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Abstract
We develop a weak adversarial approach to solving obstacle problems using neural networks. By employing
(generalised) regularised gap functions and their properties we rewrite the obstacle problem (which is an
elliptic variational inequality) as a minmax problem, providing a natural formulation amenable to learning.
Our approach, in contrast to much of the literature, does not require the elliptic operator to be symmetric.
We provide an error analysis for suitable discretisations of the continuous problem, estimating in particular
the approximation and statistical errors. Parametrising the solution and test function as neural networks,
we apply a modified gradient descent ascent algorithm to treat the problem and conclude the paper with
various examples and experiments. Our solution algorithm is in particular able to easily handle obstacle
problems that feature biactivity (or lack of strict complementarity), a situation that poses difficulty for
traditional numerical methods.
Keywords: variational inequalities, neural networks, weak adversarial networks, infsup problems, nons-
mooth optimisation

1. Introduction

In this paper, we use neural networks to find solutions of variational inequalities (VIs) of the following
type:

find u ∈ K : ⟨Au− f, u− v⟩V ∗,V ≤ 0 for all v ∈ K, (1)
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where V := H1(Ω) is the usual Sobolev space on a bounded Lipschitz domain Ω ⊂ Rn, ⟨·, ·⟩V ∗,V denotes
the duality pairing between V and its topological dual V ∗, the constraint set K is defined as

K :=
{
u ∈ H1(Ω) | u ≥ ψ in Ω, u = h on ∂Ω

}
, (2)

h ∈ H1/2(∂Ω) is given boundary data, ψ ∈ H1(Ω) is a given obstacle that satisfies ψ ≤ h on ∂Ω, and
f ∈ L2(Ω) is a given source term. Concerning the involved Sobolev and Lebesgue spaces we refer, e.g., to
Adams and Fournier (2003). The operator A : K ⊂ V → V ∗ appearing in (1) is assumed to be Lipschitz
and coercive, i.e., there exist constants Ca, Cb > 0 such that

∥Au−Av∥V ∗ ≤ Cb ∥u− v∥V ∀u, v ∈ K, (3a)
⟨Au−Av, u− v⟩V ∗,V ≥ Ca ∥u− v∥2V ∀u, v ∈ K, (3b)

and for simplicity, we focus our attention on linear differential operators of the form

⟨Au, u− v⟩V ∗,V =
∫

Ω
∇u · ∇(u− v) +

n∑
i=1

bi∂xiu(u− v) + ku(u− v), (4)

where k, bi ≥ 0, i = 1, . . . , n, are constants (which of course have to be such that (3) is satisfied), ∂xiu
is the weak partial derivative of u with respect to the ith coordinate and ∇u is the weak gradient of
u. In operator form we have A = −∆ + ∑n

i=1 bi∂xi + kId with ∆ representing the weak Laplacian and
Id the identity map. The setting bi = 0 for i = 1, . . . , n, k = 0, h ≡ 0 is the prototypical example of
an elliptic variational inequality and is commonly referred to as the obstacle problem (Kinderlehrer and
Stampacchia, 1980).

Variational inequalities of the type (1) have numerous applications in diverse scientific areas; we
mention in particular contact mechanics, processes in biological cells, ecology, fluid flow, and finance, see
for example Rodrigues (1987); Kinderlehrer and Stampacchia (1980); Sofonea and Matei (2009). They
are also fundamental objects of study in applied analysis due to their interesting structure. Indeed, VIs
are examples of free boundary problems. Obstacle problems sometimes are stated in the form

0 ≤ (Au− f) ⊥ (u− ψ) ≥ 0 a.e. on Ω, (5a)
u = h a.e on ∂Ω, (5b)

where a ⊥ b stands for ab = 0. This formulation is equivalent to (1) under sufficient regularity (see
Proposition 2). Classical methods for solving obstacle problems or variational inequalities include projec-
tion methods, multilevel and multigrid methods (Kornhuber, 1994; Hoppe, 1987), primal dual active set
strategies and path following schemes (Hintermüller and Kunisch, 2006), semismooth Newton schemes
(Hintermüller et al., 2002; Ito and Kunisch, 2003b), shape and topological sensitivity based methods
(Hintermüller and Laurain, 2010, 2011), level set methods and discontinuous Galerkin schemes (Wang
et al., 2010); see also Glowinski et al. (1981); Bartels (2015); Kärkkäinen et al. (2003); Glowinski (1984)
and references therein.

The aim of this work is to formulate, analyse and implement a deep neural network approach to
compute solutions of obstacle problems like (1) or (5). More specifically, we rephrase the VI as a minmax
optimisation problem involving minimisation over the feasible set and maximisation over all feasible test
functions, both of which are parametrised by neural networks, and we use a modified gradient descent
ascent scheme to numerically solve for the solution. Our motivation stems from the fact that neural
networks can efficiently represent nonlinear, nonsmooth functions and have the added advantage of not
being intrinsically reliant on a mesh: they provide a naturally global and meshless representation of the
solution, offering an advantage over other methods such as finite elements. Furthermore, they are able to
handle complicated geometries and high-dimensional problems without great cost. Our work can also be
considered as a first step in studying more complicated problems involving for example operator learning.
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Related papers in the literature addressing solving elliptic variational inequalities or hemivariational
inequalities via neural networks include Cheng et al. (2023); Zhao et al. (2022); Schwab and Stein (2022);
Huang et al. (2022); Bahja et al. (2023). A typical path taken by many works entails rewriting (1) as a
minimisation problem. Indeed, if the operator A generates a bilinear form which is symmetric, then, as
explained, e.g., in (Rodrigues, 1987, §4:3, Remark 3.5, p. 97), the VI (1) is equivalent to the minimisation
problem

min
u∈K

1
2⟨Au, u⟩ − ⟨f, u⟩.

This formulation gives rise to a natural loss function that can be tackled via neural networks, as done in
Cheng et al. (2023); Huang et al. (2022); Zhao et al. (2022). If A is non-symmetric, this equivalence is
not available and one cannot in general pose an associated minimisation problem. However, as we shall
see later, (1) is equivalent to the minmax problem

min
u∈K

max
v∈K
⟨Au− f, u− v⟩ − 1

2γ ∥u− v∥
2
V (6)

for a given parameter γ > 0, regardless of whether A is symmetric or not. This problem formulation ap-
pears very natural since it resembles the notion of weak formulations in PDEs, which are well understood.

Classical numerical methods for minmax problems, including asymmetric saddle-point formulations,
are typically cast in the framework of variational inequalities and monotone operators. This includes
first order schemes such as projection, proximal point, primal-dual, and extragradient methods, which
exploit structural properties such as monotonicity and in convex-concave settings often admit rigorous
convergence guarantees (Nemirovski, 2004; Combettes and Pesquet, 2012). Alternatively, one may solve
the associated complementarity system directly, or use saddle point, gap function, or regularised gap
function reformulations, which recover a merit functional that is often differentiable after regularisation,
even in the asymmetric setting, see Glowinski et al. (1981); Fukushima (1992); Larsson and Patriksson
(1994); Yamashita and Fukushima (1997). In PDE contexts, discretisation of these formulations leads
for instance to monotone multigrid methods, augmented Lagrangian and primal-dual active set strate-
gies, path-following methods, and semismooth Newton algorithms, which exploit the complementarity
structure and are attractive because they typically deliver high accuracy together with rigorous conver-
gence and mesh-refinement theory, see e.g. Kornhuber (1994); Hintermüller et al. (2002); Ito and Kunisch
(2003a); Kärkkäinen et al. (2003). The main drawback of these discretise-then-solve methods is that
they remain fundamentally mesh-based, can be less convenient on complicated geometries or in high-
dimensional or parametric settings, and may become delicate in the presence of biactivity or lack of strict
complementarity.

In order to approximate (6) we express u and the test function v by deep neural networks. This
technique falls into the class of weak adversarial network (WAN) problems in the spirit of Zang et al.
(2020); the maximisation for the test function acts as an adversarial force against the minimisation for
the solution. In addition to Zang et al. (2020), see also e.g. Bao et al. (2020); Bertoluzza et al. (2024);
Valsecchi Oliva et al. (2022); Jiao et al. (2023) for weak adversarial approaches for PDEs and related
theory. Moreover, our approach is related to Physics Informed Neural Networks (PINNs); see, e.g., Lagaris
et al. (1998); Raissi et al. (2019). More specifically it can be viewed as a weak PINNs-type approach
with a hard constrained boundary condition. While neural network approaches enable greater flexibility
and scalability in high-dimensional settings, it fundamentally alters the problem structure: the resulting
optimisation landscape may contain spurious stationary points that do not correspond to meaningful
minmax solutions, and commonly used algorithms may exhibit instability or fail to converge. As a result,
theoretical guarantees are typically weaker and limited. Despite these challenges, neural network-based
approaches offer significant advantages in terms of mesh-independence, flexibility, scalability, and their
ability to handle high-dimensional and complex problem settings, and this essentially motivates this work.

In this paper, we will provide a theoretical justification for the minmax problem, a discretised for-
mulation of the problem amenable to computation, an error analysis as well as comprehensive numerical
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simulations. As we mentioned above, a special highlight of our work is that we can also tackle non-
symmetric problems, e.g., A given as in (4) with bi ̸= 0 for at least one i = 1, . . . , n.

We briefly summarise the main results of this paper. At the continuous level we give a reformula-
tion of the VI (1) as the minimisation of a regularised gap function in Lemma 6; this gives rise to the
minmax problem (10), involving constrained minimisation with respect to the solution and constrained
maximisation with respect to the test function. Regarding the mentioned regularised gap function, an
important tool that will facilitate error estimates later is given in Lemma 8. We consider various re-
laxations of the problem that inexactly enforce the boundary condition and/or obstacle constraint via
penalisations in §2.3, including (Pbc) where the boundary conditions are imposed exactly and the obstacle
constraint is penalised; the discretised version of this is what we shall solve numerically later. For the
discretised problem (P̂bc) corresponding to (Pbc), obtained by restricting the solution and test spaces to
neural network classes and replacing integrals by empirical averages, a notion of existence of a solution to
the resulting finite-dimensional minmax problem is established under suitable assumptions in Corollary
15. An a priori error estimate between the exact solution and a computed discrete solution is given in
(24); it is decomposed into three contributions: (i) an approximation error, reflecting the approximation
properties of the chosen neural network classes for both the solution and test variables; (ii) a statistical
error, arising from the replacement of integrals by Monte Carlo averages; and (iii) an optimisation error,
due to the inexact solution of the discrete minmax problem by a chosen algorithm. We show that the
approximation error can be controlled essentially by making the widths and depths of the neural network
classes sufficiently large, see Theorem 27, and that the statistical error admits an explicit rate of order
O(N−1/4) with respect to the number of collocation points N , see Theorem 33. Finally, in Section 4,
we close the paper with a number of examples and examine some qualitative properties such as mesh
independence.

2. Analysis of the continuous problem

We begin with some theoretical results concerning the VI (1).

2.1 Basic properties and saddle points

Let us first of all address existence and uniqueness for (1). Since A is coercive and Lipschitz on H1(Ω)
and K is non-empty1, closed and convex, well posedness follows from the classical Lions–Stampacchia
theorem (Rodrigues, 1987, §4:3, Theorem 3.1), see also Rodrigues (1987, §4:2, Theorem 2.3) for the case
where A = −∆.

Proposition 1 (H2-regularity) Let A := −∆ + ∑n
i=1 bi∂xi + cId with coefficients bi, c ∈ L∞(Ω), c ≥

c0 ≥ 0 for a constant c0, such that the coercivity condition (3b) is satisfied, f ∈ L2(Ω), h ∈ H3/2(∂Ω),
ψ ∈ H2(Ω) with ψ|∂Ω ≤ h, and let Ω be convex or C1,1. Then the solution of (1) has the regularity
u ∈ H2(Ω). Furthermore, we have the a priori estimate ∥u∥H2(Ω) ≤ C∗, where C∗ is a constant (that
depends in particular on f, ψ and h).

Proof In the case h ≡ 0, this follows by the Lewy–Stampacchia inequality (Rodrigues, 1987, Theorem
3.3, §5:3) f ≤ Au ≤ max(f,Aψ) and from elliptic estimates which bound the H2-norm of u by the L2

norm of Au and the H1-norm of u, see e.g. Rodrigues (1987, Theorem 3.4, §5:3) for the case Ω ∈ C1,1,
and Hieber and Wood (2007, Proposition 2.5) for when Ω is convex. In the general inhomogeneous case
of h ∈ H3/2(∂Ω), we can find h̃ ∈ H2(Ω) with h̃|∂Ω = h and make a substitution ũ := u− h̃ like done in
the proof of Rodrigues (1987, Theorem 2.3, §4:2) and resort to the above situation.
For a direct proof in the setting when A = −∆, see Rodrigues (1987, Proposition 2.2 and Corollary 2.3,

1. By properties of the trace operator (Wloka, 1987, Theorem 8.8, Chapter 1), there exists a function w ∈ H1(Ω) with
w|∂Ω = h, and the function max(w,ψ) ∈ H1(Ω) belongs to K.
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§5:2). We will now consider equivalent reformulations of the problem (1). Since the proof of the following
result mostly follows the argumentation in Rodrigues (1987, §1:3, p. 4), we have placed it in Appendix A.

Proposition 2 If u ∈ H1(Ω) satisfies Au ∈ L2(Ω) and (5), then it solves (1). Conversely, if u solves
(1) and satisfies u ∈ C0(Ω) and Au ∈ L2(Ω), and ψ ∈ C0(Ω), then u solves (5).

The VI (1) has a saddle point reformulation (as discussed in Glowinski et al., 1981, page 14). Let us recall
the definition first.

Definition 3 Given a map f : X × Y → R, a pair (x∗, y∗) ∈ X × Y is called a saddle point (Zeidler,
1986, §9.6) if it satisfies

f(x∗, y) ≤ f(x∗, y∗) ≤ f(x, y∗) ∀x ∈ X, ∀y ∈ Y ,

or equivalently
max
y∈Y

f(x∗, y) = f(x∗, y∗) = min
x∈X

f(x, y∗) ∀x ∈ X, ∀y ∈ Y .

Associated to the VI (1) we define a map L : V × V → R as

L(u, v) := ⟨Au− f, u− v⟩. (7)

Note that L(·, v) is convex and L(u, ·) is concave for fixed u, v ∈ V . From, e.g., (Zeidler, 1986, Corollary
9.16), if (u, v) is a saddle point then it satisfies

L(u, v) = min
ũ∈K

sup
ṽ∈K

L(ũ, ṽ) = max
ṽ∈K

inf
ũ∈K

L(ũ, ṽ). (8)

Moreover, L has a saddle point if and only if the second equality holds. Note that we have supremum and
infimum above as these optimising elements may not be attained in general. However if K is a bounded
set, then the sup and inf can be replaced by max and min. In addition to the above references we cite also
Ekeland and Témam (1999, Chapter VI, §1) for more details. Now, regarding the connection of saddle
points of L to the VI (1), we have the following result, see Glowinski et al. (1981, Remark 2.7).

Proposition 4 If u ∈ K is a solution of (1) then (u, u) is a saddle point of L on K ×K. Conversely,
if (u, v) is a saddle point of L on K ×K then u = v and u solves (1).

2.2 Minmax approach via the regularised gap function

As described above, the saddle point formulation of the VI is a min sup problem involving L(u, v) =
⟨Au − f, u − v⟩. It turns out that modifying L by adding a quadratic term makes the problem more
tractable and endows it with better properties. First, let us make the following assumption which allows
us to be more general with the formulation of the min sup problem.

