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Abstract

Kernel ridge regression (KRR) is a fundamental computational tool, appearing in problems
that range from computational chemistry to health analytics, with a particular interest due
to its starring role in Gaussian process regression. However, full KRR solvers are challeng-
ing to scale to large datasets: both direct (e.g., Cholesky decomposition) and iterative
methods (e.g., PCG) incur prohibitive computational and storage costs. The standard
approach to scale KRR to large datasets chooses a set of inducing points and solves an
approximate version of the problem, inducing points KRR. However, the resulting solution
tends to have worse predictive performance than the full KRR solution. In this work, we
introduce a new solver, ASkotch, for full KRR that provides better solutions faster than
state-of-the-art solvers for full and inducing points KRR. ASkotch is a scalable, accelerated,
iterative method for full KRR that provably obtains linear convergence. Under appropriate
conditions, we show that ASkotch obtains condition-number-free linear convergence. This
convergence analysis rests on the theory of ridge leverage scores and determinantal point
processes. ASkotch outperforms state-of-the-art KRR solvers on a testbed of 23 large-scale
KRR regression and classification tasks derived from a wide range of application domains,
demonstrating the superiority of full KRR over inducing points KRR. Our work opens up
the possibility of as-yet-unimagined applications of full KRR across a number of disciplines.
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1. Introduction

Kernel ridge regression (KRR) is one of the most popular methods in machine learning,
with important applications in computational chemistry (Stuke et al., 2019; Bliicher et al.,
2023; Parkinson and Wang, 2023), healthcare (Cheng et al., 2020; Wu et al., 2021; Townes
and Engelhardt, 2023), and, more recently, scientific machine learning (Raissi et al., 2017;
Meanti et al., 2024; Batlle et al., 2024). Given a kernel function k(z,z") and training set
{(xs,yi)}11, full KRR seeks the function f in a reproducing kernel Hilbert space H that
satisfies .
o1 2, Ayen2

minimize 5 ; (F(z2) —v)* + S1F 13 (1)
The celebrated representer theorem (Kimeldorf and Wahba, 1970; Scholkopf and Smola,
2002) says that the solution of (1) lies in the subspace

Hp= feH: flz)= Zw(j)k(a:,xj), where wl) € R

j=1

With this reduction, the infinite-dimensional optimization problem in (1) collapses to a
finite-dimensional, convex, least-squares problem:

1 A
inimize £ = —||Kw —y|* + = |lw|%. 2
minimize Lo (w) i= 5 |[Kw = y|? + 5wk 2)
Here K is a n x n kernel matrix whose entries are given by K;; = k(x;,x;). The optimal
weights w, in (2) are the solution of the linear system

K)\’UJ* =Y, (3)

where K = K + Al

Despite its popularity, full KRR is challenging to scale to large datasets: the state-
of-the-art methods for solving (3) have costs that are superlinear in n. Direct methods
(e.g., Cholesky decomposition) have O(n3) computational complexity and O(n?) storage
complexity. Therefore, when n > 10%, Cholesky decomposition becomes unsuitable for
solving (3). Iterative methods such as preconditioned conjugate gradient (PCG) have per-
iteration complexity O(n?). In addition to expensive iterations, most PCG methods employ
low-rank preconditioners, which require O(nr) storage, where r is a rank parameter which
needs to be sufficiently large to ensure effective preconditioning. Therefore, when n > 106,
PCG is either (i) too slow or (ii) requires too much memory to solve (3).

The standard approach for addressing the scalability issues of full KRR is to select a
set of m inducing points from the training set, and solve the inducing points KRR problem
(Scholkopf and Smola, 2002; Rudi et al., 2015). The inducing points KRR objective is

. . . 1 A
minimize Lipg(w) = §HKnmw - yH2 + §HwH%<mmv (4)
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where K, is the n X m matrix of the columns of K identified by the inducing points, and
Km is the corresponding principal submatrix of K. The optimal weights wy in (4) are the
solution of the linear system

(Kngnm + )\Kmm)w* = Kgmy (5)

The linear system (5) accesses K only through K,,, and K, reducing the storage and
per-iteration computation needed to solve the KRR problem. As a result, Cholesky decom-
position has O(nm? + m?) computational complexity and requires O(m?) storage. Con-
sequently, when m > 10°, Cholesky is unsuitable for solving (5). State-of-the-art PCG
methods for inducing points KRR, like Falkon (Rudi et al., 2017; Meanti et al., 2020) and
KRILL (Dfaz et al., 2023), require O(m?) time to construct the preconditioner and O(m?)
storage. Thus, when m > 10°, these PCG methods are also unsuitable for solving (5).

Alas, scale matters: previous work has established that increasing the number of in-
ducing points leads to better predictive performance (Frangella et al., 2023; Diaz et al.,
2023; Abedsoltan et al., 2023). Moreover, full KRR often allows better predictive perfor-
mance than inducing points KRR (Wang et al., 2019; Frangella et al., 2023; Diaz et al.,
2023). Therefore, a new, more scalable approach to KRR is needed for better prediction on
large-scale tasks.

In this work, we turn conventional wisdom around, demonstrating that better, faster
solutions can be achieved by targeting the full KRR problem rather than the inducing points
KRR approximation. We do so by developing the iterative method ASkotch to solve full
KRR. ASkotch has (i) per-iteration costs that are linear in n and (ii) storage costs that are
linear in the preconditioner rank r but are independent of n. These properties allow ASkotch
to scale to larger datasets than existing state-of-the-art methods for solving (3). ASkotch
possesses strong theoretical guarantees and easy-to-set hyperparameters that deliver reliable
performance. Furthermore, ASkotch exploits parallelism on modern hardware accelerators
like GPUs, which is essential for scaling to large KRR problems.

Fig. 1 demonstrates the core messages of our work—full KRR can scale to massive
datasets and outperform inducing points KRR with respect to predictive performance. On
a dataset with n = 10® samples, ASkotch scales better than the standard approach to full
KRR: PCG is unable to complete a single iteration within a 24-hour time limit. Moreover,
ASkotch is more reliable than the KRR solvers EigenPro 2.0 and EigenPro 3.0 (Ma and
Belkin, 2019; Abedsoltan et al., 2023) when all three methods are run with their default
hyperparameters: EigenPro 2.0 and EigenPro 3.0 diverge, while ASkotch reaches a root
mean square error (RMSE) of approximately 230. Finally, ASkotch outperforms Falkon on
RMSE. While Meanti et al. (2020) scales an optimized version of Falkon to the full taxi
dataset (n =~ 10%) with m = 10° inducing points, ASkotch is solving a problem of size
108108 = 106, which is two orders of magnitude larger than the problem solved by Falkon
(105 -10° = 10%4).

Table 1 compares the capabilities of ASkotch to state-of-the-art methods for KRR.
ASkotch is the only method that solves full KRR while having a moderate memory re-
quirement, reliable default hyperparameters, and theoretical convergence guarantees. In
the EigenPro GitHub repositories, there is no option for the user to set hyperparameters
such as the learning rate or gradient batchsize. Since the EigenPro methods diverge on taxi
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Figure 1: Full KRR is advantageous over inducing points KRR, even for large problems.
Our method ASkotch, run with its default hyperparameters, outperforms the state-of-the-
art for both full and inducing points KRR on a subsample of the taxi dataset. Falkon is
limited to m = 2-10* inducing points due to memory constraints. State-of-the-art Nystrém
PCG methods—Gaussian Nystrém (Frangella et al., 2023) and Randomly Pivoted Cholesky
(Diaz et al., 2023; Epperly et al., 2025)—with a rank r = 50 preconditioner fail to complete
a single iteration. EigenPro 2.0 and EigenPro 3.0 (not shown) diverge on their default
hyperparameters. All methods have a 24-hour time limit and are run on a single 48 GB
NVIDIA RTX A6000 GPU.

Algorithm Full KRR? Memory-efficient? Reliable defaults? Converges?

ASkotch v v v v
EigenPro 2.0 v v X v
EigenPro 3.0 X v X X

PCG v X 4 v
Falkon X X v v

Table 1: A comparison of the capabilities of ASkotch and state-of-the-art methods for KRR.
“Reliable defaults” indicates whether the method comes with default hyperparameters that
work well in practice. “Converges” indicates whether the method has a rigorous linear
convergence guarantee.

and several other datasets in this work, we conclude that the default hyperparameters for
EigenPro can be unreliable.
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Total
Algorithm Per-iteration complexity Storage complexity computational
complexity
PCG O(n?) O(d*(K)n) O(n?)
EigenPro 2.0 O(nbg + rs) O(rs) o <%n2>
ASkotch O(nb) O (d*(K)b) O (n?)

Table 2: Iteration and storage complexities for state-of-the-art full KRR methods. Storage
complexity refers to memory that is explicitly used by the algorithm (this excludes matrix-
vector product oracles). Total computational complexity refers to the total cost required
by the algorithm to compute an e-approximate solution, omitting logarithmic dependencies
upon €. Here, b, < n is the stochastic gradient batchsize used by EigenPro 2.0, s < n is
the sample size used to construct the rank-r preconditioner in EigenPro 2.0, b < n is the
blocksize in ASkotch, and d*(K) is the M-effective dimension of K (Definition 4). ASkotch
has the same total cost as PCG but has lower storage and per-iteration costs.

1.1 Contributions

We make significant algorithmic and theoretical contributions to the literature on KRR
solvers and sketch-and-project methods.

1. We develop the iterative method ASkotch for solving full KRR. The key to our ap-
proach lies in carefully combining two methodologies: sketch-and-project iterative
solvers (Gower and Richtarik, 2015) and Nystrom matrix approximations (Williams
and Seeger, 2000; Tropp et al., 2017). We incorporate the Nystrom approximation into
the sketch-and-project update in a way that preserves convergence, and combine this
with Nesterov acceleration to solve (3) with reduced time and memory requirements.

2. We establish fine-grained convergence guarantees for ASkotch based on ridge lever-
age score sampling, determinantal point processes, and careful spectral approximation
arguments. A detailed overview of our theoretical contributions is presented in Sec-
tion 1.2.

3. We perform an extensive empirical evaluation comparing ASkotch to the existing
state-of-the-art for full and inducing points KRR. We show that ASkotch outper-
forms EigenPro 2.0, EigenPro 3.0, PCG, and Falkon on predictive performance for
23 large-scale KRR problems (typically, n > 10°). Moreover, we show that full KRR
consistently obtains equivalent or better predictive performance than inducing points
KRR, establishing the superiority of full KRR when combined with ASkotch. We
provide open-source code in PyTorch to make it easy to reproduce our experiments
and run ASkotch on new problems on CPU and GPU hardware.

1.2 Our Techniques

Our main theoretical contributions lie in the convergence analysis of ASkotch. Establishing
convergence of ASkotch requires overcoming two fundamental challenges, discussed below.

Technical Contribution 1: First-moment analysis of SAP projector via ARLS-to-
DPP reduction. Our first contribution overcomes a fundamental limitation in the existing
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theory of sketch-and-project (SAP) solvers. The convergence of SAP methods is controlled
by a random projection matrix that we call the SAP projector, with the convergence rate
being determined by the smallest eigenvalue of the expected SAP projector. Existing ap-
proaches for analyzing the smallest eigenvalue of the expected SAP projector (e.g., Mutny
et al., 2020; Dereziriski and Yang, 2024; Dereziniski et al., 2025a) require either (1) an ex-
pensive, impractical sampling scheme known as a Determinantal Point Process (DPP), or
(2) preprocessing the input matrix with the Randomized Hadamard Transform, which is
prohibitive for large problems due to its O(n?) storage cost.

To address this challenge, we adopt a sampling scheme called approximate ridge lever-
age score (ARLS) sampling (Alaoui and Mahoney, 2015), which is less expensive (both in
compute and storage) than either of these approaches. Our convergence analysis develops
a reduction from ARLSs to DPPs (Lemma 12), by relating the former to the marginals of
a DPP through a novel measure concentration argument. This reduction allows us to es-
tablish a non-trivial lower bound on the smallest eigenvalue of the expected SAP projector
when using ARLS sampling (Lemma 10). We believe this result is of independent interest
and could be used to improve the convergence analysis of other iterative solvers that use
the sketch-and-project paradigm.

