Journal of Machine Learning Research 27 (2026) 1-73 Submitted 1/25; Revised 3/26; Published 5/26

Deep Nonparametric Conditional Independence Tests for

Images
Marco Simnacher MARCO.SIMNACHER@QHU-BERLIN.DE
Xiangnan Xu XIANGNAN.XU@QHU-BERLIN.DE
Chair of Statistics
Humboldt- Universitdt zu Berlin
Spandauver Str. 1, 10178 Berlin, Germany
Hani Park HANI.PARKQHPI.DE
Christoph Lippert CHRISTOPH.LIPPERT@HPI.DE

Chair Digital Health & Machine Learning
Hasso-Plattner-Institut for Digital Engineering
Prof.-Dr.-Helmert-Straf$e 2-3, 14482 Potsdam, Germany

Sonja Greven SONJA.GREVENQHU-BERLIN.DE
Chair of Statistics

Humboldt- Universitdt zu Berlin

Spandauver Str. 1, 10178 Berlin, Germany

Editor: Brian Kulis

Abstract

Conditional independence tests (CITs) test for conditional dependence between random
variables given a vector of conditioning or confounder variables. As existing CITs are
limited in their applicability to complex, high-dimensional variables such as images, we
introduce deep nonparametric CITs (DNCITs). The DNCITs combine embedding maps,
which extract feature representations of high-dimensional variables, with nonparametric
CITs applicable to these feature representations. For the embedding maps, we derive
general properties on their parameter estimators to obtain valid DNCITs and show that
these properties include embedding maps learned through (conditional) unsupervised or
transfer learning. For the nonparametric CITs, appropriate tests are selected and adapted
to be applicable to feature representations. Through simulations, we investigate the per-
formance of the DNCITs for different embedding maps and nonparametric CITs under
varying confounder dimensions and confounder relationships. We apply the DNCITs to
brain MRI scans and behavioral traits, given confounders, of healthy individuals from the
UK Biobank, confirming null results from a number of ambiguous personality neuroscience
studies, now with a larger data set and with our more powerful tests. In addition, in a
confounder control study, we apply the DNCITs to brain MRI scans and a confounder
set to test for sufficient confounder control. We provide an R package implementing the
proposed DNCITs.
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1. Introduction

A conditional independence test (CIT) is a statistical test for the null hypothesis of condi-
tional independence, Hy : X Il Y|Z, between two random variables, X and Y, given a third
variable, Z, against the alternative hypothesis of conditional dependence, Hy : X )L Y|Z.
X and Y are conditionally dependent, given Z, if X (or Y') provides additional information
about Y (or X)), given Z. To test the hypothesis, a CIT typically consists of a test statistic
that measures the conditional dependence between X and Y, given Z, and a comparison
of the observed test statistic with its distribution under the null hypothesis of conditional
independence (CI). A CIT should be valid and control the type 1 error (T1E), i.e. the prob-
ability of falsely rejecting the null hypothesis, while simultaneously achieving high power,
i.e. a high probability of correctly rejecting the null hypothesis of CI.

CITs are used for causal discovery, graphical model learning and feature selection be-
cause of the connection between CI and causal inference, prediction sufficiency, and param-
eter identification (Dawid, 1979). They are currently used in a variety of fields, including
biomedical data (Bellot and van der Schaar, 2019; Li et al., 2022; Katsevich and Ramdas,
2022), environmental data (Runge, 2018; Runge et al., 2023), neuroimaging data (Grosse-
Wentrup et al., 2016), and economic data (Huang et al., 2016), where data sets are often
multimodal and consist of complex objects such as images.

A limitation of existing CITs is their focus on low-dimensional, often univariate X and
Y (Li and Fan, 2020). Such CITs cannot easily be applied to complex, high-dimensional
objects because they are theoretically or computationally inapplicable, do not hold the
T1E in such settings, or lack power against common alternatives. In particular, their test
statistics or null hypothesis comparisons are often inapplicable because they are limited to
low-dimensional X and Y, either theoretically or computationally. When applicable, CITs
often exhibit inflated T1Es due to uncontrolled confounding, as their null hypothesis com-
parison, designed for low-dimensional X and Y, is inadequate for complex, high-dimensional
X or Y with nonlinear relationships to Z. Finally, even when CITs control the T1E, they
often lack power as their test statistics are not designed to measure conditional dependence
between complex, high-dimensional X and Y given Z. We discuss these limitations in more
detail throughout the paper.

Based on these observations, we see three requirements for the proposed deep nonpara-
metric conditional independence tests (DNCITs): (i) Tests must be applicable to complex,
high-dimensional random variables, given potential vector-valued confounders. (ii) Tests
must control the T1E, even in settings with strong and nonlinear confounding. (iii) Tests
should have high power against large sets of alternatives, especially for nonlinear relation-
ships among all random variables combined with small effect sizes. The first requirement is
unique to our context, while requirements two and three are standard for (nonparametric)
statistical testing, especially nonparametric CI testing (Lehmann et al., 2022; Shah and
Peters, 2020). In addition to these requirements, we focus on images X and scalars Y with
vector-valued Z throughout this paper due to their wide availability, although the DNCITs
can be applied to general complex, high-dimensional X and Y as shown in Appendix B.

To meet these requirements, the proposed DNCITs consist of two steps (Figure 1): First,
they map the images to vector-valued feature representations X“ using embedding maps
w. Second, they apply a suitable nonparametric CIT testing for conditional associations
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Figure 1: The DNCIT for an image X, a scalar Y and a vector-valued confounder Z =
(Z1,...,7Z,). The black arrows indicate causal effects from Z to X and Y, the
red lines represent the two steps of the DNCITs. DNCITs test for conditional
dependence between X and Y by mapping X through an embedding map w to a
vector-valued feature representation X« = (X{’,..., X{) in step one and applying

a nonparametric CIT which tests for conditional dependence between X“ and Y

given Z in step two.

between X“ and Y. The dimension reduction of the embedding maps makes the applica-
tion of existing nonparametric CITs to the embeddings and the scalar feasible. T1E control
is ensured through conditionally independently learned embedding maps and the nonlin-
ear confounder control of the nonparametric CITs, as shown in Section 3. The resulting
DNCITs have high power to detect nonlinear conditional dependencies between X and Y.
This is due to three main advantages of using embeddings. First, embeddings reduce the
dimension of the images, mapping the images onto relevant features encoding conditional
dependence and reducing noise. Many CITs can only be applied in these lower dimensions.
Second, embeddings can simplify the relationship between X“ and Y and thus simplify
detecting the signal of the conditional associations. In particular, for large samples, em-
bedding maps can be trained to encode approximately linear relationships between X*“ and
Y under Hi, increasing power of the DNCITs. Third, in particular for small sample sizes,
embeddings using transfer learning enable the use of modern, complex image-based models
(e.g., MedicalNet) pre-trained on large external data sets, effectively transferring additional
data and domain knowledge into the test and thus enhancing the power. Note that our
approach is a framework not tied to any particular choice of embedding map and CIT, and
could thus also profit from further advances in both areas, while we discuss suitable choices
for both theoretically as well as based on simulations in this paper.

In summary, our approach addresses the limitations of existing CITs and provides a
unifying framework for CI testing for complex, high-dimensional data such as images. Our
contributions include the following:
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1. Introduction of DNCITs based on kernels, conditional permutation, conditional mu-
tual information, and prediction models, applicable to an image and a scalar, poten-
tially given a vector-valued confounder.

2. Derivation of theoretical results on the validity of the DNCITs and the T1E excess of
one specific DNCIT.

3. Introduction of a simulation design with real-world confounder effects on images X
and controllable relationship between X, Z and Y.

4. Evaluation of the T1E and power of DNCITs for different embedding maps and non-
parametric CITs, for different confounder dimensions and relationships between the
variables, in a simulation study for UK Biobank (UKB) brain MRI scans.

5. Application of DNCITs in two real-world settings: examining the dependence between
brain MRI scans and behavioral traits while accounting for confounders, and testing
for sufficient confounder control for brain MRI scans in the UKB, extending recent
findings in the literature.

6. Implementation of all DNCITs in the publicly available R package DNCIT.

The paper is organized as follows: in Section 2, we review the relevant literature on
nonparametric CITs and statistical tests with deep learning (DL) embedding maps. The
general framework of DNCITs is introduced in Section 3. We first present theoretical
results on the validity of the DNCITs, then derive theoretical conditions for embedding
maps that lead to valid DNCITs and study the effect of these embedding maps on the
power of the tests. Finally, we discuss nonparametric CITs for application to the feature
representations. Simulation results and two applications are presented in Sections 4 and 5,
respectively. Section 6 concludes.

2. Review of Relevant Literature

We first discuss current work on nonparametric CITs with respect to their applicability to
vector-scalar-valued data, which we build on for the second step of the proposed DNCITs.
We then review the literature on combining statistical tests with DL embedding maps,
related to the first step of our DNCITs.

2.1 Nonparametric Conditional Independence Tests

The often complex, nonlinear relationships between the image X, Y, and Z can result
in complex, nonlinear relationships between the feature representation X“, Y, and Z for
general embedding maps in the DNCITs. For such complex relationships between X%,
Y, and Z, nonparametric CITs allow DNCITs to have power while controlling the T1E.
However, nonparametric CI testing has been shown to be a hard problem for continuous
confounders in the sense that they only have power against certain subsets of alternatives
and can only control the T1E for certain subsets of the null hypothesis, without making
additional assumptions (Shah and Peters, 2020; Neykov et al., 2021). That said, many
nonparametric CITs with different assumptions have been introduced, with a review given
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in Li and Fan (2020), and we here discuss and select suitable nonparametric CITs for the
DNCIT framework. We categorize nonparametric CITs according to their test statistic
and comparison with the null hypothesis. To compare the performance of DNCITs using
different CITs, we select CITs from different categories that allow transferability to our
setting, i.e., that are applicable to a vector-valued X“ and a scalar Y, can be computed
for potentially continuous vector-valued Z, and are implemented. The included CITs are
further discussed in Subsection 3.3 and Appendix D.

2.1.1 TEST STATISTICS

The test statistic is typically a measure of the conditional dependence or deviation from
CI, thereby affecting the power and T1E of the DNCITs through the kind of nonlinear
relationships between X, Y, and Z detectable in this measure. There are nonparametric
CITs with test statistics based on kernels, regression residuals, predictions, ranks, and
metrics between distributions.

Kernel-based CITs simplify the problem of CI testing by restricting to kernel embed-
dings of X, Y and Z in reproducing kernel Hilbert spaces (RKHSs). The test statistics of
the Kernel CIT (KCIT; Zhang et al., 2011) and the Randomized conditional Correlation
Test (RCoT; Strobl et al., 2019) measure the correlation of the residual functions after
mapping X“,Y and Z into RKHSs and regressing the respective mappings of X“,Y on
mappings of Z. The test statistic of Doran et al. (2014) uses the maximum mean discrep-
ancy (MMD) between the observed and conditionally permuted mappings of (XY, Z),
while Zhang et al. (2023a)’s test statistic is based on an MMD between the joint and
the product of the marginal distributions of X“ and Y. In addition, Huang et al. (2022)
propose the kernel partial correlation (KPC) estimated using kernels and geometric graph
functionals as an extension of the conditional dependence measure introduced in Azadkia
and Chatterjee (2021), which has been studied regarding its power in Shi et al. (2024) and
Lin and Han (2023). Often, these kernel-based tests rely on relatively weak assumptions
regarding the equivalence of their null hypothesis to the null hypothesis of CI compared
to other CITs, resulting in a potentially better T1E control. Additionally, they are often
flexible in the dimensions of X“, Y, and Z. However, their computation can be slow (Li
and Fan, 2020, sec. 3.1.4). Thus, we select the RCoT due to its fast and stable implemen-
tation. Furthermore, the KPC is selected because of its stable implementation, and since
even non-Euclidean variables would be allowed for X“, Y and Z (see Appendix D.1).

Residual-based CITs test for the dependence of the residuals of the regression func-
tions of Y on Z and X*“ on Z. Shah and Peters (2020) propose the Generalized Covariance
Measure (GCM), extended in Scheidegger et al. (2022); Lundborg et al. (2024) and Lund-
borg et al. (2022), which uses a normalized sum of the product of these residuals as the
test statistic. In addition to the kernel-based RCoT, which belongs to this category as well,
Zhang et al. (2017) also apply kernel-based transformations to X“ and Y followed by a
kernel ridge regression on Z, but using a permutation-based approach for the null compari-
son. In Duong and Nguyen (2022), the residuals are obtained using conditional normalizing
flows for one-dimensional X*“ and Y. These residual-based test statistics mostly rely on the
fit of a regression model, which is often a fairly feasible task. However, they often assume
low-dimensional X“ and Y, which can make them computationally or even theoretically
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inapplicable to our setting of high-dimensional X“. Since the RCoT makes the problem
feasible via reducing the dimension of X“ by mapping it to a lower dimensional feature
space and then applying fast linear ridge regression to obtain the residuals, we select it for
this category of CITs as well.

Prediction-based CITs test for a significant increase in the accuracy of a prediction of
Y using both X“ and Z compared to using only Z without the information in X“. To remove
the information in X%, the Fast Conditional Independence Test (FCIT; Chalupka et al.,
2018) uses decision trees and the Predictive Conditional Independence Test (PCIT; Burkart
and Kiraly, 2017) uses an aggregation over multiple prediction models without X“, while the
CIT based on the Conditional Predictive Impact (CPI; Watson and Wright, 2021) computes
the risk over arbitrary losses and Spisak (2022) an R? with conditionally independently
generated samples X« (™) Similarly, model agnostic prediction-based approaches can also
be found in the conditional mean dependence literature (Fisher et al., 2019; Covert et al.,
2021; Williamson et al., 2021; Cai et al., 2025; Dai et al., 2022; Lundborg et al., 2024;
Williamson et al., 2023). Unlike residual-based approaches, where X“ appears as output,
prediction-based approaches have the advantage of considering the high-dimensional X“ as
predictors in regression models. In addition, they do not require the same dimension for
X% and Y as many other CITs do. However, the tests often consider only certain parts of
the conditional distribution of ¥ given X“ and Z such as the mean, instead of the entire
distribution, resulting in the weaker conditional mean dependence tests and a potential
loss of power. We consider the FCIT and the conditional mean dependence test based
on the projected covariance measure (PCM; Lundborg et al., 2024) as representatives of
prediction-based CITs, since they are stably implemented.

In contrast, Metric-based approaches, which aim to characterize the CI by a metric
between the joint and the product of the corresponding marginal distributions of ¥ and
X% given Z, consider the entire conditional distribution. The Conditional Distance Inde-
pendence Test (Wang et al., 2015) achieves this by relying on conditional characteristic
functions. Similar metric-based approaches have been proposed in Su and White (2007,
2014); Huang et al. (2016) and Runge (2018). Since they consider the entire distribution of
X% Y and Z, a major challenge of these test statistics is the need to estimate some variant
of the conditional densities, which suffers from the curse of dimensionality (Li and Fan,
2020). As a representative of metric-based CITs we select the Conditional Mutual Infor-
mation (CMI) k-nearest-neighbor (knn) (CMlIknn) CIT of Runge (2018) due to its flexible,
stable implementation, which measures conditional dependence using the conditional mu-
tual information as a test statistic.

Rank-based CITs quantify conditional dependence through concordance in the ranks
of Y, and potentially also X%, computed within local neighborhoods. Azadkia and Chat-
terjee (2021) estimate conditional dependence, defined as a nonlinear extension of the R?
via the normalized difference between the ranks of Y within neighborhoods of X“, Z and
within neighborhoods of Z alone. For phylogenetic association studies and data with un-
derlying tree dependence structure, Wang et al. (2024) propose to aggregate univariate
rank-correlation coefficients from several edges of the tree using a weighted sum or the
maximum, and then define local conditional rank correlations by computing these measures
within neighborhoods of Z and averaging them to obtain a global statistic. Motivated by
conditional copula theory, Ascorbebeitia et al. (2022) propose a Wald-type test based on
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a conditional multivariate Kendall’s 7, which measures joint rank concordance across all
components of Y, X“ and is therefore mainly suitable for low-dimensional settings. Since
we do not consider tree structured data and are in a high-dimensional setting, we include
the KPC from above for this category as a kernelized extension of Azadkia and Chatterjee
(2021)’s test statistic.

2.1.2 COMPARISON TO THE NULL HYPOTHESIS

A CIT’s T1E control relies on comparing the observed test statistic to its distribution
under the null hypothesis. A DNCIT inherits the T1E control from the T1E control of its
nonparametric CIT for appropriately chosen embedding maps, see Section 3. There are null
comparisons based on (asymptotic) distributions of the test statistic, local permutation, or
conditional randomization.

For some test statistics an (asymptotic) distribution under the null hypothesis can
be derived. The null hypothesis can then be rejected if the test statistic exceeds the corre-
sponding quantile of the distribution. Among others, the CITs of Zhang et al. (2011); Strobl
et al. (2019); Shah and Peters (2020) and Scetbon et al. (2022) are based on asymptotic
distributions of the corresponding test statistics. This is often preferable in terms of the
computational cost of the test, but may suffer from inflated T1Es for small sample sizes if
the distribution can only be derived asymptotically. In this category fall the selected RCoT
and FCIT.

