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Abstract

Parameter transfer aims to improve parameter estimation accuracy by leveraging knowledge
from related sources. This paper studies the parameter transfer problem from heteroge-
neous sources for high-dimensional M-estimators. Specifically, we propose a novel one-step
estimator with a fused-regularizer and a target-data-oriented constraint, which can robustly
capture parameter knowledge from source data in the presence of different types of data
distribution shifts. Nonasymptotic bound is provided for the estimation error of target
parameter, showing the proposed estimator could achieve effective parameter transfer un-
der distribution shifts, and is guaranteed to perform no worse than any estimators learned
only from the target data. We further show that the proposed estimator can achieve the
minimax-optimal rate under much weaker conditions than existing methods. In addition,
we extend the method to a distributed setting, requiring just one round of communication
with source parameter estimators, while retaining the estimation accuracy of the central-
ized version. Extensive simulations and real data analysis further verify the effectiveness
of the method.

Keywords: transfer learning, high-dimensional estimation, regularized M-estimator, non-
asymptotic theory, sparsity.

1. Introduction

High-dimensional parameter estimation methods have gained increasing attention due to
their wide application in areas including bioinformatics, astronomy, and information tech-
nology (Biihlmann and Van De Geer, 2011). With the dimension of unknown parameters
being much larger than the sample size, the parameter estimation becomes much more chal-
lenging due to issues of error accumulation (Fan et al., 2020). Nonetheless, existing methods
primarily rely on independent and identically distributed (i.i.d.) data. In many scenarios,
obtaining such high-dimensional i.i.d. data is costly or infeasible, posing challenges to accu-
rate parameter estimation and reliable decision-making.
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Transfer learning is a promising framework that can improve the parameter estimation
accuracy for the above low-data setting by incorporating side information from auxiliary
source samples (Torrey and Shavlik, 2010). Specifically, this paper considers a parameter
transfer setting, where we are given a target sample drawn from a target distribution P(9) pa-
rameterized by a high-dimensional target parameter ,Bio), along with some auxiliary samples
drawn from K different source distributions {P*)}X | parameterized by { Bgﬁk)}szl. The goal
is to improve the estimation accuracy of the target parameter by incorporating parameter
knowledge from other source samples (Pan and Yang, 2009). We consider a challenging sce-
nario where the similarity between the source and target is completely captured through the
closeness of ﬁ(ko) and ﬁ&k), with minimal additional structural similarity assumptions among
the data distributions. Such a flexible setup encapsulates various types of distribution shifts
of practical interests. For example, in a regression setting, it includes shifts in the marginal
covariate distributions (He et al., 2024). In high-dimensional scenarios, such a covariate
shift can be more severe due to a more complex covariate correlation structure (Nagel et al.,
2018; Charney et al., 2017). Besides covariate shifts, the distribution shifts may also come
from the shift in the conditional distribution of the responses. For example, in genomic
studies, some source data may suffer from overdispersion due to a higher-than-expected
variance (Wang et al., 2019). In the presence of distribution shifts, naively incorporating
source samples can lead to estimation accuracy that is worse than using the target sample
alone—a phenomenon known as “negative transfer” (Zhang et al., 2023). The challenge calls
for the design of a high-dimensional parameter transfer procedure that can effectively ex-
ploit parameter similarity under these distribution shifts and can always prevent negative
transfer.

Beyond challenges brought by distribution shifts, another challenge that often arises in
transfer learning is the distributed nature of source samples. For example, for electronic
health record data analysis in multicenter research studies, source samples are collected
from different institutes or organizations, where direct data sharing is often impractical due
to privacy and regulation constraints or the prohibitive communication cost (Kushida et al.,
2012). This necessitates the development of privacy-preserving and communication-efficient
solutions that can achieve comparable estimation accuracy as their centralized counterparts.

1.1 Contribution of this paper

To address the above challenges, we propose a parameter transfer framework for high-
dimensional M-estimators, named TransMission, that introduces a series of fused-regularizers
into a joint learning process combined with a novel target-data-oriented constraint. Joint
learning with fused regularization captures transferable parameter knowledge across sources
while maintaining robustness to a wide range of distribution shifts. The target-data-oriented
constraint further narrows the search space for the target parameter using the target data,
so the estimator will always perform no worse than the single-task estimator learned only
on the target data, preventing the issue of negative transfer.

We further support the framework with a fine-grained, non-asymptotic theoretical anal-
ysis. We consider a p-dimensional M-estimation problem for an s-sparse target parameter
[3&0). With a target sample of size n, and K source samples with each of size ng, we show

that TransMission yields a convergence rate of O(nTS_lfi}‘(I;S + (h %) A (CZR?%) A Sf%),
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where h measures difference between the source parameter ,ngk) and the target parameter
,Bio), and Cyx; measures the degree of distribution shifts. The result carries several merits.
First, it shows TransMission is always no worse than the rate of the single-task estima-
tor, i.e., O(SI:L’#), therefore preventing negative transfer thanks to the introduction of the
target-data-oriented constraint. When the source parameters are sufficiently close to the
target (h is small), TransMission is capable of taking full advantage of the source samples
and attaining a much faster rate of O(ﬁ%). In addition, it reveals TransMission is ro-
bust to severe distribution shifts as reflected by a large value of C'sy;. Overall, the estimator
achieves a sharper rate than many state-of-the-art methods under various scenarios, and the
rate matches the existing minimax lower bound under a much weaker condition on h. We

refer the readers to Section 3.3 for a more detailed comparison.

To address practical concerns in distributed settings, we also develop its variant termed
D-TransMission that requires only one-shot transmission of the pre-estimated parameters
from source tasks. We further show that D-TransMission achieves a statistical rate of the
same order as TransMission, provided the source sample size is sufficiently large.

1.2 Related Work

Much progress has been made in parameter transfer in recent years. However, many only
focus on capturing the shared parameter information, but either overlook other distribution
shifts entirely or focus on mitigating specific shifts. For example, a line of approach is based
on a two-step approach, which first pools source and target data for knowledge transfer
and then applies a bias correction using only the target data (Bastani (2021); Li et al.
(2022); Tian and Feng (2023)). However, such an approach does not explicitly address
other distribution shifts, and the learning accuracy degrades quickly if the shifts are severe.
Recently there have been a few pioneering works proposed to correct covariate shifts with
imputation models (Liu et al., 2023; Zhou et al., 2025; Cai et al., 2025). However, the
effectiveness of these methods depends on the availability of abundant unlabeled target
data, and they do not account for other types of distribution shifts beyond covariate shifts.

Achieving a robust transfer of learnable parameter information has been investigated over
the years in the multi-task setting, where regularization techniques are often employed to
promote the exchange of parameter knowledge across different tasks (Pan and Yang, 2009),
examples including fo-norm (Duan and Wang, 2023; Evgeniou et al., 2005), ¢1-norm (Li and
Sang, 2019; Zhang et al., 2024), Euclidean-norm (Chen et al., 2023) and spectral-norm (Tian
et al., 2025), to name a few. Most of these works borrow the idea of fused-lasso (Tibshirani
et al., 2005) to promote parameter information sharing. These multi-task learning methods
typically require all the tasks to have a comparable sample size and emphasize overall task
performance. Therefore, they are not directly applicable to transfer learning problems where
the target task, sometimes with far fewer samples, is the primary focus. Gao and Yang
(2023), Liu (2024) and Long et al. (2013) utilize a similar fused-regularization structure to
promote parameter transfer, yet they either only apply in the low-dimensional setting or
require the source and target to have comparable sizes. Li et al. (2024) and Bai et al. (2024)
propose robust methods for high-dimensional parameter transfer. However, the proposed
methods either lack guarantees for preventing negative transfer or incur non-negligible costs
to achieve such robustness. See Section 3.3 for a detailed comparison.
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A closely related work is TransFusion (He et al., 2024). Compared with TransFusion,
this paper makes several substantial new contributions. First, TransFusion is limited to
linear regression and only guarantees robustness of parameter transfer under covariate shift,
whereas this paper develops a general framework for parameter transfer applicable to M-
estimators and accommodates a broader class of distribution shifts. Second, this paper
proposes an entirely new one-step estimator with a novel target-data-oriented constraint
for general M-estimators, which guarantees the estimator always performs no worse than
estimators learned only from the target data; by contrast, TransFusion relies on a two-step
approach and can fail when the source tasks are not transferable. Third, this paper develops
several new theoretical results for the proposed estimator, improves the convergence rate of
the estimated target parameter, and establishes minimax optimality under weaker conditions
than those required in TransFusion.

1.3 Organization and Notation

The remainder of the paper is organized as follows. Section 2 introduces the setup of param-
eter transfer for high-dimensional M-estimator. In Section 3, we propose the TransMission
framework, provide a theoretical characterization of its estimation error, and demonstrate
its robustness by comparing against existing methods. Section 4 extends TransMission to
the distributed setting. Section 5 validates the theoretical results through simulations and
real-world data analysis. Section 6 concludes the paper. Proofs and additional details are
provided in the appendix.

Throughout the paper, we use bold uppercase letters for matrices and bold lowercase
letters for vectors. For a matrix A € R™*", we denote the (7, j)-th element of A by A;;. For
a p-dimensional vector x = (xq,... ,Xp)T, we denote its £, norm as ||x[[; = 020, \xi]q)l/q
for all ¢ > 0, fp-norm as ||x|jo = # {j : x; # 0} and loc-norm as ||x[|oc = max;<j<px;. We
use (-,-) to denote the standard Euclidean inner product. Let a V b denote max{a,b} and
a A b denote min{a, b}. The notation [K] represents the set {1,..., K}. We use ¢, cp,cq, ...
to denote generic constants. Let a, = O (b,) and a, < b, denote |a,/b,| < ¢ for some
constant ¢ when n is large enough; a,, < by, if a,, = O(b,) and b, = O(ay,); a, = o(b,) or
by, > ay if a, = O(epby) for some ¢, — 0. See Table A.1 for the full notation table.

2. Preliminaries

We consider a parameter transfer problem for M-estimation involving one target task and K

0

source tasks. For the target task, we observe a target sample S(©) = {zgo)}ie[nﬂ, where each

data point zi(o) € Z is i.i.d. drawn from a target distribution P, Define £(©) : Z x R — R
as the target loss function with 00 (z(o);ﬁ) measures the cost to any parameter 3 € RP
given the target data point (9. Our goal is to estimate the unknown target parameter ﬂio)

defined as
,8&0) € argmin E_0),_p(o) [5(0)(2(0);,8)} : (1)
BeRP
We focus on a high-dimensional setting where the dimension p is larger than the target
sample size nr, yet the ground truth ,8&0) is a sparse vector with s := ||B§<O)H0 nonzero
elements much smaller than p, i.e. s < p.
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In addition to the target sample, we have access to K source samples {S (k)} ke[K], Where
ecach source sample S®*) consists of i.i.d. data points generated from the corresponding
source distribution P*), which may differ among k € [K]. Let £%) be the loss function for
each kth source task, we similarly define the source parameter as

ngk) € argmin E_ ) _p) [E(k)(z(k);,ﬁ)] , ke [K]. (2)
BeRP
For simplicity, we assume all source samples have the same size ng, which is larger than the
target sample size np, i.e., 0 < np < ng.
Our goal is to estimate B&O) using both the target and source samples in a parameter
transfer setting, where the source parameter ,ngk) and the target parameter ,&(ko) share the
same feature space and stay in the following parameter space:

O(s.h) == 1B e RP, B e RP ke [K] 118”0 < 5, max 1B — Bl <ht. (3)
ke[K]

In (3), the sparsity level of the target parameter Bio) is upper bounded by s, and the
informative level of each k-th source tasks is quantified by the £;-norm of 8 (k) .= ﬁ&k) — ,BSFO),
and is upper bounded by h > 0. We refer to ") as “parameter contrast” or “source-specific
signal”.  We choose an fi-sparse constraint for the high-dimensional contrast 6(k), as it
aligns well with practical applications where parameter shifts typically spread over multiple
dimensions but their overall magnitude does not grow too fast (Li et al., 2022; Fan et al.,
2023). The results in the paper can be naturally extended to a general ¢,-sparse case for
g € [0,1]. The sources are considered informative for parameter transfer if h is relatively
small. As in practice h is unknown in practice, one key challenge in parameter transfer is
to capture the transferable information when A is small, whereas still being robust when h
is large.

Another major challenge in parameter transfer is that though the sources may be trans-
ferable with a small h, other distribution characteristics may shift significantly in source pop-
ulations compared with the target population. To be concrete, we provide some examples
of such shifts in a supervised learning setting. Given data (ng), yl(k)) €cZ,1=0,1,...,ng,
k=0,1,..., K, where k = 0 refers to the target data, there are three typical distribution
shifts: (1) Covariate shift: potential differences in marginal distributions of Xl(.k) among the

K + 1 populations; (2) Conditional shift: potential differences in conditional distributions
(k)

of (yl(k)|XZ(-k))’s, typically exhibited by different parametric model forms between y,™ and

ng), or different nuisance parameters in the models; (3) Label shift: potential differences
in marginal distributions of ygk)’s. In this paper, we refer to these differences collectively
as distribution shifts. We want to remark that the conditional shift in our context does not
include the differences in parameters of interest - they are the “parameter contrast” that we

are modeling. For more intuitive illustration, refer to the following two special examples.

Example 1 (Normal linear model.) Consider the simplest high-dimensional normal lin-
ear model: y,gk) = X;ﬁ&k) + e,gk), where ng) ~N(0,2®) and e,gk) ~ N(0,0%).

(1) Covariate shift: heterogeneity in the covariance matrices across sources and the
target, i.e., B®) £ 2O for 1 £k e {0,...,K}.
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(2) Conditional shift: heterogeneity in the error variances, i.c., o3 # o7.

Example 2 (Generalized linear model) Consider a high-dimensional generalized linear
model defined for each task k € {0,1,..., K} by

yi(X] 8P —
Ok

y§k> | ng) ~ Pgﬁ)x(y@' | X3 8%)) = pr(ys) exp o

k(X By7) 7 Xl(k) ~pW
where Ui, (-) and ¢y, are univariate functions, with W (-) being the inverse link function, and
ok 1s the dispersion parameter. This family includes linear, logistic, Poisson, and multino-
mial regression models as special cases.

(1) Covariate shift: heterogeneity in the marginal covariate distributions Pg];) #* Pg?
across tasks.

(k)

(2) Conditional shift: heterogeneity in the conditional response models Py|X,

arising
from differences in W(-), px(-), or the dispersion parameter ¢.

Note that we only explicitly define covariate and conditional shifts in these examples,
because due to the parametric model setup and the law of total probability, the label shift
is automatically driven by covariate shift, conditional shift, or their combination.

