Journal of Machine Learning Research 27 (2026) 1-35 Submitted 11/24; Revised 9/25; Published 1/26

Optimization and Generalization of Gradient Descent for
Shallow ReLU Networks with Minimal Width

Yunwen Lei LEIYWQ@QHKU.HK
Department of Mathematics
The University of Hong Kong

Puyu Wang WANGPUYU1026@GMAIL.COM

Department of Computer Science
RPTU Kaiserslautern-Landau

Yiming Ying YIMING.YING@SYDNEY.EDU.AU
School of Mathematics and Statistics
The University of Sydney

Ding-Xuan Zhou DINGXUAN.ZHOUQ@QSYDNEY.EDU.AU
School of Mathematics and Statistics
The University of Sydney

Editor: Mahdi Soltanolkotabi

Abstract

Understanding the generalization and optimization of neural networks is a longstanding
problem in modern learning theory. The prior analysis often leads to risk bounds of order
1/4/n for ReLU networks, where n is the sample size. In this paper, we present a general
optimization and generalization analysis for gradient descent applied to shallow ReLU
networks. We develop convergence rates of the order 1/T for gradient descent with T
iterations, and show that the gradient descent iterates fall inside local balls around either an
initialization point or a reference point. Then we develop improved Rademacher complexity
estimates by using the activation pattern of the ReLLU function in these local balls. We
apply our general result to NTK-separable data with a margin ~, and develop an almost
optimal risk bound of the order 1/(nvy?) for the ReLU network with a polylogarithmic
width.

Keywords: Learning theory, Shallow neural networks, Generalization analysis, Gradient
descent, Rademacher complexity

1. Introduction

Overparameterized neural networks have found impressive success in solving challenging
problems in various fields. Surprisingly, these models not only achieve vanishing training
errors, but also generalize well for prediction on unseen examples (Zhang et al., 2021). De-
spite extensive study, this mysterious generalization phenomenon is still not well understood.
Furthermore, the associated objective functions are typically non-convex and non-smooth,
which also poses significant difficulties for convergence analysis. These challenges moti-
vate the development of modern techniques to study the generalization and optimization
for learning with neural networks (Jacot et al., 2018; Allen-Zhu et al., 2019b,a; Bao et al.,
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2024; Ji et al., 2020; Dziugaite and Roy, 2017; Bartolucci et al., 2023; Wu et al., 2024;
Holzmiiller and Steinwart, 2022).

A powerful technique to study the behavior of neural networks with the rectified linear
unit (ReLU) activation is the neural tangent kernel (NTK) (Jacot et al., 2018). The intuition
is that if the network width is sufficiently large, then the gradient of the neural network
would stay almost as a constant in a ball around the initialization point with a small
radius (Jacot et al., 2018; Chizat et al., 2019). Consequently, the training trajectory of
gradient descent on neural networks can be well approximated by that of a function in
the reproducing kernel Hilbert space (RKHS) generated by the NTK. Building on this
perspective, linear convergence of gradient methods has been established for both shallow
and deep networks in regression tasks (Arora et al., 2019; Du et al., 2019; Zou et al., 2020).
However, these results typically require the width m to grow as a polynomial function of
the sample size n (Allen-Zhu et al., 2019b; Zou et al., 2020; Arora et al., 2019; Cao and
Gu, 2019). This overparameterization requirement is substantially strong as compared to
practice, where a much more moderate overparameterization is used and achieves impressive
optimization and generalization guarantee.

Recently, there is an increasing interest in studying the generalization behavior of shallow
neural networks (SNNs) via another technique called algorithmic stability. The work (Liu
et al., 2020) showed that the smallest eigenvalue of the associated Hessian matrix is larger

than —\/l—ﬁ (up to a constant factor), which motivates recent stability analysis under an

assumption that the width m increases polynomially with respect to (w.r.t.) the sample
size n (Richards and Kuzborskij, 2021; Lei et al., 2022).

For classification tasks, a logarithmic dependency has been established for SNNs under
NTK-separable data with margin v (Ji and Telgarsky, 2019; Chen et al., 2021; Taheri and
Thrampoulidis, 2024). The work (Ji and Telgarsky, 2019) employs a uniform convergence
approach based on Rademacher complexity, focusing on a specific logistic regression prob-
lem. However, it remains unclear whether their analysis extends to shallow ReLLU networks
in more general settings. Moreover, their generalization analysis yields risk bounds of or-
der v/logn/(y/nv?), which is worse than the optimal rate by a factor of \/n. In contrast,
the work (Taheri and Thrampoulidis, 2024) adopts an algorithmic stability framework and
achieves the optimal bound of order 1/(nvy?), whose key argument is to show that SNNs
admit the self-bounded weak-convexity property. Nevertheless, this stability analysis criti-
cally relies on the use of smooth activation functions and often imply bounds in expectation.
These limitations naturally motivate the following questions:

Can we develop optimization and generalization bounds with high probability for gradient
descent when training shallow ReLLU networks in a more general problem setup?
Furthermore, can such general analysis yield optimal bounds for NTK-separable data with
polylogarithmic network width?

In this paper, we answer the above questions affirmatively by providing both optimiza-
tion and generalization analyses of gradient descent for training shallow ReLU networks.
We summarize our main contributions as follows.

1. We present convergence rates for shallow ReLU networks for a general self-bounding
and smooth loss function. Specifically, we show that gradient descent achieves the
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convergence rate of order 5(¢S(W*)/(nT)), where €g(W*) = 3nTFg(W*) + [|[W; —
W*||2, Fs is the training error, T is the iteration number, W* is a reference model
and W7 is the initialization point. Moreover, the iterators stay inside local balls with
radius as measured by either the Euclidean norm or the (2, co)-norm.

2. We give improved Rademacher complexity estimates for a hypothesis space containing
the gradient descent iterates. The key idea is to decompose the complexity into two
terms: one term associated with relatively few neurons, controlled by a (2, 00)-norm
constraint, while the other term contains almost linear functions and can be controlled
by a constraint on the Euclidean norm. We then develop optimistic risk bounds
of order O(€(W*)/n), where €(W?*) is a population counterpart of €g(W*). As
compared to the bounds stated in expectation in Taheri and Thrampoulidis (2024),
we develop high-probability bounds which can shed high-order moment information
of the excess risks.

3. To compare our result with the existing NTK analysis, we apply our general result to
NTK-separable data with a margin ~. In particular, we show that shallow ReL.U net-
works with a polylogarithmic width can achieve the risk bounds of order O(1/(nv?)),
which is almost optimal as illustrated in Shamir (2021); Schliserman and Koren (2024).
This improves the existing risk bounds of order O(1/(y/nv?)) (Ji and Telgarsky, 2019)
by a factor of \/n.

We organize the paper as follows. We discuss the related work on neural networks in
Section 2. The problem is formulated in Section 3. We present our main results on the
optimization and generalization in Section 4. We provide the proofs in Section 5. The
conclusion is given in Section 6.

2. Related Work

2.1 Optimization

The concept of the NTK was introduced in a seminal paper (Jacot et al., 2018), which
was used to study the global convergence of shallow ReLU networks (Arora et al., 2019).
These discussions require m > nS/\3, where )\ is the smallest eigenvalue of the Gram
matrix associated with the ReLU kernel. The work (Cao and Gu, 2019) introduced the
neural tangent random feature, and showed the convergence of one-pass SGD in the case
m > n”. The work (Allen-Zhu et al., 2019b) showed that deep ReLU networks enjoy a semi-
smoothness property, and established the global convergence provided that m grows as a
polynomial function of n. This result was improved in Zou et al. (2020); Chen et al. (2021) by
relaxing the overparameterization requirement. For quadratic loss functions, the works (Liu
et al., 2022; Soltanolkotabi et al., 2018) established the PL condition for smooth activations,
while the work (Oymak and Soltanolkotabi, 2020) showed the Lipschitzness of the Jacobian
matrix for SNNs. These discussions further reduce the overparameterization requirement.
For example, it was shown in Oymak and Soltanolkotabi (2020) that gradient descent
converges under the quadratic loss if the square-root of the number of parameters exceeds the
sample size by a constant factor. Mild overparameterization was also studied for a simpler
student-teacher setting (Zhou et al., 2021; Safran et al., 2021). Information theoretical lower
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bounds on the overparameterization requirement have also been studied (Bombari et al.,
2022).