Local permutation approaches alternatively focus on locally permuting either X“ or
Y or both. Neykov et al. (2021) and Kim et al. (2022) extend local permutation from discrete
to continuous confounders by binning Z and permuting Y within these bins. Alternatively,
the Classifier CIT (CCIT; Sen et al., 2017) permutes the values of Y for the l-nearest
neighbor in Z, approximately resulting in samples from the null hypothesis. Similarly, the
CMIknn (Runge, 2018) randomly permutes Y with one of its knns in Z. While Wang et al.
(2024) propose an asymptotic method, the conditional randomization framework described
below as well as a knn bootstrap locally permuting Y to compare their test statistic to its
distribution under the null, they recommend the knn bootstrap method. Although these
approaches are able to obtain approximately conditionally independent samples through
simple knn and binning models, they can be computationally expensive and suffer from
the curse of dimensionality in the confounder. Due to its computational advantages and
potential to trade-off the power and T1E depending on the number of knn (Runge, 2018),
the CMIknn is selected for this category.

The conditional randomization test (CRT; Barber and Candes, 2015; Candes et al.,
2018) requires knowledge on or an approximation of the marginal conditional distributions
PX“IZ or PY1Z to compare the observed test statistic with test statistics at generated sam-
ples from the marginal conditional distributions. Katsevich and Ramdas (2022) and Wang
and Janson (2022) analyse the power of CRT-based statistical tests theoretically. Shi et al.
(2021) and Bellot and van der Schaar (2019) propose CRT-based CITs approximating the
marginal conditional distributions by Generative Adversarial Networks (GANs). Further-
more, the conditional permutation test (CPT; Berrett et al., 2020), extended in Spisak
(2022), was inspired by the CRT. It also requires additional knowledge about PX“IZ or
PY1Z but uses a permutation of the observed sample. CRT and CPT provide T1E control,
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flexibility in the choice of the test statistic and thus, potentially large power for well cho-
sen test statistics. Due to its superior performance compared to the CRT with respect to
the excess T1E (Berrett et al., 2020), the CPT together with the KPC as test statistic is
selected.

2.2 Statistical Tests with Embedding Maps

Statistical tests using latent representations typically involve projecting complex, high-
dimensional objects onto lower-dimensional feature representations, followed by applying
significance tests to these projections. Existing research has primarily focused on either
two-sample testing and representation learning or real-world applications of CITs using
specific embedding maps.

Specifically, Kirchler et al. (2020) propose two two-sample tests based on the Maximum
Mean Discrepancy (MMD) between the feature representations of two high-dimensional
objects. Similarly, Liu et al. (2020) enhance the power of a two-sample test by optimizing
kernels that generate the feature representations, maximizing test power relative to the
learned representations. This approach builds on Sutherland et al. (2021), which optimizes
the power of MMD-based two-sample tests over the choice of kernel.

Duong and Nguyen (2022) construct a CIT testing for dependence between the latent
representations of conditional normalizing flows for two one-dimensional real-valued vari-
ables X,Y, given a d-dimensional real-valued variable Z. Pogodin et al. (2023) derive a
conditionally independent feature representation of potentially high-dimensional, complex
objects and remark on a potential future extension of this framework to statistical testing.

More directly related to our work, Kirchler et al. (2022) develop a CIT for genome-wide
association studies (GWAS), projecting images onto a few leading principal components of
feature representations learned using sample splitting or transfer learning, and using these
representations in parametric linear genetic association tests. Rakowski et al. (2024) applied
this test to UKB data in a large-scale GWAS. Likewise, Kook and Lundborg (2024) applied
a conditional mean dependence test based on the projected covariance measure of Lundborg
et al. (2024) on three multimodal data sets, including one with pre-trained embeddings of
chest x-rays.

While the listed theoretical works combine embedding maps with statistical tests, they
either do not consider CITs or do not consider high-dimensional, complex objects (Duong
and Nguyen, 2022). Although the above applied studies demonstrate the practical utility
of CITs for image-scalar-valued data in specific settings, we propose a general and modular
nonparametric CIT framework, provide theoretical requirements for embedding maps to
obtain valid CITs, and conduct a comprehensive simulation study exploring the effects of
nonparametric CITs and CIT-specifically trained as well as general embedding maps on the
T1E rate and power.

3. Deep Nonparametric Conditional Independence Tests

Let (X,Fx), (Y, Fy),(Z,Fz) be measurable spaces and X,Y,Z be (X, Fx)-, (¥, Fy)-,
(Z, Fz)-valued random variables with joint distribution PXY>4. Moreover, let B be a
(B, F)-valued random variable representing parameters of w : X x B — X, (X, B) >
w(X, ,5’), a (X, Fx)-valued random variable defined through a measurable function w of



DEEP NONPARAMETRIC CONDITIONAL INDEPENDENCE TESTS

(X, B), called embedding map. We denote the random representation of the random vari-
able X obtained through the embedding map by X“ = w(X, B) The focus of this paper
is on X as a high-dimensional space of images, J C R for a univariate continuous variable,
Z C RP for a multivariate confounder (or p = 0 for unconditional independence tests), and
X C RY as the space of feature representations. Moreover, several of the discussed nonpara-
metric CITs are also directly applicable to vector-valued Y, allowing for the corresponding
DNCITs to be applied to vector-valued Y as well. For extensions of the framework to
complex, high-dimensional Y, such as images, see Appendix B.

We assume that (X;,Y;, Z;),7i = 1,...,n are n independently and identically distributed
(ii.d.) copies of (X,Y,Z). Additionally, we define X’ = w(X;, B), and write X" =
(X1,...,Xn), (X, V)" = (X;,Y;),, and analogously for all other combinations of X",
X, Y, Z;,i=1,...,n. For the samples with images and their feature representations, we
write S = (X,Y,Z)" and S¥ = (X¥,Y, Z)", respectively. Furthermore, let the underlying
probability spaces for the samples be (S, Fs,P®) and analogously (S¥, Fs, P*).!

The idea of DNCITs is to translate the problem of testing

Hy: X UY|Z ws. H:XUY|Z (1)
to testing
Hy : XY WLY|Z wvs. HY : XY ULY|Z (2)

with an existing nonparametric CIT. We denote the collection of null and alternative dis-
tributions of (1) by Py = {PY|X 1L Y|Z} and Py = {P¥|X U Y|Z}, respectively, and
correspondingly of (2) by P¢ = {P%|X% 1L Y|Z} and P¥ = {P°"|X¥ U Y|Z}, respec-
tively.

Then, we propose the DNCIT as measurable function

Pnwo S = {01}, 5 = @y g 0 0(5), (3)

where w is the embedding map depending implicitly on an estimator B of parameters (3,
w takes the whole sample S as input and maps it onto S“ through the embedding map,
the measurable function ¢*, : §¥ — {0,1}, 8% — ¢¥ ,(5*) is a nonparametric CIT with
parameters 6 testing (2), and Onwo(S) =0, respectiveiy 1, define decisions for Hy and Hy,
respectively, in (1). In the following, we omit the dependence on n and write ¢, ¢ for the
DNCIT and ¢y for the corresponding nonparametric CIT. The test statistic for a DNCIT
is defined as

Tuo:S— RS T,(S) =T5 0 (S), (4)

where Ty : S — R, S* — Ty’(S%) is the test statistic of the nonparametric CIT ¢j.
There are two components that can be chosen in DNCITs: 1.) the embedding map w of
images onto feature representations depending on an estimator § of parameters (3, 2.) the

1. More precisely, let the underlying probability spaces be (S, Fs,P%) = ([T, (X; x Vi x Z:), @I, (Fx, @
Fy, ® Fz,), Qi PEY20) = (X x Y x Z2)", F{Ly 2, PV 2" and analogously (8%, Fs,P") =
((% X y X Z)nvfgfyxzvp<xw’yyz>n)~
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nonparametric CIT ¢ testing (2) and consisting of its test statistic 7, and the compar-
ison to the null distribution of the test statistic Tj’. To ensure the resulting test is valid,
in Subsection 3.1 we first present theoretical results on the relationship between the null
hypotheses in (1) and (2), as well as on the validity of a DNCIT given certain assumptions
on the corresponding embedding map and nonparametric CIT. Subsection 3.2 translates
these theoretical results to the validity of DNCITs using embedding maps obtained from
different learning procedures (assuming valid nonparametric CITs), and discusses the effect
of these embedding maps on the DNCITs” T1E and power. Finally, potentially suitable
nonparametric CITs for these feature representations are studied in Subsection 3.3 and
Appendix D.

3.1 Validity of Deep Nonparametric Conditional Independence Tests

In the following, we show that correctness of the null hypothesis for image and scalar in
(1) implies that the corresponding hypothesis holds for feature representation and scalar in
(2), under an assumption on the embedding map which ensures that it does not introduce
conditional dependence. A version of this theorem for non-scalar Y and a corresponding
embedding map can be found in Appendix B.

Theorem 1 (Relation of null hypotheses H, and H) Let 3 be a (B, Fg)-valued ran-
dom wvariable such that B is conditionally independent of Y™ given (X,Z)", and let w :

X x B — X be a measurable function. Then, we have the following:
If Hy: X WL Y|Z holds, then Hg : X* 1L Y|Z also holds.

All proofs are provided in Appendix A.

The general formulation of the theorem via the estimator B of the parameters of the
embedding map allows us to quantify which information we can use to learn the embedding
map in addition to the information within X™. In particular, this is more general than for
example in Dawid (1979), which allows the function w to be only an in-sample function of
X™. In contrast, the theorem here also allows it to be, for example, an in-sample function of
(X, Z)™. We note that the theorem does not establish an equivalence between Hy and HY.
In particular, for an embedding map with B satisfying Bl Y"|(X, Z)", it is possible for Hy
to hold while Hy does not. Thus, the embedding maps learned such that 5 1L Y"|(X, Z)"
can lead to valid DNCITs, as will be shown in the next theorem. However, the power of the
DNCITs can decrease for embedding maps that do not encode the conditional dependence
between X and Y given Z in a way detectable for the nonparametric CITs. We translate
the theorem into concrete learning approaches for embedding maps and discuss embedding
maps further in Subsection 3.2. We also study the DNCITs’ performance empirically for
several embedding maps in Section 4.

We now use this theorem to obtain a result on the validity of DNCITs for Py. Remember
that a DNCIT is valid for the null hypothesis Py given a level a € (0, 1) and sample size n,
if

sup Eps [1{pu0(S) =1} = sup P(p,0(S) =1) < a.
PSep, PSP,

10
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Theorem 2 (Validity of DNCITs) Let B, w, and X% be as in Theorem 1 and assume
that there exists a valid nonparametric CIT ¢§ for Py. Then, the DNCIT defined as in (3)
combining this g with @ is a valid test for Py.

This theorem requires the existence of a valid nonparametric CIT for the feature rep-
resentation and the scalar. Without additional assumptions, there exists no valid nonpara-
metric CIT that has power against any alternative greater than the level of the test (Shah
and Peters, 2020). However, making additional assumptions regarding the knowledge of
either PX1Z or PY1Z can result in nonparametric CITs that are valid and have greater power
than the level against alternatives (Candes et al., 2018). In the case of DNCITSs that assume
such additional knowledge, we discuss the availability of this knowledge in our setting in
Appendix D. In addition, we derive in Subsection 3.3 the T1E excess of such a DNCIT if an
approximation of PY1Z can be obtained. For DNCITs based on nonparametric CITs without
such additional knowledge, we investigate the corresponding T1E control and power of the
DNCITs in our simulations. Furthermore, we consider their null and alternative hypothesis
for S“ and possible effects on the DNCITs’ T1E and power in Appendix D.

3.2 Embedding Maps for Deep Nonparametric Conditional Independence
Tests

The following corollary provides learning approaches for embedding maps that satisfy the
assumptions in Theorems 1 and 2. Subsequently, we discuss these learning approaches and
the impact of such embedding maps on the T1E and power.

Corollary 3 Let (A, F4) be a measurable space.

a) Let (X,Y,Z) be (Aj,}")?), ()7,]:5), (Z, F z)-valued random variables and assume that
S = ()Z'Z, Y;, Z)?:t;il s a iamplioii.i;d. copies of ()?,17, Z), such that S is indepen-
dent of S. In particular, S = (X,Y, Z)" can be equal to S = (X,), Z)". Moreover,
let & : S — A be a measurable function. Then, &(S) 1L Y™|(X, Z)".

b) Let & : (X x Z2)" — A be a measurable function. If Hy : X L Y|Z is true, then
a((X,2)") LY™|(X,2)".

c) Let & : X™ — A be a measurable function. If Hy : X Il Y|Z is true, then &(X™) 1L
Y"|(X, Z)".

In particular, we obtain for a measurable function B:A— B that B(a(S)) 1L Y"|(X,Z)",
Bla((X,2)")) L Y™|(X,Z2)" and B(&(X™)) L Y™|(X, Z)™, respectively.

The corollary allows the use of different learned embedding maps to obtain valid DNCITs.
Part a) of the corollary allows, for example, the use of sample splitting and transfer learning.
For transfer learning, it is important that the data set used to learn the embedding map
and the data set used for the CIT are independent. If the data sets are independent, the
embedding map cannot introduce additional information about Y™ into X" given Z"—
which could otherwise be the case—and thus, under the test distribution, X« 1l Y™ Z"
if X Il Y|Z. In particular, this holds irrespective of whether the source and test distri-
butions differ through covariate shift, conditional shift, label/target shift, or combinations
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thereof (Zhang et al., 2013), as long as source and test data sets are independent. Such
shifts may, however, affect power, and their effect is generally case-specific. Under covariate
shift, power may remain stable if the source-trained embedding captures features that are
also informative on the support of the test distribution, but it may decrease when the test
sample lies in regions poorly represented in the source data. Under label/target shift, power
can change through changes in the marginal distribution of Y, and through the induced
change in the test-sample distribution of (X, 7). Conditional shifts are potentially more
problematic for supervised transfer embeddings, since the conditional relationship learned
in the source distribution may differ from the conditional-dependence signal relevant in
the test distribution. In all cases, shifts affect power depending on whether the learned
embedding maps alternatives X /L Y | Z under the test-sample distribution to detectable
alternatives X“ /. Y | Z; in the extreme case, an embedding may map such alternatives
close to, or even into, Hy .

Parts b) and c) allow, for example, conditional and unconditional unsupervised learning
approaches on the same data to be applied to the confounder Z and the image X. To be more
concrete, & could be the estimator of a (conditional) variational autoencoder (Kingma and
Welling, 2013, cVAE) learned on (X, Z)", and 3 could be the estimator of the parameters of
the ¢VAE’s encoder. Then w is chosen to map the image to the vector-valued mean in the
latent space of the cVAE. Since the cVAE cannot learn any additional information about Y
beyond that contained in X and Z, the corresponding embedding map w cannot introduce
conditional dependence. Thus, for an embedding map w obtained through a cVAE as
described above, X 1l Y|Z if X 1L Y|Z. Once feature representations of images obtained
by such embedding maps are available, Theorem 2 ensures the validity of the corresponding
DNCITs using valid nonparametric CITs. In contrast, when 3 is learned from g(S), where
g is some measurable function of S, it does not hold in general that X“" 1L Y"|Z" for
such embedding maps. Thus, if the valid nonparametric CITs applied to S“ can detect the
corresponding induced conditional dependence, the T1E increases and the DNCITs are no
longer valid.

Embedding maps not specific to the DINCIT: Building on this corollary, we focus
first on available embedding maps learned by transfer or (conditional) unsupervised learning,
and discuss their benefits and drawbacks within the DNCIT framework. Embedding maps
that are not learned specifically for the DNCIT have several benefits: First, they eliminate
the need to train DNCIT-specific embedding maps. Training these can be challenging, for
example for 3D structural brain MRI scans, due to the computational cost, or the small
sample sizes, as the median sample size of neuroimaging studies is 23 (Marek et al., 2022).
The above results allow the transfer of embedding maps between data sets, such as the
embedding map obtained from the Fastsurfer tool (Henschel et al., 2020) for brain MRI
scans. Second, even if we train the embedding maps specifically for a DNCIT, we do not
need to split the data in the case of transfer or unsupervised learning. This makes the sample
size available for the CIT larger, as well as the sample size for learning the embedding. Third,
one may be interested in testing multiple hypotheses between the image X and multiple
scalars. Then the feature representation X“ can be used repeatedly without the need to
train multiple embedding maps for each test. For example, in genome-wide and brain-wide
association studies, the goal may be to find causal genes associated with complex phenotypes
represented by the image (Kirchler et al., 2022; Rakowski et al., 2024; Marek et al., 2022).
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The feature representations can then be used to test for conditional associations between
the image and each gene or gene region, without having to learn a new embedding map
for each test. Finally, this is consistent with many current practical approaches to medical
images using unsupervised and transfer learning (Valverde et al., 2021; Salehi et al., 2023;
Abrol et al., 2021; Raza and Singh, 2021; Marek et al., 2022; Kirchler et al., 2022; Rakowski
et al., 2024). Thus, our results provide additional theoretical guarantees and empirical
evaluations for these current practices.