Assumption 5 Let u∗ be a solution of (1), and let X and Y be sets such that

(i) u∗ ∈ X ∩ Y ,
(ii) K ∩X ⊂ K ∩ Y ,

(iii) K ∩ Y is convex and closed2.

We have in mind two examples: the standard setting X = Y = V , in which case the intersections above
involving K are simply equal to K, and secondly Y = BH2(Ω)(r) the closed ball in H2(Ω) with center 0
and an appropriately chosen radius r (which is valid when u∗ has the regularity u∗ ∈ H2(Ω) and we have
an estimate for its norm in that space; see Proposition 1 for conditions that ensure this) and X ⊂ Y is

2. The closedness is required for the unique solvability of the minmax problem (9).
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some subset. This latter option is useful because it allows us to use neural network approximation results
in the error analysis later.

Now, let us introduce, for a fixed γ > 0, the map Lγ : V × V → R defined

Lγ(u, v) := L(u, v)− 1
2γ ∥u− v∥

2
V ,

and the generalised regularised gap function Gγ : V → R given by

Gγ(u) := sup
v∈K∩Y

Lγ(u, v) = sup
v∈K∩Y

(
L(u, v)− 1

2γ ∥u− v∥
2
V

)
.

When X = Y = V , Gγ(·) = supv∈K Lγ(·, v) is known in the literature as the regularised gap function.
In addition, the case γ = ∞, i.e., the function G∞(u) = supv∈K L(u, v) is called a gap function (it is
in general non-differentiable and the supremum may be infinite). For simplicity we will just refer to Gγ
above without reference to ‘generalised’. The quadratic term in Gγ serves to add differentiability and
ensures that the supremum is finite. These concepts and properties when X = Y is the whole space V
are well known, see Auslender (1976); Fukushima (1992); Auchmuty (1989) for the originating works; we
refer also to Larsson and Patriksson (1994); Yamashita and Fukushima (1997).

Since ∥·∥2V is strongly convex, it follows that −Lγ(u, ·) is strongly convex for fixed u; this will be
important later for existence. For now, we prove some basic properties.

Lemma 6 The function Gγ satisfies the following properties:

(i) Gγ is finite everywhere on V ,
(ii) Gγ(u) ≥ 0 for u ∈ K ∩X,

(iii) u ∈ K ∩X satisfies Gγ(u) = 0 if and only if u solves (1),
(iv) Gγ : K ∩X ⊂ V → R is lower semicontinuous.

The proof is standard for the usual case X = Y = V , see e.g., Hung et al. (2020, Theorem 3.1).
Proof

(i) This follows easily by Young’s inequality with parameter ϵ > 0 chosen carefully.
(ii) We have Gγ(u) ≥ Lγ(u, v) for all v ∈ K ∩ Y and we can select v = u since u ∈ K ∩X ⊂ K ∩ Y .

The claim follows from Lγ(u, u) = 0.
(iii) If u solves (1), then Gγ(u) ≤ supv∈K∩Y − 1

2γ ∥u− v∥
2
V ≤ 0, which combined with the non-negativity

of Gγ gives Gγ(u) = 0.
For the converse, if u ∈ K ∩X satisfies Gγ(u) = 0, we have

0 = sup
v∈K∩Y

(
L(u, v)− 1

2γ ∥u− v∥
2
V

)
≥
(
L(u, v)− 1

2γ ∥u− v∥
2
V

)
∀v ∈ K ∩ Y,

and with λ ∈ (0, 1), selecting v = (1 − λ)u + λw where w ∈ K ∩ Y is arbitrary (by convexity,
v ∈ K ∩ Y too), manipulating and taking λ→ 0 we get

⟨Au− f, u− w⟩ ≤ 0 ∀w ∈ K ∩ Y.

Now we also know that (1) is uniquely solvable with u∗ as solution, thus

⟨Au∗ − f, u∗ − v⟩ ≤ 0 ∀v ∈ K.

Picking w = u∗ (which by assumption belongs to Y ) and v = u and using coercivity, we find u = u∗.

6



A Neural Network Approach to Learning Solutions of a Class of Elliptic VIs

(iv) This follows by the continuity of u 7→ Lγ(u, v) from H1(Ω) into R for fixed v; the argumentation is
the same as in Hung et al. (2020, Lemma 3.1).

Due to Lemma 6 (ii) and (iii), to find the solution of (1), we can solve

min
u∈K∩X

Gγ(u) ≡ min
u∈K∩X

sup
v∈K∩Y

Lγ(u, v) (9)

(cf. (8)). Now, we would like to consider instead of the supremum above the maximum. First observe
that for all u ∈ V , −Lγ(u, ·) is strongly convex (as mentioned above), continuous, and also proper thanks
to the quadratic term. Since we also assumed that K ∩Y is closed, then by standard optimisation theory
the problem

max
v∈K∩Y

Lγ(u, v)

has a unique solution. Thus instead of (9), we can consider

min
u∈K∩X

Gγ(u) ≡ min
u∈K∩X

max
v∈K∩Y

Lγ(u, v). (10)

A natural question now arises as to what we mean by a solution to this problem.
Definition 7 Given a map f : X × Y → R (which need not be convex-concave), by a (global) solution or
a (global) minmax point of the minmax problem

min
x∈X

max
y∈Y

f(x, y), (11)

following Jin et al. (2020, Definition 9 and Remark 10), we mean a pair (x∗, y∗) that satisfies

f(x∗, y) ≤ f(x∗, y∗) ∀y ∈ Y and max
y∈Y

f(x∗, y) ≤ max
y∈Y

f(x, y) ∀x ∈ X

or equivalently
f(x∗, y) ≤ f(x∗, y∗) ≤ max

ŷ∈Y
f(x, ŷ) ∀(x, y) ∈ X × Y.

Observe that saddle points are global minmax points. In the context of finite dimensional problems,
existence of solutions to (11) holds if X ⊂ Rd1 and Y ⊂ Rd2 are compact and f is continuous (Jin et al.,
2020, Proposition 11). See also Proposition 2.6 of Jiang and Chen (2023) (and the proceeding paragraph)
for another existence result.

The next lemma is a crucial tool as it will give us an error estimate later on.
Lemma 8 With u∗ ∈ Y a solution of (1), we have(

Ca −
1

2γ

)
∥u− u∗∥2V + ⟨Au∗ − f, u− u∗⟩ ≤ Gγ(u) ∀u ∈ V.

If u ∈ K, the duality product can be omitted.
Proof For any u ∈ V (not necessarily in K ∩X), since u∗ ∈ Y , we have

Gγ(u) = max
v∈K∩Y

⟨Au− f, u− v⟩ − 1
2γ ∥u− v∥

2
V ≥ ⟨Au− f, u− u∗⟩ − 1

2γ ∥u− u
∗∥2V

= ⟨A(u− u∗) +Au∗ − f, u− u∗⟩ − 1
2γ ∥u− u

∗∥2V

≥
(
Ca −

1
2γ

)
∥u− u∗∥2V + ⟨Au∗ − f, u− u∗⟩.

From now on we will assume that γ is such that

Ca −
1

2γ > 0, i.e., γ >
1

2Ca
. (12)
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2.3 Relaxations of the problem

We now look at relaxing the minmax problem of interest (9) in ways that are more amenable to imple-
mentation, as optimising over a constraint set involving K is non-trivial. Let us define the loss function
Lo : L2(Ω) → R corresponding to the obstacle constraint and the loss function Lb : L2(∂Ω) → R for the
boundary condition by

Lo(u) =
∫

Ω
|(ψ − u)+|2 and Lb(u) =

∫
∂Ω
|u− h|2 (13)

respectively. These measure violations of the constraints.

Imposition of the boundary conditions The idea is the following. We take a function h̄ ∈ V with
h̄|∂Ω = h (i.e., h̄ is a lift or extension of the Dirichlet data to the interior of the domain) and posit that
the solution and test functions are of the form h̄ + z for z ∈ H1

0 (Ω), and given penalty parameters wo1

and wo2 , we solve
min

u∈H1
0 (Ω)+h̄

max
v∈H1

0 (Ω)+h̄
Lγ(u, v) + wo1Lo(u)− wo2Lo(v). (Pbc)

That is, the boundary condition is satisfied exactly and violations of the obstacle constraint are penalised.

Full penalty approach In this case we seek to optimise over the entire Hilbert space and penalise
violations of both the obstacle constraint and boundary condition. In contrast to the previous approach,
the boundary condition is not enforced at the outset. This leads us to consider for penalty parameters
woi , wbi (for i = 1, 2) the problem

min
u∈V

max
v∈V

Lγ(u, v) + wo1Lo(u) + wb1Lb(u)− wo2Lo(v)− wb2Lb(v). (Ppen)

Generalised approach Clearly, both of these approaches can be viewed as special cases of a single
more general problem by choosing the function spaces and the weights for the penalty terms correctly. It
becomes convenient later to take this viewpoint. Define for i = 1, 2 the penalty functions Ri : H1(Ω)→ R
by

R1(u) := wb1Lb(u) + wo1Lo(u) and R2(v) = wb2Lb(v) + wo2Lo(v).

A generalised problem can be posed as

min
u∈Xs

max
v∈Xt

Lγ(u, v) +R1(u)−R2(v) (Pgen)

where Xs and Xt are sets. It is (a discrete version of) this problem that we shall provide an error analysis
for inasmuch as it possible to do so, in order to allow for the greatest generality possible.

3. Neural network approach

We wish to compute (approximate) solutions of the VI (1) using neural networks. The architecture we
use is essentially the residual neural network considered in E and Yu (2018) consisting of the usual affine
transformations and activations combined with skip connections, inspired by the original work of He
et al. (2016a). Residual networks or ResNets have been empirically observed to be better at training deep
networks and they avoid the vanishing gradient problem, see for example He et al. (2016b); Wu et al.
(2019) for some analysis.

Let us describe this special ResNet architecture precisely. Let d,w ∈ N be given positive integers
(representing the depth and width of the network respectively). Given an initial weight A0 ∈ Rw×n and
bias b0 ∈ Rw, and for i = 1, . . . , d and j = 1, 2, weights Aij ∈ Rw×w and biases bij ∈ Rw determining the
affine transforms

Tijz := Aijz + bij for i = 1, . . . , d and j = 1, 2,

8
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and a weight Ad+1 ∈ R1×w and bias bd+1 ∈ R for the final layer, define

T0(x) := A0x+ b0,

Bi(z) := σ ◦ Ti2 ◦ σ ◦ Ti1(z) + z for i = 1, . . . , d,
Td+1(z) := Ad+1z + bd+1.

Note that each Bi for i = 1, . . . , d has the so-called block structure; each block comprises two affine
transformations and two activations with a residual connection, and we have that Bi : Rw → Rw.

B1 Bd

x

T0 T1,1

σ

T1,2

σ

+ · · ·

Td,1

σ

Td,2

σ

+

Td+1

u(x)

Figure 1: Sketch of the FDRR architecture given in (14). Red lines denote residual connections.

With this notation at hand, the class of neural networks under consideration in this work consists of
functions with the form

u : Rn → R, u(x) = Td+1 ◦Bd ◦ · · · ◦B1 ◦ T0(x). (14)

The coefficients of the matrices and vectors appearing above determine the learnable parameters of the
neural network. The neural network above has d blocks and in total a depth of 2d + 2 layers (if we
understand each block to have two layers; hence there are 2d hidden layers). We will write the set of all
such neural networks of block depth d, width w and activation function σ as

FDRR(d,w, σ) := {u : Rn → R : u is given by (14)}

(DRR for Deep Ritz Residual neural network, from the title of the work by E and Yu (2018) from where
this structure originated), see Figure 1 for a diagram. Elements of this set differ by different choices of
the learnable parameters, i.e., the weights and biases. By denoting all the learnable parameters of the
network (14) as

θ = {(A0, b0), (Ad+1, bd+1)}
d⋃
i=1
{(Ai1, bi1), (Ai2, bi2)} ,

we can view any u ∈ FDRR(d,w, σ) as a function of the parameters, i.e., u = u(θ). The element θ belongs
to the weight space (or parameter space)

Θ :=
{
θ = {(A0, b0), (Ad, bd)}

d⋃
i=1
{(Ai1, bi1), (Ai2, bi2)}

: (A0, b0) ∈ Rw×n × Rw, (Ad+1, bd+1) ∈ R1×w × R, (Aij , bij) ∈ Rw×w × Rw
}
.

In total, the network has

m := nw + w + 2(w2 + w)d + w + 1 = 2dw2 + (n+ 2d + 2)w + 1

parameters to be determined hence Θ ⊂ Rm can be viewed as a subset of Euclidean space. Note that the
first layer is chosen so that the input x ∈ Rn is transformed to a w-dimensional object (which is necessary

9
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to apply the block structure). In the case that n < w, we could alternatively have padded the input with
zeros.

The standard feedforward neural network structure ubiquitous in machine learning has a very similar
architecture as described above except (more or less) without the addition of the z term in the definition
of B. Let us write this set of neural networks as FFFN(d,w, σ) where an element of this space has the
structure

u : Rn → R u(x) = Td+1 ◦ σ ◦ Td ◦ σ ◦ · · · ◦ T1 ◦ σ ◦ T0(x).

Note that FDRR(d,w, σ) has 2d + 2 layers while FFFN(d,w, σ) has d + 2 layers; this mismatch is of little
consequence as it is just a notational choice.

For convenience, we write F or F(d,w, σ) for a set of neural networks of arbitrary architecture (with
depth d, width w and activation σ; the depth and width are ambiguous), typically F ∈ {FDRR,FFFN} is
what we have in mind.

Neural networks with homogeneous BC. Given a neural network class F , it is useful to consider
another set of functions F0 that have the same type of architecture as F and that are zero on the boundary.

One way to practically construct such a set is by taking a function η ∈ C1(Ω) satisfying η|∂Ω = 0,
then given v ∈ F , the function vη ∈ F0. That is, given ũ ∈ F this amounts to appending an extra final
layer Mη ◦ ũ where Mη : C1(Ω)→ C1(Ω) defined by Mη(ũ) := ũη is the pointwise multiplication operator.
Let us label this subset of F0 with a subscript η, e.g., as

F0,η := {Mη ◦ ũ : u ∈ F}. (15)

Thus in particular, FDRR,0,η(d,w, σ) := {u : Rn → R : u(x) = Mη ◦ Td+1 ◦ Bd ◦ · · · ◦ B1 ◦ T0(x)}. The
function η is easy to construct when the domain is an interval or rectangle. For more complex geometries
it is non-trivial and the desired C1 property may not hold; see e.g. Sukumar and Srivastava (2022) for a
way to construct such a function η (with lower regularity).
Neural networks with additional final layer. We can generalise this structure to cater to a
more general final layer that could be different to pointwise multiplication. Indeed, given a operator
M : C1(Ω)→ C1(Ω), let us define

F(d,w, σ,M) := {M ◦ u : u ∈ F(d,w, σ)}. (16)

Note that F0,η(d,w, σ) ≡ F(d,w, σ,Mη) in this notation.
We finish with a simple but useful result which follows by calculus arguments, see Appendix A for the

proof.

Lemma 9 Let u ∈ FDRR(w, d, σ,M) ∪ FFFN(w, d, σ,M) where σ ∈ C1(R) and M : C1(Ω̄) → C1(Ω̄) is
continuous. Then the map θ 7→ u(θ, ·) is continuous from Rm to C1(Ω).

