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Abstract

We study decentralized optimization over a network of agents, modeled as an undirected
graph and operating without a central server. The objective is to minimize a composite
function f + r, where f is a (strongly) convex function representing the average of the
agents’ losses, and r is a convex, extended-value function (regularizer).

We introduce DCatalyst, a unified black-box framework that injects Nesterov-type ac-
celeration into decentralized optimization algorithms. At its core, DCatalyst is an inex-
act, momentum-accelerated proximal scheme (outer loop) that seamlessly wraps around a
given decentralized method (inner loop). We show that DCatalyst attains optimal (up to
logarithmic factors) communication and computational complexity across a broad family
of decentralized algorithms and problem instances. In particular, it delivers accelerated
rates for problem classes that previously lacked accelerated decentralized methods, thereby
broadening the effectiveness of decentralized methods.

On the technical side, our framework introduces inexact estimating sequences–an ex-
tension of Nesterov’s classical estimating sequences, tailored to decentralized, composite
optimization. This construction systematically accommodates consensus errors and inex-
act solutions of local subproblems, addressing challenges that existing estimating-sequence-
based analyses cannot handle while retaining a black-box, plug-and-play character.

Keywords: Acceleration, Decentralized optimization, Linear convergence, Variance re-
duction methods.

1. Introduction

We explore decentralized optimization across a network comprising m > 1 agents. The
network is modeled as an undirected, static graph, possibly with no centralized nodes (e.g.,
servers). The agents aim to cooperatively solve the following optimization problem:

min
x∈Rd

u(x) := f(x) + r(x), with f(x) :=
1

m

m∑
i=1

fi(x). (P)

Here fi : Rd → R is the cost function associated with agent i, assumed to be smooth and
(strongly) convex, and known only to that agent. Additionally, r : Rd → R ∪ {+∞} is an
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extended-value, convex function known to all agents, instrumental to enforce constraints or
promote some desirable structure on the solution, such as sparsity or low rank.

The problem formulation (P) is notably versatile, encompassing a variety of applications
across diverse fields. This paper places particular emphasis on (supervised) decentralized
machine learning problems, specifically framed as Empirical Risk Minimization (ERM). In
such formulations, each fi has a finite-sum structure, resulting in the average of a predefined
loss ℓ(•; ξ) : Rd → R over data samples ξ ∈ D, these being distributed among the agents in
the network. Specifically, denoting by {ξi,1, · · · , ξi,n} ⊂ D the set of n samples accessed by
agent i, drawn from an unknown distribution P, the empirical risk fi in (P) reads

fi(x) :=
1

n

n∑
j=1

ℓ(x; ξi,j)︸ ︷︷ ︸
:=fij(x)

, (1)

where ℓ(x; ξi,j) quantifies the discrepancy between the hypothesized model, parameterized
by x, and the data linked to ξi,j . Under mild assumptions on the loss function ℓ and
i.i.d data distribution across the nodes, agents’ cost functions fi in (1) reflect statistical
similarities in the data residing at different nodes, quantified by the following property∥∥(∇f(x)−∇fi(x)

)
−
(
∇f(y)−∇fi(y)

)∥∥ ≤ β∥x− y∥, ∀x, y ∈ dom r, (2)

which holds with high probability (Zhang and Lin, 2015; Hendrikx et al., 2020b). Here,
β = Õ(1/

√
n) measures similarity of fi’s (Õ hides log-factors and dependence on d).

In the decentralized setting, where no central node aggregates information, solving (P)
requires decentralized algorithms that iteratively combine local computations with (possibly
multiple) inter-node communication rounds (the latter being instrumental to acquire global
information and inform the next computational tasks). Communication is typically the main
bottleneck, often outweighing local computational costs (e.g., (Bekkerman et al., 2011; Lian
et al., 2017)), which has motivated recent efforts toward communication-efficient methods.

Nesterov-type acceleration offers a natural route to reduce the number of iterations–and
thus communication rounds–needed for convergence. While acceleration has been exten-
sively developed in centralized and server-client settings (Nesterov, 1983; Beck and Teboulle,
2009; d’Aspremont et al., 2021), its decentralized counterparts remain unsatisfactory. Defer-
ring to Sec. 1.1 a comprehensive review of the pertinent literature, it is sufficient to highlight
here that existing accelerated decentralized methods are largely bespoke (see Tables 1-3):
(i) they target special cases of (P) and often lack guarantees for broader classes such as
composite problems (r ̸= 0), which are central in machine learning; (ii) they typically do not
exploit structural properties like similarity (2) that could improve communication efficiency,
especially under ill-conditioning; and (iii) their convergence analyses do not generalize to
new algorithmic families beyond the specific schemes and problem-classes considered.

This reveals a clear gap: a universal analytical framework capturing a broad class of
accelerated decentralized algorithms is missing. This paper addresses precisely this gap
by proposing a unified black-box acceleration framework à la Catalyst (Güler, 1992; Lin
et al., 2015, 2018; d’Aspremont et al., 2021). Our approach, termed Decentralized Catalyst
(DCatalyst), brings Nesterov-style acceleration to a wide family of existing decentralized
algorithms that were not originally designed to be accelerated, making them applicable
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to Problem (P) in its full generality. Notably, DCatalyst attains optimal communication
complexity (up to logarithmic factors) for most of these methods, while offering substantial
design flexibility: it can explicitly exploit functional structures (such as similarity and
nonsmooth composite regularization) and allows one to trade off communication overhead
against local computational cost.

1.1 Related Works

Given the focus on decentralized algorithms, our literature review is restricted to accelerated
methods designed for mesh networks, and does not cover the extensive work on centralized
(including server–client) systems. We group relevant decentralized algorithms into three
classes, according to the specific instances of Problem (P) they address.

(i) Strongly convex f (Table 1): There exists a large body of accelerated decentral-
ized first-order methods for this case, mostly for smooth, unconstrained problems (hence
r = 0). These schemes achieve linear convergence in terms of communication complex-
ity, but with different dependences on function and network parameters. Early methods
leveraging a primal-dual reformulation of (P) (with r = 0) or invoking penalty strategies
(Scaman et al., 2017; Kovalev et al., 2020; Li and Lin, 2020; Rogozin et al., 2021; Dvinskikh
and Gasnikov, 2021; Kovalev et al., 2021; Li et al., 2020b; Uribe et al., 2020), attain rates
scaling as O(

√
κℓ/

√
1− ρ), where κℓ := Lmax/µmin is the local condition number (Lmax and

µmin are the largest smoothness and smallest strong convexity constants across the fi’s),
and ρ ∈ [0, 1) quantifies network connectivity (see Sec. 4 for the definition). This depen-
dence on κℓ is undesirable, since κℓ may be much larger than the global condition number
κg := L/µ of the aggregate loss f . More recent works (Ye et al., 2020, 2023; Song et al.,
2024) improve the dependence to O(

√
κg/

√
1− ρ), with (Ye et al., 2020, 2023) also covering

composite problems (r ̸= 0).

These methods are first-order and do not exploit possible function similarity, e.g., of the
form (2). This limitation is particularly critical for ill-conditioned problems, where κg is very
large. In many ERM models, the regularization parameter that optimizes test performance
is tiny; for instance, in ridge regression one typically has µ = O(1/

√
mn), L = O(1), and

β = O(1/
√
n) (Zhang and Lin, 2015), so that κg = O(

√
mn) while β/µ = O(

√
m). The

latter can be much smaller and does not grow with the local sample size n. This has
motivated a line of centralized work on exploiting similarity via statistical preconditioning
(Shamir et al., 2014; Reddi et al., 2016; Yuan and Li, 2020; Zhang and Lin, 2015; Fan et al.,
2023), sometimes combined with acceleration (Hendrikx et al., 2020b; Dvurechensky et al.,
2022). The state-of-the-art method (Hendrikx et al., 2020b) achieves linear convergence
with the number of communication rounds scaling (asymptotically) like 1 + O(

√
β/µ),

which is significantly better than
√
κg (albeit at increased computation costs compared to

first-order methods) and matches known lower bounds up to logarithmic factors (Arjevani
and Shamir, 2015). However, these schemes are intrinsically centralized : they rely on a
server node directly connected to all clients and are therefore infeasible on mesh networks.

To our knowledge, Network-DANE (Li et al., 2020a) and SONATA (Sun et al., 2022) are
the only methods that exploit statistical similarity over mesh networks, but they do not in-
corporate acceleration, leading to communication complexity Õ

(
(1/

√
1− ρ)·(β/µ)·log(1/ϵ)

)
instead of the desired O(

√
β/µ) scaling. At present, there is no theoretical machinery that
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Table 1: Decentralized accelerated algorithms for strongly convex f in (P): The most efficient decen-
tralized accelerated algorithms in the literature for different instances of (P). Key parameters include
(definitions in Sec. 2): κg := L/µ (global condition number of f), κℓ := Lmax/µmin (local condition num-

ber of fi’s), β (function similarity, (2)), and ρ ∈ [0, 1) (network connectivity). Notation Õ omits poly-log
factors of problem parameters, independent of ϵ. Notably, the proposed methods stands as the first to
achieve acceleration either in terms of gradient or communication complexity, with the latter harnessing
similarity ((Tian et al., 2022) is conference version of this paper)

.

Algorithm Problem # (Proximal) gradient # Communications

OPAPC (Kovalev et al., 2020)
fi scvx, r ≡ 0

O
(√

κℓ log
1
ϵ

)
O
(√

κℓ
1−ρ log

1
ϵ

)
Mudag (Ye et al., 2023) O

(√
κg log

1
ϵ

)
Õ
(√

κg
1−ρ log

1
ϵ

)
DPAG (Ye et al., 2020)

f scvx, r ̸= 0

O
(√

κg log
1
ϵ

)
Õ
(√

κg
1−ρ log

1
ϵ

)
Proposed: DCatalyst-SONATA-L Õ

(√
κg log

1
ϵ

)
Õ
(√

κg
1−ρ log

1
ϵ

)
Proposed: DCatalyst-SONATA-F Õ

(√
L+β
β · βµ log

2 1
ϵ

)
Õ
(√

β/µ
1−ρ log

1
ϵ

)

accelerates these methods while simultaneously harnessing the benefits of function similar-
ity. The framework proposed in this paper fills precisely this gap (see Sec. 1.2).

(ii) (non-strongly) convex f (Table 2): The literature on accelerated decentralized
methods for (non-strongly) convex instances of (P) is relatively sparse. Existing schemes
(Li et al., 2020b; Li and Lin, 2020; Uribe et al., 2020; Dvinskikh and Gasnikov, 2021) focus
on smooth objectives (r = 0). Among these, (Li et al., 2020b) is notable for achieving accel-
erated rates in terms of both gradient and communication oracles, namely O(

√
Lmax/ϵ) and

O(
√
Lmax/((1− ρ) · ϵ)), although the dependence is on Lmax rather than the more favorable

global constant L. For composite problems (r ̸= 0), the landscape is even more limited: the
only decentralized method in this category, (Li et al., 2020b), does not reach full accelera-
tion, with gradient and communication complexities O(Lmax/ϵ) and O(Lmax/(

√
1− ρ · ϵ)),

instead of the expected O(
√
L/ϵ) and O(

√
L/((1− ρ) · ϵ)). Moreover, none of these works

exploit potential function similarity. Our framework fills these gaps by providing optimal
acceleration (up to log-factors) for composite problems (e.g., when applied to SONATA
(Sun et al., 2022)) and by allowing similarity to be explicitly leveraged whenever present.

(iii) fi’s with finite-sum structure (Table 3): In the centralized setting, the combi-
nation of variance reduction (VR) and acceleration is well understood: numerous methods
exploit the finite-sum structure of the fi’s while retaining fast rates (Lin et al., 2015; Allen-
Zhu, 2018; Zhou et al., 2018, 2019; Lan et al., 2019; Driggs et al., 2022). By sampling
component gradients, VR schemes enable cheaper stochastic steps without sacrificing con-
vergence speed. In contrast, decentralized accelerated methods with VR are much rarer,
and currently restricted to smooth objectives (r = 0) (Hendrikx et al., 2020a, 2021; Li
et al., 2022). To the best of our knowledge, the only VR-based decentralized method for
composite problems is (Ye et al., 2026), which, however, does not provide any acceleration.
Our framework offers the first systematic design of decentralized VR-based algorithms for
composite objectives that provably achieve accelerated rates, thereby closing this gap in the
current decentralized optimization literature.
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Table 2: Decentralized accelerated algorithms for (nonstrongly) convex f : The most efficient decentral-
ized accelerated algorithm for each reported instance of (P), based either on gradient or communication
complexity. Definitions are as in Table 1. For nonsmooth u, ϵ-optimality is measured in terms of the
gradient of the Moreau envelope of u. The proposed framework enables acceleration for nonsmooth u as
well as rate dependence on L (rather than the less favorable Lmax).

Algorithm Problem # (Proximal) gradient # Communications

APM-C (Li et al., 2020b) f cvx, r ≡ 0 O
(√

Lmax
ϵ

)
O

(√
Lmax
(1−ρ)ϵ

log 1
ϵ

)
APM (Li et al., 2020b)

f cvx, r ̸= 0

O
(
Lmax

ϵ

)
O

(
Lmax
ϵ
√
1−ρ

)
Proposed: DCatalyst-SONATA-L Õ

(√
L
ϵ
log 1

ϵ

)
Õ

(√
L

(1−ρ)ϵ
log 1

ϵ

)
Proposed: DCatalyst-SONATA-F Õ

(√
L+β

ϵ
log2 1

ϵ

)
Õ

(√
β

(1−ρ)ϵ
log 1

ϵ

)

Table 3: Decentralized accelerated algorithms for finite-sum fi’s: Current decentralized accelerated VR
algorithms for (P) with fi’s having a finite-sum structure. Same quantities as defined in Table 1; in
addition, κ̃s := (maxij Lij) /µmin, κs := (maxi(1/n)

∑n
j=1 Lij)/µmin, and b ∈ {1, · · · , n} represents the

batch-size used in the (stochastic) estimation of each ∇fi. Here, Lij is smoothness parameter of fij .
Notice that κℓ ≤ κs ≤ nκℓ and κs ≤ κ̃s ≤ mnκs (details in Sec. 2). The proposed framework achieves
acceleration also when u is nonsmooth.

Algorithm Problem # (Proximal) Gradient # Communications

ADFS(Hendrikx et al., 2021)

fi scvx, r ≡ 0

NA O
(√

κℓ
1−ρ log

1
ϵ

)
Acc-VR-EXTRA-CA (Li et al., 2022) O

((√
nκs + n

)
log 1

ϵ

)
DVR-Catalyst (Hendrikx et al., 2020a) Õ

(
(
√
nκs + n) log 1

ϵ

)
Õ
(√

κℓ
1−ρ

√
nκℓ
κs

log 1
ϵ

)
Proposed: DCatalyst-VR-EXTRA Õ

(√
κℓnb log

1
ϵ

)
Õ
(√

κℓ
1−ρ
√

n
b log

1
ϵ

)
PMGT-LSVRG (Ye et al., 2026)

f scvx, r ̸= 0
O
(
(n+ κ̃s) log

1
ϵ

)
O
(
κ̃s log κ̃s+n logn√

1−ρ log 1
ϵ

)
Proposed: DCatalyst-PMGT-LSVRG Õ

(√
κsn log 1

ϵ

)
Õ
(√

κsn
1−ρ log

1
ϵ

)

1.2 Main Contributions

Our technical contributions can be summarized as follows.

(i) DCatalyst–A unified decentralized acceleration framework: We propose a
unified black-box framework, Decentralized Catalyst (DCatalyst), that injects Nesterov-type
acceleration into decentralized optimization algorithms, thereby broadening their applica-
bility to effectively tackle the full spectrum of Problem (P). DCatalyst is compatible with
the majority of decentralized optimization algorithms–specifically capable of linear conver-
gence in solving strongly convex instances of (P). At its core, DCatalyst is an inexact,
momentum-accelerated proximal scheme (forming the outer loop) that wraps around the
selected decentralized (non accelerated) algorithm (inner loop), which approximately solves
the auxiliary proximal subproblems associated with (P) according to a newly designed in-
exactness criterion and warm-start policy tailored to decentralized settings.

We prove that DCatalyst attains optimal (up to logarithmic factors) communication
and/or computational complexity across a wide range of embedded decentralized algorithms
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and problem instances. Numerical experiments support our theory, demonstrating consis-
tent acceleration over the corresponding non-accelerated baselines, with particularly pro-
nounced gains on ill-conditioned problems. DCatalyst also outperforms existing single-loop
decentralized accelerated methods that are tailored to specific subclasses of (P), highlighting
its robustness and versatility.

(ii) New decentralized accelerated algorithms for unsolved instances of (P):
The double-loop structure of DCatalyst is key to enabling acceleration while preserving
the key structural features of the chosen inner-loop algorithm. This yields several new
decentralized accelerated methods for problem instances that were previously out of reach.
Notable examples include:

• Leveraging function similarity: For strongly convex objectives u (possibly with r ̸= 0)
satisfying the similarity condition (2), combining DCatalyst with SONATA-F (Sun
et al., 2022)–which already exploits similarity via local preconditioning–yields, for
the first time, nearly optimal (accelerated) communication complexity (Table 1),
Õ((1/

√
1− ρ)·

√
β/µ·log(1/ϵ)), improving upon the non-acceleratedO((β/µ)/

√
1− ρ·

log(1/ϵ)) scaling of SONATA-F.

• Acceleration for nonstrongly convex, composite objectives: DCatalyst provides accel-
erated schemes for merely convex composite functions u, possibly exploiting similarity
when present. In particular, it adeptly extends decentralized methods that are only
known to converge linearly in the strongly convex case into accelerated algorithms for
the convex case. This gives rise to new algorithms such as DCatalyst-SONATA-L and
DCatalyst-SONATA-F (Table 2).

