inner functions are nonlinear, while the inner function is the closest-
point coordinate associated with an unknown curve v C R¢, and the distribution of
X has a corresponding tubular geometric structure;
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(ii) For the coarse-monotone subclass of links, and under the lower conditional vari-
ance condition used in the main thin-slice theorem, we construct an estimator that
achieves the one-dimensional minimax rate up to logarithmic factors and the explicit
noise/curve-approximation term appearing in Theorem 3. When the lower variance
condition is not satisfied, Theorem 6 shows that our estimator can also perform well,
but with a saturation level that depends on the geometry of the response slices and
the link function;

(ili) We give an efficient, near-linear-time algorithm that constructs the estimator from
data. All constants in the learning bounds, sample-size thresholds, and computational
costs scale as low-order polynomials in the ambient dimension d.

This model generalizes the single-index model by allowing g to be nonlinear (but with
a particular geometric structure), while remaining amenable to estimation with strong sta-
tistical and computational guarantees that are not cursed by the ambient dimension and
require no regularity assumptions that scale with the dimension.

Definition 1 (Nonlinear Single-Variable Model) The regression function F admits
the decomposition
E[Y|X] = F(X) = f(IL,X)

where the underlying curve v : [0, len,] — R? is twice continuously differentiable, is param-
eterized by arclength without loss of generality, and has length len, , and the link function
f :[0,len,] — R depends only on one variable. The random wvector X is supported in
some domain §), C R? containing the image of v, such that the closest-point projection
IL, : Qy — [0,len,], with
IT,(z) := argmin ||z — y(?)]| ,
te[0,leny]

is well defined on €1, i.e., the minimizer is unique.

We express the random vector X as its position along the curve and its displacement away
from the curve:

X = 5(t) + My <Z%1> (1)

with ¢ = I1, X, t a random variable on [0, len,] and Z;_;1 a centered random vector in R4~L.
For each unit vector v € S¥1, let M, € O(d) C GL(d,R) be an orthogonal matrix that
maps the dth canonical basis vector é; to v. Therefore, conditioned on ¢t = ¢y € [0,len,],
Zg1
0

The regression problem for the Nonlinear Single-Variable Model: Given pairs
{(X;,Y;)}, where Xi,...,X, are independent copies of X as above and Y; = F'(X;) + (;,
with F' as in Definition 1 and observational noise (;, the goal is to estimate the regression
function F' on the support of X. The variables (i,...,(, are assumed to be sub-Gaussian,
mutually independent, and independent of X1, ..., X,.

The distribution of X, the link function f, and the underlying curve « are all unknown.
Figure 1 illustrates the model.

the random vector M., > € span{y/(to)}* is the displacement of X away from ~.
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Figure 1: An example of the Nonlinear Single-Variable Model in Definition 1. The curve -,
shown in black, is a Meyer helix in R?% (see Appendix C) with o, = 0.5; the link f € C*7(R)
is strictly monotone, and ¢ = 0. We generate n = 5000 samples X; in a tube of radius 6
around the curve and color them by Y; = F(X;) = f(II,X;). Left: a random projection
onto R3. Right: the orthogonal projection onto the first three principal components. The
distribution does not appear to admit a low-dimensional linear embedding without increased
geometric complexity; see Appendix C.

The domain €, C R? must be chosen so that the closest-point projection IL, is well
defined; this condition is related to the reach of v (Federer, 1959). Define the distance
function dist,(z) : R? — [0, 00), dist,(x) = inf{[|lz —v(to)|| : to € [0,len,]}, the domain
Unp., is defined as the set of all points x € R? for which there is a unique point ~(to)
closest to . The map II, : Unp, — [0,len,] maps = € Unp, to the unique ¢ € [0, len,]
such that disty(x) = ||z — y(t)||. For ty € [0,len,], the local reach is reach,(ty) := sup{r :
B(v(to),r) € Unp,}, and the global reach is reach,, := inf{reach,(to) : to € [0,len,]}. Both
reach, (t9) and reach, take values in [0,00]. With these definitions, 2, could be as large
as Utoe[O,lenw] B(v(to),reachy(tp)). Thus, unlike the manifold-regression models discussed
above, px need not be supported on, or highly concentrated near, . As in single-index
models, the data may have substantial variance in directions normal to the index; here we
allow this variance to be as large as possible while keeping IL,, the nonlinear analogue of
orthogonal projection onto the index line, well defined.

For the regularity range used in the formal guarantees, let 0 < s < 1. A bounded
function f : R™ — R belongs to C*(R™) if

[f]cs = sup M

s <00
w2y |lZ =yl

The quantity [f]. is the s-Hélder seminorm of f. Throughout the formal guarantees below,
s € [3,1].
We are now ready to state an informal version of the main theorem:

Theorem 2 (Informal) Suppose that f € C*(R!) for some s € [%,1], that f is coarsely
monotone, and that the lower conditional variance condition 0, > CrcvCymax(o¢,wy)
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holds for a sufficiently large universal constant Crcoy > 0. With some additional assump-
tions on the underlying curve v, the distribution px of the random wvariable X, and the
variance Jg of the noise (, if the sample size satisfies n > poly(d, len, ), then the estimator

F constructed by Algorithm 1 satisfies
~ 2 __2s
E[‘F(X)_F(X)‘ :| Scl(fv'.y’pX>O-C7d)n 2s+1 10gn+02(f7’77ano-Cad)‘

The dependence of the constants C1,Cy on d is a low-order polynomial. The estimator F
can be constructed by an algorithm that runs in time O(d*nlogn).

The bound on the expected L?(px) error contains two terms. The first gives a near-optimal
learning rate, up to logarithmic factors, matching the minimax rate for one-dimensional
nonparametric regression as if v were known. The second is a saturation term caused by
approximating v piecewise linearly only at scales above o¢. The estimator in fact produces
an estimate of the underlying curve -y, of the (nonlinear) closest-point projection IL,, and of
the link function f, thereby providing an interpretable estimate of each component in the
compositional structure of F'. Further remarks may be found after the formal statements
of the main results in Section 2.
Table 1 collects the notation specific to the NSVM and its estimator.

symbol definition symbol definition

1L, closest-point coordinate on y len,, reach, length and reach of ~y

F=foll, regression function f one-dimensional link function

Ry hth response interval Sih, §”L population and empirical slices

s Bk population and empirical slice centers Sih, f[,h population and empirical slice covariances

Gih, @l,h population and empirical slice-shape scores | v p, 0y p population and empirical significant vectors

H; retained heavy slice indices Nioc minimum count for a retained slice

dist(z, h,).,di/&(m, h) population and empirical slice distances hz,ﬁz population and empirical assigned indices

l,j slice and local-regression resolutions JCOR A projected interval and accepted region
Notation

1.2 Related work

Intrinsically low-dimensional models. One approach is to impose geometric assump-
tions on the distribution px of the predictor X, for example, that px is supported on a
low-dimensional manifold M of dimension r» < d, while F' is a generic s-Holder function on
M. In these settings, some estimators attain the optimal rate with respect to the intrinsic
dimension r and admit fast algorithms; see (Bickel and Li, 2007; Kpotufe, 2011; Kpotufe
and Garg, 2013; Liao et al., 2016, 2022; Liu et al., 2025a). For example, the estimators in
(Liao et al., 2016, 2022) can be constructed in time O(C"d*nlogn) and adaptively achieve
a minimax-optimal rate, up to logarithmic factors, over a large family of function spaces
with unknown regularity that may vary across locations and scales. The model considered
here extends some of the works above by allowing the data not to lie exactly on a low-
dimensional manifold, for example because of factors irrelevant to predicting the values of
F or because of noise.
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Highly regular function classes. In a different direction, one may consider function
classes with smaller complexity than s-Holder functions on RY. One straightforward but
highly restrictive assumption is that the Holder exponent s scales proportionally with d,
making the minimax rate above independent of d. Larger function classes can be obtained by
imposing either strong mixed smoothness (Stromberg, 1998), such as membership in highly
anisotropic Besov spaces (with O(1) axis-aligned directions of O(1) smoothness and O(d)
smoothness in all remaining directions), or integrability of the Fourier transform (Barron,
1993). In the context of deep neural networks, Suzuki and Nitanda (2021) demonstrate that
functions in this class can be approximated well, with suitable architectures, in a way that
avoids the curse of dimensionality if the degree of anisotropic smoothness is sufficiently large
(“O(d)”), while leaving open the aspects of learning and optimization. The condition of
belonging to a Barron’s space requires sufficiently fast decay of the Fourier transform of VF',
which is a condition that gets stronger with the dimension, except for very special cases,
among which, notably the single- and multi-index models that we discuss momentarily,
where the Fourier transform of VF' (and F itself) is a singular measure. This requirement
excludes intrinsically low-dimensional nonlinear models from the Barron’s space since the
Fourier transform of a measure supported on (or near) a general nonlinear curve has slow
decay (Arkhipov et al., 2004; Brandolini et al., 2007). Our main model here is therefore
typically not included in the Barron’s space, though both the Barron space and our main
model include the single-index model as a special case.

Compositional models. Other function classes arise from structural assumptions, often
expressed through compositional models. For example, suppose that

F=fog ,withg:R'5R" and f:R" — R!

where f and g have suitable Holder regularity and r < d. For general compositions, Judit-
sky et al. (2009) prove that sufficiently smooth inner functions can improve the minimax
nonparametric rate for estimating F' = f o g, although the resulting rate may still suf-
fer from the curse of dimensionality. Recent works combine anisotropic smoothness with
composability, especially in the context of approximators or estimators constructed with
deep neural networks. In this direction, (Schmidt-Hieber, 2020; Shen et al., 2021) consider
spaces of functions that are compositions of low-dimensional functions with anisotropic
smoothness conditions, studying the dependence of approximability and learning risk on
the dimensionality of the spaces involved and the smoothness of the corresponding func-
tions. Unfortunately the innermost such function is defined on the original high-dimensional
space R%, so in general these results do not circumvent the curse of dimensionality, unless
again the (anisotropic, in general) regularity of that function scales with d. Another di-
rection is to design different types of neural networks that exploit nonlinear compositions,
see (Lai and Shen, 2021; Liu et al., 2025b). Most of these results address only whether a
function can be approximated well by a neural network; they neither analyze the learning
problem nor address computational questions, such as whether an optimization algorithm
can efficiently find the parameters of the desired estimator. Another aspect that is often
left unaddressed is the dependence of constants on the ambient dimension, which is unfor-
tunately often exponential: see Shamir (2020) for a discussion of some of these aspects, and
Shen et al. (2021) for bounds in particular cases. In the parametric setting, models in which
g is a polynomial and f is a function in a known finite-dimensional space have been consid-
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ered; for example Wang et al. (2024); Lee et al. (2024) (and related work referenced therein)
consider special classes of polynomials g for which a customized layer-by-layer training of a
neural network leads to estimators of F' that are provably not cursed by the dimensionality.

Single- and multi-index models. Classical examples of structural assumptions based on
function composition for which the curse of dimensionality can provably be avoided include
single- and multi-index models, as well as generalized linear models (Stone, 1982; Hastie
and Tibshirani, 1990; Breiman and Friedman, 1985; Horowitz and Mammen, 2007). When
g = G :R% — R" is linear, the resulting model is called the multi-index model: F € C*(R%)
depends on only r linear features, F'(x) = f(Gx) for some link function f € C*(R"), matrix
G : RY — R", and the projection of X onto the range of G is sufficient for regression.
The special case r = 1 is the single-index model, in which F(z) = f({v,z)) for an un-
known index vector v € S*! and an unknown link function f € C*(R). These models
have been intensively studied: Stone (1982) conjectured that the minimax regression rate
for the single-index model is n~ 2 (and n~ %% for multi-index models), coinciding with
the one-dimensional minimax nonparametric rate, thereby escaping the curse of dimension-
ality. This rate is achieved with kernel estimators in (Hérdle and Stoker, 1989, Theorem
3.3) and (Horowitz, 1998, Section 2.5), and the index v can be estimated at the paramet-
ric rate O(n_%) under suitable assumptions. The existence of an estimator converging at
rate n” 21 is shown in (Gyorfi et al., 2002, Corollary 22.1), and (Gaiffas and Lecué, 2007,
Theorem 2) demonstrates that n~27 is indeed the minimax rate. Unfortunately, these
estimators often lack implementations that provably avoid the curse of dimensionality; for
example, their constants may be exponential in the dimension. Liu and Liao (2024) is a
recent approach, based on contour regression analysis, for multi-index models; however, the
dependence of its constants on d is not made explicit, and the available analysis does not
establish polynomial dependence on d. These models have also attracted recent attention
through their connection to “feature learning” in neural networks. See, for example, Lee
et al. (2024); Alberti et al. (2021) and the references therein on learning single-index models
with suitably trained neural networks or gradient descent, respectively. Related work sug-
gests that deep neural networks exploit low-dimensional linear subspaces for classification
and prediction (Radhakrishnan et al., 2024).

Functions in our nonlinear single-variable model can be approximated efficiently by
wavelets, local Fourier expansions, or neural networks adapted to the geometry of ~, for
example through local tensor approximations whose first component is tangent to the curve.
What remains unclear is how to estimate and compute such representations from data with-
out incurring the curse of dimensionality. Related work includes kernel methods composed
with a linear projection (Huang et al., 2025), which provide some algorithmic guarantees,
and neural-network approximations (Shen et al., 2025), for which no corresponding algo-
rithmic guarantee is given.

Many methods have been developed for jointly estimating the index vector v (or matrix
G) and the link f, with different tradeoffs between statistical assumptions and computa-
tional cost; see Lanteri et al. (2022) for an extended discussion. One category includes
semiparametric methods based on maximum likelihood estimation (Ichimura, 1993; Hardle
et al., 1993; Delecroix et al., 2003; Delecroix and Hristache, 1999; Delecroix et al., 2006;
Carroll et al., 1997) and M-estimators that produce y/n-consistent index estimates under
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general assumptions, but with computationally demanding implementations, relying on sen-
sitive bandwidth selections for kernel smoothing and on high-dimensional joint optimization
of f and v. Another category includes direct methods. For example, Average Derivative
Estimation (Stoker, 1986; Hérdle and Stoker, 1989) estimates the index vector v by exploit-
ing its proportionality to VF. Early implementations of this idea suffer from the curse of
dimensionality due to the use of kernel estimation for the gradient. Xia (2006) uses local
kernel estimators for estimating the direction of the gradient, and the idea could in princi-
ple be applied to our model. However, our theoretical analysis would not apply, and it is
unclear whether the resulting method would avoid the curse of dimensionality. The method
of Hristache et al. (2001) uses an iterative scheme to adapt an elongated neighborhood win-
dow gradually, but it requires a sufficiently accurate initialization. Gradient-based methods
(stochastic and non-stochastic) have been studied in the context of neural networks (Lee
et al., 2024; Bietti et al., 2025, 2022; Damian et al., 2024).

A category of techniques particularly relevant to the present work includes conditional
(or inverse-regression) methods, which derive their estimators from statistics of the condi-
tional distribution of the explanatory variable X given observations of the (noisy) response
variable Y. Prominent examples include sliced inverse regression (Duan and Li, 1991; Li,
1991), sliced average variance estimation (Cook, 2000), simple contour regression (Li et al.,
2005; Coudret et al., 2014), and its multi-index analysis in Li and Wang (2007), which
yields a near-optimal estimator for the multi-index model. Conditional methods parti-
tion the range of the response variable Y into small intervals and consider their preimages,
which, when f is monotone, are slices whose thinnest direction is the index direction v. They
are often straightforward to implement, requiring the computation of conditional empirical
moments or other statistics related to the level sets of f, and may have only one tuning
parameter: the slice width. Unfortunately, several of the works above, including (Hristache
et al., 2001; Li and Wang, 2007), while obtaining asymptotic learning rates that avoid the
curse of dimensionality and are in some cases minimax optimal or near-optimal, require a
minimum sample size that is exponential in the ambient dimension d (either explicitly, or
through constants in the bounds).

Beyond the statistical fact that single- and multi-index models need not incur a cost
cursed by the ambient dimension, another critical problem is to design algorithms with rea-
sonable computational cost for implementing statistically optimal estimators. For example,
even in the case of single-index models, M-estimators typically require high-dimensional
nonconvex optimization in v and f; methods based on optimizing over v, even when com-
bined with random sampling, may scale exponentially in d because of the need to obtain
points inside a narrow cone around the unknown v. Conditional methods can often be
implemented efficiently, with running time O(Cyn) up to logarithmic factors (except for
contour-regression methods, which scale quadratically in n), where Cy is a low-order poly-
nomial in d. Lanteri et al. (2022) discuss these techniques in detail for the single-index
model and introduce Smallest Vector Regression, which attains optimal statistical guaran-
tees up to logarithmic factors, provides a theoretically optimal rule for selecting the slice
width (a crucial parameter whose choice is often not discussed; see Coudret et al., 2014, p.
75), and admits an implementation with cost O(d?nlogn). Neither the rate exponents nor
the constants in the statistical, sample-size, and computational bounds incur the curse of
dimensionality.
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At the level of statistical models, the manuscript of Lanteri et al. (2018) introduced a
version of the nonlinear single-index model and attempted a first study of its properties
using the ideas in Lanteri et al. (2022), which had put the focus on the development of
inverse regression techniques under assumptions on the geometry of sufficient statistics for
regression, and on using low-order moments to estimate the geometry of response slices.
The contribution here lies in the slice-geometry estimator, its geometric adaptivity, and
the accompanying finite-sample and computational guarantees rather than in the curve-
projection model alone. The ideas in Lanteri et al. (2018) were further developed, by
a subset of the authors, in Kereta et al. (2021) (a work of which we became aware when
preparing the final revision of this paper), to estimate local index vectors by linear regression
within response slices and predict with a k-nearest-neighbor estimator based on a localized
proxy for the geodesic metric on the curve. The main results in Kereta et al. (2021) for
bi-Lipschitz link functions, under the stated assumptions, are not proven therein, due to
gaps in the proof!'. The proofs as given only work by restricting the results to the case
of monotone C? functions with sufficiently small Lipschitz constant and Hessian, as well
as small observation noise. Under these stronger assumptions the results do not yield
optimal learning rates. On the computational side, the construction therein proposed is
straightforward to implement when the curve is nearly linear, but in the general case, it
requires prior knowledge of a critical scale parameter lying in a narrow interval determined
by the reach, which is itself difficult to estimate. The numerical experiments reported in
Kereta et al. (2021) do not establish that all assumptions required by the theory hold in
those settings.

Our approach differs in geometry, adaptivity, and theory. Response-slice PCA identifies
significant vectors, with the selected principal component adapting to the local geometry of
the response slices along and normal to the curve. Points are assigned to slices by a data-
adaptive local distance, reducing reliance on unknown parameters such as the observational-
noise level and the reach of the curve. Prediction is then performed by one-dimensional
local polynomial regression at the appropriate scale on the estimated tangent spaces. We
cover the Holder—Lipschitz range C*®, s € [1/2,1], and prove a finite-sample MSE bound in
Theorem 3, with the one-dimensional rate up to logarithmic factors, an explicit saturation
term, and polynomial dependence of all constants on the ambient dimension.

In conclusion, while the situation is rather well-understood for compositional models
F = fog with g linear, much remains open when g is nonlinear: one needs to identify which
geometric and statistical assumptions allow the compositional structure to circumvent the
curse of dimensionality, beyond settings that require very high regularity of g, regularity
increasing with d, or membership in special polynomial families. In the curve-projection
setting treated here, the remaining challenge is not only to specify a nonlinear index, but
to learn from data the relevant local geometry, the nonlinear coordinate, and the one-
dimensional link with explicit risk and computational guarantees.

1. The positivity of o;,y, used pervasively in all the main results (Corollary 3.1; the main Theorem 4.3,
Remark 4.1 (the headline rates (4.4) and the noise-free (4.5)), and Proposition 4.5), requires an upper
bound on the Hessian, and therefore, in particular, f € C?; once that assumption is added, one further
needs to assume a sufficiently small upper bound on o, ||H f|| ||f||Lip (in the notation of the present
work) to guarantee that a suitable scale for which oy is positive in fact exists. Other errors in the
proofs appear either repairable or of lesser consequence.
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2. An estimator for the Nonlinear Single-Variable Model

We propose an inverse-regression estimator of F' for the Nonlinear Single-Variable Model,
together with an efficient algorithm that also produces a sketch of the curve v and an
estimate of the closest-point projection IL,.

Step 1: extract geometric features of the underlying curve . Given data {(X;, Yi)},
randomly split and relabel the sample into two halves, and split the first half again into
two quarters. Using only i < n/4, let R be an interval containing the corresponding Y;’s,
and let {R; h}h | be the uniform partition of R into [ intervals. We form the empirical
slice palrs {(Sl h,Rl h)}h , from the first quarter, where Rl ho= {Y <n/4, Y; € Rp}
and Sl,h ={X; i < n/4, Y; € Ry} Each empirical slice Slh is the empirical pre-
image of the interval R;j in the output variable Y. For each [,h, let S;; denote the
conditional distribution X | Y € R;j. Then §l7h is the empirical version of S; 5, and its
moments approximate those of S;;, when the slice contains sufficiently many observations.
We perform principal component analysis (PCA) on each §l,h to obtain its mean i, and
its “significant vector” vy : i, is expected to lie near v, and vy, is expected to be tangent
to v near fip, yielding a local first-order approximation to the curve.