Note that this result applies to elements of the space F0,η for both architectures. It also implicitly tells us
that if σ ∈ C1(R) and M ∈ C0(C1(Ω̄), C1(Ω̄)), every function in FDRR(w, d, σ,M) ∪ FFFN(w, d, σ,M) is
C1(Ω) (which implies that (P̂ℓ̂) below is well defined) and hence in H1(Ω), i.e., F(w, d, σ,M) ⊂ C1(Ω) ⊂
H1(Ω) for both architectures. Though ReLU is not C1, it is well known that we still have F(w, d,ReLU) ⊂
H1(Ω) for both architectures.

3.1 Discretised problems

We need discrete versions of the objective function appearing in (10). We shall henceforth require the
regularity f ∈ L2(Ω)∩C0(Ω). For simplicity of exposition, we assume that A = −∆ + kId for a constant
k ≥ 0, generating the pairing

⟨Au, u− v⟩ =
∫

Ω
∇u · ∇(u− v) + ku(u− v)

10
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(other cases can be easily handled with appropriate modifications). Take a set of collocation points
{xi}Ni=1 ⊂ Ω and define L̂ : C1(Ω)× C1(Ω)→ R by

L̂(u, v) := |Ω|
N

N∑
i=1
∇u(xi) · (∇u(xi)−∇v(xi)) + ku(xi)(u(xi)− v(xi))−

|Ω|
N

N∑
i=1

f(xi)(u(xi)− v(xi)).

This is the discrete version of L. Similarly, the discrete version of Lγ is L̂γ : C1(Ω)×C1(Ω)→ R given by

L̂γ(u, v) := L̂(u, v)− |Ω|2γN

N∑
i=1

(u(xi)− v(xi))2 + |∇u(xi)−∇v(xi)|2.

Remark 10 One should bear in mind that L̂ and L̂γ (and all other discretised quantities that we shall
introduce) are also functions of the grid points, i.e., L̂(u, v) = L̂{xi}(u, v). A different choice of {xi} gives
a different L̂. We usually omit this dependence for aesthetic reasons.

Let X s and X t be arbitrary subsets of C1(Ω̄). Later, we will take these sets as sets of neural networks
representing the solution and test function space respectively (with potentially different widths, depths
and activations, etc., cf. the Petrov–Galerkin method) of the form (16), intersected with a ball of a
carefully chosen radius. A discretised problem corresponding to (10) is

min
u∈X s

max
v∈X t

L̂γ(u, v). (P̂)

In general, X s and X t need not be subsets of K and it could be that they are not rich enough for the above
problem to be a good approximation of (10) (see Remark 12 below). In view of this and the relaxations
we surveyed in §2.3, let us consider some alternatives.

3.1.1 Discrete version of (Pbc) (Imposition of the boundary conditions)

To formulate a discrete version of (Pbc), let us first assume the regularity ψ ∈ C0(Ω) and define the
discrete obstacle constraint loss corresponding to Lo as

L̂o(u) := |Ω|
N

N∑
i=1
|(ψ(xi)− u(xi))+|2.

For a given function h̃ ∈ C1(Ω) satisfying h̃|∂Ω = h and taking

Fs
0 := F0(ws, ds, σs) and F t

0 := F0(wt, dt, σt)

(as mentioned, a practical way to realise these sets is to use F0,η as defined in (15)), we pose

min
u∈Fs

0+h̃
max

v∈F t
0+h̃

L̂γ(u, v) + wo1L̂o(u)− wo2L̂o(v). (P̂bc)

Remark 11 The problem (P̂bc) can be formulated as

min
ũ∈Fs

0
max
ṽ∈F t

0

L̂γ(ũ+ h̃, ṽ + h̃) + wo1L̂o(ũ+ h̃)− wo2L̂o(ṽ + h̃). (17)

Then if ũ denotes a solution of (17), to recover a solution of (P̂bc) we set u := ũ+ h̃.

11
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3.1.2 Discrete version of (Ppen) (Full penalty approach)

Here we wish to formulate the approach of (Ppen) in the discrete setting. In order to measure the boundary
loss for the discretised problem, we introduce {xbi}Nbi=1 ⊂ ∂Ω as a set of boundary collocation points, and
assuming ψ ∈ C0(Ω), h ∈ C0(∂Ω), defining

L̂b(u) := |∂Ω|
Nb

Nb∑
i=1

(u(xbi)− h(xbi))2,

we can pose

min
u∈Fs(ds,ws,σs)

max
v∈Ft(dt,wt,σt)

L̂γ(u, v) + wo1L̂o(u) + wb1L̂b(u)− wo2L̂o(v)− wb2L̂b(v). (P̂pen)

3.1.3 Discrete version of (Pgen) (Generalised approach)

Now let us address the generalised problem (Pgen). Defining the discrete versions R̂1 and R̂2 of R1 and
R2 (by using L̂b and L̂o), we can consider

min
u∈X s

max
v∈X t

L̂γ(u, v) + R̂1(u)− R̂2(v) (P̂gen)

given sets of neural networks X s and X t. This structure generalises all of the above-mentioned approaches
and therefore we will perform the error analysis (in §3.2) for this problem. We will denote by

û and ûA

an exact solution to (P̂gen) and a computed solution to (P̂gen) via a numerical algorithm3 A, respectively.

Remark 12 (Exact satisfaction of the constraints) In certain situations, it is possible to choose
X s and X t such that both are subsets of K. This may be regarded as an ideal setting, since all elements
are feasible and no additional effort is required to enforce the constraints. Moreover, the error analysis
presented in §3.2 simplifies considerably in this case.

A common scenario where X s,X t ⊂ K can be easily achieved is when the VI has the homogeneous
boundary condition h ≡ 0 (a typical setting in literature) and when, with only a small loss of generality4,
the obstacle is also zero. Then we can solve

min
u∈Fs(ds,ws,σs,Q◦Mη)

max
v∈Ft(dt,wt,σt,Q◦Mη)

L̂γ(u, v)

where Mη is as before and Q is the map Q(u) = u2. Satisfying the constraints in a more general setting
(with non-zero boundary conditions) appears to be non-trivial. We could consider a class of neural networks
that satisfies also the obstacle condition in addition to the boundary condition. Take u ∈ F0,η(d,w, σ), a
function h̃ ∈ C1(Ω) with h̃|∂Ω = h (like described above) and make the transformation u 7→ max(u+ h̃, ψ).
Label the set of such functions Fψh (d,w, σ), which is a subset of K. One could then consider

min
u∈Fψ

h
(ds,ws,σs)

max
v∈Fψ

h
(dt,wt,σt)

L̂γ(u, v),

however, from experience, this does not work as well as expected due in part to the nonsmooth max
operation which hinders training.

Before we proceed to the error analysis, let us briefly discuss existence of solutions to these neural
network problems.
3. In our numerical implementation, we will use a gradient descent ascent algorithm (GDA) to solve our discrete problem,

see Algorithm 1 on page 31. GDA can be thought of as an inexact version of Uzawa’s algorithm.
4. If the obstacle ψ belongs to H1

0 (Ω) then one can always transform the VI to a VI with zero obstacle by u 7→ u− ψ; this
essentially moves the obstacle into the source term.

12
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3.1.4 Remarks on existence

It is well known that sets of neural networks may not be closed (or convex), hampering the use of standard
theory to deduce existence of optimal points for the discretised problems. One way to work around this
issue is to use the notion of quasi-minimisation (Shin et al., 2023), see also Brevis et al. (2022). An
element ū ∈ U ⊂ X of a set U in a Hilbert space X is said to be a quasi-minimiser of the functional
J : U → R if it satisfies J(ū) ≤ infu∈U J(u) + ϵ for some ϵ > 0. One could then weaken the notion of
global minmax points (see Definition 7 with the corresponding function f) and define a quasi-minimax
point as a point (x∗, y∗) that satisfies

f(x∗, y)− ϵ ≤ f(x∗, y∗) ∀y ∈ Y and max
y∈Y

f(x∗, y) ≤ max
y∈Y

f(x, y) + ϵ ∀x ∈ X

for some ϵ > 0, and then study the associated theory. However, as this is not the focus of our work, let us
content ourselves with giving existence results under a simplified setting where the associated parameter
space to the sets of neural networks is sufficiently regular.

Let us consider a general problem
min
u∈X s

max
v∈X t

ℓ̂(u, v) (P̂ℓ̂)

under the following assumption.

Assumption 13 (Assumptions on (P̂ℓ̂)) Let ℓ̂ : C1(Ω)× C1(Ω)→ R be a given map and assume that
X s and X t are of the form

X s ⊂ F(ds,ws, σs,M s), X t ⊂ F(dt,wt, σt,M t),

with associated parameter spaces Θs and Θt respectively and where σs, σt ∈ C1(R) and M s,M t : C1(Ω)→
C1(Ω) are given. Furthermore, assume that

(i) ℓ̂ : C1(Ω)× C1(Ω)→ R is continuous,
(ii) M s,M t ∈ C0(C1(Ω), C1(Ω)),

(iii) Θs,Θt are non-empty and compact.

Here, we take the perspective that a solution to problem (P̂ℓ̂) is associated with solving the finite-
dimensional problem

min
θ∈Θs

max
ϑ∈Θt

ℓ̂(u(θ, ·), v(ϑ, ·)).

To be precise, in Assumption 13 we enforced conditions on the parameter spaces Θs and Θt associated
to X s and X t which constrain the latter sets: elements of X s and X t have a limitation on how large the
weights can be.

Proposition 14 Let Assumption 13 hold. Then there exists a solution û ∈ X s to the problem (P̂ℓ̂).

Proof As discussed above, we have by definition of our solution concept that

min
u∈X s

max
v∈X t

ℓ̂(u, v) = min
θ∈Θs

max
ϑ∈Θt

ℓ̂(u(θ, ·), v(ϑ, ·)).

Using Lemma 9 and the continuity of ℓ̂, it follows that (θ, ϑ) → ℓ̂(uθ, vϑ) is continuous. Applying Jin
et al. (2020, Proposition 11), we get the result.
We now address (P̂bc), (P̂pen) (note that the former is not a special case of the latter because the
architectures are potentially different) and (P̂gen).

Corollary 15 We have the following.
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(i) In the context of (P̂bc), let σs, σt ∈ C1(R) and let the parameter spaces Θs and Θt associated to F s
0

and F t
0 respectively be non-empty and compact. Then the problem (P̂bc) possesses a solution.

(ii) In the context of (P̂pen), let σs, σt ∈ C1(R) and let the parameter spaces Θs and Θt associated to
F s(ds,ws, σs) and F t(dt,wt, σt) respectively be non-empty and compact. Then the problem (P̂pen)
possesses a solution.

(iii) In the context of (P̂gen), let (θ, ϑ) 7→ (u(θ, ·), v(ϑ, ·)) be continuous from the respective parameter
spaces into C1(Ω) × C1(Ω) for all u ∈ X s and v ∈ X t and let the parameter spaces Θs and Θt

associated to X s and X t respectively be non-empty and compact. Then the problem (P̂gen) possesses
a solution.

Proof For (i), we consider the reformulation (17) of (P̂bc). Thanks to Proposition 14, it suffices to show
that Mη ∈ C0(C1(Ω), C1(Ω)) and that the resulting loss function is continuous from C1(Ω) × C1(Ω) to
R. The former is clear because η ∈ C1(Ω). For the latter, we begin by setting h̃ = 0 for simplicity. Define
the pointwise evaluations Si(u) := u(xi) and Ti(u) := ∇u(xi). Then we can write

L̂(u, v) = |Ω|
N

N∑
i=1

(Ti(u), Ti(u)− Ti(v))Rn + |Ω|
N

N∑
i=1

kSi(u)(Si(u)− Si(v))− |Ω|
N

N∑
i=1

f(xi)(Si(u)− Si(v)).

As Si : C1(Ω)→ R and Ti : C1(Ω)→ Rn are clearly continuous, the composition of continuous maps being
continuous gives continuity of L̂ : C1(Ω)× C1(Ω)→ R. Writing also

L̂o(u) = |Ω|
N

N∑
i=1
|(Si(ψ)− Si(u))+|2,

the continuity of the functions (·)+, | · |2 : R→ R yields continuity of this object too. The remaining terms
in the objective function in (17) can be tackled similarly. The claim (ii) follows similarly, whereas (iii)
follow as in the proof of Proposition 14, wherein the evocation of Lemma 9 is unnecessary as its result is
directly assumed.
It is clear that existence for the problem (P̂) can also be handled with a similar argument like above.

Note that when transiting from the continuous problem (9) to any of the associated discrete problems
above, the (strong) convexity and concavity properties for the former are lost. This is due to the structure
of the mapping from the neural network weights to the neural network output (θ1, θ2) 7→ (uθ1 , vθ2)(x). As
a consequence, the discrete problems are non-convex in the θ1 variable and non-concave in the θ2 variable
which imposes major difficulties concerning the characterisation and efficient computation of solutions.
For an overview in the smooth setting we refer to the recent works Jin et al. (2020); Razaviyayn et al.
(2020) and the references therein. Clearly, the design of tailored numerical solvers for such neural network
based problems is a very important research task which, however, goes beyond the scope of our present
work. Subsequently, we focus on a comprehensive error analysis regarding the true and a computed
solution for (1).

3.2 Error analysis

Recall that we consider the general problem (P̂gen), as described in §3.1.3. As mentioned before, by
choosing the sets X s and X t and the weights appearing in R1 and R2 appropriately, we can cover both
cases (P̂bc) and (P̂pen) in this formulation. From the error estimate in Lemma 8 and the minimisation
property Lemma 6 (iii),(

Ca −
1

2γ

)
∥ûA − u∗∥2V ≤ Gγ(ûA)−Gγ(u∗)− ⟨Au∗ − f, u∗ − ûA⟩, (18)
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so we need to focus on estimating the right-hand side in an appropriate way. Associated to (P̂gen), define
Ĝγ : X s → R by

Ĝγ(u) := sup
v∈X t

L̂γ(u, v) + R̂1(u)− R̂2(v). (19)

This plays the role of a discrete version of the gap function associated to (P̂gen). (Existence of a maximiser
to (19) can be shown under appropriate assumptions in a similar way to Proposition 14, utilising the
continuity of L̂γ + R̂1 − R̂2). Note that if L̂γ(u, u) + R̂1(u)− R̂2(u) ≥ 0 and X s ⊆ X t, then it is easy to
see that Ĝγ(u) ≥ 0 for all u ∈ X s. Without imposing Assumption 13, we may still deduce that Ĝγ(·) is
finite everywhere by exploiting the fact that, by construction, X t ⊂ V .

Remark 16 Suppose that F s
0 ⊆ F t

0 and wo1 = wo2 = 0. If u ∈ F s
0 satisfies

|Ω|
N

N∑
i=1
∇u(xi) · (∇u(xi)−∇v(xi))−

|Ω|
N

N∑
i=1

f(xi)(u(xi)− v(xi)) ≤ 0 ∀v ∈ F t
0,

then Ĝγ(u) = 0. That is, solutions of this VI solve the discrete problem (P̂bc).

Now let us recall (from §3.1.3) that we denote by û a solution of (P̂gen), so that

Ĝγ(û) ≤ Ĝγ(u) ∀u ∈ X s. (20)

Define Hγ : V → R by
Hγ(u) := sup

v∈X t
Lγ(u, v) +R1(u)−R2(v),

which can be thought of as the continuous version of Ĝγ . Using the same argument as above, Hγ(·) is
finite everywhere. We begin with the following decomposition of the right-hand side of (18): for arbitrary
ū ∈ X s, we have

Gγ(ûA)−Gγ(u∗) ≤ Gγ(ûA)−Hγ(ûA)︸ ︷︷ ︸
I

+Hγ(ûA)− Ĝγ(ûA) + Ĝγ(ū)−Hγ(ū)︸ ︷︷ ︸
II

+ Ĝγ(ûA)− Ĝγ(û)︸ ︷︷ ︸
III

+Hγ(ū)−Hγ(u∗)︸ ︷︷ ︸
IV

+Hγ(u∗)−Gγ(u∗)︸ ︷︷ ︸
V

where we used Ĝγ(û) ≤ Ĝγ(ū) by (20). We need the following two lemmas, wherein R : V ∗ → V is the
Riesz map.

