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Abstract

In this paper, we introduce a data-augmented nonparametric noise contrastive estimation
method to density estimation using deep neural networks. By leveraging the idea of con-
trastive learning, our density estimator exhibits efficiency with a one-step and simulation-
free evaluation process, imposes no constraints on the neural network, and is shown to
be consistent and asymptotically automatically normalized. A novel data augmentation
procedure allows us to mitigate the influence of the choice of reference distribution on our
method. Non-asymptotic upper bounds for the expected L2-risk and the expected total
variation distance have been established, which achieve minimax optimal rates. Moreover,
our new method exhibits inherent adaptivity to low-dimensional structures of data with
a faster convergence rate under a compositional structure assumption. Numerical exper-
iments show the competitiveness of our new method compared with the state-of-the-art
nonparametric density estimation methods.

Keywords: Contrastive learning, data augmentation, deep neural network, non-asymptotic
error bound, nonparametric density estimation

1. Introduction

In a variety of modern statistical and machine learning problems, learning the underlying
data distribution is one of the fundamental issues. Many problems can be formulated as
learning some characteristics of the data distribution. Thus, a good distribution/density
estimator enables a wide range of tasks to be performed, including classification (Schmah
et al., 2008), denoising (Ballé et al., 2016), missing value imputation (Dinh et al., 2015),
data synthesis (Theis and Bethge, 2015), and many others.

There are mainly two kinds of distribution learning methods: density estimation and
generative modeling. Neural networks-based generative models include generative adver-
sarial networks (Goodfellow et al., 2014), variational autoencoders (Kingma and Welling,
2022, 2019), normalizing flows (Rezende and Mohamed, 2015; Kobyzev et al., 2020), and
diffusion models (Song and Ermon, 2019; Ho et al., 2020; Song et al., 2021). There have
been growing evidence and examples indicating the success of generative models in various
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applications, such as the utilization of diffusion models in conditional sample generation,
black-box optimization, control, and reinforcement learning (Chen et al., 2024). As a class
of implicit distribution learning approaches, generative models generally do not provide an
explicit form of the estimated distribution. However, an accurate density estimator with
explicit form could be essential in many statistical inference and prediction tasks, such as
anomaly/outlier detection and universal likelihood ratio test (Wasserman et al., 2020).

In this paper, we consider the task of nonparametric density estimation based on ob-
served data. It is well-known that estimating the density function of high-dimensional data
is a challenging problem. Traditional density estimation methods such as histogram (Scott,
1979; Lugosi and Nobel, 1996) and kernel density estimation (Rosenblatt, 1956; Parzen,
1962) enjoy nice theoretical properties. But they are typically inapplicable in high dimen-
sion due to the deteriorating performance as the dimensionality increases. To overcome
the difficulties associated with high dimensionality, extensive investigations have been con-
ducted to harness the capacity of deep neural networks in approximating high-dimensional
functions. Under autoregressive models, Germain et al. (2015), Uria et al. (2016) and Papa-
makarios et al. (2017) decompose the target density into a product of conditional densities
based on the probability chain rule, where each conditional density can be parameterized
by neural networks. Normalizing flows-based methods in Ballé et al. (2016), Dinh et al.
(2017), and Grover et al. (2018) recover data with an invertible transformation of some
latent variable with known density, where the transformation has a compositional structure
and can be learnt by neural networks.

Recently, significant advancements have been made in nonparametric density estima-
tion. Roundtrip (Liu et al., 2021) is a density estimation method based on two generative
adversarial networks to learn the transformation from the target distribution to some known
distribution as well as its inverse. Roundtrip is capable of both density estimation and sam-
ple generation in high-dimensional problems, a unique feature compared to other existing
density estimation methods. Bos and Schmidt-Hieber (2024) introduces a novel two-stage
density estimation method, which casts the unsupervised density estimation problem into
a supervised regression problem. To be exact, they first compute a kernel density estima-
tor based on a subsample for pseudo labeling. Then a density estimator is obtained by
nonparametric regression technique.

Noise contrastive estimation (Gutmann and Hyvärinen, 2012), also known as contrastive
learning, is an intriguing approach for learning unnormalized probabilistic models. The
key idea is to transform the unsupervised learning problem of density estimation into a
supervised classification between data and artificially generated noise (reference data). The
connection between density estimation and classification has been discussed earlier in Hastie
et al. (2009, Section 14.2.4), which offers valuable insights into extending this strategy
to other unsupervised learning problems. A comprehensive review of the applications of
contrastive learning can be found in Jaiswal et al. (2021).

In recent years, several stimulating contrastive learning-based density estimation meth-
ods have been proposed. Flow contrastive estimation (Gao et al., 2020) enhances noise
contrastive estimation by employing an adaptive reference distribution defined by a train-
able normalizing flow. Telescoping density-ratio estimation (Rhodes et al., 2020) estimates
the density ratio between the data and noise by applying noise contrastive estimation to a
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sequence of intermediate distributions. Then, a density estimator can be obtained through
multiplying the estimated density ratio by the known reference density.

In this paper, we propose a data-augmented contrastive learning approach to nonpara-
metric density estimation. Compared with the state-of-the-art such as Roundtrip (Liu et al.,
2021), kernel-based two-stage estimator (Bos and Schmidt-Hieber, 2024), flow contrastive
estimation (Gao et al., 2020), and telescoping density-ratio estimation (Rhodes et al., 2020),
our method has advantages in the following aspects.

First, our method is methodologically and computationally appealing. It inherits the
advantages of noise contrastive estimation, such as automatic normalization and consis-
tency. Instead of estimating the target density directly, we advocate a data augmentation
procedure and estimate a mixture density, thus it is less sensitive to the choice of the refer-
ence distribution in comparison to the vanilla noise contrastive estimation (Gutmann and
Hyvärinen, 2012). We minimize a well-defined objective function without any constraint,
and the resulting density estimator is asymptotically automatically normalized. In this
way, we avoid the estimation of the normalizing constant, which involves computationally
expensive or even intractable integration of a high-dimensional function. Computationally,
our method is easy to implement and numerically stable.

Second, our method is theoretical appealing. We derive non-asymptotic upper bounds
for the expected L2-risk and total variation distance under the assumption that the target
density function belongs to some Hölder class. Our results allow for flexibility in network
architectures and no constraints (e.g., sparsity and weight-norm constraints) on the network
class. Under mild conditions on the reference distribution, it can be easily checked that the
mixture density is always bounded away from zero and infinity, automatically satisfying
the so-called strong density assumption (see, e.g., Definition 2.2 of Audibert and Tsybakov
(2007)) commonly used in statistics. Moreover, when the target density function has a com-
positional structure, we show that our method can circumvent the curse of dimensionality
and automatically adapt to the latent structure.

To summarize, our main contributions are as follows:

(i) We propose a data-augmented nonparametric noise contrastive estimation method to
density estimation, which is applicable to a wide range of problems. By employing a
data augmentation procedure, we can mitigate the influence of the choice of reference
distribution on density estimation, and the mixture density to be estimated automat-
ically satisfies the strong density assumption under mild conditions on the reference
density.

(ii) We establish non-asymptotic error bounds under the expected L2-risk and the ex-
pected total variation distance. The error bounds are explicitly determined by the
architecture parameters of the neural network. With specific choices of network ar-
chitectures, our error bounds can attain the nonparametric minimax optimal rate
(Stone, 1982). In addition, the resulting density estimator is shown to be asymp-
totically automatically normalized, thus the problematic integration one constraint is
avoided.

(iii) Under a compositional structure assumption of the target density, we show that our
estimator can alleviate the curse of dimensionality with a faster rate of convergence
depending on the intrinsic dimension, rather than the nominal dimension.
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The remainder of the paper is organized as follows. In Section 2, we introduce our pro-
posed data-augmented nonparametric noise constrastive estimation and the ReLU-activated
feedforward neural network. Section 3 presents the error analysis and non-asymptotic error
bounds for our estimator. In Section 4, we show that our method can circumvent the curse
of dimensionality when the target density has a latent compositional structure. In Section
5, we compare our method with several state-of-the-art nonparametric density estimation
methods using both simulated and real data. A few concluding remarks are given in Section
6. All proofs are deferred to Appendix A.

2. Data-augmented nonparametric noise contrastive estimation

In this section, we first describe the problem setup and the proposed data-augmented non-
parametric noise constrastive estimation. After that, we briefly review the structure of deep
neural networks, and introduce the network class used for density estimation.

2.1 Methodology

Let X1, . . . , Xn be n independent and identically distributed random vectors from an un-
known distribution with probability density function f0 on Ω ⊆ Rd. The task is to estimate
f0 nonparametrically based on the observed data {Xi}ni=1.

Our proposed data-augmented nonparametric noise contrastive density estimation is to
first convert the unsupervised density estimation problem into a supervised task of classifi-
cation, building on the ideas from Hastie et al. (2009) and Gutmann and Hyvärinen (2012).
The key difference is that we estimate a mixture density fM by classification, instead of
estimating the target density f0 directly. To achieve this, we need to introduce external
data points sampled from some known density fR. Specifically, our proposed procedure
consists of three main steps:

Step 1. Data augmentation.

Let fR be a known density function on Ω, termed as the reference density. We generate
a random sample {Z̃1, . . . , Z̃ρn} from the reference density fR, independent of the observed
data {Xi}ni=1, where ρ is a positive constant such that ρn ∈ Z+ and Z+ denotes the set of
positive integers. Given the observed data {Xi}ni=1 ∼ f0 and the reference data {Z̃i}ρni=1 ∼
fR, we term {Yi}n+ρn

i=1 :− {Xi}ni=1 ∪ {Z̃i}
ρn
i=1 as the augmented data.

We assign a binary label C̃i to each Yi according to whether it is the observed data.
That is, we assign C̃i = 1 if Yi ∈ {Xj}nj=1 and C̃i = 0 if Yi ∈ {Z̃j}ρnj=1. Then, the conditional
densities of Y are

f(y | C̃ = 1) = f0(y), f(y | C̃ = 0) = fR(y).

Note that the probability mass of label C̃ is Pr(C̃ = 1) = 1/(1 + ρ) and Pr(C̃ = 0) =
ρ/(1 + ρ). Then, the marginal density of the augmented data Y is

f(y) = f(y | C̃ = 1)Pr(C̃ = 1) + f(y | C̃ = 0)Pr(C̃ = 0)

=
1

1 + ρ
f0(y) +

ρ

1 + ρ
fR(y) :− fM(y). (1)
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Here fM is referred to as the mixture density. It can be easily derived from (1) that
f0 = (1 + ρ)fM − ρfR. We can obtain an estimator for f0 once the estimator for the
mixture density fM is available.

Step 2. Estimating the mixture density fM with a noise contrastive estimation.

We generate an additional set of reference data {Zi}ν(n+ρn)
i=1 from fR independent of

{Z̃i}ρni=1, termed as the contrastive noise. Here ν is the ratio of sample sizes between the
contrastive noise and the augmented data. We let ν ∈ Z+ for convenience. Henceforth, we
write the union of the augmented data and the contrastive noise as S = {Y1, . . . , Yn+ρn,
Z1, . . . , Zν(n+ρn)}, the sample used for density estimation.

Similar to Step 1, we rewrite S as {Ut}(1+ν)(n+ρn)
t=1 and assign a binary label Ct to each Ut

according to whether it is the augmented data. That is, we assign Ct = 1 if Ut ∈ {Yi}n+ρn
i=1 ,

and Ct = 0 if Ut ∈ {Zi}ν(n+ρn)
i=1 . Then, the conditional densities of U are:

f(u | C = 1) = fM(u), f(u | C = 0) = fR(u).

The prior marginal probability mass of label C in the combined data S is Pr(C = 1) =
1/(1+ν) and Pr(C = 0) = ν/(1+ν). Then, by the Bayes’ formula, the posterior probabilities
for the labels are

Pr(C = 1 | u) =
fM(u)

fM(u) + νfR(u)
, Pr(C = 0 | u) =

νfR(u)

fM(u) + νfR(u)
.

Then, the log-likelihood of f for the sample S is

`(f ;S) =

(1+ν)(n+ρn)∑
t=1

{
Ct log Pr(Ct = 1 | Ut; f) + (1− Ct) log Pr(Ct = 0 | Ut; f)

}
=

n+ρn∑
i=1

log Pr(Ci = 1 | Yi; f) +

ν(n+ρn)∑
i=1

log Pr(Ci = 0 | Zi; f),

where Pr(C = 1 | u; f) :− f(u)/{f(u) + νfR(u)} and Pr(C = 0 | u; f) :− νfR(u)/{f(u) +
νfR(u)}. Intuitively, an estimator for fM can be obtained by maximizing the log-likelihood
function `(f ;S) over f ∈ Fn, a prespecified function class. Equivalently, we minimize

R̂S(f) :− − 1

(1 + ρ)n

{ (1+ρ)n∑
i=1

log Pr(Ci = 1 | Yi; f) +

ν(1+ρ)n∑
i=1

log Pr(Ci = 0 | Zi; f)
}

= − 1

(1 + ρ)n

{ (1+ρ)n∑
i=1

log
f(Yi)

f(Yi) + νfR(Yi)
+

ν(1+ρ)n∑
i=1

log
νfR(Zi)

f(Zi) + νfR(Zi)

}
,

(2)

which equals to −`(f ;S)/{(1 + ρ)n}. We refer to R̂S(f) as the empirical noise contrastive
risk given sample S, which is also written as R̂(f) to suppress its dependence on sample S
when there is no confusion.

As a result, we define the estimator for the mixture density as the empirical risk mini-
mizer:

f̂M ∈ arg min
f∈Fn

R̂(f). (3)
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Step 3. Deriving the estimator for the target density f0.

In view of (1) and the estimator f̂M defined in (3), our proposed estimator for f0 is
given by

f̃n = (1 + ρ)f̂M − ρfR, (4)

which is referred to as data-augmented nonparametric noise contrastive estimation.