Technical Contribution 2: First-moment analysis of Nystrom projector. ASkotch
replaces the linear system solve in SAP with an approximate solution based on Nystrom
sketch-and-solve (Bach, 2013; Alaoui and Mahoney, 2015; Frangella et al., 2023). In con-
trast, prior sketch-and-project solvers (Gower and Richtarik, 2015; Gower et al., 2018;
Dereziniski and Yang, 2024; Derezinski et al., 2025a) assume the SAP linear system is ei-
ther solved exactly or to sufficient accuracy at each iteration using an iterative solver. The
use of Nystrom sketch-and-solve complicates the analysis in two ways: 1) the convergence
rate is no longer controlled by an expected projection matrix; 2) the Nystrom solution is
generally not close to the exact solution (Frangella et al., 2023). The first issue prevents us
from directly applying the classical convergence analysis of SAP, which is deeply reliant on
the SAP projector actually being a projection matrix. The second issue means we cannot
appeal to existing inexact SAP theory, which requires the approximate solution to be close
to the exact solution.

Remarkably, although the matrix that controls convergence of ASkotch is not the ex-
pectation of a projection matrix, it is the expectation of a matrix that is nearly a projection
matrix. We refer to this matrix as the Nystrom projector. Using careful spectral approxi-
mation arguments, we show that the expected Nystrom projector is lower bounded in the
Loewner ordering by the expected SAP projector multiplied by a factor that captures the
price of replacing the SAP linear system solve with Nystrom sketch-and-solve. Thus, we are
able to transfer the first-moment projector analysis from Technical Contribution 1 (which
is for exact SAP) to ASkotch, which yields a lower bound on the smallest eigenvalue of the
expected Nystrom projector (Theorem 13). This lower bound on the smallest eigenvalue of
the expected Nystrom projector lets us establish a fine-grained convergence rate for ASkotch
(Theorem 17). Using this theory, we prove that when the effective dimension of the ker-
nel matrix is not too large, ASkotch enjoys fast condition-number-free linear convergence,
for a near-optimal O(n?log (%)) computational complexity to reach an e-approximate full
KRR solution (Corollary 18). This convergence rate is comparable to that of PCG while
improving over EigenPro 2.0 (Table 2).
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1.3 Roadmap

Section 2 introduces ASkotch (and its non-accelerated variant, Skotch), and describes the
techniques (sketch-and-project, Nystrom approximation, automatic computation of step-
sizes) that are used in this algorithm. Section 3 reviews existing methods to solve full and
inducing points KRR and places ASkotch in the context of these works. Section 4 intro-
duces several key quantities used in the convergence analysis of ASkotch. Section 5 develops
lower bounds on the quantities introduced in Section 4 by exploiting connections between
ARLS sampling and DPPs. Section 6 uses the lower bounds from Section 5 to establish a
fine-grained convergence rate for ASkotch on full KRR. Section 7 demonstrates the superior
performance of ASkotch over state-of-the-art full and inducing-points KRR solvers.

1.4 Notation

We use [n] to denote the set {1,2,...,n}. Throughout the paper, B is a subset of [n] that is
sampled randomly according to some distribution. Iz concatenates the rows of I, indexed
by B. Given a square matrix A, App denotes the principal submatrix of A indexed by B.

Tr(-) is the trace of a matrix, det(-) is the determinant of a matrix, and null(+) is the null
space of a matrix. S, (S7) denotes the convex cone of pd (psd) matrices in R"*". The
symbol < denotes the Loewner order on the convex cone of psd matrices: A < B means
B — A is psd. For a square matrix A and constant A, we define Ay .= A+ A\I. We use || - ||
to denote norms; || - || with no subscript is the Euclidean norm. For a matrix A € S%, its
eigenvalues in decreasing order are A1 (A) > X\a(A) > ... > \,(A). AT is the Moore-Penrose
pseudoinverse of a matrix A. If A € §", the smallest non-zero eigenvalue is denoted by
At (A). For a positive integer b and matrix A, | 4], is the best rank-b approximation of A
with respect to the spectral norm.

The symbols Q(-), O(+), and O(-) are the standard quantities from asymptotic complexity
analysis. Q(-), ©(-), and O(-) are used to hide poly-log factors.

2. Algorithms

We propose ASkotch (Accelerated scalable kernel optimization and training with coordinate
sketch-and-project and approximate Hessians, Algorithm 1) to solve full KRR. We in-
troduce the ASkotch algorithm in Section 2.1, and we follow this by describing the key
building blocks of the method, such as approximate sketch-and-project (Section 2.2), ran-
domized Nystrom approximation (Section 2.3), and automatic computation of the stepsize
(Section 2.4). ASkotch comes with default hyperparameter settings (Section 2.5), which
reduces the effort required by practitioners to tune the method; we use these defaults in
our experiments (Section 7).

2.1 ASkotch

At each iteration, ASkotch randomly samples a block B containing b distinct coordinates (we
omit the dependence of BB on i to avoid notational clutter). ASkotch then computes a rank-r
Nystrom approximation of K and computes a preconditioned smoothness constant for the
block, Lp,, which is used to set the stepsize. Next, ASkotch computes the approximate
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Algorithm 1 ASkotch

Require: blocksize b, coordinate sampling distribution P, acceleration parameters fi, 7, acceleration flag use_accel,
rank r, damping p, kernel oracle K, targets vy, ridge parameter A\, number of iterations N, initialization wq

# Compute acceleration parameters

B 1—/ifo
v« 1/Viw

o+ 1/(14+~D)
Vo < wWe, 20 < Wo

fori=0,1,...,N —1do

Sample a block of coordinates B C [n] according to P >|Bl=1b
Kpp < Nystrém(Kpg,T) > Low-rank approximation of Kgp
Lp, <+ get L(Kpp + A, Kps, p) > Via powering

# Update iterates
if use_accel then

di IZ;(KBB +p) Y (K\)B:zi — yB) > Approximate projection; costs O(nb + rb)
Wit1 < 25 — (LPB)ildi > Costs O(b)
vig1 < Bui + (1= B)zi —v(Lpg) " 1d; > Costs O(n)
Zit1 — avit1 + (1 — a)wit1 > Costs O(n)
else
# Non-accelerated version (Skotch)
di Ig(f(gg +pD)"H(K\)B.wi —yB) > Approximate projection; costs O(nb + rb)
Wig1 W — (LPE)ildi > Costs O(b)
end if
end for
return wy > Approximate solution to Kyw =y

projection step d;. Finally, ASkotch combines the approximate projection step d; with
Nesterov acceleration (Nesterov, 2018) to update its estimate of the solution.

ASkotch is compatible with any coordinate sampling distribution . Our implementa-
tion uses two approaches inspired by popular sampling distributions in the kernel literature:
uniform sampling and ARLS sampling. The uniform sampling distribution places an equal
weight of 1/n on each coordinate, while ARLS sampling weights coordinates with proba-
bilities proportional to their approximate RLSs (Definition 4). In our implementation, we
approximate the RLSs using BLESS (Rudi et al., 2018; Gautier et al., 2019).

ASkotch has a flag indicating whether or not to use Nesterov acceleration: when this
flag is False, acceleration is disabled. Throughout the rest of the paper, we will use the
name Skotch to refer to the non-accelerated version of ASkotch.

2.2 Approximate Sketch-and-Project

Sketch-and-project (SAP) (Gower and Richtarik, 2015; Richtarik and Takac, 2020) is a
randomized, iterative framework to solve consistent linear systems. SAP for the full KRR
linear system (3) takes in two parameters: (i) a fixed, pd matrix @ € S’ and (ii) a
distribution D over matrices in R**", where b is a positive integer. At iteration i, SAP

draws a sketching matrix S; "D and computes the next iterate by solving the optimization
problem

Wi+1 = argmin ||w — wl||2Q
w

. (6)
subject to S; K w = S;y.
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In other words, SAP progresses by projecting the current iterate w; (with respect to the
@-norm) onto the solution space of a sketched version of (3). Importantly, when @ = K
and D is the uniform distribution over row selection matrices of size b x n, the SAP update
has the following closed form:

wit1 = w; — QT KNS (SiKaQ  KASH) T (SiKyw; — Siy) (7)
= w; — I (Kpg + M) H(K))g.wi — ys). (8)

Nesterov acceleration has been applied to a wide range of iterative optimization methods
to obtain algorithms with faster convergence rates (Allen-Zhu et al., 2016; Liu and Wright,
2016; Allen-Zhu, 2018; Ye et al., 2020). SAP is no exception—Gower et al. (2018) com-
bines SAP with Nesterov acceleration and shows that Nesterov-accelerated SAP (NSAP)
converges at least as fast as its non-accelerated counterpart.

In theory, NSAP improves over PCG when b = o(n?/3). However, a larger blocksize b
is often beneficial for SAP methods—for example, the convergence rate for the randomized
Newton method enjoys a superlinear speedup as b increases (Gower and Richtarik, 2015).
Using a direct method to solve the linear system in (7) requires O(b%) computation, which
becomes slow for b > 10*. Derezinski and Yang (2024); Derezinski et al. (2025a) propose
inexactly solving this linear system to a tolerance e using PCG with a preconditioner P.
Doing so requires O(b?/kp log(1/€)) computation, where kp is the preconditioned condition
number. However, for b > 10%, repeatedly applying PCG may be too slow to be practical.

ASkotch also approximates the SAP update, but it does so in a way that allows for a
blocksize b > 10%. The matrix Kpp + A in the SAP update (8) is replaced by a regularized
rank-r Nystrom approximation (Section 2.3), Kpp + pl, where p > 0. This Nystrom
approximation can be computed rapidly, and the resulting linear system can be solved in
O(br) time.

The theoretical analysis of SAP uses the fact that Q1 K)S! (S;K\Q 'K\SF) TS K)
in (7) is a projection with respect to the @Q-inner product (Gower and Richtérik, 2015).
However, by replacing S; K Q 'K ASZ-T by a low-rank approximation, ASkotch loses this
projection property. Consequently, ASkotch requires a (dynamic) stepsize to converge,
unlike SAP, which is guaranteed to converge with a constant stepsize of 1. We provide a
principled, automated method for computing this stepsize in Section 2.4.

2.3 Randomized Nystrom Approximation

The Nystrom approximation (Williams and Seeger, 2000; Bach, 2013; Alaoui and Mahoney,
2015; Tropp et al., 2017) is a well-known technique for producing low-rank approximations
to psd matrices. Since kernel matrices have fast spectral decay (i.e., they have approximate
low-rank structure) (Caponnetto and DeVito, 2007; Bach, 2013; Tu et al., 2016; Ma and
Belkin, 2017; Belkin, 2018) we replace Kpg in (8) with a Nystrom approximation, which is
easier to invert.

Given a symmetric psd matrix M € S%, the randomized Nystrém approximation of M
with respect to a random test matrix 2 € RP*" is

M= (MQ) (QTMQ) T (M)
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Common choices for €2 include standard Gaussian random matrices, randomized Hadamard
transforms, and sparse sign embeddings (Tropp et al., 2017). The latter two test matrices
reduce the computational cost of the sketch M. Our theoretical analysis uses sparse sign
embeddings due to their computational efficiency, but our implementation uses Gaussian
random matrices for simplicity. In the future, we will extend our implementation to use
randomized Hadamard transforms and sparse sign embeddings.

Our practical implementation, Nystrém (Algorithm 2), follows Tropp et al. (2017, Al-
gorithm 3). Nystrom takes in a psd matrix M € Sﬂ and rank r and outputs a low-rank
approximation M = Udiag([\)ﬁT to M in O(p?r + pr?) time!, where U € RPX" is an or-
thogonal matrix containing approximate top-r eigenvectors of M and A € R" is a vector
containing approximate top-r eigenvalues of M. Note that Nystrém never forms M as a
matrix; rather, it returns the factors U and A. For more details, please see Appendix A.1.

At each iteration, ASkotch computes a randomized Nystrom approximation of the block
kernel Kpp in the SAP update (8). This approximation is always used in conjunction with
a damping p > 0 to ensure positive definiteness. For any vector v € RP, (M +pI)~1v can be
computed in O(pr) time using the Woodbury formula, which lets ASkotch cheaply compute
the approximate projection step d;.

2.4 Automatic Computation of the Stepsize

The stepsize is often challenging to set in iterative optimization methods: if the stepsize is
too large, ASkotch will diverge, while if the stepsize is too small, ASkotch will make little
progress towards the solution. In practice, tuning the stepsize can require an expensive
hyperparameter search, which is inconvenient for practitioners. We present a practical
approach for automatically computing the stepsize in ASkotch.

Our idea is to use a preconditioned smoothness constant to set the stepsize in ASkotch.
The preconditioned smoothness constant in ASkotch is defined as

Lp, =\ ((IA(BB—FpI)_I/Q (Kpg + AI) (RBB +p[>_1/2) .

