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Abstract

In recent years, diffusion models, and more generally score-based deep generative models,
have achieved remarkable success in various applications, including image and audio gen-
eration. In this paper, we view diffusion models as an implicit approach to nonparametric
density estimation and study them within a statistical framework to analyze their surpris-
ing performance. A key challenge in high-dimensional statistical inference is leveraging
low-dimensional structures inherent in the data to mitigate the curse of dimensionality.
We assume that the underlying density exhibits a low-dimensional structure by factoriz-
ing into low-dimensional components, a property common in examples such as Bayesian
networks and Markov random fields. Under suitable assumptions, we demonstrate that
an implicit density estimator constructed from diffusion models adapts to the factoriza-
tion structure and achieves the minimax optimal rate with respect to the total variation
distance. In constructing the estimator, we design a sparse weight-sharing neural network
architecture, where sparsity and weight-sharing are key features of practical architectures
such as convolutional neural networks and recurrent neural networks.
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1. Introduction

Suppose we have observations X',..., X", which are independent and identically dis-
tributed D-dimensional random variables following an unknown distribution Py with density
po- Inference of the unknown Py or its density pg is a fundamental task in unsupervised
learning, and various methodologies and related theories have been developed over the past
few decades (e.g., Hastie et al., 2009; Tsybakov, 2008; Giné and Nickl, 2016).

Among these approaches, diffusion models have recently demonstrated remarkable suc-
cess across a wide range of applications. Even when compared to other modern deep gener-
ative models such as variational autoencoders (VAEs) (Kingma and Welling, 2014; Rezende
et al., 2014), generative adversarial networks (GANs) (Goodfellow et al., 2014; Arjovsky
et al., 2017; Mroueh et al., 2018), and normalizing flows (Dinh et al., 2015; Rezende and
Mohamed, 2015), diffusion models have achieved state-of-the-art performance in domains
including image (Rombach et al., 2022; Dhariwal and Nichol, 2021), video (Ho et al., 2022),
and audio generation (Kong et al., 2021).

Rather than directly estimating pg, diffusion models, more generally referred to as score-
based generative models, aim to estimate the map x — V log pp(x), commonly known as
the score function. They can be regarded as an implicit approach to density estimation
because, although no direct estimator of pg is constructed, the estimated score function
enables sampling from the learned distribution, for example, via score-based Markov chain
Monte Carlo algorithms such as Hamiltonian or Langevin Monte Carlo (Neal, 2011). The
idea of score-function estimation was first proposed by Hyvérinen (2005) and subsequently
extended by Vincent (2011) and Song et al. (2020).

A diffusion model consists of two diffusion processes, namely the forward and the back-
ward /reverse processes. The forward process is typically a simple and well-known diffusion,
such as the Ornstein-Uhlenbeck (OU) process, while the drift term in the reverse process
involves the score functions corresponding to the marginal densities of the forward process.
Rather than estimating a single score function V log py(+), diffusion models (Sohl-Dickstein
et al., 2015; Ho et al., 2020; Song and Ermon, 2019; Song et al., 2021) jointly estimate the
family of score functions; see Section 2 for further details.

For large D, inferring high-dimensional distributions becomes prohibitively difficult due
to the well-known curse of dimensionality. Why, then, do diffusion models perform so well
in practice, especially in high-dimensional domains such as images and videos? A natu-
ral explanation is that although the ambient dimension D is large, real-world data often
lie on, or near, low-dimensional structures that effectively mitigate this curse. This per-
spective aligns with a long line of statistical research showing that structural assumptions,
such as sparsity (Hastie et al., 2015), additivity (Hastie and Tibshirani, 1990), and mani-
fold structures (Genovese et al., 2012), can substantially improve statistical efficiency. In
the presence of such low-dimensional structures, estimators can achieve significantly faster
convergence rates even in high-dimensional settings. In practice, however, the underlying
structure is typically unknown, and procedures that can adapt to such unknown structures
are therefore preferred. Deep neural networks (DNNs), for instance, have been shown to
possess remarkable adaptivity in a variety of function estimation problems (Imaizumi and
Fukumizu, 2022; Schmidt-Hieber, 2020; Tang and Yang, 2024; Chae et al., 2023).
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Motivated by this viewpoint, we focus on a specific low-dimensional structure that cap-
tures a broad family of distributions: factorizable densities. We assume that the density
function py admits the factorization

po(x) = [T arx1). (1)

IeZl

where Z C 2[P is a collection of index sets, x; = (x;)icr, and each gy is a |I|-variate function.
Here, [D] = {1,...,D} and |I| denotes the cardinality of I. Such factorizable densities
naturally arise in graphical model contexts (Liu and Lafferty, 2019), including Bayesian
networks and Markov random fields. In particular, the conditional-independence structures
induced by undirected graphical models (Markov random fields) are well suited for modeling
images, where spatially adjacent pixels tend to be strongly correlated, whereas distant pixels
exhibit weak correlations (Ji, 2020; Vandermeulen et al., 2024b,a); see Section 4 for further
details.

Although this structure is well known in the statistical community, nonparametric adap-
tive procedures for such models have rarely been investigated in the literature. For S-Holder
densities (as defined in Section 1.1), classical nonparametric theory suggests that incorpo-
rating a factorization structure can improve the convergence rate with respect to the total
variation distance, from n=#/(P+25) (Tsybakov, 2008; Giné and Nickl, 2016) to n~8/(@+25),
where d = maxje7 |I| denotes the effective dimension corresponding to the largest compo-
nent function. Here, we assume that D is fixed and that all component functions have the
same smoothness level 5.

Once the factorization form in (1) is known, it is not difficult to construct an estimator
for po that achieves the rate n=#/(4+28) under suitable technical conditions. It remains
challenging, however, to construct an estimator that adapts to the unknown factorization
structure. To the best of our knowledge, theoretically adaptive estimators (though not
necessarily achieving the optimal rate) have been considered only in a few recent works
(Bos and Schmidt-Hieber, 2024; Vandermeulen et al., 2024b.a).

In this paper, we show that the implicit density estimator derived from diffusion models
is adaptive to the underlying factorization structure and achieves the minimax-optimal
convergence rate for estimating S-Holder factorizable densities, up to logarithmic factors
(Theorem 3). The main theoretical challenge lies in approximating the joint score functions,
which are the score functions associated with the marginal densities of the forward diffusion
process, using neural networks, since these functions are defined through D-dimensional
integrals. While prior theoretical works (Oko et al., 2023; Tang and Yang, 2024) are based
on vanilla sparse neural networks, we employ a novel architecture: sparse weight-sharing
neural networks. Here, parameters are sparse and shared within each layer to reduce model
complexity.

Although sparse weight-sharing neural networks are relatively new in statistical theory,
widely used architectures such as convolutional neural networks (CNNs; LeCun et al., 1989;
Krizhevsky et al., 2012) and recurrent neural networks (Rumelhart et al., 1986; Sutskever
et al., 2014) can be regarded as representative examples. From a theoretical perspective, to
the best of our knowledge, only a few works have established that CNNs perform as well as
vanilla feedforward networks in terms of approximation or estimation rates (Petersen and
Voigtlaender, 2020; Oono and Suzuki, 2019; Yang et al., 2024; Fang and Cheng, 2023).
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While finalizing the revision of this article, we became aware of a very recent preprint
by Fan et al. (2025), which investigates essentially the same problem, namely, the same
estimator, the same structural assumption, and the same convergence result. The key
difference lies in the network architecture: they employ fully connected neural networks.
Given this finding, our results do not demonstrate a distinct theoretical advantage of sparse
weight-sharing neural networks. Nevertheless, based on our proof techniques, it is plausible
to conjecture that sparse weight-sharing architectures may approximate certain general
classes of functions more efficiently than fully connected ones. We believe that exploring this
theoretically intriguing problem would provide valuable insights into the distinct benefits
of sparse weight-sharing networks.

Before concluding the introduction, it is worthwhile to review recent advances in the
statistical theory of diffusion models. Oko et al. (2023) proved that the implicit density
estimator from the diffusion model is minimax optimal within the nonparametric smooth
density estimation framework, using total variation and Wasserstein distances as evaluation
metrics. Subsequently, Zhang et al. (2024) and Wibisono et al. (2024) relaxed certain tech-
nical assumptions in Oko et al. (2023). Although these papers introduced several interesting
mathematical techniques for handling diffusion models, they did not address the issue of
the curse of dimensionality. To tackle this issue, Tang and Yang (2024) demonstrated that
the estimator from the diffusion model is minimax optimal with respect to the Wasserstein
metric under the smooth manifold assumption. Under a similar regime, Azangulov et al.
(2024) established tighter upper bounds for the convergence rate in terms of the ambient
dimension D. While the manifold structure is an interesting low-dimensional structure, an
optimal estimator adaptive to this structure can also be constructed using methods other
than diffusion models (Tang and Yang, 2023; Stéphanovitch et al., 2024). Diffusion models
have also been analyzed under other low-dimensional structures beyond manifolds (Chen
et al., 2023a; Wang et al., 2024; Yakovlev and Puchkin, 2025). Although minimax opti-
mality is not guaranteed in these settings, they commonly assume that P, is singular with
respect to the D-dimensional Lebesgue measure, with additional structural constraints.

In particular, while various interesting statistical theories have been developed for VAEs
(Kwon and Chae, 2024; Chae et al., 2023) and GANs (Liang, 2021; Uppal et al., 2019;
Chae, 2022; Stéphanovitch et al., 2024; Tang and Yang, 2023; Puchkin et al., 2024), the
factorization structure (1), which is closely related to the conditional independence structure
of directed and undirected graphs, has not been explored in the literature on deep generative
models. While the estimators proposed in Bos and Schmidt-Hieber (2024), Vandermeulen
et al. (2024a), and Vandermeulen et al. (2024b) are adaptive to the factorization structure,
diffusion models can adapt not only to this structure but also to other structures discussed
above, making them significantly more practical alternatives.

The remainder of this paper is organized as follows. In Section 2, we introduce diffusion
models and define our implicit density estimator. Section 3 presents the class of sparse
weight-sharing networks, while Section 4 details the main assumption: the factorization
assumption. Our main theoretical results are provided in Section 5. In Section 6, we discuss
the benefits of diffusion models compared to the vanilla score matching estimator. We
present small experimental results in Section 7 and conclude with discussions in Section 8.
All proofs are provided in the Appendix.
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1.1 Notations and Definitions

Vectors are denoted using boldface notation. For a multi-index v = (y1,...,vp)" € (Z>0)?,
denote D7 the mixed partial derivative operator 97 /dx]" - - - dx}y, where v. = Zi 17%- For
any 5, K > 0, let ’H%K (A) be the class of -Holder functions, consisting of every real-valued
function g on A C R such that

D7g)(x) — (D7
S s (D)) + 3 sup |(D7g)(x) /(j_wﬁ)(y)l <K
7.<18) ¥4 SO sl L 4

where || denotes the largest integer strictly smaller than 3. We often denote HﬁD’K(A) as
HP K (A) when the dimension is obvious from the context. For a vector x, we denote the £P-
norm, 1 < p < oo, and the number of nonzero elements as ||x||, and ||x||o, respectively. Let
¢o,p be the density function of the multivariate normal distribution N(0p, O'2HD), where
O0p and Ip are D-dimensional zero vector and identity matrix, respectively. For simplicity,
we often denote ¢, p as ¢, when the dimension is obvious from the context. For real
numbers a and b, let a Vb and a A b be the maximum and minimum of a and b, respectively.
The notation a < b means that a < Cb, where C > 0 is a constant not relevant to the
main argument. Similarly, ¢ =< b implies that ¢ < b and b < a. Finally, the notation

~

C =C(Ay,...,A,;) means that the constant C' depends only on Ay, ..., A,.

2. Diffusion Models

In this section, we provide a brief introduction to the diffusion model proposed in Song et al.
(2021) and define the estimator studied in our main results. Let (X;);>0 be the process
satisfying the stochastic differential equation (SDE)

dXt = —thXtdt + \/T.ﬁdetv XO ~ PO’ (2)

where (B¢):>0 is a standard D-dimensional Brownian motion and ¢ — o4 : [0, 00) — [0, 00)
is a (known) Borel measurable function. The stochastic process (X;) is often referred to as
a time-inhomogeneous OU process, and has been studied in Song et al. (2021) and Chen
et al. (2023c). For the OU process (2), the transition kernel is explicitly given as Gaussian.
Specifically, the conditional distribution of X; given Xo = xq is N (X0, 02lp), where
e = exp(— fg asds) and 02 = 1 — pu?. We denote this conditional distribution and the
corresponding density as P;(- | xo) and p.(- | X¢), respectively. We also denote P, and p; as
the marginal distribution and density of Xy, respectively. Hence, we have

pr(x) = / bor (x — ry)dPoly) = / fos (X — p2)PO(Y )y

Note that p; converges very quickly to the standard Gaussian density as t — oo; see Bakry
et al. (2014) for a rigorous statement.

Note that the map x — fy(x,t) is the score function corresponding to the marginal
density p;. As a convention, we also call fj a score function.

For a given non-random T > 0, let (Yt)te[o,T) be the reverse-time process defined as
Y; = X7_,. Then, it is well-known (Anderson, 1982) that (Yt)te[o,T) is also a diffusion
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process under mild assumptions. More specifically, once

T
/ E [po(Xe) + 200 |V log pi(X) 3] dt < 00 ¥s >0
S
and the map ¢ — «y is bounded from above, we have

dY, = [Oéf,th + 207,V logpf,t(Yt)] dt +/2a7_,dBy

_ 3)
= [Olfith + 2047,tf0(Yt, T— t)] dt + QOéfitdBt, YO ~ PT’

see Theorem 2.1 of Haussmann and Pardoux (1986). Note that the Brownian motions in
(2) and (3) are not identical. However, we use the same notation B; to denote a standard
Brownian motion as a convention throughout the paper.

Once we have an estimator f for the score function fy, one can simulate the reverse
process starting from a standard Gaussian to obtain samples from the estimated distribu-
tion. The score function can be estimated via the score matching (Hyvérinen, 2005) or its
scalable variations (Vincent, 2011; Song et al., 2020; Yu et al., 2022).

Let F be a class of functions (x,t) — f(x,t) used to model the score function fy. A
detailed description of the class F in our theory is provided in Section 3. At the population
level, the best approximator to fy in F can be defined as the solution to the following
optimization problem

T
minimize/ ME [Hf(Xut) — fO(Xut)Hg} de
feF 0

T
< minimize / ME [Hf(xt,t) — Vlog pt(xt)ug} dt,
€ 0
where A\; > 0 is a weight. Based on the well-known fact (Vincent, 2011) that
E[I£(X0, 1) — Viegp(X)|F] = E [I£(X0,1) - Viegp(Xs | Xo)lE| + G (5)

where C} is a constant depending only on ¢t and fy and

dlog ps(x+ | X0 Xt — X0
Viogpu(x, | xg) = ZOELELLX0) %0 o e
¢

the minimization problem (4) can be equivalently written as

T
minimize/ ME [Hf(Xt,t) — Vlogpe(X; | XO)Hg} dt
feF 0

— minimize/OTAJE[]E(Hf(Xt,t)_|_Xt_'“tXOHz | XO)}dt'

fer o}

In practice, \; is set to zero for sufficiently small ¢ to avoid potential singularity issues. This
leads to the following ERM (empirical risk minimization) estimator

~ 1 & )
f € argmin — » /l¢(X"), 6
i 3 ©)
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where

lp(x) = /TT)\tIE[Hf(Xt,t)+

X — e Xo
2

O

Hz | XO:x]dt (7)

is the loss function and T > 0 is a sufficiently small number.
Let (Yt)te[o 7_q) be the solution to the SDE

d?t = [af_t?t + QOZT_t? (?t, T — t)] dt + QaT_tdBt, ?0 ~ N(OD, ]ID) (8)

and )/it = ?T—t' Let ﬁt be the marginal distribution of 5\(,5 and p; be the corresponding

Lebesgue density. Also, let P= ]32 and p = pr. The existence of p; is guaranteed under mild
assumptions; see Bogachev et al. (2011) for details. Although p; is only defined implicitly
through the SDE (8), it is a function of data, hence an estimator for the unknown density
pe. Since we expect that p; &~ pg for sufficiently small ¢, p can serve as an estimator for pg.

Remark 1 Note that the loss function (7) involves integrals (with respect to Xy and t)
that are not directly tractable. In practice, a slightly different loss function with augmented
variables is considered for computational tractability (Sohl-Dickstein et al., 2015; Song and
Ermon, 2019). Specifically, with a slight abuse of notation, define the loss function

X — MXo ||2
le(x0, %Xy, t) = Hf(xt,t) + tiéltoH .
of 2

By regarding T' as a random variable independent of the stochastic process (X) and sup-

ported on [T, T] with the density proportional to A, we have
CrE [¢s(Xo, X7, T)] = E [¢¢(Xo)],

where Cp = fTT Aedt is a normalizing constant. Therefore, although the loss function (7)
itself is not directly tractable, one can approximate the solution to the minimization problem
(6) using stochastic gradient methods.

Remark 2 The target estimator in our theoretical study in Section 5 is D as defined above,
which is the density of X = Y7 _,.. In practice, samples from the estimated distribution
are generated by numerically solving the SDE (8) using methods such as Euler-Maruyama
discretization (Kloeden and Platen, 2011; Song et al., 2021), starting from an initial sample
drawn from the standard normal distribution. Hence, more delicate statistical theory should
incorporate these discretization errors. As an independent line of work, there are various
articles studying discretization errors in diffusion models (Oko et al., 2023; Chen et al.,
2023c; Nakano, 2024; Bortoli, 2022; Benton et al., 2024; Chen et al., 2023b; Li et al.,
2024; Liang et al., 2025). Combining our statistical theory given in Section 5 with these
works, the main results remain valid if the SDE is discretized with a sufficiently fine time
partition. For additional details, we refer to Section 5.3 of Oko et al. (2023).



KwonN, KiM, OHN AND CHAE

3. Sparse Weight-Sharing Neural Networks

In this section, we define neural networks that are used as a function class F to model the
score function fy described in Section 2. Instead of vanilla feedforward neural networks, we
consider sparse weight-sharing architectures, which are widely used in practical applications.
By incorporating such sparsity and weight-sharing structures into the network architecture
that models the score function, one can substantially reduce the model complexity (often
expressed in terms of metric entropy; see Lemma 27), ultimately leading to a reduction in
estimation error.

For a positive integer m, let p,, : R™ — R™ be the coordinatewise ReLLU activation
function defined as pp,(z) = (max{z1,0},...,max{zy,0}) for z = (z1,...,2m)". For
simplicity, we often denote p,, as p. For L € N>o, d = (di,...,dr+1) € NMFL s e NN M >
0,m = (mq,...,mp_1) € N\-1 and

Pm = ((Qi, Ri))ic[L—1)»
where Q; = (ng )) je[m,] 18 a collection of d; x d; permutation matrices and R; = (jo )) jem]
is a collection of d;;+1 X d;y1 permutation matrices, let Fyysnn = Fwsnn(L, d, s, M, Py, ) be
the class of functions f : R4 — R%+1 of the form

f(z) e WL (fol O--+-0 fl) (Z) + bL,
() =p | S BY (WP - +b))
=1

with W; € R4%+1%di and b; € R%+! satisfying

L

max {max ([|[Willoo, [biflc)} = M, > (IWillo + Ibillo) < s.
- i=1

Here, |W;]| and ||W;|lo denote the entrywise maximum norm and the number of nonzero
elements of the matrix W;, respectively.

The network (9) includes vanilla feedforward neural networks as special cases. For
example, if m = (1,...,1) and all matrices in Py, are identity matrices, the class Fwsnn
reduces to the usual class of sparse networks considered in the literature. In this case, we
often denote Fwsnn(L,d, s, M, Pm) as Fnn(L,d, s, M).

The network (9) is designed to incorporate sparsity and weight-sharing into the archi-
tecture. As a simple example, consider a weight matrix W € R3¥4¢ with the following
block structure, where each block has the same size of d x d:

Wo 0ga 0ga Wo
W = [0gq Oqqa Wo Oggq
O0a,a Wo 0ga Wo

Here, 04,4 denotes the d x d zero-matrix. Two important features of W are that it is sparse,
in the sense that many elements of W are exactly zero, and that the sub-matrix W is shared
across different rows and columns. The formula (9) is one way to effectively represent neural
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networks with sparse weight-sharing matrices like W. For example, it is straightforward to
construct 3d x 3d permutation matrices RY) and 4d x 4d permutation matrices Q) for
j <5, that satisfy

5

Nl Wo O ;

w =N "Rr® [ 0 d,3d} ()
]z_:l 024,04 024,34 @

The number of nonzero elements of W is 5d?, but we can express it with a smaller sparsity
of d? by weight-sharing architecture.

Sparse weight-sharing matrices are used in many practically important architectures,
such as convolutional neural networks (LeCun et al., 1989; Krizhevsky et al., 2012) and
recurrent neural networks (Rumelhart et al., 1986; Sutskever et al., 2014); see also Zhang
et al. (2021) and Jagtap et al. (2022) for additional examples. Note that CNN architectures
are frequently adopted in diffusion models (Sohl-Dickstein et al., 2015; Ho et al., 2020;
Ronneberger et al., 2015).

As an illustrative example, consider a convolution operation with an input image x of
size di = s2, a filter of size s = 5(2), and an output image y of size dy = (s1 — so + 1)2,
as illustrated in Figure 1. Let w = (wy,... ,ws)T be the vectorized version of the filter,
concatenating all columns of the filter sequentially, and let /W\Zﬁ R%*d1 he the weight matrix
corresponding to the convolution operation, such that y = Wx. One can observe that W is
a sparse weight-sharing matrix and can be represented in the form of (9). To see this, note
that each row of W can be obtained by permuting the vector (WT, 01,4,—s) € R . Thus, for
§ € [do], there exists a d; x di permutation matrix Q) such that yj = (w', Olvdl_s)Q(j)x.
Also, for j € [do], let RUY) be the dy x dy permutation matrix that swaps the first and the
jth row when it is left-multiplied by a matrix. Then, we can express the matrix W in the
form of (9) by

d
’ Odo—1,5 Odo—1,d1—s

One may additionally incorporate padding and stride operations (Paszke et al., 2019) into
the convolution operation described in Figure 1. The corresponding weight matrix, with
these additional operations, can also be expressed in the form of (9) by carefully selecting
the permutation matrices.

4. Factorizable Densities

4.1 Factorization Assumption

In this section, we introduce the low-dimensional assumption considered in our main results
and provide some well-known examples. Formally, we consider the following factorization
assumption.

(F) There exists a set Z C 2Pl and functions g7 : Rl — R for each I € Z such that

po(x) = [ or(xr), vxeRP.
IeT
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Output
I hn Y2 Y3
nput
D = W1T1 + Waky | = Wi1T2 + W3 | = wix3 + Waly
T D) 3 Ty Fwss + wae | +wake + WaT7 | fwsxy + waTs
Filter
L5 Te | L7 | T8 wy | w2 Ya Ys Y6
= W1T5 + Wake | = W16 + Walky | = W1T7 + W2y
X9 X10 T11 12 w3 Wy +w3rg + wyT1o | +W3T10 + WaT 1 | FWIT11 + WaT12
Z13 | T14 | T15 | 16 yr s Yo
= wW1T9 + WaT10 [= W1T10 + Wak11fF W1T11 + Wak12)
+wsx13 + WaT14 | FW3T14 + Wax 5| FW3T15 + WaT 14

.

wp weg 0 0 w3 wg 0O 0O 0O O O
0 wg wa 0 0 w3 wgy O 0O O O
0 0 wy wa 0 0 wg wg 0 O O

wy wy 0 0 wg wg O
w; we 0 0 w3 wy

w1 w2 0 0 w3 Wy

0 0 0 wy wy 0 0 w3 wy

o O O O o o
O O O O o O
O O O O o O
o O O o o

0
00010111)200103’!1140
0
0 0 0 0 0 wy woa 0 0 wg wy

Figure 1: Example of a 2-dimensional convolution operation with an input x € R16, a filter
vector w € R* and output y € R?. The operation can be represented as a matrix
multiplication (Goodfellow et al., 2016), given by y = Wx.

For a density pg satisfying (F), let d = maxjc7 || denote the largest number of variables
that any g;r depends on. We refer to d as the effective dimension corresponding to the
factorizable density pg. As a simple example, if pg is the density of a random vector
X = (Xy,...,Xp) and each component of X is mutually independent, then d = 1. In the
following subsections, we present examples based on conditional independence structures,
which are often represented using graphical models.

4.2 Example: Bayesian Networks

A Bayesian network is a random vector X = (Xi,..., Xp) whose conditional indepen-
dence structure can be represented by a directed acyclic graph (DAG) with the vertex set
{1,...,D}. For a Bayesian network, each variable X; is conditionally independent of all
other variables given its parent variables X, ;) = (X})jepa(i)> Where pa(i) denotes the set of
parent indices of vertex i. Accordingly, the density py(-) of a Bayesian network X factorizes

10
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(a) A Bayesian network with d =4 (b) A Markov random field with d = 3

Figure 2: Examples of directed and undirected graphical model structures for a 7-
dimensional random vector. In both cases, the effective dimension d is strictly
less than D = 7.

as
D D
po(x) = [ [ pi(@i | %par) = [ [ 9i(mis Xpagi))-
=1 =1

where p;(- | Xpa(;)) is the conditional density of X; given X,,) = Xpae) and gi (74, Xpa(s)) =
Pi(Ti | Xpa(i))- Hence, py satisfies the assumption (F) with Z = {{i} Upa(i) : i € [D]} and
d =1+ max;¢p) [pa(i)|; see Figure 2(a) for an illustrative example.

4.3 Example: Markov Random Fields

A Markov random field over an undirected graph G with vertex set {1,..., D} is a random
vector X = (X7,..., Xp) with the property that each variable X; is conditionally indepen-
dent of all other variables given its neighbors, often referred to as the local Markov property
(Lauritzen, 1996). If the density po(-) of X is strictly positive, the local Markov property
holds if and only if

po(x) = ] go(xc) (10)

ceC

for some functions g¢o, where C denotes the set of all (maximal) cliques in the graph, as
stated by the celebrated Hammersley-Clifford theorem (Hammersley and Clifford, 1971;
Lauritzen, 1996). Here, a clique is a fully connected subset of the vertex set in a graph, and
the factors go are referred to as potential functions in Markov random fields. Therefore, the
assumption (F) holds with Z = C and d = maxcec |C|, where d represents the maximum
number of vertices in the (maximal) cliques; see Figure 2(b) for an illustrative example.
Note that images consist of pixels with strong spatial correlations. It is, therefore,
natural to assume that each pixel is conditionally independent of all other pixels given the
pixels in its neighborhood. This makes the local Markov property particularly suitable for
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H

(a) MNIST image of the digit ‘0’ (b) d=2 (c)d=4

Figure 3: An image of the digit ‘0’ from the MNIST data set (LeCun et al., 1998), along
with two possible undirected graph structures for MNIST. For each pixel, a larger
neighborhood may be considered depending on the degree of spatial correlations.

image data. For example, one might consider a graphical model structure, such as in Figure
3(b), which has a very small d (e.g., d = 2 in this example).

5. Main Results

In this section, we present the main results of the paper. Section 5.1 introduces the as-
sumptions on pg required for the main results. Section 5.2 presents our main theorem
(Theorem 3), which establishes the convergence rate of the diffusion estimator p introduced
in Section 2. Finally, Section 5.3 describes the key technical components used to prove
Theorem 3, namely the approximation of the score function fy using sparse weight-sharing
neural networks.

5.1 Assumptions

For given data X!,..., X", let p and (p;) be defined as in Section 2. Note that the estimators
p and (p;) depend only on the non-random quantities (i), (\¢), T, T (which may depend
on the sample size n), and the architecture F = Fwsnn(L,d, s, M, Pm). Recall that oy
is the negative drift coefficient of the forward diffusion (2), A\; is the weight for the loss

function (7), and [T, T] is the interval defining both the loss function and the estimator p.
Throughout the paper, we assume the following without explicit restatement:

1. X!,...,X" are i.i.d. from pg, supported on [—1,1]".
2. sup,ey |00 /0t7] < 1for allt > 0 and 7 < ay <7 for constants 7,7 > 0.
3. x=1forallt>T.

Note that the standard OU process corresponds to ay = 1, and widely used diffusion
models in practice (DDPM; Ho et al., 2020) often set ¢ — «; as a linear function; both
choices satisfy the above requirements. For simplicity of the proofs, we set the weight
function A; to be constant. We also note that, with additional technical details, our main
results can be extended to more general choices of forward diffusion processes and weight
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functions. For various designs of such choices in practice, we refer to Karras et al. (2022). In
addition to these basic assumptions, we will require the following additional assumptions:

(S) The factorization assumption (F) is satisfied and there exist constants 5, K > 0
such that py € HOK([~1,1]P) and g; € HPK([—1, 1)) for every I € Z.

(L) There exists a constant 71 > 0 such that po(x) > 71 for every x € [—1,1]7.
(B) In addition to (S), there exists a constant 7o € (0, 1) such that

sup sup ID7po(x)| < K.
~END x:1—19<||x||oc <1

As in Oko et al. (2023), assumptions (B) and (L) are imposed purely for technical
convenience. Although assuming that the density vanishes near the boundary of its support
is more natural and plausible, assumption (L) greatly simplifies many proofs related to score-
function estimation, since the score function V log p;(x) is defined as the ratio Vp;(x)/p:(x).
For this reason, following Oko et al. (2023), we adopted this assumption for tractability.

It should be noted that assumption (L) conflicts with the regularity or smoothness
condition: once the density is bounded from below by a positive constant on its support,
it automatically becomes non-smooth near the boundary when viewed as a function on
RP. This irregularity necessitates a careful approximation analysis near the boundary. To
facilitate this analysis, we introduced the technical assumption (B), again following Oko
et al. (2023). We also note that our main result, Theorem 3, remains valid if the constant
T9 in assumption (B) is replaced by (logn)~ ™4, where 7p,q is an arbitrarily large constant.

In a recent preprint, Fan et al. (2025) obtained similar results without assumption (B),
and their approach could, in principle, be adapted to our framework to remove (B) as well.
We also note that several recent works (Zhang et al., 2024; Wibisono et al., 2024; Fu and
Lee, 2025) have established results comparable to or weaker than those of Oko et al. (2023)
without relying on assumptions (B) and (L). However, their techniques do not appear to
extend easily to the setting of factorizable densities considered in our paper.

The factorization assumption (F'), combined with the smooth components assumption
(S), forms the key structural assumption for our main results. Note that our results can
be easily extended to the case where each factor function possesses a different level of
smoothness. The factorization assumption with smooth nonparametric components has
been investigated in the statistical literature under the framework of nonparametric graph-
ical models, specifically in the Markov random fields. Liu et al. (2011), Liu et al. (2012),
Gyorfi et al. (2023) focused on undirected acyclic graphs (forests), where d is at most 2, and
employed kernel methods. With this simple graph structure, Liu et al. (2011) developed a
consistent graph selection method, while Liu et al. (2012) constructed a minimax optimal
density estimator for the special case of § = 2. Further advancements for the case § =1
were studied in Gyorfi et al. (2023).

Nonparametric statistical theory for general undirected graph structures has been stud-
ied in some recent articles. In the case of f = 1, Vandermeulen et al. (2024a) and Van-
dermeulen et al. (2024b) proposed estimators whose convergence rates do not depend on
the data dimension D. More specifically, Vandermeulen et al. (2024a) introduced a novel
quantity called the graph resilience r and derived a convergence rate of n=1/("+2) (up to
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a logarithmic factor) with respect to the total variation distance. They showed that this
quantity satisfies d < r < D, meaning their rate is optimal only in special cases where
d = r. Notably, r can be much larger than d, for example, when the graph is a tree. Van-
dermeulen et al. (2024b) studied a more tractable DNN-based estimator with a convergence
rate of n=1/(4+4) which is sub-optimal. More recently, Gottwald et al. (2025) introduced a
quantitative condition that characterizes the locality structure of the graph. They further
showed that diffusion models yield consistent estimators when D 2 log n, with convergence
rates that depend on this additional locality structure.

