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Abstract

Canonical correlation analysis is a widespread technique for discovering linear relation-
ships between two sets of variables. In high dimensions, however, standard estimates of
the canonical directions cease to be consistent without assuming further structure. In this
setting, a possible solution consists in leveraging the presumed sparsity of the solution:
only a subset of the covariates span the canonical directions. While the last decade has
seen a proliferation of sparse canonical correlation analysis methods, practical challenges
regarding the scalability and adaptability of these methods still persist. To circumvent
these issues, this paper suggests an alternative strategy that uses reduced rank regression
to estimate the canonical directions when one of the datasets is high-dimensional while the
other remains low-dimensional. By casting the problem of estimating the canonical direc-
tion as a regression problem, our estimator is able to leverage the rich statistics literature
on high-dimensional regression and is easily adaptable to accommodate a wider range of
structural priors. Our proposed solution maintains computational efficiency and accuracy,
even in the presence of very high-dimensional data. We demonstrate the advantages of
our approach through a series of simulated experiments, achieving a substantial increase in
accuracy compared to existing methods. Additionally, we highlight its practical utility by
applying it to three real-world datasets, where we show that our method is able to uncover
scientifically meaningful associations between variables.

Keywords: canonical correlation analysis; structured sparsity; high-dimensional data;
reduced rank regression;

1. Introduction

Consider two random vectors z in R? and y in R? with respective covariance matrices 3 x
and ¥y, and cross-covariance matrix ¥ xy. The objective of canonical correlation analysis
(CCA) is to identify a set of 7 < min(p, ¢) linear combinations of 2 and y that are maximally
correlated. Mathematically, for i = 1,...,r, the i*® solution pair (ui,v;) of CCA can be
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expressed as the maximizer of the following constrained optimization problem:

maximize u'X Xyv
u€ERP, veERY ( 1)

subject to uTEXu = UTEyv =1, UTZXUJ‘ = UTE)/U]‘ =0 for j < 1.

The pairs (zu;,yv;) are called the canonical variates. The individual vectors u; and v; are
called the canonical directions, and the corresponding correlation values A\; = u;rE XYyUV; are
called the canonical correlations.

Since its introduction by Hotelling (1936), canonical correlation analysis has become
an indispensable tool for analyzing relationships between sets of measurements. Given its
versatility and interpretability, it is unsurprising that CCA has found applications in a wide
spectrum of domains, ranging from psychology and social sciences (Thorndike, 2000; Fan
and Konold, 2018) to genomics (Witten and Tibshirani, 2009; Parkhomenko et al., 2009;
Lin et al., 2013; Gossmann et al., 2018) or neuroscience (Zhuang et al., 2020).

Under the canonical pair model (Chen et al., 2013; Gao et al., 2017), it can be shown
that the CCA model corresponds to a reparameterization of the cross covariance X xy as

Yxy =XxUAV'SEy, where U'ExU=V'ZyV =1, (2)

Here U = [uj|uz]...|u,] € RP*" and V = [vi|vg]...|v,] € R?*" represent the r canonical
directions, and A € R™ " is a diagonal matrix with canonical correlations \; on the diagonal
ranked by decreasing order of magnitude. It is a classical exercise to show that the canonical
directions (u;,v;) can be obtained through a transformation of the right and left singular

vectors of 2)_(1/ > XyE;,l/ 2, Specifically, given the singular value decomposition (SVD)
2)_(1/ > XyE;,l/ 2 _ UOAV(T , the canonical directions u; and v; are simply the ith columns
of the matrices U = E;/ 2UO and V = 2;1/ 2V0 respectively. In practice, the canonical
directions are typically obtained by replacing the population covariance matrices by their
sample estimators, i.e. > X, ﬁy and & Xy, respectively.

Recent studies have become increasingly interested in applying CCA to the analysis of
high-dimensional datasets where at least one of the dimensions is significantly larger than
the number of observations n. It is a well-established fact that the conventional CCA frame-
work breaks down in this regime, both from a theoretical and computational perspective
(Gao et al., 2017). From a computational standpoint, if, for instance, p > n, the sample
covariance matrix Sy is no longer invertible, thereby preventing the straightforward cal-
culation of the CCA directions using a singular value decomposition of the transformed
cross-covariance matrix 2}1/ 5> Xyg;l/ ?. From a theoretical point of view, the eigenvector

estimates obtained from the sample covariance matrices ) x and ) xvy are no longer guar-
anteed to be consistent (Gao et al., 2015, 2017), and replacing the sample estimator 2}1/2
by its pseudoinverse may not lead to an accurate estimate of the canonical directions.

To overcome the challenge posed by the high-dimensionality of data, several adaptations
of the original CCA problem have recently been developed. To keep our discussion concise,
a comprehensive discussion of these methods is deferred to Section 6, which we summarize
here. All of these variants incorporate some form of regularization or constraint on the
estimators of U and V, and can be classified into one of two categories depending on the

type of regularization they employ: ridge-regularized CCA, which mitigates ill-conditioning
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by adding #» penalties, and sparse CCA, which incorporates ¢1 penalties to enforce sparsity,
focusing on selecting only the most informative variables. While sparse CCA methods have
proliferated (Witten and Tibshirani, 2009; Wilms and Croux, 2016; Parkhomenko et al.,
2009; Waaijenborg and Zwinderman, 2009), many rely on heuristics, lack guarantees on the
accuracy of the estimated directions, or make simplifying assumptions (for instance, that
the covariances ¥ x and Xy are diagonal to enhance computational speed, e.g. Witten and
Tibshirani (2009)). In contrast, theoretical efforts (Gao et al., 2015, 2017; Gao and Ma,
2023) establish algorithms with provable guarantees and high-probability bounds on the
error of the associated estimators of U and V, along with the corresponding minimax rates.
However, these methods rely on a prohibitively computationally intensive initialization step
(hereafter referred to as the “Fantope initialization”, detailed in Appendix B.1) that first
estimates the joint product UV . Because it scales cubically with the dataset dimensions
(Gao and Ma, 2023), this initialization step effectively makes this entire class of methods
unusable on most real-world datasets.

This highlights an important gap in current CCA methodologies. Existing heuristic
methods are fast but tend to yield poor estimates of the canonical directions. Conversely,
while theoretical approaches guarantee a more accurate estimation, their computational de-
mands are so substantial that they become impractical even on moderately sized datasets.
Moreover, the methods developed by Gao et al. (2015, 2017) and Gao and Ma (2023) all as-
sume symmetry in the roles played by X and Y, thus imposing sparsity in both. However,
many contemporary applications of CCA exhibit substantial asymmetry between the two
views. Examples include neuroimaging studies, where thousands of imaging-derived features
are related to a relatively small number of cognitive, behavioral, or clinical measurements
(Smith et al., 2015; Zhuang et al., 2020); climate applications, where high-dimensional
spatial fields are associated with a small number of climate indices or forecasting targets
(Barnett and Preisendorfer, 1987; Bretherton et al., 1992); and genomics studies, where
high-dimensional molecular profiles are linked to a limited number of phenotypic or clinical
outcomes (Chi et al., 2013; Jiang et al., 2023). Such dimensional imbalance is particularly
prevalent in neuroscience applications, where modern imaging technologies routinely gener-
ate tens of thousands of features from a relatively modest number of subjects and phenotypic
observations; see Table 4 in Appendix A.1 for representative examples. In these settings,
regularization is primarily needed on the high-dimensional side, whereas imposing sparsity
on the low-dimensional view may offer limited benefit while increasing both statistical and
computational complexity. This observation suggests that the symmetric regularization
strategies adopted by existing sparse CCA methods may not be optimal in many practical
settings and motivates the development of methods that explicitly exploit this dimensional
imbalance to improve scalability while retaining strong statistical performance.

Our approach adopts this perspective by imposing structural constraints on only one of
the two canonical loading matrices. By regularizing only the high-dimensional view, we sub-
stantially reduce the computational burden associated with theoretically grounded sparse
CCA methods while retaining statistical guarantees. At the same time, this asymmetric
formulation achieves improved estimation accuracy relative to existing heuristic approaches.
As aresult, our method effectively leverages the imbalance between the two views to improve
scalability without sacrificing statistical performance.

Contributions. In this paper, we study asymmetric high-dimensional CCA, where one
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view is structured and high-dimensional while the other remains low-dimensional. Our main
contributions are as follows:

1. A scalable alternative to Fantope-based sparse CCA. In Section 3, we develop
a two-step estimation procedure inspired by existing theoretically grounded sparse
CCA methods (Gao et al., 2015, 2017; Gao and Ma, 2023), while avoiding the compu-
tationally intensive Fantope initialization. Specifically, we first estimate the low-rank
signal UAVJ via a convex reduced-rank regression formulation and subsequently re-
cover the canonical directions U and V. The resulting method achieves substantially
improved computational scalability while preserving strong statistical guarantees.

2. Theoretical guarantees under asymmetric structural constraints. In Sec-
tion 4, we establish finite-sample error bounds for the estimated canonical subspaces
under structural constraints imposed on only one view (i.e. one of the datasets). Our
analysis shows that consistent estimation is possible in this asymmetric setting and
provides theoretical guarantees for a broad class of structured regularization schemes.

3. A flexible framework for structured canonical directions. Our methodology
accommodates a broad class of structural assumptions on the high-dimensional view,
including sparsity, group sparsity, and graph-based smoothness penalties (Section 4.2).
This allows flexible structure to be incorporated into the estimation procedure. For
instance, features may be partitioned into predefined groups (thus motivating group-
sparse loadings), or they may form a spatial or network graph (thereby motivating
smoothness constraints that encourage neighboring features to have similar loadings).
This flexibility can lead to improved and more interpretable canonical directions in
applications where the high-dimensional features exhibit known structure. Through
simulations and applications to neuroscience and ecological data (Section 5), we show
that our proposed estimator recovers interpretable structured loadings, achieve com-
petitive statistical performance compared to existing sparse CCA methods, and are
substantially faster to compute.

2. Notations & Parameter Space

For any t € Z,, [t] denotes the set {1,2,...,t}. For any set S, |S| denotes its cardinality
and S¢ its complement. For any a,b € R, a V b = max(a,b) and a A b = min(a,b). For

a vector u, |lul| = \/>;u?, llullo = 3; 1ryz01, and Jlully = 37, |ug. For any matrix
A = (a;;) € RP** (denoted by a capital letter and bold font), A;. denotes its i-th row
and supp(A) = {i € [p] : ||A;.|| > 0}, the index set of nonzero rows, is called its support.
Throughout this paper, o;(A) stands for the i'? largest singular value of the matrix A and
Omax(A) = 01(A), Omin(A) = Tprrank(a)(A). The Frobenius norm and the operator norm of

Aare [|[Allp = />, ; a?j and [[A||,, = omax(A), respectively. The ¢2; norm and the nuclear
norm are HAH21 = > icp [Aill2 and HAH* =), 0i(A), respectively. For any positive semi-

definite matrix A, A/2 denotes its principal square root, which is positive semi-definite and
satisfies A1/2A1/2 = A. The trace inner product of two matrices A, B € RP** is denoted
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by (A,B) = Tr(ATB). The notation AT is used here to denote the pseudo-inverse of the
matrix A.

We consider here the canonical pair model of Gao et al. (2017), where the observed n
pairs of measurement vectors (z;,y;)’_; are i.i.d. from a multivariate Gaussian distribution
Np14(0,3), where X = (E?YXX %:XYY> with the cross-covariance matrix X xy satisfying (2).
We are interested in the situation where the leading canonical coefficient vectors of U
are sparse, without assuming any particular structure on V. Sparsity is here understood
in terms of the support of U. More specifically, we define F(sy,p,q,7,A\; M) to be the
collection of all covariance matrices 3 satisfying (2) and

(a) UeRP" and V € R?*" with [supp(U)| < sy;
(b) O'min(zX) N O'min(EY) > ﬁ and UmaX(ZX) V O'maX(EY) < M; (3)
(c) /\TZ)\and)\lgl—ﬁ.

The probability space that we consider throughout this paper is thus

{(X0.Y0) " Moy 0,8) - with 2 € F(su,p,q.m, X M)}, )

We shall allow s, p, A to vary with n, while M > 1 is restricted to be an absolute constant.
We will also assume that ¢ and r are fixed. Note that this latter assumption is in contrast
to the approach by Gao et al. (2017) that supposes that ¢ and r can also vary with n.

3. CCA via reduced rank regression

In this section, we begin by highlighting a link between reduced rank regression (RRR) and
CCA. As we will see in Section 4, this link will then allow us to formulate a theoretically
sound and practical solution for canonical correlation analysis in high dimensions. We
note here that, while this connection has already been recognized in the existing literature
(Izenman, 1975; De la Torre, 2012), this formulation has not been previously used in the
context of high-dimensional CCA.

Here we assume that p,q < n are fixed, as n is allowed to grow, so that > x and f)y
are invertible and consistent estimators of 3y and 3y, respectively. We first consider the
CCA formulation as a prediction problem, as noted by Gao et al. (2017):

minimize  [|[YV — XU|%  subject to U'SxU=V'SyV =1, (5)
UERPXT, VeRaxr

Lemma 1 Letting Yo = Yf];lﬂ, the estimators for the first r canonical directions can be

recovered as U and V = 2;1/2\70 from the solution of the following problem:

U,V = argmin 1Yo — XUV{ || (6)
UeRPXT VoeRIx"
UTE4xU=V] Vo=I,
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The proof of this statement can be found in Appendix C.1. Using this objective function,
it is evident that the recovery of the matrix UV{ in (6) is a constrained instance of the
more general reduced-rank regression problem:

minimize ||[Yo — XBo||% subject to rank(Bg) = r,
ninimiz 1Yo ol X (Bo) (7)

where By must have the additional constraint that BOTEI xBg and f];/QBOBOTf];/Q are
projection matrices. The following theorem allows us to tie the solution of the reduced rank
regression problem (7) to the solution of the CCA problem (5).

Theorem 2 (Low-dimensional CCAR? subspace consistency) Let Yo = Yf];l/Q,

where Xy is the sample covariance matriz of Y. Assume that the cross-covariance matrizc
follows the canonical pair model

Syy = 2xUAV ISy, U'sxU=V'syVv=1IL,

with A, > 0. Let R R
B = argmin [[Y, — XB|% = S!Sy 5,2
BeRpPx4q

and let svdr(]g) = fJBKB\A/g denote the rank-r truncated singular value decomposition of

]§, where IAJB and {}B contain the leading v left and right singular vectors of B. Define

~ ~

SN ) PN
U:UB<U£2XUB) . V=7V,

Then U and V are consistent estimators of the canonical subspaces spanned by U and V,
respectively: R R B

min |U - UO||r £ 0, min |V — VOl r % 0.

OEOT GEOT

The proof of this theorem is provided in Appendix C.2.

Lemma 1 and Theorem 2 imply that canonical subspaces can be estimated via a simple
two-step procedure. First, compute the ordinary least squares (OLS) estimator B. Second,
obtain the leading r left and right singular vectors of B and normalize them appropriately
to recover estimates of the canonical directions. Under the conditions of Theorem 2, these
estimators consistently recover the population canonical subspaces. The full procedure,
which we will refer to as CCARS3, is outlined in Algorithm 1.

The proposed two-step approach differs from traditional CCA solutions in low dimen-
sions. Initially, given the original data matrix X and the normalized matrix Yy = Yf);,l/ 2,
we identify the joint subspace B= [AJ'K\A/'OT . This is done by casting the estimation of B as
a convex optimization problem, much in the same spirit as Gao et al. (2017) and Gao and
Ma (2023). At the same time, this optimization problem is considerably easier than the
initialization procedure of Gao et al. (2017). We then use the solution B to further estimate
the canonical directions. Compared to alternative approaches, this method is therefore less
prone to initialization issues.

As dimensions increase, particularly when p increases and exceeds n, this approach be-
comes infeasible. The inverse of the matrix % x ceases to be well-defined, rendering the



CANONICAL CORRELATION ANALYSIS AS REDUCED RANK REGRESSION IN HIGH DIMENSIONS

Algorithm 1 CCAR3
Input: X € R™PY € R"*? with p, ¢ < n; number of components r < min(p, q).

: Normalize Yy = Yf);, .

=

. Compute the OLS solution B = argmingeppxq || Yo — XB||%.

1

2

3: Compute the singular value decomposition svd,(B) = Uz

4: Normalize directions U = ﬁg(ﬁgixﬁﬁ)_l/g and V = 2;1/2\7

Output: CCA directions U and V.

OLS solution to problem (5) is non-unique and inconsistent. It is important to remember
that in our discussion, q is considered low-dimensional, so calculating f)y remains manage-
able and consistent for the estimation of 3y . Unlike X, computing Yy = Yf];l/ % is still
well-defined. In the following sections, we will show, nonetheless, that this formulation of
the CCA problem is easily extendable to the high-dimensional case.

4. CCA in high dimensions

As emphasized in the previous section, in high dimensions (more specifically, when p is on
the order of or exceeds n), our proposed CCA estimator breaks down as the solution of the
OLS problem is not necessarily unique. Imposing some low-dimensional structure on the
estimators thus becomes indispensable to reliably estimate the CCA directions. A number
of such constraints can be stated in a general form as Pen(U) < s, where Pen is a penalty
function on the matrix U, thus transforming the original CCA objective into the following
constrained problem:

maximize Tr(UTixyV) subject to UT§3XU = VTflyV =1, and Pen(U) < s. (8)
UCRPXT VERIXT

Note that in the traditional CCA model, the directions are obtained up to rotations of the
columns. Consequently, the penalty used here is always a row-penalty. Below we specialize
our analysis to the different types of constraints that can be imposed on U: sparsity, group-
sparsity, and graph-sparsity. Importantly, we will highlight how our formulation of the CCA
problem enables the flexible adoption of a wide variety of constraints.

4.1 CCA with sparsity

As outlined in the introduction, one strategy for estimating the canonical directions in a
high-dimensional context consists in imposing sparsity. The usual hypothesis consists of
assuming that U is row sparse, indicating that only a limited number of covariates of X
are involved in determining the canonical directions. Mathematically, this concept is often
expressed as |supp(U)| < s, which constrains the number of nonzero rows in U to be
smaller than s. This immediately implies that B = UAVOT also exhibits row sparsity:
|supp(B)| < s.
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To allow consistent estimation of U and V, we propose replacing the OLS step in
Algorithm 1 by
B = argmin - [ Yo - XBJ2 + p[[Bar. (9)
BeRpxa T
Note here that (9) is a convex relaxation of the OLS problem with sparsity constraint
| supp(B)| < s. This ensures the tractability of the objective and returns a solution that is
row-sparse, i.e., for which only a subset I of the rows of B are nonzero. We can then re-
sume the algorithm proposed in the previous section. The complete procedure is described
in Algorithm 2. In practice, to efficiently solve the problem (9) we propose a simple imple-
mentation relying on the Alternating Direction Method of Multipliers (ADMM; Boyd et al.,
2011), which we describe explicitly in Appendix B.2.

