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Abstract

The Ridgeless minimum /¢3-norm interpolator in overparametrized linear regression has
attracted considerable attention in recent years in both machine learning and statistics
communities. While it seems to defy conventional wisdom that overfitting leads to poor
prediction, recent theoretical research on its f>-type risks reveals that its norm minimizing
property induces an ‘implicit regularization’ that helps prediction in spite of interpolation.

This paper takes a further step that aims at understanding its precise stochastic behav-
ior as a statistical estimator. Specifically, we characterize the distribution of the Ridgeless
interpolator in high dimensions, in terms of a Ridge estimator in an associated Gaussian
sequence model with positive regularization, which provides a precise quantification of
the prescribed implicit regularization in the most general distributional sense. Our dis-
tributional characterizations hold for general non-Gaussian random designs and extend
uniformly to positively regularized Ridge estimators.

As a direct application, we obtain a complete characterization for a general class of
weighted ¢, risks of the Ridge(less) estimators that are previously only known for ¢ =
2 by random matrix methods. These weighted ¢, risks not only include the standard
prediction and estimation errors, but also include the non-standard covariate shift settings.
Our uniform characterizations further reveal a surprising feature of the commonly used
generalized and k-fold cross-validation schemes: tuning the estimated /5 prediction risk by
these methods alone lead to simultaneous optimal /5 in-sample, prediction and estimation
risks, as well as the optimal length of debiased confidence intervals.

Keywords: comparison inequality, cross validation, minimum norm interpolator, random
matrix theory, ridge regression, universality

1. Introduction
1.1 Overview
Consider the standard linear regression model
V=X po+&, 1<i<m, (1)

where we observe i.i.d. feature vectors X; € R™ and responses Y; € R, and &’s are unob-
servable errors. For notational simplicity, we write X = [X7--- X,;,]T € R™*" as the design
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matrix that collects all the feature vectors, and ¥ = (Y7,... ,Ym)T € R™ as the response
vector. The feature vectors X;’s are assumed to satisfy E X; = 0 and Cov(X;) = ¥, and
the errors satisfy E&; = 0 and Var(&;) = ag.

Throughout this paper, we reserve m for the sample size, and n for the signal dimension.
The aspect ratio ¢, i.e., the number of samples per dimension, is then defined as ¢ = m/n.
Accordingly, we refer to ¢~! > 1 as the overparametrized regime, and ¢! < 1 as the
underparametrized regime.

Within the linear model (1), the main object of interest is to recover/estimate the
unknown signal pg € R™. While a large class of regression techniques can be used for the
purpose of signal recovery under various structural assumptions on pug, here we will focus
our attention on one widely used class of regression estimators, namely, the Ridge estimator
(cf. Hoerl and Kennard (1970)) with regularization n > 0,

R (1 1/1 -t
o = argin { I = X+ Dl = (XX bon) XY@
LERT n 2 n\n

and the Ridgeless estimator (also known as the minimum-norm interpolator),

o = argmin {Jlul*: Y = Xpu} = (XTX)~X'Y, (3)
pER™

which is almost surely (a.s.) well-defined in the overparametrized regime ¢! > 1. Here A~
is the Moore-Penrose pseudo-inverse of A. The notation iy is justified since for ¢—1 > 1,
oy — Jig a.s. as 1 | 0.

From a conventional statistical point of view, the Ridgeless estimator seems far from an
obviously good choice: As fig perfectly interpolates the data, it is susceptible to high vari-
ability due to the widely recognized bias-variance tradeoff inherent in ‘optimal’ statistical
estimators (James et al., 2021; Derumigny and Schmidt-Hieber, 2023). On the other hand,
as the Ridgeless estimator fig is the limit point of the gradient descent algorithm run on the
squared loss in the overparametrized regime ¢~! > 1, it provides a simple yet informative
test case for understanding one major enigma of modern machine learning methods: these
methods typically interpolate training data perfectly; still, they enjoy good generalization
properties (Jacot et al., 2018; Du et al., 2019; Allen-Zhu et al., 2019; Belkin et al., 2019;
Chizat et al., 2019; Zhang et al., 2021).

Inspired by this connection, recent years have witnessed a surge of interest in under-
standing the behavior of the Ridgeless estimator jigp and its closely related Ridge estimator
fin, with an exclusive focus on their prediction risks, cf. Tulino et al. (2004); El Karoui
(2013); Hsu et al. (2014); Dicker (2016); Dobriban and Wager (2018); El Karoui (2018);
Advani et al. (2020); Belkin et al. (2020); Muthukumar et al. (2020); Wu and Xu (2020);
Bartlett et al. (2020, 2021); Chang et al. (2021); Koehler et al. (2021); Richards et al. (2021);
Hastie et al. (2022); Tsigler and Bartlett (2023); Cheng and Montanari (2024); Zhou et al.
(2024). The readers are referred to Tsigler and Bartlett (2023, Sections 1.2 & 9) for a thor-
ough review on the relation between various ¢» risk results for the Ridge(less) estimator.
A unique insight from these works is the existence of ‘implicit regularization’ within the
Ridgeless interpolator fig, so that for certain scenarios of (X, ug), the prediction risk of fig
could be small (i.e., benign overfitting) or even optimal (Kobak et al., 2020; Hastie et al.,
2022; Tsigler and Bartlett, 2023).
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Despite substantial progress in understanding the o risk behavior of the Ridgeless es-
timator fip, our understanding of its stochastic behavior as a statistical estimator remains
limited. This gap is particularly important if we aim to consider fig also as a ‘good’ esti-
mator that can be applied in a broader context of statistical inference tasks, rather than
merely viewing it as a theoretical proxy for modern interpolating learning algorithms.

The main goal of this paper is to advance our understanding of the precise stochastic
behavior of the Ridge(less) estimator ji,,. We achieve this by developing a high-dimensional
distributional characterization in the so-called proportional regime where m and n is of the
same order. This approach allows us to move beyond the exclusive focus in the existing
literature on fo-type risks of fi,,. As will be clear, the distributional characterization of
the Ridge(less) estimator fi,, not only provides a precise quantitative understanding of the
‘implicit regularization’ phenomenon for the Ridgeless interpolator jip in the most general
distributional sense, but also unveils major new insights on the utility of the widely used
cross-validation schemes in machine learning/statistics practice.

1.2 Distribution of Ridge(less) estimators

Before formally describing our high dimensional distributional characterization, it is insight-
ful to consider the low dimensional regime ¢~! < 1 where the sample size m far exceeds
the signal dimension n. In this regime, with (7, 6’2) = (n, ag) /¢, using the closed form of (2)

and the fact that m™' X " X ~ ¥, we may safely regard Ty = (Z + ﬁ[n)fl (E,uo —|—m*1XT§).

d
Using central limit theorem for m='X ¢ ~ O¢ - n~12%1/2g where g ~ N(0,I,,), we have

~ d N _ _ _
fin = (2 +7L) 'SV (3200 + 072 Geg), ¢l < 1. (4)

A principled way to understand the above formula (4) is to consider an ‘effective regression
problem’ in the Gaussian sequence model. Suppose for a given pair of (X, ug) and a noise
level v > 0, we observe

sy () =520+ 072 yg, g~ N(0, 1), (5)

The Ridge estimator ﬁ?ezquo) (v; 7) with regularization 7 > 0 in the Gaussian sequence model
(5) is defined as

~se . 1 se T
A 057) = acgmin {1505 g8, DI + Sl
= (S +7L) T 'SVA(SY 20 + 072 qg). (6)

Here, the subscript (3, o) emphasizes the dependence on the underlying Gaussian sequence
model with covariance ¥ and signal pg. Comparing (4) and (6), it is clear that we may

~ d
interpret (4) as fi, ~ M?§uo)

interpretation still applies, but a crucial modification will be needed: the pair of the (scaled)
original noise and regularization (G¢,7) must be replaced by a pair of ‘effective noise and
reqularization’

(G¢; 7). In the proportional regime ¢! =< 1, the aforementioned

(¥n,%> Tn,x) = unique solution of the fixed point equation (13) (7)
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when 7 > 0 and when n = 0 in the overparametrized regime (cf. Proposition 2).

More precisely, in the overparametrized regime ¢! > 1, under standard assumptions
on (i) the design matrix X = %1/27 where Z consists of independent mean 0, unit-variance
and light-tailed entries, and (ii) the error vector { with light-tailed components, we show
in Theorems 3 and 4 that the distribution fi,, can be characterized via ﬁsgﬂo)(%,*; Tp) i
the following sense: for any 1-Lipschitz function g : R® — R and any K > 0, with high
probability,

sup ‘g(ﬁn) - Eg(ﬁ?guo)(’%,*;ﬂ],*))‘ ~ 0. (8)
n€l0,K]
A particularly important technical aspect of (8) is that the distributional approximation
(8) holds uniformly down to the interpolation regime n = 0 for ¢~! > 1. This uniform
guarantee will prove essential in the results ahead.

Interestingly, the distributional characterization (8) offers a principled approach to un-
derstand the ‘implicit regularization’ phenomenon for the Ridgeless interpolator fig, through
the lens of its distributionally equivalent Ridge estimator ﬁ?g‘ uo)(%’*’ 70,+) in the Gaussian
sequence model (5). Specifically, the prescribed implicit regularization can be directly at-
tributed to the quantity 79« > 0 that can be solved as the unique positive solution to the
equation

¢ = %tr (S +70.1)7'2). (9)

While this interpretation has been suggested in the context of ¢y risks (Hastie et al., 2022;
Cheng and Montanari, 2024) via a-posterior calculations, our theory (8) provides a formal
justification for this equivalent understanding of the implicit regularization phenomenon for
1o via ﬁ?guo), in the most precise and general distributional sense. The readers are referred
to Section 1.5 for a more detailed comparison on the relation of our characterization of the
implicit regularization via 7, and a different line of interpretation in Bartlett et al. (2020,
2021); Tsigler and Bartlett (2023).

1.3 General /,-type risk formulae

As mentioned above, most prior works on the risk properties of Ridge(less) estimators i,
have focused exclusively on fa-type risks, leveraging random matrix theory (RMT) (Tulino
et al., 2004; El Karoui, 2013; Dicker, 2016; Dobriban and Wager, 2018; El Karoui, 2018;
Advani et al., 2020; Wu and Xu, 2020; Bartlett et al., 2021; Richards et al., 2021; Hastie
et al., 2022; Cheng and Montanari, 2024). This RMT approach is viable due to a direct
reduction of f-type risks of ji, to the spectrum of X. In contrast, the more general ¢,
risks depend not only on the spectrum but also on the structure of X’s singular vectors in
a highly nontrivial manner; therefore, the feasibility of a similar RMT-based analysis is in
question.

Our uniform distributional theory in (8) is strong enough to characterize all ¢, risks of
the Ridge(less) estimator. Specifically, for any ¢ € [1,00) and a p.s.d. matrix A € R™*",
with high probability,

|ATLy — pollg ~
T TA 72,/ ~ 1, (10)
n= 12| diag (T, 5, o) g2 Ma

4
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where M, = EVIN(0,1)[7 and TA 5 0 = A(S473,.L) ™ (32, (lnoll S+72. 1 |[21,) (S+
Tn«In) T'A; see Theorem 6 for the precise definition of 37 (||u0]|) and the formal statement
of the above result (10).

Beyond providing a precise characterization of all ¢, risks, the uniform nature of (8) also
illuminates novel insights into certain global, qualitative behavior of the most commonly

studied ¢ risks for finite samples. To fix notation, we define

o (prediction risk) RYS, (1) = 52 (y — o)

est

o (estimation risk) R(E,uo)(n) = |1y — poll®

o (in-sample risk) R, ) (1) = n” " |[X (i = o) >

Using our uniform distributional characterization in (8), we show that for ‘most’ ug’s, the
global optimum of 7 — R?; NO)(n) for all # € {pred, est,in} will be achieved approximately

at the same point 1, = SNR;O1 with high probability! (cf. Theorem 54).

It must be stressed that, for different # € {pred,est,in}, the empirical risk curves
n— R#EM) (n) concentrate on genuinely different deterministic counterparts n — Ré’#o) (n)
with different mathematical expressions (cf. Theorem 49). As such, there are no apriori
reasons to expect that these risk curves share approximately the same global minimum.
Remarkably, as a consequence of the approximate formulae for the deterministic risk curves
7 Ré7uo)(n) (cf. Theorem 8), we show that the curves 1 — Ré,uo)(n) are qualitatively
similar, in that they approximately behave locally like a quadratic function centered around

7« = SN R;()l (cf. Proposition 9), at least for ‘most’ signal pg’s.

1.4 Cross-validation: optimality beyond prediction

The discussion in Section 1.3 naturally raises the question of how one can choose the optimal
regularization in a data-driven manner. Here we study two widely used adaptive tuning
methods, namely,

1. the generalized cross-validation scheme ¢V, and

2. the k-fold cross-validation scheme 7<V.

The readers are referred to (22) and (24) for precise definitions and literature review of

eV 7%V in the context of Ridge regression.

By design, both methods 7%V, 7V are intended to estimate the prediction risk, so it is
natural to expect that they perform well for the task of prediction. Interestingly, the insight
from Section 1.3 suggests a far broader utility of these adaptive tuning methods. Indeed,

as all the empirical risk curves n — Ré #0)(77) are approximately minimized at the same

point n, = SNleOl, it is reasonable to conjecture that n°<V, 7%V could also yield optimal
1. Here SNR,,, = ||po||*/0Z is the usual notion of signal-to-noise ratio; when 1o # 0 and of = 0, we shall

interpret SNR;O1 =0.
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Figure 1: Left panel: Comparison between empirical risks and theoretical risks for x = GCV
and e = CV with k = 5. Middle panel: Averaged CI coverage €9R(n7) for # € {GCV,CV}
and the oracle ¥R (n.). Right panel: CI length of CI;(7*) for # € {GCV,CV} and the
oracle CI length. See Section 4 for the precise definitions.

performance for estimation and in-sample risks. We show in Theorems 10 and 12 that this
is indeed the case: for ‘most’ signal p’s and all # € {pred, est, in}, with high probability,

# ~GCV # ~CV\ : #
R(Evuo)( )’R(E:uo)(n ) nén[ol,r]l(] R(ZWO

@), (1)

A typical simulation for this phenomenon is reported in the left panel of Figure 1 above,
where empirical risks tuned by 7V (in ) and 7V (in e) achieve optimal theoretical risks
(in solid lines) for estimation and in-sample risks as well.

Even more surprisingly, the optimality of 7%V, 7Y extends to the much more challeng-

ing task of statistical inference. In fact, we show in Theorem 13 that within the so-called
debiased Ridge scheme, these two adaptive tuning methods 7V, 7%V yield an asymptoti-
cally valid construction of confidence intervals for the coordinates of g with the shortest

possible length. This is numerically validated in the middle and right panels of Figure 1.

To the best of our knowledge, theoretical optimality properties for the cross-validation
schemes beyond the realm of prediction accuracy has not been established in the literature,
either for Ridge regression or for other regularized regression estimators.

On the other hand, in the related Lasso setting, some numerical evidence for the broader
utility of cross-validation and other adaptive tuning methods is reported in Miolane and
Montanari (2021, Figure 1). There it is shown that the SURE method, which is designed to
tune in-sample risk, nearly matches the performance of k-fold cross-validation in prediction
tasks, despite not being expected to perform well in prediction apriori. Our findings here in
the context of Ridge regression can therefore be viewed as a first step toward understanding
the broader potential of cross validation and other adaptive tuning schemes for a wider
range of statistical inference problems.



THE DISTRIBUTION OF RIDGELESS LEAST SQUARES INTERPOLATORS

1.5 Further literature
1.5.1 RELATION TO MEAN-FIELD ASYMPTOTICS

Our distributional theory (8) for the Ridge(less) estimator is closely related to a recent
line of research that examines the mean-field behavior of statistical estimators in the pro-
portional regime m < n, see, e.g. Bayati and Montanari (2012); Donoho and Montanari
(2016); Thrampoulidis et al. (2018); Sur and Candes (2019); Li and Wei (2021); Miolane
and Montanari (2021); Liang and Sur (2022); Celentano et al. (2023); Han and Shen (2023)
for an incomplete list and many more references can be found therein.

A key feature of this line of works is the use of a simplified ‘effective’ regression problem
to understand the complicated behavior of the original statistical estimator. For instance,

in the closely related Lasso setting, the ‘equivalence’ between the Lasso estimator ﬁ';] in the

linear model and a corresponding Lasso estimator in the sequence model ZZSEECL’I(; (77%7*, T,rli"*) has

been established under Gaussian designs with positive regularization. This equivalence was
first shown for ¢5-type risks in Bayati and Montanari (2012), and later in the distributional
sense akin to (8) in Miolane and Montanari (2021); Celentano et al. (2023). Such equivalence
for Lasso is further extended to the interpolating regime in Li and Wei (2021) for the /{5
risk under a standard Gaussian isotropic design. Our theory (8) here can thus be placed
into a similar position as the progress made in Miolane and Montanari (2021); Celentano
et al. (2023) over the Lasso risk characterization in Bayati and Montanari (2012), but now
in the context of Ridge(less) estimator beyond a purely /3 risk as obtained in the references
cited above.

While we have developed our distributional theory (8) primarily in the proportional
regime m < mn, we conjecture that our theory (8) remains valid in the full nonparametric
regime in which the ¢y risk of the Ridge(less) estimator exceeds O(m~'/2). Some progress
in this direction is made in Han (2023) in a related context of convex-constrained least
squares estimator under a Gaussian design.

1.5.2 RELATION TO EXISTING INTERPRETATION OF ‘IMPLICIT REGULARIZATION’

A separate line of research (Bartlett et al., 2020, 2021; Tsigler and Bartlett, 2023) offers
a different perspective on the implicit regularization phenomenon within the Ridgeless in-
terpolator figp. Specifically, by writing X = [X<j, X5] with ‘effective dimension’ k and
expressing the Ridgeless interpolator as fig = XT(XSkXIk + X>kXIk,)_1Y, this line of
research identifies covariance structures ¥ for which X<, X I i Scales proportionally to the
identity matrix (in a suitable sense). This implies that X>kXIk qualitatively plays the
same role as if positive Ridge regularization were applied to the effective data X<j. In
particular, this line of theory suggests that the prediction risk of iy can indeed vanish (i.e.,
benign overfitting), provided that the eigen-decay of ¥ is neither too fast nor too slow.

While this approach is insightful, it falls short of providing an ezact understanding for
the emergence of the implicit regularization phenomenon. This is so, as this approach seeks
sufficient conditions for X< X I x = 1, and produces risk bounds for ziy modulo unspecified
multiplicative constants. In contrast, our characterization of the implicit regularization via
(9) is exact up to the leading constant order, and is susceptible to be also exact in other
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regimes as well; see Cheng and Montanari (2024) for some recent partial progress along this
line.

Furthermore, both the approaches of Bartlett et al. (2020, 2021); Tsigler and Bartlett
(2023) and Cheng and Montanari (2024) rely heavily on the closed form of the Ridgeless
interpolator and thus do not generalize to more general interpolators. In contrast, a signif-
icant technical advantage of our characterization of implicit regularization via (9) lies in its
natural connection to the mean-field theory for general regression estimators. This suggests
a general paradigm to quantify the implicit regularization for a large class of interpolators
via mean-field asymptotics. For instance, the minimum #;-norm interpolator studied in Li
and Wei (2021) demonstrates implicit regularization in the prediction risk that can be char-
acterized via 7'6"* as the ‘Lasso’ version of (9). Our approach developed here for Ridgeless
interpolator is expected to be useful for quantifying the implicit regularization phenomenon
for a more general class of interpolators.

1.6 Organization

The rest of the paper is organized as follows. In Section 2, we present our main results on
the distributional characterizations (8) of the Ridge(less) estimator fi,,. In Section 3, we
provide a number of approximate ¢, risk formulae, and derive the optimal regularization
for 5 risks. In Section 4, we give a formal validation for the two cross validation schemes
mentioned above, both in terms of (11) and statistical inference via the debiased Ridge
estimator. Due to the high technicalities involved in the proof of (8), a proof outline will
be given in Section 5. All the proof details are then presented in Appendices A to G.

1.7 Notation

For any positive integer n, let [n] = [1 : n] denote the set {1,...,n}. For a,b € R,
aVb=max{a,b} and a Ab = min{a,b}. For a € R, let ax = (£a) V0. For z € R", let ||z||,
denote its p-norm (0 < p < o0), and By ,(R) = {z € R : ||z|, < R}. We simply write
|z|| = ||z]]2 and Bp(R) = Bp2(R). For a matrix M € R™*™, let | M||op, || M||r denote the
spectral and Frobenius norm of M, respectively. I, is reserved for an n x n identity matrix,
written simply as I (in the proofs) if no confusion arises. For a square matrix M € R"*™,
we let diag(M) = (M;;), € R™.

We use C, to denote a generic constant that depends only on x, whose numeric value
may change from line to line unless otherwise specified. a <, b and a 2, b mean a < C.b
and a > Cyb, abbreviated as a = O,(b),a = Q,(b) respectively; a <, b means a <, b and
a 25 b, abbreviated as a = O,(b). O and o (resp. Op and op) denote the usual big and
small O notation (resp. in probability). For a random variable X, we use Px,Ex (resp.
PX,E¥) to indicate that the probability and expectation are taken with respect to X (resp.
conditional on X).

For a measurable map f : R" — R, let ||f||Lip = sup,,[f(z) — f(W)|/[lx —y|. f is
called L-Lipschitz iff ||f||Lip < L. For a proper, closed convex function f defined on R,
its Moreau envelope ef(-;7) and prozimal operator prox;(-;7) for any 7 > 0 are defined by
ef(;7) = mingepn {o-[la —2[|*+ f(2) } and prox;(z;7) = argmin ,cpn {5-[lz —2|I>+ f(2) }.

Throughout this paper, for an invertible covariance matrix ¥ € R™*"™ we write Hy =
tr(X7!)/n as the harmonic mean of the eigenvalues of X.
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2. Distribution of Ridge(less) estimators

2.1 Some definitions

For K > 1, let
EK = [1¢—1<1+1/KK71,K]. (12)

This notation will be used throughout the paper for uniform-in-» statements. In particular,
in the overparametrized regime ¢~ > 1+ 1/K, we have Zx = [0, K].

Next, for v,7 > 0, recall ﬂ?’;‘{uo)(’y;T) in (6), and we define its associated estimation
error err(s; ,,)(7; 7) and the degrees-of-freedom dof s, ,,0)(7; 7) as

{err(z#o)(v; 7) = IZV2 (A5 ) (i 7) — 10) 1%,
dof ) (13 7) = (s B2 (A5 ) (73 7) = 110) )-

The dof(s, ,)(7;7) defined above is naturally related to the usual notion of degrees-

of-freedom (cf.  Stein (1981)' Efron (2004)) for ﬁ?;qm)('y, 7), in the sense that

df(ﬁ?eq )(’77 )) = Z] 15 / Cov ((21/2/\?;?#0)) '7yE§]CiMO)7j) — 72 EdOf(E,uo)(’Y; 7-)'

2.2 Working assumptions

Assumption A. X = Z¥Y? where (i) Z € R™ " has independent, mean-zero, unit variance,
uniformly sub-gaussian entrles, and (ii) ¥ € R™ ™ is an invertible covariance matrix with
eigenvalues A\y > --- > A, > 0.

Here ‘uniform sub-gaussianity’ means sup;ejm jem)l|Zijlly, < C for some universal C' >
0, where 19 is the Orlicz 2-norm (cf. van der Vaart and Wellner (1996, Section 2.2, pp.
95)).

We shall often write the Gaussian design as Z = G, where G € R™*" consists of i.i.d.
N(0,1) entries.
Assumption B. § = o¢ - § for some £y with ii.d. mean zero, unit variance and uniform
sub-gaussian entries.

Remark 1. The requirement on the noise level O'g will be specified in concrete results below.
We assume sub-gaussian noise for simplicity, but our proofs use it only through the high
probability events in Section A.2. With easy modifications, all results extend to more general
noise distributions, including certain heavy-tailed or weakly dependent cases for which these
events still hold.

2.3 The fixed point equation
Fix n > 0. Consider the following fixed point equation in (v, 7):

{MQ =07 +Eerrig ) (1 7),

61— Lt ((S+71) %) = L Bdof s ) (35 7). (13)

Fixed point equations of the type described above have appeared in the general mean-
field theory for high dimensional regularized least squares estimators (LSEs), see, e.g. Bayati
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and Montanari (2012); Bu et al. (2021); Li and Wei (2021); Han (2023); Celentano et al.
(2023) for a sample of this type of equations in the i.i.d. sampling setting, and Bao et al.
(2025) in the i.n.i.d. sampling setting. A common theme of these works characterizes the
behavior of the regularized LSE in the linear model—at various levels of generality—via
a regularized LSE in the equivalent sequence model, whose ‘effective noise’ and ‘effective
regularization’ are determined by the solution pair to the fixed point equation.

In the context of Ridge regression, the form of the fixed point equation (13) appeared
in Bartlett et al. (2021); Cheng and Montanari (2024) for the purpose of characterizing ¢
risks for the Ridge(less) estimator ji,. It is now well understood that for the purpose of
distributional characterizations of fi,, further stability properties for the solution pair to
the fixed point equation will be needed (Miolane and Montanari, 2021; Celentano et al.,
2023; Han, 2023). We establish these properties for the solution to (13) in the following
proposition. Recall Zx from (12).

Proposition 2. Recall Hy, = tr(X 1) /n. The following hold.

1. The fized point equation (13) admits a unique solution (yy«, Tys) € (0,00)%, for all
(m,n) € N2 when n >0 and m < n when n = 0.

2. Suppose 1/K < ¢! < K and ||S]lop V Hs < K for some K > 1. Then there exists
some C'= C(K) > 1 such that uniformly in n € Eg,

1/C <7 <C, 1/C < (-1)7100r,, < C, qe{1,2}.
If furthermore 1/ K < Ug < K and ||pol|| < K, then uniformly inn € Ex,

1/C < Y < C, |an'>’n,*’ <C.

3. Suppose 1/K < ¢t < K and |X|op V Hs < K for some K > 1. Then there exists
some C' = C(K) > 1 such that the following hold. For any ¢ € (0,1/2], we may find
some Uz C By(1) with vol(U.) /vol(By,(1)) > 1 — Cele e/,

sup sup |y, — T ((leol)] < e

HoEU: NEEK
where ﬁ*(”MOH) = 028,77,7,* + [|ol1? (T — MOyTi ) > 0. When ¥ = I,,, we may take
U. = By (1) and the above inequality holds with € = 0.

The above proposition combines parts of Propositions 23 and 52.

As an important qualitative consequence of (2), under the condition ||X|op V Hy <
K, the effective regularization n + 7, is a strictly increasing and concave function of
n. Moreover, in the overparametrized regime ¢! > 1, the quantity 79 .—also known as
“emplicit regularization’ in the literature (Bartlett et al., 2020, 2021; Hastie et al., 2022;
Tsigler and Bartlett, 2023; Cheng and Montanari, 2024)—is strictly bounded away from
Zero.

The claim in (3) offers a useful approximate representation of the effective noise 'y,%,* in
terms of the original noise ag, the effective regularization 7, . and the signal energy ||uol|
without explicitly dependence of 3. This representation will prove useful in understanding
some qualitative aspects of the risk curves in Section 3.2 ahead.