Step 2: design a distance function dist(z, h) (and its empirical version (Tl?u(ac, h)), based
on the geometric shape of S, (and gl,h respectively), that measures the distance from z to
the slice Sy, (§l7h, respectively). By assigning each x € €2, to the “nearest” slice according
to this distance function, we partition the domain €2, into several local neighborhoods. The
same rule assigns each input in the second half to a local neighborhood using its X-value
only. Because the significant vector vy j, is approximately tangential to the curve ~, the local
linear projection approximates the nonlinear projection IL,.

Step 3: perform one-dimensional piecewise-polynomial regression using the observations
in the second half assigned to each local neighborhood. This, together with the “nearest”
slice assignment in the second step, gives a global estimator of F' on (.

2.1 Extracting the geometric features of the underlying curve vy

For each t € [0,len,], let n(t) := % be the unit normal vector to «, pointing toward
the center of the osculating circle. For x € (), define the signed projected distance from
z to v by d(z,7) = (x — y(IIyz), A(I1,2))ga. It is zero when z lies on 7, positive when x
lies inside the circle of curvature, and negative otherwise. A direct calculation shows that,
when -y is parameterized by arclength, the compositional structure ' = f oIl, in Definition
1 implies, for z € €2,,

fhx)
1 — [lv"(ILy2)] d(z, )

F(z) = ¥ (ILa). (2)

Therefore, the gradients at points in each level set I1 L(tg) = {z : I,z = to} are all parallel
to the unit vector +/(¢p), although their magnitudes depend on the relative position of 2 and
7. Consequently, each I L(ty) is contained in a hyperplane. If we could perform a singular
value decomposition of points on each level set 117 L(to), the singular vector corresponding
to the 0 singular value would be parallel to /(o).

10
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The geometry of the level sets plays a central role in our estimator, as it does in earlier
work on the single-index model, including (Stoker, 1986; Hérdle and Stoker, 1989), and in
recent refinements such as the Smallest Vector Regression estimator of Lanteri et al. (2022).
In the single-index model, where the underlying curve ~y is a line segment with direction v,
any level set {x : F(x) = ¢} is a hyperplane perpendicular to v. As in (Lanteri et al., 2022),
using only the first quarter of the sample, we take a uniform partition of the empirical range
R = [min;c, /4 Y;, max;cy /4 Y;] into intervals {Rl,h}lh:p indexed by h = 1,...,[; for each
Ry 1, we consider the empirical slice

§l,h ={X;:i<n/4, Y, € R},

which is a sample from the conditional distribution X | Y € R;;. Each empirical slice
§l7h is utilized in Lanteri et al. (2022) as an approximation to a level set 15 L(sp), and §l7h
should be “thin” along the direction of v (and therefore VF') and “wide” on directions
orthogonal to v, at least under suitable assumptions on F' and the noise level o.. Lanteri
et al. (2022) then perform local PCA on each §l,h and use the smallest principal component
to approximate the direction of v: since -y is a line with direction v, these smallest principal
components should all be independent estimators of the index vector v, and these per-slice
estimates can be suitably averaged across all slices to obtain an estimator for v. Once v is
estimated, the input data is projected onto this line, and one-dimensional nonparametric
regression yields an estimator for f.

In the NSVM, we still use empirical slices, but here we cannot perform an aggregation
of estimated vectors because the tangent vectors to « are not constant due to the curvature
of ~. Instead, we can only rely on local information to estimate the closest-point projection
onto 7, which is now a nonlinear function. Under Assumption (LCV) below, each §17h
still approximates a level set 1L (to): roughly speaking, when R;j has sufficiently small

diameter, §l,h is “thin” along the tangential direction +'(tg) and “wide” along directions
orthogonal to 7/(¢y). Consequently, local PCA on each empirical slice S;j, yields:

(i) the empirical mean i ,, which approximates the conditional expectation p p := E[X |
Y € Ry ;] and is expected to lie near ;

(ii) the empirical covariance matrix il,h, which approximates the conditional covariance
matrix El,h = E[(X — Ml,h)(X - Nl,h)T ‘ Y € Rl,h];

(iii) the smallest principal component v;p, of il,ha which approximates the smallest prin-
cipal component vy j, of 3 and is expected to be tangent to the curve.

Together, these quantities yield a local first-order approximation of vy near §l,h~ Figure 2
depicts an example where the sample mean is approximately on the curve, and the smallest
principal component vector is approximately tangential to the curve.

This argument relies on Assumption (LCV), which constrains the geometry of ~, the
radius of €2, around the curve, the regression function F, and the noise level o.. Without
such an assumption, it might not be the case that slices are “thin” in the direction tangent
to the curve for various reasons: (i) with an insufficient number of samples, choosing very
fine partitions of the range R is not optimal: smaller intervals will contain fewer samples,

11
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326;dimensiona1 Meyer helix: two projected slices among I = 800 slices Figure 2: In the same setup as in Fig_
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leading to high variance in estimating the slice means and principal components; (ii) the
observational noise € in the outputs forces a lower bound on the diameter of the partitioning
intervals R, of the range R: subdividing the range into intervals with size smaller than
the noise level o¢ does not improve estimation, nor does it make the slices thinner; (iii) the
reach reach, may be small because of the complexity of the underlying curve ~; (iv) the
distribution of X might strongly concentrate around v, i.e., 0, the standard deviation of
Z4_1, is small. In these situations, we might encounter slices that are “wide”, i.e., much
wider in the curve’s local tangent direction than in all other directions—essentially the
opposite of being “thin”. In this case, the largest principal component can be significantly
larger than the remaining components and is the one that aligns with the tangent direction
of ~v. Figure 3 illustrates how, in these situations, the sample mean and the largest principal
component of a slice may provide an approximation of the underlying curve . In this
setting, the largest singular value is significantly larger than the others.

We design the algorithm to adapt to both the thin- and wide-slice regimes. Consider a
slice S with conditional mean 1 ; and conditional covariance matrix 3J; 5, together with
their empirical counterparts Sl hs Hi,h, and Zl - We define Gy, and Gl h as

~ 2
Amid (Z10)? ~ Amid (Zi15)
Gy = log : , Gipi=log = = ;
(Al(zl,h))‘d(zl,h) Al(El,h))\d(El,h)

where for any d x d square matrix M, A\ (M) = Ao(M) = -+ = Ng_1(M) = A\g(M) are the
eigenvalues of M in descending order, and Apia(M) = (Ao (M) x - - - x Ag—1 (M))1/(@=2) is the
geometric mean of the eigenvalues excluding the largest and the smallest ones. A slice Sy,
is “thin” when )\d(El,h) < M (Zl,h) S )\Q(El’h) SRS )\d_l(El,h), and hence G > 0; the
larger G p, is, the “thinner” S;j, is. A slice S;, is “wide” when A(X;) > Ma(E0) = -+ =~
Ad(X1p), and hence G, < 0; the more negative Gy, is, the “wider” Sy is. If Gy, is close to
zero, then the geometric shape of the slice S;;, is undetermined: it may be roughly isotropic
or may have both very large Ai(X; ;) and very small \g(3; ). We define the significant
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36-dimensional Meyer helix: two projected slices among I = 80 slices Figure 3: In the same Setup and Visual
data projection along the tangential direction v’ . . .
nt B e et conventions of Figure 1, but with the
12p range R split uniformly into 80 intervals,
1or and a different pair of slices. Top: the
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slices are now elongated along the curve,
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vector vy, and the empirical significant vector vy, as

if él,h >0

R ’Ud(zl’h) if Gl,h >0 - . Ud(ﬁl,h)
bh if Gl,h <0 .

. ’ Ul’h = «
’1)1(2”1) if Gl,h <0 U1 (El,h)

The significant vector vy, is used to estimate the tangent vector 4/ in both the “thin” and
“wide” slice scenarios. When G;; ~ 0, we only expect to use the sample mean j; as a
local O-th order approximation to -, as the slice has no preferred direction. Crucially, while
in the “thin” scenario we expect vy, to be a good approximation of the tangential vector,
in the “wide” scenario the curvature of v can have a significant effect in our estimation of
the local direction of the curve.

2.2 Estimating the nonlinear projection II, by assigning points to the
“nearest” slice

Before regressing f, we construct an estimator for IL,(x), which is the value of the parameter
in [0,len,] of the curve such that (II,(z)) is the closest point on the curve to a point
x € §,. We design a distance function dist(x, h) between x and slice S; 5, and assign x to
the “nearest” slice under this distance function. This assignment maps €2, onto {1,...,l}
and thus can be interpreted as a zeroth-order approximation of IL,. After this assignment,
we use p 5, and vy, to obtain a first-order approximation of II,(-) locally on each slice Sy j,.

Our choice of distance function dist(x, h) is dictated by two purposes. First, it should
be “local”, i.e., the distance between x and the center of a slice should play a role. Second,
it should be anisotropic: on any level set {x : Il x = ¢;} we have (z — v(t;),7/(t;)) = 0, so
the distance to the hyperplane normal to 7/(¢;) should play a prominent role, but cannot
be too dominant, as there may be multiple slices, even far away from each other, with
(x —y(t;),~'(t;)) =~ 0. We therefore consider a distance function of the form

[(x — g p, vin)| + cllz — |

13
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for some ¢ > 0. The value of ¢ cannot be too small, because the distance would then fail for

highly self-entangled curves, or too large, because dist(x, h) should remain small when z is

close to the slice S; ;. The optimal choice of ¢ depends on the curve and the distribution

of data around it. We define the distance function dist(x, h) separately in the “thin” slice
scenario and the “wide” slice scenario:

. (2 — b p, vrn)|* + idél 2|z — upll i Gip > 0

dist(z,h) = 2 Aa(Zen) Lh) )
[ = pnll” + sy h)|< — pps ) ? i Gip <0

3)

and similarly for its empirical counterpart (Tigc(ac,h). In the “thin” slice scenario, this
distance function focuses on measuring the displacement between x and S;j; along the
direction v, and is less sensitive to the displacement orthogonal to v;j. In the “wide”
scenario, dist(z, h) instead pays less attention to the displacement along v;j, and focuses on
the displacement orthogonal to v; ;. Note that when the shape of the slice S 5 (and §l,h) is
roughly isotropic, A\g/A1 is roughly one, so the two cases in (3) are consistent with each other
and the distance above varies regularly as Gy j, changes sign. This distance function dist(z, h)
has the following advantages: (i) it focuses on local slices while incorporating information
about the geometry of each slice; (ii) inside the local neighborhood, it pays special attention
to displacement along the tangential direction; (iii) it is distribution-adaptive, allowing, for
example, to handle robustly heteroscedasticity in the distribution of X around the curve;
(iv) its performance is amenable to mathematical analysis.

We use (3) in the convergence analysis. This distance is a simplification of the Maha-
lanobis distance from z to a slice Sy ;, dist(z, h) := HE;}}/Q (x—pun)||, which also puts heavier
weight on the displacement along the tangential direction in the “thin” slice scenario and
lighter weight in the “wide” slice scenario. As it is a bit harder to analyze mathematically
than the distance in (3), we use it only in numerical simulations.

Slices containing few observations yield high-variance estimates and are therefore dis-
carded: let ngj = #gl,h be the number of observations in the empirical slice g’l,h, and
define the index set of “heavy” slices

Hy={he{l,....01} :np = ngoe} -

Here ng,. is a threshold. Recall that p; denotes the density of the pushforward of px under
IL,. If p > ¢ > 0 on a region of interest, then with n samples and [ slices we expect
Ny < cn/l for slices whose inverse-image arcs lie in that region. For = € ), we define the
“nearest” index for the slice that x belongs to as

hy := arg mindist(zx, h) ,
heH,;

and the “correct” index for the slice that x belongs to as the unique index A/, such that
F(x) € Ry, . For almost every z € ., the minimizer h, is unique because the set of points
that cannot be uniquely assigned is a subset of {x € Q, C R? : 30’ h” s.t. dist(z, ') =
dist(x, h"")}, which is a finite union of hypersurfaces in R and thus has measure zero. Under
suitable assumptions, we show that in the thin-slice regime the nearest index h, is almost
correct, i.e., |hl, — hy| < 1 (Section 3). The possibility of an error |h, — hl| = 1 stems
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from the possibility that points near the boundary of a slice can be misclassified to one of
its adjacent slices. Given sample data, the “nearest” slice is estimated using the empirical
counterpart of the distance, yielding

g = arg min CTI;E(Q?, h).
heH,;

We prove that |hy — hy| < 1 with high probability. Both |k, — hy| = 1 and |hy — hy| = 1
arise when points near a slice boundary are assigned to an adjacent slice. Nonetheless, the
probability of adjacent misclassification (i.e., ﬁx = h!, + 1) is relatively small but does not
decrease to zero as the sample size increases: to avoid artifacts in the regression stage, we
include data from adjacent slices to estimate the regression function in each local neigh-
borhood. Combining the two one-slice bounds gives |ﬁx — hl,] < 2 on the good event used
in the regression analysis. The accepted regression neighborhood uses the £1 estimated
slices, while the seven-slice projection window in Step 3.a contains the true response index
of every accepted point on this event.

2.3 Local estimator of the link function f and global estimator of the
regression function F'

After assigning a point x € R? to the estimated nearest index /ﬁz, we use a piecewise-
polynomial estimator in that local neighborhood. For a fixed index h, an observation
(X;,Y;) from the second half is used when |h(X;) — k| < 1. This decision uses X; and the
geometry estimated from the first half, but does not use Y;. We project these inputs onto
the line with direction 2j 4, partition the projected interval I (Lh) into j subintervals, and
fit a polynomial on each subinterval by least squares, obtaining ]‘A’jmh. The degree of the
local polynomials required to attain estimation rates that are optimal up to logarithmic
factors depends on the regularity of the function. A proper partition (or scale) is then
chosen to minimize the expected mean squared error (MSE) using classical bias-variance
trade-off arguments. Composing this local estimator of f with the nearest-slice assignment
gives the untruncated local-polynomial value J/";-‘glﬁz (I, 1 @l,ﬁz’x»’ where the projected

coordinate is first clipped to the interval [ )

bin is used, so that the value returned always comes from a bin carrying enough data;
Algorithm 1 returns its truncation to [—M, M].

, and where the fit of the nearest retained

For the theoretical guarantees, M > |f|;, and ny,. is chosen at the scale specified in
the proof of the corresponding theorem; in particular, n;,. > 2d+ 1. The interval endpoints
are constructed from an independent quarter-sample; clipping and the nearest-retained-bin
convention affect only boundary or low-count cases and are analyzed in Lemmas 22-24.
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Algorithm 1: Significant Vector Regression

Input

: Samples {(X;,Y;)}", € R? x R, numbers of partitions /,j € N, polynomial
degree m € {0, 1}, slice-retention threshold n,. > 2d 4+ 1, and truncation level
M € (0, 00].

Output: F estimate of F.

0.

1.b

2.b
3.a

3.b

Randomly split and relabel the sample. For simplicity, assume that n is divisible by four.
Use i < n/4 for the response slices and local geometry (Steps 1.a-2.b), n/4 < i < n/2 for
the projected intervals in Step 3.a, and 7 > n/2 for regression (Steps 3.b-3.c).

Using only i < n/4, compute the response range R Construct { Ry, h}h 1, the uniform
partition of R into [ intervals, and set SUL ={X,:i<n/4, Y, € R 1}

Denote nyp, = #{i <n/4:Y; € Ry} and let H; :={h € {1,...,1} : ny, = nyoc}- For each
h € Hi, compute

Hip = m Zn/4 X,1{Y; € R; 1}, the empirical mean;

El h= m Z?/?(X — tp)( X — fun)TL{Y; € Ry 1}, the empirical covariance matrix;

)‘l,h,ra the r-th eigenvalue of EA]l,h, in descending order, for r =1,...,d;
Uth,r, the corresponding r-th eigenvector of X p;

~ 5\ xRy )2/ ([d=2)
Gin = log(( Lhp X X2 h.do1) :

AL, 1AL R, d

Let the empirical significant vector vy 5, equal Uy p g if @l’h > 0 and equal v 5,1 otherwise.

Given z € R?, for each h € H;, compute the estimated distance between z and §17h:

~ Aa(S ~ e A
_ (@ = Fin 0un) 2+ 34522 o = Aval® i Gra >0
dist(z, h) = Aa(E1n)

lz — Finl® + Sl =, vt G <0
Compute the estimated nearest slice index hy = arg miny, 4, (Tls\t(x, h).

For each h € H,, use the second quarter to compute the smallest interval I (L) containing

the projected coordinates (75, X;) of all X; with n/4 < i< n/2 and |h(X;) — h| < 3, and
. o (L,h) 5

construct the uniform partition {Ij,k yp

Let

} , heH

nh) = #{i > n/2: [W(X;)—h| <1
E <17 <i)\lh) > (lh)} kz]‘?"'?j'

) = i > /25 [R(X) —
Let ICgl’h) ={k: n l M > > max{m + 1,con"" /j}}, where cq > 0 is a sufficiently small fixed
constant depending only on the fixed model-class constants. For each k € IC§- ’ ), compute

n

Fitoin = argmin > 1Y = p((Gun XD LR = A < 100 (B, X)) -

deg(P)<m ;241

For h € H;, compute J?j\ﬁz,h, (r) = ijk‘ﬁl,h, (r) for k = k(h) (r) = arg minkelc(vz,h) dist(r, Ij(l,;h)),
¢ ,

the index of the retained bin nearest to r, and E‘Iﬁz,h =0 if ICy’h) = (); let II; be the metric
projection onto the closed interval I; then return the estimator truncated at level M,

Fz) = (Fim, ;. Wyana @5, 2) V (=M)) AM
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2.4 The main algorithm and guarantees on the estimator it produces

Algorithm 1 summarizes the construction of the proposed estimator of the regression func-
tion F. The sample split makes the geometry independent of the responses used for regres-
sion. Since each half has order n observations, the split changes only numerical constants
in the rates. We prove, under the assumptions detailed in Section 3, that the mean squared
error of our estimator is the sum of an estimation term and a curve-approximation term.
In the main thin-slice regime, which uses Assumption (LCV), the estimation term decays
at the one-dimensional minimax nonparametric rate up to logarithmic factors, down to a
saturation level determined by quantities that are expected to be small, or even zero, as
discussed below. At a schematic level, suppressing fixed model constants, the proof yields

MSE < saturation + slice-geometry error+  (15)"2° + o2ljlogj/n
SN—_——— ~—— ;/_,

geometry /noise PCA /assignment regression bias  regression variance

The formal theorem chooses [ and j to balance the decaying terms while respecting the
sample-size and noise-scale constraints.

Theorem 3 (MSE of the estimator constructed by Algorithm 1) Assume that o >
0, that the conditions (X€ 12 N C?), (YE ¢2), (¢ € ¥2), (71), (LCV), and (w¢) hold, and

that f € C*(RY) with s € [%7 1]. Let C, ¢, M*,lmax be the constants specified in (4) below,

. Cl
and C' a universal constant. Then, for n such that log3#n > C%f%, choose, up to

integer rounding,
1
1 M*n2s+t
[* := min {C’;}nlog_z N, lmax, M*n28+1} , jr= |VC7*—‘

Then the estimator constructed by Algorithm 1, with running time O(d*nlogn), satisfies

~ 2 __2s
E [)F(X)_F(X)) :| Scl(fv’}/apX)o-C’d)n 2s+1 10gn+ 02(f7’7/7pX70-§7d)

~
one-dimensional estimation term geometry- and noise-dependent saturation term

~ 1
Evaluating F' at a new point can be achieved in O(dn?s+1) operations.

The constants in the preceding theorem are

C =i _2
Cl(fa’%ano-C7d) = <leen')’o-g> ([f]CS"‘ |f|L°° [pX]CS)2S+1 ’ (4)
f
5,C 2 BT (lenyd¥/? RYCHd!
¥ ¥
ZoT CCyR
* L —1 s + N el
M* = (0. (CrOy Ro)* (fles + Iflpm [oxe)) T e = (o

Under the assumptions of Theorem 3, our estimator achieves the minimax-optimal one-
dimensional nonparametric regression rate, up to logarithmic factors, together with an

17



WU AND MAGGIONI

additional approximation error of order O(U?) for Lipschitz monotone links. In this precise
sense, the estimator defeats the curse of dimensionality by exploiting the compositional
structure of F', even though the inner function is nonlinear and its regularity does not scale
with the ambient dimension. Theorem 3 should not be read as a guarantee for arbitrary
nonlinear links: coarse monotonicity is used to make response slices local, and Assumption
(LCV) is used to make the smallest principal component in a slice identify the tangential
direction. The result of Theorem 3 is scaling invariant in X and Y.