• Acceleration for composite u with finite-sum structure fi’s: DCatalyst offers a natural
platform to integrate variance-reduction (VR) techniques within decentralized schemes
for composite objectives with finite-sum local losses. For instance, building on the
PMGT-LSVRG algorithm (Ye et al., 2026), we design DCatalyst-PMGT-LSVRG,
which achieves, for the first time, accelerated convergence in both computation and
communication. This is especially beneficial for tackling ill-conditioned problems,
where the number of data points n is significantly smaller than the stochastic condition
number κs (cf. Table 3).

(iii) New analysis: the notion of inexact estimating sequences: A key technical
contribution concerns the analytical framework. Directly applying the classical, centralized
Catalyst framework and its variants (Güler, 1992; Lin et al., 2015, 2018; d’Aspremont et al.,
2021) as a black-box accelerator in decentralized settings is not viable, for the following rea-
sons. (a) Inner subproblems and termination: Catalyst is built around a single sequence of
decision variables, whereas decentralized methods maintain multiple agent-specific iterates
and auxiliary variables (e.g., gradient-tracking or dual variables). It is therefore unclear
how to define inner subproblems compatible with the centralized Catalyst formulation or
on which sequence and metric its function-value–based termination rule should act. A
naive remedy is to apply Catalyst’s subproblem to a surrogate sequence mimicking a cen-
tralized iterate (e.g., the average of the agents’ iterates) and enforce termination on the
objective-value gap evaluated on this iterate. However, convergence of decentralized algo-
rithms is typically certified via Lyapunov functions that mix iterate gaps, consensus errors,
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and auxiliary states; reconciling these Lyapunov-based metrics with Catalyst’s function-gap
criterion forces ad-hoc, algorithm-specific analyses tailored to the chosen surrogate and Lya-
punov structure, thereby destroying the black-box, problem-agnostic nature and universality
of Catalyst. This is precisely what happens in Catalyst-EXTRA (Li and Lin, 2020) and
DVR-Catalyst (Hendrikx et al., 2020a), which adapt centralized Catalyst to EXTRA and
DVR via problem- and algorithm-specific inner termination rules; these rules and analyses
do not extend, for instance, to composite objectives (r ̸= 0). (b) Inner-loop warm restart:
The centralized Catalyst framework also provides no guidance on how to initialize a decen-
tralized algorithm at the beginning of each inner loop, in particular its auxiliary variables.
If one simply restarts the inner method as if it were run in isolation, the Lyapunov func-
tion at the start of a new inner loop may be much larger than at the end of the previous
one, potentially breaking outer-loop convergence or nullifying acceleration. A careful warm-
start strategy that exploits outer-loop convergence–especially for the auxiliary variables–is
therefore essential, but it is not addressed in the Catalyst framework.

To systematically address the issues above, we introduce the inexact estimating se-
quences framework, a novel extension of classical estimating sequences (Nesterov, 2013)
tailored to composite decentralized optimization. Our construction modifies the estimating-
sequence definition to explicitly incorporate exogenous error sequences, thereby (i) handling
multiple agent-specific variable sequences and rigorously capturing both consensus errors
and inexact decentralized subproblem solutions—features that classical constructions (Nes-
terov, 2013; Baes, 2009; Lin et al., 2015, 2018; d’Aspremont et al., 2021) cannot capture
while preserving a genuine black-box character; and (ii) providing a unified framework for
convergence analysis and parameter tuning of decentralized algorithms, provably yielding
acceleration. Guided by this framework, (iii) we further derive new inner-loop termination
criteria and warm-start policies for the adopted decentralized algorithms that guarantee
overall accelerated convergence. The resulting stopping rules are weaker than those in
Catalyst, naturally accommodate composite losses, and allow generic (possibly stochastic)
decentralized algorithms in the inner loop while still guaranteeing accelerated rates. Com-
pared with the original Catalyst framework (Güler, 1992; Lin et al., 2015, 2018; d’Aspremont
et al., 2021) and its decentralized instantiations (Li and Lin, 2020; Hendrikx et al., 2020a),
our approach restores a true black-box, plug-and-play acceleration mechanism aligned with
the structural and analytical specificities of decentralized (composite) optimization.

1.3 Notation and paper structure

We use following notations. Let [m] := {1, · · · ,m}, with m being any positive integer. We
use ∥.∥p to denote the ℓp norm; ∥.∥ is by default the ℓ2-norm when applied to vectors and the
Frobenius norm when we input matrices. We denote by 1m the the m-dimensional (column)
vector of all ones. Bold letters is used to denote matrices resulting from stacking a set of
given vectors row-wise; for example, given x1, . . . , xm ∈ Rd, we define x := [x1, · · · , xm]⊤ ∈
Rm×d and x̄ := (1/m)

∑m
i=1 xi. For a square matrix A, we use σmax(A) and σ+min(A)

respectively to denote its maximum eigenvalue and smallest positive eigenvalue. For a
sequence of sets {Bk}∞k=0, we use

∏∞
k=0Bk to denote their Cartesian product.
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Given η > 0 and a proper, closed convex function r : Rd → R ∪ {+∞}, the Moreau
envelope of r, Mη r : Rd → R, and the proximal operator, proxηr(x) : Rd → Rd, are

Mη r(x) := min
y∈Rd

η r(y) +
1

2
∥y − x∥2 and proxη r(x) := arg min

y∈Rd
η r(z) +

1

2
∥y − x∥2 ,

respectively. Notice that Mη r is differentiable, with gradient

∇Mη r(x) =
1

η

(
x− proxη r(x)

)
,

which is thus 1/η-Lipschitz continuous. Denote by M⋆η r the minimum of Mη r over dom r.

With a slight abuse of notation, given x ∈ Rm×d, we will write y := proxηr(x) ∈ Rm×d, to
denote in short row-wise equalities, that is, yi = proxηr(xi), for all i ∈ [m].

The rest of the paper is organized as follows. In Sec. 2, we introduce the main as-
sumptions underlying Problem (P); Sec. 3 formally introduces the proposed framework,
decentralized Catalyst, along with its convergence properties for strongly convex and con-
vex losses. Sec. 4 applies the proposed framework to a variety of decentralized algorithms.
Sec. 6 provides the proofs of the main results. Finally, some numerical results validating
the effectiveness of our framework are discussed in Sec. 7. A summary of the symbols and
notations used in the paper is reported in Appendix. C.

2. Assumptions and Preliminaries

We study (P) over a mesh network. The network is modeled as a static undirected graph
G := (V, E), where V := [m] denotes the set of agents and E := {(i, j)|i, j ∈ V} is the set of
edges: agents i and j can communicate if (i, j) ∈ E . We make the blanket assumption that
G is connected, and (i, i) ∈ E for all i ∈ [m]. Following are assumptions on Problem (P).

Assumption 1 For Problem (P), the following hold:

(i) Each fi : Rd → R is continuously differentiable, µi-strongly convex and Li-smooth,
with 0 ≤ µi ≤ Li <∞;

(ii) f : Rd → R is µ-strongly convex and L-smooth, with 0 ≤ µ ≤ L <∞;

(iii) r : Rd → R ∪ {+∞} is a proper, closed, and convex function.

This assumption encompasses both strongly convex or convex functions f , with the latter
corresponding to µ = 0. Associated to Assumption 1, there are the following quantities:

Lmax := max
i∈[m]

Li, µmin := min
i∈[m]

µi, κg :=
L

µ
, κℓ :=

Lmax

µmin
.

Here, by writing κg and κℓ we implicitly assume µ > 0 and µmin > 0, respectively. These
quantities are pivotal in assessing the efficiency of decentralized algorithms. It is noteworthy
that κg ≤ κℓ. The gap can be significantly large, as shown in the following example.
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Example 1 Let f1, f2 : R2 → R such that

f1(x) =
1

2
x⊤

(
1 0

0 ϵ

)
x, f2(x) =

1

2
x⊤

(
ϵ 0

0 1

)
x.

Hence, f(x) = ((1 + ϵ)/4) ∥x∥2 . It follows that κg = 1 while κℓ = ϵ−1, implying that κℓ can
be arbitrarily large. □

When dealing with ERM problems with f in the form (1), we further postulate the
following standard property for the fij ’s.

Assumption 2 Each fij : Rd → R in (1) is continuously differentiable, convex, and Lij-
smooth, with 0 < Lij <∞.

In the context of Assumption 2, we define several critical quantities that are instrumental
in the analysis of first-order methods solving in particular ERM problems:

L̄i :=
1

n

n∑
j=1

Lij , L̄max := max
i∈[m]

L̄i, κs =
L̄max

µmin
.

Since Li ≤ L̄i ≤ nLi, we have

κℓ ≤ κs ≤ nκℓ and Lmax ≤ L̄max ≤ nLmax. (3)

Here, κs represents the stochastic condition number (in contrast to the “batch” condition
numbers, κg and κℓ), which appears in the convergence rates of VR-based algorithms for
finite-sum optimization problems. The relationship (3) implies that, in the worst-case sce-
nario where all fij ’s are independent, VR-based methods do not offer any advantage over
their batch counterparts. However, ERM problems featuring correlated data samples often
exhibit κs ≪ nκℓ, indicating a potential for significant improvements in the computational
efficiency of VR-methods compared to batch algorithms.

In the exploration of ERM problems, beyond the settings outlined in Assumptions 1 and
2, we anticipated in (2) additional structure in loss functions fi, termed function similarity.
We encapsulate this property in the subsequent assumption for ease of reference.

Assumption 3 Each fi in Assumption 1, i ∈ [m], satisfies:∥∥(∇f(x)−∇fi(x)
)
−
(
∇f(y)−∇fi(y)

)∥∥ ≤ β∥x− y∥, ∀x, y ∈ dom r,

for some β > 0. It is assumed β > µ without loss of generality.

The smaller β, the more similar fi’s. Under Assumption 1, the following bounds holds for
β: β ≤ maxi∈[m]max

{
|Li − µ|, |µ − Li|

}
. The example below demonstrates the typical,

more favorable scaling of β in ERM scenarios, due to statistical similarity.
Example: Consider the ERM setting (1), where data are i.i.d., locally and across the

agents. Assume ∇2fi is M -Lipschitz and under extra (mild) assumptions–see (Zhang and
Xiao, 2018)–the following bounds hold for β, with high probability:

β = Õ

(√
L2

n

)
, if M = 0 (fi’s are quadratic); or β = Õ

(√
L2d

n

)
, otherwise.

9
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It turns out that
β

µ

/
L

µ
= min

{
1, Õ

(√
d

n

)}
.

Hence, the ratio β/µ may be considerably smaller than κg, particularly in cases where n
is large, a common condition in many applications. This indicates potential for improved
efficiency in exploiting function similarity within decentralized optimization.

3. The Decentralized Catalyst Framework

DCatalyst inputs a given decentralized algorithm and enhances it through a black-box accel-
eration procedure. Our initial step involves identifying a spectrum of candidate algorithms
via a broad set of assumptions, which encapsulate the vast majority of current decentralized
schemes–see Sec. 3.1. Sec. 3.2 proceeds to introduce the black-box procedure enabling ac-
celeration in the aforementioned decentralized schemes. Convergence analysis of DCatalyst
is presented in Sec. 3.3 (strongly convex u) and Sec. 3.4 (convex u).

3.1 Distributed algorithms

We model decentralized algorithms through operators that iteratively act on variables held
by the agents. To this end, let us denote by si = [x⊤i , y

⊤
i ]

⊤ the set of variables controlled by
agent i, where xi ∈ Rd is the local estimate of the optimization variable x of the problem
under consideration, and yi ∈ Rd′ serves as some auxiliary vector-variable, instrumental to
track locally some additional information used by the algorithm to generate agents’ updates,
such as dual (e.g., (Alghunaim et al., 2020; Ling et al., 2015; Shi et al., 2015)) or gradient-
tracking estimates (e.g., (Di Lorenzo and Scutari, 2016; Nedić et al., 2017; Qu and Li, 2017;
Sun et al., 2022)). Denote by sti the values of these variables at iteration t, and by st :=
(sti)i∈[m] the stack of the agents’ tuples at that iteration. The decentralized algorithm under

consideration is then modeled as a (possibly random) mapping M : Rm×(d+d′) → Rm×(d+d′):
given st as input at iteration t, the decentralized algorithm M produced st+1 = M(st) as
new iterate at time t+ 1.

We focus on accelerating decentralized algorithms M enjoying the following properties.

Assumption 4 Let the decentralized algorithm M be employed to solve a strongly convex
instance of Problem (P) (that is, under Assumption 1, with µ > 0) over a mesh network.
Let {st}t be the sequence of state variables generated by M, starting from a given, feasible
s0. There exists a merit function L : s 7→ L(s) ∈ R+ associated with M, such that

(i) (linear convergence):

E[L(st)|s0] ≤ cL

(
1− 1

rM

)t
L(s0), ∀t ≥ 0, (4)

where cL > 0 and rM > 1 are problem/algorithm-dependent constants; and

(ii) (optimality): Given any s = [x⊤,y⊤]⊤ ∈ Rm×(d+d′),

1

m
∥x− x⋆∥2 ≤ L(s),

10
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where x⋆ := 1m(x
⋆)⊤ and x⋆ is a solution of the optimization problem.

Assumption 4 is quite standard in the literature of decentralized optimization algorithms–
Sec. 4 specializes (i) and (ii) to the most common schemes. Specifically, (i) states that, when
minimizing a strongly convex loss on a network, M exhibits a linear convergence rate. Con-
dition (ii) guaranteed that convergence of the merit function L implies that of the iterates
to the optimal solution x⋆ (at the same rate).

3.2 Accelerating M via decentralized Catalyst

The DCatalyst framework is formally introduced in Algorithm 1 and commented next. At
its core, it can be viewed as the successive application of the chosen decentralized algorithm
M for the inexact minimization of the function uk(x), defined in (5). The quadratic term
(δ/2)∥x−zki ∥2 therein functions as an extrapolation mechanism akin to Nesterov’s approach,
to gain acceleration. The momentum variables zki are updated locally by the respective
agents at the conclusion of each outer loop (during the Extrapolation step (S.2)), following
the update rule in (6). Crucially, at the start of every inner loop, the decentralized algorithm
M undergoes a strategic warm-restart, and runs until a predefined termination criterion
is met. These strategies are informed directly from our convergence analysis, with their
specifics being dependent on both the optimization problem and the decentralized algorithm
M at hand. Details on these criteria along with tuning recommendations are provided in
Sec. 3.3 and Sec. 3.4 for strongly convex and non-strongly convex functions u, respectively.

A Bird’s-eye view: DCatalyst can be viewed as an acceleration of a centralized,
inexact proximal method (the outer loop), where the proximal subproblems are approxi-
mately solved in a distributed manner using the decentralized algorithm M. Assuming one
can absorb consensus errors on the agents’ variables xi’s and momentum vectors zi’s into
this criterion of solution approximation (to be introduced), we can approximate (S.1) and
(S.2) as

xki ≈ xk :=
1

m

m∑
i=1

xki and zki ≈ z̄k :=
1

m

m∑
i=1

zki ,

(S.1)′: x̄k+1 ≈ argmin
x∈Rd

u(x) +
δ

2
∥x− z̄k∥2,

(S.2)′: z̄k+1 = x̄k+1 +
αk(1− αk)

(αk)2 + αk+1
(x̄k+1 − x̄k),

where we used the fact that the minimization of uk(x) in (5) and that of the function in
(S.1)′ have the same solution. The above dynamics are a resemble of an inexact proximal
acceleration (Lin et al., 2015, 2018; d’Aspremont et al., 2021).

Next we provide a novel criterion of inexactness for solving the subproblems (Pk) dis-
tributively along with a suitable warm-start policy of the inner-algorithm M, yielding ac-
celeration. Sec. 3.3 considers strongly convex objectives while Sec. 3.4 focuses on (merely)
convex ones.
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Algorithm 1 Decentralized Catalyst

Input: x0i = z0i = z−1
i ∈ dom r, i ∈ [m]; δ > 0;

K ∈ N++ (# of outer loops), {αk ∈ (0, 1)}Kk=0; Decentralized algorithm M.

Output: xK = (xKi )i∈[m]

for k = 0, 1, 2, . . . ,K − 1 do
Set

uk(x) =
1

m

m∑
i=1

fki (x) + r(x), with fki (x) = fi(x) +
δ

2
∥x− zki ∥2; (5)

(S.1) Minimization step: Minimize approximately uk over the network G running M,
with proper initialization ski = [(xki )

⊤, (yki )
⊤]⊤, i ∈ [m], and up to a suitable termination:

xk+1
i ≈M arg min

x∈Rd
uk(x), ∀i ∈ [m]; (Pk)

(S.2) Extrapolation step:

zk+1
i = xk+1

i +
αk(1− αk)

(αk)2 + αk+1

(
xk+1
i − xki

)
, ∀i ∈ [m]. (6)

end for

3.3 Convergence of DCatalyst: Strongly convex losses

Our analysis begins assessing the convergence of DCatalyst’s outer loop (Proposition 1).
Here, a suitable warm-restart mechanism and termination criterion for M are provided,
which maintain the inexactness of solving the proximal subproblems in (S.1) within the
threshold ensuring convergence of the outer loop. Our second result outlines specific tuning
recommendations for the decentralized algorithmM used in the inner loop, designed to meet
the established termination criterion (Proposition 2). Finally, combining both the outer-
and inner-loop convergence, we obtain the overall computation/communication complexity
of DCatalyst (Theorem 3). The proofs of the results in this section can be found in Sec. 6.