3. Robust One-step Parameter Transfer
3.1 Transfer with Fused-regularizers and Target-data-oriented Constraint

The challenge of parameter transfer lies in tackling the distribution shifts while extract-
ing the commonalities in parameters between source and target samples to estimate the
sparse target parameter ﬂio). To motivate our method, we first consider a baseline, which
estimates [3550) by pooling together all data and treating them as i.i.d. samples. Specifi-
cally, denote the empirical loss on the target and source tasks, respectively as £© (,6(0)) =
(2n7) 7 T L0 (57 80) and £B(BN) = (2n5)7 75 (R (57 80). The pooling
estimator is defined as

K
Brooting € argmin {Z EM®) + Auﬂnl} , (4)

BErR? (k=0

where nj, = ng for k € [K], n, = np for k=0, N =ng + Zszl ny, is the total sample size
and A is a tuning parameter. Here we incorporate an additional ¢;-regularizer to promote
a sparse solution. Such an estimator benefits from using a larger sample size to identify
the model parameter. However, due to the existence of source-specific signal 6(k), such an
estimator suffers from a non-negligible bias, and the distribution shifts across sources could
further amplify such a bias. To avoid introducing such a bias, one may alternatively estimate
the target parameter using solely the target data via solving:

By € argmin {£O(8) + A8l } (5)
BERP
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However, with such a single-task estimator, the source dataset will under no circumstance be
helpful, even when the distributions are identical. It is therefore critical to find a method that
can capture the transferable parameter knowledge, whereas being robust to the distribution
shifts to improve the estimation of ,8&0). To achieve such a goal, we introduce a new transfer
learning framework for M-estimation with fused regularization, abbreviated as TransMission,
which estimates BSKO) by solving the following problem:

K K
LB (B0 + 20|80 + A D 80 - 8 Hl} . (6a)
k=1

min
pOecr B errkelK] |25 N

. ~ (0
with Cr = {8® € R? : [VLO(BO) | < Ar, 8Oy < 187 Il + i}, (6b)

where N = Kng + nr is the total sample size, \g and \; are the tuning parameters, and
Cr is a target-data oriented constraint that will be discussed shortly. In (6a), the first
term measures the average fitness of the models {B(k)}i{:o, while the regularization terms
simultaneously promote the sparsity of ,6(0) and capture the shared knowledge between
B(O) and ,B(k) penalizing their ¢; difference. The non-transferable source-specific signal
o) = ﬁ,&k) — ,@&O) is explicitly estimated and filtered out. Notice that unlike the pooling
estimator Bpoohng which transfers knowledge from the loss level, the TransMission estimator
achieves the parameter transfer from the parameter level: transferable knowledge is first
encoded into the parameter ,B(k) and then passed to the estimation of target parameter 6(0).
This allows TransMission to be robust to a variety of distribution shifts when transferring
the parameter knowledge from heterogeneous sources.

In (6b), we introduce an additional constraint Cp on B(O), where Ar and k7 are tuning pa-

rameters and Bg)) is the single-task estimator defined in (5). The first term || VL (8|5 <
Ar can be understood as a “confidence set” that summarizes the information on ,6(0) pro-

vided by the target data (Fan, 2013). The second term, |3 < H,Bg))||1 + K, constrains
the size of the TransMission estimator relative to the single-task estimator. This constraint
promotes sparsity within a feasible search space informed by the target data. Ideally, the
sparsity level should be controlled by the true target parameter, i.e., |3 < H,BSKO) l1 (Fan,
2013; Hastie et al., 2015). However, since ||B£O)Hl is unknown in practice, so we propose to

approximate it with the consistent estimator || B;E) )||1, and incorporate an additional slack
term k7 to account for the noise in the single-task estimator. Overall, the constraint Cr
narrows down the search space for ﬁ(o) using the target samples, and the objective function
further selects within these candidates a good one assisted by the side information learned
from the source samples. Thus, the resulting estimator is ensured to remain within the local
neighborhood of the true target parameter, eliminating the need for any further debiasing
steps while performing at least as well as the estimator based solely on the target sample.
In practice, implementing TransMission requires solving a single fused regularization
problem together with a target-oriented constraint. At a high level, the joint optimization
in (6a) can be reformulated as a standard ¢;-penalized regression through an appropriate
reparameterization, allowing the use of off-the-shelf solvers. We then employ an adap-
tive tuning parameter selection strategy to ensure the solution satisfies the constraint (6b).
Guided by the theoretical analysis, we further reduce the four tuning parameters \g, A,
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Algorithm 1 TransMission

Input: target sample S(0), source samples {S (k)}szl, tuning parameters Ag, A1, Ar, k7.
Output: the estimated target parameter B(O).
1. Compute Bﬁ)) by solving mingers { £ (8) + Ar||B]1}-
2. Compute (B(O),B(l), o ,,B(K)) by solving
K K
; T (k) ( g(k) (0) (k) _ 3(0)
min LY(BY) + Xol| B |l + A1 /6] B |1,
B<O)€RT", {B<k)}§:1e(Rp)K s N ( ) H H k;” H
) - (0

with Cr = {80 € R? + [VLO(BO) oo < Ar, 81 < 187 11 + oz}

3. Output B(O).

A7, and k7 to two tuning parameters, both selected using cross-validation and a small grid
search. A complete implementation guide is provided in Appendix A.2.

3.2 Theoretical Properties

We now demonstrate the robustness of the proposed TransMission estimator under distri-
bution shifts by establishing and discussing its statistical convergence rate. To facilitate the
analysis, we introduce some regularity conditions on the loss function. Since standard strong
convexity and smoothness assumptions are overly restrictive in high-dimensional settings,
we instead impose their relaxations that are widely adopted in the high-dimensional analysis
of M-estimators (Negahban et al., 2012).

Assumption 1 (Restricted Strong Convexity and Smoothness) Foranyk =0,..., K,
B, A € RP, there exists constants oy, Br, Tk, Ve > 0 such that
log

b 2
Allf,
ElIAl

(VLW (B+8) = VLW (8),A) = ay| A3~ 70

lo
(VE® (B+2) =vL® (), A) < B AR+ TN Al
with probability larger than 1 — ¢y exp(—cang — cglog p), where ni, = ng for k € [K], ny = np
for k=0, and c1, co, c3 are generic constants.

Remark 2 For linear regression models specified in Example 1, Assumption 1 holds with
a broad class of anisotropic random design matrices (Rudelson and Zhou, 2012). For the
broad class of generalized linear models specified in Example 2, Assumption 1 holds for (3,
A € Ba(R) for some large constant R (Agarwal et al., 2010). Here Ba(R) := {8 € RP :
IBll2 < R} denotes the Euclidean (2-ball of radius R > 0. The restriction set Ba(R) is
essential because for some generalized linear models, the Hessian function W} (-) approaches
zero as its argument diverges. For these models, our results hold with the restriction set
imposed on the solution and parameter space. See a detailed discussion in Agarwal et al.
(2010); Loh and Wainwright (2011, 2013).

In the following, we define ayin = ming<p<i Ok, Omax = MaxXo<p<i o and Buax =
maxo<i<k Bk, with ai and i being the constants specified in Assumption 1. Notice that
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in Assumption 1, we impose regularity conditions on each empirical loss function £*) indi-
vidually but not any on their differences. This flexibility accounts for potential distribution
shifts across tasks. Next, we state a theorem that shows with a proper choice of tuning pa-

. . . . ~(0) .
rameters and sufficiently large sample size, the TransMission estimator ,6'( ) is guaranteed to

be close to the target parameter Bio) under distribution shifts. The theorem is deterministic
in nature, with corresponding probabilistic results provided in the subsequent corollaries.

Theorem 3 Suppose Assumption 1 holds and the true parameters are in ©(s,h) defined
in (3). For TransMission problem (6), consider any choice of tuning parameters such that,

Ar > 2 VLO (B ||, K = 245A7/av,

2o 20> 2 oot ().
k=0

Co (2)\38+K)\1 h/’yo)
DA

~ (0
Suppose ng > np > [ + Cls} log p, then any solution B( ) to the problem

satisfies

A (0
18 = B < (CoAFs + CsKMR) A (CaNEs) @)

64 (atm: . 64(12 9~2
where CO = (amdeg'i‘Bmdx'YO) 9 Cl = M, 02 = ZO 1} 03 == 1270 Cmd C4 == %

min Qp Xmin min 0

The convergence rate established in (7) is given by the minimum of two terms, with the
first term contributed by solving the objective (6a) and the second term coming from the
constraint Cr in (6b). In the first term, C2A3s reflects the rate of leveraging both target

and source samples for estimating the s-sparse target parameter 5&0), whereas CsKA\1h is
the cost of estimating the source-target contrasts {é(k)} ke[K]> each of which is of magnitude
h. The second term, C4A2Ts, corresponds to the rate obtained when using only the target
sample for estimation. The bound shows that the TransMission estimator benefits from
parameter transfer when the source tasks provide useful information, i.e., when h is small,
and performs no worse than the single-task estimator when the source tasks are not benefi-
cial. Further elaboration on this point will be given by Corollary 5 with a specific choice of
tuning parameters. Notably, the results hold under a variety of distribution shifts, provided
that the regularity conditions in Assumption 1 on each of the empirical loss functions £*)
are satisfied.

To better interpret the result, we provide the probabilistic counterpart of Theorem 3 in
the sequel, along with the choice of tuning parameters. We first introduce an additional
assumption on the concentration property of loss functions.

Assumption 4 (Concentration) {Vﬁ(k)(zgk);ﬁ&k))}kzow’K’ie[nk] are independent random
vectors and for any j € [p], there are universal constants c1,ca such that

P(|Vj€(k)(z§k); Sﬁk))\ >t) <2exp [—czt2/02] , forallt > ¢,

where o is a constant that is bounded above.
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Assumption 4 requires the sample gradient evaluated at the true parameter to exhibit
sub-Gaussian tails, a condition satisfied by various well-known models, including the gen-
eralized linear models discussed in Example 2, when the design matrix is sub-Gaussian
(Agarwal et al., 2010). It’s worth noting that Assumption 4, along with Assumption 1, is
not the weakest possible for the method’s broad application. We adopt these conditions
to align with the literature, facilitating a direct comparison between the theoretical results
of TransMission and existing methods. With this additional assumption, we are ready to

establish the convergence rate of B(O) that holds with high probability.

Corollary 5 Suppose Assumption 1 and 4 hold and the true parameters are in O(s,h)
defined in (3). Suppose ng > np > Kslogp, if we choose

on[(hjigjp)”ﬁ(bfvp)ﬂ, I L

then the solution of the TransMission problem (6) satisfies

~ (0 slo lo slo
139 - O < Slosp | (h gp) A ( gp) , ®)

N nr nr
with probability larger than 1 — ¢1 exp(—cologp).

The first term slogp/N in (8) is the rate of estimating an s-sparse parameter ,(i(ko)
based on N ii.d. samples. This term reveals the benefit of using both the source and

target datasets for estimating the target parameter Bio). The term hy/logp/ny accounts

for the rate of estimating 5k

unique to each source task and thus is limited by the target
dataset size np. The term slogp/nr is the minimax optimal rate for estimating ,BSKO) using
only the target data when s < p (Raskutti et al., 2011). Taken together, the upper bound
reveals that TransMission has a sharper convergence rate than estimators using the target
sample alone when h < sy/logp/nr, and always performs no worse than these estimators
when h 2 sy/logp/nr. Notably, the rate depends only on the magnitude of the parameter
contrast, i.e, h, and is unaffected by other forms of distribution shift. We explore this further
in the next section.

3.3 Understanding the Robustness of the TransMission Method

In this section, we discuss the robustness of the TransMission method compared to the two-
step method proposed in Li et al. (2022) and Tian and Feng (2023). While both methods aim
to address the high-dimensional parameter transfer problem, we take a significantly different
approach to achieve robustness to distribution shifts and guarantee no negative transfer. To
understand this, we first demonstrate why the pooling estimator Bpooling, defined in (4),
will fail under distribution shifts. Define the population counterpart of the first-step pooling
estimator as Bpyojing € argming ZkK:o HE [ﬁ(k) (8)]. By the optimality of Bp,oji,e and the

definition of ,El)(kk) and assuming that £*) is second order differentiable, we have

K K
Uk k ng k k
kZ_O B (VLY (Bpooiing) = VLP (B)) = kz_o "L (V2L Brooing — B)) = 0.

10
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where we define Vzﬁ(k) = V2L k) (,8%2) with B%ﬁz being some intermediate point between
Bpooling and B* . Further assuming that the Hessian matrix is invertible, we can compute
the asymptotic bias of the pooling estimator as

-1

f}v’f E(Vien) 6%, ()

k=1

K
6Pooling = IBPooling - BSP) = [Z N <v2£§n2)

k=0

where recall 6% = Bfkk) — ﬁ&o) is the source-specific signal.

Recall that in the parameter space (s, h), we assumed that o) is f1-sparse in the sense
that |6%)||; < h for all k € [K]. Therefore, in a homogeneous setting where the expected
Hessian E(VQngz) are the same across sources, dpooling 1S @ convex combination of é ®)g with
|0Pooling|[1 < h. However, under a distribution shift setting where the expected Hessian can
vary arbitrarily across different sources, the sparsity pattern of dpooling could be destroyed
when multiplying 6" by the expected Hessian matrix before combining. Consequently,
the pooling bias dpgoling may no longer have a bounded ¢; norm, leading to a deterioration
in the accuracy of sparse estimation.

The two-step methods proposed in Li et al. (2022) and Tian and Feng (2023) achieve
parameter transfer by correcting the bias of dpooling Via regularized regression using solely
the target data. As shown in Table 1, these two-step estimator based on such a pooling
estimator leads to a rate with an additional term Cys due to the distribution shifts, where

-1
o = 1+ g (2 (V222) ~ £ (v2202) (ﬁK (wg:g)) o

= 1
with e; € RP being the jth canonical basis vector. Such a factor Cy; grows with the distribu-
tion shifts across tasks and can diverge in the rate of O(,/p) even in the linear regression set-
ting (He et al., 2024). Therefore their method suffers significantly from the high-dimensional
distribution shifts, while TransMission is very robust to such shifts.

Remark 6 Here we further clarify the distribution shifts from the perspective of paramet-
ric models. In statistical estimation, E (VQ,CY:LD in (10) is closely related to the Fisher

information matriz. The heterogeneity in Fisher information matriz can be understood
along three shift types: (i) covariate shift, (i) conditional shift, and (iii) the label shift
induced by the first two. For example, in the linear model of Example 1, the Fisher in-
formation matriz reduces (up to scale) to the covariance X*) = n—lkE((X(k))TX(k)), 50
heterogeneity in the Fisher information matriz directly corresponds to covariate shift, i.e.,
Pg’;) #* Pg? for 1 # k € {0,...,K}; in the generalized linear models of Example 2, the
Fisher information matriz is proportional to %E((X(k))TWi,IntX(k)) with diagonal weights
(Wi nt)ii = ,;1/2 (X k))T,BInt)l/z; so heterogeneity in Fisher information matriz can
arise from heterogeneity in the variance function W} or the dispersion ¢y, which corresponds

to the conditional shift P@(JIIC;( #* Pg(/l|)X' Since the marginal label distribution depends on both

Pg?) and P?(j&, label shift follows whenever either of these distributions changes. The factor
Cyx, in (10) quantifies discrepancies induces from the above shifts.

