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Abstract

Tensors, which give a faithful and effective representation to deliver the intrinsic structure
of multi-dimensional data, play a crucial role in an increasing number of signal processing
and machine learning problems. However, tensor data are often accompanied by arbitrary
signal corruptions, including missing entries and sparse noise. A fundamental challenge
is to reliably extract the meaningful information from corrupted tensor data in a sta-
tistically and computationally efficient manner. This paper develops a scaled gradient
descent (ScaledGD) algorithm to directly estimate the tensor factors with tailored spec-
tral initializations under the tensor-tensor product (t-product) and tensor singular value
decomposition (t-SVD) framework. With tailored variants for tensor robust principal com-
ponent analysis, (robust) tensor completion and tensor regression, we theoretically show
that ScaledGD achieves linear convergence at a constant rate that is independent of the con-
dition number of the ground truth low-rank tensor, while maintaining the low per-iteration
cost of gradient descent. To the best of our knowledge, ScaledGD is the first algorithm that
provably has such properties for low-rank tensor estimation with the t-SVD. Finally, nu-
merical examples are provided to demonstrate the efficacy of ScaledGD in accelerating the
convergence rate of ill-conditioned low-rank tensor estimation in a number of applications.
Our code is available at https://github.com/twugithub/Tensor-ScaledGD.

Keywords: Low-rank tensor factorization, robust tensor completion, scaled gradient
descent, tensor completion, tensor regression, tensor robust PCA, tensor singular value
decomposition

1. Introduction

With the increasing availability of high-dimensional and multiway datasets, we are witness-
ing a growing demand for efficient data analysis techniques. Many practical applications
collect data that are naturally in the form of a tensor. Instances of tensor data include im-
ages, videos, hyperspectral images, and signals generated by magnetic resonance systems.
Tensors arise naturally as a powerful model for better capturing the multiway relationships
and interactions within data than matrices; examples include image processing (Liu et al.,
2013), climate forecasting (Yu et al., 2015), topic modeling (Anandkumar et al., 2014), and
neuroimaging data analysis (Ahmed et al., 2020). In this work, specifically, we consider the
tensor estimation problem, which is the central task across many problems. Mathemati-
cally, the goal of tensor estimation is to estimate a K-way tensor X, € R™* X"k from a
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set of observations y € R™ given by
Yy~ AX,), (1)

where A(-) is a linear map that models the data collection process. For ease of presen-
tation, we consider the case K = 3 throughout the paper, while the general case will be
investigated in future work. Arguably, the data of interest can be well represented by a
much smaller number of latent factors compared to the dimensionality of the ambient space,
which suggests exploiting low-dimensional geometric structures for meaningful recovery.

1.1 Low-rank Tensor Estimation

One of the most widely adopted low-rank tensor decompositions—which is the focus of this
paper—considers low-rank structure under the tensor singular value decomposition (t-SVD)
(Kilmer et al., 2013). Specifically, we assume the ground truth tensor X, of tensor tubal
rank-r that admits the following t-SVD:

X*:U**QQ**QVE,

where *¢ denotes the t-product evoked by the transformation matrix ®, U, € R™M*"*"s
and YV, € R™*™™ are orthogonal tensors, and G, € R"*"*" is an f-diagonal tensor
(see Definitions in Section 2.1). Compared with other tensor decomposition strategies such
as CANDECOMP /PARAFAC (CP) decomposition (Kiers, 2000) and Tucker decomposition
(Tucker, 1966), t-SVD can take advantage of structures in both the original and transformed
domains. It has been observed that after conducting Discrete Fourier Transform (DFT)
along the third dimension of a three-way tensor, the transformed tensor may exhibit low-
rank structure in the Fourier domain (Zhang et al., 2014), which can be characterized by
the tensor tubal rank and tensor nuclear norm (Kilmer et al., 2013). Low-rankness in the
spectral domain extends traditional models that require strong low-rankness in the original
domain. The t-SVD based models evoked by the tubal rank own the same tight recovery
bound as the matrix cases (Lu et al., 2018). Another advantage of the t-SVD scheme is
its superior capability in capturing the “spatial-shifting” correlation that is ubiquitous in
real multiway data. Interestingly, the t-SVD can be generalized by replacing DFT with any
invertible linear transforms (Kernfeld et al., 2015). Driven by these advantages, extensive
numerical examples have demonstrated its efficacy in many applications (Zhang and Aeron,
2017; Lu et al., 2018, 2019; Song et al., 2020; Kilmer et al., 2021; Zhou et al., 2021; Kong
et al., 2021; Lu, 2021; Qin et al., 2022; Wu, 2026).

Motivating examples. We focus on optimization problems that look for low-rank tensors
using partial or corrupted observations.

e Tensor RPCA. We first consider the tensor robust principal component analysis
(RPCA) problem, which attempts to find a low-rank tensor that best approximates
grossly corrupted observations. Mathematically, imagine that we are given a data
tensor

y:X*+S*7 (2)
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where X, is low-rank and 8, is sparse, and both components are of arbitrary mag-
nitudes. Our goal is to recover X, and S, from the corrupted observation Y in an
efficient manner.

o Tensor completion. We then study the low-rank tensor completion problem, which
aims to recover a low-rank tensor from only a small subset of its revealed observations.
Mathematically, we are given entries

[X*]i,j,k) (i)j) k) € Qv

where €2 denotes the set of the indices of the observed entries. The goal is to recover
X, from these observed entries.

e Robust tensor completion (RTC). In this problem, we attempt to recover an underlying
low-rank tensor by observing a small number of sparsely corrupted entries. Formally,
let Y be a tensor with a decomposition Y = X, + S, where X, is low-rank and
S, is a sparse corruption tensor whose few non-zero entries are arbitrary. The RTC
problem is to recover X, from the observed entries {Y;;x|(i,j, k) € 2}, where Q
denotes the locations of the observed entries in Y.

o Tensor regression. We finally consider a linear tensor-structured regression model,
where the i-th response or observation is given by

yi:<A’ivX*>7 i:1727"'7m7

where A; € R™*"2%X"3 ig the j-th measurement tensor and (-, -) denotes the canonical
inner product. The goal is to recover the low-rank tensor X, from the responses

Yy = {yz ;11-

1.2 Main Contributions

In view of the low-rank t-SVD, a natural approach to estimate the low-rank tensor X', in (1)
is to parameterize X = L xg R by two factor tensors £ € R™*™*"s and R € R"2X7*ns
and then to estimate the ground truth factors via optimizing the unconstrained least-squares
loss function:
: — H 2
P - (£, R) = [A(L e R™) — yll3, (3)

where R denotes the conjugate transpose of R (see Definition 2) and we use the vector /5
norm to quantify the error. Despite the nonconvexity of the objective function, a simple and
intuitive approach is to update the tensor factors via gradient descent. While remarkable
progress has been made in recent years in the matrix setting (Chi et al., 2019), this line of
research still remains relatively unexplored for the tensor setting, especially when it comes
to provable sample and computational guarantees.

Motivated by the recent success of scaled gradient descent (ScaledGD) (Tong et al.,
2021b,a, 2022; Dong et al., 2023b) for accelerating ill-conditioned low-rank estimation, we
propose to update the tensor factors iteratively along the scaled gradient directions:

Liv1 =L —nVef(Ly,Re) o (RE o Ry,
Ris1 = Ri — VRF(Le, Ry) *a (LT 5o L£4)7, (4)



where 17 > 0 is the learning rate and V2 f (L, Ry) (resp., Vr f (L, R:)) denotes the gradient
of f with respect to L£; (resp., R;) at the ¢-th iteration. Compared with vanilla gradient
descent, our method scales or preconditions the search directions of £, and R, in (4) by
(RExeR;)™ and (LH g L), respectively. With the preconditioners, ScaledGD updates
the tensor factors with better search directions and larger step sizes. As the preconditioners
are computed by inverting two r X r X ngz tensors, whose size is much smaller than the
dimension of the tensor factors, each iteration of ScaledGD only adds minimal overhead to
the gradient computation, while maintaining a linear rate of convergence regardless of the
condition number.

Theoretical guarantees. We investigate the theoretical properties of ScaledGD, which
are notably more challenging than the matrix counterpart. Our model is more generic as
it is allowed to use any invertible linear transforms that satisfy certain conditions. We
establish that ScaledGD—when initialized with a tailored spectral initialization scheme—
can achieve linear convergence at a rate independent of the condition number of the ground
truth tensor with near-optimal sample complexities. To be concrete, we have the following
guarantees:

e Tensor RPCA. Under the deterministic corruption model (Lu et al., 2020), ScaledGD
converges linearly to the true low-rank tensor in both the Frobenius norm and the
entrywise /o, norm, as long as the level of corruptions—measured in terms of the

fraction of nonzero entries per tube in each mode—does not exceed the order of
min< n34/T(2)72 n3

uskPr(n1+nang)’ p2s2k?
parameter and the condition number of the ground truth tensor X, respectively, and
s, is the summation of all the entries in the multi-rank of X, (to be formally defined
later).

>, where n ) = min(ny, n2), i and k are the incoherence

o Tensor completion. Under the Bernoulli sampling model, ScaledGD combined with

a properly designed scaled projection step reaches e-accuracy in O(log(1/¢)) iterations,

psr(n14no) log(max(ni,na)ng) p?sixflog(max(ni,na)ns) )
ninans ’ min(n1,n2)n§ ’

where ¢ is a constant related to the transformation matrix ®.

as long as the sample complexity satisfies p = max (

e Robust tensor completion. Under the random Bernoulli observation model, ScaledGD

succeeds with high probability as long as the fraction a of corruptions per tube for each
png\/M)na pns

ustBr(ni+nang)’ p2s2k2
3515 (ny+na) u?s20 115 K> )

n3,/ninz ’ ng\/min(n1,n2)n3’ \/min(nl,ng)ng ’
Note that the recent work Cai et al. (2026) proposed a scalable method for robust
matrix completion based on ScaledGD, the recovery guarantee derived in Cai et al.
(2026) is under the assumption that the matrix is fully observed (p = 1). Remarkably,
our analysis extends this result to the tensor case and considers the general case where
the tensor is only partially observed.

mode satisfies o < min( ) and the probability of observation

satisfies p 2 log(max(ni,n2)ns) max(

o Tensor regression. As long as the measurement operator satisfies the tensor re-
stricted isometry property (TRIP) (Rauhut et al., 2017) with a TRIP constant dg, <
1/(\/f k), ScaledGD reaches e-accuracy in O(log(1/¢)) iterations when initialized by
the spectral method.
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1.3 Related Work

Scaled first-order methods for low-rank matrix recovery. Variants of the scaled
gradient methods have been proposed for low-rank matrix recovery (Mishra et al., 2012;
Mishra and Sepulchre, 2016; Tanner and Wei, 2016; Tong et al., 2021a) that aim to approx-
imate the low-rank matrix by the product of two factor matrices, where strong statistical
guarantees were first established in Tong et al. (2021a). The matrix RPCA method in Cai
et al. (2021) extended Tong et al. (2021a) by using a threshold-based trimming procedure
to identify the sparse matrix. Jia et al. (2023) proved the global convergence of ScaledGD
and alternating scaled gradient descent (AltScaledGD) for the nonconvex low-rank matrix
factorization problem. There have been many other efforts in the literature to solve the
low-rank matrix recovery problem with provable nonconvex optimization procedures; see,
e.g., Chen and Wainwright (2015); Gu et al. (2016); Yi et al. (2016); Zheng and Lafferty
(2016); Ge et al. (2017); Cherapanamjeri et al. (2017); Du et al. (2018); Zeng and So (2018);
Li et al. (2019); Ye and Du (2021) for an incomplete list.

Low-rank tensor estimation using t-SVD. Turning to the tensor case, unfolding-
based approaches typically lead to performance degradation since they neglect the high-
order interactions within tensor data. Recently, motivated by the notion of tensor-tensor
product (t-product) (Kilmer et al., 2013) and t-SVD scheme, a new tensor nuclear norm
was proposed and applied in tensor RPCA (Lu et al., 2020; Gao et al., 2021; Lu, 2021),
tensor completion (Zhang and Aeron, 2017; Lu et al., 2018, 2019; Song et al., 2020; Qin
et al., 2022), and tensor data clustering (Zhou et al., 2021; Wu, 2024, 2026). To accelerate
tensor RPCA, Qiu et al. (2022) proposed two alternating projection algorithms that exhibit
linear convergence behavior. While this paper and Qiu et al. (2022) share the same tensor
RPCA setup, our work is fundamentally different from Qiu et al. (2022). The methods
proposed in Qiu et al. (2022) are based on the idea of alternating projection, which can be
considered an extension of Netrapalli et al. (2014); Cai et al. (2019) in the matrix case to the
case of tensors. In contrast, our work draws inspiration from Tong et al. (2021a); Cai et al.
(2021) and parameterizes the low-rank term in (2) by two low-rank factors. To the best of
our knowledge, this paper is the first work that provides rigorous statistical and computa-
tional guarantees for scaled gradient methods based on the t-SVD framework. There are
many technical novelty in our analysis compared to Tong et al. (2021a); Cai et al. (2021).
Specifically, the optimization problems in Tong et al. (2021a); Cai et al. (2021) primar-
ily involve matrix-valued variables, whereas our optimization problem primarily involves
tensor-valued variables. Because of this reason, all the inequalities involving matrices in
Tong et al. (2021a); Cai et al. (2021) must be proved using some tensor properties involving
t-product in our analysis.

Provable low-rank tensor estimation using other decompositions. As mentioned
earlier, it is not straightforward to generalize low-rank matrix estimation methods to tensors
because a tensor can be decomposed in many ways. Beyond the t-SVD, common tensor
decompositions include CP (Kiers, 2000), Tucker (Tucker, 1966), HOSVD (Lathauwer et al.,
2000), and tensor-train (Oseledets, 2011). Several works for low-rank tensor estimation
relying on these decompositions have been proposed (Goldfarb and Qin, 2014; Anandkumar
et al., 2016; Driggs et al., 2019; Xia and Yuan, 2019; Yuan et al., 2019; Yang et al., 2020; Cai
et al., 2022; Qin et al., 2024). Recently, the authors in Tong et al. (2022); Dong et al. (2023b)



developed efficient algorithms for tensor RPCA, tensor completion and tensor regression
under the Tucker decomposition using scaled gradient descent. In contrast to our work, the
low-rank tensor in Tong et al. (2022); Dong et al. (2023b) is factorized as (U,V,W) - S,
and four factors are needed to be estimated, leading to a much more complicated nonconvex
landscape than our case.

1.4 Paper Organization

The rest of this paper is organized as follows. Section 2 presents some notations and
preliminaries. Section 3 describes the applications of the proposed ScaledGD method to the
four problems studied in this paper with theoretical guarantees in terms of both statistical
and computational complexities. In Section 4, we outline the proof for our main results.
Section 5 illustrates the superior empirical performance of the proposed method. Finally,
we conclude in Section 6. The proofs are deferred to the appendix.

2. Notations and Preliminaries

In this section, we introduce the notations and provide a concise overview of t-SVD, which
establishes the groundwork for the development of our algorithms.

Notations. We use lowercase, bold lowercase, bold uppercase, and bold calligraphic let-
ters for scalars, vectors, matrices, and tensors, respectively. The real and complex Fuclidean
spaces are denoted as R and C, respectively. Superscript H and 1" denote conjugate trans-
pose and transpose, respectively. For a three-way tensor A € C™*"2X"3  we use A(i,:, ),
A(:,i,:) and \A(:,:,7) to denote its i-th horizontal, lateral and frontal slice, respectively.
The (i, j, k)-th entry of \A is denoted as \A; ;. For brevity, the frontal slice \A(:,:,) and
the lateral slice A(:, ,:) are denoted compactly as A and A, respectively. The (4, j)-th
mode-1, mode-2 and mode-3 tubes are denoted by .A(:,i,7), A(i,:,7) and A(,J,:), re-
spectively. For a matrix A, its (7, j)-th entry is denoted as A;;. The i-th row and the
i-th column of A are denoted by A;. and A.;, respectively. The n x n identity matrix
is denoted by I,,. The inner product between two matrices A, B € C™*"2 ig defined as
(A, B) = tr(A” B), where tr(-) denotes the matrix trace. The inner product between two
tensors A, B € C™*™2%"3 is defined as (A, B) = .72 (A B®). The facewise product
between two tensors A € C™*"2%"3 and B € C"2*™*"3 denoted by AAB, is a tensor
C € C1*naxns guch that each frontal slice of C is the matrix multiplication of the corre-
sponding frontal slices of A and B, that is, c) = AOBO (Kernfeld et al., 2015). Let
a Vb = max(a,b), a A b = min(a,b), and [a] := {1,2,...,a}. Further, f(n) = g(n) (resp.,
f(n) < g(n)) means |f(n)|/|g(n)| > ¢ (resp., |f(n)|/|g(n)| < ¢) for some constant ¢ > 0
when n is sufficiently large. We use the terminology “with high probability” to denote the
event happens with probability at least 1 —cin ™, where ¢ and co denote positive universal
constants, which are allowed to differ from line to line.

Some norms of vector, matrix and tensor are used. The /1, f, {2 and Frobenius
norms of A are defined as [| Al = >, [Aijkl, [[Allo = max; ;[ Aijl, [|Al200 =

max; || A(4,:,2)||p and || A[|p = /3 ;1 [Aijkl?, respectively. For v € C, its £» norm is

denoted as ||v|l2 = /Y, |vi|? and we use ¢y norm to denote the number of nonzero elements
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in v. The spectral norm of a matrix A is denoted as || A|| = max; 0;(A), where 0;(A)’s are
the singular values of A. The matrix nuclear norm of A is [[A|, = ), 0i(A).

2.1 Tensor Singular Value Decomposition

The framework of tensor singular value decomposition (t-SVD) is based on the t-product
under an invertible linear transform L (Kernfeld et al., 2015). In this paper, the transfor-
mation matrix ® defining the transform L is restricted to be orthogonal, i.e., ® € C"3*"3
satisfying

o7 = ®® = (1, (5)

where £ > 0 is a constant. We define the associated linear transform L(-) with its inverse
mapping L~ (-) on any A € R™*"2X13 a5

A=LA) =Ax35® and L '(A)=Ax3d " (6)

where X3 denotes the mode-3 tensor-matrix product (Kolda and Bader, 2009), i.e., for any
A e Cmxn2xns gnd M € C"*™ B = A x3 M € C™"*"2X"4 gych that

n3
Biji= ZAi,j,le,ka i € [n1],J € [n2],1 € [n4l.
k=1

Definition 1 (t-product (Kernfeld et al., 2015)) The t-product of any A € C"1*n2xns
and B € C"2*"4X13 ynder transform L in (6), is a unique tensor C = Axg B € CMx"4xn3

such that L(C) = L(A)AL(B).

We denote A € CrimsXn2ns a9 the block diagonal matrix with its i-th diagonal block corre-
sponding to the i-th frontal slice A® of A in (6), i.c.,
AWM
A =bdiag(A) = , (7)
An3)

where bdiag is an operator that maps A to A. Using (5), we have the following properties:
1 1
Vi Vi

Definition 2 (Conjugate transpose (Song et al., 2020)) The conjugate transpose of
a tensor A € C*"2X"3 ynder L is the tensor AY € Cr2>*™>ms satisfying L(AT)D =
(LAY 5 =1,2,... ns.

1

I Allr = ;

|Alr= | Alp and (AB) = (AB)=,(AB). ()

Definition 3 (Identity tensor (Song et al., 2020)) The identity tensor Z,, € C"*"*"3

under L is a tensor such that each frontal slice of L(Z,) = I,, is the identity matriz I,,.
Then I, = L~Y(Z,,) gives the identity tensor under L.

Definition 4 (Orthogonal tensor (Song et al., 2020)) A tensor Q@ € C"*"*"3 g or-
thogonal if it satisfies @ xe QF = O v Q =1T,,.



Definition 5 (Invertible tensor) A tensor A € R™"*" s invertible if there exists a
tensor B € R"*"*"3 sych that A*e B = B xe A = I,.. The set of invertible tensors in
R™*m*"3 s denoted by GL(r).

Definition 6 (t-SVD (Song et al., 2020)) Let L be any invertible linear transform in
(6). For any A € C™*™X13 it can be factorized as A = U ¢ G *o VI, where U €
Cmxmxns gnd VY € C"2X"2X" gre orthogonal, and G € C™M*"2X"3 4s an f-diagonal tensor,
whose frontal slices are diagonal matrices.

For any A, we have the following relationship between its t-SVD and the matrix SVD of
its block-diagonal matrix (Kernfeld et al., 2015):

A=UxGxe VI o A=UGV".

In words, the t-product in the spatial domain corresponds to matrix multiplication of the
frontal slices in the transformed domain. Note that when n3z = 1, the operator *g reduces
to matrix multiplication.

Definition 7 (Tensor multi-rank and tubal rank (Kilmer et al., 2021)) The multi-
rank of a tensor A € C"*"2X"s s q vector r € R", with its i-th entry being the rank of
the i-th frontal slice of A, i.e., r; = rank(A(Z)). Let A =U g G+ VI be the t-SVD of
A. The tensor tubal rank rank,(LA) under L is defined as the number of nonzero singular
tubes of G, i.e.,
ranks(A) = #{i : G(i,1,:) # 0} = max(ri,...,T,).
We denote
P,(A) = argmin [A- Al (9)
A:rank, (A)<r
as the tubal rank-r approximation of A, which is given by the top-r t-SVD of A by the
tensor Eckart-Young theorem (Zhang et al., 2014; Kilmer et al., 2021).
Definition 8 (Tensor nuclear norm and spectral norm (Lu et al., 2019)) The ten-
sor nuclear norm of A € C™*"2%s ynder L is defined as || Al = 1 302 [|AD . = L||A]..
The spectral norm of A is defined as ||A| = || A]|.

3. Main Results

This section is devoted to introducing ScaledGD and establishing its performance guarantee
for various low-rank tensor estimation problems.

3.1 Models and Assumptions

Suppose that the ground truth tubal rank-r tensor X, with multi-rank r admits the fol-
lowing compact t-SVD X, = U, *3 G« *& Vf, where U, € R™M>"xnm3 Y ¢ R"2X"X"3  and
G, € R™*"™*3_ Define the ground truth low-rank factors as

1 1
L,=U,*p G: and R, =V, xe G
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so that X, = L, *a Rf . Here, the “square root” of a tensor A, denoted by A%, is obtained
1

by setting Az =B = L~Y(B), where the i-th frontal slice of B is B = (A®)z. The
factored representation is not unique in that for any invertible tensor @ € GL(r), one has
L, *g ’R,f = (Ly*3 Q) *3 (R *a Q_H)H. We define the following two important singular
values of tensor X, as

o1(Xy) = max{GiirlGiik > 0,0 <7, k € [n]}
and 75, (Xy) = mm{g’“k\cjuk >0,i <7k, k € [ns]}.
We first introduce the condition number of the tensor X,.
Definition 9 (Condition number) The condition number k of X, is defined as
01(X)/ 05, (Xs).

Another parameter is the incoherence parameter, which is crucial in determining the well-
posedness of low-rank tensor estimation.

K

Definition 10 (Incoherence) For a tubal rank-r tensor X, € R™*"2X"3 " gssume that
the multi-rank of X4 is v and it has the t-SVD X, = U, x3 G« *3 Vf{. Then X, is said to
satisfy the tensor incoherence conditions with parameter u if

o S . S
U200 = max [UT g &il|p < (/- and  [|Vylloe = max [V 5 &]p < || .
i€lni] nins j€[na) nansl
(10)

Here, ¢; is a tensor of size ny X 1 X ng with the entries of the (i,1)-th mode-3 tube of L(¢;)
equaling 1 and the rest equaling 0, and s, = > 12 | ry.

Notice that when all the r;’s are equal to the tubal rank r, ie., s, = nsr, the above
conditions will be equivalent to the ones in Lu (2021, Proposition 1). Roughly speaking, a
small incoherence parameter ensures that the tensor columns are not correlated with the
standard tensor basis, i.e., the energy of the tensor is evenly distributed across its entries.
To track the performance of ScaledGD iterates F; = [£F, RI]H | one needs a distance
metric that properly takes account of the factor ambiguity due to invertible transforms.
Motivated by the analysis in Tong et al. (2021a), we consider the following distance metric
that resolves the ambiguity in the t-SVD.

C

Definition 11 (Distance metric) Let F = [R

} e R(utn2)xrxns gng F o — [éj €

R(m1+n2)Xrxns - gepote

1 1
dist(F, F.) = \/ o (L xe @~ L) v G} + (R e @77 —R) w2 G . (1)

If the infimum is attained at the argument Q, it is called the optimal alignment tensor
between F and F,.

As indicated in Appendix A, for the ScaledGD iterates {F,}, the optimal alignment tensors
{Q:} always exist and hence are well-defined.