Notation and probability space: We denote the state variables generated by the
decentralized algorithm M at the inner iteration t of the outer iteration k by sk,t. For
the subproblem (Pk), we denote its solution as xk,⋆ and xk,⋆ := 1m(x

k,⋆)⊤. When solving
the subproblem (Pk) using the chosen algorithm M, we refer to Lk : Rm×(d+d′) → R+ as
the merit function associated with M when applied to (Pk) and satisfying Assumption 4.
Also, with a slight abuse of notation, we will write rM,δ instead of rM in (4), to explicitly
highlight the dependency of the convergence rate on the design parameter δ.

When M is a randomized algorithm, the sequences generated by Algorithm 1 are ran-
dom, and the following probability space is subsumed. Define Tk ∈ (0,∞) as the num-
ber of (inner) iterations performed by the decentralized algorithm M at the outer iter-
ation k. Considering {{sk,t}Tkt=0}k≥0 ∈

∏∞
0 Rm×(d+d′) as the sequence of random vari-

ables generated by Algorithm 1, let Ω denote the sample space of all the sample paths
ω := {{s

:

k,t}Tkt=0}k≥0 ∈
∏∞

0 Rm×(d+d′), where s
:

k,t is a realization of sk,t. For each k, define

12
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Ωk :=
∏Tk

0 Rm×(d+d′), and let Bk be the Borel σ-algebra of
∏k
ℓ=0Ωℓ. Suppose M induces

a sequence of Borel probability measures {Pk}∞k=0, where each Pk is defined on Bk, satis-
fying the property: for each E ∈ Bk and any n ≥ 0, Pk(E) = Pk+n

(
E ×

∏k+n
ℓ=k+1Ωℓ

)
. By

the Ionescu–Tulcea’s theorem (Klenke, 2008), there exists a unique probability measure P
on F := σ

(
∪∞
k=0 ∪Ek∈Bk

(
Ek ×

∏∞
ℓ=k+1Ωℓ

))
, which agrees with all Pk’s: for any E ∈ Bk,

P
(
E ×

∏∞
ℓ=k+1Ωℓ

)
= Pk(E). The probability space of interest is then (Ω,P,F). Further,

we define the filtration {Fk}k≥0, where Fk+1 := σ
(
{{sℓ,t}Tℓt=0}kℓ=0

)
= Bk ×

∏∞
ℓ=k+1Ωℓ, and

F0 := {∅,Ω}. All inequalities involving conditional expectations with respect to Fk are
understood to hold almost surely, though this specification is omitted for brevity.

Our first result is the convergence of outer loop of DCatalyst, as given next.

Proposition 1 (Convergence of the outer loop) Consider Problem (P) under Assump-
tion 1 with µ > 0. Let {xk} be the sequence generated by Algorithm 1 in the follow-
ing setting: (i) in Step (S.1), each subproblem (Pk) is (approximately) solved by a de-
centralized algorithm M, which satisfies Assumption 4, with merit function denoted by
Lk : Rm×(d+d′) → R+; (ii) in Step (S.2), αk is chosen as αk = α :=

√
µ/(µ+ δ), for all

k ≥ 0; (iii) for each outer loop k ≥ 0, M is terminated after Tk (inner) iterations, such
that

E[Lk(sk,Tk)] ≤ ϵ0(1− cα)k+1, (7)

where c ∈ (0, 1) is some universal constant, and ϵ0 > 0 is arbitrarily chosen; and (iv) the
warm-restart xk := xk−1,Tk−1 is used.

Then, for all k ≥ 0,

1

m
E[∥xk − x⋆∥2] ≤ cscvx (1− cα)k , with cscvx = O

((
δ2

µ2
+ 1

)
(∥x⋆ − x0∥2 + ϵ0)

)
. (8)

The explicit expression of cscvx can be found in the proof [see eq. (38), Sec. 6].

Notice that, under Assumption 4, Tk is well-defined for any k ≥ 0, that is, Tk <∞.
Proposition 1 establishes linear convergence of the outer loop: For any given ϵ > 0,

(1/m)E[∥xk − x⋆∥2] ≤ ϵ, in k ≥ K (outer) iterations, where

K = cα log
cscvx
ϵ

= O

(√
µ+ δ

µ
log

(1 + δ2/µ2)(∥x⋆ − x0∥2 + ϵ0)

ϵ

)
.

The total number of inner-plus-outer iterations, is then

Nit =

K∑
k=0

Tk.

We provide next sufficient conditions for Tk to be uniformly bounded with respect to k.

Assumption 5 Given µ > 0 (resp. µ = 0), instate the setting of Proposition 1 (resp.
Proposition 4). The following holds for each k ≥ 0:

Lk+1(sk+1,0) ≤ cM Lk(sk,Tk) + dM
m

∥zk − zk+1∥2,

where cM, dM > 0 are some problem-dependent constants independent of k.
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At a high level, the assumption necessitates that the merit function at the start of each
new inner loop does not significantly deviate from its value at the end of the preceding inner
loop. In Sec. 4, we demonstrate through several examples that this condition can be satisfied
by properly designing a warm-start initialization of the state variables (in particular the
y-variables) in the inner-loop algorithm M.

Equipped with Assumption 5, we prove the following uniform upper bound for Tk.

Proposition 2 Instate the setting of Proposition 1, and additionally suppose that Assump-
tion 5 holds. Then, the minimal Tk for condition (7) to hold is bounded by

Tk ≤

⌈
rM,δ ·max

{
log

cLL0(s0,0)

ϵ0(1− cα)
, log

cLcM + 36dMcscvx
1

ϵ0(1−cα)2

1− cα

}⌉
= Õ(rM,δ).

Here, rM,δ corresponds to rM in (4) with M now applied to minimize uk in (5) (hence
depending also on δ).

Decentralized algorithms employed in the inner loop may require multiple rounds of
communications/iteration. Denote such a number by Ncom,M, the total number Ncom of
communication rounds is

Ncom = Nit ·Ncom,M.

Combining Proposition 1 and Proposition 2, we obtain the desired result for the total
number of iterations and communication cost of Algorithm 1.

Theorem 3 Given Problem (P) under Assumption 1 with µ > 0, let {xk} be the se-
quence generated by Algorithm 1 in the following setting: (i) in Step (S.1), a decentral-
ized algorithm M is employed, satisfying Assumption 4 with merit function denoted by
Lk : Rm×(d+d′) → R+; (ii) in Step (S.2), αk is chosen as αk = α :=

√
µ/(µ+ δ), for all

k ≥ 0; (iii) for each outer loop k ≥ 0, M is terminated after Tk inner iterations, such that
(7) holds with Lk as defined in (i); and (iv) the warm-restart xk := xk−1,Tk−1 is used and
Assumption 5 holds. Then,

1

m
E[∥xk − x⋆∥2] ≤ ϵ,

after Nit inner-plus-outer iterations given by

Nit = Õ

(
rM,δ

√
µ+ δ

µ
log

(1 + δ2/µ2)(∥x⋆ − x0∥2 + ϵ0)

ϵ

)
. (9)

The total number of communications is Ncom = Nit ·Ncom,M.

Theorem 3 certifies linear convergence of DCatalyst to the solution of (P). The itera-
tion/communication complexity, as outlined in (9), is influenced by the tunable parameter δ
and the convergence rate rM,δ of the chosen algorithm M. A crucial aspect of this theorem
is providing tuning recommendations for δ, potentially achieving(near-)optimal communi-
cation complexity (up to log-factors). Sec. 4 provides specific choices for δ to enhance
convergence of a range of existing, non-accelerated, decentralized algorithms.
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3.4 Convergence of DCatalyst: Convex losses

This section studies convergence of Algorithm 1 when applied to (non-strongly) convex
functions u. We mirror the structure of Sec. 3.3.

Our first result establishes convergence of the outer loop.

Proposition 4 (Convergence of the outer loop) Consider Problem (P) under Assump-
tion 1 with µ = 0. Let {xk} be the sequence generated by Algorithm 1 in the following setting:
(i) in Step (S.1), a decentralized algorithm M satisfying Assumption 4 with merit function
Lk : Rm×(d+d′) → R+ is employed, to (approximately) solve the subproblem (Pk); (ii) in
Step (S.2), αk is chosen recursively according to

(αk)2 = (1− αk)(αk−1)2, ∀k ≥ 1, and α0 =

√
5− 1

2
; (10)

(iii) for each outer loop k ≥ 0, M is terminated after Tk iterations, such that

E[Lk
(
sk,Tk

)
] ≤

(
1

k + 3

)4+2r0

ϵ0, (11)

where r0 > 0 is some universal constant, and ϵ0 > 0 is arbitrarily chosen; and (iv) the
warm-restart xk := xk−1,Tk−1 is used, for all k ≥ 1.

Then, for all k ≥ 0,

1

2δm

m∑
i=1

E[∥∇M 1
δ
u(x

k
i )∥2] ≤

ccvx
(k + 2)2

, with ccvx = O(δ(∥x⋆ − x0∥2 + ϵ0)).

The explicit expression of ccvx is given in (39), Sec. 6.

Moreover, if r ≡ 0, for all k ≥ 0, we have

1

2δm

m∑
i=1

E[∥∇u(xki )∥2] ≤
ccvx(L+ δ)2

δ2(k + 2)2
.

The following result provides the growth rate of Tk.

Proposition 5 Instate the setting of Proposition 4; suppose that (i) Assumption 5 holds,
and (ii) the iterates {xk} are bounded, ∥xki ∥ ≤ B, for all i ∈ [m] and k ≥ 0, and some
B ∈ (0,∞). Then, the minimal Tk for (11) to hold is bounded:

Tk ≤
⌈
rM,δ ·max

{
log

cL9
r0+2L0(s0,0)

ϵ0
, log

(
cLcM24+2r0 +

36cLdMB2(k + 3)4+2r0

ϵ0

)}⌉
= Õ (rM,δ log k) .

(12)

Combining Proposition 4 and Proposition 5, we obtain the total number of inner-plus-
outer iterations and communications to ϵ-optimality.
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Theorem 6 Given Problem (P) under Assumption 1 with µ = 0, let {xk} be the sequence
generated by Algorithm 1 in the following setting: (i) in Step (S.1), a decentralized algo-
rithm M satisfying Assumption 4 is employed; (ii) in Step (S.2), αk is chosen recursively
according to (10); (iii) for each outer loop k ≥ 0, M is terminated after Tk inner itera-
tions, such that (11) holds; and (iv) the warm-restart xk := xk−1,Tk−1 is used, Assumption 5
holds, and in addition {xk} are bounded. Then, for all k ≥ 0,

1

2δm

m∑
i=1

E[∥∇M 1
δ
r(x

k
i )∥2] ≤ ϵ,

or when r ≡ 0,

δ

2m(L+ δ)2

m∑
i=1

E[∥∇u(xki )∥2] ≤ ϵ,

after Nit inner-plus-outer iterations given by

Nit = Õ

(
rM,δ

√
δ(∥x⋆ − x0∥2 + ϵ0)

ϵ
log

δ(∥x⋆ − x0∥2 + ϵ0)

ϵ

)
.

The total number of communications is Ncom = Nit ·Ncom,M.

We note that our findings diverge from those of the Catalyst framework in the centralized
setting, e.g., (Lin et al., 2015, 2018). Beyond extending to the decentralized setting, a
critical distinction lies in the nature of the termination time Tk, which is deterministic in our
approach, unlike the stochastic nature of those in the literature, which predict termination
in expectation. This makes our termination more practical.

The boundedness of the sequence is a standard assumption for (nonstrongly) convex
losses, which is implied e.g. by the compactness of dom r–a frequent constraint in machine
learning applications that helps manage solution complexity. Alternatively, Theorem 6 may
be reformulated under the coerciveness of u rather than boundedness of the iterates–another
conditions widely used in the machine learning community (e.g., Lin et al. (2015, 2018); Li
and Lin (2020)). In this case, Tk would be defined such that Lk(sk,Tk) ≤ ϵk+1, making it a
random variable. We can then demonstrate that E[Tk] is of the same order of the RHS of
(12). We omit further details because of page limits.

4. Applications of the DCatalyst Framework

We apply DCatalyst to three representative decentralized algorithms: SONATA (Sun et al.,
2022), PUDA (Alghunaim et al., 2020), and PMGT-LSVRG (Ye et al., 2026). This selec-
tion is motivated by the distinctive features of each of these algorithms. (i) SONATA is
applicable to both strongly convex and convex (possibly composed) functions u, and can
exploit function similarity to enhance convergence rates. By integrating it with DCatalyst,
we aim to inherit these features while achieving accelerated rates. (ii) PUDA is representa-
tive of a variety of (primal-dual) (proximal) decentralized algorithms, which includes others
such as EXTRA (Shi et al., 2015), DIGing (Nedić et al., 2017), and Exact Diffusion (Yuan
et al., 2019)–employing DCatalyst provides a unified approach to accelerating all these
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methods. (iii) For scenarios where each fi has a finite-sum structure (satisfying Assump-
tion 2), we apply DCatalyst to accelerate PMGT-LSVRG (Ye et al., 2026), marking the
first accelerated variance-reduction decentralized algorithm applicable to composite func-
tions u. Another by-product of our framework is DCatalyst-VR-EXTRA, which is obtained
by applying DCatalyst to VR-EXTRA (Li et al., 2022).

To evaluate the performance of DCatalyst, in addition to the total (i.e., inner-plus-outer)
communications towards ϵ-optimality, we report also the total computational complexity,
measured by the total number of (proximal) gradient updates conducted by each agent.

4.1 DCatalyst SONATA (Sun et al., 2022)

The SONATA algorithm (Sun et al., 2022) applied to Problem (P) reads: for each i ∈ [m]
and t ≥ 0 (and proper initialization),

x
t+1/2
i = argmin

x∈Rd

f̃i(x;x
t
i) +

〈
yti −∇fi(xti), x− xti

〉
+ r(x),

xt+1
i =

m∑
j=1

wijx
t+1/2
j ,

yt+1
i =

m∑
j=1

wij

(
ytj +∇fj(xt+1

j )−∇fj(xtj)
)
.

Here, f̃i is a local surrogate of fi, chosen to exploit the potential structure of fi; we will
consider explicitly the following two instances of f̃i:

f̃i(x;x
t
i) =


fi(x) +

β

2

∥∥x− xti
∥∥2 , (SONATA-F, under Ass. 3);

fi(x
t
i) +

〈
∇fi(xti), x− xti

〉
+
L

2

∥∥x− xti
∥∥ , (SONATA-L).

The first choice retains the entire function fi, which will be shown being particularly suit-
able to exploit function similarity among the fi (specifically, under Assumption 3), while
the second one retains only the first-order information, generally leading to prox-friendly
subproblems. The gossip weights, wij , are chosen such that (i) wij > 0 if (i, j) ∈ G, and
wij = 0 otherwise; and (ii)W = [wij ]

m
i,j=1 ∈ Rm×m is doubly stochastic, i.e., 1⊤mW = 1⊤m and

W1m = 1m. We denote ρ :=
∥∥W − (1/m)1m1

⊤
m

∥∥ < 1. Notice that several rules have been
proposed for the choice of such aW ; example include the Laplacian, the Metropolis-Hasting,
and the maximum-degree weight rules (Xiao et al., 2005; Nedić et al., 2018).

We apply the DCatalyst framework to SONATA-F and SONATA-L, which serve as the
algorithmM in the inner loop of Algorithm 1. In the following, we outline the specific tuning
of these algorithms to ensure they satisfy all the assumptions required for the application
of Theorem 3 and Theorem 6. Throughout this section, when using SONATA-F we will
implicitly assume similarity among the fi’s, as stipulated by Assumption 3.

• On Assumption 4: The result below summarizes the convergence property of SONATA-
F and SONATA-L, in agreement with Assumption 4.
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Lemma 7 Consider SONATA applied to Problem (P) under Assumption 1 (with µ > 0)
with the following initialization: x0i ∈ dom r and y0i = ∇fi(x0i ), for all i ∈ [m]. Suppose

ρ2 ≤


µ2β2

5712(L+ β)2
(
9β2 + 4 (L+ β)2

) = O

((
β/µ

κ
+ 1

)4
)
, (SONATA-F);

min

{
µ2

13440L2
max

,
L2

12L2 + 84L2
max

}
= O

(
κ−2
ℓ

)
, (SONATA-L).

Then, Assumption 4 holds with the following positions:

• Lyapunov function:

L(s) = 2

µm

m∑
i=1

(u(xi)− u⋆) +
η

m

(
4L2

max∥x⊥∥2 + 2∥y⊥∥2
)
,

where s = [x,y],

x⊥ := x− 1m(x̄)
⊤, y⊥ := y− 1m(ȳ)

⊤, and η =


34

µ(16β + µ)
, (SONATA-F),

10

µ(4L+ µ)
, (SONATA-L).

• Linear convergence: the contraction property (4) holds with

cL = 1 and rM =


2 +

32β

µ
= O

(
β

µ

)
, (SONATA-F);

2 +
8L

µ
= O (κg) , (SONATA-L).

• On Assumption 5: When embedded in the inner loop of Algorithm 1 to minimize uk,
and initialized at the beginning of the (k + 1)th inner loop as

xk+1 = xk,Tk ,

yk+1 = yk,Tk + δ
(
zk+1 − zk

)
,

with δ =

{
β − µ, (SONATA-F);

L− µ, (SONATA-L),
(13)

SONATA satisfies Assumption 5, as proved next.

Lemma 8 Consider SONATA applied to the subproblem (Pk), with initialization (13) and
tuning as in Lemma 7 (applied here to uk). Assumption 5 holds with the following positions:

cM = 2 and dM =
2δ2

(δ + µ)2
+ 16ηδ2, with η :=


34

(µ+ δ)(16β + µ+ δ)
, (SONATA-F),

10

(µ+ δ)(4L+ µ+ 5δ)
, (SONATA-L).
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Proof See Appendix B.1.