11
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Remark 7 We would like to clarify that our goal with the proposed TransMission estima-
tor is not to explicitly tackle each type of distribution shifts individually, but to preserve
effective and robust parameter transfer in the presence of distribution shifts. Concretely, of
true interest is capturing the “parameter contrast” o) = ,B(k) — ,8(0), while covariate and
conditional distributions are allowed to vary across tasks. Such a robustness follows from
the joint training with fused-reqularization design in (6a), which achieves parameter transfer
from the parameter level rather than loss level. As the loss functions are jointly considered
in the objective function, with their respective parameters, and thus the losses (and hence
the entire parametric models) are allowed to be different.

Method Setting Source Detection Statistical Rate
slogp logp 272
TransLasso (Li et al., 2022) LM No Nt (CEh nr ) A (Ceh?)
Yes 26 4 (Cuhy[S52) A (C312) A (2lot2) 4l
. 1 1
TransGLM (Tian and Feng, 2023) GLM - 06 (Cgh %Tp) A (CEh?)
TransMission (Corollary 9) M-estimator - Sh’# + (h\ / hjl# A (C%hQ) A (51;;#)

Table 1: Comparison of different parameter transfer methods. LM and GLM denote linear
and generalized linear models, respectively. Source detection indicates whether an additional
transferable source detection step is performed. Cfy, defined in (10), quantifies the level of
distribution shift.

Another advantage of our method is about preventing negative transfer, i.e., ensuring
that incorporating source data does not degrade the estimation accuracy of the target param-
eter when h is large. As shown in Table 1, Li et al. (2022) proposes to perform an additional
source detection step to address this negative transfer issue. However, such an additional
detection step comes with a cost of order O(log K/nr), therefore the overall convergence
rate is always no faster than O(log K /nr) even if h is small. In contrast, TransMission pre-
vents negative transfer through a target data-oriented constraint during parameter transfer,
without sacrificing the statistical convergence rate in the transferable regime, although it
may incur additional computational cost due to an extra pilot estimator construction and
hyperparameter tuning step.

Remark 8 Several concurrent works, including TransHDGLM (Li et al., 2024), STRIFLE
(Cai et al., 2025), TransFusion (He et al., 2024), and TransQR (Bai et al., 2024) have also
demonstrated robustness in high-dimensional parameter transfer. However, they either fail
to account for negative transfer or incur non-negligible costs, typically of order O(1/nr), to
prevent the negative transfer.

3.4 Sharper Convergence Rate and Minimax Optimality

We now show that with a more careful choice of tuning parameters, the TransMission
estimator could achieve a faster convergence rate, and can match the existing lower bound,
showing the advantage of the proposed method and the tightness of our bound.

12
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Corollary 9 Suppose Assumption 1, 4 hold and the true parameters are in ©(s,h) defined
in (3). Ifng > np > Kslogp, and the tuning parameters are chosen as outlined in Appendiz
A.3, then the solution of the TransMission problem (6) satisfies

~ (0 slo lo slo

~ N nr nr
with probability larger than 1 — ¢1 exp(—cologp).

Compared to Corollary 5, Corollary 9 establishes a sharper convergence rate by taking
minimum over an additional term, C’%hQ, in the second part of the bound. Recall that Cy,
defined in (10), measures the degree of distribution shifts. This term enables a faster rate
of convergence when h S (Cg%y/logp/nt) A (Cg'y/slogp/nr), i.e., when the source and
target distributions are highly similar. Appendix A.3 provides a detailed discussion of how
such a tighter bound is achieved via a more careful choice of tuning parameters.

The upper bound established in Corollary 9 recovers the existing minimax lower bounds
in the homogeneous setting. Specifically, prior works (Li et al., 2022; Tian and Feng, 2023)
have shown that in linear regression and generalized linear models with a homogeneous

design (Cx, = 1), the fs-estimation error for ,8&0) has the lower bound

- l 1 l
it sup 8 - I3 2 TR ([ SEE ) At 2R,
B g0 o (s ) N ny nr

with probability at least 1/2. In this setting, one can verify that Csx, = 1, and our upper
bound in Corollary 9 matches the minimax lower bound, showing the minimax optimality of
TransMission under the conditions outlined in Corollary 9. Notably, even in this homoge-
neous setting (Cx, = 1), our method achieves the minimax lower bound under significantly
weaker conditions on h compared to existing works (Li et al., 2022; Tian and Feng, 2023; Li
et al., 2024). For example, TransGLM requires h < sy/logp/nr and h < \/nr/logp to at-
tain the minimax rate, which requires h to be sufficiently small and the target sample nr to
be neither too large nor too small. On the other hand, we only assume h < /np/(K?logp).
Given that the high-dimensional analysis typically requires ny > slogp, our assumption is
much less restrictive on h compared to existing work.

Moreover, beyond the homogeneous case, our method remains robust to a broad class of
distribution shifts, achieving a faster convergence in heterogeneous settings.

4. Distributed Parameter Transfer With Source Estimators

4.1 Distributed TransMission

In this section, we consider a distributed setting where the target and K source datasets
are stored across different institutes or organizations, and direct data sharing is forbidden
due to privacy and proprietary concerns. In such a setting, raw data cannot be pooled
and multi-round communication-based distributed learning is often impractical due to the
high dimensionality of model parameters. This motivates the development of a distributed
version of TransMission, termed D-TransMission, which estimates the target parameter [i(ko)
using a single round of communication based on pre-fitted source parameters.

13
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Our method integrates the idea of divide-and-conquer into the TransMission method

described in Section 3, aiming to achieve a comparable estimation error as B(O) using only
one-shot communication. Note that although divide-and-conquer has been well-studied for
ii.d. data (Lee et al., 2017), its application and analysis for high-dimensional parameter
transfer is largely unexplored. Specifically, in D-TransMission, we let each source node k

compute an estimator ,B(k) € RP locally based on source dataset (X(k), y(k)) and send it to
the target node. The target node then aggregates them with its own dataset (X(O), y(o)) via
solving the following joint learning problem:

2 K 2 K
. nr n = (k)
NT ~0)(30)y 4 s H . <k>H A H <0>H +S7 H (k) _ <0>H 7
ﬁ(o)ecTﬁr}}g)réRp,ke[K]{N (B) D118 = BY + |8 kz:l 1|8 =8|

(11a)

. ~(0)
with Cr = {8 e R? : |[VLO(B) ||l < A7, 1BV < [IB7 1 + K7},
(11b)

Compared to its centralized counterpart, D-TransMission replaces the source empirical loss

)

ﬁ(k)(') with the mean squared error from the source parameter estimator B(k as a measure
of model fitness. Such a modification makes D-TransMission no longer require transmitting
the raw source data for transfer learning, reducing the communication cost from O(ngsKp)
to O(Kp), which is a substantial improvement when either ng or p is large. Algorithm 2
provides a pseudocode of the D-TransMission method.

Algorithm 2 D-TransMission

Input: target sample S (0), source parameter estimators {B(k)}ff:l, tuning parameters \g,
)\]_, AT, K,T

Output: the estimated target parameter ﬁg).

1. Compute [3;0) by solving minﬁeRp{L(O) (B) + Arl|B]1}-

2. Compute (Bg),Bg), . ,,Bg()) by solving

n} + 3%
=1

2N B
k=

K
= BPI3+ XlBV 1+ 2 D18 = B,

k=1

: T 1 (0)(5(0)

piin - LT+

{BMH_ eRX ©
) ~ (0

with Cp = {89 € RP: [VLO (Bl < Ar, 1BV < [I1B7 |1 + k7).

3. Output B(DO).

~ (k
Next, we specify how to choose B( ) to preserve the convergence rate of TransMission.
Under the parameter space (s, h), the Bik)’s are also sparse. Therefore, a natural choice

~(k) . . . .
of /@( ) is the f1-regularized estimator computed purely based on source dataset given by:

81 € argmin { £(8) + /1Bl } (12)
B

~(k
However, it is well known that the regularization term introduces a bias in /@5: ), and ag-

~(k
gregating the local ﬁ(L )s can only reduce the variance and has almost no effects on such
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bias (Mcdonald et al., 2009). Resolving the issue necessarily requires us to first “correct”
the bias at the level of each local source node before transmitting it to the target node for
information aggregation.

Various approaches have been proposed to achieve such a bias correction (Javanmard
and Montanari, 2014; van de Geer et al., 2014; Ning and Liu, 2017), many of which can be
expressed in the form

~ (k - (k
6“vem (), (13)

(k) (k)
B =B —
~ (k
where ('-)( ) will be specified later. To understand how such an estimator can achieve a smaller
- (k
bias than B(L ), we may rewrite (13) by subtracting ﬁik) from both sides and applying the
mean value theorem to obtain

(k) (k)

(K A A (k) (k)

gY - B = —6Mve (W) + (1- 6" e™a) (8r - 8Y) . (1)
(k) . . . (k) (k) . .

where Bj,; is a vector intermediating B;  and Bi’. On the right-hand side of (14),

the first term, (':)(k)VE( )( (k)), is expected to exhibit a similar concentration property

as VLK) (B( )) thus contributes to the Varlance of [3 ®), ; the second term is a product of

the error of BL and I — @2k (,Blm) which is affected by the bias of B(Lk) There-
fore, to minimize the effect of bias in the subsequent knowledge transfer step, one should

choose a © that is a good approximation of [V2£K*) (3 Int)] 1. With a careful choice of 3,
the D-TransMission framework could greatly reduce communication overhead while main-
taining minimal performance loss compared to its centralized counterpart. In this paper,

we follow the work of van de Geer et al. (2014) to construct o
in Appendix A.4. Under mild conditions, it can be shown that the chosen C:)(k) satisfies

maxjep |l€; — @( )V2£ (BI t)||oo < \j, with @( ) being the jth row of 6" 1n this way,
the bias term in (14) can be controlled by A;, achleving the goal of bias reduction.

, with details specified

Remark 10 We note that while constructing the estimator in (13) typically involves solv-
ing p different reqularized M -estimation problems, with computational complexity O(p?) per
node, they can be performed locally and offline. These pre-computed estimators can then be
stored as pre-trained models and transmitted to the central server only when a target task
arises. Moreover, the computation involving source data is decoupled from the transfer step
involving the target, which automatically avoids redoing all the computations whenever the

target task changes. In fact, we found that in practice ,B(k) can also be chosen to be asymptot-
ically unbiased estimators, such as the SCAD estimator, which achieves similar performance
but is much more computationally efficient. In this paper, we stick to the proposed approach
as it is better suited for establishing a non-asymptotic statistical convergence gquarantee. We
would like to also note that the primary objective of D-TransMission is to achieve a compa-
rable statistical rate as the centralized estimator under the communication constraint, rather
than to distribute the total computational workload across nodes. Designing computation-
ally lighter alternatives with comparable theoretical guarantees is an important direction for
future research.

15



He, Sun, Liu AND L1

4.2 Theoretical Guarantee

We next demonstrate that, given a sufficiently large source sample size, the D-TransMission
. ~(0 . .. . .
estimator ﬁﬁ)) can achieve the same statistical convergence rate as the TransMission esti-

mator B(O) with just one-shot communication based on pre-estimated source parameters.

We first introduce a set of regularity assumptions listed in Appendix A.4, where condi-
tions (D1), (D3), and (D4) are standard in high-dimensional sparse regression (Lee et al.,
2017). Condition (D2) assumes row-wise sparsity on E[(V2£®*) (ﬁgkk)))]_l, which is also com-
monly imposed in related literature (van de Geer et al., 2014; Zhang and Zhang, 2014). With
these additional regularity conditions, we now establish the statistical convergence rate of
the D-TransMission estimator.

Theorem 11 Under Assumption 1, 4 and 13 in Appendiz A.4, assume np > K2slogp
and ng > K?%s?logp. If we construct {B(k)}ke[[(] through (13) and (A.5) with parameters
e = pik < y/logp/ng, then the solution of the D-TransMission problem (11) satisfies

500 j(0),2 . slogp log p L slogp
- A\ ef —L - E 1
1Bp" = B"ll2 S N T - A - (15)

with probability at least 1 — ¢y exp (—cologp).

Theorem 11 demonstrates with a sufficiently large ng, B(DO) achieves a statistical rate of
the same order as the centralized counterpart established in Corollary 5, while requiring only
a single round of communication. Notice that the theorem imposes a more restrictive growth
condition on the source sample size ng with the number of source tasks K, a requirement
common to divide-and-conquer type methods. Using arguments similar to Section 3.4, one
can further establish the minimax optimality of the D-TransMission estimator under similar
conditions.

5. Simulation and Real Data Analysis

5.1 Simulation with Synthetic Data

To showcase the effectiveness of TransMission method and support our theoretical results,
we conduct simulations under different forms of distribution shifts. We compare the em-
pirical performance of TransMission and D-TransMission against several established base-
lines. Specifically, we include Single-Lasso, which applies ¢1-regularized regression solely on
the target task, and Agg-Lasso, which pools all source and target samples and applies ¢;-
regularized regression on the combined dataset. Additionally, we compare with TransGLM
(Tian and Feng, 2023), which performs an additional de-bias step on the pooling estimator,
and TransHDGLM (Li et al., 2024), an iterative algorithm that alternates between updating
the target parameter and estimating the source-target contrasts.

We follow a similar experimental setup as in Li et al. (2022, 2024); He et al. (2024) by
considering a high-dimensional regression problem with p = 500 and sparsity level s = 10.
The true target parameter is set as (ﬁ&o))j = 0.3 - 1f1<j<s. We then generate np = 150
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independent target samples {(XEO) , ygo))}ie[nﬂ with
N((XEO))T,Bﬁo), 1) for linear regression,

(0) (0)
X, ~N(0,I), y;" ~ Ber <<1 +eXp(_(X§O))T5iO))) 1) for logistic regression,
where N(u, ¥) denotes a multivariate normal distribution with mean vector g and covari-
ance matrix X, Ber(p) represents a Bernoulli distribution with success probability p and I
stands for the identity matrix. For the source sample, we generate the true source param-
eters B = B0 + 5®) with dgk) ~ N(0,(h/50)?) for 1 < j < 50 and 55}:) = 0 otherwise.
Unless otherwise specified, we choose the source sample size ng = 200. When generating
the source samples {(ng), ygk))}ie[n s> we simulate two types of distribution shifts-covariate
shift and parametric model shift:

Covariate Shift. To assess robustness against covariate shifts, we generate independent
(k)
i
(a) Homogeneous design. Each ng) ~ N(0,I).

(b) Heterogeneous design. Each ng) ~ N(0,2®) with £*®) = (AF)T(A®)) 4 1. Here
A®) is a random matrix with each entry equals p with probability p and equals 0 with
probability 1 — p. A larger p implies a more severe covariate shift.

covariates X"/ under two settings.

Conditional Shift. To investigate the robustness against parametric model shifts, we gen-
(k)

, under two settings.

(k)

%

erate independent response y

(a) Homogeneous design. Each y;"’ is generated with ,ngk) and Xz(k) from the same para-

metric model as the target task.

(b) Heterogeneous design. For logistic regression, we set pg; to follow a Beta distribution
with the same mean as the target task but varying variance across tasks. The binary response
ygk) is then drawn from Ber(py;), introducing task-specific overdispersion (See Appendix A.5
for details).