3.2 Tensor RPCA

Suppose we have observed a data tensor Y € R"1*"2%"3 of the form Y = X, + S, where
X, is a low-rank tensor with tubal rank-r and 8, is a sparse tensor—in which the number
of nonzero entries is much smaller than its ambient dimension—modeling corruptions in the
observations due to sensor failures, malicious attacks, or other system errors. Given Y and
r, the goal of tensor RPCA is to reliably estimate the two tensors X, and S,.

Following the matrix case in Chandrasekaran et al. (2011); Netrapalli et al. (2014), we
consider a deterministic sparsity model for Sy, in which S, contains at most a-fraction of
nonzero entries per tube.

Definition 12 A sparse tensor S8, € R™M*"2X"3 g o-sparse, i.e., S8, € S, where we
denote

T ={8 e R"™X IS(:, 4, k)[lo < ana, [|8(4, 1, k)llo < ang, |S(, 4, :)]lo < ans,
for i € [n1],7 € [n2], k € [n3]}.

Motivated by the works in Tong et al. (2021a); Cai et al. (2021), we parameterize
X = L x3 RY by two low-rank factors £ € R™"*"*" and R € R">*"*"3 that are more
memory-efficient, and instead optimize over the factors by solving the following optimization
problem:

: _ 1 H 2
PN 1 S, F(F.8) =L+ R +8 =Vl (12)

Despite the nonconvexity of the objective function, one might be tempted to update
the tensor factors via gradient descent, which, however, likely to converge slowly even for
moderately ill-conditioned tensors (Yi et al., 2016; Tong et al., 2021a; Han et al., 2022).
Similar to the algorithms in Tong et al. (2021a); Dong et al. (2023b), our algorithm alter-
nates between corruption removal and factor refinements, where (£, R) are updated via the
proposed ScaledGD algorithm, and & is updated by soft thresholding. Specifically, we use
the following soft-shrinkage operator 7¢(-) that sets entries with magnitudes smaller than ¢
to 0, while uniformly shrinking the magnitudes of the other entries by (, defined as

[Te(M)]ijk = sgn([M]; ) - max(0, [[M]; k| — C). (13)
The sparse outlier tensor is updated via
Str1 =T (Y — Lixa R{') (14)

with the schedule (; to be specified shortly.
To complete the algorithm description, we still need to specify how to initialize the

algorithm. We start with initializing the sparse tensor by S¢ = 7¢,(Y) to remove the obvious
1 1

outliers. Next, for the low-rank component, we set Ly = Uy *¢ gg and Rog = Vg *a gg,
where Uy *& Go *a vgl is the best tubal rank-r approximation of Y — 8g. Combining all
the steps mentioned above, we can now formally present the algorithm in Algorithm 1,
which we dub ScaledGD for simplicity. ScaledGD costs only O(ningonsr + n1n2n§ + (ny +
na)nar? +ngrd) flops per iteration provided r < ny Ang. For some special transforms, e.g.,
DFT, the per-iteration complexity is O(ninaonsr + ningnglog(ns) + (n1 + ng)nzr? + nsrs).
The breakdown of ScaledGD’s complexity is provided in Appendix G.
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GUARANTEED NONCONVEX LOW-RANK TENSOR ESTIMATION VIA SCALED GRADIENT DESCENT

Algorithm 1 ScaledGD for tensor robust PCA with spectral initialization
Input: Observed tensor Y, the transformation matrix ® associated with the transform L,
the tubal rank r, learning rate 1, maximum number of iterations 7', and threshold schedule
{Goo-
Spectral initialization: Let U xe Go *a Véi be the top-r t-SVD of Y — 8¢, where
So =Tey(Y)-

1 1
Set Lo=Uo*s G and Ro=Vox*s G¢.

Scaled gradient updates: for t =0,1,...,7 —1 do

Sip1 = 7Zt+1 (Y - Li*a R?{{)
Lo =Ly =1L xe RE +Spi1 — V) 6 Ry +a (RY +o Ry) ™ (15)
Rit1=Ri —n(Ls *a 'Rf + S — y)H *p Lt *@ (ﬁtH *P ﬁt)_l-

Output: The recovered low-rank tensor X1 = L7 *¢ ’qu{ .

Theoretical guarantees. The following theorem establishes that ScaledGD algorithm—
with proper choices of the tuning parameters, recovers the ground truth tensor X, as long
as the fraction of corruptions is not too large. For convenience, we denote n) = max(ni,n2)
and n(y) = min(ny,nz) in the following.

Theorem 13 Let Y = X, + 8, € R"M*™X ywhere X, is a multi-rank r tensor with
p-incoherence and S, is a-sparse. Suppose that the thresholding values {(:}72, obey that
| X+]loo < Co < 2| X|loo and Cev1 = pCt, t > 1, for some properly tuned (1 = 3—E2—a (X))

a

nzvninal Sr
and % <n< %, where p = 1—0.6n. Then the iterates of ScaledGD with spectral initialization
satisfy

0.03
1L:+a R — Xoullp < —~p'5s, (X)),

Vi
Loxp R — X, ||l < 30— H5r
th:' t *H —pnsm

S — 8.l <6p ' —Hr 5 (x, d S, C S, 16
St lloo < 6p ngx/WUT( ) and supp(S;) C supp(S,) (16)

657- (X*)7

sy

10%us-5k(ny+nang)

for allt > 1, as long as the level of corruptions obeys a < 105;2353’{2.
Note that the value of p was used to simplify the proof, and it should not be consid-
ered as an optimal convergence rate. Theorem 13 implies that upon appropriate choices of
parameters, if the level of corruptions satisfies o < ff’ ADUE e
~ pust-2k(ni+nong) n2s2k
that the proposed ScaledGD algorithm—starting from a carefully designed spectral initial-
ization, converges linearly to the ground truth tensor X, in both the Frobenius norm and
the entrywise /. norm at a constant rate, which is independent of the condition number,

even when the gross corruptions are arbitrary. Note that the choice of parameters relies

Wwe call ensure

11



on the knowledge of X', which is usually unknown in practice. Thus, Theorem 13 can be
considered as a proof for the existence of the appropriate parameters.

The proof of our convergence theorem follows the route established in Cai et al. (2021).
However, the algorithm in Cai et al. (2021) is designed for matrices, while the extension
from matrices to tensors is not trivial as different mathematical tools are required. For
example, we need to use the property of t-product to prove some bounds on norms of S,
and we have to interconvert between the original and transformed domains in the proofs.

3.3 Tensor Completion

We now consider the tensor completion problem. Let X, € R™*™2X7"3 he an unknown
tensor and it has tubal rank rank,(X,) = r. We assume to observe the entries of X, at
locations given by a set £ = {(i, j,k)|0;;r = 1}, where d;;;’s are independent and identically
distributed (i.i.d.) Bernoulli variables taking value one with probability p and zero with
probability 1 — p. We denote such a Bernoulli sampling by © ~ Ber(p). The goal of
tensor completion is to recover the tensor X, from its partial observation Po(X,), where
Pgq : Rrxnexns _y Ruixn2Xns jg 5 projection such that

L [X*]i,j,k7 if (iv.jv k) c Qa
[’PQ(X*)]M’R o { 0, otherwise.

This can be achieved by minimizing the loss function

. 1 H 2
o P S = Pa(L e RY X (a7)

Similar to tensor RPCA, the underlying low-rank tensor X is required to be incoherent
(cf. Definition 10) to avoid ill-posedness. One typical strategy to ensure the incoherence
condition in the matrix setting is to trim the rows of the factors after the gradient update
(Chen and Wainwright, 2015). However, we need to be careful here because we need to
preserve the equivariance with respect to invertible transforms. Again, inspired by Tong

et al. (2021a), we introduce the following projection operator: for every F = = €
R(n1+n2)><7‘><n37
P(F):= argmin [[(£L-L)*s (R *&R)2[r+[[(R-R)*s (L xaL)2[}
FecR(np+ng)xrxng
~H ~ 1 ~H ~.1
st. VmllLxs (R *3 R)2||200 V VN2 | R *@ (£ % L£)2]]200 <, (18)

where ¢ > 0 is the projection radius. Fortunately, following the proof in Tong et al. (2021a,
Proposition 7), this problem has a closed-form solution, as stated below.

Proposition 14 The solution to (18) is given by P.(F) = {é], where
L(iy::)= (1A — : —7 LG, i€ [m),
\/EH‘C(Z.’:?:) xp R HF
. S = . .
and R(j,::) = (1A JRG, Gl (19)

~ ~H
\/TTQHR(.L ) :) *P L ||F

12



GUARANTEED NONCONVEX LOW-RANK TENSOR ESTIMATION VIA SCALED GRADIENT DESCENT

Algorithm 2 ScaledGD for tensor completion with spectral initialization

Input: Partially observed data tensor Pq(X,), the transformation matrix ® associated
with the transform L, the tubal rank r, learning rate n, and maximum number of iterations
T.

Spectral initialization: Let U g Go *a V! be the top-r t-SVD of %PQ(X*), and set

2] () g

Vo *a G2
Scaled projected gradient updates: for t =0,1,...,7 — 1 do
) : (21)

L

[ m] o (

Rit+1
Output: The recovered low-rank tensor X7 = L7 xg ’R,jlf .
With this projection operator in hand, we are ready to propose our ScaledGD method with
the spectral initialization for solving tensor completion, as described in Algorithm 2. The
computational cost at each iteration is O(nijngnsr + pn1n2n§ + (n1 + n2)ngr? + nzrd) for
general linear transforms, with reduction to O(ningngr + pninanglog(ns) + (n1 +ng)ngr? +
ngr3) for DFT, which is much lower compared to the algorithm in Lu et al. (2019).

L0 1Pl va R~ ) on Ry vw (RY 45 o))
R — %Pn(ﬁt *P ’Rf - X*)H o Li *a (f’z{{ xp L)

Theoretical guarantees. Encouragingly, we can guarantee that ScaledGD provably re-
covers the ground truth tensor, as long as the sample size is sufficiently large.

Theorem 15 Suppose that X is p-incoherent, and that p satisfies p > c(“ST(nlJrnrj'l)lfi(L(smvm)m) Vv
p?s2k*0log((n1Vna2)ns)
(nl/\ng)ng
S > coy /B (X,) for some constant cc > 1.02. If the step size obeys 0 < n < 2, then with

S 7 S p Y n

n3

high probability, for all t > 0, the iterates of ScaledGD in (21) satisfy

) for some sufficiently large constant c. Set the projection radius as

dist(Fy, F,) < (1 —0.61)/0.025,, (X,) and ||L;xe RF — X,||p < (1 —0.60)'0.035, (X,).

Theorem 15 establishes that the distance dist(F¢, F,) contracts linearly at a constant

usr(ni+mna)log((niVna)ns) v
ninang

rate, as long as the probability of observation satisfies p 2 (
p?s2k4Llog((n1Vna)ns)

(nl/\ng)ng
ScaledGD takes at most O(log(1/€)) iterations, which is independent of the condition num-
ber, as long as the sample complexity is large enough.

). To reach an e-accurate estimate, i.e., |Lixe R — X, ||r < €54, (X)),

3.4 Robust Tensor Completion

Assume that we partially observe some entries of a data tensor Y € R™*"2%"3 of the form
Y =X, + 8, where X, is a tubal rank-r tensor and S, is a sparse tensor. The task of
robust tensor completion is to recover the two tensors X, and S, from the observations

13



Algorithm 3 ScaledGD for robust tensor completion with spectral initialization

Input: Partially observed data tensor Pq()Y), the transformation matrix ® associated

with the transform L, the tubal rank r, learning rate 7, maximum number of iterations T,
and threshold schedule {¢;}1,.

Spectral initialization: Let U e Go *a vgf be the top-r t-SVD of %’Pg(y - 8y),
where 8o = 7¢, (Pa(Y)).

1 1
Set Lo=Uo*e G5 and Ro=Vo*e G;-

Scaled gradient updates: for t =0,1,...,7 — 1 do

St+1 = 7-<t+1 (Pﬂ(y - K’t *P R{I))
Lo =Ly — gpnwt s¢ R +8111 - V) xa Ry va (R xa Ry) ™ (23)

Rit1 =Rt — g'Pn(ﬁt x3 R+ 8111 — V) e L xe (LF x5 L£4)7"

Output: The recovered low-rank tensor X7 = L7 xg T\’g .

Pa(Y) = Pa(X.+S8,), where the set of observed locations in 2 is sampled independently
according to the Bernoulli model with probability p. We also assume that Po(S,) is ap-
sparse, i.e., it has at most ap-fraction of nonzero entries per tube for each mode.

To avoid the nonconvex low-tubal-rank constraint on X, we rewrite X = £ xg R and
consider the following objective function:

1
min f(F.8) = %Hpﬂ(c e RIE+S -5 (22)

f:[ﬁH,RH]HGR(n1+n2)XTXTLS,SGRnl XngXng

Similar to Algorithm 1, we first initialize the sparse tensor by Sy = 7¢,(Pn(Y)) and take

1 1

Lo = U *e GZ and Ro = Vo *a G¢, where Uy *a Go *3 Vi is the best tubal rank-r
approximation of %’Pg(y — 8p). Note that p~! is necessary here to reweight the expec-
tation of sampling operator (Recht, 2011). In the phase of iterative updates, we alterna-
tively update the sparse and low-rank components in the fashion of ScaledGD, formally
stated in Algorithm 3. For any invertible linear transforms, the per-iteration complexity is
O(ningnsr + pningn + (n1 + na)nagr? +nar®). For some special transforms, e.g., DFT, the
per-iteration complexity is O(ninansr + pninsnglog(ng) + (n1 + na)ngr? + ngrd).

Theoretical guarantees. The following theorem states that ScaledGD algorithm—with
proper choices of the tuning parameters, recovers X, with high probability, as long as the
fraction of corruptions is not too large and the number of observations is large enough.

Theorem 16 Let Po(Y) = Pa(Xi+8y) € RMX"2X1 yhere X, is a multi-rank r tensor
with p-incoherence and Pq(Sy) is ap-sparse. Suppose that the thresholding values {(:}52
obey that |Pa(Xy)|leo < (o < 2[|Pa(Xy)|lco and (iv1 = plt, t > 1, for some properly tuned

= 3713\‘/‘%6&(3?*) and % <n <3 where p=1-—03n. Then the iterates of ScaledGD
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GUARANTEED NONCONVEX LOW-RANK TENSOR ESTIMATION VIA SCALED GRADIENT DESCENT

satisfy

0.03
1L:+a R — X.llp < =~ p'5s, (X)),

g
\/Zp .
1L+ R — X, oo < 3p— 1205,
= ngvnangl

H&—SA%&(S&*J%@T(X*) and supp(S;) C supp(Pa(Sy)  (24)

for all t > 1, as long as the level of corruptions obeys a <

(X)),

N3, /M(z)N2 A

3
10%pust-2k(ni+nans) K2 and

pn:
10622
the probability to observe an entry is high enough, i.e.,

1.5571‘.5(

p > clog((ny V n2)ns) max (,u

ny + ng) st Sy K2 )
)n3

n3,/ning ’ ng\/(nl A n2)n3’ \/(m A Ny

for some sufficiently large constant c.

Theorem 16 establishes that the proposed ScaledGD algorithm (cf. Algorithm 3) finds
the ground truth tensor at a constant linear rate, as long as the fraction of corruptions sat-

isfies a < us;)' ?i(vnri(j)nzzn?)) A MZ”S?”HQ and the probability of observation satisfies p 2 log((n; V
pPs)5(n14na) p’szt psy k2 > Noti hat i Theo-
ng)ns) max( TV men/om s’ Vinmane) otice that in contrast to Theo

rem 13, the upper bound of « is proportional to the value of p, which is aligned with
the intuition that as we observe more entries in Y, it is still possible to recover X, even for
a higher level of corruptions in X,.

3.5 Tensor Regression

We now move on to the tensor regression problem. Assume that we have collected a set of
observations, given by

y=AX,) €R" with y; = (A;, X,),i=1,...,m, (25)

where each A; € R™*"2*" corresponds to the i-th measurement tensor, and A(X) =
{(A;, X))}, is a linear map from R™*"2*"3 to R™. The goal of tensor regression is to
recover X, from y, especially when the number of observations m < ninsns. The preceding
discussion helps us pose this problem in terms of the following optimization problem:

1
. F) == L RH o 2. 2%
e R ey T T = ML e RE) — i (26)

The proposed ScaledGD algorithm to minimize (26) is summarized in Algorithm 4.
The algorithm starts with an initialization step by applying t-SVD on A*(y), followed by

scaled gradient updates given in (28), where A*(-) is the adjoint operator of A(-), defined
as A*(y) = 1%, viAi

Theoretical guarantees. To understand the performance of ScaledGD for tensor regres-
sion, we adopt a standard assumption on the measurement operator A(-), namely the tensor
restricted isometry property (TRIP).
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Algorithm 4 ScaledGD for low-rank tensor regression with spectral initialization

Input: Linear map A(-), observation vector y, the transformation matrix ® associated
with the transform L, the tubal rank r, learning rate n, and maximum number of iterations
T.

Spectral initialization: Let U *a Go *o Vé{ be the top-r t-SVD of A*(y), and set

1 1
Set Lo=Upy*s gg and R =V * gg (27)

Scaled projected gradient updates: for t =0,1,...,7 — 1 do

Li1 =L —nA (AL xa RY) — y) %o Ri o (R %6 Ry) 7! (28)
Rt—i—l = Rt — T]A*(A(Et *P Rfl) — y)H *P Et *P (Eg{ *P Et)il.

Output: The recovered low-rank tensor X7 = L7 xg 'ng .

Definition 17 (TRIP (Rauhut et al., 2017)) The linear map A(-) : RmM>"2xns 5 R™
is said to obey the tubal rank-r TRIP with a constant 6, € (0,1), if for all tensors X €
R™Xn2Xn3 o f tubal rank at most r, the following condition holds

(1= o)l X% < JAX)]Z < 1+ 6,12

If A(-) satisfies tubal rank-2r TRIP with dg, € (0, 1), then for any two tensors X1, Xg €
RMxn2Xn3 of tubal rank at most r, we have

(1= 620)[| X1 — Xo||7 < AKX — X2)|I3 < (14 02) | X1 — o[ F

The TRIP under the higher-order singular value decomposition (HOSVD), the tensor train
(TT) format, and the Tucker decomposition has been investigated extensively (Rauhut
et al., 2017).

Theorem 18 Suppose that A(-) obeys the 2r-TRIP with 62, < 0.02/(\/ k). If the step
size obeys 0 < n < %, then for all t > 0, the iterates of the ScaledGD method in Algorithm /
satisfy

dist(F;, F.) < (1 —0.61)'0.15,, (X,) and || L% RE — X, ||r < (1 —0.61)'0.15G,, (X ).
Theorem 18 establishes that the distance dist(Fy, F,) contracts linearly at a constant
rate, as long as do S 1/(y/%F ). To reach e-accuracy, i.e., | Ls *@ RE - X,||r < evs, (X,),

ScaledGD again takes at most T = O(log(1/¢€)) iterations, which is independent of the
condition number x of X,.

4. Proof Sketch

In this section, we provide some intuitions and sketch the proof of our main theorems.
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GUARANTEED NONCONVEX LOW-RANK TENSOR ESTIMATION VIA SCALED GRADIENT DESCENT

4.1 ScaledGD for Tensor Factorization

To shed light on why ScaledGD is robust to ill-conditioning, we first consider the problem
of factorizing a tensor X', into two low-rank factors:

F(F) = € e RY — .. (29)

min
]::[LH7RH]H€R(n1+n2)><r><n3
Recalling the update rule (4), ScaledGD proceeds as follows:

L1 =L —n(Ly xp 'Rfl — X)) x& R *@ (’Rfl *P ’Rt)_l,
Ri1=Ri—n(Lixae R — X)" % Ly 5 (L xo L), (30)

Due to property (8), problem (29) can be transformed into the transformed domain by
solving the following problem:

) = = j S
min f(L,R) = ﬂHLRH — X*H%, (31)

?:[EH,EH]HGC(nl-‘—nZ)ﬂB xXngr

where L = bdiag(L) as defined in (7). Note that we use F = LI%] here to denote the

vertical concatenation of L and R, which differs from the matrix F' = bdiag(F) only by

a permutation of rows, where F = L(F) with F = [[' . This is now a standard matrix

q
least-squares problem, up to a scalar. The gradients of f (fp) in (31) with respect to L and
R are given by

1

Vi f(F)=5(LR" - X, )R and Vgf(F) E(ERH—X*)HE,

|

which allows for the computation of the Hessian with respect to L and R. When written
in terms of the vectorized variables, the Hessians are expressed as

1 1
Y Y
where ® denotes the Kronecker product. Let vec(A) denote the vectorization of a matrix
A. Viewed in the vectorized form, it is not difficult to check that the ScaledGD update

(30) is equivalent to approximating the Hessian of the loss function (31) by only keeping its
diagonal blocks, i.e.,

V2 F(F) = J(RUR) @ Lyn, and V2 o f(F) = 5(L7L) @ Ly,

-1

_ V2 _f(Fy) 0 _
vec(Vzf(Fy)).

~ ’,7 =
vec(F1y1) = vec(F}) — 7 L’LO V2 ()
rRR V!

Under this formulation, the ScaledGD update corresponds to a Newton-type update up to a
constant step size, yielding a natural quasi-Newton interpretation where the preconditioner
is designed as the inverse of the diagonal approximation of the Hessian. Compared with
vanilla gradient descent, ScaledGD exploits additional curvature information through a

structured scaling of the gradient. This quasi-Newton interpretation provides a natural
explanation for its improved convergence behavior, especially in ill-conditioned regimes.
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Theoretical guarantees for tensor factorization. The following theorem, whose proof
can be found in Appendix B, formally establishes that as long as initialization is not too far
from the ground truth, dist(F;, F,) will contract at a constant linear rate for the tensor
factorization problem.

Theorem 19 Suppose that the initialization Fo satisfies dist(Fo, Fy) < %6ST(X*). If

the step size obeys 0 < n < %, then for all t > 0, the iterates of the ScaledGD method in
(30) satisfy

. 0.1_ 0.15 _
dist(Fy, Fo) < (1 - 0.777)2?%%(;(*) and ||C;xe RY — X, |p < (1 0.777)t%05r(k’*).

4.2 Proof Outline for Tensor RPCA

The proof of Theorem 13 is inductive in nature, where we aim to establish the following
induction hypothesis at all the iterations:

€
Vi
1 1 (=
V(Lo %0 Q — £4) ¥a G2 a0 V V12| (Ri %8 Q7 — R.) %8 G2 a0 < 1/ ot plarg, (Xs).
ngﬁ

diSt(.’Ft,.'F*) < PtasT (X*)7 and

The following two lemmas, establishes the induction hypothesis for both the induction case
and the base case. We start by outlining the local contraction of the proposed Algorithm 1.

Lemma 20 (Local contraction) Let Y = X, + 8, € R™*"2XM yhere X, = L, *a ’R,f
is a multi-rank r tensor with u-incoherence and S, is a-sparse. Let Q; be the optimal

. L L . Vo]
alignment tensor between [Rj and ['Rj . Under the assumption that o < 104uz;5(n7$f52n3),

if the spectral initialization obeys the conditions

€
dist(F ,.7: S 775,,- X )
(Fo, F) \/ZU (Xs)
Sp _

1 1
Vit l(£o *a Qo — L) %8 G |l2.00 V v/2l|(Ro %8 Q51 = R) & G2 2,00 < 4/ ’;—Sgasxx*)

with € = 0.02, then by setting the thresholding values (; in Theorem 15 and the step size
% <n< %, the iterates of Algorithm 1 satisfy

€
Ve
1 1 r _
VTN 50 Qi — L£4) %8 G2 ||2.00 V V2|l (Re %6 Q7 — Ry #a G2 |la.oe < 1/ ok o164, (Xo),
ngl

diSt(.’Ft,.'F*) < Ptasr(x*)v

where the convergence rate p =1 — 0.61.

The following lemma ensures that the spectral initialization satisfies the distance and inco-
herence conditions.
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GUARANTEED NONCONVEX LOW-RANK TENSOR ESTIMATION VIA SCALED GRADIENT DESCENT

Lemma 21 (Guaranteed initialization) Let Y = X, + S, € R™*X"2X"  yhere X, =
L. xo RI is a multi-rank v tensor with p-incoherence and S, is a-sparse. Under the

2
. cqan. .y .
assumption that o < ,CPI+,L2,L3 N 2525 for some small positive constant co < 0.06 and
psk-Sk HosER
3vnin2

the choice of the thresholding value || X||co < (o < 2[|X||co, the spectral initialization
satisfies

5
dist(Fo, F.) < 2L5, (X,) and

Ve
1 _ 1 Sp _
Vill(£oxa Qo = £2) %8 G laoe V V(R %a Q5™ = Ra) va G oo < /1500, (X2),
. . K«O L:*
where Qg be the optimal alignment tensor between and .
RO R*

The proofs of the above two lemmas are provided in Appendix C. We also present the
following lemma that verifies the selection of thresholding value is indeed effective.