10
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2.4 Distribution of Ridge(less) estimators

In addition to fi,, we will also consider the distribution of the (scaled) residual 7, defined
by
(Y — X1iy). (14)

N 1
= %
We define the ‘population’ version of 7, as

n h §
e = o (VR e ) )

Here h ~ N(0, I,;,) is independent of &.

We are now in a position to state our main results on the distributional results for the
Ridge(less) estimator ji,, and the residual 7;,.

First we work under the Gaussian design Z = G, and we write [i, = [iyq, Ty = TpG-
Recall Hy, = tr(X71)/n and Zx from (12).

Theorem 3. Suppose Assumption A holds with Z = G and the following hold for some
K > 0.

¢ 1/K<¢ ' <K, |Z]opVHs < K.
o Assumption B holds with Ug €[1/K,K].
Then there exists some constant C = C(K) > 0 such that the following hold.

1. For any 1-Lipschitz function g : R" — R and ¢ € (0,1/2],

o~ PX _ 4
sup IP’( sup |g(finc) — Eg (s ) (Vs Tuo)) | = 6) < Cne /.
,LLoEBn(l) neEZEK

Here we recall that fip.c is defined in (2) with X = GXY2, and that ﬂ?;lm)) with

effective noise and regularization pair (Yy«, Ty«) is defined in (6)-(7).

2. For any ¢ € (0,1/2], £ € R™ satisfying |||£]|?/m — a§| < €%/C, and 1-Lipschitz
function h : R™ — R (which may depend on &),

sup PE( sup |h(Fyq) — ESh(ry.)| 2 ) < Cne /0,
po€Bn(1) n€[l/K,K]

The choice py € By (1) is made merely for simplicity of presentation; it can be replaced
by po € Bp(R) with another constant C' that depends further on R. The assumption
Hs < 11is quite common in the literature of Ridge(less) regression; see, e.g., (Bartlett et al.,
2021, Assumption 4.12) or a slight variant in (Montanari et al., 2025, Assumption 1). The
major assumption in the above theorem is the Gaussianity on the design X. This may be
lifted at the cost of a set of slightly stronger conditions.

Theorem 4. Suppose Assumption A holds and the following hold for some K > 0.

11
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o /K <ot <K, [[Bllop V [[Eop < K.
o Assumption B holds with 0’? €[1/K,K].

Fiz 9 € (0,1/18). There exist some C = C(K,9) > 0 and two measurable sets Uy C
Bn(1),&9 C R™ with min{vol(Uy)/vol(B,(1)),P(¢ € &)} > 1 — Ce "/, such that the
following hold.

1. For any 1-Lipschitz function g : R™ — R, and € € (0,1/2],

e P( sup |g(fin) — Eg(ﬁ?g’uo)(%,*ﬂ'ﬁ,*))‘ 2 5) < Ce™Bp /6430,
Ho €Uy nEEK

Here we recall that [i, is defined in (2), and that ’ai;quo) with effective noise and
regularization pair (Yn«, Tn«) s defined in (6)-(7).

2. For any e € (0,1/2], £ € &y and 1-Lipschitz function h : R™ — R (which may depend
on §),

sup P* ( sup  |h(7,) —ESh(r,.)| > 5) < Qe Tp 1 /6+37,
po€Uy nell/K,K]

Concrete forms of Uy, Ey are specified in Proposition 40.

Remark 5. Compared with the Gaussian case (Theorem 3), which admits exponential tails
via Gaussian concentration and a direct CGMT argument, the sub-Gaussian universality
in Theorem 4 yields only polynomial rates. This stems from the quantitative comparison
inequalities Han and Shen (2023) employed in the universality step. Eztending these bounds
to exponential decay would likely require methods beyond the comparison framework, which
1s beyond the scope of the present paper.

Theorems 3 and 4 are proved in Section C and Section D, respectively. Due to the
high technicalities in the proof, a sketch is outlined in Section 5. These distributional
results are the main input for all the applications developed in the subsequent sections. In
particular, the flexibility in the choice of the test functions g and h allows us to obtain a
variety of functionals of interest. By choosing the test functions appropriately, we derive
(i) in Section 3 the ¢,-risk asymptotics for general ¢ € [1, 00), extending the classical fo-risk
formulas that are typically accessible via random matrix theory, and (ii) in Section 4 the
optimality of cross-validation tuning rules.

We mention two particular important features on the theorems above:

1. The distributional characterizations for i, in both theorems above are uniformly valid
down to the interpolation regime 1 = 0 for ¢~! > 1. This uniform control will play a
crucial role in our non-asymptotic analysis of cross-validation methods to be studied
in Section 4 ahead.

2. The distribution of the residual 7, in (2) is formulated conditional on the noise .
A fundamental reason for adopting this formulation is that the distribution of 7, is
not universal with respect to the law of £. In other words, one cannot simply assume
Gaussianity of £ in Theorem 3 in hope of proving universality of 7, in Theorem 4.

12
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In the context of distributional characterizations for regularized regression estimators
in the proportional regime, results in similar vein to Theorem 3 have been obtained in the
closely related Lasso setting for isotropic ¥ = I, in Miolane and Montanari (2021), and for
general ¥ in Celentano et al. (2023), both under Gaussian designs and with strictly non-
vanishing regularization. A substantially simpler, isotropic (X = I,,) version of Theorem 4 is
obtained in Han and Shen (2023) that holds pointwise in non-vanishing regularization level
n > 0. As will be clear from the proof sketch in Section 5, in addition to the complications
due to the implicit nature of the solution to the fixed point equation (13) for general X,
the major difficulty in proving Theorems 3 and 4 rests in handling the singularity of the
optimization problem (2) as n | 0.

3. General /,-type risk formulae

As a demonstration of the analytic power of Theorems 3 and 4, this section will be devoted
to a detailed study for the £4-type risks for Ridgeless interpolators. We then conduct a more
in-depth study of ¢5 risks, where techniques from RMT lead to a detailed characterization
of the optimal regularization strategy for risk minimization.

3.1 Weighted /, risks and delocalization

We compute below the weighted ¢, risk ||A(fi, — po)||q for a well-behaved matrix A € R™*"
and g € [1,00). Recall Zx from (12).

Theorem 6. Suppose the same conditions in Theorem 4 hold for some K > 0. Fix
q € [1,00) and a p.s.d. matriz A € R™"™ with ||Allop V [|A" |op < K. Then there exist
constants C > 1,9 € (0,1/50) depending on K,q, and a measurable set Uy C B, (1) with
vol(Uy) /vol(B,(1)) > 1 — Ce™™"/C such that

ALl —
sup P ( sup W—Mo)nq - 1’ > nﬁ) <Con V7.
Lo €EUY neEZEK 3(27“0);(1(77)

= ~Se _ . 1/2
Here By 0o (n) € LEIAGES,,) (nss 70.0) = p0) o n /2| diag (0 5 ) g2 M - where
M, = EVIN(0,1)]9 = 2'/2{T((q + 1)/2) /7 } /%,

T2 5ol = AC + 7pal) 7 (72 (lpoll)S + 72,0l P1 ) (5 + 70 T) 'A, - (16)

and 77 (||poll) is defined in Proposition 2-(3).

The proof of the above theorem can be found in Section E. To the best of our knowledge,
general weighted /¢, risks for the Ridge(less) estimator fi, have not be available in the
literature except for the special case ¢ = 2, for which ||A(7t;, — po)||2 admits a closed-form
expression in terms of the spectral statistics of X that facilitates direct applications of RMT
techniques, cf. Tulino et al. (2004); El Karoui (2013); Dicker (2016); Dobriban and Wager
(2018); El Karoui (2018); Advani et al. (2020); Wu and Xu (2020); Bartlett et al. (2021);
Richards et al. (2021); Hastie et al. (2022); Cheng and Montanari (2024).

For A # X, Theorem 6 above characterizes the out-of-distribution ¢, risk for the
Ridge(less) estimators. This setting is naturally related to the covariate shift setting, where

13
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lo-type risks are studied in Patil et al. (2024); Tang et al. (2024) using random matrix
methods in slightly different specific settings.

Let us remark that obtaining ¢, risks for ¢ € [1, 2] via our Theorems 3 and 4 is relatively
easy, as x + ||z||,/n'/971/? is 1-Lipschitz with respect to ||-|| for ¢ € [1,2]. The stronger
norm case ¢ € (2,00) is significantly harder. In fact, we need additionally the following
delocalization result for .

Proposition 7. Suppose the same conditions as in Theorem 6 hold for some K > 0. Fix
¥ € (0,1/2]. Then there exist some constant C = C(K,¥) > 0 and a measurable set
Uy C By (1) with vol(Uy) /vol(B,(1)) > 1 — Ce™*"/C | such that

sup P ( sup Ay — po) e = Cn~/2H7) < O,
Ho€Uy NEEK

The above proposition is a simplified version of Proposition 40, proved via the anisotropic
local laws developed in Knowles and Yin (2017). In essence, delocalization allows us to
apply Theorems 3 and 4 with a truncated version of the ¢, norm (¢ > 2) with a well-
controlled Lipschitz constant with respect to ¢5. Moreover, delocalization of ji, also serves
as a key technical ingredient in proving the universality Theorem 4; the readers are referred
to Section 5 for a detailed account on the technical connection between delocalization and
universality.

Convention on probability estimates:

1. When Z = G, n='/7 in Theorem 6 can be replaced by n= for any D > 0.

2. n~19 in Proposition 7 can be replaced by n= for any D > 0.

The cost will be a possibly enlarged constant C' > 0 that depends further on D. This
convention applies to other statements in the following sections in which the probability
estimates n_1/7, n 100 appear.

3.2 /5 risk formulae and optimal regularization

In this subsection, we will study in some detail the behavior of various ¢» risks associated
with 71,,. As will be clear below, a major analytic advantage of studying fo risks is their
close connection to techniques from RMT.

Recall the notation Ré,#o)(n) defined in Section 1.3. Let their ‘theoretical’ versions be
defined as follows:

B 2
° Rpred )(n) = 7—3’* (E 4 Tn,*In)_121/2MOH2 + ’Y’Zzﬁ)* tr (22(2 + T’V],*In)_z).

(27,“‘0

_ 2
o B 0) = 72+ ) o l2 + B b (S8 7)),

o R = (5)" + 00 (1= 321).

T,

We also define the residual and its theoretical version as

r — — -~ D — * 2
o R ) =ntY — X2 RS, () = (F2)°.

14
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From Theorems 3 and 4, it is natural to expect that for # € {pred, est, in, res},

sup \RE#O (n) — R

(2.0 (M| & 0 with high probability. (17)
US

A rigorous statement of (17) is deferred to Theorem 49; its proof and the proofs for all other
results in this section can be found in Section F.

Using the so-called Stieltjes transformation m(-) in the RMT literature (defined for-
mally via (41) in Section A.3 ahead), the following theorem provides an efficient RMT
representation of Ré,uo)(n) that holds for ‘most’ up’s. Recall Zx from (12).

Theorem 8. Suppose 1/K < ¢! < K, O'g € [0, K] and ||X]lop V Hs < K for some K > 0.
There exists some constant C = C(K) > 0 such that for any € € g(), 1/2], we may find a
measurable set U. C By, (1) with vol(U.) /vol(B,(1)) > 1 — Cele /]

# .
sup sup R* K74 <e, 7 € {pred,est,in}. 18
Ho€Ue 77€~—*K| (028 NO)( m) — (3,10) ( )l { } (18)

Here with SNRy, = ||uol|?/02, my = m(—1/6) and m)) = w'(—n/¢),
. ,@E’ffzo)( )= {mL%@.SNRMO my, — (- SNR,, —1)m;7) — 1},
¢ B0 =0¢ - {SNRuo(l = @) +my+ 5 (- SNRy, _1)“‘;7}’
o T 0y (1) = 02 L (6 SNRyy my — (7 SRy —1)mt ) + 02 - (¢ — 2im,),

2
o BZ ) (0) =02 % (6 SNRyymy = (- SRy, 1) ).
When ¥ = I,,, we may take U. = By (1) and (18) holds with e = 0.

The RMT representation above yields the following crucial insight into the extremal
behavior of the risk maps n — R(E MO)(n)

Proposition 9. Suppose 1/K < ¢=1 < K and ||Z||op V Hx < K for some K > 0. Then
there exists some C' = C(K) > 0 such that for all # € {pred, est,in}, the derivative formulae

0 %(Z Mo)(n) - U? ’ m#(n) ’ (77 -SNR,, _1)7 n=0

hold for some measurable functions {IM# : R>o — [1/C,C]}.

Consequently, for all # € {pred,est,in}, %(#; uo)(') attains its global minimum at the
same 1. = SNR;! € g, and 1/C < %, (n) — %, ()| /{20 —m)?2} < C.

A more general version of the above proposition with precise formulae for 9% can be
found in Proposition 53. As the maps n — %Zé; “0)(77) are almost quadratic with the same

global minimizer 7, = SNR;O1 for all # € {pred,est,in}, in view of (17) and Theorem 8, it
is natural to expect that for ‘most’ signal po’s and all # € {pred, est, in},
4 s # . . -
R(E,uo)(n*) ~ min R(E,uo)(n) with high probability. (19)

A rigorous formulation of (19) is given in Theorem 54, which, along with its proof, is
provided in Section F.4.
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4. Cross-validation: optimality beyond prediction

This section is devoted to the validation of the broad optimality of two widely used cross-
validation schemes beyond the prediction risk. Some consequences to statistical inference
via debiased Ridge(less) estimators will also be discussed.

4.1 Estimation of effective noise and regularization

We shall first take a slight detour, by considering estimation of the effective regularization
Ty« and the effective noise 7, .. We propose the following estimators:

=kt (EXXT+ gfm)‘l}_l = {te(XXT +n-nln)"}

L (20)
o= 25 (1Y = Xl 1gorcr + 1(XXT/m) " Xy 1151 )
It can be easily shown that
sup |7y — Typ|, sup [y — ¥y,«| & 0 with high probability. (21)

neE=K UISEY

A rigorous statement of (21) is deferred to Theorem 57; its proof and the proofs for all other
results in this section can be found in Section G. These estimators will not only be useful
in their own rights, they will also play an important rule in understanding the generalized
cross-validation scheme in the next subsection.

4.2 Validation of generalized cross-validation

Consider choosing 7 by minimizing the estimated effective noise 7, given in (20): for any
L >0,

7Y ¢ arg min An- (22)

nEEL

Here we recall Zx from (12). The subscript on L in %CV will usually be suppressed for

notational simplicity.

The proposal (22) is known in the literature as the generalized cross validation (Craven
and Wahba, 1978/79; Golub et al., 1979), and is strongly tied to the so-called shortcut for-
mula for leave-one-out cross validation that exists uniquely for Ridge regression, cf. (Hastie
et al., 2022, Eqn. (46)). Here we take a different perspective on (22). From our developed

theory, this tuning scheme is easily believed to “work” since

9 P — =pred P red
%3 ~ 7727,* =¢ 1(0'? + R?;uo)(n)) R ¢ 1(0'2 + RF;MO)(W))- (23)

So minimization of n +— 7, is approximately the same as that of 1 — R'();io)(n), and

therefore simultaneously of n — Rf; HO)(T]) for # € {est,in} as per (19). We make precise
the foregoing heuristics in the following theorem.

Theorem 10. Suppose Assumption A holds, and the following hold some K > 0.
¢ /K <o <K, 5 op V [[Zllop < K.
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o Assumption B holds with either (i) 02 € [1/K,K] or (i) Ug € [0, K] with ¢~ >
1+ 1/K.

Fiz 6 € (0,1/2], L > K/§? and a small enough ¥ € (0,1/50). There exist a constant
C=C(K,L,69) >0 and a measurable set Usy C By (1) \ Bp(0) with vol(Us,g)/vol(By (1) \
B,(6)>1- Ce*"ﬁ/c, such that for # € {pred, est,in},

sup P R# 7VY > min R +n? < on Y7,
uoEUPis,ﬂ ( (E:uo)(nL )_ﬂGEL (Z,#o)(n) )_

Remark 11. Formally, the set Usy is defined as Usy = Uy \ By (), where Uy is defined in
Proposition 40. The cutoff ||uol| > d excludes vanishing signals and ensures that n, = SNR;LO1
is uniformly bounded, so that 0. € =1, whenever L > K/§2.

Earlier low-dimension results for generalized cross validation in Ridge regression include
Stone (1974, 1977); Craven and Wahba (1978/79); Li (1985, 1986, 1987); Dudoit and van der
Laan (2005). In the proportional high-dimensional regime, Hastie et al. (2022); Patil et al.

(2021) validate the optimality of 7%V with respect to the prediction risk R?; io) with

increasing generality. In Theorem 10 above, we prove that the optimality of 7°“V holds si-
multaneously for all the three indicated risks. To the best of our knowledge, such optimality
of NV beyond the prediction risk has not been previously observed in the literature.

4.3 Validation of k-fold cross-validation

Next we consider the widely used k-fold cross-validation. We need some further notation:

e Let my be the sample size of batch ¢ € [k], so > e me = m. In the standard k-fold
cross validation, we choose equal sized batch with my, = m/k (assumed to be integer
without loss of generality).

o Let X € R™*" (resp. Y € R™) be the submatrix of X (resp. subvector of Y)
that contains all rows corresponding to the training data in batch £.

e In a similar fashion, let X(=0 € RO"=m)xn (pesp. V(=8 ¢ R™~™) he the submatrix
of X (resp. subvector of Y') that removes all rows corresponding to X (resp. Y(9).

The k-fold cross-validation works as follows. For ¢ € [k], let ﬁg) =
arg min ,,cgn {%HY(*Z) — X012 + 2||p||*} be the Ridge estimator over (X(=0 vy (=0)
with regularization n > 0. We then pick the tuning parameter that minimizes the averaged

test errors of ﬁff) over (X, Y): for any L > 0,

) 1 1 ~ _ . pCVik
7tV e arg min {k Z %HY(@ — X(E)M%E)HZ} = arg min R(z,w(”)' (24)
ne=r ZE[k] nezr

We shall often omit the subscript L in ﬁ%v.

Intuitively, due to the independence between ﬁff) and (X, Y ©®), R(CEV ’jo)(n) can be

viewed as an estimator of the generalization error R?;, 10) (n)+ ag. So it is natural to expect
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that 7V approximately minimizes 7 — RPred (n). Based on the same heuristics as for

(ZNU’O)
n°V in (22), we may therefore expect that 7V in (24) simultaneously provides optimal

prediction, estimation and in-sample risks for ‘most’ signal pg’s. This is the content of the
following theorem.

Theorem 12. Suppose the same conditions as in Theorem 10 and maxpepy me/n < 1/(2K)
hold for some K > 0. Fiz § € (0,1/2], L > K/&% and a small enough 9 € (0,1/50).
Further assume minge ) me > log?® m. There exist a constant C = C(K,L,6,9) > 0 and a
measurable set Us,y C By (1) \ By, (0) with vol(Us,g)/vol(By (1) \ B,(d)) > 1— Ce™"/C such
that for # € {pred, est,in},

1 1 1
# ~CV . # _9
sup <R(Z,uo)(nL ) 2 min Ris ) () +C- {k Y —awptztn })

€=
no€Us 9 ne=L ¢elk] m,

< C(L+ L) -0 Y7

Here L,y = e (mg/m)~ L.

Non-asymptotic results of this type for k-fold cross validation are previously obtained
for RE’;MO (1Y) in the Lasso setting (Miolane and Montanari, 2021, Proposition 4.3) under
isotropic %] = [I,, where the range ot the regularization must be strictly away from the
interpolation regime. In contrast, our results above are valid down to n = 0 when ¢! > 1,
and allow for general anisotropic 3.

Interestingly, the error bound in the above theorem reflects the folklore tension between
the bias and variance in the selection of k in the cross validation scheme (cf. (James et al.,

2021, Chapter 5)):

CV,k

e For a small number of &, R o) (n) is biased for estimating RP™

(E,HO)
to the term O(1/k) in the error bound, which is known to be of the optimal order in

Ridge regression (cf. Liu and Dobriban (2019)).

(n); this corresponds

e For a large number of k, R(C;/ ’/fo) (n) has large fluctuations; this corresponds to the term

O(k™1 2tk mz(lfé)m) = (’)((k/m)(l_‘s)/z) in the equal-sized case. By a central limit
heuristic (cf. Kissel and Lei (2022); Austern and Zhou (2025)), we also expect this
term to be of a near optimal order.

For the choice of k, it is instructive to consider the common equal-sized—folds case my =
m/k. In this case, the error bound in Theorem 12 suggests that the optimal theoretical value
of k is k ~ m!/3 (when § is small). In our numerical experiments, choosing k = 5 already
yields cross-validation performance that is close to the theoretically optimal behavior (cf.
Figure 1), whereas the theoretically prescribed optimal value of k offers limited practical
gain.

4.4 Implications to statistical inference via ji,

As Ridge(less) estimators ji,, are in general biased, debiasing is necessary for statistical
inference of pg, cf. Bellec and Zhang (2023). Here the debiasing scheme for ji, can be
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readily read off from the distributional characterizations in Theorems 3 and 4. Assuming
known covariance X, let the debiased Ridge(less) estimator be defined as

AR = (8 + 7 ))S iy (25)

Note that 7, . and 7, is interchangeable in the above display due to known 3. Using

~dR & . . .
Theorems 3 and 4, we expect that ,ugR SHT —i—fyn’*E_l/ 2g/y/n. This motivates the following
confidence intervals for {pg;}:

Z
Ci() = [A35 +3, (577 2], deln) (26)
Here z, is the normal upper-a quantile defined via P(N(0,1) > z,) = «a. It is easy to
see from the above definition that minimization of 7 — 7, is equivalent to that of the CI
length. As the former minimization procedure corresponds exactly to the proposal 7V in
(22), we expect that {CL;(7°V)} provide the shortest (asymptotic) (1 — a)-Cls along the
regularization path, and so do {CI;(7V)}.

Below we give a rigorous statement on the above informal discussion. Let €9R(n) =

n1 > j=11(po,; € CL;(n)) denote the averaged coverage of {CL;(n)} for {uo;}. We have
the following.

Theorem 13. Suppose the same conditions as in Theorem 10 (resp. Theorem 12) for 7V
(resp. 7°V) hold for some K > 0. Fiz a € (0,1/4],6 € (0,1/2], L > K/§? and a small
enough ¥ € (0,1/50). There exist a constant C = C(K, L,0,9) > 0 and a measurable set
U5 C Bp(1) \ Bp(0) with vol(Usy)/vol(Bp(1) \ Bp(d)) > 1 — Ce="/C such that the CI
length and the averaged coverage satisfy

su P (v/nz ) - max||CLi(77)| — min |CI, >Cer
S { P (Vs maxICL@HI - min (CL )| 2 08})

VP (1ER@)) - (1 - )| = C(eh) )} < Cvf.
Here for # € {GCV, CV}, the quantities Sf,p# are defined via

| H & | ph |
# = GCV nv n=7
# = CV k_l Zeé[k] m;(l*(S) 2 + k_l + n_ﬁ (1 + E{me}) . n_1/7

A somewhat non-standard special case of the above theorem is the noiseless setting
Jg = 0 in the overparametrized regime ¢! > 1. In this case, exact recovery of fyg is
impossible and our CI’s above provide a precise scheme for partial recovery of pg. As the
effective noise qﬁfy,%,*(O) = RE’; io)(n), Theorem 8 and Proposition 9 suggest that 7 — 7,277*(0)
is approximately minimized at n = 0 for ‘most’ pg’s. This means that, in this noiseless case,
the length of the adaptively tuned Cls is also approximately minimized at the interpolation

regime for ‘most’ ug’s.
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5. Proof outlines

5.1 Technical tools

The main technical tool we use for the proof of Theorem 3 is the following version of convex
Gaussian min-max theorem, taken from (Miolane and Montanari, 2021, Corollary G.1).

Theorem 14 (Convex Gaussian Min-Max Theorem). Suppose D,, € R™ "2 D, € R™M1+m2
are compact sets, and Q : Dy, x Dy — R is continuous. Let G = (Gij)icin,),jeim,) With Gij’s
ii.d. N(0,1), and g ~ N(0,1,,), h ~ N(0,I,) be independent Gaussian vectors. For
w € R™MHN2 ¢ ¢ R™MTM2 yyrite uy = Ufp,) € R™, 01 = vy, € R™. Define

b T
¥(6) = s e (] Gon + Q).

@°(g,h) = min max (Jorlg ws + a1 + Qu,v) ).

Then the following hold.
1. Forallt e R, P (®P(G) <t) < 2P (2%g,h) < t).

2. If (u,v) = u] Gvy +Q(u,v) satisfies the conditions of Sion’s min-maz theorem for the
pair (Dy, Dy) a.s. (for instance, Dy, D, are convez, and @Q is convex-concave), then
foranyt e R, P ((Iﬂ’(G) > t) <2P (@“(g, h) > t).

Clearly, > (resp. <) in (1) (resp. (2)) can be replaced with > (resp <). In the proofs
below, we shall assume without loss of generality that G, g,h are independent Gaussian
matrix/vectors defined on the same probability space.

As mentioned above, the CGMT above has been utilized for deriving precise
risk /distributional asymptotics for a number of canonical statistical estimators across vari-
ous important models; we only refer the readers to Thrampoulidis et al. (2015, 2018); Salehi
et al. (2019); Loureiro et al. (2021); Deng et al. (2022); Celentano et al. (2023); Han (2023);
Liang and Sur (2022); Wang et al. (2022); Zhang et al. (2022); Montanari et al. (2025) for
some selected references.

5.2 Reparametrization and further notation

Consider the reparametrization
w =% (u— pro), Wz = 21/2(1777;2 — o).
Then with
F(w) = Fs y (0) = llio + 272w, (21)
we have the following reparametrized version of fi,. z:

Gy — argminweRn{F(w):szﬁ}, n = 0;
K argmin ,,cgn {F(w) %-%HZUJ—EHZL n > 0.

20



THE DISTRIBUTION OF RIDGELESS LEAST SQUARES INTERPOLATORS

Next we give some further notation for cost functions. Let for n > 0,

1 2
iz 0,0) = = (0. 2w = & + Flw) = 12,
2
bo(w0) = = (= Iollgw) + wll (o) — (0.6)) + Flw) = T 9
and for L, € [0, o],
. _ (v 2w ) lo?
HyztwiL) = gz, = e {20284 gy - LA o)

B 1
Ly (w: Ly) = ln(w,v) = —( h——,)F——.
ity = s bt = max {2 ((lluln ¢ - 6.0) + Flw)
We shall simply write H,.z(-) = Hp.z(-;00) and Ly(-) = Ly(-;00). When Z = G, we
sometimes write h,,¢ = hy, and H,.c = H, for simplicity of notation.

Let the empirical noise ¢2, and its modified version be

€1
1]

o2, 02 (Ly) = ( + 2L, |<H};H§2>‘>. (30)

Finally we define D, + and its deterministic version D,, as follows:

2 2
Dn,:t(/Bufy)Eg(’Y((be%L_eg)—i_af-;t) _ﬁ—i_e <\/>g’ﬁ>
= _ B of\ B v v
Dn(ﬁa7)=2<7(¢—1)+7> —Q‘HEGF(\/T?% 5) (31)

Here recall e is the Moreau envelope of F' in (27). Note that D, + depends on the choice
of L,,, but for notational convenience we drop this dependence here.

5.3 Proof outline for Theorem 3 for n =0

We shall outline below the main steps for the proof of Theorem 3 for n = 0 in the regime
¢~! > 1 under a stronger condition ||[X7!|lop < 1. The high level strategy of the proof
shares conceptual similarities to Miolane and Montanari (2021); Celentano et al. (2023),
but the details differ significantly.