Lemma 17 For all u, v ∈ V ,

Lγ(u, z)− Lγ(u, v) = 1
2γ ∥v − z∥

2
V +

(
R(Au− f) + z − u

γ
, v − z

)
V

. (21)

Proof This follows easily from the definition of Lγ and the three-point identity

∥v − u∥2 − ∥z − u∥2 = ∥v − z∥2 + 2(z − u, v − z).

Lemma 18 For all u, v ∈ H1(Ω), we have for i = 1, 2 the estimate

Ri(u)−Ri(v) ≤ 2wbi(∥h∥L2(∂Ω) + ∥u∥L2(∂Ω)) ∥u− v∥L2(∂Ω)

+ woi(∥u+ v∥L2(Ω) + 2 ∥ψ∥L2(Ω)) ∥u− v∥L2(Ω) − wbi ∥u− v∥2L2(∂Ω) . (22)
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Proof Let us just set i = 1. We start with

R1(u)−R1(v) = wb1

∫
∂Ω

(u− h)2 − (v − h)2 + wo1

∫
Ω
|(ψ − u)+|2 − |(ψ − v)+|2.

By straightforward computations, we estimate∫
∂Ω

(u− h)2 − (v − h)2 =
∫
∂Ω

2(u− h)(u− v)− |u− v|2 ≤ 2(∥h∥L2(∂Ω) + ∥u∥L2(∂Ω)) ∥u− v∥L2(∂Ω)

− ∥u− v∥2L2(∂Ω) ,

while for the second integral, using the fact that (·)+ is Lipschitz, we get∫
Ω
|(u− ψ)+|2 − |(v − ψ)+|2 ≤

∫
Ω
|u− v||(ψ − u)+ + (ψ − v)+)|

≤ (∥u+ v∥L2(Ω) + 2 ∥ψ∥L2(Ω)) ∥u− v∥L2(Ω) .

From now on we assume

∃M s, Bs > 0 : ∥u∥V ≤M s and ∥u∥L2(∂Ω) ≤ Bs ∀u ∈ X s,

∃M t, Bt > 0 : ∥u∥V ≤M t and ∥u∥L2(∂Ω) ≤ Bt ∀u ∈ X t.
(23)

In the sequel, we will make use of the assumption (3a) on the boundedness of A.

Proposition 19 (Estimate on I) We have

Gγ(ûA)−Hγ(ûA) ≤ max
v∈K∩Y

inf
w∈X t

(
K1 ∥w − v∥V +K2 ∥w − v∥L2(Ω) +K3 ∥w − v∥L2(∂Ω)

− wb2 ∥w − v∥2L2(∂Ω) −
1

2γ ∥w − v∥
2
V

)
−R1(ûA)

where

K1 := CbM
s + ∥f∥V ∗ + 1

γ
(M s +M t), K2 := wo2(r +M t + 2 ∥ψ∥L2(Ω)), K3 := 2wb2(∥h∥L2(∂Ω) +Bt).

Proof We begin with

Gγ(ûA)−Hγ(ûA) = −R1(ûA) + max
v∈K∩Y

Lγ(ûA, v)− sup
w∈X t

(Lγ(ûA, w)−R2(w))

= −R1(ûA) + max
v∈K∩Y

inf
w∈X t

(Lγ(ûA, v)− Lγ(ûA, w) +R2(w)) .

Now from (21), we can estimate the middle two terms as

Lγ(ûA, v)− Lγ(ûA, w) = 1
2γ ∥w − v∥

2 + (R(AûA − f) + v − ûA
γ

,w − v)V

≤ 1
2γ ∥w − v∥

2 + (∥AûA − f∥V ∗ + 1
γ
∥w − ûA∥V ) ∥w − v∥V −

1
γ
∥w − v∥2V

≤ − 1
2γ ∥w − v∥

2 + (Cb ∥ûA∥V + ∥f∥V ∗ + 1
γ

(M t + ∥ûA∥V )) ∥w − v∥V ,

where we used (3a) and (23). Plugging this in, writing R2(w) = R2(w) − R2(v) and using the estimate
on R2 from (22), we get the result.
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Proposition 20 (Estimate on II) For all ū ∈ X s, we have

Hγ(ûA)− Ĝγ(ûA) + Ĝγ(ū)−Hγ(ū) ≤ 2 sup
u∈X s

v∈X t

|Lγ(u, v) +R1(u)−R2(v)− (L̂γ(u, v) + R̂1(u)− R̂2(v))|.

Proof Define F (u, v) = Lγ(u, v) + R1(u) − R2(v) and F̂ (u, v) = L̂γ(u, v) + R̂1(u) − R̂2(v). Then by
definition,

Hγ(ûA)− Ĝγ(ûA) + Ĝγ(ū)−Hγ(ū) = sup
v∈X t

F (ûA, v)− sup
v∈X t

F̂ (ûA, v) + sup
v∈X t

F̂ (ū, v)− sup
v∈X t

F (ū, v)

≤ sup
v∈X t

|F (ûA, v)− F̂ (ûA, v)|+ sup
v∈X t

|F̂ (ū, v)− F (ū, v)|

≤ 2 sup
u∈X s

v∈X t

|F (u, v)− F̂ (u, v)|

which is precisely the desired result.

Now for the fourth difference the following estimate holds true.

Proposition 21 (Estimate on IV) For all ū ∈ X s, we have

Hγ(ū)−Hγ(u∗) ≤ K4 ∥ū− u∗∥V +K5 ∥ū− u∗∥L2(Ω) +K6 ∥ū− u∗∥L2(∂Ω) − wb1 ∥ū− u∗∥2L2(∂Ω)

− 1
2γ ∥u

∗ − ū∥2V

where, with C1 := ∥Au∗ − f∥V ∗,

K4 := Cb(M s +M t) + C1 + 1
γ

(∥u∗∥V +M t), K5 := wo1(M s + ∥u∗∥V + 2 ∥ψ∥L2(Ω)),

K6 := wb12(∥h∥L2(∂Ω) +Bs).

Proof The left-hand side satisfies

Hγ(ū)−Hγ(u∗) ≤ sup
v∈X t

(Lγ(ū, v) +R1(ū)− Lγ(u∗, v)−R1(u∗)) .

We have

Lγ(ū, v)− Lγ(u∗, v) = L(ū, v)− L(u∗, v) + 1
2γ
(
∥u∗ − v∥2V − ∥ū− v∥2V

)
.

Firstly, let us estimate the first two terms on the right-hand side:

L(ū, v)− L(u∗, v) = ⟨Aū− f, ū− v⟩ − ⟨Au∗ − f, u∗ − v⟩ = ⟨A(ū− u∗), ū− v⟩+ ⟨Au∗ − f, ū− u∗⟩
≤ Cb(M s +M t) ∥ū− u∗∥V + C1 ∥ū− u∗∥V .

Here, we set C1 := ∥Au∗ − f∥V ∗ and utilised (3a) and (23). Now for the squared norm terms, we again
use the three-point equality to obtain

∥u∗ − v∥2V − ∥ū− v∥2V = 2(u∗ − v, u∗ − ū)− ∥u∗ − ū∥2V ≤ 2(∥u∗∥V +M t) ∥u∗ − ū∥V − ∥u∗ − ū∥2V .

Putting everything together and using again the estimate (22), we obtain

Hγ(ū)−Hγ(u∗) ≤ Cb(M s +M t) ∥ū− u∗∥V + C1 ∥ū− u∗∥V + 1
γ

(∥u∗∥V +M t) ∥u∗ − ū∥V

− 1
2γ ∥u

∗ − ū∥2V + wb12(∥h∥L2(∂Ω) + ∥ū∥L2(∂Ω)) ∥ū− u∗∥L2(∂Ω)

+ wo1(M s + ∥u∗∥V + 2 ∥ψ∥L2(Ω)) ∥ū− u∗∥L2(Ω) − wb1 ∥ū− u∗∥2L2(∂Ω) .
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Combining the previous results, we have shown(
Ca −

1
2γ

)
∥ûA − u∗∥2V ≤ max

v∈K∩Y
inf
w∈X t

K1 ∥w − v∥V +K2 ∥w − v∥L2(Ω) +K3 ∥w − v∥L2(∂Ω)

+ inf
u∈X s

(
K4 ∥u− u∗∥V +K5 ∥u− u∗∥L2(Ω) +K6 ∥u− u∗∥L2(∂Ω)

)
+ 2 sup

u∈X s

v∈X t

|Lγ(u, v) +R1(u)−R2(v)− (L̂γ(u, v) + R̂1(u)− R̂2(v))|

+ Ĝγ(ûA)− Ĝγ(û)
+Hγ(u∗)−Gγ(u∗) + ⟨Au∗ − f, u∗ − ûA⟩ −R1(ûA). (24)

The quantity comprising the first two lines on the right-hand side above

ξapp := max
v∈K∩Y

inf
w∈X t

K1 ∥w − v∥V +K2 ∥w − v∥L2(Ω) +K3 ∥w − v∥L2(∂Ω)

+ inf
u∈X s

(
K4 ∥u− u∗∥V +K5 ∥u− u∗∥L2(Ω) +K6 ∥u− u∗∥L2(∂Ω)

)
(25)

is known as the approximation error. It is related to how well the spaces X s and X t approximate u∗ and
the set K ∩ Y respectively. The statistical error is the quantity

ξstat := sup
u∈X s

v∈X t

|Lγ(u, v) +R1(u)−R2(v)− (L̂γ(u, v) + R̂1(u)− R̂2(v))|,

i.e., it is a measure of the error arising from the numerical approximation of the integral. We shall estimate
both of these in the next subsections. The term

ξopt = Ĝγ(ûA)− Ĝγ(û)

is called the optimisation error ; as explained in §3.1.4, this is not something we shall explore in this
paper. Finally, the two terms ⟨Au∗ − f, u∗ − ûA⟩ −R1(ûA) and Hγ(u∗)−Gγ(u∗) essentially arise due to
the presence of K and the inexactness of our approximating spaces. Let us deal with these terms first.

3.2.1 Bounds on the error arising from the constraint set

Proposition 22 If ûA|∂Ω = h (which is the case in the situation of (P̂bc)) and u∗ ∈ H2(Ω), then for
every ϵ > 0, if the penalty weight wo1 satisfies wo1 ≥ 1

4ϵ ∥Au∗ − f∥2L2(Ω), we have

⟨Au∗ − f, u∗ − ûA⟩ −R1(ûA) ≤ ϵ.

Proof We have that max(ψ, ûA) belongs to K (since ûA|∂Ω = h and ψ|∂Ω ≤ h). Thus, using Young’s
inequality with ϵ > 0 and noting that max(ψ, ûA)− ûA = (ψ − ûA)+,

⟨Au∗ − f, u∗ − ûA⟩ = ⟨Au∗ − f, u∗ −max(ψ, ûA)⟩+ ⟨Au∗ − f,max(ψ, ûA)− ûA⟩
≤ ∥Au∗ − f∥L2(Ω)

∥∥∥(ψ − ûA)+
∥∥∥
L2(Ω)

≤ ϵ+ 1
4ϵ ∥Au

∗ − f∥2L2(Ω)

∥∥∥(ψ − ûA)+
∥∥∥2

L2(Ω)
.

The claim then follows from

⟨Au∗ − f, u∗ − ûA⟩ −R1(ûA) ≤ ϵ+
( 1

4ϵ ∥Au
∗ − f∥2L2(Ω) − wo1

)∥∥∥(ψ − ûA)+
∥∥∥2

L2(Ω)
.

Here and below, we recall the Sobolev trace inequality, see e.g. Wloka (1987, Theorem 8.7, Chapter 1).
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Proposition 23 (Estimate on V) For every ϵ > 0, there exists an α0 > 0 such that if the penalty
parameters wo2 , wb2 satisfy min(wo2 , wb2) ≥ α0, then

Hγ(u∗)−Gγ(u∗) ≤ ϵ− 1
2γ ∥u

∗ − v∗∥2V −R2(v∗),

where v∗ ∈ arg maxw∈H1(Ω) Lγ(u∗, w)−R2(w).

Proof In this proof, PK : H1(Ω)→ K denotes the orthogonal projection operator onto the set K. Let us
set vα ∈ arg maxw∈H1(Ω) Lγ(u∗, w)− R2(w) where α represents the penalty parameters in R2. We begin
with the following calculation, wherein we employ the facts that Gγ(u∗) = 0 and X t ⊂ H1(Ω):

Hγ(u∗)−Gγ(u∗) = sup
w∈X t

Lγ(u∗, w)−R2(w) ≤ max
w∈H1(Ω)

Lγ(u∗, w)−R2(w)

= ⟨Au∗ − f, u∗ − vα⟩ −
1

2γ ∥u
∗ − vα∥2V −R2(vα)

≤ ⟨Au∗ − f, PK(vα)− vα⟩ −
1

2γ ∥u
∗ − vα∥2V −R2(vα)

≤ ∥Au∗ − f∥V ∗ ∥PK(vα)− vα∥V −
1

2γ ∥u
∗ − vα∥2V −R2(vα). (26)

It remains only to estimate the first term on the right-hand side above, i.e., we are left to show that
∥Au∗ − f∥V ∗ ∥PK(vα)− vα∥V ≤ ϵ for arbitrary ϵ provided we make α large enough. This can be achieved
if we show that vα converges strongly in V to some v̂ ∈ K as α→∞ because of the estimate

∥PK(vα)− vα∥V ≤ ∥PK(vα)− PK(v̂)∥V + ∥v̂ − vα∥V ≤ 2 ∥v̂ − vα∥V (27)

where we used the triangle inequality and that v̂ = PK(v̂).
We will show this desired convergence of vα in multiple steps.

(i) Weak subsequential convergence of vα and feasibility of limit. Let us first show that vα
converges weakly for a subsequence. Writing occasionally Rα2 instead of R2 to emphasise the dependence
of R2 on α and setting

Jα(w) := Rα2 (w)− Lγ(u∗, w),

we have by definition of vα that Jα(vα) ≤ Jα(w) for all w ∈ H1(Ω); taking w = u∗ ∈ K and manipulating
gives

Rα2 (vα) + 1
4γ ∥u

∗ − vα∥2V ≤ γ ∥Au∗ − f∥2V ∗ . (28)

This uniform bound implies the existence of v̂ ∈ V such that, for a subsequence (that we relabel), vα ⇀ v̂
in V and strongly in L2(Ω). Since Rα2 (vα) = wo2

∫
Ω |(ψ − vα)+|2 + wb2

∫
∂Ω(vα − h)2, if we divide the

above inequality by wo2 , disregard the boundary term and vice versa with wb2 , we find
∫

Ω |(ψ − vα)+|2 +∫
∂Ω(vα − h)2 → 0 in the limit wb2 , wo2 → ∞. Using the convergence result for vα and the fact that

the trace operator is linear and continuous as well as the weak lower semicontinuity of the functionals
involved, we then get v̂ ∈ K.
(ii) Strong subsequential convergence of vα → v̂. Now, we prove that the above weak convergence
(for a subsequence) can be upgraded to strong. Let J(w) := −Lγ(u∗, w). We have Jα(w) ≥ J(w) and so,
using weak lower semicontinuity,

lim inf
α→∞ Jα(vα) ≥ lim inf

α→∞ J(vα) = lim inf
α→∞

1
2γ ∥u

∗ − vα∥2V − ⟨Au∗ − f, u∗ − vα⟩

≥ 1
2γ ∥u

∗ − v̂∥2V − ⟨Au∗ − f, u∗ − v̂⟩ = J(v̂).
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On the other hand, since Jα(vα) ≤ Jα(v̂) and using the fact that v̂ ∈ K,

lim inf
α→∞ Jα(vα) ≤ lim inf

α→∞ Jα(v̂) = lim inf
α→∞ −Lγ(u∗, v̂) = J(v̂).