Algorithm 2 Sparse CCAR? in high dimensions

Input: X € R™PY € R"*? with ¢ < n and p > n; number of components r < min(p, q).
1: Normalize Yy = Yi\];l/Q.
2: Solve the penalized least squares using ADMM:

B = argmin *HYo ~ XB|% + p|B||21
BeRpxa T

3: Compute the singular value decomposition svd, ( ) = U EA E\Af;.
4: Normalize directions U = UE(UEEXUB)*UQ and V = i 1/2 VE'

Output: CCA directions U and V.

It is possible to show that the addition of the f91-penalty ensures that the learned B is
not too far from its populatlon version B* = UAVTEl/ 2 (Theorem 3). This allows in turn

to ensure that the estimates U and V are good approximations of U and V, respectively
(Theorem 4). To keep this manuscript concise, all proofs are deferred to Appendix D.

Theorem 3 Consider the family F(sy,p,q,r, A, M) of covariance matrices satisfying as-
sumptions (3). Assume (q+ sylog(ep/sy))/n < co for some sufficiently small constant
co € (0,1). We write A = B—B* with B* = UAVTE;ﬂ, and choose p > C,M?\/(q + logp)/n
for some large constant C,,. Then the solution B of problem (9) is such that, for any C' > 0,
there exist constants C1 and Cy that solely depend on C' and cqy such that:
12 1 N a
HE)Z(AHF < ClM‘r’suw and |B — B*||% < M%s,(q + logp)/n (10)
n
with probability at least 1 — exp(—C'q) — exp(—C'sy log(ep/sy)) — exp(—C’(q + logp)) —
exp(—C'(r +logp)). Moreover, with the same probability, the size of the support of B is of
the order of sy, that is |supp(B)| < M?2s,

Theorem 3 implies that, under certain regularity conditions for the matrix ¥x (more
specifically, that it is well conditioned and omax(Xx) < M), we know that the support of
the solution B is roughly of the order of the actual support of B*. This means in particular
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that the number of discoveries — and in particular, false discoveries, where a false discovery
is understood as a nonzero row in B that is not in the support of B* — is of constant order
and does not grow with n.

To put this bound into perspective, we compare it with the results of Gao et al. (2017)
(Theorem 4.1), who show that the error in the joint estimation of the subspace UV from
their Fantope initialization procedure is [|A — UV |2, < Csys,log(p + q)/n, where s, is the
number of non-zero rows of V. The error bound of our procedure for estimating the matrix
UAVTE%,/ % is therefore of the same order, since we do not assume any sparsity structure
on 'V (i.e. s, = q). Moreover, since we do not have to identify the rows of V relevant to the
canonical directions, we do not have to pay the price of the additional logarithmic factor of
q that the setting considered by Gao et al. (2017) incurs. Theorem 4 provides the analysis
of the error bounds on both U and V from Algorithm 2.

Theorem 4 Assume the conditions of Theorem 3. Then, for any C' > 0, the procedure
outlined in Algorithm 2 yields normalized bases U and V such that there exist orthogonal
matrices O, 0 € R™" with

(¢ + logp)
n

(¢ + logp) (11)

11
and HV—VOHFgCJW; TSy "

~ ~ MO
HU_UOHFSCT 'Sy,
with probability at least 1 — exp(—C'q) — exp(—C"sy log(ep/sy)) — exp(—C'(q + logp)) —
exp(—C'(r +logp)). Here C is a constant that depends solely on C' and cq.

We note that if the optional r x r rotation in Algorithm 2 is applied and the canonical
correlations are separated, ordered-direction consistency holds up to diagonal sign changes,
with the displayed rate multiplied by a constant depending on the inverse canonical-correlation
eigengap.

Observation 1: comparison with existing results. These results have to be com-
pared to the theoretical results obtained by Gao et al. (2017), where the authors derive the
following bound for the error of the second step of their procedure:

su(r + log p)

. 1/2 55 2
mlnHEX (U—UO)HFSC e

OcP
One of the remarkable properties of this bound is that it decouples the dimensions of
Y x and Xy: the bound on U does not depend on ¢. In our approach, by contrast, the
estimation is performed jointly, and the estimation errors of U and V are therefore coupled.
However, contrary to the method proposed by Gao et al. (2017), our approach does not
require splitting the data into 3 folds, and is able to operate on the entire dataset at once —
a situation, that, in practice, can be more efficient from an estimation and computational
standpoint (see details in Appendix B.1). Our bound is closer to that for the joint estimation
procedure of Gao and Ma (2023), which is shown to be upper bounded as

/ 2 2
minHV—VOHF\/minHfj_UﬁuFSC( s >z (3+ Mz)\/r(qurq)log(erq).
ocP OcP Sut4q A n

Here C'is a constant that depends on the spectrum of X xy, and s’ is a parameter controlling
the hard row-sparsity of their initial estimator of the matrix A = (UT|VT). This bound is
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more efficient than ours for the estimation of V, as ours scales with the product ¢s,, rather
than the sum q + s,,.

Observation 2: Computational efficiency. The method of Gao and Ma (2023) relies on
a Fantope-based initialization, which, as discussed in the introduction, scales as O((p—l—q)3)
and can incur substantial computation times. By contrast, the computational cost of our
procedure when n << p is O(n%q + npq), which is linear in the larger dimension (see
Appendix B.2 for more details). While an ADMM formulation is used for both CCAR? and
Fantope-initialization approaches, each ADMM step in our method involves only simple
matrix multiplications and shrinkage operations. In comparison, each ADMM step for
the Fantope projection requires solving a large Lasso problem and computing the SVD of a
(p+q) X (p+¢q) matrix (see Appendix B.1). Consequently, our approach provides an efficient
alternative that substantially reduces computation while retaining theoretical guarantees.

Simulation experiments. We generate a set of synthetic experiments that allow us
to test the behavior of the different methods in the high-dimensional setting. To this

. . . T
end, we first construct a block diagonal covariance matrix as Xx = (UXOUX ?) , where

Uyx € RP1*"pea ig g randomly generated matrix from orthonormal columns, whose diagonal
we then set to all ones. This creates a covariance structure for X that is not trivial, but
such that the first 7., principal components are sparse and are only spanned by p; out of
p rows. In our experiments, we set p; = 20. We generate a covariance matrix for Y in a
similar fashion as Xy = UyU;. Next, we construct the cross-covariance matrix X xy as
vy = ExUAV Iy, Here U € RP*" 'V € R?*" are sampled uniformly at random and
chosen to have support of size 1y, with n,,, < p (row-sparse), and g respectively. Both
U and V are then normalized so that UTExU = VXV =1,. Further, A is a diagonal
matrix with r entries (\;)]_; equally spaced in the following intervals, depending on the
desired signal strength: (0.75, 0.9) for “high”, (0.55, 0.7) for “medium”, and (0.35, 0.5) for
a “low” signal strength. Finally, we generate the observations (x;,y;)7_; by sampling from

the normal joint distribution N, (O, (Z?YXX %XYY )) )

We use the synthetic data to compare the performance of our sparse CCAR? method
with six alternative approaches of CCA with sparsity. These include a set of “heuristic-
based” methods: SAR (Wilms and Croux, 2015), CCA-Lasso (Witten and Tibshirani, 2009),
and the SCCA approach of Parkhomenko et al. (2009). We also compare our method with
the “theory-grounded” approaches: Fantope CCA (the initialization step of the algorithm
from Gao et al. (2017) and Gao and Ma (2023)), SCCA with CoLaR (the full algorithm
from Gao et al. (2017)), and SGCA from Gao and Ma (2023). We compare all methods
to an “oracle” solution, which is simply the estimated CCA directions (using a standard
low-dimensional CCA solver) on the true support of U. In our method, we select an optimal
regularization parameter p through 5-fold cross validation. To robustify the estimates of the
canonical variates, we further shrink f]y using its Ledoit-Wolf estimate (Ledoit and Wolf,
2022). Similarly, we select the regularization parameters in all heuristic-based approaches
using either 5-fold cross validation, or the permutation approach proposed by Witten and
Tibshirani (2009) for their method (“permuted” in Figure 1). For the Fantope initialization
of the methods in Gao et al. (2017) and Gao and Ma (2023), we used the theoretical values
for p as proposed in the respective papers. However, in the second stage of the CCA
with CoLaR, which involves solving a group-lasso problem, we applied cross-validation. To

10
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evaluate the resulting CCA reconstructions, we measure the distances between subspaces
spanning canonical variates, which can be done by computing the principal angle (Bjorck
and Golub, 1973) between the subspaces associated with the matrices (g) and (g) .

We examine the dependence of the subspace distance between the estimated and true
canonical subspaces on the number of covariates p, the number of canonical components r,
and the sample size n (Figure 1). Results are averaged over 100 simulation replications.

The top panel of Figure 1 investigates the effect of increasing dimensionality p. Across
the medium- and high-correlation settings, sparse CCAR? consistently achieves the smallest
subspace distance among the competing methods. The advantage becomes increasingly
pronounced as p grows, demonstrating the ability of sparse CCAR? to accurately recover the
canonical subspace in high-dimensional regimes. The only method exhibiting comparable
performance is SAR (Wilms and Croux, 2015), particularly when p is small and the problem
remains effectively low-dimensional. However, the performance gap widens substantially as
p increases. In the low-correlation setting, sparse CCAR? remains competitive and typically
outperforms the remaining benchmarks, with only a few isolated cases in which Fantope
CCA attains slightly lower subspace distance.

The middle panel of Figure 1 examines the effect of the number of canonical components
r in a representative high-dimensional setting (p = 1000, ¢ = 30). Sparse CCAR? exhibits
remarkable stability in high and medium correlation settings as r increases, maintaining
nearly constant subspace distance across all values of . By contrast, most other baselines’
performances deteriorate with increasing rank. If SAR achieves similar performance for
small r, sparse CCAR? generally provides the most accurate recovery of the canonical
subspace over the full range of ranks considered. In low-correlation signals, however, the
performance is very similar across competitors.

The bottom-left panel studies the effect of sample size n. As expected, the subspace
distance decreases for all methods as more observations become available. Sparse CCAR?
displays one of the fastest convergence rates. SAR exhibits a similar rate of improvement,
whereas the remaining methods improve more gradually and remain substantially farther
from the CCAR? solution even for large sample sizes.

To further assess practical applicability, the bottom-right panel of Figure 1 compares
computational costs. To provide an idea of the applicability of our method in real-life
settings, we used parallelization across 5 workers to perform the cross-validation methods.
We used the efficient code for CCA-Lasso (Witten and Tibshirani, 2009) in the PMA package.
However, the SAR method by Wilms and Croux (2015) was not parallelized, as the code
for this was not optimized by the authors.

We observe that sparse CCAR? is slower than the heuristic methods CCA-Lasso and
SCCA when n is moderate. However, these methods are consistently less accurate than
sparse CCAR? across all simulation settings considered above. Furthermore, while the
computational cost of competing heuristic methods appears to increase exponentially with
the sample size n, the running time of sparse CCARS? is largely insensitive to n and, in fact,
decreases slightly for larger sample sizes as the ADMM algorithm converges more rapidly.
Consequently, for large sample sizes, the computational cost of sparse CCAR? becomes
comparable to CCA-Lasso and SCCA.

Among all competing methods, SAR is the closest competitor in terms of accuracy.
Nevertheless, its computational cost is substantially higher. For example, when n = 10,000,
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Figure 1: Simulation results for sparse model with rp., = 5. Top panel: subspace distance
as a function of p, with n = 500, » = 3 and n,,, = 6. Middle panel: subspace distance
as a function of the rank r, with n = 500, p = 1,000, ¢ = 30 and ny,,, = 20. Bottom
panel: subspace distance (left) and computation time (right) as a function of n, with ¢ = 30,
p = 1000, r = 3 and n,,,, = 20. Results are averaged over 100 simulations.
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SAR requires approximately 4,000 seconds, whereas sparse CCAR? requires only 30 sec-
onds. Even if SAR were fully parallelized, our method would remain approximately 25
times faster. We also note that fitting sparse CCAR? on a single cross-validation fold
is considerably less expensive than solving the optimization problem underlying Fantope
CCA: sparse CCAR? achieves roughly a 100-fold reduction in computational time relative
to Fantope CCA, despite the fact that Fantope CCA does not require cross-validation and
is evaluated using the theoretically optimal tuning parameter. These results demonstrate
that sparse CCAR? effectively balances statistical and computational efficiency, combining
state-of-the-art estimation accuracy with computational scalability.

4.2 CCA with structured penalties

The row-sparse formulation from Section 4.1 can be extended when prior structural infor-
mation on the covariates of X is available. We consider the estimator

EN 1
B = argmin — || Yo — XB||% + p Pen(B). (12)
BeRpxq T

Two choices of penalty are particularly useful.

Group penalty. Suppose that X covariates are partitioned into known non-overlapping
groups

M
G={g,....9u}, U gm=l  gmNgm =@ for m#m'.
m=1

Writing B, for the block of B corresponding to the rows in g, we take

Pen(B) = Z \/@HBQHF'

geg

This encourages the joint selection of entire groups of covariates. In neuroimaging, for
example, the groups may correspond to regions defined by a reference atlas. The row-
sparse penalty is recovered as the special case G = {{1},...,{p}}.

Graph penalty. Suppose instead that the covariates lie on a known graph with vertex set
[p] and edge set E. Let I' € R™*P be the associated edge-incidence matrix, where m = |E/.
For an edge (k,k") € E, the corresponding row of I' has entries 1 and —1 in columns k and
k', and zeros elsewhere. We then take

Pen(B) = ||[T'B||21. (13)

This is an instance of the multivariate total-variation penalty (Hiitter and Rigollet, 2016).
It encourages neighboring covariates to have similar coefficients while still allowing a small
number of jumps across edges, i.e. graph sparsity (Tran et al., 2022). This is again natural
in neuroimaging, where nearby voxels are expected to exhibit similar activation patterns.

Both versions of (12) can be solved efficiently using the same ADMM framework as in
the sparse case. The updates for the group and graph-penalized version are described in
Appendix B.2.
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Theoretical results. For the group penalty, let m, = [{g € G : |[Uy|lr # 0}| denote
the number of active groups, and let s, = Zg:||Ug||F7é0 lg| be their total size. The proof
of Theorem 3 extends directly to this setting with the row-sparse complexity s, (q + logp)
replaced by the group complexity s,q + my log |G|, up to constants and group-size factors
when the groups are balanced. Consequently, the corresponding direction-subspace error

scales as
\/?\/suq + my, log |G|
A n

up to powers of the conditioning constant M.

For the graph penalty, the relevant structural assumption is that I'U is row-sparse.
Let s, = |supp(T'U)|, let n. be the number of connected components, let L = T''T be
the graph Laplacian, and let x5 denote the smallest nonzero eigenvalue of L. The graph
direction bounds depend on the rate

+ logn 1 + logm
5 — 1 [, 4108 (1 N ) \/Umax(msqu'
n K9 n

The dependence on n. reflects the fact that ||[I'U|l2; does not penalize componentwise
constants, so each connected component contributes one unpenalized degree of freedom. The
dependence on the smallest nonzero Laplacian eigenvalue ko reflects connectivity: smaller
Ko corresponds to a more weakly connected graph (Chung, 1996), and therefore to weaker
regularization for a fixed total-variation budget. The rigorous theorem statements, along
with their proofs, are provided in Appendices E and F.

Simulation experiments. We adopt a data generation mechanism similar to that of the
previous subsection, modifying only the generation of U. Specifically, we generate U either
according to a known group-sparse structure or according to a graph-sparse structure in X.
Additional details on the simulation setup are provided in Appendix A.2.

The results for the data with group and graph structure are presented in Figures 5
and 7 of the Appendix A.2. We observe that both modifications perform well in terms
of the resulting subspace distances between the estimated canonical directions and their
population counterpart. SAR is once again the best competitor, achieving better results
compared to our methods in settings where p is small (p < n) and the signal is high.
However, as soon as p increases, our methods outperform all competitors. These results are
consistent across different values of q.

5. Real-World Experiments
In this section, we underscore the advantages of our approach by conducting a comparative

analysis of our method against established methods on three real-world datasets.’

5.1 The Nutrimouse data

The Nutrimouse dataset is a common benchmark in multivariate analysis (Gonzalez et al.,
2012; Rodosthenous et al., 2020) that contains genomic and nutritional data from a 2007

1. Our method is available on CRAN under the package ccar3. The code for the simulations and real-world
examples can be found on https://github.com/donnate/ CCAR3code.
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study on 40 mice (Martin et al., 2007). This dataset includes the expression profiles of 120
pre-selected genes in the liver, as well as measurements of 21 hepatic fatty acid concentra-
tions (expressed as percentages) observed under various dietary treatments. We denote the
genomic and fatty acid measurements by X and Y, respectively. Each of the 40 mice was
assigned to one of five diets, and its genotype was classified as either wildtype or genetically
modified (PPAR). We set the number of canonical directions to r = 5 upon examining the
scree plot of the singular values of > xv, and compare our method’s performance to the
benchmarks introduced in the previous section.

To evaluate the performance of the methods, we divide the data into eight folds (5 mice
per fold) at random, and use seven folds for training, and keep one for testing. For sparse
CCAR?, the optimal p is chosen using cross-validation on the training data, based on the
mean squared error (MSE) between the canonical variates XU and YV as per equation (5).
For the other methods, we use their default implementations to determine the appropriate
amount of regularization (e.g. using cross-validation, BIC or a permutation-based analysis,
depending on the methods). Performance across methods is measured on the test folds
using the MSE between XU and YV, and the average correlation between directions.

Results. The results, averaged over 10 random 8-fold splits of the data, are presented in
Table 1. Sparse CCAR? achieves the lowest test MSE and the highest test correlation among
all competing methods. In particular, it reduces the average test MSE by approximately
36% relative to SAR (Wilms and Croux, 2015), 38-41% relative to the CCA-Lasso methods
of Witten and Tibshirani (2009), and 39% relative to SCCA with CoLaR (Gao and Ma,
2023). The improvement is also reflected in the substantially higher test correlation, with
sparse CCAR? achieving a correlation of 0.62, compared to at most 0.53 for the competing
methods.

Sparse CCAR? is also substantially more computationally efficient than existing theo-
retically grounded sparse CCA methods. For instance, fitting the full sparse CCAR? model
requires only 35 seconds, including 8-fold cross-validation over 30 candidate values of p,
compared to 777 seconds for Fantope CCA with no cross-validation. Sparse CCAR? thus
achieves better predictive performance while requiring only a small fraction of the compu-
tational effort of existing theory-based approaches.

We further evaluate the quality of the estimated canonical directions by examining
whether the resulting canonical variates separate the different diet groups and genotypes.
The canonical variates obtained by SAR (Wilms and Croux, 2015), SCCA with CoLaR (Gao
et al., 2017), and sparse CCAR? are displayed in Figure 2. All three methods successfully
separate the two genotypes using the first two canonical directions (Figure 2, left panels).
However, differences emerge when considering the dietary groups. While SAR identifies the
COC and SUN diets as distinct clusters (Figure 2b), both SCCA with CoLaR and sparse
CCAR? achieve substantially better separation among the dietary groups. In particular,
sparse CCAR? provides the clearest separation of the COC cluster, which appears less
distinct under SCCA with CoLaR (Figures 2a and 2c).