Besides these benefits, we discuss two potential pitfalls of not DNCIT-specifically learned
embedding maps and possible solutions. First, current practical approaches often apply a
Wald test for the significance of the learned feature representations in a linear model with
Y as response and X%, Z as covariates. However, as the confounding effects for X“.Y, Z
with complex, high-dimensional X and general embedding maps w can be highly nonlinear,
this can lead to inflated T1Es for the (linear) Wald test.

A second pitfall, generally relevant to testing with embedding maps, is the dependence of
the power on the corresponding embedding maps. The power of valid CITs for (2) increases
if elements in P are mapped into regions of P’ where the corresponding CIT ¢f has high
power. There are a few approaches, however only for two-sample tests, that maximize
power over embedding maps given the asymptotic distribution of the test statistic of the
feature representations under the alternative hypothesis Hy (Liu et al., 2020), or via sample
splitting or transfer learning explicitly learning an embedding map (Kirchler et al., 2020).
For CI testing, such optimal embeddings are not available. Nevertheless, embedding maps
that do not explicitly optimize the power can lead to a loss in power of the DNCIT if the
deviation from CI cannot be detected by the CIT ¢j. Similar to the first point above, this
can be caused in particular by relationships between X“ and Y that are strongly nonlinear.

Both of these pitfalls can be addressed by using nonparametric CITs for S¥, controlling
for nonlinear effects of Z while testing against nonlinear alternatives, with their choice
further discussed in Subsection 3.3, Section 4, and Appendix D.

DNCIT-specific embedding maps: We propose these as an alternative to address the
second pitfall of power loss, when general pre-trained embedding maps do not capture the
conditional dependence of X and Y given Z in a way detectable by the nonparametric CIT.
When sufficient data and compute are available, embedding maps obtained with supervised
learning can preserve more signal on the dependence and thus increase power.

Specifically, we train or fine-tune a model (e.g., a ResNet; He et al., 2016) to predict
Y from X. Then, we take the penultimate layer as the embedding X“. To avoid inflated
T1Es, we train the model using either a transfer data set or an internal sample split such
that the parameters of this model satisfy Theorem 1 and Corollary 3. Such DNCIT-specific
embedding maps have three advantages. First, a DNCIT using such an embedding map
learned on independent data inherits the validity from the nonparametric CIT as shown in
Theorem 2. Second, given a large enough training sample, such embedding maps are less
likely to result in powerless DNCITs because they lead to approximately linear conditional
dependence of Y and X“ under H;. Third, this approach leverages well-implemented,
standard architectures and training pipelines.

Embedding selection: These options can result in several candidate embedding maps
wi,...,wg. To select an embedding map that is likely to yield high power, we propose
a simple, data-driven, validation-split embedding selection criterion. We split the sample
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into (i) a validation split used only for embedding map selection and (ii) an independent
test split on which the final DNCIT is conducted. For the test split, the final p-value is
computed on the whole split for available embedding maps, and it is split again to train
DNCIT-specific embedding maps on one split and compute their final DNCIT p-value on
the other split. On the validation split, we apply the same nonparametric CIT to each
embedding and obtain p-values for Hg* : X¥ 1l Y|Z, e = 1,..., E; we then select the
embedding map with the smallest validation p-value. Because the final DNCIT is performed
on the independent test split, this selection step does not affect T1E control of the DNCIT.
Since we only use one split of the test sample to calculate the final p-value for DNCITs
with DNCIT-specific embedding maps, we also only test H* for these DNCITs on a split
of the validation set.

To increase the test sample size, and thus the DNCIT’s power, we recommend using
a larger test split than validation split. Our embedding selection criterion can prevent
choosing an embedding map with low power when at least one candidate embedding map is
informative on the validation split. However, we note that the embedding selection criterion
cannot distinguish the null hypothesis from the case where all candidate embeddings are
uninformative. We empirically study this criterion in Subsection 4.2.2.

3.3 Nonparametric Conditional Independence Tests for Vector-Scalar-Valued
Data

We apply nonparametric CITs to S to address potential pitfalls in T1E control and power
of DNCITs as discussed above. In particular, the confounder control of nonparametric CITs
typically accounts for strong, nonlinear confounding, thus leading to T1E control over large
sets in P§ and Py for the corresponding DNCITs. In addition, the nonparametric CITs
can detect complex conditional dependencies between the feature representations and the
scalar in Py, thus increasing the power of the corresponding DNCITs. However, there is
no universal best nonparametric CIT, since nonparametric CI testing is a hard problem as
discussed above (Shah and Peters, 2020).

Our selection of nonparametric CITs for the DNCIT framework is not exhaustive.
Rather, in order to compare the performance of different categories of CITs within the
DNCIT framework, CITs from each category are selected. We selected the RCoT, PCM,
CPT-KPC, FCIT, and CMIknn, as discussed in Subsection 2.1. For completeness, we dis-
cuss in Appendix D for each selected CIT its test statistic and null hypothesis comparison
when testing (2), assuming a given fixed embedding map w, to explore their hypothe-
sis restrictions compared to (2), hyperparameter dependencies, time complexity, and the
resulting potential advantages and disadvantages of the tests when applied to vector-scalar-
valued data, for which the tests are usually not explicitly designed. Here, we describe the
CPT-based CITs (Berrett et al., 2020) as an example of nonparametric CITs, and addition-
ally translate the T1E excess result from Berrett et al. (2020, Theorem 4) to CPT-based
DNCITs.

CPT-based CITs allow for null comparison of a separately chosen test statistic. The
CPT assumes, in addition to the data S*, that either the distribution PX“1Z or PYIZ ig
known or can be approximated well. Assuming knowledge of the latter, the idea is to
obtain samples S = (X“’,Y(m),Z)”, m = 1,..., M, from the null hypothesis Pg by
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(conditionally) permuting Y™. The distribution of the permutation 7 for Y™ is given by

p(Y7'|Z")
ZW’G'Rn p(Y;”Zn)

where R, is the set of permutations of {1,...,n}, Y' = (Yrq),...,Yrm)) for 7 € Ry,
p(Y"|Z2") = p(Y1|Z1) - - - p(Yn|Zn) and p(Yi|Z;) is the density of PYil%. Two efficient sam-
pling algorithms for this distribution are derived in Section 4 of Berrett et al. (2020). Then,
assuming that we know the true distribution PY14, we obtain a valid CIT for testing (2)
with p-value as in Berrett et al. (2020, thm. 1, 3) by

Yy =y, B = |(X,Y, 2)") =

M W ([ Qw,m W ([ Qw
g = L T LTS 2 5, 5

Instead of full knowledge of PY1Z | we usually assume to have additional observations to
estimate PY14 by PY1Z. Then, Berrett et al. (2020, Theorem 4) assures for a significance
level « € [0,1] an excess T1E of

sup P77 (p* < a) — a < Epzn [dTV {Pynlzn,]?’yn‘zn}] (6)
PS* ePy

where drv (-, -) denotes the total variation distance between two distributions, and PY 14" =

PY1Z1 x| x PYnl4n,

For given PY|Z Theorem 2 ensures the validity of the CPT-based DNCITs based on
the p-values in (5), given embedding maps chosen as in Theorem 1 and Corollary 3. Inter-
estingly, we can also translate the result on the excess T1E in (6) to CPT-based DNCITs:

Theorem 4 (T1E bound of CPT-based DNCITs) Let B, w, and X* be as in Theo-
rem 1. Additionally, let PY"12" be an estimate of the true conditional distribution PY 12"
Assume that Hy : X WL Y|Z is true. For a CPT-based DNCIT and any level o € [0, 1], we
obtain

Eps []l{gowﬂ((X’ Y, Z)n) — 1}] <« +]E]P>(Y,Z)" |:dTV {]P)Y”|Z"7@Yn|Z”}:| 7 ]P;S € Pp.

This result on the excess T1E explicitly shows that CPT-based DNCITs targeting PY 14
simplify the null comparison significantly, since the complexity of X and X“ does not
impact the T1E control, which can be an advantage over other CITs which additionally
consider X% in the null comparison. In combination with the CPT, the remaining choice is
that of a suitable test statistic, typically a measure of conditional dependence between X%
and Y given Z, which we discuss together with additional details on the CPT in Appendix
D.1. Please note that these results regarding validity and the T1E bound apply only to
the CPT-based DNCIT, because they rely solely on the relationship between Y and Z
in the null comparison. Therefore, a complex relationship between the embedding X
and Z does not lead to an increase in T1E. This is not necessarily the case for the other
CITs and their corresponding DNCITs, where T1E control can be affected by a complex
relationship between X“ and Z if not controlled for by the nonparametric CIT used to test
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(2). Therefore, we provide the null hypotheses tested, test statistics and null comparisons
as well as assumptions for all selected nonparametric CITs in Appendix D. Our simulation
study also evaluates the effect of six embedding maps on the T1E control of DNCITs with
different nonparametric CITs.

4. Simulation Study

We examine the empirical performance of the DNCITs on simulated data. The DNCIT R
package implementing all DNCITs is available at https://github.com/MSimnach/DNCIT
and the code to reproduce all the results in this and the next section can be found at
https://github.com/MSimnach/dncitPaper. Throughout our empirical studies we use
data from the UKB (Sudlow et al., 2015), and for the images particularly the brain imaging
data contained therein. There are many detailed descriptions of the UKB brain imaging
data (e.g., Miller et al., 2016), and we rely on standardized brain imaging pipelines (Smith
et al., 2024; Zhang et al., 2002; Fischl, 2012), which were also developed and executed on
behalf of the UKB (Alfaro-Almagro et al., 2018, 2021; Smith et al., 2022).

4.1 Design

We compare the proposed DNCITs to each other and to a commonly used baseline on
brain imaging data from the UKB. We follow the recommendations and terminology for
simulation studies in biostatistics in Morris et al. (2019). Further details on specific design
choices can be found in Appendix C.1.

Aims: To evaluate the performance of the DNCITs I) for different nonparametric CITs
and II) for different embedding maps in realistic data generating mechanisms (DGMs) with
respect to A) increasingly complex confounding effects between Z and Y, and B) increasing
confounder dimension.

Data generating mechanisms (DGMs): We consider 18 DGMs. For all, we vary
the sample size roughly logarithmically over n = 145, 256, 350, 460, 825, 1100, 1475, 1964,
5000, 10000. These DGMs extend simulation studies to evaluate CITs for low-dimensional
Y and X (Bellot and van der Schaar, 2019; Strobl et al., 2019; Shah and Peters, 2020) to
high-dimensional X.

For the images X and confounders Z, we repeatedly resample pairs (X;, Z;) with re-
placement from the UKB to obtain realistic images and correlation structures with the
confounders. In the following, individual realisations will be denoted with lowercase let-

ters. As images X = (x/,...,x,)", we resample T1-weighted structural brain MRI scans
such that x; € R2%6x256x256  Fyrthermore, the confounders Z = (z{,...,z, )" are re-

sampled as subsets of age, head size, sex, assessment site, assessment date, MRI quality
control metric, head location in scanner (4 features), and the first five genetic PCs, s.t.
z; € RF k=1,2,4,6,10, 15 for six different settings with increasing confounder dimension.
Here, k denotes the number of confounder variables prior to categorical expansion. All
confounders are continuous except sex and assessment site, which are treated as categorical
factors; the 23 assessment sites expand into 22 indicators, substantially increasing con-
founder complexity. These confounders are chosen to make the results relevant to a broader
literature, because they are commonly selected confounders for brain imaging data (Hyatt
et al., 2020; Alfaro-Almagro et al., 2021), they are among the relevant confounders iden-
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tified in the literature related to our behavioral traits and confounder control applications
(Avinun et al., 2020; Alfaro-Almagro et al., 2021), and they are commonly adjusted for
in alternative potential applications such as GWAS (Kirchler et al., 2022; Rakowski et al.,
2024).

Then, we simulate y = (Y1,...,yn)" from the confounders Z and feature representations
X9 = (X‘f’T, X, x¥ € R of X, where @ is the FAST embedding map (Zhang
et al., 2002; Smith et al., 2024) which maps the images onto feature representations of size
g = 139. In particular, y is simulated for ¢ = 0 (CI) and ¢ =1 (no CI) as
Twm + gz(zi)wz +ei, €~ N(Oa 1)

a) linear: g,(s) = s', b) squared: g.(s) = (sT, (s?)jejc),
C) complex: g, (S) = (ST’ (532" Sjssew)jEJC’ S?latev Sgate) (7)

Wo = (Wa,1,. .. Wayg), Wej = g0z, 0z ~ N(0,I;), az; ~ Ber(0.2)

P = cxa’
Yi = X,

W, = (Wai,...,Wep,), Wsj~ N(0,1)

where p, = dim (g,(s)), J. denotes the index set of continuous variables, and per seed we
standardize the columns of X¥, Z, as well as their linear predictors within the data set. The
standardizations balance the effect sizes on y within X% and between X® and Z across the
DGMs.

To address aim A), we increase the complexity of the confounding effects of Z on Y
via the functions g, for the six confounders age, head size, sex, assessment site, assessment
date, and MRI quality control metric. For the confounding effects g.(s) = (s', (s?)je 7.)s
we increase the confounder dimension over 1,2,4,6,10,15 to evaluate aim B). For both
variations, we consider CI (¢ =0) and no CI (¢ = 1).

DNCITs: To evaluate aim II), we vary the feature representations X* over six different
embedding maps w, since X%, which is used to simulate conditional dependence, is typically
unavailable in practice. First, we set X% = X¥ to establish an oracle-type baseline and to
evaluate nonparametric CITs when applied to feature representations, for which they are
originally not designed. Second, we use parts of the alternative Freesurfer embedding map
(Fischl, 2012; Alfaro-Almagro et al., 2018) as feature representation X € R"*16% Third,
the feature representation X¥ € R™*?%6 ig obtained from the latent representation of a
cVAE trained on the ADNI data set (Mueller et al., 2005) for the work of Rakowski et al.
(2024). Fourth, we extract the feature representations X € R™*°'2 from the last layer of
the MedicalNet (Chen et al., 2019), which was trained for segmentation on eight multi-organ
data sets, including brain MRI scans (Menze et al., 2014) independent of the UKB, and in
particular for transfer learning applications.

Additionally, we evaluate two DNCIT-specific embedding maps. Fitting two models
predicting Y from X for each combination of seed (200), DGM (18), and sample size (10)
would be computationally infeasible. Thus, we restricted this evaluation to the sample sizes
of n = 256,460, 1100, 5000 and 100 seeds over two DGMs, namely, CI and no CI, with age
as the confounder (k = 1) and &; ~ N(0,0.5%). We also study the effects of signal-to-noise-
ratio by evaluating the DNCIT-specific embedding maps for &; ~ N(0,0.12) and ¢; ~ N(0,1)
under no CI. For the first DNCIT-specific embedding map, we trained a ResNet-18 model
from scratch using one half of the sample (cf. Subsection 3.1). Then, we extracted the
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penultimate layer of the trained model as feature representation X* € R3'? for the CIT on
the other half of the sample. For the second DNCIT-specific embedding map, we used the
pretrained MedicalNet backbone, to which we added a fully connected regression head to
predict Y. We fine-tuned this model using half of the sample and extracted the last layer
of the backbone as feature representation X € R?'? for the CIT applied on the other half.

All four non-DNCIT-specific embedding maps correspond to transfer and unsupervised
learning approaches (Corollary 3, parts a) and b)), while the two DNCIT-specific embed-
ding maps correspond to a sample splitting approach (part a). Additional details on all
embedding maps can be found in Appendix C.1.

In addition, for aim I) we vary the nonparametric CITs as discussed in Subsection 2.1
and 3.3 with implementation details given in Appendix D. Thus, we apply the DNCITs
Deep-RCoT, Deep-PCM, Deep—CPT-KPC, Deep-CMIknn and Deep-FCIT, where for a given
embedding map, in the name we replace Deep with the corresponding embedding map used
in the DNCIT. Additionally, the DNCIT Deep-Wald with a parametric Wald test for the
significance of all features in the feature representation is used as a baseline.

Target and performance measures: In our simulation study, we evaluate all DNCITs
w.r.t. their performance testing the hypothesis in (1). Performance is measured in terms
of the T1E, power and runtime. T1E and power are estimated from the rejection rates

1 Tsim

> {p <a}

=1

RR =

Tsim

under the null (¢ = 0) and alternative (¢ = 1) hypothesis, respectively, for a significance
level of a = 0.05, over I = 1,...,ngy, random data generations and using p-values p; for
each DGM. We choose ngm = 200 for computational reasons, resulting at level o = 0.05 in
a Monte Carlo (MC) standard error (Morris et al., 2019, sec. 5.3) of

MC SE(RR) = RR(:; RR) 0'0;’08‘95 ~ 0.015.

For the 100 seeds used for the DNCIT-specific embeddings, this increases to 0.022. Finally,
runtime for the nonparametric CITs was measured on standard CPU-only high-performance
computing nodes featuring AMD EPYC 7742 or Intel Xeon 8352Y /8160 processors with
AVX2/AVX-512 support. Runtime for the DNCIT-specific embedding maps was mea-
sured on a high-performance computing GPU node equipped with an NVIDIA RTX 6000
Ada/Blackwell-class GPU (96 GB memory) and an Intel Xeon 6517 CPU (3.2 GHz). We
ignore the runtime to obtain feature representations from available embedding maps, as the
embedding maps were already trained and the forward pass for all observations has to be
computed only once before all simulations.