For linear regression, we evaluate performance using prediction error on a test target
dataset, while for logistic regression classification accuracy is used. Table 2 and Table 3
compare the performance of different methods on the linear and logistic regression tasks,
respectively. The results lead to the following observations.

In Table 2(a), when both h and p are small, indicating a weak parameter contrast and
covariate shift (a setting favorable to Agg-Lasso and TransGLM), TransMission achieves
comparable prediction error to other methods. As the covariate shift level increases, i.e.,
under more severe distribution shifts, the prediction error of other methods increases rapidly,
whereas TransMission exhibits only a slight degradation in performance. This effect is even
more pronounced as h grows, as both Agg-Lasso and TransGLM eventually underperform
the single-task Lasso baseline, while TransMission consistently outperforms all other meth-
ods. A similar trend is observed in the logistic regression setting (Table 3). Under homoge-
neous conditions, TransMission performs on par with existing methods, yet it demonstrates
a clear advantage when covariate and parametric model shifts are present. These find-
ings align with the theoretical results in Section 3, confirming that TransMission maintains
comparable performance in homogeneous settings while achieving superior robustness under
distribution shifts.
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h  p Agg-Lasso Single-Lasso Trans-GLM TransHDGLM TransMission p ng TransMission D-TransMission
5 0.1 0.132 0.894 0.171 0.123 0.134 0.0 50 0.698 1.054
5 0.2 0.141 0.891 0.162 0.127 0.136 0.0 100 0.537 0.937
5 04 0.172 0.896 0.194 0.158 0.160 0.0 150 0.357 0.617
10 0.1 0.320 0.895 0.329 0.239 0.197 0.0 200 0.297 0.438
10 0.2 0.372 0.894 0.308 0.281 0.206 0.0 250 0.258 0.310
10 04 0.433 0.893 0.374 0.335 0.254 0.0 300 0.224 0.260
15 0.1 0.651 0.894 0.534 0.440 0.251 0.3 50 0.665 1.021
15 0.2 0.782 0.894 0.540 0.497 0.274 0.3 100 0.515 0.845
15 04 0.884 0.885 0.615 0.586 0.324 0.3 150 0.414 0.610
20 0.1 1.095 0.894 0.874 0.663 0.301 0.3 200 0.348 0.440
20 0.2 1.339 0.887 0.882 0.704 0.326 0.3 250 0.326 0.355
20 0.4 1.439 0.886 0.927 0.805 0.404 0.3 300 0.300 0.303
(a) (b)

Table 2: Prediction error comparison in the linear regression case. (a) comparison of different
methods across varying levels of covariate shift (p) and parameter contrast (h). The best
performance for each setting is highlighted in bold. (b) comparison of TransMission and
D-TransMission errors across different values of p and source sample sizes (ng) with A = 20.

h  Shift Type Agg-Lasso Single-Lasso Trans-GLM TransHDGLM TransMission

5 none 0.662 0.534 0.644 0.655 0.647
5 covariate 0.675 0.537 0.657 0.671 0.676
5 both 0.664 0.524 0.650 0.653 0.664
15 none 0.622 0.540 0.606 0.618 0.621
15 covariate 0.603 0.538 0.591 0.575 0.621
15 both 0.610 0.524 0.591 0.560 0.627
25 none 0.572 0.533 0.561 0.560 0.586
25  covariate 0.559 0.533 0.559 0.533 0.579
25 both 0.564 0.519 0.554 0.524 0.588

Table 3: Classification accuracy comparison in the logistic regression case. Comparison of
different methods across different heterogeneity levels (h) and shift types (no shifts, covariate
shifts, both covariate and parametric model shifts). The best performance for each setting
is highlighted in bold.

Table 2(b) evaluates D-TransMission, the communication-efficient variant of TransMis-
siom, in comparison to its centralized counterpart TransMission. As the source sample size
ng increases, the performance of D-TransMission progressively approaches that of the cen-
tralized TransMission. This aligns with the theoretical result that with sufficiently large
source data, the distributed method can achieve comparable accuracy using only a single
round of communication with source parameter estimators.

We have included several additional experiments to further examine the robustness and
computational behavior of the proposed method. Specifically, we evaluate performance
under heavy-tailed error distributions, where the noise follows a Student-¢ distribution with
varying degrees of freedom. We also evaluate performance under varying feature dimensions
p, to assess scalability in high-dimensional regimes. The corresponding results and detailed
discussions are provided in Appendix C.
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5.2 Real-Data Studies

We evaluate the proposed TransMission method on two real-data applications: a high-
dimensional gene expression prediction task under a linear regression model and a handwritten-
digit classification task under a logistic regression model. Together, these studies assess the
method in both biological and image-based settings with heterogeneous source-target rela-
tionships.

Gene expression analysis. We study a real-world high-dimensional gene expression pre-
diction problem based on the GTEx Portal dataset. Following established practice in the
genomics literature (e.g., Li et al., 2022), we investigate how genes associated with the cen-
tral nervous system (CNS) influence the expression of a protein-coding gene across multiple
tissues. After preprocessing and filtering, we obtain approximately p ~ 1,600 covariates.
We treat the brain tissues as source tasks and each non-brain tissue as a target task, result-
ing in heterogeneous sample sizes across targets. We evaluate prediction performance using
five-fold cross-validation on each target tissue, with mean squared error (MSE) computed
on held-out samples and averaged across folds.

As reported in Table 4, TransMission achieves the best average MSE among all compet-
ing methods, improving upon the second-best method by a substantial margin. Moreover,
TransMission attains the best performance in 32 out of 36 target tissues and ranks second
in the remaining 4 tissues, demonstrating consistently strong performance across a wide
range of tissue-specific tasks. These results confirm the effectiveness of TransMission in
high-dimensional biological settings.

Handwritten-digit classification. We next evaluate the proposed TransMission method
on a handwritten-digit classification task using the MNIST dataset and a corrupted vari-
ant from MNIST-C, where images are affected by impulse noise (Mu and Gilmer, 2019).
This type of corruption randomly perturbs pixel intensities, introducing structured distri-
bution shifts that test the robustness of different transfer learning methods under a logistic
regression model.

To construct the multi-source binary classification task, we define four different source
datasets (K = 4) and one target dataset. The target dataset consists of clean images
from MNIST, while the source datasets are drawn from impulse noise-corrupted MNIST-C
images. Each source dataset consists of 100 training samples (ng = 100), while the target
dataset contains 50 training samples (ny = 50). All images are represented as flattened pixel
vectors, resulting in a 784-dimensional feature space (p = 784). For each digit, we create a
binary classification problem where that digit serves as the positive class, and the negative
class is sampled from other digits. To introduce the parameter contrast o) = ,B(k) — ,6(0)
across sources, each source dataset is assigned a different negative-class digit. For example,
if the positive class is digit “3”, one source dataset may use digit “5” as the negative class,
while another source may use digit “7”. In addition, the impulse noise applied to source
datasets introduces further distribution shifts, allowing us to evaluate how each method
captures transferable parameter information under heterogeneous conditions.

We evaluate performance using classification accuracy on an independent set of 2000
target samples. The results, averaged over 100 independent replications, are reported in
Table 5, which presents test classification accuracy for the 10 binary classification tasks.
TransMission achieves the highest accuracy in 8 out of 10 cases, demonstrating its effec-

19



He, Sun, Liu AND L1

Table 4: Performance comparison for different target tissues. The best performance for each
setting is highlighted in bold. The second best performance is underlined.

Target Tissue Agg-Lasso Single-Lasso Trans-GLM TransHDGLM TransMission
adipose subcutaneous 158.82 181.86 105.12 185.44 70.81
adipose visceral omentum 138.60 173.07 88.30 178.34 76.24
adrenal gland 54.45 68.79 57.60 57.04 46.29
artery aorta 19.85 24.95 17.33 25.20 18.78
artery coronary 82.81 74.45 66.63 72.52 70.87
artery tibial 20.96 32.78 18.71 31.95 11.16
bladder 63.28 68.29 58.47 70.13 46.61
breast mammary tissue 194.30 249.33 212.79 250.59 67.86
cells cultured fibroblasts 17.80 14.67 20.23 16.33 4.02
cells ebv-transformed lymphocytes 7.52 11.96 12.10 12.56 4.33
colon sigmoid 107.23 157.50 82.94 163.35 40.24
colon transverse 79.76 98.50 83.36 100.55 29.66
esophagus gastroesophageal junction 98.29 131.02 72.41 135.69 53.46
esophagus mucosa 29.51 29.53 27.56 29.66 6.34
esophagus muscularis 197.70 211.08 177.15 208.13 78.73
heart atrial appendage 11.77 11.40 11.22 11.05 9.49
heart left ventricle 10.85 14.99 11.28 12.04 8.21
kidney cortex 39.70 69.01 38.85 54.62 41.63
liver 22.08 21.90 22.28 22.78 1.96
lung 278.73 281.14 156.71 285.86 247.45
minor salivary gland 22.73 29.19 27.31 32.99 15.90
muscle skeletal 3.05 8.73 2.97 8.80 1.58
nerve tibial 68.51 76.58 34.13 76.99 29.91
ovary 72.68 76.15 73.69 77.18 64.16
pancreas 9.90 9.95 10.07 9.99 1.74
pituitary 121.04 179.89 110.82 206.03 62.01
prostate 75.00 78.77 72.15 86.13 43.24
skin not sun exposed suprapubic 12.67 20.88 13.25 21.04 5.86
skin sun exposed lower leg 11.99 20.00 11.74 19.74 6.29
small intestine terminal ileum 63.02 88.94 63.49 85.56 55.84
spleen 2.78 8.42 2.21 8.27 1.34
stomach 36.18 53.47 37.45 55.98 16.61
testis 95.37 95.18 57.98 97.10 12.39
thyroid 53.40 64.49 53.84 66.30 36.70
uterus 205.43 296.47 128.50 293.40 138.60
vagina 88.14 127.75 89.96 139.63 82.97
Average 71.55 87.81 59.18 89.14 41.92
Single-Lasso Agg-Lasso Trans-GLM TransMission
! Coefficient Coefficient Coefficient Coefficient
[ | 0.010 1 [ Z'ggf [ ] 2:322
" 0.005 ’ 0.00 k 0.001
b 0.000 L 0.000 "a & 0.000
-0.001 -0.01
0.005 -0.001
T RE 1 . :Z:zgi l 0,02 1 oo
] L

Figure 1: Heatmaps of learned coefficients for classifying digit 8 (positive class) vs. digit
9 (negative class) across different methods. Red shows pixels that strongly contribute to
predicting an 8, while blue shows pixels that discourage classification as an 8.
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Table 5: Classification accuracy (%) for different digits using various methods. The best
performance for each digit is highlighted in bold.

Method Digit

0 1 2 3 4 5 6 7 8 9
Single-lasso  97.72  95.80  91.09 9263 89.82 8646 96.97 89.82 8693 86.80
Age-Lasso 97.88  97.20 93.99 90.84 8247 9465 9349 8850 9272  86.14

Trans-GLM 97.79 97.57 9445 9276 90.08 91.61 98.47 89.88 90.28 89.75
TransHDGLM 96.37 9495 90.85 87.39 86.06 84.28 93.96 84.00 85.01 85.40
TransMission  97.94 97.38 95.24 93.35 87.87 94.85 98.73 90.51 94.81 90.12

tiveness in leveraging transferable information while mitigating distribution shifts. Notably,
its improvement is most noticeable in classifying digit 8. To further investigate this, we
analyze the heatmaps of learned parameters for each method in Figure 1, where red indi-
cates positive pixel importance and blue represents negative pixel importance. Single-Lasso,
constrained by the limited target sample size, focuses on a sparse set of pixels. Agg-Lasso
captures more informative patterns but fails to adapt to distribution shifts, as shown by
the background blue pixels indicating overfitting to injected noise. Trans-GLM primarily
emphasizes pixels from the target dataset, neglecting transferable patterns from sources. In
contrast, TransMission effectively extracts useful features from source data while filtering
out irrelevant background noise, resulting in a more robust and generalizable model.

6. Conclusion and Future Work

We propose TransMission, a parameter-transfer framework for high-dimensional M-estimation.
The joint regularized training process ensures effective knowledge transfer while remaining
resilient to distribution shifts. A novel target-data-oriented constraint is introduced to fully
exploit the target data to identify the target parameter, as well as prevent negative transfer
issues. Our theoretical analysis establishes minimax-optimal statistical rates in the absence
of shifts and demonstrates robustness when shifts are present. In addition, we introduce
D-TransMission, a communication-efficient variant using only pre-estimated source param-
eters. Extensive experiments validate our theoretical findings.

A number of research questions can be further studied from the framework and methods
developed here. First, our analysis is built upon an M-estimation setting, an important
future direction is to extend the proposed framework to more general nonlinear structures,
such as nonparametric models. Second, while the current theoretical results rely on standard
regularity assumptions such as Restricted Strong Convexity /Smoothness (cf. Assumption
1) and the sparsity of the inverse Fisher information matrix (cf. Assumption 13), it is
interesting to explore ways to relax these conditions.
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Appendix A. Additional Methodology Details

A.1 Notations

Table A.1: Summary of notation used throughout the paper.

Notation Description

X, X; Vector in RP and its ith entry.

A A A Matrix in € R™*" | its ith row, and its (4, j)th entry.
() Euclidean inner product.

Il fyrnorm: x|y = (S [xil*) /%, for ¢ > 0.
Ixllo Lo-norm: ||x|jo = #{j : x; # 0}.

[B5]I loo-norm: [|x||oe = maxi<j<p [x;.

aVb albd max{a, b} and min{a, b}, respectively.

[K] Index set {1,...,K}.

C,C0,Cl,y- - Generic positive constants.

an = O0(bn), an S by |an/by| < ¢ for some constant ¢ (for large n).
an =< by, an, = O(by) and b, = O(ay).

an, = 0(bn), by > ay,
p
nr, ns
K
2
SO
Sk)
(O g)
GIC)
£O) (30
L") (B*)
o
@

s
§*)

h

}(Ek)7 y,(k)

(k)
e

Pl pY)
Vi), ok
Vig(B)
Vie(B)

€j

an/(bn) — 0 (equivalently, b, dominates ay,).

Feature dimension.

Target and per-source sample sizes.

Number of source tasks.

B =y ).
Target sample, i.i.d. from the target distribution: S©) := {ZZ‘(O)}i€JnT].

A single data point from the k-th task (e.g., z

k-th source sample, i.i.d. from the source distribution: S®) := {zik) }ie[ns]
Target loss evaluated at parameter 8 € RP.
k-th source loss evaluated at parameter 3 € RP.

Empirical loss for the target task: £0(8)) = (2ny)~! o Z(O)(ZZ(O); B).

Empirical loss for the k-th source task: £*(8*)) = (2ng)~! Sors f(k)(zi(k); B*).

Target parameter, ,BSFO) € argming E, ) po [0V (2); 3)].

k-th source parameter, ,Bsfk) € argming E, u) _pn (05 (2(); B)].

Sparsity level of the target parameter: s := H,@,EO) llo

Parameter contrast (source-specific signal) for task k: ok .= ,Bik) — ﬂﬁo).
Upper bound on informativeness level: ||6(k) Il < h.