• Convergence of DCatalyst-SONATA: Since both Assumptions 4 and 5 are satisfied,
convergence of DCatalyst, equipped with SONATA in the inner loop, comes readily from
Theorems 3 (for strongly convex u) and 6 (for convex u), as summarized below.

Corollary 9 Given Problem (P) under Assumption 1 with µ > 0, let {xk} be the sequence
generated by Algorithm 1 in the following setting: (i) in Step (S.1), either SONATA-L or
SONATA-F is employed, with initialization as in (13) and tuning as in Lemma 7 (applied
to uk); (ii) in Step (S.2), αk is chosen as αk = α :=

√
µ/(µ+ δ), for all k ≥ 0; (iii) for

each outer loop k ≥ 0, SONATA is terminated after Tk inner iterations, given by

Tk=

rM,δ log
2 + 36

(1−c α)2

(
2δ2

(δ+µ)2
+ 16ηδ2

)(
2 + δ

µ + (2m+1)(µ+δ)2

µ2(1−c) + 2
√
2000(µ+δ)2

√
m

µ2(1−c)2

)
1− cα

 ,
where η is the same as in Lemma 8 and

rM,δ =


2 +

32β

µ+ δ
= 34, (DCatalyst-SONATA-F);

2 +
8(L+ δ)

µ+ δ
≤ 18, (DCatalyst-SONATA-L).

(14)

Then, (1/m) ∥xk−x⋆∥2 ≤ ϵ after a total number of communication rounds and computations
given respectively by
Õ

(√
β

µ(1− ρ)
log

1

ϵ

)
and Õ

(√
L+ β

β
· β
µ
log2

1

ϵ

)
, (DCatalyst-SONATA-F);

Õ
(√

κg
1− ρ

log
1

ϵ

)
and Õ

(
√
κg log

1

ϵ

)
, (DCatalyst-SONATA-L).

Proof See Appendix B.2.

Corollary 10 Given Problem (P) under Assumption 1 with µ = 0, let {xk} be the sequence
generated by Algorithm 1 in the following setting: (i) in Step (S.1), either SONATA-L or
SONATA-F is employed, with initialization as in (13) and tuning as in Lemma 7 (applied
to uk); (ii) in Step (S.2), αk is chosen recursively according to (10); (iii) the iterates are
bounded, ∥xki ∥ ≤ B for any i ∈ [m], k ≥ 0 and some B ∈ (0,∞); (iv) for each outer loop
k ≥ 0, SONATA is terminated after Tk inner iterations, given by

Tk =
⌈
rM,δ log

(
25+2r0 + 1224(k + 3)4+2r0

)⌉
= Õ(log k).

Then, (1/(2δm)) ·
∑m

i=1 ∥∇M 1
δ
u(x

K
i )∥2 ≤ ϵ, after a total number of communication rounds

and computations respectively given by
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
Õ

(√
β

(1− ρ)ϵ
log

1

ϵ

)
and Õ

(√
L+ β

ϵ
log2

1

ϵ

)
, (DCatalyst-SONATA-F);

Õ

(√
L

(1− ρ)ϵ
log

1

ϵ

)
and Õ

(√
L

ϵ
log

1

ϵ

)
, (DCatalyst-SONATA-L).

Proof See Appendix B.3.

Corollary 9 and 10 demonstrate that DCatalyst-SONATA-L can achieve optimal per-
formance in terms of both communication and computational complexities, for composite
functions u. By exploiting function similarity, DCatalyst-SONATA-F achieves (nearly) op-
timal communication complexity (Table 1) Õ((1/

√
1− ρ) ·

√
β/µ · log(1/ϵ)), which compare

favorably with existing algorithms, especially when f is ill-conditioned.

4.2 Accelerating PUDA (Alghunaim et al., 2020)

The PUDA algorithm applied to Problem (P) (with µmin > 0) reads: for any t ≥ 0 (with
proper initialization of x0,y0 ∈ Rm×d),

yt+1/2 = (I − C)xt − η∇F (xt)−Hyt,

yt+1 = yt +Hyt+1/2,

xt+1 = proxηr(Wyt+1/2),

(15)

where ∇F (xk) ∈ Rm×d denotes [∇f1(xk1), · · · ,∇fm(xkm)]⊤, and the choice of W,H,C ∈
Rm×m determines the specific algorithm for consideration. For instance, EXTRA (Shi
et al., 2015) and Prox-ED (Alghunaim et al., 2020) are special instances of PUDA–see
(Alghunaim et al., 2020) for details. To ensure that DCatalyst is compatible with the diverse
algorithms encompassed by PUDA, we do not restrict the structure of these matrices but
rather adhere to the conditions for PUDA’s convergence as outlined in (Alghunaim et al.,
2020), namely: (i) W is symmetric and doubly stochastic; (ii) H and C are symmetric,
gossip matrices satisfying Hx (resp.Cx) = 0 ⇔

(
I − 1

m1m1
⊤
m

)
x = 0; and (iii) W,H, and C

satisfy W 2 ⪯ I −H2, 0 ⪯ C ⪯ 2I.
We show next that Theorem 3 and 6 are applicable to state convergence of DCatalyst

when PUDA is used an decentralized algorithm to solve the inner subproblems (Pk).

• On Assumption 4: In the setting above, and under a suitable tuning, PUDA applied
to Problem (P) (under µmin > 0) satisfies Assumption 4.

Lemma 11 Consider PUDA applied to Problem (P) under Assumption 1 (with µmin > 0),
with stepsize η = (2−σmax(C))/(2Lmax), and initialization: x0i ∈ dom r, and y0i ∈ range(H),
for all i ∈ [m]. Then, Assumption 4 holds with the following positions:

• Lyapunov function:

L(s) := 1

m

m∑
i=1

∥xi − x⋆∥2 + 1

m

m∑
i=1

∥yi − y⋆∥2,
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where s = [x,y], and y⋆ is the unique limit point of {yki }k≥0 (belonging to range(H))
(Alghunaim et al., 2020)).

• Linear convergence: the contraction property (4) holds with:

cL = 1 and rM = max

{
4Lmax

(2− σmax(C))
2 µmin

,
1

σ+min(H
2)

}
.

• On Assumption 5: When embedding PUDA in the inner loop (S.1) of Algorithm 1, the
selection of δ and the initialization of the (k + 1)th inner loop are:

xk+1 = xk,Tk ,

yk+1 = yk,Tk ,
with δ =

4σ+min(H
2) (Lmax − µmin)

(2− σmax(C))
2 − 4σ+min(H

2)
− µmin, (16)

then PUDA satisfies Assumption 5, as shown below.

Lemma 12 With the initialization and selection of δ as in (16), Assumption 5 holds with

cM = 2 and dM = 2 +
σmax(H

2)
(
9 + 9δ2η2

)
σ+min(H

2)
,

where η denotes the stepsize of PUDA with the tuning as in Lemma 11 (but applied to uk).

Proof See Appendix B.4.

• Convergence of DCatalyst-PUDA: Since both of Assumption 4 and 5 hold, we can
apply Theorem 3 to assess the convergence property of DCatalyst equipped with PUDA.

Corollary 13 Given Problem (P) under Assumption 1 with µmin > 0, let {xk} be the
sequence generated by Algorithm 1 in the following setting: (i) in Step (S.1), PUDA is
employed, satisfying (16) and tuning as in Lemma 11 (applied to uk); (ii) in Step (S.2), αk

is chosen as αk = α :=
√
µmin/(µmin + δ), for all k ≥ 0; (iii) for each outer loop k ≥ 0,

PUDA is terminated after Tk inner iterations, given by

Tk =

rM,δ log

2+ 36
(1−c α)2

(
2+

σmax(H2)(9+9δ2η2)
σ+
min(H

2)

)(
2+ δ

µmin
+ (2m+1)(µmin+δ)

2

µ2min(1−c)
+ 2

√
2000(µmin+δ)

2√m
µ2min(1−c)2

)
1− cα

 ,
where η is the same as in Lemma 12, and rM,δ = 1/σ+min(H

2). Then, (1/m)
∥∥xk − x⋆

∥∥2 ≤ ϵ
after a total number of communication rounds and computations given by

Õ

√ κℓ(
(2− σmax(C))

2 − 4σ+min(H
2)
)
σ+min(H

2)
log

1

ϵ

 .
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Proof See Appendix B.5.

To further comment the convergence results above, let us consider a specific admissible
choice of the weight matrices within the PUDA framework, as used in the Prox-ED algorithm
(Alghunaim et al., 2020), namely: W = (I + W̃ )/2, H2 = (I − W̃ )/2, and C = 0, where
W̃ ∈ Rm×m is symmetric, doubly stochastic and primitive matrix matching the graph G,
with associated ρ = ∥W̃ − (1/m)1m1

⊤
m∥ < 1. The iteration and communication complexity

of the plain Prox-ED reads

O
((

κℓ +
1

1− ρ

)
log

1

ϵ

)
.

By applying our acceleration framework, DCatalyst-Prox-ED improves to

Õ
(√

κℓ
1− ρ

log
1

ϵ

)
.

This shows a more favorable dependence on the agents’ losses condition numbers κℓ and
network connectivity ρ. Yet, the dependence on the condition number is more favorable in
DCatalyst-SONATA-L (see Corollary 9), with the latter being the global condition number
κg rather than the local one κℓ.

4.3 Accelerating PMGT-LSVRG (Ye et al., 2026)

We apply the DCatalyst framework to the classes of (P) where the agent losses have an
additive separable structure, as specified in (1) (Assumption 2). We bring acceleration to
the variance reduction decentralized algorithm PMGT-LSVRG (Ye et al., 2026).

PMGT-LSVRG applied to Problem (P) reads: for any t ≥ 0 (and proper initialization),

xt+1 = FastMix
(
proxηr

(
xt − ηyt

)
, NFM

)
,

Each agent i ∈ [m] computes:

vt+1
i =

xti, with probability
1

n
,

vti , otherwise;

g̃t+1
i =

{
∇fi(xti), if vt+1

i = xti,

g̃ti , otherwise;

Pick ji ∈ [n] with probability piji =
Liji∑n
j Lij

, and update

gt+1
i =

1

npiji

(
∇fiji(xt+1

i )−∇fiji(vt+1
i )

)
+ g̃t+1

i ,

yt+1 = FastMix
(
yt + gt+1 − gt, NFM

)
.

(17)

Here, FastMix is defined in Algorithm 2 below, used for accelerating the consensus steps
(Liu and Morse, 2011); NFM is a parameter representing the number of communications
per iteration, and ρ =

∥∥W − (1/m)1m1
⊤
m

∥∥, associated with the gossip matrix W ∈ Rm×m

defined as in Sec. 4.1. In PMGT-LSVRG, the x-and y-variables are the decision and tracking
variables. The gradient tracking mechanism employs a variance reduction technique via the
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auxiliary variables g̃i’s and vi’s, whereby at each iteration the full batch gradient ∇fi(xi) is
computed only with probability 1/n and vi represents the most recent iterate at which∇fi(·)
is evaluated. The number of communications per iteration is counted as Ncom,M = 2NFM.

Algorithm 2 FastMix
(
x0, NFM

)
Input: x0 = (x0i )i∈[m], NFM; ρ; Output: xNpm−1 ; Set: x−1 := x0 and η :=

1−
√

1−ρ2

1+
√

1−ρ2
;

for t = 0, 1, 2, · · · , NFM − 1 do
xt+1 = (1 + η)Wxt − ηxt−1;
end for

Remark 14 Differently from the original PMGT-LSVRG (Ye et al., 2026), we introduced
here a variant where the index ji in (17) is selected with probability piji = (Liji)/

∑n
j Lij

rather than uniform. As it will be showed in the convergence results below, this improves
the rate dependence of the algorithm on the condition number, from κ̃s to κs.

• On Assumption 4: The result below summarizes the convergence of PMGT-LSVRG,
in agreement with Assumption 4. The proof builds on (Ye et al., 2026) and is omitted.

Lemma 15 Consider the PMGT-LSVRG applied to Problem (P) under Assumption 1 (µ >
0) and Assumption 2, with the following initialization: for all i ∈ [m], x0i = v0i ∈ dom r; g0i
and g̃0i are unbiased estimators of ∇f0i (x0i ) and ∇f0i (v0i ), respectively; and (1/m)

∑m
i=1 y

0
i

is an unbiased estimator of (1/m)
∑m

i=1∇fi(x0i ). Further, η = 1/(16Lmax) and NFM =
(1/

√
1− ρ) · log (36max{6κs, n}). Then, Assumption 4 holds with following positions:

• Lyapunov function:

L(s) := 1

cpm

(
∥x̄− x⋆∥2 + 4nη2∆f

)
+

1

m

(
∥x⊥∥2 + η2 ∥y⊥∥

2
)
,

where s := [x,y, g, v, g̃], cpm = 20rpm/(1 − 40rpmρ
2
pm), rpm = max{12κs, 2n}, ρpm =

(1−
√
1− ρ)NFM,

∆f :=
1

mn

m∑
i=1

n∑
j=1

1

npij
∥∇fij(vi)−∇fij(x⋆)∥2, x⊥ :=x− 1m(x̄)

⊤, y⊥ :=y− 1m(ȳ)
⊤.

• Linear convergence: the contraction (4) holds with cL = 1 and rM = 4rpm.

• On Assumption 5: Suppose PMGT-LSVRG is embedded in the inner loop of Algo-
rithm 1, with the following choice of δ and warm-start for the (k + 1)th inner loop:

xk+1 = xk,Tk , vk+1 = vk,Tk ,yk+1 = yk,Tk + δ(zk − zk+1), gk+1 = gk,Tk + δ(zk − zk+1),

g̃k+1 = g̃k,Tk + δ(zk − zk+1), and δ =
L̄max

n
− µ.

(18)
Then, PMGT-LSVRG satisfies Assumption 5, as proved below.
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Lemma 16 Consider PMGT-LSVRG applied to subproblem (Pk), with the initialization
(18) and tunning as in Lemma 15 (applied to uk). Assumption 5 holds with

cM = 2, and dM = 2 + 8η2δ2 +
8η2(L̄max + δ)2

n2
.

Proof See Appendix B.6.

• Convergence of DCatalyst-PMGT-LSVRG: Since both Assumptions 4 and 5 hold,
we can apply Theorem 3 to assess the convergence of DCatalyst-PMGT-LSVRG.

Corollary 17 Given Problem (P) under Assumption 1 with µ > 0, let {xk} be the sequence
generated by Algorithm 1 in the following setting: (i) in Step (S.1), PMGT-LSVRG is
employed, satisfying (18) and tuning as in Lemma 15 (applied to uk); (ii) in Step (S.2),
αk is chosen as αk = α :=

√
µ/(µ+ δ), for all k ≥ 0; (iii) for each outer loop k ≥ 0,

PMGT-LSVRG is terminated after Tk inner iterations, given by

Tk =

rM,δ log
2 + 90

(1−c α)2

(
2 + δ

µ + (2m+1)(µ+δ)2

µ2(1−c) + 2
√
2000(µ+δ)2

√
m

µ2(1−c)2

)
1− cα

 ,
with rM,δ = 48n. Then, (1/m)E[∥xk − x⋆∥2] ≤ ϵ after a total number of communication
rounds and a number of computations (in expectation) given respectively by

Õ
(√

κsn

1− ρ
log

1

ϵ

)
, and Õ

(
√
κsn log

1

ϵ

)
.

Proof See Appendix B.7.

Compared with PMGT-LSVRG, (reported in Table 3), DCatalyst-PMGT-LSVRG ex-
hibits better performance: PMGT-LSVRG has communication complexity O

(
(1/(

√
1− ρ))

(κ̃s log κ̃s + n logn) · log(1/ϵ)) and computational complexity O ((n+ κ̃s) log(1/ϵ)), while
DCatalyst-PMGT-LSVRG’s reads Õ

(
(1/

√
1− ρ)

√
κsn log(1/ϵ)) and Õ

(√
κsn · log(1/ϵ)

)
,

showing significant savings in communication/computation especially for ill-conditioned
problems. This sets a new benchmark for composite optimization functions. On the other
hand, existing decentralized VR algorithms, such as Acc-VR-EXTRA-CA (Li et al., 2022),
ADFS (Hendrikx et al., 2021) and DVR-Catalyst (Hendrikx et al., 2020a), have more fa-
vorable dependence on the condition number of f , namely: κℓ-dependence versus κs in
DCatalyst-PMGT-LSVRG. However, all these methods are applicable only to smooth func-
tions u. DCatalyst-PMGT-LSVRG is the first decentralized algorithm merging acceleration
and VR technique that is applicable to composite functions u (with fi additively separable).

5. Inexact Estimating Sequences

This section introduces the tool of inexact estimating sequence–the analytic machinery
underlying the DCatalyst framework. The key idea is to modify the very definition of es-
timating sequence (Nesterov, 2013; Baes, 2009; Lin et al., 2015, 2018; d’Aspremont et al.,
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2021) so as to explicitly incorporate exogenous error sequences, leading to our notion of
inexact estimating sequences. These errors later encode the behavior of different decen-
tralized algorithms, allowing us to handle multiple agent-specific variable sequences and
rigorously capture both consensus errors and inexact decentralized subproblem solutions
in a unified way. Equipped with this new definition, we prove convergence of any algo-
rithm falling within this framework directly “up to” a controllable exogenous error term,
and we establish accelerated rates under suitable algorithmic tuning that keeps these errors
in check. Because the errors are exogenous, the framework is algorithm-independent and
can, in principle, be applied beyond DCatalyst, offering a tool of independent interest. In
the next section, we use this inexact-estimating-sequence machinery to prove in particular,
convergence of Algorithm 1. This stands in contrast with the original Catalyst analysis,
which keeps Nesterov’s classical definition of estimating sequences and then incorporates an
endogenous error term tied to a specific inner-loop termination rule; as a consequence, its
convergence guarantees are tightly coupled to that particular stopping criterion and cannot
be used as a black-box tool for generic decentralized schemes.