The rate exponent is independent of the ambient dimension, while the sample-size
thresholds and computational constants grow only polynomially in d and in the geomet-
ric complexity of the curve. The regularity assumptions on f and ~ are also dimension
independent. Moreover, the slice centers and significant vectors provide an interpretable
piecewise-linear sketch of v and local estimates of the nonlinear coordinate IL,, in addition
to the final estimate of F'.

Remark 4 The regression bias depends on | and j through their product. We therefore
take I* as large as permitted by the sample-size and noise-scale constraints and allocate the
remaining optimal product budget to j*, so that

l*j* — M*nl/(ZSH).

The proof verifies the lower slicing-scale requirement and the retained-bin count condition
in all regimes. We keep the ratio C'f/C';c explicit in the constants to display the dependence
on the link function.

There are three important scope restrictions in our results:

(i) The link f is coarsely monotone, with the fixed ratio C'r/C} bounded by an absolute
constant. Coarse monotonicity makes each response slice correspond to a localized
portion of the curve; the bounded ratio ensures that equal response intervals corre-
spond to comparable arclengths and that the fixed-width buffer in Step 3.a is sufficient.
Without such localization, a response slice may contain many disconnected curve seg-
ments and inverse regression would require an additional clustering or disambiguation
mechanism.

(ii) Assumption (LCV) requires enough variation normal to the curve relative to the
observational noise and the coarse-monotonicity scale. It is central to the thin-slice
theorem because it makes the smallest principal component of a slice align with the
tangent. When (LCV) fails, Theorem 6 gives a wide-slice guarantee instead.

(iii) In the noisy theorem, the curve-approximation term does not vanish with n. It is small
when the observational noise or curvature is small, vanishes for a straight line, and,
by (6), decreases with the ambient dimension in the regime of the model. Removing
this term would require higher-order local geometric approximations, which we leave
to future work.

In the noisy regime of Theorem 3, the computational complexity of constructing F is near-
optimal. Its evaluation cost at a new point could potentially be reduced by building a
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multiscale data structure (e.g. cover trees) of size O(nlogn), similar to those used for fast
nearest-neighbor search, that exploits the intrinsic one-dimensionality of the curve v and
the family of slices. Such a structure could reduce the evaluation cost to O(dlogn) per
query.

For a strictly monotone, Lipschitz function with zero observational noise, we obtain the
rate O(n~2). Here, the curve-approximation term vanishes because there is no upper bound
on the number of slices [, contrary to the noisy case in Theorem 3:

Theorem 5 (MSE of Algorithm 1 in the noiseless case) Assume that (X€ 12 NC?),
(Ye2), (€ € 2), (71), (LCV), and (wg) hold. Assume that there is no observational
noise, i.e., ¢ = 0 almost surely, that the link function f is perfectly monotone, i.e., wy =0,
and that f € C* with s € [3,1]. Let ¢, > 0 be arbitrary, set Qo(c,) := {z € Q, : p(Ily2) >
cp}, and write Qo = Qo(c,) for brevity, where p; is the density of the pushforward of px

. . csC . C’.cplen
n > YfeLf * fP = n
under IL,. With C, ; in (4), when ogTn X cyChoy if we choose [* = C Ci0y 7 1o n

j* = C, then the estimation error of Algorithm 1 satisfies

and

. C3C? 1og®n )\’
B |00 - FOO[ | £ Wfler #1711 Dol ( s >+ P(X ¢ Q) [/
)

Thus the theorem gives a family of localized bounds indexed by the arbitrary level c, > 0. If,
in addition, p; has a uniform positive lower bound, one may choose c, below it, in which case
Qo = Q, and the complementary risk term vanishes; the estimation error is then O(nfzs),
and in particular O(n_Q) at the Lipschitz endpoint s = 1. Here no cap on I* is needed:
oc =wyp =0 gives lyax = 00.

The set €2 makes explicit the low-density qualification in the noiseless result: after removing
a uniform lower bound on the pushforward density p; from the main assumptions, the fast
noiseless rate is asserted on regions where p; is not too small, with the remaining contribution
controlled by P(X ¢& Qo) | f]3 -

The faster rate O((n"2log®n)?) is a consequence of having zero observational noise.
Bauer et al. (2017) proves that, in the case of the L°°-norm, the minimax rate of non-
parametric regression for functions in C*(R%) with noiseless observations is (logn/n)%®.
The mean-squared-error rate in Theorem 5 is consistent with this benchmark through-
out s € [3,1] and d = 1, as if v (and therefore IL,) were known. The restriction to the
Holder—Lipschitz range matches the first-order local approximation of the curve and its
closest-point coordinate used by Algorithm 1; exploiting regularity beyond the Lipschitz
level would require higher-order local geometric approximations. Our estimator avoids the
curse of dimensionality by exploiting the compositional structure of F', even though the in-
ner function is unknown, nonlinear, and only moderately smooth, with regularity that does
not scale with the ambient dimension. A key difference between Theorem 3 and Theorem 5
is that there is no curve-approximation term in the latter: noiseless observations allow us to
perform an unlimited amount of partitioning, obtaining “thin” slices, provided that enough
samples are available (to control the variance of the objects we estimate in each slice).

When Assumption (LCV) is not satisfied, our estimator admits the following saturation
bound:
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Theorem 6 (NSVM without (LCV)) Assume that (X€ 1o NC?), (YE 1h2), (¢ € 12),
(71), (wy), and (SC) hold. Assume also that f € C* with s € [3,1]. When logl#n 2

%%%, if we choose I* = #ﬁ% and j* the smallest integer for which
Cy max(ag,wf) 5 o,Cy s
IEES < [l ((2GE maxtocen)) o)

and if, in addition,

27% % - _ 2s
oil*j* log j 5 [ 7,C
TR S (2 max(ocen)

n
then the estimation error of Algorithm 1 satisfies

s [P0 - Foof'] £ 17 (25 maxtocan)

Condition (5) chooses enough local bins to make the polynomial approximation bias no
larger than the wide-slice saturation level. The corresponding bias—variance calculation is
given in the proof.

3. Analysis of the Estimator

We introduce several properties of the model that will be assumed in various combinations
throughout the analysis. We start by collecting a few conditions on the distribution of X, Y,
and ( that are fairly standard:

(Xe 12 NC?) X is sub-Gaussian with variance proxy R% and has a compactly supported density
px € C? with [px]e2 < 0.

(Y€ 92) Y has sub-Gaussian distribution with variance proxy C’%Rg.
(€ € 12) ( is centered and sub-Gaussian with variance proxy ag.

Recall that X can be decomposed as position along the underlying curve and deviation
away from the curve v as in (1). The following assumption on Z; ; describes how X
deviates from the curve ~:

(71) 7 has a Lipschitz derivative 4/ : [0,len,] — R%. For each t; € [0,len,], the conditional
random vector Z; 1|t = to is mean zero, isotropic with variance O',Y(to)Q]Id_l, and
supported in a Euclidean ball B(0, ¢ reach,(tg)) € R4~! for some ¢ < 1.

The ball is centered at the origin of the normal space R9~!, not at v(to) € R%: the condition
bounds the deviation from the curve, so that || X —~(II,X)|| < creach, almost surely.
Combined with isotropy, it also forces the tube to be thin relative to the reach in every
direction: o, < reach,/v/d — 1. This assumption is satisfied, for example, by the following
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natural generative model: sample a point 7(t) on the curve and, conditional on ¢, generate
X according to (1), with Z;_; having a sub-Gaussian distribution as in Assumption (v1).
This does not imply that, marginally, the points in the normal directions to the curve are
uniformly or isotropically distributed.

Assumption (1) implies that for any tg € [0,len,], the conditional mean is on the curve

o = E[X | t = to] = (to),

and the conditional covariance matrix has eigenvalue 0 on the eigenspace span{+'(to)} and
eigenvalue o, (ty)? on eigenspace span{v'(to)}+, since

Sto 1= EI(X — 1o)X — juey)T | € = to] = 0, (0)°L — 0 (t0)> (t0)7(t0)T

Because v is unknown, we cannot condition on ¢ = IL, X. Instead, we condition on the
observed response Y; and require a property that partially reveals the one-to-one correspon-
dence between ¢t = II, X and F(X) = f(II,X):

(wy) Let Ry := f([0,1en,]) be the range of the link. There exist constants w; > 0 and
Cy > C} > 0, depending only on f, such that, for every interval 7" with |[TNRf| > wy,

CHT NRy| < |[min f~(T), max f~H(T)]| < CfIT N Ry|.
The fixed ratio Cy/ C} is bounded by an absolute constant.

Assumption (wy) is a large-scale bi-Lipschitz condition. If f is bi-Lipschitz, it holds with
wy = 0; for wy > 0, it allows bounded oscillations below the scale wy, and we refer to this
as coarse monotonicity. If an interval extends outside Ry, its inverse image is unchanged
after intersecting the interval with Ry, so the upper inverse-image estimates used below
are unaffected. Throughout the theoretical analysis, the fixed response scale Cy Ry is cho-
sen comparable to |Ry|; changing it by a fixed factor changes only fixed constants. The
bounded ratio Cy/ C’} implies that equal response intervals correspond to curve segments of
comparable arclength. The two elementary consequences needed below are summarized in
Lemma 12.
The following assumption gives a lower bound on the conditional variance:

(LCV) Define o, := minye 1en,] 94 (to) as the minimum value of o (tg). We also write ¢, :=
maxX,eo,len,] 0 (t0). We assume that o, > CrovCymax(o¢,wy), where CrLey > 0 is
a sufficiently large universal constant.

The minimum o is used for lower eigengap and concentration bounds, whereas the max-
imum &, is used when the off-curve variation must be bounded from above. The purpose
of Assumption (LCV) is that for any interval 7' C [0, len,], it allows us to compute the
conditional mean

pr = E[X |t € T] = By (t) | t € 7]

and conditional covariance matrix

Yp i=E[(X = pr)(X = pr)T [t €T]
=E[(y(t) = pr)(v(t) — ur)T [ t € T] +Eloy()* | t € T]Ig — Elo, (1)*y/ () ()T [ t € T) .
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This identity explains why Significant Vector Regression estimates the tangent direction
when the slices are sufficiently thin. If 7" is small enough that the first term has negligible
spectral norm relative to the remaining terms, then the second term is a multiple of the
identity and the third is negative semidefinite. Consequently, the smallest principal compo-
nent of X7 is approximately the largest principal component of E[o (£)%y'(t)y'(t)T | t € T},
and hence estimates the local tangent direction.

Given the discussion above, thin slices are desirable. This requires both a small in-
terval T" and a lower bound on o, which motivates Assumption (LCV): scales below the
observational-noise level o, or the coarse-monotonicity scale wy are not informative for
our inverse-regression approach. Assumption (LCV) is therefore not merely a proof con-
venience; it specifies the regime in which the smallest-vector slice geometry used in the
main theorem is statistically stable. When this condition fails, the estimator is analyzed
separately in the wide-slice setting of Theorem 6.

The assumptions above impose several restrictions on the parameters of v: Assumption
(71) implies that for o € [0,len,], o (tg) < min(Rp,reach,/v/d); Assumption (LCV)
implies that o, > CrLcvCyoc; and Assumption (wg), together with the response-scale
convention above, gives C}[Ry| < len, < Cf|Ry| with [Ry| < Cy Ro.

Combining two of these gives a fact that is used twice below and is worth isolating.
Assumption (1) places the conditional law of the normal component in a ball of ra-
dius creach,(tg) of the normal space R?! and requires it to be isotropic, which forces
vd—10, <+d—16, < creach,; combining this with Assumption (LCV) gives

oy creach,
< .
Crev Crovvd —1

Two consequences are worth recording. First, (6) is precisely the second condition of
Assumption (SC), with a constant better by a factor v/d — 1 than that assumption re-
quires: the apparent asymmetry between (LCV), which contains no upper bound on
Cymax(o¢,wyr), and (SC), which contains one, is therefore only apparent, since in the
thin-slice regime the upper bound is automatic. Second, the saturation constant of Theo-
rem 3 obeys

(6)

Cymax(og,wy) <

2 [ 0,Cy * 2 Ty ”
Co= 112 (2 maxton)) 5 12 ()

reach,, d—1
so the curve-approximation term does not merely fail to vanish in n: it decays in the ambient
dimension. The non-vanishing term discussed in the third scope restriction of Section 2.4
is thus harmless precisely in the high-dimensional regime that motivates the model.
3.1 Estimation of slice parameters with Assumption (LCV)

Consider the event of bounded data
B = {|IX|| < OxVdRo,[Y| < CyRo }

for some Cx,Cy > 1 fixed constant from now on. We define the following bounded version
of Mk and Zl,hﬂ

pln =E[X|Y € Ry, B, %}, :=Cov[X|Y € Ry, B]
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Given the event
B; := {||Xi|| < CxVdRy,|Yi| < CyRo} ,

we define

= Z L(B:), nj, =Y 1Y€ Rp}nB;) .

i
The random variable n’, assuming (X€ 12 N C?) and (Y€ 1)9), is larger than a constant
fraction of n with high probability. The empirical counterparts of ,uﬁ p, and Z?}h are

- 1 S 1 - .
M?,h = b Z Xis E?,h = nb Z (X — N?,h)(Xi - M?h)T-
M, {YieR; 1 }0B; Lh i {vie R, }nB;

We denote by vf” p, and i}\lb,h the significant vector of E%” , and i? n» respectively. Given B, it
is natural to pick the interval R in Significant Vector Regression as

R = [—CyR(), CyRo] .

Taking slices Y € Ry is equivalent to conditioning on Y € R;j. In this procedure, we
obtain information on conditional random variables such as the slice center u? , i =E[X|Y €

Ry 1, B], the slice covariance matrix E%’ 5, and the slice significant vector vlb - Moreover,
the eigenvalues Al(E?h) )\d(Eé’ ;) describe the geometry of the conditional slice Slbh;

in particular, the smallest elgenvalue Aa(2%,) determines its width. We next show that
these parameters can be estimated accurately with a moderate sample size. Recall that
II, : Qy, — [0,len,] maps points to the one-dimensional interval [0,len,] that encodes
position along the curve . We start with a proposition on estimating slice position on
curve IL, XY € T, B.

Proposition 7 Suppose (¢ € 12) and (wyg) hold. Let T C R be a bounded interval with
|T| > max(o¢,wys). Then:

(a) For everyi=1,...,n and every 7 > 1

{|HX E[ILX|Y € T,B]| 2 C;(IT] + v/~ lognoy) yYeTB}

(b) Var[[l,X|Y € T,B] < CH|T]* + a?).

See Appendix A.1 for the proof. We now bound the estimation error for the tangential
direction and the smallest eigenvalue Aq(%; h)

Proposition 8 Suppose (¢ € 12), (v1) and (wyg) hold. Let T C R be a bounded interval
with |T'| > max(o¢,wyr). Then:

(a) For everyi=1,...,n and every T > 1, we have

P{]@gh,m E[(v}, )]YGTB]‘>C’f (17| + /7 log noy) yYeTB} o
(b) Aa(S},) = Var [(e),, X) | Y € T, B| S C3(T? + o2).
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We now show under which assumptions /\d(E;’,h) is small compared to )\d,l(Z?’h) and the
other eigenvalues, yielding the “thin-slice scenario”:

Corollary 9 Suppose (X€ 12N C?), (YE ¢2), (¢ € 1¥2), (71), (LCV), and (wy) hold.
Then, for every l such thatl 2 CyCy Ro/o~, and \Rihl > max(o¢,wy), we have

Ad—l(E?,h) - )‘d(z?,h) 2 03-
See Appendix A.2 for a proof of the proposition and its corollary.
In part 1. b) of Algorithm 1, we compute on each slice its sample mean ﬁﬁh, sample

covariance matrix if’yh, eigenvalues Xl,h,m and eigenvectors vy p, , of the sample covariance
matrix. It is natural to ask how accurately these parameters can be estimated: we ad-
dress this in Proposition 20 and Lemma 19. These technical results are postponed to the
Appendix. Here we record the resulting near square-root consistency in terms of the local
sample size within each slice.

Corollary 10 Suppose (X€ 12N C?), (YE 12), (¢ € ¥2), (71), (LCV), and (wy) hold.
Then, for every l such thatl 2 CyCyRy/o., and |R?,h| > max(o¢,wy) for all h, for every

L : n? C;CyRo\?
t >0 and T > 1, if n is sufficiently large so that ——2— > (%) d(t + logd + logl),

Tlogn "~

we have

b 12
nl’hl

dv/Tlogn

b 12
nl,hl

~ VTl
P {Elh : }(vlb’h,u?’h — u?’h>’ 2 CyCrRo\/t +logl +logd vrosn

i {Elh : Hafh - vth > Oy R0/t + logl + logd

b
Here and below, each ﬁlb,h is oriented so that <ﬁ£h,v2h> > 0. Moreover, if logéi’/’;n e

C%C]%Réa;‘ld(logd +logl), then for any h and p > 3,

p _ log n)? P
E U\ﬁih — ot | n?,h] < C(p)(Cy CyR30, )™ (dlog d)? (H>

nf”hl2
This follows from Appendix A.3.

3.2 Estimation of the distance function and classification accuracy

Here we assume (X€ 12 NC?), (YE ¥2), (¢ € ¥2), (71), (LCV), and (wy): by Corollary
9 we are in “thin” slice scenario, i.e., G75 > 0, and the distance function simplifies to

— PURIN Aa(Z2 ) .
dlSt(.’L’, h) = ‘<x - :u?,h7vlb,h>|2 + N (ilb’h) ’.Z' - :u‘?,h
\=h

having the smallest estimated distance to = as an estimator of the correct index h!.. The

following proposition states that the population nearest index h, is almost correct; its proof
is deferred to Appendix A.5.

2 ~
‘ . In Algorithm 1, we use the slice h,
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Proposition 11 (nearest index is almost correct) Let h, = argminyq, dist(z,h) be
the nearest index and define the correct index hl, to be the unique h such that F(x) € Ryp,.
Suppose (¢ € 1¥2), (wyg), and (LCV) hold. Suppose that |R;y| > max(o¢,wys) for all
h € H;. Suppose in addition that at least one of the correct response slice and its adjacent
slices is retained, i.e., {hl,—1,h,, hl,+1}NH; # &. Then |h, —h'| < 1. Moreover, adjacent
misclassification (i.e., |hy—h,| = 1) only occurs for points near the boundary of some slices.

The next lemma records two elementary consequences of Assumption (wy).

Lemma 12 (consequences of coarse monotonicity) Assume (Y€ 12), (wy), and
(LCV), and let | > 1 satisfy |Ry | > max(o¢,wy) for all h. Then:

(i) inverse images of equal-length response intervals have comparable arclengths, and

len
Cf max (Uc,wjv, /}) S C}’th‘;
f
(ii) after fizing the universal constant in lyax < Cy Ro/ max(o¢,wy) sufficiently large, the
requirements
Crlen
l Z #7 ! X lmax

CfffW

are compatible.

In Algorithm 1, we use the sample slice with index ﬁx, which has the smallest estimated

distance to x, to estimate the correct hl: this gives the classification with |h, — Al | <1
w.h.p.:
Proposition 13 (classification accuracy) Assume (X€ 12 NC?%), (YE 12), (¢ € 92),
(71), (LCV), and (wg) hold, and fix 7 > 1. Let H; := {h : n?’h > nyoe} denote the
Cg;ir:{ and ‘th’ 2
max(o¢,wy) for all h € H; (equivalently, | < lmax), then the probability of misclassification
by at least two slices in Step 2.b of Algorithm 1 satisfies

o 80"
IP’( > 2) < ldexp (—c Moc _ hin ( I e +in™ 7.

VTlogn C']%Rgaﬁ/QIemy7 RgC;%d‘l
The preceding bound shows that the probability of misclassification decays exponentially,
with an exponent proportional to n,./+/7logn, as long as n and [ satisfy

subset of “heavy” slices, whose sample counts are bounded below. If | 2

ﬁx_hx

R3C? d3/21 R2C24d* Ol
n?fo; 2C, 5= 0, f ma 4en77 0,3f8 and [ 2 ﬂ. (7)
log®?n % o5 CPos Cloy

For large n, the error contributed by misclassification by at least two slices is therefore
negligible relative to the error under classification with ]/ﬁm —h,| < 1. Similar to Proposition
13, misclassification to adjacent slices is unavoidable for points near the boundary of some
slices. To prevent this effect from undermining the performance of the estimator F , we
will include data from adjacent slices in the regression of the link function f in each local
neighborhood after the projection onto the local tangent to v (as in Step 3.b of Algorithm
1).
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3.3 Function estimation error corresponding to almost correct classification

We study the regression error on the event of almost correct classification. Condition on
the first half of the sample. Then the estimated geometry, the map = — h(x), the intervals
IR - and their partitions are fixed. For each h € H,, set

Aypi={z € Qy:|h(x) —h[ <1}, Z:= (T}, X).

An observation (X,Y) from the second half is used for index h only when X € A;j. This
event depends on X and on the first half, but not on Y. Since ( is independent of X and
of the first half and has mean zero,

E(C|Z, X €Ay, {(XzaYz)}?:/? =0.