Lemma 22 (Cai et al. (2021), Lemma 5) At the (t + 1)-th iteration of Algorithm 1,
taking the thresholding value (141 = || X — X¢||eo gives

[Ss = Sitilloo < 2| Xy — Xi|loo and  supp(Siq1) € supp(S.y).

4.3 Proof Outline for Tensor Completion

We start with the following lemma that ensures the scaled projection in (19) satisfies both
non-expansiveness and incoherence under the scaled metric.

Lemma 23 Suppose that X, is pi-incoherent, and dist(F,F,) < %5ST(X*) for some € <

L. Set ¢ > (1+€),/E%01(X ), then Po(F) satisfies the non-expansiveness

dist(P.(F), F,) < dist(F, F,),
and the incoherence condition
V1L %8 R [2.00 V /N2 | R % L ||2,00 < s.

Our next lemma guarantees the fast local convergence of Algorithm 2 as long as the sample
complexity is large enough and the parameter ¢ is set properly.

Lemma 24 Suppose that X, is pu-incoherent, and p > C(MST(erm)log((mVnz)ns)\/uzsgn‘lelog((mVnz)m))

n1n2n3 (n1An2)n3

for some sufficiently large constant c. Set the projection radius as ¢ > cc ’éi;&l(?{'*) for

some constant cc > 1.02. Under an event G which happens with high probability, if the t-th

iterate satisfies dist(F¢, Fy) < %5& (X,), and the incoherence condition

VIILIIL: %3 R ||2.00 V vR2| Rt ¥@ L [2.00 < <,
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then ||Ls x@ RE — X, ||p < 1.5dist(Fy, F,). In addition, if the step size obeys 0 < n < %,
then the (t + 1)-th iterate F+1 of the ScaledGD method in (21) of Algorithm 2 satisfies

diSt(f't_i_l, .7:*) S (1 — O.677)dist(.7:t, f*),
and the incoherence condition
VALl Leer #e Ry ll2,00 V V2| Rist #e L1 ||2.00 < <.

Therefore, if we can find an initialization that is close to the ground truth and satisfies
the incoherence condition, Lemma 24 guarantees that the iterates of ScaledGD remain
incoherent and converge linearly.

Lemma 25 Suppose that X, is u-incoherent, then with high probability, the spectral ini-
1

- 3

tialization before projection Fg = [Llo e g({] in (20) satisfies
Vo *e G

L~ wusy log((ny V no)ns) sy log((ny V no)ns) Sy _
dist < — ko, (Xy).
ist(Fo, Fu) < C( png/ning + p(n1 Ang)ng )5 ¢ ()

Therefore, as long as p > cus2k?log((n1 V na)ns)/((n1 A n2)ns) for some sufficiently large

constant ¢, the initial distance satisfies dist(Fo, Fy) < L\?;&sT(X «). We can then invoke

Lemma 23 to have that Fy = 7%(.’7-'0) meets the conditions required in Lemma 24, which
further enables us to repetitively apply Lemma 23 to finish the proof of Theorem 15. The
proofs of the three supporting lemmas can be found in Appendix D.

4.4 Proof Outline for Robust Tensor Completion

We first present the following two lemmas of local linear convergence and guaranteed ini-
tialization, whose proofs are deferred to Appendix E. Then the claims in Theorem 16 follow
immediately in the same fashion as the proof of Theorem 13 by setting c¢g < 0.001.

Lemma 26 (Local contraction) Let Po(Y) = Pa(X.+S,) € RM*X"2X" where X, =
L, x¢ RY is a multi-rank v tensor with p-incoherence and Pq(S,) is ap-sparse. Let

*
R«

N3 .« T 1.5.1.5 ) 2.2 )
a< 413 35\/ ()12 . where p > ¢ phPsp? (n14n2) log((n1Vna)na) V2 s2llog((n1Vna)ng)
104 pusl-2(n1+mnang) ng/ming ng\/(nl/\ng)ng

sufficiently large constant c. If the spectral initialization obeys the conditions

Q; be the optimal alignment tensor between [,ﬁj and [ } Under the assumption that
t

) for some

€

N/
1 1

V(Lo *e Qo — L) %8 G2|l2.00 V V2| (Ro %8 Q5 — R.) xa G2 2,00 < 4/ Z?

dist(Fo, Fy) < 7s,.(Xs),

s, (Xy)
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with € = 0.02, then by setting the thresholding values (; in Theorem 16 and the step size
% <n< %, the iterates of Algorithm 8 satisfy

plas, (Xy),

€

N
1 1 Sr 4

V(i e @1 — L) %@ G2 [|2.00 V vl (R #0 Q7 — R) %0 GF||2.00 < /;‘3 £0'Ts, (X.),

diSt(ft,F*) S

where the convergence rate p =1 — 0.3n.

Lemma 27 (Guaranteed initialization) Let Pq(Y) = Pa(X. + S,) € Rmxn2xns
where X, = L, % ’Rf is a multi-rank r tensor with p-incoherence and Pqo(Sy) is ap-

2
. capn. ey
sparse. Under the assumption that o < —— C,?ﬂnws A #35222 for some small positive con-
Tongyning "

stant co < 0.05, where p > cusyr2log((n1 Vng)nz)//(n1 A ng)ng for some sufficiently large
constant c. Given the choice of the thresholding value | Pa(Xx)|lco < (o < 2||Pa(X ) |loo,
the spectral initialization satisfies

.01
5¢o +0.01 7s,(Xx) and
Vi
Sr _

1 1
V(Lo %3 Qo — £4) %8 G2 ||2.00 V 12|l (Ro %8 Q5 — Ra) %8 G2 2,00 < 4/ Z—Masxx*),

dlSt(f(],F*) S

where Qg be the optimal alignment tensor between Lo and Ex .
RO R*

4.5 Proof Outline for Tensor Regression

Now we turn to the proof outline for tensor regression (cf. Theorem 18). Leveraging the
TRIP of A(-), we can establish the following local convergence guarantee of ScaledGD, as
long as the iterates are close to the ground truth.

Lemma 28 Suppose that A(-) obeys the 2r-TRIP with 62, < 0.02. If the t-th iterate satisfies
dist(Fy, Fy) <016, (X4), then ||Lxe RE — Xy||p < 1.5dist(Fy, F.). In addition, if the
step size obeys 0 < n < %, then the (t + 1)-th iterate Fy1 of the ScaledGD method in (28)
of Algorithm 4 satisfies

diSt(fH_l, .7:*) < (1 - OGT])dlSt(ft, F*)

To establish the induction hypothesis, we still need to check the quality of the spectral
initialization, for which we have the following lemma.

Lemma 29 Suppose that A(-) obeys the 2r-TRIP with a constant da.. Then the spectral
initialization in (27) for low-rank tensor regression satisfies

dist(Fo, F.) < 50 \/fmasr(x*)-

As a result, setting do, < 0.02/(/° k) as specified in Theorem 18, the initial distance
satisfies dist(Fp, Fx) < 0.165, (X ), allowing us to invoke Lemma 28 recursively. The proof
of Theorem 18 is then complete. The proofs of Lemma 28 and Lemma 29 can be found in
Appendix F.
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5. Numerical Experiments

In this section, we present several experimental results demonstrating the effectiveness of our
proposed methods. We first provide numerical experiments to corroborate our theoretical
findings. Then we evaluate the performance of our algorithms by focusing on video denoising
and background initialization tasks. All experiments are performed in Matlab with an AMD

Ryzen 9 5950X 3.40GHz CPU and 64GB RAM.

5.1 Synthetic Data Experiments

We compare the iteration complexity of ScaledGD with vanilla gradient descent (GD). For
fair comparison, both algorithms start from the same spectral initialization, and the update
rule of GD is given by

[ft—i-l =L — UGDV[,f(Et;Rt)a
Rt—l—l =R — UGDva(Lt; Rt)v

where ngp = 1/51(X) stands for the step size for vanilla GD.

In this experiment, we adopt two invertible linear transforms: (a) Discrete Fourier
Transform (DFT) and (b) Discrete Cosine Transform (DCT). For simplicity, we set n; =
ng = n. We generate the ground truth tensor X, € R™*"*"3 ag follows. We first generate
an n X r X ng tensor with i.i.d. random signs, and take its r left singular tensors as U,,
and similarly for V,. The diagonal entries in each frontal slice of the f-diagonal tensor G,
are set to be linearly distributed from 1 to 1/k. Then the underlying low-rank tensor is
generated by X, = U, 3 Gy *a Vfi , which has the specified condition number s and tubal
rank r. We consider the following four low-rank tensor estimation tasks:

e Tensor RPCA. We generate the sparse corruption tensor by uniformly and indepen-
dently sampling a-fraction of the entries as the non-zero locations of S, with o = 0.1.
The magnitudes of the non-zero entries of S, are sampled i.i.d. from the uniform
distribution over the interval of [—E[|X|; j ], E[|X i jx]]. The observation tensor is
Y=X,+8,+W, where W, ~ N(0,02) composed of i.i.d. Gaussian entries.

o Tensor completion. We assume random Bernoulli observations, where each entry of
X, is observed with probability p = 0.4 independently. The observation is Y =
Pa (X, +W), where W, ;. ~ N(0,02) is composed of i.i.d. Gaussian entries. More-
over, we perform the scaled gradient updates without projections.

o Robust tensor completion. The problem formulation is stated in Section 3.4. We first
generate the corruption using a sparse tensor S, € .%, with @ = 0.1. The observation
is generated by Y = Pq (X, + S4), where € is generated according to the Bernoulli
model with probability p = 0.6.

e Tensor regression. The problem formulation is detailed in Section 3.5. Here, we collect
m = bnngr measurements in the form of y; = (A;, X,), in which the measurement
tensors A; are generated with i.i.d. Gaussian entries with zero mean and variance
1/m.
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Figure 1: The relative errors of ScaledGD and vanilla GD with respect to the iteration
count under different condition numbers k = 1,5,10,20 for (a/b) tensor RPCA, (c/d)
tensor completion, (e/f) robust tensor completion, and (g/h) tensor regression.

We simply set n = 0.4 for the robust tensor completion problem and fix n = 0.5 for both
ScaledGD and vanilla GD for the other three problems (see Figure 3 for justifications). The
hyperparameters for tensor RPCA and robust tensor completion are set as follows: (g = 0.5,
(1 = 0.5, and p = 0.95. For simplicity, we set n3 = n = 100 and r = 10 for the first three
problems and set n = 50, ng = 20 and r = 5 for the tensor regression problem.

We first illustrate the convergence performance under noise-free observations, i.e., W =
0. Figure 1 shows the relative reconstruction error ||X; — X| r/|| X «||F with respect to the
iteration count ¢ for the four problems under different condition numbers £ = 1,5, 10,20
using the two transforms. For the tensor RPCA and robust tensor completion problems,
ScaledGD converges at the same rate as vanilla GD under good conditioning (e.g., k = 1,5
for tensor RPCA and x = 1 for robust tensor completion); under ill-conditioning, i.e., when
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Figure 2: The relative errors of ScaledGD and vanilla GD with respect to run time (in
seconds) under different condition numbers x = 1,5,10,20 for (a/b) tensor RPCA, (c/d)
tensor completion, (e/f) robust tensor completion, and (g/h) tensor regression.

k is large, ScaledGD converges linearly with a rate that is independent of x, while vanilla GD
does not converge because the relative error stays above 10~4. For the tensor completion
and tensor regression problems, we can see that ScaledGD converges rapidly at a rate
independent of the condition number, and matches the fastest rate of vanilla GD with perfect
conditioning kK = 1. We plot the relative reconstruction errors of ScaledGD and vanilla
GD for the four problems with respect to the algorithm running time (in seconds) under

different condition numbers x = 1,5,10,20 in Figure 2. We again observe the advantage
of ScaledGD over vanilla GD for the tensor RPCA and robust tensor completion problems
under ill-conditioning because vanilla GD does not converge in this scenario. For the tensor

completion problem, although vanilla GD runs slightly faster than ScaledGD when x = 1,
the convergence rate of vanilla GD deteriorates quickly with the increase of k. As such,
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(c) Tensor Completion, DFT (d) Tensor Completion, DCT

Figure 3: (a) and (b) show the relative errors of ScaledGD and vanilla GD after 300 it-
erations with respect to different (;’s from 0.1 to 1 under different condition numbers
k = 1,5,10,20 for tensor RPCA with n = 100, » = 10, and o = 0.1. (c) and (d) show
the relative errors of ScaledGD and vanilla GD after 300 iterations with respect to different
step sizes 7 from 0.1 to 1.2 under different condition numbers x = 1,5,10,20 for tensor
completion with n = 100, » = 10, and p = 0.4.

under ill-conditioning, the computational burdens can be substantially increased for vanilla
GD compared to ScaledGD. Finally, Figure 2g and Figure 2h suggest that ScaledGD can
be as fast as vanilla GD even under perfect conditioning for tensor regression, while vanilla
GD turns out to be much slower than ScaledGD when & increases.

Next, we study the sensitivity of the convergence behavior of ScaledGD with respect
to the choice of the hyperparameters. We first examine the effect of {1 on the convergence
speeds of ScaledGD and vanilla GD for tensor RPCA by fixing ¢, = 0.5, n = 0.5, and
p = 0.95. We run both algorithms for at most 300 iterations (the algorithm is terminated if
the relative error exceeds 10%). As indicated in Figure 3a and Figure 3b, ScaledGD achieves
exact recovery over a wide range of (i values, i.e., the relative error is always below 10~° and
the recovery performance remains unaffected by the condition number. In contrast, vanilla
GD cannot achieve exact recovery when x gets large. Figure 3¢ and Figure 3d illustrate
the convergence speeds of ScaledGD and vanilla GD under different step sizes for tensor
completion, where we again run both algorithms for at most 300 iterations. It can be seen
that ScaledGD outperforms vanilla GD over a large range of step sizes, even when the step
size of vanilla GD is optimized for its performance. Hence, our choice of n = 0.5 in the
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Figure 4: The relative errors of ScaledGD and vanilla GD with respect to the iteration
count under the condition number x = 10 and signal-to-noise ratios SNR = 40, 60, 80dB for
(a/b) tensor RPCA and (c/d) tensor completion.

previous tensor completion experiments for the comparison between ScaledGD and vanilla
GD is reasonable.

Finally, we examine the performance of ScaledGD for tensor RPCA and tensor com-
pletion under Gaussian noisy observations. We denote the signal-to-noise ratio as SNR :=

legzzlf%, in dB. We plot the relative error ||X; — X,||r/||X«||F with respect to the
iteration count ¢ in Figure 4 under the condition number £ = 10 and various SNR =
40, 60,80dB. For tensor RPCA, ScaledGD achieves smaller error compared to vanilla GD.
For tensor completion, both methods achieve the same statistical error eventually, but
ScaledGD converges much faster. In addition, the convergence speeds of ScaledGD are

irrespective of the noise levels.

10 ].Oglo

5.2 Real-World Applications

In this section, we apply ScaledGD for tensor RPCA and compare the performance of
ScaledGD with other tensor RPCA algorithms, including TRPCA (Lu et al., 2020; Lu,
2021), ScaledGD using Tucker decomposition (ScaledGD-Tucker) (Dong et al., 2023b) and
EAPT (Qiu et al., 2022) on real datasets. We again use two different linear transforms for
ScaledGD, TRPCA and EAPT in all experiments, i.e., DFT and DCT. The corresponding
methods of ScaledGD are called ScaledGD-DFT and ScaledGD-DCT for short, and this
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Table 1: Comparison of video data denoising performance with different levels of corrup-
tions. The best result is shown in bold.

Methods a=0.05 a=0.1
Time(sec) RSE PSNR | Time(sec) RSE PSNR
Carphone
TRPCA-DFT 185.88 0.0658  30.5242 185.47 0.0678  30.2640
TRPCA-DCT 215.57 0.0655  30.5618 216.82 0.0673  30.3350
ScaledGD-Tucker 53.77 0.1384  24.0724 53.57 0.1364  24.1950
EAPT-DFT 30.42 0.0648  30.6570 30.28 0.0654  30.5801
EAPT-DCT 25.62 0.0679  30.2524 25.70 0.0685  30.1802
ScaledGD-DFT 35.09 0.0603 31.2809 33.08 0.0624 30.9828
ScaledGD-DCT 26.80 0.0632  30.8775 25.53 0.0655  30.5617
Coastguard

TRPCA-DFT 165.00 0.0511 31.7435 164.15 0.0537 31.3203
TRPCA-DCT 196.24 0.0570  30.8040 199.77 0.0595  30.4273
ScaledGD-Tucker 39.37 0.1442  22.7378 39.29 0.1432  22.7957
EAPT-DFT 24.30 0.0611  30.2289 24.24 0.0621  30.0861
EAPT-DCT 23.64 0.0734  28.6131 23.54 0.0748  28.4520
ScaledGD-DFT 23.23 0.0578  30.6929 22.96 0.0597  30.4192
ScaledGD-DCT 20.81 0.0696  29.0768 20.64 0.0723  28.7491

Input

Figure 5: Video denoising examples of “Carphone” (top) and “Coastguard” (bottom) for
a=0.1.

naming convention is the same for TRPCA and EAPT. We fix A = 1/y/max(nq,n2)¢ for
TRPCA and tune the parameters of ScaledGD-Tucker and EAPT to achieve their best
performance.

Video denoising. Here, we compare the performance of different methods on video de-
noising. Specifically, we select two video sequences “Carphone” and “Coastguard” from
YUV video sequences! for comparison. We randomly select a-fraction of pixels in each
frame and add white Gaussian noise with variance 0.1 on these pixels. We adopt two met-
rics, namely, the Peak Signal-to-Noise Ratio (PSNR) and the relative standard error (RSE)
for evaluation. For ScaledGD, the parameters are set to be (; = 0.5, (1 = 0.5, n = 0.5,

1. http://trace.eas.asu.edu/yuv/index.html
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(a) DFT (b) DCT

Figure 6: Parameter sensitivity analysis with respect to ¢; and n on the “Carphone” se-
quence.

p = 0.9 and r = 20. The numerical results in Table 1 demonstrate that t-SVD based
methods achieve much better performance than ScaledGD-Tucker in terms of higher PSNR
values and lower RSE values, which suggests that t-SVD provides a more realistic mod-
elling scenario compared to Tucker decomposition for such data. ScaledGD-DFT achieves
superior recovery accuracy compared to the state-of-the-art methods for “Carphone” se-
quence. While the PSNR value for ScaledGD-DFT is slightly lower than TRPCA-DFT for
“Coastguard” sequence, the running time of TRPCA-DFT is 7 times of that of ScaledGD-
DFT because ScaledGD eliminates the need for full t-SVD computations within TRPCA.
Figure 5 provides two visual examples depicting the recovery results.

We also conduct experiments on “Carphone” sequence to show the effect of the param-
eters (1 and 7 on the PSNR value by fixing (, = 0.5 and p = 0.9. The PSNR results with
different combinations of {; and 7 for DF'T and DCT are given in Figure 6a and Figure 6b,
respectively. It is evident that competitive performance can be obtained over a wide range
of parameters, e.g., the PSNR value can be above 31 when (7,7 > 0.2 for DFT.

Video background subtraction. We show the effectiveness of the proposed ScaledGD
on the Background Models Challenge (BMC) dataset? (Vacavant et al., 2013) for video
background subtraction. Here, the low-rank tensor corresponds to the relatively static back-
ground across frames, while the foreground consisting of moving objects, which are usually
sparsely distributed in the video frames and can be viewed as outliers, correspond to the
sparse tensor. Thus, it is reasonable to apply tensor RPCA to separate the background and
foreground. The dataset contains 9 real video sequences and we use all these sequences for
both qualitative and quantitative analysis. To evaluate the performance of ScaledGD, the
Precision, Recall, and F-measure, are used as basic evaluation metrics. For both ScaledGD-
DFT and ScaledGD-DCT, we fix {; = 0.15, {1 = 0.15, n = 0.85, p = 0.95, r = 5. As can be
seen from Table 2, EAPT-DCT takes the least running time and ScaledGD-DCT is only a
little slower than EAPT-DCT. While ScaledGD-Tucker tends to give us a high recall value,
ScaledGD-DFT and ScaledGD-DCT achieve the highest F-measure scores for 6 videos. For
Video 7, the performance of ScaledGD-DFT and ScaledGD-DCT is also comparable to that

2. http://backgroundmodelschallenge.eu/
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Table 2: Background subtraction results on the BMC dataset. The best result is shown in
bold and the second best on F-measure and running time (in seconds) is underlined.

Methods | Metrics ||Video 1|Video 2|Video 3|Video 4|Video 5|Video 6|Video 7|Video 8|Video 9
Precision || 0.5618 [0.7175| 0.4657 {0.3893|0.6078 |0.6378| 0.6238 |0.5967 | 0.3094
TRPCA | Recall 0.6367 | 0.5500 | 0.9147 | 0.7488 | 0.7036 | 0.6368 | 0.6088 | 0.6776 | 0.8428
-DFT  |F-measure|| 0.5812 | 0.5565 [0.6119|0.4741| 0.5733 | 0.5861 | 0.5650 | 0.6211 | 0.4212
Time 102.86 | 124.17 | 14.83 | 80.36 | 105.59 | 127.40 | 145.10 | 70.87 | 76.64
Precision || 0.5559 | 0.7154 | 0.4646 | 0.3877 | 0.6072 | 0.6374 |{0.6245]| 0.5912 | 0.3160
TRPCA | Recall 0.6340 | 0.5512 | 0.9143 | 0.7510 | 0.7082 | 0.6401 | 0.6107 | 0.6765 | 0.8434
-DCT  |F-measurel|| 0.5766 | 0.5567 | 0.6107 | 0.4733 | 0.5750 | 0.5881 [0.5671| 0.6174 | 0.4306
Time 137.14 | 165.57 | 14.32 | 106.39 | 142.36 | 168.28 | 189.68 | 93.19 | 101.81
Precision || 0.2466 | 0.4249 | 0.0824 | 0.0297 | 0.1972 | 0.2241 | 0.2247 | 0.1751 | 0.0156
ScaledGD| Recall |/0.8107]0.8304|0.9503|0.8908|0.9305|0.8277|0.8109|0.8167|0.8887
-Tucker |F-measure|| 0.3546 | 0.5356 | 0.1504 | 0.0550 | 0.2952 | 0.3244 | 0.3184 | 0.2755 | 0.0301
Time 18.96 | 26.76 | 5.55 15.64 | 21.17 | 23.20 | 27.02 | 14.24 | 17.63
Precision || 0.5443 | 0.6271 | 0.0292 | 0.0887 | 0.4789 | 0.5254 | 0.5275 | 0.5138 | 0.1657
EAPT Recall 0.7430 | 0.6423 | 0.3698 | 0.7552 | 0.8676 | 0.7200 | 0.6797 | 0.7846 | 0.7693
-DFT  |F-measure|| 0.6220 | 0.5795 | 0.0537 | 0.1338 | 0.5491 | 0.5601 | 0.5436 | 0.6042 | 0.2518
Time 12.38 | 15.55 3.87 10.25 | 13.24 | 14.64 | 16.34 | 9.62 11.03
Precision || 0.5603 | 0.6342 | 0.0233 | 0.0705 | 0.4918 | 0.5311 | 0.4574 | 0.4545 | 0.1096
EAPT Recall 0.7464 | 0.6513 | 0.3992 | 0.7647 | 0.8772 | 0.7252 | 0.7210 | 0.7918 | 0.7594
-DCT  |F-measurel|| 0.6338 | 0.5912 | 0.0437 | 0.1127 | 0.5605 | 0.5701 | 0.5154 | 0.5513 | 0.1786
Time 7.37 | 9.15 2.30 | 5.79 7.78 | 8.61 9.22 | 5.70 | 6.51
Precision || 0.6181 | 0.6849 [0.6467| 0.3705 | 0.5382 | 0.5831 | 0.5775 | 0.5782 | 0.6085
ScaledGD| Recall 0.7031 | 0.6046 | 0.3387 | 0.7209 | 0.8263 | 0.6837 | 0.6551 | 0.7580 | 0.7225
-DFT  |F-measure|| 0.6483 | 0.5879 | 0.4087 | 0.4220 | 0.5841 | 0.5891 | 0.5636 [0.6451| 0.6363
Time 10.96 | 14.54 | 2.97 10.41 | 12.87 | 13.74 | 16.24 | 9.94 10.39
Precision ||0.6322| 0.6916 | 0.6432 | 0.3733 | 0.5674 | 0.5844 | 0.5742 | 0.5722 | 0.6095
ScaledGD| Recall 0.7101 | 0.6057 | 0.3639 | 0.7193 | 0.8535 | 0.6881 | 0.6546 | 0.7602 | 0.7357
-DCT  |F-measure||0.6605|0.5924 | 0.4338 | 0.4188 |0.6172|0.5935| 0.5620 | 0.6410 |0.6458
Time 8.80 | 12.18 | 2.38 8.32 10.39 | 11.67 | 14.08 | 7.54 8.01

of TRPCA-DFT and TRPCA-DCT, but the running time of TRPCA is at least 8.5 times
of that of ScaledGD. The visual results depicted in Figure 7 verify that our method is
competent to extract the foreground from these videos.