Remark 1 For any f ∈ Fn, the population-level noise contrastive risk corresponding to (2)
is

R(f) = −
{
EY∼fM log Pr(C = 1 | Y ; f) + νEZ∼fR log Pr(C = 0 | Z; f)

}
= −

{
EY∼fM log

f(Y )

f(Y ) + νfR(Y )
+ νEZ∼fR log

νfR(Z)

f(Z) + νfR(Z)

}
.

The weak law of large numbers shows that R̂(f) converges in probability to R(f) as n→∞.
Moreover, following Theorem 1 in Gutmann and Hyvärinen (2012), it can be shown that
fM is the unique minimizer of R(f) given any positive reference density fR. This provides
theoretical support for our approach to density estimation.

Remark 2 A critical issue in the vanilla contrastive learning (Gutmann and Hyvärinen,
2012) is the choice of the reference distribution fR. Intuitively, a good candidate for fR is
a distribution close to the target f0. If fR differs a lot from f0, then the classification task
might be too easy and would not require the network to learn much about the structure of
data. Nonetheless, it could be hard to choose a proper reference distribution in practice. Our
proposed data augmentation method in Step 1 offers an effective way to address the problem
by providing a density estimator that is less sensitive to the choice of reference distribution.
In comparison with f0, the reference density fR is closer to the mixture density fM. In
such a way, our method can estimate fM and thus f0 satisfactorily in accordance with the
insights in Gutmann and Hyvärinen (2012).

2.2 Deep neural networks

We now introduce the class of neural networks used for density function approximation. In
recent years, advancements on the approximation theory of the feedforward neural networks
with Rectified Linear Unit (ReLU) activation function are reported by Yarotsky (2017),
Chen et al. (2019), Shen et al. (2020), Farrell et al. (2021), and Lu et al. (2021). In
this paper, we consider multi-layer perceptron, an important and widely-used subclass of
feedforward neural networks. The following expression characterizes the architecture of
multi-layer perceptron:

fθ(x) = LD ◦ σ ◦ LD−1 ◦ σ ◦ · · · ◦ L1 ◦ σ ◦ L0(x), x ∈ Rp0 ,

where σ is the component-wise version of ReLU activation function σ(x) = max{0, x}, and
Li(x) = Wix+bi, i = 0, . . . ,D are linear transformations with weight matrices Wi ∈ Rpi+1×pi

and bias vectors bi ∈ Rpi+1 . Here, D is the depth of the neural network, that is, the
number of hidden layers. The (D + 2)-tuple (p0, . . . , pD+1) denotes the number of neurons
in each layer, and specifically, p0 = d, pD+1 = 1. The width of the network is defined as
W = max{p1, . . . , pD}. The total number of parameters S =

∑D
i=0 pi+1(pi + 1) is referred
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to as the size of the network. We denote the collection of networks fθ described above
as NN (D,W,S). Note that the architecture parameters of the network class satisfies
max{W,D} ≤ S ≤ W(d+ 1) + (W2 +W)(D − 1) +W + 1 = O(W2D).

We take Fn to be the following class of neural networks:

F(D,W,S, γ,Γ) :− {fθ ∈ NN (D,W,S) : γ ≤ fθ ≤ Γ},

for some positive constants γ,Γ. Note that the architecture parameters D,W, and S can
depend on n, and we suppress the subscript n for simplicity. Furthermore, the output range
constraint γ ≤ fθ ≤ Γ can be satisfied by adding an additional layer φ(x) = σ(x−γ)−σ(x−
Γ) + γ at the end of the network. Then, the network depth will increase by 1 accordingly.
Such adjustment will only affect the constant prefactors in our non-asymptotic error bounds
and will not affect the convergence rate, and thus the details are omitted for simplicity.

3. Theoretical analysis

In this section, we provide a theoretical analysis of the proposed data-augmented nonpara-
metric noise contrastive estimator. We will study the convergence properties of the mixture
density estimator f̂M, which can imply the convergence properties of f̃n, the estimator for
the target density f0.

3.1 Error decomposition

To evaluate the quality of an estimator f̂ for a target function f∗, we use the expected
L2-risk E‖f̂ − f∗‖2L2(f∗)

, where the expectation is taken with respect to training sample and

‖f − f∗‖2L2(f∗)
:− EX∼f∗ |f(X)− f∗(X)|2 =

∫
Ω
|f(x)− f∗(x)|2f∗(x)dx.

The main procedure for the error analysis is to decompose the expected L2-risk of f̂M into
stochastic error and approximation error, and bound them separately. Thereafter, an upper
bound of ES‖f̃n − f0‖2L2(f0) can be established based on that of ES‖f̂M − fM‖2L2(fM).

We first present some conditions imposed on the target density f0 and reference density
fR. We take the domain Ω of f0 and fR to be the d-dimensional hypercube [0, 1]d for
simplicity. Extension to accommodate density with unbounded domain will be discussed in
Section 3.5.

Assumption 3 The reference density fR is positive and continuous on [0, 1]d, and there
exists a positive constant L0 such that f0 ≤ L0.

Assumption 3 necessitates mild conditions on both the reference density and the target
density. According to Remark 1, a reference distribution fR that is positive on [0, 1]d suffices
to guarantee the uniqueness of the noise contrastive risk minimizer. For the target density
f0, we only require it to be upper bounded, thanks to the proposed data augmentation
technique. Specifically, the estimation problem of f0 is converted into the estimation of a
mixture density, making the strong density assumption l∗ ≤ f∗ ≤ L∗ automatically satisfied
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under mild conditions on the reference density. The strong density assumption is a common
assumption in the literature of density estimation; see Section 3.4 for more details.

The following lemma bounds the expected L2-risk of f̃n for estimating f0 by the expected
L2-risk of f̂M for estimating fM, with the proof provided in Appendix A.1. We will then
focus on studying the convergence properties of f̂M.

Lemma 4 For any Ω ⊆ Rd, the data-augmented nonparametric noise contrastive estimator
f̃n defined in (4) satisfies

ES‖f̃n − f0‖2L2(f0) ≤ (1 + ρ)3ES‖f̂M − fM‖2L2(fM),

where S is the training sample.

With fM being the unique minimizer of the population-level noise contrastive risk, the
excess risk is R(f)−R(fM). We next present an inequality concerning the relation between
the excess risk and the L2 distance ‖f − fM‖2L2(fM).

Lemma 5 (Calibration) Under Assumption 3, there exist positive constants c1 and c2

such that, for all f ∈ Fn,

c1‖f − fM‖2L2(fM) ≤ R(f)−R(fM) ≤ c2‖f − fM‖2L2(fM). (5)

Moreover, c1 and c2 only depend on ν, ρ, L0, γ,Γ, and fR.

The proof of Lemma 5 is given in Appendix A.2. The relationship in (5) is known as the
calibration condition or the curvature condition around fM, satisfied by many loss func-
tions in various statistical problems, including least squares regression, logistic regression,
multinomial logistic regression, and Poisson regression, among others (Farrell et al., 2021).
The calibration condition can lead to the following upper bound for the expected L2-risk,
with the proof provided in Appendix A.3.

Lemma 6 (Error decomposition) Under Assumption 3, we have

ES‖f̂M − fM‖2L2(fM) ≤
1

c1
ES [R(f̂M)− R̂(f̂M)] +

c2

c1
inf
f∈Fn

‖f − fM‖2L2(fM), (6)

where c1, c2 are the same constants as in Lemma 5.

The first term of the right-hand side of (6) is the stochastic error, and the second
term is the approximation error. The stochastic error quantifies the expected disparity
between the risk and empirical risk evaluated at the estimator f̂M, and can be upper
bounded with respect to the complexity of the function space Fn using empirical process
theory (Anthony and Bartlett, 1999; Bartlett et al., 2019; van der Vaart and Wellner, 2023).
The approximation error measures how well the function fM can be approximated using
Fn with respect to L2 distance, and can be properly bounded using the state-of-the-art
approximation theory of deep neural networks.
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3.2 Stochastic error and approximation error

The stochastic error of the density estimator f̂M will be controlled by the complexity
measures of the neural network class Fn. The definitions of uniform covering number and
pseudo-dimension are given in Appendix B.

Lemma 7 (Stochastic error) Let Fn = F(D,W,S, γ,Γ) be the class of feedforward neu-
ral networks activated by continuous piecewise linear activation function with finitely many
inflection points. Let f̂M ∈ arg minf∈Fn R̂(f) be the empirical risk minimizer over Fn.
Suppose that Assumption 3 holds. Then for n ≥ Pdim(Fn)/{(1 + ν)(1 + ρ)},

ES [R(f̂M)− R̂(f̂M)] ≤ c3SD logS log n

n
,

where c3 is a constant depending only on ν, ρ, L0, γ,Γ, and fR.

The proof of Lemma 7 is given in Appendix A.4. To establish Lemma 7, the stochastic
error ES [R(f̂n)− R̂(f̂n)] is initially bounded by a term determined by log(N∞(c̃/n,Fn, n+
νn)), the metric entropy of Fn with the radius of covering being 1/n multiplied by some
constant. And the metric entropy of Fn can be further bounded by the pseudo dimension
using Theorem 12.2 in Anthony and Bartlett (1999). Based on the VC-dimension bounds
(Theorem 7) in Bartlett et al. (2019), the pseudo dimension of the class of neural networks
activated by piecewise linear activation function with finitely many inflection points can be
controlled by its architecture parameters D and S, that is, Pdim(Fn) = O(SD logS). While
we use ReLU activated neural networks in this paper, the result in Bartlett et al. (2019)
enables us to extend our stochastic error bound in Lemma 7 to piecewise linear function-
activated neural networks. The proof of Lemma 7 provides the constant c3 explicitly, which
exhibits merely logarithmic growth in L0, 1/γ, and Γ.

To analyze the expected L2-risk, Bos and Schmidt-Hieber (2024) showed an oracle in-
equality that bounds the risk by the sum of stochastic error, approximation error, and op-
timization error. Their stochastic error incorporates a similar metric entropy log(NF (δ)),
where NF (δ) is the δ-covering number of function class F with respect to the supremum
norm. The metric entropy log(NF (δ)) is further bounded with respect to network archi-
tecture parameters, that is, O(S∗D log(S∗Dd/δ)) where S∗ is the sparsity defined by the
number of nonzero network parameters. Their bound is similar to ours, yet network size is
replaced by sparsity and there are additional logarithmic factors concerning network depth
D and dimension d. While typically the sparsity S∗ can be significantly smaller than the size
S, the constraints they impose on sparsity and weight norm may restrict the expressiveness
of neural network. Balancing stochastic errors and approximation errors in respective set-
tings through proper choices of network architectures, our network size S and the sparsity
S∗ in Bos and Schmidt-Hieber (2024) are of the same order. As a result, the stochastic er-
rors bounds (as well as the overall error bounds) of our work and Bos and Schmidt-Hieber
(2024) are comparable with distinct constant prefactors and logarithmic terms. Further
details can be found in Section 4.

To bound the approximation error inff∈Fn ‖f−fM‖2L2(fM), we impose some smoothness
conditions on the target density f0 and the reference density fR. In this paper, we assume
that both f0 and fR belong to some Hölder class (Definition 28, Appendix B).
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Assumption 8 (Hölder smoothness) The densities f0, fR ∈ Hβ([0, 1]d, B0) for a given
β > 0 and some finite constant B0 > 0.

The assumption on fR in Assumption 8 is not restrictive, as many popular distributions
satisfy this assumption, such as the uniform distribution on [0, 1]d. Notably, Assumption 8
implies that the mixture density fM ∈ Hβ([0, 1]d, B0).

Applying Theorem 3.3 in Jiao et al. (2023), we can derive an approximation error bound
with respect to the L2 distance; see Lemma 19 in Appendix A.5.

3.3 Non-asymptotic error bound

The following corollary establishes the consistency of our data-augmented nonparametric
noise contrastive estimation.

Corollary 9 (Consistency) Let Fn = F(D,W,S, γ,Γ) be the class of feedforward neural
networks activated by continuous piecewise linear activation function with finitely many
inflection points. Suppose that Assumption 3 holds, f0 is continuous on [0, 1]d, and

S → ∞ and SD logS log n

n
→ 0 as n→∞.

Then the data-augmented nonparametric noise contrastive estimation f̃n defined in (4) is
consistent in the sense that

ES‖f̃n − f0‖2L2(f0) → 0 as n→∞.

Corollary 9 is a direct consequence of Lemmas 4, 6, and 7 and the approximation results
of continuous function by piecewise linear neural networks in Yarotsky (2017) and Yarotsky
(2018). In other words, the consistency result in Corollary 9 not only holds for ReLU-
activated neural networks, but also for a broader neural network class with piecewise linear
activation function.

Next, we present the non-asymptotic error bound of our proposed estimator, with the
proof provided in Appendix A.6.

Theorem 10 (Non-asymptotic error bound) Suppose that Assumptions 3 and 8 hold,
and γ ≤ ρl/(1 + ρ), Γ ≥ L0 ∨ L where l, L are positive constants such that l ≤ fR ≤ L.
Then, for any P,Q ∈ Z+, the function class of ReLU-activated multi-layer perceptrons Fn =
F(D,W,S, γ,Γ) with width W = 38(bβc+ 1)2dbβc+1P dlog2(8P )e and depth D = 21(bβc+
1)2Qdlog2(8Q)e, for n ≥ Pdim(Fn)/{(1 + ρ)(1 + ν)}, the data-augmented nonparametric
noise contrastive estimation f̃n defined in (4) satisfies

ES‖f̃n − f0‖2L2(f0) ≤ c4SD logS log n

n
+ c5B

2
0(bβc+ 1)4d2bβc+β∨1(PQ)−4β/d,

where c4 and c5 are constants only depending on ν, ρ, L0, γ,Γ, and fR. Furthermore, if we
set

W = 114(bβc+ 1)2dbβc+1,

D = 21(bβc+ 1)2dnd/{2(d+2β)} log2(8nd/{2(d+2β)})e,
S = O((bβc+ 1)6d2bβc+2dnd/{2(d+2β)} log2 ne),

10
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then for n ≥ Pdim(Fn)/{(1 + ρ)(1 + ν)}, f̃n satisfies

ES‖f̃n − f0‖2L2(f0) ≤ c6(B0 ∨ 1)2(bβc+ 1)9d2bβc+β∨3n
− 2β
d+2β (log2 n)4, (7)

where c6 is a constant only depending on ν, ρ, L0, γ,Γ, and fR.