In the rest of this subsection, conditioning on the first half is omitted from the notation,
but the conditioning on X € A; is kept explicitly. The use of seven neighboring empirical
response slices in Step 3.a matches the accepted-region geometry used below. On the good
classification event, if X € A;j, then |h), — h| < 3, and if a test point is assigned to h,
then |h!, — h| < 2. Thus, except on the same classification and first-half slice-coverage
exceptional set controlled in the theorem proofs, every accepted regression point and every
retained test point for index h has projected coordinate in I:". The factors 1 am(Z)
below only remove that exceptional set, whose contribution is absorbed into the stated
high-probability remainders. N

Throughout this subsection, we say that classification is almost correct at x when |h, —
h..| < 2,i.e., when the estimated index lies within two slices of the correct index. Proposition
11 gives |h, — h!| < 1, and Proposition 13 gives |h, — h,| < 1 with high probability; hence
|hx — h!,| < 2 with high probability. This is the event used in Proposition 14. The phrase
“off by at most one slice” refers separately to the two comparisons |h, — h,| < 1 and
|hy — hy| < 1. Lemma 22, proved in the analysis of Theorem 3, makes the interval-coverage
claim quantitative.

With this projected coordinate, we keep the slice-wise centering constant CLft, =

E[IL, X — <v2h,X> | X € 5;4), where vﬁh is the significant vector of the slice Sj . Define
the random variable
= FILX) = f((@), X) + CLafop,)
The constant CLhlY is defined on the single slice S, whereas 7, is measured over the
accepted region A;;, which, on the almost-correct event, meets at most seven consecu-
tive true response slices (Lemma 21 and the containment |h}, — h| < 3). Applying the
one-slice local-straightness estimate to this seven-slice arc enlarges the slice-width factor
max(o¢,wy, leny /(C}l)) only by a universal constant, which is absorbed in the < bounds
below.
For a measurable function g : R — R, define its local regression error by

By, (9) :=E Y = 9(Z2)P X € A}l ien(Z)

We define the regression function with respect to the one-dimensional projection along 5ﬁh
by
R ink, ;- .
fl,h w, agr:%g%n l,h\vlb’h(g)
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Equivalently, for almost every z € [ (Lh) with respect to the conditional law of Z given

XEA[JZ,
Fowr, B) =EY | Z =2, X € A

:E[f(H,YX) | Z =z X€ Al,h] .

”lh

Therefore, on X € A,
fl Ao} h(Z) = f(Z + Cl,h|v§>7h) +En | Z, X € Appl.

Using the definitions of 1, and f hiat, we decompose Y on the event X € A;, as follows:

Y = f(H’YX) +(¢= f;hﬁlbh(z) + Cla
where
¢ =m—E@mlZ, X €A+,
with E[("|Z, X € A;] = 0. Consequently, after conditioning on the first half, the local
regression problem on the accepted region has regression function fl*hmb and mean-zero
MUV R

noise (.

Fix j € N (the number of subintervals) and m € {0,1} (the polynomial degree: m =0

. . . _ o : (Lh)j
for piecewise-constant regression and m = 1 for piecewise-linear regression). Let {I ik k=1

(L,h)

be the uniform partition of I'\“'*). Define f;\ab to be any piecewise-polynomial function on
1,h

IR guch that, for every k with positive accepted probability,
fr

07 5 | pem)
sk

€ argmin E[|Y — g(2)? ( X €Ay, ze1].
9EPm (IS

On a bin of zero accepted probability, choose the restriction of f;ab arbitrarily, since
lL,h

its value does not affect the conditional L? risk. Here P,,(I) denotes the polynomials of
degree at most m on I. The empirical counterpart of fﬂb is the piecewise-polynomial

Lh
estimator f]|,ub , assembled in Step 3.c from the local least-squares fits computed in Step

3.b of Algorlthm 1.

Because |F'(z)] < M and clipping onto [—M, M] cannot increase the squared error, it
suffices to analyze the untruncated local-polynomial value. For a test point z assigned to
the index h = h( ), set Z, = (WP e T x). The estimator of Step 3.c evaluates f o, at I 0.m) Zy
rather than at Z,; the two coincide for every interior index on the mterval—coverage event
of Lemma 22, so the decomposition below, and Proposition 14 with it, are unaffected by
the clipping. The two extreme indices are excluded from the decomposition and contribute
additively; they are bounded in Lemma 24. We use the decomposition

F(@) = fimp, (Za)
= F(CL‘) - f;:hl',u\lb,h (Zg;) + f;hl"u\ih (Zx) - fjlﬁih (Zx) + f;m?’h (Zx) - fj b

(NCA) (E) V)
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Proposition 14 (Mean squared error conditional on almost-correct classification)
Assume (X€ 12 NC?%), (YE ¥2), (€ € ¥2), (71), (LCV), and (wg). Suppose f € C* with
s € [%, 1}. Conditional on almost-correct classification in Step 2.b of Algorithm 1 and on
the retained-bin count event of Lemma 25 and the interval-coverage event at interior indices
of Lemma 22 in Steps 3.a-3.b, for n sufficiently large,

MSE(nca) + MSE ) + MSE v

SR (290) ma fen, |
~ace reach, max| 9¢@f C}l

1 1.5 s
+ [f]gs (CxR%len,yo'v_Qd]Og d)2s ((ogn)l)>

max(n, njcl?

2s
_ s len 9g ljlogj
+ ([f]CS + Cy Rol ! [PX]cs)2CJ20 max <Ucwa,7> J 2 +U?T

L

Putting together these bounds and optimizing yields our main theorems.

The proof follows five stages. First, response slices localize the latent coordinate. Second,
population slice covariance identifies the local tangent direction. Third, concentration and
eigenspace perturbation transfer this geometry to empirical slices. Fourth, stability of the
local distance yields slice assignment with |h — h/,| < 1. Finally, one-dimensional local
regression gives the approximation, bias, and variance terms, while Lemmas 22-24 handle
interval and bin boundary cases. Appendix A follows this order.

4. Numerical Experiments

We test a pooled implementation of Algorithm 1 on synthetic data, using 90% of each sample
for training and 10% for testing. Unlike the theoretical estimator, the numerical implemen-
tation reuses the training observations for geometry and regression; it also uses Mahalanobis
slice assignment and practical finite-sample bin-retention and integer-rounding conventions.
These choices preserve the estimator’s main structure and the [—j scaling principle studied
in the theory. Full parameter traces, implementation details, and reproduction scripts are
available in the accompanying repository.? All numerical experiments reported below use
smooth link functions and degree-one local polynomial regression (m = 1). Since the links
are smooth on their compact domains, they are Lipschitz; consistently with the theoretical
range s € [%, 1], we apply the results throughout the numerical discussion at the endpoint
s = 1. We vary n from 10* to 10% and use the theorem-prescribed values [* and j*, up to
the practical conventions above. In practice, [ and j may instead be selected by ten-fold
cross-validation, which gave similar results in the experiments where it was used. We study
the mean squared error E[|F,(X) — F(X)[%], the tangential error of the estimated slice
center, and the difference between the significant vector and the tangential direction. Each
experiment is repeated independently five times. Section 4.3 gives a stylized application to
learning a reaction coordinate in a high-dimensional stochastic system.

2. https://github.com/williamwuyantao/Nonlinear-Single-Variable-Model-scripts
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In each example in this section, we randomly generate npay := 2 x 10 points from the
underlying curve -y, for which we will have a complete parametrization. We use all these
2 x 105 data to compute an approximation to the center p5 := E[X | Y € R;;] and the

. E|~v'(II, X)|Y €R,
average tangential vector v, , := HER’EH:X;YGR;H

is parallel to the average tangential direction E [y/(II,X) | X € S;;] on the slice S; .

To estimate accurately the nonlinear curve-approximation term MSE(yc4), which ac-
counts for the additive term that does not go to 0 as n increases in the bound in The-
orem 3, we replace the estimated parameters {(ﬁl,hﬁl,h)}ﬁlzl by the “oracle” parameters
{(,ul,h,'yl’,h)}ﬁl:l (computed on the my.x points as described above) when performing the
local linear projection and the local polynomial regression on each sample slice. For the
oracle nonlinear-curve-approximation diagnostics described above, we retain the same val-
ues (I*,j*) as above and report the corresponding MSE at n = npax, denoted by “MSE at
n =2 x 10%” in Figs. 4, 5, 6, 7, 9, and 10. In this way, we reduce errors arising from the
estimation of the parameters (1 , ﬁl,h)%:p so the reported “MSE at n = 2 x 10%” primarily
reflects the nonlinear curve-approximation term MSEyc4).

Throughout this section, we use log—log plots to study how the following quantities
decay with the number of samples n: the mean squared error IEHEL(X) — F(X)|?], the
estimation error of the center along the tangential direction E[|(fu« » — tt1+ h, ¥}« ,)|], and the
difference between the significant vector and the tangential direction E[||vj p, - ’Yl/*,h| ]. On

I on each slice. Here, the unit vector v, ,,

the interval n € [105,10%], we use linear least-squares regression to estimate the decay rates.
This slope estimate becomes less reliable for large n because the additive term in the main
theorem causes error saturation; consequently, the reported rates may be conservative. We
add a dashed vertical line n = 10° for those figures to emphasize that the learning rate only
corresponds to n € [10°,10°%]. Because the MSE contains a curve-approximation term, the
fitted slope reflects only the range n € [10,105]. Since the smooth links are analyzed at
s = 1, the corresponding one-dimensional benchmark exponent for the MSE is 2/3. The
fitted slope may be smaller in magnitude once the curve-approximation term dominates
and the overall error approaches its saturation level. This term also depends on curvature,
which may itself vary with dimension.

4.1 Example 1: Circular Arcs and Verifying Theorem 3

We begin with circular arcs, the simplest nonlinear curves: they have constant curvature
and admit a linear embedding in R%2. We embed arcs of fixed length len, = 1 in ambient
dimension d = 20. Again, we fix 0, = 0.5 and the random vector Z;_; follows the normal
distribution N (O,Uﬂd_l) with truncation at ||Z4_1|| < 0.9reach,. The curvature varies
from 0.04 to 0.4. We set our upper bound for the curvature to be 0.4 because otherwise
reach, becomes too small and the variance of Z3_; will no longer be approximately 03.

At the Lipschitz endpoint s = 1, Theorem 3 predicts that the curve-approximation term
is proportional to ||y”||>, which is smaller for curves with lower curvature. We examine
this prediction numerically. We choose the smooth link f(t) = exp(¢) on [0,1]. Since it is
Lipschitz on this compact interval, Theorem 3 applies with s = 1. The observational noise
follows the normal distribution A/(0, Ug) with o¢ = 0.03. Figure 4 supports the following
conclusions, consistent with Theorem 3 and our analysis: (i) When the observational noise is
nontrivial, o¢ > 0, the mean squared error has a nonzero asymptotic floor independent of n.
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Figure 4: Numerical tests in Section 4.1: Circular arcs embedded in R?, d = 20, with unit
length and curvature varying in [0.04,0.4]. We fix the noise level o, = 0.03. Upper row:
MSE for F (left) and MSE at n = 2 x 106 as a function of the curvature (right); bottom
row: estimation error for the center along tangential direction (left) and difference between
estimated significant vector and the tangential direction (right) over 5 runs.

In the upper-left panel, the MSE decays more slowly as n increases and changes very little
near n =~ 10%, supporting the presence of a constant approximation error. The average decay
rate over n € [10°,10°] is estimated by least squares. (ii) At s = 1, the curve-approximation
term is proportional to H’y”HQ. The upper-right plot shows that the MSE at n = 2 x 10°
is larger for curves with higher curvature and smaller for curves of lower curvature. A
least-squares fit of the slope is consistent with the theoretical prediction. (iii) Corollary 10

states that the decay rate is O(n~2) for El| (e n =t ns ¥ )] and E[|[0r = 7 4 []-

4.2 Meyer helix

We perform numerical tests for a collection of curves called Meyer helices in R¢, which
we construct so that the curve complexity grows with the ambient dimension d. This is
inspired by a curve called the Meyer staircase (named after Y. Meyer), defined by the
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map [0,1] — LP(R), for some p > 1, given by ¢ 1[07%}(- —t). We smooth out this
original example by considering translations of a Gaussian, and we add oscillatory twists to
increase the curve’s complexity, thereby obtaining the Meyer helix. We measure the growing
complexity of this family of curves as a function of d, and show that len, =< d3/2, diam., <
a2, ||y, < dY/2 reach, < d/2, and the effective linear dimensions defined below scale
as d: see details in Appendix C. This collection of curves allows us to verify the performance
of our algorithm when varying d: we fix 0, = 0.5 and let the random vector Z;_; follow
the normal distribution AV(0,02I4-1) with truncation at |Z4_| < 0.9 V.

4.2.1 EXAMPLE: VERIFYING THEOREM 3 AND COROLLARY 10

We let the underlying curve v be the Meyer helix in dimension d = 7, with len, = 53.78
and reach, = 2.65. The link function f(t) = len, exp(t/len,) on [0,len,] is smooth and
hence Lipschitz, so the corresponding theorem is applied with s = 1. The observational
noise is distributed as ¢ ~ N (0, ag), with o¢ varying from 0.05 to 0.2. Figure 5 supports
the following theoretical conclusions: (i) When o > 0, the mean squared error has a
nonzero error floor. (ii) At s = 1, the curve-approximation term is proportional to ag. (iii)

Consistently with Corollary 10, the decay rate is O(n_%) for E[[{fu=n — pu= ns v+ p)1] and
B[00 5 — v p11]-
4.2.2 EXAMPLE: VERIFYING THEOREM 3 AND COROLLARY 10

We consider a collection of Meyer helices with the following ambient dimensions and geo-
metric parameters:

d 3 4 5 6 7 8 9
len,, 20.86 33.39 35.35 43.89 53.78 90.20 96.65
reach, 1.73 200 224 245 265 283 3.00

We use the smooth link f(t) = len,exp(t/leny) on [0,len,]. It is Lipschitz on this
compact interval, so Theorem 3 is applied with s = 1. The observational noise ( follows the
normal distribution N (0, Jg) with o¢ = 0.2.

In the left panel of Figure 6, we observe that, for fixed n = 10°, the mean squared
error is larger for Meyer helices with increasing ambient dimension d. Since the smooth
link is analyzed as Lipschitz, Theorem 3 applies with s = 1 and its estimation term has
rate n=2/3logn; the coefficient is larger for curves with larger len,. In the right panel, we
observe that, in contrast, the mean squared error at n = 2 x 109 is smaller for Meyer helices
in larger ambient dimension d. This is consistent with Theorem 3 at s = 1, for which the
curve-approximation term is proportional to reach’ 2. For smaller d, the Meyer helix has
smaller len, and reach, but larger curvature. Consequently: (i) the sample-size requirement
in Theorem 3 is smaller; (ii) the first term in the mean squared error, which is O(n=2/3log n)
at s = 1, has a smaller coefficient; (iii) the second term in the bound for the mean squared
error in Theorem 3, which is the curve-approximation term, has larger magnitude; (iv) If
n1 denotes the sample size at which the two terms in the MSE upper bound balance, then
n1 increases with d. Consequently, over the interval n € [10%,105] used to estimate the
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Meyer helix: MSE for [* and j5* Meyer helix: MSE at n = 2 x 10¢
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Figure 5: Numerical tests in Section 4.2.1 for a Meyer helix in dimension d = 7. The link
is smooth and monotone; because it is Lipschitz on the compact parameter interval, we
apply the theory with s = 1. The noise level o, varies over [0.05,0.2]. Top row: MSE for F
(left) and MSE at n = 2 x 10° as a function of o¢ (right). Bottom row: tangential error of
the estimated slice center (left) and error of the estimated significant vector relative to the
tangent direction (right), averaged over five independent runs.

decay rate, one must account for the value of ny, which determines the dominant term in
the mean squared error. In particular, the Meyer helix in d = 3 dimensions has n; = 10°,
with the MSE exhibiting good decay for n < nj, and saturating for n > n;. In contrast, the
Meyer helix in dimension d = 7 has n1 = 10°, and thus we observe a good decay rate on the
interval n € [10%,10%]. For Meyer helices in higher dimensions, the sample-size requirement
in Theorem 3 is even larger. The numerical test also exhibits a transition for d = 8,9: the
error increases as n grows from 104 to 2 x 10* and decreases once n > 4 x 10%. First, this
is not a contradiction with Theorem 3 because the minimum sample-size condition is not
satisfied for the Meyer helix in dimension d = 8,9 when n < 3 x 10%. Second, this increase
of error for small n is due to the transition from the “wide” slice scenario to the “thin”
slice scenario. Further investigation on the average empirical slice-shape score ll* Zlh*zl G+ h
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Figure 6: Numerical tests in Section 4.2.2 for Meyer helices in R¢, d € {3,...,9}. The link
is smooth and monotone and is analyzed at the Lipschitz endpoint s = 1; the noise level
is o = 0.2. Left: MSE for F. Middle: relative MSE, E[|F — F|?]/E[|F(X) — E(F (X))},
averaged over five independent runs. Right: MSE of Fat n=2x 105 as a function of d.

shows that the slices are in the “wide” regime when n < 3 x 10 and in the “thin” regime
when n > 4 x 10*. For n € [3 x 10*4 x 104, the average empirical slice-shape score
L ﬁ;l @l*ﬁ ~ 0 and thus the slices are roughly isotropic, which, as discussed in Section
2.1, prevents an accurate estimate of the significant vector.

Figure 6 supports the following conclusions, in line with our theoretical analysis: (i) the
constants in O(n"2/3) at s = 1 are bigger for curves with greater len.,; (ii) the sample-size
requirement in Theorem 3 is larger for more complex curves; (iii) the significant vector
cannot be estimated well when the geometric shape of a slice is roughly isotropic; (iv) the
balancing sample size n is larger for curves with greater length and reach; (v) at s = 1,
the curve-approximation term is proportional to reach, 2,

4.2.3 EXAMPLE: VERIFYING THEOREM b5

We consider a collection of Meyer helices in the following ambient dimensions and geometric
parameters:

d 5 6 7 8 9 10 12 24 36 48
len, 35.35 43.89 53.78 90.20 96.65 93.88 135.76 | 435.48 730.62 1306.78
reach, || 2.24 245 265 283 3.00 3.16 3.46 4.90 6.00 6.93

Note that for Meyer helices with d = 5,...,12, the sample size is sufficient when n >
10%, while for d = 24, 36,48, the sample-size requirement is substantially larger. Figure 7
supports the following theoretical conclusions: (i) when os = 0, the mean squared error
has no positive asymptotic floor because the curve-approximation term vanishes; (ii) the
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Figure 7: Numerical tests in Section 4.2.3 for Meyer helices of varying ambient dimension.
Left: d =5,...,10. Right: d = 6,12,24,36,48. In all tests, the observational noise is zero,
¢ = 0, and the smooth link is analyzed at the Lipschitz endpoint s = 1. The reported errors
are averages over five independent repetitions.

decay rate is O(n~2) if the link function f is monotone and Lipschitz; (iii) the sample-size
requirement is larger for more complex curves.

4.3 Learning reaction paths and committor functions in overdamped Langevin
dynamics

We consider a stylized application to the overdamped Langevin dynamics
dXt = —VU(Xt) dt + OBM th, (8)

where U is a potential and op)s is the noise amplitude. For two metastable sets A and B,
let 74 and 75 be their first hitting times and define the committor

FA(:L') = Px(TA < TB).

In the interior outside AU B, F4 is harmonic with respect to the backward generator

2

UB2MA—VU-V, LF4 =0,
with boundary values F4|4 = 1 and F4|p = 0. Computing this function directly is difficult
in high dimension; see (Freidlin and Wentzell, 1998; E and Vanden-Eijnden, 2006; Metzner
et al., 2006, 2009) and the references therein. One of the approaches to make this feasible is
to use dimension reduction techniques that produce so-called reaction coordinates, that are
such that the projected process is nearly Markovian, with transition rates and commitor
functions that approximate the original ones (Coifman et al., 2008; Rohrdanz et al., 2011;
Zheng et al., 2011).

Assume that the dominant transition geometry is described by a smooth reaction path
~ and that the potential approximately separates into tangential and normal components,

U(x) = Ugn(I1yx) + Upor (dist(z, v)). 9)

L=
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Figure 8: Left: short trajectories for (8) around a circular reaction path; the two metastable
basins are highlighted in red. Right: the tangential double-well potential Uiy,. Low-
dimensional projections of the sampled configurations are shown in Figure 11 in Appendix B.

When the normal confinement is strong, trajectories rapidly relax toward -~ and evolve
primarily through the coordinate s = I, X;. In the limiting regime the committor therefore
factors as

Fa(z) = f(yz),  f(s) := Fa(y(s)),

and for large but finite confinement this relation remains an approximation. This is precisely
the NSVM structure: IL, is the nonlinear reaction coordinate and f describes progress along
the transition path. As shown in Figure 11, the latent circular reaction path is not readily
visible in either a random three-dimensional projection or the projection onto the first
three principal components of the predictor cloud, illustrating the need to learn a nonlinear
reaction coordinate.