Covariate/response for the i-th sample in source task k.
(k)
i

Noise term in linear models for task k.

Covariance matrix of X" in source task k.

Marginal covariate and conditional response distributions for task k.
Cumulant generating function function and dispersion parameter for task k.
I-th order derivative of a scalar function g(-) at 3.

Univariate [-th order partial derivative w.r.t. coordinate j.
The j-th canonical basis vector, whose j-th entry is 1 and all others are 0.
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A.2 Practical Implementation and Tuning Parameter Selection

This subsection is dedicated to the practical implementation of TransMission, with a detailed
guide for tuning parameter selection. For illustration purposes, we take the generalized linear
model with a known and shared dispersion parameter ¢ and a log-partition function ®(-).
Extensions to settings with task-specific ¢ and ®(-) follow analogously by replacing the
shared quantities with their task-specific counterparts. The optimization problem consists

of two components: the objective function (6a) and the constraint (6b).

For solving objective (6a), based on the one-to-one transformation 6 := ((81)—gHT (83—

B(O))T, el (,B(K) —ﬂ(o))T, ,8(0)), we can reformulate the problem into the following standard
regularized regression problem:

N K
0 € argmin {]\}d) <—yTX0 +Y @ (xjo)) + Ao Zak\H(k)Hl} , (A1)
k=0

6 i—1

where ag = 1 and a1 = 2L for k € [K], and y and X are defined as
Ao

yD xH o ... 0 x @

y (2 0 X® ... 0 X (2)
y = : X = ' : : :

y &) 0 0o ... X&) x(&K)

y(© 0 0o - 0 X (0)

Such an objective falls into the class of £1-penalized regression problems and can therefore be
efficiently solved via the standard glmnet library (Friedman et al., 2010). In this formulation,
the tuning parameter )\ is selected through a three-fold cross-validation of the target training
dataset, while aj, is fixed according to the theoretical ratio established in Corollary 1 with

h = 0, namely a = \/”57, where ng and np denote the sample sizes of the source and

target data, respectivelj}\lf.nTThis theoretically informed procedure has shown consistently
strong performance across a wide range of settings.

We next discuss the practical handling of constraint (6b). Rather than enforcing the
constraint during optimization, which would make the problem substantially harder to solve,

we adopt a verification-based approach.

We consider a geometric grid of Ap values. For each Ar, we compute a single-task
reference estimator

~ (0 .
By Or) € argmin {£O(8) + Al } (A.2)
BERP
o 2 (0) . . () .
which yields the reference ¢; norm |31 |1 and sparsity estimate § = ||B1 ||o. Following

Theorem 3, which prescribes k1 o< sA, we set k7 = SAr as a practical plug-in, replacing the
unknown true sparsity s with the estimated s and absorbing the proportionality constant.
Together, A7 and kp define the constraint set Cr(Ar).

For each Ar, we solve the unconstrained weighted-Lasso problem (A.1) over a grid of
Ao values via three-fold cross-validation on the target data, obtaining candidate estimators
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{ (o)} together with their validation losses. For each pair (Ao, A7), we verify whether
B(Xo) € Cr(Ar), i.e., whether

~ ~ (0 .
IVLo(BO))loe < Ar and  [Bo)h < [BY 11 + $hz.

Among all feasible pairs, we select the one with the lowest target validation loss. If no
feasible pair exists, we fall back to the single-task estimator.

In summary, TransMission involves two tuning parameters, A\g and A\, jointly selected by
TransMission validation performance subject to the solution lying in Cp(Ar). This procedure
consistently delivers strong performance across a wide range of settings. An open-source
implementation is available at https://github.com/ZLHeO/TransMission.

A.3 Choice of Tuning Parameters in Corollary 9

Recall that we define a pooling estimator ,Bpoohng in (4) and its population counterpart as
Bpooling i1 (9). We also define a factor Cy; in (10) that measures the distribution shifts across
sources. To establish a faster convergence rate compared with (8), we adopt the following
choice of tuning parameters:

Agx[(hjigip)”‘ucojip)“], ho< BB g g ()
(A.3)

if h < (C5%\/logp/nr) A (C5'\/slogp/nr) and

/ logp
)‘0 = ~ H BPoohng)H ’ (A4)

otherwise. To understand the rationale behind this parameter selection, note that under

(A.4), A1 is chosen sufficiently large to shrink all B(k) toward B(O). As a result, the Trans-
5(0)

Mission estimator 3
in homogeneous settings where source and target distributions are nearly identical. In other
cases, the parameters follow the original choices in Corollary 5, as specified in (A.3).

As the condition (A.4) depends on the estimator ,épooling, in the following, we further
establish a sufficient condition for (A.4) to hold. The result requires an additional /o,
curvature assumption, which is similar to the RSM condition but is measured in terms of
{~ norm. Such an assumption also holds for common regression models (Wainwright, 2019).

effectively reduces to the pooled estimator ,Bpooling, which is optimal

Lemma 12 Under the assumption of Corollary 9, if we in addition assume that for any
k € [K], B,A € RP, there exists constants ny, C, > 0 such that

IVLE (B +A) = VLD (B) [loo < nill Al + G

logp
A1,
ng

with probabz'lity larger than 1 — cjexp(—cologp). Then a sufficient condition for A\ 2

||n5 VE (BPoolmg)HOO is
\/logp 10gp < Hng—i—Cgh)

28

AL 2



https://github.com/ZLHe0/TransMission

Hi1GH-DIMENSIONAL PARAMETER TRANSFER WITH FUSED-REGULARIZER

where Kp = maxge(x] |8 pooting — ,6£ )Hoo is the mazximum elementwise difference between

B pooling and the true source parameter ﬂfkk).

A.4 Additional Details On D-TransMission Method
~ (k)

In this paper, we construct @~ to be the de-sparsified lasso proposed in van de Geer et al.
(2014). Following their framework, we limit our discussion to a regression framework with
covariables XE ) e x®) C RP and univariate responses y ) ¢ Y& CRfori=1,...,ng,
and the source task loss function has the form

92 = P (X) T B.31Y).

We assume p is locally Lipschitz with well-defined second-order derivative (%) (a,b) =

d2 . . .

ZazP(a,b).  Many commonly used regression models, such as the generalized linear re-

gression discussed in Example 2, fit within this framework. Within this setup, the prob-

lem could be formulated into a linear regression problem with the weighted design ma-

trix XB(k) = WB(k)X(k), where WEJ(k) is diagonal and its diagonal entries defined as
L L L

(WB(M)M = ﬁ(k)((XZ(-k))TB(Lk),ygk))%. van de Geer et al. (2014) proposes to estimate oW
L

by constructing its j-th row as the solution to the following nodewise-regression problem:

2
2 (k) (k) < (k) o1 (k) (k)
O, =—7; ,@ = 1 with := argmin — || X -X + ,
ik = 'ij '7 7§Rp_1 ng ﬁ(Lk)J ﬁ(Lk)7 Y ) ,ngH’Y”l
L ik ®)  4®) :
d7 = —||X - X . A5
an Tj <2n5 B<Lk)7] Bgc)7 ] ‘ + /’L]kH’y.] H1> ( )

with g1, being the tuning parameters for j € [p].
To establish the theoretical results, we introduce the following regularity conditions.

Assumption 13 (D1) The pairs of random variables {(ygk),X(kv} : are i.i.d. and
€ns

(2

HXWM:mmA&J— O(1) and

(k) (k) _
X,e(’“) ]‘yﬁ(k) H = O(1), where

Yo 4 —iregRIﬁl}l E [HX[#)J =X ‘YH }

(D2) Denote s = |[E[(V2L k)( ))_1]||0. It holds that sg-k)\/logp/ng =o(1)

(D3) Define 2,&5}“) = @E[(ng)k))TX(k) |. The smallest and largest eigenvalue of Egﬁ)’“)
is bounded uniformly over k € [K].
(D4) For some § > 0 and all H,@ —,ng)

and that ||[W gl = O(1). We further require that for all such B and all x andy,

< 4, it holds that W g stays away from zero
1

V2 (xB,y) - V2P 8l y)| < [xT (8 - 8)|.
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A.5 Heterogeneous Binomial Regression: Overdispersion Setup

To introduce overdispersion in the binomial regression tasks, we model each source task using
a Beta-Binomial framework. Instead of using a fixed probability parameter p, determined
directly by the logistic function, we assume that p; follows a Beta distribution with task-
specific shape parameters, introducing additional variability across tasks. For the k-th
source task, we first compute a baseline linear predictor 7; using the standard logistic
regression model with g, = (ng))—rﬂ(k). In the following for notational simplicity we drop
the subscript 4. Then, instead of defining the probability parameter as py = (1 + e~ )~1
we generate p from a Beta distribution with parameters o and S, ensuring that the mean
of pi aligns with the logistic function while its variance varies across tasks. Specifically, we
define oy = ap and B ~ U(Bmin, Smax). The shape parameters of the Beta distribution are
then computed as:

Q =qp-———— = [ - — .
source,k k 1+ e ) ﬂsource,k /Bk 1+ ek

Given the Beta distribution parameters, the probability py, for each sample in the k-th source
task is drawn as:

Pk ~ Beta(asource,ka Bsource,k)-

Finally, the binary response ¥ is sampled from a Bernoulli distribution with success prob-
ability pg:
yr ~ Bernoulli(py).

This formulation allows the mean of pg to remain close to the target probability, while the
variance of pg changes across tasks.

Appendix B. Proof of Theorems and Propositions

In this section, we provide proof of all the theorems and propositions. Throughout the
section, we adopt the following notations to analyze the solution of the problem (6):

o W _ g0
o o g0

o1 () _ 5o

6" B

where ,Bik)s are the true source parameters defined in (2) and ,Bio) is the true target parameter
defined in (1). Under this transformation, solving problem (6) is equivalent as solving

0 € argmin{L(0) + \gR(0)}, subject to 0 e Cy. (A.7)
0

where we define the objective function as £(0) = "WTE(O)(O(O)) + Zszl "Wsﬁ(k)(ﬂ(o) + 60,
with the corresponding regularization term R(8) = |0, + S5, :\\—(1)||0(k) ||1. Since there
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exists a one-to-one mapping between 6 and 3, the solution to the regularized M-estimation
problem in (A.7), 8, can be transformed into the solution for the original problem (6) without
ambiguity. In the subsequent analysis, we first establish the theoretical properties of 0 and
then use this mapping to derive corresponding results for B

B.1 Proof of Theorem 3

We begin by introducing some notations. Let S denote the support set of the target coef-

ficient BSFO), and let S¢ be its complement. With a slight abuse of notation, we define H(k)

as the sub-vector of 0( ) indexed by S. Throughout the proof, we assume n; = ng for
k=1,...,K and ny = np for kK = 0. Let A := 0 — 0, be the estimation error vector, with

its k th block denoted as A( ) O(k) 0( ). Our goal is to establish an upper bound for

HA HQ, which corresponds to the fo estimation error of the target parameter 0" = gl

The proof of Theorem 3 relies on three key technical lemmas, whose proofs are prov1ded
in Appendix B.5. The first lemma establishes an upper bound for the first-order term of the
Taylor series expansion of £(6y).

Lemma 14 Under Assumption 1 we choose Ao and A1 such that A\g > 2 HZ£(:O %Vﬁ(k)w)(kk)) H

oo

and A1 > 2 max;¢(g] ‘ ”WSVE(I’“)(OQC))H , we then have for any

A ((A(l))T7,,,, (A(K))T : (A(O))T>T e RE+Dp,

we have

(VL (6,),A)] < EKI Al HAw)’ +20 HA(O)H .

The next lemma establishes a restricted set of directions in which A lies and the feasi-
bility of the solution 8,.

Lemma 15 Under the conditions of Lemma 14 and assume np > 64 (10/a0)? slogp. If we
choose A\ > 2||V[,(0)(0i0))”oo, kT = 24sAr /o, then 0, is feasible to problem (6) and

S N TN 1 0 SN
k=1 k=1

The following lemma ensures a property analogous to restricted strong convexity for A.

Lemma 16 Under the conditions of Lemma 15, if ng > np, the estimation error A satisfies

c (0* + A) —L(8,) - <vc 6.) . A>

= (o ) JA o S SR A - B S [ - S
U " 2 N 2 Y =N ! th

(A.9)
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where
w = 64(amax7—0 + ﬁmax’yo) @ logp i )\(2)8
" Y0 ne N AP A [(ns/N)AG)
o — 64(0maxTo + Bmaxyo) nis logp >y Ak
! 0 ne N X A[(ns/N)AG]
min — i ) max — d max = ’
« ogclgnl( Ak,  Oma OISI}%XK ay and  Bma OISI}CaéXK B

with RSC constants (ak, 1) and RSM constants (Bk, Vi) defined in Assumption 1.

We now proceed to the proof of the theorem. For notational convenience, we first define
a optimal value gap function function F' as follows:

F(A) =L (0, +A) — £(8,) + AR (05 + A) — AR (6.) ,

where 6, is the transformed model parameter defined in (A.6), and

A= ((A(l))T,..., (A(K))T , (A(O))T>T c RE+Dp.

By Hoélder’s inequality and mean value theorem, we have
F(A) =L (6. +A) = £(8.) + MR (8. +A) = MR (6.)
~ AT ~ ~
>~ VL@ Al + ATVL (0, + 9A) A (9 € (0,1))

o e P
k=1

o+ -

)

Notice that here we implicitly assume the existence of second-order derivatives; how-
ever, the proof remains valid without this assumption, albeit requiring lengthier arguments.
Applying Lemma 14, the triangle inequality, and the fact that ||0g)c)||1 = 0, H0>(kk)||1 =
H,@S‘k) - ,Bﬁo)Hl < hfor 1 < k < K, we have for some ¢ € [0, 1],

A
F(A)>-N" 2L
A=

AV, |l AT (o4 0n) &

+3on ([a], 2o

+o (o], - a5, + &=

o)

-l

(las

(o], = les2ll)

< (0) SOV i
1 - DED IS I ) BPS
k=1 k=1

A

>A V2L (9* + ¢A) A+
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With Lemma 16, we can obtain a lower bound of the quadratic term ATVQE (9* + ¢A) A
Plug in the lower bound, we then obtain

F@Z(O@Hm—un) A o2y s A% _2amax s " A% _Unzm
- 2" 0 -
w3 (ja 1—3\A<:>Hl>+ 3 8, -3
=1 k=1
> (e )[4 - 22 s,
) (K )\12amaxins)q> RS SSWS (A.10)
k=1 2 o N 1

k=1

Recall that we choose A\; > 40;(‘“—;5‘)@ > 4%%/\11. From Lemma 15, we have 6,

is feasible to problem (6a). Since 6 is the solution to the problem (A.7), then we have
F(A) < F(0) = 0. These results, combining with (A.10), lead to

2 . 2
0> <am1n _ un) O)H . 3\/5)‘0
Y0 2 2

(0
which is an inequality quadratic in HA( )Hg, we can subsequently establish the convergence
rate as

K
A O)HQ— (2+vn);)\1h, (A.11)

1

A (0))2
A <
180 = Gz

K
E (ZsA% 2020/ — un) 2+ 0a) 3 Alh) L (A
n k=1

Recall the definition of u,, and v, in Lemma 16. Under the condition

Co(2M\3s + KX\1h/v0) 64733] log p.

ng > nr > |:
(KX2) AN o3

imposed in Theorem 3, we have u,, < a2, /(2v9) and v, < 1. Therefore bound (A.12) leads
to the first term of the bound in (7).