Bos and Schmidt-Hieber (2024) considered a slightly more general structure than the
factorization assumption (F), using a different type of estimator. Specifically, they assumed
that py has a composite structure with smooth component functions. It is well known
that deep neural networks can adapt to composite structures in nonparametric function
estimation; see Schmidt-Hieber (2020), Bauer and Kohler (2019), and Kohler and Langer
(2021). Bos and Schmidt-Hieber (2024) transformed the density estimation problem into
a nonparametric regression problem and then constructed a density estimator. With this
approach, they achieved a convergence rate of n~—8/(d+26) \/ p=6/D (up to a logarithmic
factor). While this rate improves upon existing results, it is optimal only when D < 25+ d.
Note that our main results can also be extended to the composite structure considered in
Bos and Schmidt-Hieber (2024) without significant difficulty.

5.2 Convergence Rate

The total variation distance between two Borel probability measures P and @ on R is
defined as

drv(P,Q) = SUup [P(A) = Q(A)],

where the supremum is taken over every Borel subset A of R”. We often denote drv (P, Q)
as drv(p, q), where p and ¢ are Lebesgue densities of P and @), respectively. The following
theorem provides the convergence rate of p with respect to the total variation, which is our
main result. Recall the definitions of the estimators f and p from Section 2, and note that
the score function is denoted by fy(x,t) = V log pi(x).

Theorem 3 Suppose that py satisfies (S), (L), and (B). Let Tmin and Tmax be constants
with

Tmin > d ( 4p \/1> and T > B \Y, 24D
=98 +d \d(BA1) 3D =28 +d) (28 +d)T

Let T = n~™in qnd T = Tmax logn. Then, for every n > Cs, there exist a collection of
permutation matrices Pm = ((Qi, Ri))ie[L,l} and a class of weight-sharing neural networks
FwsNN = FwsnN(L, d, s, M, Pm) with

d(D+1)

L < Ci(logn)Sloglogn, |d|le < Cin 2744 |
d
s < Cyn?+d (logn)®loglogn, M < exp(C1{logn}"),

abD
[ml|oe < Cyn2oed
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satisfying

T 2 12
E ( / / [fext)  fo(x. )| pt(x)dxdt> <en,
T JRD 2

where T is the ERM estimator over the class F = Fwsnyn N Foo with

Foo = {f: 1£(x, )] o0 < C“ftoﬁ vx € RP t > o}
and
€n = Cln_Tid {(log n)2PH20+L 4 (log n)lo} :
Moreover,

E [dTV (p()?ﬁ)] S €n,

where p = pr is the corresponding estimator defined through the SDE (8). Here, C1,Cy are
constants depending only on (B,d, D, K, Tmin, Tmax, T1, T2, T, T).

The proof of Theorem 3 is provided in the Appendix. Note that 7 and 7 can be treated
as known constants. For example, if a; = 1 for all ¢, both constants can be set to 1. The
constants Tmin and Tmax can also be chosen to depend solely on the single quantity /3/d,
ignoring their dependence on the known quantities (D, 7, T).

It can be observed that the class of permutation matrices Py, can likewise be chosen to
depend only on (/d; see Section 5.3 for details. Similarly, if 71, 72, and K are treated as
known constants, the hyperparameters (L, d, s, M, Py,) defining the neural network Fwsnn
can also be selected to depend solely on §/d. Therefore, the estimators f and p ultimately
depend only on 3/d.

In this sense, f and p are adaptive to the factorization structure because their construc-
tion does not rely on the structural information. We do not aim in this paper to construct
a fully adaptive estimator, in the sense of estimators that do not depend on 3/d. Although
the architectures in Theorem 3, including the class Py, of permutation matrices and the
hyperparameters (L,d, s, M), can be chosen to depend solely on (/d, in practice, much
more complex architectures are often used, and hyperparameters are carefully tuned based
on extensive experimental work.

Note that the convergence rate in Theorem 3 is minimax-optimal up to a logarithm
factor over the class of factorizable densities. Specifically, for 5, K > 0 and D,d € N with
d< D, let

(5. D.d. 1) = { € H(1=1.11°) : o) = [T ou )

IeT (11)
gr € HPE([=1,1)1)), max|I|=d, T C 2[D}}
IeT
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be the class of factorizable densities with smooth component functions. Then, we have

inf  sup  Eldrv(po,p)] > n P/ 20+,
P poeG(8,D,d,K)

where the infimum is taken over all estimators. The proof of this lower bound is straight-
forward, given the well-known result that the minimax rate for estimating a d-dimensional
density in H5K ([—1,1]%) is n=#/(2F+4) (Giné and Nickl, 2016).

Here, we present an overview of the key ideas behind the proof. Recall that p = pr. By
the triangle inequality, we have

E [drv(po,D)] < drv(po, pr) + E [drv(pr, br)] - (12)

The first term in the right-hand side of (12) scales as a polynomial order in 1" = n~"min,
thus we can control the error by choosing a large constant 7,i,; see Lemma 26 for details.
The second term is the total variation distance between the distributions of X7 = Y7_,

and )A(Z = ?T—T' Note that the two processes (Yt)te[o 7] and (?t)te[o 7y differ only in their
initial distributions and drift functions. Hence, based on well-known results, we can bound
the total variation distance by controlling each difference separately as follows:

E [drv(pr, Pr))

T /
< drv (Ps,N(0p,Ip)) +E (/TT /]RD 4oy H?(X,t) — fo(x,t)Hzpt(x)dxdt> - ; (13)

see Remark 2.3 of Bogachev et al. (2016). Both terms on the right-hand side of (13)
correspond to the differences between the initial distributions and the drift functions, re-
spectively. The first term can be easily controlled because Pz converges exponentially fast
to N(0p,Ip) as T = Tmax logn increases. Thus, we can control the error by choosing a
large constant 7yax.

The second term on the right-hand side of (13) represents the risk of the empirical
risk minimizer f; see Proposition 29 for the detailed statement regarding this term. There
is a substantial body of literature introducing techniques to bound the risk of empirical
risk minimizers (e.g., van der Vaart and Wellner, 1996; van de Geer, 2000; Wainwright,
2019). Technically, the risk can be decomposed into two terms: the approximation error
and the estimation error, often referred to as the bias-variance decomposition. To bound
the estimation error, the key is to control the metric entropy of the weight-sharing networks
Fwsnn; see Lemma 27 for details. The key technical contribution of our work lies in
developing a sharp approximation error bound for score functions under the factorization
assumption (F'), which is introduced in the following subsection.

Remark 4 In (S), we assume that all factors gr have the same smoothness level. This
assumption can be relazed, allowing each gr to have a different level of smoothness. Specif-
ically, suppose that for each I € T, we have g; € HPE ([—1,1]1) for some B; > 0.

One can directly extend the proof of Theorem & to show that

~ _ Bx
E [drv (po, D)] Slog n~ 2Bs+dx
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with a carefully chosen network architecture, where

I, = zaurgmin&7 By« = Pr., di= |1
rer ||

The set-up of different smoothness levels includes the case of Liu et al. (2007), who
considered a density of the form po(x) = gr(x1)go(x), where gy is very smooth and I C [D].
Under the assumption that g; has continuous second-order derivatives, they proposed a
density estimator that achieves a convergence rate of O(n_Q/(4+|]D+€) for any € > 0.

5.3 Approximation Theory

Theorem 5 below presents the approximation results for the map (x,t) — fy(x,t) =
V log pi(x) using weight-sharing neural networks, which serves as the key technical compo-
nent of our main results.

Theorem 5 Suppose the density function py satisfies the assumptions (S), (L), and (B).
Let Tmin and Tmax be constants with

4p

> 2B 2D
= A AT) T

1
\/3—D and  Tmax >

Then, for every m > Cy, there exist a collection of permutation matrices
Pm = ((Qi, Ri))icz—1]
and a class of weight-sharing neural networks Fwsny = Fwsnn (L, d, s, M, P) with

L < C3(logm)®loglogm, ||d|lec < CsmP*t,
s < Cym(logm)®loglogm, M < exp(Cs3{logm}®),

Im|jos < Czm®

such that
o /é/’“(ﬂ £(x, 1)]|2 py (x)dxdt < Cym™ 7 (log m)iD+46+1
— d
fefwlsIgINﬁfoo T JRD 01X, % 2 PHX)EXAL = Lam ogm ’

where I’ = m ™ min T = 7, logm and

Cs+/logm
Ot

Foo = {f: IF(x,1)[|loo < vxeRD,t>0}.

Here, C3 and Cy are constants depending only on (B,d, D, K, Tmin, Tmax, T1, T2, T, T).

The proof of Theorem 5 is provided in Appendix. From this proof, it can be deduced
that the class of permutation matrices Py, can be chosen to depend only on m and 3/d. In
the proof of Theorem 3, we select m based solely on 3/d, implying that the choice of Py,
ultimately depends only on 3/d.
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Here, we present an overview of the key ideas behind the proof. Note that V log p;(x) =
Vpi(x)/pi(x), and the division operation can be approximated by DNNs very efficiently,
provided that the denominator is not too small; see Lemma F.7 of Oko et al. (2023). Since
the ideas behind approximating the maps (x,t) — p:(x) and (x,t) — Vpy(x) are similar,
we only present the key idea for approximating (x,t) — p;(x). For convenience, we use the
informal notation a <o b to indicate that a is less than b up to a poly-logarithmic factor,
such as logn, (logm)?, or log(1/0;). Similarly, we use the notation =]og to correspond to

~
—~.

For a given (sufficiently large) positive integer m, which roughly corresponds to the
order of the number of nonzero network parameters, we will construct DNN approximators
for the map (x,t) — p¢(x) in four regions and combine them. These four regions for (x,t)
can be roughly defined as follows:

(R1) (Outside of near-support) ||x|lcc — ¢ 2 orv/logm
(R2) (large t) ||X]loo — ¢ < 04v/Togm and t > m~=9/P for some 6 > 0

(R3) (Boundary of near-support) t < m~=9/P and —{log(1/0;)} /% < [|xlec — ptt <

o/logm
(R4) (Interior of near-support) ¢t < m~=9/P and ||x||oo — s < —{log(1/0y¢)}~3/2

Recall that p; = exp(— fot asds) and op = /1 — ,u?, so the maps t — u; and ¢t — o, can be
approximated by DNNs very efficiently. Likewise, the map x — [|x||oc can also be efficiently
approximated. Therefore, once we can approximate the map (x,t) — pi(x) in each of the
four regions, it is not difficult to combine them into a single function over the entire region.

In region (R1), p; is nearly zero due to the sub-Gaussianity of p;, making it easy to
approximate. In region (R2), t is sufficiently large, and thus the map x — py(x) is much
smoother than x — pg(x). This smoothness property enables the construction of a DNN
with a moderate number of nonzero parameters, as in Lemma B.7 of Oko et al. (2023); see
Proposition 25 for details. Similarly, in region (R3), the map x — p;(x) is very smooth due
to the assumption (B), allowing us to construct a DNN with the desired approximation
properties, similar to Lemmas B.2-B.5 of Oko et al. (2023); see Proposition 24 for details.

The main challenge in the proof of Theorem 5 lies in the approximation in region (R4).
Note that p;(x) 2 1 in region (R4), and that

pr(x) = /” o) x )

-D X+ oy
= — d
/Hx.:?y H <1 Mt Po < Lt ) ¢1 (Y) Yy,

oo

(14)

where ¢, denotes the density of N'(0p,o?Ip) for ¢ > 0. To approximate the right-hand
side of (14), we first approximate it by a finite sum via a quadrature method, and then
approximate the sum using a weight-sharing neural network.

To grasp the idea of approximation, it suffices to consider the approximation of a general
function

X / 9(x,y)dy, (15)
[_l’l]D
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defined through a D-dimensional integral. Here, g is a function such that for each x, the
map y — g(x,y) belongs to H([~1,1]7), where K > 0 is a constant independent of x.
We provide an idea for constructing a weight-sharing neural network to approximate the
map (15) with an error of € xjo¢ m~P/d Tt is well-known from numerical analysis (Novak,
1988) that, to achieve an approximation error of e for every function in HA%([—1,1]P)
using the Gauss—Legendre quadrature method, at least O(G_D/ 5) quadrature points are
necessary. Hence, (15) can be approximated by a finite sum with O(e~? /8 ) summands.
However, to approximate this O(e*D/ B )-term summation using DNNs, we would need at
least O(e~P/8) network parameters (up to a poly-logarithmic factor), which results in a
very large estimation error. To overcome this difficulty, instead of applying a single D-
dimensional quadrature method, we apply a 1-dimensional m-point quadrature method
D times to approximate the D-dimensional integral (15). Specifically, let (wj)je[m] and
(Yj)jem) be the m-point quadrature weights and nodes for 1-dimensional integrals over the
interval [—1,1], that is, for any h € HAK([-1,1]),

1 m
/1 h(y)dy =Y wih (y;)| S m ™7
g} <

see Lemma 20 for details. Then, we can easily see that

/[Mpg(x,y)dy— > wig(x,y5)| Sm™?

j€m]P

where w; = Hszl wj, and yj = (yj;,...,Y;,). Here, we slightly abuse the notation for
weights.
We next approximate the map

X Y wig (x,;5) (16)

j€[m]P

using weight-sharing neural networks. Although the summation in (16) consists of m” terms
and resembles a mP-point, D-dimensional quadrature, it can be approximated by weight-
sharing DNNs much more efficiently than a standard m?-point, D-dimensional quadrature
approximation. The key ingredients are the approximations of the following two maps:

— m mP
(w1, . ,wm) (wj)je[m]p R - R (17)
D
(X, Yty - 7ym) —> (g(X, yj))JG[m}D . RD-‘FWL Rm .

Although the wj’s are distinct, each wj is represented as a product of D terms from the
m distinct values wq, . .., w,,. Therefore, to approximate the first map of (17), we only need
to approximate the multiplication operation (z,y) + zy and apply it multiple times. Note
that multiplication can be approximated by DNNs very efficiently (Schmidt-Hieber, 2020).
With an additional trick, the repeated application of multiplication can be represented as
a DNN of the form (9), with a suitable choice of permutation matrices. Roughly speaking,
to achieve an approximation error of € Xjuq m P/ for this map, we only need O(logm)
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@) @) @)
=
OXDEDED

Figure 4: An illustration of why weight-sharing helps reduce model complexity: At some
middle layers of the network, we need to approximate a map with inputs x and
¥i,j € [m]P, and outputs g; = g(x,yj),j € [m]P. Since a single function g is
approximated for m” instances, leaving all network parameters as free parame-
ters is inefficient. Weight-sharing can significantly reduce the number of distinct
parameters. In this illustration, all edges with the same color share the same
weight parameters.

distinct network parameters, which is the same as for approximating a single multiplication
operation between two real numbers up to a constant multiple.

Similarly, weight sharing is crucial for approximating the second map in (17). Since
the function g are approximated for m” instances, weight-sharing networks help reduce
the number of distinct network parameters, see Figure 4 for an illustration. The number
of parameters required for a single evaluation of g with an approximation error of m=?/4
depends on the structure of g. In our case, O(m) parameters (up to a poly-logarithmic
factor) are sufficient, due to the factorization property of py.

By combining the results above, we can construct weight-sharing neural networks with
O(m) distinct parameters (up to a poly-logarithmic factor) to approximate (15) with an
error of m=A/4

Returning to the problem of approximating (14), a key difference between (14) and (15)
lies in the range of the integral, which depends on (x,t). In particular, the diameter of the
range also varies with ¢. As a result, we must use different quadrature weights and nodes for
each pair (x,t). However, these quadrature weights and nodes can be expressed as (very)
smooth functions of (x,t), making them easily approximated by deep neural networks. Full
proofs, including additional technical details, are provided in the Appendix.

6. Sub-Optimality of a Vanilla Score Matching Estimator

One of the main technical difficulties in our results in Section 5 arises from the fact that
p¢ is no longer factorizable for ¢ > 0. In practice, a key component of the success of score-
based generative models and diffusion models lies in jointly modeling infinitely many score
functions using deep neural networks via the map (x,t) — f(x,t) (Song and Ermon, 2019;
Song et al., 2021). Note that early works on the score estimation have focused on estimating
the single score function x — V log pp(x) via the score matching loss

() = tr (VE() + 5 [EG0)E
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which is based on the fact that
1 1
3 [1£0X0) = Viog(Xo)IB] = B [ (VE(X0)) + 5 £ XKo) ] +

under mild assumptions, where C' is a constant depending only on py (Hyvérinen, 2005).
For a given class F of score functions, let fyyg be the corresponding empirical risk mini-
mizer, that is,

n

fys € arfgemfin % ; [tr (VE(XY) + % Hf(Xl)H;] .

The corresponding density estimator can be defined via the Langevin diffusion. Specifically,
let (Z¢)i>0 be the solution to the following Langevin equation:

dZ; = —Vlogpo(Zy)dt +V2dB:,  Zo ~ N(0p,Ip).

Then, under mild assumptions, the distribution of Z; converges to py as t — oo. The
convergence speed can be exponentially fast under certain conditions on pg, such as when
po satisfies a Poincaré inequality or a log-Sobolev inequality (Bakry et al., 2014). Hence, one
can define a density estimator pys as the limit distribution of the Langevin equation, with
the true score function replaced by fvs We refer to fvs and pys as vanilla score matching
estimators for the score and density functions.

Note that vanilla score matching estimators are rarely used in modern large-scale gener-
ative problems. One reason is that the trace map tr (Vf(x)) is computationally challenging
to handle in high-dimensional (large D) problems, such as image generation tasks. There-
fore, one may raise an important question: if the computation of fyg is tractable, would
it perform well? More theoretically, one may ask whether ?Vs, and consequently pyg, can
achieve the optimal convergence rate.

Our conjecture is that, regardless of the potential minimax optimality of ?VS, the estima-
tor pys cannot achieve the optimal convergence rate. The rationale behind this conjecture
lies in the nature of estimating the score function. From the well-established results on the
minimax optimal convergence rate for estimating the density derivative (Stone, 1982; Singh,
1977; Shen and Ghosal, 2017; Yoo and Ghosal, 2016), under suitable assumptions, one can
derive the following lower bound for estimating the score function:

inf  sup E [H?(Xo) - VlOgPO(Xo)H } >, (18)
f poeg(ﬁ7D7d7K) 2

where the infimum is taken over all estimators and G(3, D, d, K) denotes the class of (-
smooth factorizable densities, defined in (11). Although we do not provide a specific proof
in this paper, such a result can be obtained by applying the standard Fano’s method. We
refer readers to Wibisono et al. (2024) for the case § = 2 without factorization structures,
and to Tsybakov (2008) and Wainwright (2019) for general lower-bound techniques.

The rate in (18) is a lower bound, which implies that the convergence rate of fyg cannot
be faster. The slower rate, compared to Theorem 3, arises from the fact that the score
function is only (8 — 1)-smooth, which is strictly less smooth than the density. From the
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convergence rate of the score function estimator ?Vs, one can derive the same convergence
rate with respect to the total variation for the corresponding density estimator pyg via
Girsanov’s theorem (Girsanov, 1960; Le Gall, 2016); see also Remark 2.3 of Bogachev et al.

(2016). While the rate n_ﬁTld is optimal for estimating the score function, the optimal
rate for density estimation with respect to the total variation is strictly faster. Hence,
the optimality of pys is not guaranteed. Although we do not have a formal proof that
drv(pvs,po) 2, n~(B=D/(2F+d) we conjecture that this is indeed the case and do not pursue
a formal proof in the current paper.

7. Numerical Experiments

In this section, we conduct a small-scale simulation study to empirically examine our the-
oretical findings. The numerical experiments are designed to explore three main questions.
First, we aim to assess whether diffusion models can perform reasonably well at small to
moderate data scales. Although this question is not directly related to our theoretical
analysis, it remains a natural and practically relevant question because diffusion models
are typically applied to very high-dimensional settings with a large number of parameters.
Second, we investigate whether, when a low-dimensional structure such as factorization
is present, diffusion models tend to outperform classical methods such as kernel density
estimation (KDE). Conversely, in the absence of such structural assumptions apart from
smoothness, we conjecture that diffusion models perform comparably to classical estimators,
at least in low-to-moderate dimensions (e.g., D < 10). Finally, we explore the potential
benefits of sparse weight-sharing neural networks compared to fully connected architectures
through these experiments.

Before proceeding further, we note that although our theoretical results provide valuable
insights into when diffusion models perform well compared to other methods, there remains
a substantial gap between the theoretical estimator and its practical implementations. In
practice, the number of nonzero network parameters in diffusion models is typically much
larger than the available sample size, and various forms of algorithmic regularization (ei-
ther explicit or implicit) are employed. Moreover, the U-Net architecture widely used in
applications differs significantly from the theoretical weight-sharing architecture considered
in this work. Given these discrepancies, it is inherently challenging to design simulation
studies whose outcomes align precisely with the theoretical predictions.

7.1 Data Set Descriptions

Hereafter, we denote Xy = (X1,...,Xp) as the random vector following the true distribu-
tion. Throughout our experiments, we fix the data dimension at D = 5. We analyze three
types of true data distributions characterized by different effective dimensions d: (1) d = 1,
(2) d =2, and (3) d = D. Each true distribution is specified by its marginal distributions
and a dependency structure imposed through a copula. Although not reported here, in
addition to the marginal distributions and dependency structures described below, we also
experimented with various other marginal and copula densities. We found that the results
were qualitatively similar and consistent across these settings.
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Figure 5: Marginal density used in the experiments.

For the marginal distributions, we consider those used in the experiments of Bos and
Schmidt-Hieber (2024), rescaled to lie in the support [—1, 1]D . Specifically, each variable X;
follows a density p, which belongs to a Holder class with smoothness § = 1/2. The explicit
form of p is described in Figure 5.

For the dependency structure, we employ three types of copulas: the independence
copula (d = 1), the Gaussian copula (d = 2), and the Clayton copula (d = D). For the
Gaussian copula, we adopt an AR(1)-type correlation structure with a correlation factor of
0.8. Recall that the Clayton copula is defined as

D -1/0
C’g(ul,...,uD): (Z(ui_e_l)-i-l) s

=1

where 6 is a parameter controlling the strength of dependence. Its corresponding copula
density can be derived in closed form as

D—1 D D 71+9D6
co(uy,...,up) = (H (1+ k9)> (H uial) (Z(ule -1)+ 1>
=1

k=0 i=1

In our experiments, we set § = 5.

For the training data, we consider sample sizes ranging from n = 200 to n = 100,000,
while the test data consists of 5,000 samples. For each setting, we repeat the experiments
five times independently and report the average performance below.

7.2 Learning Algorithms and Implementation Details
7.2.1 DIFFUSION MODELS

We employ the denoising diffusion probabilistic model (DDPM; Ho et al., 2020), which
corresponds to the standard OU process and is one of the most widely used diffusion frame-
works. The drift coefficient is set as oy = amin + t(Qmax — Omin)/(T — 1) and we fix
(Otmin, @max, T') = (0.0005,0.01,500) throughout all experiments.

The original DDPM architecture, which contains approximately 37 million parameters,
is excessively large for the simulated datasets considered here. To make the comparison

computationally feasible, we reduce its size to about 260,000 parameters. In addition, we
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modify the architecture, which is originally designed for two-dimensional image inputs, to
handle one-dimensional vectors of dimension five. Based on this adjustment, we evaluate
two different architectures in our experiments, both constructed to maintain comparable
parameter counts (around 260K) to ensure a fair comparison.

¢ DDPM with weight-sharing neural networks (DDPM with WSNN): This
architecture transforms the 5-dimensional input into a 160-dimensional spatial feature
via a fully connected (FC) layer (5 x 160) and embeds the scalar time input into a
160-dimensional time feature, which is further transformed by a FC layer (160 x 160).
The spatial feature is then processed by stacking nine weight-sharing blocks while
preserving the dimensionality throughout the network. Each block consists of two
one-dimensional convolution layers (Conv1D; kernel size 11, padding 5) operating on
the spatial feature, with layer normalization. The time feature is transformed by a
FC layer (160 x 160) and added to the spatial feature after the first convolution in
each block. A residual connection is applied to the spatial feature after the second
convolution. The final output is linearly projected back to the 5-dimensional space.
With 265,483 parameters, the model follows the pipeline:

Weight-sharing block x 9

5 FC > 160 ConvlD 160 ConvlD 160 - Linear 5
e \ FAF I ‘
Time : :
1 embed 160 FC i 160 i

e DDPM with fully connected neural networks (DDPM with FCNN): Unlike
the WSNN version, this architecture replaces the ConvlD layers with 160 x 160 FC
layers throughout the network. To maintain comparable parameter counts, this ar-
chitecture repeats the block only three times (instead of nine), resulting in 260,485
parameters.

Regardless of the sample size, both DDPM models are trained using the Adam optimiza-
tion algorithm (Kingma and Ba, 2015) for 1,000 epochs, with a mini-batch size of 100 and
learning rates of 5 x 1073 for WSNN and 1073 for FCNN. All experiments are implemented
in the PyTorch framework and executed on four NVIDIA RTX 3090 GPUs.

7.2.2 OTHER BASELINES

As baseline approaches, we consider one classical nonparametric method and one deep
learning based method. For the classical method, we employ the KDE with a Gaussian ker-
nel. The optimal bandwidth is selected according to Silverman’s rule of thumb (Silverman,
2018). The KDE implementation, including the sampling procedure, is carried out using
the Scikit-learn module in Python.
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For the deep learning based method, we adopt the approach proposed by Bos and
Schmidt-Hieber (2024), hereafter referred to as BOS. This method follows a two-stage pro-
cedure: in the first stage, a KDE is constructed using half of the dataset, and in the second
stage, a deep neural network is trained to approximate the resulting kernel density function
using the remaining data. It is known that the resulting deep learning model achieves a fast
convergence rate under a reasonably well-specified true structural density function. In the
KDE stage, the Epanechnikov kernel is employed, and the bandwidth is chosen of the form
C x (logn/n)'/P | where the constant C is selected via 5-fold cross-validation. In the super-
vised learning stage, a FCNN with [logy(2n)] hidden layers is employed, where each layer
consists of [(2n)'/2] nodes and uses ReLU activation functions. For further experimental
details, we refer the reader to the official GitHub repository of Bos and Schmidt-Hieber
(2024). Using the trained neural network as an estimated density function, we then gener-
ate samples via the Metropolis-Hastings algorithm (MH; Metropolis et al., 1953; Hastings,
1970).

7.3 Performance Measure

Since computing the total variation distance requires an explicit density estimator, which is
not straightforward for diffusion models, we instead assess performance using the Wasserstein-
1 distance based on test samples. Specifically, for each method, we independently generate
m = 5,000 samples. For KDE, generating samples is straightforward because its density es-
timator corresponds to a Gaussian mixture. As mentioned earlier, we use the MH algorithm
for BOS.

During MH sampling, we reflect proposed samples at the boundaries to ensure they
remain in [—1, 1]D , since the neural network is only trained on this support. It is well
known that computing the Wasserstein-1 distance between two empirical distributions can
be formulated as a linear programming problem. To stabilize the computation, we adopt
the Sinkhorn algorithm proposed by Cuturi (2013).

7.4 Performance Results

For each setting, we vary the training sample size n from 200 to 100,000 and compare the
Wasserstein-1 distances of the two DDPM variants, one using WSNN and the other using
FCNN, with those of KDE and BOS. The results are summarized in Figure 6.

Overall, DDPMs outperform KDE for all cases d € {1,2,5}. DDPMs also outperform
BOS for d = 2 and d = 5, while their performance is comparable to that of BOS for d = 1,
and slightly inferior when n < 2,000. This behavior arises because sampling from the BOS
model explicitly exploits knowledge of the support of the true density, which leads to a
substantial performance advantage over DDPMs and KDE at small sample sizes. The top-
right panel of Figure 6 shows that, when support information is used at the sampling stage,
the performance gap between BOS and the other methods narrows considerably for small
sample sizes.

The remaining panels demonstrate that DDPMs, even without using support informa-
tion, still exhibit strong performance across all distributions. Remarkably, for all cases,
DDPMs with large sample sizes (n > 20,000) achieve performance comparable to the oracle
benchmark, where the MH algorithm is applied using the true density.
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Figure 6: Wasserstein-1 distance values across different copula settings. Top row (left to
right): independence copula results without truncation and with truncation for
the generated samples. Bottom row (left to right): Gaussian copula and Clayton
copula.

Moreover, DDPMs outperform KDE even with a small number of samples, highlighting
the empirical effectiveness of diffusion models in limited-data regimes. For d = 1, DDPMs
with n = 1,000 samples already outperform KDE with n = 100,000 samples. Even more
strikingly, for d = 2 and d = D, DDPMs trained with only n = 500 samples outperform
KDE trained with n = 100,000 samples.

These findings appear to deviate from our theoretical results, especially when d = D.
After further reflection, our conjecture is as follows: diffusion models may not only adapt to
the factorization structure but also to other forms of low-dimensional structure that have not
yet been theoretically studied. Even when a density does not exhibit an explicit factorization
structure, it may still possess hidden low-dimensional dependencies that diffusion models
can effectively capture. Moreover, constructing a distribution completely devoid of any
low-dimensional structure is inherently difficult, even in relatively low dimensions (e.g.,
D =5).

We emphasize that these observations do not contradict classical nonparametric theory.
In practice, estimating a five-dimensional function with 100,000 samples can be more dif-
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ficult than estimating a two- or three-dimensional function with only 500 samples, due to
the curse of dimensionality.

Furthermore, we conjecture that diffusion models also adapt to non-regular densities, for
example, when the Holder smoothness assumption is violated due to boundary singularities.
In our experiments, for d = 2 and d = 5, the copula density diverges near the boundary,
where the variables X1, ..., Xp are highly correlated. Such violations of regularity assump-
tions may lead to performance degradation for both BOS and KDE, since these methods
rely on explicit pointwise estimation of the target density.

Although not shown in the figures, we also observe that DDPMs substantially outper-
form BOS and KDE when using alternative marginal distributions, including two-component
Beta mixture marginals that vanish at the boundary. In this setting, the training of BOS
becomes highly unstable and fails to yield performance improvements even for large sample
sizes. In contrast, DDPMs consistently outperform BOS and KDE across these settings,
providing empirical evidence of their robustness to a wider class of target distributions.

We also note that BOS becomes highly unstable even in moderately high dimensions
(e.g., D = 30). This instability arises because BOS directly evaluates the density rather
than its logarithm during training, and in high-dimensional settings, the absolute density
values become extremely small, leading to numerical underflow. As a result, BOS is not
applicable to higher-dimensional cases (D > 30).

Finally, across all experiments, the performance of DDPMs with fully connected net-
works is comparable to that of weight-sharing networks. This observation is consistent with
the theoretical results reported in Fan et al. (2025). Nevertheless, it is well known that
sparse weight-sharing architectures such as U-Net play a crucial role in achieving state-of-
the-art performance in practical applications. We therefore regard a deeper investigation
into the theoretical advantages of sparse weight-sharing networks as an important direction
for future work.

8. Discussion

We have demonstrated that an estimator constructed from the diffusion model is adaptive
to the factorization structure and achieves the minimax optimal convergence rates. In this
section, we discuss some future directions related to our work.

Firstly, we believe that our analysis can be extended to other performance measures,
such as the Wasserstein distance, following the approach of Oko et al. (2023). Also, our
analysis can be extended to high-dimensional settings where the data dimension D diverges
as the sample size tends to infinity. In this case, the convergence rate would depend on
additional quantities such as D and |Z|. An important future task would be to characterize
upper bounds for D, which might depend on the structure of pg, to guarantee statistical con-
sistency. Although this generalization is a natural extension for statisticians, the techniques
required, such as sharp approximation theory, present significant challenges.

Secondly, while we assumed that Py possesses a Lebesgue density, this assumption might
be eliminated. For general probability distributions supported on the cube [0, 1]”, the mini-
max optimal rate with respect to the Wasserstein distance is n=/? for D > 2. If we restrict
the class to distributions supported on a d-dimensional space (not necessarily a smooth man-
ifold), the optimal rate improves to n—1/d (Weed and Bach, 2019). It would be interesting to
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investigate whether an estimator constructed from the diffusion model achieves this optimal
rate. Further structural assumptions could be considered through conditional independence
in directed and undirected graphs, which might replace the factorization assumption (F)
for densities.