To quantify these observations, we classify samples into the five diet groups using the
estimated canonical variates (Xuy,...,Xus). Classification is performed using linear dis-
criminant analysis (LDA), with 3/4 of the data used for training and 1/4 for testing, and
the results averaged across the four folds. As reported in Table 1, sparse CCAR? achieves
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Test Test Diet Label Genotype Label / Cluster | Running
MSE Correlation | Accuracy (LDA) | Accuracy (LDA / cluster) | Time (s)
3
sparse CUAR 0.57 £ 0.10 | 0.62 + 0.04 0.9 1/ 0575 34.63
(this paper)
SAR
(Wilms et al.) 0.89 £+ 0.11 0.53 4+ 0.07 0.6 1/06 6.02
CCA-Lasso
with CV (Witten et al.) 0.96 + 0.12 0.41 4+ 0.08 0.7 1/0.575 2.86
CCA-Lasso
permuted (Witten et al.) 0.92 4+ 0.09 0.43 + 0.06 0.7 1/0.575 2.44
SCCA
(Parkhomenko et al.) 0.86 + 0.12 0.48 + 0.08 0.8 1/0.625 0.23
Fantope CCA 237 £ 215 | 041+ 0.07 0.7 1/05 777
(Gao et al.)
SCCA with CoLaR 0.94 £ 0.14 | 0.49 & 0.04 0.7 1/07 801
(Gao et al.)
SGCA
(Gao & Ma) 1.98 + 1.18 0.38 £+ 0.07 0.7 1/0.675 1,356

Table 1: Results of the 8-fold cross-validation on the Nutrimouse dataset. Reported values
correspond to the average test MSE and correlation over 10 random splits of the data
in 8 folds. The ability of CCA methods to yield directions that can separate genotypes is
evaluated through both LDA, and, to allow more discrimination between methods, Gaussian
clustering.

the highest classification accuracy, improving diet classification accuracy by 50% relative to
SAR and by 28% relative to SCCA with CoLaR.

Turning to the loadings, we investigate whether the canonical directions recovered by
sparse CCAR? are consistent with the biological findings of Martin et al. (2007) (see Figure 8
in Appendix A.3). For loadings obtained by competing methods, we refer the interested
reader to the online supplement?

The first canonical variate separates mice fed the coconut-oil diet from those fed the
fish- and linseed-oil diets (Figure 2a, left panel). The dominant loadings involve fatty acids
C20:3n6, C20:3n9, C16:0, C16:1n9, and C18:2n6 together with genes CARI, CYP3A1l1,
PLTP, AOX, and CYP2c29. Notably, AOX, CYP3A11, CYP2c29, and PLTP were among
the variables discussed by Martin et al. (2007) as contributing to differences across dietary
interventions. The recovery of these variables suggests that the first canonical direction
captures the primary diet-related variation in the data.

The second canonical variate separates wild-type and PPARa-deficient mice and is char-
acterized by large loadings on long-chain polyunsaturated fatty acids, including C22:5n6,
C22:5n3, and C20:5n3 (EPA), together with genes ACAT2, Lpin, PLTP, CYP3A11, and
CYP2c29. Several of these variables, including Lpin, PLTP, CYP3A11, and CYP2c29, were
highlighted by Martin et al. (2007) as being associated with PPAR« activity. Likewise, EPA
and related long-chain polyunsaturated fatty acids were among the lipid species exhibiting
substantial variation across genotypes in the original study. The recovery of these vari-
ables suggests that the second canonical direction captures the primary genotype-related
variation in the data.

The third canonical variate separates the reference diet from the fish- and sunflower-oil
diets, indicating an additional dietary effect beyond the contrast represented by the first

2. https://github.com/donnate/CCAR3code/blob/main/additional_plots.
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Figure 2: Scatter plots for canonical variates produced for the Nutrimouse dataset: 1%
vs 2" (left panel), 3" vs 4" (middle panel), and 1%¢ vs 5" (right panel). Sample points
are colored by diet, different shapes correspond to the genotype. The plots include 95%
confidence ellipses to emphasize diet clustering.
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canonical variate. The corresponding loadings involve DHA (C22:6n3), C22:4n6, C22:516,
and C20:3n9 together with genes CYP2c29, ACAT2, PLTP, and CYP3A11. Notably, both
DHA and the C22 polyunsaturated fatty acids featured prominently in the lipid profiles
analyzed by Martin et al. (2007), while PLTP, CYP3A11, and CYP2c29 were among the
genes reported to vary across dietary and genotype conditions. The recovery of these
variables suggests that the third canonical direction captures an additional dietary signal
present in the data. Overall, the recovered canonical directions closely align with the
two principal sources of variation identified by Martin et al. (2007): dietary fatty-acid
composition and PPAR« activity.

5.2 Neuroscience data: grouping brain regions with group-sparse CCAR?

In this section, we re-investigate the dataset from Tozzi et al. (2021). The matrix X
consists of the fMRI brain activations from 229 distinct brain regions of interest (ROI)
for 153 individuals in response to monetary gains versus losses during a gambling task.
These regions include the 210 cortical areas as identified by the Brainetome atlas and
the 19 subcortical areas of the Desikan-Kellamy atlas. The matrix Y contains self-reported
measures on nine variables: drive, fun seeking, reward responsiveness, and overall behavioral
inhibition (evaluated via the Behavioral Approach System/Behavioral Inhibition Scale), as
well as distress, anhedonia, and anxious arousal (as defined through the Mood and Anxiety
Symptom Questionnaire), and positive and negative emotional states (derived from the
Positive and Negative Affect Schedule). Both datasets X and Y were adjusted for sex
differences and standardized across each column. We refer the reader to the original papers
by Tozzi et al. (2021); Tuzhilina et al. (2021) for more details on the data collection and
preprocessing of these datasets.

We propose a joint analysis of the brain activation and questionnaire datasets by calcu-
lating the first two canonical directions based on an initial assessment of the singular values
from the cross-covariance matrix. We evaluate sparse and group-sparse penalty types for
CCAR? discussed in Section 4. For the group-sparse method, we assign each of the 229 ROIs
to 29 groups of brain regions (which we further split into two, depending on whether they
are in the right or left hemisphere) corresponding to the main gyri or subcortical regions,
as well as the brain stem. We employ the same cross-validation approach as described in
the previous section (using 20 folds here). Table 2 summarizes the performance of our two
CCAR? variants on the validation folds, along with that of existing benchmarks. Overall,
we observe that group CCAR? outperforms all other benchmarks, attaining the lowest MSE
and highest correlation. We also note that our group modification reduces by 8.4% the MSE
of the sparse CCAR?, the second best performing method.

In Figure 3, we present the estimated canonical variates and directions obtained using
group CCARS3. Corresponding results for sparse CCAR?, SCCA (Parkhomenko et al., 2009),
and SGCA (Gao and Ma, 2023) are provided in the online supplement.® As expected, the
group-sparse formulation yields a more parsimonious solution for (ﬂi)?zl, selecting only 11
of the 30 brain regions, compared with a larger number selected by the sparse method.

The bottom bar plot of Figure 3 shows that the first canonical direction identified by
group CCAR? is significantly associated with anhedonia, whereas drive contributes strongly

3. https://github.com/donnate/CCAR3code/tree/main/additional_plots.
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“ Test MSE [ Test Correlation ]
sparse CCAR® (this paper) 1.67 =+ 0.10 0.05 + 0.03
group CCAR3 (59 L/R groups; this paper) 1.53 + 0.03 0.11 + 0.01
SAR (Wilms ot al.) 2.03 £ 0.08 0.05 £ 0.05
CCA-Lasso (Witten et al.) 2.02 £ 0.13 -0.01 £ 0.06
SCCA (Parkhomenko et al.) 1.75 + 0.07 0.05 £+ 0.02
Fantope CCA (Gao et al.) 2.15 £ 0.10 0.02 £+ 0.04
SCCA with CoLaR (Gao et al.) 1.90 + 0.13 0.02 £+ 0.03
SGCA (Gao & Ma) 1.81 £+ 0.03 0.05 £+ 0.01

Table 2: Results of the 20-fold cross-validation on the Neuroscience dataset with rank r» = 2.
Values correspond to the test MSE over the test folds, averaged over five random splits of
the data into 20 folds, £+ standard deviation.

‘ H Drive ‘ Funseeking ‘ Reward Resp. ‘ Total ‘ Distress | Anhedonia | Anx. Arousal | Pos. Affect | Neg. Affect

sparse CCAR® || 0.10 0.41 0.05 0.14 0.11 0.15 0.06 0.15 0.12
group CCAR? | 0.38 0.08 0.28 0.04 0.22 0.46 0.01 0.29 0.22
SAR 0.10 0.28 0.00 0.04 0.00 0.02 0.04 -0.01 0.03
CCA-Lasso 0.22 0.07 0.10 0.10 0.12 0.13 0.10 0.12 0.16
SCCA 0.11 0.07 0.11 0.12 0.23 0.38 0.08 0.28 0.14
Fantope CCA || -0.01 0.00 -0.01 -0.01 -0.01 -0.01 -0.01 -0.01 -0.01
SGCA 0.07 0.07 0.06 0.36 0.52 0.45 0.35 0.32 0.51

Table 3: Adjusted R? for the regression of XU onto each of the columns of Y.

to both the first and second canonical directions. These behavioral dimensions induce a
clear structure in the canonical variate space Xﬁ, where subjects with different levels of
anhedonia and drive occupy distinct regions (see the scatter plot of Figure 3).

To assess the extent to which the estimated canonical variates capture variation in
individual questionnaire measures, we regress each of the nine behavioral outcomes in Y on
XU. The adjusted R? values are reported in Table 3. Group CCAR? achieves the strongest
associations with anhedonia and drive, indicating that these variables are the dominant
behavioral correlates of the brain connectivity patterns extracted by the method.

From a neuroscientific perspective, group CCAR? identifies the thalamus as an impor-
tant contributor to the canonical directions. The thalamus plays a central role in arousal,
attention, and consciousness, making its involvement plausible in the context of a reward-
based gambling task. In addition, group CCAR? assigns large weight to the nucleus ac-
cumbens, a key component of the brain’s reward circuitry that has been strongly linked
to reward anticipation and processing (Day and Carelli, 2007). Interestingly, the Parahip-
pocampal Gyrus is also highlighted by our method. While the Parahippocampal Gyrus is
primarily known for its role in memory encoding and contextual associative processing, it
has also been implicated in the integration of contextual information during value-based
learning and decision making. This suggests that contextual and memory-related processes
may contribute to the neural mechanisms underlying reward-related behavior in this task.

5.3 Climate data: exploring spatial structure using the graph-sparse model

In this section, we illustrate the proposed graph CCAR? method using a climate dataset.
The predictor variables X consist of sea surface temperature (SST) measurements from the
Extended Reconstructed Sea Surface Temperature dataset, Version 5 (ERSSTv5), produced
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Figure 3: Results on the Neuroscience dataset using group sparse CCAR3. Bar plots:
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by the National Oceanic and Atmospheric Administration (NOAA). The dataset provides
monthly SST observations on a 2° x 2° latitude—longitude grid covering the global ocean,
with records available since January 1854. We focus on the equatorial Pacific region, se-
lecting grid points with longitudes between 120°E and 280°E and latitudes between 20°S
and 20°N. To reduce spatial resolution, the grid is coarsened to 4°, resulting in a time-by-
space matrix X where each row corresponds to a monthly observation and each column to
a spatial grid location. The seasonal cycle is removed prior to analysis.

The response variables Y comprise several large-scale climate indices obtained from
NOAA datasets, including the Arctic Oscillation (AO), North Atlantic Oscillation (NAO),
North Pacific index (NP), outgoing longwave radiation (OLR), Pacific-North American
pattern (PNA), and the Southern Oscillation Index (SOI). These indices summarize major
modes of atmospheric variability and are widely used to characterize large-scale climate
dynamics.

After removing missing values, the dataset contains n = 589 observations, p = 441
predictors, and ¢ = 6 response variables. We construct train—test—validation splits using
consecutive time points: 250 for training, 100 for validation, and 100 for testing. To reduce
temporal dependence between the sets, a gap of 25 time points is introduced between
consecutive segments. By shifting the starting time point forward by 25 at each iteration,
we obtain four distinct train—test—validation splits.

We fit sparse CCA methods with » = 3 components. The graph CCAR? method uses
the spatial locations of features in X to construct a graph by connecting neighboring grid
points within a 4° distance. After selecting the optimal penalty parameter for each method
using the test set, we evaluate their performance on the test set.

Sparse CCAR? achieves a validation correlation of 0.383 with an MSE of 1.09. In
contrast, graph CCAR? performs better, attaining a substantially higher test correlation
of 0.474 and a lower MSE of 0.946. By comparison, SAR achieves a correlation of 0.370
with an MSE of 1.27, and CCA-Lasso attains a correlation of 0.420 with an MSE of 1.08,
both underperforming relative to the graph-based approach. Notably, CCA-Lasso fails to
recover more than two components for most penalty choices.

In terms of computational efficiency, both CCAR? variants are substantially faster than
SAR: training graph CCAR? and sparse CCARS? requires, on average, 2.30 and 1.70 seconds,
respectively, compared to 25.7 seconds for SAR, while CCA-Lasso is the fastest at 0.0583
seconds.

Figure 4 compares the first canonical directions obtained by sparse and graph CCARS3.
The v; vectors exhibit similar patterns, highlighting the influence of SOI and OLR. In
contrast, the u; vectors differ substantially: the sparse method identifies a few isolated
locations with non-zero values (positive near longitude 200°E and latitude 0°, and negative
near longitude 150°E and latitude —10°), whereas the graph-based method reveals clus-
ters of significant regions, with similar overall positions of positive and negative important
features.

These positions correspond to physically meaningful SST regions: the central/eastern
equatorial Pacific (around 200°E) and the western Pacific warm pool (around 150°E) are
key areas influencing El Nin-Southern Oscillation variability, consistent with Southern
Oscillation Index (SOI) and outgoing longwave radiation (OLR) patterns. The graph-
regularization captures spatially coherent SST structures, reflecting connected regions that
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jointly influence large-scale climate indices, whereas the sparse method highlights only in-
dividual grid points, potentially missing broader regional effects. Overall, the graph-based
approach provides a more interpretable and physically meaningful representation of ocean-
atmosphere interactions.
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Figure 4: Comparison of the first canonical directions obtained by sparse and graph CCARS3.
Left panels represent the canonical directions #; corresponding to SST features. Right
panels represent the canonical directions 77 corresponding to climate indices.

6. Related Works

To overcome the challenge posed by the high dimensionality of the data, several adaptations
of the original CCA problem have recently been developed. All of these modifications
incorporate some form of regularization or constraint on the estimators of U and V, and
can be classified into one of two categories depending on the type of regularization they
employ.

Ridge-reqularized CCA methods attempt to resolve the issue of the ill-conditioning of
Sy and Sy by adjusting their diagonals (Leurgans et al., 1993). In this setting, the CCA
problem becomes:

maximize

Tr <UT(§X + pll)flixy(iy + p21)71V)
UG]R;DX'F7 VeRqu

(14)

subject to U'TExU=V'SE,V=1I,.
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While #o-regularized CCA methods have demonstrated some empirical success, to the best
of our knowledge, there are no theoretical guarantees as to the accuracy of the proposed
estimators of U and V. Moreover, while these methods shrink coefficients, they often yield
dense solutions that do not necessarily lend themselves well to subsequent interpretation
and analysis.

Sparse CCA methods, on the other hand, suggest imposing sparsity constraints on the
CCA directions. This is typically done by introducing a variant of the ¢; penalty, which
effectively reduces the complexity of the model by identifying and using only the most infor-
mative variables in X and Y to estimate the directions U and V. Building on the success
of the lasso in the regression setting (Tibshirani, 1996), initial approaches to sparse canon-
ical correlation analysis focused primarily on imposing a sparsity penalty on the individual
canonical directions. For instance, Witten and Tibshirani (2009) and Parkhomenko et al.
(2009) propose algorithms imposing a lasso penalty on each of the canonical directions for
the case where r = 1. However, their proposed methods are not straightforwardly applica-
ble to the estimation of several directions, particularly when the covariance matrices of X
and Y are not diagonal and it is no longer possible to neglect the normalization constraints
UTfJXU =1, and VTnyV =1I,. As demonstrated by our experiments in Section 4.1, in
this case, these methods struggle to estimate the canonical directions even when n is large.
To allow the estimation of multiple canonical directions, Wilms and Croux (2015) propose
an iterative algorithm based on an alternating minimization scheme to solve for each pair
(ui,v;). This method allows the computation of more than one pair of canonical directions
by progressively deflating the matrices X and Y. Since the sparsity of canonical directions
obtained on the deflated matrices does not necessarily translate into sparse canonical di-
rections expressed in terms of the original data matrices X and Y, the authors propose
adding a postprocessing step that sparsifies their estimated canonical directions in the orig-
inal covariate basis. Although the proposed technique is efficient, the alternating nature of
this method makes it sensitive to initialization. Moreover, while each of the resulting CCA
directions (u;);_; and (v;)]_; are typically sparse, the matrices U and V are not necessarily
row-sparse, which may lead to non-sparse canonical subspaces (defined by the span of the
columns of U or V).

While sparse CCA variants have proliferated over the years, one of the few theoretical
treatments is provided by Gao and coauthors (Chen et al., 2013; Gao et al., 2015, 2017).
More specifically, Gao et al. (2015) consider the setting where the support sizes, i.e., the
number of nonzero rows of U and V, are small: |[supp(U)| < s, and |supp(V)| < s,, for some
Su < P, Sv < ¢. Under this assumption, they show that the minimax rate for estimators of
U and V under the joint loss [UVT —UVT||% is

1

nA2 (r(su + 8v) + sulog(ep/su) + su 10g(€Q/5”))’

where ), denotes the r*® canonical correlation.

Since the estimator proposed by Gao et al. (2015) is not tractable in practice, Gao et al.
(2017) introduce a three-step algorithm that achieves the minimax rate. This procedure
requires splitting the data into three batches. In the first step, the cross-product F = UV T
is estimated from the first batch, transforming the original non-convex CCA problem into
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a convex optimization problem:

mgéiﬂi{griiqze (Sxy,F) — p||F|[11 subject to Hf&/zFf}yQH* <r, Hf);(/zFi%,/QHOP <1, (15)

where p is a sparsity-controlling penalty parameter, and || - |11, || - ||+, and || - [|op denote
the usual matrix 1, nuclear, and operator norms, respectively. This step provides initial
estimates of the canonical directions U and V. In the second step, using the second batch
of data, the estimators are refined by solving separate group-lasso regression problems for
U and V, enforcing sparsity via the f; penalty. The third step uses the third batch to
normalize the resulting estimates.

While theoretically sound, this procedure has important practical limitations. The first
step relies on an ADMM algorithm that requires repeated SVDs of p x g matrices and solving
lasso problems with pg parameters at each iteration, resulting in substantial computational
costs. Moreover, splitting the data into three batches can be problematic in small-sample
settings, further limiting the method’s practical applicability.