4.2 Results

First, note that the DNCITs differ in the sample sizes to which they can be applied in
their current implementation. The Deep-Wald is not applicable to sample sizes less than
or equal to the dimension of the embedding map, i.e. here 256 for the cVAE embedding
map and 512 for the MedicalNet and DNCIT-specific embedding maps, plus the dimension
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of the confounder. The Deep-CMIknn based on a knn search is not practically feasible for
sample sizes larger than 1100 due to computational constraints, where we used the run-
time of the Deep-CMIknn of about 37 minutes per run for sample size 1100 as a cutoff,
also shown in Figure 13. For the CMIknn, we based the number of permutations and the
number of nearest neighbors on preliminary experiments (see Appendix D.5 and Runge,
2018). Finally, the Deep-RCoT, Deep-PCM, Deep-FCIT and Deep-CPT-KPC are applicable
to all sample sizes. For the Deep-CPT-KPC, we learn PY!Z in-sample (cf. also details in
Appendix D.1). In Berrett et al. (2020, sec. 6.1.1), in-sample approximation led to conser-
vative p-values under the null hypothesis. We evaluate the T1E control under in-sample
approximation in our setting, which also allows us to compare all DNCITs using the same
data without assuming the existence of additional data on Z,Y. Second, as the results for
the FAST embedding map closely resemble those of the Freesurfer embedding map, they
are only presented for the experiments with DNCIT-specific embedding maps (cf. similarity
of FAST and Freesurfer described in Appendix C.1). Nevertheless, this suggests that the
DNCITs are not sensitive to slight variations in embedding maps compared to the true em-
bedding map. Third, we focus on DNCITs with the Freesurfer embedding map for T1E, as
there was no significant variation in T1E across the different embedding maps. Finally, to
enhance clarity, we excluded DNCITs from the power plots for all sample sizes if they had
a power less than 0.15 at the largest sample size, and we excluded them for those sample
sizes where they had a T1E greater than 0.15. Accordingly, the power plots in Figure 2
do not show the Deep-CPT-KPC, Deep-FCIT, and cVAE-CMIknn for any sample size, with
the exception of the Freesurfer-CPT-KPC and Freesurfer-FCIT for confounder dimen-
sion 1. Additionally, the Freesurfer-CMIknn, MedicalNet-CMIknn, Freesurfer-PCM,
Deep-RCoT and Deep-WALD are excluded for specific sample sizes. We present more detailed
results including QQ-plots of the p-values in Appendix C.2.

4.2.1 NoN-DNCIT-SpPECIFIC EMBEDDING MAPS

In this subsection, we present results for available embedding maps not specifically learned
for the DNCITs. As results for complex and squared confounder relationships and for
confounder dimensions 1 and 2, as well as for 4, 6, 10, and 15 are similar, we display
only results for confounder dimension 1 and 10 with squared confounder relationship and
confounder dimension 6 with linear and complex confounder relationship (cf. Figure 2). For
more detailed results, see Figures 7-13. We focus on the results for aim I) comparing the
different nonparametric CITs. Overall, the Deep-PCM and the Deep-RCoT performed best,
with the former being preferable for confounder dimension larger than two.

In particular, the Deep-PCM (green) controls the T1E within one MC standard error.
However, as the confounder dimension increases, its p-values become more conservative and
its power decreases slightly. The Deep-RCoT (blue) controls the T1E for a one-dimensional
confounder, but its T1Es inflate with increasing confounder dimension. For several con-
founders, it shows strongly inflated T1Es for smaller sample sizes (up to 1100), likely due to
its reliance on asymptotic approximations (see also Appendix D.2; for small sample sizes,
the KCIT could be used as an alternative). Additionally, it shows inflated T1Es for very
large sample sizes and confounder dimension larger than two, possibly due to the fixed con-
founder kernel embedding dimension across varying confounder dimensions. Adjusting this
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Figure 2: The rejection rates of the DNCITs for ¢ = 0 (CI, top row) and ¢ =1 (no CI, bot-
tom row) for increasingly complex confounder relationships (left) and increasing
confounder dimension (right). For each column within each panel, the sample
size increases from left to right. When the confounder relationship is varied, the
confounder dimension is set to 6. When the confounder dimension is varied, the
confounder relationship is set to g.(s) = (s', (s?) jeJ.), where J. denotes the in-
dex set of continuous variables. Horizontal lines at 0 and « = 0.05.

kernel embedding dimension to scale with the confounder dimension and choosing the pe-
nalization parameter of the ridge regressions via cross-validation could improve T1E control,
as discussed in Appendix D.2 and Strobl et al. (2019, sec. 7). The Deep-RCoT and Deep-PCM
have comparable power and are the most powerful among all nonparametric tests.

The Deep-FCIT (rose), a prediction-based CIT like the Deep-PCM, controls the T1E over
all settings. However, its power is close to nominal level, except for the Freesurfer-FCIT
given confounder dimension one and sample sizes 5000 and 10000. The decision tree in
the regression model of Y on X,Z does not detect the conditional dependence, demon-
strating the importance of well-fitting prediction models for prediction-based DNCITs.
The Deep-CPT-KPC (orange) maintains T1E across all settings, except for slightly inflated
T1Es under linear confounding, which is potentially due to the in-sample approxima-
tion of PY1Z discussed above. While controlling the T1E, the Deep-CPT-KPC’s power is
greater than 0.15 only when combined with the Freesurfer embedding map under a one-
dimensional confounder. However, this power is lower than that of the Freesurfer-RCoT
and Freesurfer-PCM. The Deep-CMIknn (red) only controls the T1E for one- or two-
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dimensional confounders. Including categorical sex and assessment site variables resulted in
T1Es close to the corresponding power. Reducing the number of local permutations used in
the CMIknn could reduce its T1E, but would also reduce its power, see Appendix D.5 and
Runge (2018). For one- and two-dimensional confounders, the Deep-CMIknn has a medium
power, which is comparable to that of the Freesurfer-CPT-KPC for one-dimensional con-
founders. However, this decreases with confounder dimension and other embedding maps.

Finally, the Deep-WALD, which only controls for linear confounder effects, has strongly
inflated T1Es increasing with sample size in all settings except under linear confounding.
In the case of linear confounding, it controls the T1E and has the largest power, followed
by the Deep-PCM and Deep-RCoT.

Figure 22 shows the runtime of the nonparametric CITs. Embedding maps, con-
founder dimensions and relationships have a minimal effect on runtime. For the Deep-RCoT,
Deep-FCIT and Deep-WALD, runtime remains stable as sample size increases. For large sam-
ple sizes, the Deep-RCoT has the lowest runtime, followed by the Deep-WALD and then the
Deep-FCIT. The runtime of all other DNCITs increases with sample size. The Deep-PCM has
the lowest runtime for small sample sizes, but this increases to exceed that of the Deep-FCIT
for larger sample sizes. Finally, the knn-based Deep-CMIknn and Deep-CPT-KPC have the
longest runtime.

The T1E control of the DNCITs is only weakly affected by different embedding maps. In
contrast, maximal power is achieved for all DNCITs when using the Freesurfer embedding
map, which is closest to the causal FAST embedding used to generate the data. For the
other embedding maps, power decreases, although their relative ordering also depends on
the underlying nonparametric CIT. We discuss this in more detail in the next subsection,
where we also consider DNCIT-specific embedding maps, focusing on the two nonparametric
CITs that perform best: the Deep-RCoT and Deep-PCM.

4.2.2 DNCIT-SpPEcIFic EMBEDDING MAPS, DIMENSION OF THE FEATURE
REPRESENTATION, AND EMBEDDING SELECTION CRITERION

First, we focus on the results under noise ¢; ~ N(0,0.5?) in (7). Deep-RCoT and Deep-PCM
both control the T1E and are well calibrated across all embedding maps in the considered
DGM with age as confounder (see Figures 14, 15 and 16). In addition, both have similar
power (depending also on the embedding) as shown in Figure 3 (and more detailed in
Figure 19). Furthermore, the DNCITs with the embedding map trained from scratch clearly
outperform those with the fine-tuned MedicalNet. This shows that power also depends on
the training process. As before, the power increases with similarity to the FAST embedding
map. Thus, the tests perform best with the FAST and Freesurfer embedding maps.
Figure 3 shows that the Deep-PCM (solid lines) has the next largest power with the cVAE,
followed closely by the MedicalNet and from scratch training (Scratch-PCM) for sample sizes
smaller than 5000. In contrast, for 5000 observations power is highest for Scratch-PCM, fol-
lowed by cVAE-PCM and MedicalNet-PCM. The fine-tuned MedicalNet MedicalNet-ft-PCM
performs worst across all sample sizes. Thus, in our experiments PCM-based DNCITs are
most powerful with non-DNCIT-specific embedding maps for typical sample sizes in MRI
studies (Marek et al., 2022), and only gain power with DNCIT-specific embedding maps
for large sample sizes. This is potentially due to the random forests applied to the feature
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Figure 3: Rejection rates over 100 seeds for DNCITs combining the embedding maps and
nonparametric CITs specified in the legend. The sample sizes are equidistantly
depicted. The results correspond to the DGM under conditional dependence
with &; ~ N(0,0.5%), one confounder and the quadratic confounder relationship
g.(s) = (sT, (s?)je 7.), where J. denotes the index set of continuous variables.
Higher rejection rates indicate a better performance of the DNCIT, as the DGM
assumes conditional dependence.

representation in the PCM, which allow for a data-efficient detection of nonlinear condi-
tional dependencies, cf. Appendix D.4. Thus, even the nonlinear associations between
non-DNCIT-specific embeddings and Y can be well detected, and splitting the sample to
learn the embedding is not efficient for small samples.

The RCoT-based DNCIT (dashed lines) has a similar or lower power than the PCM-
based DNCIT for a given embedding map, though it benefits more strongly from DNCIT-
specific embedding maps. In particular, the Scratch-RCoT performs as well as the cVAE-
and MedicalNet-based RCoT DNCITs for 256 observations and better across all other sam-
ple sizes. Furthermore, for 5000 observations, the Scratch-RCoT performs similarly to
the FAST-RCoT and Freesurfer-RCoT, and outperforms the Scratch-PCM slightly. The
MedicalNet-ft-RCoT performs similarly to the cVAE-RCoT and MedicalNet-RCoT for sam-
ple sizes up to 1100 and outperforms them for 5000 observations. As described in Appendix
D.2, the RCoT relies on approximating kernel ridge regressions of each Y and X% on Z
by linear ridge regressions. Thus, the linear association between X“ and Y from DNCIT-
specific embedding maps can increase the power by more than the increase seen with the
Deep-PCM based on random forests.

Next, we evaluate how sensitive the power is to the signal-to-noise ratio in Y, by com-
paring previous results to those of DGMs with &; ~ N(0,0.1%) and ; ~ N (0, 1) depicted in
Figures 20 and 21. Due to computational constraints, this analysis was not performed for
the fine-tuned MedicalNet, but only for the embedding map trained from scratch, which
performed better for ¢; ~ N(0,0.5%). Both Scratch-PCM and Scratch-RCoT outperform
DNCITs with ¢cVAE and MedicalNet for smaller sample sizes when Var(e;) is lower. This
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suggests that DNCIT-specific embedding maps can increase power for higher signal-to-noise
ratio DGMs at smaller sample sizes than for lower signal-to-noise ratio DGMs.

Regarding runtime, the FAST, Freesurfer, MedicalNet, and ¢cVAE embedding maps have
already been trained and thus only require feature representation computation once (across
all DGMs) for all images. From scratch training takes longer (a median of 8.5 min for
n = 256, 4.5 hours for n = 5000) than fine-tuning MedicalNet (see Figure 22). This is
significantly longer than the average runtime for n = 5000 of PCM (ca. 2.5 min) and RCoT
(ca. 0.2 min).

Next, we evaluate the impact of the feature representation’s dimension. While so far
considered embeddings differed in dimension (e.g. 512 for MedicalNet, 256 for the cVAE),
differences in embedding types do not allow to disentangle the effect of the dimension alone.
We thus separately evaluate the effect of a larger dimension for one specific embedding
map, by comparing the flattened penultimate layer to the ultimate layer of the encoder
of the cVAE. We run the comparison for fixed squared confounder relationship across all
confounder dimensions for the two best performing nonparametric CITs RCoT and PCM.
Corresponding results are depicted in Figure 23 for CI and Figure 24 for no CI. The larger
feature dimension of the penultimate layer leads to similar T1E control and power as the
usual cVAE, although the p-values become more conservative, particularly for the PCM.
The runtime is on average longer than when using the cVAE. For 10000 observations, this
leads to an increase in the average runtime from 10 to 44 seconds for the RCoT and 3 to
22 minutes for the PCM. These results indicate that the feature dimension is not the main
factor for the performance of these two DNCITs, although smaller feature representations
can increase power slightly and reduce runtime significantly.

Lastly, we demonstrate the potential increase in the DNCIT’s power when selecting the
embedding by a selection criterion (cf. Subsection 3.2, and for detailed results, see Figures
25-27). For the same DGM as in Figure 3, we choose the embedding with the lowest p-
value of the DNCIT on a validation split. DNCITs with the Freesurfer embedding map
have the smallest p-values for almost all seeds on the validation split. This facilitates the
selection by the selection criterion, which almost always selects the Freesurfer embedding
map. When excluding the Freesurfer embedding map, the embedding map trained from
scratch outperforms the others on the DNCIT data set. However, on the smaller validation
split used for the selection (with around 1100 observations), the embedding maps produce
similar p-values on this validation split. In such cases, the selection by the criterion is less
advantageous. Together this indicates that the criterion can help select embedding maps
that strongly outperform the others on the smaller validation split, but may require larger
validation splits for smaller performance differences.

4.3 Conclusion

The performance of the DNCITs is highly dependent on the chosen CIT, with each CIT
responding differently to confounder relationships and dimensions. In this study, the predic-
tion based Deep-PCM performed best among the evaluated tests across varying confounder
relationships and dimensions. However, as a conditional mean dependence test, the PCM
can lose power in settings where only higher moments or distributional shape change (see
Appendix D.4 and Lundborg et al., 2024), which was not evaluated here. For one or two con-
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founders, Deep—RCoT controls the T1E and achieves similar power, while being significantly
faster for large sample sizes. However, for more than two confounders, Deep-RCoT’s T1Es
become inflated, especially for small sample sizes, due to the asymptotic approximations of
the RCoT and its sensitivity to the confounder dimension. All other nonparametric CITs
clearly perform worse. To improve their performance, the most straightforward adaptation
could be replacing the KPC in the Deep-CPT-KPC, since this DNCIT effectively controls the
T1E, but lacks power in most settings. Finally, the Deep-Wald, which is often used to test
for conditional associations while controlling for confounders, has strongly inflated T1Es
when parametric assumptions are not met, and is thus generally not recommended.

Embedding maps have almost no effect on the T1Es, but can affect the power of the
DNCITs. The Freesurfer embedding map was the most powerful here because it is closely
related to the FAST embedding map that was used to generate the data under the alterna-
tive hypothesis. This highlights the advantage of using embedding maps chosen based on
prior knowledge of potential conditionally dependent features in the images. If no embed-
ding map based on prior knowledge is available, the most powerful embedding map depends
on the chosen nonparametric CIT. For small sample sizes, most embedding maps achieved
similar power, with the cVAE-PCM performing best with sample sizes up to 1100. For larger
sample sizes, training an embedding map from scratch can increase power significantly, with
stronger effects on the RCoT- than on the PCM-based DNCIT. The dimension of the fea-
ture representation had only a minimal effect on the tests in our experiments. Finally, the
embedding selection criterion was able to select an embedding map that outperformed all
others.

5. Real-World Applications

We apply the DNCITs in two applications to evaluate their empirical performance on real-
world data sets.

5.1 Brain Structure and Behavioral Traits

This subsection applies DNCITs to study links between brain structure and behavioral
traits for healthy individuals in the UKB. Such links are important in the field of personality
neuroscience and rely on the idea of the brain as the proximal source of behavior; compare,
for example, Yarkoni (2015).

There exist several studies showing associations between behavioral traits such as neu-
roticism and brain structure (DeYoung et al., 2022; Zhang et al., 2023b). However, these
findings could not be replicated in healthy individuals from larger cohorts in systematic
replication studies (Kharabian Masouleh et al., 2019; Genon et al., 2022). In particular, lit-
tle evidence was found for associations between brain structures and the big five behavioral
traits (BFBTs; Digman, 1990; Avinun et al., 2020). According to Genon et al. (2022), this
ambiguity may arise because finding replicable effects in studies with small sample sizes is
often unrealistic due to insufficient power of existing statistical tests. Furthermore, several
studies have focused on one-to-one mappings between a specific brain structure and a psy-
chometric measure such as a behavioral trait. This ignores potential interactions between
brain structures by relying on linear, often univariate statistical methods, resulting in lower
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power for the test on the joint significance of all brain structures and the behavioral traits,
in particular when also adjusting for multiple testing.