Finally, recall that a key component in constructing an optimal estimator is the use of
weight-sharing neural networks to approximate functions defined through high-dimensional
integrals of the form (15). Recently, physics-informed neural networks (PINNs) have demon-
strated remarkable success in modeling solutions to partial differential equations (PDEs)
(Karniadakis et al., 2021; Raissi et al., 2019). Notably, many solutions to PDEs, such as
the heat equation and the Poisson equation, can be expressed as integrals of the form above
(Courant and Hilbert, 2008). This suggests that weight-sharing networks could serve as a
promising architecture for theoretical analysis of PINNs.
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Appendix A. Auxililary Lemmas

This section provides auxiliary lemmas for proving the main theorems.

A.1 Several Bounds Regarding p;(x)

In this subsection, we present several lemmas that bound p:(x), V log p;(x), and the deriva-
tives of py(x).

Lemma 6 (Upper and lower bounds for p;(x)) Let K, > 0 be given and suppose the
true density po satisfies that 71 < po(x) < K for any x € [—1,1]P. Then, there exists a
constant Cg1 = Cg1(D, K, 1) such that

_ D{(||x|o0 — 2¢) vV 0}?
) o7

{(Ixlloo = pe) v 0}2)

2
20f

for every x € RP and t > 0.
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Proof This is a re-statement of Lemma A.2 in Oko et al. (2023). [

Lemma 7 (Boundedness of score function) Let K,71 > 0 be given and suppose the
true density po satisfies that 71 < po(x) < K for any x € [—1,1]P. Then, there exists a
positive constant Cgo = Cgo(D, K, 11,7, T) such that

IV log pr ()], < 52 <Hx”oo —m 1)

J¢ ot
for every x € RP and t > 0.

Proof This is a re-statement of Lemma A.3 in Oko et al. (2023). [ |

Lemma 8 (Boundedness of derivatives) Let K > 0 be given and suppose the true den-
sity po satisfies that po(x) < K for any x € [~1,1]P. For any k € Zgo, there exists a
positive constant Cs3 = Cg3(D, K,k,T,T) such that

Cs3
(D*p)(x)| < =5
Tt
for every x € RP and t > 0.
Proof This is a re-statement of Lemma A.3 in Oko et al. (2023), where k. = ||k||1. [ |

A.2 Basic Approximation Results for Neural Networks

In this subsection, we present fundamental approximation results for using ReLLU networks
to approximate elementary functions. We also define the concatenation and parallelization
in weight-sharing networks; see Lemma 13.

Lemma 9 (Concatenation) Let K € N, {dy,...,dx+1} C N be given. Consider L) ¢

Nso, s®), M® >0 andd® = (@, ...,d" )T e NN with d*) = dj, and V), = djs1 for

k € [K]. For any neural networks fi,..., fr with f € Fyn(L®¥),d®), s®) Mk ke [K],
there exists a neural network f € Fnn(L,d, s, M) with

K K
L= L(k), d||e <2 max d® oy S 2 s(k), M = max M®*)
- L SIEED)Y i

such that f(x) = (fx oo f1)(x) for any x € R%.

Proof This is a re-statement of Remark 13 in Nakada and Imaizumi (2020). |
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Lemma 10 (Parallelization) Let K € N be given. Consider Lk ¢ N>o, sk k) >,
d® = (dgk)7 e ’d(Lk()k))T e NI fork e [K]. For any neural networks fi,..., fx with
fk eFNN(L(k);d(k)7S(k)7M(k))7 ke [K]7

there exists a neural network f € Fnn(L,d, s, M) with

K
L = max L), ld]|co < 22 ”d(k)Hom

kelK] k=1
s < 22( +LdL(k)) M < <’£%M(M> V1
such that
1) = (RGD), o fe(x)) e R 4o+
forx = (xW, ... x0)) e RA++d prp) = = L0 = T with L € Nay, (L,d, s, M)

also satisfies

K
L=1, [dle <) [dPfe, s<> s¥, M< max M®.

Proof This is a re-statement of Lemma F.3 in Oko et al. (2023). [

Lemma 11 (Linear function) Let W € R%*% b € R% be given with dy,dy € N. There
exists a neural network fin € Fnn(L,d, s, M) with

L=2 d=(di,2dy,do)", s=2||Wlo+2|bllo+2d2, M = max{||W|ec,||bllec,1}
such that fin(x) = Wx +b for any x € R4,

Proof Note that Wx + b = p(Wx + b) — p(~Wx — b) for any x € R4, Let fii,(-) =
WQp(Wl . +b1) + by with

W, = (WT, —WT)T e R¥:xdi 1 — <bT7 —bT)T € R22
Wy = (I, —1g,) € R®2%2%2 by =0, € R,

where I, denotes the dy x dy identity matrix. Then, the assertion is followed by a simple
calculation. |
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Lemma 12 (Identity function) For any L > N9 and m € N, there exists a neural
network f ) e Fnn(L,d, s, M) with

d=(m,2m,....2m,m)", s=2mL, M=1
such that fi(dm’L) (x) = x for any x € R™.

Proof This is a re-statement of Lemma F.2 in Oko et al. (2023). [

The following lemma provides the concatenation and parallelization of two neural net-
works, where only one network has shared weight.

Lemma 13 (Concatenation and parallelization of weight-sharing networks) Consider
the class of weight- sham’ng networks FwsnN(L,d, s, M, Pm) and vanilla feedforward neu-

ral networks FNN(L d S M) For any neural networks f € Fwsnwn(L,d, s, M, Pm) and

f € ]:NN(L d S M) there ezists a neural network fee € FwsnN(Lees decy Secy Mee, Mec, Pec)

with

Lee =L+ L, |declloc <2(ld]lso V [[dllsc), Sce < 25+25, M =MV M,

Imeclloc = |mlloe and the set of permutation matrices Pee such that fe.(x) = (f o f)(x)
for any x € R4 . Also, there exists a neural network for € FNN(Lpr, dpr, Spry Mpr, My, Ppr)
with

L =LV L, |dpoc < 2|dlloc + 2/ld]s,
Spr < 25+ 25+ 2(LV L)(dp, +dz), My, = max(M, M, 1),

|mp:|loc = [m||loo and the set of permutation matrices Py, such that

for(x) = (f(Xl), (XQ)) € R+

for any x = (x1,Xg) € Ra+d1,

Proof The first assertion can be easily derived from Remark 13 of Nakada and Imaizumi
(2020) with

me = (m,1,...,1) e N"™1 and  Pee = PU{Q, Ribierr  ro 1y

where Q; and R; are the set of d; x d; and dj41 X dyyq identity matrix, respectively.
For the second part, let {W;,b;}c() and {I/Vl,bl}le[L be the parameter matrices of f

and f7 respectively. If L = L let dpr = (d1 + dl, ey dpai + dL+1) and m,, = m. Also, for
each [ € [L], let Qp;; and Ry, be the set of permutatlon matrices of the form

(7) )
(4 0) e (70
d di+1
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with j € [my], respectively. Then, the assertion follows with

W, 0 b;
W = o d b= ), 1elm-1,
pr,l <0 m; 1VV[> an pr,l (ml 1bl) e[ ]

and Ppr = {Qpr.i, anl}le[L—l]v where {Wy,; 1, by }ic(r) are the parameter matrices of fy. If
L =L +1, consider a neural network f with L-layer and parameter matrices {Wl»gl}lem,
where W; = V[N/Z,Bl =b, forl e [E — 1], and

_ ~ I-

— W~ — b~ — d+ —

Wi = <_WL~> , bp= (_fi) ) WE+1 = <_Hijl > ) bi+1 = 02&}“'
L L dL+l

We then apply the results for the case of parallelization between same layer network. If

~ - d-, ,L-L) ~ .
L > L+1, consider a weight-sharing neural network f = fl(d Lt 's f with L-layer, where
di ,,L—L) . )
fi(d bt ) is the neural network in Lemma 12. We then apply the results for the case of

parallelization between same layer network. B B
_ If L = L—1, consider a weight-sharing neural network f with L-layer, parameter matrices
{Wl’bl}le[f/] with W; = W;,b; = b, for [ € [L — 1], and

—_ W f b _ I _
WL - <_WLL> ) bL - (_élL) ) WL+1 = < ]CIlL+1 ) ) bL+1 = 02dL+17

Tidpya

my, = 1 and the set of permutation matrices P U{Q, Ry}, where Qr and R are the set
of dy, X dr, and 2dp 41 X 2dr+1 identity matrix, respectively. We then apply the results for
the case of parallelization between same layer network. If L < L — 1, consider a weight-

sharing neural network f = figlL“’L*L) of with E—layer and the set of permutation matrices

PU{QL R}, <j<f_q» Where figlL“’L*L) is the neural network in Lemma 12 and for each

l € {L,...,L — 1}, Q; and R; are the set of d; x d; and d;; X dj41 identity matrix,
respectively. We then apply the results for the case of parallelization between same layer
network.

|

Lemma 14 (Multiplication) Let m > 2,C > 1,0 <€ <1 be given. For any ¢ > 0, there
ezists a positive constant Cn1 and a neural network fouy € Fan(L,d, s, M) with

L < Cn1logm{log(1/e) + mlogC}, d = (m,48m,...,48m,1)",

s < Cnim{log(l/e) +1logC}, M =C™

such that

<e+mOC™ e, Wx € [-C,C)", % € R™ with ||x — X[|eo <&,

fmult (i) - H Xy

=1

| it lloo < C™ and fuus(X) =0 if 0 € {Z1,...,Zm}.
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Proof This is a re-statement of Lemma F.6 in Oko et al. (2023). [

Lemma 15 (Clipping function) Let b = (by,...,b,,),b = (b1,...,bn) € R™ be given

— r=m
with m € N and b; < b; for all i € [m|. Then, there exists a neural network

f(b ;b) c ]:NN( (m, 2m7m)T, ™m, Hb”oo \ HB”OO)

clip
such that
fChp )(x) = (i A{z1 Vi), o b A{azm VD, }) €R
forx = (x1,...,zy) € R™.
Proof This is a re-statement of Lemma F.4 in Oko et al. (2023). |

Lemma 16 (Logarithm function) For any 0 < e < 1/4, there exists a positive constant
Cn,2 and a neural network fiog € Fnn(L,d, s, M) with

L < Cya{log(1/€)}*loglog(1/e), [ld]|oc < Cn2{log(1/e)}’
s < Cnoflog(1/e)}’loglog(1/e), M < exp (8{log(1/€)}?)

such that

logz — fiog(7)| < €+

forxz € le,1/e] and T € R.

Proof Let 0 <e<1/4,6 =1/8 and D; = ﬁ(}g%g/;; — 1) +1. Then, [e,1/e] € U2, [T}, T,

where T, = (1 + (5)i*176 and T; = (1 + 8)"*le for i € [Dy]. Let Dy = Uoi(;édj + 3. For any
i € [D1] and z € [T;,T;], Taylor’s theorem yields that

()P x —T,)""

logz = P(z) + Do{T; +&(T; — T,)} P2

for a suitable ¢ € [0, 1], where

Do— 1
Pi(z) = log T, + *=Li |
*Z k=2

- T)"

ka

S [Dl] (19)

—T,
1 (T, —T,\" (52+25)D2 9~ D>
< — (=) = < <=,
D, Dy, — Dy’
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for x € [T T;]. Let Ny be a constant in Lemma 14. For k > 2, there exists a neural
network f u)lt € Fnn(L AN KOO Vals) ) with

mult’ “mult’ “mult’ *" mult

Lih, < Ni(k + Ds)logk{log(1/e) +log Do}, din, = (k,48k, ..., 48k, 1), (20)
s < Nik(k + Do){log(1/€) +log Do}, MY ="
such that |f$u)1t(x1,...,:ck) - Hle x| < €P2/Dy for any x1,...,2p € [—e 1 el For

any k > 1 and i € [D;], Lemma 11 implies that there exists a neural network fl(ifl’k) €
Fan(2, (1,2, k)7, 6k, T;) such that f""(z) = (& — T;,...,x = T;)T € R¥ for any z €

R. Combining Lemma 9 with the last display, it follows that féf;v’i fmult h;k) €
Fan(Lpawd, i shos M) for i € [Di], k > 2 with
k ; k
LR = 1™ 12 dib)|| < 96k, s =25® 1ok MR =1, v ME)
and
Do
€
R @) — @ - T < G
for € [¢,e1]. Consider functions f1,..., fp, : R — R such that
) Dy—1 k—1 £(3,k)
fin ) (DG
(-) =logT, + m + ) i € [D1].
RO =tog T B+ 3 D]
Since f; —logT); is a linear combination of fl(ifl’l), ég’%), e éﬁ;‘lﬁ)rl') for i € [D;], Lemma 9,
Lemma 10 and Lemma 11 implies that f; € Fan(L®,d@, s M®) with
LW < LD 12 < D3Ds log Da{log(1/e) + log Do},
Da—1
1d?|| o < 2max (2 > 15 oo + 4, Dy — 1) < D3D2,
Da—1
s <2 { S (k) + LGP 4 2) 4+ L) 4 8} + 2Dy +2 (21)
k=2

< Dng‘ log Dao{log(1/€) + log Dy},

for a large enough constant D3 = D3(N7). Then,

Dy—1 k
[fow () = (z = T,)*|
P' <
| Pi(x) )| E sz
Ds — ('L k: k €
— 1. < —
26D2 U 9<heDy—1 Fpow ( (z —14)% < 5 1€ [D1]
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for x € [¢,e71], where the first inequality holds because T; > e. Combining (19) with the
last display, we have

1 .
g~ fita) < (345 ) i€ DN 22
2
fo x € [T;,T;]. Consider functions fsw1t’ e s(W1t) R — [0, 1] such that
1) 1 (T T
fSWlt() TI—T2p< fclip ()+T1)7
1 (Il 7Ti7 1 ) _ _ 1 (Ii+1 7Ti) _
fsw1t( ) Tz | — Iip (fclip ( ) IZ) Tz _ Ii—f—lp (fclip ( ) Ii—i-l ’
ooyt EoeTon) g ) 9<i<D—1
fsw1t ( ) TDl—l _ IDlp (fchp ( ) =D1 | > 1= )

where f 117;;’ Tim) ¢ Fan(2,(1,2,1)7,7,8¢71) denotes the neural network in Lemma 15. Note
that S321 Wlt(:v) =1 for z € R and fSWlt( ) =0 for z € UD [T TN\, Ti),i €
[D1]. Consider a function f : R — R such that f(-) = E fmult( swlt() fi(+))-

Since
©)) _ < D2/, —e 1 e, weh
| fott (21, T2) — z122| < €72 /Dy for any 21,29 € [—€™ 7, € '], we have

D1
(i Dy
H%x—f@ﬂél%w—EjﬁmA@ﬁ@)+ D
=1
D1€D2
sw1t {log:c - fZ( )} l)2

D16D2 D16D2
<Zfsw1t |10gl‘—fz( )|+ D2 < ) Zfswlt
=1

2
1 14 DyeP2!
— i P
<2+ Ds e<e

for x € UD1 [T;,T;], where the second inequality holds by (22). Combining (20) and (21)

with Lemma 10 and Lemma 9, we have f ult(f w1t( ), £i()) € Fan(L®,dD 50 M) for
i € [Dq] with

IO < (L9 v2)+ L® < DyDslog Daflog(1/e) + log Dy}
[ oo < 2macx (2 |oc + 4. [dlloc ) < DaD3

500 < 45® 4 4(LD v 2) + 25?4+ 28 < D, D3 log Da{log(1/e) + log Do}
MY < max (86 M@, M@ )1t’1> <e D2

where Dy = Dy(Ds3) is a large enough constant. Let f(fl; Ve Fnn(2, (1,2, 1) 1) be

the nueral network in Lemma 15. Since f is a linear combination of f ult( sw1t( ) ( )) for
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each i € [D;], Lemma 9, Lemma 10 and Lemma 11 implies that fofc(ﬁ’;l) € Fnn(L,d, s, M)
with

L< max LY + 4 < Ds{log(1/€)}? loglog(1/e)
€| Dy

Dy
|d||so < 2max <2Z yd@yyoo,wl) < Ds{log(1/€)}?

i=1

Dy
s < 22 5% + max LY) | 44D, 4 18 < Ds{log(1/€)}* loglog(1/€)
P JE[D1]

M < Am[an} M@ v e <exp (8{log(1/e)}2)
i€[D1

for large enough constant Ds = Ds(Dy). Note that |(f o f(:(ﬁ’:l))(f) —logz| < |(fo

fc(ﬁ’:l))(i) —log(e ! A{Z Ve})| + [log(e P A{Z Ve}) —loga| < e+ e tx — 7| for any

z € [e,e ] and # € R. Then, the assertion follows by re-defining the constant. [ |

Lemma 17 (Negative exponential function) For any 0 < e < 2742 there exists a
positive constant Cn 3 and a neural network fox, € Fnn(L,d, s, M) with

L < Cyslog(1/e)loglog(1/e), [[d]lec < Cvaf{log(1/e)}?
s < Cya{log(1/e)}!, M < Cyge!

such that
(€7 = fop(@)] S e+ 2 — &
for any x >0 and x € R.
Proof Let 0 < e < 2742 Dy = |log(4/e)] + 1,Dy = |log(4/€)/log2| + 1 and T; =

i — 1,?247: i+ 1 for i € [D1]. Then, Taylor’s theorem yields that for any ¢ € [D;] and
HAS [INTZ]v

—1 Ds ,—&(z—T;) —T. D,
e—x — e_Iie_(x—Ii) — €_Ii {Pz(x) + ( ) € (:L' —’L)

Ds!
for a suitable £ € [0, 1], where

Dol Ve(p — Tk
Pi(.%')zl—(l'—zi)-l- Z ( 1) (k' I@) )

k=2

Since 0 <z — T, <2 and T; > 0, it follows that

2Pz 2e\P2 _/1\P2 e
-z _ —1I;p. < < [ — < | = < -
‘6 ¢ Pz(x)‘ — Dy! 7 \ Dy —\2 — 4’ (23)
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where the second inequality holds because k! > kFe=* for any k € N. Let N7 be a constant in

Lemma 14. For k > 2, there exists a neural network f € Fan(L fm)ﬂt’ d5r1f1)11t7 Sl(Tlfl)ﬂt? Mr(rﬁzlt)
with
L < Nilogk{log(4Da/e?) + klog2},  dib), = (k, 48k, ..., 48k,1)T, (24)
1(111)11t < Nik{log(4Ds/€*) + log 2}, Mﬂﬂlt — 9ok

such that \frfult(xl,...,xk) — Hle z;| < €2/(4Dy) for any x1,...,2, € [~2,2]. For any
k> 1 and i € [D;], Lemma 11 implies that there exists a neural network

fl(ii{k) € 'FNN(27 (17 2k7 k)T7 6]{:721)

such that f\"" () =(x—T;,...,2—T;)T € R* for any x € R. Combining Lemma 9 with

the last display, it follows that féf)’fv) = fr(rﬁzlt o l(i;’k) € fNN(Lgé@,dg(;@,sgé@, éﬁv’?) for
i € [D1],k > 2 with
+ 12k, MER =1 v Mm®)

pow mult

gol‘?‘/') L§m)11t + 2 Hdplolxjv)Hoo < 96k’, s(i’k) = 2S(k)

pow mult

and

€2

(i»k) — — < —
@) — @ -1 < 55

for x € [T;,T;]. Consider functions fi,..., fp, : R — R such that

Dsy—1 k r(3,k)
i1 3 (=1)"foow () .
fi(')zl_fl(jn )()+ k!pO(, 1€ [Dl]
k=2
_ (1) (5,2 (i,Dy—1)
Since f; — 1 is a linear combination of fhn oW 5+ + 5 fpow , Lemma 9, Lemma 10 and

Lemma 11 implies that f; € Fan(L®,dW, s( ), M) with

L < L:D2=1) 4 2 < Dylog Do{log(1/e€) + Do}
Do—1
1d@|| o < 2max (2 > 15 oo + 4, Dy — 1) < D3D?

Dy—1

s <2 { 3 ( (k) 4 pGDe=1) 2) + LGP0 8} +2Dy 42 (25)
k=2

< D3D3{log(1/e) + Dy}

M(i)g( max M(’k)>\/1§(D1—|—1)\/2D2_1
kE[DQ 1]
for a large enough constant D3 = D3(N7). Then,

Dy—1

x—T;)"
’( |<Z‘fp ( Iz)’

< (k) () _ (o TAR| <
<Dy, max |5 (@) — (@ -1 <
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for x € [T;,T;]. Combining (23) with the last display, we have

2
€ € €
e —eLifi(x)] < e — e LiPi(z)| + | Pi(z) — flw)l <3+ <5 i€[Di] (26)
for x € [T;,T;], where the first inequality holds because e~Zi < 1. Consider functions
fs(vlvzt, e S(Vjvjiiﬂ) : R — [0, 1] such that
(T9.T1) T
() = ﬁp (—fcns V() + T1) ;
1 (T, Ti-1) 1 (Lo T5)
) = T, 1" (fchp V() - L’) - ﬁp <fchp+1 () =Ti1 )
= -1
2<i< D,
(D1+41) o 1 Tp +177D1)
Jowie () = mp <fclip 1 ()=Tp41 ),

where T'p ; = D1 and fhp Timn) ¢ Fnn(2,(1,2,1)7,7, Dy) denotes the neural network in

Lemma 15. Note that > 2.H fsw1t< xz) =1 for z € R, and fwm( ) =0 for z € [0,7,] U
[T;,0),i € [D1] and f D1+1)( ) =0 for x <Tp 4. Consider a function f : R — R such

swit
that f() = Y2 e T f2 (FUh (), £i()). Since |fh (w1,22) — 2122| < €/(4D,) for any
x1, T2 € [—2,2], we have

2
%) —z (D1+1) —x D1€
s(wit(x) {6 —€ 71 } + fswé ( ) + 4D, >
Dy 2
(4) —x -7, r. € Die
Szfswit('r)‘e —¢ 7fl(x)‘+1+ 4D2
D162 3 (Dl + 1)6
<|-4+ — <
—2ZfSWlt D, —(4+ 4D, )°=°

for « € [0, 00), where the second inequality holds because ]fs 1+1)(m)e*””\ < e ® <¢/4 for

wit

x> Tp, ;1 and the third 1nequahty holds by (26). Combining (24) and (25) with Lemma 10

and Lemma 9, we have fmult(fSW1t( ), £i(4) € Fan(L®,dD, 50 M) for i € [Dy] with

LO < (LW v2)+ L](rm)llt < Dylog Da{log(1/€) + log D2}
149 e < 2max (2d Pl + 4. A [l ) < DaD3
50 < 450 4 4(LD v 2) + 252+ 28 < D, D3{log(1/€) + Dy}

M® < max <D1, M(i)a Mr(n2u)lt’ 1) ’
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where Dy = Dy(D3) is a large enough constant. Since f is a linear combination of
fgglt( fs(év)it(-), fi(+)) for each i € [D;], Lemma 9, Lemma 10 and Lemma 11 implies that

fop € Fnn(L,d, s, M) with
L < max L 4 3 < Dslog(1/e) loglog(1/€)
1€[D1]
Dy

|d]|oe < 2max (22 ||a<i>||oo,4D1> < Ds{log(1/e)}?

=1

Dy
s < QZ (Eﬁ) + max E(j)> 44D +4 < Ds{log(1/e)}*
P J€[D1]

M < max (M(i) \/e_L) < D56_1
i€[D1]

for large enough constant D5 = Ds(Dy). Note that [(f o p1)(Z) —e™®| < [(f o p1)(T) —
e~ @0 4 |e=(@V0) _ 7| < ¢+ |z — 7| for any > 0 and € R. Then, the assertion follows
by re-defining the constant. |

Lemma 18 (y; and o) For any 0 < € < 1/2, there exists a positive constant Cn 4 =
Cna(T,T) and neural networks f,, € Fnn(Ly, dy, su, M), fo € Fan(Lo, do, S0, My) with

Ly Lo < Cna{log(1/€)}?,  [|dplloo, [dolloc < Cnva{log(1/€)}?
Sus o < Cnaflog(1/€)}%, My, My < Cyylog(1/e)

such that
ey, — fut)[ < e and oy, — fo(t2)] <€
for any t1 > 0 and ty > €.

Proof This is a re-statement of Lemma B.1 in Oko et al. (2023). |

Lemma 19 (Reciprocal function) For any 0 < € < 1, there exists a positive constant
Cns and a neural network frec € FnN(L,d, s, M) with

L < Cns{log(1/e)}?, [ld]loc < Cns{log(1/e)}’
s < Ons{log(1/e)}', M < Cype?

such that
1 _ |z — z|
‘x_frec(x) <e+ 2
for any x € [¢,1/€] and T € R.
Proof This is a re-statement of Lemma F.7 in Oko et al. (2023). |
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Appendix B. Proofs for the Approximation Theory

In this section, we provide the proof of Theorem 5. We begin by outlining the crucial
lemmas and propositions.
For n € N, let P, be the Legendre polynomial of degree n defined as

for x € R. Tt is well-known (page 114 of Arnold (2004)) that equation P, = 0 has n distinct
roots %gn)’”"%(ln) satisfying —1 < %gn) < e < fﬁl”) < 1. Let {{Dgn),...,zﬂén)} be the

Gauss-Legendre quadrature weights, that is,

1 n _ ~(n)
~(n) _ _ i Fn) _

1 .
w;: = k= k
J =

2, ifn=1.

Let ng be the largest integer strictly smaller than 8V 2. For simplicity, we denote the
vectors (%gnﬂ),...,i’,({;ﬂ)) and (ﬁ%nﬁ), e ,ﬁf{;ﬂ)) as (T1,...,Tn,) and (w1, ..., Wn,), TEspec-
tively. The following lemma provides an error bound for the m-points quadrature rule to

approximate a one-dimensional integral.

Lemma 20 (1-dimensional m-point quadrature rule) Let A < B and 5,K > 0 be
given. For every m € ngN, there exists (Wi, Ti)ic[m) with w; > 0 and z; € (A, B) such that

B m
/ g(w)dz — 3 wig(e:)
=1

B
< {”5 } K(B— A)%* 'm0,
A

— | 28-181 8!

for every g € Hf’K([A, B]). More specifically, one can choose

(B—A)ng
w; = Twi—nﬂ li/ng|>
(B—A)ng (- _

Let ¢ be the one-dimensional standard normal density. The following lemma provides
a bound for the Holder-norm of a function multiplied by ¢ and its derivative ¢'.

Lemma 21 (Preservation of Holder continuity) Let 5, K > 0,a,b € R be given and
g € Hf’K([a, b]). Then, there exists a positive constant Cg1 = Cg1(B) such that g¢ €
HPEE ([0, b)) and g¢f € HY O ([a,b).

For p1,0 > 0, define p, (-) as

D
_ B _ -D X+ oy '
Puo(X) = /”yloo<1po(Y)¢a(X py)dy = p /X+Uy|oo<upo ( ) | [ 6(vi)dy.

=
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Since py is B-smooth under the (S) assumption, we can approximate the integral using the
quadrature method with Lemma 20 and Lemma 21. Note however that y in RHS ranges
over a large set for small o, and the error bound given in Lemma 20 depends polynomially
on the size of the interval. Since the tail of ¢ decays very quickly, one can control the
numerical error as in the following lemma.

Lemma 22 (Quadrature rule for p,,(x) and Vp, ,(x)) Let 5,K > 0 be given and
suppose that true density py belongs to HPE([=1,1]P). For Tuq, Teail, s 0 > 0, m € ngN,
i€ [D],j€[m] andx = (21,...,2p)" € RP, let

i Thd+3 n T ]
o = 2vFrallog(U/o)} 4 { i = ot S (Tt + 2L ms) +1)
wj = 2215 W |y {108 (1 Jo))math,

. . . ~ 1 D
Forj= (j1,...,ip)" € [m]P, lety; = (y§1),...,y§D))T € RP. Then,

X+UYj Sl_w’ je[m]D’
T S 2
D 1 - (i X + 0Y;
1 | Ppo (%) — mD Z ijigb(yji) Po T <e€ and
jem)P li=1

D ~
1 - i X + 0Yy;
uD O'Vpu,a(x) - m Z Yj {ijiqb(y](i))}po < 7 J> <e
i=1

j€[m]P
for every [[x|lco < p— p{log(1/o)} "™, p € [1/2,1],0 € (U,CN'QL where Cy = 51(5,D>7'taﬂ),
Cy = Co(B, D, Tha, Ttail) and

€ — élK (O-Ttail + m—ﬁ{log(1/0-)}(de+%)(5+1)) {1Og(1/0-)}(7bd+%)(D—1)_

We can approximate the maps (x,t) — p:(x) and (x,t) — Vpi(x) using deep ReLU
networks by replacing (p, o) in Lemma 22 with (u¢, 0¢). As discussed in Section 5.3, a
weight-sharing network is used to reduce the number of distinct network parameters. The
approximation result is provided in the following proposition.

Proposition 23 (Approximation at the interior of near-support) Suppose the true
density po satisfies the assumption (S) and

4p

c1/2+ N qa>0 min > ——————.
Thd /24N, Tai y T dBAT)

Then, for every m > 55, there exists a class of permutation matrices P = {Qi, Ri}icr—1)
and weight-sharing network f € Fwsnn(L,d, s, M, Py) with

L < C3(logm)?loglogm, ||d|ls < CymP+,

s < Cym(logm)®loglogm, M < exp (63{10g m}2) ,

Iml|oe < Cym”
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satisfying

H <0’tVPt > _ f(X, t)H < 6«4 (logm)(de—l- )(D-1) {t il +m 5 (logm)(”rbd-i-%)(ﬁ-l-l)}

for every x € RP with ||| < ¢ — pe{log(1/oy)} ™4 and m~min <t <7 1(C2A1/2).
Here, 03 = 03(67 da Dv K;ZL Tbd Ttail; Tmin); 04 = 04(57 d7 D) Ka T, Thd Ttail, Tmin); C5 =
Cs(B,d, T, Thd; Ttail, Tmin) and Co = C2(B, D, Tha, Tiail) be the constant in Lemma 22,

Ast — 0, p; is not lower bounded near the boundary of the support of pg due to the lower
bound condition, making the approximation of Vlogp; challenging. With the assumption
(B), po is infinitely smooth so one can approximate pg efficiently with local polynomials
by applying Taylor’s theorem in the low-density region. Since a Gaussian density can also
be efficiently approximated with local polynomials, one can calculate the integral in p;
closed form, and approximate the output with vanilla feedforward neural networks. The
following proposition provides the approximation result, and our main proof strategy fol-
lows the proofs of Lemma B.2-Lemma B.5 from Oko et al. (2023), with modifications for
simplification.

Proposition 24 (Approximation at the boundary of near-support) Let K, m,q, 7x >
0,0 <7 <1, 0 < Tha < Tbg be given and suppose the true density po satisfies that
lpollco < K. Then, for 0 < 6 < Cys and py satisfying

sup sup |(D%po)(x)| < K,
aeNP 1_{log(1/6)} bd < x| 00 <1

there exists a network f € Fnn(L,d, s, M) with
L < Ce{log(1/6)},  ||dlee < Cs{log(1/8)}7HPmatP,
s < Cg{log(1/8) Y 1P+l AL < exp (5’6{log(1/5)}2) ,

satisfying

H <0Nplt ) - f(x’t)Hoo < Cr6{log(1/8)}"

for every x € RP with pe—7xflog(1/o¢)} ™4 < ||x[loc < petTx0r\/10g(1/0) and 5 <t < 6™
Here, Co = Cg(D K, 7,7,7x), Cr = C7(D K,1), Cs = Cg(D T, Thd, Txs Tts Thd) Are POSi-
tive constants.

For t, > 0 and ¢t > 0, we have

Pro+t(X) = /R b (¥)bor (x — ey)dy, x€RP

due to the Markov property of the process (X;);>0. Note that the map x — pq, (x ) i
< t. k./2 foranykEND

~

infinitely differentiable and its norm is bounded as [|[D¥ps, (+)]|oo
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Lemma 8). Then, one can approximate p;, with a local Taylor expansion, yielding an error
O(m_k‘/Dt;k'/z) using grid points bounded by O(m), both up to a poly-logarithmic factor.
Similar to the proof of Proposition 24, one can approximate the map (x,t) — p, ++(x) with
vanilla feedforward neural networks. The following proposition provides the approximation
result, and our main proof strategy follows the proof of Lemma B.7 from Oko et al. (2023),
with modifications for simplification.