ASkotch uses randomized powering (Kuczynski and Wozniakowski, 1992; Martinsson and
Tropp, 2020) to compute Lp,. The total cost of the procedure is (7)(62). In practice, ASkotch
uses just 10 iterations of powering. Hence, the cost of computing Lp, is dominated by the
O(nb) cost of computing the search direction d; in ASkotch. ASkotch computes Lp, using
the subroutine get_L (Algorithm 3).

In Sections 4 and 6, we show that our approach for setting the stepsize guarantees that
Skotch and ASkotch obtain linear convergence.

2.5 Default Hyperparameters

We provide default recommendations for setting hyperparameters in ASkotch. These rec-
ommendations are summarized in Table 3.

e Blocksize b and rank r: Choose as large as hardware allows. A good, general default
is b =n/100 and r = 100.

1. For sparse sign embeddings, this complexity is reduced to @(pr + pr2).

10
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Hyperparameter Default recommendation

b n/100

P Uniform
il A

1% n/b

T 100

p A+ A (KBB)

Table 3: Default hyperparameters for ASkotch.

e Damping p: Set adaptively for each block B; we use p = A + AT(KBB).

e Sampling distribution P: Use the uniform sampling distribution. While we use ARLS
sampling to prove fast convergence rates for ASkotch, it (i) performs similarly to
uniform sampling in our ablations (Section 7) and (ii) computing approximate RLSs
via BLESS costs O(nb?).

e Acceleration parameters i and ©: Set i = A and A=n /b. These choices are guided by
the convergence analysis of ASkotch. However, the user must ensure that i < and
v < 1. We believe it is possible to make the acceleration in ASkotch parameter-free,
as done in Derezinski et al. (2025b), but we leave this extension to future work.

3. Related Work

We review existing solvers for full and inducing points KRR and discuss how our methods
compare to the literature.

3.1 Full KRR

Many prior works have developed methods to solve full KRR that avoid the O(n3) cost of
direct methods such as Cholesky decomposition. The various approaches can be roughly
divided into 3 categories: (i) PCG methods, (ii) stochastic gradient methods, and (iii) SAP
methods.

For PCG, much work has been done on developing efficient preconditioners (Cutajar
et al., 2016; Avron et al., 2017; Frangella et al., 2023; Diaz et al., 2023). Among the numer-
ous proposals, the most popular preconditioners are based on the Nystréom approximation
(Nystrom, 1930). Nystrom approximations can be constructed from the kernel matrix via
uniform sampling of columns (Williams and Seeger, 2000), greedy pivoting (Harbrecht et al.,
2012), leverage-score sampling (Musco and Musco, 2017), random projection (Tropp et al.,
2017), and randomized pivoting (Chen et al., 2025; Epperly et al., 2025). Preconditioners
have also been constructed using random-features approximations (Avron et al., 2017), but
these do not perform as well in practice as Nystrom preconditioners (Diaz et al., 2023;
Frangella et al., 2023). Typically, if a Nystrom preconditioner is constructed with a rank
r = O(d*K)), then PCG converges at a condition-number-free rate with high probability
(Zhao et al., 2022; Frangella et al., 2023). The downside of these PCG approaches is that

11
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they exhibit an O(n?) per-iteration cost and require O(nr) storage, making it difficult to
scale these methods beyond n > 10°.

EigenPro and EigenPro 2.0 (Ma and Belkin, 2017, 2019) are the most well-known
stochastic gradient methods for solving full KRR. Both EigenPro and EigenPro 2.0 set
the regularization A = 0 and solve the resulting KRR problem via preconditioned stochas-
tic gradient descent. EigenPro 2.0 reduces the per-iteration cost to O(nby+1s), a significant
improvement over the O(n?) cost of PCG.

The third approach to solve full KRR problems is based on SAP. Tu et al. (2016)
proposes randomized block Gauss-Seidel for full KRR. In follow-up work, Tu et al. (2017)
develops NSAP for solving the full KRR problem. Gazagnadou et al. (2022) applies SAP for
solving full KRR but uses count sketches instead of coordinate sampling to form SK,ST
in the SAP update. Unfortunately, these methods have O(b®) computational cost per
iteration, which is too expensive for our largest example, taxi, where b = 5 - 10%*. More
recently, Lin et al. (2024) proposes a variant of NSAP where Kpp + Al is replaced by the
identity matrix. While this replacement removes the O(b3) iteration cost associated with
matrix factorization, its convergence becomes much slower.

Among these (approximate) SAP methods, Skotch and ASkotch are the only methods
that guarantee condition-number-free convergence under reasonable assumptions on the
kernel matrix, while also avoiding O(b%) per-iteration costs.

3.2 Inducing Points KRR

PCG is also popular for solving inducing points KRR, with Falkon (Rudi et al., 2017; Meanti
et al., 2020) and KRILL (Diaz et al., 2023) being the current state-of-the-art. KRILL is
similar to Falkon, but solves (5) via PCG with a preconditioner constructed using a sparse
sketch. KRILL has robust theoretical guarantees, and numerical tests in Diaz et al. (2023)
show it yields comparable or better performance than Falkon. Nevertheless, KRILL still
has a O(nm 4 m?) runtime and requires O(m?) storage. Consequently, it encounters the
same runtime and storage barriers as Falkon for large m.

Meanti et al. (2020) develops a software package for Falkon that relies on extensive
code and hardware optimizations. These optimizations include stabilizing Falkon in single
precision, out-of-core matrix operations, parallelized memory transfers, and distribution
over multiple GPUs. Consequently, Meanti et al. (2020) scales Falkon to n = 10° with
m = 10°. Despite these optimizations, Falkon still encounters fundamental memory barriers:
Abedsoltan et al. (2023) shows that the optimized version of Falkon cannot scale beyond
2.56 x 10° inducing points when given 340 GB of RAM, which is larger than the memory
budget available to most practitioners.

Abedsoltan et al. (2023) develops the stochastic gradient method EigenPro 3.0 for in-
ducing points KRR. EigenPro 3.0 has a lower iteration and storage complexity than Falkon,
which allows it to use more inducing points. Unfortunately, this method has no convergence
guarantees.

4. Key Quantities in the Analysis of ASkotch

Establishing convergence of ASkotch involves quantities whose relevance is not obvious a
priori. Therefore, we show how the key quantities in the convergence analysis arise. For

12
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simplicity, our analysis focuses on ASkotch without acceleration (i.e., Skotch). Throughout
the analysis, we omit the dependence of B on i to avoid notational clutter.

4.1 SAP and Nystrom Projectors

We begin by introducing two matrices that will play a central role in the convergence
analysis of ASkotch.

Definition 1 (SAP projector) For a block B, kernel matriz K, and regularization X\, the
SAP projector is
Mg = K, I (Kpp + M) " IgK,/”.

The SAP projector Iz is an exact projection matrix, which controls the convergence
rate of SAP methods.

Definition 2 (Nystrom projector) For a block B, kernel matriz K, regularization X,
damping p > 0, and stepsize ng > 0, the Nystrom projector is

Ts, = s K\ "I (K + pI) ' IsK)/.

The Nystrom projector controls the convergence rate of ASkotch. Note that the name
Nystrom projector is a slight abuse of terminology, as 15 , is not idempotent. However, for
appropriately chosen 73, we will show that Ils , is closely related to the SAP projector.

4.2 One-Step Analysis of Skotch and SAP

We now show how the SAP and Nystrom projectors arise by performing a one-step analysis
of SAP and Skotch.
We begin by writing the updates for SAP and Skotch:

w; = wi_1 — I (Kgp + M)~ Ig(Kyw; 1 — ), (SAP)
w; = Wwi—1 — 773[% (KBB + p[>_1 Ip(K\wi—1 — y). (Skotch)
Some elementary manipulations show that
i —wilfe, < (wim —w) B (I = 1) K (s — ), (SAP)
w; — wa|%, < (wim1 —wy)TK}? (I - ﬂB,p)z K2 (wiy —w,). (Skotch)
As Ilg is a projection, we can further deduce for SAP that
lwi — wa|%, < (wim1 —w) Ky (I —Tg) K} (i1 — w,). (SAP)

Define?
1= Amin (E [II5]).

2. If K was only psd, then this quantity must be replaced by AT, (E[[s]), as E[lI5] would be singular.
For our setting, this does not matter as Ky is pd.

13
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Then, taking the expectation conditioned on w;_; yields
Ef|lwi —will%, [wi1] < (1= p) lwimy —will%, (SAP)

Thus, the convergence of SAP is controlled by the smallest positive eigenvalue of the ex-
pected projection matrix E[IIg]. As Skotch is an approximate version of SAP, we would
like to deduce a similar result. Indeed, if we can ensure

ﬂB,p = -[7
then
1/2 - 1/2
wi — w, ||, < (wiy — w,) K} (1 - HB,,J) K (wisy —w,). (Skotch)
Defining
fi:= Amin(E[L5,]),
it immediately follows from the preceding display that

Efllw; — w. %, | wiia] < (1 ) iy - w,ll, (Skotch)

4.2.1 SETTING THE STEPSIZE 7)p

The convergence of Skotch is controlled by fi, the smallest positive eigenvalue of E[fllg’p],
similar to how p controls the convergence of SAP. To conclude this relation, we require

N

Iz, = I.

This condition tells us that the stepsize ng cannot be arbitrarily large. However, we also
want to characterize the behavior of ji: when Kpp is a good approximation to Kgg, f
should be closely related to p. The following lemma formalizes this intuition.

Lemma 3 Let p > 0 and B C [n] be fized. Let KBB be a Nystrom approximation of Kpp.
Define

~ —1
Lpy = Amax ((KBB +AN)Y2 (Ko +pI ) (Ko + A 2) :

N

Lp, == max{1, Lp,},

R —1
OPs = Amin <(K55 + AI)1/? (KBB + pf) (Kpp + M)l/?) .

If we set ng = 1/ijB in Definition 2, then the Nystrom projector satisfies

(Z-PB Iz < ﬂgjp < IIp. (9)

Lp,

Setting the ASkotch stepsize to ng =1/ L p; ensures convergence and allows for a lower
bound on )\mm(ﬂg’p) in terms of Apin(IIg). Recall that we set n = 1/Lp, as the stepsize
for ASkotch in Section 2. The conclusions of Lemma 3 still hold for this simpler stepsize.
We only require 1/ L py for our theoretical analysis to show ASkotch achieves a better upper
bound on the number of iterations to reach an e-approximate solution of (3) than Skotch.

14
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5. First-Moment Analysis of the Expected Nystrom Projector

The argument in Section 4.2 shows that the convergence of ASkotch is controlled by fi,
which is the smallest eigenvalue of the first moment of the Nystrém projector, E[ﬁ37p].
Analyzing i and E[ﬂg,p] directly seems impenetrable. Instead, we would like to derive a
lower bound on E[IIp ;] in terms of the first moment of the SAP projector, E[IIg]:

E[ﬂB,P] = g(pa A)E[HBL (10)

where g(p, A) is a scalar function that captures the price of replacing Kpp with K sB. Once
(10) has been established, we immediately obtain

fi = g(p, A)p. (11)

Provided that we have a non-trivial lower bound on u, we can combine (11) with the
one-step analysis in Section 4.2 to obtain an explicit convergence rate for Skotch. We
can obtain an explicit convergence rate for ASkotch using a similar approach, with some
additional work to account for Nesterov acceleration.

There are two challenges in establishing the lower bound on /& in (11):

1. Deriving a meaningful lower bound on p is non-trivial. Existing works that
establish such a lower bound rely on either expensive DPP sampling techniques
(Mutny et al., 2020) or preprocessing the kernel matrix using a Hadamard trans-
form (Derezinski and Yang, 2024; Derezinski et al., 2025a), which incurs a O(n?) cost
and requires materializing a n X n matrix in memory. Therefore, we must develop a
different approach for establishing a lower bound on u.

2. Identifying the form of g(p,\) requires care. The analysis to determine g(p, \)
requires careful spectral approximation arguments based on the theory of the Nystrom
approximation.

In the following subsections, we address these challenges. In Section 5.1, we provide
background on (approximate) ridge leverage scores and DPPs. In Section 5.2, we develop
a novel ARLS-to-DPP reduction (Lemma 12) to establish a non-trivial lower bound on g
(Lemma 10). This reduction and its associated results can be applied to any psd matrix,
making them of independent interest outside of this manuscript. In Section 5.3, we relate
f[&p to Il using spectral approximation arguments based on the Nystrom approximation.
Combining these ideas, we show the following lower bound on fi:

~

s_ Ak
M= T6Rpmpn

where Rjp, = =7 .00 Ai(K))/Amin (K)). The exact statement is presented in Theorem 13.
For clarity, we illustrate our argument to lower bound /i in Fig. 2.