(Step 1: Localization of the primal optimization). In this step, we show that for L,,, L, > 0
such that L,, A L, 2 1, with high probability (w.h.p.),

min  Hg(w; Ly) = min Hy(w). 32

pein, | o(w; Ly) = min Ho(w) (32)

A formal statement of the above localization can be found in Proposition 27. The key

point here is that despite min,, Ho(w) optimizes a deterministic function with a random

constraint, it can be efficiently rewritten (in a probabilistic sense) in a minimax form indexed

by compact sets that facilitate the application of the convex Gaussian min-max Theorem
14.
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(Step 2: Characterization of the Gordon cost optimum). In this step, we show that a
suitably localized version of min,, Lo(w) concentrates around some deterministic quantity
involving the function Dy in (31). In particular, we show in Theorem 28 that for L,,, L, < 1
chosen large enough, w.h.p.,
min  Lo(w; L,) ~ max min D . 33
jomin - Lo(w: Ly) ~ maxmin Do (4,) (33)
The proof of (33) is fairly involved, as the minimax problem min, Lo(w) =
min,, max, fo(w,v) (and its suitably localized versions) cannot be computed exactly. We
get around this technical issue by the following bracketing strategy:

e (Step 2.1). We show in Proposition 29 that for the prescribed choice of Ly, Ly,
w.h.p., both

maxminDg _(5,7) < min Lg(w; Ly) < maxminD 7)),
B>0 v>0 9 (ﬁ 7) " wEB(Lw) 0( v) — B>0 v>0 0’+(/B 7)

and the localization

max min D ,7Y) = max min D ,
poxinDos(B7) = max ./ dn o Pox(6:7)

hold for some large C' > 0.

o (Step 2.2). We - show in Proposition 30 that for localized minimax problems, we may
replace Do + by Do: w.h.p.,
ma min D ,Y) & ma min Do (3, 7).
2 01,0 Do B~ | e | 2n Do)
e (Step 2.3). We show in Proposition 31 that (de)localization holds for the (determin-
istic) max-min optimization problem with Dg:
maxmin Do(3,7) = ma min  Do(B,7).
6>8{ >0 0(/8 ,Y) 1/C§BX§C’ 1/C<~<C 0(5 f)/)
Combining the above Steps 2.1-2.3 yields (33). An important step to prove the
(de)localization claims above is to derive apriori estimates for the solutions of the fixed

point equation (13) and its sample version, to be defined in (55). These estimates will be
detailed in Section B.

(Step 3: Locating the global minimizer of the Gordon objective). In this step, we show that
a suitably localized version of the Gordon objective w — Lo(w) attains its global minimum
approximately at wg . = $/2 (ﬁ?e;uo)(%’*; Tox) — to) in the following sense. For any € > 0
and any g : R” — R that is 1-Lipschitz with respect to ||-[s-1, let Do,c(g) = {w € R :
lg(w) — Eg(wox)| > €} be the ‘exceptional set’. We show in Theorem 32 that again for
Ly, L, <1 chosen large enough, w.h.p.,

wepy Mmoo Lo(w; Ly) 2 maxmin Do(8,7) + Qe(1). (34)
The main challenge in proving (34) is partly attributed to the possible violation of strong
convexity of the map w +— Lg(w; Ly), due to the necessity of working with non-Gaussian
&’s. We will get around this technical issue in similar spirit to Step 2 by another bracketing
strategy. In particular:
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e (Step 3.1). In Lemma 33, we will use surrogate, strongly convex functions Lo 4 (-; Ly),
formally defined in (79), to provide a sufficiently tight bracket for Lo(+; L,) over large
enough compact sets.

e (Step 3.2). In Proposition 34, we show that the minimizers of w +— Lo +(+; L,) can
be computed exactly and are close enough to wpo .

e (Step 3.3). In Proposition 35, combined with the tight bracketing and certain apriori
estimates, we then conclude that all minimizers of w — Lo(+; L)) must be close to wg .

With all the above steps, finally we prove (34) by (i) using the proximity of Lo and its
surrogate Lo + and (ii) exploiting the strong convexity of Lo +.

(Step 4: Putting pieces together and establishing uniform guarantees). In this final step,
we shall use the convex Gaussian min-max theorem to translate the estimates (33) in Step
2 and (34) in Step 3 to their counterparts with primal cost function Hy. For the global cost
optimum, with the help of the localization in (32), by choosing L, L, < 1, we have w.h.p.,

. (32) . P . (33) N
min Ho(w) = min Hgy(w;Ly)~ min Lg(w;L,) =~ maxmin Dqy(5,").
wERN o(w) w€ By (L) 0w L) w€ By (L) o(w; L) 550 750 0(8,7)
For the cost over the exceptional set, we have w.h.p.,
min Hy(w) > min Hoy(w; Ly)
w€Do;e ()N Bn(Lw) wEDo;<(g)NBn (Lw)
> i Lo(w; L Y inD Q.(1
min w, 2 maxmin ,Y) + .
" weDg;e(g)NBn(Luw) of ) ﬁ>())( v>0 0(8,7) +(1)

Combining the above two displays, we then conclude that w.h.p., Wy ¢ Do.c(g) N By (Ly).
Finally using apriori estimate on ||wp|| we may conclude that w.h.p., Wy ¢ Do.-(g), i.e.,
18(@0) — Eg(uwn.)| < c.

The uniform guarantee in 7 is then proved by (i) extending the above arguments to
include any positive n > 0, and (ii) establishing (high probability) Lipschitz continuity
(w.r.t. ||-]|g-1) of the maps 7+ w, and 1 — wy .

Details of the above outline are implemented in Section C.

5.4 Proof outline for Theorem 4 for n =10

The main tool we will use to prove the universality Theorem 4 is the following set of
comparison inequalities developed in Han and Shen (2023): Suppose Z matches the first
two moments of GG, and possesses enough high moments. Then for any measurable sets S,, C
[—Ln/v/n, Ly //n|", Sy C [—Ln/\/n, Ln/+/n|™, and any smooth test function T : R — R
(standardized with derivatives of order 1 in ||-||o0),

‘ET( min mathz(w,v)) — ET( min maxhn;g(w,v))‘ < rp(Ly),

wWESy VES, WESy VESy
’ET(nggn Hn;z(w)) - ET(E? ng(w))’ < tn(Ly). (35)
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Here r,(L,) — 0 for L, = n” with sufficiently small ¥ > 0. The readers are referred to
Theorems 38 and 39 for a precise statement of (35).

An important technical subtlety here is that while the first inequality in (35) holds down
to n = 0, the second inequality does not. This is so because min,, Hy.z(w), which minimizes
a deterministic function under a random constraint due to the unbounded constraint in the
maximization of v, is qualitatively different from min,, H,.z(w) for any n > 0.

Now we shall sketch how the comparison inequalities (35) lead to universality.

(Step 1: Universality of the global cost optimum). In this step, we shall use the first
inequality in (35) to establish the universality of the global Gordon cost:

P
in H. = mi ho. A mi ho. : 36
min Hoz(w) = min max hoz(w,v) ~ min max ho(w,0) (36)
See Theorem 43 for a formal statement of (36).

The crux to establish (36) via the first inequality of (35) is to show that, the ranges of
the minimum and the maximum of min,, max, ho.z(w,v) can be localized into an Lo, ball
of order close to O(1/4/n). This amounts to showing that the stationary points (@o.z, vo.z),
where @,z = 2Y2(fiy.z — po) and B,z = —n"V2(XX T /n+n1,) 7Y (cf. Eqn. (118)), are
delocalized. We prove such delocalization properties in Proposition 40 for ‘most’ g € By (1).
(Step 2: Universality of the cost over exceptional sets). In this step, we shall use the
second inequality in (35) to establish the universality of the Gordon cost over exceptional

sets Do.-(g). In particular, we show in Theorem 44 that with L, = Cn” for sufficiently
small ¥ > 0 and a large enough Cy > 0, w.h.p.,

min Ho.z(w) > maxmin Do (3, 7) + Q(1). -
wED0:< ()N5(2,00) (CosLn /v/7) oz(w) 5>0 >0 0(8,7) (1) (37)

Here By 0)(Co, Ln/v/n) = Bn(Co) N Loo(Ln/+/n). A technical difficulty to apply the
second inequality of (35) rests in its singular behavior near the interpolation regime
n = 0. Also, we note that for a general exceptional set Dp..(g), the maximum over v

in miny,ep,,, (g) Ho;z(w) = minyep, . () maxy, ho,z(w, v) need not be delocalized, so the first
inequality of (35) cannot be applied. This singularity issue will be resolved in two steps:

o (Step 2.1). First, we use the second inequality of (35) to show that, (37) is valid for

a version with small enough n > 0:

P min H,.7(w) > maxmin D, (8,7) + Q(1) | > 1 —¢, -0(1).
(1o o™ o ) = mscmin D (5.9) + (1)) = 1=, o0

See (130) for a precise statement. As expected, ¢, blows up as 7 | 0.

o (Step 2.2). Next, by using the ‘stability’ of the set Dy.(g) (cf. Lemma 45) and
maxgso min,so Dy(8,7) (cf. Eqn. (76)) with respect to 7, for a small enough 7 > 0,
we have the following series of inequalities:

min L H();Z(w>
wEDo;e(8)NB(2,00) (Cos )
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> min H,.z(w) (by definition of H,.7)
wEDo;s(g)nB(2,oo)(Co7%)

> min H,.z(w) (&, ~ ¢ by Lemma 45)
weDn;sn(g)r"B@,oo)(CO:LT%)

P _

> inD 0. (1 by Step 2.1 ab

= maxmin n(B:7) + (1) (by Step 2.1 above)

> rgggrggﬁo(ﬁm) —O0m) +9Q:(1) (by Eqn. (76)).

Now for a given € > 0, we may choose 1 > 0 small enough so that the term —O(n) is
absorbed into (1), and therefore concluding (37).

A complete proof of the above outline is detailed in Section D.
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Appendix A. Proof preliminaries

A.1 Some properties of er and proxy

We write g, = g¢/+/n in this subsection. First we give an explicit expression for
Eerr(zm)(fy; 7) and E dof 5, ”0)( ;T).

Lemma 15. For any (v, 7) € (0,00)?,
Eerr(s o) (7;7) = 2(Z + 71)7121/2,%1]2 +% n (22(2 + TI)*Z),
E dof (52 ,0) (75 7) =~2.n7hr (Z(E—{—TI)_l).

Proof Using the closed-form of ﬁ?ezquo), we may compute

SV 0y (i) = o) = (S + 7D TSV (= o + 45 2g,,). (38)
The claims follow from direct calculations. [ |

Next we give explicit expression for proxy(ygn;7) and ep(ygn; 7).

Lemma 16. It holds that

~seq

prox(Ygn; 7) = 21/2('“(2“0)(7?7-)_#0)7

er(Ygn;T) = *Hzl/%sezq#O (v;7) _yﬁgq’#o (1% + *”ﬁ?;quo (v ).
Furthermore,
1
Eer(v9n;7) = 5= (Eerr(n ) (v 7) = 2Edof(50) (7 7) +77)

2T
1 1
+5(IE+ 7D Sl + 97~ r(S(E+71)7Y).

Proof The two identities in the first display follows from the definition of F'. For the
second display, note that Eep(vg,;7) is equal to

1 ~Se
o (Eerr( ) (v 7) = 2Edof (5,0 (3 7) +9%) + 5 IEIIM(SM0 (vl

Using IE||ﬁseEq“0 (DI =1E+7) " "Spol? +9* nttr (B(X 4 71)7?) to conclude. W

The derivative formula below for ex will be useful.

Lemma 17. It holds that

2 — proxys(a; 7>

1 1
Veep(z;T) = ;(x — proxF($;T)), Orep(z;7) = _277_2H

Proof See e.g., (Thrampoulidis et al., 2018, Lemmas B.5 and D.1). |

Finally we provide a concentration inequality for ep(vgn; 7).
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Proposition 18. There exists some universal constant C' > 0 such that
t t
P (}eF(vgn;T) —Eep(ygn;7)| > C{v E!/2 eF('anﬂ')\/»‘i' v? . f}) < CetC
n
holds for any t > 0. Here v* = v*(vy,7) = ¥*(7|[(E+ 1) 712, + I(Z + TI)*lEl/Qng).

Proof Using that Vgﬁz'zq# )(’y; T) = %(2 +7I)” 1y1/2 and V%9 () = %L

Vyer(vgn; ) = (E+rD)7'E = D(EPEE (5 7) = Y ()

I
TV
L
\f
L

(S+7D)TISVEV S (7).

This means

IVger(ygns DIP < 29 -0 UINE +7D) T RIS 2EE oy (5 7) = Y5y DI

(27/"‘0)
IS+ D) TSR IV, (s I
<2 0 (P + D) E IS+ DTSR, ep(hgni ). (39)

From here we may conclude by setting H(g) = ep(ygn;7) and T? = 4920~ (7(Z +
TI)legp +1(Z+ TI)’lEl/Qng) in Proposition 59. m

A.2 Some high probability events
Let
er = B /m, €5 = |lgl?/n. (40)
For M, > 0, consider the event
5’0(M) = {(IGllop/vP) vV [INGG T /0) " lopLy=o] < M},
610(8) = {leg — 1|V |e, — 1|V [n ™ 2(S2g, o) | v [n " (h, €)] < 6},
515( = {1(l€]?/m) = oZ| < 6},
&1(0) = 61,0(6) N E1,£(0).
Here in the definition of &y(M), we interpret oo - 0 = 0. Typically we think of M =< 1 and
d=1/y/n.
Lemma 19. Fiz § € (0,1/2) and Ly, > 0. Then &(5) C &(4(0F + 1+ ¢~ Ly)d, Lu),
where (0, Ly) = {|0% (L) — ag| <4},
Proof Using the definition of 03 (L) in (30), on & (§), we have
2 I€1I% » 2Luy|(h, §)]
72 (b) = o] < pppalen =11+ P
The claim follows. |

2
—O¢

+ <A(0f + 14 ¢~ Ly)d.
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Lemma 20. Suppose 1/K < ¢~1 —1,_o < K. Then there exists some C = C(K) > 0 such
that P(&(C)) > 1 — Ce ™.

Proof The claim for ||G||op/+/n follows from standard concentration estimates. The claim
for [|[(GGT /n)7Y||op follows from, e.g., (Rudelson and Vershynin, 2009, Theorem 1.1). M

Lemma 21. Suppose 1/K < ¢! < K, and ||| V [|[Z]lop < K for some K > 0, and
Assumption B hold with ag > 0. There exists some constant C = C(K,0¢) > 0 such that
for all t >0, with §(t,n) = C(\/t/n +t/n), for &€ € &E¢(5(t,n)), we have P*(&(3(t,n))) >
1—e

Proof The claim follows by standard concentration inequalities. |

A.3 Some connections of the fixed point equation (13) to RMT

The second equation of (13) has a natural connection to RMT. To detail this connection,
let & = YI2GTGRY2 /m € R and ¥ = GEGT /m € R™™ be the sample covariance
matrix and its dimension flipped, companion matrix. For z € Ct = {z € C: Sz > 0}, let
m,(z) =m~Ltr (i] - zIm)_1 and m(z) be the Stieltjes transforms of the empirical spectral
distribution and the asymptotic eigenvalue density (cf. (Knowles and Yin, 2017, Definition
2.3)) of X, respectively. It is well-known that m(z) can be determined uniquely via the fixed
point equation
z:—n.iz)+;-?lltr<(ln+2m(z)) 12). (41)

See, e.g., (Knowles and Yin, 2017, Lemma 2.2) for more technical details and historical
references. We also note that while the above equation is initially defined for z € C™, it
can be straightforwardly extended to the real axis provided that z lies outside the support
of the asymptotic spectrum of 3.

The following proposition provides a precise connection between the effective regular-
ization 7, defined via the second equation of (13), and the Stieltjes transform m. This
connection will prove important in some of the results ahead.

Proposition 22. For anyn >0 and n =0 with ¢~ > 1,

(2 + mdn) TE) = ¢ — - m(—n/9). (42)
Proof By comparing (41) and the second equation of (13), we may identify the two equa-
tions by setting 7, « = 1/m(—z,) with 2z, = n/¢, as claimed. [ |

While (42) appears somewhat purely algebraic, it actually admits a natural statistical in-
terpretation. Suppose £ is also Gaussian. We may then compute

" Cov¥ Un)i, Y ~ ~
df (zy) = Z ¢ ((XQMn)j’ Y) = tr ((E + ann)_lz) - n(¢ -n- mn(—zn)). (43)

T¢

J=1
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Now comparing the above display with (42), we arrive at the following intriguing equivalence
between the averaged law in RMT, and the proximity of 71, and ﬂ?g‘uo)('m*; Tp,) in terms
of “degrees-of-freedom”:

P
my(—zp) & m(—2y) < df(py)/n~ df( ?;]#0)(%,*37'77,*))/”

Appendix B. Properties of the fixed point equations

B.1 The fixed point equation (13)
Proposition 23. The following hold.

1. The fized point equation (15) admits a unique solution (., Tn«) € (0,00)2, for all
(m,n) € N? when n >0 and m < n when n = 0.

2. The following apriori bounds hold:

< Tpy < f '
= Tnx = kE[Omi}Em Loy | m—k m—k "
é 05 + 1= lopll 01 <1+ ||E||0p>‘
¢ = ¢ T

)

1o+ y/(L-0) + aHen o (Teth,ono )

3. If1/K < ¢t < K and ||Z]lop V Hx < K for some K > 1, then there exists some
C = C(K) > 1 such that uniformly in n € Zg,

1/C <7 <C, 1/C < (-1)7100r,, < C, qe{1,2}.
If furthermore 1/K < ag < K and |pol| < K, then uniformly in n € Ek,

1/C < 9pu <O, [0yul < C.

Proof We shall write (v «,Ty«) = (74, 7) for notational simplicity. All the constants in
<, 2, = below may depend on K.
( . First we prove the existence and uniqueness of 7,. We rewrite the second equation of

)
(13) as

T ) (44)

1
=—tr(E+nl)'E)+-L
¢ nr(( + ) + Z)\ +7'* Tx

Clearly f(7) is smooth, non-increasing, f(0) =1 > ¢ for n = 0 and f(0) = oo for n > 0, and
f(oc0) =0, so 7 — f(7) — ¢ must admit a unique zero 7, € (0, 00).

Next we prove the existence and uniqueness of 7,. Using Lemma 15, the equation
Y2 = O'g +Eerr(s; u0) (745 7«) reads

1 1
0=z (0 + 7S + 7)o |?) + — tr (B + D) 7282, (45)
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As nhr (84 1) 7282 < n e (8 + 7l) ') < ¢ by (44) and the fact 7 > 0, the
above equation admits a unique solution 7, € (0, 00), analytically given by

o A TNE+ DTSl o + 22 (S + 7d) 'S Ppg

T T I (B D) ) LyZu(B+nl) i) (46)

(2). For the upper bound for 7, using the equation (44), we have

nn
T
Tx

1
m ngﬁ_k‘—l—n E Aj+
>k

Vke[0:n], k<m-—1

Solving for 7, yields the desired upper bound. For the lower bound for 7., note that (44)
leads to

1 — 1 n n
¢__1_*'7§ +—=—>1-7H + —,
’ njzl)‘j Tx  Tx eI T

or equivalently Hx712 + (gi) — 1)7',k —mn > 0. Solving this quadratic inequality yields the lower
bound for 7.

On the other hand, the lower bound 72 > ag /¢ is trivial by (46). For the upper bound
for 74, using that

¢ — %tr (E+7I)7?8%) > ¢— %tr (C+7d)7'S) - max A T

B R S L
et = et 47

and the first identity in (46), we have

% < ¢7H(0F + 1B loplloll?) (1 + [ Sllop /7).

Collecting the bounds proves the claim.

(3). The claim on 7, 7 is a simple consequence of (2). We shall prove the other claim on
their derivatives. Viewing 7. = 7.(n) and taking derivative with respect to 77 on both sides
of (44) yield that, with T_p, 4(n) = n~ ' tr (£ + 7 (n)I)"PX4) for p,q € N,

0= ~Toas(0) - 71(0) + 5 — 1 (o).

Solving for 7/(n) yields that

. (1) (1)
n) = n+72(n) - Too1(n)  Go(n)’ (48)

Further taking derivative with respect to 1 on both sides of the above display (48), we have

T

70) = g () Co(n) ) Gat)
= @™ (L 2n @R T 200 - 2T )
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272 (n)7l(n) 272()7i(n)
= —o——(mMT-31(n) —T-21(n) ) = B 3,2(7 49
G (P OT0a() = Toaa(n) = == ST aa(0). (49)
Using the apriori estimate for 7,(n) proved in (2), it follows that for g € {1,2},
1S inf (—1)' 79 () < sup (~1)TH D () S 1. (50)
UISE e NES K

For ~/.(n), let us define
Gi(n) = o + T2 IE + 7 (D) 'S 20olP, Ga(n) = ¢ —ntr (S + m(n) 1) 257).

Then
G1()Ga2(n) — Gi()Ga(n)

Vul(n) = 51
) 2. (NG 0) oy
We shall now prove bounds for G1, G}, G2, GS. First, using (47), we have
< am <o+ gl oo = <Gy < 0.
2 1Zllop + 7(n)
In particular, uniformly in n € Zg,
G1(n), Ga2(n) < 1. (52)
The derivatives G, G} are
Gi(n) = 2r (M7 ([(Z + 7 () D)~ =0 |
=272 ()[(S + 7 () I) 282 o1 - L (),
Goy(n) =2 n~ o ((S+ () 7°8%) - 7l(m).
Using the apriori estimates on 7.(n) and (50), it now follows that
sup {|G1(n)| v |Gy(n)l} < 1. (53)
NE€EK
Combining (51)-(53) and using apriori estimates on ~.(n), we arrive at
sup [, (n)] S 1. (54)
neEsK
The claim follows by collecting (50) and (54). [ ]
B.2 Sample version of (13)
Let the sample version of (13) be defined by
(¢ef, = 7) - 7% = dof(s ) (:7).

Here recall that €2 is defined in (40), and 02 (L,,) is defined in (30).
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Proposition 24. 1/K < ¢*1,a§ < K and ||po|| V||Ellop VHs < K for some K > 0. There
exist some C,Cy > 1 depending on K, such that with § € (0,1/C1), 1 < M < /n/C and
L, <C, on the event & (5) N EA=(M), where

Enz=(M) = {maxsup]Ag( )| V max supn~2|2,(7) — EEy(7)| < M}
=127>0 =12 >0

with Ay, 2y defined in Lemmas 25 and 26 ahead, the following hold.

1. All solutions (Ynn,+, Tny,+) to the system of equations in (55) satisfy
1/C(O < Tn,n,+ < Cy, 1/C(O < Yn,n,+ < (o
uniformly inn € Zk.

2. Moreover,

sup {|Tnm+ — Tnsl V|t — Yol b < Co - (M/y/n+6).
NEEK

We need two concentration lemmas before the proof of Proposition 24.

Lemma 25. Let Ay(1) = —0-7((Z + TI)_€E€_1/2M0,9> for £ =1,2. Suppose that ||uo| V
|1X]lop V Hs < K for some K > 0. Then there exists some constant C = C(K) > 1 such
that for t > C'log(en),

P (maxsup]Ae(Tﬂ > C\/Z) <e
{=1,2 >0

Lemma 26. Let Z¢(7) = ||[(X +71)742%42g||? for £ = 1,2. Suppose that ||Z]lop V Hs < K

for some K > 0. Then there exists some constant C = C(K) > 1 such that for t >

C'log(en),

P (maxsup |Ze(7) —EZ(7)] > C(vVnt + t)) <el.

=12 7>0

The proofs of these lemmas are deferred to the next subsection.
Proof [Proof of Proposition 24| All the constants in <, 2, < and O below may possibly

~) o~

depend on K. We often suppress the dependence of 0% (L,,) on L,, for simplicity.
(1). We shall write (Yn+, Tnmy+) a5 (Y, Tn) and (Vg Tn+«) = (Vs, ) for notational sim-
plicity. Using (38), any solution (7, 7,) to the equations in (55) satisfies

gef — L + Ul = Lt (84 7, 0)71%) + L(id — E)Z1 (r),
(J:t + TS+ 70 ) TS 2 p00]7) (56)

ook + =
+1tr (S 4 7d)728%) + 1(id — E)Ea ().

On the event & (5) N Ea=(M) with 6§ € (0,1/C), 1 < M < /n/C and L, < C, using
Lemma 19, the second equation in (56) becomes

¢+ O(M(AV~")/Vn+0)
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1 1 1
= — (ai + 72||(Z + TnI)*lzl/Quo\F) +tr (E+ D)%% 2 .
n n
Rearranging terms we obtain the inequality
1 M M 1
— <14+ —+ = > ——2>1
VRV S S VIV
So with e, = ¢, (M, ) = M//n + ¢, the equations in (56) reduce to
¢— L +0(en) = ptr (S+7I)'%),
¢+ (9 (en) = 25 (02 +72\| Y+ )78V 200)12) 4 Lt (S + 7 ) 7282).

(57)

The above equations match (13) up to the small perturbation O(e,) = O(e,(M,d)) that
can be assimilated into the leading term ¢ with small enough ¢y > 0 such that M < ¢py/n.
From here the existence (but not uniqueness) and apriori bounds for ~,,, 7, can be established

similarly to the proof of Proposition 23.

(2). Now we shall prove the claimed error bounds. By using (44) and the first equation of

(57), we have

n_1y (E+7D)7'%) + L+ O(en).

Tn n Tx

1 -1
—tr (T +ml) %) +

Let f(1) = L tr (S471)7'S) + 2. Then it is easy to calculate f'(1) = —1 tr ((S+71)72%) —

5 <0, and for any Cp > 1,

inf  |f(r)> inf ltr((zﬂf)*?z)z(uzuoﬁco)*m;.

1/Co<7<Co 1/Co<t<Co N

Now using the apriori estimates on 7y, 7,,, we may conclude

< éen.

IS

sup |7, — T«
UISEi e

On the other hand, using (45) and the second equation of (57), we have

1 _ 1 _
(24T D) ) b (54 7))
n

ES

1 1
N ?(“3 I+ R T ) 4 b (54 7)) + Ofen)

(59)

Using the error bound in (58) and apriori estimates for 7, 7., and the fact that Hx, < 1, by

an easy derivative estimate we have
o |Ltr((S+ 7d)7282) — Lir (84 7l)725?)| S e, and

o [TAE+ D) B 2p0]? = P2 + 7d) =Y 2ol | S e
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Now plugging these estimates into (59), with €y = ag + 72||(Z 4 D)1 2p||? satistying
%o < 1, we arrive at

%+ Ole, YA
0’)/%():'}’;—1_0(6”)'

Using apriori estimates on vy, v«, we may then invert the above estimate into

sup I — Yl S en. (60)
UISISY
The claimed error bounds follow by combining (58) and (60). |

B.3 Proofs of Lemmas 25 and 26

Proof [Proof of Lemma 25| We only handle the case £ = 1. The case ¢ = 2 is similar.
Note that the assumption on pg invariant over orthogonal transforms, so for notational
simplicity we assume without loss of generality that ¥ is diagonal. As sup,s g, |A1(7)| <
| 2?21 A;/Quo,jgj‘ +Cey- n~1/2, a standard concentration for the first term shows for ¢ > 1,
with probability 1 — e,

sup |A(7)] < Cov/t. (61)

T>Kn
On the other hand, for £ > 0 to be chosen later, by taking an e-net S; of [0, Kn|, a union
bound shows that with probability at least 1 — (Kn/e + 1)e™,

sup  [A1(7)] < max|Aq(7)] + sup |A1(1) — Ay (7)]
T€[0,Kn] TES: 7 €[0,Kn):|r—1'|<e

<O - (\ft+\/ﬁ(\/@+ \/Z)e).