Building on this work, Gao and Ma (2023) propose an alternative two-step procedure.
The first step serves as an initialization for F = () (uT v7) € RPHOX(P+9) and is based
on a Fantope projection problem:

mi%irgize _<§’F> + p||F|l1 subject to f}é/QFf;(l)/Q e F,
€

where
F= {X e RPHOX0+0) . 0 < X < I,,,, Tr(X) = r} .

The second step refines the estimates using a thresholded gradient descent algorithm. While
this approach improves estimation, the initialization still relies on an ADMM algorithm that
involves repeated SVDs of a (p 4+ ¢q) X (p + q) matrix, which scales poorly with dimension
and becomes computationally expensive for large datasets.

While these methods achieve minimax-optimal statistical guarantees, the quality of the
estimators critically depends on the initializer obtained in the first step, which is compu-
tationally expensive (see Appendix B.1 for details). Moreover, selecting the regularization
parameter p via cross-validation requires repeatedly solving this initialization problem, fur-
ther amplifying the computational burden.

7. Conclusion

In this paper we present CCAR?, a novel technique for estimating canonical directions
based on the link between CCA and reduced rank regression when one of the datasets is
high-dimensional while the dimension of the other remains small. Our method can easily
incorporate different types of penalties, allowing a good compromise between computational
efficiency, statistical accuracy, and practical flexibility in a wide range of practical settings.
A potential direction for future research consists in extending CCAR? to settings where
both p and ¢ are large. This will require further investigation of computationally efficient
alternatives to the Fantope optimization problem, which is both the crux of the success and
the computational bottleneck of Gao et al. (2017) and Gao and Ma (2023).
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Appendix A. Additional plots and tables

A.1 A review of CCA in recent applications

Study

[ Wang et al. (2023
[ Looden et al. ]2022;
| Luo et al. (2023)
| Tozzi et al. (2021)

| Pigeau et al. (2022)

Objective Number of Observations | Size of dataset 1 | Size of dataset 2
X: features extracted from EEG data n=15 p =310 qg=3
Y: Emotion Data
X: Connectivity features extracted from fMRI n =299 p = 30,3081 qg=3
Y: Behavioral Measurements
X: Connectivity features extracted from fMRI measurements n =122 p = 25,651 q € [30,50]
Y: Clinical and Behavioural Measurements
X: fMRI activation of each voxel in the brain n = 269 p = 90,000 q=2389
Y: Questionnaire Data
X: vertex-level cortical thickness measurements n = 25,043 p = 38,561 q=>52
Y: Behavioural Data

Table 4: Short survey of recent applications of high-dimensional CCA.

A.2 Simulations

Group Sparsity. We simulate here a setting where we know the groups. We adopt a similar
data generation mechanism as in the previous subsection, adapting only the procedure for
generating U. In particular, here, we split the p covariates into groups of size 10, and select
5 of these groups to be nonzero. We then select at random each of the entries of these
groups and normalize as for the simulations in the previous section.

Mean subspace distance

3.0

® Group sparse CCARS (this paper) CCA-Lasso (Witten et al)

® SAR (Wilms et al)

® SGCA (Gao and Ma)

SCCA (Parkhomenko et al)
® CCA-Lasso, permuted (Witten et al) ® Fantope CCA (Gao et al)
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Figure 5: Simulation results for group model with 7., = 5, 5 nonzero groups and n = 500.
Subspace distance as a function of p. Results are averaged over 100 simulations.

29




DONNAT AND TUZHILINA

In Figure 6 the true discovery is understood as an overlap between the supports of the
estimator and the true support of U*, and a false discovery is understood as the complement
of this intersection in the support of U.

® Group sparse CCARS (this paper) » CCA-Lasso (Wittenetal) ® SGCA (Gao and Ma) e 100 + 700
® SAR (Wilms et al) SCCA (Parkhomenko et al) A 300 ® 1000
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Graph Sparsity. We reiterate the previous set of synthetic experiments, changing only
the data generation mechanism for U to accommodate a graph-structure. More specifically,
we first generate a graph (here a 2D grid) with p nodes and m edges. We sample U € Rmx"
in the same way as in our sparse CCA experiments. We then apply a transformation to U
as U = I‘TINJ, where T'f denotes the pseudoinverse of T'. This results in a U such that TU
is sparse and IIU = 0, where II = I, — I'T. Similar to the previous experiments, we vary
the signal strength and sizes of p and gq.

® Graph sparse CCARS (this paper) @ CCA-Lasso (Witten et al)
® SAR (Wilms et al) SCCA (Parkhomenko et al)
@ CCA-Lasso, permuted (Witten et al) ® Fantope CCA (Gao et al)
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Figure 7: Simulation results for graph model with 7., = 5, supp(I'B) = 5 and n = 500.
Subspace distance as a function of p. Results are averaged over 100 simulations.
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A.3 Nutrimouse dataset

Below, we present the loading vectors recovered by sparse CCAR3.
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Figure 8: Sparse CCAR? presented in this paper. Five canonical directions corresponding
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Appendix B. Algorithms

B.1 Computational complexity of theoretical methods

We review the computational complexity of the three-stage procedure in Sparse CCA: Adap-
tive Estimation and Computational Barriers by Gao et al. (2017) and the two-stage proce-
dure in the Thresholded Gradient Descent method for Sparse GCA by Gao and Ma (2023).
In both methods, the main computational burden arises from the convex ADMM-based ini-
tialization. The subsequent refinement stages are significantly cheaper when r < min(p, q).

Sparse CCA by Gao et al. (2017) The data are split into three independent batches
indexed by 0,1, 2.

Stage 1: Initialization. The initialization solves

o (S0 F) —plFly st [(E)PEEP) L < v @) RED) g < 1

The optimization variable F' is a p x ¢ matrix, so the problem has pq parameters. The
algorithm is based on ADMM and each iteration consists of three main steps.

1. Lasso. Solve an ¢;-penalized quadratic problem with pg parameters.

2. Singular value capped soft-thresholding. This requires computing the SVD of a p x ¢
matrix.

3. Matrix multiplications. Multiply p X p, p X ¢q, and ¢ X ¢ matrices.

Stage 2: Group Lasso Refinement. Let VO e R?*" gtore the top r right singular
vectors of the solution F from Stage 1. The second stage solves a group lasso problem with
pr parameters to obtain UM, The analogous update for V uses the estimated left singular
vectors and has gr parameters.

Stage 3: Normalization. The final estimators are normalized on the third data split,
o~ ~ o ~ -1/2 ~
eg. U=TUW (U(l)TEE?)U(l)) and analogously for V.

Overall, the computational bottleneck of Sparse CCA is the convex ADMM initializa-
tion, dominated by repeated lasso solves and SVDs of p x ¢ matrices. Additionally, this
approach requires splitting data into three batches, which is not ideal for many applications
with limited data.

Sparse GCA by Gao and Ma (2023) This approach requires two stages.

Stage 1: Initialization via Fantope Relazation. Let F = AAT € RPTOX(P+d)  where
A= (g) e R?+t9xr The initialization is based on a Fantope projection problem, which
solves N o~/

gﬂ% —(X,F) + p||F||1 subject to 20/ FEO/ € F,
€

where F = {X € RP+9x(+4) . 0 <X < I, 1, Tr(X) =r}. This problem is also solved
using ADMM. Like in Gao et al. (2017), it requires computing an SVD at each iteration,
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but the matrix size is now (p + ¢) X (p + ¢). The per-iteration SVD cost is therefore
O((p+9)*)-

Stage 2: Thresholded Gradient Descent. After initialization, refinement is performed via
thresholded gradient descent. The per-iteration complexity is O(n(p + q)r + (p + q) log(p + q)) .
The first term corresponds to gradient computation, and the second to thresholding/sorting.

Overall, the bottleneck of SGCA is the repeated SVDs of (p + ¢q) x (p + ¢) matrices.

B.2 Algorithm for CCAR?

The sparse and group-sparse versions of Step 2, and the profiled graph-sparse version de-
scribed below, can be written as

M
~ 1~ -
© = argmin — Yo — XO| +p > wn|Og,. |r, (16)
©@cc N el
where G, ..., Gy form a partition of [p], w,, > 0 are prespecified weights, and C C RP*? is

a closed linear subspace. For the sparse and group-sparse cases, C = RP*4. For the graph
case, C enforces that the edge variable belongs to the column space of the incidence matrix.
The three special cases are as follows.

Sparse CCAR’. Takej=p, X=X, Yo=Y, C=RM G,={m}, w,=L
Then B = ©.

Group-sparse CCAR3.A Take p = p, X = X, Yo = Yo, C = RPX4, G, —
9ms  Wm = \/|gm|. Then B = ©.

Graph-sparse CCAR3. Let I' € R™*? be the graph incidence matrix, where m = |E],
and let I =1, — T be the orthogonal projector onto ker(T'). Any coefficient matrix can
be written as B = By + I''®, where By € ker(T') and ® = I'B € col(T")®9. Define the
projection onto the fitted null-space design by

Py = XTT{(xm) " (xm)} (x1m) "
Profiling out the null-space component gives the exact profiled problem (16) with

p=m, X=(L,—Pp)XI", Yy=(I,-Pn)Y, C={0:(The=e},

and singleton edge groups G,, = {m} with w,, = 1. After obtaining ©, the profiled null-
space component is

B = I{(X1IT) T (x1M) } (XTD) T (YO _ XFT(?)) :

and the final estimator is

B =B, +I'6.
The constraint © € col(I")®7 is part of the exact equivalence with the original penalty
ITB|[21.
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To solve (16), introduce a splitting variable Z € RP*? and consider the constrained
problem

M
e e . 1, < ~ 2 .
minimize EHYO - X0l +p Z wm||Zg,,.||F subject to © =Z.
m=1
Let P¢ denote the orthogonal projector onto C. Thus P¢ = I; for the sparse and group-
sparse cases, while P¢® = (I'TT)@® for the graph-sparse case. Using the scaled augmented
Lagrangian with scaled dual variable D,

M
s o o
£5(©,2,D) = ~|[Yo = X®|i+p > wnlZg, |[r +51© - Z+ D[} - S|D,

m=1

we obtain the ADMM updates given in Algorithm 3.

Algorithm 3 ADMM for (16)

Input: X e R"XP, ?0 € R™ 4 groups Gi,...,Gy, weights w1, ..., wys, regularization
parameter p > 0, ADMM parameter 6 > 0, projector P¢, stopping tolerances €pri, €qual > 0.
Initialize: ©©),Z(®) DO € RPxq, o
Precompute: K5 = %XTX + 0I; and C = %XTYO. When p is moderate, factorize Kg
once and reuse the factorization throughout; when p > n, the Woodbury identity described
below is more efficient.
Repeat until convergence:

1: Update © by solving Ks®(!+) = P¢{C +§(Z) —DWV)}.

2: form=1,...,M do

3: Update the block Zg, . via group soft-thresholding Z(H.l) =

Gm
Spwm /s (G)(gt;r,l) + D(gtm) , where S;(V) = (1 - W)Jr V with the convention
S:(0) =0.
4: end for

5: Update the scaled dual variable: DU+ = D® 4 @(+1) _ Z(+1),

Output: (:)7 and hence B through the case-specific reconstruction above.

Define the primal and dual residuals by rl+1) = @1 — (1) and s+ = §(Z+D —
Z(t)). We terminate the iterations when |[r*D||p < e, and sV < equar-

Choice of 9. The ADMM parameter 6 > 0 does not affect the optimizer of (16), but it
influences convergence speed and numerical stability. In the ®-update, a larger § improves
conditioning of Ky, which is beneficial when XTX is ill-conditioned. In the Z-update,
a larger § gives a smaller proximal threshold pw,,/d for that iteration, but this changes
only the ADMM trajectory, not the limiting optimizer. Overall, § controls the balance
between the primal and dual residuals. In all experiments, we use 6 = 1, though adaptive
residual-balancing schemes can lead to faster convergence.

Computational cost. For fixed §, the matrices K5 and C are constant across iterations
and may be precomputed once. With a dense factorization of Kj, the one-time cost is
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O(np? + p> + npq), and each subsequent @-update costs O(p?q). The Z- and D-updates
cost O(pq), so the overall per-iteration cost is O(p?q) after factorization.
When p > n, the Woodbury identity gives

1 2 - 2 ~~-\ =
-1 _ B T T
K;' =<1 - 5 X (In+n§XX> X.

Thus it suffices to factorize an n x n matrix. In that case the precomputation cost is
O(n?p+n3 +npq), and each @-update costs O(nq +npq). This is preferable, for example,
in graph-sparse CCAR? when p = |E| > n.

Appendix C. Proofs: ordinary CCAR?

C.1 Proof of Lemma 1

N|—=

~1 o~
Proof Using the change of variables Vo = 37V and Yg = YX,?, and the orthonormality
of the columns of Vj (i.e. V] Vo =1,), we transform the objective in Equation (5) into

YV - XU|% = [[YoVo — XUJ|3
=Tr(V] Yy YoVo) —2Tr(UTXTYVy) + Tr(UTX"XU)

—_— ——
=rn =rn
= Tr(Y] Yo) —2Tr(VoU X TYy) + Tr(VoUTXTXUV] ) +(r — g)n
—— ~~
=qn =rn

=[Yo = XUV [ + (r — g)n.

The additive constant (r — ¢)n does not affect the minimizer, which proves the claim. H

C.2 Proof of Theorem 2

Proof By the Law of Large Numbers, since p and ¢ are fixed,
Sy 2% By, Sy &5 Sy, Sxy 25 Syy.

Because X x and Xy are positive definite, the sample covariance matrices are positive
definite for all sufficiently large n, almost surely. Moreover, by continuity of the inverse and
inverse-square-root maps on the positive definite cone,

S—1 a-s. -1 S-1/2 as. —-1/2
Yy — Xy, Xy — By

Therefore,
S—1/2 as.

B=SSE, " &% B = NSy 5,2
Under the canonical pair model,

B* =X xUAV S, =2 =UAV], V=57V,
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Since
ViVo=V'ZyV =1,

the columns of V are orthonormal. We also note that U has full column rank because
U'ExU =1,. Hence
rank(B*) = r.

Moreover,
0.(B*) = 0,(UAV{) > 0,.(U)\, > 0.

Thus the r-dimensional left and right singular subspaces of B* are separated from the null
singular subspace by a positive gap.

Let B* = UgA BV; be the rank-r singular value decomposition of B*, where Up € RP*"
and Vg € R?*" have orthonormal columns. Since

B* = UAV/{,
we have
span(Upg) = span(U), span(Vpg) = span(Vy).

Because both Vg and V( have orthonormal columns and span the same subspace, there
exists an orthogonal matrix Qy € O, such that

Vi =VoQy.
Similarly, define
~1/2
U, := Up (UEEXUB) .

Then
U/zxU, =1,

and span(U,) = span(U). Since U is also X y-orthonormal, there exists Qx € O, such
that
U, =UQyx.

To prove consistency, we apply a standard Davis-Kahan/Wedin singular-subspace per-
turbation bound to B and B*. Since B — B* in Frobenius norm almost surely and

or(B*) > 0, there exist sequences O, O,, € O, such that
HﬁB_UBOnHF <250, ||‘A’B—VB(~)nHF <250.

We show that this implies the right singular-vector convergence to the estimator V.

Since Vg = VyQy and Vo = Z;/ZV, we have

>V = VQy.
Therefore,
IV = VQyOulr = |52V - 2, *V50,lr
S—1/2 G ~
<155 lopl V5 = VOLllr

S—1/2 —1/2 a.s.
+ 1552 = 0 V[l 225 0,
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Since ann € O,, this implies

min ||V - VO p £

0€O,

0.

We now turn to the proof of consistency for U. Let

A, =U[3xU;  A=UpEyUs
Since R R

U; - U0, %0 and Zx 25 By,
we have

A,—0lAO, %3 0.

The matrix A is positive definite. Hence, for all sufficiently large n, :&n is also positive
definite almost surely, and by continuity of the inverse-square-root map,

A2 _0lA"120, 25 0.

Equivalently,
0,A; 12 - A7120, 2% 0.
Now
U=UzA, "2, U,=UgA 2
Thus,

0= U0, = [TA;"2 ~ UsA20,|r
< T — UpO,|r| A2,
+11UB [opllOnA, /2 = A7Y20, |5 25 0.

Since U, = UQx, we obtain

|8 —UQxO,[r += 0.
Because Qx O, € O,, it follows that

Znin |U - UO||r “* 0.

This completes the proof. |

Appendix D. Proofs: sparse CCAR?

D.1 Useful lemmas

This subsection provides a list of the technical lemmas adapted from Gao et al. (2017) and
Gao et al. (2015) that we used in this manuscript to derive our theoretical results.
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Lemma 5 (Adaptation of Lemma 3 in Gao et al. (2015)) Assume 24 < ¢ forcg €
(0,1). Consider a deterministic set T,, € [p] with |T,| = $y. For any constant C' > 0 and

assuming that co is small enough, there exists a constant C' > 0 that depends solely on C’

and cg, such that:

~ 2 CM?
H[ZX]TUTU - ZExlnn| < . Su
~ 1 112 oMz
Xlr, T, — <XIT,T > u
Ex)tr, — Ex]p || < s
op n
~ ) oL (17)
HEY - y|| < q
op n
1 12 O M2
Ny - Ny = ——a
op

with probability at least 1 — exp{—C"s,} — exp{—C"q}.

Proof We adapt Lemma 3 of Gao et al. (2015) to explicit the dependency on M. Note
that the set T, considered here is deterministic. Therefore, by Lemma 6.5 of Wainwright
(2019), there are positive universal constants {c; }?:0 such that, for any 6 € (0,1):

H Exlrnr, - [Ex]nn

s s
P 0p>01( l+i)+5 Sczexp{—63n(5/\52)}.
[pa'g noon
Denote c; = €72 and choose §° = %0/%372 Assuming that ¢y is small enough (i.e.

co < ~2—) so that 6 < 1 (and thus, 62 < §) we have:

C'+v2
/ Su
> My —| <exp{—Csy}
op n

for a choice of ¢} = 2¢; + \/C%’W < 2c1 + \/%»0 The same result holds for ¥y replacing s,

P |:H[§3X]THTH — [Ex|n.1,

by q. Finally, for the operator norm of the square roots, by Lemma 2 of the supplementary
material of Gao et al. (2015), we have:

H Exlrnr, — [Ex]nn o

~ 1

P Omin ([EX]%TM) T Omin ([EX]%LTu)

1 1
[EX}:QFuTu - [EX]:QFuTu

Let us assume for now that ”EXHOP = 1, and take M = 1. Let Ax denote the event

Ax = { Exlnn, — [Exlnn| < cﬁ‘/%}, with ¢ as previously defined. Then, on Ax,
op

by Weyl’s inequality (Giraud, 2021),

~ 1 ~ 3
Umin([zX]%uTu) = Umin([EX]TuTu> = \/Umin([EX]TuTu> - .
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3 2

. S Omin (2

Therefore, as long as ¢j/5* < %Umin(E x ), which happens as soon as ¢y < (%,I(X)) ,
/. [Su
RV

1 .
op %O’min<[2X]%uTu>

we have:

1 1
[Ex ]%uTu - [Bx ]%LTM

1

, and using the fact that omin (2)5() >

op
S
< M 2.
op n

1
The proof for 35 is similar and considers instead the event
op n

The following lemma is a direct consequence of the previous lemma by applying a union
bound.