5.1 Approximate Ridge Leverage Score Sampling and DPPs

In this subsection, we formally introduce approximate ridge leverage scores and ARLS
sampling and discuss their efficient computation. As our argument relies on a reduction
from ARLS sampling to DPP sampling, we also define determinantal point processes and
introduce some fundamental facts about them.
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- Reduction
[ ARLS samphng} (Lemma 12)
I Expected projection
Approx.ir.nation i DPPs (Lemma 8) j Lower bound on
(Definition 5) | -7 L p (Lemma 10)
' I
RLS sampling | Exact correspondence Spectral approximation
(Lemma 9) (Proposition 15)
Y

Lower bound on
it (Theorem 13)

Figure 2: Summary of reductions and correspondences between ARLS/RLS sampling,
DPPs, and the resulting lower bounds on g and fi. The dashed arrows are for intuition
only: ARLS is closely related to RLS and RLS is related to DPPs, so we expect ARLS to
be related to DPPs. The solid arrows correspond to our approach for obtaining a lower
bound on ji.

5.1.1 APPROXIMATE RIDGE LEVERAGE SCORE SAMPLING

We begin by introducing ridge leverage scores.

Definition 4 (Ridge leverage scores, effective dimension, and degrees of freedom)
Given A € S and X\ > 0, its i-th A-ridge leverage score Eg\(A) is the i-th diagonal entry of
matriz A(A+ X)~L:

(MA) = el A(A+ NI Le;.

The sum of all its A-ridge leverage scores is called its \-effective dimension:
dMNA) =T (A(A+AD ) =D NA).
i=1

The A-maximal degrees of freedom of A is given by:

A
dmax

(A) = nmax (}(A).
i€[n]

The effective dimension measures the degrees of freedom of A, taking into account the
regularization A. For matrices with decaying eigenvalues (e.g., kernel matrices), d*(A) is
much smaller than the ambient dimension n (Alaoui and Mahoney, 2015). The i-th RLS
captures how much row ¢ of A contributes to the effective dimension. The maximal degrees
of freedom is always larger than the effective dimension, and can be significantly larger
when the leverage score distribution is highly non-uniform.

The RLS scores naturally define a distribution on the rows of A: sample row i with
probability p; = ¢}(A)/d*(A). This sampling distribution admits strong theoretical guar-
antees (Alaoui and Mahoney, 2015; Rudi et al., 2018), but is impractical as computing the
leverage scores requires an eigendecomposition at a cost of O(n?), which is more expensive
than the problem we wish to solve. Fortunately, good guarantees can still be obtained by
using approximate ridge leverage score sampling (ARLS sampling), which we now define.
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Definition 5 (Approximate RLSs and ARLSé—sampling) Given A € St and X\ > 0,
we say that {;}7_, are a c-approzimation of \-ridge leverage scores {{}A)}™, for some
c > 1, if they satisfy

b= (A) Vi and L= l;<c-d\A).
=1

Define p; = % {%g,-‘ for all i € [n], and sample indices {ij}?zl i.1.d. according to the

probabilities {p;/||pl1};—,. Then B = U?Zl{ij} is an ARLS)-sampling.®

Approximate RLSs were first introduced by Alaoui and Mahoney (2015) for constructing
randomized Nystrém approximations of kernel matrices. The key advantage of ARLSs over
RLSs is that they can be computed efficiently. In particular, ASkotch uses the BLESS
algorithm proposed by Rudi et al. (2018) to compute the ARLSs. BLESS admits the
following complexity guarantee:

Lemma 6 (Rudi et al. (2018), Theorem 1) Given A € S}, a positive integer k, ¢ > 1
and A > 0 such that the M-effective dimension of A satisfies d*(A) < k, there is an algorithm

(BLESS)jhat with high probability returns c-approzimations for all n A-ridge leverage scores
of A in O(nk?) time.

Lemma 6 shows we can obtain ARLSs to construct the sampling distribution in O(nk?)
time. This stands in contrast to SAP solvers in Derezinski and Yang (2024); Derezinski et al.
(2025a), which require O(n?) time to preprocess K by a Hadamard transform H, and O(n?)
storage to store HK HT, from which rows are subsampled. Thus, ARLSs yield a significant
improvement in computational and storage complexities over Hadamard preprocessing.

5.1.2 DETERMINANTAL POINT PROCESSES AND THEIR CONNECTION TO RLSS

The heart of our analysis is a novel ARLS-to-DPP reduction argument that exploits a
fundamental connection between RLS and determinantal point processes (DPPs). DPPs
are a family of non-i.i.d. probability measures used in machine learning to sample diverse
subsets of data points (Kulesza and Taskar, 2012).

Definition 7 (Determinantal point process) Given A € S, a (random-size) determi-
nantal point process DPP(A) is a distribution over all 2" index subsets B C [n]| such that

Pr(B) = gg:gﬁi‘}g. Moreover, a (fized-size) k-DPP(A) is a distribution over subsets B C ([Z])

such that Pr(B) o< det(Apg).

DPP-based row selection matrices yield strong convergence guarantees for SAP methods
thanks to the following formula connecting random projectors with DPP sampling.

Lemma 8 (Derezinski et al. (2020), Lemma 5) Given A € S}, let B ~ DPP(A), and
define the random projection matriz Iz := AY2ST(SAST)FSAY2, where S is a row selec-
tion matriz for set B. Then

B[] = A(A+1)"%. (12)

3. The indices in B are actually distinct since our analysis allows us to discard duplicates.
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Mutny et al. (2020) gives a sharp convergence analysis for DPP-based SAP methods using
(12). Unfortunately, directly sampling from a DPP is impractical due to its prohibitive
computational cost (Derezinski et al., 2019).

The goal of our ARLS-to-DPP reduction is to show that when using ARLS sampling, a
relation similar to (12) holds:

E[llg] = A(A+1)"' — AT A.

That is, we want to obtain a perturbed version of the DPP expectation formula (12) for a
small §. Our arguments show that this is indeed the case. The key idea is to exploit the
following connection between the RLSs of A and DPP(A):

Lemma 9 (Dereziniski and Mahoney (2021), Theorem 10) For B ~ DPP(A) and
index i € [n], the marginal probability of i € B is the i-th ridge leverage score of A, i.e.,

Pr(i € B) = [A(A+ )7, . = (i (A).

5.2 Analysis of © with ARLS Sampling

The main goal of this subsection is establish the following result, which provides tight
control on E[IIg] and p when using ARLS sampling.

Lemma 10 (Projection analysis for ARLS sampling) Given A € S with rank r,

k = Q(logn), let A, A > 0 be such that d*(A) > 2d*A) = 4k. If B is ARLS}-sampled

with blocksize b = Q(cklog®n), then the projection g == AY2IL (IgATL) T IgAY? satisfies
1 -\

E[lls] = 5A(A+X1)". (13)

Furthermore, this implies the following lower bound for the SAP convergence parameter p:

= \". (E[lIg]) >
= N (B[g]) = 52—

. where Ry, = ﬁ Z Ai(A)/ A (A).

>k

Lemma 10 gives a result similar to Lemma 8, only instead of exact equality as in (12),
we obtain a lower bound. Nevertheless, this is sufficient for our needs, and allows us to
obtain a lower bound on g comparable to what is obtained in Derezinski and Yang (2024);
Derezinski et al. (2025a) using Hadamard preprocessing. Thus, using ARLS sampling to
select rows of A yields the same control over E[IIz], but at much lower computational and
storage costs compared to SAP methods that use Hadamard preprocessing.

Lemma 10 immediately yields a projection analysis for uniform sampling, since uniform
sampling corresponds to ARLS sampling with a specific choice of scores.

Corollary 11 (Projection analysis for uniform sampling) Suppose A, ), 5\, and k
are set as in Lemma 10. If B is sampled according to the uniform distribution with blocksize
b=Q(d),. (A)log®n), then Iz satisfies

E[llg] > %A (A+A1)"" (14)

18



A NEAT SoLuTION FOR KRR

Under uniform sampling, the blocksize has to be proportional to the maximal degrees
of freedom: b = O(d),(A)log3n). When the ridge leverage scores are relatively uniform,

max
i.e., max;e(, 2A) =~ d ( ) then ) (A) = ©(d*(A)), so uniform sampling performs very
well without requiring a large blocksize. As uniform sampling works well empirically across
a broad range of learning tasks (Section 7), we believe this setting is most relevant for

practice.

max

5.2.1 ARLS-To-DPP REDUCTION

To prove Lemma 10, we rely on connections between RLSs and DPPs. Recall from Lemma 8
that for any A € S? and A > 0, the sample Bppp ~ DPP(A/)) satisfies E[llg,,,] =
A(A + XI)~!. Moreover, from Lemma 9, the marginal probability of sampling element ¢
into B is the i-th A\-ridge leverage score of A, i.e., Pr(i € Bppp) = ¢2(A). We would like to
exploit this connection to transfer the projection analysis from DPPs to ARLSs. Indeed,
the following lemma shows that a sufficiently large ARLS sample contains a DPP sample,
which is crucial for the proof of Lemma 10:

Lemma 12 (ARLS-to-DPP reduction) Let kX, and B be defined as in Lemma 10.

Given § =n=%W) | for any j € [2]€ — 1/6klog (%), 2k + 4/ 6klog (%)] , we can couple a DPP

sample B; ppp ~ j-DPP(A/N) with B such that with probability at least 1 — &, B; ppp C B.

The proof of Lemma 12 is given in Appendix B.2.3. Our analysis is inspired by Dereziriski
and Yang (2024), who use a Markov Chain Monte Carlo (MCMC) argument (Anari et al.,
2024) to show that after conditioning Bppp on a fixed sample size j, the i.i.d. sampling
distribution over the marginals p;; = Pr(i € Bppp | |Bppp| = j) is an effective proxy for
j-DPP(A/X). We modify the approach in Dereziniski and Yang (2024) by showing that the
approximate ridge leverage scores E)‘ (A) are close to the marginals pi|j as long as the size j is
close to the expected size of Bppp, E[|Bppp||. Fortunately, this occurs with high probability
(Lemma 21). We then use the law of total expectation to decompose the distribution of
DPP(A/)) into a mixture of fixed-size DPP distributions j-DPP(A), and apply an MCMC
argument to each fixed-size DPP. Combining all of these ideas yields the result.

5.2.2 PrROOF OF LEMMA 10

To complete the proof of Lemma 10, we leverage the ARLS-to-DPP reduction from Lemma 12
and apply the DPP projection formula from Lemma 8.

Proof Define the interval Z = |:2k — /6klog (%),2k + 1/6klog (%)} where k = d*(A)/2,

and denote event & = {Bj.ppp C B}. According to Lemma 12, for any j € Z we have
Pr(&;) > 1—6. By using the fact that IIz, < IIg, whenever By C By (Derezinski and Yang,
2024, Lemma 6.3), we have

E[llg] = E[lIg | &] Pr(E;)
= K[l Bj ppp | 5]] (g])
= E[H ] DPP] - IE[HBJ‘—DPP ‘ gjc] Pr(gﬂc)
= E[ B;. DPP] —0- A+A’ (15)
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where the last step follows since Ilg, 1, is an orthogonal projector onto a subspace of
range(AT), thus E[llg, ppp | €5 < Ty = ATA. Let Bppp ~ DPP(A/A) and recall that

E[|Bppp|] = d*(A) = 2k. Also, define wy ; = Pr(|Bppp| = j). Using the law of total
expectation, we can express the expected projection matrix for a DPP in terms of fixed-size
j-DPPs:

EMgppe] = Zw;\,jE[HBDPP | 1Bopp| = j] + ij\,j]E[HBDPP | [Borp| = Jj]

JET J¢T
= Z wX,jE[HBj_DPP] + Z wX,jE[HBj_DPPL
JET J¢T

where the second equality uses that E[lls,,, | [Bppp| = j] = E[lls, ] by definition.
Recalling (15) and using g, pp = 1) = AT A, we can bound the preceding display as

EMppep] = [ > ws, | Bl +6-AYA) + | ) wy, | ATA
JET J¢z

<E[lp]+6-ATA+ | ) wy, | A4,
J¢T

where the last relation follows as > ;7 w5 ; < 1. Now, as Pr(j ¢ Z) = ngéz wy j, Lemma 21
yields > jeT Wy < 6. Combining this with the preceding display, we deduce

E[lgypp] < E[lg] + 20AT A.
Rearranging the preceding display yields
E[lg] = E[llg,pp] — 2641 A.