Proposition 25 (Approximation for large t) Let K, 71, 7x > 0,7sm € N, 70w € (0,1)
be given and suppose the true density po satisfies that 71 < po(x) < K for any x € [1, 1P
Then, for m > Cy1, there exists a neural network £ € Fnn(L,d, s, M) with

< Co(logm)?, ||d]|se < Com(logm)?,
s < Com(logm)?, M < exp(ég(log m)?)

such that

|

for every x € RP with ||x||eo < ¢ + Tx0¢1/log(1/0), 6 <t <7 'log(1/8), where

~ 7'()w7'5111*<D+17"—0w)D Tsm
(Gtth*+t(X)> ~ fx t)H < Ciom 1 DDy (log m)PC5"+)
Pt +1(X) 0

2—27) 0w TlowTsm+D+1—7ow

ty=m D and d=m D(+D)
Here, Cy, Ch9,C11 are positive constants depending on (D, K, T,T, Tx, Tsm, Tlow) -

B.1 Proofs of Lemma 20 to 22

In this subsection, we provide the proof of Lemma 20, Lemma 21, and Lemma 22.

By the definition, we have exp(—7t) < p; < exp(—1t) and 1 — exp(—27t) < 07 <
1 —exp(—27t) for t > 0. Since z/2<1—e *for0<z<land1l—e® <z forx >0, we
have

t
MtSl—%gl or < /1 —exp(—27t) < V2 Vt >0, and
27)
1 (
e >1—7t 5 op > /1 —exp(—27t) > /T ‘v’0§t§(2?)_1.
The last display is widely used in the following proofs.
B.1.1 PROOF OF LEMMA 20
Proof Let mg = (13*2772)% and consider a function g € ’Hf K([4,B]). Simple calculation
yields that
mg(B-4) ” ma(B-A)
B 2 A+m—’0 2 o
/ g(z)dx = Z / it g(z)dx = Z / gi(z)dx, (28)
A o JArd =1 Y "mg
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where g;(x) = g($+A+%). Foreachi e {1,..., W}, let L; be the Lagrange interpo-
lating polynomial of degree ng—1 that agrees with the function g; at knots {Z1/mo, ..., Tpn,/mo},
defined as

ng
Li(w) = > gi(@;/mo)l; (@),
j=1

where

1, if0<B<2,

for j € [ng]. Note that L;(z;/mg) = gi(Zj/mo) for any j € [ng].

If0<p<1,71=0and L;(x) = ¢;(0). Since g; € Hf’K([—l/mo, 1/myg]), we have

B

< [ lgte) - Lifw)ldo

1
1 5 ’ (29)
< /mo KlzPde < = Kmj"® = 2Kmg ™.

_ 1 myo

0

| |7 tge) - L))o

If B > 1, fix p € [—1,1] satisfying 7o # z; for j € [[B]]. Consider a function h :
[—1/mo, 1/mp] — R such that

Then, h(z;/mo) = 0for j € {0,..., 5]} and g is | 3]-times differentiable on (—1/mqg, 1/my).
Generalized Rolle’s Theorem (see Theorem 1.10 of Burden and Faires (2010)) implies that
there exists a constant &, € (—1/mg, 1/mo) such that (DL%h)(¢&,) = 0. Since L; is the
polynomial of degree less than | 8] and (DPIL;)(¢5,) = 0, a simple calculation yields that

o (fﬁ)) 5 (2) . (Dtﬁﬁij)!@go) ﬁ (zon:fj> |

j=1

Note that g;(z;/mo) = Li(xj/mg) for j € [|#]]. Combining with the last display, there
exists a function & : [—1/mg, 1/mgy] — (—1/mg,1/my) such that
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where &(x) =0 for x € {7%10, x“”} For x € [-1/mo, 1/my], we have

18] 5] 7
9i(x) — Li(x) — O o)© 11 <x - J>

I A
¥ E@) - 0P T (. &
- { 18] }]1;[1 <$ mo)

K|£($)|57L5J 5] 2 KQLﬁJmiﬁ
]! < >< ]!

m
j=1 370

where the first inequality holds because g; € ”Hﬁ’K([—l/mo, 1/mg]). Since {Z1,...,7 g}
1/mo HLBJ(

are the roots of the Legendre polynomial, its orthogonality implies that [~ 1/mo

m—o)dx = 0. Combining with the last display, it follows that

| / (i) — Li(x)} da

/Z{gma(w) e L 3y ( ~)} ' .

ol _(D%»(O)L (_ %) KA 50
S/nio gi(z) — Li(x) Kl J]i[l z— o )|de < B e

H.’:l

A simple calculation yields that
1 ng ~ 1 ng . ~
T () = (E "o _N Y (F
[ i@ = S (2) {/ @(m)dx} -3 ().
mQ = mQ =

Combining (28), (29) and (30) with the last display, we have

mo(B=4) mo(B=4)

/ o) — Z zj()(m() '/ (0i(a) — L)} d

K(B—-A2P 5 (|p]v1)’

ST _WB_A)BHW'

Then, the assertion follows because Y ", wig(x;) = ZZOI(B_A)/Z S i g (ij> [ ]

Jj=1 mg mo

53



KwonN, KiM, OHN AND CHAE

B.1.2 PrROOF OF LEMMA 21

Proof For any n € Z>, it is well-known (see (Indritz, 1961)) that

n 22
d = <V2'le” 7z, xz€R
dam
and moreover,
T ' 12 '
ol = o || < || <Y (31)
\/2 dx” o V2T o V2T
where the first inequality holds by the chain rule. Then,
15 Bl || o o
>0l = 3| X (2) 0o
a=0 a=0 |[r=0 )

18] «a o
SHAWILFNEEEN 3 Yt il et @

a=0r=0 a=0r=0

18]
< ZKoﬂ\/a < K(|8] + 1At Y LA)!

- e V2T T Vor

Similarly, we have

15 18] o
a r a—r+1 |B]+1 (Lﬁj + 1)'
S ID 0l < 33 () Il 7l < K (131 4 A,
(53

Let A = [a,b]. For any differentiable function h: A CR — R and 0 < v < 1, we have

h(z) —h h(z)—h h(z) —h
wp [P@ =B @) b JAG) — b))
z,yeA ‘LL’ - y"y z,yeA |$ - yh z,y€A ‘x - y”y
TFYy | xsé‘yq le—y|>1
z—y|<
(34)
h(z) —h
< sup PO MO0y ) — hi)) < ) + 2R
z,y€A |l‘ - y| z,y€A
T#y |[z—y|>1
lz—y|<1
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If 8 > 1, it follows that

(DY (g9))(x) — (D (g9)) ()|
|z — y|P- 18]

’Z(@o () {(D?g)(z) (D=0 ¢) (x) — (Dag)(y)(DW’%)(y)}’
- |z — y|F~LB]

15 1Bl=e ) (2) — (DL
. <L§J>|(Dag)($)|<\(D ¢)(x) — (D ¢><y>\>

|z — y|F~L5]

5] o o
az ( Al ) ‘ (DLl ¢)(y)‘ <I(D 9|)$(w_) y}ﬁ(lfmg)(yN)
18]
)

0
( Y ip2gl (o] + 2 pts1-2

-5 () e

|(Dg) (@) — (DPg) (1)
el ( it

(IP* gl +21D%ll.c)

for any x,y € A with & # y, where the last inequality holds by (34). Combining (31) with
the last display, we have

s |(DY)(g¢))(x) — (D (g9)) ()]

z,yEA |z — y|A- 1P
Ay

<3 (W)l (ool v2poee] )

18-

3 () o]

(D g)(x) - (DLg) (y)|
+]lc ( up :

(P gl . +21D]l.c)

z,ycA ‘x—y‘ﬁ_\ﬂ

THY
< 3 181 D% ( (Bl ot 2 (LBJ—aﬂ)
_a:0 = m \/%

18)-1 —
+ 3 1" (gl 2101 (“5 : ”)

L[ [0 @) - ) w)
m m,yepA ‘m_y’B_LBJ '

T#Y
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Moreover, the last display is bounded by

STTAT LT 18]
< 3|8 18] <(L’6+1> (ZDag )

+3LBJ [8]—-1 ( LBJ'> (% ||DagH + sup ‘(DLBJQ)(:C) B (DLBJg)(y)) (35)

V27 a=0 z,y€A ’.CI? - y’B_LBJ

TH#Y
18] (18] + 1!
< 6K (W > .

Similarly, we have

oy [P 0)) () — (0P (96/)) )

z,yEA |z — y|A- 1P
7y

< ﬁ) <L§J) ID%]|.. (HDL6J—a+2¢HOO +2 HDLBJ—aHd)HOO)
w3 () o] ol 21
a=0

e ( sup |(D¥lg)(x) — (Dwg)(y))

T,yeEA |,f[;—y|5_l_ﬁJ
15) . (36)
a | po VBl —a+2)! MW—aH)z)
<D 1B17ID%ll +
;) ! < v2r Var
18)-1
a (18] —a+1)!
+ ) 1B (DTl + 21Dl ( )
;0 ([0 ]l 9l) o
L g [@P9)@) — 0P|
V2r x,y;pA |z — y|P—L5]
15) ( V(LB +2)!
< 6K 9] ( = ).
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If 0 < 8 <1, we have

(g8)(x) — (90)(W)| _ lg(z)p(z) — g(x)o(y) + 9(x)P(y) — g(v)P(y)|

sup 3 < sup 3
T,yeEA |‘73 - y‘ T, yeA |JI - y|
TFY TF#Y
o(r) — oy g(x) —g(y
< Nglloo | sup LD ZOWY gy | up 1902 =9l
r,y€A |x - y| z,yeA |33 - y|
T7y 7Y
lg(x) — g(y)| / 3K
< | lglloc + sup ———"= ¢l + 2] < —
7Y
and
[(99")(x) — (9¢')(y)] lg(z) — g(y)| p /
sup < | llglloo + sup ———7— o +2||¢
R A FE Iolke + 22, Ty | (19 +211l)
TFY TFY
- 3V2K
g /727-‘_ )

where the second and third inequality holds by (34) and (31), respectively. Combining (32),
(33), (35), (36) with the last display, we have g¢ € ’Hf’KDl(A) and g¢’ € ’Hf’KDl, where

Dy = (L8 + )2+ VR 10 (W)

The assertion follows by re-defining the constant. |

B.1.3 PROOF OF LEMMA 22

Proof Consider 7,4, Ttai > 0,m € ngN and real-valued D-dimensional vectors x =
(@1, D)y = (91, yp) T such that ||x]loc < p—pflog(1/0)} ™ and [x-+oy < .
Let y<iy1 = (y1,..-,4:) " € Riand yop i = (yp—it1,.--,yp) € R forie[D]. Fory e R
and each i, denote (y<;,y,y>i) as a D-dimensional vector that is identical to y except for

the i-th component, which is 1replaced1 by .
Let D, = 2/27au{log(1/0)}(™4*2) and fix i € [D]. Then,

—x; — p < —pflog(l/o)} ™ <0 and  —ax; + p > pflog(l/o)} ™ > 0.
Moreover, (—z; — pn)/o < (—x; — p)Dy < 0 and (—z; + p) /o > (—x; + ) Dy > 0 for small

enough o so that 0 < D, < (20)~!. Consider a one-dimensional real-valued function g;
such that

9i (3 Y <irY>i) = Po (X ks "<y<i’y’y>">> 6(y), € (—zi—p)/o, (—wi+ /o]

I
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Then,

= (—2i+)D.
/_1, 9i (y;y<i,y>i)dy—/( 9i (Y3 ¥<iry>i) dy

i M 7337L*,UI)D0'
(~2i—1) D —witn
= / 9i (v y<z,y>@-)dy+/ 9i (Y3 y<i, y>i) dy
— (—zi+p) Do

(—zi—p)D
< K/ y)dy + K/ o(y)dy
xz“l’/l

. 212 e 2712
SKexp(—( xl 2#) DU>+KeXp<_( SCZ+2,LL) Da')

< 2K exp (—Tgait log(1/0)) = 2K o™i,

where the second inequality holds by the tail probability of the standard normal distribution.
Let Cg1 = Cg1(B) be the constant in Lemma 21. Since o/p < 1 for 0 < 2, Lemma 21

implies that g; € Hf’KOG’l ([(=z; — ) Do, (—x; + 1) Dy]). Moreover, Lemma 20 implies that

(_xi‘f'M)Da m .
/ 9i (i y<i,y>i)dy — > Ui (?ZJ( Vyai Y>i)
(—zi—p) Do j=1 (38)

8]+1,, .8
< {W} CG71KM5+1D5+1m75’

where

(i) _ . puDonp J
yj _(_:CZ_/’L)DU—i_ m {JHBLJJ—FQ\‘%J—Fl}?

5 = M g
1T T il l

and (—x; — p)Dy < ;Ayﬁi) < (=i + u) D, for j € [m]. Combining (37) and (38), we have

I

where € = 2K gtail —|—QW“nngCGJK,uﬂ“DgHm*B/LBJ!. Since |z;| < p—p{log(l/o)}~d
and 0D, < 1/2, we have

'L+# m

X +o i Y, Y>i _ N7

2= (y;, . y>l)> o(y)dy — YT (y§’);y<i,y>i) <e, (39
i=1

(1)

ﬁflg x; + 0Dy(—x; — 1) < xH‘U?jj < x; + 0Dy (—x; + 1) < 7+1
2 2 % % % 2 2
and
zi + o3 {log(1/0)} ™

<1
- 2

58
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Consider F{;y, ..., F(j, . jp) for ji,...,jp € [m], defined as

Flr i)
—u ke— T
opt x+0<@§11),...,@§k_11),y,ylk) D
-/ L0, m sy b T] ow)dysr,
%>k toysiloo<p | /=5 K Pl
for ke {2,...,D — 1},
—eptu ~1)  ~0-1) \'
—L= x+0<y]1 Y ,y)
Fljreip ) = |, _, PO . ¢(y)dy, and
~ D
o ()
EG1,.ip) = Po [
For any k € {2,...,D — 1} and ji1,...,jp € [m], we have
i) Z Uj, ¢ (y]k ) (G158
Jrk=1
40
i (10)
SE/ { 11 ¢(yi)}d3’>k§€
x>k +oysilloo<n i=k+1
and
- (D
F(j1,~~-,jD—1) - Z Ujp @ (y](‘D)> F(j17~--,jD) <
Jjp=1
where the first and last inequality holds by (39). Note that
—ELte TAT D
7 x+oyy
1P ppo(x) = / / - {po ((>1)) qﬁ(y)} dy| [T é(wi)dys1.
x>1+0y>illoo<p |/ —2—£ 12 g

Then, we also have

D

T Z Uj, ¢ (yh ) G| < 6/ ch(yi)} dys1 <e,

ji=1 [x>1+0y>1lloo<p {i_g
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where the first inequality holds by (39). Combining (40) with the last display, we have

1Py (%) = i ﬁ {0 (1) } Fiiiv)

Ji,-ip=1k=1

< 1P ppo Z%(ﬁ( )

J1=1
D m i— m
+ Z Z l_i {%kgf) (%?)} F(j1,~~~7ji71) - Z 5ji¢ (@ﬁ)) F(jl,...,ji) (41)
i=2 |j1,edic1=1 k=1 Ji=1
<142 3 [M{me@))
i=2 j1yegio1=1 lk=1

D 7 1~
SE 1+Z Z ‘Hk 17,—Zk )

(2m) 5

where the last inequality holds because |¢| < 1/v/27. For each j € [m], we have

1
~ uDonﬁ - Dl{]og(l/o-)} (Tba+3)
‘/U]‘ S {}m&X(”U)l’, |wn5’> I
m m
where the last inequality holds because y < 1 and Dy = 2/27anng max([wi], . . ., [Wn,]).

Then,

g T D {log(1/0)} 9\ ™
1_|_Z Z kl]k<1+z Z ( e )

1=2 j1,0sio1=1 (2m) 2 =2 j1,....Ji—1=1

S Dl{log(l/g)}w;))“ <Dl{1og<1/a>}<fba+;>>l>l
=1t <D 7

where the last inequality holds for small enough o so that D;{log(1 /a)}(deJ“%) > /2.
Also, there exists a constant Dy = Da(f3, Ttail, Cq,1) such that

e < DK (UT“"“ + m_ﬁ{log(l/a)}(de+%)(5+1)> )
Hence,

MDpu,a(x) - zm: 12[ {5jk¢ <y](;]:)> } F(ﬁw-ajD)

Jiynip=1k=1

S T B (42)
ccfiey > Ml

3 a1 (M)

< D3K (0”‘"‘“ + rrfﬁ{log(l/o—)}(deJr )(B+1) ) {log(l/a.)}(de"r )(D-1),
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where D3 = DDy(Dq/v/2m)P~1L.
Note that

g

D
o X+ oy
=0 1 D/ (y1,---9yp) ' po < > H¢(yi)dY-
x+0y oo <pt H

i=1

Py () = /” . (“y . X) Po(y)bo(x — py)dy

For i € [D], consider a one-dimensional real-valued function g; such that
9i W3 Y<i¥>i) = y9i (U ¥<i,¥>i), Y € [(—2i — p)/o, (=2 + p) [o].
Then,

e (—witu) Dy
/I,H i (y; y<i,y>i)dy—/ Gi (13 y<iry>i)dy

(_xi_M)DU

(7$i7ﬂ)Do‘ %ﬂ
< /_x__ 9i (¥;¥<iy y>i) dy| + / 9i (1 y<i, y>i) dy
ZE K (*wﬁnu)Dg

o . (43)

<K yo(y)dy + K yo(y)dy
(xi'i‘N)Do (—xi+p)Dos

. 2D2 . 2D2
:Kexp<($l+5) 0>+Kexp<( 3324-2#) U>

< 2K exp (—Tait log(1/0)) = 2K o7,

where the first equality holds because
—x; — p < —{log(1/0)} ™4/2 <0 and  —ax; +p > 2 Hlog(1/o)} ™ > 0.

ch,l((_
(2

Since ¢'(y) = —yo(y) for y € R and o/ < 1, Lemma 21 implies that g; € ’H’f
1) Dy, (—x; + 1) Ds]). Moreover, Lemma 20 implies that

(=zi+p) Do m , ,
/ 9i (Y Y<ir y>i) dy — Z’ﬁj@é )gi <?3§ )3 Y<is Y>z‘>
(—zi—p) Do j=1

18]+1,, .8
< {QLBJT%} Ca 1 Ku D+ im=P

because g;(y; Y<i,¥Y>i) = Y9i(Y; Y<i, y>i). Combining (43) with the last display, we have

7

—Titp m
4 X+ 0(y<i, ¥, Y>i ~ i i
/IZH Po ( beiv¥> )> yo(y)dy — Z}vﬂfj g; @ )§Y<ia}’>i> <e  (44)
o ]:
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Combining (39) with a simple calculation, we have

X+ 0(yen U, y>i) ) 1

/ P0< e > T ¢(u)dy <
x_st+oy_slloo<n T Pt
ki

~1) ~i-1) (it ]) ~(D)\ "
X+O_<y]1 ""7y]1 1 7y7y]1+1 7"‘7ij)

- T () m :
Jl’w/’ng “C;é%

<1 S T{mle (1)

h=1 ji,....jh=1k=1
w/o ji k#i

for any y € R satisfying |z; + oy| < p, where Z denotes the summation over

ip=1 w/o j;
1 S j17"'7ji—17ji+17"'7jD S m.

Note that

D
X+oy
10 (Vpuo(x)) = / YiPo < ) 11 ¢(we)dy
[x+oylleo<p K 1

—Titp D
o X+ 0y
= / / Po < > H A(yr)dy <i ¢ yid(yi)dy;.
# Ix—it+oy—illcoc<p H k=1

Combining (44) with the last three displays, we have

m

D
/x+0y i <X+oy> H sdy — > TOT] {v]k¢ (yjk )}F(jl,._.ij)

Jise-jp=1 k=1

—Titp

sl S Mm@+ S Tl (i) L7, ey
h=1 jisin=1 k=1 J1renip=1k=1 Era
w/o j; k#i w/o j; k#i
2e |0 |
< 1+ ,
cx ey 8
Jiyedn=1k=1
w/o j; k#i
where the last inequality holds because f lylo(y) = 2 fo yo(y \/% and |¢p| <
1/v/2m. Combining with (42), the last display is bounded by
9DsK

Ttail -3 (Tha+3)(B+1) (Tha+3)(D— 1)
N (o7t +m = {1og(1/0)} ) flog(1/0)}
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and the assertion follows by re-defining constants. |

B.2 Proof of Proposition 23

Proof Let § > 0 be a small enough value as described below. There exists neural networks
f,u € fNN(Ll“ dl“ S/Lu M,u)7 fO‘ S FNN(LO') d0'7 SO’) MO’) Wlth

Ly, Ly < Cnaflog(1/6)},  [ldulloc, |dolloo < Cnvaflog(1/6)}?
Sur S0 < Cnaflog(1/6)}?, My, My < Cy 4log(1/6)

such that
e — fut)] <0 and loy — fo(t)| <6 (45)
for t > 0, where Cy 4 is the constant in Lemma 18. for any 0 < ¢ < (27)71
Since log(1/z) = —logx for any x > 0, Lemma 16 implies that there exists a positive

constant D = D1(7) and neural network fioe € FNN(Liog: diog, Slogs Miog) With

Liog < Di{log(1/6)}*loglog(1/6), [|diog|lec < Di{log(1/6)}’
s10g < D1{log(1/8)}*loglog(1/d), Miog < exp (D1{log(1/5)}?)

such that [log(1/x) — fiog(Z)| < VT6/2 + (2/v/T8)|x — 7| for /76/2 <z < (v/76/2)! and

z € R. Combining with (45), we have

log(1/0t) — fiog(fo(t))| < Qf C (\; + f) Vo (46)

for § <t < (27)7 L. Let

Tmult = Thd + 1

Lemma 14 implies that for £ > 2, there exists a neural network f e € Fan(L I(I]fl)ﬂt, dgfl)ﬂ“ SI(I’i)ﬂt’ Mr(flzlt)
with
L) < Cny (k7o + 1) log klog(1/6),  [|d®) [l = 48k,
Syte < OV k(T 1) log(1/0), My = {log(1/8) e
such that .
fr(rﬁzlt(%la s T) — H zi| <6+ k{log(1/8)}FVmmug (47)
i=1

for any x = (21,...,2;) € R¥ with ||x[|ec < {log(1/8)}™™ and X = (T1,...,7%) € R*
with [|x — X[ < €, where 0 < € < 1 and Cp is the constant in Lemma 14. Combin-
ing Lemma 11 and Lemma 9 with the last display, there exists a neural network féﬁ%v €
Fun (Liyons, divone, spows Miow) with

+8k, M® =p® vi

pow mult

< 96k, s®) < 95k)

pow — mult

L® =™ 4o dk)

pow mult pow ”OO
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such that
) () — azk‘ < 6 + K{log(1/6) }E=Dmung (48)

pow

for any |x| < {log(1/8)}™t and ¥ € R with |z — Z| <€ For § <t < (27)7!, we have

|log(1/0v)| < log(1/1/73) < log(1/9), (49)

where the first inequality holds by (27) and the last inequality holds with small enough §.
Combining (46) with (48), it follows that

]{mga/m)}w% DD (o (ol >>>]

<d+ <7’bd + ;) <\[ + f) V6 {log(1/8)} (e~ 2) T (50)

< Dov/5{log(1/8)} (T 2)Tmure

for § <t < (27)71, where Dy = 1+ (mpq + 3)( ‘f) Combining (47)0 with the last two

displays, we have

2
\C

{log(1/a)y ™+ — £, (fpl‘éf* (iog (1)) :c) \
< § 4 2DyV/6{log(1/5) }eata)mmi < Dyv/5{log(1/8)}atz) T

for 6 <t < (27)7! and |z| < 1, where D3 = 1+ 2Dy. Let m € ngN be a large enough

value as described below. Then, consider functions g}(,l), ol g}(,m) :[-1,1] x [0,00) — R and

fBEl),. ) .,fy(m) :R x R — R such that
99 (1)
= 2v/2ra{log(1/o)} > +3 § —x — py + FE IEIER NS € [m]
= tail 1108 t Mt m j ng| L g J nﬁ j

for z € [-1,1],t € [0,00) and

79 (0.0) = 2 {20, (57 G () ) = 50 (562 i () 5,00
+— < ol +2 LwJ + 1> fae <fpffv’;*+ (frog (fo(£))) ,fu(t)>}’ j e [m]

for z,t € R, where {(Z;,w;) : j € [ng]} are the constants in Lemma 22. Then,
|99 (,8) = 19 (@, )]
Dgng
< 2\/ 27—ta1 D3 +

+2 { J J + 1> + 1} V5 {log(1/8)}(mpatz)Tmu

ng
+2 M&J + 1) } {log(1/5)}mat2

JHBLJ

and

. 2
]gé”(a:,t)\ < 2y {2 =6 ( 7

m

j= HBL]J
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for |x] <1 and 6 <t < (47)71, where the last inequality holds by (49). Then, there exists
a constant Dy = Dy (3, Ttail, Thd, D3) such that

(@) < |0 (@,0) = D (@,0)| + [ (@,0)| < Daflog(1/6)} ™44, and
51
99, 0) = £ (@.1)] < Dav5{log(1/8)) ) "

for || < 1 and § <t < (27)~! with small enough § so that \/g{log(l/é)}(deJF%)Tmult <

) <
{10g(1/6)}7bd+%. Lemma 9 implies that fé01;;1+2) © fiog © fo € FNN(Lplos dplos Splos Mpls)

with

Lyo = L% 4 Loy + Lo < Ds{log(1/6)}2 log log(1/5),

+
dpte oo < 2 max (ndp@zé Dllsor gl ||dguoo) < Dy{log(1/8)},

1
Splo < 2 (s;zbvs“) + S1og + ) < Ds{log(1/6)}" loglog(1/6),

1
Mplo = Inax (Mégk\;jJrQ)y Mlog7 MO‘> < exp (D5{10g(1/5)}2) ’

where D5 = D5(mpa, Cn,1, CN 4, D1). Then, Lemma 9, Lemma 10 and Lemma 11 imply that
fy( € Fnn(Ly, dy, sx, M MY )) for j € [m] with

Ly < Dg{log(1/8)}*loglog(1/6), [dxlee < Dsf{log(1/6)}?,

¢ < De{log(1/8)} loglog(1/6), M) < exp (Ds{log(1/6)}2),

where D¢ = Dg(53, Ttail, Cn,1, Cn o, D3, Ds). Let Cv 5 be the constant in Lemma 19. Then,
there exists a neural network frec € FNN(Lrec, recs Srecy Mrec) With

Lree < Cns{log(1/6)},  lldreclloo < Cn5{log(1/6)}°
Srec < CN,5{lOg(1/5)}47 Myee < CN755_2

(52)

such that |71 — free(z)| < § for € [6,1/6]. Combining with (45), we have
1 1 1

o it ”‘ Tl
< (e A Fu()) 72 e — fu(t)] +06 < 176

for § <t < (27)71, where the second inequality holds because 1/4 < 1/2 —§ < f,(t) with
d < 1/4. Consider functions f}(,l), ce ﬂ(m) :R x R — R such that

T t) = 15 (Freelfu®)sw + £l (@0, £0)) G € [m]

eelflt >>1 -

for z,t € R. Then, Lemma 9, Lemma 10, Lemma 11 and Lemma 12 imply that A(J)
Fun(Ly, dx, 3x, M. (])) for j € [m] with
Ly < D7{log(1/8)}?loglog(1/6), |dgllec < D7{log(1/6)}?, -

3¢ < Dr{log(1/6)} loglog(1/6), MY < exp (D7{log(1/)}?) ,
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where D7 = D7(Cna,Cnps, D3, Dg). Note that both |o¢| and \g}(,j)(a:,t)] are less than
{log(1/8)} ™ for |z| < 1 and 6 < t < (27)~! with small enough 6, due to the (27)
and (51). Then,

o199 (@,8) = Foohy (£ (@0, Fo(8))] < 8+ 2D4v/6{10g(1/8)}7oa 27

for x € [-1,1] and 6 <t < (27)7!, where the inequality holds by combining (45) and (51)
with (47). Also, both |z + th}(,])(:n,t)\ and |p;!| are less than {log(1/8)} ™™t for |z| < 1
and § <t < (27)7! with small enough §, due to the (27) and (51). Combining (53) and
(47) with the last display, we have

()
x4 owgy’ (x,t) s
o) )

< &5 + 2{log(1/5)} ™ max (175’ 5+ 2D4\/3{10g(1/5)}(de+%)rmll1t)

(55)

< DsV/3{log(1/8)} mart2)7mme

for x € [~1,1] and § <t < (27)~!, where Dg = 35+ 2D,. Consider functions gsvl), .. ,ggvm) :
[0,00) — R and fv(vl), ... ,fVE,m) : R — R such that

o) () = 2V2raing @, oy {log(1/o)} s
for t € [0, 00) and
AP0 = 2/ Fraing o Fioit ™ (s (Fol2)
for t € R. By (50), we have
9 (8) = FP ()| < Dov/5{log(1/5)} e, (56)

for § <t < (27)7!, where Dg = 21/27,1 Dang mMaX;e[n,) Wj. Also, Lemma 9 and Lemma 10
implies that fv(vj) € fNN(LW,dW,sW,M\Sf)) for j € [m] with

Ly < L% 4+ Lo,V L, < Dip{log(1/6)}? loglog(1/6),

mult

2
ldwlloo < 4 {1 loe v (ldpiolo V lldylloe) } < Dioflog(1/6)},
Sy < 4 {s(2> +2(Lyio V L) + Spio + su} < Dio{log(1/8)}? log log(1/5)

mult

MV(Vj) < max {2\/27tailnﬁ m[ax] @j,Mr(fglt, Mo, My, 1} < exp (Dlo{log(l/é)}2) ,
je ng

where D1g = D1o(B, Ttail, Cn,1, CN 4, Ds). Consider a function fj. : RDP x R — R3L guch
that

(fore (%, t>>3m(i—1)+3(j—1)+1 = fysj)(%'a t),  (fpre(x, t))gm(i_1)+3(j_1)+2 = J?;j) (zi,1),
(fpre(x7 t))3m(i_1)+3(j_1)+3 = fv(v])(t)a (S [D]a] € [m]
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for x € RP and t € R. Combining Lemma 10 with (52), (54) and (57), we have fore €
FNN (Lpre> dprev Spre Mpre) with

Lpre < max (LX7 Exa LW) < Dll{log(l/é)}2 log log(1/5)7
Idprellso < 2 (mDlldxlloc + mD[dxlloc +mDdulloc ) < Diym{log(1/8)},
Spre < 2 {3mD max (LX, Ly, LW) + mDsy + mDsy + mDsW}

< Dym{log(1/8)} loglog(1/4).
Mpre < max (M, M, My, 1) < exp (Din{log(1/6)}?).

where D11 = DH(D, D6, D7, Dlg).