, We

<

1
Scaling the previous inequality by HE)Z(

have:

w={[pr =

Lemma 6 (Adapted from Lemma 12 in Gao et al. (2015)) Let S, be a set of in-

) ) q+su log(:—p)
dices of size |Sy| = sy. Assume ———""% < ¢y for some constant co € (0,1). For

any constant C' > 0, there exists some constant C > 0 only depending on C' and ¢y such

that: )
2 CM
< Sy log (ep)
op n Su

2 2
CM
< Sy log (ep)
op n Su

H@X]Susu — [Zx]s,8.

-~ 2 CM?
IEY—EY < q
op
1 1|2 C M2
X9 -3y < q
op n

with probability at least 1 — exp{—C"q} — exp { — C"s,log (%)}

Proof Bounding over all possible sets T;, C [p] with cardinality at most s,, we obtain:

P {H[ix]susu — [Exlsus.|| = t} <P [ max Exlnr - Exlnn| > t]
op TuE[p}I |,Tu|:3u op
<> P [H@X]Tun - [Exlnn = t] (18)
T.elp] b
<(P\p H > > >
=, Ex]r,T, — [Ex]n.T, op_t
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Su,
Therefore, noting that (SI;) < (%) , for any § > 0, by the proof of Lemma 5:

[8y  Su
> |12 — 4+ —
op | XHOP (Cl( n + n> +6>

p) —can(d A 52)}

e
< coexp {su log (
Sy

H [Zx)su5, — [Zx]su5.

(19)

C’+1+(’Yz)+ o log( )
n

u l

Writing ¢y = e’ 0g<SU> for some constant 9, we choose 62 = for a
constant C’ > 0. Assuming that ¢q is small enough so that 6 < 1, Wthh happens as soon
as ¢ < m—2——, we have:

= C'+1+(12)+
S S c3+ 1+ sulog (£
> 1=x ], <cl( "+u)+\/3 ()+ su108 ()
op n n C3 n

Sexp{—(C'+1+(’72)+_1_72) sulog <€p>}

Su

H[ix}susu — [Ex]s.s.

—_

implying that

€p

sy log (5

H Ex]s.5. — [Ex]s.5.

Su

C'+1+(y2)+
c3

to the proof of the previous lemma (Lemma 5), and also requires that ¢y is small enough

Umln(EX)>2 .

A

for ¢} = 2¢1 + < 2c1+ \/%. The proof for the square root matrices is identical

in the sense that ¢y < (

Lemma 7 (Adapted from Lemma 6.7 of Gao et al. (2017)) Assume QH% < ¢ for
some sufficiently small constant ¢y € (0,1). For C' > 0, there exists a constant C > 0 only
depending on C' and cy such that

~ a1l 1
max | [Sxy 8,7 - S4B, | < CM?y L8P
j€lp] 12 n

with probability at least
1 —exp{—C'q} — exp{—C's, log(ep/sy)} — exp{—C"(q+logp)} — exp{—C'(r +logp)}.

1

Proof Recall that we defined B* as B* = UAVTEf,. By definition of B*, we know that
_1

YxB* = XxyX,?. We thus have

~

3 EXB*]],‘ < max H [(EXY - EXY)E;%] j H

A~

max H [ixyzy

JEP] J€lp]
~_1 1 W N (20)
+ max H (Sxy (5,2 - 2;5)]],H +ma H [SyB* — EXB*]TH
(B) (©)
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For a given constant C’ > 0, let A be the event:

1 12 oM?
RN
7 (21)
1 12 C M2
52 -2 < q}
op n

where S, = supp(U), and where the constant C' was chosen appropriately such that, by
Lemma 5, we know that P[A] > 1 — exp{—C"q} — exp{—C"s,}.

Bound for (A). We note that

~ ~_1 ~ P D
maXH[(Exy—ny)zy2] . H :max”[(zxy—z:xy)z 22)2/2 2] H
j€lp] a j€lp] g

R 1 1
< max H [(EXY — 2)(Y)Eyg]j.H HEXQ/EY

1
2

J€lp] op
By Weyl’s theorem (Giraud, 2021), we know that on the event .A:
1 1 ~1 1 q
Vield, |0i(22) —oi(22)| < ||B2 -82|| < /oM2=.
n
op
1

Therefore, writing 0,4, = \/7 and assuming VCM Ogn < 20mm (Zg"/), we have:

~_1 1 1 2

op Omin (2)2/) Omin (2)2/) - \/6M5q,n Omin (232/)

Let Z; ~ Np(0,Xx), Y, ~ N, 4(0,I;), and le € RYP the vector indicator of row j (i.e.
[1;]; =0 for all i # j, and [1;]; = 1). Thus, we may write

n

1 - N
- > (1) zY] —EQZY])).
i=1

-

~ _1 _1

1 (BxyEy? - Bxy %y 2) =
Define for each j € [p| the matrix H;/ = %? . Since 1;Z;Y,; is a submatrix of
i

ng)(HEj))T, we have:

male zxyz —Exy2 )) < max

23
JEP] (23)

3 ) ) 1))
=1

n

op
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1
T T 2
1j12X1j 1j Exyzyz

Denoting W) = EHY (HYV) " = | 79,
INED WSS I,

, this implies:

VI

HH(j) ug + u;—Iqug

=  sup 1/ Zxljui+2ul] SxySy,
op u1 €ER, ugeR?
uf +|uz =1
< sup Mud + 20V My ||lug|| + [Jus]?
u1 ER, ug€RY 24)
W3+ us] =1 (

< sup Mui+ MVM(uE + [ugl?) + [luz?
u1 ER, ug€R?
ul+|us|[2=1

= M(1+4\) < 2M,

since by assumption || Xx|,, < M and A; < 1. By Theorem 6.5 of Wainwright (2019), there
exists universal positive constants {c; };’:1 such that, for any ¢ > 0:

1
p[ > AMery | L onre
n

op
Thus, by a simple union bound, we conclude that:

1
> AMery ) 2L onr
n

We write ¢ = €72(@H198P)  for 4y a constant. Let €’ > 0 be a constant and taking

’
1 : . .
2= CF :3(72)+ . qﬂfgp , and assuming that ¢y is small enough (i.e. ¢y <

that ¢t < 1, the previous equation implies

LS ) - mn @)
i=1

< coexp {—03n(t/\t2)}.

1
- < pecg exp {—03n(t/\t2)}.
n

P| max
[jE[p]

> (a0 () - ErY (D))
i=1

op

c3
o ea)y) SO

LY ) - 1))
i=1

P

max

JEP]

op

1 C' 41 1
S AMen | +q+2M\/ +1+4+(2)+ g+logp
n C3 n

(25)
<exp {y2(g+1logp) + (1 = C"—1—(72)1)logp — (C"+ 1+ (72)4)q}
=exp{ —C'logp— (C' +1)q}
<exp{—C'(logp+4q))}-
Therefore, we can choose ¢} = 4c¢; + 2 C/HC;?’(”)* such that, as soon as p > 3:
1 & . 4 , . 1
Pl max |~ S HYEHD)T - gHD (BT > ¢py /T 8L
Jelpl || n = n (26)

op
<exp{—C'(¢+1logp)}
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Let us denote as Ay the event:

A = {max
J€lp]

Therefore, with probability at least 1 — exp{—C"(q + logp)} — exp{—C"q} — exp{—C"s,},
the event AN A§ occurs and

1
S S—3 1 max 25 1
maXH[(EXY — Xxv)Xy 2] H < Md, 4+ 08P Tma ( f) < M2, g+logp (27)
JEP] J n s n

Tmin (27)

ZH H)) —eHY ENYD| > 4M

q+logp}

n
op

Bound (B). We have, on the event A (and provided that ¢ is small enough, in the sense
of the proof of Lemma 7):

~_1 _1 _1 1 1
o5t 0, < g mi, [

JE(p] JEPp] op
1 1.1 1
< ‘zxyzyz ‘2; S SEA ) Sut:
op op op
(28)
< VMM - fM\/>
O'mm(Ey)
— Q\FC\/EMS . Ll
n 1
Omin (2)2/)
1
Here we have used Inequality (22) to bound HZY? on A. We thus obtain:
op
1 _1
max H [(Sxy (877 — 3,7)] H < IM2V O - \ﬁ (29)
j€lp] J n
Bound (C). By the proof of Lemma 6.7 in Gao et al. (2017):
~ 1
max [[(£x - =x)B"], | —maxH (Ex - Zx)uAV ¢ |
JEP] €] a
[[(Ex -=0u] | .
< max Exlly, AV 22
iclp] 12l op

<0 /r—i—log;r)]\/[/\1
n

with probability at least 1 — exp{—C'(r + logp)}, for C’ a constant that can be chosen to
be arbitrarily large, and Cy a constant that depends solely on C”’. Let

= { v - mm), | conary 22
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Combined bound (A) 4+ (B) 4 (C). Therefore, since r < ¢, and A < 1, on the event
AN A§ N AS, Inequality (20) becomes:

~ ~-1 4 1 1
max | [£xy 2,7 - SxB], | < ¢ M2y [LT08P 2\/CM2\/E+ Cs My 08P
Jj€lp] 7 n n n

< OM? /q+logp
- n

for an appropriate choice of C = 3(c) v 24/C V Cy). This occurs with probability at least
1 —exp{—C'q} — exp{—C"s, log(ep/sy)} — exp{—C"(q + logp)} — exp{—C"(r + logp)}.

(30)

D.2 Proof of Theorem 3

Proof The proof of Theorem 3 is based on the same regression argument as before; the
only population object that must be used throughout is

B* = UAV'El/? = UAV{,
because Yy = Yg;l/ > In particular, under our model assumptions:
TyB* =y UAV E)/? = 55y 5,2

Let S, = supp(B*) = supp(U) and define the high-probability score event

G = { max < op2y 4t losr |
j€lp) 9 n

let A be the event:
~ 2 C M?

S5 - 58]

]'.

op n
~ 2 C M?
’ Yy =3yl < q (31)
op n
1 1|2 C M2
s2-om2 < q}
op n

By Lemma 5 and the uniform sparse-spectrum event &, of Lemma 6 used below, since the
set S, is deterministic, we may work on an event AN &, satisfying

PIANEp) > 1 — exp{—C'q} — exp{—C"s, log(ep/su)}

1
3%A| and ||A]r. By the Basic Inequality:

F

Bound on

1 ~1|2 ~ 1
~|lvo - xB| B| < |Yo-XB'}+pB"
~[Yo-xB| 4B, <|Yo—XB[ + pBn
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Therefore, writing A = B — B*:

gHXAHF < g(XTYo — X'XB*, A) + p(||B*|[21 — || A + B*[|21)
1|2 o1
EAl £2(BxvEy? - ExBYA) +p(||Bg, 21 — [Bg,. + As, ll21 — [Ase.[]21)
F

p
~ ~_1 ~
< 2max [[Bxv Sy 2 - SxB] |- Yo 1Az + p(lAs, o1 — 1 As 1)
j=1

where the last line follows by an application of Holder’s inequality to tackle the inner product
term, and the reverse triangle inequality for the fo; terms. If we select p such that

o o1
p > 4max H [ny2Y2 — EXB*] H (32)
J€[p] J

(and we will provide a value of p for which this holds in a later paragraph), then

2

1 3
|2ta] < Zias - LAl (33

F

1

Since > _jcq, [1A]] < (su > jeSn HAj~H2> ? | the upper bound becomes

1

< 3pf< > ||Aj-||2> E (34)

F j€Sy

~ 1
S2A

Note that Equation (34) also provides a cone inequality:

dollAal <3 Al (35)

jESS JESu

For an integer ¢, let the set J; = {j1, -+ ,ji:} in S¢ correspond to the ¢t rows with the largest
f5 norm in A, and define the extended support S, = S, UJ. To proceed, we adopt the
peeling strategy of Gao et al. (2017). We partition §§ into disjoint subsets Js, ..., Ji of size
t (with |Jg| < t), such that Jj is the set of (row) indices corresponding to the ¢ largest row
¢ norms in A outside S, Uf;% Jj. By the triangle inequality,

~ 1 ~1 K ~ 1
TiA| > |23Ag . F—Z SIA i
k=2
= — K
SHCRROR PN VA ORIV
k=2

Tx

where o> (t 4 s,) indicates the minimum eigenvalue of Sy on any set of size at most

sy + t, while 02X (t) denotes the maximum eigenvalue of Sx on any set of size at most t.
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By construction, we also have:

K K
S lasly < ﬁanXIIAj-\K Z > Ayl (36)
k=2 _o =k k 2j5€d1
< Z 1Al < — Z 1Al
jGSC ]ESu

SHF (37)

5
Su
< 3\/75( 3 !\Aj~|!2> <3
JESu

In the above derivation, we have used the construction of J and the cone condition (35).

SEIN

Hence, > K HA§ HF with kK = /o % (Su+1t)—3 O'max
F

In view of Lemma 6 (on the event &) and by direct apphcation of Weyl’s inequality
(Giraud, 2021), taking ¢t = c;s, for some sufficiently large constant ci, on the event &, ~
can be lower-bounded by a positive constant xg only depending on omin(Xx), co and ¢;:

1+ 1)sy log (s 18y log (=22
nzﬂ/l_M\/c(l ) ((1“)“)—3\/ (\/ —|—M\/ o gclsu)>
M n
c1 + 1)sy log (£ sy log (£
JE a5 ol Do) o tos (5
M cl n n

1 (c1 4+ 1)sylog (E—f) \/ sy log (%)

choosing c¢; sufficiently large depending only on M

T_MM(W”)

>7
AV M

Now, assuming that ¢; is chosen as above and ¢y is small enough,

Vv

v

for ¢q sufficiently small, depending only on M and ¢;.

1
K> %V 0min(Bx) > %ﬁ

where vy > i is a constant. Combined with (34), this lower bound means that we have:

|as. |, T (38)

2/{0 - 27§amin(§]x)'
By (36)-(37), we have

S“HF - (39)

|as,

=
= A=
1 Su

K
P < Z ||AJkHF <3
k=2
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Summing (38) and (39), we have ||A]r < Cp VEup 7, therefore, Equation (34) becomes

O-Il)ll’l( X
i AP 3p? 3Mp?
i p*5u p*5u
2A|| <Chym——=—<Co——— 40

where Cj is a generic constant that depends on 7.

By Lemma 7, we may choose p > M?2Cl,y/ W% for some large C,, so that (32) holds
on the score event G defined above. We work on AN &, N G; by a union bound, this event
has at least the probability stated in the theorem. In this case:

1|2 302 1 1
S2A|| <o tute AT 8P oryys,  4F 08P
I 2 n n (41)
HAHF < C//MS 8u(Q+1ng)
- n

with high probability, with C’ = 2C,C2, and C” = CyC,,. The second line implies || A% <
(C")2MPSs,(q +logp)/n. This concludes the proof of Equation 10.
Bound on [suppB|. We note that, by the KKT conditions for all j, it holds

2 ~ ~
- [XT(XB - YO)]]-,E —p 0B

This implies that:

UxTxB-wol,[ =5 i [B]#0 ”
HxraBovol < [B)=0
Let T = suppf}. The following inequality therefore holds for any j € T on G:
1 1 ~
alperocan, = LxTo - vo, - C T -xB [ 2§ e
Thus
1 T
> mlrecan, |z fm
j€suppB
Let . R
M = max H x|y
JClpl: |J|=|T| [>x] op

Let X7 denote the submatrix of X with columns indexed by 7. The previous inequality
implies

16 1 16
171 < 5| Xixa| < i" b
Tl
16M ||t | 16M 3M p? ()
< 2R 8ia| < e < oy,
P roP 2

48



CANONICAL CORRELATION ANALYSIS AS REDUCED RANK REGRESSION IN HIGH DIMENSIONS

for a choice of constant C large enough. By Weyl’s inequality, combined with the uniform
sparse-spectrum event in Lemma 6, we have, simultaneously for all relevant sets J,

log (‘%p)

M < M+ CM\/|T|

This yields
log (%)

IT| < C1M?s, + C1M?s,\[|T)
n

Solving this one-dimensional inequality on the same sparse-spectrum event gives
IT| < CM?s,,

provided ¢ in s, log(ep/s,)/n < ¢ is sufficiently small. Using that z/log(ep/x) is increas-
ing on the relevant range, if |T'| > 2C; M?s,, then the preceding display implies

I T
|T| S 4012M4Si Og(ei/| |)’

which contradicts |T'| > CM?s,, for a sufficiently large constant C' under the same smallness
assumption. Therefore, on the same event as above, we obtain:

lsuppB| < M?s,,. (45)

D.3 Proof of Theorem 4

Proof The first part of this argument follows the exact same path as the proof of Theo-
rem 2. Let

Vo:=3y/?V, B*:=UAV], S :=supp(B*)=supp(U).
Then VJ Vo=1, and
col(B*) = col(U), row(B*) = col(Vy).

Let
B* = UzDpV}

be the compact singular value decomposition of B*, where Upg and V g have orthonormal
columns. Since V| is orthonormal and spans the same subspace as V g, there exists Qy € O,
such that

Vi =VoQy.

Similarly, define
U, := Up(ULpExUp)~ /2
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Then U/ X xU, = I, and col(U,) = col(U). Since UTExU = I, there exists Qx € O,
such that
U, = UQy. (46)

Let A := B — B*. We first make the probability bookkeeping explicit. Fix the target
constant C’ > 0 in the theorem statement and apply the concentration bounds below with
an auxiliary constant C, > C’ chosen sufficiently large; after the final union bound we

relabel the resulting exponent by C’.
Let Ay denote the event:
< OM? \/E }
op n
(47)

1 1
2 2
Y_EY

M»

< ;
op n op

Ay:{ oM Hﬁ;uz

<9 /7M7 Hil_/lﬂ _ 21—/1/2

By Lemma 5 and the identity

o—1/2 —1/2  a-1/2,«l/2 Ol/2v«w—1/2
2Y/ _EY/ :EY/(EY/ _EY/)EY/?

we have P(AS,) < exp{—C,q}, provided ¢y is sufficiently small.
Let G denote the event:

2 q-+logp
n

52 B 1 -
A - IB-B < MO, T EE supp(B)] < CoMPs

By Theorem 3, applied with exponent C,

P(G°) < exp{—Ciq}+exp {—C’*su log <§p> } +exp{—Cy(g+logp)}+exp{—Ci(r+logp)}.

u

Let sy := [(Cy;M? +1)s,] and define the uniform sparse-covariance event

~

Ex —Zx]ss

op n

Hx = max < CyM? —Sulog(ep/su) .
JC[p):|J|<ssy

By Lemma 5 and a union bound over all subsets of size at most s,

P(HS) < exp{—Cysslog(ep/ss)} < exp {_CLSU log (ep) } ’

Su

where the last inequality uses that M is treated as an absolute constant. Hence, for
E=0GNAy NHy,

choosing C large enough and decreasing constants if necessary gives

P(€) > 1—exp{—C'q}—exp {—C”su log (210) }—exp{—C’(q—Hogp)}—exp{—C"(r+logp)}.

u

All bounds below are proved on the event £.
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Step 1: perturbation of the singular subspaces of B. By Theorem 3, on the event &,

~ . . +lo ~
IB - B*|r < CIMS,/SU%, supp(B)| < M?2s,,. (48)

A
r 2 =,
vM

because V( has orthonormal columns and U'SxU = I, with |2 x|lop < M implies I, =
UTSxU < MUTU, hence ¢,(U) > M2, For ¢y sufficiently small, the right-hand side
of (48) is smaller than a fixed fraction of o,(B*). Therefore Wedin’s theorem (Lemma 8)
applied directly to B and B* gives orthogonal matrices Ox, Oy € O, such that

o~ S M7/? +1lo
U5 = UsOx|r VI[Vg = VeOy|r < Co— W (49)

Step 2: Error bound on V. Since Vi =VyQy and Vg = E;,/QV,

Moreover,

0.(B*) = 0,(UAV]) > 0,(U)X

2,2V =VQy.