Training responses can be obtained by Monte Carlo. From an initial condition z, simu-
late K independent trajectories and set

K
Y(2) =23 1 {Tﬁ,’” (z) < 7P (a:)} . (10)

k=1

Then E[Y (z) | #] = Fa(z) and Var(Y (z) | ) = K 1Fa(z)(1 — Fa(z)), so the Monte Carlo
labels fit the regression setting considered in the paper.

For the numerical example, we take d = 40, a unit-length circular reaction path, a
double-well tangential potential, and harmonic normal confinement. We generate n =
4x10* configurations and estimate each response from K = 4 x 10% independent trajectories.
The full potential coefficients, basin tolerances, sampling variances, and time-discretization
parameters are recorded in Appendix B and in the public repository.

We apply Algorithm 1 for several choices of | and j. Because the true committor is
unavailable, performance is measured by ten-fold cross-validation against the Monte Carlo
labels. Several nearby choices of ([, j) attain a cross-validation MSE of 1.7 x 1073, indicating
that the practical performance is stable across a range of resolutions.
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MSE
1 2 4 8 16 32

10 0.0022 0.0021 0.0021 0.0021 0.0021 0.0021
12 0.0020 0.0019 0.0020 0.0019 0.0019 0.0019
14 0.0018 0.0018 0.0018 0.0018 0.0018 0.0018
16 0.0018 0.0018 0.0018 0.0017 0.0017 0.0018
18 0.0018 0.0017 0.0017 0.0017 0.0017 0.0017
20 0.0018 0.0017 0.0017 0.0017 0.0017 0.0017
24 0.0021 0.0021 0.0021 0.0021 0.0021 0.0021

Table 2: Ten-fold cross-validation MSE IE[|Z/7'\ (X) — Y|?] for the committor experiment.

5. Robustness: Performance of Algorithm 1 in a General Setting

Recall that Assumption (LCV) gives a quantitative requirement for the “thin” slice sce-
nario. If we relax this assumption and consider instead the “wide” slice scenario, we expect
that the largest principal component on each slice gives a proper approximation of the
tangential direction under some assumption. Small curvature will do:

(SC) Let 0y 1= ming, e len,) 7~ (to) and 7 = max;e[olen,] 7~(to). We assume that there
exist c1, cg > 0 such that &, < ¢;Cy max(o¢,wys) and Cp max(o¢,wys) < coreach,. The
maximum is the relevant quantity here because the normal covariance must be small
on every retained wide slice.

In the thin-slice regime, the second condition follows automatically from (6), with a
stronger dimension-dependent bound. The substantive distinction between the two regimes
is therefore whether the normal variation ¢ is large or small relative to Cy max(o¢,wy).

Proposition 15 ((SC) implies “wide” slices) Suppose (X€ 15 NC?%), (YE 1), (¢ €
2), (71), and (wyg) hold, together with (SC), with ci,ca smaller than a small-enough
universal constant. Then, for every | such that |Ry | < max(o¢,wyr), h € Hi, we have

AL(ED,) — Aa(Shy) 2 CH Rl

Recall that we have the following distance function in this situation of “wide” slices, i.e.,
Aa(Z?
Gy <0, dist(z,h) = a(h,)

2
xr— ,u?hH + ot — pby,, vP,) %, and similarly for its empirical
counterpart. With a proof as in Proposition 13, we conclude that

Al(zg 5

Proposition 16 (classification accuracy without (LCV)) Assume that (X€ 1o N C?),
(Y€ ), (¢ €1a), (1), (wy), and (SC) hold, and fir T > 1. Fiz |l = X80 Thep,

max(o¢,wy)
the probability of misclassification by at least two slices in Step 2.b of Algorithm 1 can be
bounded by

hy — hy

P

CSmax(o¢,wr)'n
>2>§ldexp (—c f (76, ) >+ln7.

Cy Rjd3\/logn
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Figure 9: Numerical tests in Section 5.1: the Meyer helix in dimension d = 21 with o, = 0.5.
The link is smooth and hence Lipschitz, so the theorem is applied with s = 1; the noise level
oc¢ varies from 2 to 6. Left: mean squared error; right: mean squared error at n = 2 x 106.
The reported errors are averages over five independent repetitions.

5.1 Example: Verifying Theorem 6

Recall that in the “wide” slice scenario, the nonvanishing error is of the same order as the
curve-approximation term. We verify this behavior in the following numerical test. Let
the underlying curve v be the Meyer helix in dimension d = 21, with len, = 370.63 and
reach, = 4.58. The link function f(¢) = len, exp(t/len,) on [0,len,] is smooth and hence
Lipschitz, so the corresponding theorem is applied with s = 1. The observational noise
is distributed as ¢ ~ /\/'(O,Ug), with o¢ varying from 2 to 6. Assumption (LCV) is not
satisfied in this case. We also vary o, which controls the magnitude of the deviation of X
from the hidden curve . Smaller o, means that the distribution of X is more concentrated
near .

Figures 9 and 10 show that when Assumption (LCV) is not satisfied, the mean squared
error saturates at the level of the curve-approximation term.
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Meyer helix: MSE with [* and j* Meyer helix: MSE at n = 2 x 10°
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Figure 10: Numerical tests in Section 5.1: the Meyer helix in dimension d = 21 with
o, = 0.1,0.2,...,0.5. The link is smooth and hence Lipschitz, so the theorem is applied
with s = 1; the noise level is o¢ = 5. Left: mean squared error. Right: mean squared error
at n = 2 x 105. The reported errors are averages over five independent repetitions.

6. Conclusion

We studied the Nonlinear Single-Variable Model, a compositional model F' = f o g for func-
tions in high dimensions where both f and g are nonlinear, but g has a one-dimensional range
and f is therefore a function of one variable. Using the geometric structure inherent in g,
and under the coarse-monotonicity and lower conditional variance conditions stated above,
inverse regression allows us to estimate local level-set geometry, estimate the nonlinear co-
ordinate, and then learn f nonparametrically, with learning rates and sample requirements
not cursed by the ambient dimension and with computationally efficient algorithms whose
constants have only low-order polynomial dependence on the ambient dimension. The main
novelty is the slice-geometry-based significant-vector construction, thin/wide-slice adapta-
tion, data-adaptive local distance, and local polynomial regression step, which together
convert the nonlinear curve-projection structure into the MSE guarantees proved here. The
formal risk guarantees are stated for the Holder—Lipschitz range s € [%, 1], in which the
finite-slicing curve-approximation term is compatible with the one-dimensional nonpara-
metric rate. The present estimator uses a first-order local approximation of the curve and
its closest-point coordinate; exploiting regularity beyond the Lipschitz level is a natural
direction for higher-order geometric estimators.

Extending the method to functions f that are not roughly monotone presents challenges
for inverse regression. The pre-image of a set of response values can consist of several
disconnected slices, which are difficult to cluster in high dimensions. Related obstructions
appear, for example, in work on stochastic-gradient methods for single- and multi-index
models (Arous et al., 2021; Bietti et al., 2025). The sharp statistical and computational
tradeoffs in these settings remain incompletely understood. Another extension of interest is
a Nonlinear Multi-Variable Model in which the curve + is replaced by a higher-dimensional
manifold M. This setting presents additional challenges because the geometry of the level
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sets of F' becomes substantially more complicated. Both extensions are under investigation
and are left to future work.

An important open direction is to understand how compositional structure affects es-
timator design and the behavior of general-purpose construction algorithms, such as SGD
applied to a suitable loss. This question is especially compelling for compositions with more
than two levels and for identifying when such structure can avoid the curse of dimensionality.
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Appendix A. Proof of Propositions

Lemma 1 . , : . d+1 ..
LethXl, Y1),...,(Xn,Yy) be independent copies of a sub-Gaussian pair (X,Y) € R with
variance proxy R3. Fiz ax,ay > 0 large enough that

p:=d6x +d0y —1>0, ox =1 —2exp(—a%/2), Sy := 1 — 2exp(—a3-/2),
and write B := B(O,ax\/gRo) X [—ay Ry, ay Ro]. Then, for every ~ € (0,1),

(1-7)%/2 )

P{#{i: (X;,Y;) € E} <vpn} < 2€XP(—p1+(1—_7)/3n

Proof By the sub-Gaussian norm bound of Lanteri et al. (2022, Lemma B.2), P(||.X]|| >
axVdRy) < 2e79%/2 and P(|Y| > ay Ry) < 2¢-%/2, s0 a union bound yields P((X,Y) €
E) > p. The claimed concentration is then the Bernstein inequality for the i.i.d. indicators
1£(X;,Y:), as in Lanteri et al. (2022, Lemma B.1) (cf. also their Lemma B.3, which is the
same argument for the X-marginal alone). |

Lemma 18 (Matrix Bernstein Inequality) We recall the following matriz Bernstein
bound; see Vershynin (2018, Thm. 5.4.1). Let Mi,..., M, be i.i.d. random matrices in
R4 qpith EM; = 0 and |M;]| < B. Write M = %Zzgn M; for the sample mean and
0? = max (||[E[M; M]]||, |E[M] M;]||) for the covariance prozy. Then

P (] 24) < o (7).
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Lemma 19 (Concentration Inequalities for means, covariances and eigenvalues)
Suppose that X; are iid bounded by || X;|| < RoVd, let uf, = E[X] and i}, = n% Z,Knlbh X
b b l h =< N

denote the mean and sample mean. Let Z?h =E[(X — u??h)(X — ,u?h)T] denote the covari-
1

—— Eignfh(Xi — ﬂ?’h)(Xi — ﬁﬁh)T the sample covariance matriz, and

ance matriz, Z?h = -
’ 1,h

f]?h = ﬁ Zign;’,h(Xi - ,u?h)(Xi - ,u?h)T be the augmented covariance matriz. Then, for

every o > 0, every 0 < § < ad, and every 0 < 8 < ad:

~b S o) - cng
P ‘Mz,h—ﬂz,hHNRO o S dexp - | where § < ad ;

- 2 c32nb
P < ’Z?h — E?,h” 2 5%) < dexp (— b l’h> ,  where 8 < ad ;

a?d?

cﬁQnﬁh

a?d?

R 2
P < AL(ED,) — Al(zgh)) > 5%) < dexp (- ) ,  where B < ad .

Proof The first two inequalities can be shown directly by Lemma 18. The exact centering
identity is

b b ~b b ~b b

El,h = Zl,h - (Ml,h - Mz,h)(ﬂl,h - Mz,h)T,

and hence 9

S b SU b ~b b
Hzl,h - Zl,hH < sz,h - El,hH + HMz,h - Mz,hH .
Weyl’s inequality therefore gives

2

)

‘Al(E?,h) - Al@?h)‘ < HE?,h - Z?,hH < Hz?,h - E?,hH + Hﬁ?,h - M?,h‘

and the third concentration estimate in Lemma 19 follows from the first two after adjusting
the universal constants. |

A.1 Proof of Proposition 7

Proof Define intervals Iy := (—+/2(k + 1)o¢, vV2ko(] U [V2ka¢,\/2(k + 1)o¢) for k =
0,1,2,.... We first note that, thanks to (¢ € v3), we have (; € ngﬂogn I}, with probability
higher than 1 — 2n™7, for every ¢ = 1,...,n. Conditioned on this event and on Y; €
T, 1, X; € [T + Up<riogn Ix). Meanwhile, E[IL, XY € T,B,¢ € It] € [min f~1(T +
i), max f~1(T + I)]. Since f~1(S) = f~1(SnN Ry) for every interval S, Assumption (wy)
gives the same upper inverse-image bound even when a sub-Gaussian annulus I extends
outside the link range; hence, upon conditioning on Y; € T, B,(; € ngﬂogn I,

‘H,yXi —E [H,YX’Y eTl,B,( € Ik” < Cf(|T’ + v/ max(k,Tlogn)aC) .

After conditioning on Y € T and B, the weights of each sub-Gaussian annulus I must also
be conditional. In the applications of the theorem, the following comparison is used on the
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corresponding inverse-image arc in Qq (i.e., with p; > ¢,); Bayes’ rule, the independence of
¢ and X, the local density comparison there and Assumption (wyg) show that conditioning
on Y € T changes each probability of the corresponding sub-Gaussian annulus I by at
most a fixed multiplicative factor. Consequently,

P(Cel,|Y eT,B) SPCel) Se ™

On {¢; € I}, r < Tlogn, the law of total expectation must use these conditional probabil-
ities of the sub-Gaussian annuli i, and therefore

IL,X; — E[IL,X | Y €T, 8]

<Y MX —E[ILX |Y €T,B,( € L]|PC €I | Y € T,B)
k=0

gcfz T|+ (Vr+1+Vk+1)oc)e”
<C'f(\T|+\/TlognaC)

Together with the sub-Gaussian probability of the complementary noise event, this proves
part (a). For part (b), the corresponding conditional variance decomposition is

Var[lL X | Y € T, B] = ZE[HX E[ILX | Y € T,B))? YeT,B,geIk}
k=0
P((el,|Y €T, B).

Assumption (wg) bounds the k-th conditional second moment by CC]%(]T\Q + (k+ 1)02).
Hence

Var[[l,X | Y € T,B] S C} Y (TP + (k+ 1)od)e ™ < CF(T* + 02),
k=0

which proves part (b). [ |

A.2 Proof of Proposition 8 and Corollary 9

Proof Recall that X; = (t;) + W; where t; = II,X; denotes position of X; along curve
!

and W; = M/, <vg’> denotes the deviation from the curve. Here each M, € O(d) is a

rotation matrix on R? that maps the d-th canonical unit vector ég = (0,...,0,1) to the
unit vector v € S¥71. Observe that (v}, , X;) = <vl e YL XG)) + (v, , W;), so we will show
a high probability bound for each term. ’

We will utilize the contraction property of « for the first term. Notice that v : [0, len,] —
RY is a contraction map, i.e., it has Lipschitz constant 1: ||y(t1) — v(t2)|| < |t1 — t2|. Recall
that in Proposition 7 part (a) we show that conditioned on the event that ¢; € U<, 10g5 Ik
and Y; € T, we have IL,X; € f~}T + ngﬂognfk). As a consequence, the contraction
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property of  shows that conditioned on the same event, we also have y(IL, X;) € v(f~ (T +
Uk<rlogn Ik)) whose diameter is bounded by diameter of FUT + Uk<r1ogn Ik). Following
the proof of Proposition 7, we have

P{|7(IL,X) — ED(IL X)) | Y € T.BJ|| 2 C4(IT| + v/ lognac) | Vi € T, B} <207

ICovy(ILX)|Y € T, B]|| S CHITP + 07)

and as a consequence,
P{ |(oh4s /(T X0)) = El(uf, v (L, X)) | Y € T, B]| 2 C4(IT| + /7 lognog) | Yi € T,Bi } < 207" ;

Var[(v},, yILX))|Y € T, B) S CH|T* + o7) .

Because px is compactly supported, choose Cx once and for all so that supp(px) C
B(0, CX\/ERO); the X-part of B is then automatic. Moreover, T'C R = [-Cy Ry, Cy Ry|, so
Y € T already implies the Y-part of B. Conditional on ¢ = IL, X, the event Y € T' depends
only on the independent observational noise ¢ and therefore does not alter the conditional
law of W. Hence LW | t,Y € T,B) = L(W | t).

The observations are independent across ¢; conditional on ¢;, the law of W/ is centered
and isotropic, with covariance and support specified in Assumption (71). Conditionally on
t; = I, X;, Assumption (1) gives

EW; | t:] =0,  E[W;W] | t;] =0y (t:)*(I =+ (t:)y (t:)7).

We therefore estimate the projection of W; by first identifying the population smallest-
eigenvalue direction, rather than by using a pointwise comparison between W, and t;.
Evaluate the Rayleigh quotient of ¥¥, in the direction +/(E[Il,X | Y € T,B]). Since v
is parameterized by arclength, Taylor’ys formula and Proposition 7 imply

Var[(Y (E[ILX | Y € T,B)),7(IL,X)) | Y € T,B] S C}(IT|* + o2),
E[(y(E[LX |Y e T.B),W)? | Y € T,B] < |7"||%, reach2C3(|T|? + o2).
The mixed term vanishes conditionally on II,X. Hence the Rayleigh principle yields
M(Sy) S CHITP + 0d),

which proves part (b). For every unit vector orthogonal to the same local tangent, the con-
ditional normal covariance in Assumption (71) contributes at least a%, while the variation
of the tangent over the conditional arc contributes at most C’C’]%(\T|2 + 02). Thus

Aa-1(3h)) = 02 — CCH(|T) + 0f).

Together with the preceding upper bound, the scale restriction on [, and Assumption
(LCV), this proves Corollary 9. Choose the sign of v?h so that <vﬁh,7’(E[H7X | Y €
T,B|)) > 0. The same tangent-normal block calculation, divided by this eigengap, gives

et = EILX | ¥ € T.B))|| S 7] €571+ 00).
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Since (W;,~'(t;)) =0,

|Wisel)| < IWill [efy =7 (EML,X | Y € T, B))
Wil [/ (BN, X | Y e 7.8) =/ (8)]

The support bound in Assumption (77), the Lipschitz continuity of +’, and Proposition 7
therefore bound the normal term at the conditional tail scale C¢(|T| + /7 logno¢). Com-
bining this bound with the curve-component estimate obtained above proves part (a). W

A.3 Proof of Proposition 20 and Corollary 10

Proposition 20 (local NVM) Suppose (X€ 15 N C?), (YE 12), (¢ € 1), (11), (LCV),
and (wyg) hold. Let ,u?h be the mean of the h-th slice and v?h be the significant vector of

the h-th slice. Then, for every | such that | 2 CyCyRy/o~, ]R?’h] > max{oc,wy} for all
h € Hy, for every e € (0,1) and T > 1, we have:

(a) for any h € H; and any € > 0, the estimation error of the slice mean along the
tangential direction can be bounded as

ca4e2n (7 log n)_%
b <d l,h .
"’7’1} ~ eXp( c;cj%Rgd(z—uz—le) T

2

b ~b b
P {‘@l,m Hip = Ul,h)‘ >

(b) for any h € H; and any € > 0, for I 2 CyCyRy/o, the estimation error of the
stgnificant vector can be bounded as

4.2.b -1 4,0
cosen;), (Tlogn) 2 cosn
IP’{Hﬁ?h _Ulb,hH > ¢ | ”?h} S dexp (- I >>+deXp (— : l’h>+n_T;

CYCIRGA(I=2 + 1~ 1e Rip

(c) for any h € Hy, uw >0, forl 2 C¢CyRy/oy, the estimation error of the width of the
slice can be bounded as

1

CJ4C2u n?, (rlogn)~2
n?h) S dexp 1 ;2 Lh
Ryd / (\f—i— uCrCy)

cu4n? dex caén? h .,
+ exp Ty + aexp R§d2 +n .

Proof of part (a): By Proposition 8 part (a), we know that conditioned on Y; € Rb |, and
B;, with probability higher than 1—2n"", we have ’(vf’h, X;)—E [(vl W X) | Y eRY o B]

P([Ma(Eh) = Malh)| >CHCE REu? /12

E

C;Cy Roy/Tlognl™!. Also Proposition 8 part (b) implies that Var [(Ul wmX) | Y € Rl,h’ B] <

~

C’J%C}%R%Z_Q. Therefore, we have the following Bernstein-type inequality for any € > 0:

o2e ca4e2n (tlogn) -2
P ‘vb,’\b — b ‘>L‘nb Sdex Lh +n 7.
( ( Lhs MLh /~Ll,h> Rov/d Lh p C?C’%Réd(l* 1T
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Proof of part (b) The main tool is the following Davis-Kahan type inequality. Choose
the sign of o7 U7y, so that <vlh,vl ) = 0. The residual Davis-Kahan bound (Bhatia, 1997,
Theorem VII.3. 1), together with (Stewart and Sun, 1990, Ch. 1, Sec. 5.3, Theorem 5.5),

gives, on the event HEl T E?hH 2(Aa- 1(2%) )\d(Eﬁh)),

H/\b b H < 2 H(E?,h - E?,h)v?,hH
v — v RS .

(11)

Step 1: We want the denominator on the right-hand side of (11) to be large. Corollary 9
supplies the population gap. Moreover,

b b ~b b \/b b
Z Ez h = Zl,h - El,h - (Mz,h - Mz,h>(ﬂz,h - Mz,h)T,

SO
_ _ 2
b b b b
Hzl,h - El,hH < HEl,h H + HMh Ml,hH .

Lemma 19, with a = R% / 03 and a sufficiently small fixed 3, gives
~ R 2 cBoint,
P(max{HEZh - Z?,h” , HM?,h - M?,hH }> Cﬁ“g) S dexp (R%Zp’ .

Outside this event, the Davis-Kahan condition holds and the denominator in (11) is a
constant multiple of 03.