We conclude by noting that the choice of transformations in these experiments is agnostic
to the data. Nonetheless, selection of the optimal transformation and even learning the
optimal transform is an open problem for future research.

6. Conclusions

This paper developed a scaled gradient descent (ScaledGD) algorithm for factored low-rank
tensor estimation based on the t-SVD under invertible linear transforms. We rigorously
establish that under standard assumptions, ScaledGD only takes O(log(1/€)) iterations to
reach e-accuracy, without the dependency on the condition number of the ground truth
tensor when initialized via the spectral method. There are several future directions that
are worth exploring, which we briefly discuss below.
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Ground Truth TRPCA-DFT TRPCA-DCT  ScaledGD-Tucker ~ EAPT-DFT EAPT-DCT ScaledGD-DFT  ScaledGD-DCT

Figure 7: Video background subtraction visual results using the BMC dataset (Vacavant
et al., 2013). From top to bottom are 9 sequences within the dataset.

e Parameter estimation for tensor RPCA. The proposed algorithm for tensor RPCA in-
volves an iteration-varying threshold operation following a geometric decaying sched-
ule, which contains several hyperparameters that need to be tuned carefully for real
data. Our future work includes learning the optimal hyperparameters using deep
unfolding and self-supervised learning (Cai et al., 2021; Dong et al., 2023a).

High-order extension of ScaledGD. Based on the multilinear algebra for high-order
t-SVD, it is of great interest to extend our method for high-order tensors and to unify
the understanding of theoretical guarantee for low-rank tensor estimation problems
when the invertible linear transforms L satisfy certain conditions.

Entrywise error control for tensor completion. In this work, we aimed at minimizing
the Frobenius norm of the reconstructed tensor in tensor completion. There exists
another work that deals with minimizing the ¢, error for matrix completion with
statistical guarantees (Ma et al., 2020). It is therefore interesting to develop similar
strong entrywise error guarantees of ScaledGD for tensor completion with t-SVD.
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Appendix A. Technical Lemmas

In this section, we introduce main preliminaries and useful lemmas which will be used in
the proofs. We use bold calligraphic letters with arrows on top to denote tensor columns of
size n; x 1 X n3, e.g., A. We define the { o-norm and ¢33 ~-norm of a tensor A as

1A loo.2 = max{max A, )| 7, max | AL, j, 1)l
and |.A

Definition 30 (Standard tensor basis (Lu, 2021)) The tensor column basis with re-
spect to the transform L, denoted as €;, is a tensor of size ny X 1 X ng with the entries of the

(i,1)-th mode-3 tube of L(¢;) equaling 1 and the rest equaling 0. Similarly, the row basis
QJH is of size 1 X ng X n3 with the entries of the (1,7)-th mode-3 tube of L(éf) equaling

to 1 and the rest equaling to 0. The tube basis ¢ is a tensor of size 1 x 1 X ng with the
(1,1,k)-th entry of L(ex) equaling 1 and the rest equaling 0.

22,00 = Max; i ||A(7, 1, k) || F, respectively.

Denote ¢;j;, as a unit tensor with only the (7, j, k)-th entry equaling 1 and others equaling
0. Based on Definition 30, e;j; can be expressed as

Eijk = L(El *P ek *P éf) (32)
Then for any tensor A € R™*"2*"3 'we have \A; 1 = (\A, ¢;;) and
A - Z<A, Eijk>zijk-
i7j7k
Definition 31 For any A € R™*"2X"3 the projection onto § is defined as
PalA) = 6ijrAij ik,
ijk
where d;jr = 1(; jxyeq and 1y denotes the indicator function.

Definition 32 Let M € R™*"2X"3 yyith rank, (M) = r and its skinny t-SVD be M =
Ux*xp G *ap VI We denote T by the set

T = {Uxp Z7 + W xg V| Z € R2X7X"3 Y ¢ RUXrxns) (33)
and by T its orthogonal complement.
The projections onto T' and its complementary set T are respectively denoted as
Pr(A) =U UT 43 A+ Axg Ve VI —U e U x5 Axg Vs VI, (34)
and

Pri(A) = A—Pr(A) = (T, —Ux*sU") xe Axg (Lo, — V xa V).

In the following, we use Q; to denote the optimal alignment tensor between F; = {ét]
t

and F, = [f{] . For notational convenience, we denote Ly := L;*g Q¢, Ry = Ri*e Q; H ,
*

EA = ﬁﬁ — [,*, RA = Rﬁ — R*, and SA = St+1 — S*.
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A.1 Tensor Algebra

Lemma 33 Let X € R™M*"2X"3  then

®. . 0 0 0
0 &

e}
o

2(:’:ak): [Xl D CIEEE an] . = X(l)&’ka
0 0 0 @
where each X ; is obtained by “squeezing” each sample X ;) € R™X1IX13 4nto o matriz, i.e.,

X j = squeeze(X(j)) € R™M*"s,

Proof The (4,4, k)-th entry of X can be written as

n3
Xijk = Z DX = X (i, ], )@f

k=1
Then we have
X0 k)
0 0 o0
0o ® o0 o0
:[squeeze(xu)) squeeze(X(y)) - Squeeze(X(n2))] k, .
0 0 0 &
®. 0 0 o0
0 ® 0 0 _
:[Xl X2 Xn2:| . . . . :X(l)@ky
0 0 o0 &
where X(l) c RTL1><77,27’L3 and ék c CTLQ’QanQ' -

Lemma 34 Let & € R™*"2X" js o-sparse, then

avi
ISI = == (1 +n2n3)[ISlec - and  [|S]l200 < vanzns||Sllec.

Proof We only need to prove the first claim, since the second claim can be directly followed
by the fact that & has at most a-fraction nonzero entries along each mode-2 tube of §. Let
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x € R™ and z € R™"™ be unit vectors, using ab < (a? + b?)/2, we have

ISI = 1IS]l = | max HS(, k)| = max [[Sa)®xl < max [[Sq)|l[[@x]
yeeesTl =1,...,n3 k=1,...,n3
niy no ng

= max \/HS(I)H_ gzzzxz i,5,k2(j—1)n3+k
=1 j=1 k=1
ny n2 n3

< 7222 Ly +Z] 1n3+k)8i7j7k’

=1 j=1 k=1
av/’

Vi
< 7(04712713 + any)||Slle = 5

——(n1 + n2n3)||S ||

where the last inequality follows from the assumption that S € .7,. |

Lemma 35 Let A € RM*"2X"3 gpd B € R™*"2X" pe {wo tensors, then
A +8 BY[|oo < VI All2,00[1B]l2,00-

Proof By the definition of the transform based t-product, we have

no n2

”A*(I) BHHOO_maXHZAZ,77 *P B( 7]7')||00§max||ZAZ]7' *P B( 7]7')”2

]1 7=1

< IIZIEZB;XZ HA(Z7]7 :) *® B(i/7j7 :)HQ = IIZI?/XZ W”A(Zv.jv :)AB(ilvjv :)HQ

<maXZ IIAZ 3, ) 1211B( ,J,-)Ilz—maXZfHAZ 3, 2B, 4, )2

sH;?,xf G, I B 9

Lemma 36 Let A € R™M*"2X" gnd B € R™"2X"4XN3 pho tyo tensors. Assume the multi-rank
of B isr and let s, =Y 2, i, then

| Axe Blr > [|Allpos,(B) and [l Axg Bl|r < [Allr|B].
Moreover,
A& Bll2.00 > [|Al[2,0005,(B) and [ Axg Bll2,00 < [[All2,00[B]l-
Proof To prove the first claim, we start with the definition of Frobenius norm

1, - = __ 1 =y 1 =y =
|A xg B||% = ZHAABH% = _|ABJ|j% = Ztr(ABBHAH) = Ztr(BBHAHA).

|
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By using the inequalities for matrix trace, we have
Ain(BB™)tr(A9 A) < tr(BBY A" A) < Apax (BB )tr(A7 A),

where Apin and Apnax denote the minimum and maximum eigenvalue, respectively. This
implies

B)tr(A" A) < (| A xg Bl} < 02, (B)tx(A" 4),

mln( max(

where oin and oyax denote the minimum and maximum singular value, respectively. Hence,
we have

A %8 B% > 05 (B) tr(AHA)—O' (B)|All%

E

and [ A s Blj: < 02, (B)7tr(A7 A) = B Al 3.

0
Taking the square root on both sides to arrive at the first claim. The second conclusion is
an easy consequence of the first one as

[ A *& Bl|2,co = max|[|A(G,:,:) xp Bl p 2 max [ A(i,:, )| o5, (B) = [ All2,0005, (B)
and | Axg Blj2,00 = max [[A@, 3, 2) *e Bl|lp < max|l A7, ) [F[1B]] = [ All2,0[|B]-

|
Lemma 37 Let A € R™M*"2X"3 gpd B € R™2X™MX" phe two tensors, then
[ A #@ Bll2,00 < V12l
Proof Based on the definition of the /3 o-norm, we have
1 -
A xg Bloo = —||AAB 0o = max — A, ) AB
| A+ Bl|z, \/ZH 2, \[H (i,:,:) AB||p.
Note that
B ~ ns ~ n3g na ~
IAG, 5, ) ABl e = | > IAG 5 k)BC 5 R)B = | DD (GAx, 3 k), B(:, j, k)2
\k:l k=1 j=1
ng mq B n3 o _
< DD T IAG S RBIBC 4, k)G = (| D IMAG, = k)IBIBC, :, k)%
\ k=1 j=1 k=1
< [lAG,: )[FIBlF = €AG: )| 2Bl
Thus,
A %2 Bllose < max VEILAG ) [ #l|Bll = VE|Allscl Bl < Vol
|

34
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Lemma 38 Let L be any invertible linear transform in (6) and it satisfies (5). For any
i € [n1], J € [n2] and k € [n3], given e in (32), we have the following properties

lesll < V7, (35)
niy n2 nsg

H Z Z Z(Egk *P Ez‘jk)H < nyl, (36)
i=1 j=1 k=1

and

ny mn2 n3

H Z Z Z(Eijk * EZ@H < nal. (37)

i=1 j=1 k=1

Proof To simplify the notation, we denote A = ¢;j;, in this proof. By the definition of the
tensor spectral norm, we have

| Al = Al = max ||A)].

=1,...,n3

Since A is the unit tensor, the (4,7)-th mode-3 tube of A = L(¢;;);) is the only nonzero
mode-3 tube and its entries are the same as the k-th column of ®, i.e., A; ;v = ®4/ ;. Then

|A®)| = |® 1| and we have

|A] = max [A®)]| = max |®,l <V,
k'=1,...n3 k'=1,...n3

where the inequality comes from |® ;| = \/|<I’k/,k|2 < \/ZZ?:l [P k]2 = V0. Therefore,
(35) is verified. To prove (36), let B = A x5 A, then B = A" A A, which means that
the (4,7)-th mode-3 tube of B is the only nonzero mode-3 tube and its k’-th entry is

B = |®r k> Thus the (j, j)-th mode-3 tube of

n3 n3
_H _ _ >

E L(el-jk *P eijk) = E B

k=1 k=1

is the only nonzero mode-3 tube and all of its entries equal ¢. Further,

ng N3 nz2 n3
_H _ . s

E E L(eijk *P eijk) = E E B

J=1k=1 j=1k=1

is an f-diagonal tensor and all the entries on the diagonal equal £. Finally,

ny ng n3 niy n2 n3
,H — _ >
i=1 j=1k=1 i=1 j=1 k=1

is also f-diagonal and all of its entries on the (j,j)-th mode-3 tube equal ni¢, j € [ng]. It
is obvious that each frontal slice of such a tensor has the spectral norm n,¢. Therefore, we
have (36). We can prove (37) in a similar way. [ |
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Lemma 39 Given Pr in (34) and assume that the tensor incoherence conditions (10)
hold. We have

_ + ng)
V12 < Msr(nl '
Pr(egl < Lot r)

Proof Note that Pr is self-adjoint. So we have
IPr (€)%

=(Pr(eijr), eij)

:<Ll *P UH *P Eijk + Eijk *P y *Pp VH, Eijk> + (L{ *P LIH *P Eijk: *Pp y *P VH, Ewk>
Note that e;;;, is the unit tensor with the (i, j, k)-th entry equaling to 1 and the rest equaling
to 0. Hence, the (7, j)-th mode-3 tube of ¢;;; equals L(¢;) and the (7, j)-th mode-3 tube of
L(e;j;) equals L(L(ey)). Then the only nonzero lateral slice of L(e;;) is the j-th lateral
slice and it is equal to L(e;) AL(L(¢g)). This implies that

o 1 - _ 1 - . .
U sa U wa &g, ije) =5 U7 AL |7 = 51U AL() AL(L(Ex)) |7

=t «a & xa L(er)||7-

In the meanwhile, we have

(U g & %0 Llw) | = jz||L<uH>AL<éi>AL<L<ék>>||F < 1£\|L<uH>AL<éi>||F\|L<L<ék>>uF

o S
:\/EHUH*(I, QZHFS Hr ,
\/ ning

where we use ||L(L(¢x))||r = V/||L(éx)|r = V{. Similarly, we can also have |V g ¢; *&

L(eg)|lr < /5. Therefore, we have

1Pz (@in)llF =IU" *a & e L(en)lIF + |V %8 & +a L(en) |7 — U+ €jp xa VIIE
<[U™ g i xe Lex)l + |V +a ¢+ Lew) |1

Hse(n £ n2)
T ninang '

The proof is completed. u

Using the same proof technique in Lu et al. (2020, Lemma 4.2), we have the following result.

Lemma 40 Suppose Q2 ~ Ber(p), and T is defined in (33). Then with high probability,
1
P — ];’PT'PQ'PTH <k

provided that p > ce 2 us,(n1 + ng)log((n1 V n2)ng)/(ningng) for some numerical constant
c> 0.
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A.2 Distance Metric

Lemma 41 Fix any factor tensor F = ﬂ] € Rmtn2)xrxns - Gupnose that

B

1 _
< WO'ST(X*), (38)

then the minimizer of the above minimization problem is attained at some Q € GL(r), i.e.,
the optimal alignment tensor Q between F and F, exists.

dist(F, Fy)

Proof Based on the definition of infimum and condition (38), there must exist a tensor
Q € GL(r) such that

VIEQ-LG. Gz + |(RQ ” R»é* 3,2
R.)

—\[\/H Lxp Q—L,)*a g*|IF+ (R *& Q
<e0s, (X+)

*Pp g* HF

together with the relation |AB||rp > || Al pomin(B) tells that

VIO LG 2+ (RO " — R)G. |2 (X.) < 0 (X.)

for some € obeying 0 < € < 1. It further implies that

l\.‘:\»—‘

(EQ - L)G: || v |(RQ " - R.)G:

The rest of the proof is the same as the one in Tong et al. (2021a, Lemma 22). [

I <e

C

’R] e Rmtn2)xrxns - synpose that the optimal

Lemma 42 For any factor tensor F = [

alignment tensor

1 1
Q= argm(h; (Lxe Q— L)) *0 G2 7+ [(Rxe Q7 —R.) *e G2 |7 (39)
QcGL(r

between F and F, exists, then © obeys
(L Q) xg (L* Q— L) %0 Gu = Gu o (R*a Q7 — R, )T 46 R4 Q7. (40)

Proof Check the gradient of the objective function in (39) with respect to Q@ and set it to
zero yields

2 x5 (L33 Q— L) %3 G —2Q T 45 G5 (R4 QT —R)T 4a Rxp Q1 =

which implies the optimal alignment criterion (40). |

Lastly, following the proof in Tong et al. (2021a, Lemma 24), we connect the proposed
distance to the Frobenius norm in Lemma 43.
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Lemma 43 For any factor tensor F =

F satisfies

[,}Cé] e Rmtn2)xrxns yhe distance between F and

1
dist(F, F,) < (\/§+ 1) 2 1L+ RY — X, || .

A.3 Tensor Perturbation Bounds

Lemma 44 For any Ly € R”lX”"S R € R”QX”X"?’ denote L = Ly — Ly and R =
Ry — R.. Suppose that |La *s Gy : | VIRA *& G« : || <1, then

1 1
1£s xa (£f & £3) 7' *a G2 < i (41)
1—|lLa *2 G *||
1 1
IR *& (R{ x¢ Ry) ' #a G| < —; (42)

1—|RaA 2 G|
1
1 2|l L2
L4 %0 (L +a L)' v0 G2 —U, || < V2Ln *a g;” ; (43)
L—|I£a*a G 2|
_1
V2|RA *8 G ||

_1 -
1= [Ra*2 G|l

1
IR *o (R & Ry) ™' %o G2 — V.|| <

Proof We only prove (41) and (43), since the claims (42) and (44) on the factor R can be
proved in a similar way. We first notice that

B 1 S | 1
L5+ (£ +& £3) 7" 8 G2 || = | Ly(Lf' Ly) ' G2 || = ————.

Os, (LﬁG* 2 )

We invoke Weyl’s inequality |7, (A) — &5, (B)| = |0s,.(A) — 05.(B)| < ||A — B||, and use
- _ __1 _
the fact that U, = L.G, ? satisfies 0. (U,) = 1 to obtain

. 1

05, (LyG, ?) > 05 (LGy

M\H

— —_1 — -1 _1
) = ILaG ([ =1 = [LAG ? [ =1 = [|£a 2 G4 * ||

Then (41) follows immediately by combining the preceding two relations. In order to prove
1
(43), using the facts that L7« U, = G2 and (Zn, — Ly *p (L *P Lﬁ) *P Eﬁ )xe Ly =0,
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we have the following decomposition

1
L:ﬁ *& (l:éq *P [«ﬁ)_l *e G2 — U,

D=

=L; e (LI o L) 4o L xo U, — L, %0 G,
=— Lyxa (Lf xo L4)  xa (Ly — L) 5o UL
_1
- (Inl - ‘Cﬁ *® (‘C’é{ *P ‘Cﬁ)il *P £é{) x Ly o Gy ®
=— Lyxo (L} va L)' 0 L)+ U,

N|=

+(Zn, — Ly *@ (ﬁéq xp L4) % ﬁﬁq) x (Ly — Ly) *3 Gy
= — ‘Cﬁ *Pp (L’,ﬁq *P ,Cﬁ)_l *P ,Cg *P u*

_1
+ (T, — Ly xa (L va L2) ' %0 LI) xo La x0 G, 2.

In the meanwhile, we can verify that £ & (Ef *P Eﬁ)_l *p EZ xg U, and (I, — Ly o
1

([,é{ *P L',ﬁ)*l *P Lf) xg LA *3 G, 2 are orthogonal, thus

L4 #a (Lf *a L5) 7" *a G: - u,|?
<Ly *a (Lf xa L)' va L1 xa U, |
Ty~ Ly %0 (Cf 50 L) 0 £F) v Lo 22 G2 2P
<Ly e (L1 xa L3 va G22ILa o G2 * |
Ty — L %0 (L] 20 L) w0 L |2|Co %0 G2 2|
_1
< LA *& G in LA <0 g*_% 2
(1— LA *a G *|])?
2L o Gy * |2
T - La ra G272

)

where we have used (41) and the fact that | Z,, — Ly *s (L:ﬁq *P L:ﬁ)_l *P EéqH <1 |

Lemma 45 For any Ly € R™>*7™"3 Ry € R"X7™"  denote LA = Ly — Ly and Ra =
R4 — R, then

1£s x8 Ry — Xullr < L4 xe RE|p + (L4 x8 RE |7 +[|£4 *& RE|
1 -3 -3
< (14 5(1€8 50 67 IV [Ra 2 7))

1 1
<||£A ¢ G2llF + [|RA *& G2 ||F>-
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Proof Using the decomposition that Ly ’Rf —X, = LAr*p Rf +L, %3 ’Rg +LA*p ’Rg

and the facts that

1 1
LA *e RE||p =LA %2 G2 *a VE|p = | LA *& G2 | F,

1 1
and ||L, *& RYE||F = Uy % G2 ¥& RE||F = R *& G2 F,

as well as the triangle inequality, we have

1£s ¥ RY' — Xullp < [|[La 8 R ||p + L4 x8 RE||F + £ x& RE||r

1 1
=||La %2 G2|lF + |IRA *& G2 |F + || LA *a RY||F.

This together with the following upper bound

1 L ) .
LA+ RE||F = *Hﬁa *3 GF %3 (R *3 Gy ° ) |lF+ *H[rA *o G : s (Ra*a G2)"||p

= ||LAG2(RAG )HHF+ \[\

LaG.*(RaGH" |

(IZaGY 2|V IRAGE ) (IE8GE p + | RaG )

2\f

< LAG2 | FIRAGS || + —— || LAGS 2 || RAG?
2\[”& |FIIRAG, 2| 2\[”& I|RAGE || F
<

_2\[

1 1 1 1
= 1L *a G2V [Ra %0 G2 2 1)(1£ #a GEllr + R +0 G2 1)

finishes the proof.

A.4 Partial Frobenius Norm

We introduce the partial Frobenius norm

r

Zgzzk

k=1 i=1

Xl|p, = —
11|, 7i

1P (X)) 7 (45)

as the Frobenius norm of the tubal rank-r approximation P, (X’) defined in (9). According
to Lemma 28 in Tong et al. (2021a), it is easy to verify that || - ||z, is a norm, and we have
the following lemma that provides useful characterizations of the partial Frobenius norm

on tensors.

Lemma 46 For any X € R™*"2X"3 e have

X[ rr = max || X *g V|r (46)
VER™2XTXN3: V" x e V=T,
= max X, X)) (47)
X eRMLXN"2X13:|| X|| p<1,rank: (X)<r
= max | X o R . (48)

ReR™2 erng:HﬁHSl
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Recall that P, (X) denotes the best rank-r approximation of X under the Frobenius norm,
see Zhang et al. (2014, Theorem 2.3.1) and Kilmer et al. (2021, Theorem 3.7). Following
the proof of Tong et al. (2021a, Lemma 30), we can prove that P,.(X’) is also the best tubal
rank-r approximation of X under the partial Frobenius norm || - ||r,, as stated below.

Lemma 47 Fix any X € R™M>X"2X"3 e have

P, (X) = arg min 1X — X7
X €R™M Xn2XNn3 rank, (X)<r

Appendix B. Proof for Low-rank Tensor Factorization

B.1 Proof of Theorem 19

We prove Theorem 19 by induction. Specifically, we show that for all ¢ > 0, (i) dist(F;, Fy) <
(1 —0.7n)tdist(Fo, Fy) < %(1 —0.7n)'5s,(X,) and (ii) the optimal alignment tensor Q;
between F; and F, exists.

For the base case t = 0, the first induction hypothesis on the distance metric triv-
ially holds, and the second one also holds because of Lemma 41 and the assumption that
dist(Fo, Fy) < %UST (X4). Suppose that the t-th iterate F; obeys the aforementioned
induction hypotheses. Our goal is to show that F,,; also satisfies these conditions. Let

¢ == 0.1. By the definition of dist®(F;,1, F,), we have

1 1
dist*(Fit1, Fu) < [(Log1 *0 Qi — L) *0 G2 |7 + [(Rit1 *a Qt_H —R.) *a G2 %

According to the update rule (30), we have

1

(['t—H xp Qp — ﬁ*) xp G2
1
(£ — (L 20 R — 2.) va Ry w0 (RY 50 Ry) ™ = £.) +0 G

1
(1 U)EA *P g* — 77£ *P RA *P 'R,ﬁ *P (Rﬁ *P 'R,ﬁ) *P gf . (49)

1
[«A 77 L:A *P Rn +£ *P RA) *P Rﬁ *P (Rﬁ *P Rﬁ) ) *P gf

1 e |
As a result, we can write (49) as ||(Li41 *& Qt — L) ¥ G2 ||% = %H(Lt+1Qt — L,)G}|%,
where
_ o _ _1
Q1 = (L@, — L)GE |7
— (1= 2r(LAGLLY) - 20(1 - (L RLR,(RI Ry G, L)

T Pu(Ry(RI R, G.(RI'R,) ' RI'RAC.RY), (50)
where we have used the fact Ef L, = G,. Since Ly and Ry are aligned with £, and R,
Lemma 42 tells that G, *¢ LZ xg Ly = ’R,éq *p RA *3 Gy, 1.€., é*f/gf/ﬁ = RéLIRAé*. The
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second term in (50) can be written as

(5
2n(1 — n)tr(L R Ry(R{ Ry)"'G,L})
=2n(1 — n)tr(Ry(R{' Ry) 'G.LLL.RY)
=2n(1 — n)tr(Ry(R{' R,) "G, LAL,RY) — 2n(1 — n)tr(Ry(R{' Ry) ' G.LILARY)
=2n(1 — n)tr(R Ré{Rﬁ) 1R§{RAG*RA) —2n(1 — n)tr(ﬁﬁ(Ré{ﬁﬁ)*lé*igf@ﬁg).