The assumption (S) implies that py = gy o g1 for functions g : [-1,1]° — [~ K, K]
and ¢y : [-K,K]*l — R, where g; = (911, ---»91y7)) with gi; € HEE (-1, T e T
and ga(x1,...,77) = lezll z; for x1,..., 77 € [-K, K]. A simple calculation yields that
g2 € W E([-K, K]y with K = (2K)Z! for any v > |Z] + 1. Since |Z| < 2P, Lemma 5 of
Chae et al. (2023) implies that there exists neural networks f,, € FNN(Lpys dpgs Spos Mpo)
with

Ly, < Dizlogm, |dpllec < Digm, Spy < Digmlogm, My, <1

such that |po(x) — fp,(x)] < m~4 for Ix|loc < 1, where Di2 = Dia(5,d, D, K). Since
po € HPE([—1,1]P), we have |p(x) — po(X)| < KD|x — x||EM for any x, % € [-1,1]P. Let
(5 be the constant in Lemma 22. Then, we have

_ {log(1/ay)} 7™
2

2+ o199 (x, 1)
K

<1 <1

for || < py — pe{log(1/oy)} ™4 and 6 < t <7 1(C2 A 1/4). Combining with (55), we have

. . T
X + oy (g§J1)(w1,t), e ,g§JD)(wD,t))

Po L1t - fpo (']/E;E]l)(llll,t),,f;g][))(l'p,t)>

(58)

< KDDIMN 6% {log(1/8) BADat manae =3 4 5 ip € [m]

for ||x|lco < gt — pu{log(1/oy)} ™4 and § <t <7 HC2ZA1/4). Let Cn 3 be the constant in
Lemma 17. Then, there exists a neural network fexp € FNN(Lexp; dexps Sexp, Mexp) With

Lexp < Cn3log(1/6)loglog(1/6),  [[dexplloc < Cn3{log(1/6)}?,
Sexp S CN,3{10g(1/6)}4’ Mexp S CN,36_1,

such that |e™ — fexp(Z)] < 0 + |z — Z| for any 2 > 0 and z € R. Consider a function
fo: RP — R such that

D D +(2) i
Folo) = (27 % funp (Z f2<>)
=1
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for x = (21,...,2p) € RP. Then, Lemma 9, Lemma 10 and Lemma 11 imply that f, €
~FNN(L¢7 d¢7 Se; M¢) with

Ly < Di3log(1/6)loglog(1/6), |ldsllec < D13{log(1/0)}?
S¢ < Dlg{log(l/é)}4, M¢ < D13(5_1,

where D13 = D13(D,Cn,1,Cn,3). Combining (51) with (48), it follows that

( zist)) = fo (19 <x1,t>,...,fy<f'D><a:D,t>)'

r . 2 .
| & e} - AR (@)
<(@2r)°7 |6+ ; 5 50

D
5+ % Z; (6 + 2{10g(1/8) o

Nl|s]

< (2m)”

9 (@i t) = £ @ t)()]

< D15 {log(1/8)}mat)mue &L e g G € fm)

for ||x|lo <1 and 6 <t < (27)7!, where D14 = D14(D, D,). Combining (56) with (47), we
have

Hg Fo (£ @), -,fv(fD)(t))'

< § + DDyV/6{log(1/5)}(ToatD=3) Tmure

< D15V {log(1/8)}(eatD=5)mmue 9 ¢

(60)

for § <t < (27)~! with small enough § so that |g&,’i)(t)| < {log(1/§)}™a for each j; € [m],
where D15 =1+ DDy.

Note that |pg(x)] < K for any ||x|e < 1, |¢(z)] < 1/y/27 for any 2 € R and
199 (%, )], 199 ()] < Dig{log(1/6)}mets for j € [m), x]lee < 1,6 < ¢ < (47)7", where
Dig = 2/2man(2 + ng) maxjep,,) @, Let [ € Fan(LY) 42 50 30 ) be the

mult? Gmult? Smult> Y mult
neural network in Lemma 14, with

I < Cn1log2{(2D7ua + D + 2)log(1/6) + Dlog Dig}
142 1o < 96,

52 < ch {(Drya + D/2 + 1) log(1/5) + Dlog Dig}
Mo, = DR {log(1/8) 2P (matd)

such that

|fmult(~) — 12| < 0+ 2D} {1og(1/5)}D(rbd+ e
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for all ||x||os < D {log(1/6)}P™aT2), % € R? with ||x — X||os < & Also, let

?(3) c fNN(L(3) H(S) 7(3) M(3) )

mult mult> Amultr Smult mult

be the neural network in Lemma 14 with

¥ < Cnilog3{log(1/6) + 3log(K vV 1)}, [[d%, [l < 144,

mult =
59 <30y, {log(1/8) + log(K v1)}, ME =K3v1

such that

T2 (R) — wrmamws| < 6 +3(K>V 1)E

mult\ X

for all [|x[|oc < KV1, X € R3 with ||x—X||oc <€ Consider functions fiain : RP x RP x RP —
RP*+! such that

(Fmain (6, %, W), = Fohy (Foie (s fo ), fo(x)) forn (W) i € [D],

(3)

(Fnin (5, %, W) 1 = P, (P (1 S (), £63) - S ()

for x = (z1,...,2p) € RP and X,w € RP. Lemma 9, Lemma 10 and Lemma 12 implies
that fmain S -FNN(Lmainy dmaina Smain; Mmain) with

Lain < D17 [logm +1log(1/6)loglog(1/6)], ||dmainllec < D17 [m + {log(l/é)}ﬂ
Smain < D17 [m logm + {log(l/é)}4] s Mmain < D175717

where D17 = 1317(1),[(7 CN71, Dl(), Dlg, D13,D16). For J = (jh . ;jD) S [m}D, consider a
function f@ : RP? x R — R3L such that

£ (x, 1)
= <f}€jl)(xlvt)v s 7f}£jD)(l‘Da t)’ }:;gjl)(xlvt)v sy }:;ng)(xDat)? fv(v]l)(t)’ ceey fv(v]D)(t)>T

By (58), (59) and (60), we have

(1) (4p) i
N GG ”/;t' oot ﬁ¢ (5870 1)) 60 0)
— (fmain (f(j)(xa 75)>>D+1

<6+ 2DF {log(l/é)}D(de+ )max{5 +3(K? V1) (epy V €5) s 6 )
< Dis{log(1/6)yPt8) lm = 675 {log(1/8) 7ot 3) 7|
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and

. T
X+ oy (9&1)(1’1775)7'--,QyD)(ﬂCD,t)) D

(%) Tt
k>
95" (., 1)po m

_ . 6)

<fma1n (f (X t))>k‘

< 6 +2D1 {1og(1/6)1 Pt oty max{5+3 K2V 1) (€ V €p) s 6w}

< Dua{log(L/8)y? 3 [ + 6 {log(1/8)} P+ ] | k€ (D], ju,-...jo € [m]

for [|x||ee < pe — pe{log(1/oy)} ™4 and § <t < 7 1(C2 A 1/4), where
D1g = D1s(B, D, K, Ds, D14, D15, Dig)-

Let C~'1 be the constant in Lemma 22. It follows that

pll L (£6) _ (o Vpi(x)
e mD je%D fmam (f (th)> pt(X)

< 51K{log(1/0t)}(deJr%)(D*l) (atﬁ‘"‘“ + mfﬁ{log(l/at)}(deJF%)(ﬁH))

oo

+D18{10g(1/5)}D(7—bd+%) |:m_§ + 5%{10g(1/5)}(de+D+%)Tmult:|

for 6 <t < *_1(022 A1/2). Let

m=mng|m| and ¢§=m i

aw®

we have (5 2 {10g(1/5 } (Tha+D+3) Tmule < m-

with large enough m > 0. Since T > d(,é’/\l) <

for large enough m. Then,

# Z £nin (f(.i)(x,t)> B (mV}(Dt()X))

j€lm]P

< D1g (log %)(Tbﬁ%)w—l) {trtﬁ’

(61)

oo

Y md (logm)(deJr )(6+1)}

Ib

)

where Dig = Dig(B, K, D, d, Thd; Trail, Tmin, 7> T, C1, Dis).
Recall that f.. : R x R — R¥L and fa, @ R?P — RPHL. Define a function

fore : RD X R — ROMD g5
~ B fore(x, 1)
et =0 (B50)

for x € RP and t € R. For each j = (j1,...,jp) € [m]P, there exists a 6mD x 6mD
permutation matrix ng) such that

i f(j).(x7 t)
QY fore(x,8) = p | —£W(x,t) | € RO™P.
O6mbD—6D
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Let Wi,by,...,Wr_....br.... be the weight matrices and shift vectors of the neural network
finain, Where dain = (d1,...,dp, ... +1) With dy = 3D, d, .. +1 = D+ 1 and W, € R&+1xd,
b; € R%+1 for [ € [Lyain]. Since 2 V0 — (—z vV 0) = z for any = € R, we have

Wit (x,t) + by

W1QWE,e(x, 1) + by :( o
m 2—a2

> eR™% vje [m]P,
where

= (Wi =W 0 mPdy x6mD = _ (b1 mPdy
Wy = < 0 0 0> eR s b = 0 eR .

(

For each j € [m]”, there exists a mPdy x m”ds permutation matrix le) such that

04, 550 | mi-1(j;-1)

RY (MQPEre(x,1) + b1 ) = WitV (x, 1) + by cR™E.
Odez—dQ ZlDzl mi=1(j;—1)—dz

It follows that

> RBY (M@ Fore(x, 1) + b1 )
J€m]? da 2 mi=1(G—1)+1:dy 22 mi=1(Gi—1)+da
= Wit (x,t) + b1, Vji=(j1.....jp) € [m]”.
Let a = (givl, - ’ijain+2)7 where 671 = 2md; = 6mD, C?l = del,l € {2, ... 7Lmain}a ngain+1 =
omPdy 1 =2mP(D+1)anddy_ .. 1o =2dr_ . +1 =2(D+1). Foreachl € {2,..., Liain—
1}, define block-sparse matrix and vector as

W, — I/Vlo 671+1><6?z Lo bl Jl+1
VV;—(O 0>€R and b; = 0 e R+,

Moreover, for each I € {2,..., Lyaim — 1} and j € [m]”, there exist Jl X élvl permutation

matrix Ql(j) and Jl+1 X Jl+1 permutation matrix Rl(j) such that

04y 322 mi-1(5i-1)
RI(J) (WIQI(J)Z + bl) =P mzdl Z«;D:1 mi=1(j;—1)+1:d, ZZD:1 mi—1(j;—1)+d; + by y ZE Rdly

0del+1—dl+1 S P mim(Gi—1)~dyyq

where zp, ., € R™2~™1+1 denotes the subvector of z from n;-th component to ne-th compo-
nent. It follows that

FL ) 1o~--ofloffT (x t)>
— pre(&, ) . ) .
( e dLmain Z’LDZI ml_l(]i_l)-‘rl:dl‘main ZlD:l ml_l(]i_l)—‘rdl‘main

=P (Wepan—1 - +bLn—1) 0 0 p(Wi-+by) o f9(x,¢), Vje [m]?,

main
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where E :R% — R%+1 ig g vector-valued function defined as

E(Z) =p Z Rl(j) (WlQl(j)Z + Bl) , le [Lmain — 1].

J€lm]P

Let Wy .., and by .~ be the block-sparse matrix and vector, respectively, defined as
— Lmain O CT gl« ~ Lmain a«
. X . .
WLmain - _WLmain 0 € R Emain+1 Emain and bLmain - _bLmain € R Emain+1 :
0 0 0

7 : : ) 7
main X dr... permutation matrix @ Lin and dr,_ . +1 X

For each j € [m]P, there exist df,
JLmain+1 permutation matrix R(Lj) such that

main

(fLma‘m o f1 ofpre(x, t)>
2dLmain+1

=P Wiain = +PLain) © 2 (WL
= (fmain (f W(x, t)))

S miT G ) 12dr,, 1 S mi T (1)
_1-+byg, )o-~-op(W1-+b1)of(j)(x7t)

maint1

main main—1

and

f, o0 f)ofe(x,t )
( Lmain 1 pre( 9 ) 2dLmain+1 Zz’il mi_l(ji71)+dLmain+1+1:2dLmain+1 22’;1 mi_l(ji71)+2dl‘main+1
p (_WLmain : _bLmain) © p (WLmainfl : +bLma1n71) ©0---0 p (W]- : +b]-) 0 f(J) (X’ t)

= (~fain (9 (x,1)) ).

: R%main — R%Zmain+1 is a vector-valued function defined as

where ?L

main

£Lain (z) =p Z Rg) (WLmain J z+ BLmain)

main Lmain
jem]?

Let /WLmain‘i'l be a block-sparse matrix, defined as

W o miD]ID_A,_l —m*D]ID_H 0
Lain+1 — 0 0 0

> (= Rdl’main +2 ><dLmain"'l .

For each j € [m]P, there exist dr__ .1 X dg, . 41 permutation matrix Q(le)min 41 and
ngainJrQ X glVLmain+2 permutation matrix Rg?nain 41 such that

(£ ) ipsr =2 [ M2 Y Fnain (9 (x,1))

j€lm]P
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and

(£10¢, 1) pyoapso = p | —m ™" Z fnain (f(j)(x’t)> ’

j€[m]P

where

f]- (X’ t) = p Z R%]I)naill—i-lWLmnn‘i’l QLmam—‘rlfLmaln 0 fl © fpre(X7 t)
Jj€[m]P

Combining with (61), we have

o= (o . -

S D19 (log m)(‘l’bd+ )(D 1) { tall + ,ﬁ:L_g (10g m)(de+%)(fj’+1)}

for ||x|loc < ptr — pre{log(1/o¢)} ™4 and m™Tmin < ¢ < ?_1(522 A1/2), where f : RP x R —
RP+1 is a vector-valued function, defined as

f(X,t) = (]ID+1 —]ID+1) fl(X,t).

Note that [Willo = [[Willo, [billo = [Ibillo for I € {2...., Limain — 1}, [Willo = 2[[Willo,
IB1llo = 2b1llo; Wiauiullo = 2Wrpallos BLllo = 2||‘OL lo and Wi, i, 41llo = 2D

main ||07 main main

(817 v 78L+1) (d]glr)ea e 7d](35/é)re)7 gl? sty ngain+27 dLmain-l-l)?

there (ipre = (dl(,i)e, .. dl(j%é’rﬁl)) For 1 <i < Ly, let Q; and R; be the set of d; x d; and
di+1 X di+1 identity matrix, respectively. For Ly <@ < L —1, let

<Qz me> P and R; = (RE.)LPYC)Je[m}D

Let m = (mq,...,mz_,) with m; = 1 for i < Ly and m; = mP for i > Lpre, and

P = ((Q1,R1))jez_1)- Then, f € Fwsnw(L,d, 5, M, Pr) with
5 < 28pre + 2Smain +4dr, 41 and M = max (Mpre, Minain, 1, m*D) .
Recall that m = ng|m] and § = m~"™i». Thus,

Z S Dgo(log m)2 log logﬁ% ||HHOO S Dgoﬁ’LD+1,
5 < Dygm(logm)® loglogmP*t, M < exp (Dgo{log ﬁ1}2) ,

where Doy = Doo(Tmin, D11, D17,n8). Combining (62) with the last display, the assertion
follows by re-defining the constants. |
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B.3 Proof of Proposition 24

Proof
Let Tai1 = 2V /(D + 3)/(2e). Given small enough ¢ > 0 as described below, we have

/xutylloo>nauam/m Po(y)Pon (= pey )y

[ylloo<1

<K G0, (X — pry)dy = KMZD/ ¢1(z)dz
I =gty |loo >Ttait ot/ log(1/9) ‘ 12| oo >Ttai1n/log(1/6)

D
<Ku P /
i—1 Y17

¢(zi)dz < ZKDILL;D(STtQail/2
\/log(1/5)

i|>Ttailn/log(1/6

for x € RP and ¢t > 0, where the last inequality holds by the tail probability of the standard
normal distribution. Also, for i € [D], we have

HtlYi — Zi
/x—utyOo>Ttailat log(1/9) <0't> po(y)¢0t (x = py)dy
l[ylloo<1

D
< KM?D/ =il ¢1(2)dz < Ky P / 2] ¢1(2)dz
||l oo > Ttain/log(1/9) ]; |25 |>Ttaily/log(1/4)

=Ku;P{(D-1E[|Z d d
Mt {( ) H H‘/|Z|Z7'tail\/m¢(2) z+/|227'tail\/m‘2|¢(2) Z}

< Kpi® {2<D STl 4 R [B (121 2 nam/logu/a))}
< K P {2(D - 1)y/2/7 + V) 67l

for x € RP and t > 0, where Z denotes the one-dimensional standard normal random
variable and the second inequality holds by the Cauchy-Schwarz inequality. Since ji, D <9b
for 0 <t < (27)71,

— _ D+1s72./2
pe(x) ﬁx_NtYOo<Ttailat\/m Po(Y)Po, (X — pey)dy | < KD2 et/ %,

[ylloo<1

(63)

ey — X
_ o (x — d
o:Vpi(x) /XMtY||oo<TcaiIUt log(1/9) ( Ot ) Po(¥)9o. (x — pry)dy
lylloo<1 o

< K2P {Q(D —1)2/m+ \fz} 5T/t
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for x € RP and 0 <t < (27)7'. For 0 < t < (27)7! and x,y € RP with [|x|s >
e — 7x{log(1/0y)} ™4 and ||x — Y ||co < Ttainorr/log(1/6), we have

Iyl >”X”W"X‘”fy”oo>1—(T"“"g“/ow}-%d+naﬂat 1og<1/a>>

Kt et

> 1 -2 [ {rog(1/ V2R } ™+ /o179

where the last inequality holds by (27). For 0 < ¢ < ™ and small enough é so that
6™ < (27)71, the last display is bounded by

1-2 |:7'X {1og(1/\/2?5ﬂ)}7de + T V27O \/log(l/é)} .
Moreover, the last display is lower bounded by 1 — 2D; for small enough J, where
_ -1
Dy = (2|2 {l0g(1/0)} va| +2) .

Then, Dy < ({log(1/6)}~™4/2) A (1/4) and D' € 2N. Let y(), ... y(P2) € RP be distinct
vectors satisfying that

{y(l),...,y(Dz)} = {Dl(nl,...,n[))—r in; €74, € [D]} N {y eRP: ¥ lco = 1—D1},

where Dy = (2/D1 —1)P —(2/D1 —3)P. Let V; = {y € RP : |y =y | oo < Dy} for i € [Do].
For any i € [Ds] and y € Y;, we have 1 — 2D1 < |ly|loc <1 and 1 —2D; < [|y?|s < 1.
Assume that the density pg satisfies

sup sup |(D%po(x))| < K.
aeNP 1_{log(1/6)} " bd <||x]|c0 <1

With small enough ¢ so that D3 = [logy/.(1/0)] +1 > 2, Taylor’s theorem for multivariate
function implies that

k (7) , k (4) — .
po(y) _ Z (D p(l){)‘(y )(y _ y(z))k + Z (D pO)(gy k'+ (1 S)Y) (y _ y(z))k
0<k.<D3 ’ k.=Ds3 ’

for a suitable ¢ € [0,1] and i € [Dy],y € Vi, where (y — y@)k = H].Dzl(yj - y](.i))ki,
k! = H]D:l k;! and k. = ||k||;. A simple calculation yields that

k (1) ) )
wy)— 3 PO okl 1y - y @ < Dy}

k!
0<k.<D3
D k.
eD1\™ p [(e\Ds
< ETT(S2) <KD +1 (f)
< ¥ RII(F) =xwisnP (S
k.=Ds3 7j=1
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for y € R and i € [Ds] because k! > kFe™" for any k € Z>o and 0 < Dy < 1/4. Since
D3 >1logd/log(e/4), (e/4)P3 < §. Then, the last display is further bounded by

K (L10g4/e(1/5)J + 2)D5 < K3Ps {M}D

Since V1, ...,YVp, are mutually disjoint except on a set of Lebesgue measure zero and
UP2 Y= {y e RP : 1 —2D; < |ly|lo < 1}, we have

/x 1t |loo <Trainoty/log(1/6) 9y Zﬁx peYlloo <Ttaitory/log(1/6) 9(y)dy

ylloo<1 ly—y®[loo<D1

_ ()
) p— Y BT R CINET AT

Hy||oo<1

for any continuous function g : RP? — R, [|x[|ec > ¢ — Tx{log(1/c;)} ™4 and 0 < t < 6.
Combining (63) with the last two displays, we have

D)) (o oy
Z%" pe¥ |loo <Tianory/log(1/8) 2 = y)E  do(x — pey)dy
[y —y® |l <D1 0<k.<Ds
log(1/6)”
< KD2D+1 Tenit/2 K D log(l/o0)
- oy K80 log(e/4)

Ax #tY||oo<Ttallat\/WZ ¢Ut ’uty) ’ 1{”}’ o y(Z)HOO < Dl}dy

[ylleo<1

log(1/6) 1"
— K DoP+5aa/2 4 3Dg ) 208\/0) / x—
R log(4/e) Hx-mﬂ\ooﬁﬂanat\/mqb (X = uy)

lyllo<1

dy

for ||x||oo > pt — Tx{log(1/0¢)} ™4 and 0 < ¢ < §™. Moreover, the last display is bounded
by

log(1/8) 1"
D+1572,/2 D g
KD2P+157n/? 4 K6 5{10g(4/6)} (64)

because [pp o, (x — pry)dy = ,u;D and ,ufD < 2P by (27). Also, we have

o Vpy(x Zﬁx 1Yl oo <Traiioe/log(1/8)

ly=y®@lloo<D1

k (@) - X ;
5 (D p(l){)!(y ) <Mty ) (v — v D&Y 6o, (x — puy)dy

Ot
0<k.<D3

<K2” {20 -1 \/2/7+f}5 aﬂ/4+K3D5{m}D

b0, (x — pey) - H|ly — vyl < Di}dy

[e.e]

my — X

/X ;thyHoo<7—ta110—t IOg 1/6
I¥lleo<
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for ||x||lco > pe — 7x{log(1/o¢)} ™4 and 0 < ¢ < §™. Moreover, the last display is bounded
by

K22 {2(D = 1)/2/7 + V2 570/ 4 2K 167 {log (4/€)} P 5{log(1/8)}PF12 (65)

because [pp ¢o, (X — piy)dy = p P and py P < 2P by (27).
For z,y € R and t > 0, Taylor’s theorem yields that
D
o L (@omy)\T
— Dy! 2Ut2 ’

Dy—1 l
o (@ = my)* i 1/ (z—my)?
P 207 — ) 207

where Dy = [2er?,log(1/6)| + 1 with small enough & so that Dy > 1. For |z — py| <
Ttailoty/10g(1/d) and ¢ > 0, the last display is further bounded by

D
<6Tt2ail 10g(1/5)> ! < 2—D4 < 52€Ttall log 2 (567'““1
Dy - B

where the last inequality holds because 1/2 <log2 and 0 < § < 1. Then,

m 2
py — k (z — py)
Ll _ _W TR ) g
/$—Mty|STcai1Cft log(1/6) < Ot ) (y @ P ( 2Ut2 > Y
Tl

ly—y1<7
Dy—1 l
—i / e | P Y Al ) W
1! Jle—pey|<manoi/log(1/5) ot 20’t2
ly—y|<D1
wy — ~1k
< (567— ail — d
t /»’C—Mtwﬁﬂaiwt log(1/6) ’y yI"dy
ly—y|<D1

< 667_t311/ D {Ttail log(1/5)} dy < §%Tai {Ttaﬂ log(1/5)}
lyl<1

for any x,y € R with |y =1 — D;,t > 0,k € Z>p and m € {0, 1}, where the last inequality
holds because D; < 1. Moreover,

Dy— 1 2\ !
Z / Yy —x ( _ mk _ (z — my) dy
I Jlz— pty|<Tanor4/log(1/6) Ot 20752

ly—9|<D1
(1 + 8¢ taﬂ) {Ttail log(l/é)}

for any z,y € R with |y| =1 — Dy,t > 0,k € Z>o and m € {0, 1} because

Yy — k T — ,uty
d
/f—#t?ﬂﬁﬁail% log(1/6) < ot ) (y = 4)" exp < > Y

ly—y|<D1

< DM {11 /log(1/6)}™ /| . 1dy < {Ttaﬂs/log 1/9) }
y|<
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Note that | H?zl xj— H]D=1 7;| < DCP7Y|x — X||o for any x,% € [-C,C]P. Since the last
two displays are bounded by 2{7.;11/log(1/9)}", we have
HtYh — Th

Ax uty||oo<nauot\/1og(1/a>< o1 > (7 =) 60, — pey )y -

lly—y >||00ng

D Dy—1

H Z HtYn — Th (y; — (Z))kj _(333 1Y) dus
oo 2oy [ — ey | <Tianoe/log (1/9) o Yim Y 207 v

ly;—u$” 1< D1

mD
< (2m0?)~ 7 D2P 16T {nan log(1/5)}
(66)

for x e RP,t>0,h € [D],i € [Dy],j € [D], k € Z; and m € {0,1} with small enough & so
that 7gai11/log(1/6) > 1. With m = 0 in the last display, the last integral satisfies that

1 ( o (i))’% _(:zrj—utyj)2 ld ]
1 2may Sl -mawlsranenos75) \% Y, 207 Y

lyj y D1<D,
1

t “1 OV 2t oyl
l'\/ﬂ |ZJ|<Ttall\/m (iut Jth+Mt ‘/L']_yj > Zj (_2) dZJ

lug torzibug ta— y )|<Dy

_ (=27t v b
= l'm ‘ZJ|<Tca11\/W Z (Mt J}j—yj ) Zj] dZJ

|Nt ozt x] y(>\<D =
STt ri 42l

(=2)7p _k'_l i @O\ ki—ri [ Zij —Zi; def
B l'\/ﬂ ( ) 7 (25— ) vy 2l = Py (1),

where

Zjj = min

Zij =
Combining (27), (64) and (66) with the last two displays, we have
pe(x) — g:(x)]|
D
< KD2P+H1572a/2 1 K6P5 {109;(1/5)}

log(4/¢)
B3>

(Dk Po y())
i=1 0<k.<Ds

Ds |§%0/? 4 6{log(1/8)}” + 6=/ {log(1/5)} e+ |

(2mo?)~ T D2P1 e
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for [|X]|lcc > me — Tx{log(1/oy)} ™4 and § < ¢t < §™, where Dy = D5(D, K, T, Ta1) and
g : RP — R is a function such that

Dy D Di-1 p e, 1(;
=3 > {06 }II 3 Doghyt\23:1) gD,
i=1 0<k.<Dj j=1 1=0
Since Tiai1 > 2V /(D + 3)/(2¢), we have
[pe(x) — g¢(x)| < 3D56{log(1/6)}" (67)

for small enough . Similarly, with m = 1 and h = j in (66), the last integral in (66) satisfies
that

l
1 payj — T (g (25— mey;)?
i /271_0.1L /wjptyj|§7'tailot\/log(1/6) ( oy (y] —yj ) N 20-152 dyj

ly; —yjz) |<D;

C N Ko
= —1 . -1, @\ 2141 1.
B W | 25| <Teainn/log(1/6) (/Lt Otzj + py T =Y ) Z (—2)~ldz;

|Mf10tzj+uflxj —y$71<D;

_r;+2042 ri+20+2
(=2)"p 7 O Z,JJ — 2 def =
B l'\/ 27r t ( — HtY; ) re 420+ 2 = Pi,j,kj,l(xj?t)'
J

Combining (27), (65) and (66) with the last display, we have

o (Vo)) = 31 ()|
< K2P {2 (D —1)y/2/7 + ﬂ} /4 1+ 2K 7,060 {log(4/e)} P {log(1/6)}P+1/2

+Z Z Dpo ))

=1 0<k.<Ds3

< Dg [5 wi/d 4 §{log(1/8)}P /2 4 e D/2{log(1/5)}D(;bd+3/2)}, h € [D]

D
(2n07) =3 D2P 15 {1 /log(179) }

for ||x]|oc > me — Tx{log(1/oy)} ™4 and § < ¢t < §™, where Dg = Dg(D, K, a3, 7) and
g, MLRD o R, h € [D] is a function such that

~(h k iy Py, ng 33]7 e ﬁi,h,kh,l(xhat)
S Y e TT Y D T

i=1 0<k.<Ds3 j=1 1=0 =0
J#h
Since Trai > 2V /(D + 3)/(2e), we have
o (Vpe());, — 34" ()| < 3Deo{log(1/0)}7, € [D] (68)

for small enough §.
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Let 0 < & < & be a small enough value as described below. With 2<1 /2, Lemma 18 im-
plies that there exist neural networks f,, € Fnn(Ly,dy, S, My), fo € FNN(Lo,do, So, My)
with

Ly Lo < Cna{log(1/0)}%,  [ldullsc, ldollco < Cva{log(1/8)}?
Sy 5o < Cnaflog(1/6)}2, M, M, < Cy4log(1/d)

such that |p; — fu(t)| < § and |oy — f,(t)] < 6 for t > &, where Cn,4 is the constant in
Lemma 18. Also, Lemma 19 implies that there exist a neural network frec € FNN(Lrecs Arecs Srecs Mrec)
with

Lrec < CN,S{IOg(l/g)}Qa HdrecHoo < CN,5{1Og(1/6~)}3

Srec < CN,5{lOg(1/g)}4’ Miec < CN,55_2
such that [1/2 — frec(x)| < & for any z € [5,1/6], where Cn 5 is the constant in Lemma 19.
Slnceat—(5<fg()<Jt—|—6fort>(5and\F<Jt<1fort>5 we have § < f,(t) <2

for t > 6 with small enough § so that § < /70 — ¢ and § < 1. A simple calculation yields
that

[1/0t = free(fo ()] < [1/or =1/ fo(O)] + 1/ fo(t) = frec(fo(1))]

2 ’ 2T (69)
<{oe AN fo®)} Floe = fo(®)[ +0 < (1+677)0
for t > §. Lemma 14 implies that there exists a neural network
k) Sk k) Tk
fmult = fNN(Lfm)ﬂt’dfm)ﬂﬁN(ml)ﬂt’ Mr(mzlt)v k=2
with
LW < Cnilog k{log(1/8) +log(1/6)}, d™) = (k, 48k, ... 48k, 1),
52 < Cnak{log(1/0) +log(1/6)}, MP) =5k
such that i
PO @ ) = [ | <6+ ko~ DE (70)
i=1
for any x = (21, ...,2;) € RF with ||x|e0 < 071 and X = (71, ..., 7;) € R¥ with ||[x —X||e <

€, where 0 < € <1 and Cy is the constant in Lemma 14. Let

fClip S fNN(27 (17 27 1)T7 77 Ttail ]_Og(]./é))

be the neural network in Lemma 15 such that foip(x) = (E'\/—Ttaﬂ\/10g(1/5))/\7’taﬂ log(1/4)
for x € R. For i € [Dy] and j € [D], consider functions fi:j’iij : R x R — R such that

Figlwst) = faip (P (freo (Fo0) 10" + Di}fult) — 7)),
£ 5@ty = faip (Fi (Free (o0 10" = Di}fu0) =) )
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for z,t € R. Note that |yj(-i) +D;| <1and ]y](-i) — Dy| <1 for i € [Dy]. Combining (69) and
(70) with the last display, both |2;; — f; ;(z,t)| and |z; ; — Lj(x,tﬂ are bounded by

64207 (14626 <553 (71)

for |z| < ut—FTXUt\/W and § <t < §™ with small enough ¢ so that \(yj(i) + Dy — x|,
‘(yj(-i) — Dyt — x| and 1/0¢ are upper bounded by 6. Since p; — 6 < fult) < pe+ § for
t >4, Wehavgl/élg 1/2 -6 < fu(t) <146 <2and 1/4 < py <2 for 6 <t < Dy with
small enough ¢ by (27). A simple calculation yields that

11/ 1t = free(fu(O)| <11/ pr = 1/ Fu(®)] + 11/ Fu(8) = free(fu())]

—2 = ~ (72)
< e A fu ()Yl — fu(t)| +6 <176

for 6 <t < ¢™. Foranyi € [Ds],j € [D],ke{0,...,D3—1}, consider functions f; ; r, ﬁ]k :
R x R — R such that

0,5, (Z5 1) = { i,3,k,0,r,m T Jg }7
f 7]7k( ) ZZ:% TZO <T,> {k‘”\/%(?a + 2[ + 1) } f ’.]7k7l) ) +2l+1 iZ,Lk,l,T,T-‘rQl-‘rl
Fare =3 > (Va2 L i )
0,5,k \ L5 ) = 1,5,k 0, Y )
gk — r k'l'm('f' + 2l + 2) JJokeslyryr+214-2 L4,7,k,lrr+20+2

for z,t € R, where

?i,j,k,l,r,s = :(Iiﬁ:-S-l-l) (frec (fu(t)) : 1k+1a fa(t) : ].ra {IL‘ - f,u(t)y](Z)} : lk—r)?iﬁ‘(I',t) : 15) )
= .]?r(ffljs-i_l) <frec (fu(t)) : 1k+17 fa(t> : 17": {x - fu(t)y](Z)} : 1k7r7 fi](l',t) ' 15) )

b

ii7j7k7l77,78

for s € {r+21+1,7+2(+2}. Combining (72), (69), (71) and (70) with the last two displays,
the definition of P ;1 (x,t) and P; ;. (x,t) implies that