Here in the last inequality we used the simple estimate sup.cjo ppl0rAi(7)] <

Cv/n| pollllgllsc- Finally by choosing ¢ = vt/{y/n(vIogn + v/t)}, we conclude that for
t > Cslog(en), with probability 1 — e,

sup [A1(r)] < Cov. (62)
T7€[0,Kn]
The claim follows by combining (61) and (62). |

Proof [Proof of Lemma 26] We focus on the case £ = 1 and will follow a similar idea used in
the proof of Lemma 25 above. Similarly we assume ¥ is diagonal without loss of generality.
All the constants in <, 2, =< below may depend on K.

First note by a standard concentration, for any ¢t > 1, with probability at least 1 — e,
SUp,~ | 21(7)] S €2 S 14 t/n. Similarly we have sup, . g, E[Z1(7)| < 1. This means for

any t > 1, with probability at least 1 — e~¢,

sup (IE1(r)| VEIEL(T)]) S 1+ t/n. (63)
T™>Kn
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Next we handle the suprema over [0, Kn] by discretization over an e-net S.. To this end,
we shall establish a pointwise concentration. Note that ||VZ1(7)||? = 4[|(X + 71)"12g|]? <
421 (7). An application of Proposition 59 then yields that, for each 7 > 0 and ¢ > 1, with
probability at least 1 — e~?,

Z1(1) —EE1(7)| < C(EV2E (1) -Vt +t) S (Vnt +1).

~

On the other hand, as sup.¢jo xy[0-Z1(7)| S nllg||%, and SUpP,co,xn][0r EZ1(7)| < nlogn,
we deduce that with probability at least 1 — (Kn/e + 1)e™?,

sup |E1(7) —EZ(7)| <max|Ei(7) — EE;(7)]| + sup 1Z1(7) — Z1(7)]
7€[0,Kn] TES: 7,7 €[0,Kn):|T—7'|<e
+ sup [EZ1(7) — EZ1 (1)

7,7 €[0,Kn]:|t—7'|<e

Svnt+t+n(logn + t)e.

From here the claim follows by the same arguments used in the proof of Lemma 25 above. B

Appendix C. Gaussian designs: Proof of Theorem 3
We assume without loss of generality that ¥ = diag(A1,...,As), so V = I unless otherwise

specified. Recall Hy, = tr(X~1)/n.

C.1 Localization of the primal problem

Proposition 27. Suppose 1/K < ¢~ — 1,7:0,052 < K, and ||poll V [|Zllop < K for some
K >0. Fit M > 1,0 € (0,1/2) and n > 0. On the event &(M) N &1(0), there exists some
C = C(K) > 0 such that for any deterministic choice of (Ly, Ly) with

Ly ALy, >C{1+ (HE_lHole(;3121+1/K At - M2,

we have min,ep, () Hy(w; Ly) = mingern Hy(w).

Proof Using the first-order optimality condition for the minimax problem

1 2
nin Hy(w) = min max {\/H@,Gw — &) + F(w) — nll;\l } (64)
1

any saddle point (wy,vs) of (64) must satisfy VF(w,) = —ﬁGTv* and %(Gw* —&) = no,,
or equivalently,

w, = =XV + 12GT (63 + n1) TH(GEHY 2 + €),
Ve = —ﬁ(qﬁi + nI)fl(GEID,uo +€).

Here recall ¥ = m~'GXGT. On the event & (M),

1S + 1) Hlop Sx IIE lopM1Gh oy e AT
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So on &y(M) N &i(0),

_ -1 _
el Vllvall S 1+ (B lopM 205 e A~ M.

This means that on the event &(M) N &1(9), for any L, L, chosen as in the statement of
the lemma,

. , 1 nllvll?
min H m m Guw — Flw) — )
wE%R%" n(w) wEBnl(an) vEBW?(}iv) { \/ﬁ <U’ v §> (’LU) 2
The proof is complete by recalling the definition of H,(-; L,). |

C.2 Characterization of the Gordon cost optimum

Theorem 28. Suppose the following hold for some K > 0.
o /K <¢ ' <K, ol VI[ZllopVHs K.
o Assumption B with og €[1/K,K].

There exist some C,C" > 1 depending on K such that for any deterministic choice of
Ly, Ly € [C,C?), it holds for any C'log(en) <t <n/C’, n € Ex and £ € & ¢(\/t/n),

§ : . B Y —t/C
P (‘weglnl?Lw)Ln(w’Lv) Iggé{gl;g Dn(ﬁ,’y)’ > \/t/n) <Ce .

In the next subsection we will show that for large L, > 0, the map w — Ly(w; L)
attains its global minimum in an fs ball of constant order radius (under Hyx < 1) with
high probability. This means that although the initial localization radius for the primal
optimization may be highly suboptimal (which involves ||~7!|,p), the Gordon objective
can be further localized into an ¢ ball with constant order radius.

To prove Theorem 28, we shall first telate mingep,(z,)Ly(w;Ly) to

maxgso min,so Dy, + (8, v) and its localized versions.

Proposition 29. Suppose 1/K < (;5_1,0? < K, and ||pol] V ||X|lop V Hy < K for some
K > 0. There exists constant C = C(K) > 1 such that for any deterministic choice
of L, Ly, € [C,C?], on the event &(8) N Ex=(M) (defined in Proposition 24) with & €
(0,1/C109%) and M < \/n/C, we have for any n € Zg,

in D, _ < in Ly(w;L,) < in D
maxmin Dy, (8,7) < | min | Ly(w; Ly) < maxmin Dy, (8,7),

and the following localization holds:

max min D ,Y) = max min D ,Y)-
B>0 >0 n+(8:7) 1/C0<B<C 1/C<A<C 05,7

Proof We write g, = g/+/n in the proof.
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(Step 1). Fix any Ly, L, > 0. We may compute

i L s Ly
e n(w; Ly) (65)

2
weBalh) PR {jﬁ(“”w”h —¢&]| - <g,w>> + F(w) — ”g}
Al L. i B Mielih -l

= max min min

B€[0,L,] v>0

(.90} + Fw)) |

Here in the last line we used Sion’s min-max theorem to flip the order of minimum and max-

imum in min,ep, (L,,) MaXgeo,1,]- 1 he minimum over 7 is achieved exactly at W,
so when o2 # 0, using the simple inequality
2 2 2 2 2 2
[w]|* + o= < [lwllh = I7/1R17 < lwll” + o5, (66)

on the event &1(0), we may further bound (65) as follows:

+ min L,y(w;L,) <+ max min

wEBn (L) B€[0,Ly] v>0
M Lﬁ2 ﬁ 2 2
{ 2n 2 + wegﬂ&w) 2y (HwH + U:t(Lw)) (w, Bgn) + F(w) | ¢. (67)

We note that 02 depends on L, but this notational dependence will be dropped from now
on for convenience.
(Step 2). Consider the minimax optimization problem in (67):

. Bylnl* 0> (B
95 e (3 0 )~ ) £ 70
2 2
= maxmin {g <v(¢e% —el) + Uj) - % + eF(vgn;v/ﬂ)}- (68)

Any saddle point (Bnz+, Y+, Wng+) = (Bnt:Yn+,Wn+) of the above program must
satisfy the first-order optimality condition

2

0= %(’Yn,:l:((ﬁe}% - 652;) + %) - nﬁn,:l: + aﬁeF (’Yn,:l:gnQ 'Yn,:l:/ﬁn,:l:%
0_2

0= 25% ((¢6f — €2) = 7) + Orer (Yot ni Yt/ But), (69)

Wn,+ = ProxXg (’Yn,:l:gn§ ’Yn,:t/ﬁn,:l:)-

Using the derivative formula in Lemma 17 and the form of prox; in Lemma 16, we may
compute

dser(vgn;v/B) = (err(z,ﬂo)(% v/B) = 2dof s 0y (v;7/B) + 726?,),

1
%
(70)
0yer (Y9ni v/ B) = (7263 —erris o) (15 v/ﬁ))-
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Plugging (70) into (69), the first-order optimality condition for (8, +,Vn,+) in the minimax
program (68) is given by

(6€2 — €2)72 L + 0% =20 - Yot Bt — € o) (Vs Yt/ Brot)
+2 dOf(E,/Lo)(PYTLFt; ’Yn,:t/ﬁn,:l:) - 6377%;!:7
(66— s = 72 =~ s )

Equivalently,

{qﬁ@%%%,i = 0% +errs o) (Y5 Yot/ Bt ), (71)

(¢€% - m)%%i = dOf(zyuo)(%i; ’Yn,i/ﬂn,i)-

Using the apriori estimates in Proposition 24, on the event &1(6) N &a=(M) we have
Yn+/Bn+ <Kk 1 and ’yfl’i =g 1. This implies on the same event,

M+ <Kk 1, Bpn+ <k 1l (72)

Using the last equation of (69), we have

—1
funll = [£12 (24 2£0) 7 (= Pt ras ) <i1
/Bn,:lz /Bn,:i:
In view of (72)-(73), by choosing Ly, L, € [C,C?] for large enough C' > 0, the constraints
in the optimization in (67) can be dropped for free. |

Next we replace the random function Dy, 4 in the above proposition by its deterministic
counterpart D,, in their localized versions.

Proposition 30. Suppose 1/K < gb_l,ag < K, and ||po|| V|| E|lop VHs < K for some K >
0. There exist some C,C" > 1 depending on K such that for L,, € [C,C?], § € (0,1/C1%),
£ € &1¢(0) and t > C'log(en),

P¢ [ su max min D ,7Y) — max min D, (5,
neai}l/CSBSCI/CSﬁC 1:£(5,7) 1/C<BLC1/C<y<C a8 7)‘

> C(Vt/n+t/n+0)] < Ce™/C 4 P (&,(0)).

Proof In the proof, we write g, = g/+/n. All the constants in <, >, =< and O below may
depend on K.
(Step 1). We first prove the following: On the event &;(), for any Cp > 1,

sup  |0uer(vgn;7)| V 104 Eep(vgni )| S 1. (74)
’y,TE[l/CQ,CoP

To this end, with ﬁi?uo)’ y?;quo) written as [i,y, and using 0,1 = (X + rI)~1x1/2g,, O0yy =
- —2
Gny Orll = — (E + TI) x1/2 (Zl/QMO + 'Vgn)a

Over(Ygn; ) = 7 NSV — y, 2Y20. 0 — dyy) + (7, 0,11,
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- 1 - - PN
Orep(YgniT) = — = ||EV2 0 — | + ;(21/2u —y, 2Y20.0) + (i, 0, ),

27
on the event &3(9), we may estimate |0yer(Ygn; 7)| V |0rer(Ygn; 7)| S 1. A similar estimate
applies to the expectation versions, proving (74).

(Step 2). Next we show that for any Cp > 1, there exists C; > 0 such that for ¢ >
C4 log(en),

P ( sup |(id — E)ep(vgn; 7)| = C1(V/t/n+1t/n), 51(5)) < Cre /S (75)
(v,7)€E[Cy *,Co)?

To prove the claim, we fix £ > 0 to be chosen later, and take an e-net S(¢) for [1/Cy, Cp].
Then |S(e)| < Cy/e+1. So on the event &1 (), using the estimate in (74) and a union bound
via the pointwise concentration inequality in Proposition 18, for ¢ > 1, with probability at
least 1 — Ce 2e7t/C

. t t
Sup |(id — E)ep(ygn; 7)[ S sup |(id — E)ep(vgn;7)| + Cc S \/> +—+e.
(v,7)€[Cy *,Co)? v, 7ES(E) n o n

Here in the last inequality we used Lemma 16 to estimate sup, r v (y,T) V
SUp(4,7) v2(y,7) Eep(vgn;7) < 1, where v2(7,7) is defined in Proposition 18. The claim
(75) follows by choosing € = y/t/n + t/n and some calculations.

(Step 3). By (75), for ¢t > C'log(en), on the event &;(9), it holds with probability at least
1 — Che /€2 that

max min D :

2
= max min {g <7(¢ei — 63) + Uj) — ﬁ + eF(ng’Y/»B)}

1/C<B<C 1/C<~y<C
= max min ,Y)+O(\/t/n+t/n+6).
1/C<H<C1/C<H<C Dul(B,) +O(Vi/n+1/ )
The estimate in O is uniform in n € Zk, so the claim follows. |
Finally we delocalize the range constraints for 3,y in the deterministic minimax problem

with 5,7 in the above proposition.

Proposition 31. Suppose 1/K < gb_l,og < K, and ||pol] V ||E|lop V Hy < K for some
K > 0. There ezists some C = C(K) > 1 such that for any n € Zg,

maxminﬁn(ﬁ,v): max min 57,(5,7)~

>0 >0 1/C<B<C 1/C<y<C
Consequently,
in D D < Chn. 76
mezxmin Dy (8, 7) — max min Do(5, 7| < Cn (76)
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Proof The proof is essentially a deterministic version of Step 2 in the proof of Proposition
29. We give some details below. We write g, = g/+/n. First, using similar calculations as
that of (70),

s Eer(vgn;v/B) = %(Eerr<z7u0)(7; v/B) = 2Edof (s ) (v:7/8) + 72),
Oy Eer(vgn;v/B) = % (72 —Eerr(s ) (7 7/5))-

Then the first-order optimality condition for (8«,7.) to be the saddle point of
maxgso min,~o Dy (8, 7), i.e., a deterministic version of (71), is given by

¢’Yf = U? + Eerr(E,uo)(’Y*; Y/ B )
(¢ - 7*7/3* )’Yf = EdOf(E,uo)(7*§ Y/ Bre)-

Finally using the apriori estimates in Proposition 23, we obtain a deterministic analogue of
(72) in that v <k 1, B« <k 1. The claimed localization follows. The continuity follows
by the definition of D; and the proven localization. |

Proof [Proof of Theorem 28] By Propositions 29, 30 and 31, there exist C,C’" > 0 such
that for any § € (0,1/C%), M < \/n/C, t > C'log(en), £ € & ¢(5) and 1 € E,

3 ; . _ 0D
P [|weglnl(an)LT,(w,Ly) Ig§8<r$;gDn(6,7)\ZC’(\/t/n+t/n+6)}

< Ce 9 1P (610(0)°) + P(Eaz(M)C).

The claim now follows from the concentration estimates in Lemmas 21, 25 and 26, by
choosing M = /n/C and § = C(\/t/n + t/n), which is valid in the regime t < n/Cy for
large Cj. |

C.3 Locating the global minimizer of the Gordon objective

With (7yy,«, T,«) denoting the unique solution to the system of equations (13), let

Wn,« = ProXp (’Yn,*g/\/ﬁ§ Tn,*) = pt/? (ﬁ?e;#o)(’)/m*;ﬂ%*) - MO)‘ (77)
For any € > 0, let the exceptional set be defined as
Dy..(g) = {w € R": |g(w) — Eglwy«)| > 5}- (78)

Theorem 32. Suppose the following hold for some K > 0.
o /K <¢ ' <K, [l VI[E]op VHs < K.

o Assumption B holds with ag €[1/K,K].
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Fiz any g : R™ — R that is 1-Lipschitz with respect to ||-||s-1. There exist constants C,C" >
10 depending on K such that for Ly, L, € [C,C?], C"log(en) <t < n/C’, £ € & .¢(\/t/n)
and n € Eg,

IP’5< min L,(w; L,) < maxmlnD (B,7) +/t n> < CetC.
wEDmC(t/n)1/4(g)mB”(Lw) 77( ) B>0 v>0 \/T

Roughly speaking, the above theorem will be proved by approximating L, both from
above and below by nicer strongly convex, surrogate functions whose minimizers can be
directly located. Then we may relate the minimizer of L, and those of the surrogate
functions.

We first formally define these surrogate functions. For L,, > 0, L, > 0, let

Lyt L) = mae § 2o (Ibl ol + o (L) = (g.0) S rwb ()
Beo,L }

Again we omit notational dependence of L, + on L,, for simplicity.
The following lemma provides uniform (bracketing) approximation of L, via L, + on
compact sets.

Lemma 33. Fiz L, > 0. The following hold when o2 (L) # 0.
1. For any w € Bp(Ly), Ly,—(w; Ly) < Ly(w; Ly) < Ly 4 (w; Ly).
2. For any L., > 0,

4 h
sup ‘Ln;i-(w;Ly) — Lm_(w;Lv)‘ < ﬁ LyLy |< ’§2>’
e Tm 7]

Proof The first claim (1) follows by the definition of 03 (L,) in (30) and the simple
inequality (66). For (2), note that

| L (w5 L) = Ly (w5 )| < Luen - |yl + 0% (L) — /1wl + 0 (Lu)|
%L w>—a%<Lw>\ den , o (8]
< Lyep, - L N ,
(L) +0 (L)~ om Bk
as desired. |

Next, we will study the properties of the global minimizers for L, +.

Proposition 34. Suppose 1/K < d)‘l,ag < K, and |pol|l V|| E]lop V Hy < K for some
K > 0. There exists some constant C = C(K) > 1 such that for any deterministic choice
of L, Ly, € [C,C?], on the event &(8) N Ex=(M) (defined in Proposition 24) with & €
(0,1/C"%) and M < \/n/C, for any n € Ek, the maps w — Ly, +(w; Ly) attain its global
minimum at Wy, + With | W, +|ls—1 < C. Moreover, |[wp.p +—wy.|s1 < C(M//n+8)/2.
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Proof Note that the optimization problem

min L, +(w; Ly)

weR?

— : ﬁ 7752

s {ﬁ(”h‘\/ w2 + 03 (Lu) = (g,w) ) = L= + Flw >}
2

) e i {2 (1ol = 2T~ (0 - ﬂ P}

TR e LR T i(Lw>)—<w,5g>+F<w>)}-

BE[0,Ly] v>0,weR™ vn

Here in (%) we used Sion’s min-max theorem to exchange minimum and maximum, as the
maximum is taken over a compact set. The difference of the above minimax problem com-
pared to (68) rests in its range constraint on 3. As proven in (72), all solutions 3, + to the
unconstrained minimax problem (68) must satisfy 5, , + < C on the event &(6) NEx =(M).
So on this event, for the choice Ly, L, € [C, C?] for some large C' > 0, min,cgrn Ly +(w; Ly)
exactly corresponds to (68), whose minimizers w,, + admit the apriori estimate (73) (with
minor modifications that change [|-|| to the stronger estimate in ||-||s-1).

Next, for the error bound, using the last equation in (69) and the definition of w;, . in
(77), along with the estimates in Proposition 24, we have

-l o)~ il

2
[wn g2 — w51 F(s30) (Ynn.+3 T, F(s3,0) (Y3 T o

as desired. u

Finally we shall relate back to the global minimizer of L,. We note that the proposition
below by itself is not formally used in the proof of Theorem 32, but will turn out to be
useful in the proof of Theorem 3 ahead.

Proposition 35. Suppose the conditions in Theorem 32 hold for some K > 0. There exist
constants C,C' > 1 depending on K such that for Ly, L, € [C,C?], C'log(en) <t < n/C’,
€ &e(y/t/n) andn € Ek,

Pé (The map w — Ly (w; Ly) attains its global minimum at wy, , with ||wp,|s-1 < C,

and [wny — Wyl < C(t/n)1/4) >1 - Cet/C.

Proof Let us fix £ € & ¢(\/t/n).
(Step 1). We first prove the apriori estimate for ||wy,,||s-1. To this end, for large enough

Co, C) > 0 depending on K, we choose L,, = Cp,§ = 1/C3% and M = §/n in Proposition
34, it follows that

P (Br = {lwnp s V wnnall < Co/2,

Lyt (w3 Ly) = (68)}) > 1 Cye o, (80)
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On the other hand, choosing § = /t/n with C{log(en) <t < n/C{ leads to
B (Bat) = { w2 —wyallss < Colt/n)/4}) > 1 - e/, (81)

On E;, we may characterize the value of Ly +(wnp+; Ly) by applying Propositions 29-31:
for C{log(en) <t <n/C{,

P (Eg(t) = {|Ln7i(wn7ni;Lv) ~maxmin D,,(4,7)] < Cm/t/n}) >1 - Coe~t/0. (82)

Note by the strong convexity of L, +(-; L,) with respect to ||-||g-1, we have

inf L w; Ly) — L w. i Ly) > 3Ch/t/n.
WER: w1 1> VBT (t/m) /4 nt (W3 Lo) = Lyt (wn gt Lo) 2 3Cov/t/n

This means on FEs(t),

inf L : L) > maxmin D, (8,7) + 2Co\/t/n,
WER™: ||w—wh 1y, + |l —1>v/6Co (t/n)/* n,:t( ) 5>0 >0 (/6 'Y) 0\/7

L L) < inD Cor/t/m.
ot (Wnp 45 Lo) < maxmin Dy (5, 7) + 0/t/n
This in particular means on Fy N E3(t),

Wnp+ € {w eR": Ly+(w;Ly) < Iéla(})(m;{)lﬁn(ﬁ,’}/) + C'O\/t/n}
>0 v

C{w e R : [Jwl|g-1 < /6Co(t/n)/* + Co/2}.

Consequently, by enlarging Cp > 0 if necessary, using Lemma 33-(1), on Ey N Es5(t)

{w € R™: L(w; L) < maxminD,(8,7) + Co\/%}

B8>0 v>0
C{weR": ||lw||ls-1 <3Cy/5} C Bp(3Co/4) C Bn(Co) = Bp(Luw).

This implies, on £y N E3(t), we have ||wy, p||s-1 V ||wny|| < 3Co/4, proving the apriori bound.
(Step 2). Next we establish the announced error bound. On the event &1 o(1/t/n), b
Lemma 33-(2),

sup  |Ly(w; Ly) — Ly +(w; Ly)| < C1y/t/n. (83)
wGBn(Co)

Consequently, on E1 N E3(t) N &10(1/t/n),

| min Ly (w; Ly) — maxminﬁn(ﬁ,'yﬂ < Cy\/t/n. (84)

weR™ B>0 v>0

On this event, combining (83)-(84) with (82), and using again the strong convexity of
Ly +(; Ly) respect to ||||s-1, we have for Cs = 2,/(Cp + C1 + C2),

inf Ly(w; Ly) — min Ly (w; Ly)
wEB(Co):|lw—wn,n,+[l5-1>Cs(t/n)!/* weR™
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> inf L, +(w; L,) — maxmin D, (83,v) — (C1 + C2)\/t/n
el wEBn(Co)I”w—wn,ncF”Z*l203(t/n)1/4 777+( ) B>0 4>0 77(/3 ’Y) ( 1 2) /
> inf Ly +(w; Ly) — Ly 4 (Wn+; Ly) — (Co + C1 + Ca2)\/t/n

wEBn (Co):lw—wn,y +5—1>Cs(t/n)/*
> (C2/2)\/t/n — (Co + C1 + Co)\/t/n = (Co + C1 + Ca)\/t/n.

This means that |wn, — wny+lls—1 < Cs(t/n)Y* on Ey N Es(t) N & 0(y/t/n). The
claim follows by intersecting the prescribed event with Fs(t) in (81) that controls the
PS-probability of |[wy, .+ — wy«lls-1 < Co(t/n)/4. |

Proof [Proof of Theorem 32| Fix £ € &1 ¢(y/t/n), and € > 0 to be chosen later on. First, as
g is Lipschitz with respect to ||-||x-1, by the Gaussian concentration inequality, there exists
Cy = Cy(K) > 0 such that for ¢ > 1, on an event Fy(t) with P*-probability at least 1 — e,

|g(wn,*) - Eg(wn,*)| < C’0\/15/;71

Moreover, by Proposition 34 and Propositions 29-31, there exist some Cy, C] > 0 depending
on K such that for Clog(en) < t < n/C}, on an event Fj(t) with P*-probability 1 —
Cre Y1, we have

L ffwng~lls=1 V llwn gl < C1, llwng— = wyalls-1 < Ci(t/n)'/*, and

2. |Ly,— (wnp —; Ly) — maxgsomin,=o D,(8,7)| < C1/t/n.
Consequently, for C]log(en) < ¢t < n/C], on the event Ey(t) N E1(t), uniformly in w €
Dye(g) N Bn(Luw),
e < [g(w) — Eg(wy)| < |g(w) — g(wy)| + |g(wy,«) — Eg(wy,)]
< w = wpn,~ln-1 + [ wpn,— = wyalln-1 + Cov/t/n
< Jlw = wy—|ls-1 + (Co + C)(t/n)/*.
This implies that, for the prescribed range of ¢ and on the event Ey(t) N Eq(t),

i - n—llys-1 2> — t 1/4
weDn;eI(g)léan(Lw)”w Wyn,~|ls-1 > (e = (Co + C1)(t/n) ")

Using the strong convexity of L, _(+; L,) with respect to [|-||g-1, we have for C] log(en) <
t <n/C%, on the event Ey(t) N Ey(t),

min Ly(w; Ly) > min Ly —(w; Ly)

WE Dy (€)NBn (L) WEDy;e (g)N B (L)

> Ly L) + 5 (e = (Co + Ca)(/m)' 1)}

DN =

L= 1 2
> maxmin D, (B,7) + 5(5 — (Co+ C)(t/n)"/*) ] — C1\/t/n.

Now we may choose ¢ = (t,n) = (Co + C; + 2/C1)(t/n)'/* to conclude by adjusting
constants. |
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C.4 Proof of Theorem 3 for /i,.c

Fix & € & .¢(1/t/n). All the constants in <, >, < below may depend on K.