In Theorem 10, the expected L2-risk is upper bounded by the sum of the stochastic
error term c4SD logS log n/n and the approximation error term c5B

2
0(bβc + 1)4d2bβc+β∨1

(PQ)−4β/d. This error bound is distinguished by two merits. On one hand, it is non-
asymptotic and explicit in the sense that no obscurely-defined constant is involved. On
the other hand, the error bound is a general result which holds for a variety of network
architectures. The approximation rate (PQ)−4β/d corresponds to the width W = 38(bβc+
1)2dbβc+1P dlog2(8P )e and depth D = 21(bβc + 1)2Qdlog2(8Q)e of the neural network,
instead of merely the network size S. The approximation error deceases with a larger
network size, while the stochastic error increases as the network complexity increases. To
achieve the best error rate (7), we balance the stochastic error and the approximation error
using a network architecture of fixed width and proper depth, though different network
architectures can also be employed.

Our error bound (7) attains the minimax rate n−2β/(d+2β) in standard nonparametric
regression (Stone, 1982) up to a logarithmic factor. It is worth noting that the prefactor
in the error bound depends on the dimension of data d merely polynomially. Based on
Bartlett et al. (2019), the pseudo dimension of network class Fn can be bounded explicitly
as Pdim(Fn) = O(SD logS) = O((s+1)9d2s+3nd/(d+2β)(log2 n)3). So n ≥ n0 suffices for the
prerequisite n ≥ Pdim(Fn)/{(1+ρ)(1+ν)}, where n0 is a constant only depending on d and
β. As a result, our error bound with specific choice of network structure is non-asymptotic,
in the sense that the result holds for all n greater than some constant depending on d and
β.

Remark 11 In estimating the mixture density fM, the constant ρ plays its part in sample
size and is preferred to be large; but Lemma 4 implies that increasing ρ could deteriorate
the upper bound of f̃n. To select a proper ρ, we propose to minimize the constant prefactors
of the error bound in Theorem 10 with respect to ρ. According to the proofs in Appendices
A.2 - A.4, the prefactors of stochastic error and approximation error are respectively

c4 ∝
(1 + ρ)4

ρ
, c5 ∝

(1 + ρ)6

ρ3
,

where the dependencies on logarithmic terms of ρ and other quantities are ignored. Since
arg minρ>0(1+ρ)4/ρ = 1/3, arg minρ>0(1+ρ)6/ρ3 = 1, the minima of the overall error bound
with respect to ρ approximately lies within the range of [1/3, 1], which gives us a guideline
for selecting ρ in practice. Based on the simulation results in Section 5.2, we would suggest
setting a relatively large value for ρ (e.g., ρ = 1) in high-dimensional cases or when the
reference distribution is likely to differ significantly from the target data distribution.

Remark 12 Many existing works on noise contrastive estimation assume that the data do-
main is the entire Euclidean space Rd (see, for example, Gutmann and Hyvärinen (2012)).
In this scenario, the error of noise contrastive estimation can increase exponentially with
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dimension, due to mismatches between the tails of the data and reference distributions (Lee
et al., 2023; Chehab et al., 2023). An intuitive explanation is that noise contrastive esti-
mation can be regarded as a variant of importance sampling (Pihlaja et al., 2010), which is
known to be sensitive to the tails of distributions (Liu et al., 2015). More discussions can
be found in Section 3.5.

In this section, we assume that the data domain is the d-dimensional hypercube [0, 1]d.
In this case, there is no issue concerning tail behavior, allowing us to derive an error bound
that depends polynomially on the dimension. In Section 3.5, we will extend our method to
handle the unbounded case.

3.4 Error bound in total variation distance

In this subsection, we establish non-asymptotic error bounds for our proposed density es-
timator under the total variation distance. Specifically, we consider the expected total
variation distance ESTV(f̃n, f0) between our proposed estimator f̃n and the target density
f0, where

TV(f, f∗) =
1

2

∫
Ω
|f(x)− f∗(x)|dx.

The following theorem establishes non-asymptotic error bounds in total variation dis-
tance.

Theorem 13 (Non-asymptotic error bound in total variation distance) Suppose
that Assumptions 3 and 8 hold, and γ ≤ ρl/(1 + ρ), Γ ≥ L0 ∨ L where l, L are posi-
tive constants such that l ≤ fR ≤ L. Then, for any P,Q ∈ Z+, the function class of
ReLU-activated multi-layer perceptrons Fn = F(D,W,S, γ,Γ) with width W = 38(bβc +
1)2dbβc+1P dlog2(8P )e and depth D = 21(bβc + 1)2Qdlog2(8Q)e, for n ≥ Pdim(Fn)/{(1 +
ρ)(1 + ν)}, the data-augmented nonparametric noise contrastive estimation f̃n defined in
(4) satisfies

ESTV(f̃n, f0) ≤ c7

(
SD logS log n

n

)1/2
+ c8B0(bβc+ 1)2dbβc+(β∨1)/2(PQ)−2β/d,

where c7 and c8 are constants only depending on ν, ρ, L0, γ,Γ, and fR. Furthermore, if we
set

W = 114(bβc+ 1)2dbβc+1,

D = 21(bβc+ 1)2dnd/2(d+2β) log2(8nd/{2(d+2β)})e,
S = O((bβc+ 1)6d2bβc+2dnd/{2(d+2β)} log2 ne),

then for n ≥ Pdim(Fn)/{(1 + ρ)(1 + ν)}, f̃n satisfies

ESTV(f̃n, f0) ≤ c9(B0 ∨ 1)(bβc+ 1)9/2dbβc+(β∨3)/2n
− β
d+2β (log2 n)2, (8)

where c9 is a constant only depending on ν, ρ, L0, γ,Γ, and fR.

The proof of Theorem 13 is given in Appendix A.7. The rate of convergence in (8) is
minimax optimal (Stone, 1982) up to a logarithmic factor.

Similar to Corollary 9, we can show that the data-augmented nonparametric noise con-
trastive estimation is consistent with respect to the total variation distance. This further

12
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implies that our density estimator f̃n is asymptotically automatically normalized as stated
in the next corollary.

Corollary 14 (Asymptotic automatic normalization) Let Fn = F(D,W,S, γ,Γ) be
the class of feedforward neural networks activated by continuous piecewise linear activa-
tion function with finitely many inflection points. Suppose that Assumption 3 holds, f0 is
continuous on [0, 1]d, and

S → ∞ and SD logS log n

n
→ 0 as n→∞.

Then the data-augmented nonparametric noise contrastive estimation f̃n defined in (4) is
consistent with respect to total variation distance:

ESTV(f̃n, f0)→ 0 as n→∞,

and asymptotically normalized in the sense that

ES
[ ∫

[0,1]d
f̃n(x)dx

]
→ 1 as n→∞.

We conclude this subsection by underscoring a theoretical merit of our method. Under
Assumption 3, it holds that l ≤ fR ≤ L for some positive constants l and L. Then, the
mixture density fM satisfies that

fM =
1

1 + ρ
f0 +

ρ

1 + ρ
fR ≥

ρ

1 + ρ
fR ≥

ρl

1 + ρ
,

That is, fM is lower bounded even though the target density f0 is not. The proofs of The-
orem 13 and Lemmas 5 and 7 rely on the fact that fM is lower bounded. By employing our
proposed data augmentation method, we convert the estimation task of f0 to the estimation
of fM, and the latter satisfies the strong density assumption under mild conditions on the
reference density.

3.5 Estimating densities with unbounded supports

In this subsection, we extend our method to handle densities with unbounded supports.
Specifically, we let the target density f0 and the reference density fR be functions on
Ω = Rd, the entire d-dimensional Euclidean space. To tackle the challenges associated with
unbounded support, we consider a truncated version of noise contrastive risk.

We define the truncated domain Ωt as a d-dimensional hypercube [−t, t]d, where t is a
positive constant (the truncation level) and can depend on the sample size n. Then, the
truncated noise contrastive risk is defined as

Rt(f) = −
{
EY∼fM

[
log

f(Y )

f(Y ) + νfR(Y )
1Ωt(Y )

]
+ νEZ∼fR

[
log

νfR(Z)

f(Z) + νfR(Z)
1Ωt(Z)

]}
,

where 1A denotes the indicator function on a set A, i.e 1A is equal to 1 on A and 0 outside A.
Given the training sample S = {Y1, . . . , Yn+ρn, Z1, . . . , Zν(n+ρn)}, the truncated empirical
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risk is defined by replacing the expectations in Rt by sample averages:

R̂t(f) = − 1

(1 + ρ)n


(1+ρ)n∑
i=1

log
f(Yi)

f(Yi) + νfR(Yi)
1Ωt(Yi) +

ν(1+ρ)n∑
i=1

log
νfR(Zi)

f(Zi) + νfR(Zi)
1Ωt(Zi)

 .

We define the estimator for the mixture density fM as the minimizer of the truncated
empirical risk, that is, f̌M ∈ arg minf∈Fn R̂t(f). Then, similar to (4), the resulting estimator
for the target density f0 is given by

f̄n = (1 + ρ)f̌M − ρfR. (9)

Remark 15 The truncation level t can depend on the sample size n, making it possible to
approximate the mixture density on the truncated domain Ωt as n increases. Theoretically,
Theorem 16 below indicates that optimal convergence rate of our estimator can be achieved
by setting t = κ log n, with the constant κ depending on the tail behavior of the target
distribution. In practice, determining the constant κ is typically infeasible, so we suggest
setting it as the maximum value of the data. In this case, the truncated empirical risk equals
its untruncated counterpart defined in (2).

In the error analysis for the refined estimator in (9), we assume that the target distri-
bution is sub-exponential (Assumption 20 in Appendix A.8), which encompasses numerous
distributions such as mixtures of Gaussian distributions, log-concave distributions (Bagnoli
and Bergstrom, 2005; Lovász and Vempala, 2007), and distributions with bounded supports.

By Lemma 22 in Appendix A.8, the expected L2-risk of f̄n can be decomposed into
the error on the truncated domain and the error due to truncation, and the former can
be further decomposed into stochastic and approximation errors. We bound these errors
in Lemmas 23, 25, and 26, respectively. With these results and a proper selection of the
truncation level t, we can establish the following non-asymptotic error bound.

Theorem 16 (Non-asymptotic error bound) Suppose that Assumptions 20 and 21 hold,
t = a−1 log n, γ ≤ ρlR/(1 + ρ), and Γ ≥ L0 ∨ LR. Then, for any P,Q ∈ Z+, the func-
tion class of ReLU-activated multi-layer perceptrons Fn = F(D,W,S, γ,Γ) with width
W = 38(bβc + 1)2dbβc+1P dlog2(8P )e and depth D = 21(bβc + 1)2Qdlog2(8Q)e + 1, for
n ≥ [Pdim(Fn)/{(1 + ρ)(1 + ν)}]∨ exp(a/2), the data-augmented nonparametric noise con-
trastive estimator f̄n defined in (9) satisfies

ES‖f̄n − f0‖2L2(f0) ≤ c16γ
−3l−3
R SD logS log n

n

+ c17γ
−3l−2
R (2/a)2β(bβc+ 1)4d2bβc+β∨1(PQ)−4β/d(log n)2β

+ c18dn
−1,

where c16, c17, and c18 are constants only depending on ν, ρ, C, L0, Γ, LR, and B0.
Furthermore, if we set

W = 114(bβc+ 1)2dbβc+1,

D = 21(bβc+ 1)2dnd/{2(d+2β)} log2(8nd/{2(d+2β)})e+ 1,

S = O((bβc+ 1)6d2bβc+2dnd/{2(d+2β)} log2 ne),
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then for n ≥ [Pdim(Fn)/{(1 + ρ)(1 + ν)}] ∨ exp(a/2), f̄n satisfies

ES‖f̄n−f0‖2L2(f0) ≤ c19γ
−3l−3
R {(2/a)∨1}2β(bβc+1)9d2bβc+3(β∨1)n

− 2β
d+2β (log2 n)2(β∨2), (10)

where c19 is a constant only depending on ν, ρ, C, L0, Γ, LR, and B0.

The proof of Theorem 16 can be found in Appendix A.8. For estimating densities with
unbounded domain Rd, the refined estimator in (9) attains the minimax rate of nonpara-
metric regression, n−2β/(d+2β) (Stone, 1982), up to a logarithmic factor. Note that the term
γ−3l−3

R in (10) will result in prefactors depending on the dimension d exponentially. More
detailed discussions are given in Appendix A.8, subsequent to Assumption 20.

Under parametric distributional assumptions, Lee et al. (2023, Theorem 4) demonstrated
that the mean square error of the noise contrastive estimator increases at least exponentially
fast in the dimension. Chehab et al. (2023, Theorem 2) established a similar lower bound
for noise contrastive estimation in estimating the normalizing constant (partition function)
of an unnormalized density model. Our error bound in (10) involves prefactors that exhibit
exponential growth in d, similar to those in Chehab et al. (2023), Lee et al. (2023) and
many other works in the literature. The exponential growth of the prefactors may be
attributed to the mismatches between the shapes, regions of high probability mass, or tail
behaviors, of the data and reference distributions, as there could be many possible shapes
for a distribution in high dimensions.

4. Circumventing curse of dimensionality

In many statistical and machine learning problems, the dimension d of data can be large,
which leads to an extremely slow convergence rate even when the sample size is large. This
phenomenon is commonly referred to as the curse of dimensionality. Promising ways to mit-
igate the curse of dimensionality are to impose structural assumptions on the target function
(Bauer and Kohler, 2019; Schmidt-Hieber, 2020; Kohler et al., 2022), or low-dimensional
support assumption on the data distribution (Schmidt-Hieber, 2019; Nakada and Imaizumi,
2020; Shen et al., 2020; Chen et al., 2022; Jiao et al., 2023).