Dy—1

Pijgi(z,t
> Jk:'() = fijr(@,t)
1=0 '
Da—1 k —l41
k 2 ~ ~
< 6 +5(2k + 1+ 21 + 1)§ 2245
pare Tz:% (r) {k!l!\/27r(r + 20+ 2) } { ( ) }
and
Dys—1
P x,t ~
Z Jykl,{f'( ) f’L] k(ajvt)
1=0 '
D41 &k 41
k 2 ~ ~
< 6 +5(2k + 1+ 21 + 2)§ 2256
<25 () v o 0 ) }
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for i € [Ds],j € [D],k € {0,...,D3 — 1}, || < py + 7x014/log(1/0) and 6 < t < §™ with
small enough 6 so that oy, u; ', |z — yJ(Z)| Tiailv/10g(1/6) are all upper bounded by 6 1. Since
Zf 0 ( ) = 2% and 2% /k! < 2 for all k € N, the last two displays are bounded by

Dy—1 —
i (W> {1 +5(3Dy + 2l1)5*3D372l} 5 < §—Drlos(1/8)5 (73)
— \IV2r(20+1) -

where D7 = D7(T¢an). Forany i € [Ds],j € [D],k€{0,...,D3—1},1 € {0,...,Ds—1},|z| <
te + 1x0¢y/log(1/§) and 6 <t < 6™, we have

P;jki(z,t) 21—k Ny k k42041
3J vy < 2 " 1 1 ai 1 1
L = k!l!\/ﬂ(r—l—Ql—l—l) ;:0 r { Ut + TxO¢ Og( /5)} {Tt 1 Og( /5)}

and

Pijki(z, ) 2tk - k k+2042
A AR .
x PN T Z ") ¢ {2+ monV108(1/0) | { mian/10e(1/0) }

by the definition of P; ;;(x) and Pi,j,k,l(:c). Since ZI::O I: = 2% and 2F/k! < 2 for all
k € N, the last two displays are bounded by {Dglog(1/8)}* T+, where Dg = Dg(Ttail, Tx)-
Then,

Dy—1

P. .
S Paktl® < b (Dy10g(1/6))PP1 < (10g(1/8)} 150D ana
1=0 )

Ds—1 &
B
E 7“’]6’[(3;) < Dy{Dglog(1/8)}PsTP+=1 < flog(1/5)}P° log(1/9)

k!
1=0
for i € [Do],j € [D],k €{0,...,D3 — 1}, ]a;\ < pg + 1xo\/1og(1/6) and 6 < ¢ < §™, where
Dy = Dy(T¢ai1, Dg). Consider functlons f f , f(D :RP x R — R such that

Z > {kao ))}frnguft(fi,l,kl(m,t),-.-,fi,D,kD(fED,t)) and

i=1 0<k.<Ds3

f(h X t Z Z { kao ))} féﬁ%‘g ﬁ,h,kh (:Uha t)7 fi,l,k’l (xla t)a ceey fi,D,kD (xDa t) ’

1=1 0<k.<Ds3

without f; p K, (Tht)

where f ult € Fn (L(D) al?) s o) ) is the neural network in Lemma 14 with

mult’ Gmult? Smult> M mult

L) < Cn 1 log Dllog(1/8) + DDglog(1/6) loglog(1/6)], d'”). = (D,48D,...,48D,1)",
s\P) < Oy Dllog(1/3) + Dolog(1/6)loglog(1/5)], ML) = {log(1 /5)}DD9 log(1/6)
such that

ult

D
£ @, @p) — [J wi| < 8+ D{log(1/6)}(P~DPales(1/d)z
=1
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for any x = (z1,...,2p) € RP with |x||oc < {log(1/8)}P21080/%) and X = (74,...,%p) €
RP with ||x — X|| < ¢ Combining (73) with the last display, we have

\f(x t) — 9:(x)]

< Z Z ‘ kao )’ {1 + D6 D7 log( 1/6){10g(1/6)}(D 1)Dg log(l/&)} g
1=1 0<k.<Ds3

< KDy Dy {1 + Do~ Pr1ea(/0) flog(1/5)} (P~ 1P logu/é)} § < §—Diolog(1/)5

for ||x||co < pt + Tx0py/log(1/d) and § < t < Dy, where Dig = D1o(D, K, Tva, D7, Dyg) is a
large enough constant. Similarly, we have

‘f x, 1) (h)( )‘ < 5—D1010g(1/5)5~’ h € [D]

for ||Xloe < it + 7x0¢1/10g(1/8) and 6 < ¢ < §™. Let & = §P10108(1/)+1 Combining (67)
and (68) with the last two displays, we have

[pe(x) = f(x,8)] < 0 +3D50{log(1/3)}7 < (1 +3D5) 6{log(1/0)}”  and
o1 (Vpe(x))), — FP(x, t)( < 0 4 3Dgd{log(1/6)}” < (1 +3Dg) 6{log(1/8)}”, h € [D]

for py — me{log(1/o¢)} ™4 < ||x||oo < it + Tx0y/log(1/0) and § < ¢t < ™. Note that
Dy < Dis{log(1/6)}P™!,  Ds < Dizlog(1/6), Dy < Dizlog(1/d),

where D13 = D13(D, Tiaj1). Consider a function f : R” x R — RP*! such that

f(th) = (f(l)(x,t), ) f(D)(X7t)v f(X,t))T

for x € RP and t € R. Lemma 9, Lemma 10, Lemma 11 and Lemma 12 implies that
f e Fan(L,d, s, M) with

L < Dy1{log(1/6)}*,  ||d||lsc < D11{log(1/8)} +PTeatD
s < D11{10g(1/5)}11+D?‘3d+D, M < exp(D11{log(1/6)}?),

where D11 = D11 (D, K, Ttail, N1, CN 4, Cn s, Dy, D13). The assertion follows by re-defining
the constants.
|

B.4 Proof of Proposition 25
Proof Let

1
D+1 2
Ty = ?_1 and T = {4(D7’7’t + 1) V < + )}

e
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Let t, > 0 and 0 < 6 < 1 be small enough values as described below. By the Markov
property of (X;)¢>0, we have

P +t(X) = /R b (¥) o, (x — pey)dy

for any x € RP and t > 0. Let Cs1 = Cs1(D, K, 1) be the constant in Lemma 6. Since
Ipt. (x)| < Cs 1 for any x € RP, we have

P (¥)do, (x — puey)dy
/HX—MYHoo >Tiailoty/1og(1/9)

G, (x — pey)dy = CS,lMt_D/ ¢1(z)dz

< 051/
IIX_MtyHoothailo't \Y log(l/é) ”leoo > Ttail V log(l/&)

2

D
<Coui”Y [ $(z)dz < 205, Dy P58
; | Viog(1/6)

i|>Tean/log(1/0

for x € RP and ¢t > 0, where the last inequality holds by the tail probability of the standard
normal distribution. Also,

i — Iy
/ (M) Pt (¥)bo, (x — pry)dy
l|x—pty |l oo >Tranot/log(1/8) ot
< Coani” | 21| é1(2)dz < Csapiy / 21161 (2)dz
||z||0027-tail V IOg(l/é Z ‘>Tta11 IOg(1/5

_ Cgpi? {(D _1)E[]Z] / $(2)dz + / |zr¢<z>dz}
|2|>Ttai1n/log(1/6) |2|>Ttai10/10g(1/6)
s (0 R

<2Cs1Dp;

i € [D]

for x € RP and t > 0, where Z denotes the one-dimensional standard normal random
variable and the second inequality holds by the Cauchy-Schwarz inequality. Note that
exp(—7t) < py < exp(—rt) for ¢t > 0. Then,

2
Ttail

< 20571D5 2

7D?Tt

Pt (¥) b0, (X — pry)dy

Pro+t(X) — /
||X*Mty||oo§7tailat\/m

py —x\ ' (74)
otVpt,+1(X) — / <> Pt (¥)bo, (x — pry)dy
Ix—ty || oo <Ttaitos+/log(1/6) gt 00
thai =,
< 205, D6~ P
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for x € R? and 0 < ¢ < 7 log(1/6). Lemma 6 implies that py, (x) < Cg16%a/2 for
[%/loo > ir, + Ttaitor, /10g(1/6). Then,

/lxﬂt}’oo<7'ta110't\/m Pt (¥) o, (x — pzy)dy
Hy”OOZNt* +Ttail Oty \/m
tall
/X ﬂtY||m<TtdllUt\/W gba.t (X /’Lty)d

1y [loo >ttt s +Teait ot A/ log(1/0)

< 205 102

2
Ttail

z)dz < Cg10 2

—D?Tt

< Csap; P8 3

for x € RP and 0 < t < 7 log(1/5), where the last inequaltiy holds because ;P <
exp(DT7t). Also,

HtYi — T4
Ax—utynm<naﬂat\/1og(1/5) ( o )pt* (¥) o, (x — pey)dy

1y 1] oo > it +Teail oty 1/ 10g(1/5)

2 Tgai =,
t2 l,ut_D/ |Zi|¢1(Z)dZ < <\/>> 05715 t2 l _D7r
RD T

for x € RP and 0 < t < 7 log(1/6). Combining with (74), we have

Prott(x /x 12y loo <Tianoe/108(1/8) Pt, (¥) 0o, (x — pzy)dy -
||y||00</>"t*+7—tallo't*\/m

2
tall

—D71

< C'Sl(QD +1)6 2

and

T
Mty — X
iV Pr4i(X) - ﬁlx—ﬂtyl|w<Ttai10’t\/log(1/6) < : ) P (Y)9o, (x = puy)dy

Ot
l¥lloo Sprts +Teainoe, 1/ log(1/0)

< Cs1(2D + /2/7)6 il prr

for x € RP and 0 < t < 7y log(1/6). Let m, € N> be a large enough value as described
below and y(I, ... y(P1) € RP be distinct vectors satisfying that

{y(l),...,y(Dl)} = {T*(nl,...,nD)T in; €7L,1 € [D]} N{y € RP : [|y]loo < (ms — 7.},

where 7, = {us, + Tainor, \/log(1/6)}/m, and Dy = (2m, — 1)P. Let Vi = {y € RP :
|y — ¥y ||oo < 7} for i € [Dy]. Taylor’s theorem for multivariate function implies that

o0

k (@) . )
Z (D ptf{)!(y )(y_y(l))k+ 3 (D pt*)(fyk! (1 €)Y)(y_y(1))k

0<k.<Tsm k.=Tsm

P (y) =
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for a suitable £ € [0,1] and i € [Dy],y € RP, where (y — y®)k = ijzl(yj — y](.i))kf,
k! = ijzl k;! and k. = ||k[|;. Combining with Lemma 8, we have

py) - Y PRIV o)1y -y <)
0<k.<Tsm

eTy ks ety \
= Z Us 30y, H ( > < Cs3(om +1)7 (Ut>

k.=Tsm

fory € RP and i € [D;] because k! > k*e™* for any k € Z>o, where Cg3 = Cs3(D, K, Tsm, T, T)
is the constant in Lemma 8. Since )i,...,Yp, are mutually disjoint except on a set of
Lebesgue measure zero and J2, V; = {y € R? : ||y|lco < ptt. + Ttaitor, v/10g(1/6)}, we have

Dy

g(y)dy = / 9(y)dy
/Iylloo<m* +Ttail ot y/10g(1/6) z; Iy =y @ oo <7

)

g(y) - H{lly =y < m}dy
/HY||oo§Mt*+Tant*\/m ZZ;

for any continuous function g : R? — R. Combining (75) with the last two displays, we
have

(D¥pr,) (y™) ()\k
Prar(x Zﬁx my\\oo<nauot\/m > T(y—y )7 G (x = pay)dy

y—y @ loo <7+ 0k <Tom

2
Ttail
2

— D71y

<Cs1(2D+1)6

€Tx

Tsm
D .
* CSB(TSHI * 1) <Ut ) /|X bty loo <Ttai o 10g(1/6 Z d)gt ,Uty 1{||y - y(z)”oo < T*}dy
’ 1y lloo 1o +miaiton. /108 (1/8) =1

Tsm
— D71 + CSS(Tsm + 1) <ZT*) 57D?7't
ts

tall

< (Cg 1(2D +1)0 2
(76)
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for x € RP and 0 < ¢ < 1ylog(1/4), where the last inequality holds because [p @0, (x
pey)dy = pu; P and p; P < exp(D7t) < 6~ P77, Also, we have

oiVpr+i(X Z/x 1Y lloo <Teanor/log(1/6)

ly— y<l)Hoo<7'*
D¥p,, ® —-x\ ' i
>, ( tki(y ) (Mtyat ) (v = y)* b 6, (x — pry)dy

0<k.<Tsm

T2’i = 3 Tsm
< C51(2D + /2/m)5 1 P 4 Cg3(7em + 1) (”)

Ot,
/X H‘ty”oo

||y||00<.u‘t*+7—ta110't*\/m
< 05,1(2D + \/2/7)5 tzil —D7r + Cs’thaﬂ(Tsm + l)D (

[e.o]

Hy — X

%( —y) - H|ly = yPleo < i }dy

€Ty

>‘ 5P\ /log(1/6)

Ot,

(77)
for x € RP and 0 < t < 7log(1/§), where the last inequality holds because Jzp b0 (x

pey)dy = p; P and pi; P < exp(DTE) < 6P
For z,y € R and t > 0, Taylor’s theorem yields that

Do—1 l D
exp (- (z — wy)® B i 1/ (z- wy)? < 1 (== wey)2\
207 — 1 202 — Ds! 207 ’

where Dy = [2e72,log(1/8)| + 1 with small enough § so that Dy > 1. For |z — py| <
Teailot/log(1/d) and ¢ > 0, the last display is further bounded by

2
(eTtail llgg(l/é)> < 2—D2 < 5267’tall log 2 < 567'“”1
2

where the last inequality holds because 1/2 <log2 and 0 < § < 1. Then,

u 2
py — k (= — pry)
_ S e 2V B
/xuty|§7—tailcrt log(1/6) ( oy > (y @ exp < 20't2 ) Y

ly—yl<7
D1 N
> i, ) R VY N C 7)) I
I —pty| <Teanoty/log(1/0) ¢ 20%
ly—yl<7e
ey — x| ~k

< 667—1;&11 - d

/m—utySTtailUt\/log(1/5) ly=yldy

ly—y| <7

< 6T il / {Ttail log(1/5)}u Tf dy = 771*7;{“'1 {Ttail log(l/é)}u SE€Teail
[y <mT
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for any z,y € R with |y| = (m« — 1)7u,t > 0,k € Z>p and uw € {0,1}. Note that p;, <
1—71t,/2 <1and \/7t, < 01, <27t <1 with t, < (27)71. For k < 7y, the last display
is bounded by

(1 + Ttaﬂ)k_‘_lm;k(seT?ail {10g(1/5)}% {Ttai] 10g(1/5) }u
< Trait (1 + Tta11)75m+156Tt2ai1{]og(l/&)}Tszm +1

because My, = iy, + 0, Trail/10g(1/9) and py, + o, Teain/10g(1/6) < (1 + 7tan)/log(1/9)
with small enough 6 so that 6 < 1/e and 7ia;1/log(1/0) > 1. Moreover,

T py — (& — py)?\'
N . N
Z i /x eyl <rianci/1og(1/) < o1 ) y=9) ( 207 > dy

ly—y| <7«
S Tiail (1 T 567“”) (1 + 7ai) ™ {log(1/6)} 3" 1

for any x,y € R with |g] = (m, — 1)1t > 0,0 < k < 75, and u € {0, 1} because

u 2
Mty — T k (LU - /’Lty)
_ -2 )d
/x—uty|<7'tai~10t log(1/6) ( ot ) (=) exp ( 20152 ) ’

ly—7| <7«
u
< / {Ttail log(l/é)} dey < m*T*+ Ttail 10g(1/5)
[y|<m.s

< Trait (1 + Toa) ™ {log(1/8)} 2" +1

Note that | H]D:1 xTj— H]D=1 7;| < DCP7Y|x — X||o for any x,% € [-C,C]P. Since the last
two displays are bounded by 271 (1 4 Trail)™™ T {log(1/8)} 2" 1, we have

HtYh — Th
/X 116Y || oo <Teaitoe/log(1/6) ( ¢ > (v - y ) G (X = 1ey)dy -
lly =y loo <7
D Dy—1 . = l
H i HUtYn — Th with ]}( L (i))kj _(CUj—thj)2 du:
2 l.\/ggt sl Sraons/og(1/0) 1 Yim Y 207 Ui
o |y] y] ‘<7—*

< (2m07) ™2 D208 (1 + i) P D 6T {log (1/8) } PCF D
(78)

88



NONPARAMETRIC ESTIMATION OF A FACTORIZABLE DENSITY USING DIFFUSION MODELS

for x € RP,t > 0,h € [D],i € [D1],j € [D],k € ZZ, and u € {0,1} with k. < 7,. With
u = 0 in the last display, the second integral satisfies that

l
1 ( o (i))ki @)\
2o, | —#tyj|§7ta%10t log(1/6) Yi—Y; 203 Yi

g~ | <

1 k.
= -1, .. -1 @O\ 20 _o\—l7,.
ll./g7r |25 <Ttaity/log(1/8) (Mt ozt T Y ) 25 (=2)7dz
Iy oezitig ey <
—1,,~1

iy e i1 O\ 2
- l'm |Zj‘§7tail\/m Z t) ! (,Uzt x] —y] ) Zj] dZ]

|/1«t_10'tzj+ﬂt_1fﬂj—yj(vi> |<Tw r;=0

—kj—1 K _rjt2l+1 241

(=25 " S (R o\ (EG 2y et

:l'— %Z r; (o (ij_/‘tyj ) Tj+21+1 = Pﬂk l(x]7t),
: r;=0

where

ey + 1) —
Zi; = min [ max J , —Ttail\V/ 10g(1/0) | , Teainy/10g(1/0)

Ot

(4)
) —
2z;; = min (max (:U’t(yj ) ],_Ttail log(1/4) > Teail v/ 10g(1/9) )

Ot
Combining (76) and (78) with the last two displays, we have

|pe,+e(x) — gt*,t(x)|
2 Tsm
< Cs5,1(2D + 1)5" 3P 4 Og3(rm + 1) (GT*> o

33

i=1 O<k <Tsm

(DX pt (y") +1)

(2102) ™2 D2P LD (1 4 7)) P 7om ) 57 {log (1/6)

for x € RP and 0 < t < 7 log(1/6), where Gt - RP — R is a function such that
(D¥p 4 D Dy—1
t*
=3 5> {PPIEONTS r o
=1 0<k.<Tsm 7j=1 1=0
for x € RP. Let

2—27T|5w
D

My = [ml/DJrlJ and t.=m"

with large enough m € R so that t, < (27)~! and m, € N>9. Since o2 > 1 — exp(—2r1t)
for t > 0 and 1 — exp(—z) > z/2 for 0 < z < 1, we have at_D < (16)_D/2 for t > 6 with
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§ < 771. Then,

Pt +t(X) = gt (%)

2
Ttail

D,
< Ds {5 2 DT Ly e, R Drriflog(1/6)} 2"

7'low7'5m Tsm

+2Pm leée tail D{IOg(l/é)}D( ?

2
DTtail — D7
2 t4+m

< D, {5 =D {log(1/6)} F"

for x € RP and 6§ < t < 7y log(1/8), where D3 = D3(D, Tym, T, Ttail, Cs,1,Cs3) and the last
inequality holds because m'/P < m, < 2m!'/P. Since 72, = 4(D7r, + 1) V (D + 1) /e, we
have

2
T4
tTaﬂ ~D7ry>1 and erd;— D> 1.

Then,

Pt +t(X) = gt (%)
S D3 |:(5+m low Tsm

(79)

57T {log(1/6)}F +2Pm” 7 6{log(1/8)}PF )|

for x € RP and § < t < 7 log(1/6). Similarly, with « = 1 and h = j in (78), the last
integral in (78) satisfies that

l
1 Py =5\ o e (85— peyy)? ,
1270, ) /wg utyg|<ﬁallo't\/10g (1/6) ( oy (s =95 )™ (= 207 4

(%)
ly;— Y; [<7e

M (—1 TR B (i))kj A+1( o=l 1.
= avas ) lsnayiEm Moo=y )z (=2) T
|u;lotzj+u;1m]-—y<-”|<?

- l'\/ﬁ Z ( > (mj *Mty](-i)

Combining (77) and (78) with the last display, we have

_rj+2042 2042
)kj*Tj (ZQ—’— T

2] 4,7 def =
Pk (@ ).
T+ 20+ 2 ) Zﬂvk.wl(xﬁ )

o1 (Ve 41(3));, = G101 ()|

2
all

< Os1(2D + /2/7)5 D7 4 Cg miait (om + 1)P (f:) 577\ flog(1/9)
t
w

Y

i=1 0<k.<Tsm

2o Crem
< D4 |:5 “j L _ D77 + m*—’rsmt* 2 5—D7’Tt {log(l/é)} 2+ + m t 2 5eTfail—D{10g(1/6)
7-2 . o ow Tsm 7—ow
=D, [5 PIDTT o DT 10g(1/6)} ™ + 2Pm b 5P {log(1/6) }PUE
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+1)}
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NONPARAMETRIC ESTIMATION OF A FACTORIZABLE DENSITY USING DIFFUSION MODELS

for h € [D], x € RP and § <t < 1y 1og(1/6), where Dy = Dy(D, Tum, T, Ttail, Cs,1, Cs,3) and
( ) : RP — R, h € [D] is a function such that

D D2l p kyl xj, Dol Py 1 (Ths )
=3 S {o TS Boow S

i=1 0<k.<Tsm j=1 1=0 1=0
i#h

Since 72, = 4(D77 + 1) V (D + 1) /e, we have

2
T
%ﬂ — D7, >1 and erly;—D>1.

Then,

o1 (Voo - Gien(x)

< Dy [5 -+ m~ B 5P log (1/0)) ™

b 2P T g (1/6)) P D] he (D]
(80)

for x € RP and 6 <t < 7y log(1/6). Let

Tlow Tsm+D+1—Tjoy

d=m D(1+D7ry)

for large enough m € R. Combining (79) and (80) with the last display, we have
7TOWTsm*(D+17T OW)D?T Tem
Pt,14(X) — ge. 1(x)| < Dsm ! DD : (log m)D(TH)7

Tlow Tsm — (D+1—=71,4 ) DT 14

01 (Vpr+e(x), — G (x)| < Dsm™ " pao=)™ (logm)PCF ), he (D]

for x € RP and 6 <t < 7y log(1/68), where D5 = D5(D,7, Tt, Tsm, Tiow, D3, D4).

Let 0 < 0 < & be a small enough value as described below. With 62 < 1 /2, Lemma 18 im-
plies that there exist neural networks f,, € Fnn(Ly, dy, Su, My), fo € FaN(Lo, do, Soy, M)
with

Lu Ly < Cnaflog(1/0)}, dulloc: lds oo < Civa{log(1/9)}

~ - 82
Su» S0 < Cnaflog(1/6)}°, My, My < Cy 4log(1/6) =

such that |u; — f,(t)] < 0 for t > 0 and |oy — f,(t)] < & for t > &, where Ciy4 is the
constant in Lemma 18. Also, Lemma 19 implies that there exist a neural network fiec €
FNN (LreC) drec; Srec, Mrec) with

Lyec < CN,5{10g(1/g)}27 [drec/loo < CN,S{IOg(l/g)}3
Srec S CN,S{log(l/g)}47 Mrec S CfN,Bgi2
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such that |1/ — frec(z)| < 0 for any € [0,1/4], where Cn 5 is the constant in Lemma 19.
Since oy — 5<f0()<at+5fort>5and\/ <ot <lfort>4, we have 0 < f,(t) <2
for ¢t > § with small enough § so that § < /76 — J and s§<1. Then,

[1/0t = free(fo(t))] < [1/0r =1/ fo ()] + [1/fo(t) = frec(fo(1))]

< oA o} Pl — fo O] +5 < (145725 (%)

for t > §. Since us — Sg fu(t) < pu + 6 for t > 5 and &7 < pe <1for 0<t<mrlog(l/d),
we have 677 /2 < f,(t) < 2 for § <t < 7ylog(1/d) with small enough ¢ so that § < §7/2
and 0 < 1. Then,

11/ 1t = free(fu(O)| < 11/ p = 1/ Fu(®)] 4+ 11/ Fu(#) = free(fu())]

_ ~ g~ (84)
< i A Fu)Y Pl — fu(®)] +0 < (1+407277)5

for § <t < 7ilog(1/d). Lemma 14 implies that for & > 2, there exists a neural network
f(ult € Fnn(L JA: KR VA ) with

mult? Fmult? Smult? M mult

Lo < O log k{log(1/8) + 7rilog(1/8)},  dinle = (k48K ..., 48k, 1),

32 < Onak{log(1/8) + Trlog(1/8)}, ML), =57
such that .
FO @y ) — [T <6 +koTmtD2 (85)
=1

€, where 0 < € <1 and Cy is the constant in Lemma 14. Let

fetip € Fan(2,(1,2,1) 7,7, 7ann/log(1/6))

be the neural network in Lemma 15 such that foip(x) = (fv—Ttaﬂ\/10g(1/(5>)/\7'taﬂ log(1/4)
for x € R. For i € [Dq] and j € [D], consider functions fm-,L.j : R x R — R such that

Figl@st) = faip (P (Free (o0, 10" + 2 1)) — ).
£, @) = faip (FShe (Free (Fo ) 10 = 7o} fult) = @) )

for z,t € R. Note that both |yj(z) + 7| and ]y](z) — T«| are upper bounded by m,7, < (1 +

Ttail)v/10g(1/8). Then, for |z| < 14+7¢+/log(1/6), both \(y§i)+7*)ut—x| and |(yj(-i)—7'*)ut—:x|
are upper bounded by 6~ 7™ with small enough J. Combining (82), (83) and (85) with the
last display, both |2; ; — f; ;(z,t)] and [2; ; — L.j(a:,t)| are bounded by

54267 (14672 /4)8 < 56T, (86)

for |z| < uy +Txat\/log(1/5) and § <t < Ttlog(1/6) Since iy — 6 < Ju(t) < pe + 0 for
t > 9§, we have 1/4§1/2—(5§fu()<1—|—5<2and1/4<,ut<2f0r(5<t<D1W1th
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small enough § by (27). For any i € [D2],j € [D],k € {0,...,7em — 1}, consider functions
fijks fijk : R x R — R such that

fz,]kxt = Z
=
Do—1

7 k (—2)7! -
fl,],k(a?, t) = <T> { k'l'\/ﬂ(’r T 91 + 2) } {fi,j,k,l,hr-‘r?l-‘r? - i’i,j,k,l,T,T-‘y—Zl—}-Z} )

=0 r=0

(=2)" =
KN 2m(r + 21 41) {f Laklrr 2+l L’ubkvlmr+2l+1} ’

<
> || B
o

I o

for x,t € R, where
Fighars = T (Free (u®) - L fo0) - 1o {o =y uO) ] - s sl t) - 1)
i 1,7,k,l,r,s fl;(riﬁjyrl (frec (f#(t)) ! 1k+1a fa(t) -1y, {T - y](Z)fu(t)} : ]-k:—T‘)iiJ(xvt) : 15) )

for s € {r+20+1,r+2l+2}. Combining (82), (84), (86) and (85) with the last two displays,
we have

Dy—1
P; jki(z,t)
2 JT = figw(@,t)
1=0 :
Dy—1 k 27Z+1 ) ( -~
: 8+ 5(2k 4+ 1 + 21 4+ 2)§~ Fk+r+2+4)Tr 5
and
Dy—1
P;iki(x,t)
2 = fuis(@t)
1=0 :
Dy—1 k a1
k 9 N o
: 0 4 5(2k + 1 + 21 + 3)§~ kA +2+5)TT §
1=0 r=0 <T> {k!l!\/%(r + 9l + 2)} { ( ) }
for i € [D1],5 € [D],k € {0,.. — 13}, \a:l < e + <014 /log(1/9) and 6 <t < 1 log(1/0)

with small enough ¢ so that oy, |x — utyj | Ttailn/10g(1/8) are bounded by 6~ 7™. Since
Zf 0 ( ) = 2% and 2% /k! < 2 for all k € N, the last two displays are bounded by

Dy—1 _
> <2 - >{1+5(3T +21)5—<3Tsm+21+1>ﬁ}5< §Dolog(1/0)§ (87)
— \IIV2r (20 + 1) o - ’
where D6 = Dg(T, Ttail, Tsm, 7t). For any i € [Di],j € [D],k € {0,.. - 141 €
{0,..., D2 — 1}, |z| < g + 7x0¢+/1og(1/d) and 6 <t < 1y log(1/4), we have
P ki, t)
k!

pRan Tl k k k+2041
< > (2 + 7x + Trait) V/10g(1/8 iy 1og(1/0
{wmrmzﬂ - <r> {@nct ) Viogl1/3) | {rear/lo(1/8)}
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and

P jki(z,t)
k!

2—l+lﬂt—k—1 k L | . |
{klll\/%(r + 90 + 2) ; (T’) } {(2 + 7% + Ttall) 10g(1/5)} {Ttall IOg(l/(S)

because p; < 1,04 < 1, and y](-i) < muTe < (1 + Teai)/log(1/6). Since Zfzo (jf) = 2% and
2F /k! < 2 for all k € N, the last two displays are bounded by

4 _
<> §kTT {(2 4+ 7 + Ttai])QTtQail log(l/é)}kHJrl .