(Step 1). In this step, we will obtain an upper bound min,ecr» Hy,(w). By Proposition 27
and the concentration estimate in Lemma 20, there exists some Cy = Cy(K) > 0 such that
on an event Ey with P*(Ey) > 1 — Cpe /0,

nin Hy(w) = min Hy(w; Lo) = pebin Hy(w) = i | Hy(w; Lo). (85)
where
Lo = Co{1+ (15 lop5 5y 0/ A7) |- (86)

Now we shall apply the convex(-side) Gaussian min-max theorem to obtain an upper bound
for the right hand side of (85). Recall the definition of h, = h,.c and £, in (28). Using
Theorem 14-(2), for any z € R,

3 i > < P ; . > £ (B¢
P (J}éﬁ% Hy(w) > z) <P (weléli?Lo)Hn(w, Ly) > z) + P (Ep)

:IP’5< i ax  hy(w,v) > z) + PE(ES
welgrlb?[zo) veglm()io) n(w U) =7 ( 0)

< 2Pt ( min max {p(w,v) > z) + P5(ES)
wEBy (Lo) vEBm(Lo)

— 9§ ; . > S (FC
2P (wergi?LO)Ln(w,Lg) > z) +PS(ES). (87)

By Proposition 35, there exist some C,C] > 0 depending on K (which we assume without
loss of generality Ly > Cp and C exceeds the constants in Theorems 28 and 32), such
that on an event E; with P-probability at least 1 — C1e~™/C1, the map w — Ly (w; Lo)
attains its global minimum in B, (C7). We may now apply Theorem 28: with z = z(t) =

maxg~o min,~o D, (3,7) + \/t/n, for Cjlog(en) <t < n/Cy,

¢ : TS 5
P <w€rgi?Lo)Ln<w7L0) > z(t))

< P ; . > 5 E(FC) < —t/Ch ‘Y@ nle
<P (we%li?CI)Ln(w,Lo) > z(t)) +PE(ES) < Cre /O 4 PS(EY). (88)

Combining (87)-(88), by enlarging C} if necessary, for C]log(en) <t <n/C}, and n € Eg,

IPf( in H,(w) > inD, (8, ¢ ><C ~t/C1, 89
Inin n(w)frgggrgg n(B,7) + Vit/n) < Cie (89)

An entirely similar argument leads to a lower bound (which will be used later on):

5 . < . ™~ o < 7t/C1.
P ( min H,(w) < maxminD,(5,7) —v/1/n) < Cre (90)

(Step 2). In this step, we will obtain a lower bound on min,ep, . (g) Hn(w) for the excep-
tional set D.(g) defined in (78), with a suitable choice of . Let us take C2,C% > 0 to be
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the constants in Theorem 32, and let e(t,n) = Ca(t/n)'/* for Cylog(en) < t < n/Ch. To
this end, using Theorem 14-(1) (that holds without convexity), for any z € R and L, > 0

Pé ( min Hy,(w) < z) < P* ( min max hy(w,v) < z)
WE By (Lo)NDy;e(g) WEBn (Lo)NDy;e(8) vEBm (Ly)

§2P£( min max £, (w, )gz)
wEBn(Lo)NDyie (g) vE B (Ly)

= 2% i Ly(w:;Ly,) < z).
(weBn(gﬁgDmg(g) n(w; Ly) < Z)

By choosing L, = 1 of constant order but large enough, ¢ = e(t,n) and 2z = 2(t) =
maxgso minyso Dy (5,7) + 24/t/n, we have for C4log(en) <t < n/C%,

P* ( min H,(w) < maxmin D, (8,7) + 2\/?> <209~ (91)
WEBR(Lo)NDyie(t,n)(8) B>0 v>0 n

(Step 3). Combining (91) and the localization in (85), there exist some C3,C%5 > 0 de-
pending on K such that for C4log(en) < t < n/C%, on an event E3(t) with P*(E3(t)) >
1-— Cge_t/c3,

min H, > rnaxmlnD )+ 24/t/n
W€ Bn(Lo)NDoie (t.m) (8) n(w) B>0 ~ n(8,7) /

> in D. t/n > H = in | Hy(w).
sty 0a(6.) + Vi 2 i Ho(w) = gin, i (u)

So on E3(t), Wy ¢ Dy (8) N Bn(Lo), i-e., for Chlog(en) <t <n/Cj,
B¢ (|g(i,) — Eglwy,)] > Calt/n)/4) < Gyt

Using a change of variable and suitably adjusting the constant Cs, for any 1-Lipschitz
function go : R™ =+ R, n € Eg and ¢ € (0,1/2],

m m e
P (‘gO(M”) ~ Ego ({5 up) (s 7o) | 2 5) < Cane "= /%,

(Step 4). In this step we shall establish uniform guarantees. We write ﬁ?;uo)(%’*; Tps) =
~seq,*

Hons(30) )
n ' XT (XX /n+nI)"Y, for ni,m € 0, K],

in this part of the proof. First, in the case ¢=' > 1+ 1/K, using i, =

1

~ ~ — — -1
1Fn, = Fina | S 27 HIGllop (IGllop + €N - (XX /n 4 D)™ — (XX T /n+120) " Jlop

_ Gllop + |I€]] 2 _
stz (1 L 2N Tyt 2, - - i (92)

Here the last inequality follows by the fact that any p.s.d. matrix A, |[(A+nI)~! — (A +
n2d) " Hop < AL 2 (A)|n1—mn2|. As |2 op S nunder Hy < K, there exists Cy = C4(K) > 0

min

such that on an event Ey with P*(Ey) > 1 — Cye ™/,

[Ty — Tin, || < Can®|my — mal. (93)
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On the other hand, note that for 71,72 € [0, K], using Proposition 23-(3),

1S5y = A0 S AV e[S 2l — ol (94)
So we have
/\ * ~seq,* 2
}Ego f?iq(E Mo)) —Eego (u;ez?(ﬂuo))’ < Can®lm — ma- (95)

Now by taking an ¢/(2C4n?)-net A, of [0, K] and a union bound,

é’ ~ A~ Sk
Pe( sup o) ~Esols )| 2 2)

~ ~seq,*
<Pt (;rgfg |80 (Fin) — Ego (A5 o)) | = 6) + P(ES)
< (14 204Kn?/e) - Cyne™"<"/05 4 Cye/C1 < O e Indeme"/C, (96)
By adjusting constants, we may replace n3/s by n. We then conclude by further taking
expectation with respect to ¢, and noting that P(¢ € & ¢(\/t/n)) > 1 — Ce™t/C.
Next, in the case ¢! < 1+ 1/K, we work with n € [I/K, K] and use the standard
form of fi, with fi, =n (X" X/n+ nI)leTY. As > 1/K, the spectrum of the middle

inverse matrix is bounded by 1/n < K, so we may replicate the above calculations in (93)
and (95) to reach a similar estimate as in (96). O

C.5 Proof of Theorem 3 for 7,
Recall the cost function h, = hy.q, ¢, defined in (28). It is easy to see that

~

Gy~ €)=~ (97)

U, = argmax min h,(w, v
T wekn (wrv) = N

We shall define the ‘population’ version of v, as

1 h
Unx = ¢7—17,*( ¢'7%7* - O-g T =T §> (98)

in the Gordon problem.
Proposition 36. Suppose the following hold for some K > 0.
o 1K <670 <K, Juoll VIS v Hs < K.
o Assumption B holds with 02 €[1/K,K].
There exist constants C,C" > 0 depending on K such that for C'log(en) < t < n/C’,
n € [1/K, K] and £ € & ¢(\/t/n),

P¢ (The map v — y(wy «;v) is n-strongly concave with unique maximizer vy,

satisfying ||vgnl| < C and ||vgn — vy «|| < Cy/t/n.

Furthermore, ‘maxv £y (wy «,v) — maxg=o minyso Dy (3, v ‘ < Cy/t/n. ) e t/C.
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We need the following before the proof of Proposition 36.

Lemma 37. Suppose 1/K < gb_l,ag < K, and ||pol| V [|Ellop V Hs < K for some K > 0.
Recall wy , defined in (77). Then there exist constants C,C" > 0 depending on K such that
for C'log(en) <t <n/C', n€Zk and { € &1 ¢(\/t/n),

P (max {|(id = E) {g/v/m, w0, (1 = E ) leg.c 2], |(id = B ) F ()]
7 (id = )| lwyallh - €121} > VEfn) < Cen/C.

Proof All the constants in <,2,= below may depend on K. Recall w,, = (¥ +
Tn,*I)_IEI/Q(—Tm*,uO + fyn,*Zl/Qg/f) Under the assumed conditions, 7y «, 7y« < 1. We
shall consider the four terms separately below.

For the first term, we have

nil/Q\(g, Wy «) — E(g, wy )| < 7 - "71/2“(2 + Tn,*I)ilzl/ZMOa 9
+ Y- (id = E)|[(Z + Tn,*I)71/221/29HQ =A11+ Ao

The concentration of the term A;; can be handled using Gaussian tails and the fact that
(2 + 7y D) 718 200]12 < 1. For the term A; o, with Hi(g) = |[(E + 7,.1)"Y/2512g) 2,
it is easy to evaluate |[VHy(g)|*> = 4||(E + 7,.I) "' Sg|> < 4H1(g) and E Hy(g) < n, so
Proposition 59 applies to conclude the concentration of Aj s.

For the second term, we may decompose

[l = Ellwnl®| S Tove - 0™ V2HE + 73,6 D) 7252 00, )
+ 7m0 (d = B)|(2 4 7,1) " S
From here we may handle the concentration of the above two terms in a completely similar

fashion to A; 1 and A; 2 above.
For the third term, recall that ﬂ?guo)(’y; 7) = (S + 7)) 7ISV2(SV2 00 + vg//n), s0

‘F(wn,*) E F(wp,« | ‘Hﬁs;}uo) '717,*,7'7]*)”2 EH/A‘S;‘MO (V5 Tipx) ||2|
S e n’1/2\<(2+7n,*1) 223200, 9)] 4 v - (i = E)[( 4 ) TR 2]

The concentration properties of the two terms on the right hand side above can be handled
similarly to the case for the second term.
For the last term, we have

0| il — €11 = E|l llwnllh — €]
S 0 lwn PIBIP = E g PNANP] + 27wy, l[[ (R, )] = Asy + Asp.

On the other hand, on the event &1(+/t/n),

Agx S (IDIP /)|l s = Ellwyl*] + 07" B flwg* - [[R]]* = ml < v/t /n,

53



HAN AND XU

and Ago < (1Vey) - nt(h,&)| < /t/n. Combining the above estimates concludes the

~

concentration claim for the last term. [ |

Proof [Proof of Proposition 36| Fix ¢ € & ¢(1/t/n). All the constants in <, >, below
may depend on K.

(Step 1). In this step, we establish both the uniqueness and the apriori estimates for vy ,.
Using Lemma 37, we may choose a sufficiently large C,C’ > 0 depending on K such that
C'log(en) <t <n/C’,

B (Eo(t) = { max {|(id — E){g/v/m, wy,)l, |(id = E) w1 |(id = E)F (wy,.)],

h—¢IP} < Vifn}) 21— cene.

n”!|(id — E)|| 1wy,

Therefore, on the event Fy(t),

{g9//n, Wy+) > E(g/vn, Wy ) — \/7% = Tnx n_ltr((E + Tn,*I)_lz) - \/7%

Note that n_ltr((E + Tm*I)_lE) pe ’Hgl 2 1, by choosing sufficiently large C, we conclude
(g/+/n, wy ) > 0 on the event Ey(t). This implies that v — £, (wy, «, v) is n-strongly concave
with respect to [|-||, so vy, exists uniquely on Ey(t).

Next we derive apriori estimates. We claim that on Ey(t), vy, = arg max ,cgm €y (wy «, v)
takes the following form:

1 <ng77,*> )
n=—(1— ———">"— . «||lh —&). 99
ton = 7 T —gi ), - (lenlh =) (99)

To see this, using the definition

I?

) - (0.6)) - 1

2
o na?\  lwgllh - €
=argmax § —= | — (g, wp) + || ||wn.«||h — -
%NX{¢H< (9 wne) + [ oo “) 2}\waM—§H

1 [wn [ — €
Gl R [ L L ) P e e
\/ﬁn< ! ! v Hlwgllh = £]i
Some simple algebra leads to the expression in (99). The boundedness of v, || then follows
from the boundedness of |lwy, .||.
(Step 2). In this step, we establish the bound on ||vy,,, — vy «||. The key observation is that
we may rewrite v, . defined via (98) into the following form

1(
Upp = argmax ¢ — | — ||V][(g, Wnx) T+ || Whx
- iW1{v% lell{g, wn.e) + Il

1 ( E(g, wn») ) 1/2 2
Vyx = 1-— ’ (EY? [Jwy | - B = €). (100)
Vi EY2|| flwn,all - b = €12
This can be seen by observing
E Hwn,*H? = Eerr(s ) (Yn«i Tyx) = ¢713,* - 027
]E<g’wn’*> - % ' ]EdOf(EHU'O)(’yn’*;Tn:*) = \/ﬁ%?v* ’ (¢) - 7':,*)’ (101)

1/2
Y2 [fwg,el| - b — €12 = v/m(E|wn. |2 + 02) " = Vimdy e,
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and therefore 1 — El/gﬁfifj‘f}i_gug = ¢sz*. Now with (99)-(100), we may use Lemma 37 to
estimate

1

[og.n = vpll < Tﬁnwwn,* —EY2 |wy. ] - IR
1 (g, W) E(g, wp,«) 1/2 2
+ : - : B g * - b — €]
Vn [Hlwn«llh =& EY2| wpll - b= €2 !
= Vi + V. (102)

We first handle the term Vi. As Eljw,.|* > ~; .tr(2%(2 + 7,,.)7%)/n 2 1, on the event

Eo(t) N &o(y/t/n),

A0 [ llwnell* = E JJwn,«|1?] .
Vi < . > > < 103
b Vn E'/? [|w,« |2 (103)

Next we handle V5. On the event Ey(t) N &10(\/t/n),

Va S [ lwgll e = €170 - [{g, wye) —E{g, wn,s)]

+ E(g, wye) - | [ lwgellh — 17 = B2 g - b — €]

S 2 (g wy ) =g, wy) | + 07 2] | lwgllh = €] = B2 wy b = €]
S0 2 (g wy ) —B(g, wyn) | + 07 || lwyellB = &1 = Bl [wy. |2 — &[]
S Vi/n. (104)

The desired estimate for ||vy , — vy «|| follows from (102)-(104). B
(Step 3). In this step, we prove the claimed bound on | maxy £y, (wy «, v) — Dy (B, Yn.)l-
First note that

max £y (wy «,v)

vER™
1 2
= 52%% {\/ﬁ( - ||U”<ngn7*> + ||w777*H <h,’l}> — </07£>> + F(wn7*) o T’H;]H}
1

On the other hand, with #* (20) = F (s, 00) (Vx5 Tnx)» # € {err,dof},

e U\ B, * 2
re (\F " B ) 2,4 (Eerr (Z0) ~2EdOf 5 ) +717,*) +E F(wn,),

S0 we may rewrite maxgq minyso Dy, (3,7) = Dyy(By«, 1y,+) as follows:

2
Dy (B s o) = ﬁn;(’}’n,*(qb— 1) + a£> 775 +ERe <’Z"F ZZ >

T,
677, ?7/627
27?7,

<¢ryn .+ 05 + IEerr77 (S0 2Ed0f;;(§),u0) ) + EF(wn «)
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nBz.
2

= @ (d’%Qy,* - Edoﬁ;;(z#fﬁ) B

+ E F(wn7*)'
i

Further using the second and third equations in (101), it now follows that

in D _ Pox (gs2 2 By .
Iél%crgg D, (8,7) = %OE || [|wn«]|h — €| — E<ngn,*>> - +E F(wy.)
1 2
= 5 (El/z [ lwn,«llh — €| — E{g, wn,*>> +EF(wy.). (106)

Now combining (105) and (106), on the event Ey(t) N &10(1/t/n), we may estimate

‘521%%% Ly (wy 5, v) — %138‘31;8 n(ﬁa’m

ST 2 (g wy) — B{g, wy) | + 02| wnallh — €l — BV wp b — €17
+ |F(w,7,*) - EF(wn,*)| SV t/n,

completing the proof. [ ]

Proof [Proof of Theorem 3 for 7] Fix § € & ¢(1/t/n). All the constants in <, 2, = below
may depend on K. We sometimes write &, = maxgsomin,~o Dy (5,7).
As 7, = —nv,, we only need to study v,. Fix ¢ > 0, and any h : R — R, let

Dy(h) = {v e R™: |h(v) — ESh(v,.)| > €}.

(Step 1). In this step we establish the Gordon cost cap: there exist constants C1,C] > 0
depending on K such that for C]log(en) <t < n/Cj,
P¢ (El(t)c = { max by (wy e, 0) > Dy — O ! t/n}) < Cre”t/Cn, (107)
VED ey emy/a ()

To this end, first note that by the Lipschitz property of h, the Gaussian concentration and
Proposition 36, there exist some Cp, C), > 0 depending on K such that for C{jlog(en) <
t <n/C{, on an event Eo(t) with probability at least 1 — Coe ¥/ we have uniformly in
v € Dye(h),

e <|h(v) — E* h(”n,*” < |h(v) - h(”n,*” + ‘h(vn,*) —E* h(”n,*)|
<o = gl + [0 = vgall + OV < [[0 = vyl + Cov/ETm,

and all the properties in Proposition 36 hold. In other word, on E (t) with the prescribed
range of t,

inf |lv—vpnul > (e — Cm/t/n)Jr.

vEDy;.(h)

Using the 7-strong concavity of v + £, (wy.«,v) on E1o(t), we have

noo. 2
max £p(wy ., v) < lp(wy s, v — = inf Jlv—vw
vesz{(h) 77( o V) < n( 0% n,n) QvGDW(h)H nnH
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< max min D, (3,7) — g(e — Cox/t/n)i + C1/t/n.

B8>0 v>0
By choosing € = &,.5(t,n) = Cor/t/n + 24/C1/n - (t/n)'/*, we have on Ejo(t),

l ,v) < inD,(8,v) — Ci\/t/n. 108
ven, B2 n (W, v)_rgggrgg 0(B,7) — Ci1/t/n (108)

Adjusting constants proves the claim in (107).

(Step 2). In this step, we provide an upper bound for the original cost over exceptional
set. More concretely, we will prove that there exist constants Co, C% > 0 depending on K
such that for any L, > 0, and C4log(en) <t < n/CY,

Pt (EQ(t)C = { max min hy,(w, v)
veDn;Cg(t/n)1/4 (M)NBpm (Ly) weR™

>, —Cy! t/n}) < Chet/C2, (109)

To see this, first note by Proposition 35, there exists some Cy = Cy(K) > 0 such that
on an event Fpg with PS(Eppg) > 1 — Coe ™2, |lwy,.| < Cy. So with Z,(t,n) =
maxg~o min,~o Dy, (3,7) — Cfl\/z%, for any L, > 0, an application of Theorem 14-(1)
yields that for C{log(en) <t <n/CY,

IP’g( max min h,(w,v) > Z,. t,n)
”eDmcl(t/n)IM(h)”Bm(L“)“’ER" 77( ) n,v( )
< Pf ( max min A, (w,v) > En;v(t,n))
VED, . (ymy1/4(NNBin(Ly) wE By (Co)
§2]P’£( max min £ (w,v) > Z,. t,n)
veDn;Cl(t/n)IM(h)mBm(Lv)U’GBH(C2) 7]( ) 77,11( )
§2IP’5( max Lp (W x,v) > Zp, (t,n)—i—QIP’E(EC )
VED  (myi/aMNBm (L) ) 2 Zlr ) 20
'3 = £ (e —t/C
< 2P ( 5 max lp(wy 5, v) > zmv(t,n)) +2P(E5,) < Ce ,
veE ’

7:C (t/n)1/4 (h)

proving the claim (107) by possibly adjusting constants.

(Step 3). In this step, we recall a lower bound for the original cost optimum, essentially
established in the Step 1 in the proof of Theorem 3. In particular, using (85), (86) and (90),
there exist C3, C%, C% > 0 depending on K, such that for C4log(en) < ¢ < n/C%,

Ps <E3,0(t)c = { max  min h,(w,v) < D, — Cglx/t/n}) < Cye MO, (110)
VEB, (CY) weR™
and
P (550 = { o, i o) = g i ) ) < Goe/ )
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(Step 4). By choosing without loss of generality C3 > Cs, on the event Es(t)NEs3o(t)NE3 1,
(109)-(111) yield that for any C'log(en) <t < n/C’,

max min h < maxmin D. —O5%/t/n
veD 174 (h)NBm (CY) weR™ n(w,v) < B8>0 v>0 7(5:7) 2 /
n:Ca (t/n)1/
< maxmin D — t/n < a in h = ma h .
BT Do) — GV S g e () = g i, B00,0)

This means on the event Ea(t) N E30(t) N E31, Uy & D,.c,4/n)1/4(h), i.e., there exist some
C4, C) > 0 depending on K such that for Cjlog(en) <t <n/Cj and 1/K <n <K,

B¢ (Ih(5,) — B h(uy.)| = Calt/m)/1) < Cue/%. (12)

(Step 5). In this final step, we shall prove uniform version of the estimate (112). For
ni,n2 € [1/K, K], using the definition of v, in (97),

I0(@) = h(@)| < 18, — Tl
<n V2| Gy, — ny Gy, || + (IEN/VR) - It = |

Gy, || + —1 - ! Wy, — W
<H W, ||+ (1€ 1_7721\+7HG(wm—wm)H

v Vi
el 1Glop - _ -
S (U 12 ) o =l 2 iy = ]

. N _ -1 2
Using that [, = [ln=" (X7 X/n + ) ' XTY| < [XTY]/(nn) S (1+ [Cllop/v/R)?, we
have

0@) = h(@y)] S (14 1Gllop/vn)” - (I = mal V ([T, = i ) (113)

In view of (93), there exists some C5 > 0 depending on K, such that on an event E5; with
P(Es5,1) > 1 — Cse™/%5,

[h(@y,) = h(@y, )] < C5n®lny — 2. (114)

On the other hand, using the definition of v, , in (98), Proposition 23-(3) and the fact that
qw%,* — og = Eerris 1) (V5 Tpx) = tr ((E + Tn,*I)_222) 2 1, we have

}EE h U’h *) - ]EE h(v?h )‘ El/Qé””m - Un27*||2

N‘m, ng")/nh - Ta,x \/¢7772*_U}+‘771*_7727

~ ‘7771,* - 77]2,*’ + | 771 7]2 *‘ < C5|771 7)2‘ (115)

Now we may mimic the proof in (96) to conclude that, by possibly enlarging C5 > 0, for
any € € (0, 1/2] and & € 517§(€2/C5),

P sup [h(@y) — ESh(vy,)| > 2) < Cone /%,
n€ll/K,K]

as desired. [ |
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Appendix D. Universality: Proof of Theorem 4

D.1 Comparison inequalities

For f: R® — R, let
1
He(w, 4) = || Aw — E[? + f(w).

The following theorem is proved in (Han and Shen, 2023, Theorem 2.3).

Theorem 38. Suppose 1/K < ¢=' < K for some K > 1. Let Ay, By € R™ " be two
random matrices with independent components, such that E Ag.;; = E Bo.;; = 0 and E A?
EBO;U for alli € [m],j € [n]. Further assume that

0iij —

M = max E|Ag|°
ie[m],je[n}( [Aosis|

i51%) < o0.
Let A = Ag/v/n and B = By/+/n. Then there exists some Cy = Co(K, M) > 0 such that
the following hold: For any S,, C [~Ly, Lp|™ with L, > 1, and any T € C3(R), we have

(ET(EE Hf(w,A)) - ET(ur)régl He(w, B))‘ < Co- K1 -11(Lyp).

Here Kt =1+ maxee[&g]HT(@Hm, and r¢(Ly,) is defined by

V82 1og2/3 (Ln/9)

— 3 3
= gt [ 1+ 4 ) 20

where N5(Ly,0) = sup [f(w) — f(w')| with the supremum taken over all w,w' € [— Ly, Ly|"
such that ||w — w'||s < 0. Consequently, for any z € R,e > 0,

P ( min He(w, A) > 2z + 38) <P ( min He(w, B) > z + 8) +C1(1V e )re(Ly).

wGSn ’wESn

Here Cy > 0 is an absolute multiple of Cy.

Let for v € R™,w € R™, A € R™*™ and a measurable function @ : R™ x R" — R
X(u,w; A) = u' Aw + Q(u, w). (116)
The following theorem is proved in (Han and Shen, 2023, Theorem 2.5).
Theorem 39. Let A,B € R™ "™ be two random matrices with independent entries and
matching first two moments, i.e., EAfj = IEij for alli € [m],j € [n],£ = 1,2. There

exists a universal constant Cy > 0 such that the following hold. For any measurable subsets
Su C [~ Lu, L™, S C [~ Luw, L™ with Ly, Ly, > 1, and any T € C3(R), we have

’ET(maX min X (u, w; A)) —ET(max min X (u, w; B))‘
UESy WESY UESy WESY

< Cy-Kr- inf {M1L5+,/VQ(L 5) +log”3(L/6) - (m+n)2/3M§/3L2}.
Here KT =1+ maxze[o:;;]”T(e)Hoo, L = Ly+ Lw, M¢ = 3 icim) jen] (E|A;;/* +E|BZ]\ 9,
and NH(L,0) = sup|Q(u,w) — Qv ,w')| with the supremum taken over all u,u’ €
[—L, L™ w,w" € [-L,L]"™ such that |[u — u/|e V |Jlw — W' ||ec < §. The conclusion con-
tinues to hold when maz-min is flipped to min-max.
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D.2 Delocalization
Recall that ji,, defined in (3) can be rewritten as

1 1
Ay = angmin e {10l + = (0= V) = DolP .

For any 7 > 0, we have the following closed form for ji,:

~

fig =0 (XTX/n+nL) ' XTY, 5, = —(/nn) Y — XJi,). (117)

The above formula does not include the interpolating case n = 0 when n > m. To give an al-
ternative expression, note that the first-order condition for the above minimax optimization
is iy, = X "0,/v/n, Y — X[i, = —/nnv,, or equivalently,

iy =n"'XT (XX /n+nl,)"Y, @y =—-n"Y2(XXT/n+nl,)""Y. (118)

The following proposition proves delocalization for w, = »i/2 (fty — po) and ).
Proposition 40. Suppose Assumption A holds and the following hold for some K > 0.

« YK <67 S K, 5 op V [Sllop < K.

o Assumption B holds with 02 €[1/K,K].
Fiz ¢ € (0,1/2]. Then there exist some constant C = C(K,¥) > 0, two measurable sets

Uy C By(1),E9 C R™ with min{vol(Uy)/vol(Bn(1)),P(£ € E9)} > 1 — Ce ™*"/C, such that

sup P sup { [y loe V |5yl } = CnH2T) < 00710,
1o €Uy, EEEY NEEK

The sets Uy, Ey can be taken as

Uo = {10 € Ba(1): sup [ (BAT, (i ) = o) < Com ™27},

£9 = {g ER™ : [|€]l oo < Con”, [1€]17/m — 02| < con—l/w}

for some large enough Cy = Cy(K) > 0.

Remark 41. Proposition 40 formalizes the delocalization required by our comparison argu-
ment: uniformly over n € Zx, @, = LY2(f, — po) (and likewise U,) is small in L. The
set Uy encodes this coordinatewise control via the sequence model proxy, thereby ruling out
highly localized signals. The event Ey imposes mild noise concentration in sup-norm and
empirical variance; for i.i.d. sub-gaussian coordinates, this event holds with overwhelming
probability.

Remark 42. Delocalization in the same sense of the above proposition holds for ||Pfi,+q|
with any deterministic matriz P € R™"™ and vector q € R™ satisfying ||Plop V |||l < 1, with
a (slightly) different construction of Uy.
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Proof [Proof of Proposition 40] All the constants in <, >, < below may depend on K.
(1). Let us consider delocalization for w,. Using (118), for any s € [n],

<es> 71}77> = n_l@l/QeS, XT(ng + nlm)_lX:uO> - <21/2€sa N0>
+n NSV 26, X T (¢S 4 nly) L) = Ap + Ao (119)

We first handle Aq,,. Let p be the asymptotic eigenvalue density of Y = XXT/m and fix
¢ > 0. By (Knowles and Yin, 2017, Theorem 3.16-(i), Remark 3.17 and Lemma 4.4-(i)), for
any small ¥ > 0 and large D > 0,

pé (\m*(zl/?es, XT(S = 21) " X o)
— (5260, m(2) S + m(2)2) " o] > 02 /Sm(z) /%z) <on P

holds for all z € [~1/¢,1/c] x (0,1/¢]. With & = k(z) = dist(Rz,supp p) > n~2/3+c,

by further using the simple relation Sm(z)/Sz = [ (RZ_"S%

n~ Y29, /Sm(2)/Sz in the above display can be replaced by s~ 'n~1/217

When ¢~ > 1+ 1/K, according to (Bai and Silverstein, 2010, Theorem 6.3-(2)),
supp p € (Cgl, Cp) for some constant Cy > 1. Therefore, for z = z(b) = —n/¢++/—1b with a
small enough b > 0 to be chosen later, it is easy to see that k > kg = (n/qﬁ)\/Co_llqﬁlelH/K.
Therefore, on an event Ejg.¢(b) with PS(Ey .4(b)) > 1 — Cn~P,

< /fQ, the error bound

Im (2260, X T (2 — 2(0) L) ™ X o)
— (Y265, m(2(0))S(L, +m(2(0))2) o) < (1) + (II) + wg =1/, (120)
where
o (I)=|m HXY2e,, X T(X — 2(b)1,,,)) ' X o) — m~ 122, X (X — 2(0)L,n) " X o),

o (IT) = |[(ZV2%e,,m(z(0)2(, + m(z(0)X) 'uo) — (2V2%e,, m(2(0)2(1, +
m(2(0))%)" ko).