Step 2: We apply Bernstein’s inequality to bound the numerator H(f‘,é’h - E;’h)vlbhH in the
right-hand side of (11). Consider the following decomposition:

b
H(El,h S0 Uth H (S, =20 Uth +‘ O B — i H‘Mh HZhH
SH Ez, Elh Uth"‘Ro\f‘Ulh;Mzh Mlh>’

Recall that part (a) already gives desired bound for ‘(vf’ s 10, — ul )|, so we only need to

bound H(E?’h - E?,h)v?,hH' Each centered summand in (E?h - E;”h)vlb’h has norm at most

b T b b b b
‘Ul,h (Xi— Ml,h)’ HXz - Ml,hH + Hzl,hvl,hH :

By Proposition 8 part (a), conditional on Y; € R;’ , and B;, the first term is at most
C¢Cy R%\/drlognl~! with probability at least 1 — 2n~". Proposition 8 part (b) gives
HZZ hvth = Ad(Z?h) < C?C%R%Z_Q, so the same scale provides an ¢* bound for the

centered summands.
Next, we consider the £? bound (i.e., variance). Considering the following decomposition:

- 2 . 2 2
b b\, b b _ b b b b b
E {H(El,h - Zl,h)“l,hH \ ”l,h} =E {Hzl,hvl,hH | nl,h] - Hzl,hvl,hH )
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where
2 1 2
S T
E {szh”lb,hu | n?,h] = 57)21)1% E (Z(Xz‘ - M?,h)(Xz‘ - ﬂ?,h)T> | ”?,h Ulb,h
h

Rd bob b b b |2
<7nb Var [<Xz‘ — M s U p) | ”l,h} + Hzl,hvl,hH
Lh

The preceding inequality, together with Proposition 8 part (b), gives us the following ¢?
bound:
_ I} RY

~ 2
b b\ b b
E [H(Zl,h - Ez,h)vl,hH | nz,h} ST

We use the ¢ and ¢? bounds above and apply Bernstein inequality 18 to obtain: for
any € > 0,

Sb b \.b 2
P (H(El,h - El,h)vl,hH > 0L€

cote®n? (Tlogn)_%
b <d _ Y I,h -
nla) S eXp( C2CTR( 412 ) "

Combining part (a) and the estimates in Step 1,2 finishes the proof.

Proof of part (c) Let V; = <vl’”h,Xi — u;’,h>2; then E[V; | V; € Rf’,h,Bi] = )\d(ZE”h) <
C’]%C%Rgl_Q. Moreover, we can follow the same argument as in Proposition 7 and Propo-
sition 8 to show that E[V? | Y; € R?,hvBi] S C?C{‘;Rél*‘l. Denote ‘7& = ﬁ Z¢<Ulb,h>Xi —

u?h>21l {YZ € Rf’ h} N B;. Thus, we use Bernstein’s inequality to show that

cﬁzagnzh
C3CE Rjoy 21-4(B1% + C3CE R3oy?) )

P (|‘A/ll,)h — Xa(Z0)| > Bo? ‘ ”?h) < exp <—

We use &Sy, (¢, 5) to denote the event that

RoVd

~b b
Hul,h—m,hH< 5

@ b < col b~ |l <
Mlh_:ulhavlh‘w aHUZh—UHLHNG,
b b b RO'\/& b b

Sb boyb 2 b b 2
H(El,h - El,h)vl,hH < e, ‘V},h - Ad(zl,h)‘ < 8oy

We know from part (a), part (b), and Lemma 19 that, Sy(e, §) satisfies, for any €, 8 > 0,

CO’éGQH?’h(T logn)

1
2
C2CERIA(I2 + ez1)>

P(Snle, B)) Sdexp (

caQ,BZn?h co-n
+exp | — 2 : tdexp | ——22" ) 407 .
P ( C2CZR3I(BI2 + C2CE R3o- ) P\ "Rl
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On the event Sy (e, 3), we have the following estimate: Using f)?h = i?h — (ﬁ?h —
M?,h)(ﬁ?,h - M?’h)T and the Rayleigh characterization of the smallest eigenvalue, we have
~ ~ 2
b b b b b \ob b ~b b
/\d(zl,h) - )‘d(zl,h)’ < ’<Ul,ha (El,h - El,h)vl,h>‘ + ‘<Ul,ha Hyp — Ml,h>’

b b b b b b
+ ‘<Ul,ha SR — (Vs El,h”l,h)‘

ot
< Rode + R2d + BU + 620'2 + /\d(El h)
0202 20202 R2
which is bounded by ui if one takes ¢ = c% and B = %, for I >
Yy

C¢CyRy/o~. This means that we have for any u > 0,

. W2C2C2R?
P (\Ad@é’,h) )| 2 —

C’LLQC%/O' n; b (tlogn)” 2 endut cotnb
<dex +exp | —— tdexp [ ——2Lm) 4T,
P ( RAP2(\/d + uC;Cy) Plrt+ e P\ Rz

A.3.1 PROOF OF COROLLARY 10
Proof Take e = CyCy R0 ?[d(t 4 logl + log d)\/7log n/(nﬁhlz)]lm. The term logd ab-

sorbs the prefactor d in the exponential bound, while log ! accounts for the union bound over
the slices. The requirement € < 1/1 gives n?h/m > C]%C%RgJ;‘Ld(t + logd + logl).
The moment estimate follows by integrating the conditional tail bound, equivalently by
choosing e~ at the scale (CyCy Rjo7,?)*(dlog d)P[(log n)1'5/(n2hl2)]p. [ |

A.4 Proof of Lemma 12

Proof For the equal-length response intervals used in the localized interior analysis, As-
sumption (wy) gives
o < TSIy
e

so the pull-backs of the uniform response partition have comparable arclengths. Since
|Rin| < CyRo/l, the condition |R;s| > max(o¢,wy) controls the first two terms in the
maximum in part (i). Applying Assumption (wg) to Ry and using |R¢| =< Cy Ry gives
len, < C;Cy Ry, and the bounded ratio Cf/ C’ yields

Clen,
C’l

< o |Rl7h‘a

which proves (i).
For (ii), the same bound on len, and Assumption (LCV) imply
C fllenv S CyR() '
Choy ™ max(o¢,wy)
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Thus the lower slicing-scale requirement is below [, after the universal constant in the
definition of I;ax is chosen sufficiently large. If max(o¢,wys) = 0, then lpnax = 0o and there
is nothing to prove. |

A.5 Proof of Proposition 11

Proof Fix zg € Q, with yo := F(z9) € R, set to := Iz, and let 1, be the unique index
for which yo € Ry . For every retained slice, Bayes’ formula gives

_ P(C € Ry — f())pe(t)

_ JtP(C € Ry — f(t))pe(t) dt
PtlYeR, (t) - P(Y c Rl7h) s

E(ILX |Y € Rjy) = JP(C e Ry — f(t)pe(t)dt

On the retained inverse-image arc in g used in the theorem proofs, the local density
comparison and Assumption (wys) show directly from these two integrals that

i to—E(ILLX | Y € R S Cr(|R .
e TR o~ B(IL XY € )| S Cy(1Rupl +00)

The hypothesis that a slice h with |h — h)| < 1 is retained in H; guarantees that the set
over which the minimum is taken is nonempty. Indeed, the contribution from the relevant
inverse-image interval has the same order as its length, while the contribution from its
complement is bounded by the sub-Gaussian tail of (. If |h — h/,| > 2, the response interval
Ry j, is separated from gy by at least one complete response bin. Applying the lower bound
in Assumption (wy) in the preceding Bayes formula, and estimating the remaining noise-tail
integral by Assumption (¢ € 12), gives

|t0 — E(HWX ‘ Y e Rl,h)| Z C} dist(yo, Rl,h) - Cng.

Since |R; | > max(o¢,wy), the conditional center for an index h with |h—h/,| < 1 is strictly
closer to tg than every nonadjacent conditional center, with constants depending only on
the fixed model constants. Finally, Taylor’s formula for v and the tangent alignment in the
proof of Corollary 9 transfer the same ordering to the population distance. On consecutive
local slices,

(o — pp, vin)| — [to — E(ILX | Y € Rl < ||Vl CF(IRuA| + 0¢)?.

For a nonlocal portion of the curve, the reach gives a lower bound for ||zg — 1|, and the
nonnegative second term in dist(xg, h) prevents that portion from being selected. Hence

dist(xg, h) > Ingl dist(xq, ), heH, |h—"h|>2
re
[l j<1

which proves |h, — h/;| < 1. The two neighboring values can be comparable only when yq is
near their common response boundary, proving the final assertion. |
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A.6 Proof of Proposition 13

Proof We first make the population separation explicit. By Proposition 11, consecutive
response slices correspond to consecutive arclength pieces. Taylor’s formula for v and the
local tangential direction give a constant Ky > 0, depending only on the fixed curvature
constants, such that, for 2 < |k| < Kol with h, + k € H;, summing the separation of
consecutive slice centers along the index path from h, to h, + k yields

len7

Vdist(z, hy + k) — \/dist(z, he) > [k|—2

The restriction |k| > 2 is necessary because an adjacent slice may have comparable distance
near a response boundary. For |k| > Kyl with h, + k € H;, the reach separates the two
curve pieces in Euclidean distance. The local density lower bound on the retained inverse-
image interval in g, together with Assumption (wg), gives the tangential spread )\d(Eﬁ n) 2

(C}|Rl,h‘)2, while Assumption (1) and Proposition 8 give \;(2?,) < 03. Therefore

Vdist(xz, hy + k) — \/dist(z, hy) >

Combining the local and remote cases gives

len
Vdist(x, h) — \/dist(z, hy) > T’ |h — hy| > 2

To obtain correct classification, we require the distance-estimation error to be small
enough that for all |h/ — h,| > 2,

dist(z, &) — dist(z, i) < |dist(z, 1) — dist(z, he)| . (12)

n ‘(@(337 he) — dist(z, he)

Indeed, this will imply that /l\zx = arg minh/eﬂ? (is\t(:z, 1) satisfies |h; — ﬁx\ <1.
Consider the event & that we have a small estimation error for information in all slices:

S(e,0,8,u) : forall h e ”H;’,

A~ O- ~
<,U?,h - u?,h,v?,m( N 7R \}&, HM?,h - N?,hH S 07\/5,
0

M(ER) = (S| S o
W2C3CL R}
12 '

b ~b
‘Ul,h - Ul,hH Se

Na(EPh) = Ma(Zha)| S

Orient o7 ', S0 that <vlh,vl ) = 0. Proposition 20 and Lemma 19, used with o = R3 /U,Y,
show that, when [ > CnyR()/O'W, for any 9, 8 < R%da;z and any €,u > 0, the event & has
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the following high-probability bound:

00462nl p(7log n)_% 02§ oip? ot

C b i

P(&°) Sldexp ( 0202 TR0+ 1T +ldexp | —cny ), min R%;d’ R%dQ’ RéZiQ
1

004032/21 ny h(’l’ logn)~2 en?  ul
+ ldex +lexp | —— +in™T .
P ( Réd3/2(\/> + UCny) p 1+ u?

(13)
We now investigate how small these parameters should be. Conditioned on event S(e, d, 5, u),

we can expand the estimation error in the distance function and estimate its upper-bound
by the following calculation:

‘(i\st(x, h) — dist(z, h)‘

2
<R0\/g6+0-y\/56+ ) (Ro\/g6+07\[6+

dist(z, h)
Rovd )
ulen?  R2d , Aa(Xh),) Rid

g,
2oa(s,) Toa,)?

Rovd
A

a(Sf5)
5 (2;,9 (026 + Roy Vv +

Thus, in the preceding inequality, we require the coefficient of y/dist(x,h) to be smaller

2
than CIT, and all other terms to be smaller than cll—z, so that (12) can be guaranteed. To

achieve this, choose the small scales ¢, 0, 3, u as follows. With | 2 CyCy Ry/0-,

/ len“/ / 0’%' / 30}2 / %
e — Ci’ ﬂ = C V2L U = =c v .
IRV R3d R3C3d RoVd

Here §', 8’ < Rgda; 2 automatically holds because of 0., < Ry < RoV/d given by Assumption
(LCV). Therefore, we substitute these quantities in (13) and obtain

o8
P (6(6’, 5,3, u’)c) < ldexp et 1in C C +In™"
~ VTlogn C’2]~23d3/21en7 R804d4

Here Lemma 19 is used with o = R(Z)/a%, and we also used C|Ry| < len, < C¢|Ry| together
with |Rf’ = Cy Ry. |

A.7 Proof of Proposition 14, Theorem 3, and Theorem 5

Proof Throughout this proof, condition on the first half. For each h € H;, the set A;}

and the intervals I, (M) are then fixed, while Z = (v} 'n»X) is a fixed function of X. The
estimates below are ﬁrst proved on the accepted regions A, ;, and are transferred to the test
regions by Lemma 21.
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Lemma 21 (accepted-region domination) Condition on the first half. For every col-
lection of nonnegative measurable functions Gy, h € Hy,

D E [ n(X)L{R(X } " E[Gh(X)L{X € A}

heH,; heH,;

Moreover, >y cq, 1{X € A p} < 3 pointwise.

The proof of Lemma 21 is straightforward: ifﬁ(w) = h, then |ﬁ( )—h| =0, hence z € A .
The displayed inequality follows pointwise from IL{E( X) = h} < I{X € A;}. For fixed
x, the condition z € A;}, is equivalent to h € {h(x) — 1,h(z), h(z) + 1}, so at most three
indices contribute.

Recall the definition of the random variable

Mh = F(ILX) = F(@0 X) + ey,

On the retained-slice count event and on the event on which the conclusions of Propositions
11 and 13 both hold, if X € A;j, then |h(X) — h] < 1, |M(X) — hy| < 1, and |hy —

hl| < 1. Hence |h!, — h] < 3. Thus the accepted region for the index h is contained, up
to the complement already controlled by Proposition 13, in the union of at most seven
consecutive true response slices. Applying the same local curve estimate used for one slice
to this enlarged interval changes only the universal constant in the slice-width term. Holder
continuity and the support bound in Assumption (771) give the honest pointwise estimate

len ’
[l S [fles (Cf max {Jc»Wf» CJ})
!

+ [fles (Cx Vd Ro)* H@\?h - Uf),h )

n,h
The sharper factor ., /reach, is used only after taking second moments of the normal
displacement; it is not asserted as an almost-sure improvement. Consequently, for ¢’ =
nn —Elnn | Z,X € Ayl + ¢,

Var( |ZX€Alh) UC—FE[?]}Z’ZXGAlh]
Using the seven-slice containment, the conditional second-moment identity for W, the seven-

slice overlap bound, and Corollary 10, and summing only after taking these second moments,
yields

_ 2 2s
9 o [ 0,0y len,
> Bl € )] £ (7 (250 ) max <o<,wf, C}Z>

heH,;

1.5
+ [f]gs (Cnglenva,;Zdlog d)?s ((l(fgnn)>
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We use this averaged bound in the proof of Theorem 3. Taking instead the uniform local-
sample-size estimate in Corollary 10 gives

2s
5,0 \ % len
Y E X € Apl] S [f1es <”) max (UOWﬁC/;)
f

= reach,,
(log n) 1.5 > S

nlocl2

+ [f12s (CXRgleDVUJleog d)* <

We use this version in the proof of Theorem 5.

We next control the three terms in the decomposition. By Lemma 21 and (a+ b+ c)? <
3(a® + b* + ¢?), it is enough to control the corresponding errors on App and then sum
over h € H;. For the nonlinear curve-approximation term, the definition of flfh\ﬁl”h as the

conditional mean on A;j gives

2
MSE(NCA) = Z E |:‘f(H7X) — f;:h‘f’lb; (Z) ]l{X S A”L}]l[(z,h)(Z)
heH; "
= S ENVar(f(L,X) | Z, X € App)1{X € Ay} L0 (2)].
heH,;

Write X = ~(t) + W, with ¢ = II,X and W L ~/(¢), and set ¢(t) = <6gh,7(t)> on
the seven-slice arc of v corresponding to A;j. On the geometry event of Proposition 13,
the monotonicity estimate used in Lemma 22 makes ¢; bi-Lipschitz, so ¢gl is uniformly
Lipschitz on its image. Extend d),;l to I:") without increasing its Lipschitz constant; no
higher-order regularity of the inverse is used below. Since Z = ¢p(t) + <’UAﬁh, W),

t—¢, " (2)| S

(@ 1))

The conditional mean minimizes squared error. Hence Holder continuity of f, followed by
Jensen’s inequality, gives

2s

Var(f(t) | Z,X € Aip) < [fles EU@\?,M W)

Z, X € Al,h:| .
By Assumption (71),

E [(5h, W) 1 1] = 0,0 [Pyt <22 ot —+ 0] -

Combining the population tangent alignment from Corollary 9, the empirical-vector moment
bound in Corollary 10, and the seven-slice overlap bound yields

2s
a,C len
MSE(nca) S [f]es ( 1/ max{“o“%d})
f

reach,,
(log 77,) 1.5 S
max{n, n;l?} )

(14)
+ [f12: (Cx R3len,odlog d)* <
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For the bias term, let g be any degree-m piecewise polynomial on the partition of I (Lh),

Since fl*hlﬁf’h is a conditional expectation,

B |[fiug, (@) - 0@ 106 € Aund| <E[170 - 9P 10X € 401)].

Choose g to be the usual degree-m piecewise-polynomial approximation of z — f (d),:l(z)).
Because 0 < s < 1 and qﬁ,:l is uniformly Lipschitz on the arc of v corresponding to A,
the composition fo gb;l is s-Holder with seminorm controlled by [f]es up to fixed geometric
constants. Splitting f(t) — q(Z) through f(¢,'(Z)) and using the estimate that led to (14)
gives

MSEg) = Y E [

heH;

flfhﬁ)‘f’h(z) - f;‘glbh(Z) 2 {X e Al,h}]]-[(l,h)(Z):|
(15)

len

2s
5 MSE(NCA) +([f]Cs + CYROl_l [pX]CS)QCJ%S max (0‘47 wy, C’l’ly> j_QS.
f

Conditional on the first half, the observations used for regression are independent,
and their observational noises remain centered. The conditional response variance equals
O'g + Var(f(t) | Z,X € A;p). On the retained-bin count and interval-coverage events, the
calculations in (Liao et al., 2022, Proposition 2 and Lemma 5) therefore give

. - 2
i, (2= o, () 11X € )|

MSE(y) = ) E{ ;
heM, (16)

jlogj
< (MSE(NCA) —l—U?l) —

In the admissible sample-size regime, jlogj/n < 1, so the first contribution in (16) is
absorbed into (14). Collecting the three bounds proves Proposition 14. Because Algorithm
1 clips its output and |F| < M, every exceptional event E contributes at most 4M2P(E)
to the unconditional risk. Propositions 13 and Lemmas 22-23 show that the classification,
interval-coverage, and retained-bin exceptional contributions are of smaller order than the
displayed theorem rates.

Two situations are not exceptional events of this kind, and are accounted for separately
and additively. The two extreme response indices are bounded in Lemma 24 by Cn~! times
the risk just bounded, plus Cn~! | f]gs w?*. The bins (at most two) for each index that
straddle an endpoint of J(:") need not be retained, and a query landing in one of them
is evaluated, by Step 3.c, using the fit of the adjacent bin, which is covered and hence
retained with high probability; the evaluation point is then at most one bin width outside
that bin, so by (20) the squared error on these random boundary bins is controlled by the
same conditional-variance and polynomial-stability argument as the bin-averaged risk, and
the total contribution is again O(MSEca)+MSEg) +MSE(y,)); the pointwise support
estimate is needed only for the extreme endpoints treated in Lemma 24. The nearest-
retained-bin convention therefore gives the same order of risk on these partial boundary
bins as on the retained interior bins.
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Theorems 3 and 5 follow by optimizing the parameters (I,j). For the noiseless case
o¢c = 0, we first trim the low-density region. Recall that p; is the density of the pushforward
of px under I,. In Theorem 5, let Qg := {z € Qy : p;(Ilyx) > ¢,}. On its complement, the
squared error is controlled by the L> norm, producing the additional term in E[|F(X) —
F(X)|?]. We take the largest [ satisfying (7), namely

. C’C'}cplen,y n o RS’CJ% (dg/Qlen,y RgCJ%d4>

— CiChs logd?n) oy | Cpas
This choice gives
C’}lenvcpﬁ

20, b Cnslos

Nioc ‘=
which satisfies (7). A union bound over the response slices whose relevant inverse-image
arcs lie in g gives

%> < log®n

4 /]~ n?

P(n?’h < Ny for some such h) <U* exp(-

Thus every slice whose inverse-image arc lies in 2y and is used in the localized analysis
is retained with high probability. On this event, each test point in Qy has a retained
response slice h with |h — h,| < 1, so the hypothesis of Proposition 11 that a slice h with
|h — h!| < 1 is retained in H; is satisfied. Substituting [* yields the desired bound for
EIF(X) = F(XOPL(X € Q). Finally, E[|F(X) — F(X)PL(X ¢ Q)] < [f2P(X ¢ ),
which gives the stated bound for the full mean squared error.