Given Problem (P) (under Assumption 1) and the the Moreau envelope M 1
δ
u : Rd → R,

we recall that M 1
δ
u is δ-smooth and µM-strongly convex, with µM = (δµ)/(δ + µ). Further-

more, notice that M⋆1
δ
u
:= M 1

δ
u(x

⋆) = u⋆, where x⋆ is a minimizer of u.

We are ready to state the definition of general inexact estimating sequences.

Definition 18 (Inexact estimating sequence) An inexact estimating sequence is a tu-
ple of a sequence of functions {(ψki )i∈[m]}∞k=0, a sequence of positive numbers {αk}∞k=0, and

a real-value error-sequence {(ϵki )i∈[m]}∞k=0 such that

(i) αk ∈ (0, 1), for all k ≥ 0, and limk→∞
∏k
t=0(1− αt) = 0;

(ii) each ψki : Rd → R satisfies

ψk+1
i (x⋆) ≤ (1− αk)ψki (x

⋆) + αk
(
M⋆1

δ
u
+ ϵki

)
, ∀k ≥ 0.

The following result shows how inexact estimating sequences can be leveraged to guide
the development of appropriate decentralized algorithms solving effectively Problem (P).

Lemma 19 Let {(ψki )i∈[m]}∞k=0, {αk}∞k=0, {(ϵki )i∈[m]}∞k=0 be an inexact estimating sequence.

Suppose there exists a sequence of iterates {(x̃ki )i∈[m]}∞k=0 such that, for all k ≥ 0 and i ∈ [m],

M 1
δ
u(x̃

k
i ) ≤

[
ψk,⋆i := min

x∈Rd
ψki (x)

]
+ ϵkψ,i, (19)

for some {(ϵkψ,i)i∈[m]}∞k=0, with ϵ
0
ψ,i ≡ 0. Then,

0 ≤ ψki (x
⋆) + ϵkψ,i − M⋆1

δ
u
≤ λk

(
ψ0
i (x

⋆)− M⋆1
δ
u
+

k−1∑
t=0

ϵttot,i
λt+1

)
, (20)

where

λk :=

k−1∏
t=0

(1− αt) and ϵktot,i := ϵk+1
ψ,i − (1− αk)ϵkψ,i + αkϵki . (21)
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Proof See Appendix A.1.

When the algorithm generating {(x̃ki )i∈[m]}∞k=0 is stochastic, {(x̃ki )i∈[m]}∞k=0 is a random
sequence, and Lemma 19 is understood to hold for any realization of the random variables.

The subsequent proposition elucidates the convergence rate of decentralized algorithms
producing iterates {(x̃ki )i∈[m]}∞k=0 conforming to Lemma 19. This convergence depends on

the decay rate of the error sequences E[|ϵktot,i|].

Proposition 20 Let {(x̃ki )i∈[m]}∞k=0 be a sequence satisfying Lemma 19.

(i) µ > 0: Suppose (1/m)
∑m

i=1 E
[
|ϵktot,i|

]
≤ Cscvx (1− cα)k, for all k ≥ 0 and for some

problem-dependent constant Cscvx. Then,

1

m
E[∥x̃k − x⋆∥2] ≤ cscvx(1− cα)k,

where

cscvx =
1

m

m∑
i=1

(
2

µM

(
ψ0
i (x

⋆)− M⋆1
δ
u
+

Cscvx
α(1− c)

))
.

(ii) µ = 0: Suppose (1/m)
∑m

i=1 E
[
|ϵktot,i|

]
≤ Ccvx/(k + 1)3+r0, for all k ≥ 0 and some

problem-dependent constant Ccvx. Then,

1

2δm

m∑
i=1

E[∥∇M 1
δ
u(x̃

k
i )∥2] ≤

ccvx
(k + 2)2

, (22)

where

ccvx =
1

m

m∑
i=1

(
ψ0
i (x

⋆)− M⋆1
δ
u
+

10Ccvx
r0

)
.

Moreover, if r ≡ 0, then

1

2δm

m∑
i=1

E[∥∇u(x̃ki )∥2] ≤
ccvx(L+ δ)2

δ2(k + 2)2
. (23)

Proof See Appendix A.2.

5.1 A constructive approach to a family of inexact estimating sequences

We provide a constructive approach to derive an explicit class of inexact estimating se-
quences. which leads to a wide range of decentralized designs. Our method unfolds in two
steps: (i) we first specify a family of inexact estimating sequence, parametrized by certain
free quantities (see Lemma 21 below); (ii) we then exploit the degrees of freedom offered
by this family to satisfy the remaining condition (19).

Lemma 21 Assume, for any i ∈ [m], and k ≥ 0,
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(i) ψ0
i (•) : Rd → R is an arbitrary convex function on Rd;

(ii) {(z̃ki )i∈[m]}∞k=0 and {(eki )i∈[m]}∞k=0 are arbitrary sequences in Rd;

(iii) {αk}∞k=0 is chosen according to Definition 18(ii).

(iv) {(ψki )i∈[m]}∞k=0 is defined recursively as

ψk+1
i (x) := (1− αk)ψki (x) + αk

(
M 1

δ
u(z̃

k
i ) + ⟨∇M 1

δ
u(z̃

k
i ) + eki , x− z̃ki ⟩+

µM
2
∥x− z̃ki ∥2

)
.

(24)

Then, the tuple {(ψki )i∈[m]}∞k=0, {αk}∞k=0, {(ϵki )i∈[m]}∞k=0, with ϵ
k
i :=

〈
eki , x

⋆ − z̃ki
〉
forms an

inexact estimating sequence.

Given the above family of inexact estimating sequences, we have two control sequences
to choose, {(z̃ki )i∈[m]}k and {(x̃ki )i∈[m]}k, to maintain recursively the relation (19), for a

suitable sequence {ϵkψ,i}k. According to Lemma 21, we are also free in the choice of ψ0
i .

Following (Nesterov, 2013), we choose it as a simple quadratic function:

ψ0
i (x) = ψ0,∗

i +
ζ0

2
∥x− v0i ∥2, (25)

for some ψ0,∗
i ∈ R, ζ0 ∈ (0,∞) ∈ Rd, and v0i ∈ Rd. To obtain ψk,⋆i as well as further specify

the recursion of {ϵkψ,i}k≥0 in (19), we proceed writing {(ψki (x))i∈[m]}k in the canonical form.

Lemma 22 (Canonical form) Let ψ0
i (x) be given as in (25). The process (24) preserves

the canonical form of functions
{
(ψki )i∈[m]

}
k
:

ψki (x) = ψk,⋆i +
ζk

2
∥x− vki ∥2, ∀i ∈ [m], k ≥ 0,

where the sequences {ζk}, {vki }, and {ψk,⋆i } are defined as follows:

ζk+1 = (1− αk)ζk + αkµM,

vk+1
i =

(1− αk)ζk

ζk+1
vki +

αkµM
ζk+1

z̃ki −
αk

ζk+1

(
∇M 1

δ
u(z̃

k
i ) + eki

)
,

ψk+1,⋆
i = (1− αk)ψk,⋆i + αkM 1

δ
u(z̃

k
i )−

(αk)2

2ζk+1
∥∇M 1

δ
u(z̃

k
i ) + eki ∥2

+
αk(1− αk)ζk

ζk+1

(〈
∇M 1

δ
u(z̃

k
i ) + eki , v

k
i − z̃ki

〉
+
µM
2
∥z̃ki − vki ∥2

)
.

(26)

The proof of this result is standard (Nesterov, 2013), hence omitted.
We are left to enforce (19), which holds under the following propositions.

Lemma 23 (On condition (19)) In the setting above, let for each i ∈ [m],

(i) ψ0,⋆
i = M 1

δ
u(x̃

0
i ) and v

0
i = x̃0i ;
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(ii) z̃0i = x̃0i , and

z̃k+1
i := x̃t+1

i +
αk(1− αk)

(αk)2 + αk+1
(x̃k+1
i − x̃ki ); (27)

(iii) and

eki := δ(z̃ki − x̃k+1
i )−∇M 1

δ
u(z̃

k
i ). (28)

Then, (19) holds, with

ϵk+1
ψ,i := (1− αk)ϵkψ,i + (1− αk)

〈
eki , x̃

k
i − z̃ki

〉
+

〈
eki +∇M 1

δ
u(z̃

k
i ),

1

δ
eki

〉
, and ϵ0ψ,i = 0. (29)

Proof The lemma is proved by induction. Notice that (19) holds for k = 0, and ϵ0ψ,i = 0.

Suppose (19) hold for a given k > 0. Then, in view of (26) and M 1
δ
u(x̃

k
i ) ≥ ⟨∇M 1

δ
u(z̃

k
i ), x̃

k
i −

z̃ki ⟩+ M 1
δ
u(z̃

k
i ), we have

ψk+1,⋆
i ≥ −(1− αk)ϵkψ,i + M 1

δ
u(z̃

k
i ) + (1− αk)

〈
∇M 1

δ
u(z̃

k
i ), x̃

k
i − z̃ki

〉
− (αk)2

2ζk+1
∥∇M 1

δ
u(z̃

k
i ) + eki ∥2 + (1− αk)

〈
∇M 1

δ
u(z̃

k
i ) + eki ,

αkζk

ζk+1

(
vki − z̃ki

)〉
(a)
= −(1− αk)ϵkψ,i + M 1

δ
u(z̃

k
i ) + (1− αk)

〈
−eki , x̃ki − z̃ki

〉
− 1

2δ
∥∇M 1

δ
u(z̃

k
i ) + eki ∥2 + (1− αk)

〈
∇M 1

δ
u(z̃

k
i ) + eki ,

αkζk

ζk+1

(
vki − z̃ki

)
+ x̃ki − z̃ki

〉
,

where in (a) we used ζk+1 = δ(αk)2 for all k ≥ 0, which is a consequence of the recursion
on ζk+1 in (26), given ζ0 = (δ(α0)2 − α0µM)/(1− α0).

Chaining the above inequality with the following (due to (28) and δ-smoothness of M 1
δ
u),

M 1
δ
u(x̃

k+1
i ) ≤ M 1

δ
u(z

k
i )−

1

2δ
∥∇M 1

δ
u(z̃

k
i ) + eki ∥2 +

1

δ

〈
eki ,∇M 1

δ
u(z̃

k
i ) + eki

〉
,

and using (27), yields (19), with ϵk+1
ψ,i as in (29).

6. Convergence Analysis of DCatalyst

We are now ready to prove convergence of Algorithm 1, leveraging the framework of inexact
estimating sequences. Specifically, Sec. 6.1 establishes convergence of the outer-loop, show-
ing that {(zki )i∈[m]}∞k=0 and {(xki )i∈[m]}∞k=0 are an instance of the sequences {(z̃ki )i∈[m]}∞k=0

and {(x̃ki )i∈[m]}∞k=0 The proof of Propositions 1 and 4 will then follow by checking the

conditions on the decay of the error sequence (1/m)
∑m

i=1 E
[
|ϵktot,i|

]
as in (i) and (ii) of

Proposition 20, respectively. Subsequently, Sec. 6.2 is dedicated to the convergence analysis
of the inner loop, proving Propositions 2 and 5. Finally, the proofs of Theorems 3 and 6
follow readily combining the results from both the outer- and inner-loop analyses.

28



A Catalyst Framework for Decentralized Optimization

6.1 Analysis of the outer-loop of Algorithm 1: Proof of Propositions 1 and 4

Setting z̃ki := zki and x̃ki := xki for all i ∈ [m] and k ≥ 0, where {(zki )i∈[m]}∞k=0 and

{(xki )i∈[m]}∞k=0 are the sequences generated by Algorithm 1, we see that Algorithm 1 fits
the setting of Lemma 23. Hence, Proposition 20 applies directly, provided we show that
1
m

∑m
i=1 E

[
|ϵktot,i|

]
satisfies the bound required in the statement of the proposition.

6.1.1 Bounding ϵktot,i

Using (21) and (29),

ϵktot,i = ϵk+1
ψ,i − (1− αk)ϵkψ,i + αkϵki

= αk
〈
eki , x

⋆ − zki

〉
+ (1− αk)

〈
eki , x

k
i − zki

〉
+

1

δ

〈
eki ,∇M 1

δ
u(z

k
i ) + eki

〉
=
〈
eki , α

kx⋆ + (1− αk)xki − xk+1
i

〉
= αk

〈
eki , x

⋆ − vk+1
i

〉
.

Therefore,

1

m

m∑
i=1

E[|ϵktot,i|] ≤ αk
1

m

m∑
i=1

E[∥eki ∥∥x⋆ − vk+1
i ∥]

≤ αk

(
1

m

m∑
i=1

E[∥eki ∥2]

)1/2(
1

m

m∑
i=1

E[∥x⋆ − vk+1
i ∥2]

)1/2

.

(30)

We proceed bounding the two terms above.

1) Bounding
(
1
m

∑m
i=1 E[∥eki ∥2]

)1/2
: For all i ∈ [m] and k ≥ 0, using (28) and xk,⋆ =

z̄k − (1/δ)∇M 1
δ
u(z̄

k),

eki = ∇M 1
δ
u(z̄

k)−∇M 1
δ
u(z

k
i ) + δ(z̄k − zki ) + δ(x̄k+1 − xk+1

i ) + δ(xk,⋆ − x̄k+1).

Then, for any k ≥ 0, setting x−1
i = 0 (as a dummy variable), we have

∥eki ∥2 = ∥∇M 1
δ
u(z̄

k)−∇M 1
δ
u(z

k
i ) + δ(z̄k − zki ) + δ(x̄k+1 − xk+1

i ) + δ(xk,⋆ − x̄k+1)∥2

≤ 12δ2∥zki − z̄k∥2 + 3δ2∥x̄k+1 − xk+1
i ∥2 + 3δ2∥xk,⋆ − x̄k+1∥2

≤ 72δ2∥xki − x̄k∥2 + 48δ2∥xk−1
i − x̄k−1∥2 + 3δ2∥x̄k+1 − xk+1

i ∥2 + 3δ2∥xk,⋆ − x̄k+1∥2.

(31)

We proceed distinguishing the two cases of µ > 0 and µ = 0.

(i) µ > 0: By Assumption 4 and (7),

1

m
E[∥xk+1 − xk,⋆∥2] ≤ E[Lk(sk,Tk)] ≤ ϵ0(1− cα)k+1, ∀k ≥ 0.

When k ≥ 0, using (31), yields

E[∥eki ∥2] ≤ 72δ2(1− cα)kmϵ0 + 48δ2(1− cα)k−1mϵ0 + 3δ2(1− cα)k+1mϵ0.

Then
E[∥eki ∥2] ≤ 125δ2(1− cα)k−1mϵ0, for any i ∈ [m], k ≥ 0. (32)
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(ii) µ = 0, Invoking Assumption 4 and (11), and following similar steps as in the case
µ > 0, we obtain: for any i ∈ [m] and k ≥ 0,

E[∥eki ∥2] ≤ 125δ2mϵ0

(
1

k + 1

)4+2r0

. (33)

2) Bounding αk
(

1
m

∑m
i=1 E[∥x⋆ − vk+1

i ∥2]
)1/2

: By the canonical form of ψki and Lemma 23,

ζk+1

2
∥x⋆ − vk+1

i ∥2 + M 1
δ
u(x

k+1
i )− M⋆1

δ
u

≤ ζk+1

2
∥x⋆ − vk+1

i ∥2 + ψk+1,⋆
i + ϵk+1

ψ,i − M⋆1
δ
u

= ψk+1
i (x⋆) + ϵk+1

ψ,i − M⋆1
δ
u
.

By Lemma 19 , we have

1

λk+1

(
ζk+1

2
∥x⋆ − vk+1

i ∥2 + M 1
δ
u(x

k+1
i )− M⋆1

δ
u

)
≤ ψ0

i (x
⋆)− M⋆1

δ
u
+

k∑
t=0

αt∥eti∥∥x⋆ − vt+1
i ∥

λt+1

≤ ζ0 + δ

2
∥x⋆ − x0i ∥2 +

k∑
t=0

√
ζt+1∥eti∥∥x⋆ − vt+1

i ∥√
δλt+1

,

where in the inequality we used ζt+1 = δ(αt)2.

Then,

E
[
ζk+1

2λk+1
∥x⋆ − vk+1

i ∥2
]

≤ ζ0 + δ

2
∥x⋆ − x0i ∥2 +

k∑
t=0

E

[(√
2

δλt+1
∥eti∥

)(√
ζt+1

2λt+1
∥x⋆ − vt+1

i ∥

)]

≤ ζ0 + δ

2

∥∥x⋆ − x0i
∥∥2 + k∑

t=0

(
E
[

2

δλt+1
∥eti∥2

])1/2(
E
[
ζt+1

2λt+1
∥x⋆ − vt+1

i ∥2
])1/2

.

(34)

We apply now (Schmidt et al., 2011, Lemma 1) to (34), and obtain

E
[
ζk+1

2λk+1
∥x⋆ − vk+1

i ∥2
]
≤

(√
ζ0 + δ

2
∥x⋆ − x0i ∥2 +

k∑
t=0

(
E
[

2

δλt+1
∥eti∥2

])1/2
)2

. (35)

Next, we bound E[(ζk/2)∥vki − x⋆∥2] separately for the two cases µ > 0 and µ = 0,
utilizing the bounds of E[∥eki ∥2] derived in (32) and (33), respectively.
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(i) µ > 0: Using αk ≡ α, ζk ≡ µM, and (35), we have

1

m

m∑
i=1

E
[µM
2
∥vki − x⋆∥2

]
≤

√µM + δ

2
∥x⋆ − x0i ∥2 +

k−1∑
t=0

E

[(
α∥eti∥√
λt+1

√
2

µM

)2
]1/22

(32)

≤ (1− cα)k
1

m

m∑
i=1

(√
µM + δ

2
∥x⋆ − x0i ∥2 +

α
√
125δ2mϵ0
1− cα

√
2

µM

∞∑
t=0

(√
1− α

1− cα

)t)2

= (1− cα)k
1

m

m∑
i=1

(√
µM + δ

2
∥x⋆ − x0i ∥2 +

√
2

µM(1− cα)

α
√
125δ2mϵ0√

1− cα−
√
1− α

)2

≤ (1− cα)k
1

m

m∑
i=1

(
(µM + δ)∥x⋆ − x0i ∥2 +

2000δ2mϵ0
µM(1− c)2

)
.