By a derivative calculation, it is easy to derive
2 - —1\2
(D) < (1Zllop/v)™ - (22 /1) HlopLs-13101/ A1) b

Now by using the concentration result in (Rudelson and Vershynin, 2009, Theorem 1.1), on
an event Fy 1, with Pg(ELl;s) >1—e "% we have (I) < Chb.
For (I1), using the boundedness of m(z(b)) around 0 for ¢~! > 1+1/K, we may estimate

(I1) < (Lg15141/ A0~ ") - [m(2(b)) — m(2(0))]

N b
(Lg-1>100/K A )'/ )
et

e PR S0

IN

o~ 1>141/K

IN

61



HAN AND XU

100

Combining the above estimates, for b chosen small enough, say, b = n~""", on the event

ELO;S(n—lOO) N El,1;57

|Ars — (21 2eg, m(=n/9)S(In + m(—n/$)) " o — o) S ™2
Using 7,7 = m(-n/¢) and the definition of ﬁ?g‘uo)(’yn,*; Tpw)s Tecall wy, =
»1/2 (ﬁ?;quo)(’ym; Tpx) — ,ug) defined in (77), we then have
sup P¢ (max]Al;s — <63,Ewm*>\ > Cn_1/2+19> <conP. (121)
10€By (1) s€n]

The term As s can be handled similarly, now reading off the (1,2) element in (Knowles and
Yin, 2017, Eqn. (3.10)), which shows that for any £ € R™,

P¢ (m?>]<|A2;s| > (gl /v/m) - n~H2) < CnP. (122)
sen
Combining (119), (121) and (122), we have
sup  PE (||@,7\|oo > | Ewy.alloo + cn—l/M) <on P, (123)
Ho€BR(1),6€Ey

Now we will construct Uy C Bp(l) with the desired volume estimate, and
SUD 0 ety SUPpez . IE W «lloo < Cn~1/?*Y_ To this end, we place a uniform prior on g ~
Uogo/llgoll, where Uy ~ Unif[0, 1] and go ~ N(0,I,) are independent of all other random
variables. Then sup,cz, [[Ewy«llcc < sup, ez, 7«l[(X + Toadn) 122 g0]l00/|lg0]|. Using
Proposition 23-(3) and a standard Gaussian tail bound, Py, (Uy = {supneEKHIE Wy s ||oo >
C’ln_l/%ﬂ}) < Ce™*"/C . Moreover, P ¢ &) < e="*"/C The pointwise-in-n delocaliza-
tion claim on w,, follows. As 1+ ||@Wy||oc is C-Lipschitz with exponentially high probability,
the uniform version follows by a standard discretization and union bound argument.

(2). Let us consider delocalization for v,,. Using again (118), for any t € [m],

— (e, Ty) = 02 er, (6% + nm) " X po) + 02 er, (3 + nly) 7EE)
= Bl;t + BZ;t-
The term Bj can be handled, by reading off the (2,1) element in (Knowles and Yin, 2017,
Eqn. (3.10)), which shows that

sup DP¢ <max]Bl;t\ > Cn_1/2+‘9> <cnP. (124)
10€By (1) te[m]

The term By relies on the local law described by the (2,2) element in (Knowles and Yin,

2017, Eqn. (3.10)): for any £ € R™,

P¢ (maﬁrBz;t — o~ m(=n/9)&| = C(IEl/v/m) -n ) < on7P (125)

te(m

Consequently, combining (124)-(125), we have

sup B (B0 > On7V2H0) < On P,
1oE€EBR(1),£€8€y

The claim follows. [ |
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D.3 Universality of the global cost optimum
Theorem 43. Suppose Assumption A holds and the following hold for some K > 0.

¢ /K <¢ <K, [[Slop VI[Elop < K.
o Assumption B holds with O'g €[1/K,K].

Fiz ¢ € (0,1/18). There exists some C = C(K,9) > 0 such that for po < 1/C, n € Ex and
£ €&y,

su ]P’5< min H,.7(w) — max min D, (3, > )<C ~3 —1/6+30
uoegﬂ }weR" mz(w) 350 7>0 n(B ’7)‘_00 < Cpg

Here Uy is specified as in Proposition 40.

Proof Fix ¥ > 0, pg € Uy and & € & as specified in Proposition 40. Let L, = Con?. By
the same proposition, with PS-probability at least 1 — Con =109,

. . 1 1 M2
min H,.z(w) = min max {U,Zw - —(v,&) — —||lv —i—Fw}
sk Tz () wlloo<Ln /v [olloc<Ln/v/n \/ﬁ< > \/ﬁ< L (w)
B , r . 1. M ~i2 -
= in e {0 .20) — 10,6 - 5L TP + F(@/V) (126)

and

. . 1 . ~ 1 N ~2 ~
min fpo(o) = win o {2 5.Ga) - (5.6 - SHEIP + F(@/VD. (12)

weR™

By writing Q(v,w) = —1(v,&) — L|[0||*> + F(w/\/n), we have

No(L,90) = sup |Q(@, w) — Q@ ,w')| Sk (1VL)S- <1+H§H1>.
[[]o0 VI["[| oo S L, [0=0"|| 00 <8, n
10|00 V1@ [loo S L, ||~ || o0 <6
Now with Xq(v,w; Z) = n=32(v, Zw) + Q(T,w), for £ € £y, by applying Theorem 39, we
have for any T € C3(R),
‘E€T< min max  Xq (v, w; Z)) —E£T< min  max X (v, w; G))’

15]lco < Lin [|0]lco <Ln 1@]loo <L [|0]loc <Ln

S Ko it {\/ﬁLné + Lnd +log” (Ln /) 'n*1/6L,21} <Oy Kt~ V6 (198)
€

)

Replicating the last paragraph of proof of (Han and Shen, 2023, Theorem 2.3) (right above
Section 4.3 therein), for any z > 0, py > 0,

P¢ ( min max XoU,w;Z) > z+ 3p0>
@lloe <L [FllowSln

< P* ( min max Xo(v,w;G) > z _|_p0> + Cpafin—l/6+3ﬂ_

[@loo <Ln [[0]lcc <Ln
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Combined with (126)-(127), we have

Pé ( min H,.z(w) > z + 3p0> < P* ( min Hy.q(w) >z + ,00) + 02[)63”—1/6+319‘
weRn weR™

In view of (89) (in Step 1 of the final proof of Theorem 3), for py € (C3n=12+9 1/C3),
we take z = 2, = maxg-omin,soD,(8,7) and ¢t = pgn/Cs therein, so that for £ € & C

1/2
E1e(po/C5"),
Pt ( min H,.q(w) > z, + p0> < C3€—Pgn/03.
weR™

Combining the estimates, for £ € &, py € (Can= /217 1/C3),

P ((min Hyz(w) > 2+ 3po ) < Caf e 8/C s pin=1/6+30},

weR™
The first term above can be assimilated into the second one, and pg > anfl/ 249 can be
dropped. The lower bound follow similarly by utilizing (90). |

D.4 Universality of the cost over exceptional sets
Theorem 44. Suppose Assumption A holds and the following hold for some K > 0.
¢ I/K <o <K, [[Blop V[E  lop < K.
o Assumption B with variance O'g €[1/K,K].
Fiz 9 € (0,1/18). Then there exists some C' = C(K,V) > 0 such that for g : R"™ — R being
1-Lipschitz with respect to ||-||s-1, po < 1/C, n € Ex and § € &y,

sup Pt

( min H,.z(w) < maxminD,(8,7) + po> < Cpy®- n /0437,
o EUy ’LUGDn‘

Ln B8>0 v>0
Cpé/Q (g)mB(Q,oo) (07 \/ﬁ)

Here B(s,56)(C, Ly /v/n) = By(C) N Loo(Ln/+/n) with Ly, = Cn?, and Uy is specified as in
Proposition 40.

Proof Fix e,9 > 0, ug € Uy and £ € &y as specified in Proposition 40. We define a
renormalized version of D..,(g) as

Dey(g) = {w e R" : [g(w/v/n) — Eg(wy./vn)| > €},

where Wy, = /nwy, .
(Step 1). Let L, = Con’. For any z € R and py > 0, with Z,, = Z/\/n,

23 ( min Hyz(w) <z + p0> (120)
wGDn;s(g)mB(z,w)(Co,L—\/%)

1
:pf( min {F(w)+—\|Zw—§H2} §z+po)
WEDW;E(g)ﬂB(z,m)(CO»LT%) 2n)

64



THE DISTRIBUTION OF RIDGELESS LEAST SQUARES INTERPOLATORS

) - 1 ~
:IP’5< B min {nF(w/\/ﬁ)—i-?Han—fHQ} Sn(z+pg)).
WE D (8)NB(2,00) (vV1Co0,Ln) n

Now we may apply Theorem 38. To do so, let us write f(w) = nF(w/y/n) to match the
notation. Then a simple calculation leads to

M(L,0) = sup [f(@w) — f(@')] Sk (1V L)S,

1]l oo V(1@ [|oo S L, [0~ || 0o <&
Consequently, an application of Theorem 38 leads to
RHS of (129) — Ci(1 Vv (77/)0)*3)L3Ln*1/6 log?/®(Lnn)

. ~ 1 ~
SP(L 5 gom {nF @/ Vi) + 1| Guid = €7} < (= + 3p0) )
WEDyse (8)NB(2,00) (v/nCo,Ln) n

<P ( min Hyq(w) < 2+ 3p0>
wEDn;s(g)ﬂB(lw)(CO’Lf\/’%)

<IP’€( min H,alw)<z+3 )
N wE Dy (g)N B (Co) mc(w) < po

Here in the last inequality we simply drop the L, constraint. Now for Con=1/2Y < pg <
1/Cy, by choosing z = z, = maxg-(min,soD,(3,7) and t = 2p3n/C5 in Theorem 32,
where (5 is the constant therein, we have

P¢ ( min H,.z(w) < maxmin D, (8,7) + PO)
web 1/2(g)”B(2,oo)(CvL7%) " B>0 v>0
niCapy

< C{e—pgn/cg + (npo) 3 - n—1/6+319} < Cy- (npo)~3 - n~/6+39, (130)
The constraints pg > Con=/2t7 can be removed by enlarging Cy if necessary.

(Step 2). In this step we shall trade the dependence of the above bound with respect to
n > 0 with a possible worsened dependence on pg, primarily in the regime ¢! > 14 1/K.
Fix ng € Zx. Let n > 0 be chosen later and 171 = ng + 1. Without loss of generality
we assume 19,71 € Zg, so by (76) in Proposition 31, |z, — z,| < Csn. By enlarging
Cs if necessary we assume that C5 exceeds the constant in Lemma 45. Using Lemma 45,
for ¢ = 204pé/ 2 with the choice n = Cupy/C5 < C4p(1)/ 2 /C5 (we assume without loss of
generality pg < 1),

Pt min L Hyoiz(w) < 2y + PO)
wEDny:(8)NB(2,00) (Co, &)

S ]P)g min I Hn1§Z(w) S Z770 + PO) (Since Hm;Z S HnO;Z)
wEDng;e(8)NB(2,00) (Co, T72)

< P* min Hy.z(w) < 2y + pg) (by Lemma 45)
weDnl;(e—C5n)+(g)mB(2,oo) (007%)
< Pp¢ ( min Hy.z(w) < 2y, + Csn + PO)

WEDy, i(c—Cym) 4 (g)”B(2,m)(Co7%)
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< P* ( min H,,.z(w) < maxmin Dy, (8,7) + C’po)
weDn;C4pé/2(g)mB(Z’w)(CO’%) >0 v>0
<C- (770 + po)—?)pa —1/6+319 <C. ,0_6 —1/6+319
The proof is complete by adjusting constants. |

Lemma 45. Suppose ||uo|l V | Sllop V IZ Hop < K. Let g : R™ — R be 1-Lipschitz with

respect to ||-||s—1. Then there exists some constant C = C(K) > 0 such that for any
e >0,m0,m € Ex with m > no, we have Dy ..(g) C Dn1;(6—6‘(m—no))+(g)'

Proof Using the definition of wy, . in (77), we have

|E g(wa ) — Eg(wn,«)| < Eljwn, « = wyy «[[5-1
~se

=E Hﬁs;quo Ve T % ) — M(Q#O)(Vno,*§7no,*)u <C-(m—mno)-

Here the last inequality follows from the calculations in (94). So for any w € Dy .-(g),

e < |g(w) — Eg(wye )| < lg(w) — Eg(wy, )| + C(m —no)-

This means w € Dy, (c—c(n—no)), (8), as desired. [ |

D.5 Proof of the universality Theorem 4 for fi,.,

Fix ¥ > 0, po € Uy and & € E. Let L, = Con?, and Ey = {Wn;z € B(2,00)(Co, Ln/v/1) =
B, (Co) N Loo(Ly/+/n)}. We assume that Cj exceeds the constants in Proposition 40 and
Theorem 44. By Proposition 40 and a simple ¢ estimate, P (E§) < Con~19. We further
let 2, = maxg~omin,o D, (8,7) for n > 0.

Let g : R™ — R be 1-Lipschitz with respect to ||-||s,—1. Then for pg < 1/Cp and n € Eg,
we have

]P’5 (ﬁ?n;z c Dn;Cop(l)/Q (g))
<P (@yz € D, 172(8) N Blaoo)(Co, Ln/ V) + P(Ef)

< Pt ( min 3 Hy.7(w) > 2y + p0>
weB(Q,oo)(COaT%)

+p¢ ( min L Hyz(w) < 2+ 2p0 ) + Con ™
WEDW;Copé/2 (8)NB(2,00) (Co, 7x)

Here in the last inequality we used the simple fact that

{ min Hy.z(w) < 2y + po} N { min Hy.z(w) > 2y + 2p0}
wEB(2,00) (Co, T2) WeD . 1/2(@)NB(2,00)(Cor k)
? 0

C {tyz ¢ Dn;Cop(l,/Q (8) N B2,00)(Co, Ln/ V) }-
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Invoking Theorems 43 and 44, by enlarging Cj if necessary, we have for py < 1/Cy and
n € Ek,

. 1/2 6
P (|g(@n7) — Eglwge)| > py/*) < o p®n /043,
or equivalently, for gy : R — R being 1-Lipschitz with respect to ||-||,

P Ggo(ﬁ"?Z) — Ego (A5 i 02)) | 2 po) < Cy - py PO,

Now we may follow Step 4 in the proof of Theorem 3 to strengthen the above statement to a
uniform one in 7; we only sketch the differences below. Using (92) with G therein replaced
by Z, and the assumption |||, < K, we arrive at a modified form of (93): on an event
Eq with IP’é(El) >1—Cre ™ for any m,m2 € Ex,

[Finy:z = Fnyizll < Cilm — mal. (131)

Using (94) with |[X71||op < K, we arrive at a modified form of (95): for any ny,72 € Ef,

~seq

‘Ego(ﬁ?guo)('ml,%%h*)) - EgO(M(g#O)(’Ynz,*;Tnz,*))} < 01‘771 - 772’~

Now using a standard discretization and a union bound, we have

Pt ( sup |80 (Fisz) — Ego (figss ) (Voo Tas)) | = Po) < Cy - py /0T,
ne=K

The proof is complete by taking expectation with respect to £ and note that P(§ € &) >
1—Ce /% asin Proposition 40. O
D.6 Proof of the universality Theorem 4 for 7.7
Proposition 46. Suppose Assumption A holds and the following hold for some K > 0.

¢ /K< '\ <K, [|Zop V[[EHop < K.

o Assumption B holds with Ug €[1/K,K].
Fiz 9 € (0,1/18). Then there exists some C = C(K,V) > 0 such that for any 1-Lipschitz
function h : R™ = R, pg < 1/C, n € ZEx and & € Ey,

sup P* ( omax min A,z (w,v) > maxmin D, (83,7) — Po) < Cpyin 1630,
S

po€Uy (h)NLeo (£r) weR™ B8>0 v>0

n;Cp(l)/2 vn

Here L, = Cn?, and Uy is specified as in Proposition 40.

Proof Fix e,9 > 0, ug € Uy and £ € &y as specified in Proposition 40. We define a
renormalized version of D..,(h) as

D.;y(h) = {F € R™: |h(F/v/n) — ES h(7./v/n)| > e},
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where 7, . = v/nry . Let L, = Con” and Q(v,w) be defined as in the proof of Theorem 43.
Then we have,

max min ha,z(w, v)
vEDy;e (N)NLoo (Ln/v/n) wELoo (Ln/v/n)
=  max _min  hyz(W/v/n,0/v/n)

7€ Do (W) Loo (L) D€ Lo (Ln)

" €D min { L@ 2a) - 1@,5) + F(@/y/n) — nHvHQ}
€ Dyye (NN Lo (Ln) TELoo (Ln) | 13/
1
= max min v, Zw) + Q(v,w
€ Dyyie (NN Loo (L) TE Loo (Ln) {n3/2< )+ Q0 )}

Using the comparison inequality in Theorem 39 and a similar calculation as in (128), with
Sn(PO) =, 3n 1/6+319

Pt ma i h,. v) >z —
<”€Dn~s<h>ﬂL§(Ln/\/ﬁ) wELoo(Ln /) mz(w,0) 2 2 po)
1
=Pt max min { v, Zw) + Uw}Zz—
<'ﬁ€l~7n,5(h)ﬂLm(Ln) WE Loo (L) n3/2 < > Q( ) ,00)

1
< P¢ max min { v, Gw) + Uw}Zz—S + Csy,
<’ﬁ€l~)m5(h)ﬂLm(Ln) WELoo (Ln) | n3/2 (v ) +Q(v, w) PO) (po)

=P i ho. >z—3 Crsn(po).
<v€Dn;s(h)rfrﬁlfLii(Ln/x/ﬁ) wCLon (L /) ma(w,v) 2 2 p0> + Cisn(po)

Using the convex Gaussian min-max theorem (cf. Theorem 14),

Pé I hp.z(w,v) > z —
(UEDns(h)Ig%z(o(Ln/\/ﬁ)weLf(lgi/ﬁ) n,Z(w v) > 2 p0>

§2IP’( max min bp(w,v) > z2—3 )+Cs . 132
oDy Ly wer Sy 1) po) + Crsnleo) (132)
On the other hand, using the definition of w, , in (77), and the fact that for any po € Uy,

IE whulloo < Ln/+v/m, we have P (|[wylloo > Ln/y/n) < Ce /€. Combined with (132),
we have

P ma. mi R ) > 2 —
(veDn;g(h)mLz{o(Ln/\/ﬁ)weLoo(E/ﬁ) n,z(w ”) Zz PO)
< (UeDw(h;}:gg gy (e 0) 2 2 p0) + Casn(po)

In view of (108), now by choosing z = 2, = maxgsomin,~oD,(8,7) and € = C’gp(l)/Z, for
po > Cyn =12 ¢ € &5 C & ¢(po/C), it follows that

Ps ( max min Ay, z(w,v) > 2z, — )
< Pt ( max min hy,z(w,v) > 2z — Po) < Cusnlpo).

veD . 1/2(MNLoo(Ln/v/n) wELoo(Ln//n)
;¢330
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The claim follows by adjusting constants. |

Proof [Proof of Theorem 4 for 7,.7] Fix ¥ > 0, po € Uy and { € &y as specified in
Proposition 40. We continue writing z, = maxg=o min,so D;(3,7) in the proof. Using the
delocalization results in Proposition 40, on an event E; with P$ (Eo) > 1 — Con™190 we
have ||y, z]loo V [|P:2 |0 < Ln/+/n with L, = Con?. Using Theorem 43, for py < 1/C, and
n € =k, by possibly adjusting Cy > 0,

IP)5< max min h,.z(w,v) < z, — 2)
V€L L/ /i) wER™ n,Z( ) < ] po/

< B¢ (min Hyz(w) < 2 — po/2) + FE(E§) < Copy® V49 (133)
weR™

Let us take C7 > 0 to be the constant in Proposition 46. By noting that

{veLozr(l%Z(/\/ﬁ) wnel%g}n iz (10, 0) > 2 = p0/2}

ﬂ{ max min A,z (w,v) < z, — 0}
veD c 1/2(h)ﬂLoo(L"/\/ﬁ) weR™ m ( ’ ) N P
7;C1Pg

- {i}\n;z ¢ Dn;clpé/z(h) N Loo(Ln/\/ﬁ)},
it follows from (133) and Proposition 46 that
Ps (@\U;Z S Dn;C'lp(l)/z(h))
<Pt (amz €D, o, ()N Loo(Ln/\/ﬁ)) +PS (amz ¢ Loo(Ln/\/ﬁ))

<}P’§< max min h,.z(w,v) < z, — 2)
= V€L oL/ /i) wER™ Al ) < 2y — po/

—H[Df( max min h,.z(w,v) > z, — >—|—IF’$EC
vep C 1/2(h)mLoo(Ln/\/ﬁ)’w€R” U,Z( )— n £0 ( 0)
n;C1pg

< Cpg3- n—1/6+39

Finally we only need to extend the above display to a uniform control over n € [1/K, K] by
continuity arguments similar to Step 5 of the proof of Theorem 3 for 7. By (113) (where
G therein is replaced by Z) and (131), on an event Ej with P$(E;) > 1 — Ce ™, for any
m,n2 € [1/K, K],

H?m;Z - ?ﬁz;ZH < C!m - 772‘-

On the other hand, (115) remains valid, so we may proceed with an e-net argument over
[1/K, K] to conclude. [ |

Appendix E. Proof of Theorem 6

In

To keep notation simple, we work with A = [, and write Fn'(Z llzol])

general case follows from minor modifications.

= Dy liwol)- The
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Lemma 47. Suppose the conditions in Theorem 6 hold for some K > 0. Fiz q € [1,00).
~seq

1 1
There exists some constant ¢ = ¢(K,q) > 0 such that n2" 4 EH/L(E uo)(% «Tnx) — Mollg = ¢
uniformly in n € Ek.

seq

Proof We may write E||z (S p0) (%77*; Tps) —tollg = E (Z?leaj —i—bjgj‘q)l/q for some aj,b; €
R with b; < 1, and g; ~ ./\/ (0,1/n) not necessarily independent of each other. So for some
Cj € R,

N " 1/q
EI7258 ) e Troe) = 0lla 2 (D Jes +g517)
j=1

IE 7% 4 lej|? > Co 2% Elgy|? for a large enough Co > 0, the lower bound follows trivially.
Otherwise, with Z = 70 ,[c; + g;|?, we have EZ > 70, infeer Elc + g;]7 2 nt=4/2
and EZ* < E (X7 (lgj|* + E!gj\q))z < (n'92)2) so by Paley-Zygmund inequal-
ity, P(Z > EZ/2) > (EZ)?/(4EZ?) > ¢y for some ¢y > 0. In other words, on an
event Ey with P(Eg) > co, Z > con'~9/2. Using the above display, this means that

EHT‘S;‘#O (Vi Tn) — pollg 2 B ZYV1 > B 2V 11, 2 nt/a71/2, m

Lemma 48. Suppose the conditions in Theorem 6 hold for some K > 0. Fiz q € [1,00).
Then there exist constants C = C(K,q) > 1, 9 = ¥(q) € (0,1/50), and a measurable set

Uy C By (1) with vol(Uy) /vol(B,(1)) > 1 — Ce™™"/C such that

1 1. 3 —
31615 n2- ‘ EHM(E MO)(VU7*>TW, ) — tollg —n 2 ”dlag(rn;(E,H#OH)) H;/QMq’ <Cn
po€Uy

Here M, = EYN(0,1)]9.
Proof We write 7, = 7,, 7+ = 7, for notational simplicity in the proof. All
the constants in <, 2,=< below may depend on K,q. Recall the general fact ||z, <

141 o2 1-—20
n 2" a2 ||x]| V2 ||z]|s *° for z € R™ and ¢ € (0, 00).
By Proposition 52 below, for any ¥ € (0,1/2), there exists some Uy C B, (1) with
vol(Us) /vol(By (1)) = 1 — Ce™™ /€, such that sup,,ey, SuPyez, [72 — F2(||uol)| < n~"
Consequently, uniformly in pg € Uy and n € Zg,

~seq

|EAFS 1) (s ) — tollg — EIE o) Gn(ll0])s 7) — pollg]
0) (3,10)
<l = (ol - 2 E||(2 + 7, 1) 182l

PR R AT {H(mrn Y27 - (S 4 7, 0) T S 2g 0 }

IN

1

1
n %Jr%_ﬂ(logn)i vz, (134)

A

For ¢’ € R™, let f(¢') = n=Y2||(2 + 7,,])"'¢||4, and
Fluol (9) = 0= 2[[(E +7D) 71 (= mylliollg’ +Fnlluol)=2g) |

q’
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— — gl - g
Fino o) = (2 + 707 (= mllall L+ 3ol =22 )

q

Then for ¢}, g5 € R",

J D
|F ol (9) = Flluo) (9] V [F(g1) — F(gh)| S n™ 72 ||gf — ghll.