To address these shortcomings of existing studies, we use the larger cohort of the UKB,
increasing the sample size for testing from 1107 in the largest replication study (Avinun
et al., 2020) to 8634. Additionally, as shown in the simulation study, DNCITs may have
greater power to detect nonlinear, distributional relationships between brain structures and
BFBTSs compared to linear (Avinun et al., 2020) or machine learning prediction-based CITs
similar to the FCIT (Genon et al., 2022). Finally, DNCITs allow us to test for conditional
associations between the whole brain MRI scan and each BFBT, thereby maximizing the
potential effect sizes by including nonlinear effects and interactions within the whole scan.

In the following, we first replicate the study in Avinun et al. (2020), which found little
evidence for associations between certain brain structures derived from brain MRI scans
and each BFBT on a cohort of healthy university students obtained from the Duke Neu-
rogenetics Study, on the larger cohort of healthy subjects from the UKB. We then extend
the study to test for associations between the whole MRI scans and the BFBTs apply-
ing the Freesurfer-RCoT, Freesurfer-PCM, FAST-RCoT, FAST-PCM, Scratch-RCoT, and
Scratch-PCM, which in our simulations showed better T1E control than the Deep-Wald and
high power for sample sizes as large as for the healthy subjects in the UKB.

5.1.1 BRAIN MORPHOMETRY, BEHAVIORAL PROXIES AND CONFOUNDERS

To obtain a sample of healthy subjects, we follow the preprocessing in Avinun et al. (2020,
sec. 2.1). Thus, we excluded participants with diagnoses of cancer, stroke, diabetes requiring
insulin, chronic kidney or liver disease, those taking psychotropic or glucocorticoid medica-
tions, and those with personality and psychiatric disorders based on the information from
Sekimitsu et al. (2022, Supplemental Table 3), van der Meulen et al. (2022), and de Ruijter
et al. (2022, Supplemental Table 1).

Using brain morphometric measures from the UKB that are analogous to those in Avinun
et al. (2020), we selected 107 measures, including surface area, cortical thickness, subcortical
volume, and white matter microstructural integrity, based on a subset of the Freesurfer
embedding map. We excluded individuals lacking these brain measures, resulting in a
sample size of 8634 to replicate the study by Avinun et al. (2020). For the DNCIT analysis,
we used the feature representations derived from the FAST and Scratch embedding maps
as a robustness check against the Freesurfer embedding map. After excluding individuals
without these feature representations, we obtained a sample of 9115, as the FAST embedding
map was available for a slightly larger number of individuals in the UKB.

To obtain BFBT scores, we used a neuroticism score (0-12) from the UKB touchscreen
questionnaire during recruitment (Smith et al., 2013). Additionally, we created BFBT
proxies for sociability, diligence, and curiosity (0-4), and warmth and nervousness (0-5),
similar to those in John and Srivastava (1999). We followed Dahlén et al. (2022); de Ruijter
et al. (2022), who used these proxies to study myocardial infarction and stroke risks in the
UKB cohort. This results in six BFBT proxies used throughout the analysis.

To include confounders, our study followed the confounding instructions and the conven-
tional set of confounders for the Wald test for brain MRI scans of the UKB (Alfaro-Almagro
et al., 2021, sec. 2.9). Specifically, we included age, sex, assessment date, assessment center,
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head size, head location measures, and MRI scan quality control discrepancy as confounders.
Additionally, squared age, squared assessment date, and an interaction term between age
and sex were included for all Wald tests. We also included ethnicity information using the
first five genetic PCs of whole-genome SNPs derived in the UKB, similar to Avinun et al.
(2020), who used the first four multidimensional scaling coefficients.

5.1.2 ANALYSIS

To replicate Avinun et al. (2020), we used a Wald test to assess the significance of each
of the 107 brain morphometric measures when each of the BFBTs was regressed on each
measure along with the confounders. Additionally, we used the Freesurfer-Wald DNCIT
to test for the joint significance of all brain measures when each BFBT was regressed on all
brain measures together with the confounders. To compare our new DNCITs, we applied
the Freesurfer-RCoT/PCM to all brain measures and each BFBT, given the confounders,
to capture nonlinear interactions between the brain measures as well as nonlinear rela-
tionships between brain measures and each BFBT. A robustness analysis was conducted
using the FAST-RCoT/PCM to test for conditional associations between the brain MRI scans
and each BFBT, as well as collectively across the vector of all BEFBTs by applying the
Freesurfer-RCoT and FAST-RCoT to the brain MRI scans, all BFBTs, and the confounders.
The latter is directly possible with the Deep-RCoT, see Appendix D.2 for details. Finally, as
described in Subsection 3.2, we trained the embedding map from scratch to predict neuroti-
cism and applied also the Scratch-RCoT/PCM to each BFBT. We selected the RCoT and
the PCM as the nonparametric CITs throughout this subsection since they performed best
in the simulation study.

5.1.3 RESULTS

We depict the results for individual brain structures and BFBTs in the left panel of Figure 4.
The traits are shown on the horizontal axis and for each trait, 107 p-values are obtained, one
for each brain measure. The five lowest p-values in Avinun et al. (2020, sec. 3.2) are colored
in black. Additionally, all p-values with —log;o(p) > 2.5 are colored in red and annotated
with their corresponding brain measure. All p-values result in —log;o(p) < 4.11 & apony
where apont is the Bonferroni adjusted nominal level.

In the right panel of Figure 4, the results of the Freesurfer-Wald applied to all brain
measures jointly are shown for each BFBT in the left column. The order of the BFBTs
corresponds to the order of the BFBT's in the left panel of Figure 4. In the center-left column,
the p-values of the Freesurfer-RCoT (points) and Freesurfer-PCM (triangles) applied to
all brain measures for each trait as well as all BFBTSs jointly (larger point, only possible
for the RCoT as the PCM is not applicable to multivariate Y') are shown. The center-
right column depicts the corresponding p-values for the FAST-RCoT (points) and FAST-PCM
(triangles) and each BFBT, as well as all BFBTSs jointly (larger point). Finally, the right
column shows the corresponding p-values for the Scratch-RCoT (points) and Scratch-PCM
(triangles) and each BFBT, as well as all BFBTSs jointly (larger point).

We highlight three main findings from the analysis. First, after multiple testing adjust-
ment with the Bonferroni method, all p-values of individual tests are above the threshold
Qponf, agreeing with the little evidence found for associations between brain morphometry
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Figure 4: Left panel: —log,o(p) values of individual Wald tests are shown for each trait-
brain structure combination, sorted by size for each trait. The trait-brain-
structure combinations identified as significant in Avinun et al. (2020) are high-
lighted in black. Right panel: —log;y(p) values for the Freesurfer-Wald
(left), Freesurfer-RCoT/PCM (center-left), FAST-RCoT/PCM (center-right), and
Scratch-RCoT/PCM (right) across traits with all brain structures. Unicolored
points (RCoT) and triangles (PCM) represent curiosity, diligence, nervousness,
neuroticism, sociability and warmth (left to right), while grey-filled points repre-
sent DNCITs using the RCoT for all BFBTs together. In both figures, tests with
—logg(p) > 2.5 are colored red and annotated. The solid vertical lines depict
—logig(@pont) Where apopns is the nominal level Bonferroni adjusted for 642 (left)
and 6 (right) tests for significance level of 0.05, i.e. apons = % and apont = %,
respectively.

measures and BFBT proxies in healthy individuals in Avinun et al. (2020), but now con-
firmed in the larger cohort of the UKB. The only significant p-value after multiple testing
adjustment at a significance level of 0.1 is for the posterior thalamic radiation and neuroti-
cism. Second, for the Freesurfer-RCoT/PCM, FAST-RCoT/PCM, and Scratch-RCoT/PCM we
observe that the p-values are larger compared to the Freesurfer-Wald. Our simulation
study, which indicated strongly inflated T1E for the Deep-Wald in case of unaccounted non-
linear confounding, suggests that the smaller p-values of the Freesurfer-Wald may only be
due to not sufficiently controlling for the nonlinear confounding effects with the confounder
set used here. Third, the Freesurfer-RCoT and FAST-RCoT for the brain imaging data and
all behavioral traits are not significant. We expect this test to adequately account for all
nonlinear relationships with confounding variables, as shown in the simulation study. Thus,
we conclude that there is no evidence for links between the brain structure as measured
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by brain MRI scans and personality traits in healthy individuals, also in the larger UKB
cohort and using our new more powerful CITs with improved T1E control.

5.2 Confounder Control

The goal of confounder control in hypothesis testing is to ensure that significant associations
are not due to the confounders. Thus, the way confounder control is conducted significantly
affects the validity of tested associations between psychological traits and brain measures,
with inadequate control potentially leading to spurious correlations (Hyatt et al., 2020;
Alfaro-Almagro et al., 2021). A common method of confounder control is to linearly regress
X and Y on the confounders Z and potentially some pre-defined nonlinear transformations
and interaction terms of Z (‘regress out’). The resulting residuals are assumed to be con-
trolled for the confounding effects and are used in independence tests. However, there may
still be uncontrolled nonlinear and interaction effects that lead to spurious correlations.
DNCITs can be used to test whether regressing out does sufficiently control for nonlinear
and interaction effects of individual confounders or entire confounder sets in imaging data
using Algorithm 1. We illustrate its use on the conventional confounder set for brain imag-
ing data used throughout the previous subsection. The presence of insufficiently controlled
effects in the imaging data may result in spurious correlations if the confounder remains
associated with X and Y after regressing it out.

Algorithm 1: Test for sufficient control of the effects of confounders on imaging
data via regress out

Input: Confounder set C, feature representations X*

Output: p-values for uncontrolled confounding effects of all confounders Z; € Cpgse

Initialize an empty list p-values to store the p-values;

for Z; € Cpyse do
1. Linearly regress X“ on the confounder Z; and possibly its interactions and

nonlinear transformations denoted by [(Z;) from C; obtain the corresponding
residuals X%:"¢*

2. Test with a nonparametric CIT ¢y

HY : X9 1L 7, | C\{Zi,1(Z;)} vs HY : X5 Y Z; | C\ {Z;, 1(Zi)}.

3. Store the p-value from the test in p-values.

end
return List p-values.

To test for sufficient control of the effects of each of the confounders in the conventional
confounder set on the brain MRIs, we use the Residual-RCoT. This method is similar
to the Deep-RCoT but involves regressing out a confounder, its pre-specified interaction
terms, and nonlinear transformations from the feature representation before applying the
RCoT. This allows us to test whether effects from a particular confounder can still be
detected, given the remaining conventional confounder set. In particular, we denote the
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confounder set consisting of the confounders, their nonlinear and interaction terms as C, and
the set consisting of the confounders only as Cp,s.. We first regress out one confounder and
potentially its nonlinear and interaction terms as defined in the conventional confounder
set C in Subsection 5.1.1 from the brain measures. Then, we use the RCoT to test for
conditional associations between the residuals and the confounder from Cpyse, given all other
confounders from Cpqse. Applying this algorithm to each confounder in Cpqse, we obtain the
following p-values: age 6.7 x 1072; sex 3.16 x 10716; 5 genetic PCs 2.5 x 10~!; head size
2.59 x 1076; head position 1.9 x 10~2; assessment date 8.4 x 1073; assessment site 2.3 x 1071,
These results indicate particularly strong effects of sex and head size, even after regressing
out these confounders from the brain MRIs and controlling for all other variables in the
conventional confounder set. These insufficiently controlled effects in the imaging data may
result in spurious correlations if the confounder also remains conditionally associated with
the behavioral traits after regressing it out.

This finding is consistent with the results of Alfaro-Almagro et al. (2021), who showed
that regressing out the conventional confounder set controls for only part of the variation
in brain measures due to confounders. While Alfaro-Almagro et al. (2021) explored the
approach of expanding the confounder set by including additional nonlinear and interaction
terms, we highlight the possibility of testing for more complex relationships than allowed
for in parametric regress out or Wald tests using our DNCITs. Our results in the simulation
study and the application in Section 4 and Subsection 5.1 then indicate that the Deep-RCoT,
the Deep-PCM and other DNCITs control for confounding effects more adequately than
regressing out the conventional confounder set.

6. Conclusion

We introduced deep nonparametric conditional independence tests (DNCITs) to test for
conditional associations between an image and a scalar given vector-valued confounders,
providing a theoretically sound framework for CI testing in this context. We presented
theoretical results showing the validity of DNCITs using embedding maps, and provided
sufficient conditions on the learned embedding map for these to hold, which are fulfilled in
addition to sample splitting in particular by transfer and (conditional) unsupervised learn-
ing. The latter approaches eliminate the need for sample splitting, leading to potentially
more powerful tests and significantly reducing computational costs by utilizing already avail-
able embedding maps. Furthermore, we investigated the performance of the DNCITs both
theoretically and empirically in a novel simulation design in dependence on the chosen em-
bedding maps and nonparametric CITs. We showed that non-DNCIT-specific embedding
maps are computationally efficient and perform better given small samples, especially when
informed by domain knowledge, while our proposed DNCIT-specific embedding maps can
increase power for larger samples. Moreover, we demonstrated the usefulness of DNCITs
in two real-world applications, first in extending recent studies in personality neuroscience
and second in testing for sufficient confounder control in brain imaging data. Our empir-
ical results identified nonparametric CITs with both Type I error control and relatively
high power, depending on the sample size and confounder dimension. In addition, they
highlighted the critical role of confounder control, revealing also the limitations of current
practices that rely on parametric tests and their confounder control. Finally, we provide
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an R package offering a choice of several nonparametric CITs and useful default embedding
maps, particularly for 2D images.

While our focus was on a modular framework with available embedding maps for small
sample sizes and DNCIT-specific embedding maps based on robust and standard network
architectures for large sample sizes, future work could look at tests that learn optimal
embedding maps to maximize power. However, this would require addressing the challenges
of post-selection inference, or employing transfer learning or sample splitting, as we did for
the DNCIT-specific embedding maps. Furthermore, it would be even more challenging
to adapt the standard architectures and loss functions that we relied on for the DNCIT-
specific embedding maps to also include the confounder Z theoretically as well as in the
implementation in a robust way.

In conclusion, DNCITs enable statistical testing, a key statistical inference tool, for com-
monly analyzed multimodal data sets of images and tabular data, such as in the biomedical
domain. While our focus has been on images, the theoretical framework can also be applied
to other multimodal data types, including text.
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Appendix A. Proofs

Proof [Proof of Theorem 1]For X 1l Y|Z, it follows that X™ 1l Y™|Z"™. Additionally, for
B 1L Y™|(X,Z)", we have by Dawid (1979, Lemma 4.3) that

(X", 3) 1L y"|Z".

Since w s a measurable function of (Xi,B),i =1,...,n, we apply w to eachi=1,...,n
in (X", ) and have by Dawid (1979, Lemma 4.2) for X“" = (w(X;, 8)), that X“™ 1L
Y™ Z", and thus H§ holds. [ |

Proof [Proof of Theorem 2]Let PS“I8 = PSI8 6 51 be the conditional probability measure

for the measurable map w of the sample S onto 5«(3:X) | Since we obtain from Theorem 1
that X“™ 1L Y"|Z", it follows that PS“I¥ € P&, Then,

sup Eps [1{@,,0 (S) = 1}]
PSePy

= sup E]}»B [E[PS|[§ []l{@wﬁ (S) = 1}”
PSePy

= sup E]P’B [Epsm[]l{SO‘é) ow(S) = 1}]]
PSePy

= sup Eps [Epsis,,—i [1{p§(5¥) = 1}]]
PScPy

= sup By [Epgus[1{e5 (5%) = 1| <a

PSePy K ,
6776"

| <a for‘vralid ot
where we used in line 3 to 4 the integrability of ¢ o @(S) under PSI8 and the resulting
equality from Bogachev and Ruas (2007, Thm. 3.6.1).

|

Proof [Proof of Corollary 3]

a) We have S 1L S. Thus, by Dawid (1979, Lemma 4.2(ii)), for the measurable function
U :S§ = (X x2S~ (X,Z2)", we obtain S L S|(X,Z)". Moreover, by Dawid
(1979, Lemma 4.2(i)), for the measurable functions Uy : § — Y™, S +— Y™ and &, it
follows:

a(S) L Y"|(X,2)".

b) Since X 1L Y|Z, it follows that X™ Ll Y"™|Z™. Again by Dawid (1979, Lemma 4.1,4.2),
we obtain (X, Z)" 1L Y"|(X, Z)". Thus, &((X, 2)") 1L Y"|(X, Z)".
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c) Since X 1l Y|Z, it follows that X™ 1L Y"|Z™. Thus, &(X") L Y"|(X, Z)".
For a)—c), it follows in particular that A(a(-)) LL Y™|(X, Z)", since /3 is a measurable func-
tion of a. ]
Proof [Proof of Theorem 4]For a chosen level v and CPT-based CITs ¢y, we can rewrite

(6) to

PSY ePy

Then, as in the proof of Theorem 2, it follows that

sup Eps [1{pu,0(S) =1}] < sup Eys

sup Eg [1{§(5*) = 1}]]

PSePy PSeP, ﬁe'PéU
n|lyn yn|zn
< sup Egp |:C¥+]E]P>(Y,Z)” [dTV {PY 12 ,PY 12 }H
PSePy

Appendix B. Conditional Independence after Transformations

This section discusses a generalization of Theorem 1 which allows for transformations of X
and Y. Therefore, let (9), Fy), (£, F¢) be measurable spaces, ¥ be a (€, Fg)-valued random
variable and p : Y x &€ — 2) be a measurable function of Y and 4, and denote Y? = p(Y,4).
Based on this, we introduce the hypotheses

HP: X9 AL YP|Z vs. HYP: XYY YP|Z. (8)

Then, X 1l Y|Z implies X“ 1l Y?|Z under analogous assumptions on the parameters 3
and 4 of the embedding maps w and p as in Theorem 1:

Theorem 5 (Relation of null hypotheses Hy and H;"” after transformations) Let
(X, Fx), (D, Fy), (B, Fp), (€, Fg) be measurable spaces. Furthermore, let B be a (B, Fg)-
valued random wvariable such that B is conditionally independent of Y given X, Z, and let
w: X X B — X be a measurable function of X and ,5’ and denote X“ = w(X, B) More-
over, let 4 be a (€, Fg)-valued random variable such that 4 is conditionally independent of
XY given Y, Z, and let p : Y x & = Q) be a measurable function of Y and 4 and denote
Yr = p(Y, ’AY)

If Hy: X 1L Y|Z is true, then HSJ"D : XY 1L YP|Z is true.