(36)

Denote cv,scvx := 1
m

∑m
i=1

(
(µM + δ)∥x⋆ − x0i ∥2 +

2000δ2mϵ0
µM(1−c)2

)
.

(ii) µ = 0: Using (35) and (33), yields

1

m

m∑
i=1

E
[
ζk

2
∥vki − x⋆∥2

]
≤ λk

1

m

m∑
i=1

(√
ζ0 + δ

2
∥x⋆ − x0i ∥2 +

k−1∑
t=0

(
E
[

2

δλt+1
∥eti∥2

])1/2
)2

≤ λk
1

m

m∑
i=1

(√
ζ0 + δ

2
∥x⋆ − x0i ∥2 +

k−1∑
t=0

√
250δmϵ0
λt+1

(
1

t+ 1

)2+r0
)2

≤ λk
1

m

m∑
i=1

(√
ζ0 + δ

2
∥x⋆ − x0i ∥2 +

k−1∑
t=0

3
√

125δmϵ0

(
1

t+ 1

)1+r0
)2

≤ 4

(k + 2)2
1

m

m∑
i=1

(√
ζ0 + δ

2
∥x⋆ − x0i ∥2 + 3

√
125δmϵ0

(∫ ∞

0

(
1

t+ 1

)1+r0

dt+ 1

))2

=
4

(k + 2)2
1

m

m∑
i=1

(√
ζ0 + δ

2
∥x⋆ − x0i ∥2 + 3

√
125δmϵ0

(
1

r0
+ 1

))2

≤ 1

(k + 2)2
1

m

m∑
i=1

(
8δ∥x⋆ − x0i ∥2 + 9000δmϵ0

(
1

r0
+ 1

)2
)
,

(37)
where in the last inequality we used ζ0 = δ. Let cv,cvx := (1/m)

∑m
i=1(8δ∥x⋆− x0i ∥2 +

9000δmϵ0(1/r0 + 1)2).

Equipped with the bound on (1/m)
∑m

i=1 E[|ϵktot,i|], we are ready to prove convergence
of the outer loop of Algorithm 1 by applying Proposition 20.

6.1.2 Application of Proposition 20

We separate the two cases µ > 0 and µ = 0.
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(i) µ > 0: Using (30), (32) and (36), we have

1

m

m∑
i=1

E[|ϵktot,i|] ≤ α

√
δ2mϵ0cv,scvx

µM
(1− cα)k−1.

Denote Cscvx := α
√

δ2mϵ0cv,scvx
µM

. By Corollary 20, (1/m)E[∥xk+1 − x⋆∥2] ≤ cscvx(1−
cα)k+1, where

cscvx =
1

m

m∑
i=1

(
2

µM

(
ψ0
i (x

⋆)− M⋆1
δ
u
+

Cscvx
α(1− c)

))

≤ 1

m

m∑
i=1

(
∥x⋆ − x0i ∥2 +

2

µM
(M 1

δ
u(x

0
i )− M⋆1

δ
u
) +

2

µM(1− c)

√
δ2mϵ0cv,scvx

µM

)

≤ 1

m

m∑
i=1

(
2 +

δ

µ

)
∥x⋆ − x0i ∥2+

2

µM(1− c)

√√√√δ2ϵ0(µM + δ)

µM

m∑
i=1

∥x− x0i ∥2 +

√
2000δ4mϵ20
µ2M(1− c)2


≤ 1

m

m∑
i=1

(
2 +

δ

µ

)
∥x⋆ − x0i ∥2 +

δ(µM + δ)

µ2M(1− c)

m∑
i=1

∥x⋆ − x0i ∥2 +

(
δ

µM(1− c)
+
2
√
2000mδ2

µ2M(1− c)2

)
ϵ0.

(38)

(ii) µ = 0: Following similar steps as for µ > 0 and using (30), (33), and (37), we have

E[|ϵktot,i|] ≤ αk
√

2

ζk+1

(
1

m

m∑
i=1

E[∥eki ∥2]

)1/2(
ζk+1

2m

m∑
i=1

E[∥x⋆ − vk+1
i ∥2]

)1/2

≤
√
250δmϵ0cv,cvx

(
1

k + 1

)3+r0

.

Denote Ccvx :=
√
250δmϵ0cv,cvx. Applying Proposition 20, we obtain

1

2δm

m∑
i=1

E[∥∇M 1
δ
u(x

k
i )∥2] ≤

ccvx
(k + 1)2

and
1

2δm

m∑
i=1

E[∥∇u(xki )∥2] ≤
ccvx(L+ δ)2

δ2(k + 2)2
(if r ≡ 0),

where

ccvx =
4

m

m∑
i=1

(
ψ0
i (x

⋆)− M⋆1
δ
u
+

10Ccvx
r0

)
≤ 4

m

m∑
i=1

(
δ∥x⋆ − x0i ∥2 +

10Ccvx
r0

)
. (39)

6.2 Analysis of the inner-loop of Algorithm 1: Proof of Propositions 2 and 5

We prove Propositions 1 and 4 by showing that the prescribed upper bounds on Tk therein
ensure that (7) and (11) hold under Assumption 5, in the corresponding settings.

The key step in the inner-loop analysis is to control the merit function at the beginning
of a new inner loop, Lk+1(sk+1,0). If Lk+1(sk+1,0) is sufficiently small, then the linear
convergence of the inner algorithm implies that the required number of inner iterations Tk
cannot be large. By Assumption 5, Lk+1(sk+1,0) does not deviate significantly from its
value at the end of the previous inner loop, Lk(sk,Tk), and the latter can be kept bounded
via an induction argument. We treat separately the cases µ > 0 and µ = 0.
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6.2.1 Inner loop analysis (µ > 0): Proof of Proposition 2

For simplicity, denote

cT :=

⌈
rM,δ ·max

{
log

cLL0(s0,0)

ϵ0(1− cα)
, log

cLcM + 36dMcscvx
1

ϵ0(1−cα)2

1− cα

}⌉
.

We proceed by induction, with following induction hypothesis: given k ≥ 0 and any ℓ ∈ [k],
there exists Tℓ ∈ (0, cT ] such that (7) holds for the ℓth outer loop with such Tℓ.

• k = 0 : It is sufficient to pick T0 =
⌈
rM,δ log

(
(cLL0(s0,0))/(ϵ0(1− cα))

)⌉
≤ cT , for

(7) to hold, since

E[L0(s0,T0)|F0] ≤ cL

(
1− 1

rM,δ

)T0
L0(s0,0) ≤ ϵ0(1− cα).

• k > 0 : Suppose the induction hypothesis holds at given k. we leverage Assumption 5
to bound E[Lk+1(sk+1,0)].

We bound

∥zk+1 − zk∥ ≤
(
1 +

1− α

1 + α

)
∥xk+1 − xk∥+ 1− α

1 + α
∥xk − xk−1∥

≤ 3max{∥xk+1 − xk∥, ∥xk − xk−1∥}.
(40)

Using ∥xk+1 − xk∥ by ∥xk+1 − xk∥ ≤ ∥xk+1 − x⋆∥+ ∥x⋆ − xk∥, we proceed bounding
∥x⋆−xk∥. According to the induction hypothesis, (7) holds for all ℓ ∈ [k]. Therefore,
invoking Proposition 1 we have

E[∥x⋆ − xℓ∥2]
(8)

≤ mcscvx(1− cα)ℓ, ∀ℓ ∈ [k + 1].

This yields

E[Lk+1(sk+1,0)] ≤ cMϵ0(1− cα)k+1 + 36dMcscvx(1− cα)k−1.

Choose

Tk+1 =

⌈
rM,δ log

cLcM + 36dMcscvx
1

ϵ0(1−cα)2

1− cα

⌉
≤ cT .

Clearly, (7) holds with

E[Lk+1(sk+1,Tk+1)] ≤ cL

(
1− 1

rM,δ

)Tk+1

E[Lk+1(sk+1,0)] ≤ ϵ0(1− cα)k+2.

We proved that the minimal Tk for (7) to hold is upper bounded by cT , for all k ≥ 0.

□
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6.2.2 Inner Loop Analysis (µ = 0): proof of Proposition 5

The procedure is similar to that in Sec. 6.2.2. Let

cTk :=

⌈
rM,δ ·max

{
log

cL9
r0+2L0(s0,0)

ϵ0
, log

(
cLcM24+2r0 +

36cLdMB2(k + 3)4+2r0

ϵ0

)}⌉
.

The induction hypothesis reads: given k ≥ 0 and ℓ ∈ [k], there exists Tℓ ∈ (0, cTℓ ] such that
(11) holds for the ℓth outer loop with such Tℓ.

• k = 0: Choose T0 =
⌈
rM,δ log

(
(cL9

r0+2L0(s0,0))/ϵ0
)⌉

≤ cT0 . It holds

E[L0(s0,T0)|F0] ≤ cL

(
1− 1

rM,δ

)T0
L0(s0,0) ≤ 1

34+2r0
ϵ0.

• k > 0 : Using (40) and
∥∥xki ∥∥ ≤ B, we have

E
[
1

m
∥zk+1 − zk∥2

]
≤ 36B2, ∀k ≥ 0. (41)

Then, by Assumption 5 and (41),

E[Lk+1(sk+1,0)] ≤ cME[Lk(sk,Tk)] + dM
m

E[∥zk − zk+1∥2]

≤ cM

(
1

k + 3

)4+2r0

ϵ0 + 36dMB2.

Choosing

Tk+1 =

⌈
rM,δ log

(
cLcM24+2r0 +

36cLdMB2(k + 4)4+2r0

ϵ0

)⌉
≤ cTk+1

,

makes (11) hold, with

E[Lk+1(sk+1,Tk+1)] ≤ cLE[Lk+1(sk+1,0)]

(
1− 1

rM,δ

)Tk+1

≤
(

1

k + 4

)4+2r0

ϵ0.

□

7. Numerical Experiments

This section presents experiments conducted on real datasets across three instances of Prob-
lem (P): strongly convex u, convex (non-strongly convex) u, and losses fi with a finite-sum
structure. Given that DCatalyst introduces acceleration for minimizing composite objective
functions (i.e., r ̸= 0) across all these classes for the first time, our experiments predom-
inantly focus on these types of functions. To offer a comprehensive comparison against
existing accelerated decentralized methods, which are generally designed for smooth, un-
constrained optimization problems, we have included additional experiments for smooth
instances of Problem (P) in the arXiv version of this paper.
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Unless otherwise specified, the setup for all experiments is as follows: we simulate an
Erdos-Renyi graph with m = 30 nodes (agents) and an edge probability of p = 0.5. The
gossip weight matrix used in all the algorithms is Metropolis-Hasting weight matrix. For
strongly convex problems, the optimality gap at iteration k is defined as 1

m

∑m
i=1 ∥xki −x⋆∥2,

while for (non-strongly) convex functions,the gap is measured using 1
m

∑m
i=1 u(x

k
i )− u⋆.

7.1 Strongly Convex objectives

Our first experiment concerns the logistic regression model with the elastic net sparsity-
inducing regularization. Beyond solely ℓ1 penalty (LASSO), the elastic net regularization is
proposed for a better selection of groups of correlated variables in statistical learning prob-
lems, which can help improve the prediction accuracy on many real datasets–see, e.g., (Zou
and Hastie, 2005; Tay et al., 2023). The formulation of interest corresponds to Problem (P)
with

fi(x) =
1

n

n∑
j=1

log(1 + exp(−bij · ⟨x, aij⟩)) +
γ

2
∥x∥22 and r(x) = λ∥x∥1, (42)

where aij ∈ Rd and bij ∈ {−1, 1}. Here, the data set {(aij , bij)}nj=1 is assumed to be private
and owned only by agent i. We use MNIST dataset from LIBSVM (Chang and Lin, 2011)
of size N = 60000 and feature dimension d = 784.

We contrast the proposed DCatalyst-SONATA-L and DCatalyst-SONATA-F with DPAG
(Ye et al., 2020), which is the only available decentralized algorithm applicable to nonsmooth
objective functions. All algorithms were implemented according to their theoretical guide-
lines. For DCatalyst-SONATA-L (resp. DCatalyst-SONATA-F), we set δ = L − µ (resp.
δ = β − µ), the momentum parameter α =

√
µ/(µ+ δ), and the number of inner-loop

iterations Tk = ⌈log(L/µ)⌉ (resp. Tk = ⌈log(β/µ)⌉), for all k. In DCatalyst-SONATA-L,
the local agents’ prox-updates are computed in closed-form while in DCatalyst-SONATA-F,
the accelerated proximal gradient method is employed, rub up to a tolerance of 10−8. For
the DPAG, we followed the tuning recommendation as in (Ye et al., 2020).

• On the linear convergence: The initial experiment aims to validate the linear
convergence rate predicted by our theoretical findings for this class of problems. In these
experiments, we set in (42), λ = 0.01 and γ = 0.5, resulting in β/µ = 3.1 and κg = 20.
Figure 1 summarizes the comparison, plotting the optimality gap of each algorithm versus
the number of total communications (subplot (a)) and the number of inner-plus-outer iter-
ations (subplot (a)) (for DCatalyst-SONATA-F, this includes also the number of iterations
run by the accelerated proximal gradient method employed locally to compute the local
agents’ prox-updates). All the schemes achieve linear convergence. Consistent with our
theoretical predictions (see Corollary 9), DCatalyst-SONATA-F excels particularly when
the local functions fi exhibit some similarity, quantified by 1 + β/µ < κg, outperforming
both DCatalyst-SONATA-L and DPAG (Ye et al., 2020), which do not leverage function
similarity. Notably, DCatalyst-SONAT-L significantly outperforms DPAG (Ye et al., 2020)
in terms of communication rounds while maintaining comparability in the number of itera-
tions. This is quite remarkable considering that DPAG is a single-loop scheme, specifically
designed for this class of problems while DCatalyst-SONAT-L is the result of a general
unified framework applicable to a much larger class of objective functions.
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Figure 1: Comparison of distributed algorithms under strongly convex and non-smooth
setting in (a): communication cost (left) and (b): computation cost (right).

• On the impact of κg, β/µ, and total sample size. We consider the following
two scenarios. (i) Changing β/µ with (almost) fixed κg: We generate instances of logistic
regression problem with decreasing β and (almost) fixed κg, increasing the local sample size
n (starting from n = 20) while keeping γ = 0.5 fixed (and λ = 0.01), resulting in a κg ≈
10.646. Fig. 2 (left-panel) captures this scenario; we plot the number of communications
to drive the optimality gap below 10−4. In the mid-panel we report the same number
of communications versus the total sample size N . (ii) Changing κg with fixed β/µ: We
generate instances of logistic regression problem with varying κg, acting on γ, while keeping
β/µ constant by changing the local sample size to compensate for the variation of µ via γ,
resulting in β/µ ≈ 15.53. Fig. 2 (right-panel) captures this scenario; we plot the number of
communications to drive the optimality gap below 10−4 versus κg, for fixed β/µ.

The following comments are in order. The left panel confirms what is predicted by
Corollary 9: the convergence rate of DCatalist-SONATA-F scales with

√
β/µ while that

of the other reported algorithms is almost invariant with β/µ. This is because those other
methods use only gradient information and hence cannot benefit from statistical similarity.
On the other hand, the right-panel shows that DCatalist-SONATA-L and DPAG exhibit a
communication complexity that deteriorates when κg grows (of the order of

√
κg) whereas

that of DCatalist-SONATA-F remains almost invariant. This is exactly what our theoretical
results predicted. Notice also that both instances of the proposed framework uniformly
outperform DPAG, in any simulated setting.

7.2 (Non-strongly) Convex Setting

As (non strongly) convex, nonsmooth instance of Problem (P), we consider the decentralized
logistic regression problem with ℓ1-regularization. This corresponds to the formulation in
(42), with γ = 0. We set λ = 10−4.
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Figure 2: Comparison of distributed algorithms under strongly convex and non-smooth set-
ting on the influence of parameters (a): similarity β/µ (left), (b): total sample
size N (middle) and (c): global condition number κg to the number communica-
tion rounds needed to reach a precision of 10−4 (right).
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Figure 3: The comparison between APM(Li et al., 2020b) and DCatalyst-SONATA-L un-
der convex and non-smooth setting in (a): communication cost (left) and (b):
computation cost (right).
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We contrast the proposed DCatalyst-SONATA-L with the APM algorithm (Li et al.,
2020b), which to our knowledge is the only algorithm available in the literature applicable to
such a class of problems. The tuning of the free parameters in APM follows the theoretical
guidelines in (Li et al., 2020b). For the DCatalyst-SONATA-L algorithm, the parameters
are chosen according to the theory developed in Sec. 3.4: we set δ = L, the momentum
parameter is calculated using (10), and the number of inner-loop iterations is set as ⌈log(k+
1)⌉ for all k [see (12)].

In Figure 3, we plot the optimality gap achieved by the two algorithms versus the number
of communications (left-panel) and computations (right-panel). The figure confirms the
sublinear convergence of the algorithms, with DCatalyst-SONATA-L outperforming APM
(Li et al., 2020b) both on communication and computation costs.