Under these assumptions, it has been shown that the rate of convergence can be im-
proved as it depends on the intrinsic dimension d∗ � d of the target function (e.g., under
hierarchical and compositional structure assumptions), or the intrinsic dimension of the
support of the data (e.g., under low-dimensional manifolds and low Minkowski dimension
sets assumptions), rather than the nominal or ambient dimensionality d. In statistics, there
are plenty of density models that possess a compositional structure, including graphical
models, Bayesian networks, copulas, and mixture models, among others (Bos and Schmidt-
Hieber, 2024). In this subsection, we will impose a compositional structure assumption on
the target density function under which the rate of convergence can be improved, thus we
can alleviate the curse of dimensionality.

For a given positive integer q and vectors l = (l0, . . . , lq), d = (d1, . . . , dq), and β =
(β1, . . . , βq), let CS(q, l,d,β, B0) be the collection of functions f admitting the compositional
structure

f = g(q) ◦ g(q−1) ◦ · · · ◦ g(1),
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where g(i) : Rli−1 → Rli (i = 1, . . . , q) is defined by g(i)(x) = (g
(i)
1 (W

(i)
1 x), · · · , g(i)

li
(W

(i)
li
x))>

with W
(i)
j ∈ Rdi×li−1 being a matrix and g

(i)
j : Rdi → R being a function. Moreover,

g
(i)
j ∈ Hβi([ai, bi]di , B0) for some βi > 0. Without loss of generality, each W

(i)
j is assumed

to have full row rank, and [ai, bi]
di can be taken as [0, 1]di .

Assumption 17 (Compositional structure) The target density f0 ∈ CS(q, l,d,β, B0)
for some q, l, d, and β.

As f0 is a density function on Ω = [0, 1]d, it follows that l0 = d, lq = 1. Let di denote
the maximal number of variables (linear combinations of the inputs to g(i)) on which each

g
(i)
j can depend. Thus, each component of g(i) is a di-variate function. It always holds

that di ≤ li−1, and across various models, di can be significantly smaller than li−1. An
interesting regime considered in Schmidt-Hieber (2020) is di ≤ min{l0, . . . , li−1} for all i,
which means that no dimensions are added on deeper abstraction levels in the composition
of functions. In particular, it implies that di ≤ l0 = d.

The following theorem establishes non-asymptotic error bounds for data-augmented
nonparametric noise contrastive estimation under Assumption 17. The proof is given in
Appendix A.9.

Theorem 18 Suppose that Assumptions 3, 8, and 17 hold, fR ∈ CS(q, l,d,β, B0), γ ≤
ρl/(1 + ρ) and Γ ≥ L0 ∨ L where l, L are positive constants such that l ≤ fR ≤ L. Then
for any P,Q ∈ Z+, the function class of ReLU-activated multi-layer perceptrons Fn =

F(D,W,S, γ,Γ) with width W = 76(bβc + 1)2 maxi{li3didbβc+1
i }P dlog2(8P )e and depth

D = 21(q+1)(bβc+1)2Qdlog2(8Q)e+2
∑q

i=1 di+3q+2, for n ≥ Pdim(Fn)/{(1+ρ)(1+ν)},
the data-augmented nonparametric noise contrastive estimation f̃n defined in (4) satisfies

ES′‖f̃n − f0‖2L2(f0) ≤ c10SD logS log n

n
+ c11(bβc+ 1)4d

2bβc+β∨1
∗ max

i
(PQ)−4β∗i /di ,

where d∗ = maxi di, β
∗
i = βi

∏q
j=i+1(βj ∧1) (1 ≤ i ≤ q−1), β∗q = βq, a∧b :− min{a, b}, and

c10, c11 are constants only depending on ν, ρ, L0, γ, Γ, q, B0, {li}q−1
i=1 , and fR. Furthermore,

if we set

W = 228(bβc+ 1)2 max
i
{li3didbβc+1

i },

D = 21(q + 1)(bβc+ 1)2dndi0/2(di0+2β∗i0
)
log2(8n

di0/{2(di0+2β∗i0
)}

)e+ 2

q∑
i=1

di + 3q + 2,

where i0 ∈ arg mini{β∗i /di}, then f̃n satisfies

ES′‖f̃n − f0‖2L2(f0) ≤ c12(bβc+ 1)9d
2bβc+β∨5
∗ 9d∗φn(log2 n)4, (11)

where φn = maxi n
−2β∗i /(di+2β∗i ), and c12 is a constant only depending on ν, ρ, L0, γ,Γ, q, B0,

{li}q−1
i=1 , and fR.
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The β∗i ’s in Theorem 18 are referred to as the effective smoothness indices for com-
positional functions in CS(q, l,d,β, b0). Observe that any function f ∈ CS(q, l,d,β, B0)
has smoothness at least β∗ = mini β

∗
i . The condition fR ∈ CS(q, l,d,β, B0) in Theorem

18 implies that the reference distribution fR also admits a compositional structure, whose
complexity is constrained not to exceed that concerning f0. In particular, it implies that the
intrinsic dimension of fR does not surpass that of f0, and the effective smoothness indices
of fR are at least as large as those of f0. Such a condition can be satisfied by setting fR as
the uniform distribution on [0, 1]d.

It is possible that the target density function f0 can be expressed as a composition of
functions in various ways, which could lead to different convergence rates. Theorem 18 is
applicable to any representation of compositional structure f0 = g(q) ◦ g(q−1) ◦ · · · ◦ g(1), and
as a result, our estimator can achieve the fastest convergence rate concerning all possible
representations of target density. Since di should be consistently much smaller than d, the
intrinsic dimension d∗ = maxi di represents a significant improvement in mitigating the
curse of dimensionality. To see this, note that φn ≤ n−2β∗/(d∗+2β∗).

To derive the error bound in Theorem 18, we use an approximation result for composi-
tional structure functions (Lemma C.2 in Wu et al. (2024) or Lemma 30 in Appendix B).
The approximation result is with respect to the L∞ norm on [0, 1]d, at the price that the
network width should incorporate a factor roughly 3d∗ . In the regime di ≤ min{l0, . . . , li−1}
for all i, the convergence rate in (11) is, up to a logarithmic factor, the same as the minimax
rate in the nonparametric regression model under the compositional structure assumption
on regression function (Schmidt-Hieber, 2020). Bos and Schmidt-Hieber (2024) derived a
similar error bound Cdφn(log n)5 for their kernel-based two-stage density estimator, which
is novel. But the prefactor Cd in their error bound depends on d exponentially; in con-
trast, our result depends exponentially on the intrinsic dimension d∗, which could be much
smaller than d. Furthermore, Bos and Schmidt-Hieber (2024) requires the network param-
eters (weights and biases) to be bounded by 1 and satisfy a sparsity constraint, and we do
not make such network assumptions for our method.

5. Numerical studies

In the numerical studies, we compare the performance of our method with the state-of-
the-art density estimation methods, namely Roundtrip (Liu et al., 2021), kernel-based
two-stage estimation (Bos and Schmidt-Hieber, 2024), flow contrastive estimation (Gao
et al., 2020), and telescoping density-ratio estimation (Rhodes et al., 2020), using both
simulated and real data. We present the models and results of the simulation studies in
Sections 5.1 and 5.2, respectively. The detailed simulation setups are deferred to Appendix
C. The real data studies are presented in Section 5.3. The source code is available at
https://github.com/Li-Chenqhao/DANNCE.

5.1 Simulation models

In the simulations, we consider the following three models of 2-D distributions studied in
Liu et al. (2021). Let Nd(m,Σ) be the d-dimensional Gaussian distribution with mean m
and covariance matrix Σ; specifically, we denote it as N(m,σ2) when d = 1.
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1. Independent Gaussian mixture model: x = (x1, x2) with xi ∼ (1/3)(N(−1, 0.12) +
N(0, 0.12) +N(1, 0.12)), i = 1, 2.

2. Eight-octagon Gaussian mixture model: x ∼ (1/8)
∑8

i=1N2(mi,Σi), where mi =
(3 cos(πi/4), 3 sin(πi/4)) and

Σi =

[
cos2(πi4 ) + 0.162 sin2(πi4 ) (1− 0.162) sin(πi4 ) cos(πi4 )

(1− 0.162) sin(πi4 ) cos(πi4 ) sin2(πi4 ) + 0.162 cos2(πi4 )

]
for i = 1, 2, . . . , 8.

3. Involute model: x = (x1, x2) with x1 ∼ N(r sin(2r), 0.42) and x2 ∼ −N(r cos(2r), 0.42),
where r ∼ Uniform(0, 2π).

Model 1 and Model 2 are Gaussian mixture models with multiple components. Model 1
involves two independent dimensions, each of which comprises a mixture of three Gaussian
distributions with equal weights. In contrast, the two dimensions of Model 2 are conjuncted
by covariance matrices that vary across components, resulting in a complicated covariance
structure. Model 3 comprises an infinite mixture of Gaussian distributions that concentrate
around an involute of a circle, exhibiting a highly nonlinear structure. While inherently
unimodal, this distribution would manifest multimodality when conditioned on either of
its dimensions. The intricate characteristics of these models typically cannot be effectively
captured by traditional methods. Note that the distributions in all three models are sup-
ported on R2, aligned with our theoretical results in Section 3.5. The simulation studies
empirically validate the effectiveness of our method for density estimation with unbounded
support.

To evaluate the performance of data-augmented nonparametric noise contrastive esti-
mation in higher-dimensional scenarios, we also consider Model 1 with different dimen-
sion d, that is, x = (x1, . . . , xd) and xi ∼ (1/3)(N(−1, 0.12) + N(0, 0.12) + N(1, 0.12)) for
i = 1, . . . , d, which is a Gaussian mixture model with 3d components.

5.2 Simulation results

To compare the performance in 2-D density estimation of different methods, we calculate
numerically some discrepancy measures of distributions, between the true density f0 and
the estimated density f̂ , including the L2 distance, Kullback-Leibler (KL) divergence, and
Jensen-Shannon divergence. Since the KL divergence is asymmetric, we calculate both
KL(f0‖f̂) and KL(f̂‖f0). In addition, we compare the first and second moments of the true
and estimated densities. A good density estimation shall give similar moments to the true
ones.

The configurations for our data-augmented nonparametric noise contrastive estimation
method and neural network training are detailed in Appendix C. For each model, a sam-
ple of size 20, 000 is generated. After their corresponding network training processes, the
density estimators of Roundtrip, kernel-based two-stage estimation, flow contrastive esti-
mation, telescoping density-ratio estimation, and our data-augmented nonparametric noise
contrastive estimation are assessed via discrepancy measures and moments. We visualize
the true and estimated densities of the three models in Figure 1, and present the means
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and standard deviations of assessment quantities based on 20 repetitions of experiments in
Tables 1 and 2.

1

2

3

Figure 1: True density and density estimations visualized on 2-D bounded regions. Each
row gives results of a model, and the first column shows corresponding true densi-
ties. DANNCE, NNCE, Two-stage, FCE, and TRE refer to our data-augmented
nonparametric noise contrastive estimation, the nonparametric noise contrastive
estimation (our method without data augmentation (ρ = 0)), kernel-based two-
stage estimation, flow contrastive estimation, and telescoping density-ratio esti-
mation, respectively. Each color bar indicates the scaling of true and estimated
densities in a model.

As displayed by Fig. 1, our method, Roundtrip, and telescoping density-ratio esti-
mation effectively learn the data distributions of all three models. Moreover, our method
demonstrates higher accuracy in Model 3, especially in a neighborhood of the mode. In com-
parison, kernel-based two-stage estimator struggles to accurately identify the components
of Model 1. For Models 2 and 3, the two-stage estimator fails to capture the underlying
structure of data distribution, leading to nearly uniform estimations between components.
These results can be attributed to the fact that the performance of the two-stage estimator
is highly dependent on that of kernel density estimation.

In terms of moments and discrepancy measures, our method generally outperforms
Roundtrip, kernel-based two-stage estimator, and flow contrastive estimation across the
three models under consideration. The performance of our method and telescoping density-
ratio estimation is comparable: our method gives better results in terms of discrepancy
measures, while telescoping density-ratio estimation is more effective in moment estima-
tion. In this 2-D case, the nonparametric noise contrastive estimator (our method with-
out data augmentation) performs comparably to our data-augmented estimator; but for
higher-dimensional experiments presented later, our data-augmented estimator significantly
outperforms the estimator without data-augmentation. We also observe that the KL diver-
gences KL(pd‖pm) for Roundtrip are negative across the three models, while the inverse
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KL divergences KL(pd‖pm) are very high. This suggests that Roundtrip is possibly unnor-
malized and over-estimate density at certain low-density region.
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For higher-dimensional cases, we evaluate the performance of a density estimator by
calculating the Spearman rank correlation between the true density and the estimated
density on a test set. A density estimation with a Spearman rank correlation close to 1
would be preferred. For each dimension d = 3, 4, . . . , 10, we sample a training set of size
10000·d3 and a test set of size 100, 000 from the data distribution. Following model training,
the Spearman rank correlations are computed and displayed in Table 3. For our method and
the telescoping density-ratio estimation, we present the mean and maximum of Spearman
rank correlations based on 5 repetitions of experiments. For Roundtrip, kernel-based two-
stage estimator, and flow contrastive estimation, we report their best results from 5 replicas,
due to the instability exhibited by these methods in this simulation study.

Table 3 demonstrates that our method outperforms Roundtrip and nonparametric noise
contrastive estimation almost consistently across this experiment. Moreover, our method
outperforms telescoping density-ratio estimation when d ≤ 7, while the latter exhibits
superior accuracy when d ≥ 8.

The Spearman rank correlations calculated from kernel-based two-stage estimation are
0.991, 0.979, and 0.897 for d = 3, 4, and 5, respectively. The performance of the two-stage
estimator is impressive at d = 3 and 4, but shows a sharp decline as d increases to 5. When
the dimension d ≥ 6, the two-stage estimator cannot produce valid results for the data
distribution model being considered. Flow contrastive estimation yields Spearman rank
correlations of 0.831 and 0.762 for d = 3 and 4 respectively, while it performs poorly when
d ≥ 5 for the model under consideration.