Furthermore, on Ay,

S—1/2
=

<9 /7M, Hi;lm _ 23—/1/2
op

< CM2\/E : (50)
op n

Thus, using (49),

|V —VQyOy|r = ”g}_/l/Qvg - 2,’V0y | r
S—1/2 <> S—1/2 —1/2
<1520l Vs = VBOy |5 + 272 = 25 20l Vs £

< QW‘VE—VBOYHF‘FCMZ\/E‘VBHF

M11/2 1
<O 4/7«8”“%.

Taking O = Qy Oy € O, proves the desired bound for V on the event &.

Step 3: Error bound on U. Let

;& = ﬁgixﬁé, A = ngXUB
The matrix A is positive definite, with eigenvalues in [1/M, M]. Let J := supp(ﬁ) uS. On
the event &, [J| < s;. Since the columns of U are supported on supp(B) and the columns
of Up are supported on S, the event Hyx gives

~ I
1Sx — Sx]usllop < Cad2 M.

n
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Together with (49) and H[f]X]JJ

2 MO/ +lo
|A — 0% AOxr < Cs——/rs, T—2F, (51)

A := 0} AOy.

< CM on &, this implies
op

Let

Since the eigenvalues of A lie in [1/M, M], the same is true for A. Moreover, by (51) and
the smallness assumption on ¢y, we have

-~ 1 ~ 1

)\min(A) Z m, Amln(A) 2 M

In particular, for ¢y sufficiently small, A is therefore positive definite. We now use the
standard inverse-square-root perturbation bound for positive definite matrices: if Hy, Hy >
0 and

)\min(Hl) A )\min(HZ) 2 a,
then

1

2q3/2

For completeness, this follows from the resolvent representation

—1/2 —1/2
[12 Pl < P

|[H1 — Hal|£.

H /2 = 1/ V2 (H 4 1) dt,

™ Jo

which, using the identity A=! — B~! = A=!(B — A)B~! applied to A = H; + tI and
B = H, + tI, gives

_ _ 1 [
HOY?H = / Y2 (Hy + 1) (Hy — Hy ) (Hy + 1)L dt.
0
Therefore,
||H71/2_H71/2|| < lHH — Hy|| /oo e dt
1 2 F > T 1 2[|F 0 (a+t)2
1

Applying this bound with Hy = K, Hy = A, and a = 1/(2M) yields
|A-1/2 - A-12)p < OM¥2R — Al
Finally, by orthogonal invariance of the functional calculus,
A2 = (05AOx) /2 = 0L A ?04.

Hence R -
|A~Y2 -~ 0% A ?0x]|[r < CM??|A — O AOK|F.
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Combining this with (51) gives

6

~ _ M +lo
|A~12 — 0% A20x|F < Co- rsu%,

provided that (51) is stated with the corresponding M?/2/ rate.
By the Lipschitz continuity of the inverse-square-root map on matrices whose eigenvalues
are bounded below by 1/(2M),

6

~ _ M +lo
|A71* — 0% A~ ?Ox|r < Cs—- rsu%. (52)

Now

o~ ~

U=UzA"2  U,=UpA 2

Using (49) and (52),
U - U,0x|r = ||ﬁ§2:1/2 —UgA 04|
< Uz — UpOx|lr| A2y + |UplopOxA~Y2 — A120x | p

M" 1
n

Finally, by (46),
M6 q+logp
rSy—————.

|U - UQxOx|r < Cr-
n

The last line follows from ||Ug||op = 1. Taking 0= QxOx € O, proves the bound for U.
Since all estimates above hold on £ and £ has the probability lower bound displayed above,
the theorem follows. This completes the proof. |

Lemma 8 (Wedin’s sin—© theorem, rank-r signal form) Let A,;& € RP*4 and sup-
pose A has rank r with compact singular value decomposition

A =UDV', o.(A) >0,
where U € RP*X" and V € RY*" have orthonormal columns. Let
A=UDV' +A;
be a singular value decomposition of ;‘;, where U and V' contain the leading r left and right
singular vectors. Set

E=A—A.
If
1
[Ellp < 5o(4),
then E
Isin®(U, U)||p V|| sinO(V, V|| < CW(ET(LLF)’
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for a universal numerical constant Cy . Consequently, there exist orthogonal matrices
Oy, Oy € O, such that

IEll
or(A)’

|0 - U0y |r V[V - VOv|r < Ciy

where C’I’/V 18 another universal numerical constant.

Proof Let R
o:=o0,(A) >0, E=A-A.

Let
A =UDV'

be the compact singular value decomposition of A, and extend U and V to orthogonal
matrices [U, U, | and [V, V]. Then

Isin®(U, U)||p = [ULU|p, [|sin®V,V)|r=|VIV].
By Weyl’s inequality,
~ ~ o
0r(A) 2 77 (A) ~ A~ Allop > 3.

Thus the leading r singular values collected in D are bounded below by o¢/2, and D is

invertible with 5

-1
”D HOP < ;

We first bound the left singular subspace. Since

we have A R
AV =UD - EV.
Because the columns of AV lie in col(U), multiplying by U] gives
0=U|UD-U|EV.
Therefore, R R
U[U=U[EVD L

Hence
2|Ellr

or(A)

|sin®(T, U)|r = [UTT|p < [UTEV]F|D "o < .
The right singular subspace is handled in the same way. Since
ATO = VD,
we have

A'U=VD-E'U.
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The columns of ATU lie in col(V), so multiplying by V| yields
0=V|VD-V|E'U.

Thus ~ R
VIV=V|[E'UD !,

and consequently

o o 2||E([
Jsin©(V.V)llr = [VIVIr < ZTEE.
Combining the two displays gives
IE|#

|sin©(U, U)||p V || sinO(V, V)||p < 2

or(A)

Thus the first conclusion holds with, for example, Cy = 2.

It remains to convert the sin—© bound into a bound after orthogonal alignment.

matrices with orthonormal columns, the Procrustes inequality gives

min [|[U — UO||r < V2| /sinO(U, U)| r,
0ec0,

and similarly R R
min [V = VO||r < V2| sin (V. V)] r.
Indeed, if the singular values of U'U are cos 01,...,co86,, then
N T T
goin |[U -~ UO|z =2 (1 —cosf)) <2 sin’6;.

j=1 j=1

The same argument applies to V and V.
Therefore, there exist Oy, Oy € O, such that

. ~ E
U = UOy||p V|V = VOy|r < 2v2 IE]F
or(A)

Thus the second conclusion holds with, for example, C};, = 2V/2.

Appendix E. Proofs: group-sparse CCAR?

We first introduce notation for group supports. Let

G={g1,...,9x}
be a non-overlapping partition of [p], and write
dg - |g|’ dpin = min dg> dmax = max dg> n= Dmax
geg geg dmin
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For a collection of groups H C G, define
TH)=Jg  dH) =) d,
geH geEH

For a matrix B € RP*Y let

suppg(B) = {g € G : [[By|[r > 0},

where B, denotes the submatrix of B formed by the rows indexed by g. We use the weighted

group norm
IBllg21 =D v/dg | Byllr-
geg

Let
B*=UAV], V,=3/’V,

and define the true active group set
A = suppg(B*) = {g € G: [|By[[r > 0}.

Let
my = A, sy =d(A) =) d.

geA
Note that m, < s, /dmin. Define the group rate

Suq + (Su/dmin) log K

Re =
g n

Theorem 9 (Group-regularized regression error with support control) Consider the
group-penalized estimator

1
B = argmin — | Yo — XB||% +p Y v/dy |Byllr.
BeRpxa T oy

Assume that Rg < co for a sufficiently small constant ¢y € (0,1). Assume also that n =
dmax/dmin s bounded by an absolute constant; otherwise the constants below depend on 1.
Let

A =B-B*

log K
oS Ol <f+ /0g>
n Aminm™

for a sufficiently large constant Cy. Then, for any C' > 0, with a probability of at least

1—exp(—C'q)—exp{—C"(sy/dmin) log(e K dmin /sy ) } —exp{—C'(g+log K) } —exp{—C"(r+log K)},

Choose

there exist constants Cy,Co,C3 > 0, depending only on C’, ¢y, and the bounded group-size
ratio, such that

=~1/2 2
N
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and
A% < C2M°Rg.

Moreover, with the same probability, the selected group support satisfies

d(A) =Y dy < CsM?s,, A < Cobt® 2,

—~ min
geA

where

-~

A= suppg(ﬁ).

Proof The proof follows the same regression argument as in the sparse case, but the cone
and peeling steps are performed at the group level. Let

Z=Sx5,"? - SxB.

We work on the group score event

S

Z
gscore = {max H g”F <

9€G \J/d, ~ } ‘
We first verify the group score event. Recall that
Z=Sx5,"-SyB*, B*=UAV], V=3’V

Since
TxB* = ZxUAV 5% = By 5,12,

we may decompose, for every group g € G,

A~

Z, = [(Exy - Bxn)Ey 7]+ [Exv (B - 27 - [(Bx - 20)B7] . (B0)

Ay By Cy

We work on the covariance event
Ey = {Ilﬁxl/2 — 3 lop < CM\/E, 1552lop < 2\/M}.

By Lemma 5,
P(&y) < exp(—C'g),

provided ¢/n < ¢y and ¢g is sufficiently small. On &y,
15V E5 2o < O,

and

1/2&-1/2 1/2  Ql/2.a-1/2 q
IS8 1, = (B2 - £Y2)8, Y ||ops0M3/2ﬁ. (E.08)

We now bound the three terms in (£.0).
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First, set
Y; = 5,7y

For a fixed group g, and for any matrix H € R%*¢ with ||H||r = 1, the random variables
&i(H) = <Xzyg?; - E(Xi,g?iT)aH>
are centered sub-exponential with

& (H) ||y, < CM.

Indeed, (X;4,Y;) is jointly Gaussian and its covariance operator norm is bounded by C'M.
Bernstein’s inequality, followed by a 1/4-net argument over the Frobenius unit sphere in
R4 gives, for every t > 0,

P

H [(ﬁxy - Exy)E;l/Q]gHF >CM %

< exp{—c(d4q + 1)}, (E.Ob)

where the linear Bernstein term is absorbed under the small-rate condition. Taking ¢t =
log K and union-bounding over g € G gives

Sy~ 30z | ok
max IE < oM \/E%— g (E.Oc)
geg \/ dg n dmlnn

with probability at least

1 —exp{—C'(q¢+1log K)}.
Combining (E.0c) with HE;ﬂf};l/QHop < CM, we obtain

A log K
maxw§CM2 \/E—I—U()g ) (E.0d)
9€G  \/dg4 n dminn

Second, for the term By, note that
B, = S0, (2782 - 1,).
Moreover,

—1/2
= xv Sy e

NP

Therefore, using (E.0a),

< E=xy 52 lop = [ExUAV] [lop < VL.

B
max 1Byl < CMQ\/E. (E.Oe)
n

2y

Third, for the term C,, since

B* = UAV]  and HAVJ

<1

)
op
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we have

ICle < || [(Bx - =x)0] ||
For a fixed group g, and for any H € R%*" with |H| = 1, the variables
G(H) = (Xig(UTX)) T ~E{X,,(UTX,)) T}, H)
are centered sub-exponential with
16 (H) [y, < CM,

because (X g, U'X,) is jointly Gaussian, the covariance of X,g has operator norm at most
M, and
Cov(UTX;) =UTSxU =1I,.

Another Bernstein plus net argument gives, for every ¢ > 0,

dgr +1

P < exp{—c(dgyr +1t)}. (E.of)

[(Ex -z, || > oM

Taking ¢ = log K, union-bounding over the K groups, and using r < ¢, we get

C log K log K
max 1CelP < o \/?ﬂ/og < CM? \ﬁﬂ/og (E.Og)
g€y \/@ n dminn n dminn

with probability at least

1 —exp{—C'(r +log K)}.
Combining (E.0d), (E.Oe), and (E.0g), we conclude that

Vg n V dminn
1 —exp(—C'q) — exp{—C'(q +log K)} — exp{—C'(r + log K)}.

log K
pchM2<\ﬁ+ /Og)
n dminn

with €, sufficiently large ensures the group score event

max
geg

with probability at least

Thus, choosing

Z
5sc0re — {max H g”F

<P\
geg \/ch — 4

Thus, the stated choice of p ensures Egcore with high probability.
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We also work on a uniform group-sparse covariance event. Specifically, for all collections
HCg,

. d(H) + [H|log(eK /|H
[ xlruaao],, < oary T HIBERTHD

This follows by applying the usual sub-Gaussian sample-covariance bound to each fixed
group union and union-bounding over group subsets. On the group-sparse sizes used below,
the right-hand side is small because Rg < cg. Hence, for all such group unions,

1

Amin ([EX]T(H),T(H)) Z 00 Amax ([EX]T(H),T(H)) <2M,

provided cg is small enough.
We now prove the regression error bound. By optimality of B,

1 ) ) 1 * *
Yo~ XBJ} + plBlloar < Yo — XB} + plB g
Writing A = B — B*, this gives
$1/2 2 * *
[Sa|| <22, 8) + p (1B lg21 — 1B + Allga).

On gscorea

1Zg|| 7 P
22,4) < 2max 2L S A < 53 /1A
9¢ 9 geg geg

By decomposability of the group norm,
IB*llg21 — IB* + Allgar < Y Vdg [Agllr = D V/dy | Ayl
geA g¢A

Therefore,

a1/2 4012 _ 3p p
(DEN NS SRV VI VRS SRV V- I (E.1)
geA g¢A
In particular, since the left-hand side is nonnegative, we obtain the group cone condition

ST Vg IAgllr <33 Vg | AllF. (E.2)

g¢A geA
Moreover,
1/2 1/2
Do Vgl Aglr < | X dg | | Do lAlF ) = Vaul Al
geA geA geA
Thus (E.1) implies
[£2al” < 22V A (£3)

We now use a group peeling argument to lower-bound ||§§(/2A||F by [|A|lF.
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For each inactive group g ¢ A, define the normalized group size

Al

Order the inactive groups in decreasing order of ay. Let m, be an integer of the form

where ¢, > 0 is a sufficiently large universal constant. Let

Ji, T2, ...

be consecutive blocks of m, inactive groups in this ordering, with the final block possibly
smaller. Define the enlarged active group set

Se = AU J1.

For k£ > 2, by construction of the ordering,

maxag <

9€Tk m*dmin

- > V| Awllr.

m
heTr_1 heTk—1

Therefore,

1/

1Az lr={ D deay | < mmaxag <

9E€Tk

Z Vi | AnlF.

heJk—1

mln

Summing over k£ > 2 and using the cone condition (E.2),

dolAgle < \ o Z Vg | Agllr < Mo Z Vg [|8g]|p-
k>2 Amin Mxdmin

Using Cauchy—Schwarz again,

1Su
dollagle<3 — — 1Aallp. (E.4)

b>9 *Umin

By the definition of m., choosing ¢, large enough gives

<— (E.5)

Now write
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By the triangle inequality,

a1/2 a1/2 a1/2
[Ba], = [=ras], - X =aa],
k>2

On the group-sparse covariance event,

VAs | 2 L as
=¥ Wi
and

S1/2

|2¥a5| < varriage.

Hence, using (E.4)—(E.5) and ||Allr < ||As, | F,

S 1 V2M c
SPA| 2 (= - o ) laslr = —=la
|2, = (5 —0r | 18slr = lAs e

for a universal constant ¢ > 0. In addition, (E.4)—(E.5) also imply

I8l < 3181 < 714l

Therefore,

1Al < [ As, s + I Ast 1 < Clas, |1 < OV [S42]

Combining (E.3) with (E.6), we get

~ 2 3 Su 3 Su
[E2a) < 2 as)e < 2L as e < OV py
Thus ,
“§¥2A“F < CMp?s,.
By (E.7),
|A[F < OM?p?s,.
Since -
P2 <CM! (q+°g>,
n - dpinn
the bounds (E.8)—(E.9) give
u dmln 1 K
oA < carr (1 Cultam 8K gy,
n n
and . o
IA[F < CMG( el (su/ ‘m;) o8 ) — CMPRg.
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It remains to prove the selected-support bound. Let

o~ ~ ~

A=suppg(B), T=T(A), 5=d(A).

The KKT conditions for the group-penalized estimator give, for every group g,

2 . .
EX;(XB ~Yy) € —p\/d, 9| By |-

Therefore, if g € .le\, then

1 ~ P/ d
S xTxB-vY H _ PVl
nH g( O)F 2

On the score event,

p/dy
=

1 *
. HXQT(Y0 ~ XBY)

F = ||ZgHF <

Hence, for every g € ./Z,
1 P/ d
- XTXAH > PV
n H g F~ 4

Squaring and summing over g € A yields
P’ 1 T 2
P> dy <5 > IX XA
gE.Z geﬁ

Because the groups are disjoint,

DXy XA[E = [XEXAZ.

gE.K
Therefore,
PP 1T 2 = S1/2 A |2
160 < o IXiXalk < |[Bxizg] =4
Using (E.8),
§<CMsy, ||[Bx]-| -
5< Sull[ X]T,T o

On the uniform group-sparse covariance event,

P

H (Exlzz

op n

Substituting this into (E.10),

s< C’MQSu + CMZSU\/S + (5/dmin) log(eK).
n

We now solve this one-dimensional inequality. If

§<20M3s,,
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we are done. Otherwise, the second term in (E.11) must dominate, and hence

A2 1+ log(eK)/dmin
u n *

5<C

Since

” 1 K
% <1+0g<H> < CRg < Cen,

dmin
choosing ¢q sufficiently small gives a contradiction to § > 2CM?s,,. Therefore,

§=d(A) < CM?s,.

Finally, since each selected group has size at least dy;n,

This completes the proof.