Hence, lim infα→∞ J(vα) = J(v̂) and therefore for a subsequence (relabelled), we get J(vα)→ J(v̂). That
is,

1
2γ ∥u

∗ − vα∥2V − L(u∗, vα)→ 1
2γ ∥u

∗ − v̂∥2V − L(u∗, v̂),

and since L(u∗, vα)→ L(u∗, v̂), it follows that ∥u∗ − vα∥V → ∥u∗ − v̂∥V . The weak convergence u∗−vα ⇀
u∗ − v̂ together with the above norm convergence then yields vα → v̂ in H1(Ω).
(iii) Conclusion. Now we have Jα(vα) ≤ Jα(k) = J(k) for all k ∈ K, since K ⊂ H1(Ω) and vα is the
minimiser. Taking the limit inferior in this inequality and using the first chain of inequalities above in
step (ii), J(v̂) ≤ J(k) for all k ∈ K, i.e., v̂ is the minimiser of J over K (which is uniquely determined).
The subsequence principle then tells us that the entire sequence {vα} converges. Thanks to this and (26)
and (27), we obtain the result.

The proof reveals an error rate. Indeed, we get from (28) and the definition of R2 that

wo2

∫
Ω
|(ψ − vα)+|2 + wb2

∫
∂Ω

(vα − h)2 + 1
4γ ∥u

∗ − vα∥2V ≤ γ ∥Au∗ − f∥2V ∗ ,

whence, recalling that α represents the weights wo1 , wo2 ,∥∥∥(ψ − vα)+
∥∥∥
L2(Ω)

= O(1/
√
α) and ∥vα − h∥L2(∂Ω) = O(1/

√
α).

3.2.2 Bounds on the approximation error

To control the approximation error we need to ensure that the two network spaces X s and X t are suffi-
ciently rich. This relates to universal approximation theorems for neural networks. The strength of the
approximation results strongly depends on the norm used, and some care is required in ensuring that one
can apply them to ξapp since we need uniformity in K ∩ Y in order to bound the maxmin term there. In
order to keep our theory as general as reasonably possible and bearing in mind that approximation results
for different architectures are rapidly evolving, we make the next assumption and provide a scenario (see
Proposition 26) in which it is satisfied.

Assumption 24 (Assumptions on the density of neural network spaces in H1(Ω))

(i) There exists a neural network architecture F s with activation function σs satisfying: for every
w ∈ H2(Ω) and every ϵ > 0, there exists ds,ws ∈ N and u ∈ F s(ds,ws, σs) such that

∥u− w∥V ≤ ϵ.

(ii) There exists a neural network architecture F t with activation function σt satisfying: for every k ∈ Y
and every ϵ > 0, there exist dt,wt ∈ N independent of k and v ∈ F t(dt,wt, σt) such that

∥v − k∥V ≤ ϵ.

We also need the space Y to be such that K ∩ Y is bounded in V :

Assumption 25 Assume that there exists R̄ > 0 such that ∥v∥V ≤ R̄ for all v ∈ K ∩ Y.

In the next proposition, we show that these assumptions can be satisfied. To keep matters simple we
focus only on the two activation functions ReLU and tanh; others are possible too.
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Proposition 26 Let h ∈ H3/2(∂Ω), ψ ∈ H2(Ω), and let Ω be convex or C1,1. Let R̃ be a constant
satisfying

R̃ ≥ ∥u∗∥V ,
set Y := BH2(Ω)(R̃), the closed ball in H2(Ω) with center 0 and radius R̃, and choose F t and F s as FFFN
with ReLU or tanh as the activation. Then Assumption 24 and Assumption 25 are satisfied

Proof Proposition 4.8 of Gühring and Raslan (2021) implies the following: let µ > 0 be arbitrary; then
there exist constants dt, C, θ and ϵ̄ such that for every ϵ < ϵ̄ and every k ∈ BH2(Ω)(1), there exists a neural
network v ∈ FFFN with at most dt layers and at most{

Cϵ−n/(1−µ) : if activation is tanh,
Cϵ−n : if activation is ReLU,

non-zero weights bounded in absolute value by Cϵ−θ satisfying ∥v − k∥H1(Ω) ≤ ϵ. Now if g ∈ BH2(Ω)(R),
the above gives us a neural network ṽ with ∥ṽ − g/R∥H1(Ω) ≤ ϵ/R as long as ϵ ≤ Rϵ̄. Setting v := Rṽ,
we get ∥v − g∥H1(Ω) ≤ ϵ where v ∈ FFFN is also a neural network (with the same architecture as ṽ except
the final layer has been scaled by R) with at most{

C(R−1ϵ)−n/(1−µ) : if activation is tanh,
C(R−1ϵ)−n : if activation is ReLU,

non-zero weights.
The key point that gives us the existence of the neural network architecture that is independent of the

particular element k that is being approximated is the following: if a network with an arbitrary number
of neurons and layers has at most M non-zero weights, it can be viewed as a network with M non-zero
weights and at most M + 1 neurons and layers. Since the above gives us at most C(R−1ϵ)−n/(1−µ) or
C(R−1ϵ)−n non-zero weights and this number is independent of k, it can be viewed as a neural network
in FFFN with a fixed (independent of k) size.

Hence Assumption 24 (ii) holds if we choose Y = BH2(Ω)(R̃) and F t = FFFN as the standard feed-
forward neural network architecture. This is a valid choice of Y (i.e., it satisfies Assumption 5 by the
assumptions on the domain and the data, see Proposition 1). Assumption 24 (i) also holds by the above
argument since u∗ ∈ H2(Ω).

As Y = BH2(Ω)(R̃), Assumption 25 follows from the continuous embedding H2(Ω) ↪→ V with R̄ = R̃.

Since in our implementation we use the special ResNet structure of E and Yu (2018) for which approx-
imation results still appear to be incomplete, we shall postpone the study of approximation theorems
for our specific architecture to a later work. For approximation results involving the standard ResNet
structure, we refer to e.g. Aizawa et al. (2024); Liu et al. (2024); Li et al. (2022); Lin and Jegelka (2018);
note that networks with one hidden layer possess universal approximation power in L1 for ResNets (Lin
and Jegelka, 2018).

Now, take P ≥ 1 + ∥u∗∥V and Q ≥ 1 + R̄ and fix X s := F s ∩ BH1(Ω)(P ) and X t := F t ∩ BH1(Ω)(Q),
where F s and F t are as in Assumption 24. Due to this, if we set R∗ := max(P,Q,CTP,CTQ), we get
that the constants in (23) satisfy max(M s,M t, Bs, Bt) ≤ R∗. Observe that all the constants Ki depend
on R∗. Define κ1 := max(1,K4 +K5 +CTK6). Under Assumption 24 (i), for every ϵ ∈ (0, 1), there exists
ũ ∈ X s such that

∥ũ− u∗∥V ≤
ϵ

3κ1
. (29)

Note further that since κ1 ≥ 1 and ũ ∈ X s,

∥ũ∥V ≤ ∥ũ− u∗∥V + ∥u∗∥V ≤
ϵ

3κ1
+ ∥u∗∥V ≤ 1 + ∥u∗∥V ≤ P.
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In a similar way, let κ2 := max(1,K1 + K2 + CTK3). Under Assumption 24 (ii), for ϵ ∈ (0, 1), we can
show

max
k∈K∩Y

inf
v∈X t

∥k − v∥V ≤
ϵ

3(K1 +K2 + CTK3) . (30)

Indeed, fixing an arbitrary k ∈ K ∩ Y , by Assumption 24 (ii) we get the existence of dt,wt ∈ N uniform
in k and v ∈ F(dt,wt, σt) with ∥k − v∥V ≤ ϵ/(3κ2). This implies, because κ2 ≥ 1 and by the bound on k
from Assumption 25,

∥v∥V ≤ ∥v − k∥V + ∥k∥V ≤
ϵ

3κ2
+ R̄ ≤ 1 + R̄ ≤ Q.

This shows that v ∈ BH1(Ω)(Q) and thus v ∈ X t. Then (30) follows from

(K1 +K2 + CTK3) ∥k − v∥V ≤ κ2 ∥k − v∥V ≤
ϵ

3

and the fact that the maxk∈K∩Y in (30) exists. Indeed, this is because the map k 7→ infv∈Xt ∥k − v∥V
is continuous on V and moreover, by compact embedding every maximising sequence in K ∩ Y admits a
subsequence that converges strongly in V and whose limit is again in K ∩ Y by Assumption 5.

Theorem 27 Let Assumption 24 and Assumption 25 hold. For any ϵ > 0, there exist architectures F s,F t,
activations σs, σt, numbers ds,ws, dt,wt ∈ N such that, with X s = F s(ds,ws, σs) and X t = F t(dt,wt, σt),
we have

ξapp ≤ ϵ.

Proof Fix ϵ > 0. Beginning with the definition of ξapp in (25), we find

ξapp ≤ max
k∈K∩Y

inf
v∈X t

(K1 +K2 + CTK3) ∥k − v∥V + inf
ū∈X s

(K4 +K5 + CTK6) ∥ū− u∗∥V ≤ ϵ

where we employed the trace theorem for the boundary term ∥k − v∥L2(∂Ω) ≤ CT ∥k − v∥V to obtain the
first inequality and made use of (29) and (30) for the final inequality.
At this point let us remark that if we had ûA ∈ K the above error analysis could have been greatly
simplified.

3.2.3 The (P̂bc) setting

In the case of (P̂bc) we wish to be able to choose F s to be F s
0,η + h̃, or at least F s

0 + h̃ . In practice, the
above results imply that we can ‘almost’ do this. Indeed, recalling ũ from (29), we see that

∥ũ− h∥H1/2(∂Ω) ≤ CT ∥ũ− u∗∥V ≤
CT ϵ

3κ1
,

and setting û := (ũ − h̃) + h̃, which satisfies ∥û− u∗∥V = ∥ũ− u∗∥V ≤ ϵ/(3κ1), we can conclude that
F s can be taken to be F s

≈0 + h̃ where F s
≈0 means a set of neural networks that are almost zero on the

boundary. A similar argument applies for F t too. To be able to make this exact, we need to know if
Sobolev functions that are zero on the boundary can be approximated by neural networks that are zero
on the boundary and we need to do so in a uniform way (the width and depth of the network should
be independent of the target function) for F t

0. Theorem 2 in Dondl et al. (2022) tells us that H1
0 (Ω)

functions can be realised by ReLU neural networks of depth ⌈log2(d+ 1)⌉+ 1. In view of works such as
Gühring and Raslan (2021), the desired uniform approximation result appears reasonable, however, we
are not aware at present of any literature with quantitative rates that supply such a result.
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3.2.4 Bounds on the statistical error

In this section, we bound the following quantity

E{xi}Ni=1

 sup
u∈Fs

v∈Ft

∣∣∣Lγ(u, v) +R1(u)−R2(v)− (L̂γ(u, v) + R̂1(u)− R̂2(v))
∣∣∣
 ,

in the context of the problem (P̂bc), i.e., when the boundary condition is met and the penalty terms only
contain contributions of the obstacle loss Lo. We carry out the calculations for neural neworks of the
special ResNet structure FDRR. A statistical error analysis for FFFN involving different loss functions can
be found in Jiao et al. (2023, §4.4), whose arguments we adapt.

We first need the concept of Rademacher complexity and covering numbers.

Definition 28 (Rademacher complexity) Let F be a family of functions from Ω into R and let P
be a distribution over Ω and {Xi}Ni=1 be independent identically distributed (iid) samples from P . The
Rademacher complexity of F associated with the distribution P and sample size N is defined as

R(F) := E{Xi}Ni=1
E{σi}Ni=1

[
sup
u∈F

1
N

N∑
i=1

σiu(Xi)
]
,

where {σi}Ni=1 are iid random variables such that P[σi = 1] = P[σi = −1] = 1
2 .

Definition 29 (Covering number) Given ε > 0, we say that A ⊂ Rn is an ε-cover of B ⊂ Rn with
respect to a metric ρ if for all v′ ∈ B, there exists v ∈ A such that ρ(v, v′) ≤ ε.

The ε-covering number of B, denoted as C(ε,B, ρ),is the minimum cardinality among all ε-covers of
B with respect to the metric ρ.

Rademacher complexity is useful because it bounds the statistical error from above as the next result
shows. Below, we use the notation U(Ω) to denote the uniform distribution on Ω.

Lemma 30 Assume that the collocation points {xi}Ni=1 (see §3.1) are iid drawn from U(Ω). Then

E{xi}Ni=1

 sup
u∈Fs

v∈Ft

|Lγ(u, v) +R1(u)−R2(v)− (L̂γ(u, v) + R̂1(u)− R̂2(v))|

 ≤ 2|Ω|
10∑
i=1
R(Fi),

where

F1 = {∥∇u∥2 : u ∈ F s},
F3 = {ku2 : u ∈ F s},
F5 = {fu : u ∈ F s},

F7 =
{ 1

2γ (u− v)2 : u ∈ F s, v ∈ F t
}
,

F9 = {wo1 |(ψ − u)+|2 : u ∈ F s},

F2 = {∇u · ∇v : u ∈ F s, v ∈ F t},
F4 = {kuv : u ∈ F s, v ∈ F t},
F6 = {fv : v ∈ F t},

F8 =
{ 1

2γ |∇u−∇v|
2 : u ∈ F s, v ∈ F t

}
,

F10 = {wo2 |(ψ − v)+|2 : u ∈ F t}.

Proof We can write Lγ as

Lγ(u, v) = |Ω|EX∼U(Ω)
[∇u(X) · (∇u(X)−∇v(X)) + ku(X)(u(X)− v(X))− f(X)(u(X)− v(X))

]
− |Ω|EX∼U(Ω)

[ 1
2γ
(
(u(X)− v(X))2 + |∇u(X)−∇v(X)|2)] .
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With this in mind, we can decompose

|Lγ(u, v)+R1(u)−R2(v)−(L̂γ(u, v)+R̂1(u)−R̂2(v))| ≤
8∑
i=1
|Lγ,i(u, v)−L̂γ,i(u, v)|+

2∑
i=1
|Ri(u, v)−R̂i(u, v)|

where

Lγ,1(u, v) = |Ω|EX∼U(Ω)
[
∥∇u(X)∥2

]
,

Lγ,3(u, v) = k|Ω|EX∼U(Ω)
[
u(X)2

]
,

Lγ,5(u, v) = |Ω|EX∼U(Ω) [f(X)u(X)] ,

Lγ,7(u, v) = |Ω|2γ EX∼U(Ω)
[
(u(X)− v(X))2

]
,

R1(u, v) = |Ω||EX∼U(Ω)
[
|(ψ(X)− u(X)+|2

]
,

Lγ,2(u, v) = |Ω|EX∼U(Ω) [∇u(X) · ∇v(X)] ,
Lγ,4(u, v) = k|Ω|EX∼U(Ω) [u(X)v(X)] ,
Lγ,6(u, v) = |Ω|EX∼U(Ω) [f(X)v(X)] ,

Lγ,8(u, v) = |Ω|2γ EX∼U(Ω)
[
|∇u(X)−∇v(X)|2

]
,

R2(u, v) = |Ω||EX∼U(Ω)
[
|(ψ(X)− v(X)+|2

]
,

and

L̂γ,1(u, v) = |Ω|
N

N∑
i=1
∥∇u(xi)∥2,

L̂γ,3(u, v) = k|Ω|
N

N∑
i=1

u(xi)2,

L̂γ,5(u, v) = |Ω|
N

N∑
i=1

f(xi)u(xi),

L̂γ,7(u, v) = |Ω|
2γN

N∑
i=1

(u(xi)− v(xi))2,

R̂1(u, v) = |Ω|
N

N∑
i=1
|(ψ(xi)− u(xi))+|2,

L̂γ,2(u, v) = |Ω|
N

N∑
i=1
∇u(xi) · ∇v(xi),

L̂γ,4(u, v) = k|Ω|
N

N∑
i=1

u(xi)v(xi),

L̂γ,6(u, v) = |Ω|
N

N∑
i=1

f(xi)v(xi),

L̂γ,8(u, v) = |Ω|
2γN

N∑
i=1
|∇u(xi)−∇v(xi)|2,

R̂2(u, v) = |Ω|
N

N∑
i=1
|(ψ(xi)− v(xi))+|2.