2.2 Generalization

The uniform convergence of training errors to testing errors for neural networks has been
widely studied based on capacity measures such as Rademacher complexities and covering
numbers (Neyshabur et al., 2015; Bartlett et al., 2017; Ledent et al., 2021; Golowich et al.,
2018; Zhou and Huo, 2024; Liu et al., 2024; Mao and Zhou, 2023; Frei et al., 2023; Yang
and Zhou, 2025, 2024; Parhi and Nowak, 2022). For gradient methods, the generalization
bounds O(1/+/n) have been established based on the uniform convergence approach (Chen
et al., 2021; Nitanda et al., 2019; Ji and Telgarsky, 2019; Arora et al., 2019; Chen et al.,
2020). Recently, there is growing interest in studying the generalization of SNNs based on
algorithmic stability (Richards and Kuzborskij, 2021; Lei et al., 2022; Taheri and Thram-
poulidis, 2024; Deora et al., 2024; Lei, 2023; Wang et al., 2025). The work (Liu et al., 2020)
showed that empirical risks are weakly convex with the convexity parameter decaying with
the order O(1/4/m). This observation was used to derive the stability bound of O(T'/n) for
training SNNs with the quadratic loss (Richards and Kuzborskij, 2021; Lei et al., 2022), for
which a polynomial width is required. The recent work (Taheri and Thrampoulidis, 2024;
Deora et al., 2024) refines the curvature analysis of Richards and Kuzborskij (2021); Lei
et al. (2022) by showing that the empirical risks enjoy a self-bound weak convexity, meaning
that the smallest eigenvalue decays with the order O(Fg(W;)/y/m) at the t-th iteration.
This key observation allows them to derive stability bounds of order O((logT)/n) for a
polylogarithmic width. All these stability analyses focused on the smooth activation func-
tion, which cannot apply to the ReLU activation which is widely used in practice. Indeed,
their key idea is to control the smallest eigenvalue of the Hessian matrix, which does not
exist for the ReLLU networks.

3. Shallow ReLU Networks

Let p be a probability measure defined on a sample space Z = X x ), where X C R? is an
input space and Y is an output space. We consider binary classification where ) = {—1,1}.
Let S = {z1,...,2z,} be a dataset drawn independently from p. Let o(a) = max{a,0} be
the ReLU activation function and w' denote the transpose of w. We consider SNNs of the
following form

O(W;x) = Z aja(ijx),
j=1

where x € & is the input data, m is the number of nodes in the hidden layer, a; €
{—=1/y/m,1/y/m} indicates the connection weight between the j-th node in the hidden
layer to the node in the output layer, and w; € R? denotes the connection weight between
the j-th hidden node and the nodes in the input layer. We collect all w; into a column
vector W = (w{,...,w, )T € R Let /: R+~ R, and use f(W;z) to denote the loss
suffered by using ®(W; ) to do prediction at z = (x,y), i.e.,

f(W;z) = l(y®(W;x)).
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The empirical and testing behaviors of a model W are then quantified by the empirical risk
Fs(W) and the population risk F'(W), respectively:

Fs(W)= 3" /(Wim) and F(W) = B,[f(W;2)],
i=1

where E,[-] denotes the expectation w.r.t. z ~ p. In this paper, we fix the output weights
aj € {—1/y/m,1/\/m}, and only train the weights W by gradient descent (Ji and Telgarsky,
2019; Kuzborskij and Szepesvari, 2022; Arora et al., 2019). For simplicity, we assume m is
an even number and consider the symmetric initialization. Specifically, we initialize a; €
{—1,+1}for j <m/2and set a; = —a;_p, /s for j > m/2. Weset Wy = (WL, e ,WIm)T €
R™ with w1 ~ N(0,1g) for j <m/2 and w1y ; = Wy j_p, /o for j > m/2, where I; € Rdxd
is the identity matrix.

Definition 1 (Gradient descent) Let n > 0. At the t-th iteration, we update
Wt+1 :Wt_nVFS(Wt)a le [T] = {177T} (31)

Note Fy is not differentiable. We choose a subgradient in gradient descent as follows
n
na; .
Wil = Wij = —* Z;yiﬁl(yiq’(wt;Xi))ﬂ{wtfjxpo]xiv Vj € [m], (3:2)
i

where #'(a) denotes the derivative of ¢ at a and I}; denotes the indicator function (i.e.,
taking the value 1 if the argument holds true, and 0 otherwise). For convenience, we denote

alx]l[wirxzo]

GQXH[W;XZO]

VO(W;x) = € R™, (3.3)

am Xy x>0)

Then, Eq. (3.2) can be written as

Wi = Wi — u Zyiﬁ’(yz@(wt; Xi))vq)(wﬁxi)-
i
Our analysis requires some standard assumptions on the loss £ and the input x. We say
¢ is convex if £(a) > £(a') + (a — a')¢'(d’) for any a,a’ € R.

Assumption 1 We assume the function a — £(a) is convez, nonnegative and L-smooth,
i.e., |[¢'(a) — £'(a’)| < Lla — d'| for all a,a’ € R. Furthermore, assume for any a, |¢'(a)] <

Ll(a) for some L > 0.

Assumption 1 is satisfied by the logistic loss ¢(a) = log(1+exp(—a)) (Ji and Telgarsky, 2019;
Schliserman and Koren, 2022). Other examples include the polynomially-tailed losses and
sub-exponential tailed losses (Schliserman and Koren, 2022). Hence, our analysis applies
to a broad class of loss functions, whereas Ji and Telgarsky (2019) focused exclusively on
the logistic loss. For simplicity, we always assume L = 1 throughout the paper. We let
| - |2 denote the Euclidean norm. The following assumption is standard in learning with
SNNs (Ji and Telgarsky, 2019; Chen et al., 2021; Arora et al., 2019).
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Assumption 2 We assume ||x||2 =1 for allx € X.

Under these assumptions, we can build the following self-bounding property of f
IVF(W;z)|2 < [VR(W;x)||2]£ (y®(W;x))| < (y@(W;x)) = f(W;2), (3.4)

where we have used the fact [[V®(W;x)|2 <1 and |¢'(a)| < £(a).

Error decomposition. In this paper, we are interested in the performance of gradient
descent iterators as measured by the population risk. Our basic idea is to decompose F' (W)
as

F(Wrp) = (F(Wr) — Fs(Wr)) + Fs(Wr).

We call the first term F(Wr) — Fg(Wr) the generalization gap, which measures the dif-
ference between training and testing. We call the second term Fg(Wr) the optimization
error since for SNNs we often encounter overparameterization where the best SNN achieves
a zero training error. We will use tools in optimization theory to control the optimization
error (Orabona, 2019; Jin et al., 2021), and use the Rademacher complexity to control the
generalization gap (Bartlett and Mendelson, 2002; Zhang, 2023; Steinwart and Christmann,
2008).

4. Main Results

4.1 Optimization Analysis

In this section, we present results on optimization. The following lemma shows the behavior
of the network initialization.

Lemma 2 (Ji and Telgarsky 2019) Let R > 0. For any § € (0,1), with probability at
least 1 — § w.r.t. the randomization of W1, it holds simultaneously for all i € [n] that

=

[{j € [m]: ’WIin‘ < R}| < 2Rm/y/7 + (mlog(n/§))? =: Cp, (4.1)

where | - | denotes the cardinality of a set.

We denote A < B if there exists a universal constant C' such that A < CB, and A 2 B if
there exists a universal constant C' such that A > CB. We denote A < B if A < B and
A 2 B. For any W, W', we denote [|[W — W'[|2 oo = maXe|m) [|[W; — W/[|2. We consider a
reference model W* and introduce the notation

* * * P * 1 g *
Co(W*) = 3T Fs(W*) + [[W1 = W[5, €s(W*) = — > [0/ (m®(W'xi)).  (4.2)
=1

Let Ry be a number independent of W7 and E; be the event (w.r.t. W) such that Eq. (4.1)
holds with R = R and

* * ™
max {€s(W*)/v/m, [W* = Wil206} < R < 16€f

e W (4.3)
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We will show the event E7 indeed happens for an appropriate R independent of W1 with
high probability under an NTK separability assumption. In particular, we can choose R;
dependent on m and then Eq. (4.3) will hold under an overparameterization assumption.
Theorem 3, to be proved in Section 5.1, illustrates the convergence behavior of gradient
descent. In particular, Eq. (4.4) gives convergence rates for the averaged empirical risk.

Theorem 3 Let Assumptions 1, 2, and the event Ey hold. Suppose m>641og(n/8)C%(W*).
Ifn < min{4/(5L),1/(5€s(W*))}, then for allt € [T+1] it holds (we denote Y 5_, Fs(W})=
0)

t—1
W, — W*[|5 < &s(W*) and 7Y Fs(Wy) < €g(W*). (4.4)
k=1
Furthermore, for all t € [T + 1], we have
Wi~ Wi < SV, (4.5
) — \/m

Remark 4 Other than convergence rates, Theorem 3 also shows that the gradient descent
iterates would stay inside a local ball. Eq. (4.4) controls the distance between the iterates
and the reference model as measured by the Euclidean norm, while Eq. (4.5) gives such
estimates based on the (2, 00) norm. This shows that the SNNs traversed by gradient descent
have a controlled complexity. As we will see in the generalization analysis, Eq. (4.4) and
Eq. (4.5) are used to construct a hypothesis space, to which the gradient descent iterates
would belong with high probability (over the randomness of Wy).

Remark 5 (Comparison) The work (Taheri and Thrampoulidis, 2024) considered SNNs
with a smooth activation function satisfying |0’ (u)| < G, and |¢”(u)| < L, for all u € R. If
there is a reference model W* satisfying |[W* — W1||2 > max{nT Fs(W*),nFs(W1)} and
m > 182L2||W* — W1||3, then it was shown there

t
Wi — W¥lp 4W* = Wiz and 7Y Fg(W;) < €5(W™). (4.6)
k=1
Note that the assumption |[W* — W[|3 > nT Fg(W*) implies that
Cs(W*) = 3T Fs(W") + [[W1 — W[ < 4|W* — W13 < 4€5(W").