Theorem 10 (Group-sparse CCARS3 direction error) Let

g:{gl7'-'7gK}

be a non-overlapping partition of [p]. Write

dg = |g|a dmin = I;lelg dg7 dmax = rggng%

and assume that dmax/dmin s bounded by an absolute constant.
Assume the canonical pair model

Syy = SxUAV Sy, U'SxU=V'SyV=1,

with 1
)\T(A) > A, )\I(A) <1l- Ma
and )
M S )\min(EX) A )\min(EY)a )\maX(EX) V Amax(z:Y) S M.
Let

Vo =3%Y/*V, B*=UAV].
Define the active group set

A={geG:|Uglr#0},  mu=|A,  su=)_lgl-

geA

Let

Suq + (Su/dmin) log K
Rg g ( /n ) 5 (Sg — \/ Rg
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Assume Rg < ¢g for a sufficiently small constant ¢y € (0,1), and choose

p>C,M> ([ 1/IOgK)
dminn

for a sufficiently large constant C,. Let

~ . 1 —1/2.
B = argmingegoca Yo = XBE+p Y VIgl [Byllr,  Yo=YEY
&Y

Let

o~ o~

B _ A T
B, =UpApV,
be the rank-r truncated singular value decomposition of ]§, and define

N —1)2 .
_ T L a-1)2
U=0,(0[2x0;) V=52V,

If
CM™255 < \/2,

then, for any C' > 0, with probability at least

eKdmi

u

1—exp(—C'q)—exp{—C' Su log(

dmin

“)}—exp{—c%q+kgfrn-exp{—cwr+mgkﬁk
there exist orthogonal matrices O, O € R™" such that

nv—vmw<cMw%ﬁ¢%wH%mmm%K
<o : |

and

]\46\/77 Suq + (Su/dmin) IOgK
\ .

n

|U-UO|r<C

In particular, when the active groups are balanced so that sy /dmin =< My,

\/suq + my, log K
(5g = .

n

Proof The proof is identical to the proof of Theorem 4: replace the sparse regression the-
orem by Theorem 9, replace the sparse rate /s, (q + logp)/n by dg, and use the selected-
support bound d(A) < M2s, to obtain the same uniform covariance control in the normal-
ization step. |

Remark 11 We note that group sparsity and regular sparsity give very similar bounds.

The main improvement comes from the replacement of the term M

log(K)
sulqt+—7— . .
by w. Consequently, when p is large and in the presence of a small number of
balanced groups, the group lasso is expected to improve upon the reqular lasso term.

in Theorem /
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Appendix F. Proofs: graph-sparse CCAR?

We consider now the graph-sparse CCA problem. For a graph G on p nodes and m edges
indicating the relationships between the p covariates of X, let Fg(sy,p, m,q,r, A\, M) be the
collection of all covariance matrices ¥ satisfying (2) and

(a) U eRP*" and V € R?*" with |supp(T'U)| < sy ;
(b) Omin(Xx) A omin(Zy) > ﬁ and opax (X x) V omax (Zy ) < M; (53)
(¢) Ap>Xand \ <1— 5.

We denote T the incidence matrix of the graph G, and by I'f its pseudo inverse. Denoting

II=1I - T, we decompose U € RPX" as a sum of terms carried by the orthogonal
subspaces: U = ITU + I'T'U.

We begin with a few observations on the properties of the matrices I'" and IT.
1. By the property of the incidence matrix,
I'T=D-A=L (*)

is the (unnormalized) Laplacian of the graph (Hiitter and Rigollet, 2016). Here A
denotes the adjacency of the graph and D is a diagonal matrix such that D;; is the
degree of node i. We denote by ka2 = A, +1(L) the smallest nonzero eigenvalue of L.

2. II is the projection operator of RP onto the nullspace of I''T', thus, II? = II. More-
over, by (%), IT corresponds to the eigenvectors associated to the eigenvalue 0 of the
Laplacian.

3. Consequently, we have an explicit formulation for IT (Chung, 1996). Let n. be the
number of connected components of G, and let C; denote the i*" connected component
of G. Let 1¢, € RP*! be the indicator (column) vector of the i** connected component,
ie [lg]; =11if j € C; and 0 otherwise. Then

-y

1€[nc)

1o, 1/,
G|

4. Since II is a projection matrix then for any B € RP*? it holds ||TIB||, < ||B|| 5.

5. We also have:
ITB||% < omax(L)||B|%,

where opax (L) denotes the maximum eigenvalue of the Laplacian of the graph G. By
property of the eigenvalues of the Laplacian, we thus have:

ITBI% < 2dinax|| B 7.
where dpyax 1S the maximum degree of the graph (Chung, 1996).
Similarly to the analysis of Hiitter and Rigollet (2016), we introduce the scaling constant:
p(T') = max HI‘Jr | (54)
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F.1 Useful Lemmas for the Graph Setting
Lemma 12 For i € [n], let W; ~ N(0, %) denote a set of multivariate random variables
1

with covariance matriz & = I, - V0A2VJ, where Vo = Z?/V, with the notations intro-
duced in section 4.1. Let X; ~ N(0,Xx) denote a set of multivariate normal observations
independent of W. Assume
l + sy log (52)
n
for co € (0,1). Then, for a constant C' > 0, there exists C > 0 that solely depends on C'

such that:
X'W M [q+1
[(FT)T] | <C- (1 + @) . H% (55)
5.

n
with probability at least 1 —exp{—C"(q+logm)}. Here we assume that cq is small enough so
that C'cy < c3 —log co — 1 with c3, ¢y the universal constants of Theorem 6.5 of Wainwright
(2019).

< co (H1,6)

max
J€[m]

Proof We note first that:

)

< max
J€[m]

max

.
oy
JE€m]

- + max || [Bxriw], | (56)

J€m]

- EXF*,W}
j.

where Xyt 1y is the cross-covariance matrix between the transformed variables XTI and W.
We also note that, by independence of W and X:

> =0

?elﬁ;f] H [ XFT,W]],

Let Z; ~ Ny, (0, (TT) TEXTT), W; ~ N(0,X), and Ile € RY™™ the vector indicator of row
Jj (i.e. [1;]; =0 for all i # j, and [1;]; = 1). Thus, denoting X = XTI, we may write

1 n

T T T T T

L Cgy —Zgw) = > (1 ZW] —E(1]Z;W])).
i=1

We also note that

T T Tull?
') XxT r M
~ sup u' (TT) U IT |

- :H AN Al < < —.
H XHop ( ) X op uER™ HUH2 HUH2 K2

Here, as we defined above, constant ko that appearing above is the smallest non-zero eigen-
value of the Laplacian L = T''I". Moreover we note that

IS, = - voazvy

<1
op

, T
Define for each j € [m] the matrix HZ(] ) = <ILWZ) Since IlTZ W/ is a submatrix of
B ()"
o |17 Gz - Zaw)| < max Z 'HD) —EHY (HD) ) (57)
Jjem —
op
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) : Ty 7. Ty Ty 1.
Denoting @) = EHY (HY) " = (ﬂf il L zfXW) = (ﬂﬂ 2zl 9) , where the
S5l S 0 =

last equality follows from the fact that W and X are independent, by assumption. This
implies:

HHU)

= sup IleE;(]lju% + ug Sy
op u1 ER, ug€R?
uf+luz)*=1 (58)
M 5 o M
< s+ fugf? € = 41
u1 €R, ug€RY K2 K2
uf+uz|?=1

By Theorem 6.5 of Wainwright (2019), there exist universal constants ¢y, ca,c3 > 0 such

that:
L~ (HO (O _ pHO (0T ) g+1
P> @Y @) —Er? @) > |u e/t
i=1 op
< cpexp{ —3n min{t,tQ}}.
Thus, by a simple union bound, we conclude that
P LS (1O (1O _ pHO (10T ) g+1
max | =3 (B (HY) T —EHY @) = 10| (20/ 1=+
JEM] (|1 i1 op op n

< comexp { — cznmin{t,t*}}

I+C'+(y2)+ |
cs

q‘“% for any C’ > 0 while assuming ¢y small enough so that ¢ < 1. This implies that

M 1
ZC§X<1+),/Q+0€m
K9 n

op (59)
< exp {12(q + logm) +logm — (1 + C" + (y2)+) (¢ +logm)}
< exp{—C'(q+logm)}

WhereC:2cl+\/%. [ ]

Lemma 13 Let (X,Y) ~ N(0,X) where X is a covariance matriz in Fg(sy, p,m, q, 7, X\, M)
as defined in (53). Let T' be the incidence matriz corresponding to the graph G on p nodes
and m edges. Denote the support of T'U as supp(I'U). Assume that Hi g holds and that
|supp(T'U)| < s,. Then, for a constant C' > 0, there exists C > 0 that solely depends on

C" and cqg such that:
M 1 M
§C<1+>'Hq+ogm+ [ = (60)
Ko n K2

68

Now, we write ¢y = €72(4H198™) for an appropriate constant v and take t2 =

n

o 3 ()~ em 1))

n -
=1

P | max
JE[m]

X'y 1
max T 2Y2]
Jj€[m] j-

)

n
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with probability at least 1 —exp{—C'(q¢+logm)}. Here we assume that cy is small enough so
that C'cy < c3 —log co — 1 with c3, ¢y the universal constants of Theorem 6.5 of Wainwright
(2019).

Proof Consider the term:

X'y -1 XTy__1
max || | (T') T 3y < max || [(TT)T 3,0 -3 1
j€[m] n j j€[m] n Xrtys, 2 j.
(61)
+ max [E 1}
j€lm] Xriys, 2],

Introducing ]le € R™ the vector indicator of row j (i.e. [L;]; = 0 for all i # j, and

[1;]; = 1), we observe that:
M
[2 1} <\ =AL (62)
XTHysy2 [ K2

We now turn to the first term on the RHS of equation (61). The proof is identical to that
of Lemma 12, by introducing the transformed variables Z; = X;I'T ~ A, (O, (I‘T)TEXI‘T)

~ 1
and Y; =Y;3,2 ~ Ny(0,1,), and writing

T

j -3
XTHYsSy

A

max
J€[m]

= max
J€[m]

. XTHys,

op

o=
ol

- - 1 ¢ S S
1] <(I‘T)T2XY2Y (N Zxy =y > =— > (1JZ:Y] —E1Z;Y))).

i=1

anvzi

]

Define for each j € [m] the matrix HZ(»j ) = ( > . We have then:

n

L3 (2 ()T B ()
=1

max
JEM]

~ _1 _1
]l;r ((I‘T)szyzyz _ (I‘T)szyzyz) H < Hel[aX]
JE[M

op

(63)

N

. . . TrhHT N . TrhHT -
Denoting #6) = 550 ()" = (1 EDTEXEN1, TN B0,

i , this implies:
2,28y x (T1)1; I,
_1
= sup 1] (TN TSx@N1uf +2u 1] (T1) T Sxy By 2us + ug us
op u1 ER, ug€R?
ui+|Juz|2=1

M M
sup  —ui+ 2A1y/ —wallug| + [ uz)?
u1 ER, ug€R? K2 K2
b+ uzlP=1 (64)

M M
< sup *U?+\/;2(U?+HU2||2)+IIUQ||2

u1 ER, ug€R? K2
uj+|luz||*=1

:2<1+M>
K2

HH@)

IN
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By the same arguments as for Lemma 12, we can show that for a constant C’ > 0, there
exists C' > 0 that solely depends on C” such that, for ¢y small enough:

n

o e[S ) o oy s 01420 o
i op 2 n (65)
<exp{—C'(q+1logm)}.
This concludes the proof. -

Lemma 14 Let X, Y ~ Fg(su,p,m,q,7, A\, M) as defined in (53). Assume that

logn, +
M8 - 4 <, (H1.6.11)

with co € (0,1). Then, for a constant C' > 0, there exists C > 0 that solely depends on C'

such that
log
< \/Mn, <C\/M Ly 108 ;g" + 1) (66)
F

with probability at least 1 —exp {—C'(q+log nc)} Here we assume that cg is small enough so
that C'cy < c3 —log co — 1 with c3, ¢y the universal constants of Theorem 6.5 of Wainwright
(2019).

Proof In this case:

~ _1? 1L _1
ot [ - 5 i s
P lef
J€[ne] F
1] )P
i3 2
= Z ExyEYQ (*)
j€[ne] \/‘Cj’
1L |12
< n. max J EJwaE;/5
i€nel || /1G5
where in (x), we have used the fact that
15 1 2 1 1L _1 2 1L _1 ?
10-&2)(3’21/2 = Z 101 10-701 DIPD I = N YxyX,?
71Gjl Gl V1G] |G
J F o kec; 'Y J k- J
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We now proceed to bound the term:

2 2

1 1) 1 1)
5 < max < (ixyz_E - 1) + max < ) 1
] ,/ = jelne || /]G] Y xXys,? il |[/]C)] xysy?
ﬂgA ~ 1 2 2
<max | (Sxy®y-n )|+ Hz .
j€lne] |C5 XYs XYE2 ||,
]lgj S -1 ’ 2
< max (2 INERED > ,;) + M
j€[ne] |C;] XY=y Xy, 2 1

(67)

We follow once again the outline of the proof of Lemma 7 in Gao et al. (2017). Defining
Z;, ~N(0,Xx) and Y; ~ N(0,1,;), we may write

17, (A . 1 zn: Ly ot Lo oo
SxyEy? — Sxy Sy ) - ( 7Y, —E( 7Y, >>
’C | n i=1 \V ‘C]| ' V ‘O |
T
fne HY — AN 1 (s 5h “2) ix of
Then, define H;" = | /IGjl . Since \/TT(EXYEY - XxyXy ) is a submatrix o
Y;

ng)(HEj))T, we have

15 - _1 1 : .
max || —2=(SxyE,? — SxyEy?)| < max Z DEN)T —gHY @HD)T)
j€[ne] [ j€[ne] — op
(68)
]15 _1
, o - Sy B, 2
where HU) = IEIHl(.])(HEJ))T =| Vv V ‘C v ‘C . We also note that
=, E I
YX A~ /7|C ‘ q
H’H(j) sup lgj b < u? + 2u Yxy Xy %u + uq u
= X 1= 2XY 2 2
wek, wers /|G /10| ' :

w/yc
ult[fuz2=1

sup MU%+2)\1\/MU1HU2H + HuQH2
u1€R, us€R? (69)
uf+|luz?=1

IN

< sup Muf+ MVM (uf + [Jugl*) + M|ug|®
u1 €ER, ux€R?
ui+luz?=1

<2M

since Ay < 1 and VM < M. By similar arguments to Lemma 12 (application of a union
bound combined with Theorem 6.5 of Wainwright (2019), we conclude that for a constant
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C’" > 0, there exists C > 0 such that:

P | max
J€[nc]

S SICTICI
i=1

Zc.gM.Mw
n (70)

op
<exp{ —C'(q+logne)}
We conclude the proof by noting that this implies

T 2

1. _1 1
max LEXYEYQ < c?. 4M2w + M)\% (71)
j€lne] || /|Cj] n
with the same probability. |

Lemma 15 Let (X,Y) ~ N(0,X) where X is a covariance matriz in Fg(sy, p, m,q,m, X\, M)
as defined in (53). Let W ~ N(0,1;) and independent of (X,Y). Assume (Higm) for
co € (0,1). Then, for a constant C' > 0, there exists a constant C' > 0 that depends solely
on C' such that

q + logn,
n

I'xw
H (72)

< CM /n,
F

with probability at least 1 —exp {—C'(q+log nc)} Here we assume that cg is small enough so
that C'cy < c3 —logco — 1, with c3, co the universal constants of Theorem 6.5 of Wainwright
(2019).

NI

Proof The proof is identical to that of Lemma 14, by replacing the matrix Xxy X,
with ¥ xw, which is 0 since X and W are assumed to be independent, and adjusting the
corresponding H"H(j ) Hop .

|

Lemma 16 Let X; ~ N(0,Xx) where Xx is a covariance matriz as defined in (55). Let
W, ~ N(0,X) independently of X. Assume

Mlogm+q <
n

co (Hi1,g)

Then, for a constant C' > 0, there exists a constant C > 0 that depends solely on C' such

that
m.[ax] HHJ‘T((IW)TEXW _ (I‘T)TEXW)H <C <1 + M> A /M (73)
JEIM ) n

with probability at least 1 —exp { —C'(q+1log m)} Here we assume that cq is small enough so
that C'cy < c3 —logco — 1 with c3, ¢ the universal constants of Theorem 6.5 of Wainwright
(2019)
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Proof Let Z; ~ N, (0,(IT)T=xTT) and X; ~ N,(0,%), and ]le € R™™ the vector

indicator of row j (i.e. [1;]; = 0 for all ¢ # j, and [1;]; = 1). Thus, denoting X = XTI'f, we

may write
n

o 1

U (Eey —Zew) = - > (1 ZW, —E(1]Z,W,])).
=1

We also note that

u' (THTE Ty - | T M

= sup < < .
b ueRm [[u][2 K

125

XHop - H(I‘T)TEXFT

Moreover, one can show that

IS, = [|r- voa2vy| <.
p op
: () _ 1 Z;
Define for each j € [m] the matrix H; \JN . We have then
~ 1 " ;
T @) (g T
ﬁﬁﬁH%<2xw~—Exwﬂ(<nwx E; ‘@) — e (1)) (74)

op

) _ o) (ep)
Denote #\Y) = EH;” (H}/ 0 5

7

. TS 1.
)T = <19 gl 0>. This implies:

= sup ILJTE;(]IJ-U% + Uy Sug
op u1 €ER, ugeR?
uf+|ug|*=1

< sup —ui + ||uz|
U1€R, us €ERY R2

ui+[uz|?=1 (75)
M M
< sup —ufty 2(ulJrHWII %)+ fluzl?

Ul ER, us €ERY R2
uf+|luz[*=1

M
<1+ —,
K2

Therefore, by arguments similar to Lemma 12 (union bound and Theorem 6.5 of Wainwright
(2019)), we conclude that for any C’ > 0 such that C’cy < c¢3 — logeg — 1, with ¢, ¢o the
universal constants of Theorem 6.5 of Wainwright (2019), there exists C' > 0 such that:

ZC.@+M>J¢H%m
K2 n (76)

op

1 & . AT ) AT

LS (9 () ()
i=1

< exp{—C'(logm + q)}.

P | max
j€[m]

This concludes the proof. |
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F.2 Proof of graph CCAR? consistency

Theorem 17 Consider the family Fg(sy,p,m,q,r, X\, M) of covariance matrices satisfying
assumptions. Assume

Mq—Hogm < co, Mq+lognc
n n

/ + logn,
KF,n = C, ncZTQiﬁi +4 SUUmax(L)7

where Cy is a numerical constant depending only on the constants in the score bounds.
Assume in addition that

S Co. (,Hl,g)

Define

n > 10V 128M? (72n. + 576p(T')* logp Kt.,,) -

N 1
We write A = B — B* with B* = UAV'XZ, and choose p > CM?> (1 + n%) \/@

for some large constant C'. Then the solution B of the penalized regression problem is such
that, there exist constants Cy1 and Csy that do not depend on the parameters of the problem
such that

~ 2 2
[, < cunr (080D (14 1) o). 88T
2

+ log(n. + logm
rAHFsczw( AR ) (1+ )«/ qf)

with probability at least
1 —exp{~C"q} — 2exp{—C"(q +lognc)} — 2exp{—C"(q + logm)} — gexp{—can}.
Proof We begin by the following observation. Since (X,Y) are jointly multivariate normal
and writing Vg = EéV, conditioned on X, the following holds:
Y X~ N (XB*zé, Eé(l — VOAQVJ)Z%,)
Therefore

YS 2 X ~ N (XB*, (I VOAZVOT)) (%)

We work under the sample-size assumptions stated in the theorem.
We now turn to the analysis of the regression problem

~ 1 _
B € argmin {HYO — XBJ% + ,0||1"B||21} L Yo=Y,

BeRrxa (T
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The convex first-order optimality condition gives, for every B € RP*9,

2 _ _ _
E<X(B ~B), Yo~ XB) < p{[[TB|j21 — TBl|21}-
Since R
Y, 2 =XB 4+ W,  Yo=XB'+W+Y(E2 -5,

where W has independent rows with covariance 3 = I, - VOAQVJ , we obtain

g<X(]§ ~B), X(B - B"))
" (77)

9 ~ 1 1 ~
<=(X(B-B).Y(£,? - 5,%) + W) + p(|TB|los — [TBzn).