7.3 Minimizing finite-sum functions via variance-reduction methods

The last set of experiments concerns the application of acceleration to decentralized variance
reduction methods, testing the first scheme of this kind applicable to composite functions
u (whose f -part has a finite-sum structure). To offer a comprehensive comparison against
existing accelerated decentralized variance reduction methods, which are available only for
smooth, unconstrained optimization problems, we also present in Sec. 7.3.2, some experi-
ments for smooth functions u.

7.3.1 Logistic regression with elastic net regularization

We consider the logistic regression problem introduced in Sec. 7.1 (see (42)), but now
exploiting algorithmically the finite-sum structure of each agent’s loos fi, that is,

fi(x) =
n∑
j=1

fij(x), with fij(x) = log(1 + exp(−bij · ⟨x, aij⟩)) +
γ

2
∥x∥22, r(x) = λ∥x∥1.

In the experiments, we set λ = 10−7 and γ = 10−4, and use only the first N = 6000 data
points of the data set MNIST. This ensures n = 200 << κs ≈ 2.73× 105.

Since for such classes of functions there is no accelerated variance reduction decentralized
methods in the literature, we compare the non-accelerated decentralized algorithm PMGT-
LSVRG (Ye et al., 2026) with its accelerated counterpart obtained applying our DCatalyst
framework, termed DCatalyst-PMGT-LSVRG, The tuning parameters of PMGT-LSVRG
are set as recommended in (Ye et al., 2026). For DCatalyst-PMGT-LSVRG, similar to
our previous experiments, we set δ = L − µ, the momentum parameter α =

√
µ/(µ+ δ),

and the number of inner loop iterations Tk = ⌈log(L/µ)⌉ Figure 4 plots the optimality gap
versus the number of communications and iterations (evaluated in terms of single gradient
computation ∇fij) produced by the two algorithms. The plots show that, when n << κs,
the acceleration introduced by DCatalyst improves both computation and communication
complexities of the plain PMGT-LSVRG algorithm.
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Figure 4: Comparison between PMGT-LSVRG(Ye et al., 2026) and DCatalyst-PMGT-
LSVRG, under the finite-sum setting, with strongly convex non-smooth u and
n << κs. (a): communication cost (left); (b): computation cost (right).

7.3.2 Ridge regression

As instance of strongly convex and smooth objective function with sum-structure we con-
sider here the ridge regression model, which corresponds to Problem (P) with

fi(x) =
n∑
j=1

fij(x), with fij(x) =
1

2
∥aTijx− bij∥2 +

0.1

2
∥x∥2, r(x) = 0.

Here, {(ai,j , bij)}nj=1, aij ∈ Rd, bij ∈ R, is the local data set accessible only to agent i.

We simulate two notable decentralized algorithms that utilize variance reduction tech-
niques and applicable to smooth functions: the Acc-VR-EXTRA-CA algorithm and the
Acc-VR-DIGing-CA algorithm (Li et al., 2022). We compare these with our DCatalyst
framework applied to the (non-accelerated) VR-EXTRA (Li et al., 2022), which we term
DCatalyst-VR-EXTRA. For Acc-VR-EXTRA-CA and Acc-VR-DIGing-CA, we adhere to
the tuning recommendations provided in (Li et al., 2022). For DCatalyst-VR-EXTRA,
similar to our previous experiments, we set δ = L − µ, the momentum parameter α =√
µ/(µ+ δ), and the number of inner loop iterations Tk = ⌈0.5 log(L/µ)⌉. Additionally, to

illustrate the balance between communication and computation costs, we experiment with
different batch sizes: b = 1, b = 100, and b = 1000.

Figure 5 presents the main results. It plots the optimality gap achieved by the afore-
mentioned algorithms as a function of the number of communication rounds (left panel)
and the number of iterations (right panel), where iterations are measured as local gradient
∇fij evaluations. The results indicate that DCatalyst-VR-EXTRA surpasses both Acc-VR-
EXTRA-CA and Acc-VR-DIGing-CA in terms of both computation and communication
costs. Additionally, the figure highlights an interesting trade-off in DCatalyst-VR-EXTRA
when varying the batch size b: as b grows, the communication cost reduces and the com-
putation cost increases, increases, the communication cost decreases while the computation
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cost increases, demonstrating the efficiency gains from adjusting batch sizes within our
DCatalyst framework.
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Figure 5: Comparison of distributed algorithms under finite-sum setting with a strongly
convex smooth objective function in (a): communication cost (left) and (b):
Computation cost (right).

8. Conclusion

We studied decentralized optimization for (strongly) convex composite objectives over gen-
eral network topologies and proposed DCatalyst, a unified black-box framework that adds
Nesterov-type acceleration to a broad class of decentralized algorithms. DCatalyst covers
multiple problem classes–strongly convex and merely convex, smooth and composite, with
and without finite-sum structure–and, when instantiated with existing methods such as
SONATA and PMGT-LSVRG, it yields new accelerated decentralized algorithms for prob-
lem classes that previously had no accelerated solutions. Our complexity results show that,
up to logarithmic factors, DCatalyst achieves optimal communication and computational
guarantees, and our experiments confirm substantial practical gains, especially in terms of
communication savings on ill-conditioned problems.

Analytically, our main contribution is the inexact estimating sequences framework, a new
extension of Nesterov’s estimating sequences tailored to composite decentralized optimiza-
tion. By explicitly incorporating exogenous error sequences, this machinery accommodates
multiple agent-specific iterates, consensus errors, and inexact decentralized subproblem so-
lutions within a single black-box analysis, and naturally induces inner-loop termination
rules and warm-start strategies that ensure accelerated outer-loop convergence. An inter-
esting direction for future work is to remove the residual logarithmic factors in our rates
and develop a unified acceleration framework with truly optimal complexity, potentially via
a single-loop design that bypasses the outer–inner decomposition altogether.
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Appendix A.

A.1 Proof of Lemma 19

Since M 1
δ
u(x̃

k
i ) ≤ ψk,⋆i + ϵkψ,i, we have ψk,⋆i + ϵkψ,i − M⋆1

δ
u
≥ 0. Then

0 ≤ ϵkψ,i + ψk,⋆i − M⋆1
δ
u
≤ ϵkψ,i + ψki (x

⋆)− M⋆1
δ
u

≤ (1− αk−1)(ψk−1
i (x⋆) + ϵk−1

ψ,i − M⋆1
δ
u
) + ϵkψ,i + αk−1ϵk−1

i − (1− αk−1)ϵk−1
ψ,i ,

where the last inequality is due to (ii) of Definition 18. Dividing by λk both sides of the
last inequality, yields

ψki (x
⋆) + ϵkψ,i − M⋆1

δ
u

λk
≤
ψk−1
i (x⋆) + ϵk−1

ψ,i − M⋆1
δ
u

λk−1
+
ϵkψ,i − (1− αk−1)ϵk−1

ψ,i + αk−1ϵk−1
i

λk
. □

A.2 Proof of Proposition 20

It follows from (20), ψki (x
⋆) + ϵkψ,i − M⋆1

δ
u
≥ ψk,⋆i + ϵkψ,i − M⋆1

δ
u
≥ M 1

δ
u(x̃

k
i )− M⋆1

δ
u
. We have

M 1
δ
u(x̃

k
i )− M⋆1

δ
u
≤ ψki (x

⋆) + ϵkψ,i − M⋆1
δ
u
≤ λk

ψ0
i (x

⋆)− M⋆1
δ
u
+

k−1∑
j=0

ϵjtot,i
λj+1

 , (43)

We separate the discussion into the two cases µ > 0 and µ = 0.
(i) µ > 0: Summing (43) over i while taking the expected value, and using λk = (1− α)k,
we have

1

m

m∑
i=1

λk

ψ0
i (x

⋆)− M⋆1
δ
u
+

k−1∑
j=0

E[ϵjtot,i]
λj+1

 ≤ (1− cα)k
1

m

m∑
i=1

ψ0
i (x

⋆)− M⋆1
δ
u
+

Cscvx
1− cα

k−1∑
j=0

(1− α)k−1−j

(1− cα)k−1−j


≤ (1− cα)k

1

m

m∑
i=1

(
ψ0
i (x

⋆)− M⋆1
δ
u
+

Cscvx
α(1− c)

)
.

Invoking the µM-strong convexity of M 1
δ
u, we deduce

1

m
E[∥x̃k − x⋆∥2] ≤ 2

mµM

m∑
i=1

(
E[M 1

δ
u(x̃

k
i )]− M⋆1

δ
u

)
≤ (1− cα)k

1

m

m∑
i=1

(
2

µM

(
ψ0
i (x

⋆)− M⋆1
δ
u
+

Cscvx
α(1− c)

))
= cscvx (1− cα)k .

(ii) µ = 0: We hinge on the lemma below, which follows from (Lin et al., 2015) applied to
our setting.

Lemma 24 Let {λk}k be defined in (21) where {αk}k is defined as in Algorithm 1 for the
case µ = 0. Then, for all k ≥ 0,

4

(k + 2)2
≥ λk ≥ 2

(k + 2)2
.
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Using Lemma 24, we have

1

m

m∑
i=1

(
E[M 1

δ
u(x̃

k
i )]− M⋆1

δ
u

)
≤ λk

1

m

m∑
i=1

ψ0
i (x

⋆)− M⋆1
δ
u
+

k−1∑
j=0

E[ϵjtot,i]
λj+1


≤ λk

1

m

m∑
i=1

ψ0
i (x

⋆)− M⋆1
δ
u
+

∞∑
j=0

Ccvx(j + 3)2

2(j + 1)3+r0


≤ 4

(k + 2)2
1

m

m∑
i=1

ψ0
i (x

⋆)− M⋆1
δ
u
+

∞∑
j=1

Ccvx((j + 1)2 + 4)

(j + 1)3+r0
++

9Ccvx
2


≤ 4

(k + 2)2
1

m

m∑
i=1

(
ψ0
i (x

⋆)− M⋆1
δ
u
+

10Ccvx
r0

)
.

The desired result (22) follows from the above inequality and the fact

M 1
δ
u(x̃

k
i )− M⋆1

δ
u
≥ 1

2δ
∥∇M 1

δ
u(x̃

k
i )∥2.

If r ≡ 0, u(x) is L-smooth. Define x̃k,⋆i := x̃ki − (1/δ)∇M 1
δ
u(x̃

k
i ). Then

∥∇M 1
δ
u(x̃

k
i )∥ = ∥∇u(x̃k,⋆i )∥ ≥ ∥∇u(x̃ki )∥ −

L

δ
∥∇M 1

δ
u(x̃

k
i )∥.

Using this lower bound in (22) yields (23). □

Appendix B.

B.1 Proof of Lemma 8

For any variables x1, x0 ∈ Rd,

uk+1(x1)− uk(x1)− (uk+1(x0)− uk(x0))

=
δ

2m

m∑
i=1

(
∥x1 − zk+1

i ∥2 − ∥x1 − zki ∥2 − ∥x0 − zk+1
i ∥2 + ∥x0 − zki ∥2

)
.

Hence,

uk+1(xk+1
i )− uk+1(xk+1,⋆) = uk(xk+1

i )− uk(xk,⋆) + uk(xk,⋆)− uk(xk+1,⋆) + δ⟨z̄k − z̄k+1, xk+1
i − xk+1,⋆⟩

≤ uk(xk+1
i )− uk(xk,⋆)− δ + µ

2
∥xk,⋆ − xk+1,⋆∥2 + δ⟨z̄k − z̄k+1, xk+1

i − xk+1,⋆⟩.

Then,

2

(µ+ δ)m

m∑
i=1

(uk+1(xk+1
i )− uk+1(xk+1,⋆))

≤ 2

(µ+ δ)m

m∑
i=1

(uk(xk+1
i )− uk(xk,∗))− ∥xk,⋆ − xk+1,⋆∥2 + 2δ

µ+ δ
⟨z̄k − z̄k+1, x̄k+1 − xk+1,⋆⟩.

(44)
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We bound the last term on the RHS of the inequality as follows:

2δ

µ+ δ
⟨z̄k − z̄k+1, xk,⋆ − xk+1,⋆⟩ ≤ ∥xk,⋆ − xk+1,⋆∥2 + δ2

(δ + µ)2
∥z̄k − z̄k+1∥2,

2δ

µ+ δ
⟨z̄k − z̄k+1, x̄k+1 − xk,⋆⟩ ≤ ∥xk,⋆ − x̄k+1∥2 + δ2

(δ + µ)2
∥z̄k − z̄k+1∥2.

(45)

Combine (44) and (45),

2

(µ+ δ)m

m∑
i=1

(uk+1(xk+1
i )− uk+1(xk+1,⋆))

≤ 2

(µ+ δ)m

m∑
i=1

(uk(xk+1
i )− uk(xk,∗)) +

2δ2

(δ + µ)2
∥z̄k − z̄k+1∥2 + ∥x̄k+1 − xk,⋆∥2

≤ 4

(µ+ δ)m

m∑
i=1

(uk(xk+1
i )− uk(xk,∗)) +

2δ2

(δ + µ)2
∥z̄k − z̄k+1∥2.

(46)

Using the initialization (13),

η

m

(
4(Lmax + δ)2∥xk+1

⊥ ∥2 + 2∥yk+1
⊥ ∥2

)
=

η

m

(
4(Lmax + δ)2∥xk,Tk⊥ ∥2 + 2∥yk,Tk⊥ + δ(I − 1

m
1m1

T
m)(z

k − zk+1)∥2
)

≤ η

m

(
4(Lmax + δ)2∥xk,Tk⊥ ∥2 + 4∥yk,Tk⊥ ∥2 + 16δ2∥zk+1 − zk∥2

)
.

(47)

Combine (46) and (47), yields

Lk+1(sk+1,0) ≤ 2Lk(sk,Tk) + 2δ2

(δ + µ)2
∥z̄k+1 − z̄k∥2 + 16ηδ2

m
∥zk+1 − zk∥2

≤ 2Lk(sk,Tk) +

(
2δ2

m(δ + µ)2
+

16ηδ2

m

)
∥zk+1 − zk∥2. □

B.2 Proof of Corollary 9

By Lemma 7 and 8, SONATA algorithm (under the initialization (13)) satisfies Assump-
tions 4 and 5. Next, we provide a suitable value for Tk. It is trivial that check that (14)
holds and rM,δ = O(1). Let us choose ϵ0 = max

{
(1/m)∥x⋆ − x0∥2,L0(s0,0)

}
. By (38), it

follows

cscvx ≤ 1

m

(
2 +

δ

µ

)
∥x⋆ − x0∥2 + 2(µ+ δ)2

µ2(1− c)
∥x⋆ − x0∥2 +

(
µ+ δ

µ(1− c)
+

2
√
2000(µ+ δ)2

√
m

µ2(1− c)2

)
ϵ0

=

(
2 +

δ

µ
+

(2m+ 1)(µ+ δ)2

µ2(1− c)
+

2
√
2000(µ+ δ)2

√
m

µ2(1− c)2

)
ϵ0,
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and, according to Proposition 2, (7) holds under the following bound on Tk:

rM,δ log

cL cM + 36dM cscvx
1

ϵ0(1− c α)2

1− cα
= rM,δ log

2 + 36
(

2δ2

(δ+µ)2
+ 16ηδ2

) cscvx
ϵ0(1− c α)2

1− cα

≤ rM,δ log
2 + 36

(1−c α)2

(
2δ2

(δ+µ)2
+ 16ηδ2

)(
2 + δ

µ + (2m+1)(µ+δ)2

µ2(1−c) + 2
√
2000(µ+δ)2

√
m

µ2(1−c)2

)
1− cα

.

We can now apply Theorem 3. The total numbers of inner-plus-outer iterations Nit of
DCatalyst-SONATA-F and DCatalyst-SONATA-L are respectively

Õ

(√
β

µ
log

1

ϵ

)
and Õ

(
√
κg log

1

ϵ

)
.

When solving subproblem (Pk), the network connectivity ρ is required to satisfy (Lemma 7)

ρ =


O

((
β

L+ β − µ
+ 1

)2
)
, (DCatalyst-SONATA-F);

O
(

L

Lmax + L− µ

)
, (DCatalyst-SONATA-L).

This conditons can be eforced by running multiple communication rounds per algorithm
iteration. Specifically, employing Chebyshev acceleration (Scaman et al., 2017) yields
Ncom,M = Õ(

√
1/(1− ρ)). Then, the total number of communications Ncom for DCatalyst-

SONATA-F and DCatalyst-SONATA-L reads respectively

Õ

(√
β

µ(1− ρ)
log

1

ϵ

)
and Õ

(√
κg

1− ρ
log

1

ϵ

)
.

For the sake of completeness, we provide also the computational complexities of DCatalyst-
SONATA-F (the one of DCatalyst-SONATA-L coincides with Nit). Suppose that, at every
iteration t of SONATA-F, each agent solves its own subproblem inexactly

xk,t+1
i = arg min

x∈Rd
fi(x) +

β − µ

2
∥x− zki ∥2 +

β

2
∥x− xk,ti ∥2 + r(x)︸ ︷︷ ︸

uk,ti (x)

,

employing the accelerated proximal gradient method, such that the resulting inexact solu-
tion x̂k,t+1

i satisfies

max

{
1

2β
(uk,ti (x̂k,t+1

i )− uk,ti (xk,t+1
i )), ∥x̂k,t+1

i − xk,t+1
i ∥2

}
= O

(
ϵ0(1− cα)k+1

(
1− 1

rM,δ

))
.

Following similar steps as those in (Tian et al., 2022, Appendix E), the number of compu-
tations for DCatalyst-SONATA-F to meet such an inexact termination is

Õ

(√
L+ 2β − µ

β − µ
· β
µ
log2

1

ϵ

)
= Õ

(√
L+ β

β
· β
µ
log2

1

ϵ

)
□.
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B.3 Proof of Corollary 10

Lemma 7 and Lemma 8 hold. To found a suitable bound of Tk, we let ϵ0 := max{B2,L0(s0,0)},
then

rM,δ log

(
cLcM24+2r0 +

36cLdMB2(k + 3)4+2r0

ϵ0

)
≤ rM,δ log

(
25+2r0 + 1224(k + 3)4+2r0

)
.