Therefore, our bound in Eq. (4.4) for ReLLU networks matches the optimization error bound
in Taheri and Thrampoulidis (2024) for networks with a smooth activation. While their
discussions did not consider the ||-||2,00 norm, their bound immediately implies such a result.
Indeed, similar to Eq. (3.2), we know the following identity for all j € [m]

t n
na;
Wil = W1 — Z TJ Zyigl(yiq)(wk; Xi))al(wl—lg:jxi)xi'
k=1 =1
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Work IWe =Wl | [|[We = Willaoo 732525 Fs(Wi)

Taheri and Thrampoulidis (2024)

with smooth activation

O(CH(W*)) | O(€s(W*)/ym)| O(€s(W)

Ours
with ReLU activation

O(cx(W*)) |0(€s(W*)/ym) | O(es(W))

Table 1: Comparison on convergence analysis. Both Taheri and Thrampoulidis (2024)
and our work develop similar bounds on [[W; — W¥||2, [W; — W20 and
nS 4L Fs(W}). Taheri and Thrampoulidis (2024) consider smooth and Lip-
schtiz activation function, and their analysis depends on a crucial self-bounded
weak convexity. Our work focuses on the ReLLU activation function, for which the
self-bounded weak convexity does not hold.

It then follows from the inequality |[¢'(a)| < ¢(a) that

t n
e
ngz;nm;

W1, — Wi

il (1:® (W s x3)) 0" (W) %)X

where we have used Eq. (4.6) in the last step. Therefore, the analysis in Taheri and Thram-
poulidis (2024) also implicitly establishes the (2, 00)-norm constraint in Eq. (4.5). However,
their approach relies critically on a self-bounded weak convexity condition: Apin(V2Fg(W)) >
—L—\/"EF (W), which only holds for smooth activation functions. As a comparison, we con-
sider the nonsmooth ReLU activation function, for which the self-bounded weak convex-
ity does not hold. To address this challenge, we leverage concentration inequalities and
Gaussian initialization to approximate the ReLLU function by linear functions around the

initialization. We summarize the comparison in Table 1.

For the optimization error bounds discussed above, our overparameterization require-
ment depends on the quantity €s(W™*). To clarify this constraint, we impose the following
assumption of realizability of data by SNNs, meaning that there exists a model in the neigh-
borhood of the initialization point with a small training error. This assumption has been
considered in the literature for linear models (Schliserman and Koren, 2022) and SNNs
with smooth activation functions (Taheri and Thrampoulidis, 2024). We will verify this
assumption for SNNs with the ReLU actlvatlon function by constructing a function g under
a margin condition. We consider W* = WT in the proof of Theorem 6. For simplicity, we
always assume 7' > 4/L. The proof of Theorem 6 will be given in Section 5.1.
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Assumption 3 (Realizability) Assume there exists a decreasing function g : Ry — R4
such that for any € > 0 there exists W€ € R™ with

Fs(W9) <e and [W®— Wiz < g(e).

Theorem 6 (Optimization under Realizability) Let Assumptions 1, 2, 3 hold. If n <
4/(5L), the event Ey holds and m > 64log(n/6)(3/L + 92(1/T))2, then we can find WT
such that

T 2
1 3n+g(1/T
W, ~ WH3 <30+ g*(1/T) and £ 3 Fs(Wy) < WD g
T P nl
Furthermore, there holds
3n+g*(1)T
(W, = W a0 < 219" WT) (4.8)
vm

Theorem 6 requires the happening of F;. In the following corollary, we remove this
assumption by showing that F; happens with high probability. As we will see for the
NTK separable data, HW% — Wi|j2,00 is of order 1/y/m, and thus Eq. (4.9) holds under
an appropriate overparameterization assumption. For any a,b € R, we denote a Vb =
max{a,b}. The proof will be given in Section 5.1.

Corollary 7 Letd € (0,1) and Assumptions 1, 2, 5 hold. Ifn < 4/(5L), m > 64log(n/d) x
(3/L+g*(1/T))* v 25(3/L + g*(1/T))" and

iy VT
W7 — Wil2,00 < 16(3/L + ¢2(1/T))’ (4.9)

then with probability at least 1 — &, the inequalities (4.7), (4.8) hold.
If g(e) <log(1/€), then Corollary 7 implies that

log? T
nl

log? T
—
The constraint on m becomes m > log® T. This shows that a polylogarithmic width is

sufficient to guarantee the convergence of gradient descent.

T
1 1
Wi = WHIB Slog? T, > Fs(We) S and  [|W; — Wi 200 <
t=1

4.2 Generalization Analysis

In this subsection, we present generalization analysis based on the uniform convergence
approach. To this aim, we use Rademacher complexity to measure the complexity of a
function space.

Definition 8 (Bademacher complexity) Let F be a class of real-valued functions over
a space Z and S = {z;}]" | C Z. We define the empirical Rademacher complexity as

~ 1
R3(F) = Ee [;g - z[j] af(@)),

where € = (€&)icm) ~ {+1}" are independent Rademacher variables, i.e., taking values in
{£1} with the same probability.
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Let b, > sup, f(W*;z) and

7b, log(2/6)

C(W*) = 35T <2F(W*) i

) + W1 — W3 (4.10)
In this subsection, we assume the reference model W* is independent of S, which, as we
will see, is the case for learning with linear-separable data and NTK-separable data. We
consider the following function space

Fi={x— U(W;x): WeW} (4.11)

where the set W is defined as follows

W = {w ERM L [W — W*|2 < €(W*), [W — Wi |lz00 < e(w*)/m}. (4.12)

Here we use €(W*) instead of €5(W™*) to get a data-independent hypothesis space, which
is essential for the Rademacher complexity analysis. As we will see in the proof, €(W*)
is a high-probability bound of €g(W*). Therefore, according to the discussions in the
previous subsection, the gradient descent iterates will fall onto W with high probability.
The following lemma, to be proved in Section 5.2, estimates the Rademacher complexity
of F in terms of several parameters such as L,&(W™*), m and n. Let Rp be a number
independent of Wy. Let Ey be the event (w.r.t. W) that Eq. (4.1) holds with R = R».

Lemma 9 Let Assumptions 1, 2 hold. Let F and W be defined in Eq. (4.11) and Eq. (4.12),
respectively. If the event Ey holds and Ry > €(W*)/\/m, then

Rs.n (]:) <

S(W*) (mi V2R, + log' (/) | Qf/?”‘), (4.13)

1
Vnmi
where

Ren(F) = sup Rg(F).
SCS:|S|=n

Remark 10 (Comparison) A typical choice of Ry satisfies Ry < €(W*)/y/m (we can
construct Ro independent of W7 such that Ry < €(W™*)/y/m with high probability). In
this case, Eq. (4.13) becomes

C(W*) (€2 (W) +logi (n/6)) L VEW)
\/ﬁmi vnooo

Ron(F) S (4.14)

We now compare this result with existing complexity analysis of SNNs. It was shown that

Rz (F) < W) /y/n in Ji and Telgarsky (2019), where

Fi= {x = T(W;x) : W e R™, |[W — Wi|p.00 < Qﬁ(W*)/\/rTL}.
This space does not incorporate a constraint on |[W — W*||3. We use a special property of

the gradient descent to build F, and use the constraint on |[W — W*||3 to give an improved
Rademacher complexity estimate in Lemma 9. Note that the first term on the right-hand

10
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side of Eq. (4.14) outperforms €(W™*)/y/n by a factor of Qf%(W*)/mi, while the last term
is better by a factor of 6_%(W*). Therefore, our Rademacher complexity bound improves
the existing one by a factor of ¢3 (W*)/mi v Qﬁ_%(W*). As we will see, this improved
Rademacher complexity estimate plays a key role in deriving almost optimal risk bounds
under a NTK separability assumption.

Remark 11 (Idea) A key challenge in estimating the Rademacher complexity is to handle
the constraint involving the reference model. Indeed, due to the implicit regularization of
gradient descent, the distance from the reference model may be much smaller than the norm
itself (Dziugaite and Roy, 2017). We cannot use the homogeneity of the ReLLU activation to
fully use these constraints, and have to introduce new techniques. Let S = {z1,...,2,} C S.
Our key idea in estimating Rz (F) is to introduce the following decomposition

[sup Z Zeza‘j x w;)— (x w1 ;) }<E [sup Z Ze,a] x w;)— (ijwlj))}

WWielmlicln Wielmlies,
6[ sup Z Z eia;(o (%] w;) U(i;rwl,j))} =1+ 1z, (4.15)
Wwew
Jjelm] igs;
where we introduce § = {i € [n] : |%x/ w1| < Ry} for any j € [m]. For Iy, the term

|S | is relatively small and a crude estimate is enough. We use the constraint [[W —

Will2,00 < €(W*)/y/m to show that I} = O( (W*)v/Rz/+/n), where the notation O(-)
ignores logarithmic factors. For I, a key observation is that o(X; w;) — o(X,wi ;) =
&%) (wj —wy ), where &; € {0,1}. This shows that the summands in I enjoy a linear
property (one can exchange o and the substraction), and we can use the Rademacher
complexity for linear function classes to show that Iy < /€(W=*)/y/n. This linear property
allows us to use the constraint |[W — W*||2 < €(W*) in the estimation of I, where the

correlation among w; is preserved under this constraint.