Applying Lemma 8 and setting § < min{\*. (A)/(4(A\L; (4) +N)),n ¢} for some constant
¢ >0, so that d = n~ 9 we conclude

E[lls] = %A (A+x1)~", (%)

which is precisely (13).
We now establish the lower bound on p. To this end, we first show that A < 4 £ 2 isk Ni(A).

Indeed, if we suppose A > £ 3., A;(A), then
2k<dA(A)—Zk: A +) Mg e g
B _i:1>\i+5\ i>k)\i+5\ A -

resulting in a contradiction. Hence A < £ 3., Ai(A).
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Finally, it follows from (x) that

=t (E[Tlg)) > %ﬁ (A(a+An™) =

min min

5.3 Lower Bound on [

Having established a lower bound on u, we now turn to lower bounding /i, which will allow
us to establish a fine-grained convergence rate for ASkotch.
The main goal of this subsection is to establish the following theorem:

Theorem 13 (Lower bound on i) Suppose the blocksize satisfies b = Q(klog®n) for
some k € [n]. Then using ARLS sampling as in Lemma 10 with A = K and ¢ = O(1), the
Nystrém approximation as in Proposition 15, and defining \ as in Lemma 10,

N A _
Eflls o] = g KoK+ M)

Consequently, recalling Fin = =7 3o Mi(Kx)/Amin(K)), we have

Ak

> —.
M= L6 pmp

Theorem 13 provides us with the desired lower bound on fi. When b is sufficiently large,
the following corollary shows that [ is lower bounded by a quantity independent of the
conditioning of K.

Corollary 14 Fiz a failure probability 6 = n~ 1. Suppose the blocksize satisfies b =
Q (k10g3 n) where k > 2dM(K). If the rank of the Nystrém approxzimation satisfies r =

O (dp(LKJb) log (W)) and p > A, then

S|

iz
— 32

When the effective blocksize k = Q(d*(K)), Corollary 14 shows the lower bound on /i
no longer depends on the conditioning of K. Instead, /i is controlled by k£ and p. Using a
smaller p (larger r) leads to a larger fi. Conversely, larger p corresponds to using a smaller
rank, and the lower bound on ji decreases. We shall see shortly that Corollary 14 implies
Skotch and ASkotch enjoy condition-number-free convergence rates.
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5.3.1 THE NYSTROM PROJECTOR 1S CLOSE TO THE SAP PROJECTOR

Lemma 10 guarantees a tight lower bound on g when B is an ARLSg\—sampling for any
¢ = O(1) with respect to K. Thus, if we can determine the form of g(p, A), we can obtain
a lower bound on ji.

We begin with Proposition 15, which explicitly characterizes the shrinkage factor op,/ L Pg
in Lemma 3 with high probability. The proof of Proposition 15 appears in Appendix B.4.

Proposition 15 (Controlling the shrinkage factor) Let B C [n] satisfy |B] = b < n,
and set p > A. If the Nystrom approzimation Kpp of Kpp is constructed from a sparse sign

embedding Q with r = O (d”(LKJb) log (W)) columns and ( = O (log (L’(gﬂb)))
non-zeros per column, then

A A
Q—HB =g, <X Ilg, with probability at least 1 — 4.
P

The shrinkage factor obtained in Proposition 15 depends upon A/p. If p = O(\), then
the shrinkage factor is constant with high probability, in which case little is lost by replacing
Kpp with the Nystrom approximation Kgg. Selecting a larger p allows smaller Nystrom
rank r, but incurs a trade-off in the shrinkage factor. We note that d(| K |;) is always
upper-bounded by d?(K), and in some cases, may be substantially smaller.

Remark 16 While the guarantee in Proposition 15 is for when Kpgp is constructed with
a sparse sign embedding, the same guarantee also holds when  is a Gaussian embedding
(which we use in our experiments) or a randomized Hadamard transform.

5.3.2 PROOF OF THEOREM 13

Here we prove Theorem 13, which provides a lower bound on ji.
Proof Define the event

A .
£=1 s <Tp, <Tp\ .
{2/) B ="0r = B}

Then Proposition 15 tells us that by setting d appropriately, we can guarantee Pr(&) > 1— %
Thus, the law of total expectation yields

E[ﬂ&p] = E[ﬁB,p | E1Pr(€) + E[ﬂ&p ‘ 50] Pr(go)
[A

E [z | €] Pr(€). (%)

We now lower bound E[IIz | £] in the Loewner ordering. To this end, the law of total
expectation and a simple rearrangement imply

_ 1 _ C C
Ellls | €] = 5 (E[l5] — E[Mlg | £ Pr(£9)) .
The preceding display, along with the facts that Iz < I and Pr(£%) < /2, yields
1 C 1 o
- — - ~Z71).
Ellls | €)= 5o (E[M5] — Pr(E)) = BrE) (E[HB] 2[)
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As 47 < 1E[MIg], we obtain

Ellls [ €] = 55

Thus, combining this last display with (x) and applying Lemma 10 with A = K, we
conclude

E[Ig).

. A A <=1
E[llg ] = —E[g] = —K, (Ky+ )" ".
[B,p]_4p[61_8p A (K + )

The claimed lower bound on j follows from this last display and Lemma 10. |

6. Convergence of ASkotch

We have established all the preliminary results for the convergence analysis of ASkotch.
We begin with the following general convergence result (Theorem 17). In Section 6.1.1, we
discuss when Skotch and ASkotch achieve near-optimal log-linear runtimes and how they
can use large blocksizes to leverage the benefits offered by modern computing hardware.

Theorem 17 (Convergence of ASkotch) Consider Skotch and ASkotch (Algorithm 1)
under the following hyperparameter settings: the blocksize satisfies b = Q(klog3 n), where

k > Zd)‘(K), p>A Pisa ARLSé(l)—sampling distribution for Ky with \ > 0 such that
dS‘(K)\) > 4k, Kpp is constructed from a sparse sign embedding with r = O (dp(LKJb) log (W))
columns and { = O (log <w>> non-zeros per column, and ng = 1/_i/pB. Then the fol-
lowing statements hold:

1. After t iterations, the output of Skotch satisfies

Effjw: — ||2K J<(1- 7>\ *k t [Jwo — HQK
Wy — W wo — W .
¢ I 32pn 0 A
Thus, the total number of iterations required to achieve an e-approximate solution is

bounded by O (5% 1og (1)).

2. After t iterations, the output of ASkotch satisfies

t

1 Ak kA
Ef|jw; — wy%.] <2 (1= —— mi \f —wl%
Uhwe = wullze,} < < 16\/§mm{\/;n’ nP}) lrwo = e,

Thus, the total number of iterations required to achieve an e-approximate solution is
bounded by O (max { /45, £/F og (7))

The proof of Theorem 17 is provided in Section 6.2.

Theorem 17 shows Skotch and ASkotch converge linearly to the solution of (3). Skotch
requires O(f% log (%)) iterations to produce an e-approximate solution, while ASkotch re-
quires O <max {\/gg,f %} log (%)) iterations. As p/A,n/k > 1, the upper bound for
ASkotch is always an improvement over the upper bound for Skotch, demonstrating the
benefit of acceleration.
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6.1 ASkotch: Two Convergence Regimes

Theorem 17 shows that ASkotch’s convergence exhibits two different regimes: (i) n/k > p/A,
(ii) p/A > n/k. In regime (i), the “low-rank approximation condition number” p/\ is dom-

inated by the “dimensional condition number” n/k, and ASkotch converges in @) ( \/g %)
iterations. In this regime, ASkotch can use a larger p (and hence, a smaller Nystrom rank r)
than Skotch, as the convergence rate depends only upon \/E . However, if p is set too large,

so that p > (n/k)\, ASkotch enters regime (ii), where the low-rank approximation condi-
tion number p/A dominates the dimensional condition number n/k, leading to an iteration
complexity of O (g\/%)

Which convergence regime of ASkotch is preferable? In the worst case, a n/k dependence
in the iteration complexity is necessary, since ASkotch must make a full pass through Ky
to solve (3). Thus, regime (i) is preferable as it allows ASkotch to reduce the price p/\ of
using a low-rank approximation. ASkotch is guaranteed to be in regime (i) provided it does
not over-regularize, since the phase transition to regime (ii) occurs when p > (n/k)A\.

When the effective blocksize k is small, i.e., k = o(n), n/k is large, so ASkotch can still
use large p and small rank r while avoiding over-regularization. When the effective blocksize
is large, i.e., k = Q(n), n/k = O(1), so ASkotch must set p = O(A) to stay in regime (i).
Consequently, if K exhibits heavy-tailed spectral decay, the rank r might have to increase
significantly for ASkotch to remain in regime (i). Fortunately, most kernel matrices exhibit
fast spectral decay—indeed, under standard regularity assumptions on the kernel function,
dMK) = O(y/n) (Rudi et al., 2017, 2018). Thus, even if k& = Q(n), ASkotch remains in
regime (i) when it uses rank r = O(y/n). Overall, convergence regime (i) for ASkotch is
both preferable and also more likely to occur, compared to regime (ii).

6.1.1 WHEN DOES ASkoTcH CONVERGE IN LOG-LINEAR TIME?

A natural question to ask is if there is a reasonable setting where Skotch and ASkotch
enjoy a near-optimal runtime of @(nQ) A priori, the answer is not obvious, as we use a
low-rank approximation to K. Consequently, the price of using this approximation may
be too steep to ensure an @(ng) runtime. Fortunately, the following corollary shows that
for matrices whose effective dimension is not too large, the low-rank approximation has
a minimal effect on the overall runtime. As the effective dimension of kernel matrices is
typically O(y/n) (Rudi et al., 2017, 2018), this corollary shows that Skotch and ASkotch
can achieve a near-optimal runtime for most KRR tasks, despite approximating Kpg.

Corollary 18 (Log-linear convergence of ASkotch) Let P in ASkotch be the uniform
distribution. Let k and X be as in Lemma 10 and suppose that maX;e(y) E?(KA) = @(dS‘(KA)/n),
p = cy\ forc, € [1,n/k], and d*(K) = O(y/n). Then under the assumptions of Theorem 17,
with blocksize b = @(klog3 n), the total runtime of ASkotch to produce an e-approzimate

solution is bounded by
~ 1
@ (@n2 log <>> .
€

The proof of Corollary 18 appears in Appendix B.6. Corollary 18 shows that when (i) the
effective dimension grows like O(y/n), (ii) the ridge leverage scores are relatively uniform,
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and (iii) ASkotch uses uniform sampling with p = O()), ASkotch obtains a near-optimal
runtime.

Another powerful consequence of Corollary 18 is that the total runtime is independent
of the blocksize. ASkotch can use effective blocksize k& = O(n) (which corresponds to
b = @(n)) and still have runtime O (n2) Thus, when the leverage scores are relatively
uniform, ASkotch can use large blocksizes and obtain a log-linear runtime. From a practical
perspective, this is invaluable, as large blocksizes can exploit the massive parallelism offered
by modern computing architectures. Indeed, in our experiments, we use b = n/100 and
observe excellent performance. The ability of ASkotch to use a large blocksize separates it
from SAP, which incurs an O(n?) cost per iteration when b = O(n).

Remark 19 The same runtime bounds hold for ARLS sampling, which allows us to avoid

the assumption that the ridge leverage scores satisfy max;c(y] @(K,\) =0 <M> In-

n

stead, we require that k = ©(d*(K)), since this ensures that the cost of running BLESS is
bounded by O(n?). Thus, ARLS cannot use blocksizes as large as uniform sampling while
maintaining near-optimal runtime. We focus on uniform sampling, as this is what works
best in practice.

6.2 Proof of Theorem 17

Here, we provide the convergence proof of Skotch, which corresponds to the first claim in
Theorem 17. The convergence proof for ASkotch is more involved and requires additional
background, so it is deferred to Appendix B.5.