}k+2l+2

V2T

Then, both |21D20 Y P, jka(x,t)/k!| and ]Z ,]kl(ﬂU t)/k!| are upper bounded by

4 —(Tem—1)T1¢ Tsm+D2—1 O

Dy <\/ﬁ> §~Tm=T L2 7y 4 Tiain) 21 log(1/6) } > < {log(1/8)}Prioe(1/o)

for i € [D1],j5 € [D], k € {0, .. — 1}, x| < pe + 7014 /log(1/8) and 6 <t < 1 log(1/9),
where D7 = D7(Teail, Tsmy Tx, Tty T ) C0n81der functions fy,, A(*l), e Ag*D) :RP xR — R such
that
fe.(x,1) Z > { (i))} £ (Fi (@1,8), -, fipp (2D, 1)) and

i=1 O<k <Tsm

Dy
ZZ Z {(kat* (Z))}fr(nul)t fingn (@n,t), fit g (x1,8), ..., fiDkp (@D, t)

i=1 0<k.<Tem

without f4 n,ky, (h:t)

where f ult € Fn (L(D) al?) s ) ) is the neural network in Lemma 14 with

mult? Cmult? Smult? M mult

LP) < Oy log Dllog(1/8) + DD7log(1/6) loglog(1/5)], d'2). = (D,48D,...,48D,1)T,

mult mult

s\ < Cn1D[log(1/3) + Drlog(1/6)loglog(1/8)], M'P) = {log(1/8)}PP7loe(1/9)
such that

< 6 + D{log(1/8)}(P~1)Prlos(1/d)

D
fmult(xh Ceey 5D) — H.Il
i=1

for any x = (x1,...,zp) € RP with ||x||e < {log(1/0)}PP7108(1/%) and X = (Z1,...,Zp) €
RP with ||x — X|| <€ Combining (87) with the last display, we have

\ft* (x,t) = g:(x)]|

< Z Z ‘ (D*pe,)( (i))‘ {1 + D& P IOg(l/‘s){log(l/é)}(D—l)D7log(l/(S)}S’

i=1 0<k.<Tsm
< DlTslr)nCS,So-t:Tsm {1 + D Ds log(l/é){log(l/é)}(Dfl)D7 log(l/é)} g

Tsm (1 =Tjow) +D ~
< 2200wt D o Dylog(1/8)
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for ||x|loc < pre+7x0t4/log(1/6) and § <t < 7y log(1/6), where Dg = Dg(D, T, Tsm, Cs 3, D, D7).
Similarly, we have

]f(’” - 3" ()

< 2 Z ‘ D pt (Z))‘ {1 +D5_D6 10g(1/5){log(l/é)}(D—l)D7log(l/é)}g

i=1 0<k.<Tsm
< BB 5Dk (1/D5 e (D]
for ||x||co < it + 7x011/log(1/0) and § <t < 1 log(1/0). Let

5 — §Dslog(1/8) m*%

with large enough m. Combining (81) with the second last display, we have

Tlow Tsm — (D+1—71,4 ) D714

Ipt.+1(x) — fr.(x, )] < (1 + Ds)ym~ Di+D7n) (log m)D(r%erl)’
N(h) _‘rlow‘rsm—(D+l—Tlow)D?Tt D(Tsm 41
01 (Tpr14(x))y, = 06| < (14 Dy 0007 (log m)PCE D, h g (D)

for ||x||co < gt +7x01/log(1/5) and § < ¢ < 7 log(1/5). Consider a function f;, : R? xR —
RP+1 such that f;,(x,t) = (ft*(x,t),f(*l)(x,t),...,f(*D)(x, t))" for x € RP and t € R.
Lemma 9, Lemma 10, Lemma 11 and Lemma 12 implies that f;, € Fxn(L,d, s,m) with

L < Dy(logm)*, ||d||ec < Dgm(logm)?,

s < Dgm(logm)®, M < exp(Dg(logm)?),
where Dg = Dg(D,T, T, Tt, Tx, Tsms Tlows Ttail: Cs,3, Cn 4, Cn 5, D7, Dg) is a large enough con-

stant. The assertion follows by re-defining the constants.
|

B.5 Proof of Theorem 5

In this subsection, we provide the proof of Theorem 5 by combining Propositions 23 to 25.
Proof of Theorem 5. Let m > 0 be a large enough value as described below and

/8 / 4
Dy = Fﬁ\/ 27—min+§-

We will approximate V log pi(x) for ||X|loo < pt + 0¢D1v/logm and m™min <t < 7. logm
by neural networks by dividing the analysis into the following three cases:

1. (Interior of near-support) [|x||oo < ¢ — {log(1/c¢)}~3/% and m~min <t < 3m 20
3/2

2. (Boundary of near-support) j; — 7.:-{(4D)?/? 4+ 3} {log(1/04)} 3/ < ||X||oo < put +

orD1+y/logm

1
and m~min < ¢ < 3m” 20

3. (large t) [|X]loo < pe + 0¢D1+/logm and 9m =25 < t < Tiax logm.

Then, we combine the networks into a single network and derive the approximation error
over the entire region (x,t) € RP x [m~min 7. logm].
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B.5.1 INTERIOR OF NEAR-SUPPORT

Let 7\ = 4DB/d and 7)) = 3/2. Let

tail —

é73 = 6;3 (/87 da Da Ka T,T, T}S?? Tt(;j)]) Tmin)a

64 = 6’4(,8, d,D,K,T, Tt()il)a Tt(;i)P 7—min)a

Cs = G (8., 7. 1 i i)

be the constants in Proposition 23, where (7¢,i1, Thq ) is replaced by ( t(al)l’ Té d)) Also, let Cy =
C’g(ﬁ , D Téd), t(al)l) be the constant in Lemma 22, where (Tiai1, Tha) is replaced by ( t(;)l, Té(li))
For large enough m so that m > Cs and Sm_l/(QD) < ?_1(02 A 1/2), Proposition 23
implies that there exists a collection of permutation matrices P(1) = (le),R(I))ie[L_l] and

7
weight-sharing neural networks

£0 = (Vo) € AW, aW, s, )y
with
LM < C3(logm)?loglogm,  [|[dM s < CamP+1,
s < égm(li)g m)®loglogm, MW < exp(ég{log m}?),
™| < Cym®
satisfying

H <atht > B f(l)(x’t)H <& < e 1) m~ 7 (log m)20+28 4 o)

for |[x|leo < g — {log(1/04)}~3/2 and m~min < ¢ < 3m ™20 because y; < 1. Note that
C’g} < pe(x) < Cgq for ||X[lee < put, t > 0, and [JorVpe(x)||oo < Cs3 for x € RP t > 0,

where Cg1 = Cg1(D, K, 1) and Cg3 = Cs3(D, K,T,7) are the constants in Lemma 6 and
Lemma 8, respectively. Also, CE’}/Z <pi(x) — e < fD+1(x,t) < pe(x) + €1 < 2Cg; for
[1%[loo < pt — pe{log(1/0)}~3/% and m~min < ¢t < 3m~ 25 with large enough m so that

e < C’S1 /2. Let frec) € FnN(L 8;;), dEeC), 1(«}3%), Mr(ércl)) be the neural networks in Lemma 19
with

Lgec) <Cy 5{B log m/d}2 Hdrec HOO < CN75{6 log m/d}37

sW) < Ons{Blogm/dy, M) < Cysm's

rec rec

such that |1/z — r(ég)(w)’ < m™ P4 for x € [mP/% mP/. For large enough m so that
m_ﬂ/d < C;%/Qa

_ (1) 1 _ 1 1 _ )
g~ (18 00) < g Fatx.) |f§il<x,t> R l(x’t))‘
<) A FD (%, 8} 2 +mT T < (ACE, + 1)
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for ||x||eo < 1z — {log(1/0¢)} /2 and m~Tmin <t < 3m~25. Let

fxgnu%t EJT_‘NN(L(IH) d(in) S(in) M(in))

mult’ “mult’ “mult’ “"mult

be the neural networks in Lemma 14 with

LM < Cyylog2{Blogm/d + 21og(Cg1 V Cs3) + 2log2}, d™) = (2,96,...,96,1)7,

mult —

sU < Cna2{Blogm/d+log(Csy V Cs3) +log2}, MM = (CgyVCys)?

mult —

such that [ f%) (%) — z125) < m~#/4 4+ 2(Cg1 V Cs )¢ for all |[x]|eo < 2(Cg1V Cs3), X € R2
with [|x —X||c < € and |fﬁﬁft(x)| < (Cs1VCg3)? for all x € R?, where Cl 1 is the constant
in Lemma 14. Then,

Ut(tht())) fr(rﬁlllt (f' (x,1), fie) (fgil(x,t)))‘

<m~7+2(Csy V Cs3)(4C%, + 1)er < Dym™ 7 (logm)?P+28, e [D]

( (88)
g

for ||x||oo < /,Lt—{log(l/at)}_3/2 and m ™ min < ¢ < 3m7%, where Dy = Do(8,D,Cs,1,Cs3, 54).
Let 0 < 6 < T = m~™min be a small enough value as described below. With § < 1/2,
Lemma 18 implies that there exist neural networks f, € Fyn(Leg, ds, Soy M) with

Lo < Cna{log(1/6)}?,  |ldollc < Civ.a{log(1/0)}?

3 (89)
se < Cnaf{log(1/6)}°, M, < Cnalog(1/6)

such that |0y — fs(t)] < 0 for ¢ > §, where Cn 4 is the constant in Lemma 18. Also,
Lemma 19 implies that there exists a neural network frec € FNN(Lrec, recs Srecy Mrec) With

Lrec S CN,5{10g(1/5)}2, HdrecHoo S CN,5{log(1/6)}3
Srec < CN,5{lOg(1/6)}4’ Miee < C'N,L"S(;_2

such that |1/x — frec(x)| < 6 for any x € [0,1/d]. Since o, — 0 < f,(t) < o4+ for t > § and
VIT <oy <1fort>T , we have T < f,(t) < 2 for t > T with large enough m so that
T <T@ —T and T < 1. Then,

[1/0t = free(fo ()] < [1/or =1/ fo(O)] + 1/ fo(t) = frec(fo (1))

—2 -2 27Tmi (90)
<A{or A fo(0)} Ploe — fo(t)| + 0 < (1+T7%)8 = (1+ m*™)5
for t > T. Lemma 14 implies that there exists a neural network

fmult S J—"NN(Lmulta dmul‘m Smult Mmult)
with

Liuts < Cn.1log 2{log(1/8) + 3DD?logm}, dpus = (2,96,...,96,1)7,
Smutt < On,12{log(1/0) + 3DD?logm}, My = mbDPD?
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such that ,
| ot (F1, Ta) — 1200] < 6 4 2m3PPIE (91)

for any x = (21, 22) € R2 with [|x[|sc < m3PP% and X = (71,72) € R* with ||[x — X||ls < &,
where 0 < € < 1. Consider functions fl(l), - Ag) :RP x R — R such that
T, 8) = Fanar (£ (£200,00, 180 (S5 00) ) free S (8)) 5 i € D]

for x € RP and t € R. For large enough m so that m3DPDi > 4(Cs1 V 0573)2, we have

‘Ut_l r(riE%t (fi(l)(x7t) frec (fDJrl(X t))) - fitl)(x7t)‘
< 6+ 2mPPPE(1 4 m2min)§ < 5mPPPYs, i e D)

for x € RP and ¢t > T because D% > Tmin- Combining (88) with the last display, we have

[(Vogp(x)); — 11 (e, 1) o

PO — i, (5000 8 (1)) |+ 4m* P00 (02

< ngfg(log m)2D+28 AmPPPis, e [D]

<

fOI‘ HX”OO S Ht — {10g(1/0t)}73/2 and 7~ "min S t S 3m—%

B.5.2 BOUNDARY OF NEAR-SUPPORT
Let (2 = m~BPDI+28/d) 44

= 7 =1

P = { <3DD2 25 ) v } {Dl VT {(4D)
2 o
& = {BD <3DD j) } Age

Let Cs = Cg(D, K, 7,7 T)E2)) C; = C7(D, K, 1), Cs = Cs(D,7 Tk()i),ﬁg ),7'(2), k() )) be the

constants in Proposition 24, where (7,4, Tha, Tx, Tt) is replaced by (Téd),ﬂgi)m( ), t( )). For

large enough m, we have

(NI

3}} ,

5@ < ~87 3m7% < {6(2)}T§2>’ {log (1/5(2)>}—ﬁ§? < ) 205’1mDD§ < {5(2)}—1'

Also, a simple calculation yields that

3

5@ <y 22 > 4 {(41))

(NI

X — mlIl

+3}, Dilogm < 72, /log (1/62).

Then, Proposition 24 implies that that there exists a neural network

£ = ( 1(2)7 o fl()QJ)d)T € Fan(L?,d@ 5@ )
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with
L < G {log (1/5@))}4, Il < G {1og (1/5@))}””,

s < Cs {1083 (1/5(2)> }11+2D , M <exp (66 {log <1/5(2)) }2> ;

such that
\V4 ~ D
H <"t pi(x ) — £ (x,t)” < Cr6® {1og (1 /5<2>)} df s

for p; — m/li{(éLD)?’/2 + ?)}{log(l/o't)}_g/2 < |xlloo < gt + 0¢D1y/logm and m™min < ¢ <
3m~20. Lemma 6 implies that C m- DD} < py(x) < Cg,1 for ||x||ec < pt + 0¢Di+y/logm
and t > 0. Note that Csylm*DD1/2 < pr(x) — ey < fg}rl(x,t) < p(x) + e < 2Cg
for ||x]|lcc < pt + 0¢D1y/logm and m™Tmin < ¢ < 3m 20 with large enough m so that
€ < Cs_}m*DD%/Q. Let

(bd) ¢ 7 (LD q(bd) g(bd) 3 r(bd)

rec ( rec rec o’ <rec rec )
be the neural networks in Lemma 19 with

LY < Cys{log(1/6P)12,  [|dld]|o < Cys{log(1/6P)}2,
s < Cns{log(1/6@)}, MED < Oy 5{0?P} 2

rec

such that |1/z — £V (2)] < 6@ for 2 € [6®,1/5®)]. Then,

1 1 1 2)
= + — O (12 (x,1) |
pe(x) 2 x| S (x0) ( )

< A{pe(x) A f(D24)_1(x, )} 2ep + 62 < 4C§’1m2DD%62 + 6
< (40%71 + 1)62m2DD%

pt(lx) - r(g)cd (fD+1(X t))‘

for py — 7'm/n[21{(4D)‘r’)’/2 + 3 Hlog(1/04)} 3/ < ||x||oe < gt + 0¢D1y/Togm and m ™ Tmin < ¢ <
1
3m~2D. Let

FOD ¢z (D oD () (o)

mult mult’ " mult’ “mult’ mult)

be the neural networks in Lemma 14 with

ijﬁ{ < Onilog2{(26/d+ 1+ 2DD?)logm + 2log(Cs,1 V Cs3) + 2log 2},
bd
al) = (2,96,...,96,1)7,
stor < Cna2{(28/d + 1+ DD?)logm + log(Cs,1 V Cs3) +log 2},
M(bd) (051 \/033) m 2DD?

Siult
mult —
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such that |f§)uc}2(i) — x1w9| < m72P/A1 L 9(Cgy v Cs3)m DDEE for all ||x[ee < (Cs1 Vv
C&3)’I?’LDD%, % € R? with [|x — X||oo < €and |f (bucit( )| < (Cs1VCs3)? m2PD? for all x € R2.

Then,

w il (£ 0,00, 189 (15 )))‘

< m L 2(Cg1 v C3) (402 + 1)eam®PPl < Dym~2/4(logm)P, i € [D]

(93)

for s — T2{(D)Y? + 3H{log(1/r)} V2 < lxlles < it + cxDrvIogm and m-mn <
t < 3m~ 21D, where D3 = Dg(ﬁ,d,D,C7,C’S71,0573,D1). Consider functions A}2), ol A(DQ) :
RP x R — R such that

72 06,8) = faae (il (£76e) S8 (£57,60)) ) s frecl £o(8))) . i € D]

for x € RP and t € R. For large enough m so that m3DD1 > (Cg1V 0573)2m2DD%, (90) and
(91) implies that

—1 4(bd) 2
‘ ! I(nult (f (X7t) rec <fD+1( ))) - .]?7,( )(X7 t)’
< 64 2mPPPE (1 4 m2min)§ < 5mPPPYS, i e D)
for x € RP and t > m~™in, Combining (93) with the last display, we have
|(V1ogpu(x))i = F1(x, )| o

< [ g0 (1,00 189 (0e0))) [+ 5P (99

< Dsm~2/4logm)P + 5m°PPTs < Dym /% 4+ 5mPPPis, i€ (D]

for pe — m/li{(4D)3/2 + 3 Hlog(1/04)} 3/ < ||x||oe < it + 0¢D1y/Togm and m~Tmin < ¢ <
3m~ 2D, where the last ienquality holds for large enough m so that (logm)? < mf/e.

B.5.3 LARGE t
Let m®) = /m, 7'1(0%2, =1/2,

2D 28 1 D+1-7%
() — — 2 2T Now
Tsm_WT(B))(HD)(d +2D+3DD)+D( -

low Tow
a4 py ({mmeTh v (1/20}) D1 T ||
7(3) 7_(3)
low low
1
b
7,23) _ D, 2D (1+ D) .
TlgTs(m) +D+1- Tlsi)z
Also, let
e SR
by = {m(g)} v 56 = {m(?’)} P )
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and C’g, 010, C11 be the constants in Proposition 25 depending on (D, K, 7, 7, T)E ),Ts(m), IE)V)V)

where (7x, Tsm, Tlow) 18 replaced by (T)E ),Ts(ri) , TI(O“),) A simple calculation yields that

e BTN

1 28 1 2
t, =m D, {m(3)} b{+D) < m~ @z 3PDi

7')53) log (1/6(3)) = Di+/logm, §G < m_%, Tmax logm < 7 'log (1/5(3)> .

Also, for large enough m, we have

m(?’) > 511 and {logm(3)} 2 < m?4pD

Then, Proposition 25 implies that that there exists a neural network

£3) = (£, ng)rl)T € Fan(L®,d® s pr6))
with
L® < Cy(logm/2)",  [|d®)||c < Cov/m(logm/2)°,
9 < Cov/mllogm/2)°, M® < exp(Coflogm/2)?),
such that

H (Ut t*th ) O (x,t -1 < Cyo2 DR /241) =20 — s —8DD? def

for ||x||co < pt+0rD1+/logm and 9m~ 5 < t < Tmax logm, where ¢, = m~Y(2P)_ Note that
— _ 2

Coim PP1/2 <py(x) —e3 < fD+1(X7 t) < pi(x) + €3 < 2Cg,1 for ||X[|oo < p¢ + 0¢D1+/logm

and 2m~25 < t < Tiax logm with large enough m so that e3 < C’g}m_DD%/Z. Then,

o0

1
pe(x)

) rec (fD+1( t—t*)>'
1 1 1 N

+ - fr(:cd) (D+1( t*) ‘
TRy M v )
< o) A LD (3, — £} 26y + 0@ < ACE egm?PPE 4 6
< (4C%, + 5102—D(T§§3/2+1))63m2DD§

for ||x]lcc < pt + 0rD1+/logm and 9m~ 35 < t < Tmaxlogm. The last inequality holds
because 2D D? > 4Dy > 4/3 > 1/(4D). Then,

Utt»«;tv(g(x)) — o (f (x,t —t.), £ (fD+1( t*)»‘

~ (3)
< m26/d-1 ¢ 2(Cs1 V Cs,s)(40§,1 I 0102713(753] /2+1))€3m3DD§ < Dym~P/d-1/(4D)

(95)
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for [|x]|co < pe+orD1+/logm and o9m ™D <t < Tax logm. where Dy = Dy (D, Ts(ri), 510, Cs1,Cs3).
Consider functions fl(3), cee Ag’) :RP x R — R such that

T2, 8) = Fanae (£ (£ 00t = 1), S50 (1100t =) ) el folt = 1)) . i € [D]
for x € RP and t € R. Combining with (90) and (91), we have

ot (1P et =, 180 (18, et = 1,) ) = TP )|

< 6+ 2m3PPE (1 4+ m2min)§ < 5mSPPYs, i e D)

for x € RP and ¢ > 2m~1/(P). Note that |oy/or—¢,| < o] < (27)~1/2m1/(4D) for
t > 2m~Y2P)_ Combining (95) with the last display, we have

|(V1ogp(x)); — F (e, 1) 1.

O¢— * v X [
tt;(i’;()) — o ( Bt —t,), 0D ( &) t - m)))‘ + 5mPPise,

< Dym P/ UD) 5 y5DPDEs e D]

<

and
(V1ogpi(x)); — 17 (x.0)| o
< [(F10g ()i = F (x,8)| 011, (22) 712!/ 4P)
< D4(2I)—1/2ﬁm—6/d+5(2I)—1/2ﬁm5DDf+1/(4D)5, i € [D]

for ||x||co < pt + 01 D1+y/logm and 9m~ 25 <t < Tmaxlogm. Let 6 = m—5PDI-1/(4D)=B/d
Then, there exists a positive constant D5 = Ds(7, D2, D3, Dy) such that (92), (94) and the
last display are bounded by

D5m*§ (log m)?P+28 e ey (96)

B.5.4 COMBINING INTO A SINGLE FUNCTION

For large enough m so that 3m~1/2P) < (27)~1 we have

{108(1/ /) + Tain log m/2} " < {log(1/0)} 2 < {105(1/V/&) + logm/(4D)}

for m~Tmin < ¢ < 3m L/ (2D) hecause VTt < 0y < /27t for 0 < t < (27)~L. For large enough
m so that log(1/,/T) < Tmin logm/2, it follows that

T2 (logm) =32 < {log(1/04)}¥/2 < (4D)*(log m)~3/?
for m™min < ¢ < 3m~1/(2D), Then,
i — T2 LADY2 4 3} log(1/o)} ™2 <y — T < — < — {log(1/a)} 2 (97)
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for m~min < ¢ < 3m~1/(2D) where
7 ={(4D)*? + 2 (logm)™%? and = {(4D)%? +1}(logm)~%/2.

f(2)- : R — [0, 1] such that

Consider piecewise linear functions f it
R

swit,x?

(1) 3/2 (_ f(@7) =\ — 1 _ T4+T
Tisho(a) = (ogm)*2p (157 (@) +7) = ——— max (~(2 V) AT +7,0),
(2) 32 (pem) oy _ o\ _ 1 —
Fivha() = (ogm)*2p (657 (@) — ) = ——— max((z v 2) AT - 2,0),

(27)

for z € R, where fﬂé € Fnn(2, (1 2,1)7,7,Z V (logm)®/?) is the neural network in

Lemma 15. Note that letX( )+fw1tx( z) =1 for z € R, and fw1tx( x) =0 for x > 7 and
f(2? (x) =0 for x < z. Combining with (96) and (97), we have

swit,x

PO (= Fmna(3)) V000 8) + £2) (e — frnax(x)) F2 (3, 8) — (V log pi(x))s
<ey/oy, 1€ D]

for [|X||loo < pe+0¢D1y/1ogm and m™Tmin < ¢ < 377”(%7 where fmax : RP — R is a function
such that

fmax (%) = [|%[| o
=p(--p(p(p(|z1] = |z2]) + |22 — |23]) + |23 — |74]) - - - + [TD-1| — |2D|) + |7D].

Note also that |z| = ,0( ) + p(—z). Lemma 18 implies that there exist neural networks
fu € Fnn(Ly, dys sy, My,) with

L, < Cna{log(1/6)}?, , [[dullec < Cnva{log(1/6)}
sy < Cna{log(1/6)}°, M, < Cn.4log(1/6)

such that | — fu(t)] < 6 for t > 0. Since fs(vlv)it’X and fSWItX are (logm)™d-Lipschitz

continuous, [ £S04 (e — [[Xlloo) = foahe (fu(t) = [x[loc)| < (logm)™e for each i € {1,2},
x € RP and ¢t > 0. For i € [D], consider a function fi(x) : RP x R — R such that

fz(X) (Xv t)
= Fonat (S5 ) = Fonax(3)) s 206, 0)) - Frna (S (Fa0) = Frna(3)) , F2 3,

for x € RP and t € R. Combining with (91), we have

19, 8) = (Vlog pr(x));
<eyfor+ 20+ 4m3DD%6(log m)™ < ey/or + 6m3DD%5(logm)de, i€ [D]
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for HXHoo < p + UtDl\/W and m Tmin < ¢ < 3m—% Similaﬂy’ let ¢ — Qm_% and
£, iR = [0,1] such that

t=23m" 2D consider piecewise linear functions f A

swit,t?

1 o
fs(vlv)it,t(t) Zm%p( fc(hp)( )+t) —— max (—(t V) AE+T,0),

L 7 1 _
Fea® =mp (15 (®) = t) = — max ((t V1) AT 1,0),

where f(llp € Fan(2,(1,2,1)7, 7,V mﬁ) is the neural network in Lemma 15. Note that

f(wn;t( t) +f(v2vztt( t)=1fort € R, and fswn;t( ) =0fort > ¢ and fw1tt( ) =0 fort <t.
Comblmng with (96) and (98), we have

Fole@FD () + £2 ) FP (%, 1) — (Viog pe(x));
<efor+ 6m3DD%5(logm)de, i € [D]

for ||x]|cc < gt + 0¢D1v/logm and m™min < ¢ < Typax logm. Consider a vector-valued
function V) = (fl(x’t), cee fg(’t)) : RP x R — R such that

fi(x’t) (Xa t) = fmult (fs(\i/)it,t (t) )fz( )( )) + fmult (fswn t ( ) f;(3) (Xa t)) ) 1€ [D]
for x € RP and t € R. Combining with (91), we have
SOV (%) — (Vlog pe(x))i] < 3DDE §(log m)™ + 4

<eygfor+ 107713DD%5(10gm)de < 1ley/oy, i€ [D]

(99)

for ||X]|co < it + 0t D1y/1ogm and m™™min < ¢ < 7y, log m, where the last inequality holds
with large enough m so that m3PPi5(logm)™ < e4. Since ||x||os < ||x[|2 for any x € RP,

Lemma 7 implies that o¢||V log pt(x)||cc < Cs2D14/1ogm for ||x||e < ¢ + 0¢D1+v/log m and
t > 0 with large enough m so that Diy/logm > 1, where Cg9 = Cs2(D, K, 11,7,7) is the
constant in Lemma 7. Combining with the last display, we have

oy ‘fi(x’t) (X,t)‘ <1leg + Cs2D1y/logm < Dg+/logm, i€ [D]

for ||x||co < pt + orD1y/logm and m™™min < ¢ < 7y, logm with large enough m so that
es < /logm, where Dg = Dg(8,d,D,Cg2). Consider a function f = (fi,..., fp)"
RP x R — RP such that

fi(x,t) = (fi(x’t)(x,t) V —o; ' Dg logm> A o7 Dgy/logm, i€ [D]

for x € RP and t € R. Note that f;(x,t) = f.(x’t)(x7 t) for i € [D], ||x]|oc < pt +0:D1y/logm

)

and m~min <t < 704 logm. Combining with (99),
ot ||f(x,t) — Viog pi(x)||,, < 1les = 11Dsm™ a (log m)?P+28 (100)

for ||x||co < pt + 01 D1y/1ogm and m™min < ¢ < 7y, logm.
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B.5.5 OUTSIDE OF NEAR-SUPPORT

Note that
T 2
/ / IV log pe(x) — £(x, )2 pe(x)dx
T JRP
T 2
< / IV log pe(x) — £(x, )2 pe(x)dx
T J|x|lco<pt+o¢D1+/Togm
T
4 / IV log pe(x) — £(x, £) 2 pe(x)dx
T J|x|lco>pt+otD1+/logm
For ¢t > 0,

/ pe(x)dx = / / Po(Y) 9o, (x — pey)dydx
[[% |00 > pe+0¢ D1 v/Togm [%lloc =pt+0:D1vIogm Jlylloc <1

¢1(z)dzdy

= / po(y) /
lyllo<1 llotz+ptylloo >pue+ot D1y/lTogm
D

< / po(y) / ¢1(z)dzdy
lyllo<1 i=1 / lotzitpeyi|>pe+or D1y/Togm

D
<[ woX 61(z)dzdy — D o(2)dz,
lyllo<1 i—1 7 1zi|>D1y/Togm |z|>D1+/Togm

where the last inequality holds because |y;| < 1. By the tail probability of the standard
normal distribution, the last display is bounded by

2Dm~Pi/2, (101)

Let Cgo = Csa(D,K,m1,7,7) be the constant in Lemma 7. Then, [|[Vlogp:(x)|2 <

Csa(||xloc — pt)/0? for ||x||oc > e+ D1+/logm with large enough m so that Dyv/logm > 1.
Combining with the last display, we have

/ I Log 1 (30) 31 ()
|%[|co >pt+otD1+/Togm

2 —4 2 9
< 20590, / (||xHOO + Mt) pe(x)dx
lIX|loo >pt+0tD1+/Tog m
< 20,0, " / 1x|2pe(x)dx + 2DC2 o7 p2m=P?2
l1X|loo >pt+0tD1+/Tog m
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for t > 0. A simple calculation yields that

/ Ix3pr () dx
I%||oo >pt+0t D1/ Tog m

D

= / po(y) / 22 ¢, (x — pry)dxdy
i=1 7 I¥llo<1 x/loo 2 pt+0¢D1v/logm

_ Z / / (012 + puyi) 21 (2)dady
yHoo<1 lotz+pty||co>pt+0oe D1+/Togm

< Z i 2(032 + 1) (a)dady
yHoo<1 llotz+peylloo>pi+otD1v/logm
D
< z i Dy 2(of? + s ) (2)dady
yHoo<1 otz +ney;|>pet+orDiviogm

for £ > 0. Since \y]\ <1 in the last integral, the last display is bounded by

Z / / 207 + )1 (2)dzdy
y||o<><1 |zj|>D1+/log m

< 207 Z Z/ 2261(z)dz + 4D2,thm_Df/27
i=1 j=1 |zj|>D1v/Togm

where the last inequahty holds by (101). Furthermore,

Z /Z 2(;31 (z)dz

i=1 j=1 ]|>D1 log

= 2 d 20(2)d
Z{ Hz ]A’ZDM/WQMZ) Z+/Z|ZD1\/mZ o) Z}

<2D {(D —1)ym~Di2 4 E[Z4]m—D?/4} <2D(D + /3 — )m PV/4,
where the first inequality holds by the Cauchy-Schwarz inequality. Hence, there exists a
constant D7 = D7(D, 1, Cg2) such that

/ IV log pt (x)|[3p¢(x)dx < Droy 2m ™24
x|l co >t +0tD1+/Tog m
for t > m ™~ Tmin because yuy < 1 and oy > \/W Combining with (101), we have

/ IV log pi(x) — £(x,1)|5 pe(x)dx
1%|loo>pt+ot D1/ Togm

2|V log 1) [Bpu()dx + [ 2£(x, 1) |3pi(x)dx

< /
[Ix]loo >pt+otD1y/Tog m [Ix|lco >pt+otD1y/Tog m

< 2D7U;2m_25/d + 40;2D2ng_D%/2 logm
<o;? (2D7m_26/d + 4D2D§m_2ﬁ/d log m)
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for t > m~min where the second inequality holds because ||f(x,t)||oo < o7 'Dgv/Togm for
x € RP,t € R. Combining with (100), we have

7t [ 1910210 = £ 01 i)
< D112D2m~ % (log m)*P*+*8 4 2Dym =% + 4D*D2m P12 logm
< ng*%(log m)AD+48
for m~min < t < 7.k logm, where Dg = D7(D, Ds, Dg, D7). Since o2 > 7t for t > 0, we

have

T
/ / IV log pi(x) — £(x,1)||3 pe (x)dxdt
T JRP
< Dgz_lm_% (log m)*P+45 (logT —logT)
< ng_%(log m)AD+48+L

where Dg = Dg(T, Tmax, Tmin, Ds). Lemma 9, Lemma 10, Lemma 11, Lemma 12 and
Lemma 13 imply that &% € Fysan(L, d, s, m, M, P) with

L < Dig(logm)®loglogm, ||d||ec < DyomPH,
s < Diygm(logm)3loglogm, M < exp(Dio{logm}F),

Mmoo < D1gm? and the set of permutation matrices P, where
Do = D1o(B,d, D, Tiin, C3, Cs, Co, Cn 1, Cn 4, CN 5, Cs 1, D)

is a large enough constant. The assertion follows by re-defining the constants. |

Appendix C. Proofs for the Convergence Rate

In this section, we provide the proof of Theorem 3. We begin by outlining auxiliary lemmas
and a proposition.

Lemma 26 (Error bound for small t) Let 3, K > 0 be given and suppose the true den-
sity po belongs to HOE([-1,1]P). Then, there exist positive constants C1o = C12(8, D, K,7,T)
and Cy3 = C13(T, 1) such that

/]RD Ipo(x) — pr(x)|dx < Ciy {tlog(l/t)}%

fO?”O<tS613.

For any function f : R" — R"2,n1,ny € N and C' > 0, denote || - || zoo(—c,cpm) as the
sup-norm over [—C,C|", defined as
£l Lo -c,opmy = sup (%) oo
xe[-C,C]™
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For a function space F, N(0,F,d) denotes the covering numbers with respect to the
(pseudo)-metric d; see van der Vaart and Wellner (1996) for the detailed definition. The
following lemma provides a covering number of Fysnn. Our main proof strategy follows
the proof of Lemma 5 from Schmidt-Hieber (2020), with modifications for weight-sharing
networks.

Lemma 27 (Covering number of Fywsnn) Let C and 0 < § < 1 be given. For the class
of weight-sharing neural networks Fwsnn(L,d, s, M, Pm), we have

tog N (5, Fovsson (L. 5, M, P, | e,
417|112 {lmloo | dlloo (M Vv D} (L +C + 3)) '

< (s+1)log ( 5
For T,T > 0 with T < T and a function f : R? x R — RP, recall the definition of loss
function £ : [-1,1]” — R, given by

l(x) = /TTE[Hf(xt,t) + LQ“XOHE | Xo = x]ar

0%

= /TTE[Hf(,utX +0tZ,t) + UZtdet’

where the last equality holds because X; = u; X+ 0¢Z with D-dimensional standard normal
variable Z. Define the pointwise excess risk by

ve(x) = (%) — {5, (),
where (x,t) — fy(x,t) = Vlog p:(x) is a score function. Combining with (5), we have
T

Bl (Xo)] = |

T

E [[1£(Xs, 1) — fo(Xs, D3] at

The following lemma provides an upper bound on the sup-norm and the second moment
(hence a variance-type bound) of the excess risk over the bounded function class.