We combine Lemma 9 with the optimistic bounds for smooth loss functions established
in Srebro et al. (2010) to obtain generalization bounds. By further combining these gener-
alization bounds with the optimization error bounds in Theorem 3, we derive the following
risk guarantees. Let F3 be the event that the following inequality holds simultaneously for

all W e W
(W) (/L 1og? nRs o (F) - (12E20) logff/ ) )) T Llog? ot (F)+ 10BE/0)

n

N

F(W)—~Fs(W)SF

n

and
|[Fg(W*) — F(W*)| <

2b, log(2/9) n (2b*F(W*)log(2/5)>§
3n n ’
where b := 2b, + LE(W™*). The proof will be given in Section 5.2.

Theorem 12 (Risk bounds) Let assumptions in Theorem 3 hold and Ry > €(W™*)/\/m.
Under the event Eh N Ey N E3, we have

Llog n (C2(W*)(y/mRy + log? (n/5)) L\ bilog(2/8) (W)
—ZFWt ( \/% + (W) + T

11
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Remark 13 By the definition of €(W™*) and Bernstein inequality (i.e., Eq. (5.27) below),
we know that

24nTh, log(2/96)
- .

8bs log(2/0 X %
C(W*) < 39T (4Fs(W*) + "i(/)) + W1 — W3 < 4€s(W™) +
Therefore, if nT < n and m > (nTh./n)* < b}, the constraint m > €4(W*) implies

C(WH) _ . n*T2b? log?(2/6)
NG n2y/m

Then, if we choose Ry = O(€(W*)/y/m), Theorem 12 implies that

<1

* o
- ZF (W,) = (Qﬁ(\;V ) | b loi(2/5)> _ 5<F(W*) LWL =W ||7$T+ b log(2/5)).
(4.16)
} This shows that our analysis implies
) + M

)+ W1 — W||2
nT
effective excess risk bounds as long as infw {F } is small, which shows an
implicit regularization of gradient descent in favoring good models around the initializa-

tion (Oymak and Soltanolkotabi, 2019).

We can choose W* = arg minw { F(W

Finally, we provide risk bounds in an interpolation setting. The proof will be given in
Section 5.2.

Theorem 14 (Risk bounds under Realizability) Let Assumptions 1, 2, 5 hold with
W€ independent of S. Let Ry > C(W%)/\/m and £ be Lipscthiz continuous (i.e. |(a) —
()| S la—b]). If n<4L/59T =n and m > 64log(n/8)(3/L + ¢*(1/T))* v 28 (3/L +
gz(l/T))4, then under the event Eq N Eo N E3 we have

T
S F(W (L*FRQ 2(1/T)). (4.17)

n
t=1

Nl

To get the risk bounds in Theorem 14, we require the width to satisfy m > ¢%(1/n). If
gle) < log% (we will show this under either a linear separability or a NTK separability
assumption), then a polylogarithmic width m 2 log® n is able to achieve the risk bounds of
order 1/n.

We show that the event Ey N Ep N E3 happens with high probability and derive the
following corollary. If g(e) < log(1/€), then it gives risk bounds of order O(1/n), which are
called fast rates in the literature (Srebro et al., 2010). The proof will be given in Section 5.2.

Corollary 15 Let § € (0,1) and Assumptions 1, 2, 3 hold with W€ independent of S. If
n < 4/(5L),nT = n, m > 64log(n/8)(3/ L+ ¢*(1/T))* v 2 (3/L+ ¢*(1/T))" and Eq. (4.9)
holds, then with probability at least 1 — §, we have

iF _ (L0

t=1

Nl =

12
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Example 1 (Linearly separable data) Consider the logistic loss ¢(a) = log(14+exp(—a))
and a linearly separable data with margin v > 0, i.e., there exists a unit-norm vector v* € R?
such that min;ep, yz-XiTv* > ~. We now show Assumption 3 holds under this linear sepa-
rability assumption. We assume a; = 1/y/m if j < m/2 and a; = —1/y/m otherwise. For
any € > 0, define a, = 4log(1/¢)/, and W€ = (w§)T,...,(wS,)") T with

we {wl,j +aevt/m, it j<m/2

Wi — a.v*/y/m, otherwise.

Then, we have W —Wi|; = S&/m|[v*||2 = 4log(1/€) /v and W< =W 5,00 = 41359,{6).

Furthermore, we know

m/2 m
yi®(Wx;) =y Z ajo (x;] Wi + aex] v /v/m) + y; Z ajo (x;] Wi — aex] v /y/m)
j=1 j=m/2+1
m/2
—Zyl ( X Wi+ acx; v/\F)—U(XTwlJ agxiTv*/\/ﬁ)),
::éj

where we have used the identity w1 ; = Wy j_p, /o if j > m/2. Tt is clear that

|£j‘<\/>‘ X; W1]+OZEX /\/>) (x Wi, — aex;rv*/\/ﬁ)‘
< 2\/7%}0@9 v /\/E‘ < 2a.. (4.18)

We now consider two cases to control E[{;].
e If y, = 1, then we know XT

¢ = {yi\/ﬁ(xjwl,j +aex] v /ym), if xw | < aexlvi/V/m

0, otherwise.

v* >~ and define a random variable

It is clear that {; = ¢ if Ix; w1 j| < aex/] v*/y/m and & > 0 otherwise. Therefore, we have
& > & and

EWl,j [5]] = Eij [53] = yimaEXiTV*/m 2> 0, (4.19)
where we have used the symmetry of Gaussian distribution in the identity.
e If y; = —1, then we know x; v* < —v and define a random variable

¢ = {—ym/m(xjwl,j — aexiTv*/\/m), if \XZTWLJ-\ < —oaﬁxiTv*/\/m
i =
0,

otherwise.

It is clear that §; = &} if Ix! w1 | < —a.x]v*/y/m and € > 0 otherwise. Therefore, we
have §; > £} and

Ew, ; €] > Ew,, [53] = yi\/ﬁangv*/\/ﬁ > Q-

13
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In both two cases, we show that Ey, ;[§;] > a.y. Therefore, we can apply Eq. (4.18) and
Hoeffding’s inequality to derive the following inequality with probability at least 1 — §/n

m/2

1

1 aey  2aclogz(n/o)
i‘I)WE;izfg P> -
yi®( X;) mj:1§y

2 Jm

Therefore, if m > 64log(n/d)/v?, with probability at least 1 — § we have y;®(W€;x;) >
aey/4 simultaneously for all ¢ € [n]. It then follows that

Fs(W) = 13" log(1 + exp(~:®(WF x1))) < exp(~ac/4) = e
=1

where we have used the inequality log(1+2) < x for all z > 0. Therefore, with probability at
least 1 — &, Assumption 3 holds with g(e) = 4log(1/e)/ provided that m > 64log(n/8)/¥*.
Then, we can apply Corollary 15 to show % ZtT:1 F(W;) = O(1/(nv?)) for training SNNs
by gradient descent on linearly separable dataset with margin ~.

Example 2 We now show that our analysis also implies excess risk bounds under a separa-
bility assumption on a feature not induced by gradients of SNNs. Specifically, we consider
the following feature map

Uy(x) = (ule, usx ', ... ,umxT)T, (4.20)

where u = (ug,...,uy,) € R™ satisfies |jullz < 1. This feature is not induced by the gra-
dient of SNNs since it does not involve the indicator function, and the parameter u can be
arbitrarily chosen as long as ||ul|2 < 1. We can derive a similar risk bound under a separabil-
ity assumption on the feature map W, (-), i.e., there exists V, = ((v),...,(v:)") T € Rmd
with ||Vl =1 and

To this aim, we first show that Eq. (4.21) and ||V.|]2 = 1 imply a linear separability

assumption in Example 1. Indeed, we can construct v* =) jefm] WiV for which we have

iniTV* =Y Z quiTVj,* = y7,<\11u(x7,)’v*> >y
Jjelm]

and (by Schwarz’s inequality)

V3= 3 wsvie
Jj€lm]

23 (X ) (X Ivael) < Iveli3 =1

Jjelm jeiml

Therefore, the dataset is linearly separable with margin 7 and our analysis in Example 1
works, which verifies Assumption 3 and implies risk bounds of order O(1/(nv?)).

14
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4.3 Connection to NTK Separability

In this subsection, we show the connection of our generalization and optimization analysis
to that based on NTK separability, which means that the dataset is separable by NTK
feature with a margin + (Chen et al., 2021; Nitanda et al., 2019; Ji and Telgarsky, 2019;
Nacson et al., 2019). As shown in Nitanda et al. (2019), this separability assumption
is weaker than the positivity assumption on the Gram-matrix of NTK considered in the
literature (Arora et al., 2019; Du et al., 2019; Zou et al., 2020), and is reasonable by the
universal approximation ability of neural tangent models. Our aim is to show that our
general analysis can improve the existing analysis when applied to the specific problem
setup in Ji and Telgarsky (2019). Let (-,-) denote the dot product.

Assumption 4 (Separability by NTK) Let v,8 > 0. Assume there exists W, € R™
with |Wy|l2 =1 and |Wyl|2,00 < 5 such that the following inequality holds

yi<V(I>(W1;xi),W*> >, Vi€ |[n].