Proof We have seen in Section 4.2 that at iteration 1,

E [lwi —wel%, | wi-1] < (1 =) [Jwi-1 — wll, -
Invoking the lower bound on /i in Corollary 14, this becomes

Ak

E (s = wnl, |wi) < (1 g ) uics = il

Applying the law of total expectation in this last display, we deduce

E 2 1< (1o 2k t 2
[||wt - w*||KJ > - % llwo — w*HKA-
The claimed iteration complexity bound follows immediately. |

7. Experiments

We perform an empirical evaluation of ASkotch, KigenPro 2.0, EigenPro 3.0, PCG, and
Falkon on KRR problems drawn from diverse application domains, including computer
vision, particle physics, ecological modeling, online advertising, computational chemistry,
music, socioeconomics, and transportation. We use three different kernels in our experi-
ments: Laplacian, Matérn-5/2, and radial basis function (RBF), which are among the most
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popular in the literature (Rasmussen and Williams, 2005; Gardner et al., 2018). Across
this broad spectrum of application domains and kernels, ASkotch obtains better predictive
performance than the competing methods. These results show that (i) full KRR can ef-
fectively scale to large problems and obtain better predictive performance than inducing
points KRR and (ii) ASkotch is a new state-of-the-art solver for large-scale full KRR.

We present the following results:

e Performance comparisons (Section 7.1): We compare ASkotch to the state-of-the-
art methods for full KRR and inducing points KRR: EigenPro 2.0 (Ma and Belkin,
2019) and PCG for full KRR, and Falkon (Rudi et al., 2017; Meanti et al., 2020) and
EigenPro 3.0 (Abedsoltan et al., 2023) for inducing points KRR. For PCG, we con-
sider two of the most effective types of preconditioners: Gaussian Nystrom (Nystrom)
(Frangella et al., 2023) and randomly pivoted Cholesky (RPC) (Diaz et al., 2023; Ep-
perly et al., 2025). ASkotch consistently obtains better predictive performance than
the competitors.

e Showcase on huge-scale transportation data analysis (Section 7.2): We run ASkotch
on KRR for a subsample of the New York City taxi dataset (n = 10%). To the best
of our knowledge, no previous work has scaled full KRR to a dataset of this size.
ASkotch once again outperforms the competition.

e Verification of linear convergence (Section 7.3): We show that ASkotch achieves global
linear convergence on three KRR problems with n > 5 - 10° samples, which verifies
the linear convergence guarantee in Section 6. ASkotch reaches machine precision in
at most 100 passes through each KRR linear system, demonstrating its potential as
a high-precision solver.

Each experiment is run on a single 48 GB NVIDIA RTX A6000 GPU with PyTorch 2.5.1
(Paszke et al., 2019), CUDA 12.5, PyKeOps 2.2.3 (Charlier et al., 2021), and Python 3.10.12.
The code for our experiments is available at https://github.com/pratikrathore8/fast_krr.

Our arXiv report (https://arxiv.org/abs/2407.10070v3) includes expanded experimen-
tal results and an ablation study that are omitted from this version of the paper. We also
provide additional information about datasets, kernel hyperparameters, regularizations, in-
ducing points, preprocessing, and time limits in Appendix C of our arXiv report.

Optimizer hyperparameters. Throughout the experiments, we use the default hyper-
parameters that we recommend for ASkotch (Section 2.5), unless stated otherwise. We
compute the damping for PCG with the Gaussian Nystrém preconditioner using the same
procedure as ASkotch, ensuring a fair comparison. We also run PCG, EigenPro 2.0, and
EigenPro 3.0 with the same rank as ASkotch to ensure a fair comparison. We set by, s, and
the stepsize n in EigenPro 2.0 and EigenPro 3.0 using the defaults in the EigenPro 2.0 and
EigenPro 3.0 GitHub repositories. We also run EigenPro 2.0 and 3.0 with regularization
A =0, as recommended in Ma and Belkin (2019); Abedsoltan et al. (2023).

Numerical precision. ASkotch, EigenPro 2.0, and EigenPro 3.0 are stable in single
precision, while Falkon and PCG often require double precision for satisfactory performance.
Consequently, the figures in the main paper show results when ASkotch, EigenPro 2.0, and
EigenPro 3.0 run in single precision and Falkon and PCG run in double precision. We show
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Figure 3: Performance comparison between ASkotch and competitors on 10 classification
and 13 regression tasks. We designate a classification problem as “solved” when the method
reaches within 0.001 of the highest classification accuracy found across all the optimizer +
hyperparameter combinations. We designate a regression problem as “solved” when the
method reaches within 1% of the lowest MAE (in a relative sense) found across all the
optimizer + hyperparameter combinations. PCG and Falkon are run in double precision.
EigenPro 2.0, EigenPro 3.0, and PCG do not solve any of the regression problems within
the tolerance. ASkotch outperforms the competition on both classification and regression.

in Appendix C of our arXiv report that ASkotch still outperforms Falkon and PCG when
all methods are run in single precision.

Time limits. Each optimizer is run until it reaches a specified time limit, which depends
on the size of the dataset. These time limits range between 0.5 to 24 hours. We implement
all of the competing methods ourselves to ensure fair runtime comparisons with ASkotch.
The most expensive computations in all methods are performed using KeOps (Charlier
et al., 2021), which ensures our runtime comparisons are fair.

7.1 Performance Comparisons

We evaluate predictive performance on 10 classification and 13 regression tasks from es-
tablished benchmarks. The classification tasks are from computer vision, particle physics,
ecological modeling, and online advertising, while the regression tasks are from computa-
tional chemistry, music analysis, and socioeconomics. We assess predictive performance on
classification and regression tasks by computing classification accuracy and mean-absolute
error (MAE) between the predictions and targets, respectively, on the test set.

We summarize the results of our performance comparisons in Fig. 3. ASkotch outper-
forms the competition on both classification and regression. Notably, ASkotch outperforms
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the state-of-the-art inducing point methods EigenPro 3.0 and Falkon, demonstrating the
value of using full KRR over inducing points KRR.

7.2 Showcase: Huge-Scale Transportation Data Analysis

We apply KRR to a subsample of the taxi dataset to predict taxi ride durations in New York
City. Following Meanti et al. (2020), we use an RBF kernel. Due to hardware limitations, we
set the blocksize b in ASkotch at n/2,000 = 5-10* and vary the rank » € {50, 100, 200, 500}.
We set the rank for PCG as low as r = 50, but none of the PCG methods complete a single
iteration in the time limit. Following Meanti et al. (2020), we use the root mean square
error (RMSE) between the predictions and targets.

The results are shown in Fig. 1. ASkotch outperforms Falkon for each value of r. Both
EigenPro 2.0 and EigenPro 3.0 (not shown) diverge. Once again, our findings demonstrate
the value of using full KRR over inducing points KRR for large-scale regression tasks.

7.3 ASkotch Converges Linearly to the Optimum

We demonstrate that ASkotch obtains linear convergence to the optimum for large-scale
full KRR. To do so, we plot the relative residual

[Ew =yl /[yl

obtained by ASkotch. We run ASkotch in double precision.

Fig. 4 shows the relative residual obtained by ASkotch on three large-scale KRR prob-
lems. ASkotch converges linearly for all selections of the rank r. Excitingly, ASkotch
reaches machine precision on all three problems, showing its potential as a high-precision
linear system solver.

comet me (n = 6.10 - 10°) acsincome (n = 1.33 - 10%) click prediction (n = 1.60 - 10°)

Relative residual
s =
Relative residual

Relative residual

10~

0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
Full data passes Full data passes Full data passes

ASkotch, r = 50 ASkotch, r = 100 —o— ASkotch, r = 200 —e— ASkotch, r = 500

Figure 4: ASkotch converges linearly on large-scale full KRR. “Full data passes” indicates
the number of passes through K: since b = n/100, one full data pass is equivalent to 100
iterations of ASkotch. ASkotch tends to converge faster as the rank r increases, which
matches our theoretical results. Interestingly, » = 200 and r = 500 yield similar results on
comet_mc.
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8. Conclusion

We introduce ASkotch, an approximate sketch-and-project method for large-scale full KRR.
Our theoretical analysis and experiments demonstrate that ASkotch is a promising replace-
ment for existing KRR solvers. Looking ahead, we aim to develop methods for automatically
selecting the acceleration parameters ji and 7 in ASkotch, create a distributed implemen-
tation of ASkotch that scales to datasets with n > 109 training points (such as the full
taxi dataset), and develop a mixed-precision version of ASkotch that delivers high-quality
results with less memory and compute.

Our work, along with previous studies (Wang et al., 2019; Frangella et al., 2023; Diaz
et al., 2023), shows that full KRR allows better predictive performance than inducing points
KRR. ASkotch scales full KRR to datasets orders of magnitude larger than previously
possible. In future work, we look forward to seeing how a fast solver for full KRR enables
new applications. Moreover, following our methodology, it should be possible to solve
general pd linear systems within the (approximate) sketch-and-project framework.
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Appendix A. Additional Algorithm Details

We provide additional details for the algorithms proposed in this paper. Appendix A.l
describes the practical implementation of the randomized Nystrom approximation and pro-
vides pseudocode for Nystrém. Appendix A.2 describes how we compute preconditioned
smoothness constants and provides pseudocode for get L.

A.1 Randomized Nystrém Approximation: Implementation

Here, we present a practical implementation of the Nystrém approximation from Section 2.3
in Nystrém (Algorithm 2). Nystrém is based on Tropp et al. (2017, Algorithm 3). eps(z)
is defined as the positive distance between x and the next largest floating point number of
the same precision as x. The resulting Nystrom approximation M is given by U dlag(A)U T
where U € RP*" is an orthogonal matrix that contains the approximate top-r eigenvectors
of M, and A € R” contains the top-r eigenvalues of M. The Nystrom approximation is
psd but may have eigenvalues that are equal to 0. In our algorithms, this approximation is
always used in conjunction with a regularizer to ensure positive definiteness.

Algorithm 2 Nystrdm

Require: psd matrix M € RP*P_ approximation rank r < p

Q < randn(p, ) > Test matrix
Q < thin_qr(Q) > Orthogonalize test matrix
A + eps(Q.dtype) - Tr(M) > Compute shift
YA < (M + ADQ > Compute sketch, adding shift for stability
C + chol(QTYR) > Cholesky decomposition: CTC = Q7Y
B+« YaC™! > Triangular solve
0,5, ~] + svd(B,0) > Thin SVD
A + max{0, diag(22 — AI)} > Compute eigs, and remove shift with element-wise max

return U diag(A)UT

The dominant costs are in computing the (shifted) sketch YA, which has complexity
O(p*r), and computing an SVD of B, which has complexity O(pr?). In total, the overall
complexity of the algorithm is O(p?r + pr?).

A.1.1 APPLYING THE NYSTROM APPROXIMATION TO A VECTOR

In our algorithms, we often perform computations of the form (M+pI)~tg = (U diag(A)UT +
pI)~1g. This computation can be performed in O(rp) time using the Woodbury formula
(Higham, 2002):

~ Al A ~ ~ -1 . 1
(U diag(A)UT + pI)"lg =0 (diag(A) + pI> U%g + (- Uo’y). (16)

We also use the randomized Nystrom approximation to compute preconditioned smooth-
ness constants in get_L (Algorithm 3). This computation requires the calculation (P +
pl )*1/ 2y for some v € RP, which can also be performed in O(pr) time using the Woodbury
formula:

(U diag(M)OT + pI)" V29 =T (diag(f\) + pf)
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In single precision, (16) is unreliable for computing (P + pI)~!g. This instability arises
due to roundoff error: the derivation of (16) assumes that UTU = I, but we empirically
observe that orthogonality does not hold in single precision. To improve stability, we com-
pute a Cholesky decomposition LLT of pdiag(A~") + UTU, which takes O(pr?) time since
we form UTU. Using the Woodbury formula and Cholesky factors,

-

(U diag(MUT 4 pI)~lg = =g — ~U(pdiag(A™1) + UTU) 0 g

LT 07y,

|
-

DI

NS
|
VDI =

This computation can be performed in O(pr) time, since the O(r?) cost of triangular solves
with LT and L is negligible compared to the O(pr) cost of multiplication with U” and U.

Even in single precision, we find that using (17) in get_L works well in practice.

A.2 Computing Preconditioned Smoothness Constants

Here, we provide the details on the randomized powering procedure (get_L, Algorithm 3)
from Section 2.4 for automatically computing the preconditioned smoothness constant.
Given a symmetric matrix H, preconditioner P, and damping p, get_L uses randomized
powering (Martinsson and Tropp, 2020) to compute

M((P+pD)"YV2H(P + pI)~Y/?).
The algorithm only requires matrix-vector products with the matrices H and (P + pl )_1/ 2,
When P is calculated using Nystrom, we can efficiently compute a matrix-vector product
with (P +pI)~/2 using (17). In practice, we find that 10 iterations of randomized powering
are sufficient for estimating the preconditioned smoothness constant.