Table 3: Simulation Results of Higher Dimensions

Dimension d 3 4 5 6 7 8 9 10

max

Roundtrip 0.959 0.957 0.950 0.935 0.923 0.813 0.791 0.789
TRE 0.977 0.963 0.949 0.933 0.927 0.918 0.934 0.942

DANNCE 0.976 0.972 0.964 0.952 0.920 0.914 0.898 0.882
NNCE 0.977 0.974 0.958 0.939 0.916 0.891 0.872 0.841

mean
TRE 0.954 0.936 0.910 0.924 0.912 0.913 0.924 0.929

DANNCE 0.973 0.969 0.959 0.941 0.918 0.908 0.892 0.875
NNCE 0.969 0.968 0.955 0.933 0.911 0.884 0.865 0.821

Notes: Spearman rank correlations between true density and density estimations of
different methods in higher dimensions, with the best performance shown in bold.
DANNCE, NNCE, and TRE refer to our data-augmented nonparametric noise con-
trastive estimation, the nonparametric noise contrastive estimation (our method with-
out data augmentation (ρ = 0)), and telescoping density-ratio estimation, respec-
tively. In DANNCE, ρ is set to 0.3 for d ≤ 8 and to 1 for d = 9 and 10. Max and
mean denote the maximum and average values based on 5 replicas.

We also conduct experiments to illustrate the influence of the hyperparameter ρ on the
performance of our method. Figure 2 visualizes the L2 distances (2-D case) and Spear-
man rank correlations (higher-dimensional cases) between the true and estimated densities
with different values of ρ. The means and 95% confidence intervals of these assessment
quantities are presented, based on 50 repeated trials for the 2-D case and 20 trials for the
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higher-dimensional cases. In the 2-D case, increasing ρ cannot lead to a better estima-
tion. However, the performance exhibits a significant increase as ρ varies from 0 to 5, in
the higher-dimensional cases with d ≥ 5. For dimensions of 3 and 4, similar results are
obtained across different values of ρ. Relatively high Spearman rank correlations can be
achieved with ρ = 1, which supports our theoretical optima range of [1/3, 1] in Section 3.3.
Balancing estimation accuracy and computational efficiency, such a range remains effective.
We can employ values of ρ around 1/3 in low-dimensional cases and values around 1 in
higher-dimensional cases.

Figure 2: The performance of our method as ρ changes. We use a sequence of ρ values, 0,
0.1, 0.2, 0.3, 0.5, 1, 2, and 5. The lines denote the means of the assessment quan-
tities, and the shaded bands indicate the corresponding 95% confidence intervals
from repeated trials. (a) The L2 distance between true and estimated densities
in the 2-D case. All values have been multiplied by 100. Results are based on
50 replicas. (b) The Spearman rank correlation between true and estimated den-
sities, for d = 3, 4, 5, 6, and 7. A higher Spearman rank correlation indicates
better performance. Results are based on 20 replicas.

5.3 Real data studies: Shuttle and Mammography datasets

We apply our method to two real-world datasets, Shuttle (Feng et al., 1993) and Mammog-
raphy (Woods et al., 1993), both of which are available from the ODDS database (Rayana,
2016). We conduct anomaly/outlier detection task on these datasets, a practical applica-
tion of density estimation. Specifically, a data point with a significantly low density value
is considered likely to be an anomaly.

The Shuttle dataset contains 49, 097 samples from seven classes. Each sample consists of
an 8-dimensional feature vector and a class label. For the outlier detection task, the largest
class (Class 1) is regarded as the inlier set, the second-largest class (Class 4) is discarded, and
all other classes are combined to form the outlier set. Consequently, approximately 7% of
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the samples (3, 511 instances) are considered outliers. The Mammography dataset contains
11, 183 samples collected for detecting microcalcifications in mammogram images. Each
sample consists of 6 features extracted from mammograms, and a binary label indicating
whether the instance is normal (inlier) or abnormal (outlier). Among these samples, 260
instances (approximately 2.32%) are outliers. For each dataset, we first combine the inlier
and outlier samples and then randomly split the data, with 90% of the samples used for
training and 10% for testing.

For our data-augmented nonparametric noise contrastive estimation method, we set
the hyperparameters ν = 5 and ρ = 1. The Gaussian distribution Nd(m, σ2I) is used as
the reference distribution, where m is the sample mean and σ2 is the maximum sample
variance across all data dimensions, calculated from the training set. We compare our
data-augmented nonparametric noise contrastive estimation with Roundtrip and telescoping
density-ratio estimation. The methods are evaluated using precision at k, which measures
the proportion of true outliers among the top-k points identified as outliers by the detector;
in our case, they correspond to the top-k points with the lowest estimated density. We set
k as the number of true outliers in the test set, and a precision closer to 1 indicates better
performance.

The analysis results are reported in Table 4, which presents the average precision based
on three repeated trials. From Table 4, one can see that our method exhibits superior
performance on the Shuttle dataset compared with Roundtrip and telescoping density-ratio
estimation. For the Mammography dataset, the precision of our method is comparable
to Roundtrip and is higher than that of telescoping density-ratio estimation. The anomaly
percentage of the Mammography dataset is relatively low (2.32%), and our method performs
competitively and stably. The nonparametric noise contrastive estimation (our method
without data augmentation) does not perform well on the two datasets, and thus its results
are not reported.

Table 4: Anomaly detection results on the Shuttle
and Mammography datasets

Roundtrip TRE DANNCE

Shuttle 0.959 0.914 0.970
Mammography 0.482 0.432 0.481

Notes: The precision at k of different methods
on two ODDS datasets, with the best perfor-
mance shown in bold. DANNCE and TRE re-
fer to our data-augmented nonparametric noise
contrastive estimation and telescoping density-
ratio estimation, respectively. Each entry is the
average value from three replicas. The results
of Roundtrip are from Liu et al. (2021).
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6. Conclusions

In this paper, we propose a data-augmented nonparametric contrastive learning approach
to density estimation, which leverages the power of deep neural networks in approximating
high-dimensional functions. Our density estimator is simple and easy-to-implement. The
proposed data augmentation technique addresses the selection of reference distribution to
some extent and improves performance in some practical applications. It also enjoys some
theoretical merits, for example, the lower-bounded density assumption can be avoided. Un-
der relative mild conditions, we establish non-asymptotic error bounds for our estimator
and provide theoretical guarantees for our method. With certain choice of network param-
eters, we show that our error bound can achieve the minimax optimal rate n−2β/(d+2β) of
standard nonparametric regression. Under a compositional structural assumption on the
target density, we have shown that our estimator can circumvent the curse of dimensionality
with a faster convergence rate maxi n

−2β∗i /(di+2β∗i ), which depends merely on the intrinsic
dimension of the target density, and attains the minimax optimal rate under compositional
structure assumption.
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Appendix A. Proofs of lemmas and theorems

In this section of the Appendix, we include the proofs for the lemmas and theorems stated
in Sections 3 - 4.

A.1 Proof of Lemma 4

Proof Notice that f0 = (1 + ρ)fM− ρfR ≤ (1 + ρ)fM and f̃n = (1 + ρ)f̂M− ρfR, we have

‖f̃n − f0‖2L2(f0) =

∫
Ω
|f̃n(x)− f0(x)|2f0(x)dx

= (1 + ρ)2

∫
Ω
|f̂M(x)− fM(x)|2f0(x)dx

≤ (1 + ρ)3

∫
Ω
|f̂M(x)− fM(x)|2fM(x)dx

= ‖f̂M − fM‖2L2(fM)

given any training sample S. Taking expectation with respect to S gives the desired in-
equality.

A.2 Proof of Lemma 5

Proof We first prove a somewhat more general result than Lemma 5. Suppose that there
exist positive constants l, L, l∗, L∗, γ and Γ such that l ≤ fR ≤ L, l∗ ≤ f∗ ≤ L∗, and
γ ≤ f ≤ Γ for all f ∈ F on [0, 1]d, we show that c1‖f − f∗‖2L2(f∗)

≤ R(f) − R(f∗) ≤
c2‖f − f∗‖2L2(f∗)

for some positive constants c1 and c2.

In this case, there exist positive constants m and M such that

mfR ≤ f∗ ≤MfR,

mfR ≤ f ≤MfR, ∀f ∈ F .
(12)

Specifically, we can choose m = (l∗ ∧ γ)/L and M = (L∗ ∨ Γ)/l.

According to the definition, we can rewrite the noise contrastive risk as

R(f) = −
{∫

f∗(u) log
f(u)

f(u) + νfR(u)
du+ ν

∫
fR(u) log

νfR(u)

f(u) + νfR(u)
du
}
.

Therefore,

R(f)−R(f∗) =

∫ [
{f∗(u) + νfR(u)} log

f(u) + νfR(u)

f∗(u) + νfR(u)
+ f∗(u) log

f∗(u)

f(u)

]
du. (13)

We denote the integrand in (13) as W (f, f∗, fR)(u). Consider the function

ga(b) =
ea + νc

ea
log

eb + νc

ea + νc
+ a− b.
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We have

g′a(b) =
ea + νc

ea
eb

eb + νc
− 1, g′′a(b) =

ea + νc

ea
νc

(eb + νc)2
eb,

and that ga(a) = 0, g′a(a) = 0. For any a, b such that mc ≤ ea ≤ Mc,mc ≤ eb ≤ Mc, we
have

g′′a(b) ≥ mν

M(M + ν)
.

Hence,

ga(b) ≥
mν

2M(M + ν)
(b− a)2.

While a, b ≤ log(L∗ ∨ Γ), it holds that |eb − ea| ≤ (L∗ ∨ Γ)|b− a| and

ga(b) ≥
mν

2M(M + ν)(L∗ ∨ Γ)2
(eb − ea)2.

Taking a = log f∗(u), b = log f(u) and c = fR(u), we obtain

W (f, f∗, fR)(u)

f∗(u)
≥ mν

2M(M + ν)(L∗ ∨ Γ)2
{f(u)− f∗(u)}2. (14)

Now consider the function

ha(b) =
a+ νc

a
log

b+ νc

a+ νc
+ log

a

b
.

Likewise, when b ≥ γ, it holds that ha(b) ≤ (b− a)2/(2γ2). Taking a = f∗(u), b = f(u) and
c = fR(u), we have

W (f, f∗, fR)(u)

f∗(u)
≤ 1

2γ2
{f(u)− f∗(u)}2. (15)

Multiplying by f∗(u) and taking integrals in (14) and (15), we have c1‖f − f∗‖2L2(f∗)
≤

R(f)−R(f∗) ≤ c2‖f − f∗‖2L2(f∗)
, where c1 = mν/{2M(M + ν)(L∗ ∨Γ)2} and c2 = 1/(2γ2).

Under Assumption 3, there exist positive constants l, L, and L0 such that l ≤ fR ≤ L,
f0 ≤ L0. Thus, ρl/(1 + ρ) ≤ fM ≤ L ∨ L0. By definition of Fn, γ ≤ f ≤ Γ holds for
all f ∈ Fn. Therefore, c1‖f − fM‖2L2(fM) ≤ R(f) − R(fM) ≤ c2‖f − fM‖2L2(fM) holds for
any f ∈ Fn, where c1 and c2 are constants only depending on ν, ρ, L0, γ,Γ, and fR. This
concludes the proof of Lemma 5.

A.3 Proof of Lemma 6

Proof By Lemma 5, there exists positive constants c1 and c2 such that

c1‖f̂M − fM‖2L2(fM) ≤ R(f̂M)−R(fM) ≤ c2‖f̂M − fM‖2L2(fM).

Taking expectation with respect to sample S, we have

ES‖f̂M − fM‖2L2(fM) ≤
1

c1
ES [R(f̂M)−R(fM)].
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For any ε > 0, there exists fε ∈ Fn such that ‖fε−fM‖2L2(fM) ≤ inff∈Fn ‖f−fM‖2L2(fM) +ε.

Since f̂M minimizes R̂(f), we have R̂(f̂M) ≤ R̂(fε), and that

ESR̂(f̂M) ≤ ESR̂(fε) = R(fε).

Therefore,

ES‖f̂M − fM‖2L2(f0) ≤
1

c1
ES [R(f̂M)−R(fM)]

=
1

c1
ES [R(f̂M)−R(fε) +R(fε)−R(fM)]

≤ 1

c1
ES [R(f̂M)− R̂(f̂M)] +

1

c1
[R(fε)−R(fM)]

≤ 1

c1
ES [R(f̂M)− R̂(f̂M)] +

c2

c1
‖fε − fM‖2L2(fM)

≤ 1

c1
ES [R(f̂M)− R̂(f̂M)] +

c2

c1
inf
f∈F
‖f − fM‖2L2(fM) +

c2

c1
ε.

Letting ε→ 0, we get the desired result.

A.4 Proof of Lemma 7

Proof By definition, we have

R(f̂M)− R̂(f̂M)

= −
∫ {

fM(u) log
f̂M(u)

f̂M(u) + νfR(u)
+ νfR(u) log

νfR(u)

f̂M(u) + νfR(u)

}
du

+
1

(1 + ρ)n

(1+ρ)n∑
i=1

log
f̂M(Yi)

f̂M(Yi) + νfR(Yi)
+

1

(1 + ρ)n

ν(1+ρ)n∑
i=1

log
νfR(Zi)

f̂M(Zi) + νfR(Zi)
.

Partition the sample S = {Y1, . . . , Yn+ρn, Z1, . . . , Zν(n+ρn)} into contrastive sequences
⋃n
i=1 Si.