By Gaussian concentration inequality, for any ¥ € (0,1/2), we may find some Gy |, C R"
with P(g0 € Gy jjue)) = 1 — Ce/C g~ N(0, 1), such that uniformly in ¢" € Gy ||

mas { /]| = v/, P (6) — Bay P (90)]-
n'"a2 [f(g') — Ef(g0)| } <. (135)

As Ef(go) = n YV2E|(Z + 7 Dgllg Sn ~3 %(logn)%_q%, for ¥ small enough, uniformly in
9 € Go ol

Flluoll (97) = Filuot o) S 1) 11 = v/ 141
< (Ef(g0) +n 1+qA2+ﬂ) .zt < n_1+é+ﬂ(log n)%_qTl2 (136)

Combining (135)-(136), for ¥ small enough,

1—-L
sup  n' 2 [Fy0(9') = Egy Fiup(90)] S 7 (137)

!
9'€G9, |l uoll

Now let 8%,””0“ ={J/Idl : ¢ € 9197”#0”} C 0By,(1). Using that {go € gﬁ,HMH} C

{90/l190ll € 0Gy o)} we have P (go/ g0l € 0Go, o)) > Plgo € Gojug)) > 1~ Cem/C.
So with

Vo = {po=Uog' : Uy € 10,1],9' € 3Gy 1, } C Bn(1),

we have P (Unif(Bn(1)) € Vy) = Ey, Py (90/ll9oll € 9Gou,) > 1 — Ce—n"/C.
In other words, for this constructed set Vy, we have the desired volume estimate
vol(Vy) /vol(Bn(1)) > 1 — Ce=™*"/C and by (137),

1— -1 ~ 9
n.an sup. |ENA7S o) Gn(lioll)s 7) = kollg = Ego Fijuo) (90)| S 0" (138)
Ho

On the other hand, using the definition of Iy, (5 ||, in (16), we may compute
Ego Fliuoll (90) = E HF (s H“OH)Q/IH (139)

Combining (134), (138) and (139), for 9 chosen small enough,

1/2 1/q (15559 E F1/2
sup T, -
o €USNVy ‘ HHEMO)(%7 n) = Hollg = H (2, lwoll) g/qu‘

1_1 1,1 11 1
<n? . (n_5+5_19(10gn)2 2 4y 1+qu+79)
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L S11, 1 _
:n*ﬁ(logn) CaVZ 42 q+qA2+ﬁ§n /2,

The claim follows from Lemma 60. [ |

seq,*
7 (210

First we consider 1 < ¢ < 2. This is the easy case, as g,(z) = ||z — polly/n"/771/? is
1-Lipschitz with respect to [|-||. So applying Theorems 3 and 4 verifies the existence of some

small ¥ > 0 such that for some Uy C By, (1) with vol(Uy)/vol(B,(1)) > 1 — Ce"/C,

Proof [Proof of Theorem 6] We write ﬁ?‘;‘,#o)('ym*? Tpx) = [ ) in the proof.

sup P (sup 0|y — pollg ~ BIFE ) — molly| =n") < Cn /7.
Ho €Uy NEEK
The ratio formulation follows from Lemmas 47 and 48 by further intersecting Uy and the
set therein.
Next we consider ¢ € (2,00). Let L, = n"' for some 91 to be chosen later. Using
Proposition 40 and its proofs below (123), for 17 > 0 chosen small enough, we may find some

Uy, C By (1) with the desired volume estimate, such that SUD 0l supne_KHEAseq -

(Z,p0)
tiollso < Ln/+/n, and

PX Sk Ln —2D
sup P<sup [t = polloe V ISy — }z) <Con, (140)
jpoclls,  \nezgx L 20 V(5o = Vn

where we choose D > 0 sufficiently large. Recall for x € R" and ¢ > 2, |z|; <
HmHQ/quH}QQ/q. This motivates the choice

wor=[(22) e () - ()

which verifies that g, is 1-Lipschitz with respect to ||-||. Using (140),

g

J

i1 4 —_ _
inf P <gq(ﬁn) = (72 {n2 a|[fin — ,UJOHq}vaU € :K> >1-Cn"P, (141)
HoEUY,

[

and with E,, = { sup,cz, Huseqz*uo — ptolloo < Ln/v/n},

Nk

~ _q 1
sup o [ (75,,) — D7 B (o I, ol
HoEUy, NEEK

N

g 11
=nU=2" sup  sup E{n? q||,uff?2uo) ,u0||q} 1pe

= 1o
HoEUYy, NEEK

seq* . < —D
—}—#Os;z nseuiqu( ) uo))lEuo <n . (142)
| NEE

As the map g — ‘|Mse?;uo) — pollg = 1(E 4+ 79 D) (= Tetio + S 29/ /) g s Cn=1/2-

Lipschitz with respect to ||-||, Gaussian concentration yields
R R 9 oD
P (n 215555 oy — olle — NS o) — ol = n) < On2P.
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Using the Lipschitz property of the maps, we may strengthen the above inequality to a
uniform control over n € Ex. This means uniformly in po € Uy,,n € Ek,

q
* * 2 B
[ {0t 3, — ol ) BRI ol ) ST

Combining (142)-(143), we have uniformly in po € Uy,,n € Zk,

/\ * 19 % q/2 91
By (55 ) — n0 0 (S RIS, ol ) | S OnENE ()

Combining (141) and (144) proves the existence of some small 92 and some Uy, C By(1)
with the desired volume estimate, such that

1.1 ~ _ _
swP@2mwMM;wqm5%w — pollg] = n~7) < Cn7MT.
HoEUY, NEZEK
The ratio formulation follows again from Lemmas 47 and 48. |

Appendix F. Proofs for Section 3.2

F.1 A rigorous version of (17) and its proof

The following theorem follows easily from Theorems 3 and 4.

Theorem 49. Suppose Assumption A holds and the following hold for some K > 0.
« K <67 <K, IS Y op V [Slop < K.
o Assumption B holds with O'g €[1/K,K].

Fiz a small enough ¢ € (0,1/50). Then there exist a constant C = C(K,¥) > 1, and
a measurable set Uy C By (1) with vol(Uy)/vol(B,(1)) > 1 — Ce"/C such that for any
e € (0,1/2], and # € {pred, est, in, res},

sup JP’( sup |R )( n) — RY

pno€Uy nes# (3,10) 5_‘3071_1/6'5, otherwise.

—net/C 7 =G-
(n)yzg)gc.{ne , ;
Here =% = Zg for # € {pred,est} and =% = [1/K, K] for # € {in,res}, and cg > 0 is
universal. Moreover, when Z = G, the supremum in the above display extends to py €
B, (1), and the constant C' > 0 does not depend on ¥.

Remark 50. 1. For # € {in,res}, we may take % = Zx at the cost of an worsened
probability estimate C(ne "</ + Efconfl/ﬁ"r’lz;,gg), cf. Lemma 55.

2. The closest non-asymptotic results on exact risk characterizations related to our The-
orem 49, appear to be those presented in (i) (Hastie et al., 2022, Theorems 2 and 5),
which proved non-asymptotic additive approximations R(pgd )( n) = R(pgio)( )+op(l),
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and (ii) (Cheng and Montanari, 2024, Theorems 1 and 2), which provided substan-
tially refined, multiplicative approximations R?;io)(n)/}??gio)(n) =1+ op(1) that
hold beyond the proportional regime. Both works Hastie et al. (2022); Cheng and

Montanari (2024) leverage the closed form of the Ridge(less) estimator [i, to analyze

the bias and variance terms in R?red 0)(77), by means of calculus for the resolvent of the

sample covariance. Their analysis works under n > n=% for some suitable cg > 0.
For the case # = pred, Theorem 49 above complements the results in Hastie et al.
(2022); Cheng and Montanari (2024) by providing uniform control in n when ¢~1 > 1
(under a set of different conditions).

Proof [Proof of Theorem 49| For ¢ chosen small enough, we fix pg € Uy, where Uy is
specified in Theorem 4. We omit the subscripts in R(E HO)(n) = R*(n), Ré HO)(n) = R*(n),

and write ,u (Y5 Tope) = ,uf?e?’z 1) i the proof. All the constants in S, 2, =< and O
below may p0881€)1y depend on K.

(1). Consider the case # = pred. We omit the superscript pred as well. Using Theorem
4-(1) with g(z) = ||SY2(x — po)||, on an event Ey with P(ES) < Coe~0n~1/65,

sup |VR() ~ BV (A, — mo)ll] <<

NEEK
By Gaussian-Poincaré inequality, 0 ) < R(n) - (E|xV? (Ase?;m) ) H)2 =
Var (\|Z]1/2(Ase‘(3"E o)~ ro)|l) Snt. As R(n) < 1 uniformly in n € Eg, on Ej,
sup ‘Rl/Q(n) - Rl/Q(n)‘ <e4Chpn L. (145)
NEEK

On the other hand, using both the standard form f, = n=! (XTX/n+ nIn)_lXTY and the
alternative form i, = n ' X" (XX /n+ nIm)_lY, we have

1Z1lop + 1€
sup ,u|<((ZZT n) " lopl /\1)-(1+ ) (146
nEHKH W’ H / H 1% ¢ 1>1+1/K \/ﬁ )

Consequently, on an event E; with P(EY) < Cre /€1,

sup ||| < 1. (147)
NEEK

Finally, using (145) and (147), on Ey N Ey,
sup |R(n) = R(n)| S sup |[RV*(n) = B2(n)] (1+ sup |[g])) S =+n7!
nNE=K nNe=K n€EK

The claim follows. The case # = est follows from minor modifications so will be omitted.
(2). Consider the case # = res. We omit the superscript res as well. Further fix £ € & as
specified in Theorem 4 (the concrete form of &y is given in Proposition 40). Using the same
Theorem 4-(2) with h(z) = ||z||,

P sup Iyl — Byl 2 ) < Cem0 0,
nell/K,K]
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By Gaussian-Poincaré inequality, 0 < ES||r, .||> — (IE5H7“,77*|])2 = Var® (||r,]) < 1/n.

Combined with the fact that EE||ry .||> = (nyy,+/7)2 + O([|€][/m—0?]), for n € [1/K, K],
using the stability estimate in Proposition 23-(3),
2 _
B[l = 1, /T | S [ (B e acll)” = (v /7,6)?| S 720
So for € € (Cn~ /29 1/C1,

PE( sup (7l = /| 2 ) < Cem0 705,
nell/K K]

Now taking expectation over &, for the same range of ¢,

IP’( sup |7l = myme/Tns] > z—:) < Qe . 1/65, (148)
n€(l/K,K]

On the other hand, using (146),

1Z1lop + 1I€11Y2
1+ \p/ﬁ )

Consequently, on an event E3 with P(ES) < Cze™/ 3, sup,cn /K, k]|l < Cs, and therefore

sup |7l S (1ZZ7 /n) " Y|opl L Al -
s (7l S (227 /) ept s A1) - (

—~ 2 —~
sup  |[Fnl1> — (0 /T0e) | < Cs- sup |[[Fnll = myme /T s |-
nell/K K] nell/K K]

The claim follows. The case # = in proceeds similarly, but with the function now taken as
h(z) = ||z — £/+/n]|, and the claim follows by computing that

EEHW,,*—ﬁ/\/ﬁHQ:éb'{( ! )2<¢v%,*—0§>+w'( . 1)}

Ty, m Ty,

2 2 2
_{ Minx 2 n_ _ n 2 2
- (%) vot () () [+ ottty

The proof is complete. u

F.2 Proof of Theorem 8
Lemma 51. Suppose 1/K < ¢~ < K, and ||Z|lop V Hx < K for some K > 0. Then with
g~ N(0,1,), there exists some C' = C(K) > 0 such that for e € (0,1), and q € {0,1/2},

P ( sup ’||(Z + Tny*I)_lqu/HgH H2 —n"ttr ((E + 7'77,*])_222‘7)‘ > 8) < Celeme?/C.
NEEK

Proof We only prove the case ¢ = 1/2. All the constants in <, 2>, < below may depend on
K. We write A, = (X + 7,.) 2% for notational simplicity. Note that

(S + 70 D) =29/ Ngll]2 = 2" tr (S + 7 d) 728))|
=n""e,2||AY ?g|? — E||AY?g?|

S eg? 0 AV g1 ~ ENAY2G)2| + leg? ~ 11

Here in the last inequality we used EHA}/ 2gH2 <n. As
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o A% =tr ((S+ 7. 0)*E%) Sl ATy *=<n, and

n,

~

o [|4y)1F 2 tr(3?) - (v m) ™t 2

we have uniformly in n € [0, K], ||Ay]|r < v/n. It is easy to see that |A,|lop =< 1. So by
Hanson-Wright inequality, there exists some constant Cy = C1(K) such that for € € (0, 1),

P (IS +7,21) 520/ g2 = 070 (S + 7, 1) 25)| > )
<P (\n—l(HA}/?gH? —E[AY%g)?)] > a/4> +P (e, — 1] >¢/2) + P(el < 1/2)
S 016—77,82/01.

On the other hand, for any 71,72 € Zk, using Proposition 23-(3),

(S + 70 DTS20/ gl 12 = (S + T )T EY29/ g 1P| £ It — mal,
n 7t (84 70,2 D) 728) =t (B + 7 ) 722) | S 1 — 2,

so we may conclude by a standard discretization and union bound argument. |

Proposition 52. The following hold with m; = m(—n/¢), m), = m'(-n/¢).
1. Ty = 1/my and Oy, = m) /(pm?).

2. It holds that

1 2
- tr ((E + 7',7’*])_22) = ‘Z:;n (mn - (W/Cf))mi;)a
2
L (24 7)) = (67— 1)+ 20/0) - ) — ).
n

3. Suppose 1/K < ¢~ < K, and |Z||op V Hx < K for some K > 0. There exists some
constant C' = C(K) > 0 such that the following hold. For any e € (0,1/2], for some
U. C By(1) with vol(Uy) /vol(By(1)) > 1 — Cele /€,

o ogmy + [lpoll? (¢my — nmy)
sup sup |7, . — 5
Ho€EU: NEE K quﬂ

When ¥ = I,,, we may take Us = By, (1) and the above inequality holds with e = 0.

Proof (1) follows from definition so we focus on (2)-(3).
(2). Differentiating both sides of (42) with respect to 7 yields that

=t (2 4 7y D) T78) - Oy = —(my — (n/d)my,).

Now using 97y, = m%/(d)m%) to obtain the formula for n=! tr (£ + 7,,.1) 7).
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Next, using that ¢ — # =n (S 4+7md)'E) =1 =71 - n e (8 + 7yd) 7Y,
we may solve 7

n~ttr (Z+ Tn,*I)fl) =my(1—¢+n-my).
Differentiating with respect to 1 on both sides of the above display, we obtain

—n 7t (B4 ) 7) - Oyt = =07y (1= 6+ my) +my - (my — (/@)
- 2
—(¢7" = Dmy, — 2(n/¢) - mym), +m7,
proving the second identity.

(3). Let po = Uogo/|lgoll, where Uy ~ Unif[0, 1] and go ~ N(0, I,,) are independent variables.
Then pg is uniformly distributed on B, (1). For some € > 0 to be chosen later, let

G.={geR"s sup |[(Z+ ) S|P - S (B4 7D 7IE) <6 (149)
neZx gl n

Let U. = {Ug/||g|| : U € [0,1],g9 € G} C Bp(1). Using Lemma 51, there exists some con-

stant Cy = Cy(K') > 0 such that vol(Us)/vol(By(1)) = Py, (po € Us) > 1 — CoeLene*/Co,

and moreover,

sup sup [[|[(Z + 7. D)7 SV 2p0)? = lpoll? - n T i (S 4+ 7 d)T7E) | < e
HoE€EU: NEEK

Note that when ¥ = I,,, the above estimate holds for all py € B, (1) with e = 0.
Combining the above display with the formula (46) for 7%7*, and the fact that the
denominator therein is of order 1 (depending on K'), we have

) a§+||,uo|2 72 -%tr ((24-7'777*[)_22)

sup sup |V, . — < (e.
poelh nezxe | Tn* + Tyx - %tr ((Z—FT,%*I) 22)
Now using (2), the second term in the above display equals to
2 2.9
of + llpoll® - 57 (my = dmy)  oZm! + ol (¢my, — ypm))
nmm, + ¢ £ (m77 gmg) ¢m32
The claim follows by adjusting constants. |

Proof [Proof of Theorem 8| As Rpred = ¢y2, — o2, directly invoking Proposition 52-(3
o)\ nx ¢

yields the claim for R‘(); 10)(77).

Next we handle RE’; MO)(n). Note that

R oy (1) = 1 (B 4 7o) " ol + 97t (8 4 7,0 D) 28, (150)

Using a similar construction as in the proof of Proposition 52 via the help of Lemma 51, this
time with ¢ = 0 therein, we may find some U. C B, (1) with the desired volume estimate,
such that both Proposition 52-(3) and

sup sup [1(S + o))l = ol - tr (S ) )| <2 (151)
MOGZ/{E UEEK
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hold. Combining (150)-(151), we may set

R 1oy () = 7 llpoll® - 07w (8 4 7,.1)72)
+(om2) ™ (o2, + ol (omy — ) ) -0t (2 4 7,.) %)
= Ro1+ Rop.

By Proposition 52-(2), we may compute Ry 1, R2 2 separately:

Ray = lpoll* n(iy : ((¢—1 — 1)ml, +2(n/¢) - mym/, — m%)
2
= loll2(1 = 6) + {2l P, — ol ~ 21,

n
1
Roa = o (odm, + ol (9mmy — ) ) - (g = (1/0)e)
2
= 2 (my — (/&)my) + &~ ol PPy, — {2llolPrmy — o6+ 2.
n

Consequently,

RS0y (1) = |10 l*(1 = 0) + 0 (myy — (n/p)my) + ¢ | aol*n*
= o2 { SNRy, (1= 6) + my + (/@) (1 - SNRy, —1)m;7}.

The claims for %z"z o )( n) and A, )( n) follow from Proposition 52-(3). [ |

F.3 Proof of Proposition 9

We will prove the following version of Proposition 9, where ¥ is represented via Th,*
instead of m. In the proof below, we will also verify the representation of 9# via m as
stated in Proposition 9.

Proposition 53. Recall SNR,, = HNO”Q/UE- Then for # € {pred, est,in},
0 %Z; MO)(W) = 02 . Sﬁ#(n) . (17 -SNR,, 71).
Here with T—, 4(n) = n~ ' tr (S + 7(n)I)7PX9) for p,q €N,

o~ 2n). e
M* () = 2(Tl4(77)2)2(T_3,1(77) + 7L T-21(n)T-32(n)), # = est;
2R (12rt ()T () + ) T%0(). # = in.

Suppose further 1)K < ¢~ < K and ||S]lop V Hx < K for some K > 0. Then there exists
some C = C(K) > 0 such that uniformly in n € Zx and for all # € {pred, est,in},
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1. 1/C <M#(n) < C, and
2. ifn. = SNRyL € B, then 1/C < &, (1) — &, . 0]/ loll2(r — )2 < C.

Proof In the proof we write 7, - = = 7. Recall the notation m; = m(—-n/¢), m; = m'(-n/¢),
and we naturally write m” =m’(—n/¢). By differentiating with respect to n for both sides
of my, = 1/7,, with some calculatlons we have

mn:Tn*l, m = ¢, / m ——¢2(T T, — 2(T, ))/Tg (152)
Using p, we may also write m,(7q) =q![ m’;(;% for ¢ € N. Here by convention 0! = 1.

(1). Using the formula for %(p;i )

a”‘@&e,io)@) - Ug ‘ aﬁ{m’;2 (¢ -SNRy, my, — (77 -SNR, —1)1‘(127)}
= d)—lo'g . m;3(mnmx — 2(m;7)2) ) (7] -SNR,, _1).

Some calculations show that

a2 = 7 gy = of [P [ ([ pldn) Y

so the identity follows.
(2). Using the formula for %guo)’

A 0y (n) = 02 - 0y (SNRyy, (1 = @) + myy + (7/d) (n - SNR,y —1)m7,)
= ¢ 1o (2m], — (n/¢)my) - (n- SNRy, —1). (153)

To compute the second term in the above display, recall the identity for 7,,7,” in (48)-(49).
Also recall Go(n) =1+ 72T-21(n) = 7/, defined in (48). Then

n B[, v _ 6 (2Tl 2
At ¢ " 7'77{ Tn <1 Tn > i Tn } Tn{ ™ Go(n) G3(n) T_372(n)}
o () 207 [ o

o) <T_2,1(77) Go(n)T_:s,z(n)) = Go(n){ I -31(n) + (1 Go(n)>T_3’2(n)}
= 2¢(T7;)2(T_3 1(n) + ™ 'T 51(n )T_372(17)).

Here in (%) we used T_21(n) — T—32(n) = 77-3,1(n). The claimed identity follows by
combining the above display and (153). Using p, we may write

2, = (/o) =2 [ s pla)

(3). Using the formula for ‘@& 10)?

0 %& MO of - (97,{¢_1772(¢ - SNRy, myy — (- SNRy, —1)m]) + (¢ — 277m,7)}
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= o¢ - (2my — 4(n/d)my, + ¢~ *n’*my) - (n- SNRy, —1). (154)

The second term in the above display requires some non-trivial calculations:

4 2 1 - ! 7\ 2
2m,, — —nml + nzm = {2 477 Tn _ L 4 2n? (77> }
¢ ¢ Tn Tn Tn Tn
:1{2_ 4n 5 27y T 32(77)+ 2?2 }
Ty Go(n) G3(n) G3(n)

= G2 {G2 —2nGo(n) + 0’y T32(n) + 1" }.
TnG

Expanding the Go(n) terms in the bracket using Go(n) = n + TgT,gJ(n), with some calcu-
lations we arrive at

417 2 2
2y = I G = Gy (T2 ).

The claimed identity follows by combining the above display and (154). Using p,

2 2

Finally, the claimed first two-sided bound on 9# follows from Proposition 23, and the
second bound follows by using the fundamental theorem of calculus. |

F.4 A rigorous version of (19) and its proof

The theorem below presents a rigorous formulation of (19).

Theorem 54. Suppose Assumptions A-B hold, and |71 ||op V [|Z]lop < K for some K > 0.
Fiz a small enough ¥ € (0,1/50). The following hold for all # € {pred, est,in}.

1. (Noisy case). Suppose 1/K < ¢! < K and 1/K < O'g < K. Fiz 6 € (0,1/2]
and L > K/6%. There exist a constant C = C(K,L,5,9) > 0 and a measurable set
Us.g C Bn(1)\ Bn(8) with vol(Us,g)/vol(Bn(1) \ Bn(8)) > 1 — Ce™"/C, such that

1
sup P inf R 'Y — min R < > < Con YT,
woctly s (n'ezL:m'—SNR;ﬁza‘ () 1) = i By, Wl <) =

2. (Noiseless case). Suppose 1 +1/K < ¢~ < K and ag = 0. There exist a constant
C = C(K,¥) > 0 and a measurable set Uy C Bp(1) with vol(Uy)/vol(B,(1)) >
1-— Ce_”ﬁ/c, such that

P(R% . (0)> min R ) < o7
2, P (R )2 i B to) +077) < On
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We need a few lemmas to prove Theorem 54.

The following lemma gives a technical extension of Theorem 49 for # € {pred, est,in}
under og ~ 0 when ¢—! > 1. For # = in, the extension also allows uniform control over
n ~ 0 under both the above small variance scenario with ¢~! > 1, and under the original
conditions.

Lemma 55. Suppose Assumption A holds and the following hold for some K > 0.
¢ 1+ 1/K <¢™ ' <K, I op V [[Zllop < K.
o Assumption B with Jg € [0, K].

Fiz a small enough ¥ € (0,1/50). Then there exist a constant C = C(K,9) > 1, and
a measurable set Uy C By(1) with vol(Uy)/vol(Bn(1)) > 1 — Ce™"/C, such that for any
e € (0,1/2], and # € {pred, est, in, res},

ne "E0/C 7 = @;

sup IP’< sup ]R o) (11 06) — Réﬂo)(ﬁyaé)’ 2 5) <C- { 1/6.5

po€Uy NEEK g n~ otherwise.

Proof All the constants in <, >, < below may possibly depend on K.
(Part 1). We shall first extend the claim of Theorem 49 for # = pred to a? € [0, K] in the

case ¢! > 1+ 1/K. Note that uniformly in n € [0, K], for o, o € [0, K1,
7in(oe) = Fin(@O)l S loe — ot -~ Zlloplléoll - 1(ZZ T /7)™ lop- (155)
Using the estimate (146), uniformly in n € [0, K], for all o¢, 0} € [0, K],

red d -~ ~ ~ ~
RPES (1, 0¢) = RPSS (0,00)| < Ifin(oe) — g (o) - (1ig(oo)ll + Nin(ot)]l + ol

. 1Zlop + %011
S A O A e e R

So on an event F; with P(E;) > 1 — Che /€1 for o¢, aé € [0, K],

red / /
sup |R n,0 RP n,0¢)| < Cp-|oe — oyl
ne[OK}| (Euo)( E) (Euo)( §)| | 13 §|

On the other hand, using Lemma 56-(2),

red pred ! /
sup |Rp (7770) R (7770)| SCl'|O- -0 |
v @) TE) = ) 1 T S

Using the above two displays, for any € > 0, by choosing o} = ¢/(2C1), we have for any
oe < ag,

pred pred >
(s VG, (0 oe) = RS, (.00 > 2)

< pred ! pred N> 7n/01.
_P(n:[%};q]}% 0t = RS (. 0p)] _g) +Cre (156)
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The first term on the right hand side of the above display can be handled by the proven claim
in Theorem 49, upon noting that (i) the constant C' therein depends on K polynomlally,

and here we choose K to be larger than 20 /e; (ii) (n/e)“ e —ne? A < ne 7" olds for
C" chosen much larger than C".

The extension of the claim of Theorem 49 for # = est to O'g € [0, K] follows a similar
proof with minor modifications, so we omit the details.
(Part 2). Next we consider the case # = in. We need to extend the corresponding claim
of Theorem 49 to both o7 € [0, K] and 7 € [0, K].

We first verify the (high probability) Lipschitz continuity of the maps o¢ —

i(nz:,uo)(n?06)71:2;[]2,“0)(777‘75)' Note that uniformly in 7 € [0, K], by virtue of (155), for

any o¢, o; € [0, K],

’ in in

(=, uo)(ﬁa o¢) — (E,uo)(nv Ué)|

< (1 2Ly s o) — Bt~ (Mo + (o] + o)

\/>
_ Zlop + [1€0]l \ 6
5‘05—02\-H(ZZT/7L) 1ng_ (1_,_””013\/5“”) .

This verifies the high probability Lipschitz property of o¢ +— R'(“2 #0)(77, o¢). The Lipschitz
property of o¢ R'(”E MO)(n, o¢) is easily verified. From here we may use a similar argument

to (156) to conclude the extension of the claim of Theorem 49 for # = in to U? € [0, K].

Finally we verify the (high probability) Lipschitz continuity of the maps n
R%"E’uo)(n,ag),Ri("z’“o)(n,ag). Using the estimates (92) (with G replaced by Z) and (146),
uniformly in o¢ € [0, K] and 1,72 € [0, K],

i 01076) — R 20
Z|o —~ ~ -~ m
< (1+ Y i (o) = (o) (1 (o) + )+ ol

Z|o 6 _
< (14 P IO 227118, - =

The Lipschitz property of o¢ — R'(”E MO)(n, o¢) is again easily verified. Again from here we
may argue similarly to (156) to extend the claim of Theorem 49 for # = in to n € [0, K].
The case for # = res is similar so we omit repetitive details. |

Lemma 56. Suppose ¢~ > 1. The following hold.

1. The system of equations

¢y = Eerrgs ) (7 7),
¢ — L =~"2Edof(s;)(1:7) = 2 tr (S +71)7'%)

admit a unique solution (v, «(0),7,,+(0)) € [0,00) x (0,00).
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2. It holds that 7, .(0) = 7, «(0¢). If furthermore 1+1/K < ¢71 < K and |X||op VHx <
K for some K > 0, then there exists some C = C(K) > 0 such that |y} ,(o¢) —

12.(0)] < Co?.

Proof The claim (1) follows verbatim from the proof of Proposition 23-(1) by setting
a? = 0 therein. The claim (2) follows by using the formula (46). [ |

Proof [Proof of Theorem 54| Let Uy C B, (1) be as specified in Theorem 49 or 4. In view
of its explicit form given in Proposition 40, with Us g = Uy N (B, (1) \ Br(4)), the volume
estimates min {vol(Uy) /vol(By (1)), vol(Us.9) /vol(By (1) \ B,(8))} > 1 — Ce ™"/ hold.