In the following lemma to be proved in Section 5.3, we show that the realizability assumption
holds under the NTK separability assumption. In this case, we choose g(e) < log(1/€)/~.
A similar result has been derived for SNNs with smooth activation functions (Taheri and
Thrampoulidis, 2024). Note W€ defined below is independent of S.

Lemma 16 Let Assumption 4 hold. Let £ be the logistic loss. For any € > 0, we choose
W€ =W + oW, with ac = (2log1/€)/v. If a.B? < gT\/% and B < 7/(4log%(n/5)), then
with probability at least 1 — § over the randomness of the initialization we have

f(W€z) <€, Vie|[n].

Furthermore, we have |[W¢ —Wi|ls = a. and |[W — W20 < af.

Remark 17 Assumption 4 was essentially considered in the literature with 8 = 1/y/m,

see, e.g., Eq. (2.2) in Ji and Telgarsky (2019). In this case, the condition a.3% < g\/‘/%

becomes ae < @ <« m > %a2/4% and the condition 3 < /(4 log%(n/é)) becomes
m > 16log(n/d) /2.

We consider € = 1/T", choose W* = WT and set nT = n for simplicity. Then, according to
Lemma 16, the definition of €g in Eq. (4.2) and Eq. (5.28), with probability at least 1 — 36
we have

Cs(WT) <3n+a? and €(WT) < 12+ 24b, log(2/6) + a2, (4.22)

where we have used nT FS(W%) <7 by Lemma 16. Suppose the event in Lemma 16 holds
and 7 < 1/L. Then, we can choose R; as

Ry = max {3/(vimL) + o2/v/m, a8 |
and (since we require Ry > Q(W%)/\/rn)

_ 1 2
Ry = (1217 + 24b, log(2/5) + 046). (4.23)

15
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Recall a. = (2logT)/~. Therefore, if

2108 T 3/1 1 41082 T/4%)8 < \1/6% (4.24)
and
256 1 2
m > max {7 (3/L + 4log? T/72) ,641log(n/) (S/L + 4log? T/72) } (4.25)
we have
RiCs(WT) < max { (3/L + a2) /y/m, agﬁ} (3/L+a2) < \{g (4.26)

€

due to Eq. (4.25). Therefore, the event E; holds with probability at least 1 — 2§. Similarly,

Ry > @(W%) /+/m with probability at least 1 —24. We now apply Theorem 14 to derive the
risk bounds under the NTK separability condition. The proof will be given in Section 5.3.

where a3(3/L + a?) < ‘{—g is due to Eq. (4.24), and ﬁ(S/L +a?)(3/L + a?) < ‘{—g is

Theorem 18 (Risk bounds under NTK Separability) Let Assumptions 2 and 4 hold.
Let ¢ be the logistic loss and 6 € (0,1). Let Eq. (4.24) and Eq. (4.25) hold. If n < 16/5,

(2logT)B? < Z:T\q/j and 3 < 7/~(4 log%(n/é)), then for nT = n with probability at least 1 — 0
there holds % S[_| F(Wy) = O(1/(n?)).

Remark 19 (Comparison) Under a similar assumption, the risk bounds of order 9) (ﬁ)

were developed in Ji and Telgarsky (2019). Theorem 18 improves the rate to 5(71%2), which,
according to the discussions in Shamir (2021); Schliserman and Koren (2024) is optimal up
to a logarithmic factor. We use two techniques to achieve this improvement. First, we
use the localization technique in Srebro et al. (2010) to derive optimistic bounds by us-
ing the smoothness of the loss function. However, this technique alone with the estimate
Rz (F) < W) /y/n (Jiand Telgarsky, 2019) only implies bounds of the order 5(7;4) The
second technique is an improved Rademacher complexity estimate of Rg,,(F) in Lemma 9,
which improves the dependency on the margin from 1/9* to 1/42. For the NTK-separable
data, we have = 1/y/m (Ji and Telgarsky, 2019) and therefore the constraint on m
becomes m = €2(1/4%). This matches the overparameterization requirement in Ji and Tel-
garsky (2019). The recent work (Taheri and Thrampoulidis, 2024) also derived risk bounds
of order O(1/(n~?)). However, their discussion considers Lipschitz and smooth activation
functions. Furthermore, they derived generalization bounds by using the stability analysis,
which are stated in expectation. As a comparison, we use Rademacher complexity and our
analysis implies bounds with high-probability, which are stronger than bounds in expecta-
tion. Indeed, high-probability bounds offers strong assurances that the bounds will hold
with high confidence, while bounds in expectation only guarantee that the bounds hold
in the average case, which do not rule out the possibility of rare, large deviations. We
summarize the comparisons in Table 2.
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Work Bound Activation | Width Type
Ji and Telgarsky?2019) O(1/(y/m?)| ReLU |logarithmic | high-probability
kTaheri and Thrampoulidis (2024) | O(1/(n~2)) | Smooth |logarithmic| expectation
I Ours B O(1/(ny?) | ReLU |logarithmic | high-probability

Table 2: Comparison of the risk bounds under NTK separability condition with margin
~. Taheri and Thrampoulidis (2024) used algorithmic stability to derive bounds
in expectation, and their discussions considered smooth and Lipschitz activation
functions. As a comparison, both Ji and Telgarsky (2019) and our work used
Rademacher complexity to derive high-probability bounds, which considered the
ReLU activation function. High-probability bounds are stronger than bounds in
expectation: high-probability bounds offer strong assurances with high confidence,
while bounds in expectation only offer guarantees in the average case.

Example: Noisy 2-XOR Data. We now consider a specific problem where the NTK sep-
arability condition holds. Specifically, we consider the noisy 2-XOR distribution introduced
in Wei et al. (2019), which is the uniform distribution over the following 2¢ points

-1

(x1,%2,Y,23,...,2q) € {(\/dlj,(), 1), (O, d1—17 —1) <d11’ 0, 1),

0 -1 1

( "Vd—=1 )} % —

where the factor 1/v/d — 1 is introduced to ensure ||x|l2 = 1 and x denotes the Cartesin
product. For the 2-XOR data, the label y depends only on the first two coordinates of the
input x. For any (x,y) sampled from the noisy 2-XOR distribution and d > 3, it was shown

that there exists @(-) : R?  R? with ||w(w)|]2 < 1 for all w € R? and all (x,y) ~ p (Ji and
Telgarsky, 2019)

p — 1 d—2
{\/ﬁ’ d—l} ’

_ 1
v [ Bormeor <7 ww)dun(w) = 5o (4.27)
where v (+) denotes the standard Gaussian measure. Then, we choose W, = (WI*, e W;;’*)T

with w; . = ajw(w1 ;) and get

m m
yi(VO(W13x,), Wo) =4 an;erv*H[ijxiZO] =y y_ax; (ajw(wlaj))H[WIinZO]
=1 =1

m/2

2y; Z T_
T m - 1Xi W(Wl’j)ﬂ[“’;jxizo}’
J:

where we have used Eq. (3.3) in the computation of V&(W7;x;) and the symmetric initial-
ization. Note that ]yixjw(w17j)]l[w17_x_>0]| < 1. According to Hoeffding’s inequality, with
,J 1
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probability at least 1 — § we have

1
1 2log2(n/d) _
AVO(Wi:x), W) > — — —=2~ * 2 )
yi(VO(W1;x:), >_60d Jm Vi € [n]

Therefore, if m > (240d)? log(n/§), we know Assumption 4 holds with probability at least
1-6,v= %{)d and 8 =1/y/m. Then, we immediately derive the following risk bounds for
the XOR data.

Corollary 20 Consider the 2-XOR distribution. Let £ be the logistic loss and 6 € (0,1). Let

Eq. (4.24) and Eq. (4.25) hold with~y = w35 Ifm > (120d)? max{w, 161log(n/d)}

and 1 < 16/5, then for nT = n with probability 1 — § we get % Zthl F(W,) = 6(d2/n)

5. Proofs
5.1 Proofs on Optimization

In this subsection, we present the proofs related to the optimization error analysis. The
following lemma controls the distance between the gradient descent iterates and the initial-
ization, as measured by the (2, 00)-norm.

Lemma 21 (Ji and Telgarsky 2019) If Assumption 1 and Assumption 2 hold, then for
any j € [m] we have

t
U
W1y — wigla < ——= > Fs(Wy).
m k=1

Lemma 21 shows that any convergence analysis on 22:1 Fs(Wy,) automatically implies
a bound on the (2,00)-norm. This motivates us to use (2, 00)-norm as a metric to study
both optimization and generalization. Indeed, a key property of the ReLLU activation in our
analysis is expressed in terms of the (2, 00)-norm: if |W — Wi|]2 o < R and ‘WIjX| > R,
then ]I[W]szo] = H[ijxZO] and O‘(W;rX) - O'(WIJ-X) = H[wf,szo] (wj —wi,;) 'x. This shows
that the ReLU function behaves similarly to a linear function under a (2, co)-norm constraint
and some conditions on the initialization. As we will see, we use this key property to control
(W' — W, VFg(W')) (Lemma 22) and the Rademacher complexity (Lemma 9), which are
key lemmas in convergence and generalization analysis, respectively.