This means that, to proceed further, we need to bound the term:

S3) W) = l<H(]§ CB)ITXT(Y(S,2 - 2,2) + W))

=

l<X(1A3 ~-B),Y(Z,

N =

n n
1, o~ 1 1
+ (B -B), ()X (Y(Z,* -%,?) + W))
n
N ~ 1 1
<1 @B -B)| ‘HTXT(Y(EYQ ~ 307 + W)
n F P
(4)
~ TXTY 1 _1
+[[T(B - B)|,, max [(FT) — (7 - 2Y2)}
j€lm] n j
(B)
(B - ), ma | [T X ]
2L jelm] no |
(©)
(78)
Bound (A) in Equation (78). We first consider the term:
XY o-L -3 HOX™W
@B -B)| HHT (5,7 —=,%) +
n n P
. 1 1 _1
<|B-B|r- ( -nI'X'Y(Z,? -2, +|-O'X'W )
n Folm F
N ~ 1 1.1 (79)
<|B-Bp- (‘HEXyilYQ ‘2{‘&2% ~L| +|Sxw| )
F op
. ~ 1 1 1 ~1 ~
<|IB-B|Fr- ( ‘ Yxmyy® 3y -3y S+ HEXH,WH )
F op op
1 12
Let Ay be the event: Ay = { PISAED IS < CM2%}, with C' a constant chosen such
op

that Ay holds with probability at least 1 — exp{—C"q} with C’ > 0 (see Lemma 5).

75



DONNAT AND TUZHILINA

i) Bounding the terms in operator norm. By Weyl’s inequality, letting 6, = /<, we
n

know that on Ay

A~

1
2
z:Y

1
< . < ov/M (80)
@ o () — VO -5,

as long as VCM?2 - \/% < —L_ . Therefore, on Ay

M
< 2M§\/C\/E.
n

(ii) Bounding the terms in Frobenius norm.

_ _1
2
Ynxy 2y

[\V)

1

~ 1 1 ~_1
2 2 2
23Y_EDY 2]Y

op op

. For C" > 0, we denote as Axyy the event
F

We begin with the term

~ _1 1
AXH,YZ{ Snx,y 2yt < Mnc<1+CvM %)} (81)

F

for some constant C' that depends only on C’. As shown in Lemma 14, this event has
probability at least 1 — exp{—C"(logn. + q)}.

On Ay N Axmy, after readjusting our constant C' to be the maximum of the constants
in the bounds of Ay and Axy we have:

op

< AMCQ+0¢M q+@mj.mﬁ¢a¢q
n n
(82)

< OM2 /qnc(1+m_ q+lognc)
o n n

~ [qn
<20M? e under assumption Hjg.
n

We now turn to the term HHEXWHF = HEXHWHF By Lemma 15, for C' > 0 we know
that there exists C' > 0 a constant that depends solely on C’ such that:

], < ] | =2

| o owith W N(0.L)

/ + logn, (83)
_ 1
< CM\/ng - g 087 since Hzi <1
n op

with probability at least 1 — exp{—C"(q + logn.)}. In the rest of this proof, we denote as

Anxw the event
log .
U P RO =272 o4
n

76




CANONICAL CORRELATION ANALYSIS AS REDUCED RANK REGRESSION IN HIGH DIMENSIONS

Combining the results together and taking C' the maximum of all constants in the
corresponding bounds we deduce that on the event Anxw N Ay N Axmy,

<om?, 1 oy fn, . 1H108 7.
F_ n n (85)
/ + logn

To characterize the corresponding probability, we note that:

HTXTY (ﬁ*% . 27%> + HT XTW
Y Y n

n

P [Afixw UAY UASny] < PlAfyw] + PIAY] 4+ P [ASmy |
< exp{—C'(logn. + q)} + exp{—C"q} + exp{—C"(q + logn.)}
< 3exp{—C'(q+1logn.)}
(86)

Bound (B) in Equation (78). We now proceed to bound the term:

XY jo-1 -1 X'y __1 1.1
max |||(PHT22 (872 =3, %) ||| < max | |(0H)T2=x, 2 LR NER o
JE[m)] n e J€[m] n j op
X'y _ 1 1.1 o1
< max [(1“*)T EYZ] Hz; -2 3,2
Jj€lm] n j op op
(87)

For C' > 0 a constant, let us denote as Ari)Tsy, the event:

> M o(1 MY, Jatlosm
il TV k2 K9 n '

In the previous equation, we've chosen C' to be a constant that depends solely on C’
such that, with probability at least 1 — exp{—C'(¢ + logm)} — exp{—C"q}, the event
N Ay occurs (see Lemma 13). Thus

N[

A(FT)TEXY = { max |:(FT)T§X}/E;

JE€[m]

A€FT)T2XY

max
J€[m]

[(FT)TEXY (g;% _ 2;%)]

j.

S Jom2L 2V by Eq.(80)
¥ " (88)
1 1 q+logm q
2 c
=M (V@w(”@) VL \/n> \/; on ATy
<C'M? (1 + 1> \/E under H g.
K9 n

where C' =1V C.

< max
j€[m]

[(FT)Tﬁxyz;ﬂ

77



DONNAT AND TUZHILINA

Bound (C) in Equation (78). For W ~ N(0,¥) with covariance 3 = I, — VA%V,
we now proceed to bound the term:

(89)

max

JE[m)] n

o)

For C' > 0, let us denote as Ayt y the event:

[(F*)TXTWL

J€[m] n

M |
20.(1+),/<1+0gm}
K9 n

C
XTH,W

AXFT,W = { max

In the previous equation, we’ve chosen C such that the event A occurs with probability

at least 1 — exp{—C"(q + logm)} (see Lemma 12).
Bounding (A) +(B) + (C) in Equation (78). Define

I 1 I
Ry = M2y fn, 0198 e p g <1+> Ja+logm
n K2 n

Combining the three previous bounds, we obtain on the event
Escore = Ay N Axiy N Anxw NV Aty N Al s,

that

1 . 1 _1 . .
- <X(B ~B), Y<2Y2 - 2Y2) + W>’ < Ry|B - B||p + Rr|T(B — B)[a1.  (90)

Bounding the regression error For any S C [m]:
ITBl|21 — [TBll21 < [[[P(B — B)ls. |, + [[[PBlse
< ||[T(B = B)]s. |4 + 2[|[TB]se

21 H[I‘ﬁ]fc 21 (91)
21 — H[F(B —B)lse 21

Since p > 4Rr, Equations (77) and (90) imply, on Ecore,

2 /o= S -~ ~
= (X(B-B),X(B-B")) < 2Ru|B ~ B|lr + £||L(B - B) |

n
21)'

Therefore, for B = B* and choosing S = supp(I'B*) C supp(I'U), so that |S| < s, and
[I'B*|ge. = 0, we have:

(92)

+p<|HF(B - ﬁ)]S'Hm + 2H[FB]SC 21 |HF(]§ — B)]se

1 3 1
LIXAIE < ChulAl+ o SIEALs |y~ IEALs Ly ) (93)

where we denote A = B — B*. Note that, by Cauchy-Schwarz,

IPALs ||y, = D IPAL | < vaa [ [ITAL

jES jes (94)

< V5u - ITA[lF < Vsu0max(L) - | A £.
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The expression in Equation (93) can be thus simplified to

1
LIXAIE < Al (CRn+ D)) - PALs

(95)

Note that Equation (95) implies the following generalized cone constraint:

|CA]se||,,

2CR
< yA||F< ; Ty 3«/suamaX(L)>. (96)
Equation (95) also implies:

1 3p
LIXALE < Al (i + oD (97)

To proceed any further, we must show a Restricted Eigenvalue property on our generalised
cone (Eq. 96). To this end, we leverage Lemma 2.2 in Tran et al. (2022).

Lemma 18 (Lemma 2.2 in Tran et al. (2022)) If X € R"*? has i.i.d. N(0,Xx) rows
and p > 2, n > 10, then the event

kl

holds for all v € RP with probability at least 1 — ¢1 exp{—nca}, for some universal constants
Cc1,Co > 0.

|| ||2 ( )ZJma:E(EX)logp

— 576 |Tw]|?

<642X> 720max(2X)

Let A% and A, denote the events:

Afi:{‘

A,Lg:

XA,|?

A |12 Omax (2 x) lo
> AT (%) Ay = mZand S - 576p<r>2(7j)gp||m.j||%}

2
XA 1

1P 72]\471C p(T)2M log p
S T I IR e DY [N

J€ld]

By Lemma 18, applying a simple union bound for ¢ vectors Ag C ;¢ (A 7)€, therefore:

2] < ZP[(-"H@)C] < ge " (98)

J€lq]

This means in particular:

2 IXA 72M M1
| : I ”C||A||2 +576()nogp Sorallli (99)

J€ld]

1 1
5 |=ha
4 F
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We note that, for any v € RP*4,

Dol =30 37 [oles] Do [Tl

J€ld] Jj€lq] a€m] be[m]

= )0 |[To]as ]| [Ty (100)

ae[m] be[m] jelq]

<> mela | [[ITvl || = Tl

a€[m] be[m]

This is the point where no support bound on B is needed: the graph restricted-eigenvalue
lemma is uniform in v, and the cone bound controls |[T'Al|2; directly. Combining Equa-
tions (94) and (96),

ITA21 < H[I‘A]Sc.

o1 T H[FA]S'Hm

2CR
< ||A||F ( P 1 +4\/ Suo'maX(L)) .

(101)

Let

2CR
Kr = ; T 4 4y/5u0max(L).

By the lower bound on p, Kt < Kr, after increasing the numerical constant C, in the
theorem statement. Combined with Equations (101) and (97), Equation (99) becomes

€
64

Using Umin(zx) > 1/M, if

2
3
< ale (CR+ % ouundD))
F

M
+ A} (720 +576p(T)* logp K7) -

(102)

n > 128M? (72n. + 576p(T')* log p K7) ,
the quadratic term on the right-hand side is absorbed into the left-hand side, and hence

HAHF < CM (RH+p Suamax(L))

(103)
gcw(,/nﬂ“og”c ( )ﬁm qﬂogm)
n

Consequently, Equation (97) gives
1 a1/2
XAl = 12 AR

> (104)
< oM (nﬁlogm . (1 N 1) (L) - Suﬁlogm> |
n
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We conclude the proof by characterizing the probability of the event
Egraph = Escore N A
By the union bound and Equation (98),
IP3(‘€gmph) >1- }P’(Aﬁf) - P( S(H,Y) - IP)('ACHXW)
= P(Axriw) — P(Arh sy ) — P(AD)

> 1 —exp{—C'q} — 2exp{—C'(q +1logn.)} — 2exp{—C"(¢q +logm)} — gexp{—con}.
(105)

F.3 Consistency of the graph-regularized CCA estimator

Lemma 19 (Graph-restricted covariance for the normalization step) For R > 1,
define
Tg(R) = {H € R”" : |H|p < 1,|TH|2 < R}

and

wg(R) = \/rnc + Rp(T)\/r +logm,  eg(R)=CM {wg\(ff) * w%iR) } '

Then, for a numerical constant ¢ > 0, with probability at least 1 — 2exp{—cwé(R)},

sup HHI@X - EX)HQH < eg(R). (106)
H, H,cTg(R) F

Proof Let G € RP*" haveii.d. N(0,1) entries. For any H € Tg(R), use H = ITH+TTH
to write
(G,H) = (IIG,IIH) + (I "G, TH).

Therefore

sup (G, H) < |TIG|r + R||(TT) TGl 2.
HETG(R)

Since rank(II) = n., E|IIG| r < \/rn.. Also, by the definition of p(I') and a union bound

over the m rows,
E[|(TT) ' Glco2 < Cp(T)+/r + logm.

Thus the Gaussian width of Tg(R) is at most Cwg(R). The standard Gaussian quadratic-
process bound for subgaussian quadratic forms over a star-shaped class then gives

2
S1/2x7112 /27112 wg(R)  wg(R)
sup YV H|I|I- - |12V H <CM +
L Xy H7 - [[Zy HF‘ { NG -

with probability at least 1 — 2exp{—cwé(R)}. Finally, the bilinear form bound (106)
follows by polarization. Indeed, for any matrices A,B € R™" with ||A|p < 1 and
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IBl|F < 1, the matrices H;A and HyB remain in Tg(R), and applying the quadratic
bound to (H; A + HyB)/2 yields the displayed Frobenius bound. [ ]

Theorem 20 Consider the family Fg(su,p, m,q,r, A, M) of covariance matrices satisfying
assumptions. We assume as well that n is large enough so that:

n > 10V 128 M2 (72nc +576p(T)* log p(96C" /e + 4\/5u0maX(L))2),

and such that:

+ sy log (£ 1
pitelos ) g et (H10)
n n
Define
T+ logn 1 + logm
S A N W AN
n K2 n

M7/2
Rg = Cr

(\/"Tc"_ suamax(L)> , eg = eg(Rg),

where £g(+) is defined in Lemma 19. We also assume the normalization radius is small
enough that

MO2\/r 1
S < —.
C{ h\ (5g -I-Té“g} S o

Then, there exist orthogonal matrices O € R™" and O € R™" such that the canonical
directions U and V estimated using the graph algorithm have errors bounded by:

uff—voqucm(( W) (L) e m>
2

n

FU log(1, 1 I
T - UO||r < CMW; ( n AT 108ne) <1 + ﬁ> VOmax(L) - su’”:gm) +OM3 ey,
2

n

with probability at least
1 —exp{—C'q} — 3exp{—C'(q +lognc)} — 2exp{—C'(q + logm)} — gexp{—con} — 2exp{—cw}(Rg)}.

Here C is a constant that depends solely on C' and cy, and cs is a universal constant that
does not depend on the dimensions.

1 c 1 1
5 = 1 [m AT 108 | (1 N > \/amax(L)suW”.
n K9 n

Theorem 17 gives

Proof Let

|B — B*||p < CM3sg. (107)
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Let

5 _ 0D OT

B=UzDzV;
be the rank-r truncated SVD used in the graph Algorithm, and let B* = UgD BV; be
the compact SVD of B*. As in the sparse proof, Vg = V¢Qy for some Qy € O,, where
Vo = 2Y/?V, and

or(B*) > A/VM.
For sufficiently small ¢g, (107) is smaller than a fixed fraction of o,(B*). Therefore Wedin’s
theorem gives orthogonal matrices Ox, Oy € O, such that

7/2

T S M
U —UpOx|lp V[V —VEOy|r<C dg. (108)

The Y-side normalization follows exactly as in the sparse proof. On the covariance event

for zy,
S—1/2 1 2 —1/2
IS5 2oy < CVM, S92 =501, < CM2 g/,

Since 2;1/2\/3 = VQy, we obtain
R M2 s
[V—-VQyOy|r < C}\\[%,

after absorbing the \/qr/n covariance-normalization term into \/rdg.

It remains to justify the X-side normalization. This is where the sparse proof cannot be
copied verbatim: the graph penalty controls I‘B but it does not imply that B has a small
row support. We therefore use Lemma 19 instead of a selected-support covariance bound.

First, we check that the singular-vector matrices to which the covariance event is applied
belong to the stated graph class. Let S = supp(I'B*). Since col(Upg) = col(U), we have
Up = UR for some invertible r x r matrix R, and therefore supp(I'Up) C S. Hence

ITUgll21 < VsulTUB|lp < v/7su0max(L).

Thus Up/\/r € Tg(Rg). For the estimated left singular vectors, use U 5= ]/E\E\Aféf)él and
Weyl’s inequality, which gives o, (]§) > A\/(2V/ M) on the present event. Therefore

WM
ITU 5|21 < — (ITB*|[21 + [T Alf21) -

Moreover,
ITB[l21 < /su[|[TB*||p < / M7rsyomax(L),

and the cone bound in the regression proof gives

ITAl21 < CHALE (Vie+ V/5u0mas D) < MG (Ve +V/5u0man (D))

Since ¢p is chosen small enough, the last display is dominated by the radius defining Rg,
and hence Ug/\/r € Tg(Rg). Consequently, on the event of Lemma 19,

Hﬁg(z?x )0

BHF < reg. (109)
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Define R o
A:ngng, A =ULExUg.

The eigenvalues of A lie in [1/M, M]. Combining (108) with (109) gives
R M9/2
HA—O)T(AOXHF SCA\/;(SQ-FCTEQ. (110)

Indeed, writing Ey = ﬁg — UpOy, the population part is bounded by CM||Ey | F, and
the empirical covariance part is bounded by (109). By the small-radius assumption in the
statement, Amin(A) > 1/(2M). The inverse-square-root perturbation bound on matrices
with eigenvalues bounded below by 1/(2M) gives

6
M ‘/’75 + OM3 ?reg. 111
g g

|AY2 — 0L A~ 20x]|F < O

Finally, let U, = UB(UEZXUB)_UQ. As before, U, = UQx for some Qx € O,. Since

T TT7..A—1/2
U=UzA "2

we have, using (108) and (111),

~ MO
|U-U,Ox|r<C /\\/F(Sg + COM3 ?reg.

Taking O = Qy Oy and 0= QxOx completes the proof. |

84



	Introduction
	Notations & Parameter Space
	CCA via reduced rank regression
	CCA in high dimensions
	CCA with sparsity
	CCA with structured penalties

	Real-World Experiments
	The Nutrimouse data
	Neuroscience data: grouping brain regions with group-sparse CCAR3
	Climate data: exploring spatial structure using the graph-sparse model

	Related Works
	Conclusion
	Additional plots and tables
	A review of CCA in recent applications
	Simulations
	Nutrimouse dataset

	Algorithms
	Computational complexity of theoretical methods
	Algorithm for CCAR3

	Proofs: ordinary CCAR3
	Proof of Lemma 1
	Proof of Theorem 2

	Proofs: sparse CCAR3
	Useful lemmas
	Proof of Theorem 3
	Proof of Theorem 4

	Proofs: group-sparse CCAR3
	Proofs: graph-sparse CCAR3
	Useful Lemmas for the Graph Setting
	Proof of graph CCAR3 consistency
	Consistency of the graph-regularized CCA estimator