Each contrastive sequence Si is composed of an augmented data point and ν contrastive
noise data points, i.e. Si = (Yi, Zν(i−1)+1, . . . , Zνi) for i = 1, . . . , (1 + ρ)n. Let S′ be an
independent copy of S. Define

g(f, (y, z1, . . . , zν)) :− log
f(y)

f(y) + νfR(y)
+

ν∑
j=1

log
νfR(zj)

f(zj) + νfR(zj)
,

for any f ∈ Fn and sequence (y, z1, . . . , zν). With these notations, we can rewrite R(f̂M)−
R̂(f̂M) as

R(f̂M)− R̂(f̂M) =
1

(1 + ρ)n

(1+ρ)n∑
i=1

{g(f̂M, Si)− ES′g(f̂M, S
′
i)}. (16)
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To provide an upper bound for ES [R(f̂M) − R̂(f̂M)], we leverage expression (16). By
Assumption 3 and (12), for any f ∈ Fn, we have

−g(f, (y, z1, · · · , zν)) = log
f(y) + νfR(y)

f(y)
+

ν∑
j=1

log
f(zj) + νfR(zj)

νfR(zj)

≤ log
(

1 +
ν

m

)
+ ν log

(
1 +

M

ν

)
.

And it is straightforward to see that g(f, ·) ≤ 0. Therefore, for all f ∈ Fn, g(f, ·) ∈ [−K, 0]
where K = log(1 + ν/m) + ν log(1 +M/ν). It follows from Lemma 29 in Appendix B that
(set α = t and ε = 1/2 therein), for any t > 0,

Pr
( 1

(1 + ρ)n

(1+ρ)n∑
i=1

{g(f̂M, Si)− ES′g(f̂M, S
′
i)} > t

)

≤ Pr
(
∃f ∈ Fn,

1

(1 + ρ)n

(1+ρ)n∑
i=1

{g(f, Si)− ES′g(f, S′i)} > t
)

≤ 4EN1

( t(1 + ρ)n

10
,G, S1:(1+ρ)n

)
exp

(
− 3t(1 + ρ)n

160K

)
,

where G = {g(f, ·) : f ∈ Fn}. Since

EN1

( t(1 + ρ)n

10
,G, S1:(1+ρ)n

)
≤ N1

( t(1 + ρ)n

10
,G, (1 + ρ)n

)
≤ N∞

( t

10
,G, (1 + ρ)n

)
,

our next step is to bound N∞(t/10,G, (1 + ρ)n) by N∞(ε,Fn, (1 + ν)(n + ρn)) for some
ε > 0.

By the definition of uniform covering number, for any u1:(1+ν)(n+ρn), there exists

Fn|(ε)u1:(1+ν)(n+ρn) ⊂ R(1+ν)(n+ρn) with cardinality
∣∣Fn|(ε)u1:(1+ν)(n+ρn)∣∣ ≤ N∞(ε,Fn, (1 + ν)(n +

ρn)), such that for all f ∈ Fn, there exists vector f̄ ∈ Fn|(ε)u1:(1+ν)(n+ρn) satisfying

max1≤i≤(1+ν)(n+ρn) |f(ui) − f̄i| < ε. Note that for any u, γ ≤ f(u) ≤ Γ, we can assume
without loss of generality that γ ≤ f̄i ≤ Γ for all 1 ≤ i ≤ (1 + ν)(n+ ρn).

For 1 ≤ i ≤ (1 + ρ)n, let Ii = {(1 + ρ)n + ν(i − 1) + 1, . . . , (1 + ρ)n + νi} and si =
(ui, uIi) :− (ui, u(1+ρ)n+ν(i−1)+1, . . . , u(1+ρ)n+νi). For any g(f, ·) ∈ G with corresponding

f ∈ Fn and f̄ ∈ Fn|(ε)u1:(1+ν)(n+ρn) , define ḡ = (ḡ1, . . . , ḡn) ∈ R(1+ρ)n by

ḡi = log
f̄i

f̄i + νfR(ui)
+
∑
j∈Ii

log
νfR(uj)

f̄j + νfR(uj)
, 1 ≤ i ≤ (1 + ρ)n.

Let G : R(1+ν)(n+ρn) → R(1+ρ)n be the function mapping f̄ to ḡ as above. The collection of
vectors ḡ can be written as

G|(ε)s1:(1+ρ)n = {ḡ = G(f̄) : f̄ ∈ Fn|(ε)u1:(1+ν)(n+ρn)}.
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We have
∣∣G|(ε)s1:(1+ρ)n∣∣ ≤ ∣∣Fn|(ε)u1:(1+ν)(n+ρn)∣∣. Moreover, for all 1 ≤ i ≤ (1 + ρ)n,

|g(f, si)− ḡi| ≤
∣∣∣ log

f(ui)

f(ui) + νfR(ui)
− log

f̄i
f̄i + νfR(ui)

∣∣∣+ νmax
j∈Ii

∣∣∣ log
f̄j + νfR(uj)

f(uj) + νfR(uj)

∣∣∣
≤ νfR(ui)

f(ui)f̄i
|f(ui)− f̄i|+ νmax

j∈Ii

1

νfR(uj)
|f(uj)− f̄j |

≤
( ν

mγ
+

1

l

)
ε.

So max1≤i≤(1+ρ)n |g(f, si)− ḡi| ≤ κε, where κ = ν/(mγ) + 1/l. That is, the set G|(ε)s1:(1+ρ)n ⊂
Rn is a κε-cover of G|s1:(1+ρ)n with respect to the ‖·‖∞ norm. This impliesN∞(κε,G, s1:(1+ρ)n)

≤ |G|(ε)s1:(1+ρ)n | ≤ N∞(ε,Fn, (1 + ν)(n + ρn)). By taking all s1:(1+ρ)n (i.e. all u1:(1+ν)(n+ρn))
into account, we have

N∞(κε,G, (1 + ρ)n) ≤ N∞(ε,Fn, (1 + ν)(n+ ρn)),

and N∞(t/10,G, (1 + ρ)n) ≤ N∞(t/(10κ),Fn, (1 + ν)(n+ ρn)) follows directly.

Given the tail probability bound

Pr
( 1

(1 + ρ)n

(1+ρ)n∑
i=1

{g(f̂M, Si)− ES′g(f̂M, S
′
i)} > t

)
≤ 4EN1

( t(1 + ρ)n

10
,G, S1:(1+ρ)n

)
exp

(
− 3t(1 + ρ)n

160K

)
≤ 4N∞

( t

10κ
,Fn, (1 + ν)(n+ ρn)

)
exp

(
− 3t(1 + ρ)n

160K

)
,

we can bound the expectation as below:

ES
[ 1

(1 + ρ)n

(1+ρ)n∑
i=1

{g(f̂M, Si)− ES′g(f̂M, S
′
i)}
]

≤ an +

∫ ∞
an

Pr
( 1

(1 + ρ)n

(1+ρ)n∑
i=1

{g(f̂M, Si)− ES′g(f̂M, S
′
i)} > t

)
dt

≤ an +

∫ ∞
an

4N∞
( t

10κ
,Fn, (1 + ν)(n+ ρn)

)
exp

(
− 3t(1 + ρ)n

160K

)
dt

≤ an +

∫ ∞
an

4N∞
( an

10κ
,Fn, (1 + ν)(n+ ρn)

)
exp

(
− 3t(1 + ρ)n

160K

)
dt

≤ an + 4N∞
( an

10κ
,Fn, (1 + ν)(n+ ρn)

)
exp

(
− 3an(1 + ρ)n

160K

) 160K

3(1 + ρ)n
.

Take an = log(4N∞(K/{κ(1 + ρ)n},Fn, (1 + ν)(n + ρn))) · 160K/{3(1 + ρ)n}. Note that
an/(10κ) ≥ K/{κ(1+ρ)n}, andN∞(K/{κ(1+ρ)n},Fn, (1+ν)(n+ρn)) ≥ N∞(an/(10κ),Fn,
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(1 + ν)(n+ ρn)). Then,

ES
[ 1

(1 + ρ)n

(1+ρ)n∑
i=1

{g(f̂M, Si)− ES′g(f̂M, S
′
i)}
]

≤ 160K

3(1 + ρ)
·

log
(
4N∞

(
K

κ(1+ρ)n ,Fn, (1 + ν)(n+ ρn)
))

+ 1

n
.

In view of (16), we have

ES [R(f̂M)− R̂(f̂M)] ≤ C1K
log
(
4N∞

(
K

κ(1+ρ)n ,Fn, (1 + ν)(n+ ρn)
))

(1 + ρ)n
, (17)

for some universal constant C1.
Our final step is to bound the uniform covering number. It follows from Theorem 12.2

in Anthony and Bartlett (1999) that, for n ≥ Pdim(Fn)/{(1 + ν)(1 + ρ)},

N∞
( K

κ(1 + ρ)n
,Fn, (1 + ν)(n+ ρn)

)
≤
(e(1 + ν)(1 + ρ)2n2κΓ

KPdim(Fn)

)Pdim(Fn)
.

Furthermore, by Theorem 7 in Bartlett et al. (2019), the pseudo-dimension of the class of
networks is bounded by its architecture parameters:

Pdim(Fn) ≤ C ′SD logS,

where C ′ is a universal constant. Combining the upper bounds of uniform covering number
and pseudo-dimension in (17), we have

ES [R(f̂M)− R̂(f̂M)] ≤ c3SD logS log n

n
,

where c3 = C2K(1 + ρ)−1 log((1 + ν)(1 + ρ)2κΓ/K), for some universal constant C2. This
concludes the proof of Lemma 7.

A.5 Approximation error bound

Lemma 19 (Approximation error) Suppose that Assumptions 3 and 8 hold, and γ ≤
ρl/(1 + ρ), Γ ≥ L0 ∨ L where l, L are positive constants such that l ≤ fR ≤ L. Then
for any P,Q ∈ Z+, there exists a function f∗ ∈ Fn = F(D,W,S, γ,Γ) with width W =
38(bβc+ 1)2dbβc+1P dlog2(8P )e and depth D = 21(bβc+ 1)2Qdlog2(8Q)e such that

‖f∗ − fM‖2L2(fM) ≤ 324B2
0(bβc+ 1)4d2bβc+β∨1(PQ)−4β/d.

Proof For J ∈ Z+ and δ ∈ (0, 1/J), define a region Ω([0, 1]d, J, δ) ⊂ [0, 1]d as

Ω([0, 1]d, J, δ) =

d⋃
i=1

{
x = [x1, . . . , xd]

> : xi ∈
J−1⋃
j=1

( j
J
− δ, j

J

)}
.

32



Data-Augmented Nonparametric Density Estimation

By Theorem 3.3 in Jiao et al. (2023), there exists a function f∗ ∈ Fn = F(D,W,S, γ,Γ)
with width W = 38(s + 1)2ds+1P dlog2(8P )e and depth D = 21(s + 1)2Qdlog2(8Q)e, such
that

|f∗(x)− fM(x)| ≤ 18B0(s+ 1)2ds+(β∨1)/2(PQ)−2β/d,

for any x ∈ [0, 1]d \ Ω([0, 1]d, J, δ) where J = d(PQ)2/de and δ is an arbitrary number in
(0, 1/(3J)]. Note that the Lebesgue measure of Ω([0, 1]d, J, δ) is no more than dJδ, which
can be arbitrarily small if δ is arbitrarily small. By absolute continuity of the distribution
corresponding to fM with respect to Lebesgue measure, we have

‖f∗ − fM‖2L2(fM) ≤ 182B2
0(s+ 1)4d2s+β∨1(PQ)−4β/d.

Thus we complete the proof of Lemma 19.

A.6 Proof of Theorem 10

Proof Due to Lemma 6, the expected L2-risk for estimating fM can be decomposed into
the sum of stochastic error and approximation error:

ES‖f̂M − fM‖2L2(fM) ≤
1

c1
ES [R(f̂M)− R̂(f̂M)] +

c2

c1
inf
f∈Fn

‖f − fM‖2L2(fM). (18)

By Lemma 7, we bound the stochastic error by

ES [R(f̂M)− R̂(f̂M)] ≤ c3SD logS log n

n
. (19)

By Lemma 19 in Appendix A.5, we bound the approximation error by

inf
f∈Fn

‖f − fM‖2L2(fM) ≤ 324B2
0(bβc+ 1)4d2bβc+β∨1(PQ)−4β/d. (20)

Combining (18), (19), and (20), we have

ES‖f̂M − fM‖2L2(fM) ≤ c
′
4SD logS log n

n
+ c′5B

2
0(bβc+ 1)4d2bβc+β∨1(PQ)−4β/d. (21)

Since c1, c2 and c3 only depend on ν, ρ, L0, γ,Γ, and fR, it is clear that c′4, c
′
5 are constants

only depending on ν, ρ, L0, γ,Γ, and fR. Finally, Lemma 4 implies that

ES‖f̃n − f0‖2L2(f0) ≤ c4SD logS log n

n
+ c5B

2
0(bβc+ 1)4d2bβc+β∨1(PQ)−4β/d,

where c4 = (1 +ρ)3c′4 and c5 = (1 +ρ)3c′5. Setting P = 1 and Q = dnd/{2(d+2β)}e, we obtain
the error bound (7) in Theorem 10. This concludes the proof of Theorem 10.
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A.7 Proof of Theorem 13

Proof Suppose that fR ≥ l, then fM ≥ ρl/(1 + ρ). It follows from the definition of total
variation distance that

ESTV(f̂M, fM) =
1

2
ES
∫
|f̂M(y)− fM(y)|dy

≤ 1

2
ES
∫
|f̂M(y)− fM(y)|fM(x)

1 + ρ

ρl
dy

=
1 + ρ

2ρl
ES [EY∼fM |f̂M(Y )− fM(Y )|]

≤ 1 + ρ

2ρl

{
ES [EY∼fM |f̂M(Y )− fM(Y )|2]

}1/2

=
1 + ρ

2ρl

{
ES‖f̂M − fM‖2L2(fM)

}1/2
,

where the penultimate line follows from the Jensen’s inequality. By inequality (21) in
Appendix A.6,

ES‖f̂M − fM‖2L2(fM) ≤ c
′
4SD logS log n

n
+ c′5B

2
0(bβc+ 1)4d2bβc+β∨1(PQ)−4β/d,

where c′4 and c′5 are constants only depending on ν, ρ, L0, γ,Γ and, fR. Therefore,

ESTV(f̂M, fM) ≤ 1 + ρ

2ρl

{
ES‖f̂n − f0‖2L2(f0)

}1/2

≤ 1 + ρ

2ρl

{
c4SD logS log n

n
+ c5B

2
0(bβc+ 1)4d2bβc+β∨1(PQ)−4β/d

}1/2

≤
(1 + ρ)

√
c′4

2ρl

(
SD logS log n

n

)1/2

+
(1 + ρ)

√
c′5

2ρl
B0(bβc+ 1)2dbβc+(β∨1)/2(PQ)−2β/d.