1
The third term in (50) can be written as
n'tr(Ry(R{ Ry) ™' G.(R{'Ry) "' R[' RAG.RJ)
—Pur(Ry(RI'R,) ' RIRAG.RI)
—Pu(Ry(RIR,) (BRI R, — G)(RIVR,) ' RIRAG.RY).
Thus, (50) can be written in another form as
Q1 = (1 - n)’tr(LaGLLY) — (2 — 3n)tr(R, (R} Ry) ' R[' RAG.R))
+29(1 —n)tr(Ry(R{ Ry) ' G.LELARY)
—*tr(Ry(R; Ry) "' (R{'R; — G.)(R{' Ry) 'R;'RAG.R}).

Following the proof in Tong et al. (2021a, Section B.2), we can bound this term by

2¢ - = = 2€ + €2
9 < ((1 -0+ :77(1 - U))tT(LAG*Lg) + = )277 *tr(RAG.R})
2e L 2¢ + €2
= (@ + =) IEaGE St RaGE .

Hence,
2¢ + €2
(1—¢)?

1
One can have a similar bound for the second term ||(Ry11%8 Q; 7 —R.)*$ G2 ||%. Therefore
we obtain

1 1
(L1 e Qi — L£4) ¥ G213 + [[(Riz1 *& Q77 — Ry) xa& G2 |5 < B2 (n; €)dist® (Fy, Fo),

where the contraction rate is given by

1 2¢ 1
I(£er1ve Q= £.) va G2} < (1 =0) + T=—n(1 =) L2 +a G|} + PR <0 G2}

2+ €2
-9
With € = 0.1 and 0 < 17 < 2, we have h(7;¢) < 1 — 0.7. Thus we conclude that

W) = (1= + (1 ) +

1 1
dist(Frir, 7o) <V I(£oir 2 @ — £2) 0 G+ |(Rust o Q77 — R.) v G2
< (1 —0.7n)dist(Fy, F)

1
< (1 —0.79) L dist(Fo, F,) < (1 —0. 7n)t+1(3/zasr(?€*).
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This proves the first induction hypothesis. The existence of the optimal alignment tensor
Q11 between Fyy1 and F, is assured by Lemma 41, which finishes the proof for the second
hypothesis.

The second conclusion is an easy consequence of Lemma 45 as

1L +e R — Xollp < (1+ )(HEA o 9* |F+[[RA *& g* |7)
<(1+ §)fdlst(.7-'t,.7:*)
< 1.5dist(Fy, F), (51)

where we used a + b < 1/2(a? 4 b?) in the second line. The proof is now completed.

Appendix C. Proof for Tensor RPCA

Before presenting the proof of Lemma 20, we present several auxiliary lemmas.

Lemma 48 If

dist(F,, F,) < %ptﬁsr(x*)

for some 0 < e < 1, then the following inequalities hold

LA *® g* lFrVIRA *& g* |F < —=p'Fs, (Xy);

\/Z
1 1
1L x2 G2V [|RA & G| < 0’5, (X.);
1 1
1L @ (Lf xa £4)7' va G2V Ry xa (R xa Ry) ™' +a G2 <

1—€

T I
Proof Notice that dist(F;, F,.) > \/||£A *e 2|4V |Ra @ G2 ||%. The first claim is
directly followed by the definition of dist(-,-). By the fact that |.A|| = |A|| < ||A|F =
|||z = V€| A  for any tensor, the second claim can be deduced from the first claim. As

a consequence, we have |[La *& Gy : |V IIRA *& Gx : | <ept <e given p=1-0.6n<1,
then the third claim can be obtained by applying (41) and (42). |

Lemma 49 If

1 1
(L1 e Qt — L£4) ¥ G2|| V [[(Riv1 *@ Q77 — R *a G2 || < !5, (X)),
then
1 . 1 1 - " 1
1G2 *& Q;  *& (Qiyr1 — Q1) *a G2 ||V [|GF %3 QO *& (Qir1 — Q1) *3 G2 ||
2¢
< iptﬂasr(x*)
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Proof First, following the proof of Tong et al. (2021a, Lemma 27), we have the following
inequalities:

~—H —-H 3

[Ri+e (  — Q) *a Gi|
1

1-[[(Ry+e @77 = R.) *2 G..° |

~ 1

1£4 2 (@ — Q) *a GX|
1

1—[[(Ly*xe @ — L4) xe Gi ° ||

1 ~ 1 1
|G2 3 Q =+ Q3 GF — G <

1 g B 1
1G2 *6 Q@ *3 Q@ T x5 G2 — G, <

for any L4 € R™>™"3 Ry € R™X7™"3 and any invertible tensors Q, é € GL(r), as long
as |[(Ly *e Q — L) *a QI%H V[(R:+e Q7 — R, *a QI%H < 1.

Next, notice that [|(Res1 #6 Q2 — Ru) ve G2 || < ep 1oy, (X.), Le, [[(Russ #o O —
R.) *& g:% | < ept™. Thus, by taking Ry = Ryt1, Q@ = Q411, and QO = Q,, we obtain

1G7 +a O % (Qis1 — Q1) 0 G|
(G2 *a Q' %5 Qi +a G2 — Gu
IRt 0 (Q77 — @71 v G2 |
1 (Repve @ R e G2 2|
(Rt v @71 —R.) va G2 + | (Riss v Q71 — R.) +a G2 |
L [[(Res e Qi —R.) +0 6.2

|

2€pt+1

< 1 — ept+1

2e B
Smﬂtﬂasr(x*),

Ts, (Xx)

provided p =1 — 0.6n < 1. Similarly, one can see

1 _ 1 2¢ _
1G% *2 Qi+ (Qun1 — Q)™ e G2 < 0., (X.).

This finishes the proof. |

Lemma 50 If

dist(Fy, Fy) < %pta'sr()(*) and

1 1 s
VIlLa 8 GF a0V /R w0 G0 < 417010, (X2,

then

Sr _
||X*—Xt||oo§3n H p'7s, ().

3V n1n2€
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Proof First, based on Definition 10 and the assumption of this lemma, we have

_1 1 _1
IRt *& G 2,00 < 1R A *2 G2 ll2,00[1G || + | R ¥ G * 2,00
HSr HSr
< (pt+1 <2 .
B (P + )\/n2n3€ - \/ngngf

Furthermore, using Lemma 35, we obtain

1Xs = Xilloo = |1£4 %@ R + L %6 R |l < |1£4 %@ RE oo + 1€+ %2 RE |l
1 _1 _1 1
< VUL %3 G2 ||a.00l|Rs #& G * [|2.00 + VI Ly #2 Gy 2 IRA *& G2 ||2.0

\[ HSr HSr HSr
TLQTLgK n2n3£ nlngﬁp JST *)

<
Sy
=3—Fr i, (&),

This finishes the proof. |

C.1 Proof of Lemma 20

This proof is done by induction.
Base case. Since p’ = 1, the assumed initial conditions satisfy the base case at t = 0.

Induction step. At the t-th iteration, we assume the conditions

dist(F,, F,) < %p’fa&(;\g),

1 _ 1 Sp 4
ViLl|(Le xe Qi — L£4) 8 G2 ||l2.00 V V12| (Ri %6 Q7 — RY) ¥ G2 2,00 < \/ Zﬂthsr(X*)

hold. In view of the condition dist(Fy, Fy) < 0\}2 p'7s. (X,) and Lemma 41, one knows

that Qy, the optimal alignment tensor between F; and F, exists, and € :== 0.02. In what
follows, we shall prove the distance contraction and the incoherence condition separately.

Distance contraction: By the definition of dist?(F; 1, F,), we have

1 1
diStz(}-tH,]:*) <(Liyr *e Qi — Ly) ¥& G2 H% + [(Ri41 *a Qt_H - R.) *e G H%
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According to the update rule (15), we have

(Losi+a Qi — L) +a G2
(L4~ n(Leva R+ Se1 — Xo — S.) #a Ry (RY 0 Ry) ' — £.) %a G:
:(LA —n(Ly *a Ré{ - X,) *o Ry *a (’Rf *P ’R,ﬁ)*1
—n(Sir1 — 84) *a Ry xa (RY *a Rﬁ)_1> *g g*%
:(ﬁA —n(La * ’R,éq + L, *a ’R,g) *p Ry *@ (’R,f *& ’Ru)*1
—n8a *a Ry +e (RY +a Rﬁ)—l) vo GF
—(1= )L 0 GF — 1L, +a RYE 10 Ry o (R 4 Ry) ™ +0 G2
—n8a xRy *a (R o Ry) ™' *a g%. (52)

Taking the squared Frobenius norm of both sides of (52) to obtain

1 1 - _ 1

[(Lip1 0 Qi — L) o G2 || ZZH(Lt-&-th G2
1 _
=5 (I =mLsG
— (1 — n)w(:q&ﬁﬁ(ﬁﬁ Rﬁ)flaig)

+ Qn%r(gmﬁ(fzgfm)—lé*(ﬁf R, 'RI'RALY )

L,
1
2
*

—nL,RERy(R{'R;)” 1G22

gy 1
+ 17|18 Ry(RY' Ry) ' G213
1
:z(%1—9{2+9{3+9‘{4).

Bound of %i;. The component fR; is identical to (50), and the bound of this term was
shown therein. We will clear this bound further by applying Lemma 48, that is

2 26 T ~ T H + 2 =~ pH
o< (1= + 20— ) ) n(EaGLEH) + 0o o (RaGLRY)

2¢ 2¢ + €2
=(1-n) HLAGQHFJrlin (1- HLAGZHF"" ek HRAGQHF

1 2¢3 2¢3 + ¢ _
= (=PI LaGE b+ (L m s, +n g ool (). (53)

Bound of fRy. According to Lemma 34, |SAl = |[|Sal < O‘T\/Z(nl + n9n3)||Sallso-
Lemma 22 implies S A is an a-sparse tensor and our threshold (1 suggests that ||Sallc <
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6&%&5& (X.), we further have

)tr(g’ARﬁ(Rf Rn)‘léj;g) \
<[SalllRy(R Ry) ' G LY.

Oz\f
——(n1 4+ n2n3)[|Salloev/sr || Re(RY Ry) ' GLLE||

\/Z 1o 1
<O 1+ m0ms) IS oo /57| Re(RY Ry) ' G| L0 G |5

<3aus, R e i N p*ta2 (X,).

ngy/Ning 1 — € sr

Hence,

5711 + n2n3 € 2t —92

Ro| < 6m(1 — >
[Ra| < 6n(1 —n)apus, naims T—c O

(Xs)-

Bound of fR3. Similar to Ry, we have

tr(SaRy(RI'R) ' G.(R['Ry) 'R’ RALY),
<|ISalllRs(R{ Ry) ' G (R{'Ry) 'R RAL|.

o/l e Hm s mHE i mHe +
ST(m+n2n3)HSAHOO\/§HRu(R§{Rﬁ) 'G.(R{'Ry)'R{'RAL ||r

o/l U T RN
< (1 +12m3) [ S alloo /57 | Ry (R Ry) ™' G| RA LY ||

a\f
(nl+n2n3)HSAHoo\/§||Rn(Ré{Rﬁ) 1G2H ||RAG2HFHU*H

15”1"‘”2”3 € )

<3aus,

Hence,

1.571 + nang €

ngy/ming (1 —e€)?

R3] < 6n°aps, p*as (X,).

Bound of fRy.
g _1 e —— —1
ISaRy(RI'Ry) ™' G2 [} < s,/ SaRy(RY Ry) ' G|
_ g — —1
< s;[|Sall*| R (R Ry) "' G2 |I?

a?ls,
- 4

— = 1
(n1 +nanz)?[Sall % 1R (R Ry) ' G2 |*

3(77,1 + 7’L27’L3)2 1

< 902u2s 2052 (x.).
= w8y nanng (1—6>2p ( *)
Hence,
—|—n2n5) 1
9, < 9n2a2 283("1 2052 ().
’ 4’— n % n1n2n§ (1_ )2/) Usr< *)
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Combining all the bounds together, we have

1
(L1 *a Qi — L£4) *& G2 |5
2¢3 2¢3 + ¢t

1 2T 32
<>((1- 2 -
< (A=n2LaG2E+ (L =m)7— +7

)np2t 2 (&)

(1—¢)?
n1+nong € 99
6m(1 — 1.5 X
+ 6n(1 — n)aus, i, T o5, (X4)
n1 -+ nong € o _ 2
6 15 X
+6n°aus; naviim (1= c2" 7 5 (X)
+ngnz)® 1 2% -2
922 2 3(”1 152 (x )
o atus;, n1n2n§ (1—6)2'0 ( x)

1
We can obtain a similar bound for ||(R+1 *& Q;H —R,) %3 G H% Thus, we have

dlStZ(ft_l,_l,f*)

1 (T A2 = =19 7 2¢3 2¢3 + ¢ 2 _9
< (=P (IEaGEIE +IRAGEIE) +2(( =y, + 07— 53 )0k (2)

1.5M1 + nang €

ng\/mning (1 — 6)2

+12n(1 — n)apst sl Tt nang € p?t52 (X,) + 120 aus}

ngy/ning 1 —e€ sr

ni + nan 1
" 18772042M253( 1 223) 2p2t 2 (X*))
ningny (1 —¢)

p2t 2 (X*)

2e 2¢ + €2 ny +mngng 1
<((1=n? 2(1— ) 120(1 — L5
_(( n)°+2(( 77)1_6+77(1_6) 1+ 12n(1 —n)aps, ns/ming €(1 —¢€)
+nong 1 (n1 + nans)? 1 159 52
192 eyl ™ 1820212 53 ) t52 (x
L ans, nsy/ning €(1 —¢€)? et ningn3  €2(1 —¢)? A 5 (%)
91

<(1—0.6n)? £62p2t0'2 (X,), (54)

_ _1 _ 1
where we use the fact |LAGZ|% + |[RAG?|% = (dist*(Fy, Fr) < €2p*62 (X,) in the
second step, and the last step holds with € = 0.02, apus!5 ™20 < o5l 5M 1074,

T n3zy/ning — T ns3 n@yn2 —
and % <n< %. Thus we conclude that
. € _
dist(Fiq1, Fu) < 7Pt+108r("¥*)

by setting p =1 — 0.6n.
Incoherence condition: We first use (52) again to obtain
1
1(Lis1 *@ Qi — Ly) *@ G7 ||2,00
1 1
<(1=n)La %8 G2 200 +1llLs ¥ RE 3 Ry #e (RY *2 Ry) ™ *a G2

1
+ 1|84 *& Ry *a (R & Ry) ™" *& G2 |2,00
=B + By + Bs.
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Bound of B;. Followed by the assumption in this step, we can easily have 8B, < (1 —
n) n’figgp s, (X).

1
Bound of B,. Definition 10 implies ||Ly %@ Gy ?[|2,00 < Ker_ Thus, using Lemma 36

ninst
and Lemma 48, we have

_1 1 1
By < NlLy @ Gu 200 Ra & G2l Rs *a (R & Ry) ™ *a G|

€ [ WSy 4
< X,).
- 771 —€ 7117135’0 UST( *)

Bound of %B3. By Lemma 22, supp(Sa) C supp(S,), which implies that Sa is an a-
sparse tensor. Thus, using Lemmas 34, 22 and 50, we have

\/om ns
Bz < n)|SallzelRs #a (R & Ry) ™' *a g | <p¥—2 ||5 oo
QpUSy Sr _
T I e (%),
1 —¢€ \| ninsl

Putting all the bounds together, we obtain

1 € Sy Sr _
I(Leevo Qi = £2) va G ll2ce < (L= m) + 17— + 690 ) [0, (2).

We can then have

€ NG S
<((1—77)+77 + 61 r> nlfn;e”t'

1
|(Lit1 %0 Ot — L) ¥ G ? . .

The last step is to switch the alignment tensor from Q; to Q1. Note that (54) together
with Lemma 41 confirms the existence of Q;y1. Applying the triangle inequality and
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Lemma 49, we have

I(Los1 +a Qi1 — £4) 0 GF 200
(Lot %8 Qi — L2) %0 Gl 2o + [ (Lorr %0 (Qest — Q1) #0 G 2
=|[(Lts1 *0 Qi — L) *@ Q%Hz,oo
+ [[(Li11 %3 Ot *o g*_% *P g*% x3 Q' *p (Qui1 — Q1) *a g%”Q,oo
<NLiir +0 Qi — £4) *a G2 |00
+1(Losr #0 Qi 5@ Gr *llamcl|GF +a Qf L %a (Qusr — Q1) +a G2 |
N(Lrsrva @ — £2) %8 G oo + (I(Lesr #0 Q1 — £2) 0 G e

_1 1 1
FULe e G200 ) 167 0 Q7w (Qui1 — Q) +0 G|
€ QLSy HUSr 4 _
<(a- 61 Y ) X
_(( )+ 0y — + 60— nlnggposr( «)
€ NeTe 1Sy 4 usr) 2 4
1-— 6 — X
+((( ) Ny + 6T )\/nlnggp +\/n1n3£ TP 0 (X
€ Vaus 2€ € aps us _
S((l—n)+n1_€+6n . 1_6((2—77)+771_6+6n\{_€r))\/nm;£ptasr(&)
[ 4
<(1-0.6 X
( n) nmggpasr( <)

. - 1 8
where we use € = 0.02, aus, < au3}57g1+n7% <1074, and ; <7 < § in the last step. A

1
similar result can be computed for ||(Ri1 & Q. _g —R.) *@ GZ||2,00. The conclusion that

1 1
VRl (L1 *@ Qir1 — L4) *@ G2 2,00 V V12| (Ri41 *a Q;ﬁ —R.) *3 Gill2,00

S
< 1/ %Pt—i_l&sr('x*)

can be achieved by setting p = 1 — 0.6n. This finishes the proof.

C.2 Proof of Lemma 21
First, notice that the (i, j)-th mode-3 tube of e;;, which is equal to L(¢y), is the only

nonzero mode-3 tube of ¢;j;. Thus the only nonzero mode-3 tube of L(e;;1) is its (4, 7)-
th mode-3 tube, and it is equal to L(L(ex)). Then L(e;;;) can be written as L(e;r) =
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L(&)AL(L(&))AL(ef!). By Definition 10, we have

_ 1
Xl = max [(Us +e G xa VI, &ijp)| = 4 max UG AV, L))

Z:jzk g ,],k
1 SH . .
7 max [(UNG AV, L(e;) AL(L(é)) AL(e]))]

1
max [(ef U, G, VIe; hy)|

1
= max|<U*G*V* Jeihgef)| =
f 1,5,k

0

1
mja]z,{HEHU*G VHeJ”F”hk”F

1
7 max [e ULl |GV e pllhwl e

7

| /\

IN

IN

max [ x@ Us|| PGV + ¢l pllb] F

2. 7
HSy

< 5
B ngx/nmgﬁ

where &; = bdiag(L(¢;)) and b, = L(L(¢x)). Invoking Lemma 22 with X_; = 0, we have

61(X*)7

HSy _
S, — Sollw <2— " _5i(x,) and supp(Sy) C S,),
| ol ngmm( ) and supp(So) C supp(Sy)

which implies &, — 8p is an a-sparse tensor. Applying Lemma 34, we have

|84 = Soll < L\[(nl + n2n3)||Ss — Solloo < aps gL +nang (X,) = ausmw—

s — g
n3+/Mi1ng ! n3+/M1n9 sr

Since Xy = Ly *¢ ’Réf is the best approximation of Y — &y with tubal rank r, we obtain

().

X, — Xol| = [| X s — Xol| < | Xx — (Y = So)|| + (Y — So) — Xo
<2 X, — (Y =Sy

= 2|8, — Soll
n1 + naong _
<2 —_ X
> 20USy R s/ TiTa Usr( *)’
where we use the definition Y = X, + S, in the equality. Using Lemma 43, we obtain
. I 2V2+ s o o
dist(Fo, F,) < (V2 + 1)27||X* — Xo|lr < (€)T|X* — Xo|
1 n1 + nang _
<b—a« sl Ph—— =25, (X,),
\/z :u‘ ngm Sr( *)

where we use the fact that X, — X has at most rank-2s,. Given ¢ = 5¢p and a <
gy » our first claim

1.5
Hor g yming

dist(Fo, Fy) < (Xy) (55)
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is proved.

Next, we proceed to prove the second claim. For the ease of presentation, we define
Eﬁ = Ly *xa Do, R: = Ro *& QaH, Lp = ﬁﬁ — Ly, Rp = 'R,ﬁ — R, SA =89 — S,
We first notice that Uy *a Go *® Vg =t-SVD, (Y — Sp) = t-SVD, (X, — Sa), thus

N |=

1 _
Lo=Uy*s G5 = (X« —Sar) *a Vo *a G
= (X, —Sa) *a Ro *a (R 3 Ro) ™.

= (X, —Spr) ¥a Ro*s G '

1
Multiplying Qg *g G2 on both sides using transformed t-product, we have
1 1 1
Ly*xe G = Lo*e Qo*a G2 = (X — Sa) *& Ro o (RY & Ro) ™ *& Qo *& G7
1
— (X* — SA) *P 'R,ﬁ *P ('R,éq *P 'R,ﬁ)_l xp G2.

1
Subtracting X, *& Ry *a (’R,éq *P ’R,ﬁ)_1 xg G2 on both sides and using the fact that

1 1
LyxeG: =Ly * ’Rf *3 Ry ¥ (’Rf *P ’T\’,ﬁ)_1 xg G2, along with the decomposition that
Lyxe R — X, =L ve RY + L. x¢ RY, we have

1 1 1
Lp+e G2+ L, o RZ *P Rli *P (Ré—l *Pp Rﬂ)il xp G2 = —SA * Ru *P (Ré{ *P Rﬁ)il e GF.
Thus,

1 1
LA *@ G2 2,00 < | Ls *@ RE +& Ry o (RY +o Ry) ™' *a G2 [l2,00
1
+ 182 *o Ry *a (R %6 Ry) ™' 0 G2 [|2,00
= J1 + J2
1

Bound of J;. Since (55) holds, Lemma 48 implies |RA *¢ G| < €75, (X,) and | Ry *o

1
(R{" *& Ry) ™'+ G2 < t1. By Definition 10 and Lemma 36, we obtain

_1 1 1
31 <L %0 Gu % [2.00 IR A x0 G2 [ R *a (RY +a Ry) ™" %o G2

[ us, € _
< s (X ).
- nlngfl—ea’( ) (56)

Bound of J». By Lemmas 34, 36 and 37, we have

32 < Vbl S ol Ry 20 (R x0 Ry) ™ 20 G2 |20
Va8 allael Ry 6 Gr *15.50]IG2 #a (RI +a Ry) ! 4 G2 |
Valy/amsms|| S alleo IRy #0 Gr ? 200l Ry #0 (RY xg Ry) ™) xa G2

wsy -3 H -1 312
2 f——=01 (X)) || Ry * 2 Ri e (R * R * 2
navansl - n1n2€gl( DR #e Gu * 2,00 Ry *@ (R4 & Ry) ™ *a G|

USrK ang _ _1
(1 —T6)2 \/ ning 05, (X0 Rg x0 G ? [|2,00

HSrK ang WSy _1 ~
< (1— 6)2\/ (\/ + || RA *3 Gy 2 H2700>08T(X*).

nins nongl

IN A

IN

IN
DO

[\
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1
-3 Ra*aG2 [|2,00
Note that [|RA *@ Gx 2 ||2,00 < IRa*2G s llz.00 é:ﬁx*l)b’ . Thus,

1 WSy € USrK QN _
Jaile 2|1y 00 < ( 2 2o, (X
nillCa *a Gill2,00 < gl \T ¢ + =2\ s 7, (Xyx)

Srk (0% 1
H20 7 g VIR 10 G2 2.0

and similarly one can see

1
Vel Ra *& G2

l"LST’ € ,LLST’ (6]
€<1—6+2(1—e )RR n;»,)asr(x*)
Sr [ &

N \/7||‘C'A *Pp g*H2oo

Therefore,
i 1 + 2 HSTH n3 USy
\/77171”£A *P gf HQ,OO Vv \/77‘72”7?'A *® g’% H2’°° - USrK \/> Tor
1- (1- 6)2
< +2
T—e (1—e)2 HSr
PO D X
R ﬁ( g

5co

-5 2 (1—C5OCO)2 Sy _
- 1-2 co EUSr(X*)
(1—5¢p)2 ns
S
Vg5 (X)

IN

as long as ¢g < 0.06. This finishes the proof.