Proof By Theorem 1 it follows that X 1l Y|Z. Furthermore, by Dawid (1979, Lemma 4.3),
for X¥ U Y|Z, X* 1 A|(Y, Z), it follows that

X¢ 1L (Y,4)|Z.
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linear g.(z) = (z')

squared ¢.(z) = (z", (’Z/l)lej)

- S — (7T (52 . . 3 4
complex g.(z) = (2, (2}, 2jZsex) je e s Zdate: Zdate

| p=1,2,46,10,15 |

X | &

w
X139

Figure 5: Illustration of the 18 DGMs used in the simulation study. Solid black lines rep-
resent the relationships between variables, while the dotted black line indicates
either conditional independence (¢ = 0) or dependence (¢ = 1). The feature
representation, denoted by X% = (X i";, X 1539), is derived from the FAST em-
bedding map and is used to simulate the conditional (in)dependence between
X and Y. The confounders Z are connected to the brain MRI scans based
on their real-world associations in the UKB. We vary the confounder dimen-
sion p across 1, 2, 4, 6, 10, and 15 while fixing the confounder relationship to
g-(s) = (s', (s?)je 7.)- Additionally, the confounder relationship is varied over
9:(s) = 87, 9:() = (s7,(57)je), and g=(s) = (s, (53, 558sex)jees Shater Sdate)
while the confounder dimension is fixed to 6. Y is generated according to Equa-
tion (7), as a linear combination of X* and Z transformed by one of the functions
g (J. denotes the index set of continuous variables).

Since p is a measurable function of (Y,%), we have by Dawid (1979, Lemma 4.2) that
X% 1L p(Y,4)|Z, ie. X© UL Y?|Z. m

This is more general than formulations such as in Dawid (1979), since we not only allow for
functions w : X — X of X, but instead quantify exactly the additional information that the
parameters B of the embedding maps w : X x B — X are allowed to use (analogously for
p) to lead to conditionally independent feature representations under the null hypothesis
(1). In particular, § can be obtained from all information except that in Y, given X, Z.
Thus, we allow the embedding maps to use information in Z and X or Y, respectively, for
w and p, respectively. We discussed learning methods for embedding maps that use only
such information in and after Corollary 3.

Appendix C. Simulation Study Detalils

An additional illustrative overview of all simulation designs and DNCITs can be found in
Figures 5 and 6.
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Z1

RCoT
CPT-KPC
FAST FCIT
Freesurfer CMlknn
cVAE Xo PCM
MedicalNet 1 Wald
MedicalNet fine-tune X:“’
ResNet-18 from scratch q

Figure 6: Ilustration of the DNCITs applied in the simulation study. Solid black lines
represent the relationships between variables, while the dotted black line indi-
cates conditional (in)dependence to be tested. For each (nonparametric) CIT,
we apply the embedding maps FAST (XY, ..., X{39), Freesurfer (X{,..., X{%5),
cVAE (X¢,...,X5), and MedicalNet (XY{,..., X&,). Additionally, we apply
two DNCIT-specific embedding maps, fine-tuning the MedicalNet (XY, ..., X¥5)

and training from scratch a ResNet-18 (X{,...,X¥,). The (nonparametric)
CITs are varied over the RCoT, PCM, CPT-KPC, CMIknn, FCIT and the Wald
test.

C.1 Simulations’ Parameter Choices

The sample sizes are chosen to be approximately linear on the logarithmic scale, as in
Marek et al. (2022), where the authors used these sample sizes in a study on the repro-
ducibility of significant findings in brain-wide association studies (BWAS). We also include
n = 5000, 10000 to account for the large number of observations available in the UKB.

Regarding the DGMs: We repeatedly resample pairs (X, Z) from the UKB to obtain
samples with the true association of Z and X in the UKB. This makes the results both
realistic and particularly relevant to the UKB brain imaging data, but one should be careful
about extrapolating the results to other data sets, as the associations between X and Z
may differ. In addition, the choice to simulate the conditional dependence between X
and Y by the FAST feature representations X makes the results particularly relevant to
coarse anatomical measures obtained e.g. by the FAST, Fastsurfer or the Freesurfer pipeline
(Zhang et al., 2002; Fischl, 2012; Alfaro-Almagro et al., 2018; Henschel et al., 2020), which
are often used in BWAS (Hyatt et al., 2020; Marek et al., 2022).

Regarding the embedding maps of the DNCITs: The FAST embedding map
(Smith et al., 2024) sums the voxel-wise grey matter partial volume estimates from the
FMRIB’s Automated Segmentation Tool (Zhang et al., 2002) over 139 atlas-defined par-
cellations. These estimates are calculated per subject in an unsupervised manner. This
provides a coarse tissue-based anatomical representation of the brain MRI scan, consisting
of volume measurements of brain structures. The FAST feature representations are used
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to model the conditional dependence and serve as a baseline for evaluating nonparametric
CITs when the embedding map is known.

The Freesurfer embedding map combines probabilistic atlases of brain structures, para-
metric MRI intensity models, and rule-based topological corrections. Both the atlases and
the intensity models were estimated once from small, manually labeled training sets and
are fixed for application to new data. The Freesurfer embedding map closely resembles
the true feature representation because it also measures brain structures through volume
measurements in regions included in the true representation. However, we did not include
all volume measurements of the FAST feature representation. Furthermore, the Freesurfer
embedding map includes additional area, volume, surface, and thickness measurements.
Thus, it represents a feature set with slightly different and additional information.

The MedicalNet embedding map (Chen et al., 2019; Cardoso et al., 2022) was trained
for transfer learning on eight multi-organ segmentation data sets from 3D medical imaging.
One of these data sets consists of 3D brain MRI scans (Menze et al., 2014) independent
of the UKB. MedicalNet was trained to segment several brain structures, thus providing
a potentially suitable, fixed, supervised embedding map that was explicitly proposed for
transfer learning.

The cVAE embedding map was trained on ADNI for three tasks (Rakowski et al., 2024):
reconstructing the images using a VAE architecture, predicting a clinical dementia rating
adding a predictor to the architecture, and learning latent representations invariant to age
and sex by conditioning on both variables in the decoder and predictor. The invariance
of the latent representations potentially facilitates confounder control for age and sex and
increases the power of the DNCITs.

The four feature representations decrease in similarity to the true FAST feature repre-
sentation. Since the Freesurfer, MedicalNet and ¢VAE embedding maps are trained on data
independent of the UKB, they correspond to transfer learning approaches in Corollary 3.

In addition, we include two DNCIT-specifically learned embedding maps based on sam-
ple splitting. First, we fine-tune the ResNet-18 MedicalNet with a simple regression head
for the last layer of the MedicalNet backbone, as described by Menze et al. (2014), mapping
to Y, using the AdamW optimizer (Loshchilov and Hutter, 2017). The learning rate (Ir)
of the head is set to 1.2 x 1073, the Ir of the backbone to 8 x 107>, the weight decay to
5 x 1075, and a linear warm-up starting at 1 x 10~® over seven epochs, followed by cosine
decay (Loshchilov and Hutter, 2016) for a total of 100 epochs. Furthermore, we unfreeze
each layer of the backbone stepwise after eight epochs to increase stability. Second, we train
a 3D ResNet-18 architecture from scratch with the AdamW optimizer, an Ir of 3 x 1074,
a weight decay of 1 x 1077, and the same scheduler as for fine-tuning. The weights are
still initialized using the default initialization for the ResNet-18 in Monai (Cardoso et al.,
2022), providing good starting values. For all settings we use a batch size of 16. We rely on
PyTorch (Paszke et al., 2019) and the network architectures from Monai (Cardoso et al.,
2022) for the implementation of MedicalNet and the model training of the DNCIT-specific
embedding maps.

In summary, the simulation study represents settings following findings from large stud-
ies on brain imaging data (Hyatt et al., 2020; Alfaro-Almagro et al., 2021; Marek et al.,
2022), especially in terms of the confounding effects. Finally, the code and the introduced
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Figure 7: The rejection rates of the DNCITs for ¢ = 0 (CI, top) and ¢ = 1 (no CI, bottom)
for increasingly complex confounder relations (columns). For each column, the
sample size is increased from left to right. The confounder dimension is set to 6.
Horizontal lines at 0 and a = 0.05.

designs can be used to evaluate the performance of the DNCITs on other imaging data sets
before applying them to the corresponding real-world application.

C.2 Detailed Results
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Figure 9: QQ-plots of the observed p-values against the theoretical quantiles of a uni-

form distribution on the interval [0,1] for all nonparametric CITs applied to
the Freesurfer embedding map at selected sample sizes (indicated at the y-axis
label). The results correspond to the DGM under conditional independence with
one confounder and the quadratic confounder relationship g.(s) = (s', (sjz) jed.)
where J. denotes the index set of continuous variables. The diagonal black lines
y = x serve as references for the theoretical quantiles of the uniform distribution
n [0,1]. If the p-values are uniformly distributed, they should align along this
line. The x-axis labels display the Kolmogorov-Smirnov test statistics used to
assess whether the p-values are uniformly distributed; smaller values indicate a
better calibration of the CIT, as the DGM assumes conditional independence.
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Figure 10: QQ-plots of the observed p-values against the theoretical quantiles of a uni-

form distribution on the interval [0,1] for all nonparametric CITs applied to
the Freesurfer embedding map at selected sample sizes (indicated at the y-axis
label). The results correspond to the DGM under conditional dependence with
one confounder and the quadratic confounder relationship g.(s) = (s', (sjz) jed.)
where J. denotes the index set of continuous variables. The diagonal black lines
y = x serve as references for the theoretical quantiles of the uniform distribution
on [0, 1]. If the p-values are uniformly distributed, they should align along this
line. The x-axis labels display the Kolmogorov-Smirnov test statistics used to
assess whether the p-values are uniformly distributed; values close to zero indi-
cate a bad calibration of the CIT, as the DGM assumes conditional dependence.
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Figure 11:

QQ-plots of the observed p-values against the theoretical quantiles of a uni-
form distribution on the interval [0, 1] for all nonparametric CITs applied to the
Freesurfer embedding map at selected sample sizes (indicated at the y-axis la-
bel). The results correspond to the DGM under conditional independence with
six confounders and the quadratic confounder relationship g,(s) = (s', (8]2) JENAL
where J. denotes the index set of continuous variables. The diagonal black lines
y = x serve as references for the theoretical quantiles of the uniform distribution
on [0, 1]. If the p-values are uniformly distributed, they should align along this
line. The x-axis labels display the Kolmogorov-Smirnov test statistics used to
assess whether the p-values are uniformly distributed; smaller values indicate a
better calibration of the CIT, as the DGM assumes conditional independence.
The Freesurfer-FCIT can produce errors for sample sizes up to 460 due to
the implementation of its prediction models, resulting in fewer p-values in the
corresponding grids.
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Figure 12: QQ-plots of the observed p-values against the theoretical quantiles of a uni-
form distribution on the interval [0,1] for all nonparametric CITs applied to
the Freesurfer embedding map at selected sample sizes (indicated at the y-axis
label). The results correspond to the DGM under conditional dependence with
six confounders and the quadratic confounder relationship g,(s) = (s', (8]2) JENAL
where J. denotes the index set of continuous variables. The diagonal black lines
y = x serve as references for the theoretical quantiles of the uniform distribution
on [0, 1]. If the p-values are uniformly distributed, they should align along this
line. The x-axis labels display the Kolmogorov-Smirnov test statistics used to
assess whether the p-values are uniformly distributed; values close to zero indi-
cate a bad calibration of the CIT, as the DGM assumes conditional dependence.
The Freesurfer-FCIT can produce errors for sample sizes up to 460 due to
the implementation of its prediction models, resulting in fewer p-values in the
corresponding grids.
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Figure 13: The average of the logarithm of the runtime over 200 seeds of the nonparametric
CITs for ¢ = 0 (CI) for increasing confounder dimension (columns). Each column
increases the sample size from left to right. The confounder relationship is set
to g.(s) = (s', (s?) jeJ.), where 7. denotes the index set of continuous variables.
The runtime to obtain feature representations from available embedding maps
is ignored, as the embedding maps were already trained and the forward pass
for all observations has to be computed only once before all simulations.
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Rejection rates and p-value boxplots over 100 seeds for DNCITs combining the
embedding maps and nonparametric CITs specified in the legend. The sample
sizes are equidistantly depicted, the p-values using a log;, scaling. The black,
solid horizontal lines in the p-value panels mark the level a = 0.05 at which a test
is rejected. The results correspond to the DGM under conditional independence
with g; ~ N(0,0.52), one confounder and the quadratic confounder relationship
g.(s) = (s', (s?)je 7.), where J. denotes the index set of continuous variables.
Rejection rates below and around 0.05 and uniformly distributed p-values on
[0, 1] indicate a better performance of the DNCIT, as the DGM assumes condi-
tional independence.
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Figure 15: QQ-plots of the observed p-values over 100 seeds against the theoretical quan-

tiles of a uniform distribution on the interval [0, 1] for the PCM applied to the
embedding maps FAST, Freesurfer, cVAE, MedicalNet, fine-tuned MedicalNet,
and one trained from scratch, at selected sample sizes (indicated at the y-axis
label). The results correspond to the DGM under conditional independence
with g; ~ N(0,0.52), one confounder and the quadratic confounder relationship
g-(s) = (s', (s?)je 7.), where J. denotes the index set of continuous variables.
The diagonal black lines y = x serve as references for the theoretical quantiles of
the uniform distribution on [0, 1]. If the p-values are uniformly distributed, they
should align along this line. The x-axis labels display the Kolmogorov-Smirnov
test statistics used to assess whether the p-values are uniformly distributed;
smaller values indicate a better calibration of the CIT, as the DGM assumes
conditional independence.