Note that TV(f̃n, f0) = (1 + ρ)TV(f̂M, fM). Letting c7 = (1 + ρ)2
√
c′4/(2ρl), c8 = (1 +

ρ)2
√
c′5/(2ρl), we have

ESTV(f̃n, f0) ≤ c7

(
SD logS log n

n

)1/2
+ c8B0(bβc+ 1)2dbβc+(β∨1)/2(PQ)−2β/d,

and c7, c8 only depend on ν, ρ, L0, γ,Γ, and fR. Setting P = 1 and Q = dnd/{2(d+2β)}e, we
obtain the error bound (8) in Theorem 13. This concludes the proof of Theorem 13.

A.8 Error analysis for the unbounded-support case

In this subsection, we present an error analysis of our estimator for estimating densities with
unbounded support, with a focus on the differences between the theoretical analysis in this
setting and the bounded case. First, a positive and continuous reference density supported
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on a compact domain is lower bounded, while this property does not hold for unbounded
domains. Second, conventional neural network approximation theory for approximating
function with compact domain and is not directly applicable to the unbounded support
case. To address the complications associated with unbounded support, we will leverage
the truncation technique and assume that the target distribution has a sub-exponentially
decaying tail.

In the following, we denote the target distribution (probability measure) as µ0; that is,
µ0(dx) = f0(x)dx. We make the following assumptions on the target density f0 and the
reference density fR:

Assumption 20 The target distribution µ0 is sub-exponential in the sense that

µ0(Rd \ [−x, x]d) ≤ Cd exp(−ax), ∀ x > 0, (22)

for some positive constants a and C. Furthermore, there exist positive constants L0 and
LR such that f0 ≤ L0 and 0 < fR ≤ LR on Rd. In addition, there exists a positive number
lR that depends on t and d, such that fR ≥ lR on Ωt.

Assumption 21 (Hölder smoothness) The densities f0, fR ∈ Hβ(Rd, B0) for a given
β > 0 and some finite constant B0 > 0.

In Assumption 20, we require the reference distribution to satisfy fR ≥ lR on Ωt. Since
the integral of fR over Ωt is upper bounded by 1, it follows that lR ≤ (2t)−d. Therefore, lR
depends on both t and d. We also select the lower bound of the neural network, γ, to be
a function of t and d. In our theoretical results, we establish the dependence of the error
bounds on lR and γ explicitly.

When the truncation level t is a function of the sample size n, it follows that the reference
distribution also depends on n. Assumption 20 is satisfied when the reference distribution
is Nd(0, σ

2I), Gaussian distribution with mean 0 and covariance matrix σ2I, where σ is a
function of n. Further details will be provided subsequently, following the proof of Theorem
16.

Next, we decompose the expected L2-risk of f̄n into the error on the truncated domain
and the error due to truncation. Before proceeding, similar to the definition of ‖f−f∗‖2L2(f∗)

,
we let

‖g‖2L2(f∗;A) :− EX∼f∗
[
|g(X)|21A(X)

]
=

∫
A
|g(x)|2f∗(x)dx

for any probability density f∗ on Rd, function g : Rd → R, and subset A ⊆ Rd.

Lemma 22 (Error decomposition) Given any t ≥ 1/2, suppose that Assumption 20
holds, and γ ≤ 1. Then, the expected L2-risk of the data-augmented nonparametric noise
contrastive estimator f̄n defined in (9) satisfies

ES‖f̄n − f0‖2L2(f0) ≤ c13γ
−1l−2
R ES [Rt(f̌M)− R̂t(f̌M)] + c14γ

−3l−2
R inf

f∈Fn
‖f − fM‖2L2(fM;Ωt)

+ c15ES‖f̌M − fM‖2L2(f0;Ω{
t )
,

(23)
where c13 and c14 are constants only depending on ν, ρ, L0, Γ, and LR, and c15 is a constant
only depending on ρ.
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Proof According to the proof of Lemma 4, we have

‖f̄n − f0‖2L2(f0) = (1 + ρ)2

∫
Rd
|f̌M(x)− fM(x)|2f0(x)dx (24)

given any training sample S. Furthermore, it follows from f0 = (1+ρ)fM−ρfR ≤ (1+ρ)fM
that ∫

Rd
|f̌M(x)− fM(x)|2f0(x)dx

=

∫
Ωt

|f̌M(x)− fM(x)|2f0(x)dx

+

∫
Ω{
t

|f̌M(x)− fM(x)|2f0(x)dx

≤ (1 + ρ)

∫
Ωt

|f̌M(x)− fM(x)|2fM(x)dx

+

∫
Ω{
t

|f̌M(x)− fM(x)|2f0(x)dx

= (1 + ρ)‖f̌M − fM‖2L2(fM;Ωt)
+ ‖f̌M − fM‖2L2(f0;Ω{

t )
.

(25)

In the following, we intend to show a calibration condition in terms of ‖f − f∗‖2L2(f∗,Ωt)

and Rt(f) − Rt(f∗), an inequality similar to (5) in Lemma 5. Suppose that f∗ ≤ L∗ and
γ ≤ f ≤ Γ for all f ∈ F on Rd, and there exist positive constants m and M that may
depend on t such that

mγfR ≤ f∗ ≤
M

lR
fR,

mγfR ≤ f ≤
M

lR
fR, ∀f ∈ F

(26)

on Ωt. Then, according to the proof of Lemma 5, we have

c0γl
2
R‖f − f∗‖2L2(f∗;Ωt)

≤ Rt(f)−Rt(f∗) ≤
1

2γ2
‖f − f∗‖2L2(f∗;Ωt)

, (27)

where c0 = mν/{2M(M + ν)(L∗ ∨ Γ)2}. To show this, we only need to replace the domain
with Ωt; specifically, we only consider the values of functions f , f∗, and fR and the integrals
on Ωt.

Under Assumption 20, there exist positive constants L0 and LR, as well as a positive
number lR, such that f0 ≤ L0 and lR ≤ fR ≤ LR on Ωt. Thus, fM ≤ L0 ∨ LR. By the
definition of Fn, γ ≤ f ≤ Γ for all f ∈ Fn. Therefore, (26) holds for f∗ = fM and F = Fn
by setting m = (1/LR) ∧ {ρ/(1 + ρ)} and M = max{L0, LR,Γ}. It follows that (27) holds
for f∗ = fM and f ∈ Fn, with constant c0 depending solely on ν, ρ, L0, Γ, and LR.

It can be shown along similar lines as in the proof of Lemma 6 that

ES‖f̌M − fM‖2L2(fM;Ωt)
≤ 1

c0γl2R
ES [Rt(f̌M)− R̂t(f̌M)] +

1

2c0γ3l2R
inf
f∈Fn

‖f − fM‖L2(fM;Ωt).

(28)
Taking expectations on both sides of (24) and (25), and combining with (28), we obtain the
desired inequality.
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The three terms on the right-hand side of (23) are the stochastic error, the approximation
error and the truncation error, respectively. In the following, we establish upper bounds for
these error terms in Lemmas 23, 25, and 26 respectively.

Lemma 23 (Stochastic error) Let Fn = F(D,W,S, γ,Γ) be the class of feedforward
neural networks activated by continuous piecewise linear activation function with finitely
many inflection points, and let γ ≤ 1. Given any t ≥ 1/2, let f̌M ∈ arg minf∈Fn R̂t(f) be a
minimizer of the truncated empirical risk over Fn, and suppose that Assumption 20 holds.
Then, for n ≥ Pdim(Fn)/{(1 + ν)(1 + ρ)},

ES [Rt(f̌M)− R̂t(f̌M)] ≤ c′1γ−2l−1
R SD logS log n

n
,

where c′1 is a constant depending only on ν, ρ, L0, Γ, and LR.

Proof According to the proof of Lemma 22, we have

mγfR ≤ fM ≤
M

lR
fR,

mγfR ≤ f ≤
M

lR
fR, ∀f ∈ Fn

on Ωt, where m = (1/LR) ∧ {ρ/(1 + ρ)} and M = max{L0, LR,Γ}. We can show along
similar lines as in the proof of Lemma 7 that

ES [Rt(f̌M)− R̂t(f̌M)] ≤ c′1γ−2l−1
R SD logS log n

n
,

where c′1 = CK(1 + ρ)−1 log(e(1 + ν)(1 + ρ)2κΓ/K), K = log(1 + ν/m) + ν log(1 +M/ν),
κ = 1 + ν/m, and C is a universal constant. This completes the proof of Lemma 23.

Lemma 24 (Clipping functions) Given K > 0, we define ηK : R→ [−K,K] by

ηK(z) =


−K, z ∈ (−∞,−K),

z, z ∈ [−K,K],

K, z ∈ (K,+∞).

There exists a clipping function CK : Rd → [−K,K]d at level K implemented by a ReLU
neural network with depth 1 and width 2d such that for any x = [x1, x2, . . . , xd]

> ∈ Rd,

CK(x) = [ηK(x1), ηK(x2), . . . , ηK(xd)]
>.

Proof It is clear that CK(x) = σ(x + K1d) − σ(x −K1d) −K1d, where 1d denotes the
d-dimensional vector with all elements equal to 1. This expression implies that the clipping
function CK can be implemented by a ReLU neural network with depth 1 and width 2d.
Thus, we conclude the proof of Lemma 24.
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Lemma 25 (Approximation error) Given any t > 0, suppose that Assumptions 20 and
21 hold, γ ≤ ρlR/(1 + ρ), and Γ ≥ L0 ∨ LR. Then for any P,Q ∈ Z+, there exists a
function f∗ ∈ Fn = F(D,W,S, γ,Γ) with width W = 38(bβc + 1)2dbβc+1P dlog2(8P )e and
depth D = 21(bβc+ 1)2Qdlog2(8Q)e+ 1 such that

‖f∗ − fM‖2L2(fM;Ωt)
≤ 324(2t)2βB2

0(s+ 1)4d2s+β∨1(PQ)−4β/d.

Proof We construct an approximation f∗ of the mixture density fM on the truncated
domain Ωt, and bound the L2(fM; Ωt) approximation error.

First of all, we use the clipping function CK defined in Lemma 24 (set K = t therein)
to clip the unbounded domain. That is, for any x ∈ Rd, we have Ct(x) ∈ Ωt. We only need
to consider the approximation of fM on the truncated domain Ωt.

Then, we employ the mapping x̃ = T (x) = (x + t1d)/(2t) to transform the domain Ωt

into the domain [0, 1]d. Notice that the mapping T is linear and invertible. We denote its
inverse as x = T −1(x̃). We further define a new target function f� by f�(x̃) = fM(T −1(x̃))
for any x̃ ∈ Rd. Clearly, fM(x) = f�(T (x)) for any x ∈ Rd. Under Assumption 21, the new
function f� belongs to the Hölder class Hβ(Rd, (2t)βB0).

For J ∈ Z+ and δ ∈ (0, 1/J), we define Ω([0, 1]d, J, δ) ⊂ [0, 1]d as the same region pre-
sented in the proof of Lemma 19. By Theorem 3.3 in Jiao et al. (2023), there exists a function
f † implemented by a deep ReLU neural network with width 38(s+1)2ds+1P dlog2(8P )e and
depth 21(s+ 1)2Qdlog2(8Q)e such that

|f †(x̃)− f�(x̃)| ≤ 18(2t)βB0(s+ 1)2ds+(β∨1)/2(PQ)−2β/d,

for any x̃ ∈ [0, 1]d \ Ω([0, 1]d, J, δ) where J = d(PQ)2/de and δ is an arbitrary number in
(0, 1/(3J)]. Note that the Lebesgue measure of Ω([0, 1]d, J, δ) is no more than dJδ, which
can be arbitrarily small if δ is arbitrarily small. Moreover, (2t)df� is a probability density
function on Rd. By the absolute continuity of the distribution corresponding to (2t)df�

with respect to Lebesgue measure, we have

‖f † − f�‖2L2((2t)df�;[0,1]d) ≤ 182(2t)2βB2
0(s+ 1)4d2s+β∨1(PQ)−4β/d. (29)

Let f∗(x) = f †(T ◦ Ct(x)). We claim that f∗ is a good approximation of the original
target function fM on the truncated domain Ωt, and can be implemented by a deep ReLU
neural network. According to the error bound (29), the approximation error of f∗ on Ωt is

‖f∗ − fM‖2L2(fM;Ωt)
=

∫
Ωt

|f∗(x)− fM(x)|2fM(x)dx

=

∫
Ωt

|f †(T ◦ Ct(x))− f�(T (x))|2f�(T (x))dx

=

∫
Ωt

|f †(T (x))− f�(T (x))|2f�(T (x))dx

=

∫
[0,1]d

|f †(x̃)− f�(x̃)|2(2t)df�(x̃)dx̃

= ‖f † − f�‖2L2((2t)df�;[0,1]d)

≤ 324(2t)2βB2
0(s+ 1)4d2s+β∨1(PQ)−4β/d.
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Finally, it remains to calculate the complexity of the ReLU neural network implement-
ing f∗. By Lemma 24, Ct can be implemented by a ReLU neural network with depth 1 and
width 2d. Notice that T is linear and the ReLU neural network implementing f † has width
38(s + 1)2ds+1P dlog2(8P )e and depth 21(s + 1)2Qdlog2(8Q)e. It follows that f∗ can be
implemented by a ReLU neural network with width 38(s+ 1)2ds+1P dlog2(8P )e and depth
21(s+ 1)2Qdlog2(8Q)e+ 1. This concludes the proof of Lemma 25.

Lemma 26 (Truncation error) Given any t > 0, suppose that Assumption 20 holds.
Then, the truncation error satisfies

ES‖f̌M − fM‖2L2(f0;Ω{
t )
≤ c′2Cd exp(−at),

where c′2 is a constant only depending on L0, Γ, and LR.