C.3 Proof of Theorem 13

Proof We set ¢y < 0.004 in Lemma 21, then the results of Lemma 21 satisfy the condition
of Lemma 20 and give

. 0.02 )
dist(F¢, Fy) < W(l —0.6n)'5s, (X)),

1 1 Sy _
Vi l[(Lexe Qr — L) & G2 2,00 V V2l (R x6 Q7 — RL) x& G2 ||2,00 < 4/ Z?, ik 0.6n)'5s, (X.)

1 1
for all t > 0. According to Lemma 48, we have |[LAo*8 Gy 2 ||V Ra*a Gy 2| < €(1-0.6n)! <
e. According to (51), ||Li+xe R — X, ||p < 1.5dist(Fy, F,). Hence, the first claim is proved.
The second and thlrd claims are followed by Lemma 50 and Lemma 22, respectively. |

Appendix D. Proof for Tensor Completion

This section is devoted to the proofs of claims related to tensor completion.
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D.1 Proof of Lemma 23

Lemma 51 (Tong et al. (2021a), Claim 5) For tensor columns Z, 1 € Rux1xns gpg
A > | A/l Allr, it holds that

1A NA = Alr < [A— A, r.

We first prove the non-expansiveness property. Denote the optimal alignment tensor be-

C

tween F and F, as Q, whose existence is guaranteed by Lemma 41. Let P (F) = %

)

by the definition of dist(P.(F), F,), we have

dist?(Pe(F), F.) <ZH ) ke Qva G2 — (Lova G2)(iv )13

+ Z IRG.2) +0 @ 50 G2 — (Ru 52 G2)( )2 (57)
j=1

Note that the condition dist(F, F,) < %6 . (X,) implies
(E%e@—L)G 7| V|RwQ " —R) 67| <e
Utilizing the fact that R, ¢ G, 3 V,, we arrive at
12G,:0) 0 R e < 120G, 0) +o @ ve G2 #|R +0 © " +0 G, 7|
<L(i) ve @ xa G2 p(IVall + (R e @~ Ry 50 617
<1+ L) +a 8 +a G2

In addition, the p-incoherence of X, yields

V(L e G2) (i, .>||F<m|u*uzoo||g*||<,/“3;al<x*>< °

T 1+¢€
where the last inequality follows from the choice of ¢. Take the above two inequalities to
reach

1
S (L *a G2) (5, 0)||lF
VLG, ) xe R e [|L£35,::) %6 Qe G2 || F
~ ~ 1 1
We can then apply Lemma 51 with X =L(i,:,:) x¢ Q*a G2, X* = (Li*3 GZ)(i,:,:), and
= ——< —— —— to obtain
VR L(E:)*e R | F
~ 1 1
HL:(Z, oy I) *P Q *P gf - (L* *P gf)(l, 5 )H%'

(1A ) (i) e @50 GF — (Lo %a G1)(0, )}
VIIl|L(i, ) e R ||F

<Z(i,:) ve @ vw GF — (Luva G2) (i, )|
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Following a similar argument for R, we conclude that
~ LIS ~ 1 1
dist?(Po(F), Fi) < Y [1£G 1) xe Q+a G2 — (Luva G2)(i,:1) |7
i=1

2~ . ~—H i 1. 2 . 2/ %
+3IRG, L) %8 @ *8 G2 — (Ruka G2) (G 0)[I% < dist®(F, F.).
j=1

Next, we prove the incoherence condition. For any ¢ € [n1], one has

”[’(7'7 5 :) *p ’R’HH%‘

=Y LG5 xa Ry 1E

=1
S S 2 = ~ o NH|2 S
> (th—— ) IG5 ve RG )T E (1A ———————
j=1 VLl|lL(i ) e R |r V2R (4, 0) e L || p
(2) S 2N (5 ~
<(1h—— ) UL ke R
VllL@, ) e R lp” =1
S 2 =5 ~H
:(1/\ —— —5 ) 1L(i,:,:) & R ||%
Vil L(i,: ) xe R |7
(b) 2
<>
n
where (a) follows from 1A = < 1, and (b) follows from 1A s

ViR e L | VATIEG )R e
. Similarly, one can also have |R(j, :,:) xa L% < +-- Combining these

S
Vil £l )re R g
two bounds completes the proof.

D.2 Proof of Lemma 24

We gather several useful inequalities regarding the operator Pgq(-) for the Bernoulli obser-
vation model.

Lemma 52 (Tropp (2012)) Consider a finite sequence {Z}} of independent, random
dy X dy matrices that satisfy the assumption E[Z;] = 0 and ||Z;|| < R almost surely.
Let 0% = max{|| >, E[Zx Z2||, || S, E[Z Z]||}. Then, for any t > 0, we have

2
> < B
P[H zk: Zul = t} = (Bt d)er ( 202 + ?,Rt)
3t2 5
< (dq +d2)exp(— @), for t < o“/R.
Or, for any ¢ > 0, we have
1Y~ Zi|| < 2y/co?log(dr + da) + cRlog(dy + dy)
k

with probability at least 1 — (dy + da)*~¢.
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Lemma 53 Suppose that Z € R™*"2*X"3 s fized, and €2 ~ Ber(p). Then with high proba-
bility,

67 Pa~ (@) < o VB 2y \/ foslm Yo o),

for some numerical constant ¢ > 0.

The following lemma establishes restricted strong convexity and smoothness of the obser-
vation operator for tensors in T, which can be considered as an extension of Zheng and
Lafferty (2016, Lemma 10).

Lemma 54 Suppose that A,B € T are fized tensors and €2 ~ Ber(p). Then with high
probability,

p(1 = ) Al% < 1Pa(A)lE < p(1l+ )l A3 (58)
Consequently,
P~ (Pa(A), Pa(B)) — (A B)| < | A|r||B]r, (59)

provided that p > ce 2pus,.(n1 + n2)log((n1 V n2)ns)/(ninang) for some numerical constant
c>0.

We then have the following simple corollary.

Corollary 55 Suppose that Xy is p-incoherent, and p 2, pusy(ni+ng)log((n1Vne)ns)/(ninans).
Then with high probability,

{(p'"Pa—Tn)(Lite RY + Laxe RI), L, %6 RY + L+ RY)|

sr(ny +ng)log((ny V no)ns
< C\/M : pT)zmgz(TEg : )Hﬁ* e RY + Laxa RY||F| Ly v RE + L xa R ||F,

simultaneously for all L4, Lg € R™M*"™ "™ gnd R4, Rp € R™2*X"" where ¢ > 0 is some
numerical constant.

Lemma 56 Suppose that p 2 log((n1 V na2)ng)/(n1 A ng). Then with high probability,
((p™'Pa — Tn,)(Laxs RY), L5 *a RE)|
< cﬁg\/(nl V ng)log((n1 V n2)ng)

p
(1alo20ll8llr A IEAIFIES]2200 ) (IR Al22.00 IR Bl F A [RAIFIR S

2,2,oo>a

simultaneously for all L4, Lg € R™M*"™ ™ gnd R4, Rp € R™2%X""3 where ¢ > 0 is some
universal constant.
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Lemma 57 Under conditions dist(F, Fy) < %6&(./\1'*) and \/nTHACu*(I,RfHQ,OO\/\/@”Rﬁ*@
‘C’é{HQ,oo < Cg\/??éa'l(x*), we have

_1 _1
LA *& G 2| VI RA *& Gx * || < € (60a)
1 1
||Rli *P (Ré{ *P Rﬁ)_l xp G7 || < :; (60b)
3 H 1 3 1
162 & (R} x2 Ry)™ *a Gi| < A= (60c)
1 1 IS Sy _
Vill|Cy % G2 200 V V2l Ry % G 200 < 1 /Zg Lo1(X.); (60d)
_1 -1 Cck Sy
VILILs e Go 200 V v/l Ry 20 G e < 1o ’;36 (60¢)
1 1 c S _
VL[| *8 G2 2,00 V VN2 | RA *8 G200 < (1 + : -~ E), / 53601(2&). (60f)

Proof First, repeating the derivation for Lemma 41 obtains (60a). Second, taking the
condition (60a) and Lemma 44 together to obtain (60b) and (60c). Third, taking the

incoherence condition /ni||Ly *@ ’Ré{ 2,00 V /N2|| Ry *o Engm < cg\/%(}l(x*), and
| A %3 Bl|2,00 > || Al|2,0005, (B) from Lemma 36, together with the relations

125 8 RY oo > 4 (R a6 G 2125 %0 G2 2.
> (54, (Re 0 G2 ?) — || R 0 Gx *||)|1 £ o G2
> (1= OlIL; +o G2 ls.oc

IRy 6 £f o > 32 (L5 %0 Go )Ry %0 G2 2.
> (G0 (Ls 0 G 2) — [ £ #0 Gr 2 |) [ Ry % G2 1200
> (1- 0| Ry v G212

‘2,00

to obtain (60d) and (60e). Finally, (60f) can be obtained by applying the triangle inequality
together with incoherence assumption. |

Now we prove Lemma 24. First, we define the event GG as the intersection of the events
that the bounds in Corollary 55 and Lemma 56 hold. The rest of the proof is under
the assumption that G holds, which happens with high probability. By the condition
dist(Fy, Fy) < L\?ZQ&ST(X*) and Lemma 41, one knows that Q;, the optimal alignment

tensor between F; and F, exists, and e := 0.02. In addition, denote -'7'-15+1 as the update
before projection as

L;—IPa(Lixs RY' — Xy) xa Rixa (R & Ri) ™
R:— %'Pn(ﬁt *P 'RtH — X)) % L) *a (Efl xo Lo) 1|7
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and therefore F; 1 = P.(Fs41). Note that it suffices to prove the following relation
dist(Fep1, Fr) < (1 — 0.6n)dist(F,, F,), (61)

since the conclusion ||£; e R — X, ||r < 1.5dist(F;, F,) is a simple consequence of
Lemma 45; see (51) for details. In the following, we focus on proving (61). By the definition
of dist(Fi41,F), we have

_ ~ 1 _ 1
dist?(Fiy1, Fo) < [[(Los1 o Qi — L) 0 G2||F + |(Riz1 *a Q77 — R xa G2||%. (62)

Plugging in the update rule (21) and the decomposition L4 *g ’R,éq — X, =LA *¢ ’Ré{ +
L, *e R to obtain

1

(Zt+1 xp Qr — L) %3 G
(£~ " Pa(Lyxa RY — X.) xa Ryxa (R +a Ry) ' — L£.) +a G:
—L 0 GF — 1(Ls+a RY = X,) va Ry o (R s Ry) ™ 0 G2
—n(p""Pa —In)(Lsxe R — X)) va Ry e (RY va Ry) ' o g*%
=(1=n)La *o g% —nL.xp RYE xo Ry xe (R o Ry) ™' *a g%

1

—n(pT"Pa — In,)(Lsxe R — X)) xa Ry e (Rf v Ry) ™' +o G2

This allows us to expand the square of the first term in (62) as

H(Zt+1 *o Qi — Ly) *a g*% H%
(1 = )L %8 G — 0L, 40 RE x0 Ry va (R 1o Ry) ™ 10 G2 |3
—2n(1 = n)(La *a gév (p'"Pa — In,)(Ls xe R — X.) & Ry xa (R & Ry) ™' %o g*%)
+ 202 (L, *& ’RZI *3 Ry *a (Ré{ %@ ’Rﬁ)_l *P g%,
(P '"Pa—Tn)(Lsxe R — X.) %6 Ry xe (Rf o Ry) ' 40 g§>
+7°(p7 Pa — Tn))(Ls xa R — X.) 8 Ry xa (R & Ry) ™ *a g%”%
=P1 — P2 + Pz + Pa.

Bound of 3;. The first term 3; has already been controlled in (53) as follows.

2€ 1 %€ + €2 1
Pi < ((1 —n)?+ 17_677(1 - 77)) 1A *0 GF |5 + (- 6)2772”RA xo G2 |-
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Bound of P3. Using the decomposition L *& ’Rf — X, =LA *p Rf + Ly *p ’RZ and
applying the triangle inequality to obtain

1 1
ol = 20(1 = )| (Lo #a G2, (7 Pa = Tuy) (L va RY = X.) va Ry v (RY 40 Ry) ™ 40 G2)

1 1
<2n(1-n) (’<£A 0 G2, (7' Pa —In,) (L *a RY) x6 R xa (Rf xo Ry) ™ *o G2)

1 1
+ (£ 40 G2, (07 Pa — Tu)) (Lo +a RY) 0 Ra sa (RY 40 Ry) ™ 40 G2)

)

1 1
+ ‘<£A x0 G2, (7' Pa — In,)(Lsxa RY) xo Ry xa (Rf +a Ry) ™ *o G7)
=2n(1 —n)(P2,1 + P22 + P23).

For the first term B2 1, we can invoke Corollary 55 to obtain

sr(n1 + n2)log((ny Vne)n _
Po,1 SQ\/M (1 + np) log((ma V ) 3)H£A x¢ RI||p||LA %o Gy *a ('Réq x3 Ry) ' xa RY||p

pninang

sp(ny 4+ ns2)log((ny V na)n 3 -3
_Cl\/u (n1 2) log((m 2) 3)H£A*<I>gf*‘1’g*2*{>Rf”F

pninang
1 1 1 _1
HL’,A *P gf *P gf, *P (Ré{ *Pp Rﬁ)il *P gf *P g* 2 *P REHF

<o psr(n1 + n2)log((ny V n2)ns)
- pningng

1 _1
1L *5 G2 |Gy 2 *a RY||

1 1 1 _1
1La *2 G2 FlG? *& (RY +a Ry) ™" %o G2[1G. * xa RY||
_ Cl\/usr(nl + ng) log((n1 V na)ng) |

1 1 1
i Lo va G2 HIG? #o (Rf +a Re) ™! +0 67|

1
A *P gf H%‘v

c1 wusy(n1 + ne2)log((ny V no)ns) Ic
pninang

where the last 1nequahty uses (600) For the term ‘,Bg 2, we can invoke Lemma 56 Wlth

L4 —EA*tPg*,RA =R.*2Gx >, Lp —ﬁA*Qg*,RB =Ra*s (R +a Ry)™ 146G}
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to obtain

3 n1 V ny)log((ny Vna)n 1 1
‘32,2§0252\/( LV n2) g](j( LV n2) 3)||£A *3 G2 22,00l LA *8 G2 || F

1 1
Ry« *& Gi ?[|2,2,00| RA *@ ('Ré{ x3 Ry) " *a G2 ||r
1
. 0263\/(711 Y na) log((my v ma)ns)

1 1
) LA %8 G2 2,00 LA *@ G ||F

1 1
IRy & Gs 2 |20 | RA & (R & R:) ™" %2 G |1

3 n1 V ny)log((ny V na)n 1 1
§C2€3\/( 1V n2) g]()( LV n2) 3)H£A *3 G2 ll2,00|lLA *& G2 || F

_1 _1 1 1
IR %@ G * 2,00 | R *@ G 2|62 & (RY +a Ry) ™' xa G2

Similarly, we can bound B2 3 as

1 _1
Pas < 0263\/(7“ V ng) Og](j(nl V na)n3) 1L %4 G 2

1
l2,collLn *8 G2 |7

1 1 1 1
IRA *& G2 |7 Rs & Gx * |2,001G7 *& (RY x& Ry) ' xs G2 |-
i

Utilizing the consequences in Lemma 57, we have

Co )\/ﬁlog((nl\/nz)ns)usm

1 1
LA & GZ||FI|RA *& G2 F;

C2 (
< 1+
Pz < (1—¢)? 1—e¢ p(n1 A ng) ns

1 1
LA *& GZ||F||RA *& G2 F.

Ty < 2 Clog((n1 V ng)ng) psrcik’
T (1=t p(n1 Anz) n3

We then combine the bounds for B> 1, P22 and P 3 to arrive at

IBa| < 2n(1 — n)((l i1€)2 \/Msr(n1 + n;jli(zi(é:1 V na)ns)

2
o Ce cik Llog((n1 V n2)ng) usyk 1 1
1 L 2r|R z
+ (1—6)2< + 1—e+ (1—6)2>\/ p(n1 A ng) n3 1£4 x2 G2lIFIRA *e g*HF)

1
12 *2 G2

1 1 1
=201 =) (£ 0 G2 I+ w2 £ e G2 FIIRA 50 G215 )
1 1
<1 =) (@ +w)|La va GEF + el Ra <o G213),

where we denote

wsr(n1 + n2)log((n1 V ne)ns)

N
=
|
—~
[—
e
M
~—
[\

pninang
2
c2 Ce cik Clog((ny1 V n2)ng) us,k
d = 1 .
and v (1—¢)? ( + 1—e¢ + (1-— e)2>\/ p(n1 Ang) ns (63)
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Bound of B3. For the term P3, we first have

1
B3| < 2772(‘@* x3 RY o Ry *a (Rﬁq x Ry) ' *a G2,

1
(P 'Pa—Tn)(La o RY) x6 Ry xa (R +o R:) ™' o G7)

1
+ ‘<£* vo RY v Ry v (RY +o Ry) ™ o G2,
1
(p™'Pa — L)Ly v8 RE) *a Ry xa (RY & Ry) ™' +2 G2)
= 2n* (P31 + Ps,2)-

)

NI
=

1 _ _
For P31, we invoke Lemma 56 with £4 := LA*8GZ, Ra = Ry*8 G+, Lp = Lix0 G, ?,

1
Rp = Ry *a (Rf xe Ri) ! & G %o (’Rf xp Ry) ' *a T\’réq * R *$ G and use the
consequences in Lemma 57 to obtain

1

3 n1 VvV ng)log((ny V ng)n 1 _1
P31 SszQ\/( 1V ) g](g( 1V n2) 3)H£A *3 G2 || Pl Ly %@ G ?|2,2,00

_1 1
IR %@ Gu 2 ll22,00 IR *& (RY & Ry) ™" %o Gu v (Rf %o Ry) ' xa R{ xo R xo GZ|IF

n1 VvV ng)log((ny Vng)n 1 _1
s@z%\/( 1V mo) g}g( LVR) ) o GE L %0 G e

_1 1
IR %@ G 2 [l2,00IRs %@ (RY % Ry) ™" %2 Gu xa (R % R:) ™ *& R x& R *a G ||r

: vV lo \V4 1 1
s@zi\/(’” n2) g;(”l R28) 1 e GE I+ G o

_1 1 1
IR *@ G * 12,00 | Rs ¥0 (R xa Ry) ™" %2 G2’ R *a Gi|F
Cco \/E log((ny V no)ns) psrcck

1 1
LA 2 GZlFIRA *& G ||F.

T (1-¢)p? p(n1 Ang) n3

For 3, we again invoke Corollary 55 to obtain

usr(n1 + ng)log((ny V ng)ng
P2 < 61\/ a p:lan(TEg ) )H[,* s RY | r

|2 +8 RE xa Ry v (R xa Ry) ™' +a Guxe (Rf xa Ry) ™ xa RY' |

sr(n1 +ns9)log((ny V ng)n _ 1
< Cl\/u 7‘( 1 2) g(( 1 2) 3) ”E* *& RZH%’HRﬁ *& (Ré{ o Rﬁ) 1 *p G2 H2
pninang

c1 \/Mé‘r(nl + ng) log((n1 V n2)ns) IRa 0 G212
* ||

<
T (1-¢)2? pninen3
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where the last inequality uses (60b). Combining the bounds for B3 ; and P32 to arrive at

c sr(n1 4+ n9)log((ny Vng)n 1
el < 2t (L e e lostn Vielns) g
(1—¢) pningng

N co \/6 log((n1 V n2)ns) psrce

K 3 > )
1o ol A1) - [1La *e GZ|FIRA *0 GZ|F

1 1 1
< 2n? (VIHRA xo G2 |7+ 12llLa *o G2 || FIIRA *a G2 ||F>
1 1
< (vallCava G2} + (21 +12) [ R e G2 }).

Bound of 4. Moving to the term B4, we have

1
VBi=nll(pT"Pa — In,)(Ly xa R — X,) & Ry e (R & Ry) ™' xa GE|Ir

1
=n_ max _ (p™1Paq — Tn)(Ls*a ’Rf — X,) *s Ry *a ('Réq *3 'Rﬁ)_l *xp G2, L)
LER™M X713 L|| p<1

~ 1
=n_ max _ ((p7'Pa—TIn)(Ls*e R — X,),L+a G xo (R{ v Ry) ™' xe R{")
L‘,GRnl ><7‘><n3:||£||F§1

<n([(r'Pa ~ To) (Lo va RE), £ s G o (RY! 5 Ry) ™ +a RI)|
[0 Pa - Tu) (Lo wa R, £ 40 6F 50 (RY <2 Ry~ +a RE)|
(0 Pa ~ Tu)(£e 50 RE), 50 G +a (RY +a Ry) ™" a2 RY)
= n(Pa1 +Pa2 +Pa3).

Note that the decomposition of /34 is extremely similar to that of o, thus we can follow
a similar argument to control these terms as

c sr(n1 +n92)log((ny Vns)n 1
m4,1 < 1 5 1% 7"( 1 2) g(( 1 2) 3) H‘CA ‘o Qf ”F;
(1—¢) pninen3

1
|RA *& G2l F;

Pa2 < &726)2(1 +

1—c¢ p(n1 Ang) n3

Cs )\/ﬁlog((nl\/nz)ng) HSrK

c2 Clog((n1 V na)ng) psrc2k? 1
< R p-
Pas < i 6)4\/ p(m A o) s IR GXlr

Hence,

1 1
VBs <n(n||La *a G2 l|F + 12|RA *3 G2 || F).

Taking the square on both sides to obtain the upper bound

1 1
Bl <0? (101 + )| £ w0 G2 [T+ valvs +12) [ R v0 G2} )
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GUARANTEED NONCONVEX LOW-RANK TENSOR ESTIMATION VIA SCALED GRADIENT DESCENT

Taking the bounds for 1, Po, B3 and Py collectively yields

_ 1
(L1 %3 Qi — L4) *& G2 |15

2e 1
— )2 = _ 212
<(@=m?+ 0 =) 1£a o G2} +

2¢ + €2
(1—¢)?

1 1
(1= m) (@01 + w)|1£a +o G2 I+ val R +0 G213

1
| Ra e GZI%

1 1
17 (val| £ v G2 [} + (201 +12) [ Ros e G2}
1 1
+ 2 (11 + )| £a va G2l + valvr + v2)[Ros 0 G217 )

A similar upper bound also holds for the second term in (62). It then turns out that

- 1 ~ 1
[(Li1 e Qi — L) *0 G2 |7 + [|(Ris1 x0 Qi 7 — Ry) xe G2 |F < B2(n; €, 11, 10)dist? (Fy, Fo),
where the contraction rate h?(n;e,vq,0) is given by

2¢ + €2
(1—¢)?

psr(ni+n2)log((ni1Vna)ns) p?s2k*01og((n1Vna)ng) .
s \% (i) for some sufficiently large

R e m,) = (=) + (o 20+ w) n(1 =) + (

1 +2(V1+V2)—|—(I/1 +V2)2>772.

As long as p > c(

constant ¢, we have v; + 15 < 0.1 under the setting € = 0.02. When 0 < < %, we further
have h(n; e, v1,v2) < 1 —0.6n. Thus we conclude that

dist(Fr1, ) < V| Beot 20 @ — £2) 40 G113 + [(Rusr +e 7 — R.) <0 G2 [
< (1 — 0.6n)dist(Fy, F).

This finishes the proof.

D.2.1 PROOF OF LEMMA 53
Denote the tensor H;j, = (pfléijk — 1)Zi’j’kéijk. Then we have
(p'"Pa—Tn)(Z) =Y Hij
i,k

Note that ¢;;;’s are independent random scalars. Thus, H;;;’s are independent random
tensors and H ijk’s are independent random matrices. Observe that E[ﬁ ijk] = 0 and
| H k|l < p~ V2| Z|lx by using (35). According to the proof in Lemma 38, we know that
Dk ZijjkL(Egk *g ¢;;) is f-diagonal and the k’-th entry of its (j, j)-th mode-3 tube is
Dok Z§7j7k|<I>k/,k|2. We have

D2l < 30 (D0 225) (max|@u ) <302l BI% <03 2
i,k i k i,k ik
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H

Hence, the tensor spectral norm of 3, ., Z?,j,k(éijk *g €;5;) has the bound

,H —
H Z Zzz,j,k(eijk *P ez‘jk)H < maXKZZ?,j,k <L Z|% 2
i3,k / i,k

Then we have

IS s | o ]
id. i.d,
= H D E[(1 - p k) Zi gk (B *a Ez‘jk)H
Z'7j7k

1—p)¥
(p)nzuzo,Q

< p_lfHZHgo,z'

<

We can also have a similar calculation that yields [| >, ;, E[ﬁmkﬁgk]ﬂ < p_1€||ZHgO72.