To finish the proof of Theorem 3, it remains to show the second term in the bound (7).
Recall that we impose the constraint

~ (0
Cr = {89 e R [VLO(BO)||oe < Ar, 18O < 1B + k), (A.13)

on the solution of problem (6) with

BE,E]) = argmin {E(O)(B) + )‘THIBHI} .

BeRP

Notice that ﬂfgoc) = 0 and ||ﬁS<O)H1 = Hﬂfgo)Hl (for simplicity, we omit the subscript * in ﬁg))).

From the optimality condition of (6), we have B(O) € Cr and thus HB I < H,B(O)Hl + K.
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Then with triangle inequality we can show that

~(0) (0) ~(0)
1821 > 1811 = 189 = 81 > 181 = 189 = B = #r

> (185 1 + 185 — B ) — 18 = B — wr

> (1801 185" = BY1) +185. — BEL] — 18 - 87 I — wr
= [(1821 = 1A 1) + 1A 1] = 18 = B I — e,

A (0)

where recall that we denote A

_ 9(0) B 0550) _ B(O) B ﬂ(ko).

According to (A.27) in the proof of Lemma 15, we have Hﬂfko)—Bg?) |li < k7. Reorganizing
the terms and applying Cauchy—Schwarz inequality yields

1A = 1A+ 1AL |
<AL |+ 189 = BL | + #r
< MnAS’)nz + 267
< Z\fHA Hz + 2k, (A.14)

where recall s := |S] is the cardinality of set S.

Recall that we choose Ay > 2||V.LO)( o )||co and have shown that ,Bio) € Cr. Hence,
we have

(0))

IvLOBY) = VLOB) oo < VLD B oo + VLB < 201,

which together with Holder’s inequality implies

~ (0 A0 A (0
(veOBY) —veOE?), AY) < 2an | A,

Applying the RSC condition in Assumption 1 to the left-hand side of the inequality leads

to

logpHA 0) 2

a0l A3 ~ 12 < 22| A

Now plugging in the results in (A.14), the choice of kp and applying the ¢; error bound in
(A.26), we can show that

0) 12 24
(a0 — uy,) HA( 12 — 4\[/\THA Hg - (Oéo + v;) SAZ, (A.15)
with
1 24%7) 51
u, = 878 %8P and vl = T0508P (A.16)
nr aO nr

Under the choice of np specified in Theorem 3, We have u], < «ap/2 and v], < 24/«p.

Therefore, (A.15) as a quadratic inequality in ||A H2 and solving for its upper bound
yields the second term in (7). The proof is then finished.
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B.2 Proof of Corollary 5

Applying the Hoeffding-type inequality (cf. Proposition 5.1 in Vershynin (2012)) with As-
sumption 4 and ng > ny > logp, we have |[V£© ([3* Moo < /logp/nr,

[rrcoisit) + 3= toc i< TR, an o< T

with probability larger than 1 —¢; exp(—colog p). Therefore, the choice of tuning parameters
in Corollary 5 satisfies the requirement stated in Theorem 3, thereby we can directly plug
the choice of tuning parameters into the bound (7) to obtain the probabilistic bound. It
remains to verify that the conditions on ny and ng satisfy the requirements of Theorem 3.
To establish the first term of the bound in (7), it suffices to show that w,, and v, from (A.12)
logp < slogp

~ nT.

and ], and v), from (A.16) are all of order o(1) when h

Under the assumption ny > slogp, we immediately obtam ul, = o(1) and v}, = o(1). It
remains to establish the same for u, and v,. We proceed by discussing different cases based
on the order of A\g. Recall the tuning parameter choices given in the theorem:

o = ¢ [(hQ logp>1/4 N <10gp>1/2] - Coni(logp)l/Z.

s2ny N N\ nr

1/4
. slogp logp slogp h?logp — ng log p
Case 1: If =2F S h e , then we have \g =< e and Ap =< F 4/ S5E

Recalling that we set ny = ng for k € [K], we consider the following two cases:

Case 1.1: If A} < 523, by the assumption that Kslogp = 0(1), we have

2
< 1 logp Ags log p

log p
< Kh < Ks 1
nNK nr )\2 ~ nr nr O( ),

where in the first inequality we use the fact that ng/N > 1/K and for the last inequality

we use the fact that h < s4/ logp Similarly, we can establish that

K
1 logp (Zkzl Alh) log logp
n < — \/ E h< Ks 1).
Un K nr )\% ~ =o(l)

n
k=1 T

Case 1.2: If A} > B35A2, we can similarly establish that u, < 51;’# = 0(1), which follows

from the assumptions that Slogp = o(1). In this case, noting that Zle Mh < Khy /e

nr
thereby we have
K
< ilogpzl%zl )2\1h < slogp (1),
K nr 73)\ nr

Case 2: If Slogp 2> hy/ logp , then we have \g =<

have \2 > (ns /N)A2 as ng > ny. So following the dleUbSIOD in the first case, we have

P and A\ < kr’ip In this case, we

1 logp slogp
sK = —=—==0(1).
Un =g K nr nr 0( )
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Further notice that in this case, it holds that S5  A\h < h 1‘;% < 810%. Therefore, we
further obtain

o< L 1 logpzk 1)\12 < 1 1ngsK§ SIngzo(l),
K nr (ng/N)X§ ~ K nr nr

The proof is then finished.

B.3 Proof of Corollary 9
When the tuning parameters are chosen as in (A.3), Corollary 5 already yields the desired

rate. Thus, it suffices to consider the remaining case (A.4), where we show that ,3(
Brooling: Then an application of Lemma 1 in Li et al. (2022) and Theorem 1 in Negahban
et al. (2012) yield

- (0) slogp
18" = B3 = 1Brooting — B3 S To2F + C212.

~(k
Notice that for problem (6), the solution for source parameter, ,@( ), satisfies

~(k . ~ (0
ﬁ( ) 6argmln{ﬁﬁ(k)(,@)—kx\ﬂw—ﬁ( )Hl}. (A.17)
pgerr (N

For any 3 # B(O), by the convexity of E(k)(-) and Holder’s inequality, we have

S e®(g)+ o 5 -8 "%(’“)(ﬁ”)w(”iw(’“<ﬁ(°))ﬁ g >+A1((B(°)—ﬁu

A A e N
22 o - 2w ) 5 -,

Therefore, if |2V LK ( )Hoo < A1, then B is the unique minimizer of problem

(A.17), which further implies that ,8 = B(O)

finished.

= ﬁpooling for all k € [K]. The proof is then

B.4 Proof of Theorem 11

Recall that we have the decomposition

3% _ gk — _eWy ek gh)y 4 (1 —oMy2e® (Bﬁfﬂ)) (B(Lk) - ik)) :

k)

We first show a Lemma discussing the bias and variance components in (14), whose

proof is based on van de Geer et al. (2014) but taking into account that ,Bfkk) is not exactly
s-sparse (due to the difference term §*)).
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- 1 1 : (k)
Lemma 17 Under Assumption 1 and 4 and =258 +h, [ 282 = o(1), if we construct {BL " }re(x]

as the local lasso estimators defined in Section 4 and {(':)(k)}ke[K] using (A.5), with param-

eters A\, = Wik =< lc;ip} then we have that fork=1,..., K,
R 1 1
®(k)vﬁ(k)(ﬁ£k))H < \/ ogp h\/ o8P (A18)
00 ns ns
and
1 1
Hb(k)H < ZOBP g, [ 08P (A.19)
00 ns ngs

with probability larger than 1 — ¢ exp(—celogp).

Now we proceed to the proof of the theorem. We first show that by reparametrization,
problem (11) is essentially a special case of problem (6). Then we apply techniques similar
to those used in Theorem 3 to prove the results.

Following the arguments in the proof of Theorem 3, we again adopt the reparametrization
in (A.6) and reformulate problem (11) as

Op € argmin{L(0) + AgR(0)}, subject to 0 e Cyp. (A.20)
]

where we define £(6) = %££0)(6( )+ zk VRLOO) + 0%) and R(9) = |00 +
S 3 ][0, with £098) == 218" - 81

Following the aforementioned reformulation, we can employ an approach similar to that
used in Lemma 14 to establish the result about <V£~ CH ,A>. Define 0 = 510# +

5 1ngh and §y = &= logp +3R 5 10gph then the result is stated as follows:

Lemma 18 Under the conditions in Lemma 17, if we choose A1 = cg <\/7}\§b]g\;,]0 + (5k>

and g = cg ( 10% + (50> for some appropriate constants cy, ..., ck, then we have for any

A= ((A(O))T , (A<1>)T o (A<K>)T>T € RE+Dp,

; S R IR
‘<V£(0*),A>‘ SZ 2 HA Hl+ 2 HA Hl

with probability larger than 1 — c¢1 exp (—co log p).

One may notice that the only difference between Lemma 18 and Lemma 14 is the choice
of A\g and A\;. With this new choice of parameters, it is easy to verify that \y = 53 \p still
holds and the arguments used in the proof of Lemma 15, Lemma 16 and Theorem 3 remain
applicable for the new problem (11).
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Hence, following similar procedures, we obtain

1

~(0))9
A <
1470 < =,

K
9
E <4SA3 +2(a2 /70 — un)(2 4+ vy) Z A1h>
k=1

To prove the theorem, it remains to show that u, = o(1) and v, = o(1) under the new

set of choice of tuning parameters. Notice that, similar to the proof of Theorem 3, we only

need to prove the result under the regime when h 1‘;& < 219%8p - Recall that the tuning
T nr

parameter choices

R2logp\1/4  /logp\1/2  Kslogp <~ns [logp
Y= (Tt) (R ol
0 s2nr + N + N +; NV ng
_ ns (logp /2 slogp logp
A N< nr ) N t N

h.

)

We consider the following two cases:

Case 1: If A} < 282, then we have

2
h/logp | Ksl 1 2
Llogp s _ 1 slogp nymd + %2+ (1ope2) + e
e K nrtr )\% K nr 1 logp slogp>2+ 1 logphg
K2 np N K? ng
1 1 S]ng h;/lzg; + logp + <Kslogp + %hQ
Ko N
1 1 Ks?log?p Ksl
S Khy 2P 2O08P | T8 98 P DOO8P R _ (1) (A.21)
np ng ng ng

Here, for the last inequality we use the assumption that ny > ((K 2h2) Vv 5) logp and
ng > (K?h* + K?h? + Kh®s + Khs + Ks + sh? + s*/2)1logp, which are obtained from
the assumption ny > K2slogp and ng > K?s?logp in Theorem 11 and the fact that

h < 84/ logp under this regime. Similarly, we can establish that

logp Slogp logp 2
<L 1 logp h + h + ng h <K logph+Kslogph+K logph2 o(1).

n
~ 1 10 ~
K np s nng nr ng ng

Case 2: 1If A7 > %8 \2, we can similarly establish that u, < Sf% = 0(1). For vy, one can
show that

/2
n lo slo n lo
_ 1logp >/, Mk _ Khlogp Ay Khlogp NS( gp) +ENE R b

"~ K np LY S nr /\2N h/Tog p
sy/nr
Nslogp+ 3/Qlogp\/slogp \/slogp\/slogph (). (A.22)
nr ng

The proof is then finished.
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B.5 Proof of Lemmas

Proof of Lemma 12 Notice that by triangle inequality, we obtain
k) k) ns k) (f k) ( (k)
H Vﬁ( BPoohng H H V‘C( Hoo + HF (Vﬁ( )(/BPooling) - V‘C( )( * )) Hoo

Since we assume ng 2 logp, by Assumption 4 and the Hoeffding-type inequality (cf.

Proposition 5.1 in Vershynin (2012)) we have ||%V.L®)( fkk))Hoo S5 logp with proba-

bility larger than 1 — ¢y exp(—cologp). By the {5 curvature assumption 1mposed in the
Lemma and triangle inequality, we have
.
1

(A.23)

log p
ns

(k)

*

[ 92 Braaing) ~ T8 B e Broctng — 8

‘ + Ck
o

with probability larger than 1 — ¢1 exp(—calogp).
Another application of Lemma 1 in Li et al. (2022) and Theorem 1 in Negahban et al.
(2012) leads to

P log p /log
”’BPOOIing B B* )H‘X’ ~ \/7_‘_ ||5Poohng B* )H007 and HIBPoohng 16* ” ~ S N + C h.

(A.24)

Recall that we define Kp = max¢|x] |Bpooling — f)’ik)Hoo. Plug the results in (A.24) back
into (A.23) finishes the proof.

Proof of Lemma 14 By definition, we have

K T
n n
VL(6.) = (;vcm( O),...., 22w £ gl), By 060 + 37 B v )>
k=1

Therefore, by Holder’s inequality, we have

(VL \—E_IK”SW ), a0 +

<3 [t _av] +
k=1

<Z kv c® gy, A >>‘

5 g
Ckxg p(k)
NVE (B
k=0

| (2,

[e.9]

Therefore, as long as we choose Ao and A; such that A\g > 2 HZf:O "—]\’;Vﬁ(’“)( ff))H

o0

and A1 > 2maxye(k] ”WSVE(]“) (ﬂik))H , we then have

(VL0 A) <3N |a®]| +22|a0)]

1

as claimed.
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B.6 Proof of Lemma 15

We first establish the feasibility of 6, for the problem (A.7). Recall that we impose the
constraint

- (0
Cr = {89 e R?: |[VLO (B0 < A7, 1811 < 1BV |11 + w1}, (A.25)

with

ngo) = argmin {E(O)(B) + )\TH,3||1} .

BERP
Since we choose A > 2||VLO)( S‘O))Hoo, the first constraint in (A.25) holds. Furthermore,

recall that we denote S as the support of BSFO). By Corollary 1 in Negahban et al. (2012)
with M(S) := {ﬁ(o) eRP| ﬁ§0) =0forall j¢ S}, under Assumption 1 and the condition

ny > 64 (10/ag)? slog p, we have

~ (0 ~ (0
18 — B2 < 185A2. /a2 and [ BY) — By < 2457/ aq, (A.26)

which together with the choice that kK = 24s\r/aq implies that

0 5(0) 5(0) 0
181~ 187" | < 187" = Bl < (A.27)
therefore the second constraint in (A.25) is also satisfied. Hence, we have 60 = io) € Cr,

which implies 8, is feasible.