Proof Given any training sample S,

‖f̌M − fM‖2L2(f0;Ω{
t )

=

∫
Ω{
t

|f̌M(x)− fM(x)|2f0(x)dx

≤ (Γ + L0 ∨ LR)2

∫
Ω{
t

f0(x)dx

= (Γ + L0 ∨ LR)2µ0

(
Ω{
t

)
≤ (Γ + L0 ∨ LR)2Cd exp(−at),

where the last inequality follows from (22) in Assumption 20. This concludes the proof of
Lemma 26.

According to Lemmas 23, 25, and 26, there exists a trade-off between these error terms.
As the truncation level t rises, the approximation error increases, whereas the truncation
error decreases. Moreover, the stochastic error bound depends on t only through lR and γ.
With a proper selection of t, we can establish the non-asymptotic error bounds in Theorem
16.

Proof of Theorem 16 By Lemma 22, the expected L2-risk of f̄n can be decomposed into
the sum of stochastic error, approximation error, and truncation error:

ES‖f̄n − f0‖2L2(f0) ≤ c13γ
−1l−2
R ES [Rt(f̌M)− R̂t(f̌M)] + c14γ

−3l−2
R inf

f∈Fn
‖f − fM‖2L2(fM;Ωt)

+ c15ES‖f̌M − fM‖2L2(f0;Ω{
t )
.

(30)
By Lemma 23, we bound the stochastic error by

ES [Rt(f̌M)− R̂t(f̌M)] ≤ c′1γ−2l−1
R SD logS log n

n
. (31)
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By Lemma 25, we bound the approximation error by

inf
f∈Fn

‖f − fM‖2L2(fM;Ωt)
≤ 324(2t)2βB2

0(s+ 1)4d2s+β∨1(PQ)−4β/d. (32)

By Lemma 26, we bound the truncation error by

ES‖f̌M − fM‖2L2(f0;Ω{
t )
≤ c′2Cd exp(−at) = c′2Cdn

−1. (33)

Combining (30), (31), (32) and (33), we have

ES‖f̄n − f0‖2L2(f0) ≤ c16γ
−3l−3
R SD logS log n

n
+ c17γ

−3l−2
R (2t)2β(s+ 1)4d2s+β∨1(PQ)−4β/d

+ c18dn
−1

= c16γ
−3l−3
R SD logS log n

n

+ c17γ
−3l−2
R (2/a)2β(s+ 1)4d2s+β∨1(PQ)−4β/d(log n)2β

+ c18dn
−1.

Notice that c13, c14, and c′1 are constants only depending on ν, ρ, L0, Γ, and LR, c15 only
depends on ρ, and c′2 only depends on L0, Γ, and LR. Then, it is clear that

• c16 is a constant only depending on ν, ρ, L0, Γ, and LR;

• c17 is a constant only depending on ν, ρ, L0, Γ, LR, and B0;

• c18 is a constant only depending on ρ, C, L0, Γ, LR.

Setting P = 1 and Q = dnd/{2(d+2β)}e, we obtain the error bound (10) in Theorem 16. This
concludes the proof of Theorem 16.

Lastly, we demonstrate that Assumption 20 is satisfied when the reference distribution
is Nd(0, σ

2I), based on which we can derive a refined error bound. Specifically, the choice
σ = a−1 log n leads to a lower bound fR ≥ lR :− (2πe)−d/2(a−1 log n)−d on the truncated
domain Ωt. Then, by setting γ = ρlR/(1 + ρ), we can establish the following error bound:

ES‖f̄n − f0‖2L2(f0)

≤ c20(πe/2)3d{(2/a) ∨ 1}2β+6d(bβc+ 1)9d2bβc+3(β∨1)n
− 2β
d+2β (log2 n)2(β∨2)+6d,

where c20 is a constant only depending on ν, ρ, C, L0, Γ, LR, and B0.

A.9 Proof of Theorem 18

Proof By Assumption 17 and fR ∈ CS(q, l,d,β, B0),

f0 = g(q) ◦ g(q−1) ◦ · · · ◦ g(1),

fR = h(q) ◦ h(q−1) ◦ · · · ◦ h(1),
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with g(i) and h(i) (i = 1, . . . , q) defined by

g(i)(x) = (g
(i)
1 (W

(i)
1 x), · · · , g(i)

li
(W

(i)
li
x))>,

h(i)(x) = (h
(i)
1 (V

(i)
1 x), · · · , h(i)

li
(V

(i)
li
x))>.

We can show that fM is also a composition of functions by placing the compositional
structures g(q) ◦ g(q−1) ◦ · · · ◦ g(1) and h(q) ◦ h(q−1) ◦ · · · ◦ h(1) in parallel. Specifically, the
functions g(i) and h(i) at each level of composition are concatenated as follows:

ḡ(i)(x) = (g
(i)
1 (W̄

(i)
1 x), · · · , g(i)

li
(W̄

(i)
li
x), h

(i)
1 (V̄

(i)
1 x), · · · , h(i)

li
(V̄

(i)
li
x))>, (34)

where ḡ(1) : Rd → R2l1 , W̄
(1)
j = W

(1)
j , V̄

(1)
j = V

(1)
j (1 ≤ j ≤ l1), ḡ(i) : R2li−1 → R2li

(1 < i ≤ q), and

W̄
(i)
j =

[
W

(i)
j 0di×li−1

]
, V̄

(i)
j =

[
0di×li−1

V
(i)
j

]
, 1 < i ≤ q, 1 ≤ j ≤ li.

Then, we have
ḡ(q) ◦ ḡ(q−1) ◦ · · · ◦ ḡ(1) = (f0, fR)>.

In addition, we define ḡ(q+1)(x) = g
(q+1)
1 (W̄

(q+1)
1 x), with g

(q+1)
1 (x) = (L0∨L)x and W̄

(q+1)
1 =

(L0 ∨ L)−1(1/(1 + ρ), ρ/(1 + ρ)). As a result,

ḡ(q+1) ◦ ḡ(q) ◦ · · · ◦ ḡ(1) =
1

1 + ρ
f0 +

ρ

1 + ρ
fR = fM.

By (34), ḡ(i)(x) = (ḡ
(i)
1 (W̄

(i)
1 x), · · · , ḡ(i)

li
(W̄

(i)
li
x))> with ḡ

(i)
j = g

(i)
j (1 ≤ j ≤ li) and ḡ

(i)
j =

h
(i)
j−li (li + 1 ≤ j ≤ 2li). Hence, ḡ

(i)
j ∈ Hβi([0, 1]di , B0) for all 1 ≤ i ≤ q+ 1, 1 ≤ j ≤ li. Note

that dq+1 = 1 and βq+1 can be arbitrarily large.
Therefore, fM ∈ CS(q + 1, (d, 2l1, . . . , 2lq−1, 2, 1), (d, 1), (β, βq+1), B0). By Lemma 30,

for any P,Q ∈ Z+, there exists a function fM∗ : Rd → R implemented by a ReLU network

with widthW = 76(bβc+1)2 maxi{li3didbβc+1
i }P dlog2(8P )e and depth D = 21(q+1)(bβc+

1)2Qdlog2(8Q)e+ 2
∑q

i=1 di + 3q + 2 such that

|f∗(x)− fM(x)| ≤ c′q(B0 ∨ 1)q+1(bβc+ 1)2d
bβc+(β∨1)/2
∗ max

i
(PQ)−2β∗i /di ,

for all x ∈ [0, 1]d and some c′ depending on {li}q−1
i=1 . Consequently,

‖fM∗(x)− fM(x)‖2L2(fM) ≤ (c′q)2(B0 ∨ 1)2q+2(bβc+ 1)4d
2bβc+β∨1
∗ max

i
(PQ)−4β∗i /di .

By Lemmas 4, 6, and 7, we have

ES‖f̃n − f0‖2L2(f0) ≤ c10SD logS log n

n
+ c11(bβc+ 1)4d

2bβc+β∨1
∗ max

i
(PQ)−4β∗i /di ,

where c10 is a constant only depending on ν, ρ, L0, γ,Γ, and fR, and c11 = (1+ρ)3c2c
−1
1 (c′q)2

(B0 ∨ 1)2q+2 with c1 and c2 being the same constants as in Lemma 5. Lastly, we obtain

the error bound (11) in Theorem 18 by setting P = 1 and Q = dndi0/{2(di0+2β∗i0
)}e, where

i0 ∈ arg mini β
∗
i /di. This concludes the proof of Theorem 18.
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Appendix B. Supporting definitions and lemmas

This section contains the supporting definitions and lemmas needed in the proofs of theo-
retical results.

Definition 27 Suppose that G is a class of functions from X to R, given a sequence x1:k :−
(x1, . . . , xk) ∈ X k, let Np(ε,G, x1:k) be the ε-covering number of G|x1:k :− {(g(x1), . . . , g(xk)) :
g ∈ G} ⊂ Rk with respect to the ‖ · ‖p (1 ≤ p ≤ ∞) norm. The uniform covering number
Np(ε,G, k) is defined as the maximum of Np(ε,G, x1:k) over all x1:k ∈ X k, i.e.

Np(ε,G, k) = max{Np(ε,G, x1:k) : x1:k ∈ X k}.
The pseudo-dimension Pdim(G) is the largest interger k for which there exists (x1, . . . , xk,

y1, . . . , yk) ∈ X k × Rk such that, for any (a1, . . . , ak) ∈ {0, 1}k there exists g ∈ G such that
g(xi) > yi ⇐⇒ ai = 1 for all i.

The pseudo-dimension is closely related with VC-dimension in the sense that Pdim(F) =
VCdim(F) if F is a class of functions generated by a neural network with fixed architecture
and fixed activation function (Theorem 14.1 in Anthony and Bartlett (1999)).

Definition 28 (Hölder class) Let β = s + r > 0 with s = bβc ∈ N and r ∈ (0, 1], where
bβc denotes the largest integer strictly less than β and N is the set of nonnegative integers.
For a finite B0 > 0, the Hölder class Hβ(Rd, B0) is defined as

Hβ(Rd, B0)

= {f : Rd → R, max
‖α‖1≤s

‖∂αf‖∞ ≤ B0, max
‖α‖1=s

sup
x 6=y

|∂αf(x)− ∂αf(y)|
‖x− y‖r2

≤ B0},

where α = (α1, . . . , αd) ∈ Nd, ∂α = ∂α1 · · · ∂αd and ‖α‖1 =
∑d

i=1 αi. For any subset
X ⊆ Rd, we denote Hβ(X , B0) = {f : X → R, f ∈ Hβ(Rd, B0)}.

Lemma 29 (Theorem 11.6 in Györfi et al. (2002)) Let B ≥ 1 and let G be a set of
functions g : Rd → [0, B]. Let Z,Z1, . . . , Zn be i.i.d. Rd-valued random variables. Assume
α > 0, 0 < ε < 1, and n ≥ 1. Then,

Pr
(

sup
g∈G

1
n

∑n
i=1 g(Zi)− Eg(Z)

α+ 1
n

∑n
i=1 g(Zi)− Eg(Z)

> ε
)

≤ 4EN1

(αεn
5
,G, Z1:n

)
exp

(
− 3ε2αn

40B

)
.

Lemma 29 follows directly from Theorem 11.6 in Györfi et al. (2002), wherein the definition
of complexity is slightly different from that in Definition 27.

Lemma 30 (Lemma C.2 in Wu et al. (2024)) Assume that f ∈ Hβ([0, 1]d, B0) ∩
CS(q, l,d,β, B0). For any P,Q ∈ Z+, there exists a function ϕ0 implemented by a ReLU net-

work with width W = 38(bβc+ 1)2 maxi{li3didbβc+1
i }P dlog2(8P )e and depth D = 21q(bβc+

1)2Qdlog2(8Q)e+ 2
∑q

i=1 di + 3(q − 1) such that

|f(x)− ϕ0(x)| ≤ c′q(B0 ∨ 1)q(bβc+ 1)2d
bβc+(β∨1)/2
∗ max

i
(PQ)−2β∗i /di ,

for all x ∈ [0, 1]d, where d∗ = maxi di, β
∗
i = βi

∏q
j=i+1(βj ∧ 1) (1 ≤ i ≤ q− 1), β∗q = βq, and

c′ = 19
∏q−1
i=1 li.
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Appendix C. Simulation details

This section provides the detailed density estimation and neural network training setups in
our simulation studies.

In our data-augmented nonparametric noise contrastive estimation method, we set the
hyperparameters ν = 5 and ρ = 0.3, unless otherwise specified. We use the isotropic
Gaussian distribution Nd(0, σ

2I) as the reference distribution, where 0 and I denote the
zero vector and identity matrix of proper dimension, respectively. For Models 1 - 3, the
variance σ2 in the reference distribution is set to be 0.52, 22, 2.52, respectively. For the
sake of practical considerations and computational tractability, the small values of density
estimations by our method are truncated at level 10−16. We also consider a special case of
our method, ρ = 0. That is, we don’t perform data augmentation on the observed data and
the target density is estimated directly. Under this setting, there is no need for truncating
the density estimation.

The neural networks utilized in our method are implemented with PyTorch (Paszke
et al., 2019). In the 2-D experiments, the networks are configured with a depth of 4, a
width of 16, and the leaky ReLU activation function σ̄(x) = max{0.1x, x}. Additionally, a
scaled sigmoid function is incorporated after the final layer to truncate the output of network
to a bounded interval. An Adam optimizer (Kingma and Ba, 2017) with a learning rate of
0.0002 is used for backpropagation and updating network parameters. The network training
is stopped after 2, 500 epochs, as beyond this point, there is no significant improvement in
loss function.

References

Martin Anthony and Peter L. Bartlett. Neural Network Learning: Theoretical Foundations.
Cambridge University Press, Cambridge, 1999.

Jean-Yves Audibert and Alexandre B. Tsybakov. Fast learning rates for plug-in classifiers.
The Annals of Statistics, 35(2):608–633, 2007.

Mark Bagnoli and Ted Bergstrom. Log-concave probability and its applications. Economic
Theory, 26(2):445–469, 2005.
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