Algorithm 3 get L

Require: symmetric matrix H, preconditioner P, damping p, maximum iterations N < 10
0
vY <« randn(P.shape[0])
00 < 00/[|v0]|2 > Normalize
fori=0,1,...,N—1do
,U7,+1 P (P+p1)71/2vz
vitl o Hoitl
pitl (P+p[)*1/21ﬂ'+1
D A [T | Y > Normalize
end for
P (UN—I)TUN
return A\

Appendix B. Proofs of Results Appearing in the Main Paper

This appendix provides proofs for every result in the main paper whose proof was omitted.
In particular, we provide detailed arguments for the RLS-to-DPP reduction in Section 5.2
and the convergence of ASkotch (Theorem 17).
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B.1 Proof of Lemma 3

Proof Consider the matrix
R -1
KL <K55 ¥ pI) 1K\,
This can be rewritten as

N —1
KI5 (Kpp+ A1) /2 [(KBB + Y2 (Ko + pI ) (Kog + A1) | (Kes+AD) 215K/,

From this, we deduce

~ —1
opellp < K\/2IE (KBB n pl> IgK\/? < Lp,Tg.

By definition, f/pB > Lpg, so
N -1 o
orslls = KI5 (Kes + pl) 18K}/ < Lp, g,

Multiplying by I:;;, we establish the claim. |

B.2 ARLS-to-DPP Reduction

Here we prove the ARLS-to-DPP reduction in Lemma 12.

Proof idea. To prove Lemma 12, we first establish that the leverage score estimates
{Zi}?zl are rough approximations for the marginal probabilities (i.e., marginal overesti-
mates) of any given element i € [n] being sampled into a set distributed according to
j-DPP(A) (Lemma 20). We must then combine this guarantee with existing results on
DPP coupling (Derezinski and Yang, 2024). However, since prior work focuses on uniform
sampling rather than ARLS sampling, we construct a subdivision, which uses the marginal
overestimates to create an equivalent DPP for which our ARLS sampling maps to uniform
sampling (Lemma 25 and Lemma 27). This equivalence allows us to call upon existing
guarantees for coupling a DPP with uniform sampling (Lemma 23).

The relationship between leverage score estimates and marginal probabilities is shown
in Appendix B.2.1 and the subdivision construction is shown in Appendix B.2.2. The proof
of Lemma 12 is given in Appendix B.2.3.

B.2.1 LEVERAGE SCORE ESTIMATES ARE ROUGH APPROXIMATIONS OF MARGINALS

We start by showing that approximate RLSs are marginal overestimates of a j-DPP(A).

Lemma 20 (ARLS are marginal overestimates) Given A € S, k = Q(logn), and
A > 0 such that dj‘(A) > 4k, let {;}7 | be c-approzimations of A-ridge leverage scores of
A. Forj € T =2k —[6klog (2),2k + /6klog (2)], let t;; == Pr(i € Bynpp) be the i-th
marginal probability of Bj.ppp ~ j—DPP(A/S\). Then, 20; > ) for all i.
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The proof of Lemma 20 requires (i) Lemma 21, which shows that the size of a DPP
sample is close to its expected size with high probability and (ii) Lemma 22, which shows
that ¢;; is non-decreasing in j:

Lemma 21 Given any A € S, let Bppp ~ DPP(A) and E[|Bppp|] be its expected size.

Then with probability 1 — J§, we have “BDPP‘ - EHBDPPM < \/3IE[|BDpp|] log ().

Lemma 22 (Monotonicity) For any 0 < j1 < ja, we have £;; < {;

|71 |72 -

The proofs of Lemmas 21 and 22 are deferred to Appendices B.2.4 and B.2.5, respec-
tively. . -
Proof [Proof of Lemma 20| Define Bppp ~ DPP(A/\) with E[|Bppp|] = d* := d*(A) > 4k,
and denote its i-th marginal probabilities as £; = Pr(i € Bppp). By Lemma 9, {£}}7, are
the A-ridge leverage scores of A. Also let ws ;= Pr(|Bppp| = ) be the probability of the

set BDpp having size [. Then, we can express the marginals of BDpp via the law of total
probability:

Ei\ = Pr(i (S BDPP) = ZPr(i (S BDPP ‘ ’BDPP| = l) . Pr(’BDPP‘ = l) = ZEW . w;\J,
l l

where we use the fact that Pr(i € Bppp | \[;’Dpp] =1)=Pr(i € Bippp) = £;j;- Defining the

interval 7 := [dj‘ — \/3d5‘ log (%),dj‘ + \/3d5‘ log ((25)] , by applying Lemma 21 to Bppp, we

have |Z§Dpp| € 7 holds with probability 1 — 4.
Since we assume § = n~ M) and d* > 4k = Q(logn) (with a sufficiently large constant),

the infimum of Z can be bounded as d* — \/ 3dA log (%) > %dj‘ > 3k. Similarly, the supremum

of 7 can be bounded as 2k + 4/6k log (%) < 3k, showing that supZ < inf Z. By combining
this result with Lemma 22, we have the following for any j € Z:

0= Z@u “wy;t+ Z&'u w3y 2 Z&\l cwsy = (L=0) Lz = (1= 0) - £y
ez 1¢7 ez

Suppose we have RLS c-approximations {Zi}?zl such that ¢; > Ef‘ (see Definition 5). Since
& < 1/2, this implies that 2¢; > £}/(1—3) > ¢;; for any j € Z, i.e., the RLS approximations
are (up to a factor of 2) marginal overestimates for j-DPP(A). [ |

B.2.2 RELATING ARLS SAMPLING TO DPPs USING SUBDIVISIONS

The remainder of our analysis builds on the following lemma from Derezinski and Yang
(2024), which couples a fixed-size DPP, Bj.ppp ~ j-DPP(A), with uniform sampling.

Lemma 23 (Derezinski and Yang (2024), Lemma 6.6) Let Bjppp ~ j-DPP(A) be a
fized-size DPP sample where A € S} and logn < j < n. Suppose the marginal probabilities
of j-DPP(A) are near-uniform, that is, Pr(i € Bj.ppp) < cj/n holds for all i € [n] for
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some ¢ > 1. Let B be an i.i.d. uniform sample from [n] of size O(cjlog®n). Then, there
is a coupling between B;.ppp and B, such that the joint random variable (Bj.ppp,B) with
probability 1 — n—91) satisfies Bj.ppp C B.

Unfortunately, we cannot use Lemma 23 directly, because the “near-uniform marginals”
assumption does not hold in our setting. To address this, we rely on a subdivision pro-
cess, which transforms a probability distribution (such as a fixed-size DPP) into another
distribution which is equivalent (in some sense) and has nearly uniform marginals. This
approach, first introduced by Anari and Dereziniski (2020), uniformizes the marginals by
enlarging the groundset [n] through selective duplication.

Definition 24 (Subdivision of j-DPP, inspired by Anari and Dereziriski (2020))
Given A € S”! s define the distribution yu = j-DPP(A). Let matriz X be such that A = XX T,
and denote x; as its i-th row. Assume we have marginal overestimates {f -, such that
0; > Prs,(i €8) for alli € [n]. Denote £ =3, 0;, let t; == [%Ef‘ andn =), t;. For each
i € [n], we create t; copies of ﬁxi and let the collection of all these vectors form the new
matriz X. Let A= XX e Sf}r, we define the subdivision process of u as p' = j—DPP([l).

We start by stating that the subdivision process produces a distribution with near-
uniform marginals (Anari et al., 2024).

Lemma 25 (Anari et al. (2024), Proposition 23) Let distribution = j-DPP(A), and
w' = j-DPP(A) be the subdivision process of p. Then, w' has mear-uniform marginals: for

all i) €[] we have Prgwu,(i(j) eS)<i<%.

The following lemma shows an equivalence between p = j-DPP(A) and its subdivision
(up to a mapping of the elements), which allows us to transform the problem of sampling
from p to sampling from its subdivision p/'.

Lemma 26 (Equivalence between j-DPP and its subdivision) Let distribution p =
j-DPP(A), and ' = j-DPP(A) be its subdivision process. Let B ~ j-DPP(A) and define
a function w : [n] — [n] which maps the t; duplicates (in [n]) of element i € [n] back to i.
Then, m(B) ~ j-DPP(A).

Proof By the definition of the subdivision, if two identical rows are sampled from X, then
the determinant of the corresponding principal submatrix is 0, as is the probability measure
i/, Thus without loss of generahty, we can assume that we only sample distinct rows from

X. Let B={i gll), . } - ( ) be a subset sampled from g/, and let B = m(B) =
{ﬂ(igll)), (i glj )} = {21 e ([?]). Then, from definition we have
- - det(X X 3
W (B) o det(X X }) = (X5Xs) )

ti, ot

J

Note that there are precisely t;, ---{;; different sets of duplicates that map to the same

set l';’, so a random set B ~ w o= j—DPP(fl) after mapping with 7 is distributed exactly
according to u = j-DPP(A). |
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Having shown that sampling from g is equivalent to sampling from its subdivision ', we
need to establish a sampling scheme on [n]. Intuitively, importance sampling on [n] based
on probabilities proportional to {gz}le should be equivalent to uniform sampling on [7].
However, the definition of ¢; introduces rounding error. To address this issue, we use the
ARLS sampling scheme introduced in Definition 5. In the following result, we show the
equivalence between this sampling scheme and uniform sampling on the enlarged subdivision
ground set [n].

Lemma 27 (From subdivided uniform sampling to marginal sampling) Let {&}?Zl

be the marginal overestimates, and define p; == % . (%m where { = > l;. Let o be the im-
portance sampling distribution defined on [n] according to probabilities {p;}I'_;, and o’ be the
uniform sampling distribution defined on [n]. Let I ~ o, and let I be a uniformly random

element in 7 (I). Then I ~ o'.

Proof For any i € [n] and [ € [t;], we have the following:

~

Pr(I =i) =Pr(I =i) - Pr(I =iV | I =)
P 1
a Z?:1 pj ‘ E
Ly

I ity b
1

a Z?:l tj

S =

Therefore, I is uniformly random in [71]. [ |

B.2.3 PROOF OF LEMMA 12

With all the pieces in place, we now prove Lemma 12.
Proof Suppose that {{;}]", are c-approximations of A-ridge leverage scores of A as in
Definition 5. Then, according to Lemma 20, {2¢;}!' ; are the marginal overestimates of

j-DPP(A) for any j € Z. Thus by Lemma 27, our ARLS}-sampling is equivalent (up to the
mapping 7) to uniform sampling on the subdivision ground set [7].

Now for y1 = j-DPP(A), we look at its subdivision process y/ = j-DPP(A). According to
Lemma 25, ' has near-uniform marginals, i.e., Prg /(i € S) < 2¢j/n. Thus by Lemma 23,
if we let B’ be a i.i.d. uniform sample from [7] of size O(cjlog® 7)) = O(cklog®n), then there
is a coupling (B’,B}_DPP), such that with probability 1 — n=9®), we have B}_DPP c B,
where B} ppp ~ .

For one side, by Lemma 26 we know that F(B;»_DPP) is distributed identically to the
sample B, ppp, where 7 is the mapping from Lemma 26. For the other side, by Lemma 27,

we know that 7(B’) is distributed according to ARLSé—sampling, i.e., the same as B from
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the statement of Lemma 12. We conclude that for any j € Z, if we do ARLSi\—sampling
with sample size b = O(ck log® n) and obtain B, then we can couple B with Bjppp such
that Bjppp C B with probability 1 — n=90), [ |

B.2.4 PrROOF OF LEMMA 21

To prove Lemma 21, we start with the following result from Kulesza and Taskar (2012),
which relates the cardinality of a random-size DPP to a sum of independent Bernoulli
random variables.

Lemma 28 (Kulesza and Taskar (2012), Algorithm 1 and Theorem 2.3) For A €
S, let A= > )\ZululT be its eigendecomposition where Ay > Ag > -+ > A, Suppose we in-

dependently sample ~; ~ Bernoulli (A:\frl) fori € [n] and we also sample Bppp ~ DPP(A).
d
Then ’BDPP‘ = Z?:l Yi -

We also require the following Chernoff bound, which is a classic result in probability
theory:

Lemma 29 (Chernoff bound) Let Z = Y. | Z; where Z; ~ Bernoulli(p;) are indepen-

dent Bernoulli random variables. Let = E[Z], then for all € € (0,1) we have
Pr(|Z — ul > ep) < 2exp(—ep/3).