The proof is completed by applying the matrix Bernstein inequality in Lemma 52.
D.2.2 PROOF OF LEMMA 54

By Lemma 40, with high probability, for any A € T, it holds that
p(1 = o) Allr < [[PrPaPr(A)llr <p(l+ e Alr. (64)
Rewriting || Pa(A)|lr = (PaPr(A),PaPr(A)) = (A, PrPaPr(A)), and using the

Cauchy-Schwarz inequality, we can bound
IPa(A)7 < p(1+6)| Al (65)
In addition, we have
IPa(A)7 = (A PrPaPr(A) = (A, PrPaPr(A) — pPr(A) + pPr(A))
> || A p|PrPaPr(A) — pPr(A)llr + p| Al
> p(1 — )| Al (66)

where the last inequality follows from Lemma 40. Combining (65) and (66) proves (58). To

show (59), let A’ = —A— and B' = -2—. Both A’ + B and A’ — B’ are in T.. We have
lAl# 1Bl 7

(Pa(A), Pa(B) = ; (IPa(A + B} - [Pal4 - B)|I})

IA
N N I SN

(p(1+ A+ B3 — p(1 - )| A~ B[}
= (201 A E + 1B + 4p( A, B))
= pe + p<A/, Bl>7

where the first inequality follows from (58). Thus, we have

p (Pa(A),Pa(B)) =p | A|Fr|B|r(Pa(A), Pa(B)) < c|Alr|B|Fr + (A, B).
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GUARANTEED NONCONVEX LOW-RANK TENSOR ESTIMATION VIA SCALED GRADIENT DESCENT

Similarly, we can show
“HPa(A), Pa(B) > —¢lAlr|B|r + (A, B).

The proof is completed.

D.2.3 PrROOF OF LEMMA 56

First, using the definition of tensor inner product, we have

R
(A B)| = 5[4, B)| < Sl Al Bl = [l A B].,

0
for any A, B, where the inequality holds by matrix Holder’s inequality. Hence,
P (Pa(Laxs RY), Pa(Lp +s RY)) — (La xa RY, L *a RY)|
={(p™'"Pa —Zu)(T): ((La xe RY) o (L5 +a RE)))]
<[~ 'Pa — T )(III(La s RY) o (L ¥ RE) ||+, (67)

where J denotes the tensor with all-one entries and o denotes the Hadamard (elementwise)
product. To bound ||(p~'Pq — I, )(T)|, we again denote the tensor H;jr = (p~ ;1 —
1)e;jr. Then we have

(p'"Pa—Tn)(T)=>_ Hij

Z"j7k

Note that ¢;j;’s are independent random scalars. Thus, H;;;’s are independent random

tensors and H ijk’s are independent random matrices. Observe that E[f{ ijk) = 0 and
| H || < p~'v/¢. Then we have
| Sl = | S0 - s v )
7]7 7‘77
1—p
= |5 Z el s
Jk
1—p
< e
1,5,k
l
< ”71’
p

where the last step uses (36). A similar calculation yields || >, ;, E[H,ijUk]H < ”725.
Using Lemma 52, let € = y/c(n1 V ng)flog((n1 V n2)ns)/p, then with high probability,

1™ Pa — T ) (T < ¢,

provided that p > clog((n1 V n2)n3)/(n1 Ang). To give a bound of ||(£4 *e RY) o (Lp *a
RE)|., notice that it is equal to

n3

H(‘CA *p Rg) © (K’B *p Rg)”* = Z 7”(514(:7 5 k)ﬁA(:7 5 k)H) © (‘C’B(:7 5 k)RB(:v 5 k)H)H*7
k=1
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and we can decompose each (LA(:,:, k)Ra(:,:,k)T) o (Lp(:,: k)RB(,:, k)H) into sum of
rank one matrices as follows

(La(:,, k)RA(,:, k:)H) o(Lp(:,:,k)RB(,:, k:)H)

T1

(ZLA (-4, k)Rl g,k:H)o(icg(:,j,k)RB(aM)H)

J=1 =t
=N "N (LaCgik) o Lp( 4" K)) - (Ra(s, 4, k) o Rp(:, 4, k)"
j=1j'=1

We can then find an upper bound of ||(£4 *e RY) o (Lp *& RE)||« via

II(ﬁA 3 RY) o (Lp *a RE)|«

T1 T2
S s €ac ko s 0) - (Ras k) o Rut 1)
k=1j=1j=1
ng r1 T
—ZzngﬁA k) o L5 k) H HRA ,Jik) o Rp(:, ', k)”
k=1 j=1j4'=
n3 ri T2 n2 . .
—ZZZ Z\ﬁA ik PIEB)ig k12 | D IRk P (RB)i g k]2,
k=1 j=1j4'= 1 =1 i=1

where we replace nuclear norm by vector /o norms in the second last line because the
summands are all rank one matrices. Applying Cauchy-Schwarz inequality twice, we have

(L4 *e RY)o (Ls*e RE)|-

n3 reor2 mn o Mo
= % 2.0 (ﬁA)"J”fz(ﬁB%J’ﬁJ > 2D IRaisPI(Re)ig,
k=1 \j=1j'=1i=1 j=1j/=1i=1
n3 1 ni _
= Z D LAl R)BIL R,k JZRA 0,5 k) |2IR B, k)2
k=1 i=1 P
1 n3 n2
<€Jk ZHEA b H H[’B b ’ \lkzleA L5 H ||RB( ) )HQ
=14=1 1i

n3 ni n3 n2
¢ ZHﬁA i R)BILB(, K Z\IZZRA i k)3 RB(i, k)5

=11 k=1 i=1
gé(

) (IRAl22oc Rl AR AR 5ll2200)-
(68)
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GUARANTEED NONCONVEX LOW-RANK TENSOR ESTIMATION VIA SCALED GRADIENT DESCENT

Putting (67) and (68) together, we have

P {Pa(la+e RY), Pa(lp*e RE)) — (La*e RYE, L+ RY)|

<c€§\/<n1 V ng)log((n1 V na)ng)
p

2200l EallE A EANFILB 220 ) (IR Al22.00 | RE ] F A IR AllFIR ]

(1€

2,2,00) .

D.3 Proof of Lemma 25

In view of Lemma 43, we have

V241
/

V241)28  — — — = V2 +1)2s,
. ﬁnm&W oy V2B g

where we use the fact that U 060‘751 — X, has rank at most 2s,. Applying the triangle
inequality, we obtain

dist(Fo, F,) < \/V2+ 1||[Uo *& Go xa VI — X, ||r = 1T0GoVE — X, ||

ltho *& Go & Vi — X.|l < [p™'Pa(X.) —Uo *a Go xa Vi || + [lp™ Pa(X.) — X
<2[p ' Pa(X.) - X,

where the second inequality relies on the fact that Uy xa Go *a V{]{ is the best tubal rank-r
approximation to p~'Pq(X,), i.e., [[p7 ' Pa(X,) —Uo*a Goxa V|| < lp ' Pal(Xy) — X4l
Combining the above two inequalities yields

o~ 24+1)2s,, _ -
dist(Fo, F,) < 2 (\[f)sHp 1Pa(X,) — X, g5,/‘%||p LPa(X,) — X,

Using Lemma 53, we know that

_ Velog((ny V ng)ns) Clog((n1 V n2)ns)
|67 Pa = Za)) (Xl < ¢ R |x*||oo+\/ U o),

holds with high probability. The proof is finished by applying Lemma 35 and Lemma 36
and plugging the following bounds from incoherence assumption of X,:

nSy _
X, lloo < VUL 2,00l|G4 | Vill2,00 € ——e— ks, (X);
[ X illoo < VAU 200G Vi, _\/anmr( %)
KSr
2,00 |G [Vl V UGV

X < ||U (s A ol
1 sllo.2 < 4y (n1 A ng)nsl

|2,oo < ﬁa‘sr(x*)-
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Appendix E. Proof for Robust Tensor Completion

Lemma 58 Suppose that Z € R™"*"2%"3 g g fized tensor and Q@ ~ Ber(p). Then with high
probability,

clog(nans) clog(nans)

I(p™'Pa = Z0)(Z)ll200 < 2 122,00 + 1Z1]co;

for some numerical constant ¢ > 0.

Proof For any fixed b € [n1], the b-th horizontal slice of the tensor (p~'Pgq —I,,)(Z) can
be written as

(P Pa—Tn) (@) *a &y = Y (0 ik — 1) Zigaeiy *a & = Y Hi,
i7j7k i?jvk
where H;;;’s are independent row tensors of size ng X 1 X n3 and E[Iquk] = 0. Let h;jx €
R™2"3 be the column vector obtained by vectorizing H;;jx. Then we have

Rkl < p~" Zijrllelfy *a eollr < P2l

We also have

1=-p
| Blnfihi] = | S B 3] = L3 22l e bl

1,7,k 1,7,k 1,7,k

Note that e k xg ¢, = 0 if 7 # b. We further have

_p -H o 1 — P _H _
‘ ZE hzgkhwk ’ D Z Z?,j,k”%’jk o & F = e Zzg,j,k”ebjku% <p 1HZH%,OO-
.5,k i,5,k j.k

We can bound |, ;  E[h Ukhgk]ﬂ by the same quantity in a similar manner. Treating
h;ji’s as nong x 1 matrices and applying the matrix Bernstein inequality in Lemma 52 gives
that with high probability,

I[(p~'"Pa — In)(2)]" ¢ &llr = |Hijrllr = Rkl

clog(nans) clog(nans)

<2

1Z]]2,

121

for some numerical constant ¢ > 0. [ |

E.1 Proof of Lemma 26
We prove Lemma 26 again by induction.

Base case. Since p” = 1, the assumed initial conditions satisfy the base case at t = 0.
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GUARANTEED NONCONVEX LOW-RANK TENSOR ESTIMATION VIA SCALED GRADIENT DESCENT

Induction step. At the ¢-th iteration, we assume the conditions

dist(Fy, F,) < %pt&sr(x*),

1 _ 1 Sy _
V(L %a Q1 — L) %0 G2 2,00 V vzl (Ry #6 Q57 — R.) %0 G2 ||2.00 < Z?, £0'3s, (X.)

hold. In view of the condition dist(Fy, Fy) < “2pl5, (X,) and Lemma 41, one knows
that Q; exists and ¢ := 0.02.

N
Sk

Distance contraction: By the definition of diStz(ft_A,_l, F,), we have

1 1
dist?(Fry1, Fr) < |(Log1 0 Qi — L) %0 G2 7 + [(Res1 +0 Q77 — Ru) *0 G2 |17

According to the update rule (23), we have

(Livr e Qi — L) +a G2
:(Lﬁ — o Pa(Ly ke RE + 811 — X, — 8,) va Ry e (RE v Ry) ™ — g) g G2
=<EA —np” " Pa(Lyxe RY — X.) xa Ry va (RY xa Ry) ™

—np "Pa(Si1 — 8.) *e Ry o (Rf *a Rﬁ)il) *g g*%
—Ln e GF — n(Ly+e RYT — X.) x¢ Ry o (Rf 6 Ry) ™' o G:
—n(p " Pa —In)(Ls e R — X,) xe Ry *o (R{ +a Ry) ' o G:
—np "Pa(Sa) *e Ry +a (R xe Ry) ' *a G:
=(1—=n)La *s g*% —nLy xp R %o Ry +a (RY % Ry) ™' *a g*%
o Pa — Tn))(Ly+a RE — X,) +a Ry+a (R 50 Ry) "L 40 G2

1

—np” ' Pa(Sa) e Ry +a (R & Ry) ' & GZ. (69)
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Taking the squared Frobenius norm of both sides of (69) to obtain

(L1 e Qi — L) *@ g*% 1%
(1 =ML xa GF — Ly vn RY w2 Ry v (RY 50 Re) ™ 40 GF 3
—2(1 — ) (LA *a 9%, (p™'"Pa —In,)(Ls e R — X.) xa Ry xa (R x& Ry) ™ *a g§>
+ 207 (L, +a RY +a Ry xa (R xa Ry) ™' o g%,
(P '"Pa—TIn)(Lsxe R — X.) %a Ry *a (Rf o Ry) ' *a g§>
+ 0l (P Pa — Tn))(Ls v RY’ — X)) 6 R va (RY xa Ry) ™"+ g? 1%
— (1 =)L +a G2, Pa(Sa) *e R +e (RY xa Ry) ™" *a G2
+ 2% (L v RYE x5 Ry *a ('Rﬁq xe Ry) " *a g%,
p"Pa(Sa) *e Ry xa (R xo Ry) ™' *a g§>
+20%{(p™"Pa — L)) (Ly 8 R — X)) xa Ry +a (RY & Ry) ™' *a gz,
pPa(Sa) *e Ry xe (R xa Ry) ™ *a g§>
+7’llp ' Pa(Sa) x& Ry xa (R +a Ry) ™' s g? 1%
=T — Ty + T3+ Ty — Ty + T + Tr + T

Bound of ¥;, T9, T3 and T4. Repeating the same steps as in the proof of Lemma 24
and utilizing Lemma 48, we have the following:

% < ((1 —n)?+ 127_6617(1 - n)) LA *® g*% 1%+ (ij_:;nZH’RA * g*% 72
i 22t g M e
+ a i26)2 \/ﬁlogp}((:ll/\\/:;))ng) %(pt +4)[La *a g? [FIRA *a g%‘|F>7
=il < 20 (7 le e V) iR s v G
g i26)2 \/Elogp(((:ll/\\/sj))m) 25? 1Cn +0 G2 r|RA +a Q%HF),
and /T, < n((l i1€)2 \/Msr(m + n;ii(y)iigh V ng)ng) (. g*%HF
N 5 i2€)2 \/flog;((:llx;l;))nz)ﬁ;j(pt + )| Ra +a Q%HF)-
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GUARANTEED NONCONVEX LOW-RANK TENSOR ESTIMATION VIA SCALED GRADIENT DESCENT

Bound of 5. Lemma 22 implies S = Pq (SA) is an ap-sparse tensor, hence

1 1
20(1 = n)(La *e G20 "Pa(Sa) e Ri xa (Rf +a Ry) ™ *o G7)
nA=0| (Gh. BIR.-1G TH
zzT‘tr(k‘szwzﬁ(RTj R,)'G.LY),

=) SR BER-1E T
<20 3| Ry(RY Ry G

an(l —n - = SHB \-17~ T
< s ) o/ By (R ) GBI

an(l — . — = =i _1
<’7(ﬂ’7><n1 + 12n3) | 8lloe /57| Re(RY Ry) G2 | L0 G |

ay/srn(1 — :
<2 \/?7( 77)(711+n2n3)”Xt_X*HooH£A*‘I’g’gHF

aps; (1l —mn) e

Kng,/mng 1—c¢

<6

(n1 + ngng)p2t62 (X)),

Sr

where the last step uses the results from Lemma 48 and Lemma 50.

Bound of ¥3. Similar to %5, we have

1
2% (L, xo RE xo Ry o (Rf o Ry) ™' %9 G2,

1
P Pa(SA) *e Ry *a (Rf x Ry) ™ %o G2)
2

=2 tr(SRy(R'Ry) ' G.(R{'R,) ' RI'RALY)|
2
77 A~ —_ — — 1= — — 1= — —
<2 ISII By(Ry Ry) ™' G (R Ry) ™ By RALY I
2
0% A - == . 1= — = 1= = =
<+ mans)18 oo/ | Ry (B R) ™G (R Ry) R RAL e
an’ & B BHBA-1FE 1218 « &3 || T
SW(”I+n2n3)||5"oo\/§”Rﬁ(Rﬁ Ry) " GET[RAGE | FIIU||
1 1
§2an2(n1+n2n3)\/§m|’X1§—X*HOOHRA *P ngF
1.5,,2
QpSy 1 € 2 -2
<6 X.).
= eng\/m("1+"2"3)(1—e)2p 75, (X4)



Bound of T7. Using the decomposition Ly *g ’R,éq — X, =LA *p ’Rf + Ly xg ’R,g and
applying the triangle inequality to obtain

1
|Tr| = 2772‘<(P_17’n — )Ly *a Ry — Xy) ¥ Ry ve (RY & Ry) ™' a0 G,
1
P '"Pa(Sa) *e Ry xe (RY xo Ry) ™'+ G2)
1
S 27]2()<p_1779(5A) *Pp R’i *Pp (Réq *P Rﬁ)_l *P gf,

1
(p"'"Pa —In,) (L xe RY) xa Ry xe (R %6 Ry) ™' %0 G2)

1
+ ‘(P_LPQ(SA) *3 Ry o ('Rf] x Ry) ' *a G2,

1
(p"'"Pa —In,)(La e RY) xa Ra *a (R xo Ry) ™' o G7)

1
+ ‘(P_LPQ(SA) *3 Ry *o ('Rf s Ry) " *a G2,

1
(PP — Tn,)(Ls 6 RE) xo Ry +e (R xo Ry) ™' %0 G2)
= 20*(Tr1 + Tra + Tr3).

)

For the first term %71, we can invoke Corollary 55 to obtain

sr(n1 +n9)log((ny V ng)ng
71 < Cl\/“ al ) Log(( ) )||£A o RY | F
pningng

P~ Pa(Sa) s Ry *a (RY v Ry) ™" & Guxe (R +a Ry) ™' +a RV |r
< \/usT(nl + n2)log((n1 V n2)ns)
> C

pninansg

1 _1
I£a *2 G2IFIG.* x& RY|l

11 11
"' Pa(Sa)lFlRy *e (R +8 Ry) ™" +e G262 xa (R xa Ry) ™' +a G219, * & RY|
— e \/,usT(nl + ng) log((n1 V na)ng)

p3n1n2n3

1 .
1£a *a G || Fv/apninans||Slle

1 1 1
IRs *a (RY xa Ry) ™" o G2[|GZ *a (R & Ry) ™ *a G|

c asr(ny + n9)log((ny V na)n: 1 A
< _1 - 12 7"( 1 2) 2g(( 1 2) S)HEA . ngFHSHoo
(1—¢€) p
ey O pasy(ny + na) log((ng V na)ns) 1L o g*% 1l %0 — X[
T (1-e? p?
“ ciptdstSe  [a(ng +ng)log((ny Vv ng)ng)p%&Q (x.).
~ plng(l—e€)? nimng s

1 _1
In regard to T7 2, we can invoke Lemma 56 with £4 = LA *¢ G, Ra = Ry *a G4 7,
Lp = p_l’PQ(SA), Rp = Ra *p (Ré{ *P Rﬁ)_l *p G, 3 (Ré{ *P Rﬁ)_l *& Réq and use
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the consequences in Lemma 57 to obtain

\/(nl V na) log((n1 V n2)n3) ‘
b

. 1
Tro < cpl2 LA +a G2 |Flp ' Pa(Sa)l2,2,.0
_1
IR 2 G ® 22,00l R #2 (RY %8 Ry) ™ 2 Gu v (R +2 Ry) ™ 2 RY' |1

ni1 VvV ny)log((ny V ng)n 1
Scﬂg\/ ) OB VI 2 v 62 P e

_1 _1 1 1 1
IR« %@ G * 2,00 IR A %2 G 2 || F[1G2 @ (RY +a Ri) ™' %0 G2[G2 @ (R} +a Ry) ™" %o RY||

1
<t \/ (e ¥ eV o)

1 N
LA *& G2 | Fv/apnz||S| o

_1 _1 1 1 1
IR« %3 Ga %200 | R A *& Ga * PG *& (R g Ry) ™! %8 G2||G2 *a (RY x5 Ry) ™ xa RY||

< o0t wnl V o) log((n1 V ng)ns)

1
3 LA *& G2 || Pv/apnz|| X — Xillso

1 1 1 1
IR %2 Gr 2 [l2.00|R A *2 G 2| F[1GZ #2 (RY +2 Ry) ™' *2 GE|IGZ *& (R x& Ry) ™" +a RY|

copBstd [allog((ny V ng)ns)
- Y Amng

1 1
PNLa o GE|F|Ra & GZ||F-

Similarly, we can bound %73 as

1
1773 < 0263\/('”1 \% n?) 1Og((n1 vV n2)n3) Hﬁﬁ *p g:QHQ,ooHpierQ(SA)HF

p
1 _1 1 1 1
IRA *& G2 |FIIRs & Gu 2 l|2,001G2 *@ (R & Ri) ™" *a0 G2[|||G? *& (R{ x& Ry) ™'+ RY||

: n1 Vng)log((ny Vno)n
SW( L na)loa((m V)

1 N
14 *& G *||2,00v/aPn11213]|S || o0

1 _1 1 1 1
IR~ *& G2[[FIIRs *& Ga ? 2,00[1G2 *a (RY *a Ry) ™" x2 G2[1G2 *2 (R x& Ry) ™" +a RY|

o capi?s2e alog((ny V ng)ns) 2t6§ (X,).
pn3(1—€)* | L(ny Ang)ns ’

We then combine the bounds for €71, 79 and T7 3 to arrive at

|T7| < 20 (6

cptPstSe  [a(ny + ng)log((n1 V na)ng) %52 (X,)
p€n3(1 — 6)3 ning PO, *

+6

1 1
PLa *a G2l FIRA & G2 || F

ol Bsh5  [allog((ny V no)ns)
pn3(1—e€)? (n1 A n2)ns

2.2
cop®se alog((ny Vn2)ns) o o )
o1 x,)).
+ pna(l — 6)3\/ £(ny A ng)ns P75 (%)
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Bound of ¥g. Similar to %5, we have

1
lp " Pa(Sa) *a Ry*a (RY xa Ry) ™' xa G|T
T — oy — 1
*|ISRy(R}' Ry) ' G2 |7

Zﬁn |
1 1=k
Sl STHSRIi(Rﬁ Ry)'G2|?
1 1
égpﬁn 25|15 *||Ry(R}' Ry) ' G2 |?
<O 2|52 | Ry(RER,) G|
S+ nang) 7SS | By (R Ry) ™~ G|l
1
<aZiPs,(n1 + n2n3)2m||xt - X%
a?u2s3n? 1
<9 T 2 2t =2 L),
anngng (n1 + nang) (1—6)2p 75 ()

Taking collectively the bounds for %1, To, T3, T4, T, T, T7 and Tg together, we have

1
(L1 %8 Qi — L4) *& G2 |15
2¢ + €2

2¢ 1
<=+ Ton ) IEa e GEIE + IR e G

1
1 1
(=) (@ + )£ 52 G + vl Ras e GF )
1 1
12 (w1 £a v GEF + (201 + 3) [ Ros %0 G2 7
(V1 (1 +v3)l|La *a g* 1%+ v3(v1 + v3) | Ra * G2 HF>

7 (vl +a G HF R +a G217

+6n(1—n) s e (n1 + nang)p?a? (X)+6772L571’5(n + nang) ——— 52 (X))
" nﬁngw/nlngl—e ! 21 SrATh Ing\/n1ms ! 2 (1—¢)? srATh

e ptPstOe a(ni +n9)log((ny Vns)n
o CLU S, (n1 +n2)log((n1 V na) 3)p2t5§T(X*)

Eng(l — 6)3 ning
2g2 2 2.3
Coli°syE alog((n1 Vn2)ng) o _o 5 22s , 1 v
asr* - X))+ 9P X)),
T a1 _6)3\/ U(ny Ang)ng © T () 91 Inynan? {1+ wams) 1—e2” Tor ()

where vy is defined in (63) and we denote

Co Clog((n1 V n2)nsz) usy , 4
Vg = L +4
3 (1-— 6)2\/ p(n1 Ang) n3 (p )
15,15 1
and vy = G_C2H S ' allog((n1 V na)ns)
pn3(l—e) (n1 Ang)ns
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1
A similar bound can be computed for |[(Ri1 *& Q77 — Ry) *& G2 ||%. As a result, we
reach the conclusion that

dist?(Fip1, Fr)
) 1 5N1 +Mnang € _
<H(n; € v1, va, va)dist™(Fr, Fu) + 5 (1277(1 — n)aus,” ne i 1= "o, (X.)

15 Fneng € 2t -2 2 9 9 3(mt+mnang)® 1 2t -2
X 18 X
P i (L o O (Xs) 1817 s) o? (= 2" 52 (X,)

01M1'5571!5€ a(ny +ng)log((n1 Vna)ns) o o
5 P Os, (X*)
pns(l —¢€) ninz

+ 12n%aps

+ 24n>

252 /1 v
o2 _C2Hsne \/Oé og((n1 n2)n3)p2t5_2 (X*)),

pns(l —¢)3 (n1 Ang)ns o
where the contraction rate h?(n; e, vy, v3,14) is given by

R2(n; €, v1, v3, v4)

=(1— 77)2 + <% +2(11 + V3)>7](1 -n)+ <(21€_+:)22 +2(v) + 3+ 1) + (11 + 1/3)2)772.