For the noisy case o¢ > 0, we balance the bias term MSE p) and the variance term
MSEy. Using the definition of M* in (4), the optimizer satisfies

[*j* = n M. (17)

We record why the selection rule of Theorem 3 realizes this product whichever constraint
is active. Assumption (wg¢), applied to Ry, together with |Rs| < Cy Ry and the bounded
ratio Cr/ C}, gives len, =< C}CyRo up to fixed constants. Hence, for every admissible
l < lmax = CyR()/ max(ag,wf),

len,, len,,
max | op,we, —— | X ——
CERon chl

so by (15) the bias depends on (I,7) only through the product [j and decreases in it,
while by (16) the variance < (MSEnca) —|—O’§l)j logj/n increases in it. Any allocation
achieving the product (17) is therefore as good as any other, and only the constraints on
[ decide the split. Second, M*n'/(2st1) ig that product up to universal constants and a
logarithmic factor: writing A := [f],s + |f|;~ [px]cs, balancing AQ(C’flenv/C})%(lj)_25

against aglj log(lj)/n gives lj < (A2(CnyR0)25n/(ag log n))l/(25+1). The rule of Theorem
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3 takes [* as large as the three constraints on [ allow and gives the remaining budget to j*,
so that I*j* =< M*n'/(25t1) in every case. Substituting,

MSE(B) < MSE(NcA) +C’1n_282%,

logn

2s 2s
MSExy) S agl*j* = J?M*nfﬁlogn < Cin 2+ logn,

the last step because Cl/(agM*) = (1enﬂ,/(C}CyRo))2s/(25+1) 2 1. This is the bound
claimed in Theorem 3, uniformly over which constraint binds.

It remains only to account for the finite-slicing entry len, /(C}*) in (14) when I* < lmax.
Because s € [%, 1], the exponent in the nonlinear curve-approximation term is 2s. If the
sample-count constraint [* = C;Jlmlog*2 n is active, its contribution is O(n =2 log** n) and
therefore decays faster than the first term of Theorem 3. If I* = M*n'/25tD the finite-

slicing contribution has the same rate n=2%/(s+1)_ Indeed, writing A := [f]os + | f| 100 [Px]cs
and suppressing the arguments of C1, direct substitution of the definition of M* gives

C1 A reach,, C} Cy Ry ~

2 5-’YCflen“/ . 2
[fles roacho O M 9 , 2 Bt
react, by _ <[f]CS> ( 0y ) ( len, ) <1

Here the first factor is at most one, Assumption (1) controls the second factor, and As-
sumption (wy) together with the response-scale convention and the fixed ratio C'r/C’ con-
trols the third. Thus the product-constraint contribution is absorbed into the existing
coefficient Cy. Finally, when [* = [;,ax, the finite-slicing scale is comparable to max(o¢,wy)
and the nonlinear curve-approximation term is precisely the n-independent saturation term
C5 printed in the theorem.

For completeness, a direct implementation has construction cost

O(d*n + nlogn + dn|H;| + d*|Hy) .
In the noisy regime, |H;| < I* < lpax and lpax is a fixed model-class parameter, so the
assignment term is absorbed into the model-dependent constant. Moreover, nj,. = 2d + 1
and |Hy|n,c < n/4 imply d3|H;| = O(d*n). This yields the stated O(d?nlogn) construction

bound.
Recall that p; is the density of the pushforward of px under II,. Define

Com ‘= (CYRO)_Qleny_lcl(fa Y PX,0¢, d)n_% log n,
Qo i={x € Qy: p(Ilyx) > cpp}.

By direct integration over the set {p; < cpn},
~ __2s
E[|F(X) = F(X)PI{X ¢ Qo.n}] S (CyRo)*P(X ¢ Qo) S Ci(f, 7, px, 0, d)n” %+ logn,
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which is the desired one-dimensional nonparametric rate. A union bound over the response
slices whose relevant inverse-image arcs lie in {1, gives

P(”?,h < Nyye for some such h) < lexp(_niloc) ,

O max(o¢, wy)
2len, CZ R?

1
Nioc ‘= Cl(fuf% pX7UC7d)n23+l IOg n.
Thus every slice whose inverse-image arc lies in 2y and is used in the noisy localized analysis
is retained with high probability. On this event, each test point in 2y has a retained response
slice h with |h — h/| < 1, so the hypothesis of Proposition 11 that a slice h with |h —h}| <1

is retained in H; is satisfied. The last probability vanishes faster than (’)(n_%fr1 logn) and is
therefore negligible in the final mean-squared-error bound. For Theorem 3, Lemmas 22-23
are applied with ¢, = ¢, and Qy = €Qq,. It remains to verify the interval-coverage and
retained-bin events used in Proposition 14. These events are established in Lemmas 22 and
23, respectively; conditional on the first half, the required second-half counts are sums of
independent Bernoulli variables. Lemma 24 then treats the two extreme response indices,
which the interval-coverage event excludes.

We now make the two events invoked above quantitative. Both rely on the following
elementary monotonicity fact, which follows directly from the geometry estimates. On the
event S(¢, ¢, 5/, u’) of Proposition 13, we have Hi’\lbh — vﬁhH < € with € = clenv/(lRo\/g);
together with the population alignment from Corollary 9, this implies that

@y (1) > 1—c (18)

on every arc of length < len, /l. Hence t — (5;’ 5 Y(t)) is an increasing bi-Lipschitz bijection
from such an arc onto an interval of projected coordinates, with constants in [1 — ¢, 1].
Moreover, writing ¢t = II,X and using X — ~(t) L ~/(t),

(W X = (1) = (O — (), X — (1))

The three sources of error in iff’ , — 7' (t) must all be accounted for here: the empirical-

vector error, the population misalignment of vlb 5 and the variation of 4/ over the local arc.
By the triangle inequality,

)

Haﬁh - 7,(t)H S Ha?h - ”ZhH + H”lb,h - ’Y’(fh)H + [y (&) =+ (1)
—

< 1 t—t_
55/ s”’YHHOOCf(‘RZ}L‘-'_UC) H’Y Hoo‘ hl

where t, = E[II,X | Y € R?’h, B] and the middle bound is the tangent alignment established
in the proof of Corollary 9. The second and third terms are population quantities: they
are not reduced by shrinking the universal constant in €¢’. Assumption (1) bounds the
off-curve deviation by || X — ~(¢)|| < creach,, which is sharper than Ryv/d; combining this

with ||v"]|,, < 1/reach, gives the transversal fluctuation

len

@, X —~(t))| < €reach, + Cymax <a<,w]c,c,;> . (19)
f
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The first term is at most clen,, /(I Rov/d)-reach., < len,/l and is made smaller than any fixed
fraction of the projected slice width by choosing the universal constant in € small. The
second term does not shrink with n, and by Lemma 12(i) it is at most a fixed multiple of one
projected slice width. By the bounded-ratio clause in Assumption (w¢), this fixed multiple
is absorbed by the one-slice buffer in Step 3.a; hence the total transversal fluctuation is less
than one half of a local projected slice width on the stated event.

The same decomposition justifies the alignment (18). Indeed the second and third terms
above are at most ||7”||, times the length of one slice arc, which by Lemma 12(i) is at most
a fixed multiple of len, /l; the requirement [ 2 Cylen,/(C}o,) of Proposition 13 therefore
bounds it by Co., ||7"||,, < Coy/reach,. Finally, the support condition in Assumption (1)
combined with isotropy forces v/d — 1o, < reach,, so this contribution is O(d~1/2), and
(18) holds with ¢ as small as desired for d large, and after adjusting the universal constants
for every d.

Lemma 22 (interval coverage) Suppose that the event S(€', ', 5',u") of Proposition 13
holds and that every available empirical slice used in Step 3.a for an index h € H; contains at
least Ny, bounded second-quarter observations. In this lemma, all probabilities are restricted
to test points in Qo = {x : py(Ilyx) > ¢,}, as used in the theorem proofs. Except on an
additional first-half event of probability at most le”Moc | every test point x with E(m) =h
that is almost correctly classified, i.e., |h(z) — B,| < 2, and whose index h is not one of the

two extreme response indices, satisfies
Zy = (Opp, x) € I,
Consequently,

Yo P((X)=h, Z¢IM) Slem Mo +inT,

hE€H,; interior

~ 2
and the contribution of this event to E ‘F(X) - F(X)‘ is at most 4M?(le=Moc + [n~T),

which is negligible compared with the rate of Theorem 3. The two extreme response indices,
for which no outer buffer exists, are treated separately in Lemma 24.

Proof An almost-correctly classified test point with }\L(J}) = h has its true response index
in {h —2,...,h +2}. Step 3.a uses the seven estimated slices {z : h(z) = r}, r = h —
3,...,h 4+ 3, which on the classification event of Proposition 13 differ from the response
slices h—3, ..., h+3 only within one slice of their boundaries. On the event &(€',d’, 5, u),
the projection along ﬁlb 5, is monotone on this local arc, with derivative bounded above and
below by fixed positivé constants. The two outer slices therefore give a one-slice buffer on
each available side of the five slices that may contain the test point. By (19) and the bounded
ratio Cy/ C} in Assumption (wy), the transversal fluctuation of both the test point and the
buffer observations is at most one half of a projected slice width, so this one-slice buffer is
sufficient. On the region gy used in the theorem proofs, the local density lower bound on
each retained outer arc therein implies that a fixed subinterval of each available outer slice
has conditional probability bounded below. Since each such outer slice contains at least
Nee second-quarter observations, Bernstein’s inequality (Vershynin, 2018, Theorem 2.8.4)
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gives probability at most e~“"ec that the corresponding buffer contains no observation. A

union bound over the retained indices and the two sides gives le~“"oc. This covers every
interior index, that is, every h for which both outer slices h + 3 (or, at worst, the two slices
immediately outside the five that may contain the test point) are available. Outside these
count events and the classification exceptional event, Z, € I:") for every interior index h.
Proposition 13 bounds the latter event by In~7. Since \ﬁ\ < M and |F| < M, the excluded
contribution to the squared risk is at most 4M? times the displayed probability.

|

Lemma 23 (retained bins) Condition on the first half of the data and suppose that the
event &S(€',8', 8',u') of Proposition 15 holds. Call a pair (h,k) with h € H; and 1 < k < j

)

query-relevant if the bin I ](l];h can actually be hit by a query, that is, if

JreQ: h@)=h, [h@) =<2, @,z el

Only these bins are used when evaluating F , so only these need to be retained; the remaining
bins of I lie in the part of the interval contributed by the outer slices, carry little or no
accepted mass, and are legitimately discarded by the threshold in Step 3.b. Write J (L,h)
for the support of the conditional law of Z given X € A;p, an interval, and call a bin
covered if it is contained in JEM . Since JEM is an interval and the bins tile &M all
query-relevant bins are covered except at most two per index, namely those containing an
endpoint of JM) in their interior. At an extreme response index the outermost bin of 141,
which is where the clipping of Step 3.c sends a query falling outside I&") | is covered. For
every covered query-relevant bin I;f,;h) for which the arc of v corresponding to Ay, lies in
Q = {2 p(ILz) > o},
P(Z e Ij(f,;h) | X € Ayp) > 250

provided the fized constant co in Step 3.b is chosen sufficiently small. Conditional on the
accepted counts {n(hh)}he% and on the event con™™ /j > m + 1 for all retained h, Bern-
stein’s inequality (Vershynin, 2018, Theorem 2.8.4) and a union bound over the covered
query-relevant pairs (h, k) give

3(h, k) query-relevant and covered :

(L,h)
P (L.h) (L.h) D _n 7
nglkh) < max {m + 1, o } " hher | % e J

1 heH,;

which is negligible compared with the rate of Theorem 5. Finally, the local fit is stable up
to the edge of a retained bin and slightly beyond it: for m € {0,1}, on the above event, and

for any point zy that is measurable with respect to the first half of the data and lies within

I(lﬂh)

one bin width of a retained bin ik

R 2 (624U2,)j 7em |\
E Uf(zo + Cppe, ) — fj|6§’h(20)‘ ‘ first half} S % + [f12. | ; | +Up,s

(20)

which is, up to universal constants, the same bound as for the bin-averaged risk of EW;’;{
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Proof On the arc of v corresponding to A; j, contained in €2y, one has p; > ¢, by definition.
On this event, the map

t— (@, (1)

is bi-Lipschitz on the arc of 7y corresponding to A; ;. The transversal perturbation (i;\lb hy X —
v(IL, X)) is controlled by the preceding geometry estimate (19), which, by Assumptioﬁ (wg),
is at most half a projected slice width. The two outer slices in Step 3.a therefore keep every
bin reachable by an almost-correctly classified test point inside the projected arc. On this
arc of v corresponding to A; 5, in o, pushing the local tubular density forward through the
bi-Lipschitz projection gives the required local upper and lower bounds for the conditional
density of Z on J®M | hence on every covered query-relevant bin.

We first justify the structural claim about the outermost bin at an extreme response
index h; the claim about the at most two uncovered bins is immediate from J®" being an
interval and the bins tiling 7" . At an extreme index the outer side of I(-") is not buffered,
since the slices beyond h do not exist: the outer endpoint zy of 1 (Lh) ig the extreme projected
coordinate of a second-quarter observation with E(Xl) = h. Such an observation is accepted,
because A; ), = {[h—h| <1}, s0 zg € J&M); and JOM) reaches inward from zg across the two
accepted slices h — 1, h, a distance > 2w(1 — o(1)), whereas the outermost bin has length
|16 /5 < 4w(1 + o(1))/4. For j > 2 the outermost bin is therefore contained in J&?),
that is, covered. Since a query falling outside [ (Lh) ig clipped to zp, the value returned by
Step 3.c at such a query comes from a retained bin. By contrast, at an interior index the
outer endpoints of I(-") are contributed by the buffer slices h £ 3, the outermost bins are
not query-relevant, and nothing needs to be proved about them.

By Lemma 12(i), the projected widths of the response slices meeting the arc of « cor-
responding to A;j are comparable. The local conditional density of Z on this arc of «y
corresponding to A;; in € is therefore bounded below by a fixed multiple of the inverse
length of its support. Since a covered query-relevant bin has length comparable to |1 (L:h) l/7,
there is a constant ¢ > 0, depending only on the fixed model constants, such that

P(Zel{V | X € Ay) >

%\G

uniformly over covered query-relevant bins. Choose the fixed threshold constant ¢y < ¢/2.
This yields the required uniform gap above the retention threshold.

Conditional on the first half and on n(" | the accepted projected coordinates are inde-
pendent draws from the conditional accepted design, and n(lkh) is binomial. The preceding
uniform gap and Bernstein’s inequality (Vershynin, 2018, Theorem 2.8.4) therefore give

(L,h) (L,h)
P( Elkh) L Qe n(l,h)) SeXp<_C"j >

J
On the accepted-count event, nb" < n/l. For the choices in Theorems 3, 5, and 6, one
has n/(lj) — oo (linearly in the wide-slice case), and therefore con™™/j > m 4 1 for n
sufficiently large. A union bound over the covered query-relevant pairs proves the claim.
For m = 1, after rescaling each interval to [—1,1], the same density lower bound gives
a uniformly positive lower bound for the population 2 x 2 polynomial Gram matrix. A
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standard matrix Bernstein bound transfers this lower bound to the empirical Gram matrix
on the same high-probability event, so the retained least-squares fit is well defined.

It remains to prove the pointwise estimate (20). Fix a retained bin Ij(fl;h), rescale it
to [—1,1] by the affine map v, and let zp be a point with ¢(zy) € [—3,3], which cov-
)

ers every point within one bin width of Ij(lkh .
e(Y(2))TG L S e((Z:)Yi, where G = L 30 e(¥(Z:))e(¥(Z:))T is the empirical Gram

matrix of the bin, e(u) = (1,u,...,u™)T, and N = n"" " On the event above, G = cId
with ¢ universal, by the matrix Bernstein argument just given, and ||e(u)|| < C for |u| < 3

Write the least-squares fit as ]?Mmbh(z) =

and m < 1. Consequently the leverage He(w(zo))T@”H < C is bounded by a universal
constant for every such zg, that is, the fit does not blow up when evaluated at the edge of
its bin, or up to one bin width outside it. Decomposing Y; = f(Z; + Cl,hlvf’h) + p (X)) + G
as in the proof of Proposition 14 and splitting the resulting error into the approxima-
tion error of the best degree-m polynomial on a set of diameter < 3 ’I W‘)‘ /3, which is
S [ fles (}I(l’h)‘ /3)° + Uy, and the stochastic part, whose conditional variance is at most
C(O'g + Ui,h)/N < C’(Jg + U%h)j/(con(l’h)) by the bounded leverage and the retention
threshold N > ¢on(th) /j, gives (20), the factor ¢, ! being absorbed into the implicit con-
stant. The bound is uniform in zy and therefore applies to first-half-measurable choices
such as an endpoint of T4, |

Lemma 24 (the two extreme response indices) In the setting of Lemma 22, let h be
one of the two extreme response indices and write w < max(o¢,wy,len, /(C}l)) for one
projected slice width. Then, for each such h, the probability that an almost correctly classified
test point x with h(z) = h has Z, ¢ I") is at most 4/n, and the total contribution of the

~ 2
two extreme indices to E ‘F(X) — F(X)| s at most

% <[f]és w? + MSE(NcA) + MSE(B) + MSE(V)) .

This is negligible compared with the rates of both Theorem 5 and Theorem 5: the second
group of terms is 1/n times the risk bounded in Proposition 14, and in the noiseless case
w = len, /(C}l*) < log®2n/n, so the first term is O(n~'"2%10g3* n), smaller by a factor
n~! than the stated rate. Without the clipping of Step 3.c the same event would contribute
\f|%oo /n, which exceeds the rate of Theorem 5 for every s > %

Proof For such an h the outer side of I(:") is not buffered: I“" is the smallest interval
containing finitely many projections, so its outer endpoint zg is the extreme order statistic
of the projections of the N}, observations of the second quarter with ?L(XZ) = h, and lies
strictly inside the support of the projected design. No choice of buffer inside the response
range removes this, and the resulting failure probability is polynomially, not exponentially,
small. We bound it without any assumption on how the mass is distributed among slices.
Condition on the first quarter of the sample. This fixes the slices, the direction @b,h and

the classification rule ﬁ(), and leaves the observations of the second quarter independent and
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~

identically distributed; this is the reason for the second split in Step 0. Set pj, := P(h(X) =
h), computed with h frozen. The N), second-quarter observations with h(X;) = h and an
independent test point X with h(X) = h are then exchangeable, and their projections along
the frozen direction ﬁlb ;, are exchangeable real random variables, so the test point exceeds
all N}, of them with conditional probability 1/(Np 4+ 1). Since Ny, ~ Binomial(n/4, pp,) and
E[(N +1)7Y < ((M +1)p)~! for N ~ Binomial(M, p),

> 1 4 4
P(h(X)=h, Zx ¢ I'"M) < p,E < pp— = 2
(R =h 2x ¢ 1) < B | Gg| < mp = o

whatever the mass pj of the slice. The order in which the two restrictions are imposed
matters here, and is the following. Lemma 22 restricts all its probabilities to test points
in Qg, but the N}, second-quarter observations that determine zy are not so restricted, and
could not be, since )y is not observable. The display above is therefore carried out with the
test point untrimmed as well, which is what makes it exchangeable with those observations;
dropping the restriction only enlarges the event being bounded, so the same inequality
holds a fortiori for a test point restricted to €2g. The restriction is reinstated only at the
risk step below, where it is needed for the density lower bound of Lemma 23. Two features
of the construction are used here and are the reason for it. The observations defining zg
are independent of the statistics conditioned upon, which is what makes them exchangeable
with the test point; and they are selected by the same rule /ﬁ( -) = h as the test point, so that
the two are drawn from the same conditional law. The estimate also replaces the cruder
pp =< 1/l and nbh) < pn /1, which is not available at the extreme indices: under sub-Gaussian
Y these are precisely the light slices, which is why H; trims by count in the first place.

On the geometry event such a test point still lies in the slice h up to the transversal
fluctuation (19), hence within one projected slice width w of zy. Step 3.c evaluates it at zg,

which by Lemma 23 belongs to a retained bin. Using ’f(z + Cl,h‘vlbh) — f(zo+ Cl7h|vlbh)‘ <

[fles 12 = 20l

—~ 2
F(z) = Fa)| < 2015w +2|f (0 + app,) = Fiap, (20)]

and the second term is a pointwise, first-half-measurable quantity, not an average against
the law of X it is therefore not controlled by MSEca), MSE(g), MSE(y) directly, and
bounding it by 4M? would reinstate the |f ]%w /n term that the clipping was introduced
to remove. Instead, its conditional expectation is bounded by (20): the stochastic and
polynomial-approximation terms are controlled by MSEy;) and MSE g, while the pointwise
term Ug,h contributes the explicit support-based term | f]gs w?® together with the already
controlled empirical-vector term. Multiplying by the probability 4/n obtained above and
summing over the two extreme indices gives the stated bound. |
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Note that
5 O 2 1 2s
g en
Y E X € Appt] S [f1es <re;df> max (%Wf»C,;)
heH,; v f

1 15\ ¢
U (CxRten, oy atoga (LE1)

2s
The second term is negligible compared with O(n™ 2s+1 logn). The display is a useful rough
bound for 7n; the sharper conditional-variance estimate (14) gives the saturation level

5,C 2s
[f]25< i max(ag,wf)) .

reach,,

Finally, the optimal MSE ) +MSEy) is
2s

Cf 2541 2 2s
Flenvafh (Ifles + Cy Rol ™ [px]es) BFin " 241 logn. (21)
!