Now if we let Fu,v denote a function of u and v and their first derivatives, we can write∣∣∣∣∣|Ω|EX∼U(Ω) [Fu,v(X)]− |Ω|
N

N∑
i=1

Fu,v(xi)
∣∣∣∣∣ = |Ω|

N

∣∣∣∣∣E{Xi}Ni=1

[
N∑
i=1

Fu,v(Xi)− Fu,v(xi)
]∣∣∣∣∣ ,

where {Xi}Ni=1 are iid random variables drawn from U(Ω) and E{Xi}Ni=1
means the (multiple) expectation

with respect to X1, · · · , XN . Taking the supremum over F s and F t and taking the expectation with
respect to {xi}Ni=1 each of which are drawn from U(Ω), we have by Jensen’s inequality

E{xi}Nx=1

 sup
u∈Fs

v∈Ft

|Ω|
N

∣∣∣∣∣E{Xi}Ni=1

[
N∑
i=1

Fu,v(Xi)− Fu,v(xi)
]∣∣∣∣∣


≤ |Ω|
N

E{xi}Ni=1
E{Xi}Ni=1

 sup
u∈Fs

v∈Ft

∣∣∣∣∣
N∑
i=1

Fu,v(Xi)− Fu,v(xi)
∣∣∣∣∣
 .

Let {σi}Ni=1 be iid random variables such that P[σi = 1] = P[σi = −1] = 1
2 for all i. Note that for all i,

Fu,v(Xi)− Fu,v(xi) and Fu,v(xi)− Fu,v(Xi) are equal in distribution and so the right-hand side above is
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equal to

|Ω|
2N E{xi}Ni=1

E{Xi}Ni=1

 sup
u∈Fs

v∈Ft

∣∣∣∣∣
N∑
i=1

Fu,v(Xi)− Fu,v(xi)
∣∣∣∣∣


+ |Ω|2N E{xi}Ni=1
E{Xi}Ni=1

 sup
u∈Fs

v∈Ft

∣∣∣∣∣
N∑
i=1

Fu,v(xi)− Fu,v(Xi)
∣∣∣∣∣


= |Ω|
N

E{xi}Ni=1
E{Xi}Ni=1

E{σi}Ni=1

 sup
u∈Fs

v∈Ft

∣∣∣∣∣
N∑
i=1

σi(Fu,v(Xi)− Fu,v(xi))
∣∣∣∣∣


≤ |Ω|
N

E{xi}Ni=1
E{Xi}Ni=1

E{σi}Ni=1

 sup
u∈Fs

v∈Ft

∣∣∣∣∣
N∑
i=1

σiFu,v(Xi)
∣∣∣∣∣


+ |Ω|
N

E{xi}Ni=1
E{Xi}Ni=1

E{σi}Ni=1

 sup
u∈Fs

v∈Ft

∣∣∣∣∣
N∑
i=1

σiFu,v(xi)
∣∣∣∣∣


≤ 2|Ω|
N

E{xi}Ni=1
E{σi}Ni=1

 sup
u∈Fs

v∈Ft

N∑
i=1

σiFu,v(xi)


= 2|Ω|R(F),

where F = {Fu,v : u ∈ F s, v ∈ F t} is a function class parameterised by Θs × Θt where Θs, Θt are the
network weights of u, v respectively. The above can be employed to show that for each i, the expectation
of supu∈Fs

v∈Ft
|Lγ,i(u, v)− L̂γ,i(u, v)|+ |Ri(u, v)− R̂i(u, v)| is bounded by the Rademacher complexity of the

function class Fi. The claim follows.
Now, Jiao et al. (2023, Lemma 4.11) shows that to bound the Rademacher complexity of a function
class, we can bound the associated covering number which for Lipschitz functions we can bound by the
covering number of the parameter space (Jiao et al., 2023, Lemma 4.9). Hence, our strategy is to first
show that the set of neural networks defined by (14) and the first derivative of each element of the set are
bounded and Lipschitz and from that conclude that each of the Fi (being a certain function of (14)) is
also bounded and Lipschitz. This can then be used to bound their respective Rademacher complexities
using the aforementioned lemmata.

From now on we assume that the activation function σ of our neural network architecture is sufficiently
regular, see Assumption 31—tanh is a valid activation function. The next lemma shows that in this case,
neural networks given by (14) are Lipschitz in their parameters in the C1(Ω) norm. For the proof, it is
more convenient to rewrite the definition of our neural network architecture in a recursive manner and
also to index by network layers rather than by network blocks. For l = 1, . . . , 2d, let

f (0)(x) = A(0)x+ b(0),

f (l)(x) = σ(A(l)f (l−1)(x) + b(l)) + f (l−2)(x)1{l even},

u(x) = A(2d+1)f (2d)(x) + b(2d+1),

where A(0) = A0, b(0) = b0, A(2d+1) = Ad+1, b(2d+1) = bd+1, A(l) = Aij and b(l) = bij with i = ⌈l/2⌉, j = 1
for l odd and j = 2 otherwise, where A0, Aij , Ad+1, b0, bij and bd+1 are as in the definition of (14). We also
use the notation A(l) = (a(l)

qj )wq,j=1 and b(l) = (b(l)
1 , . . . , b

(l)
w ). Each f (i) = (f (i)

1 , . . . , f
(i)
w ) and u are functions

of their network weights θ. For calculations involving two different sets of network weights θ and θ̃, we
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adorn a variable with a tilde (e.g. f̃ (i), b̃(i)) to indicate that the function or variable is with respect to θ̃.
Moreover, let ni denote the number of network weights in the ith layer and Ni to be the total number of
weights up to and including the ith layer. Without loss of generality, we assume w ≥ n0. Below, we let
CΩ ≥ 1 be a constant such that |x| ≤ CΩ for all x ∈ Ω.

Assumption 31 Suppose that

(i) σ ∈ C1(R)∩W 1,∞(R) and σ and its derivative σ′ are Lipschitz with Lipschitz constants Lσ and Lσ′

respectively,
(ii) Θ is bounded by Bθ.

Lemma 32 Under Assumption 31, and recalling that w and m denote the network width and the to-
tal number of learnable parameters respectively (as introduced in Section 3), u defined by (14) satisfies
∥u∥C0(Ω) ≤ Bu and

∥∥∂xpu∥∥C0(Ω) ≤ Bu′ where

Bu := (w + 1)C̄2, Bu′ := 2dw2d+1C̄4d+2, C̄ := max(1, ∥σ∥L∞(Ω) ,
∥∥σ′∥∥

L∞(Ω) , Lσ, Lσ′ , Bθ).

Furthermore, the map θ 7→ u is Lipschitz from ℓ2(R) into C1(Ω) with

∥u− ũ∥C0(Ω) ≤ Lu∥θ − θ̃∥2,
∥∥∂xpu− ∂xp ũ∥∥C0(Ω) ≤ Lu′∥θ − θ̃∥2,

where

Lu :=
√
m22d−1w2d+1C̄4d+1CΩ, Lu′ :=

√
m

 2d∑
k=0

2k
 24d−2w4d+1C̄8d+1CΩ.

Proof First note that u is bounded because σ is bounded:

|u| ≤
w∑
j=1
|a(2d+1)
j ||f2d

j |+ |b(2d+1)| ≤ (w + 1)C̄2.

We now prove the Lipschitzness of u. Let us begin with

|f (i)
q − f̃ (i)

q | ≤
∣∣∣∣∣∣σ
 w∑
j=1

a
(i)
qj f

(i−1)
j + b(i)

q

− σ
 w∑
j=1

ã
(i)
qj f̃

(i−1)
j + b̃(i)

q

∣∣∣∣∣∣+ |f (i−2)
q − f̃ (i−2)

q |1{i even}.

We can bound the first term on the right-hand side using the same method as in the proof of Jiao et al.
(2023, Lemma 4.12) to derive the following recurrence relation:

|f (i)
q − f̃ (i)

q | ≤ C̄2
w∑
j=1
|f (i−1)
j − f̃ (i−1)

j |+ C̄F (i−1)
w∑
j=1
|a(i)
qj − ã

(i)
qj |+ C̄|b(i)

q − b̃(i)
q |+ |f (i−2)

q − f̃ (i−2)
q |1{i even},

where F (i) is a constant satisfying F (i) ≤ ∥σ∥L∞(Ω) for i ≥ 1 and

F (0) = sup
q
|f (0)
q | = sup

q

∣∣∣∣∣∣
n∑
j=1

a
(0)
qj xj + b(0)

q

∣∣∣∣∣∣ ≤ sup
q

n∑
j=1
|a(0)
qj ||xj |+ |b(0)

q | ≤ n0C̄CΩ.

For i = 0,

|f (0)
q − f̃ (0)

q | ≤
∣∣∣∣∣∣
n∑
j=1

a
(0)
qj xj + b(0)

q −
n∑
j=1

ã
(0)
qj xj − b̃(0)

q

∣∣∣∣∣∣ ≤
n∑
j=1
|xj ||a(0)

qj − ã
(0)
qj |+ |b(0)

q − b̃(0)
q | ≤ CΩ

n0∑
j=1
|θj − θ̃j |.
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Assume for i ≥ 1 that

|f (i)
q − f̃ (i)

q | ≤ 2i−1wiC̄2iCΩ

Ni∑
j=1
|θj − θ̃j |, (31)

then

|f (i+1)
q − f̃ (i+1)

q | ≤ C̄2
w∑
j=1
|f (i)
q − f̃ (i)

q |

+ C̄2
w∑
j=1
|a(i+1)
qj − ã(i+1)

qj |+ C̄|b(i+1)
q − b̃(i+1)

q |+ |f (i−1)
q − f̃ (i−1)

q |1{i+1 even}

≤ 2i−1wiC̄2iC̄2CΩ

w∑
j=1

Ni∑
k=1
|θk − θ̃k|+ C̄2

ni+1∑
j=1
|θj − θ̃j |+ 2i−2wi−1C̄2(i−1)CΩ

Ni−1∑
j=1
|θj − θ̃j |

≤ 2iwi+1C̄2(i+1)CΩ

Ni+1∑
j=1
|θj − θ̃j |.

Hence, (31) is true for i = 1, . . . , 2d and so

|u(x)− ũ(x)| ≤ C̄
w∑
j=1
|f (2d)
j − f̃ (2d)

j |+ C̄
w∑
j=1
|a(2d+1)
j − ã(2d+1)

j |+ |b(2d+1) − b̃(2d+1)|

≤ 22d−1w2dC̄4d+1CΩ

w∑
j=1

N2d∑
k=1
|θk − θ̃k|+ C̄

N2d+1∑
j=1
|θj − θ̃j |

≤ 22d−1w2d+1C̄4d+1CΩ

m∑
j=1
|θj − θ̃j |

≤ √m22d−1w2d+1C̄4d+1CΩ∥θ − θ̃∥2,

where the last line follows from Hölder’s inequality. For the spatial derivatives of u, we have

∂xpf
(i)
q =

w∑
j=1

a
(i)
qj ∂xpf

(i−1)
j σ′

 w∑
j=1

a
(i)
qj f

(i)
j + b(i)

q

+ ∂xpf
(i−2)
q 1{i even},

and so for i even,

|∂xpf (i)
q | ≤ C̄2

w∑
j=1
|∂xpf (i−1)

j |+ |∂xpf (i−2)
q | ≤ C̄4

w∑
j=1

w∑
k=1
|∂xpf (i−2)

k |+ |∂xpf (i−2)
q | ≤ 2wC̄4

w∑
j=1
|∂xpf (i−2)

j |.

Iterating the above gives, for i even,

|∂xpf (i)
q | ≤ 2i/2wi−1C̄2i

w∑
j=1
|∂xpf (0)

j | ≤ 2i/2wi−1C̄2i
w∑
j=1
|a(0)
jp | ≤ 2i/2wiC̄2i+1. (32)

In a similar way, for i odd,

|∂xpf (i)
q | ≤ C̄2

w∑
j=1
|∂xpf (i−1)

j | ≤ C̄2
w∑
j=1

2(i−1)/2wi−1C̄2(i−1)+1 ≤ 2i/2wiC̄2i+1. (33)

Therefore,

|∂xpu(x)| ≤
∣∣∣∣∣∣∂xp

 w∑
j=1

a
(2d+1)
j f

(2d)
j + b(2d+1)

∣∣∣∣∣∣ ≤
w∑
j=1
|a(2d+1)
j ||∂xpf (2d)

j | ≤ 2dw2d+1C̄4d+2.
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We now show that the derivatives of u are Lipschitz. We have

|∂xpf (i)
q − ∂xp f̃ (i)

q | ≤
∣∣∣∣∣∣∂xpσ

 w∑
j=1

a
(i)
qj f

(i)
j + b(i)

q

− ∂xpσ
 w∑
j=1

a
(i)
qj f

(i)
j + b(i)

q

∣∣∣∣∣∣
+ |∂xpf (i−2)

q − ∂xp f̃ (i−2)
q |1{i even}.

We can bound the first term on the right-hand side of the above in the same manner as in the proof of
Jiao et al. (2023, Lemma 4.14) and use (31), (32) and (33) to show that

|∂xpf (i)
q − ∂xp f̃ (i)

q | (34)

≤ C̄
w∑
j=1
|a(i)
qj ||∂xpf

(i−1)
j − ∂xp f̃ (i−1)

j |+ |∂xpf (i−1)
j ||a(i)

qj − ã
(i)
qj |

+ C̄

 w∑
j=1
|ã(i)
qj ||∂xp f̃

(i−1)
j |

 w∑
j=1
|f (i−1)
j ||a(i)

qj − ã
(i)
qj |+ |ã

(i)
qj ||f

(i−1)
j − f̃ (i−1)

j |+ |b(i)
q − b̃(i)

q |


+ |∂xpf (i−2)
q − ∂xp f̃ (i−2)

q | (35)

≤ C̄2
w∑
j=1
|∂xpf (i−1)

j − ∂xp f̃ (i−1)
j |+ 22(i−1)w2iC̄4iCΩ

Ni∑
j=1
|θj − θ̃j |+ |∂xpf (i−2)

q − ∂xp f̃ (i−2)
q |.