To prove the lemma, it remains to show the result in (A.8). We first define the optimal
value gap function F : RETDP 5 R ag

F(A)=L(0.+A) — L(6,) + MR (0. + A) — AR (6,), (A.28)

and @ as the solution to the problem (A.7). We then have A = 6 — 6, = argminF(A) and
A
F(0) = 0. Since both 8 and 6, are feasible solutions to problem (A.7), we conclude that
F(A) <o.
Since L() is a convex function, by Lemma 14, we can choose Ao and A1 such that

Ao > 2 HZkK:() "—A’;Vﬁ(’“)(Og))HO@ and A; > 2maxye g ”WSVE(k)(ng))HOO so that

WSSW Ao
£(6.+A)-£6.)>(VL®.),A)> Z? i

2

A H1 . (A29)
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Since the ¢1-norm function is decomposable and HHEQOC) |1 = 0, by triangle inequality we
have

AR (0* n A) “ MR (8)

=S o+ & = o) 0 (Jo 8 <]

K

=3 (8], =2 o]+ (421, - [a¥], -2 6t2],
>3 8], -2 (AR, 48] A

B
Il
—

) ) < h from the parameter space ©(s, h).
Combining (A.29) with (A.30) yields

M)A
2

&%), —ZZM“ ; (las

CalA©
> 3 HAS Hl) , (A.31)

which leads to the following inequality:

0 J4, ao), < s, o55

as claimed.

B.7 Proof of Lemma 16

Applying the mean value theorem for the loss function £ gives

c (0* n A) —L(8,) - <V£ 6.), A>

—A'v2L (e* n ¢A) A (¢ € (0,1))
_ - ns (A®) A ONT G2 k) (k) AN (A | A0
) (A TA ) V2L (0 + oA )(A +A )

N
1
nr
TN

. T . .
(A”) w20 + pA)A".

41



He, Sun, Liu AND L1

An application of both RSC and RSM property stated in Assumption 1 leads to

c (0* + A) LB, - <vc 6.),A)

SRR s
22 e 710 (A(’“) + A(O)) V2L (0 + pA) (A(’“’ + A“”) ~ Ri(A)
+ 0 A z — Ry(A), (A.32)
where
AN = Brlogp || A ®) Bologp || A A
N N R
Ra(A) ;:;K::I N A +A(°)H?. (A.33)

In addition, noting that 9(0)

the mean value theorem and the assumption that Ay > 2(|£(®) (8 (0))]\00, we have

satisfies the constraint outlined in problem (A.7). Again by

HVQE(O)(GSP) +¢A(0)

= [re6" ez
<[z _+ vevio?|

< 2A7.

(e 9]

Hence, a direct application of the Holder’s inequality leads to

(A(’“) v2£@ 00 + pAYAY < 2xp HA(‘“’HI. (A.34)

Recall that we define ny = ng for K = 1,...,K and n;y = np for kK = 0. Combining
(A.34) with (A.32) and applying the RSC property again, we have

c (9* + A) —L(8,) - <V£ 6.) . A>

insak‘ [ A k)H2+ao A(O)HQ_Q)\THA(MM
2 2 1
N H2 — Ri(A) = Ry(A) — R3(A)
wﬂ;ﬂmg%NWjTiMAwgmA
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where Ry, Ry are defined in (A.33) and

. = N 7 nr

A"+ 1A

Notice that

3
1
Y R(A) ZB’“OgPHA + Al H + =
t=1
+§:nsakﬁologp A(’“)‘Q A 0)H2
1 N Yo T 1 1

Bolog p Kﬁlogp KnaTlogp
0 k S T0 A
(R R ey e s

A® LA

“I.
1

H ; N'yonT

<0)H2

N N v nr

_l’_

o

_l’_

2Bk logp | 2nsak 1o logp HA(k)H2
N N v nr 1

2

N

1

logp ngag 7 logp
2 Z N v nr

tﬁwyﬁwﬂﬁw

2Bk logp | 2nsay 1 logp HA(k)HQ
N N vy nr

£
Il
—_

Y0 nr N

§2<amax7'0 + BmaxY0) Klogp Z ns 10gp>

a"[].

()H2
1+;7”LT N

Therefore, Lemma 15 together with the triangle inequality yields

Zg:Rt(a) ) (2(amax7-0 + ﬁmax’)/(]))_l
t=1

Y0
& AW " ng A0
Dot )
- nyr N H1+ +Z T N
k=1 k=1
K
nglogp ~— A} || & (k )HQ logp 1 A (0>H2
_ns A - A
nr N Z/\Q TN nr+ ) ns
k=1
T V) A%+ A",
nr N )\(2)/ N/nS

K 2
o [a%], +2 "],
<18 08P A A Xo ||l A
“nr N /\%/\[(nS/N AZ] <Zl ! A0

ng logp 1

K 2
A 02
<15 l08p 3212 HA H 32(3Y nn) |,
“nr N M Al(ns/N)A2 0 2" ! !
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Recall that we introduce the shorthand

w — 64(max70 + BmaxY0) ns log p . /\%5
" Y0 nr N A A[(ns/N)AG]
o — 640maxTo + Bmaxy0) nis logp | Y1 Mh .
" Y0 nr N A A [(ns/N)AG]

Therefore, by collecting all the pieces together, we have

L (0* + A) ~L(0.) - (VL®.), A>
i A 1211111 = N
> ()[4 2 0

Yo
which finishes the proof.

K
H _ 20max Z nk

o

A® H —UnZM

B.8 Proof of Lemma 17

Recall that we have the decomposition

8 - ) = —6"vlpl) + (1- 6PV B) (B - 6).

b(k)

viere ng is a vector infermediating B(Lk) and ,Bik) In the following we define EEak) =
E [(Xg“))T(ch))/nS}’ and ©®) — (225))_1'

The proof of the lemma relies on two additional lemmas. Recall that Hﬁgﬁo)

‘ = s and
0

Hﬁio) — ,[i(kk) Hl < h. The following lemma is a direct consequence of Theorem 1 and Corollary
1 in Negahban et al. (2012).

Lemma 19 Under the condition of Lemma 17, we have

) <s logp
1 V n

with probability at least 1 — ¢ exp(—calogp).

(k)

2 1 1
) <s ng+h ng'
ng ng

ot -t

n |82 -

The next lemma comes from an application of Theorem 3.2 in van de Geer et al. (2014),
with condition (D5) in van de Geer et al. (2014) replaced with the result in Lemma 19.

Lemma 20 Under Assumption 18 and the condition of Lemma 17. Define T = @(k). For
7 and ('-)( ) obtained from solving problem (A.5), we have

1/2
2 ‘< sjlogp 1/2\/ slogp+h log p 1/2
ns ns ns
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and |© S Py A Py, + ’?']2 — 7']-2 , where

s2V s?) lo v s)1 1 1/2
P = |59 (“ >gp+h2>,p2n A?mx<<3] Dos (tr) ),

ns ns ns

with A2

max

being the largest eigenvalue of E,(Bk)

We start with the first term, @( vk (B* ) Let ( (k)) = e}—@(k). Plugging in the

definition of £ (,B* ) and applying Assumption 4, we have for some universal constant
c> 0,
22
(k) cnet
) < oo (2
Q
where

N N T N N T
co = max <®(k)E (v L‘(k)(ﬁik))[vﬁ(k)<16£k)>]T> <@<k>> > ~ max (@“")z}f) (@<k)> )
JiJ

>

g 2 (87) e (el:<LY)

1<i< 1<< .
<j<p SJ=p 35

where recall we define EE,) E [(X( )) (X gf))/ng] Therefore, to prove (A.18), it suffices

to bound cq/(n%t?) with t = % + h\/%. According to Lemma 20 and the conditions
outlined in Theorem 11, we have P, = O(h?) + o(1) and Py, = o(1) and thus cq =
maxi<;<p 7']-2 + O(h?) + o(1). By Assumption 13, max;<j<p sz = maxi<j<p @;I;) is bounded
above. Therefore (A.18) holds.

Next, we alm at the second term, /@(k). Notice that with a slight abuse of notation,
we have VQE( ,,3) k)VQ (B)(ng))—r. Applying Hélder’s inequality and triangle
inequality, we obtaln

41, =] - o) (A

).
<|[(r-e"vretay >)( ).
+[e® (V2ﬁ<’“’<f*””> gC ) (82" =)
<Y - p® ‘1@%”@ V2L (a) - H
Ey E>
b So[(20B) — v2aBilh) (x0T (B - 8) | [0x ).
=1 T

E3

(%)

where recall that G)Ek) denotes the jth row of ©"". We then proceed term by term.
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For Ep, another application of Lemma 19 yields F; < sy/logp/ng + h. As for Es, from
the optimality condition of nodewise regression problem (A.5), we have Ey < Ay;/ ij. For
details, one may check the derivation of (10) in van de Geer et al. (2014). From Lemma 20,
(k)

we have 7; = 7; + o(1). By Assumption 13, 7; = © ;; 1s bounded below. Therefore as we

choose :\kj = /logp/ng, we have Ey < \/logp/ng. As for Es, according to the Lipschitz
condition on V2p(-), we have

By =— " |(V20(81)) - V2(Br)) (X)) (81 - )]
<> TAY - x| [x )T (8 - 8|

<L S JoxT (B - )| = o (31 - 6|

With condition (D1) in Assumption 13, an combination of Lemma 13 in Loh and Wainwright
(2011) and Lemma 19 yields

e 6~ ) [ 5 -+ o

where the last inequality is based on the assumption that slog p/ng = o(1) and hy/logp/ng =
o(1). Therefore, we have E3 < slogp/ns + hy/logp/ngs.

The analysis of F, follows similar arguments to those presented in the proof of Theorem
21 in Lee et al. (2017); for completeness, we restate the key steps here. By applying Lemma
20, we have:

~ (k ~ (k ~ (k
o], < s 70607 < s 600
bolleo Toagi<pll Y ~1<i<p . o
< _
—f??fm S
< _
SR LR A
< X X 1 X ~
NlIgJ&ch 7‘ H B~ ﬂik>,j7jHoo+7-j2H ﬂik),fjHoo v _7]”1

maxi<j<p s;j logp
ns '

<14

where for the last inequality we use condition (D1) in Assumption 13. Therefore, since
maxi<j<p sjlogp/ng = o(1), we have F4 bounded above. Integrating the above arguments

leads to [|B3% || < %ﬁp +h logp with probability larger than 1 — ¢; exp(—cqlog p). This
finishes the proof.
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Proof of Lemma 18 Notice that VL®)(8) = 8 — B(k)

Lemma 14, by applying Holder’s inequality, we obtain

. Therefore, following the proof of

VL i\<"s B AW+ <§75<ﬁ5ﬁ> gY)+ 2 VE(O)(ﬁiO))7A(°’>
1 k=1
ski\\;w—w | la], + |5 B20m - 5+ Seveoiao| [a®],.
Notice that we have
Bl - al = —eMveWel) + (1-6"vieWiar)) (A1 ). (a3)

(k)

In Lemma 17 we have shown that with probability larger than 1 — ¢; exp(—cz log p),

@(k)vc<k>(,3£k>)H < Jlosp y Jlosp g H5<k>H < slogp I8P 5 46
00 ng ng 00 ng

ns

Thus in order to guarantee

k)

M > [-22eMvctial) + T2t

it suffices to choose \; = ¢ <\/ ’ﬁlogp + Slogp + % kf:h) for some sufficiently large

constant cg.
Next, we shift our focus to the second term. Similar to the arguments in Lemma 14 and

T . T
Lemma 17 with (ag-k)) = ejTQ(k) for k=1,...,K and <a§-0)> = e;r, we have

L ¢ (k) (k). (k) cN2¢2
<1111a§ 2N Z ( ] ) Vi k)( * ’L ) >t {@ }k‘ 1> S P exp <_ . > .
=P k=0 i=1 Q
With ¢ = 10% +h 10%, we similarly have co//(N?t?) bounded above with probability

larger than 1 — ¢1 exp(—cglogp). This result together with (A.36) indicates that

i 5 k:) n (0) logp Kslogp K ng log
L) + Ly r0)gl A/ L) Py
Z v JPRVETED STy TR > N ’
[ee] k=1
so it suffices to choose A\g = ¢p 101%;7 + % + Zf v bgp h> for some sufficiently

large constant cg. The proof is then finished.
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Appendix C. Additional Simulation and Real Data Analysis
C.1 Scalability with Respect to Dimension p and Number of Source Tasks K

We next examine the scalability of TransMission and its distributed variant (D-TransMission)
with respect to the feature dimension p and the number of source tasks K. Table A.3 re-
ports the prediction and estimation performance across different feature dimensions p €
{500, 1000, 1500, 2000}, under both homogeneous and heterogeneous settings. Consistent
with the observations in the main text, TransMission maintains comparable accuracy in
homogeneous settings and demonstrates superior robustness under distribution shifts. The
results show no significant degradation in performance even when p quadruples from 500 to
2000.

The computational complexity of the proposed joint optimization framework depends
on the choice of optimization algorithm. With first-order type methods, the iteration com-
plexity is dimension-independent. Within each iteration, the solution involves performing
matrix-vector multiplications, leading to a computational complexity of O(Kp), which in-
deed increases with both p and K. In D-TransMission, if node-wise Lasso is used for
constructing the de-biased estimator, the computational cost would increase by a factor p,
leading to a more expensive computational cost O(Kp?). However, in practice, the de-biased
estimator can be replaced by other asymptotically unbiased estimators such as the SCAD es-
timator (Fan and Li, 2001), which reduces the computational complexity of D-TransMission
back to O(Kp).

We would like to note that in practice, one could first cluster the original datasets into
K* homogeneous groups, then perform (D-)TransMission on these K* < K clusters to
account for inter-cluster distribution shifts. Such a clustering approach can alleviate the
growing computational cost with K of the proposed method, but at the same time benefit
from the robustness property.

C.2 Robustness under Heavy-Tailed Noise Distributions

To further evaluate the robustness of TransMission against conditional shifts arising from
heterogeneous noise distributions, we conduct additional experiments where the target sam-
ples retain Gaussian noise while the source samples are drawn from heavy-tailed distribu-
tions. Specifically, the source task errors are generated from a Student-t distribution with
degrees of freedom t4r € {3,5}, while the target task follows the standard normal noise
distribution. Table A.2 summarizes the results across these designs.