44



DEEP NONPARAMETRIC CONDITIONAL INDEPENDENCE TESTS

FAST Freesurfer cVAE MedicalNet Scratch MedicalNet-ft
1.00
0.75
© &
0 0.50
N
0.25
0.00
0.064 0.068 0.139 0.073 0.094 0.078

1.00

0.75 /
o
@ 050 /

0.25 /

0.00

-

0.055 0.079 0.112 0.115 0.101 0.097
1.00

0.75
wn

0.50
©

0.25

0.00

Sample Quantiles
2
\

0.108 0.075 0.101 0.054 0.11 0.104
1.00

0.75

0.50

1100

0.25

\

0.00
0.092 0.138 0.054 0.092 0.126 0.065

Sl e

000025050075100000 0.25 050 0.75 1.000.00 0.25 050 0.75 1.000.00 0.25 050 0.75 1.000.00 0.25 050 0.75 1.000.00 0.25 050 0.75 1.00

5000

=3

Theoretlcal Quantlles

Figure 16: QQ-plots of the observed p-values over 100 seeds against the theoretical quantiles
of a uniform distribution on the interval [0, 1] for the RCoT applied to the
embedding maps FAST, Freesurfer, cVAE, MedicalNet, fine-tuned MedicalNet,
and one trained from scratch, at selected sample sizes (indicated at the y-axis
label). The results correspond to the DGM under conditional independence
with g; ~ N(0,0.52), one confounder and the quadratic confounder relationship
g-(s) = (s', (s?)je 7.), where J. denotes the index set of continuous variables.
The diagonal black lines y = x serve as references for the theoretical quantiles of
the uniform distribution on [0, 1]. If the p-values are uniformly distributed, they
should align along this line. The x-axis labels display the Kolmogorov-Smirnov
test statistics used to assess whether the p-values are uniformly distributed;
smaller values indicate a better calibration of the CIT, as the DGM assumes
conditional independence.
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Figure 17: QQ-plots of the observed p-values over 100 seeds against the theoretical quan-
tiles of a uniform distribution on the interval [0,1] for the PCM applied to
the embedding maps FAST, Freesurfer, cVAE, MedicalNet, fine-tuned Medi-
calNet, and one trained from scratch, at selected sample sizes (indicated at the
y-axis label). The results correspond to the DGM under conditional dependence
with g; ~ N(0,0.52), one confounder and the quadratic confounder relationship
g.(s) = (sT, (s?)je 7.), where J. denotes the index set of continuous variables.
The diagonal black lines y = x serve as references for the theoretical quantiles of
the uniform distribution on [0, 1]. If the p-values are uniformly distributed, they
should align along this line. The x-axis labels display the Kolmogorov-Smirnov
test statistics used to assess whether the p-values are uniformly distributed; val-
ues close to zero indicate a bad calibration of the CIT, as the DGM assumes
conditional dependence.
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Figure 18: QQ-plots of the observed p-values over 100 seeds against the theoretical quan-
tiles of a uniform distribution on the interval [0,1] for the RCoT applied to
the embedding maps FAST, Freesurfer, cVAE, MedicalNet, fine-tuned Medi-
calNet, and one trained from scratch, at selected sample sizes (indicated at the
y-axis label). The results correspond to the DGM under conditional dependence
with g; ~ N(0,0.52), one confounder and the quadratic confounder relationship
g.(s) = (sT, (s?)je 7.), where J. denotes the index set of continuous variables.
The diagonal black lines y = z serve as references for the theoretical quantiles of
the uniform distribution on [0, 1]. If the p-values are uniformly distributed, they
should align along this line. The x-axis labels display the Kolmogorov-Smirnov
test statistics used to assess whether the p-values are uniformly distributed; val-
ues close to zero indicate a bad calibration of the CIT, as the DGM assumes
conditional dependence.
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Rejection rates and p-value boxplots over 100 seeds for DNCITs combining the
embedding maps and nonparametric CITs specified in the legend. The sample
sizes are equidistantly depicted, the p-values using a log;, scaling. P-values
lower than 10716 are set to 1076, The black, solid horizontal lines in the p-
value panels mark the level & = 0.05 at which a test is rejected. The results
correspond to the DGM under conditional dependence with e; ~ N(0,0.52), one
confounder and the quadratic confounder relationship g.(s) = (s', (sjz)je 7.)s
where J. denotes the index set of continuous variables. Higher rejection rates
and lower p-values indicate a better performance of the DNCIT, as the DGM
assumes conditional dependence.
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Rejection rates and p-value boxplots over 100 seeds for DNCITs combining the
embedding maps and nonparametric CITs specified in the legend. The sample
sizes are equidistantly depicted, the p-values using a log;, scaling. P-values
lower than 10716 are set to 1076, The black, solid horizontal lines in the p-
value panels mark the level & = 0.05 at which a test is rejected. The results
correspond to the DGM under conditional dependence with e; ~ N(0,0.12), one
confounder and the quadratic confounder relationship g.(s) = (s', (sjz)je 7.)s
where J. denotes the index set of continuous variables. Higher rejection rates
and lower p-values indicate a better performance of the DNCIT, as the DGM
assumes conditional dependence.
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Rejection rates and p-value boxplots over 100 seeds for DNCITs combining the
embedding maps and nonparametric CITs specified in the legend. The sample
sizes are equidistantly depicted, the p-values using a log;, scaling. P-values
lower than 10716 are set to 1076, The black, solid horizontal lines in the p-
value panels mark the level & = 0.05 at which a test is rejected. The results
correspond to the DGM under conditional dependence with ; ~ N(0,1), one
confounder and the quadratic confounder relationship g.(s) = (s', (sjz)je 7.)s
where J. denotes the index set of continuous variables. Higher rejection rates
and lower p-values indicate a better performance of the DNCIT, as the DGM
assumes conditional dependence.
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MedicalNet embedding map for ¢ = 0 (CI) and &; ~ N(0,0.5%) over 100 seeds.
Each column increases the sample size from left to right. The confounder is set
to age and the confounder relationship is set to g.(s) = (s, (s3)jeg.), where .
denotes the index set of continuous variables.
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Figure 23: QQ-plots of the observed p-values over 200 seeds against the theoretical quan-

tiles of a uniform distribution on the interval [0, 1] for the RCoT and the PCM
applied to the embedding maps ¢VAE and the penultimate layer of the cVAE
at selected sample sizes (indicated at the y-axis label). The results corre-
spond to the DGM under conditional independence with ¢; ~ N(0,1), one,
six and fifteen confounder (x-axis) and the quadratic confounder relationship
g-(s) = (sT, (s?)je 7.), where J. denotes the index set of continuous variables.
The diagonal black lines y = x serve as references for the theoretical quantiles of
the uniform distribution on [0, 1]. If the p-values are uniformly distributed, they
should align along this line. The x-axis labels display the Kolmogorov-Smirnov
test statistics (left for the penultimate layer of the cVAE/ right for the cVAE)
used to assess whether the p-values are uniformly distributed; smaller values
indicate a better calibration of the CIT, as the DGM assumes conditional inde-
pendence.
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Figure 24: QQ-plots of the observed p-values over 200 seeds against the theoretical quantiles
of a uniform distribution on the interval [0, 1] for the RCoT and the PCM applied
to the embedding maps cVAE and the penultimate layer of the cVAE at selected
sample sizes (indicated at the y-axis label). The results correspond to the DGM
under conditional dependence with &; ~ N(0, 1), one, six and fifteen confounder
(x-axis) and the quadratic confounder relationship g.(s) = (s, (s?) jeJ.), where
J. denotes the index set of continuous variables. The diagonal black lines y = x
serve as references for the theoretical quantiles of the uniform distribution on
[0, 1]. If the p-values are uniformly distributed, they should align along this line.
The x-axis labels display the Kolmogorov-Smirnov test statistics (left for the
penultimate layer of the cVAE/ right for the cVAE) used to assess whether the
p-values are uniformly distributed; values close to zero indicate a bad calibration
of the CIT, as the DGM assumes conditional dependence.
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Figure 25: The ECDFs of the p-values of the embedding selection criterion using the PCM
(top row) and RCoT (bottom row) applied to different embedding maps under
the null hypothesis (left) and alternative hypothesis (center, right). The line
types indicate the sample sizes used for the DNCITs for the trained embedding
maps (Scratch and MedicalNet-ft). The fixed, non-DNCIT-specific embedding
maps are fixed across sample sizes. P-values smaller than 10716 are set to 10716,
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Figure 26: Empirical cumulative distribution functions (ECDFs) of the p-values of the
DNCITs using the PCM (top row) and RCoT (bottom row) and applying a
given selection strategy for the embedding map (indicated by color). For a
given seed, the oracle selects the embedding map with the lowest p-value on
the test set among Freesurfer, cVAE, MedicalNet, Scratch and MedicalNet-ft
embedding maps, the criterion selects the one with the smallest criterion value,
i.e. p-value on the validation split, fized selects the cVAE (top row) and Medi-
calNet (bottom row), and random draws randomly from the embedding maps.
Sample sizes of test sets used for the DNCITs are given in the panel titles. For
DNCIT-specific embedding maps, only half of the validation sample is used to
obtain the p-value for the selection criterion (cf. also Subsection 3.2).
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Figure 27: Empirical cumulative distribution functions (ECDFs) of the p-values of the
DNCITs using the PCM (top row) and RCoT (bottom row) and applying a
given selection strategy for the embedding map (indicated by color). For a
given seed, the oracle selects the embedding map with the lowest p-value on the
test set among cVAE, MedicalNet, Scratch and MedicalNet-ft embedding maps,
the criterion selects the one with the smallest criterion value, i.e. p-value on
the validation split, fized selects the cVAE (top row) and MedicalNet (bottom
row), and random draws randomly from the embedding maps. Sample sizes of
test sets used for the DNCITs are given in the panel titles. For DNCIT-specific
embedding maps, only half of the validation sample is used to obtain the p-value
for the selection criterion (cf. also Subsection 3.2).
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Appendix D. Details, Adaptation and Implementation of Selected
Conditional Independence Tests

First, we give a short summary of the selected nonparametric CITs and analyze them
afterwards in more detail w.r.t. our setting. We construct a nonparametric CIT using the
KPC from Huang et al. (2022) as the test statistic together with the CPT from Berrett
et al. (2020); Spisak (2022). While the kernel of the KPC adapts well to the dimension
of the feature representations and its geometric graph functionals to the dimension of the
confounders, the CPT framework ensures the validity of the test. In addition, the KPC
allows a flexible choice of kernel and is implemented in a stable manner. Finally, ancillary
data for PY1Z is often available, especially in the context of medical imaging, which can
be expensive for many patients, while tabular measurements may be more readily available
in larger quantities, such as in the UKB (Sudlow et al., 2015). In addition, we select the
RCoT of Strobl et al. (2019) because of its fast approximation of the KCIT with similar
performance, its stable implementation, and the often strong performance of kernel-based
methods in high-dimensional settings. Furthermore, we choose the prediction-based CITs
FCIT of Chalupka et al. (2018) because of its adaptation to the different dimension between
the feature representations of the image X and the scalar Y. Moreover, we select the PCM
(Lundborg et al., 2024). Like the FCIT, it is also based on several tabular regression models.
However, it includes a debiasing step for the regressions and provides stronger theoretical
results as well as a more flexible implementation (Kook and Lundborg, 2024). Finally, the
CMIknn of Runge (2018) is chosen to represent metric-based CITs.

D.1 The Conditional Permutation Test and the Kernel Partial Coefficient

Throughout our empirical results, we approximate for CPT-based CITs PY14=% by a normal

distribution with mean and variance estimated by a generalized additive model in sample,
where the effect of each continuous confounder in Z; = (Z;1, ..., Z;p) is modeled by a smooth
term and that of each categorical confounder with a separate parameter for each category.?
This is analogous to the approach in Spisak (2022), however we use in the implementation
the more reliable R package mgcev from Wood (2015) compared to the Python package
pyGAM from Servén and Brummitt (2018) used in Spisak (2022). Nevertheless, the method
to approximate PY12=% ig adaptable and depends on Z and ) as well as on potential
supplementary data (Y5, Z;)i=n+1,... ntn/-

The time complexity of CPT-based CITs is the time complexity of approximating PY 14
plus M times the time complexity of estimating the test statistic, where M is the number
of permutations of Y. For example, a detailed description of the time complexity for
generalized additive models and their extensions can be found in Wood (2020), and in our
specific implementation is given by O(ns?), where s is the number of parameters in the
basis representation of Z used to approximate PY 2 and n is the sample size of the data set.
However, this could be reduced using different implementations, and we observe throughout
the simulation study that for the KPC test statistic that we consider, estimating the test
statistic is the bottleneck in terms of computational cost.

2. Other distribution families are available for generalized additive models and could be used instead of
the normal distribution. Additionally, modeling continuous and categorical confounders could be made
more flexible.
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Together with the CPT, we have chosen the conditional dependence measure recently
presented in Huang et al. (2022) as test statistic, which extends upon measures established
in Deb et al. (2020); Azadkia and Chatterjee (2021). Specifically, they propose the kernel
partial correlation (KPC) as

E[M M D?(PX*IV.Z pX*12)]
E[M M D?(5x«, PX“17)]

KPCy((X*,Y,2)) = (9)
where M M D denotes the maximum mean discrepancy as for example defined in Gretton
et al. (2012), dx« is the Dirac measure at X“ and # are the parameters of the kernels
introduced below.

For a characteristic, finite kernel k%, separable RKHS Hx, and the assumption that
X is not a measurable function of Z, it holds that KPCy((X*,Y,Z)) € [0,1] and in
particular, KPCy((X“,Y, 7)) = 0 if and only if X 1l Y|Z. Thus, together with the CPT,
the hypothesis (2) can be tested, under the above assumptions equivalently, by testing

Furthermore, the authors showed in Huang et al. (2022, Lemma 1,2) that the KPC is well
defined and equivalent to
E[E[kz (X5, X5V, Z]] - E[E[kz (XY, Xi)|Z]]

Elkx (X, X)] - E[E[kx (XY, X{)|Z]]

KPCy((X“, Y, Z)) =

where the joint distributions of (Z, X, X‘f/) and (Z, X¥, Xg’/, Y'), respectively, are given by

Z~P2 X972 ~PXZ D x| 7~ PV X L XY 2
(Y, 2) ~ P2, X§|V, Z ~ PN XYYz ~PYNE D XY 1L XY|X 2

Then, the authors propose a graph-based estimator in Huang et al. (2022, sec. 3).
Specifically, denote Y = (Y,Z)on Y x Z, and let GZ and GZ be graphs of a geometric graph
functional, such as knn graphs, on Z and ) x Z, respectively, with nodes Z" = (Z1,...,Z,)
and Y, respectively. Moreover, let £(GZ) and &£ (G%) denote the corresponding edge sets
and diZ and dz/ be the degrees of Z; and Y;, i =1,...,n. Then, the estimator of the KPC
(9) called graph KPC is defined as in Huang et al. (2022, sec. 3.1) by

Tl X k(XPXY)-n X X ka(XPLXY)
=1 =1 " j:(i,))€E(GY)

LY kx(XP,XY) -2 L kx(XE, X2)
=1 j g
(10)

where Oxpc = (kx, k) with the kernel ky and its parameters as well as the number of
nearest-neighbors k.

While we could interchange X“ and Y in the KPC owing to the symmetry of CI (Dawid,
1979), and this can lead to different results since conditional dependence measures are
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not necessarily symmetric, our simulations indicate that the proposed order gives superior
performance. This outcome may be attributed to the improved performance of the geometric
graphs on the lower dimensional space ) x Z to the graphs for (X%, Z) on the higher
dimensional X x Z.

The CPT-KPC-based CIT (CPT-KPC) depends on 8cpr xpc = (Ocpr, Kk pc) where
Ocpr consists of the choice and the parameters of the learning model approximating PY 14
and the number M of constructed approximate CI samples in the CPT, and 0k pc consists
of the choice of the kernel kx and its parameters, and the number of nearest neighbors in
the knn graphs. The KPC accounts for the dimension of the feature representations by
embedding them through a flexibly chosen kernel. In addition, it would even allow for non-
Euclidean feature representations such as shapes by the use of a suitable kernel function on
X x X, as well as non-scalar responses Y and confounders Z as long as they are elements
of metric spaces. Nevertheless, the kernel ky affects the graph KPC, which is a common
problem for kernel-based conditional dependence measures, see for example Muandet et al.
(2017), and thus, can decrease the power of the CPT-KPC. To study this dependence on
the kernel, we analyzed the results for several kernels in a smaller simulation study based
on the implementation of the KPC?, and selected the Gaussian kernel since it performed
best over multiple settings. In addition, the geometric graph functionals defined on Z and
Y x Z measure the proximity within the confounder as well as the response. However, the
geometric graph functionals depend on the number of nearest neighbors selected, where
1-nn leads to less biased estimates of the KPC while a larger number of neighbors is recom-
mended to increase the power if the KPC is used as test statistic. For example, Lin and Han
(2023) examined the effect of the number of nearest neighbors on the power of unconditional
independence tests, and Huang et al. (2022) recommend in their implementation to select
k =~ 0.05n for samples smaller than 1000 and then increase k sublinearly in n for their vari-
able selection algorithm. Consequently, in the smaller study, we examined Deep-CPT-KPCs
for varying numbers of nearest neighbors and selected & = 10 to trade-off between T1E
control and power. Then, we evaluate the Deep-CPT-KPCs together with Euclidean knn
graphs, since this was the recommended choice in Huang et al. (2022, Remark 7). This
leads to a time complexity of O(knlogn) for estimating the graph KPC in (10), see Huang
et al. (2022). Together with the time complexity of the CPT consisting of the generalized
additive model, this leads to O((M + 1)knlogn + ns?) for CPT-KPCs. In summary, the
hypothesis tested by the CPT-KPC is only constrained compared to (2) through weak, in
the kernel literature standard, assumptions on the RKHS Hjy and the kernel ky (Huang
et al., 2022, Remark 2), or Hy and the kernel ky if we interchange X and Y. This allows
for T1E control over a large Py and correspondingly large Py. Moreover, the guaranteed
T1E excess bound of the CPT together with the consistency of the KPC seems promising
in terms of T1E control as well as power of the CPT-KPC. Nevertheless, since either the
kernel embedding of X“ or Y is targeted, the test will detect small changes in X“|Y, Z
compared to X“|Z, or Y|X%“, Z compared to Y|Z, respectively, better. We call DNCITs
based on the CPT together with the KPC Deep-CPT-KPC.

3. The KPC package can be found under https://github.com/zh2395/KPC.
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D.2 The Kernel Conditional Independence Test and the Randomized
Correlation Test

We describe briefly the kernel-based RCoT from Strobl et al. (2019) and its approximation
of the KCIT from Zhang et al. (2011). The RCoT approximates the hypothesis and test
statistic of the KCIT through

Hi roor  ICapicllF =0 vs. H{groor: ICapiclE >0
estimated by
o (X2Y, 2)7) = ntr(CAAB|Cé:4rB|C)
where

Caplc = E[(Ai —E[A|C))(B; —E[B|C])"]

n

))(Bi —E(B|C))]

CAB|C = 1

= 1
(X)) = {1 (X)), o0 (X)) ¢7 (XY € Gxw, Vi,
(Y) o1 (Yi), ... (Yo}, of (Vi) € Gy, VEk,

{¢
=¢Z(Zz') {o7(Z ) L0 (Z0)}, ¢ (Zi) € Gz Y,

Xw

Gxw,Gy, Gz are spaces set to be the support of the process v/2cos(W - +B), W ~ PV B ~
Unif([0,2n]) with P" set to a Gaussian distribution with standard deviations /0% /2,

Vop/2, and \/oc/2, and || - || denotes the Frobenius norm. That means, a,b and ¢
functions are drawn from the spaces Gxw, Gy and Gz, respectively. Moreover, the conditional
expectations E(A|C) and E(B|C) are approximated with linear ridge regression solutions.
Thus, Orcor = (a,b,¢c,04,08,00,\) with a,b,c for the number of Fourier functions of
A, B,C, the smoothing parameters o 4,0p,0c of the radial basis function kernels and the
regularization parameter A of the linear ridge regressions.