The following lemma shows a weak-convexity property of Fg on a ball around the ini-
tialization point. It shows that as the width becomes larger, the objective function becomes

more convex. For any R > 0, define

Br={W ¢ R™ : max ||w; — w2 < R}. (5.1)
j€lm] ’

For any i € [n], we define
Si={j € [+ Wi xil < Ru). 52)

Recall Lemma 2 gives probabilistic bounds on |S;|, which denotes the cardinality of S;.
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Lemma 22 Let W, W' € Bg,. Under the event Ey, we have

(W' — W, VFs(W')) > Fs(W') — Fs(W)
L 2 CLIW = W2Fs(W)

+ ﬁ i=1 (¢ (i (W;x:)) = (1 ®(W'; x7)) ) vm

Proof For any W and x, we know (Ji and Telgarsky, 2019)

(W, VO(W;x)) = P(W;x). (5.3)
It then follows that for any W, W’ € Bpg,
yi<W’ - W,f’(yi¢>(W’;Xi))V¢(W’;Xi)> = yil' (yi (W' %)) (B(W'; %) — (VO(W'; %), W)
= il (5B (W's)) (2(W31) = B(Wix) + (VR(Wixi) — VO(W'ix) W), (5.4)

By the co-coercivity of £, ie., £(a) > £(b) + (a — b)l'(b) + 5=(¢'(a) — £'(b))?, due to its
convexity and smoothness, we further know

yi<W, - W, (y:2(W';x;)) VE(W; Xz‘)> > Ly (W' x;)) — £(yi® (Wi x;))+

%(EI(yi(I)(W/JXi))_El(yz‘q)(WQXi)))2+yi6/(yi@(wl§Xz‘))<vq)(w§Xz‘) —V®(W';x;), W).
(5.5)
Furthermore, we have
yil (yi® (W' %)) (VO(W; x;) — VO(W'; x;), W)
=i ) _aj (T w, >0 — H[xngzo])gl(yiq)(WIQ X;))%;] ;. (5.6)
j=1
If |x, w;| > ||w; — w||2, then
W, — x5 < il — wills < 1) — wjlla < [ w51
This shows that H[xjw; >0 = ]I[xiij >q) and therefore
(o) — ey o) {0 £ (0B (W'sx0))w; ) = 0. (5.7)

If |x, w;| < |lwj; — W;HQ, then

(e ) — T 0) € (52 (W5 30) ] w|
<

My w; 200 — Tperwr =0 | - 1€/ (@ (W' x0)) [ [[w; — wil2.
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We plug the above two inequalities back into Eq. (5.6), and derive
‘yiﬁl(yifb(wl; x;))(VO(W;x;) — V(P(W’; Xi), W>}

[ (2 (W5 x0))| <~
< : Jm : z;HWjW;H?m[xjwjzo]H[xngzo]'
j:

Note if j & S;, the condition W € Bp, implies

%) Wi — x| wj| < [|xill2]lw; — Wi

2 < Ry < |w{ jxi. (5.8)

This shows that the sign of x;rwj is the same as that of XZTWLJ'. Similarly, the condition
W' € Bp, implies that the sign of x w/, is the same as that of x w1 j for j ¢ S;. Therefore,
we have H[xij>0} — [y 7w > = 0 and therefore

1 = 1 j=

|yl (y:® (W' %:) | (VE(W; x;) — VO(W';x;), W)

(i ®(W's xi))| /
< \/m ; HWJ - WjH2‘]I[X;erZO} - ]I[XZTW;-ZO}"
JEoi

We combine Eq. (5.5) and the above inequality together, and derive the following bound

yi<W' - WJ'(yi‘P(W';Xi))V@(W';xz’)> > Uy ®(W'sx;)) — Ly ®(W;x;))

/ / O (y; @ Wl;xi /
+ ﬁ(f (g ®(W';x;)) — ¢ (yz‘1>(VV,X¢)))2 _ 1% \(/T—n ) ]Ez; [w; — wjl[2-

By the Schwarz’s inequality, we know
3wy~ wille < VISI( vy - w3)E = VISIIW - Wi (59)
JES; J=1

It then follows that (|¢'(a)| < £(a))

n

1
(W= W, VE5(W) = = 3 (Uy@(Wix)) — £y 2(Wix,)) )+
n =1
1 <« s |[W'— W
3 (W) — £ a(Wix)? - Y Wiy > VST (W)
=1
The proof is completed by Lemma 2 on bounds of |.S;]|. |

Remark 23 If we use the inequality 3 ;s |[w; — Wil < [Si[|[W — W/l|3, instead of
Eq. (5.9), then the proof of Lemma 22 implies that

<Wl — vaFS(W/)> > FS(WI) . FS(W)
2 (W)~ W) - SN SOV
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The following lemma shows a one-step progress inequality for gradient descent applied
to SNNs with the ReLLU activation function. It shows how the distance between gradient
descent iterators and the reference model W* would change after a single gradient descent
update.

Lemma 24 Let Assumptions 1, 2 hold. Assume the event E1 happens. Then, for n <
4/(5L) and W, W' € Bg, we have

W — nVEs(W) — W'||3 < [[W — W'|[3 — 25(F5(W) — Fs(W'))

1
2nCx, W — W'[|2Fg(W)
vm
Proof For any W, we know ||[V®(W;x)||2 < 1 and therefore

+5n2CE(W').  (5.10)

n

P2V ES(WIB = 32 3 iy (5@ (W3 x:)) ¢ (3 (Wi 3,)) VE(W ,), V(W ;) )

i=1 j=1
< 2D I 32 (Ws )| = (; P (W) )

It then follows that

IVEs(W)3 < (ZM W)l )

= (5 (1B (Wix)| B (W) + 1€ B (W) ) )

=1
< (A (W)~ 1€ eWsx)]) ) +5 (- S 1 B (Wx)])
=1 =1

where we have used the standard inequality (a + b)?> < 5a? + 5b?/4. We then use this
inequality and Lemma 22 to derive the following inequality

2
|W —nVFs(W) — W'||J = [W = W[5 + n°[ VEs(W)]|3 — 2n({W — W', VF5(W))
1
2Ck, [[W — W3 Fg(W)
vm

5772 1 ’ / /. 2 n = ’ ’ ’ 2
T(ﬁ D 10 (yi®(Wixi)) — £ (y:2(W'; x ) ~In D (Cwd(Wix)) — £ (1i®(W5x,))) "
=1 i=1

< [W — W[5 — 2n(Fs(W) — Fs(W')) + + 572 CL(W)

Since n < 4/(5L) and

(% D 10y (W;xi)) — € (1 (W Xi))\)2 < %Z (¢ (1D (W3x:)) — £ (1D (W5 x7)))”,
=1

i=1

we further get the stated bound. The proof is completed. |
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Proof of Theorem 3 We use the induction strategy to prove the result. It is clear that
W1 — W*||3 < €g(W*). This shows that Eq. (4.4) holds with t = 1. We now assume it
holds for t < k and will prove that it also holds for ¢ = k 4+ 1. Note that the induction and
Lemma 21 imply that

n & €s(W7)
[wej — w2 < NG ZFS(Wk) < —Jm Vj € [m],t" € [k]. (5.11)
k=1

Furthermore, it is clear that ||w;—w1,j\|2 < R; according to Eq. (4.3). Therefore, W; € Bp,
and W* € Bp, fort =1,...,k. We choose W = W} and W/ = W* in Lemma 24 to derive

Wit — W*J2 + 2 (Fs (W) — Fs(W*)) < |[W), — W*|3

1
2nCx, Wi — W2 Fs (W)
NG

Taking a summation implies further (note €5(W*) < Fg(W*))

+ 5P €% (WH).

k
(Wi = WH3+ 27 (Fs(Wy) — Fg(W*)) < [|[W — W3+
t=1
3k
2770}231 * 27,5+ * *
T > Fs(Wy)[Wy — W3 + 5n*k€s (W*) Fs(W™).
t=1
The above inequality implies that
1
L 1
Ch, maxiepr) [|[We — W72
[Wier = W+ 27 ) Fy(Wi) (1 - 2 ) <
+ 2 ; \/m

(24 50€s(W*) )k Fs (W) + [|W1 = W3, (5.12)

We now show m > 4Cp, €g(W?*), which, according to the definition of Cr, in Eq. (4.1),

becomes SC (W R
m > w + 4y/mlog(n/3)Cs(W*). (5.13)
T

By Eq. (4.3), we know that Eq. (5.13) holds if

m > 8y/mlog(n/0)Cs(W*) <= m > 64log(n/8)CL(W™),
which holds by our assumption. Therefore, it holds that m > 4Cr, €s(W™), which together

1

with the induction hypothesis max;c ) [W; —W*||3 < €5(W*), implies C}% maxyc(y |[|[Wi—
W*|l3 < y/m/2. We put this inequality in Eq. (5.12) and get

k
Wit — WH3+1 ) Fs(W;) < 3nkFs(W*) + [W, — W3,
t=1
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where we have used the assumption 7 < 1/(5€4(W*)). This shows
k
Wit — W3 < €s(W") and 7S] Fs(Wy) < (W),
t=1

Therefore, the induction hypothesis holds with ¢ = k41 and finishes the proof of Eq. (4.4).
The stated inequality in Eq. (4.5) holds according to Eq. (5.11) and Eq. (4.4). The proof
is completed. [

Finally, we prove Theorem 6 as a simple application of Theorem 3 in an interpolation
setting. 1
Proof of Theorem 6 By Assumption 3 with ¢ = 1/7, we can find W7 with
Fs(WT)<1/T and |WT — Wi < g(1/T).
It then follows that