For i = 0, we have |∂xpf (0)
q − ∂xp f̃ (0)

q | ≤ |a(0)
qp − ã(0)

qp | ≤
∑n0
j=1 |θj − θ̃j |. Assume for i ≥ 1 that

|∂xpf (i)
q − ∂xp f̃ (i)

q | ≤ 22(i−1)
(

i∑
k=0

2k
)
w2iC̄4iCΩ

Ni∑
j=1
|θj − θ̃j |,

then

|∂xpf (i+1)
q − ∂xp f̃ (i+1)

q |

≤ C̄2
w∑
j=1
|∂xpf (i)

j − ∂xp f̃
(i)
j |+ 22iw2(i+1)C̄4(i+1)CΩ

Ni+1∑
j=1
|θj − θ̃j |+ |∂xpf (i−1)

q − ∂xp f̃ (i−1)
q |

≤ 22(i−1)
(

i∑
k=0

2k
)
w2iC̄4i+2CΩ

m∑
j=1

Ni∑
k=1
|θk − θ̃k|+ 22iw2(i+1)C̄4(i+1)CΩ

Ni+1∑
j=1
|θj − θ̃j |

+ 22(i−2)
(
i−1∑
k=0

2k
)
w2(i−1)C̄4(i−1)CΩ

Ni−1∑
j=1
|θj − θ̃j |

≤ 22i
(
i+1∑
k=0

2k
)
w2(i+1)C̄4(i+1)CΩ

Ni+1∑
j=1
|θj − θ̃j |.

Hence, by induction

|∂xpu(x)− ∂xp ũ(x)| ≤
w∑
j=1
|∂xpf (2d)

j ||a(2d+1)
j − ã(2d+1)

j |+ |ã(2d+1)
j ||∂xpf (2d)

j − ∂xp f̃ (2d)
j |

≤ 24d−2

 2d∑
k=0

2k
w4d+1C̄8d+1CΩ

m∑
j=1
|θj − θ̃j |

≤ 24d−2√m
 2d∑
k=0

2k
w4d+1C̄8d+1CΩ∥θj − θ̃∥2.
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In the setting of (P̂bc), we use the same neural network architecture for both the solution and the test
function, in particular, we take u = ūη + h̄ where ū ∈ F(d,w, σ), η ∈ C1(Ω̄) satisfying η|∂Ω = 0 and
h̄ ∈ C1(Ω̄) satisfies the boundary condition. In practice, we take h̄ to be also a neural network of the form
(14). Assume also that η and ∥∇η∥2 are bounded by Bη and Bη′ respectively and the source term f and
obstacle ψ are bounded by Bf and Bψ respectively. Then, u is bounded with constant BuBη +Bu =: D1
is and Lipschitz with constant LuBη + Lu =: D2, and ∂xpu is bounded by Bu′Bη + BuBη′ + Bu′ =: D3
and is Lipschitz with constant Lu′Bη + LuBη′ + Lu′ =: D4. It follows that for any g ∈ Fi, i = 1, . . . , 10,
we have |g| ≤ Bi where

B1 = B2 = nD2
3,

B7 = 2γ−1D2
1,

B10 = 2wo2(B2
ψ +D2

1),

B3 = B4 = kD2
1,

B8 = 2γ−1B1,

B5 = B6 = BfD1,

B9 = 2wo1(B2
ψ +D2

1),

and g is Lipschitz with constant Li where

L1 = L2 = 2nD3D4,

L7 = 4γ−1D1D2,

L10 = 2wo2(Bψ +D1)D2.

L3 = L4 = 2kD1D2,

L8 = 4γ−1nD3D4,

L5 = L6 = BfD2,

L9 = 2wo1(Bψ +D1)D2,

With this we can prove the following theorem which gives a bound of the statistical error. In the proof,
we denote generic constants which may differ line-by-line and on its dependencies by K(·). Recall also
that n is the dimension of the domain Ω ⊂ Rn.

Theorem 33 (Statistical error estimate for (P̂bc)) Consider the FDRR case and assume that f ∈
C0(Ω)∩L∞(Ω), the activation function σ ∈ C1(R)∩L∞(R) is Lipschitz and Θ is bounded. Then we have

E{xi}Ni=1

 sup
u∈Fs

v∈Ft

|Lγ(u, v) +R1(u)−R2(v)− (L̂γ(u, v) + R̂1(u)− R̂2(v))|


≤
K(η, f)n 3

2m
√∑2d

k=0 2k2 9d−2
2 w7d+3C̄14d+9√CΩ

N
1
4

,

where K(η, f) is a generic constant depending on the bounds of η and f . A similar bound holds for the
FFFN case.

Recall again that we do not have boundary penalty terms in this formulation.
Proof We address the DRR setting; the standard FFN case follows by the obvious modifications. Let
F be an arbitrary function class such that for f ∈ F we have ∥f∥L∞(Ω) ≤ B and f is L-Lipschitz with
respect to the parameter θ. Then by Jiao et al. (2023, Lemmas 4.11, 4.9, 4.8) in that order, we have

R(F) ≤ inf
0<δ<B/2

(
4δ + 12√

N

∫ B/2

δ

√
logC(ε,F , ∥ · ∥∞) dε

)

≤ inf
0<δ<B/2

4δ + 12√
N

∫ B/2

δ

√√√√m log
(

2LC̄
√
m

ε

)
dε


≤ 4√

N
+ 6
√
mB√
N

√
log(2LC̄

√
Nm),

29



Alphonse, Hintermüller, Kister, Lun, and Sirotenko

where in the last line we set δ = 1/
√
N . It is clear that Bi ≤ KB1 and Li ≤ KL1, i = 1, . . . , 10 for some

constant K := K(η, f) so it suffices to bound R(F1) only. Using the inequality (a+ b)2 ≤ 2(a2 + b2), we
have

B1 ≤ 4n(B2
uB

2
η′ +B2

u′B2
η +B2

u′) ≤ Kn(B2
u +B2

u′) ≤ KnB2
u′ = Kn22dw4d+2C̄8d+4

and

L1 ≤ Kb(Bu +Bu′)(Lu + Lu′) ≤ KnBu′Lu′ = Kn
√
m

 2d∑
k=0

2k
 25d−2w6d+2C̄12d+3CΩ.

Therefore,

R(F1) ≤ 4√
N

+ K
√
mn22dw4d+2C̄8d+4

√
N

√√√√√log

2

 2d∑
k=0

2k
 25d−2w6d+2C̄12d+4CΩ

√
Nm


≤ 4√

N
+ K

N
1
4
n

3
2m

√√√√ 2d∑
k=0

2k2
9d−2

2 w7d+3C̄14d+9√CΩ

≤
Kn

3
2m
√∑2d

k=0 2k2 9d−2
2 w7d+3C̄14d+9√CΩ

N
1
4

.

Recalling that the left-hand side of the statement of the theorem is bounded by ∑10
i=1R(Fi) completes

the proof.
The theorem tells us that the statistical error can be made arbitrarily small if the number of grid points
N chosen is large enough, and it also indicates that the error may grow if the width and depth of the
network increase.

4. Numerical details and examples

We numerically solve the discrete minmax problem (P̂bc) for various examples via the approach detailed in
§3.1.1. Given a concrete obstacle problem, the first step is to construct the function h̃, which is supposed
to (approximately) satisfy the boundary condition. We find such a function simply by optimising5

min
w∈FDRR(d,w,tanh)

L̂b(w) + L̂o(w),

so that the output h̃ is itself a neural network. We stop training when h̃ satisfies the boundary condition
up to some error threshold. With this h̃ fixed, we then solve (P̂bc) by applying the gradient descent ascent
(GDA) scheme in Algorithm 1.

Remark 34 We also implemented a version of the algorithm in line with (P̂pen) that does not fix the
boundary condition but instead penalises it. In our experience, the computed solutions in this setting
were worse than for (P̂bc). This observation is in line with insights from the multi-objective optimisation
literature on PINNs, where penalty-based formulations often introduce conflicts between loss components
and therefore degrade optimisation performance, see for example Hwang and Lim (2024); Yao et al.
(2023); Wang et al. (2021).

The GDA approach alternates between two steps: in the descent step it keeps the test function fixed
and updates the weights of the solution candidate by one gradient step, in the ascent step it keeps the
solution candidate fixed and updates the test function by one gradient step. Since this basic form of the

5. We included the obstacle constraint loss in the minimisation problem in order to give the minmax problem (P̂bc) a good
start in the sense that h̃ ∈ K (again, up to error).
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Algorithm 1 Alternating gradient descent ascent algorithm in the h ≡ 0 setting
1: Input: Parameters including initial learning rates λs, λt, learning rate schedulers LRs,LRt, weights
wo1 , wo2 , γ, number of collocation points N and number of epochs M

2: Output: Neural network solution ûA
3: Initialize weights θs, θt of neural networks uθs , vθt (with zero boundary conditions) representing

solution and test function respectively
4: for epoch = 0, 1, . . . ,M do
5: if epoch is odd then
6: θt ← UpdateTestFunction(θs, θt, λt):
7: λt ← LRt(λt, epoch)
8: else
9: θs ← UpdateSolution(θs, θt, λs):

10: λs ← LRs(λs, epoch)
11: end if
12: end for
13: Set ûA := uθs

1: function UpdateTestFunction(θs, θt, λt)
2: Sample grid points in the interior X = {x1, . . . , xN}
3: (L̂X , L̂Xo , D̂X)← ComputeLosses(X, θs, θt)
4: g ← ∇θt(−L̂X(θt)− D̂X(θt) + L̂Xo (θt))
5: θt ← AdamW(θt, λt, g)
6: return θt

7: end function
1: function UpdateSolution(θs,θt )
2: Sample grid points in the interior X = {x1, . . . , xN}
3: (L̂X , L̂Xo , D̂X)← ComputeLosses(X, θs, θt)
4: g ← ∇θs(L̂X(θs) + D̂X(θs) + L̂Xo (θs))
5: θs ← AdamW(θs, λs, g)
6: return θs

7: end function
1: function ComputeLosses(X,uθs , vθt)
2: Approximate via Monte Carlo integration

• the loss L(uθs , vθt) by L̂X

• the gap term loss ∥uθs − vθt∥2 by D̂X

• the obstacle loss ∥(ψ − uθt)+∥2 + ∥(ψ − vθt)+∥2 by L̂Xo
return (L̂X , L̂Xo , D̂X)

3: end function

GDA approach converges to the minmax point if the function is convex-concave (see §3.1.4) and since the
continuous formulation of the minmax problem is indeed convex-concave, one can at least heuristically
hope that the GDA algorithm converges to the solution under suitable conditions.

Remark 35 In the nonconvex–nonconcave setting, it is well known that GDA may fail to converge under
standard stepsize choices, and can exhibit cycling or divergence even in simple examples (e.g. see Shugart
and Altschuler (2025)). Variants such as alternating or two-timescale GDA (Lin et al., 2020), as well
as schemes incorporating negative stepsizes (Shugart and Altschuler, 2025), can improve convergence be-
haviour in certain settings. In addition, extragradient and optimistic gradient methods (OGDA) are known
to provide better stability and convergence properties (Zamani et al., 2024; Mokhtari et al., 2020). Nev-
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ertheless, a general theory guaranteeing convergence to global saddle points in the nonconvex–nonconcave
regime appears unclear, and iterates may instead converge to stationary points that do not correspond to
meaningful minmax solutions. Furthermore, even the appropriate notion of local optimality in the fully
nonconvex-nonconcave case is subtle, and is typically formulated in terms of local minmax points or related
stability concepts (see Lin et al. (2020); Jin et al. (2020)). A detailed investigation of these algorithmic
issues is beyond the scope of this work; accordingly, we restrict attention to the use of GDA and do not
address potential stability or convergence issues.
Our implementation and codebase can be found at Alphonse et al. (2024). It is written in Python and
uses the PyTorch framework (Paszke et al., 2019). The gradient with respect to the weights θi ∈ Θi

that appear in lines 4 and 4 of Algorithm 1 are calculated using standard automatic differentiation
libraries implemented in PyTorch. The optimization steps are each one step of the built-in optimizer
AdamW (Loshchilov and Hutter, 2019). AdamW, which belongs to the family of stochastic gradient descent
methods, is an adaptive gradient method that adjusts the learning rate of each parameter of the neural
network individually such that the learning rates of parameters that typically have a larger gradient
during training are slowed down more than the ones which typically have a small gradient. The major
hyperparameters (which are detailed below) were found with the use of the Optuna package (Akiba et al.,
2019). The results of the numerical experiments that are given below were performed on an NVIDIA
A100 80GB PCIe GPU on Python version 3.12.4. By using the package Ray we were able to parallelise
up to 10 training sessions on a single GPU; the training was done on a cluster with 4 GPUs.

For all our examples we use one of two sets of training hyperparameters, depending on whether the
example is in 1D or 2D, see Tables 1 and 2 for the most important parameters. While it is certainly
possible to improve the results by using individual hyperparameters for each example, we do not do this
for simplicity.

Parameter Value
width (w) 80
depth (d) 4
activation (σ) tanh
architecture (F) FDRR

Table 1: Architecture for the solution and test function.

Parameter 1D 2D
n interior (N) 1024 1024
n boundary (N b) 2 256
Epochs (M) 12000 12000
lr soln (λs) 0.002 0.003
lr testfn (λt) 0.001 0.0047
LRs,LRt CosineAnnealingWarmRestarts
T 0 2001 2001
T mult 2 2
weight soln obs (wo1) 8000 5000
weight testfn obs (wo2) 1500 5000
weight gap term ((2α)−1) 0.0001 0.0005

Table 2: Parameters for the 1D and 2D examples. T 0 and T mult are parameters in the learning rate
scheduler.

We now present the examples. Along the way, we shall explore and analyse certain aspects related to
the choice of weights and parameters.
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4.1 1D Examples

4.1.1 Example 1: A benchmark example from (Cheng et al., 2023, Example 1, §3)

Here we set Ω = (0, 1), h ≡ 0,

ψ(x) :=


100x2 : x ∈ [0, 0.25],
100x(1− x)− 12.5 : x ∈ (0.25, 0.5],
ψ(1− x) : x ∈ (0.5, 1],

f ≡ 0, and solve problem (1) with Au = −uxx. The exact solution is

u(x) =


(100− 50

√
2)x : 0 ≤ x < 1/(2

√
2),

100x(1− x)− 12.5 : 1/(2
√

2) ≤ x < 1− 1/(2
√

2),
(50
√

2− 100)(1− x) : 1− 1/(2
√

2) ≤ x ≤ 1.

The results are displayed in Figure 2. Figure 2a shows that our learned solution more or less coincides
with the true solution, at least visually. A plot of the obstacle is also included for convenience. In Figure
2b we plot the difference of the true and learned solutions, which confirms that our approach produces a
good result.

0 0.2 0.4 0.6 0.8 1
0

5

10
obstacle
uexact
uNN

(a) Learned and exact solution.

0 0.5 1

−0.01

0

0.01

uNN − uexact

(b) Difference between learned and exact solution.

Figure 2: Example 1. The difference between the learned solution uNN and the true solution uexact is
smaller than 0.02. On the coincidence set [1/2

√
2, 1 − 1/2

√
2] ≈ [0.354, 0.646], uNN violates the obstacle

condition nearly constantly. The maximal difference is comparable to the one obtained in Cheng et al.
(2023).

In Figure 3 we plot the evolution of the L2 and L∞ errors during training for a number of different
runs or initialisations (i.e., different random seeds). The variance in the evolutions for the different runs
is explained by this and the Monte Carlo integration, and we see that the variance between the runs is
very small.
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Figure 3: Training trajectories for Example 1.