1.5.,1.5

> of 1278 (ntne) log((n1Vn2)ns) /LzS%“Og((m\/nz)nS)) ;
As long as p > c( ns/nih \% mon/ (A2 for some sufficiently large
1.5 n1+n2ng

constant ¢ and aus, W < aug%ﬁ% < 1074, we have 11 + 5 + 14 < 0.1 and

ciptPst® [a(ng + ng)log((ny V na)ns) N 402u23$ allog((ny V n2)ns) < 0.0005
pn3 ning pn3 (n1 Amg)ng

under the setting e = 0.02. With % <n < %, we can have

dist?(Fyy1, Fy)

. ny + nan 1
S(l B 0,67])2d18t2(-7:t7f*) + (1277(1 - 77)&#571,5 nlg\/%nj 6(1 — 6)

1 2 1
L5 ni + nang ~+ 187222’ (n1 + nzgs) . 2)
n3y/ning €(1 —e€) ningn;  €2(1—¢€)?2/ ¢

1
<(1—0.3n)%;€*p™ 55, (X.).

+ 12naus

Thus we conclude that

. 6 ~
dlSt(.’Ft+1,-7:*) < %Pt-‘rlUST(x*)
by setting p =1 — 0.37.
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Incoherence condition: We first use (69) again to obtain

1
|(Lis1 @ Qt — L) *& G2 ||2,00
1 1
<(L=n)lLa *@ GZll2,00 + Nl Lx ¥ RE +a Ry o (RY +a Ry) ™' %8 G [l2,00
1
+0l(p7 " Pa — Tn, ) (Ls xa RY' — X,) %8 Ry xa (RY 2 Ry) ™' va G2 |l2.00
1
+1lpT ' Pa(Sa) xa Ry +a (RY & Ry) ™" 2 G [|2.00
=201 + Wy + Ws + Wa.
Bound of 207 and 20;. The bounds of 20; and 205 are identical to those of 87 and
B, in the proof of Lemma 20, respectively, i.e., 207 < (1 — 1), /L2 p'G, (Xy) and Wo <

ningl
€ us £ —
Ni—e nlngﬁp UST(X*)'

Bound of 2J3. Following Lemma 36 and Lemma 58, we have

1
Ws < nl(p™ P — L) (Ls ¥ Ry — X200 Ri *a (R x2 Ry) ™' %8 G2 ||
< 07 Pa — ) (L xa RY = Xl

n (2 clog(nans) |

clog(nan
< T £y R — X g+ COB28) ~ )

clog(nans)

n (2 clog(nans)
p

- LA & R + Ly %8 RE 2,00 +

|£a w0 RE + Lo e RE | )

where

1£a *a RY + Ly xa RE|2,00
<La xa RY 2,00 + |1£4 %2 RYE|
<NLa #3 GE 2o R %0 G 2|l + Lo %8 G % 20| Ros #3 G2 |
<ILn %8 GZ 2ol Ra *8 GZIG: M + IR %8 G 2[) + [1€s %8 Gi * 200l R 8 GZ|

HSy ¢ _ t S t =
<,/—— X 1 X
= nlngﬁp 0-57“( «)(ep” + ) + nlngﬁep 75, (X)

nSy t_
< 2 1 X
< [ ek 1t (2.,

and [|La x¢ RY + L, e RY |0 <

2,00

3, I p'05,(X,). Thus

n clog(nans) [ psy . clog(nans) LSy '
W5 < (2y/ N 2 + 1 X,)+ 3 x).
3T » nlngé( e+ 1)p'os, (Xy) ) e’ s, (Xy)
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Bound of 27,.

1 A/ apnan
Wi <l Pa(88) el R: va (R v Re) ™! v G2 < T3 [Pa(810) o

/LS, WSy 4
<6 X,).

Putting all the bounds together, we obtain

1
H(Et—l—l xp O — E*) *g G2 H2,oo

1 1
S((l )4 € N n (2 c Og(ngng)(26+ 1+ 3¢ og(nans) [ usy 46 ausr)) Sy e
l1—e¢ 1-—¢ P P N9ong P ninsgt
We can then have
_1
|(Lis1 *@ Qt — L) *3 G *||2,00
1 1
S((l P € n n (2 c og(nzng)(26+ 1) +30 og(nans) [ usy 46 ausr)) Hsr v
1—¢ 1-—¢ P P nang P ningl
Applying the triangle inequality and Lemma 49, we have
1
|(Lis1 @ Qir1 — L4) *@ G ||2,00
1 _1
(L1 +0 Qi = £2) w0 G o0 + (I(Lrs1 76 Q= £2) 40 G2 |2
_1 1 1
FULe w0 G ?ll200 ) 162 0 Q7 e (Qus1 — Q) +a G
€ n clog(nang) clog(nans) [ us,
g((l—n)+n + (2 (2¢+1)+3
l1—¢ 1—¢ p p nan3
QLS WSy 4 € n clog(nans)
6 ) 20+ ((a- 2 2+ 1
w6/ ) [ o+ (- m i + ) S e
N jclog(nans) [ ps, L6, [ ) Hor_ by | M ) 2¢ S5 (X))
P N9ng P ninsl ningl/ 1 —e€
clog(nan clog(nan S Qs
1—€¢ 1-—c¢ P P nang p
2 1 1
= ((2 ) (24 og(nans) o\ 4y gelos(nans) [ us,
1—¢€ 1l—e 1-—¢€ p P nans

Sy WSy
+6\/ P )>)\/n1n3€p Tsr (X)-

p?s20log((n1Vn2)ns) > e p?s-Llog((n1Vna)

ng\/(n1/\n2)n3 \/(nl/\ng)ng

Since p > ¢

"3) for some sufficiently large constant c, we

can have 2/<18l2ns) (9¢ 4 1) 4 geloslnana) e < (1 with e = 0.02. With aps,/p <

nan3

77

(Xs)-



1.5 _ni+nons —4 1 1 :
s, m <107% and § <n < 5, we can have the conclusion that |(Lis1*e Qit1 —
1

L)) *a G200 < (1 —0.3n),/5,0'5,,(X,). We can also obtain a similar bound for

ningt

1
[(Riz1 *a Q4 — Ry) *& G2 ||2,00- Thus,

1 1
Vil (Les1 *@ Qer1 — Ly) %3 G2 2,00 V VN2 || (Ri41 *o Qt_f{ —R.) *@ G200

S _
<\ (X

can be achieved by setting p = 1 — 0.3n. This finishes the proof.

E.2 Proof of Lemma 27

Invoking Lemma 22 with X_; = 0, we have

H’PQ(S*)—SoHOOSQJ%ﬁ(X*) and  supp(Sp) C supp(Pa(S.)),

which implies Pq(S,) — So is an ap-sparse tensor. Let M = p~1Pq(Y — Sp), we have
12, = M| < [M = p ' Pa(X,)] + [p7 Pa(X,) — X4,

For the first term, notice that M —p~!Pq(X,) = p~ 1 (Pa(S+) —So). Applying Lemma 34,
we have

. apv/l el
_ < - S T
M =™ Pa(.)]| < =5+ nans) [Pa(S.) - Solls < Em

For the second term, we again have

(nl + n2n3)5sr (X*)

Ip~'Pa(X.) - X < o

15y log((ny V ng)ns) N \/,usr log((n; Vv n2)n3)>,€58‘(x*)_

pngy/ning p(n1 Ang)ns
Since X = Ly *& ’Réf is the best approximation of M with tubal rank r, we obtain
[ X = Xol| < [[Xx = M| + M = Xo| < 2[[ X, — M|

apUSy
< 2(7 n1 -+ nong
ngw/nlng( )

psylog((n1 V na)ng) psylog((n1 V na)ng) B
C( pnsy/ning + \/ p(n1 Ang)ns ))KUST ().

Applying Lemma 43 and using the fact that X, — X has at most rank-2s,., we obtain

€
Vi
[sr( apus:
< or( _ZERer
<5 i (ng\/m(m + nans)
sy log((ny V n2)ns) wsylog((ny V no)ns) _
+c + KOs, (X ).
< pngm p(m VAN ng)ng )) ( )

- - 2(v2 4+ 1)s, < =
1%, — Xollr < /2258 % %)

dist(Fo, Fi) < (V2 + 1)z ;
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As long as p > cusyx2log((n1 Vna)n /\/ ny A ng)ns for some sufficiently large constant ¢,
we can have 5 sr/<;0<“sT log((n1vna)ns) \/“s’" log((n1Vna ”3)) < 0.01. Given € = 5¢g + 0.01

pn3./ming (n1An2)n3
and a/p < — -y, our first claim
RN )
. 5cg + 0.01
dist(Fo, F,) < OTUST(X*) (70)

is proved.

To prove the second claim, we again define £y = Ly *x¢ Qo, Ry = Ro *& Qg H ,
Ln =Ly — Ly, Rn = Ry — Ry, Sp = Sg — S,. Notice that Uy *¢ Go *o Vgl =
t-SVD, (p'Pa(Y — So)) = t-SVD,.(p ' Pa(X, — Sa)), thus

1 1
Lo=Uy*s G =p "Pa(Xs—Sa) *a Vo *a go 2 = p MPa(X, —SA) & Ro*s Gy -
=p 'Pa(X, — SA) *a Ro *a (RY 8 Ro) ™!

1
Multiplying Qg *e G7 on both sides, we have

1 1 1
Lyxp G2 = Lo*s Qo *a G2 =p "Pa(X. — Sa) xa Ro *a (R 3 Ro) ' 8 Qo *a G2
1
=p "Pa(X. — 8a) *e Ry*a (R x¢ Ry) ' e G2

1
Subtracting X, xe Ry *& (’R,éq *P ’R,ﬁ)_1 xg G2 on both sides, we have

1 1
Lp*e G+ Lyxe RE xa Ry +a (RY x Ry) ™' xa G2

1
=(p”'"Pa(X,) — X.) e Ry xe (R 6 Ry) ' *0 G2 — p'"Pa(Sa) *a Ry *a (R xa Ry) ™!

1 1
where we use the fact Ly x GZ = Ly *a ’R,f *3 Ry *o (’R,é{ *P ’R,ti)*1 xe G7. Thus,

1 1

LA %8 G2 ||2.00 < ||Ls ¥ RY %3 Ry ¥a ('Ré{ v Ry) ' *a G2
1

+ 1 (p7 ' Pa(X,) — X4) xe Ry va (RY * Ry) ™ *a G [l2,00

1
+ P "Pa(8a) & Ry *a (R +a Ry) ™' +a G2 l2,00
=6 + &g + B3.

Bound of &;. This term has been controlled as in (56) by &; < /£, (X,).

1TL3€ 1—e "~ Sr

Bound of ;. By Lemma 36 and Lemma 58, we have
1
&, < [(p7'"Pa(X.) — X2 R *a (R x6 Ry) ™' xe G|

1, clog(ngng)

1 (2 clog(ngng)
I

< b clog nans) Sy clog nans) 4Sp )7 ()
5
- 1- e nlngf Vninglng/) T

holds with high probability.

1% )

79

1
*p G2,



Bound of &35. By Lemmas 34, 36 and 37, we have
1
B3 < Vnolllp Pa(Sa)l2e IR #o (RY o Ry) ™ %o G2 l2,00
_1 1 1
< p 'Vl Pa(Sa)ll2m R %0 G 2 2.00l|G2 *a (RY 50 Ry) ™ %0 G2 ||
_1 1

< p~ ' Vnaly/apnanz | Pa(8a) |l R %8 Gx 2 2,00l R ¥& (RY +8 Ry) ™"+ G2

Sy _ -1 H -1 312
<2 f—— 51 (XL || R L2 R R 2
< 2ng\/ang nsmm( DIRs *2 G (Ry' *& Ry)™ 2 G1 ||

Srk an -1
ol 2 5'5T(X*)HR11 *p [

<2
~ (1—¢)?2\ pnins

Srk an S 1 -
<9 M \/ : (\/ Por R v G e )7, (X,

(1—¢€)2\ pning nonsl

1
_1 3
Note that || RA *& Gy *|[2,00 < [Ro*2Gr ll2.co Thus,

Osp (X*)
1 WSy [ € 2k |clog(nans)  cklog(nang) [ psy
N : (
il La se G5 nyf\l—¢ 1—c¢ D p(1—¢) nans
s a s
+2(1“_7’"6)1/pn3)asr(x Y2 S 1/ ‘ﬁH’RA*@g*
and similarly one can see
1 WSy [ € 2k [clog(ning) = cklog(nins) [ psy
Va2 R Z||g.00 < (
n2[Ra +e Gill2.00 < nyf\l—€¢ 1—c¢ D p(1 —e€) nins

USrK [ _ ,LLS,« /
+2(1—6)2 %)UST(X \/7”£A *P g*HQoo

Since p > cus,qk?log((n1 V n2)ns)/+/(n1 Ang)ng for some sufficiently large constant c, we
can have 2k clog((n1Vna)ns) + cklog((n1Vna)ns) /(m;\tzg) < 0.1. Therefore,

p p n3 —

1 1
VIl La xe Gill2,00 V VN2 Ra *@ G2 2,00

e _1_27;4 clog((n1Vn2)ns) + ck log((n1Vna)na) 1Sy USrK

1—e 1—e P p(1—e) (nl/\ng)ng (1—¢)? png ,usr 3
< — EN
T (07
=200\ oms

+ + 202 1 € Sy
(1 5)2 V ns
5
1:3000 + 1— 5co + 2(1 —5cp)? HSy _
- 1-2 7 (%)
~ 2050 n3

[ WSy _
< L
> ngﬁasT(X*)

as long as ¢y < 0.05. This finishes the proof.
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Appendix F. Proof for Tensor Regression

We begin with a useful lemma regarding TRIP, which can be proved in the same way as in
Lemma E.7 of Han et al. (2022).

Lemma 59 Suppose that A(-) obeys the 2r-TRIP with a constant d2,.. Then for any
X1, Xy € RM*m2Xn3 of tybal rank at most r, we have

[(A(X1), A(X2)) — (X1, X2)| < bor[| X1 ]| | X 2|,
or equivalently,
(A" A =T, )(X1), Xa)| < bar[| X1 F|| X2l - (71)

Then following from the variational representation of the Frobenius norm, for any tensor
R € R"2*"*"3  we have

I(A"A =, )(X1) %8 R p = max  ((A"A = Z,)(X1) ¥8 R, L)
L Lllr<t

< max Gy | X1 p ] xe RY 5
L L||r<1

< b || X[ PRI, (72)
where the last line follows from the relation ||A x¢ Bl|r < ||.Al|r|B]|.

F.1 Proof of Lemma 28

Since dist(Fy, Fy) < %@JX «), Lemma 41 ensures that Q;, the optimal alignment tensor
between F; and F, exists, and € := 0.1. Again, repeating the derivation for Lemma 41, we
have

_1 _1
LA %2 G 2| V[ RA *& Gx * || < € (73)

The conclusion ||£s*e RE — X, ||r < 1.5dist(Fy, F,) is a simple consequence of Lemma 45;
see (51) for details. In the following, we focus on proving the distance contraction.
First of all, we have by the definition of dist(F;4+1, F,) that

1 1
dist?(Fii1, Fu) < [(Log1 8 Qr — L4) ¥3 G2 |3 + |(Ri1 & Q77 — RL) 8 G2 |3

According to the update rule (28) and the decomposition Ly *¢ ’Réq — X, =LA *3p ’Rf +
L, *p R, we have

(['t—H *xp Qp — ﬁ*) *P g*%
:<£ﬁ —nA*A(Ls xe R — X)) va Ry e (RY vo Ry) ™' — [,*) * g*%
:(cA — (L xa RE — X.) o Ry xa (RY %o Ry) ™!
—(AA - T,))(Ls e RE — X,) xa Ry s (RL +a Rﬁ)—l) o G2
=(1—n)LA *a g% —nLy xe RY xo Ry +a (RY xa Ry) ™' *a g%
(A AT, (Lyre RE — X,) k0 Ry+a (R sa Ry) L xa G2, (T4)
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Taking the squared Frobenius norm of both sides of (74) to obtain

H(ﬁtﬂ *p QO

1
- L.)*s G2 I%
1
11—

1 1

)['A *p GF — 77[:* *P ’R,g *Pp 'R,ﬁ *P ('R,éq *@ 'R,ﬁ)_l xp G2 ||%J
1

(1= )(La re G2 (A" A= T, ) (L5 o RE -

1
X*) *Pp T‘,’ﬁ *Pp (Réq *P Rﬁ)_l *P gf>
+ 2172<L* *3 ’Rg *p Ry *a (’Rf xp Ry)~

1 1
*Pp gf?
(.A*.A - Inl)(ﬁﬁ *Pp T\’,éq —

1
X*) *Pp Rﬁ *Pp (T\’,é{ *Pp Rﬁ)_l *P gf>
1
+ P I(A*A = I, ) (Ls xa RY| — X4) %2 Ry xa (R & Ry) ™'+ G2 |
=61+ 62+ 63 + G4.
Bound of &;.

The first term &; has already been controlled in (53) as follows

2e 1 2¢ + €2
&1 < (1= =) s ww G+ = IR 2 G2 -

Bound of &;. Using the decomposition Ly *g ’Rf — X, = LA *@ ’R,fl + L, *3 ’Rg +
L+ RA and applying the triangle inequality to obtain

1
18] = 25(1 — n)(<£A vo G2, (A"A—T,)(Ls %0 R — X,) 50 Ry xa (R v Ry) ™ 0
1 1
<291 = n)(|(La e G, (A" A= T,)(La va RY) 52 Ry 40 (RY 46 Ry) " 10 G2
1

)

G2)

1
‘(ﬁa xo G2, (A*A—TI,,)(Lyxa RE) #o Ry xa (RY +o Ry) ™ *o G7)

(Lo e G2 (A A= T0)(La +a RE) 40 Ry va (RY 10 Ry) " 50 G2)

%)_

3] < 20(1 =)o (1€ 40 RE i + | £0v0 RE |k + £ <2 RE| r)
IR *o (RY o Ry) ™

Applying Lemma 59 to further obtain

xo Gy e L4 ||
< 29(1 =)o (1€ 6 RE||p + |1 €0 50 RE|p + | £4 +0 RE )

1 1
R4 *a (’Rf x3 Ry) ' *a G2 || LA %o G2 || F

Taking the condition (73) and Lemma 44 and Lemma 45 together to obtain

1 1
IR *a (RY +o Ry) ™" +a G2 <5

67
ICa o RE||p +[|1€c 52 RE|r + | £a +a RE HF<<1+ (€4 +0 G2 lp + | Ra 0 GE ).
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Hence, we have

Oor (2 +
©al <t )2 (125 wa G2 + R v G217 2 23 G 1
Oor(2 + €
== (12, g G 4 £ v0 GF IR 22 G2 1)
Oor(2 4+ € 1 1
< -m2C ) 1, wnGhiE 4 LR e 62r).

where we use the elementary inequality 2ab < a?® + b? in the last line.
Bound of &3. The third term &3 can be similarly bounded as
151 < 20202 (1€ 40 R | + 1£4 w2 RE||r + £ w2 RE||F)
R4 *a (’Rﬁ *P Rﬁ)_ *p Gy *p (Rﬁ v Ry) ' *a 'Ré{ xo R xo LI F
< 27200, (1€ %0 RY i + | £. v0 RE|r + £ ve RE| r)

1
IR +a (R *& Rﬁ)fl o G2 |* IR A +a LI || F

dor (2 +
< 772?1(_)6) <||£A * P g* lF+||RA *& G2 ||F) IRA *@ g* IF
) (Q—i—e)
202r{£T€) 3
s (1— )2 ( 1A *a g* 1% + ||RA *p G7 ||F)

Bound of &4. For the last term &4, we have

V81 = (A" A = T, (£; v RY — X.) v Ry v (RY %0 Ry) ™ %0 G2 |1
= 7]<||(A*A ~In)(La *a RY) *a Ry 2 (Rﬁq e Ry) "+ Q%HF
A= T o R v Ry (RY 0 R v G
+ [(AA =L, ) (Lo +o RE) #a Ry +a (RY +a Ry) ™' *a g: HF)-

Following (72), we obtain

1
V6,4 < 77527"(“£A xo R p + 1L+ xe RE|r + | L4 *o Rg”F) IR *& (R *& Ry) ™" *a GZ|

0or(2 + €
< TIM (HEA * g* IF+ RA *& G2 HF)
2(1—€)
We can then take the squares of both sides and use (a 4 b)? < 2a% + 2b? to reach

=7 2(1_6) (H‘C’A*fbg*HF+||RA*.I)Q*||F)
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Taking the bounds for &1, G2, 63, Sy collectively yields
1
(L1 %0 Qi — L) %o G2 |7
2e 1
(@ =m?+ =0 =) 1£a o G2} +

+(1 - 77)52T1(2_Jr J

dor(2+¢€) /1 1 3 1
202r & T E) (2 2112 2 5 )
(1 — 6)2 (2”[’A *p G HF + 2||'R,A *p G2 HF

255r(2 + 6)2
2(1 —€)?

2 + €2
(1—ep2"

3 1 1 1
(S1Ea s G2lE + IR +a 621r)

1
| Ra e G2IIF

+n

1 1
+ (1£2 w0 G213 + IR A +0 G211}).

A similar bound holds for the second term in (74). Therefore we obtain

1 1
I(Lor1xe Qi — L£4) ¥ G2 |7 + [|(Res1 & Q7 — Ry) %8 G|[3 < W (15 €, 6o, )dist? (Fy, F),
where the contraction rate is given by

2¢ + 62 (4 + 2¢) n 2¢ + €2 + 0o, (4 + 2¢) +5§r(2+6)2n2

B2 (m; €, 0ap) = (L= m)* + =———————n(1 =) (L

With € = 0.1, d2, < 0.02, and 0 < 5 < 2, we have h(n; €, da,) < 1 — 0.61. Thus we conclude
that

1 1
dist (Fry1, Fy) < \/ I(Lor1 xe Qi — L£4) ¥ G2} + [(Res1 ¥ Q1 — R.) %2 G2
< (1 —0.6n)dist(Fy, Fy).
F.2 Proof of Lemma 29
We first invoke Lemma 43 and use the fact that L *g ’Rgl — X, has tubal rank at most 2r

to obtain

dist (Fo, Fr) < V2 +1]|Lo xa RE — X |lr < \/2(V2+ 1)||Lo xa RE — Xl
On the other hand, combining Lemma 46 and (72) to reach at

A AT )(X)lrr = . max _ [(AA=T,)(X.) xa Rl|r < 2| X, -
ReR2X*n3: | R|<1

Note that L£g*g RE is the best tubal rank-r approximation of A*A(X,), we can apply the
triangle inequality combined with Lemma 47 to obtain

1£0 *& RY — Xl < A A(XL) = Lo *a RY |7 + A AXL) = XollFy

< 2(A"A = I, )(X ) [ 7 < 2000 [ Xkl -

As a result, we have
dist(Fo, F) < 20/2(v2 + 1)d2, | Xl < 5030 %ﬁgsr(x*).
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Appendix G. Computational Complexity of Algorithm 1

We provide the breakdown of ScaledGD’s computational complexity for tensor RPCA in
Algorithm 1:

1. Compute L; xg ’Rf{ (L € RMX™13 and Ry € R"™2X7XM3): nyngngr + nlngng flops.

2. Compute Y — L; *¢ 'R,flz ninong flops.

3. Soft-thresholding on Y — L; *¢ ’R,f{: ninong flops.

4. Compute L; xg RE + 8111 —Y =81 — (Y — L % RIT) and transform the result
into the spectral domain: ninsng + n1n2n§ flops.

5. Compute RE’“HRQ“) (ng) € C"2X7): ngr? flops.

6. Compute (ng)Hﬁgk))_l: O(r3) flops.
7. Compute ng)(ng)Hﬁgk))_lz nor? flops.
8. Compute (Egk)ﬁikw + S’gi)l —Y®)y. ﬁik)(ftgk)Hng))*lz ningr flops.

9. Compute fg?l = Eﬁ’“) - n(f/(k)R(k)H + 8k —y k). R(k)(R(k)HR(k))_lz 2nyr flops.

10. Repeat step 5 - 9 for computing Rgi)lz 21172 + O(r3) + ninar + 2ngr flops.

In total, ScaledGD costs O(ninansr + ninani + ninans + (n1 + na)ngr? + nar® + (ng +
ng)nsr) = O(ninangr + n1n2n§ + (n1 + no)nzr? + n3r?) flops per iteration provided that
r < n1 Ango. We conclude by noting that for some special invertible linear transforms L,
e.g., DFT, since the application of DFT on an n3-dimensional vector requires O(nglog(ns))
operations, the per-iteration complexity is O(ninansr + ninanslog(ng) + (n1 + ng)nsr? +
nard).
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