According to Proposition 5, (11) holds if Tk ≥ rM,δ log
(
25+2r0 + 1224(k + 3)4+2r0

)
.

We can apply Theorem 6 and, following similar steps as in Sec. B.2, we obtain the
communication and computational complexities for DCatalyst-SONATA-F and DCatalyst-
SONATA-L as stated in the corollary. □

B.4 Proof of Lemma 12

When applying PUDA to solve the subproblem (Pk), denote the fixed point of {yk,ti }t≥0 as
yk,⋆ and yk,⋆ := 1m(y

k,⋆)⊤. We have

∥xk,Tk − xk+1,⋆∥2 ≤ 2∥xk,Tk − xk,⋆∥2 + 2∥xk+1,⋆ − xk,⋆∥2 ≤ 2∥xk,Tk − xk,⋆∥2 + 2∥zk+1 − zk∥2,
∥yk,Tk − yk+1,⋆∥2 ≤ 2∥yk,Tk − yk,⋆∥2 + 2∥yk,⋆ − yk+1,⋆∥2.

(48)
Given k ≥ 0, according to (Alghunaim et al., 2020, Lemma 1 ), the following holds

Hxk,⋆ − ηH∇F k(xk,⋆)−H2yk,⋆ = 0,

where ∇F k(xk,⋆) denotes [∇fk1 (xk,⋆), · · · ,∇fkm(xk,⋆)]⊤.
Then

σ+min(H
2)∥yk+1,⋆ − yk,⋆∥2 ≤ ∥Hxk,⋆ − ηH∇F k(xk,⋆)−Hxk+1,⋆ + ηH∇F k+1(xk+1,⋆)∥2

≤
(
(1 + δη)∥H(xk,⋆ − xk+1,⋆)∥+ η∥H(∇F (xk+1,⋆)−∇F (xk,⋆))∥+ δη∥H(zk − zk+1)∥

)2
≤ σmax(H

2)
(
9 + 9δ2η2

)
∥zk − zk+1∥2.

(49)
Combine (48) and (49), we obtain the desired expression of cM and dM.

□

B.5 Proof of Corollary 13

By Lemma 11 and 12, Assumption 4 and 5 hold when using PUDA. With δ chosen as in
(16), the convergence rate reads

rM,δ = max

{
1

σ+min(H
2)
,

4(Lmax + δ)

(2− σmax(C))
2 (µmin + δ)

}
=

1

σ+min(H
2)
.

We can now provide a valid bound on Tk. Similar to the proof of Corollary 9, we pick
ϵ0 = max{(1/m)∥x⋆ − x0∥2,L0(s0,0)}, yielding

cscvx ≤

(
2 +

δ

µmin
+

(2m+ 1)(µmin + δ)2

µ2min(1− c)
+

2
√
2000(µmin + δ)2

√
m

µ2min(1− c)2

)
ϵ0,
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and thus the following bound can be used as valid value of Tk:

rM,δ log

cL cM + 36dM cscvx
1

ϵ0(1− c α)2

1− cα

≤ rM,δ log

2+ 36
(1−c α)2

(
2+

σmax(H2)(9+9δ2η2)
σ+
min(H

2)

)(
2+ δ

µmin
+ (2m+1)(µmin+δ)

2

µ2min(1−c)
+ 2

√
2000(µmin+δ)

2√m
µ2min(1−c)2

)
1− cα

.

Under the above setting, we can call Theorem 3 and obtain the total number Nit of inner-
plus-outer iterations of PUDA as given in Corollary 13. According to (15), both communi-
cation and computational complexities are of the order of Nit. □

B.6 Proof of Lemma 16

Denote the smoothness parameter for fk of (S.1) in Algorithm 1 as Lδ, pij in (17) becomes
Lδ,ij/(

∑n
j=1 Lδ,ij). We have

∥x̄k,Tk − xk+1,⋆∥2 ≤ 2∥x̄k,Tk − xk,⋆∥2 + 2

m
∥zk − zk+1∥2,

1

m
∥xk+1

⊥ ∥2 + η2

m
∥yk+1

⊥ ∥2 ≤ 1

m

(
∥xk,Tk⊥ ∥2 + 2η2∥yk,Tk⊥ ∥2 + 8η2δ2∥zk − zk+1∥2

)
,

(50)

and

∆k+1,0
f ≤ 1

mn

m∑
i=1

n∑
j=1

1

npij

(
2∥∇fk+1

ij (vk,Tki )−∇fk+1
ij (xk,⋆)∥2 + 2∥∇fk+1

ij (xk+1,⋆)−∇fk+1
ij (xk,⋆)∥2

)
≤ 2∆k,Tk

f +
2L̄δ,max

(mn)2

m∑
i=1

n∑
j=1

Lδ,ij∥zk − zk+1∥2,

(51)
where Lδ,ij = Lij + δ and L̄δ,max = L̄max + δ. The proof of the lemma follows readily
combining (50) and (51). □

B.7 Proof of Corollary 17

By Lemma 15 and 16, PMGT-LSVRG (under the initialization (18)) satisfies Assumption 4
and 5. The convergence rate is rM,δ = 48n.

We proceed bounding Tk. Similarly to the procedure in the analysis of Corollary 9, we
set ϵ0 = max{(1/m)

∥∥x0 − x⋆
∥∥2 ,L0(s0,0)}. Then,

cscvx ≤

(
2 +

δ

µ
+

(2m+ 1)(µ+ δ)2

µ2(1− c)
+

2
√
2000(µ+ δ)2

√
m

µ2(1− c)2

)
ϵ0.
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Invoking Proposition 2, the following bound holds for Tk:

rM,δ log

2 + 36
(
2 + 8η2δ2 + 8η2(L̄max+δ)2

n2

) cscvx
ϵ0(1− c α)2

1− cα

≤ rM,δ log
2 + 36

(1−c α)2

(
2 + 8η2δ2 + 8η2(L̄max+δ)2

n2

)(
2 + δ

µ + (2m+1)(µ+δ)2

µ2(1−c) + 2
√
2000(µ+δ)2

√
m

µ2(1−c)2

)
1− cα

≤ rM,δ log
2 + 90

(1−c α)2

(
2 + δ

µ + (2m+1)(µ+δ)2

µ2(1−c) + 2
√
2000(µ+δ)2

√
m

µ2(1−c)2

)
1− cα

.

The total number of inner-plus-outer iterations of DCatalyst-PMGT-LSVRG is then

Nit = Õ
(
√
κsn log

1

ϵ

)
.

For each algorithm iteration, there are Ncom,M = 2NFM = O
(
(1/

√
1− ρ) · logn

)
numbers of

communications. Hence, the total number of communication is

Ncom = NitNcom,M = Õ
(√

κsn

1− ρ
log

1

ϵ

)
.

The computation of full-batch gradient ∇fi requires computing all (∇fij)j∈[n]. In addi-
tion, at each iteration, one sample ji is randomly selected and ∇fiji is computed. Therefore,
the total number of computations is 2Nit in expectation. □

B.8 Additional numerical results

We complement the main section of numerical results, with additional experiments. Specifi-
cally, we include numerical results for smooth instances of Problem (P) (r ≡ 0) with strongly
convex or (non strongly) convex fi. This offers a comprehensive comparison against most
representative existing accelerated decentralized methods on smooth instances of Prob-
lem (P) while further corroborating our theoretical results in Sec. 3.3 and Sec. 3.4.

B.8.1 ℓ2-regularized Logistic Regression

As a strongly convex and smooth instance of Problem (P) (r ≡ 0), we consider the decentral-
ized logistic regression model with ℓ2 regularization, which corresponds to the formulation

fi(x) =
1

n

n∑
j=1

log(1 + exp(−bij · ⟨x, aij⟩)) +
γi
2
∥x∥22, r(x) = 0,

where aij ∈ Rd and bij ∈ {−1, 1}. Here, the data set {(aij , bij)}nj=1 is assumed to be private
and owned only by agent i. We use MNIST dataset from LIBSVM (Chang and Lin, 2011)
of size N = 60000 and feature dimension d = 784. To control the values of κg and κℓ,
we set each γi = 0.05, for i = 1, 2, · · · 29 and γ30 = 0.005. Under this setting, we have
κg ≈ 10.8494 << κl ≈ 2318.6468 and β ≈ 1.7035 < L ≈ 10.4896.

We compare the proposed DCatalyst-SONATA-L and DCatalyst-SONATA-F with the
representative existing accelerated decentralized algorithms, namely: Mudag (Ye et al.,
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2023), and OPAPC (Kovalev et al., 2020). All algorithms were implemented according to
their theoretical guidelines (Ye et al., 2023; Kovalev et al., 2020). For DCatalyst-SONATA-
L (resp. DCatalyst-SONATA-F), we set δ = L − µ (resp. δ = β − µ), the momentum
parameter α = µ/(µ+δ) (resp. α = µ/(µ+δ)), and the number of inner-loop iterations Tk =
⌈log(L/µ)⌉ (resp. Tk = ⌈log(β/µ)⌉), for all k. In DCatalyst-SONATA-L, the local agents’
prox-updates are computed in closed-form while in DCatalyst-SONATA-F, the accelerated
proximal gradient method is employed, rub up to a tolerance of 10−8.

Figure 6 summarizes the comparison, plotting the optimality gap versus the number
of total communications (left panel) and the number of inner-plus-outer iterations (right
panel). For DCatalyst-SONATA-F, this include also the number of iterations run by the
accelerated proximal gradient method employed locally to compute the local agents’ prox-
updates. The figure confirms linear convergence of the algorithms. DCatalyst-SONATA-F
is the only accelerated algorithm exploiting function similarity, yielding much less commu-
nications, at the cost of more (albeit limited) local computations. Notably, both DCatalyst-
SONATA-L and DCatalyst-SONATA-F outperform OPAPC in communication and compu-
tation efficiency. This is because their convergence depends on the global condition number
κg rather than the local one κl. DCatalyst-SONATA-L outperforms Mudag in term of com-
munications but requires more local computations. This is compatible with our theoretical
findings, predicting an extra poly-log factor in the convergence of DCatalyst-SONATA-L
with respect to the complexity of Mudag.
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Figure 6: Comparison of distributed algorithms under strongly convex and smooth setting
in (a): communication cost (left) and (b): computation cost (right).

B.8.2 Linear Regression (N < d) with Huber loss regularization

As (non strongly) convex, smooth instance of Problem (P) (r ≡ 0), we consider the under-
determined linear regression model, with Huber loss regularization (Huber and Ronchetti,
2011). Proposed for robust statistical procedures, the Huber norm has numerous applica-
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Figure 7: Comparison of distributed algorithms under convex and smooth setting in (a):
communication cost (left) and (b): computation cost (right).

tions in statistics and engineering-see, e.g., (Zoubir et al., 2018). Specifically,

fi(x) =

n∑
j=1

(a⊤ijx− bij)
2 +

d∑
k=1

riH(xk), r(x) = 0,

where xk denotes the k−th element of x ∈ Rd and the Huber norm is given by

riH(xk) =


λi(|xk| −

λi
4γi

), |xk| ≥
λi
2γi

,

γix
2
k, |xk| <

λi
2γi

.

Note that aij ∈ Rd and bij ∈ {−1, 1}. Here, the data set {(aij , bij)}nj=1 is assumed to be
private and owned only by agent i. We use the MNIST from LIBSVM (Chang and Lin,
2011) as dataset, and pick only N = 600 data with feature dimension d = 784, so that
N < d. In the experiment, we set λi = 0.5 for all i. We set γi = 0.5 for all i except i = 30
which is set to be 50 so that Lmax ≈ 137.72 > L ≈ 39.78 and a significant difference between
parameters Lmax and L is ensured.

We compare the proposed DCatalyst-SONATA-L with the APM-C (Li et al., 2020b)
and Cata-EXTRA (Li and Lin, 2020). All the parameters are tuned according to their
theoretical recommended values (Li et al., 2020b; Li and Lin, 2020). For the DCatalyst-
SONATA-L algorithm, we set δ = L, the momentum parameter is calculated using (10),
and the number of inner-loop iterations is set as ⌈log(k + 1)⌉, for all k [see (12)].

In Figure 7, we plot the optimality gap achieved by the above algorithms versus the
number of communications (left panel) and computations (right panel) respectively. The
figure confirms the sublinear convergence of the algorithms. We notice that DCatalyst-
SONATA-L outperforms all other algorithms in term of communication. As predicted by
our theory, DCatalyst-SONATA-L loses a bit to the APM-C in term of computations; this
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is due to an extra poly-log factor and log 1
ϵ term appearing in its complexity. This gap

reduces when Lmax grows with respect to L.

Appendix C.

In this section, we summarize the notation used in the paper.

Table 4: Universal constants independent of iterations.

Notation Meaning / reference

(P) original optimization problem

m # of agents in the network

d dimension of decision variable x

d′ dimension of auxiliary variable y in the nonaccelerated algo-
rithm M

x⋆ = 1m(x
⋆)⊤ optimal solution

u⋆ optimal objective value

D distribution of samples in the finite-sum setting

ξij j-th sample on agent i (finite-sum)

n # of samples per agent (finite-sum)

β similarity coefficient

ρ network connectivity

ϵ accuracy parameter in rate expressions

Lij Lipschitz constant of ∇fij
Li Lipschitz constant of ∇fi
µi strong convexity modulus of fi
Lmax maxi∈[m] Li
µmin mini∈[m] µi
Li

1
n

∑n
j=1 Lij

L Lipschitz constant of ∇f
µ strong convexity modulus of f

Lmax maxi∈[m] Li
κℓ Lmax/µmin

κg L/µ

κ̃s maxi,j Lij/µmin

κs Lmax/µmin

M∗ηr minimum of the Moreau envelope Mηr(x)

η stepsize of inner algorithm

α extrapolation coefficient (used in analysis)

(table continues)
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Notation Meaning / reference

cL, rM algorithm-dependent constants (Assumption 4)

δ quadratic coefficient

c, cscvx, ϵ0 constants (Proposition 1)

cM, dM algorithm-dependent constants (Assumption 5)

r0, ccvx universal constants (Proposition 4)

B uniform bound of ∥xki ∥ (Proposition 5)

H,C ∈ Rm×m undetermined matrices in PUDA

µM strong convexity of M 1
δ
u

NFM # communications per iteration in PMGT-LSVRG

pij sampling probability of the j-th sample on agent i in PMGT-
LSVRG

Cscvx, Ccvx problem-dependent constants (Proposition 20)

(Ω,F ,P) probability space (stochastic setting)

cpm, rpm, ρpm universal constants (Lemma 15)

Table 5: Functions/operators independent of iterations.

Notation Meaning / reference

ℓ(·, ξ) loss at sample ξ

fij(x) ℓ(x, ξij)

fi(x)
1
n

∑n
j=1 fij(x)

u(x) = f(x) + r(x) composite objective, f(x) = 1
m

∑m
i=1 fi(x)

σmax, σ
+
min maximum singular value and minimum positive singular value

Mηr(x) Moreau envelope (stepsize η, function r)

proxηr proximal operator (stepsize η, function r)

M operator of the unaccelerated algorithm

L merit function associated with M
≈M argmin solve with M up to some precision

∇F (x) [∇f1(x1), . . . ,∇fm(xm)]⊤
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Table 6: Iterates and iteration-dependent constants.

Notation Meaning / reference

(Pk) subproblem at outer iteration k

xk,ti ∈ Rd iterate of agent i at inner it. t / outer it. k

yk,ti ∈ Rd′ auxiliary iterate at inner t / outer k

zki ∈ Rd extrapolation iterate at outer iteration k

xk,⋆ = 1m(x
k,⋆)⊤ minimizer of (Pk)

yk,∗ limit point of auxiliary variables using M in (Pk)

sk,ti (xk,ti , yk,ti )

rM,δ counterpart of rM in (Pk)

αk extrapolation constant at outer iteration k; also used in Def-
inition 18 / Lemma 21 (inexact estimating sequence)

Tk number of inner iterations at outer iteration k

Nit total iterations up to outer K:
∑K

k=0 Tk
Ncom,M # communications per M-iteration

Ncom Ncom,M ·Nit

ψki , ϵ
k
i terms in the estimating sequence (Def. 18)

λk, ϵktot,i, x̃
k
i sequences in Lemma 19

z̃ki , e
k
i sequences in Lemma 21

ψk,∗i , ζk, vki sequences in Lemma 22 (canonical form)

cT constants depending on rM,δ (Prop. 2 proof)

cTk constants depending on rM,δ and k (Prop. 5 proof)

Lδ Lipschitz constant of ∇fk (Lemma 16)

Ωk
∏Tk
t=0Rm×(d+d′)

Bk Borel σ-algebra of
∏k
ℓ=0Ω

ℓ

Pk Borel probability measures induced by M on Bk
Fk+1 σ

(
{{sℓ,t}Tℓt=0}kℓ=0

)
ω a realization of {(xk,t,yk,t)}Tkt=0

Table 7: Functions/operators dependent on iterations.

Notation Meaning / reference

fki (x) fi(x) +
δ
2∥x− zki ∥2

fk(x) 1
m

∑m
i=1 f

k
i (x)

uk(x) fk(x) + r(x)

f̃i(x;x
k,t
i ) local surrogate of fi at inner t / outer k (e.g., SONATA)

ψki (x) functions for canonical form of inexact estimating sequences
(Lemma 22)
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Kevin Scaman, Francis Bach, Sébastien Bubeck, Yin Tat Lee, and Laurent Massoulié.
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