Lemma 28 (Upper bounds of excess risk) Let K, 71, F,T,T > 0 be given and suppose
the true density po satisfies that 1 < po(x) < K for any x € [—1,1]P. For any function
f:RP xR — RP satisfying I£C, )|l oo mpy < Fo; ! for allt € [T, T), there exists a positive
constant 5’14 = 514(D, K, 71,7T,1) such that

[Vl oo ((—1,170) < Cra(F?v 1) (logT — log T)
and

E [{Vf(Xo)}z} < 2C14(F? Vv 1) (log T — log T) E [v¢(Xo)] -
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The following proposition provides an oracle inequality for the ERM estimator under the
score-matching loss. The statement is similar to Theorem C.4 from Oko et al. (2023) while
addressing the issue identified by Yakovlev and Puchkin (2025). Our main proof strategy
follows the proof of Proposition 12 from Stéphanovitch et al. (2025) with modifications that
control the excess risk variance.

Proposition 29 (Oracle inequality for score matching) Let K, 71, F,T,T > 0 be given
and suppose the true density po satisfies that 71 < po(x) < K for any x € [—1,1]P. Let
X!, ..., X" be the i.i.d. samples drawn from py. For the class F, consisting of continuous
functions f : RP x R — RP with IE£C, )l oo (mpy < Fo. ! forallt € [T,T), let

~ 1< .
f € argmin — ) /(¢(X")
fer N ;

lgg the ERM estimator over the class F. Then, there exists a positive constant 514 =
C14(D, K, 1,7,7) such that

/TTE [H/f\(xtvﬂ - fo(Xt,t)Hj dt

T
< 3inf E[fx,t—f X, t Q]dt
<sjut [ E[IFK0) — (X013

+Cr;1 {logN (71727‘7:7 | - HLoo([—@,@]DH)) + log(2n)} ;

where

C, = 514(F2 V1) (\/E—i— \/logT— logT) <\/logT— logT>
and
Coy = (1 +2\/2logn> vT.

C.1 Proof of Lemma 26

Proof Note that pg is continuous and supported on [—1, 1]D . Thus, for ¢t > 0,

[0 —nlax= [ im0 —meolacs [ nox

We will derive error bounds for each integral on the RHS.

Note that py € HAK([-1,1]P). If B < 1, |po(x) — poly)| < K|jx — y||% for any
x,y € [~1,1]” by the definition of H»K. If § > 1, Mean value theorem implies that
Ipo(x) — po(y)| < K||x — y||2 for any x,y € [~1,1]P. Combining two cases, we have

po(x) = po(y)| < KVD|x -y |2, Wx,y € [-1.1)7. (102)
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A simple calculation yields that for any x € [—1,1]”
po(x) — pe(x)
= [ )=o)} o )y 49 (1 -/
Yiloo>

Vo<1

Poy (X — uty)d.V> :

Then, for any ¢ > 0,

/ 1po(x) — pe(x)] dx
Ix]loo <1

< / / {p0(%) = Po(¥)} b, (x — pey)dy
(I%[loo <1 |V lylleo <1

+ /onoglpO(X)

We bound each term on the RHS. For any § > 0, a simple calculation yields that

/HXIIoo<1

< kVD / / 5 = 1P g, (x — pey)dydx
1%|lco <1 Y [|y]loo <1

dx (103)

dx

1- / b (x — py)dy
[y llos<1

dx

/II loo<1 {po(x) = po(¥)} ¢o,(x — puey)dy

< BAL BAL _
< KVD . 6 /y”oo<1 Gy (x — pzy)dy + 2 /||yo<,s1 bo (x — pry)dy | dx

lIx[loe <

[x=ylloo< Ix=yllco26
< K\/>2D Do 4 K/ D2 / Go, (x — ppy)dydx,
Ixlloo<t J, ¥ leo=1
~Ylloo>6
(104)
where the first inequality holds by (102) and the last inequality holds because
[ émlx— )y =7, vx e B, (105)
R

Since 1 — py > 0, we have ||x — 1y]loo = X — ¥lloo — (1 — p)||¥lloc = 0 — (1 — ) for
Ix — ¥|loo > d and ||y]lcoc < 1. Then, a simple calculation yields that

/ / I¥lost 9 (3 = puy)dydx < / o, (x — py)dydx
ll%[lo0 <1 l1%/lo0 <1 J [|x— 13| 00 >6— (1—pat)

— P / / or(a)dadx =277 o1 (2)dz
1x]] oo <1 |Z||oo>w Hz”oozfﬂ(l*uz)

1 2
< 2D,ut DZ/ R, (1 ut) (z)dz < D2D+]L D exp <—(5(1Ht))>

2
20f
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for § > 1 — uy, where the last inequality holds by the tail probability of the standard normal
distribution. By (27), we have

1 t
igl—?tgmgl—% and /7t < o, < V27t

for any 0 <t < (27)7%. Let 6 = 1 — puy +204+/log(1/0¢). Combining last display with (104),
a simple calculation yields that

/XOOS1

§— (1 —u))?
< K\/EQDM;D(;BAI + KD\/52D+1+BA1M;D exp (_( (202 #t)) )
t

BAL
< Kv/D2P+! (ﬁ +2¢/27tlog(1 /Jﬁ)) + K DV/D22D+1+5M (\/m)

BAL
< Dy {tlog(1/t)} =
for any 0 < ¢t < (27)"! A1, where D1 = D1(8, D, K, 7,1).

For any x € RP, we have

1- / Goy (X — pey)dy =1 —p; P+ p; P — / b, (X — pry)dy
Iylleo< lylloo<1

dx

/ {56(%) = Po(¥)} s (x — piry)dy
Iy |0 <1

(106)
2

1wy / G (X — py)dy,
Iy llco>1

where the last equality holds by (105). A simple calculation yields that

D—-1
11— P = PP = 1) = 7 P10 = ] Dt < D2P|1— | < D2P7t
k=0

for any 0 < t < (27)7L. For ||x||oc < e — 20¢+/log(1/0¢) and |loyz + x||cc > i¢, We have
llotZ|| oo > ||6tZ + X||co — [|X]|co > 20¢+/1l0g(1/0). Then,

— _,-D < D .
/nyoo21 P )y = /otz+xoozm Pl = e /IIZ|ooZ2\/m o)z
By the tail probability of the standard normal distribution, the last display is bounded by
D
n’ /
i=1" 17

for any 0 <t < (27)"! A 1. Then,

/”X”quo(x)

gDﬂﬂ+/

l[xfloo<1

$1(z)dz < 2Dp;Po? < 2PT2 D7t
i|>2+/log(1/0¢)

dx

1-— / b0, (x — pry)dy
Iylloc<1

po(x) / By (% — ogy)dydx
Iy llco>1

< D2PFt + 2P2 D7t 4+ /

po(x) / Gy (% — piry)dydx.
put—20t4/log(1/0t) <||x[|c0 <1 Iy loo>1
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A simple telescoping sum implies that
D D
27 — (2,ut — 4oy log(l/o’t))

= (2 2+ doniogl1700)) 3 2271 (2 — o o170

k=0
< <27t + 44/ 27t 1og(1/\/ﬁ)> 2P-1p

for 0 < t < Do, where Dy = Do(7,7) is a small enough constant so that Dy < (27)"' A1
and 2p; — 4o/log(1/0y) < 2 for t < Dy. Combining (105) with the last two displays, we

have
/ po(x) |1 — / b0, (x — puiy)dy
l[x/[oc <1 [y lloo<1

< D2P 17 P7t 4 2P 2 D7t + K D2P <Tt + 24/ 27t log(1/+ /ﬁ)

< D3+/tlog(1/t)

dx

for 0 <t < Dy, where D3 = D3(D, K, 7, 7). Combinig (103) and (106) with the last display,
we have

Ipo(x) — py(x)| dx < Dy {tlog(1/t)} 7 + Dg+/tlog(1/1) (107)

[l <1

for 0 <t < Ds.
Note that

pt(x)dxg/ pt(x)dx—i—/ pe(x)dx
/xco>1 lIx]lco >pe+20¢+/log(1/at) 1<][x%[loo Spt+20t4/log(1/ot)

and we bound each term on the RHS. For ||x||oc > it + 20¢4/l0g(1/0:) and ||y|le < 1, we

have [|x — puylloo 2 [|X[loc = pl[ylloc = 204+/log(1/0y).
Then,

pr(x)dx = / / Po(Y)¢o, (x — pry)dydx
/||x||oozut+20“/log(1/at) [Ix]| oo >pt+20¢4/1log(1/0¢) J|lylleo <1 '

= po(y) / Poy (X — ey )dxdy
/ Iy lloe<t Ixlloo> e +201log(1/ar)

IN

by (x — py)dxdy

/y||oo<1 /IX pty lloo>201+/log(1/0¢)
/ ¢1(z)dz

/ gbl(z)dzdy:/
b’lloo<1 l|2]| 0o >2+/l0g(1/0+) l|zl| 0o >24/10g(1/0+)

| A

$1(z)dz < 2Do? < 4D7t, Y0 <t < (27)7!

D
D »
=1 /|zz|>2\/log (1/0¢)
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where the third inequality holds by the tail probability of the standard normal distribution.
A simple calculation yields that

pe(x)dx
1<%l oo Spe+20¢4/log(1/ o)

/ Do) (X — piry)dydx
Vig/e) Jlylle<t

\

1<%l oo <prt+20¢

< / K / oy (x — puy)dydx = Ky, ?
<% oo Sprt+20+ log(l/at
< Kp,

(20 + o fog(1/)) =27

bl D-1-k
(|2Mt—2|+40t 10g(1/0t)>z<2,ut+40t log(l/at)) 9k
k=0

< K2P <2Tt + 4\/2ﬁ 1og(1/ﬁ)> D4P

for 0 < t < Dy, where Dy = Dy4(7,7) is a small enough constant so that Dy < Dy and
e + 204+/log(1/oy) < 2 for t < Dy. Combining with the last two displays, we have

/” P < DT/

for 0 <t < Dy, where D5 = D5(D, K, 7). Therefore, combining (107) with the last display,

/ 1po(x) — pu(x)] dx = /” ) ] e /” L pa
< Dy {tlog(1/t)} Dsy/tlog(1/t) + Ds+/tlog(1/t) < Dg {tlog(l/t)}

where Dg = Dy + D3 + Ds. The assertion follows by redefining the constants.

C.2 Proof of Lemma 27

Proof For neural networks f, f € Fwsnn (L, d, s, M, Pm), let {W;, b}z and {Wl, Bl}le[L]
be the parameter matrices of f and F, repsectively. For [ € [L — 1], let

my ) ) s ‘ N
60 =p | SR (W@ +bi) | and E() = ZR ) (MQP - +1)

i=1
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Given € > 0, assume that all parameter values of f and f are at most € away from each
other. Then,

my

1:(x) — 60 < || BRI WiQ (x — %)

Jj=1 s

<3 [wief - <3 {aiwil. - o - )
=1 g=1

<mdiM||x — X0, 1€[L—1], x,X € R,

R™>"2 and ||Qz||cc = ||Z]|co for any m; x ny permutation matrix Q. A simple calculation
yields that

because for z € R™, nj,ny € N, we have |[Wz| < n2||W|sl|/z||c for any matrix W e

[(fr—10---0of)) (x) = (fr—10---0of)) (X[l
L—1
: (HwM) = Floo, 1€ [L—1],3%,% € R% (108)

1=l

Similarly, we have

Hfl(x) —E(X)HOO < %Rl(j) <<Wz - Wl) Q%+ by - Bz)
—
my

<3 (wi= ) @ (b br) | <3 {[wi- @]+ o)
j=1 j=1

< me(1 + di|%]|oo) < mudie(1 + ||%[|os), 1€ [L—1], x € R%,

Note also that
—~ ml . o~ . ~
[Geo]_ < D[ (Wi + )| < mudivt el + 1)
i=1

and

l -1 l
l

< ([[x[loo +1) H{midz’(M V1)}.
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It follows that

H(fl_H oEo-~oE) (x) — (E—H oEo-'-o¥1> (X)H

st fi | (o) 0]

[e.9]

< myqidie€

[
Lt (xlloe + 1) [ Tmadi (3 v 1>}]
o

<eMVD) (%]l + 14+ 1) [[{midi(M v 1)}, 1€l -2, xR

=1

Let

£0() = <fL_1 o-of o o...’fl) (), le[L—2]

fO()=(f_1o0---0f) () and FE ()= (fH o~--o?1) ()-

Combining with (108) and (109), we have

|60 —£¢+060)

o0

H f_10---ofijofio Fl)(x)_(folO"'Ofl—l—QOE—f—lo"'E)(X)H

+1
m,d M) MV (Ixlloo + 14 1) [ [ {maidi(M v 1)}
i=l+2 i=1
L—1
<eMV1) (Xl +1+1) ] {midi(M v 1)}, 1e[L-3],xeR™
=1

and

2100 - D

= H (fL—l O?L—Q o--- OE) (x) — (FL—l o--- 0?1) (X)H

[e.e]

<mp_1dp 1€

L2
1+ (%o + L = 2) [ {madi(M v 1)}]

=1
L-1
<eMV1) (Xl + L= 1) [] {muidi(M v 1)}, xeR™
=1
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A simple calculation yields that

o0

] = 5o (1000 £0) |« -2 00 o051
=0

<d HWL\OOLZ_QHf@(x) —t 0G| [y =W [f 60+ [be—Be
=0

L-2

L-1
<edyM(Mv1)™ {Z(l +1+ quoo)} [T {mids(dr v 1)}
l:OL_1 =1
tedr, (Xl + L — 1) J]{midi(M v 1)} + €
=1
L-1
<edy {L(L;l) + Lx|loo + 2} I {mididmv1)}, xerh,
=1

For x € [-C, C’]dl, the last display is bounded by
L—-1
ed L(L+C+3) [] tmidi(M v 1)} € 6.
=1

def

The total number of parameters in f is T <= S°%  (d;+1)d;.; and there are (T) combinations

s

to pick s non-zero paramters. Since s < T < 2L||d||%, and (f) < T < (2L]|d||%)*, we have

N (57 fWSNN(L7d737M7 Pm)? H ’ HL"O[fC,C]dl)

<3 (D)wielan e 1)

so=1
2M s
< s (2L)d[|3,)° <€ v 1)

< (rja2)™ (2MLdL (L+C +3) [155 {madi(M Vv 1)} v1> |

1)
For § < 1, the last display is bounded by

<4L2Hd||§o{\muooudroo<Mv 1)} <L+c+3>>s“

4]
The assertion follows by taking the logarithm. |

C.3 Proof of Lemma 28

Proof For any x € [—1,1]”, we have

T 2 T 2
2E|||Z 2DF* 42D
60 < [ 2 [IfGuox+ oz o] + 2 < [T2PE 12D,
T T T gt
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where the last inequality holds because ||f(x,t)|loo < Fat_l. Since o, > /7t for all t > 0 by
(27), we have B
ts(x)| < 7 '2D(F? +1)(log T — log T). (110)

Lemma 7 implies that there exists a constant Cgo = Cso(D, K, 11,7,7) > 0 such that

5,2
[fo(pex + oz, t)||2 < (Il v 1)

for any x € [~1,1]” and z € R”. Then,

g o[ Z2
) < [ 28 [Ifo(uox + 02,018 + U2l
r i

T 203E[(|1Zllo v 1)) + 2D

o [M2REI y
T Tt

Since (||z]/oo V1) < (||2]lco + 1)? < (J|z]|2 + 1)? < 2||2||3 + 2, the last display is bounded by

/T 20%,(2D +2) + 2D

; p dt <771 {2C5,(2D +2) + 2D} (log T — log T).

Combining the last display with (110), we have
g (x)] = [ (x) — by (x)| < Le(x) + €5, (x) < D1(F?V 1)(log T — log T),

where Dy = Dy(D,1,Cg2). The first assertion follows by redefining the constant.
Simple calculation yields that

|

T
= |E / {(f—fo)(,qux—l-UtZ,If)}—r {(f—l—fg)(/LtX—FO'tZ,t)—l- Z}dt

2
ve(x)] = [€g(x) — Lg, (x)| = f(ux + 01Z,t) + o:

fo(px + oZ,t) + —
Ot

2

Z 2
dit
2

27
<E \// f—fo)(ux+ o Z,t ||2dt\// (f + £0) (pex + 0¢Z, 1) dt
T T 27 ||?
< \E / I(E = £) (1 + 012, t)Hgdt E / (F + o) ux + 00 Z,0) + — | do
T | T t 12

T
<\F 108 = )+ oz 0| 261 )+ 201, ),

T

where the first and second inequalities hold by the Cauchy-Schwarz inequality. Combining
with the last two displays, the second assertion follows by

T

E[{s(Xo)}’] <E [<2£f<xo> +245,(Xo)) |

I(f — fo) (ueXo + 04 Z, 1)||3 dt]
T

T
<2D;(F* v )(10gT ~10g) | E [I£(Xet) ~ fo(Xe. 03]
T
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C.4 Proof of Proposition 29
Proof Let F be the class of functions f : R” x R — RP satisfying ||f(-, )| Loo(mry < Fo;!

forallt € [T,T]. Let V = {v(-) : £ € F}. For v € V, denote

n

. 1 .
R(v) = /[—1,1]/3 v(x)po(x)dx and R,(v) = - ;y(X ).

Moreover, let

U cargminR(v) and D € argmin R, (v).

vey vey
Note
R(9) = R(D) — Rn(D) + Ru(?)
< R(D) — Ru(9) + Ru(9) (111)

where the inequality holds because v is the ERM estimator. We bound each bracket term
on the RHS.

Let {v1,...,vny} €V be a minimal e-covering of V in || - || oo ((_1,1jp)-norm. Then, there
exists j« € {1,..., No} such that [V — v}, [|pec(j=11p) < €. A simple calculation yields that

|R(D) = Ru()] < 26 + |R(v1.) = Ru(vj.)]- (112)
For any v € V, Lemma 28 implies that
(X)) = R()| <D, and E [{y(xi) - R(y)}Q] < DiR(v) Vi€ [n],

where D; = 2C~’14(F2 V 1)(logT — logT) and Ci = 514(D,K, T1,7,T) is the contstant

in Lemma 28. Lemma 2.2.9 from van der Vaart and Wellner (1996), which is standard

Bernstein’s inequality for bounded random variables, implies that for any » > 0 and v € V,
~ 1 /2D

P <‘R(V) - Rn(y)) > - < 3“"

n

+ 2nD1R(V)r>> < 2"

because for any M,v,t,x > 0 with z > 2Mt/3++/2vt, 2*/(2v+2Mx/3) > t. For any § > 0,
2D1R(v)r/n < §D1R(v) + r/(nd) because /2D R(v)r/n = /2{0D1R(v)}{r/(nd)} and
V2zxy < x +y for any x,y > 0. Combining with the last two displays, we have

P (’R(u) - En(y)’ > 6Dy R(v) + % <23Dl + ;)) <2
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for any 4,7 > 0 and v € V. The union bound implies that

- log No (2D1 1
P (‘R(uj) - Rn(yj)‘ > 6D\ R(v;) + - ;’g 0 < =+ 5> for some j € [N0]> <2¢77

and moreover,

~ log Ny (2D 1
P <)R(yj) —Rn(yj)‘ < 6D\R(vj) + Zg 0 < 31 n 5) for all j € [N0]> >1— 2"

for any § > 0 and r > 0. Then,

E||R(v;.) = Ra(vs.)| < 6D:E[R(v;.)] + =+

log Ng (2D 1
T+Og 0( 31+6)+2D16_T

7“—|—10gN0 <2D1 1
n

+ ) +2Die™"

< 6De + ODIE[R(D)] + ——

for any d > 0 and » > 0. With § = 1/(2D;) and r = 2log(2n), simple calculation yields
that

E[R(V)] n 8D:1(2log2 +2logn +1log Ng) D e

N_ PR . < 4=
E ['R(”ﬂ*) R”(”J*w =" 3n on? T2

Combining with (112), we have

~ B E[R(v 8D1(2log(2n) + log N D be
E[|7(9) - Ru())] < BEEL | SP1CLosC) FlogNo) \ Dr 5

Using the same computation as above for E [|R(ﬁ) - Rn(ﬂ)@, we have

— R(v) 8D;i(2log(2n) +1logNy) Dy = 5e
E[IR®) - Ra@)]] < =57 + - = Ra)

Combining (111) with the last two displays, a simple calculation yields that

E[R(V v 16D1(21og(2 log N, D
[R©)] _ 3R@) | 16D1(21og(2m) +logNo) | Dy o
2 2 3n n

and moreover,

T . 2
/T E [Hf(Xt,t) —fo(Xt,t)M at -

T
2D;(21og(2n) +1log Ng) 2D
§3inf/ E[Hf(xt,t)—fo(xt,t)ug] g+ 2 1(2log(2n) + log o)Jr L4 10,
feF Jr 3n n

where U = v; for some f € F.
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Let € > 0, which will be specified later and C' = (1+424/log(1/¢))VT. Consider functions
fl, f2 € F such that Hfl() - fz(')HLOO([—C,C]D"’l) < €. Then,

v, (%) = v, (%)] = |5 (%) — €5, (%))
T 2

T 7 7 2
/ f1(ux + 0vZ,t) + —|| — ||[f2(pux + oz, t) + —|| dt
T Tt ll2 Tt ll2

E

T
- / {(h = B)(ux + 2, )} {(fl + ) (pix + 012, 1) + 2;} dt

<E \// f1 — fg utX+UtZ t H2 dt\// f1 +f2 MtX-i- o2, t) dt
T T 27 ||?
<.|E / I(f1 — £2) (uex + 04 Z, t)H2 dt|,|E / (f; + o) (uex + 042, t) + — dt
T i T t 2

T
<.|E / [(F1 — o) (uex + 00 Z, 1) |15 dt \/zefl x) + 20, (x),

S

(114)

where the first and second inequalities hold by the Cauchy-Schwarz inequality. Since
£1(x,1) — 2, 1)} < 2016 (x, DI + 2|£2x, D)3 < 4DF20; 2, we have

E [\\(fl — ) (uex + 0/ Z, t)ug} < D& + 4DF20, %P (|| + 0¢Z]|oc > C)

for any t € [, T). Let Z = (Z1,...,Zp) and x = (x1,...,2p). Simple calculation yields
that

D
P (lpx + 01Z] 0o = C) <> P (| + 01 Zi] > C)
=1
D
- Z Z = (e - “fxl)) +P (Zi = *0;1(C+Mt$i))}
1

<237 (4> 2/xl1/9).

where the last inequality holds because 0 < oy < 1 and u; € [—1,1]. Combining with the
tail probability of the standard normal distribution, we have

P (||pux + 0,20 > C) < 2DE.

Since o > +/7t for any t > 0, we have

T
/ [H(f1 — ) (pex + 04 Z, t)H dt < / D& + 8D*F2o, 2 dt
T (115)

< DT +8D*F*17'¢(logT —log T) < Do {T + F?(log T — log T) } €,
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where Dy = Dy(D, 7). For any x € [~1,1]” and f € F, we have

v/ T 9DF2? + 2D
2E[|Z|)3 ]dt</ 2+ ar,
O'

T
) < [ 2 [+ ozt +
T T g%

t

where the last inequality holds because ||f(x,t)[c < Fo; . Moreover,
166() | poo((1.00) < T 2D(F* +1)(log T — log T).
Combining (114) and (115) with the last display, we have

g, (x) — vg, (x)] < \/4D2D1_1 {T + F?(logT —logT)} (F?2 4 1)(log T — log T)€>
< Ds(F + 1)? <f+ \/logT logT> (\/logT logT>

where D3 = D3(Ds, D, 7). Let € = D3(F + 1)2(VT + /log T — log T')(\/log T — log T)n >
Then,

N (e,V, I HLOO([—I,l]D)) <N (sz,]:, I HLOO([—C,C]D+1)> :

Combining with (113), we have

/TTE {H?(X“w - fO(Xt,t)Hz] dt

T
§3inf/ E[”f(xt,t)—fo(Xt,t)Hﬂ dt

feF T

32D, {210g(2n) + log N (n_2,]:, || - ||Loo([,c7c}D+1)>}
3n
D1+ 10D3(F +1)? (ﬁ +/logT — 1ogz) (\/logT - logI>
n2 '

Since Dy = 2C14(F2 Vv 1)(log T —log T), there exists a constant Dy = Dg(Cl4, D3) such that

/TTE [H?(Xt’t) - fo(Xt,t)Hz] dt

T
§3inf/ E[||f(xt,t)—fo(Xt,t)H§} dt

feF T

_l’_

_l’_

Ds {log(Qn) +log N (n_QJ:, | - HLOO([—C,C}D“))}

+ )
n
where
D5 = Dy(F? Vv 1) <\6 + \/logT — logT> <\/logT — logT> .
The assertion follows by redefining the constants. |
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C.5 Proof of Theorem 3

In this subsection, we provide the proof of Theorem 3 with auxiliary lemmas. For two
probability measures P and Q on X C R”, the Kullback-Leibler (KL) divergence is defined
as

o0, else.

dpP .
KL(RQ):{leog Lar, if P<Q

We often denote KL(P, Q) as KL(p, q), where p and ¢ are densities of P and @, respectively.
Hereafter, C' = C(all) means that C'is a constant depending on (3, d, D, K, Tmin, Tmax, T15 T2, 75 T)-

Proof of Theorem 3.

Let Tmin = Tmin (28+d)/d and Tinax = Tmax(26+d)/d. Let Cs3, Cy be the constants in The-
orem 5 depending on (3, d, D, K, Tmin, Tmax, T1, T2, T, T). Then, by replacing m in Theorem 5
with n®/(28+d) T with m~min and T with Tmax log m, there exists a class of permutation
matrices Pm and a class of weight-sharing neural networks Fwsny = Fwsnn(L, d, s, M, Pm)
with

p d(D+1)
L < Di(logn)®loglogn, |d|le < Din 265+d |
d
s < Din?+d(logn)®loglogn, M < exp(D;{logn}®),

dD
Jmlloe < Dyn25td

satisfying

T 28
inf / / 1£(x. £) — Vlog pe(x)|2 pi(x) dxdt < Dyn” 574 (log n) P45+ (116)
fe FwsnNNFoo RD

(26+d)/d

for every n > Cy , where T = n~™min, T = 1., logn, D1 = D1(3,d, D, Cs3) and

v = {IFC. Dl oy < Dio7"Viogn ¥t € 1T}

Let f be an empirical risk minimizer over the class Fwsny N Foo, defined as in (6). By the
Triangle inequality, we have

E [dTv(Po, 132)} < drv(Po, Pr) + E [dTV(PZ, ﬁz)} . (117)

We proceed to control each term on the RHS separately.

Let 6’12 = élg(ﬂ,D,K, 7,7) and 5’13(?,1) be the constants in Lemma 26. Let Dy =
Dy (B, d, C~’13,C’4) be a positive constant such that Doy > C’fﬂw)/d and T = n~min < ()4
for every n > Dsy. Then, Lemma 26 implies that

1
drv(FPo, Pr) = 2/ [po(x) — pr(x)| dx

Tmin (BA1) A
< 97180, {Tlog(1/T)} 2" = 271 Cror /20 =258 (10g 1) 5

min
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for every n > Ds. Since Tmin > W, the last display is bounded by

BAL

21,7 PND/2y, 25+d(logn) 2. (118)

min
Consider functions qi,q2 : RP x [0,T — T] — R such that qi(x,t) = pr_,(x) and
q2(x,t) = py_,(x). Then, each g; and ¢ satisfy the corresponding well-known Fokker-
Planck equation (Le Bris and Lions, 2008; Bogachev et al., 2022; Pavliotis, 2014) :

D)= - Zf[m(xtqlxt iy Y T (00 (x.)

lel

D
0
8t£]2xt § afb2XtQ2Xt +E E axax (t)dijq2(x, )],
=1 [t

where 0;; denotes the Kronecker delta and
bi(x,t) = agr_,x +207_,Viegpr_,(x), ai(t) =az_,,
ba(x,t) = ap_,x + QQT_t/f\(X,T —1), a(t) =ap_,.
Following the Remark 2.3 of Bogachev et al. (2016), we have

drv(Pr, Pr) = dry (u(\ T = T),q2(-, T — 1))
T R 172 (119
<drv (q1(-,0),q2(-,0)) + (/ /RD doy Hf(x,t) - Vlogpt(x)Hzpt(X)dth> . )

Recall that p= = ¢1. By Pinsker’s inequality, we have

drv (q1(+,0),¢2(-,0)) = dov (pg, 1) < /KL (pg, 61) /2. (120)

Since KL divergence is convex in its first argument, Jensen’s inequality implies that
KL (pr.o1) < [ | KL(N gy, orlp), A0, Lp)) dP(y).
R

because pr(-) = [pp qbgT — w7y )dPy(y). KL divergence between two D-dimensional Gaus-
sian random Varlables is known as

KL (N (1, %1), N (p2, 32))

= % |:10g <j§z§§?;> - D+ (:u’l - MQ)TEQ_I(,UII _ M?) +tr (22—121)

Using that, we have

1
KL (pg. é1) < /RD 5 (Wzlyll3 + Doz — D = Dlog o) dPo(y)

—_

(/J,TEPO [11X0]13] + Do — D — Dlog o)

=3
< D[ 1=z -]+ s (1 - 2) 2]}
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where the last inequality holds because E[[|Xo[|3] < D and MQT + 0’% = 1. Since pup <
exp(—71T) and |log(1 — z)| < z/(1 — z) for 0 < z < 1, the last display is bounded by

2 2
D 5 T Kz
— { U=+ +
21" 1wz 20-pp)

Note also that MQT > exp(—271T) = n~27max and MQT < exp(—27T) = n~*Tmax by the
definition. Let D3 = D3(Timax, 7, D2) > 0 be a constant such that D3 > Dy and n~=27Tmax <
1/2 for every n > Ds. Then, the last display is further bounded by

2
5DMT < (5'D> n*QITmax < <5D> nf Qgid
— 4 )

4 —\ 4
where the last inequality holds because Typax > % Combining with (120), we have
__B
drv (q1(,0),q2(-,0)) = drv (pg, ¢1) < /BD/8n” 28+d,  ¥n > Dj. (121)

Lemma 27 implies that there exists a constant Dy = D4(f3,d, D, D7) such that the metric
entropy bound for F follows by

d
log N (77‘727}} H ’ |’L°°([—D57D5}D+1)) = D4nm(logn)17(log logn)27 (122)

where D5 = (14 2y/2logn) V (Tmax logn). Let Chy = C~'14(D, K, 7,7,7) be the constant in
Proposition 29. Then, by replacing F' in Proposition 29 with Dj+/logn, it follows that

T 71y~ 2
/ E {Hf(Xt,t) - Vlogpt(Xt)HJ de
T —

T
<3 inf E[fx,t— log pr(X Q]dt
< fe}%fmA [1£(X¢,t) — Vlog pe(Xy) |5

Dg(1 2
n 6(logn)

P Lo N (w2, F 1 Foes | iy ) +log(2n) }

where Dg = DG(TmaX,Tmin,D1,514). Combining (116) and (122) with the last display,
Jensen’s inequality, we have

T , 1/2
E {/T Hf(Xt,t)—Vlogpt(Xt)Hth}

T ~ ) 1/2
< { /T E [Hf(xt,w - v1ogpt<xt>HJ dt}

i
< Dyn” 25+d {(log n)?P+2+L 4 (log n)lo} ,  Vn > Ds,
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where the first inequality holds by Jensen’s inequality and D; = D7(D1, D4, Dg). Since
ay <7 for all t € [T, T], combining (119) and (121) with the last display implies that

N ]
E {dTv (Pza Pz)] < Dgn” 25+ {(log n)?PH20HL 4 (log n)m} , Vn>Dj
where Dg = Dg(D,T, Dg) Combining (117) and (118) with the last display, we have
~ i
E [dTv (Po,Pzﬂ < Dgn~ 28+d {(log n)2D+2’8+1 + (log n)lo} ,  Vn > Ds,

where Dg = Dy(3,d, 612, Dr). The assertion follows by re-defining the constants. |
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