Proof [Proof of Lemma 21| Let {\;}"; be the eigenvalues of A in decreasing order, and

let ~y; ~ Bernoulli ( /\)‘jrl> be n independent random variables. By Lemma 28, E[|Bppp|] =

Y EM] =), ﬁ Applying Lemma 29 to {v;}I",, we obtain

Pr < Z% — ZE[%] > 621@[%]) < 2exp (—62 ZE[%]B) :

which gives that with probability 1 — 4, ||Bppp| — E[|Bpppl]| < \/3IEHBDPP|] log(2). =

B.2.5 PROOF OF LEMMA 22

The proof of Lemma 22 relies on elementary symmetric polynomials (Definition 30) and
Newton’s inequalities (Lemma 31).

Definition 30 (Elementary symmetric polynomial) Given vector A = (A1,...,\,) €
R"™, we define its i-th elementary symmetric polynomial as

SZ(A) = Z H/\J

se() =
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Lemma 31 (Newton’s inequalities) For non-negative real numbers A, ..., \,, let s; be
the j-th elementary symmetric polynomial in A1,...,\,. If we denote 5; = sj/(?), then

i) _ _
Sj > Sj+1585—1-

Proof [Proof of Lemma 22| Recall that we define /;; = Pr(i € B;.ppp), and it can also be
written as £;); = Pr(i € Bppp | |Bppp| = j), where Bppp ~ DPP(A/)) is a random-size
DPP sample. Next, we use Kulesza and Taskar (2012, Eq. 5.33):

n

. . si—1(A_
t;; =Pr(i € Bppp | [Bopp| = j) = Z(eiTUp)2>\pwa
p=1 J

where {e;};_; are the standard basis vectors, {v,};_; are the eigenvectors of A, and A, =
Ap(A/N).

In order to show that ¢; ij;(A—p) is

lj s55(A)
non-decreasing in j for any given p € [n]. Denote 5; = sj(A)/([?]) as the mean of the j-th
elementary symmetric polynomial, then by Lemma 31 we have

is non-decreasing in j, it suffices to show that

| s 1S _ ([?])2 sj-1(A)sj41(A) _ G+ D(n—j+1)sj-1(A)sj1(A)
I A TIES e i =) SO
which gives
sj+1(A) < j(n—j) sj(A) < s;(A)

si(A) T G+ Dn—j+1)si-1(A) " sima(A)

Notice that s;11(A) = sj41(A—p) + Ap - 5;(A_p), and by using this fact we have

5j(Ap) _ sj(A—p) _ 1 ‘
8j+1(A) Sj+1(A_p) + )\p . Sj(A_p) \, + sj_,._l(A,p)
p s;(A—p)

We have shown that W is decreasing in j when p is fixed, so
J -Pp

si(Ap) _ 1 S 1 _ 5-1(Ap)
. - si+1(A—p) sj(A_p) . ’
sit(B) 4 a4 sateee) s;(A)
which shows that W is increasing in j for any p € [n]. [ |

B.3 Proof of Corollary 14

Proof Theorem 13 guarantees that

Ak
16p’%k:n n

=
Y
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We upper bound Eg., to deduce the claim. By definition,

1 Aj(Ky)

n—=k ey )\min(K)\)

1 A (K) 4 A

n =k £ Anin () A

1 2\

= k A K A
n— s min( )+

Kk =

Here the third inequality uses \;j(K) < X whenever j > 2d*(K) (Frangella et al., 2023,
Lemma 5.4). Thus, &, > 1/2, which yields the claim. [ |

B.4 Proof of Proposition 15

We begin with the following preliminary technical result.

Lemma 32 Let K € S?, Ig € R*™ be a row-selection matriz generated via an arbitrary
sampling scheme. Set Kpp = IBKlg. Then, for any p > 0,

Aj(K)

d?(Kpp) < Z)\j(K) s

Jj=1

Proof As Kpg = IpK Ig, it is a compression of K to the subspace spanned by the columns
of I g . Consequently, Cauchy’s Interlacing Theorem (Bhatia, 2013, Corollary II1.1.5) yields

Aj(KsB) < Aj(K).

Now, by definition of d”(-) and the fact that f(z) = z/(x + p) is increasing in z for p > 0,
we have

We now commence the proof of Proposition 15.
Proof [Proof of Proposition 15| We begin by observing that Lemma 32 yields d?(Kpg) <

d°(| K |p). As Kpp is constructed from a sparse sign embedding with r = O (dp( | K |p) log (%))

columns and ¢ = O (log(w)) non-zeros per column, Lemma 4.6 in Derezinski et al.
(2025b) implies

N 1
|KBs — Kpg|| < 2A\r41(KpB) + - Z )‘j(KBB)a with probability at least 1 — 9.
j>r
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Now, combining Lemma 5.4 in Frangella et al. (2023) with r = O (d”( | K |p) log <M))
yields

p 1 P
Ar1(Kps) < 7, ;Z)\j(KBB) <35
g>r
Thus,
KB — Kpsll < p-

Combining this last display with the relation that K s = Kpp and our hypothesis that
p > A, we find

Kpg+ M = Kpp+ pl = KBB + pl + (KBB —f(33>

jf(BB—FpI-i-ij (1+1)(K33—|—p[)
= 2(K33+pf).

Moreover,
A A
K+ M = K + ;pf > ;(KBB + pl).
Combining these bounds with Kpg = K BB, we deduce
A/ .
; (KBB+pI> < Kpp+ Al =2 <KBB+pI> .
The preceding display immediately implies

A
P

As L psz = max{Lp,, 1}, it follows that L Pz < 2. Invoking Lemma 3 we conclude the proof.
|

B.5 Proof of Theorem 17

In this section, we prove Theorem 17 by analyzing the convergence of ASkotch. We begin
with some preliminaries and notation.

B.5.1 PRELIMINARIES AND NOTATION

The convergence analysis of ASkotch is based on a Lyapunov function argument. For NSAP
applied to a symmetric psd matrix A € R, Gower et al. (2018) establishes convergence in
terms of the Lyapunov function

1
Ap = o — w*HQBuz]E[HBHBW + ;”wt o w*||23,

where B € S" ., Iz = B~/2A8T (SABAST)" SAB~1/2, and = A, (E[II5)).
In particular, they establish the following result:
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Proposition 33 (Gower et al. (2018), Eq. 39) Suppose that
null(E[I1z]) = null(A).
Then at iteration t, NSAP satisfies

E[A; | wi—1,v4-1,2¢-1] < <1 - \/E) JAVER

= D BT, = A (B [ (20110) el %) ).

where

Proposition 33 introduces a new parameter, v, the largest eigenvalue of the second moment
of the normalized projection matrix. Similar to how [ is an analogue p for analyzing
ASkotch, there is an analogue to v for analyzing ASkotch:

N N N 2
D= A (E {(E[Hg,p]—I/QH&,,E[HB,,)]—I/Q) D .

This new parameter  corresponds to the second moment of the normalized approximate
projection matrix. To establish our convergence result, we need to upper bound . The
following lemma does precisely this.

Lemma 34 (Upper bound on ) Suppose that B and Kpp are constructed according to
the hypotheses of Theorem 17, then

<5 a(5 )

where X is as in Lemma 10.

Proof The proof parallels the proof ofATheorem 3.7 in Derezinski et al. (2025c). Our
hypothesis on the construction of B and Kpp allows us to invoke Theorem 13 to reach

E[lls,)] = S;KA(KA +A)7
where k, = p/A > 1. The preceding display implies
Elllg,) " < 8k,(I + AKY).
To upper bound 7, we observe that it may be rewritten as
i = |[Elfle, ) /2B [fls, Elfls, )~ Tis,) Elils,) /).
Combining this with the upper bound on E[ﬂap]_l and the fact that ﬂB,p =< I, we deduce
V<8R HE[ﬂB”’]_I/QE [ﬁ%’p + Mg, K 1113,/)} E[ﬁ&p]_lﬂu
< 8k, |[Elfls, ] /2E Mg, + Mg, K5 T, Elllg,] 2|

< 8Ky (1 +A HE[ﬂBm]il/zE {ﬂe,pKflﬁB,p] E[ﬂs,p]*”?\ ) (*)

40



A NEAT SoLuTION FOR KRR

Now, using the definition of Iz p» we can express the middle term as follows:
- 18 1/2 1/2 1/2 1/2
Mg, K; Ts, = = PIE(Kpp + pI) Is(K) 2K KV IE (K + pI) " 5K,/
Pg

1/2 1/2
A

T(KBB + pf)flfBIg(KBB +pl)” 1IBK
PB

Kl/ 215 (Kpp + pI) 2 IgK)/

PB
= \2IE (Kpp + pl) U pK,?
P PB
. 1.
p— =< , 7H
pLpg P

Here, the last inequality uses that by definition L ps = 1. By plugging the preceding upper
bound into (), we reach

R Al 1 . e L
b < 8k, (1+pHE[HB,p] V2R [fig K g, | Ellls,)] WH)

8an

= 8k, +

_8(pt))
—

This proves the first inequality. To prove the second inequality, recall that Lemma 10
implies A < & E Z]> x Aj(Ky). Combining this with the preceding display, we conclude

P 8 (p-i— T 2ok A (KA))

- A
Pt A LT N ()
=38
A
n—k
< 8p + 5 A
- A
pn
S50
A * k
Here, the second inequality follows from the fact that 1 > . ok Ai(K) < A when k > dMNK)
(Frangella et al., 2023, Lemma 5.4). [ |

B.5.2 CONVERGENCE PROOF OF ASKOTCH

To show the convergence of ASkotch, we use the Lyapunov function

At = Hvt w*H 1/2 E[l1s

1
g gl = (18)
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where fi = Apin(E[[I5,,]). The Lyapunov function (18) is identical to the one for NSAP
except E[ll, o] replaces E[Ilg] and fi replaces ,u The replacement stems from the fact that
ASkotch computes the search direction with = (KBB + pI)~! instead of (Kpp + M)~ 1.

Proof [Proof of Theorem 17, Item 2] The only difference between ASkotch and NSAP is
that E[llz,,] replaces E[ll5], so we can apply the same argument as Gower et al. (2018)
to show the convergence for the modified Lyapunov function (18). Thus, we only need to
ensure E[II5 ] satisfies the following condition from Proposition 33:

null(E[[l5,,]) = null(K)) = {0}.

Indeed, this is necessary for the modified Lyapunov function to make sense; otherwise,
E[Ilg,,] is singular. Under the hypotheses of Theorem 17, Theorem 13 guarantees i > 0,
which immediately implies

null(E[IIg,]) = null(Ky) = {0}.

Thus, we can invoke arguments in Gower et al. (2018) to arrive at a modified version of
Proposition 33 where i and v are replaced by ji and D respectively. Applying this modified
version of Proposition 33, we deduce

E[At’wt 1, Vt—1, Zt— 1] (1—\/E> At—L

Applying the law of total expectation yields

E[A] < <1_ \/@ A,

Using the definition of A;, we reach

t
> <ﬂ”w0 - w*Hifi/QE[ﬁzs,p]*lKi” + [lwo — w*”%q)

t
a\ (.1
< (1—\/T> <,U«‘AH’LUO_w*H%(A"i_‘wO_w*H%Q)
v fi
—\ ¢
I
- (1 - \/:> [wo — wil %, - (*)

To obtain a fine-grained convergence rate, we apply our bounds on & and ». Corollary 14

lower bounds [i as
Ak

32pn’
On the other hand, Lemma 34 upper bounds ¥ as

a> -
N P n) {P n}
< —+ -] <1 = = .
V_8</\+k < 16 max Y
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Thus,
1 1 Ak
Z—mln —— .
16 pn

Combining these lower bounds, we deduce

\f 16f {f }

Combining the preceding display with (x), we conclude the following convergence guarantee:

t
1 Ak kA
2 : 2
Bl = willi) <2 (1 Bk {ﬁ ﬁ}) LS

w@

B.6 Proof of Corollary 18

d (Ky)

Proof Our hypothesis that max;c/,; Ef‘(K \) =06 allows us to invoke Corollary 11

to ensure that the conclusion of Theorem 17 holds when ASkotch uses uniform sampling
with a blocksize b = © (k log? n) Moreover, the assumption on p guarantees that we are in
convergence regime (i). Hence, the number of iterations required to obtain an e-approximate
solution is O (\/@% log (%)) When a sparse sign embedding is used to construct Kpgp, the

per-iteration cost of ASkotch is O(nb+ br?). Combining this with the iteration complexity
bound and b = O(klog®n), we conclude that the total cost of ASkotch is given by

% <\@ (n? + nr?) log (1)) |

The claim now follows by observing that r = O(y/n) as d?(| K |,) < dMNK) = O(y/n). W
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