)+ [Wi — WT|2 < 3n+ ¢2(1/T) < 3/L+ ¢*(1/T).  (5.14)

Sl

Cs(WT) = 34T Fs(W

Since |¢'(a)] < £(a), we know E‘ES(W%) < FS(W%) < 1/T. Then, the constraint n <
min{4/(5L), 1/(5&3(W%))} holds if n < min{4/(5L),T/5} = 4/(5L). The stated bound
then follows directly from Theorem 3 by using the above bound on €S(W%) The proof is
completed. ]

Proof of Corollary 7 We define

NG

B = 16(3/L + g*(1/T))

Since m > 226(3/L + 92(1/T))4 and Eq. (5.14), we know that

Cs(WT) VT il
— <R = 5 < -
vm 16(3/L +¢*(1/T)) ~ 16¢5(WT)
Furthermore, the assumption HW% —Will2,00 < W‘/;(I/T)) implies that Eq. (4.3) holds.
According to Lemma 2, we know the event Fy happens with probability at least 1 —§. The
stated bounds directly follow from Theorem 6. |

5.2 Proofs on Generalization

In this subsection, we present proofs on generalization analysis. We require the following
lemma on the contraction property of the Rademacher complexity, which is useful to handle
the nonlinear Lipschitz function ¢.
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Lemma 25 (Contraction Lemma (Bartlett and Mendelson, 2002)) Suppose ¢ : R —
R is contractive in the sense that |p(t) — ¢(t)] < |t —t|. Then the following inequality holds
for any F

E supZelgb a;z <IE supZelfa;z

feEF i=1 feEF i=1

Proof of Lemma 9 Let S = {z1,...,2,} with z; = (X;,9;) € S for i € [n]. According to
Lemma 25, we know

Ry(F) = ]Ee[ sup 1 Z qu)(W;ii)]

Wewnie[n}
1
Ee| sup — Z Z eia;(o(X; w; fa(i;—wl,-)) +E|— Z ciajo (X w )
[WGW jelml ieln) 2 /) ’ } {nje[m} b ’ ]
= ﬁEe {V?Ilg/vjez[:hez[n:} eia;(o(x; w;) — o(x le))} (5.15)

For any i € [n], we define

Si={J € lml: %/ wi | < €(W)/Vm}.
For any j € [m], we define

Sy = {i € [n]: % wi| < CW*)/v/m}.

Ifi¢g gj, then analogous to Eq. (5.8), we know that the sign of X w; is the same as the
sign of X/ w1 j (note ||w; — wy j|l2 < €(W*)/y/m). Therefore

U(iiTWj) - U(iz‘TWLJ) &ijX; ( —Wi;),

where §;; 1= ]I[fcfwu >0]" Therefore, we know that

Ec| sup Z Zézag X w;) —U(iiTWLJ'))}
|

WEW el

m] i€[n]
E[ sup Z anﬂ (%, w;)— (xjwl,j))} e[ sup Z ZEZG’J %) wj)— (x:wl,j))}
W jelml i3, WEW jelm) ig3,
= e[ sup Z Zelaj x w;) —a(f(iTij))} e[ sup Z Zelaﬁ” WLJ)]
JE[m] ieS; Wew ; m] i¢S;

(5.16)

Note that

(NI

S S (m X5 = (m Y1) (5.17)

j€lm j€lm icn)
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For the first term in Eq. (5.16), Lemma 25 implies that

sup Z Z 61% o(x; Wj) - U(iz—‘rwld))}
Ee[

Jj€lml ies;
1 - -
< T 2B s 3 (ol w) ~ ol wiy)|
]e[m] lGSj
1 1
= Jm 2 | o) < o 30 B %
V2 Bel g D cokiwi)| < 7% 3 Bel g D ekl
J€lm] 1€S; J€[m] 1€S;

where we have used the fact that €;a; has the same distribution of ¢;. It follows that

Ee{"%gngp:n} ezgﬁiaj(O'(i;rW]) _U(XTWL]))] T Z e[vglgvé: €%, (W; —Wl,j)]
105

A .
=

ﬂ\
M

Z [ Wl,])]
wjil|w;— W13H2< \/* ZES

‘ E € X;
(W) —~

vm  i€S;

| /\

[ sup v = w2

wji[[wj—wijll2<

C(W*) -
Z Ee Zﬁixi ) m

m —~
j€[m] icS; j€[m]

() =T (T s1)”

JE€m|

IN

IN

ﬂ

where we have used Eq. (5.17) and the standard result

Ee

Z €;X; , < (Ee Z €% Dé = (Z ”5%”%); < |§j|%- (5.18)

iGSj iGSj Z'ng

25



LEer, WANG, YING AND ZHOU

For the second term in Eq. (5.16), we know (note &;; is independent of ¢;)

e[ sup Z ZQ%EU W - wl,J)] = Ee[ sup Z a; (Wj — ij)T< Z ei&jf{i)}

WeW er 8, wew e s
)
S \/%E | iy ( Z [wj = w5 > ( Z H Zelé@]xl

je€lm]  ig§;

)]

1 r ~
< —=e| s g[;n} Iw; = wg ]| 3 s

igs

)]

1

= ﬁE sup W — W1H2< Z H Zeszxl

Jelm]  igs;
C(W=) _ 12\ 2
< W( Z Ee Z €ifini 2)
j€lm] i#S;
VE(W*)y/mn
<= = /C(W*
where we have used the Schwarz’s inequality and Eq. (5.18). We plug the above two
inequalities back into Eq. (5.16), and get

Ee[ sup Z Z €;Qj (U(f%TWj) - U(iiTWLJ) ]

WEW jeim] icln)

(Zm) NG RNGT

Since z; € S and Ry > €(W™*)/{/m, under the event E,, we have

N

|S;| < 2Rom//7 + (mlog(n/d))?, Vi€ [n].

Therefore, under the event E5, we have

Es[ sup Z Z €ia; (O’(i;er) - U(ijwl,j))} <

wew jE€[m] i€[n]

N

JAE(W*) (2R2m
vm VT

We combine the above inequality and Eq. (5.15) and derive that

+/E(W*)y/n.

+ (mlog(n/d) )%>

¢(W*) /2/mR 1N\ C(W*)
Rz(F) < \/ﬁmi< NG 2 (log(n/é)) > —1—7.

The proof is completed. |

To prove Theorem 12, we require the following two probabilistic inequalities for the
deviation between empirical risks and population risks. Lemma 26 is the classical Bernstein
inequality, while Lemma 27 shows optimistic bounds by using the smoothness of the loss
function.
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Lemma 26 (Bernstein inequality) Let {{;}7; be a sequence of i.i.d. random variables.
Let b be a constant such that |&;| < b and the variance Var(§;) < oo. Then, for any0 < 6 < 1
with probability at least 1 — § there holds

1 i &])‘ < 2blog 2 N <2Var(§i)log§>§'

n 3n n

The following lemma gives optimistic generalization bounds for learning with smooth loss
functions. Note that Rg,,(F) is a worst-case Rademacher complex1ty restricted to S. In
the supremum of S C S under the constraint |S | = n, we allow S contains repeated ele-
ments of S. This construction is used to relate the fat-shattering dimension to Rademacher
complexity (Srebro et al., 2010).

Lemma 27 (Srebro et al. 2010) Let W be a set in R™. Let F := {x+ U(W;x),W €
W} and b = sup, weyw f(W;z). Forany o € (0,1), we have with probability at least 1—0/2
over S, for any W € W

F(W)—Fs(W) < FZ (W) (VL 10g® s o () + (blogf/é)) é) +Llog? nmgjn(f)ﬂ;logn(z/d).
Let & = f(W™*;z;). We know that
Var(€) < EIE?] < bE[E] = b F(W*). (519)

According to Lemma 27 and Lemma 26, we know that the event F5 happens with probability
at least 1 — §. By Schwarz’s inequality, under the event F3 we know

blog(2
F(W) - 2Fs(W) < Llog? n%% ,.(F) + Og;i/‘;), YW e W (5.20)

and 7b, log(2/6
Fg(W*) < 2F(W*) + *O(fi/). (5.21)

We are now ready to prove Theorem 12. Since ¢ is nonnegative and smooth, we also have
the following self-bounding property (Srebro et al., 2010)

|0/(a)] < \/2L¢(a), VaeR. (5.22)

Furthermore, for any (x,y), the L-smoothness of ¢ implies

L(yP(W;x))

< Ly B(W":x)) + y(R(W:x) — B(W; )¢ (1(W*)) + 5 (B(W: ) — B(W*:x)”

1
< UyB(W*5x)) + 5= |0 (y@(Wx))]” + L(B(W:x) — $(W*x))’
< 20(y®(W*;x)) + LIW — W*|3, (5.23)
where we have used the self-bounding property in Eq. (5.22) and

m

(P(W;x) — ®(W';x))* <

3\3

m
(x"wj) — o(x" W] SZIIWrW}H%: W —W'[5.
J:1 J=1
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We apply the above inequality for each (x,y) in the dataset and use n < 1/L to derive that
W - W3
n

Proof of Theorem 12 Let W be defined in Eq. (4.12) and F := {x — U(W;x), W € W}.
According to Theorem 3, we know that if the events F; and E3 hold, then the following
inequalities hold for all ¢ € [T

IWe — W3 < €(W*) and  [W; — Wiz < €(W")/Vm, (5.24)

where we control Fg(W*) in €5(W*) by F(W*) via Eq. (5.21). Then, Eq. (5.24) implies
that, under the event Ey N E3, we have W, € W. For any W € W, Eq. (5.23) implies that

F(W;2z) < 2f(W*2) + L||[W — W*|2 < 2b, + LE(W*) := b.