On the other hand, using the construction around (149), we may find some V. C
Bn(1),Ves C Byn(1l) \ Bp(0) (for the latter, we take Uy ~ Unif(d,1) therein) with
min {vol(V.)/vol(By(1)),vol(Vs 5)/vol(Bn(1) \ Bn(8))} > 1 — Cete=m=*/C such that for
# € {pred, est,in},

sup  Sup |R{G; ) (1) = s, (D] < (157)
MOE{VE, 55}776 =L 7}140) (Equ)

Now let
Weo =Uy N Ve, Wesy =Usy N Ves. (158)

Then we have the volume estimates min {vol(Wk g)/vol(By (1)), vol(W. s.4)/vol(Bn(1) \
o))} >1- Ce=leme?/C _ Ce=n"/C,
Moreover, by Proposition 53, provided n, = ag/H,u,oH2 = SN R;()l €=r,

" "
05 410) (1)~ ) (1)
(n —ns)?

lioll*/Co < < Collpol® (159)
holds uniformly in n € Zy, for some Cy > 0.

(Noisy case Ug € [1/K,K]). Fix po € Wz 59. Under the assumed conditions, 7, € =r. So
using the estimates (157) and (159), for any 7’ > n,,

5% (n' — n.)?
Co

D7t / # ! #
B 01) = 08 Ry 1) 2 A ) () = i B () = 26 =

— 2¢.

Combined with a similar inequality for 7" < n,, we conclude that for any py € W: 59 and
/ —
n € =L,

B 52( /I )2
# # N — M«
|R(E,uo)(n/) B nlenfL R(E,uo)(n)‘ 2 Co —2e.
Now for |1 — 14| > A, choosing € = g9 = §2A?/(4Cy), we have
_ §2A2
inf inf A () — inf :
uoEl)I/le,s,ﬂ n'eEL:|171;}—n*|2A ’R(E’“O)(n ) 771€n EL R(E’“O) | = 2Cy)

From here the claim follows from Theorem 49.
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#
(EHLLO)
global minimum at n = 0. So together with (157), it implies that uniformly in ;o € W; ,

(Noiseless case Jg = 0). In this case, (159) implies that the map n — % (n) attains

. *# 7#
| nel0.K] By (1) = R(z,uo)(o)\ <e.

From here the claim follows from Lemma 55 that holds for o¢ = 0. [ |

Appendix G. Proofs for Section 4

G.1 A rigorous version of (21) and its proof

Theorem 57. Suppose Assumption A holds, and 1/K < ¢ < K, |S7op V [|Z]lop < K
hold for some K > 0.

1. For any small € > 0, there exists some C1 = C1(K,e) > 0 such that

P ( sup |7, — Ty | > n*1/2+5> < Oyn 199,
NEEK

2. Suppose further Assumption B holds with either (i) ag € [1/K, K] or (ii) Ug € [0, K]
with 1 +1/K < ¢7! < K. Fiz a small enough constant ¥ € (0,1/50). Then
there exist a constant Cy = Co(K,9) > 1, and a measurable set Uy C By (1) with
vol(Uy)/vol(B,(1)) > 1 — Ce="/C, such that

sup ]P’( sup [p — Yo« > n*ﬁ) < Cyn~ V7,
o €Uy nEEK

Proof [Proof of Theorem 57 for 7,,] All the constants in <, 2, < may depend on K.
Let kg be defined in the same way as in the proof of Proposition 40. Using a similar
local law and continuity argument as in the proof of that proposition, on an event Fy with

P(Ep) >1—Cn™P,

SELLP ‘m_l tr (3 + (n/gf))])_l —m(—n/¢)| < ,{aln—1/2+s.
Ne=K

So on Ey N &(Cy), where &(C1) = {||Z]lop/v/n < Ci} with P(&(Cy)) > 1 — Ce™™/C,
uniformly in n € 2,

L (8420 —m(= 1)

- % ¢ - - 1

|T77—7—7]7*’§ n;tr(i_i_gl)_lm(_g) 5{0121¢}121+1/KAU 1}./{0171 1/2+5.
m

Here in the last inequality, we use the following estimate for m(z): As m is the Stieltjes
transform of p (cf. (Knowles and Yin, 2017, Lemma 2.2)), m(z) > 0 for z < 0, and

1 _
w = (AT ((1+ Sm(z)) 12) <142
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The claim follows. |

Proof [Proof of Theorem 57 for 7,] All the constants in <, 2, < may depend on K.

Using Theorem 49, the stability of 7, , in Proposition 23, and the proven fact in (1) on
Ty, it holds for e € (0,1/2] that

P( sup |77 |7y (o)l — (o) | > 5) < Cremon~ 105, (160)
ne[l/K,K]

Next we consider extension to 1 € [0, K] in the regime ¢~ > 1+ 1/K. By KKT condition,
we have n 1 X T (Y — X7i,) = njiy, s0 a.s. 7/n = (Y — Xuy)/(v/nn) = V(XX )1 X1,
for any n > 0. So we only need to verify the high probability Lipschitz continuity for
n = /7 (XXT) 71X, for any n1,m2 € [0, K], using the estimate (92) (with G replaced
by Z) we obtain, for some universal ¢y > 1,

[V (| (XX ) X i | = v/ | (X XT) ™ X |
SIZZT /) lop - (1Zlop/ /) - (s = Foal - i | + P - iy = Tl

Zllop + lI€0 _ <
< (14 B 2000 yz27 ) o)™ el

Finally we consider extension to ag € [0, K] in the same regime ¢! > 1+ 1/K by
verifying a similar high probability uniform-in-n Lipschitz continuity property for o¢

V(XX ) X i, (o¢): for any o¢,0¢ € [0, K], using the estimate (155),

sup |V |[(XX )T X iy (oe) || = Vam (XX 7)™ X iy (o) |||

n€l0,K]
SIZZT /) M2, (1 Z)lop/vR) - sup |lfig(oe) = fig(ol)]]
n€l0,K]
1Z][op + [1€0ll T,v-1 \©
s@+——W7—wwa/m|@)-m—¢«
The claimed bound follows. [ |

G.2 Proof of Theorem 10

Recall we have 7, = ¢~ (ag+]:2?§io)(n)). For both the case ag € [1/K, K] and Ug € [0, K]

with ¢71 > 1+ 1/K, we take W. 59 C By (1) \ B, (9) as constructed in (158) in the proof of
Theorem 54, with € = ¢, = n~Y. Fix to € We 6.9, then n, = SNR;O1 € Zr. Using Theorems
8 and 57, on an event Fy with P(E§) < Cn~/7,

Sup 7y — 67 (02 + RS ()| < e (161)
ne=L

This in particular implies that on Ej, both the following inequalities hold:
~ d ~
Facey — 0¢ = b < Ry, ) (1Y) < ooy — 0f + g,
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¢7§21Hn 7?7 — O'g ¢pe < ggui %E’;%)( ) < ¢$21=ri /7\3 — Jg + ¢e. (162)

Using the definition of 7V which gives :Y\,E]ch = mingez, %2], the above two displays can be

used to relate 2P )(nAGCV) and min,ez, 2 y(n): on the event Ej,

(27/1'0 (27/110
red ~GCV . red
[0 oy (7°) = min BT ()] < 2. (163)

As 1, € Ep, minyez, %’Zé HO)(n) = %’Zé HO)(n*) for # € {pred,est,in}. Consequently, by the
second inequality in Proposition 53, we have on the event Ej,

C r r 1/2
A =] < B0 1°Y) = iy ()| < 1t (164)

This means on Ey, for both # € {est,in},

AGCV . #
9201y ) = i B, (1) < Co.

We may conclude from here by virtues of Theorems 49 and 8, together with Lemma 55. [

G.3 Proof of Theorem 12

Lemma 58. Consider the following version of (13) with sample size m — my:

{m my 'Y —0—5+]Eerr(g#0)(% )a (165)

("5 = 1) - 7% = Edof (s ) (7 7)-

1. The fized point equation (165) admits a unique solution (7,(71,7'7(,78)) € (0,00)2, for all
(m,n) € N? when n >0 and m < n when n = 0.

2. Further suppose 1/K < gﬁ_l,og <K, mg/n<1/2K) and |Zop V [|Z]lop < K for
some K > 10. Then there exists some C = C(K) > 1 such that uniformly inn € Ex,
1/C < %(72,752 < C. Moreover,

Cmy

{4 L
e = o V Ik = Ty € <

Proof All the constants in <, 2, < below may depend on K. We only need to prove (2).
The method of proof is similar to that of Proposition 23-(3). Instead of considering (165),
we shall consider the system of equations

L 9 1y11/2 252
{¢_a_f(a£—|—7'||2+7'1) SY2p]1?) + 3 tr (2 + 71)7252), (166)

p—a=+tr((Z+7I)718) + 1,
indexed by a > 0. For o € [0,1/(2K)], the solution (7, «(c), T «(cr)) exists uniquely for

n > 0 and also for n = 0 if additionally m < n. Moreover, using the apriori estimate in
Proposition 23-(2), we have uniformly in 7 € ZEx and o € [0,1/(2K)], vy« (), 7y« () < 1.
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Now differentiating on both sides of the second equation in (166) with respect to «, we
obtain

1= (n*l tr (2 + (@) 1) 725) + 777{,3(04)) “Tye(@).

This means uniformly in 7 € Zx and o € [0,1/(2K)], 7, ,(a) < 1. Next, using the first
equation in (166), we obtain

€ + 7 (Q)|(B + 7 (@) 1) TR 20|12 _ Gip(®)
d—a—Lir(S+ma(a)))252)  ~ Gayla)

Te.(a) =

Using similar calculations as in (52)-(53), we have uniformly in n € Ex and a € [0,1/(2K)],
Giy(a),Goy(a) < 1, and |G, (@) V |Gy, (o) S 1. This concludes the claim. [ ]

Proof [Proof of Theorem 12| All the constants in <, 2, < below may depend on K L.

As [YO—XOF0)2 = | 20512 (1o — 1 ) g<f>||2 and fil!) is independent of (Z(©), £(9)),
by using Lemma 61 first conditionally on ( -0, ¢= ) and then further taking expectation
over (Z(_Z),f(_e)), we have for 0 < o < 1,

P (5. = {1 MWWW—WW%>—MW+ﬁH

> Co(aF V IBV2() = o)|[2)m; 92} < e/,

Here Cy > 0 is a universal constant. Using similar arguments as in (147) (by noting that
the normalization in ;’Z,(f) is still n), there exists some constant C; > 0 such that for any
¢ € [k], on an event Ej, with P(ET,) < Cre~me/Cr, SupnGELHﬁ?(f)H < (. This means that

for any n € Z, on the event Ny x)(ELoe(n) N E1ye),

1-0)/2 - . ~
sy’ | YO = XOEOP - (182 @0 - wo)lP +of) < (67)
On the other hand, using Theorem 49, we may find some Uy, C By,(1) with
vol(Uy,r) /vol(By (1)) > 1 — Coe"/C2 guch that for e € (0,1/2], on an event Ej4(¢) with
P(ES ,(¢)) < Co(ne™"/C2 4 e=0n =651 5,6) for pg € Uy,

m—m
sup |I/2(@) — umﬁ—{nfwﬂf—%}<e

neEEL

Here 77(72 is taken from Lemma 58, and we extend the definition to ¢ = 0 with ﬁ,g
L\E

and %(7?2 = v,,%. Using the statement (2) of the same Lemma 58, on the event E (e

then have

) ﬁ

); w

N C
igp\HzL”<u%> o> = {72, — o2} < e+ L,
nc=r
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Replacing ¢77 . — 02 by Rissy, \(n) = |SY2(f, — uo)|* vields that, on Npefous Eae(e),

(S
r Comy
sup [I[E2()) = o)ll” — g, (n)] < 2+ == (168)
ne=rL
Combining (167)-(168), for ug € Uy = ﬁge[O;k]Uﬂ;g, e€(0,1/2] and n € Zp,
}RCVk ) (Rpred ( —|—O’2)|>C,' lz 1 +1+€
2,h0) (Zom0)\ =72\ k m1-9/2 "k
telk] My
—m —nNn 4
<y D rem © ¢/ ke, Z=G (169)
> el © e~ me/Co 4 gm0 . kn=1/65  otherwise.

Now we strengthen the estimate (169) into a uniform version. It is easy to verify that on
an event Ej g with P(ES K) < Cye™™/Cs (|20 < CO3(y/mg + /), [|€O]| < C3y/myg, and

for n1,my € Ep, |, — figg || < Cslni —n2l. So on Neer)(E1,e N B3 ), for mi,m2 € Ep,

CV,k CV,k 1 ~) _ ~( e
[REYE On) = B 0m)| € 7 3 (12O o0 = - (12l + €91

Le(k]
1 my +n 1 n
5%2 - "771_772‘§C§'%Zﬁ"771_772’7
=N el

and

‘R'();io)< 1) — R(pgi)< )}Scé\m—nzl-

From here, using (i) (169) along with a discretization and union bound that strengthens
(169) to a uniform control, and (ii) Theorem 49 which replaces RF; d 0 (M) by R'(’g d o (1), we
obtain for pg € Uy and € € (0,1/2],

CV,k pred 2 " 1 1 1 —
]:P <nseu_p |R 7“0 ( ) (R( 7/"0)( +UE)| Z 03 ’ {k Z (1 Q)/2 + % +€} = 6{m2}>
Ze[k]
=G {Zee[k} e N
Lek] ¢

<
=P Zze[lc] e~mi/Co 4 g=c0 . kn=1/65  otherwise.

—

Now with the same W, sy as in (158) using € = ¢, = n~?, for any po € Uy N We 5,9, we

may further replace R(pred )( n) by %&ei )( n) in the above display (with a possibly slightly

larger e,,,1, but for notational simplicity we abuse this notation). In summary, for any
po € Uy N Wy 59, on an event E4 with P(Ef) < po,

S R 1)~ (350 )+ 02)] < Sy

From here, using similar arguments as in (162)-(163), on the event Fy,

red /\CV
|53 (1Y) = min R ()] < 26 .
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Similar to (164), on the event F4, we have

~CV 1/2

7Y = < Caelll ). (170)
From here we may argue along the same lines as those following (164) in the proof of
Theorem 10 to conclude with probability estimated at pg, by further noting that Uy N, 5.9
satisfies the desired volume estimate. Under the further condition mingey ms > logQ/ Sm
by taking ¢ = 6, po simplifies as indicated in the statement of the theorem for n large. M

G.4 Proof of Theorem 13

We only prove the case for # = GCV; the other case is similar. All constants in <, 2>, =<

and O may possibly depend on K, L. Let W; 59 C By, (1) \ B,(6) be as constructed in (158)
withe =¢, =n".

(1).  We first prove the statement for the length of the CI. Note that [CI;(n)| =
2}?77(21)%2% /2/v/n. By Theorem 57-(2), on an event Ey with the probability indicated
therein,

max sup — 2.« A < sup [V — Yol S €
sl nes, TV ﬁ e

Consequently, on the event Ey, for any pg € W; 5.9,

-1 ~GCV :
- m CI,; — min |CI;
vz e |ICL; (7)) Jnin CL;(n)]|

S ey . — nin Vol + €
2L

N |72ch . neal_n 7$*| + ¢ (using Proposition 23-(3))
7

pred /\GCV pred . . 9
‘R(z 1o0) ") — ;Iell_n R(E ‘ + ¢  (using definition of 7; )
< pred (~GCV\ pred .
~ “%)(2,#0)(77 ) ;Iellli ‘%)(Z | + ¢ (using Theorem 8).

As in the proof of Theorem 10, for O’g < K, ne = SNR;O1 € Zr, so by using Proposition
53-(2), on the event FEy, for any po € Ws 5.9,

Vi, - max [|CL 7] — min [CL ()]
d ~GCV d ~GCV
N |%p;u0 m>") - «%&f%)(m)l +e S Y = +e
The above reasoning also proves that on the same event Ey, for any po € W: 5.9,

‘AGCV 77*‘2 +e.

|VRSeY 4 — Vipu

From here, in view of (164), by adjusting constants, on an event E; with P(E{) < Cyn~/7,
it holds that

7Y =P <e. (171

\/ﬁzg/lz - max ||CL;(7°Y)| = min [CLi(n)|| V [yascv . — Y| V
J€[n] neEL
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This proves the claim for the length of the CI.
(2). Next we prove the statement for the coverage. We note that a similar Lipschitz

continuity argument as in the proof of Lemma 55 shows that for any 1-Lipschitz g : R — R,
on an event Fy(g) with P(Ea(g )C) < Cn~ Y7,

sup [g(7A9%) — Eg(uo + 12 2g/vn)| <. (172)

nEEL

On the other hand, using the Lipschitz continuity of 7 — 7, . in Proposition 23-(3),

lg(1istey) — ()| < g6y — AT S Imsev i = Tyl sUp 173l + lHizecy — g |
neEEL
SRS = nell sup [[73, ]| + [l7gsey = Fin. |-

nEEL

So by enlarging C1 if necessary, we may assume without loss of generality that on E1NFEs(g),
|g(i%6ey) — 8| < Cye/2. (173)

Now we shall make a good choice of g in (171). Let A € (0,1) and goa : R — [0,1] be
a function such that ggo = 1 on [—1,1], gga = 0 on R\ (=1 — A,1 + A), and linearly
interpolated in (—1 — A, —1)U (1,14 A). Let

n

A Ho,j
u) = — 174
B =5 ;gO’A<<m,*+a><z OYE a/g/f> H

It is easy to verify the Lipschitz property of g: for any wui,us € R™, |g(u1) — g(uz)| <

n2Agoallip Yo [u1; — u2,| S [lur — ug|. Consequently, we may apply (172) with g
defined in (174) to obtain that on the event Ej N Es(g),

%dWCV):ijZI (788 € [0 £ Feen (=} 2]

JJ \/ﬁ
< % Z 1 (IU”GCV [NO,J + (777*7* + 8)(21)]1j/22a\/%2]>

< AT 1 g( dRc ) (using 11,0 < go,A)
<A g(Agf) + 0(?/A)  (by (173))
<A™ Eg(po + 7. »X g/ v/n) + O/ A). (175)

Now using goa < 1j_1_a14+4] and the anti-concentration of the standard normal random
variable, we may compute

_ _ Ve % g
A I‘Eg o + Vi 52 1/29\/ﬁ :EgOA<n*7'>
( e / ) ’ 777*,*4‘5 Zouf2

<P (/\/(0, 1) e [i vajp- (L e/mn) - (14 A)D <1-a+0(E+A) (176)
Combining the above two displays (175)-(176), on the event E; N Ex(g),
CROY) <1—a+0(E+A+e72/A).
Finally choosing A = £1/4 to conclude the upper control. The lower control can be proved
similarly so we omit the details. O
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Appendix H. Auxiliary results

Proposition 59. Let H : R" — R>q be a non-negative, differentiable function. Suppose
there exists some deterministic T > 0 such that |[VH(9)||> < T2H(g) almost surely for
g~ N(0,1I,). Then there exists some universal constant C > 0 such that for all t > 0,

P (yH(g) ~EH(g)|/C >TEY? H(g) -Vt +T2- t) < Ce /O,

Proof The method of proof via the Gaussian log-Sobolev inequality and the Herbst’s
argument is well known. We give some details for the convenience of the reader. Let
Z = H(g) — E H(g) be the centered version of H, and G(g) = AZ = AN(H(g9) — EH(g)).
Then ||[VG(9)|> = A2||[VH(g)||*> < AT?- H(g) = NI"? - (Z + EH(g)). By the Gaussian
log-Sobolev inequality (see e.g., (Boucheron et al., 2013, Theorem 5.4), or (Giné and Nickl,
2016, Theorem 2.5.6)),

1
Ent(e*?) = E[MZe ] — Ee* logE e < 3 E [A2F2 (Zz+ EH(g))e)‘Z].

With mz(\) = Ee?? denoting the moment generation function of Z, the above inequality
is equivalent to

212
Amly(A) — mz(A) ogmz () < o (m(3) + B H(g) -m ().

Now dividing A*my(Z) on both sides of the above display, we have (log mz()\)/x\)/ <
%2 (logmz(A\)+AE H(g))/. Integrating both sides with the condition limyo(log mz(X)/A) =
0 and logmz(A) = 0, we arrive at logmz(\) < F;(Alogmz()\) + A2EH(g)). Solving

for logmz(A) and using the standard method to convert to tail bound yield the claimed
inequality. |

Lemma 60. Let X € R™ " be an invertible covariance matriz with |X|lop V [|[Z 7 lop < K
for some K > 0. Then for any q € [1,00), there exists some C' = C(K,q) > 0 such that

EHN(O’ E)Hq -1 S C?’L_qlw /logn.

. 1/2
| diag(S)]2/5M,

where My, = EYN(0,1)]7 = 2'/2{T((q + 1)/2)/\/%}1”.
Proof Let g ~ N(0,1I,). We first prove that for some Cy > 1,

na2 [Cy < E||=Y2g|l, < Con. (177)

The upper bound in the above display is trivial. For the lower bound, using ||z| <
1 1 1 1 1
n2" a2 ||z||,, we find E|X'2g|, > n~ 2722 E||xY/2g|| > navz. This proves (177).
1 1 1 1
As ||z]l, < n” 2 2|z, the map g — || 212, is HEH%{fnfﬁW—LipSChitz with respect
to ||-||. So by Gaussian concentration, for any ¢ > 0,

P (B(t)° = {n272 |||, - BT 2g]| > CVE}) < Cet/C.
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Consequently, using the above concentration and (177),
E[S'2g)d < EII=Y?gl|31 0 + EY? |5 250 - P2 (B())
< (EIIEI/QQIIquC\/) +C - /TP (E(t))
< (EII=Y2g|l)? - {(1 + Cn~#2v)T + C - o~ vz PY2(E(t)°)}.

By choosing t = C] logn for some sufficiently large C7 > 0, we have

E[N(0, %) E|="2gllq —t
= > (1 —=Cn a24/logn
| diag (X )||;j§ - EYe|s1/2g))d ( )+

The upper bound follows similarly. |

Lemma 61. Let Z € R™*" be a random matrixz with independent, mean-zero, unit variance,
uniformly sub-gaussian components. Suppose the coordinates of & are i.i.d. mean zero and
uniformly subgaussian with variance ag > 0, and are independent of Z. Then there exists
some universal constant C > 0 such that for any b € R™ and 0 < ¢ < 1, with probability at
least 1 — Ce™°/C

m=H 2o+ €] = () + 0F) | < C - (a2 v []?) - m~ (792,

Proof Let Zi,...,Z,, € R" be the rows of Z. Then

1 Z ? 20¢)bll ¢ Z & b 1€/l
- Zb 2 _ b 2 <Z“ > § < ) > 2 3 .

—-me/C
)

Using standard concentration estimates, with probability at least 1 — Ce

m 2 1
o 18175 Sy (Ziy ) — IBI] < Cl)2 - (=02,

20¢||b
o |2 20¢ ][]l S U§< g Hb||>’ < Cog|b|| - m~(1-0)/2,
o ‘02\\6/05\\ _ 02‘ < Co2.m—(1-0)/2

£ m gl = § )

Collecting the bounds to conclude. |

Appendix I. Simulation details for Figure 1 and additional simulations
I.1 Common numerical settings

We set ¥ = 1.99 - I,, +0.01 - 1,,1], with 1,, representing an n-dimensional all one vector.
The random design matrix Z and the error £ are both generated by t¢-distribution with 10
degrees of freedom, scaled by v/0.8. This scaling choice ensures that Z;; and & have mean
zero and variance one. The concrete choice of the signal dimension n, the sample size m,
and o will be specified later.
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1.2 Simulation details for Figure 1

We investigate the efficacy of two cross validation schemes in Section 4, namely 7V in (22)
and 7V in (24). We keep the sample size fixed at m = 500, and allow the signal dimension
n to vary so that the aspect ratio ¢ = m/n ranges from [0.5,1.5]. To facilitate the tuning
process, we employ 31 equidistant n’s within the range of [0, 1.5]. Moreover, the k-fold cross

validation scheme 7%V is carried out with the default choice k = 5.

To empirically verify Theorem 10 and 12, we report in the left panel of Figure 1 the

empirical risks Ré #0)(ﬁGCV), Ré HO)(ﬁCV) for all # € {pred,est,in}. All the empirical risk

curves are found to concentrate around their theoretical optimal counterparts %7 (M4)-

(Z,’LL())
We note again that as 7V and 7%V are designed to tune the prediction risk, it is not sur-

prising that R'()g io) (7°V), RE’; io) (7°V) concentrate around ‘%F;io) (n,). The major surprise

appears to be that and 1%V also provide optimal tuning for estimation and in-sample
risks, both theoretically validated in our Theorems 10 and 12 and empirically confirmed
here.

~GCV
n

To empirically verify Theorem 13, we report in the middle and right panels of Figure
1 the averaged coverage and length for the 95%-debiased Ridge CI's with cross-validation,

namely {CL;(7#)} for # € {GCV,CV}, and with oracle tuning n. = SNR;'. For the
middle panel, we observe that adaptive tuning via 7V and 7V both provide approximate
nominal coverage for a moderate sample size m and signal dimension n. For the right panel,
as the lengths of {CL;(7*)} are solely determined by Y7#, we report here only the length of
CI;(77). We observe that the CI length for both CI;(7°%V), CI;(7%V) are also in excellent

agreement to the oracle length across different aspect ratios.

1.3 Validation of (19)

We next verify the optimal oracle regularization rule in (19) (see Theorem 54 for a rigorous
formulation) by simulation. We use m = 100, n = 200, and a unit vector 1o chosen randomly

(and then fixed) from the sphere 0B, (1). For this setting, we plot both the theoretical risk

#
(E,,LLU

The left panel of Figure 2 reports the noisy case with noise level ag =1 and SNR;O1 =1,

curve n — R )(7]) and the empirical risk curve 7 — Ré uo)(n) for all # € {pred,est,in}.

while the middle panel reports the noiseless case 02 = 0 with SNR;O1 = 0. These plots
show excellent agreement with (19) in that the global minimum of both the theoretical and
empirical risk curves is attained roughly at 7, = SN R;()l.

In order to demonstrate the validity of the above phenomenon for ‘most’ pg’s, as claimed
in Theorem 54, we uniformly generate 500 different ug’s over 9B, (1). For each pg, we
discretize n € [0, 1.5] into 160 grid points and select the empirical optimal value 77 by min-
imizing the empirical prediction, estimation, and in-sample risks. The difference between
the empirical optimal n# and the theoretically optimal tuning 7 is depicted in the right
panel of Figure 2 through a boxplot of n# — 7,. It is easily seen that, for all three risks,

these differences are highly concentrated around 0.

#
(27/'1/0
practice. For each fixed 7, we solve the fixed-point system (13) for (vyx, ) as follows.

The second equation in (13) involves only the scalar variable 7; under our assumptions, its

We finally explain how the theoretical risk curves n — R )(n) are computed in
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Figure 2: Validation of (19) (see also Theorem 54 for a rigorous formulation). The the-
oretical risks Rf;m)(n) are computed by solving (13), and the empirical risks R?;’Ho)(n)
are computed via Monte Carlo simulation over 200 repetitions. Left panel: noisy case with
minimal empirical risks attained at n, = SNR;(} = 1 (marked with *). Middle panel: noise-
less case with all risks minimized at the interpolation regime 7, = SNR;O1 = 0. Right panel:
differences between the global minimizer of the empirical risk curves and the oracle 7, are
concentrated around 0 over 500 different pp’s.

right-hand side is monotone in 7, so the solution 7, . is unique. We therefore solve this one-
dimensional fixed-point equation for 7, . by a standard bisection method on a prescribed
interval, up to a given numerical tolerance. Once T, . is obtained, we plug it into the first
equation in (13) to compute v, . The resulting pair (7y,, 7x) is then substituted into the
closed-form expressions for Réﬂo)(n).
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