A.8 Proof of Proposition 15

Proof Proposition 7 and Assumption (wys) show that conditioning on Y € Ry, localizes
t = I, X to an arclength interval of length comparable to Cy max(o¢,wy); summing over
the sub-Gaussian annuli I changes only fixed constants. As in the noisy thin-slice proof,
the lower-density estimates below are invoked only on retained intervals in 2y, while the
complementary low-density contribution is controlled by the same direct-integration trim-
ming argument. It therefore suffices to perform the following covariance calculation on an
interval T' of this length. Fix any interval T' C [0,len,] with |T'| = C'y max(o¢,wy), and let
pr =E[X |teT|=E[y(t) |t € T] and t; = II,up. Since 7 is parameterized by arclength
and ~(t1) is the closest point to ur, 4/(¢1) is perpendicular to pup —v(t1). Assumption (SC)
gives

[7(t) = v(t1) =7 (t1)(t = t1)]| < % 7| o It = 1] < %C2|75 —t. (22)

Hence t; € T and ||y(t1) — pr|| < co|T|. The local density bounds on this retained interval
in Qg imply
Ellt —t:[* |t eT) 2 |T|*

The covariance separates as
Yr=Cov(y(t) |t T)+EWWT |teT].
Expanding only the curve covariance around (¢1) and using (22) gives

[Cov(v(t) |t € T) —+'(t1)7(t1)TVar(t | t € T)|| < 203 T|2.
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Thus the leading curve-covariance term is tangential, while the sum of all curve-Taylor
remainder terms has operator norm at most 2c3|T|?>. Therefore

7 (t)TS () 2 (1/4 = 263)| T

For every unit vector orthogonal to 4/(t1), the curve contribution is at most 3c2|T|?. The
conditional normal covariance is bounded above by 72 < C%CJ% max(o¢,wys)? = c}|T|? under
Assumption (SC). Thus

M(Er) = X (S1) 2 [T

for sufficiently small c1, co. The tangential-normal block is O((c1 + c2)|T|?), so the largest
eigenvector is tangential up to the same order. Returning from ¢t € T'to Y € R, , by the ini-
tial decomposition over the sub-Gaussian annuli Iy, proves A1(X},)—A2(2¢,) 2 C’? |Rypl*. W

A.9 Proof of Proposition 16 and Theorem 6

Proof Similar to Proposition 20, we have the following high probability bound on the

3 3 - N N b =b b b b
estimation error of parameters such as (v7 . 1, — )5 (|07 — 0n|ls [M(E]R) — M(E7,)|-

)

The argument is the same, so the proof is omitted.

Proposition 25 (local NVM for a “wide” slice) Suppose (X€ 15 NC?), (Y€ 1), (¢ €
12), (71), (SC), and (wy) hold. Let :“?,h be the mean of h-th slice and U?,h be the significant

vector of h-th slice. Then, for every l such that |R?h| = max(o¢,wy) for all h, for every
e € (0,1) and 7 > 1, on each slice

(a) For any h and any € > 0, the estimation error of the slice mean along the tangential

direction can be bounded as
b | <y CCJ%|RZh|2€2TL?’h(T log n)_% .
Nip ¢ Sdexp | — 2 5 +n .
R3d + eCy|R} | Rovd

C?|R?,h|2€
RoVd

b b b
P {‘@l,ha Mg — Ml,h)‘ >

(b) For any h, the estimation error of the significant vector can be bounded as

b b b
{[lot —ehal] > [k}

1

cC} R}, [Penyy, (Tlogn) 2 cCt|Ryp|*ng), .

+ d exp —4—2 + n .
R3d + Cy|R} | Rovd Rid

S dexp (—

RoVd
CflRlb,hl

value of the slice can be bounded as

< 1, the estimation error of the first principal

b
nl,h)
1

w?C}|R} | *nf ), (11ogn) ™2 +dex _M +n T
RAd® + uC2|R}, [P R3d P Rid2 '

(¢) For any h and any 0 < u <

P (|t - Mt > IR

< dexp (—c

62



CONDITIONAL REGRESSION FOR THE NSVM

Condition on ”?,h and repeat the three steps of Proposition 20 with the largest rather
than the smallest population eigenvector. Proposition 15 supplies the gap )q(E?}h) —
)\2(2?}}) z C]%\RR,Z\Q. Scalar Bernstein applied to <U£h,Xi — ,u?’h> gives the first bound.
The exact identity if h= i‘;’ B (ﬁ? b ,uﬁ h)(ﬁ? h— ,u? 1), followed by residual Davis-Kahan,
gives the second. Weyl’s inequality and the same directional covariance concentration give
the third. Replacing the thin-slice eigengap =< 03 by the wide-slice eigengap = C'J%|R§”h|2 in
the calculations of parts (a)-(c) yields the three displayed exponents.

R2d

5, we have
-l

Moreover, for any fixed constant 5 < IR
¥

)

P <maX (Hiah — EZh

. 2 cB2CHRY [0l
iy — U?,hH > 2 5012‘|R?,h|2> < dexp <— /=L :

Rgal2
Consider the event & that we have a small estimation error for information in all slices:

S(e,B,u): for all h,

2/ b |2

‘(ﬁ?h - U?h U?h>‘ M ‘ﬁ?h - M?hH S RO\/g
s s ) s ~Y RQ\/& ) s s ~ 2 )
b ~b b b 22| pb |2

H”l,h - Uz,hH Se )\I(Ez,h) - Al(zl,h)‘ Su Cf\Rz,h’ )

2 1~
~b b b b 22| pb |2
max (HUI,h - Ml,hH ) ’El,h - EmH) S8 Cf\Rz,h’ .
. . CZ Rb 2 C Rb .
We claim that the conditions ¢ < 3’ < —£ ‘R;dh‘ and u < }’; | \;gl are sufficient to perform
0 0

almost correct classification.
As in the thin-slice regime, correct classification requires the distance-estimation error

to be small enough that for all |’ — h,| > 2,

dist(z, hy) — dist(z, hy)

dist(x, h') — dist(z, h')] n < |dist(z, B) — dist(z, hy)|

Indeed, this will imply that h, = arg ming, ey (is\t(x, W) satisfies |hy — ha| < 1.
We now analyze the distance function. Notice that in the “wide” slice scenario, the
difference in distance can be bounded as follows:

Vdist(z, hy + k) — \/dist(z, hy) > Cf\R?’h] for any |k| > 2 .

(Recall that for large k, we can bound this by reach, > Cf|RY,| by assumption (SC).)
This gives a lower bound for the right-hand side. We next control the estimation error on
the left-hand side. We use the same argument in the proof of Proposition 13. Given event

6(67 B? u)?
dist(z, h) — dist(z, h))
C?‘R?,MA‘ 2

S CHRILB? + Cp | Bl | v/ dist(w, h) + w? Rid + € Rid + CF|Ry 5% + — 152
0

S C]%‘R?,hyz ’
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02 |Rb |2 Cf IRb |
f17 Lk - 1,h
2 and u =< RV

event of misclassification by at least two slices has a small probability:

P

This completes the proof of Proposition 16. For Theorem 6, repeat the decomposition in
the proof of Proposition 14, now with the largest significant vector. The saturation term
is obtained by repeating the conditional-variance argument leading to (14), now using the
largest-vector alignment above rather than a pointwise bound on the normal displacement.
After taking the conditional second moment and integrating, this gives

when ¢ =< ' <

Therefore, we derive the conclusion that the

~

hx_hx

CSmax(os,wr)'n
22),§ldexp (—c / ( ¢ f) )—i—ln_T .

Cy R{d3\/logn

52ny

2s
MSEnca) S | fl2 ( max(ac,w}r)> .

reach,,

The local polynomial bias and variance estimates are the same as in Proposition 14. With
I* = CyRy/ max(o¢,wy) the maximum in (15) is =< max(o¢,wy), so the bias term reads
< ([fles + Oy Ro(I*) 7L px]es)2(Cp max(o¢,wyp)/5%)%%, and (5) is exactly the requirement
that it not exceed the saturation term; unlike in Theorem 3, the slice width cannot be re-
duced to achieve this, since [* is pinned at [,,x by the wide-slice geometry, so the refinement
must come from j*. The variance term agl* j*log j*/n is below the saturation term by the
second condition on n. For the fixed wide-slice choice of [ and the sample-size range in
the theorem, the remaining finite-sample regression term and the classification exceptional-
event term are bounded by the displayed saturation term after enlarging its constant. This

proves Theorem 6. |

Appendix B. Parameters for the committor experiment

The experiment in Section 4.3 uses ambient dimension d = 40 and a unit-length circular
arc of radius 1/6, with angular parameter ranging from 0 to 6. The tangential potential is

Utan(s) = 512512 — 30725t 4 8448510 — 140805 + 15840s% — 1267257
+ 739255 — 3168s° 4 990.6255* — 221.2553 + 33.6255% — 2.9813s + 1.

with minima at s4 = 0.126 and sg = 0.863. The basin tolerances are d;q, = 0.02 and
Snor = 0.05, and the normal confinement is Uy, (7) = 5r2. The initial distribution has
normal standard deviation 0.1 in the first two coordinates, 0.12 in coordinates 3,..., 13,
0.15 in coordinates 14, ..., 26, and 0.08 in coordinates 27, ...,40. We use opys = 0.2, Euler—
Maruyama time step At = 2 x 1072, n = 4 x 10? initial configurations, and K = 4 x 10*
trajectories per configuration. The public repository contains the complete simulation and
reproduction workflow.
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(a) Random projection onto a 3-dimensional subspace (b) Projection onto the first three principal components

PC;
Monte Carlo committor response Y;

m— : |atent arc-circle ® X initial positions

Figure 11: Low-dimensional projections of the predictors X; in the committor experiment,
colored by the Monte Carlo responses Y; defined in (10). Left: a random projection onto
a three-dimensional subspace. Right: projection onto the first three principal components.
The latent circular reaction path is shown in black. In this example, the latent geometric
structure is not readily revealed by either standard projection.

Appendix C. Case Analysis: Meyer helix

C.0.1 BACKGROUND: STANDARD & MODIFIED MEYER STAIRCASE

We begin with the standard Meyer staircase. Fix constant § > 1. Consider the unit interval
I = [0,1] and the set of Gaussians N (¢; i, %) where the mean p takes values in I, and the
density function is truncated to accept arguments ¢t € I only. Varying p € I in this manner
induces a smooth embedding of the interval I into the infinite-dimensional Hilbert space
L3(I), i.e., a curve. Explicitly, we take the square root of the Gaussian density centered at
p € I and truncate it to ¢t € I:

1 t— pl?
I I2I) : pe gult) = e O (-' 45§‘| > . (23)

By discretizing I, we may sample this manifold and project it into a finite-dimensional space.
In particular, for any d € N, a grid I'y C I of d points may be generated. It is obtained
by subdividing I in d equal parts and thus T'y(k) = k/d for k = 1,...,d. Explicitly, the
evaluation function is

LX) = RY : gu(t) = (9u(1/d),...,gu(1)T . (24)

Thus, combining the preceding two maps (23) and (24) produces an embedding of inter-
val I into R? (which is equivalent to a curve in RY). We write it explicitly as z(t) =
(x1(t),...,z4(t))T where t € I and for each k =1,...,d. For the standard Meyer staircase,
the expression for zy(t) is

42
xi(t) = V%\/EGXP <—W> . (25)
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This expression differs from Definition 1 because it does not use the unit-speed parameteri-
zation. It has two advantages: it is defined uniformly across dimensions, avoiding dimension-
dependent parameter intervals, and it emphasizes that these curves are finite-dimensional
approximations of g,(t) € L?(I). For the numerical experiments, we reparameterize the
curve by arclength.

Notice that the map (23) describes a curve in L?(I). Here u € I parameterizes this
curve while ¢ € I is merely the argument for the function g,. On the other hand, Equation
(25) describes a curve in R, Here t € I parameterizes the curve while y is replaced by a
discrete grid I'y.

The standard Meyer staircase provides a curve in high-dimensional Euclidean space R,
However, because of the construction, as dimension d — oo, the standard Meyer staircase
defined in Equation (25) will converge to a limit that corresponds to the function g, € L*(I).
This implies that the complexity of the curve is bounded as d — co. Because we are focusing
on the regression problem for general curve classes, we need to consider various curves with
different complexity and different ambient dimensions. Our strategy is to consider analogies
of (25).

A direct modification of the standard Meyer staircase is to let § = é in equation 25. This
modified Meyer staircase is an example of a collection of curves whose complexity grows with
dimension d. Besides parameters such as length, diameter, curvature, and reach, we also
consider the effective linear dimension. One way to measure the effective linear dimension is
to study the singular values of the curve. Suppose we perform singular value decomposition
on a curve in R? and obtain its singular value A (k),k = 1,...,d in descending order.
Then, we can consider the sum of the singular values divided by the largest singular value,
A4 = Zzzl Ay (k)/Ay(1), or count the number of singular values that are greater than
0.05 times the largest singular value, ||\, := #{\, (k) : A, (k) > 0.05A,(1)}. Both ||\, |
and ||\,]|, are scaling invariant and measure the minimum number of linear dimensions
needed to capture (in the mean squared sense) the underlying curve 7 up to a given relative
error. These quantities are commonly used as stable notions of matrix rank (often called
numerical or stable rank).

Figure 12 illustrates the relationship between the modified Meyer staircase parameters
and the dimension d. We observe that the length is roughly proportional to d'?, the
diameter to d*?, the curvature to d~%°, and the reach to d*5. Both [[A,||, and |[A,]|, are
roughly proportional to d'. Thus, the complexity of the modified Meyer staircase grows
with d.

However, the modified Meyer staircase is still special in the following two respects: (i)
It remains approximately on the sphere v/dS%!: For t € (0,1),

L) 1§d3 (1) / ! ( ‘H'Q>d | when dis |
— | = — X =~ ex — s < whnen 1S large N
d d 0 Vare P\ T o5 &

(ii) the local reach of the modified Meyer staircase is almost the reciprocal of the magnitude
of local curvature. These two properties indicate that the curve traverses the space with
weak self-entanglement. This suggests the possibility of finding a linear projection P :
R — R? with ¢’ much smaller than d such that the projected image P~ is a much simpler
curve. For example, suppose we project the modified Meyer staircase linearly onto its first
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Meyer’s staircase: curve parameters vs d with n = 2 x 10¢

loglog plot: length, 5 N loglog plot: diam, loglog plot: reach,
—©—Rate = 1.58 10 —©—Rate = 0.67 3} [-e—Rate = 0.56
10° 2
10t 1
¢ 10°
100 1 2 ¢ 1 2 & 1 2
10 10 10 10 10 10
loglog plot: curvature ||| Jloglog plot: intrinsic dimension semilogx plot: reach, - ||v”||
min(["[): Rate = -0.55] 10 71 Rate — 0.2
—se— mean(||y"[): Rate = -0.60 P
; —=—max(|y"): Rate = -0.56 lo: Rate = 0.95
10
1
10
099 [ reach, -max([77])
——min(reach, (1) - [1"])
f 0985 = mean(reach, (t) - ["]))

1 1 2

10 10 107 10 10
Figure 12: Behavior of geometric features of the modified Meyer staircase in R? as a function

of d.

few principal components: the projected image is a simple curve, and the learning problem
can be significantly simplified if we study the regression problem on the projected curve.
Hence, to test the performance of the regression algorithm, we aim to test curves that are
so complex that there is no trivial dimension reduction, e.g., via standard techniques such
as principal component analysis.

C.0.2 MEYER HELIX

For the numerical experiments, we seek sufficiently complex curves and use the following
indicators of complexity: (i) geometric quantities—length, diameter, reach, and the effective
linear dimensions ||Al|; and [[A||,—that grow with d; (ii) the curve v admits no trivial
dimension reduction. In particular, consider a linear projection Py : R4 — R such as
projection onto the first d’ < d principal components. Define the “regression complexity”

len,,

= 2
Gy reach,, (26)

of a curve as its length divided by its reach. We seek curves sufficiently complex that, when-
ever the projected curve Py~ has regression complezity Cp,, S C,, the target dimension
cannot be small; for example, d’ 2 d.

Because the regression problem is scale invariant, we can freely rescale the curve, and we
choose the normalization such that the reach equals v/d. This is consistent with Assumption
(1) and allows us to take o, the deviation of data X away from the curve, of order one.
In particular, we do not let curvature grow with d here.

We introduce the following curve, called the Meyer helix, as an analogue of the standard

and modified Meyer staircases:
1 t—k/d |k/d—t|)

zrp(t) = ———=cos | ak + G , 27

0= g () o (M o

where 04 = (1 + 0.3cos(ak))/d, ¢!, = (1 + 0.3sin(ak))/d, a = 10, and G is chosen to have

142

the Bernstein-type decay G(z) = exp < ) Compared with the standard and modified
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Meyer helix: curve parameters vs d with n = 2 x 10°
loglog plot: length, loglog plot: diam.

%
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Figure 13: Behavior of geometric features of the Meyer helix in R? as a function of d.

Meyer staircases, this curve contains an additional cosine factor that makes z(t) traverse R?
more broadly and introduces greater self-entanglement. Moreover, the following quantities
vary across coordinates: the frequency 1/d4 in function G, the frequency 1/¢), in the cosine
term, and the phase ak in the cosine term. These variations make the curve less structured
while preserving the desired complexity.

In Figure 13, we plot the geometric parameters of the Meyer helix after scaling its
reach to v/d. As for the modified Meyer staircase, the length is roughly proportional to
d'5, the diameter is roughly proportional to d*°, ||y”||, is roughly proportional to d~'/2,
the reach is roughly proportional to d'/2, and the effective linear dimensions ||\,||, and
|A]l, are roughly proportional to d. Moreover, we can adopt the regression complexity
(26) to measure the effective linear dimension: define dgyp to be the smallest d’ such that
Cp,y < 1.2C,, then this effective linear dimension is roughly proportional to d'.

These complexity properties are robust: we can also choose Gaussian-type decay G(z) =
exp(—2z?) or choose different constants in the construction (e.g., a,dq, and &) and these
properties persist. This indicates that the complexity of this collection of Meyer helices
grows with the ambient dimension d. Numerical tests suggest that this collection of curves
does not admit a simple random-projection-based dimension reduction that preserves ge-
ometric properties such as length and reach. Recall the following form of the Johnson—
Lindenstrauss random-projection lemma for manifolds:

Lemma 26 ((Baraniuk and Wakin, 2009, Theorem 3.1) ) Let M be a compact K-
dimensional submanifold of RN having condition number 1/7, volume V, and geodesic cov-
ering reqularity R. Fix 0 < e <1 and 0 < p < 1. Let ® be a random orthoprojector from
RN to RM with M > ¢ 2K log(NVRr—te 1) log(1/p). If M < N, then with probability at
least 1 — p, the following statement holds: for every pair of points x,y € M,

M _ |2z — Pyl M
Q- <2< (A+en/~ .
N |z =yl N

Applying this Johnson-Lindenstrauss lemma to a curve v on R¢ with length len, and
reach reach., then we can take ambient dimension N = d, the condition number 1/7 =
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1/reach,, volume V' = len,, and geodesic covering regularity R = O(1), and thus M =

(@) <€_2 log(1/p) log (4 leny )), which suggests the possibility of dimension reduction for

€ reach~
the curve through linear projection. In our setting, however, the more relevant question is

whether the projection reduces geometric complexity, for example len, /reach; furthermore,
our samples are not distributed on the curve, but in a tube around the curve of radius as
large as a fraction of the reach. We perform numerical tests in the setting of Figure 1. For
the Meyer helix in dimension d = 36, we project onto a 12-dimensional subspace using PCA
or a random projection and compute the length and reach of the image. We consider ten
independent repetitions and, for comparison, we also include the original curve as well as
the projection onto the first 12 principal components. To be consistent with the scaling in
the Johnson-Lindenstrauss lemma, for the PCA and random projection, we rescale points
on the projected image of the curve by the factor \/36/12 = /3.

projection P || original v | PCA 1 2 3 4 5 6 7 8 9 10
lenp., 731 1136 | 703 720 709 717 639 748 766 709 737 706
reachp, 6.0 50 | 22 44 24 39 29 44 20 43 25 23
—rL 122 226 | 322 164 295 187 223 171 383 166 291 313

These numerical results support our argument that the Meyer helix cannot be easily
embedded in a lower-dimensional space without significantly affecting its complexity, which
involves pointwise curvature/reach that are beyond the scope of random projections.
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