4.1.2 Example 2: a non-symmetric case

Let us proceed with an example where the elliptic operator associated to the VI is non-symmetric. As
we mentioned, being able to handle non-symmetric VIs is one of the advantages of our work which
distinguishes us from other existent work in the literature to the best of our knowledge. We set Ω = (−2, 2),
h ≡ 0, ψ(x) = 1− x2, define

f(x) :=


(4− 2

√
3) : x ∈ [−2,−2 +

√
3),

−(4− 2
√

3) : x ∈ [2−
√

3, 2],
−(2
√

3− 2) : x ∈ [−2 +
√

3, 2−
√

3],
0 : otherwise,

and solve the non-symmetric version of (1) with Au = −uxx + ux. The exact solution is

u(x) =


(4− 2

√
3)(x+ 2) : −2 ≤ x < −2 +

√
3,

1− x2 : −2 +
√

3 ≤ x < 2−
√

3,
(4− 2

√
3)(2− x) : 2−

√
3 ≤ x < 2.

This is a modification of the (symmetric) example in (Zhao et al., 2022, §4.1). We again observe a pleasing
result, see Figure 4.

−2 −1 0 1 2

−2

0

obstacle
uexact
uNN

(a) Learned and exact solution.

−2 0 2

0

0.005
uNN − uexact

(b) Difference between learned and exact solution.

Figure 4: The non-symmetric Example 2. The difference has a magnitude smaller than 0.007.
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Figure 5: Training trajectories for Example 2. Compared to Figure 3, the convergence happens earlier.

Obstacle weight experiment Recall that we enforce the obstacle condition via penalty terms for the
solution and test function with weights wo1 and wo2 respectively. In Figure 6 we study the effect that
different weights wo1 = wo2 have on the error in the context of Example 2. We see that there is an
optimal value for the penalty, which is reasonable: for small weights the solution is not punished enough
for violating the obstacle constraint and for large weights, during the training phase, the solution candidate
is pushed above the obstacle so that halting at the correct solution is overridden by the “momentum”
that arises from the obstacle term.
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Figure 6: Mean (over 50 seeds) of L2 and H1 errors for Example 2 for different values of wo1 = wo2 .

A weight of 900 leads to an optimum in the L2-sense, but once gradients are taken into account, 500
appears to be the optimal choice (with 900 not too distant). By examining the individual errors that
produced each mean, 500 has a lower variance in L2 and the variances are comparable in H1, but the
lowest error for 900 bests the lowest error for 500, across both measures of error. That said, we emphasise
that both weights produce low errors: they differ only on an order of 10−2.

4.1.3 Example 3: a piecewise smooth case

Our final one-dimensional example is taken from (Christof and Meyer, 2018, §2); we call this ‘piecewise’
because the solution is composed of five separate pieces and to the unsuspecting eye appears to be a
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piecewise affine function. The setting here is Ω = (−1, 1), h ≡ 0, f ≡ 0, and with α = 0.4,

ψ(x) :=

φ
(
x+ 1

2

) (
3
2 − 12|x+ 1

2 |2−α
)
− 1

2 : x ∈ (−1, 0],
φ
(
x− 1

2

) (
3
2 − 12|x− 1

2 |2−α
)
− 1

2 : x ∈ (0, 1),

where φ ∈ C∞
c (R) satisfies 0 ≤ φ ≤ 1, φ = 1 in (−0.3, 0.3), and supp(φ) ⊂ [−0.4, 0.4]. We solve the

problem (1) with Au = −uxx. The exact solution is

u(x) =



ψ(−β − 0.5) x+1
0.5−β : x ∈ (−1,−β − 0.5),

ψ(x) : x ∈ [−0.5− β,−0.5),
1 : x ∈ [−0.5, 0.5),
ψ(x) : x ∈ [0.5, 0.5 + β),
ψ(β + 0.5) x−1

β−0.5 : x ∈ [β + 0.5, 1),

(36)

where the constant β is the unique solution of the equation

ψ(−β − 0.5) = (0.5− β)ψ′(−β − 0.5), β ∈ (0, 0.3).

In practice, we take β = 0.02376 as an approximate solution of the equation, and as for the function φ,
we use

φ(x) := µ(0.4− |x|)
µ(|x| − 0.3) + µ(0.4− |x|) , where µ(x) :=

{
exp(−1/x) : x > 0,
0 : x ≤ 0.

The results can be seen in Figure 7.

−1 −0.5 0 0.5 1

−1

0

1 obstacle
uexact
uNN

(a) Learned and exact solution.

−1 0 1

−0.01

0

0.01

0.02 uNN − uexact

(b) Difference between learned and exact solution.

Figure 7: Piecewise smooth case of Example 3. The difference to the exact solution has a magnitude
smaller than 0.03. Compared to the small average difference the violation of the obstacle condition at the
peaks (for x = 0.5 and x = −0.5) is relatively large.

Mesh independence experiment Let us look at how the L2 error for Example 3 behaves as we change
the size (i.e., width and depth) of the neural networks parametrising the solution and test function (both
networks share the same architecture). In Figure 9 (left) we visualise the error for each depth as the width
varies over the horizontal axis. We see that when the depth is sufficiently large (≥ 6), the errors for all
widths are within a margin of approximately 10−2. Likewise, when the width is large enough (≥ 40), the
errors stay below approximately 0.015. This can be interpreted as a kind of mesh independence: the size
of the network determines the number of learnable parameters, and the figure shows that the quality of
the approximation is (roughly) independent of the number of learnable parameters. It is also illustrative
to see how the error varies with respect to the total number of learnable weights (which is a function of
the width multiplied by the depth), see Figure 9 (right). The trend is clearly that the more weights the
better the solution, but we again see a threshold level of weights beyond which the error is acceptable.
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Figure 8: Training trajectories for Example 3.
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Figure 9: Effect of neural network size on the solution of Example 3 (means over 4 seeds are plotted).

4.2 2D Examples

4.2.1 Example 4: an example from optimal control

We take this example from (Meyer and Thoma, 2013, §7.1). Set Ω = (0, 1)2, A = −∆, ψ ≡ 0, h ≡ 0, and
using the intermediary quantities

z1(x) := −4096x6 + 6144x5 − 3072x4 + 512x3,

z2(x) := −244.140625x6 + 585.9375x5 − 468.75x4 + 125x3,

ζ :=
{
z1(x− 0.5)z2(y) : x ∈ (0.5, 1) and y ∈ (0, 0.8),
0 : otherwise,

we define the source term

f(x, y) := −ζ −
{
z1(x)z′′

2 (y) + z′′
1 (x)z2(y) : x < 0.5 and y < 0.8,

0 : otherwise,

and consider the VI (1) with Au = −∆u. The exact solution is

u(x, y) =
{
z1(x)z′′

2 (y) + z′′
1 (x)z2(y) : x < 0.5 and y < 0.8,

0 : otherwise.
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We visualise the results in Figure 10. Since the obstacle is the zero function, we do not plot it explicitly.
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(a) Learned solution uNN.
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(b) Exact solution uexact.
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Figure 10: Example 4. Similarly to the 1D examples the solution candidate rather slightly violates the
obstacle conditions (this is illustrated by the purple area in the third plot).
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Figure 11: Training trajectories for Example 4. This example converges already at 4000 epochs; the warm
restart phase (which occurs due to the learning rate scheduler) from 4000 till the end does not greatly
improve the error for all runs, see also Remark 36. Note the correlation between the Lp and H1 errors.

Mesh independence experiment We again take a look at how the network sizes affect the quality of
the solution, now for Example 4, see Figure 12. Note that it is not the case that the bigger the network,
the better the solution. Larger networks may require a longer training period (number of epochs), whereas
smaller networks may suffer from underfitting. The optimal for this particular example and run appears to
be a network architecture of depth 2 and width 40; we again recall the fact that we choose our architecture
to provide a good result for all the examples that we considered and a case-by-case fine-tuning would
likely improve our results, but this is not the focus of the paper.

Remark 36 In Figure 11 the training error has a noticeable jump at the beginning of the warm restart
period. We investigated this effect in ablation experiments. (1) With a standard plateau scheduler, even
after hyperparameter tuning, the overall results were significantly worse, both in terms of final accuracy
and stability. (2) With longer restart periods, the frequency of jumps is reduced but this does not improve
the final error; in fact, the overall performance slightly degrades. This indicates that the restart mechanism
is beneficial for convergence in this problem class.
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Figure 12: Effect of neural network size on the solution of Example 4 (1 seed is used).

4.2.2 Examples 5 and 6: biactive cases

Here we look at situations where biactivity (or lack of strict complementarity) is present. Let us briefly
explain what this means. Recall from (5) that solutions of the VI satisfy the condition (Au−f)(u−ψ) = 0.
This means that pointwise a.e., either Au−f or u−ψ or both must be equal to zero. When both are zero,
we say that biactivity is present, i.e., the multiplier Au − f vanishes on the coincidence set {u = ψ}. It
is well known that traditional numerical methods such as active set update strategies face great difficulty
in handling problems with biactivity.

We consider first an example taken from Keith and Surowiec (2026, §4.8.1). Set Ω = (−1, 1)2,

f(x, y) =
{

0 : x < 0,
−12x2 : otherwise,

ψ ≡ 0, and the exact solution

u(x, y) =
{

0 : x < 0,
x4 : otherwise,

of (1) with Au = −∆u. The boundary data h is determined by u. The results are shown in Figure 13.

−1
0

1
−1

0

0

0.5

1

x
y

(a) Learned solution uNN.

−1
0

1
−1

0

0

0.5

1

x
y

(b) Exact solution uexact.

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

x

y

−0.02

0

0.02

(c) Difference uNN−uexact.

Figure 13: Example 5: biactive case from Keith and Surowiec (2026, §4.8.1).

Our next problem, Example 6, also exhibits biactivity and additionally displays a nonsmoothness in
the multipler Au− f , and is taken from Keith and Surowiec (2026, §4.8.3). Set Ω = (−1, 1)2, ψ ≡ 0, and
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the exact solution

u(x, y) =
{

(1− 4x2 − 4y2)4 : x2 + y2 < 1
4 ,

0 : otherwise,

informing the source term

f(x, y) = −∆u(x, y)−
{

1 : x2 + y2 > 3
4 ,

0 : otherwise,

for (1) with Au = −∆u. The boundary data h again is taken from u. See Figure 14 for the results. In both
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Figure 14: Example 6: second biactive case taken from Keith and Surowiec (2026, §4.8.3).

examples, we see that our solution algorithm performs well (the results for Example 5 are comparable to
the other examples; Example 6 is slightly more tricky, see §4.3) and does not encounter the biactivity as
an issue due to our approach. Thus our work offers a potential advantage over active set methods.

Regularised gap weight experiment We investigate what effect changing the weight 1/(2γ) in front
of the regularised gap term has on the solution for Example 6. See Figure 15 for a plot of the H1 errors
observed for different choices of gap weight. Observe that the error improves as the weight is increased
until an optimum point is reached, after which the error increases exponentially. This tallies with our
earlier remarks that γ should be sufficiently large (hence 1/(2γ) should be sufficently small), but taking
too small a value does not lead to a huge improvement, i.e., there is a trade-off.
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Figure 15: Mean over 10 seeds of the H1-errors for Example 6 for different regularised gap weights.

40



A Neural Network Approach to Learning Solutions of a Class of Elliptic VIs

4.3 Replicability and randomness

It is well known that an improperly designed solution algorithm or loss function can lead to results that
are radically different depending on the machine that the code is run on or depending on the choice of
the random seed. In the context of our work, this means that it is worthwhile to check whether the
hyperparameters we suggest actually produce quantifiably good results (i.e., low error of the learned
solution in comparison to the exact solution) when run on different devices. As a statistical analysis of
running our code on many different devices is impractical, we instead perform a sensitivity analysis where
we vary the random seed and check whether the resulting model is robust with respect to the seed (the
idea being that changing the random seed is akin to using a different device).

We present box plots of L2 errors corresponding to different seeds for our examples in Figure 16a and
Figure 16b. The bottom of each box corresponds to the 25th percentile and the top to the 75th percentile
of 50 runs. For the 1D examples we see that the 75th percentile is smaller than 0.025; for the 2D examples
the 75th percentile is smaller than 0.065.

Example 1 Example 2 Example 3
0

2

4

6

·10−2

L
2 -

er
ro

r

(a) 1D examples

Example 4 Example 5 Example 6
0

0.1

0.2

0.3

0.4

L
2 -

er
ro

r

(b) 2D examples

Figure 16: Box plots of L2 errors corresponding to 50 different seeds for the 1D and 2D examples.

We refer to Bethard (2022) for more details and suggestions of good practices on this topic, and also to
Madhyastha and Jain (2019) for a study of model stability with respect to random seeds and techniques
for improvement (see also references therein).

Remark 37 (Comparison to traditional approaches) For the numerical examples considered here,
unsurprisingly, traditional approaches such as a Moreau–Yosida path-following with finite element methods
achieve highly accurate results with little cost. The aim of our numerics is to demonstrate the applicability
of our theory and the aim of this paper is to provide a theoretically sound neural network framework
for VIs; optimising our implementation for high-precision solutions is outside the scope of this work.
Furthermore, the value of the approach lies in its mesh-free nature, flexibility and applicability to high-
dimensional problems, where classical approaches are less practical.
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Appendix A. Proofs

Proof of Proposition 2. We follow (Rodrigues, 1987, §1:3, p. 4). Let u solve (5) with the stated regularity.
Taking v ∈ K, we have, making use of the Gelfand triple structure V ⊂ L2(Ω) ⊂ V ∗ and that Au ∈ L2(Ω),

⟨Au− f, u− v⟩ =
∫

Ω
(Au− f)(u− ψ) +

∫
Ω

(Au− f)(ψ − v) ≤ 0.

This shows that u solves (1). Now for the reverse direction, suppose u solves (1). Choose the test function
v = u+ φ where φ ∈ C∞

c (Ω) and φ ≥ 0. Then since Au ∈ L2(Ω), we get∫
Ω

(Au− f)φ ≥ 0

whence the arbitrariness of φ yields Au− f ≥ 0 a.e. Define the non-coincidence set I := {u > ψ} which
is an open set since u and ψ are both continuous. Take φ ∈ C∞

c (I); it follows that there exists an ϵ0 with
u± ϵφ ∈ K for all ϵ ≤ ϵ0. Using this as the choice of test function in (1), we obtain

±ϵ⟨Au− f, φ⟩ = ±ϵ
∫

Ω
(Au− f)φ ≤ 0

whence Au = f a.e. in I. From this one gets (Au− f)(u− ψ) = 0 a.e. in Ω.
Proof of Lemma 9. Consider the FDRR case (the other case will follow by trivial adjustments) and

write u = M ◦ ũ. Firstly, observe that ũ : Rm×Ω→ R is continuous as it is the composition of continuous
functions. Since Bi is in fact continuously differentiable for all i (it is clear for i = 0, d, and for i ∈
{1, . . . , d− 1}, this follows by the chain rule and the fact that σ ∈ C1(R)), making use of the chain rule,
∇ũ : Rm × Ω→ Rn is also continuous.

Now, to prove the desired continuity, we begin by taking a sequence θn → θ. The set K1 :=
(∪n∈N{θn}) ∪ {θ} is a compact set and hence ũ : Ω ×K1 → R is uniformly continuous. For every δ > 0,
if n is sufficiently large, we get |θn − θ| ≤ δ. Fix ϵ > 0. It follows by uniform continuity that there exists
N0 ∈ N such that if n ≥ N0, then

|ũ(x, θn)− ũ(x, θ)| ≤ ϵ,
uniformly in x. Here we can take the supremum over x and conclude that θ 7→ ũ(θ, ·) is continuous as a
map from Rm to C0(Ω). Using the continuity of (θ, x) 7→ ∇ũ(θ, x), we obtain continuity into C1(Ω) by a
similar argument. The continuity of M finishes the argument.
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