We observe that TransMission consistently attains the lowest prediction error and out-
performs competing baselines even under substantial departures from normality. Interest-
ingly, its performance advantage becomes apparent even under small A (i.e., mildly heteroge-
neous settings), indicating that the estimator effectively identifies and leverages transferable
information early on, rather than requiring strong cross-task similarity. These findings
corroborate the theoretical robustness of the proposed fused-regularization framework to
heavy-tailed conditional shifts.
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Table A.2: Performance comparison across methods under heavy-tailed or highly correlated
designs. The column t4y denotes the degrees of freedom of the Student-t distribution used
in the experiment design. The column p controls the correlation strength in the source
covariate covariance matrices, where larger p corresponds to stronger correlations.

h p tas Agg-Lasso Single-Lasso Trans-GLM TransHDGLM Trans-Lasso TransMission
5 05 3 0.345 0.891 0.384 0.377 0.360 0.333
5 05 5 0.261 0.899 0.279 0.261 0.273 0.237
5 06 3 0.400 0.889 0.449 0.445 0.405 0.370
5 06 5 0.267 0.896 0.288 0.272 0.276 0.256
5 07 3 0.443 0.897 0.492 0.512 0.442 0.424
5 07 5 0.321 0.891 0.337 0.328 0.316 0.302
5 08 3 0.521 0.896 0.548 0.637 0.518 0.494
5 08 5 0.415 0.893 0.431 0.436 0.416 0.359
10 05 3 0.514 0.893 0.519 0.517 0.512 0.415
10 05 5 0.488 0.895 0.439 0.424 0.491 0.328
10 06 3 0.595 0.894 0.598 0.556 0.584 0.449
10 06 5 0.461 0.895 0.439 0.402 0.465 0.337
10 07 3 0.628 0.898 0.620 0.618 0.618 0.499
10 0.7 5 0.508 0.897 0.501 0.447 0.500 0.385
10 08 3 0.676 0.897 0.678 0.704 0.669 0.554
10 08 5 0.629 0.894 0.609 0.533 0.621 0.427
15 05 3 0.805 0.894 0.676 0.654 0.772 0.529
15 05 5 0.856 0.886 0.624 0.617 0.827 0.416
15 06 3 0.898 0.894 0.778 0.691 0.862 0.542
15 06 5 0.793 0.895 0.627 0.573 0.772 0.451
15 07 3 0.896 0.894 0.782 0.742 0.854 0.606
15 07 5 0.798 0.894 0.694 0.591 0.770 0.479
15 08 3 0.912 0.893 0.832 0.795 0.899 0.637
15 08 5 0.889 0.893 0.782 0.645 0.846 0.514
20 05 3 1.174 0.896 0.861 0.784 1.104 0.623
20 05 5 1.290 0.894 0.826 0.817 1.235 0.504
20 06 3 1.263 0.898 0.927 0.815 1.215 0.617
20 0.6 5 1.217 0.894 0.820 0.740 1.177 0.531
20 0.7 3 1.218 0.895 0.899 0.833 1.122 0.684
20 0.7 5 1.154 0.895 0.871 0.730 1.104 0.580
20 0.8 3 1.190 0.894 0.955 0.872 1.162 0.726
20 0.8 5 1.164 0.893 0.918 0.762 1.081 0.604
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Table A.3: Performance comparison across methods under different feature dimension p.

h p D Agg-Lasso Single-Lasso Trans-GLM  TransHDGLM Trans-Lasso TransMission
10 0.100 1000 0.349 1.060 0.373 0.257 0.361 0.236
10 0.100 1500 0.343 1.158 0.358 0.267 0.362 0.262
10 0.100 2000 0.359 1.246 0.386 0.300 0.376 0.301
10 0.200 1000 0.378 1.055 0.383 0.288 0.396 0.247
10 0.200 1500 0.367 1.147 0.361 0.284 0.370 0.266
10 0.200 2000 0.357 1.241 0.360 0.275 0.387 0.268
10 0.300 1000 0.399 1.053 0.389 0.312 0.413 0.266
10 0.300 1500 0.407 1.142 0.408 0.321 0.405 0.295
10 0.300 2000 0.427 1.243 0.425 0.342 0.431 0.319
10 0.400 1000 0.409 1.060 0.406 0.310 0.411 0.265
10 0.400 1500 0.411 1.156 0.420 0.305 0.427 0.285
10 0.400 2000 0.437 1.239 0.434 0.345 0.460 0.318
15 0.100 1000 0.672 1.052 0.609 0.475 0.675 0.308
15 0.100 1500 0.658 1.149 0.608 0.507 0.674 0.361
15 0.100 2000 0.684 1.240 0.670 0.556 0.669 0.427
15 0.200 1000 0.764 1.052 0.633 0.526 0.773 0.328
15 0.200 1500 0.690 1.150 0.627 0.512 0.688 0.375
15 0.200 2000 0.686 1.238 0.630 0.496 0.707 0.386
15 0.300 1000 0.773 1.059 0.657 0.556 0.786 0.363
15 0.300 1500 0.747 1.154 0.675 0.561 0.750 0.396
15 0.300 2000 0.756 1.249 0.714 0.597 0.746 0.426
15 0.400 1000 0.764 1.061 0.677 0.542 0.744 0.365
15 0.400 1500 0.776 1.158 0.676 0.520 0.762 0.409
15 0.400 2000 0.756 1.239 0.715 0.565 0.777 0.424
20 0.100 1000 1.072 1.055 0.969 0.716 1.053 0.381
20 0.100 1500 1.050 1.150 0.961 0.755 1.032 0.456
20 0.100 2000 1.066 1.233 1.007 0.844 1.066 0.555
20 0.200 1000 1.274 1.061 0.997 0.786 1.229 0.410
20 0.200 1500 1.116 1.152 0.933 0.770 1.088 0.480
20 0.200 2000 1.087 1.255 0.991 0.767 1.083 0.495
20 0.300 1000 1.213 1.069 0.945 0.794 1.204 0.455
20 0.300 1500 1.151 1.154 0.987 0.808 1.116 0.504
20 0.300 2000 1.115 1.236 1.028 0.848 1.098 0.531
20 0.400 1000 1.180 1.050 0.967 0.784 1.120 0.459
20 0.400 1500 1.156 1.149 0.953 0.762 1.138 0.497
20 0.400 2000 1.110 1.233 1.000 0.818 1.131 0.531
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Table A.4: Performance comparison under log-normal dense shift patterns. The parameter
o controls the concentration of shift energy: o € {0.5,1.0,1.5} correspond to approximately
60%, 20%, and 6% effective sparsity, respectively. Bold denotes the best-performing method
per row.

h p o Agg-Lasso Single-Lasso Trans-GLM TransHDGLM TransMission

10 0.1 0.5 0.305 0.902 0.293 0.274 0.250
10 0.1 1.0 0.307 0.895 0.306 0.251 0.211
10 0.1 1.5 0.301 0.896 0.269 0.181 0.150
10 0.2 0.5 0.364 0.886 0.314 0.327 0.265
10 0.2 1.0 0.353 0.897 0.300 0.285 0.229
10 0.2 1.5 0.318 0.895 0.263 0.205 0.167
10 0.3 0.5 0.413 0.887 0.320 0.369 0.285
10 0.3 1.0 0.411 0.894 0.319 0.347 0.252
10 03 1.5 0.372 0.887 0.284 0.230 0.173
10 04 0.5 0.388 0.895 0.328 0.361 0.280
10 04 1.0 0.395 0.894 0.330 0.319 0.249
10 04 1.5 0.365 0.893 0.298 0.237 0.186
15 0.1 0.5 0.614 0.894 0.482 0.534 0.421
15 0.1 1.0 0.610 0.894 0.486 0.478 0.329
15 0.1 1.5 0.602 0.892 0.422 0.329 0.201
15 0.2 0.5 0.763 0.896 0.525 0.616 0.436
15 02 1.0 0.750 0.895 0.503 0.522 0.355
15 02 1.5 0.658 0.894 0.417 0.360 0.221
15 0.3 0.5 0.858 0.893 0.547 0.671 0.466
15 03 1.0 0.839 0.884 0.543 0.596 0.380
15 03 1.5 0.745 0.881 0.430 0.404 0.230
15 04 0.5 0.805 0.897 0.541 0.636 0.458
15 04 1.0 0.806 0.895 0.536 0.564 0.380
15 04 1.5 0.729 0.892 0.464 0.392 0.242
20 0.1 05 1.007 0.895 0.692 0.780 0.645
20 0.1 1.0 1.032 0.891 0.727 0.702 0.482
20 0.1 15 1.008 0.892 0.608 0.518 0.257
20 0.2 0.5 1.292 0.892 0.806 0.842 0.661
20 02 1.0 1.293 0.893 0.770 0.756 0.511
20 0.2 1.5 1.155 0.892 0.616 0.544 0.280
20 03 0.5 1.420 0.895 0.809 0.883 0.664
20 03 1.0 1.409 0.882 0.823 0.816 0.523
20 03 15 1.239 0.885 0.630 0.598 0.298
20 04 0.5 1.353 0.894 0.765 0.852 0.644
20 04 1.0 1.357 0.885 0.812 0.786 0.514
20 04 1.5 1.220 0.892 0.639 0.579 0.309
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Table A.5: Performance comparison under hierarchical shift structures across different cor-
relation strengths. The column “Structure” denotes the hierarchical configuration used in
the shift design.

h  p Structure Agg-Lasso Single-Lasso Trans-GLM TransHDGLM TransMission

10 0.1 10_40 9.460 0.912 4.536 1.219 0.159
10 0.1 20 80 4.615 0.918 3.560 1.106 0.181
10 0.1 5100 18.921 0.918 5.052 1.293 0.114
10 0.2 10_40 11.017 0.911 7.597 1.223 0.188
10 0.2 20_80 6.251 0.918 5.406 1.148 0.218
10 0.2 5 100 26.453 0.917 8.880 1.260 0.127
10 0.3 10_40 11.377 0.915 7.104 1.238 0.221
10 0.3 20 80 6.266 0.896 5.553 1.133 0.262
10 0.3 5 100 23.759 0.915 9.646 1.247 0.132
10 04 10 40 9.496 0.915 6.844 1.223 0.272
10 04 20_80 6.609 0.913 9.575 1.147 0.286
10 04 5_100 23.982 0.900 10.707 1.268 0.154
15 0.1 10_40 19.650 0.915 6.951 1.277 0.197
15 0.1 20 80 9.024 0.912 5.721 1.237 0.212
15 0.1 5 100 40.037 0.905 7.851 1.288 0.143
15 0.2 1040 22.254 0.921 13.244 1.261 0.245
15 0.2 20 80 12.587 0.923 9.513 1.250 0.264
15 0.2 5_100 56.353 0.914 15.694 1.285 0.168
15 0.3 10_40 23.992 0.920 13.307 1.262 0.278
15 0.3 20 80 13.105 0.902 10.546 1.229 0.293
15 0.3 5 100 50.864 0.915 18.544 1.269 0.157
15 04 10_40 20.128 0.924 12.731 1.245 0.310
15 04 20 80 13.772 0.918 10.589 1.233 0.354
15 04 5100 51.419 0.903 20.651 1.290 0.164
20 0.1 10_40 33.582 0.900 9.792 1.278 0.253
20 0.1 20_80 15.051 0.908 8.408 1.256 0.256
20 0.1 5 100 69.614 0.896 11.426 1.323 0.172
20 0.2 10_40 38.054 0.915 20.796 1.276 0.297
20 0.2 20 80 21.175 0.917 15.093 1.246 0.319
20 0.2 5100 98.803 0.896 23.902 1.267 0.194
20 0.3 10 40 40.681 0.921 21.166 1.269 0.344
20 0.3 20_80 22.027 0.895 17.008 1.242 0.338
20 0.3 5 100 89.358 0.896 30.822 1.286 0.182
20 0.4 10_40 35.034 0.920 21.655 1.291 0.365
20 0.4 20 80 23.315 0.914 17.549 1.240 0.402
20 04 5 100 89.898 0.899 31.777 1.285 0.205
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Table A.6: Performance comparison under correlated shift settings across different correla-
tion strengths. The column “Correlation” denotes the correlation level used in constructing
the shift design.

h  p Correlation Agg-Lasso Single-Lasso Trans-GLM TransHDGLM TransMission

10 0.1 0.1 0.363 0.895 0.317 0.296 0.234
10 0.1 0.3 0.496 0.908 0.494 0.424 0.282
10 0.1 0.5 0.620 0.915 0.588 0.500 0.353
10 0.2 0.1 0.423 0.893 0.327 0.333 0.239
10 0.2 0.3 0.495 0.915 0.477 0.437 0.277
10 0.2 0.5 0.616 0.915 0.593 0.544 0.360
10 0.3 0.1 0.458 0.895 0.343 0.356 0.242
10 0.3 0.3 0.544 0.916 0.552 0.438 0.301
10 0.3 0.5 0.626 0.915 0.600 0.533 0.345
10 04 0.1 0.438 0.895 0.356 0.360 0.259
10 04 0.3 0.482 0.908 0.478 0.417 0.281
10 04 0.5 0.602 0.911 0.609 0.507 0.342
15 0.1 0.1 0.776 0.895 0.581 0.553 0.351
15 0.1 0.3 1.085 0.915 0.934 0.713 0.443
15 0.1 0.5 1.467 0.915 1.191 0.803 0.632
15 0.2 0.1 0.890 0.893 0.589 0.569 0.335
15 0.2 0.3 1.123 0.915 1.024 0.726 0.450
15 0.2 0.5 1.466 0.915 1.243 0.794 0.601
15 0.3 0.1 0.978 0.894 0.619 0.632 0.360
15 0.3 0.3 1.154 0.915 1.096 0.704 0.453
15 0.3 0.5 1.373 0.915 1.208 0.797 0.609
15 04 0.1 0.949 0.893 0.634 0.601 0.381
15 04 0.3 1.059 0.915 0.998 0.700 0.443
15 04 0.5 1.347 0.915 1.229 0.808 0.607
20 0.1 0.1 1.330 0.895 0.905 0.787 0.474
20 0.1 0.3 1.919 0.917 1.521 0.936 0.608
20 0.1 0.5 2.467 0.915 1.700 0.985 0.789
20 0.2 0.1 1.535 0.895 0.974 0.782 0.463
20 0.2 0.3 1.963 0.916 1.541 0.923 0.598
20 0.2 0.5 2.512 0.915 1.883 0.984 0.772
20 0.3 0.1 1.622 0.891 0.960 0.834 0.486
20 0.3 0.3 1.983 0.915 1.659 0.935 0.617
20 0.3 0.5 2.484 0.917 1.870 0.993 0.785
20 04 0.1 1.559 0.894 0.932 0.798 0.489
20 04 0.3 1.800 0.917 1.562 0.904 0.637
20 04 0.5 2.368 0.917 1.913 0.973 0.804
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C.3 Robustness under More Realistic Shift Patterns

We further expanded our simulation experiments beyond sparse Gaussian contrasts. Specif-
ically, we consider dense shifts, structured shifts, and correlated parameter contrasts 5.

We consider the following three patterns for the parameter shift vector 5.

(i) Log-normal dense shift. For each task k, we set 5§-k)

where s; ~ Uniform{—1,+1} and Z; ~ N(py,0?) i.i.d. The location y, is calibrated so

= sjexp(Z;) for all j € [p],

that E[||6%)]|2] = h2/50. Larger o concentrates energy into fewer coordinates despite all p
being nonzero; we report effective sparsity as the fraction of coordinates accounting for 90%
of total shift energy.

(ii) Hierarchical shift. For each task k, we sample a set of primary features Pj of
size 10 and secondary features Sj of size 40 from the remaining coordinates. We set

8%~ N(0,(3h/|P])?) for j € Py, 6 ~ N(0,(0.5h/|Sk[)?) for j € Sk, and 8 = 0

otherwise. This induces a few large shifts and many smaller shifts.
(iit) Correlated shift. We select a common support H C [p] with |H| = 50. For each

j € H, the vector (651), ... ,5§-K))T
tribution with covariance (h/50)?X;, where 34 has unit diagonal and constant off-diagonal
correlation ps. This yields cross-task correlation in the non-transferable components.
Asreported in Table A.4, A.5 and A.6, TransMission continues to outperform competing
methods in most settings, particularly when the heterogeneity level (as measured by h) is
high. These additional results demonstrate that the proposed method remains robust under

more general and realistic forms of inter-task heterogeneity.

is sampled from a mean-zero multivariate normal dis-
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