Fs(W) < 2F5(W*) +

According to Lemma 9, we know
1 1
E(W*)(m1y/2Rs + loga(n/d E(W*
() < SV VIR, +logt /) | /ETW)
Vnmi vn
Under the event E1 N Ey N E3, Eq. (5.20) and Eq. (5.25) imply
Qﬁ(W*)(mh/ 2+ logi n/é) C(W*) ) blog 2/5)
Jnmi vn

(5.25)

F(W;) — 2Fs(Wy) < Llog*n(
n

Eq. (4.4) further implies that

T

T T
nY F(Wi)=n)_ (F(W;)—2Fs(Wy)) +21)  Fs(W))
= t=1 t=1

LyTlog? n (€2(W*)(/mRy + log? (n/d Tblog(2/6
n vm n
The proof is completed by noting b = 2b, + LE(W™). [ |

To prove Theorem 14, we introduce the following elementary lemma. We omit the proof
for simplicity.

Lemma 28 Let a,b> 0. If 22 < ar+ b, then 22 < a? + 2b.
Proof of Theorem 14 We choose W* = W€ with e = 1/T. We know
sup £(y®(W*x)) < sup (€(y®(w€;x)) — E(y@(Wl;x))) + supﬁ(y@(Wl;x))

< sup |®(W¢x) — &(Wy;x ‘+log2<sup§ lajl|o(x " w§) — o(w] x)| + log 2
X
j=1

IN

<
Il
MR

m
1)1(2 w5 — w1 5) x‘+log2< mZHW;—WLjHQ—l—IogQ
j:

=

w5 — W1,j||g) +log2 < g(e) + log 2, (5.26)
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where we have used the ®(W;x) = 0 and Schwarz’s inequality. Therefore, we choose
b* = g(e) + log 2. By Eq. (5.14), we know

Cs(WT) < 30+ ¢*(1/T) < 3/L + ¢*(1/T).

Under the event F3 with W* = W%, we know

<2b*F(W%) log(2/4) ) %

F(WT) < Fg(WT) + 2b, log(2/9)
n

- 3n
Solving the above quadratic inequality of F 2 (W%) yields that (Lemma 28)

)+ 4b, log(2/9) n 2b, log(2/9)

100, log(2/0)
+ =
3n n

1 1
F(WT) <2Fg(WT
(W) < 2F( a

< (5.27)

N

Recall that |[W; — Wr l2 < ¢g(1/T) and the definition in Eq. (4.10), which implies

1 4 20b,log(2/6 by log(2/6
(W) < 3T (7 + 35( /%) | 6gn( /%)

24b,nT log(2/96)
n

L2
+ |W1 — W13

<120+ +[|W1 — WT[3 < b log(1/8) + ¢*(1/T).  (5.28)

We then apply Theorem 12 to get
T 3 2 1 1

1 Llog®n (€*(WT)(y/mRs + log2(n/§

15~ pew, g Lo n (SO +logd n/5)

b, log(1/9)  ¢°(1/T)
= " vin ’ T

n nT

+¢(W%))
By the constraint on m > 26 (3/L + gQ(l/T))4, Eq. (5.26) and Eq. (5.28), we know

(W) _ g"(1/T) +Blog?(1/5) _ | b2log’(1/0) _

1 1
g~ Jm SRR
and therefore
1 ~/LymRy  ¢*(1)T)
13w = )
T ; (Wo =0 =+,
The proof is completed. u

Proof of Corollary 15 According to the proof of Corollary 7, we can choose Ry =
W\/;U/T)) such that the event E; happens with probability at least 1 —4§. By Eq. (5.26)
we can choose b* = g(1/T) + log 2. According to Eq. (5.28), we can choose

124 24b,nTn log(2/6) + ¢*(1/T)

= NG ,
which is independent of Wy. Therefore, the event Ey happens with probability at least
1—4. By Lemma 26 and Lemma 27, the event F3 happens with probability at least 1 — 2.

Ry (5.29)
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Therefore, all the events F1, Fs, F5 happen, and we can apply Theorem 14 with Re given
in Eq. (5.29) to derive the following inequality with probability at least 1 — 46

S F(W,) = 5(L(b* log(1/9) +¢*(1/T)) gz(l/T))

n n

Nl =

t=1

The proof is completed by Eq. (5.26). |

5.3 Proofs on NTK Separability

In this subsection, we present the proof on the connection with NTK separability.
Proof of Lemma 16 Since y; (W€ x;) = v:(V®(W*; x;), W¢) by Eq. (5.3), we know

i P(Wx;)
= y2<V<I>(W€,xZ) — V@(Wl, Xi),WE> + yi<V<I>(W1;xi);WE — W1> + yi<V<1>(W1;xi),W1)
=y (VO(Wx;) — VO(W1:x;), W) + 4 (VO (W1;x;); WE— W), (5.30)

where we have used the fact that (V®(Wy;x;), W) = ®(W;x;) = 0 due to our symmetric
initialization. For the first term, we know

yi(VE(WE ;) — VE(W1ix,), W) =5 Yy (H[x;w;zo] _ ]I[XiTijZO})XZTW?
j=1

If \szw;| > [|[w§ — w1 j|l2, then analogous to Eq. (5.7), we have H[x?w;EO] —Irw, >0 =0
Otherwise, we have

.
’(H[xngzo] - H[xjwl,jzo})xi W;’ < H[xjwﬂ;zo} - H[xjwl,jzo]’HW§ — w2

Note that [|[W¢ — Wiz < aef. Let S; = {j € [m]: ’WIin‘ < aeﬁ}. By Lemma 2, with

probability at least 1 — 0 we have simultaneously the following inequality for all i € [n]

N

S| < 2a.8m//7 + (mlog(n/d))?. (5.31)

Then, if j & §i, we have

¢ _

§—x] Wil < [Iw5 = wijlla < e < [wi xl,

x| w

which means that H[xjw; >0 — H[x?wm] = 0. Therefore, we have

€ € 1 €
[y (VO(Wx;) — VB(Wi5x;), WE)| < W D Iws — w2
jes;
< SillWE = Will200 _ |SilBa
= m = Tym

(5.32)
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For the second term, by the construction of W€ we know
Z/z<V‘I)(W17 Xi)a W — W1> = aeyi<v¢'(wl; Xi); W*) > Qe (533)

where we have used Assumption 4. We plug Eq. (5.32) and Eq. (5.33) back into Eq. (5.30),
and get

yZ@(We;xi) > yi<V§>(W1;xZ~);WE - W1> - {yi(V@(We;xi) - V@(Wl;xi),We)\

gi € 2 2B 3
_ "J%/j’ > acy - O‘eﬂﬁm — acBlog? (n/d)

2 Qey — a67/4 - a57/4 = 0467/2 = log(l/e),

> ey

where we have used the assumption o 3% < gT‘/% and 8 <~v/(4 log% (n/d)). This shows that

F(W€ z;) =log(1 + exp(—y; P(Wx;))) < exp(—y:i (W€ x;)) < exp(—log(1l/e)) = e.
The proof is completed. |

Proof of Theorem 18 The logistic loss satisfies Assumption 1 with L = 1/4. By Lemma 2
and Eq. (4.26), with probability at least 1—3¢ the event E; happens and Ry > C(W%)/\/ﬁ
According to Lemma 2, the events Es happen with probability at least 1 — 4. According
to Lemma 27 and Lemma 26, the event F3 happens with probability at least 1 — 25. We
now assume all these events happen simultaneously. We choose ¢ = 1/T. The constraint

aB? < E?T\/% becomes (2log T')3? < %' By Lemma 16, Assumption 3 holds with g(e) =

(2log1/e)/y. Then g(1/T) = ac = (2logT)/v. By Eq. (4.22), we know CS(W%) <
3/L + ¢g?(1/T). By Theorem 14, we know

T o 9
73 Fw =0( 4 L),

n

The proof is finished by the definition of Ry in Eq. (4.23) and the bound of b, in Eq. (5.26). B

6. Conclusions

In this paper, we present some optimization and generalization analysis for gradient meth-
ods to train shallow ReLLU networks with polylogarithmic width. We establish optimization
error bounds of order €5(W*)/(nT'), which shows an implicit regularization effect of gra-
dient descent. We develop improved Rademacher complexity estimates for a hypothesis
space motivated by our optimization analysis, which yields generalization bounds of order
5(€(W*) /m). We apply our general result under a NTK separability condition, and derive
risk bounds of order O(1/(nv?)).

There remain several interesting problems for further study. First, we only consider
SNNs. It would be interesting to investigate whether our analysis can be extended to
deep ReLU networks. Second, we only consider fully-connected neural networks. It would
be interesting to study the generalization and optimization of neural networks with other
structures, e.g., recurrent neural networks and convolutional neural networks (Zhou, 2020).
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