This approximates KCIT’s hypotheses and the corresponding test statistic in three ways:
1.) Replacing X¥ = (X%, Z) by X“. This corresponds to a test of weak CI of the data
mapped into RKHSs instead of strong CI, as discussed in Li and Fan (2020). Nevertheless,
RCoT is usually similar in its performance compared to the corresponding Randomized
Conditional Independence Test (RCIT) using X*, which was also developed in Strobl et al.
(2019); 2.) The kernel maps of X* and Y are replaced by low dimensional, random Fourier
features. This is based on the approximation of continuous shift-invariant kernels through
low-dimensional Fourier features, which was shown to perform well on large-scale data
sets (Rahimi and Recht, 2007); 3.) The conditional expectations E[A|Z] and E[B|Z] are
approximated by linear ridge regressions on C, which implies an approximation of the em-
pirical partial cross-covariance matrix C AB|z through C AB|c- 1t was shown in Sutherland
and Schneider (2015) that, under appropriate assumptions, the linear ridge regression so-
lutions converge with an exponential rate in ¢ to the corresponding kernel ridge regression,
justifying this approximation.
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Asymptotic distributions and corresponding approximations are derived for the test
statistics of KCIT and RCoT. The RCoT depends on the hyperparameters a,b,c,04,08,0¢,A.
As described in Zhang et al. (2011); Strobl et al. (2019), A =~ 0.1 is a reasonable choice for
low-dimensional Z as in our setting. Moreover, 04, 0p, 0¢ are chosen empirically on the first
500 observations or in sample, if the number of observations is smaller than 500. Compared
to other nonparametric CITs discussed later, these are relatively few hyperparameters and
the test performed well in our simulations and the slightly adapted default parameters a =
5,b = 5,¢ = 200 for two confounders. For more than two confounders, the ridge regressions
have to be additionally adapted to control T1E. The RCoT is faster than the KCIT due to
the three approximations discussed previously, as well as an approximation of the asymptotic
distribution under the null of C, AB|c by a Lindsay-Pilla-Basak approximation, which makes a
comparison with the null hypothesis computationally inexpensive. In particular, the RCoT
has a time complexity of O(((dimxw +dimy)a + (dimy + dimy)b + dimy ¢ + (a + b)c?)n),
which reduces to O(n) for fixed a,b,c,dimyw,dimy,dimy (Strobl et al., 2019, Proposi-
tion 6). Besides that, the RCoT covers a wide range of functional relationships between the
random objects due to their Fourier transformations. Additionally, the projection of X into
the lower dimensional space Gx« reduces the dimension of the feature representations X*,
which is particularly advantageous in our setting and allows for relatively high-dimensional
X“. Therefore, in contrast to the recommendation in Strobl et al. (2019), we typically aim
for a larger number of Fourier features a to capture most information in the high dimension
of X¥. Furthermore, the test is stably implemented in R*. Moreover, we note that for small
sample sizes, it may be preferable to use the KCIT due to a failure of the RCoT in the
T1E control in these settings due to the approximations, see for example the simulation
studies also in Sen et al. (2017); Zhang et al. (2023a). Furthermore, for several confounders,
the ridge regressions would have to be adapted or other CITs may be more appropriate,
as discussed in Sen et al. (2017). In summary, the hypotheses considered in the RCoT
are restricted compared to the hypotheses (2) only by the relatively weak assumption on
the kernel kyky and the RKHS Hz, as well as the restriction to approximate Gaussian
kernels in P and the corresponding, well-founded approximations of the KCIT. We call
the corresponding DNCIT Deep-RCoT.

D.3 Prediction-Based Conditional Independence Tests

We evaluate the applicability of prediction-based CITs to vector-scalar-valued data. We can
apply them by testing for an increase in the prediction accuracy of Y using X%, Z compared
to the prediction solely with Z, removing the predictive information within X“. This can
be done with various approaches as reviewed in Covert et al. (2021) from the perspective
of model explanations, and translates the CIT typically to a weaker mean dependence test,
accounting only for parts of the conditional distribution of Y encoded through the loss
function used to fit the prediction model. In the following, we describe the approaches
developed explicitly for CI testing, namely the CPI (Watson and Wright, 2021), the FCIT
(Chalupka et al., 2018) and the PCIT (Burkart and Kiraly, 2017).

Therefore, let f € Mxz_,y,Mxz_,y : X x Z — Y be a prediction function for the
scalar Y using the feature representations X“ and the confounders Z. Then, the CPI

4. The RCIT package can be found under https://github.com/ericstrobl/RCIT.
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removes the predictive information of X“ on Y by constructing knockoffs /X\J, which were
introduced by Barber and Candes (2015); Candes et al. (2018). Particularly, for the risk
Rp(f, (XY, Z)) = E[L(f,(X¥,Y,Z))] and a non-negative, real-valued loss function L :
Mzxzy x (X x Y x Z) = R>p, the CPI is a measure of conditional dependence as

CPI((X“,Y,Z)) = E[L(f,(X“,Y, Z)) — L(f,(X*,Y, Z))]
Then, they propose to test (2) by testing

HYcpr: CPI((X®,Y,Z)) <0 <= Rr(f,(X%,Y,2)) < Rp(f,(X*,Y, 2))
vs. HYepp: CPI(X¥,Y,Z)) >0 <= Rp(f,(X*,Y,Z)) > Rr(f.(X“,Y, 2)).

The CPI can be estimated by the empirical risks leading to the corresponding test statistic

Ntest Ntest
TS (X¥,Y,Z)" L(f, (X%, Y, Z)) L(f, (XY, Zi
QCPI(( ntest lz; ntest ; ))

over a test data set (X“,Y, Z)™est of size niest, here obtained after splitting (X¢,Y, Z)™ into
train and test data set. Parameters 0cpr consist of the knockoff construction parameters,
the loss L and the prediction model f as well as its parameters.

In contrast to the CPI and its use of knockoffs, the PCIT and FCIT remove X*“ from
the prediction to obtain a prediction function g € Mz_,y, Mz_,y : Z — Y, by regressing
Y only on the confounder Z. Then, the authors propose to test (2) by testing

H§ perryperr - Bilg, (Y, 2)) < R (f, (X*,Y, Z))
vs. HYpcorrporr t Bu(e, (Y, Z)) > Ri(f, (X¥,Y, Z)),

which can again be estimated by the corresponding empirical risks. While the FCIT imple-
ments a decision tree algorithm to learn g and f, the PCIT allows fitting a set of regression
and classification models as well as their ensembles. However, PCIT’s implementation is
currently unstable and not further used in our study.

For the comparison to the null hypothesis, any paired mean difference test such as the
paired t-test or Fisher exact test can be used to obtain p-values. All three tests can rely on
asymptotic normality results of the empirical risk estimates.

We call the corresponding DNCITs Deep-CPI and Deep-FCIT. They reduce conditional
independence to conditional variable importance. Thereby CI testing is translated to mean
dependence or at least loss dependent CI testing, which has the advantage that it draws
on a large literature of variable importance testing, while often being sufficient to detect
deviations from the null. However, this means that the tests can only have power for data
generating processes for which the difference between PYIX*Z and PYIX“Z or PY1Z | respec-
tively, is detectable by the chosen loss. Particularly, the tests focus on specific properties
of the distribution encoded in the loss L instead of the whole conditional distribution of Y,
resulting in a loss of power for differences in other properties of the distribution. Addition-
ally, it usually restricts the problem to a specific learner or an ensemble of learners and the
conditional variable importance for that learner(s). Therefore, while the tests themselves
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do not impose restrictions w.r.t. X« Y, Z and their functional relationships, the tests im-
pose these implicitly through the used learners. In particular, prediction-based DNCITs
only account for functional relationships between X and Y which can be approximated by
the learner. This leads to a potential loss in power if f does not cover the true functional
relationship between X“ and Y, and an increase in the T1E if g does not estimate the
true functional relationship between Y and Z well enough or if the knockoffs are not well
constructed, similar to the T1E excess for CPT-based CITs. On the one hand this flexi-
bility in the choice of the learner allows for models adapted to a specific data setting. On
the other hand, it is difficult to obtain a default CIT, which would ensure consistency over
test results, making these tests rather hyperparameter dependent. Moreover, the sample
split necessary to fit the learner results in a reduced power. Finally, an advantage can be
that their implementations® are based on often stable implementations of learners for the
functions f and g. Particularly, the CPI-based CIT has a time complexity of O(ue + v+ w)
where w is the complexity of the learner f, e of the empirical risk estimator, v of the knockoff
sampler and w of the inference procedure such as the t-test (Watson and Wright, 2021).
The FCIT has a time complexity, without the inclusion of the knockoff but with additional
costs to fit the learner g, of O(n?logn(p + q)) (Chalupka et al., 2018).

As a final remark on prediction-based CITs, we note that they could be applied directly
to the images, either by removing X in a model refit as in FCIT and PCIT, or by using
knockoffs for X. However, this exacerbates the challenges described in the previous para-
graph. That is, T1E, power, and complexity are affected as follows: First, the T1E increases
for misconstruction of the knockoffs of X, which are harder to construct than knockoffs of
X%, Second, the power decreases when the model cannot account for an increase in pre-
dictive accuracy using X and Z compared to the predictive accuracy using Z alone. While
there exist many models to estimate the additional predictive accuracy using X“ and Z,
often working well with established automated hyperparameter tuning, the models such as
neural networks for X and Z are often strongly dependent on their hyperparameters with-
out simple tuning methods, making the performance of the tests even more hyperparameter
dependent and difficult to fit on small data sets. Finally, the models for learning f increase
in complexity, which greatly increases the time complexity for each test. This makes the
corresponding tests computationally expensive or even prohibitive, especially for multiple
tests including the images, compared to DNCITs using the same feature representations
over all multiple tests. Therefore, we do not investigate this approach further in this paper.

D.4 The Projected Covariance Measure

The PCM (Lundborg et al., 2024) was developed as a conditional mean dependence test
and tests

HY peyy E[Y|X®, Z) =E[Y|Z] vs. HYpey :E[Y|XY, Z] #E[Y|Z].

5. The FCIT package is available in python under https://github.com/kjchalup/fcit, the PCIT package
under https://github.com/alan-turing-institute/pcit, and the CPI package in R under https:
//github.com/bips-hb/cpi.
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As a test statistic, the authors propose

ﬁ > i1 Li
VAT L (AT, L)

w
T9PCM -

where L; = {V; — m(Z)}{f(X¥, Z;) — mf(Zi)} with an estimate f(X¥, Z) for f(X¥,Z) =

E@i?f&?%‘z}, and estimates m(Z) and mf(Z) for E[Y|Z] and E[f(X¥, Z)|Z, f], respec-
tively. To avoid inflated T1Es due to the estimation of f, the PCM relies on sample splitting.
To use the data more efficiently than splitting it into two halves, the p-value can be com-
puted by averaging the p-values of the PCMs applied to several folds. This should increase
the power of the test, as discussed in Kook and Lundborg (2024), but also increases its

runtime.

Under Hf poj, the test statistic converges to a standard normal distribution, given
assumptions that rely most notably on the performance of the regression models, m and
m 2 and on the estimation of f. Specifically, the test controls the T1E if the product of the

mean squared prediction errors (MSPESs) of m and m j converges at a rate of n=1. Then, a
one-sided test for large values can be applied, since the test statistic is positive under the
alternative hypothesis.

Compared to (2), PCM’s null, Hy pcy,, only tests whether E[Cov(Y, f(X*, Z)[Z)] = 0.
Thus, the PCM is powerless if Y 1. X“|Z but E[Couv(Y, f(X¥, Z)|Z)] = 0 holds. Further
details on this comparison between CI and conditional mean dependence are also given
in Lundborg et al. (2024). Apart from this potential loss of power when considering the
conditional mean of Y instead of its conditional distribution, the PCM is well suited to test
(2) since it includes the high-dimensional X“ and Z as inputs of regression models in the
test statistic. Thereby, the PCM avoids having X% as output as in other residual-based
CITs like the GCM, making it more suitable for feature representations. Furthermore,
the PCM performs well compared to other conditional mean dependence tests (Williamson
et al., 2023; Dai et al., 2022; Cai et al., 2025).

The PCM depends on the parameters Opcoy = (Qf, O, me7 K), where Hf, Gm,ﬂmf are
the parameters of the regression models used to estimate f, and the regression models m
and m P respectively, and K is the number of folds used to split the sample. Although
the test could be applied directly to structured objects, such as images, the remarks at
the end of Appendix D.3 apply to the PCM as well. Specifically, there are no theoretical
guarantees that more complex models fitted to structured objects will converge fast enough
to satisfy the MSPE assumptions. Furthermore, current packages do not directly implement
such models, focusing instead on tabular regression models (Kook and Lundborg, 2024).
Nevertheless, this implementation works well when applied to feature representations of
structured objects, as in the DNCIT, instead of the structured objects directly. Thus, we
applied the PCM with K = 1 and its default random forest regressions (Wright and Ziegler,
2017) to estimate all quantities in f as well as 1 and m F The time complexity of the PCM
depends on the repetition of PCMs K and the regression models used. For the random
forest regressions, the PCM has time complexity of O((p + q)nlogntree,,) for the training,
where p+ ¢ is the feature representation dimension plus the confounder dimension and tree,
is the number of trees, as well as O(treegepn (p+¢)) for predicting where treegepep, is the tree
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depth, together with a cross-validation with k£ being the number of folds for each regression
model. In summary, the PCM is well suited to test (2) due to the inclusion of X“ as
an input to regression models, its theoretical guarantees based on achievable assumptions,
and its stable implementation. We call the corresponding DNCIT Deep-PCM. For future
research, the PCM could be extended to the conditional distribution of Y to also have
power in settings where Y J{. X“|Z but E[Couv(Y, f(X%, Z)|Z)] = 0. Furthermore, it would
be interesting to study empirically whether X can be used directly as input. Finally, an
implementation for categorical Y is currently lacking.

D.5 The Conditional Mutual Information K-Nearest-Neighbor Test

The metric-based CMIknn CIT of Runge (2018) is based on the CMI as a test statistic,
testing

H&CMI,CRH:C’MI((X”,Y,Z)):///dxdydzp(x,y,z)logpp( 412

([2)

T,y
2)p(ylz)

since CMI((X¥,Y,Z)) = 0 if and only if X* 1l Y|Z (Runge, 2018). Then, the authors
present the estimator
nn w n 1 . z Tz z
TEMIE (XY, 2)") = wkonr) + = > (k) — (k%) — (k)]
i=1

d
where ¢(z) = — InT'(x), I'(-) the Gamma function, kcprr is a pre-specified number of

nearest neighbors in X x ) x Z defining implicitly the local distances ¢;,i = 1,...,n and
kZ, k¥*, kY% are the corresponding numbers of nearest neighbors fori =1,...,nin Z, X x Z
and ) X Z, respectively, with distance strictly smaller than e;.

This test statistic is compared to the null hypothesis through a local permutation
scheme. In particular, the kpe,m-nearest neighbors in Z are computed and for each Y;,7 =
1,...,n its neighbors are selected by these nearest neighbors in Z. Then, each Y; in
Y™ is locally, randomly permuted M times such that each Y; is, if possible, only used
once in the permuted (Y(m))",m = 1,..., M. Finally, the p-value is obtained through
P = M1 Z%:1 ]l{j“'\C'MIk:’rm(()(w7 Y(m)’ Z)n) > T\CMIknn((Xw’ Y, Z)n)}

The CMIknn CIT® is applicable to arbitrary dimensions of X“,Y, Z, which makes it
applicable to the feature representations of the images and even more generally, metric
spaces X, Y, Z. It depends only on the hyperparameters kcpsr and Kperm, where the authors
suggest a low, fixed kperm € {5,...,10} and a rule-of-thumb of kcarr ~ 0.1n or 0.2n.
The T1E and power increase for larger kpe,m, while it is theoretically guaranteed only for
kperm = 1 that (X“’,Y(m),Z)",m = 1,..., M are approximately sampled from PSE (Sen
et al., 2017). The power of the test increases in ko7 up to some maximum in the existing
simulation studies in Runge (2018). The test has a computational cost of O(n?) for the
search for nearest neighbors in T¢MIknm and the permutation scheme, and scales roughly
linearly in kcpr and (p 4+ ¢ + 1), where kopsr is the number of nearest neighbors used to

6. The CMIknn package can be found under https://github.com/jakobrunge/tigramite.
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estimate TCMTF™m and p + ¢ + 1 is the dimension of (X“,Y, Z) (Runge, 2018). We call the
corresponding DNCIT Deep-CMIknn.
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