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Abstract

Stochastic differential equations (SDEs) are a fundamental tool for modelling dynamic
processes, including gene regulatory networks (GRNs), contaminant transport, financial
markets, and image generation. However, learning the underlying SDE from data is a
challenging task, especially if individual trajectories are not observable. Motivated by
burgeoning research in single-cell datasets, we present the first comprehensive approach for
jointly identifying the drift and diffusion of an SDE from its temporal marginals. Assuming
linear drift and additive diffusion, we show that non-identifiability can only arise if the
initial distribution possesses generalized rotational symmetries. We further prove that
even if this condition holds, the drift and diffusion can almost always be recovered from the
marginals. Additionally, we show that the causal graph of any SDE with additive diffusion
can be recovered from the identified SDE parameters. To complement this theory, we
adapt entropy-regularized optimal transport to handle anisotropic diffusion, and introduce
APPEX (Alternating Projection Parameter Estimation from Xj), an iterative algorithm
designed to estimate the drift, diffusion, and causal graph of an additive noise SDE, solely
from temporal marginals, and demonstrate its effectiveness on simulated data from linear
additive noise SDEs.

Keywords: stochastic differential equations (SDEs), optimal transport, trajectory infer-
ence, causal inference, Schrodinger bridge

1. Introduction

This work presents the first comprehensive approach for jointly identifying the drift and
diffusion of a stochastic differential equation (SDE) from observed temporal marginals.
While parameter estimation has been studied extensively using trajectory data, either from
one long trajectory (Nielsen et al., 2000; Bishwal, 2007), or multiple short trajectories
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(Manten et al., 2024; Lu et al., 2021; Pawlowicz et al., 2019), it is often impossible to
observe individual trajectories when tracking large populations. For example, in single-cell
RNA sequencing (scRNA-seq) datasets, the destructive nature of sequencing technologies
prevents specific cells from being tracked over time (Trapnell et al., 2014; Setty et al., 2016;
Farrell et al., 2018). Similarly, hydrogeochemical sensors cannot track distinct particles
when studying contaminant flow, providing only data on plume migration (Man and Tsai,
2007; Hazas et al., 2023; Salamon et al., 2007; Elfeki, 2006; Adams and Gelhar, 1992; Boggs
et al., 1992; Mackay et al., 1986; Nenna et al., 2011). Observational data may therefore be
limited to samples from temporal marginals of the process at various measurement times.
We refer to this observational setting as marginals-only.

Many stochastic processes are not identifiable under the marginals-only setting, since
their distributions may evolve identically, despite having distinct parameter sets (Weinreb
et al., 2018). Previous works therefore simplify the problem by assuming that the drift is
irrotational and that the diffusion is isotropic, with known diffusivity (Weinreb et al., 2018;
Lavenant et al., 2021; Vargas et al., 2021; Chizat et al., 2022).

1.1 Our Contributions

We prove that the drift, diffusion, and underlying causal graph of an SDE with linear drift
and additive diffusion are generically identifiable (meaning they can be uniquely recovered
from the data for almost every SDE parameter configuration) from its temporal marginals.
We also introduce a practical algorithm for estimating each of these quantities solely from
the marginals of a general additive diffusion process, and demonstrate the effectiveness of
our method on simulated data. We illustrate our theoretical contributions in Figure 1la and
our algorithmic contributions in Figure 1b. A detailed overview of our contributions is also
given below.

1. We provide a theoretical foundation for system identification from temporal marginals.

(a) In Section 3, we prove identifiability conditions for jointly recovering the drift and
diffusion of a linear additive noise SDE from continuously observed marginals.
In Theorem 5, we prove that unidentifiable parameter configurations exist if
and only if the initial distribution possesses generalized rotational symmetries, a
condition we call auto-rotational invariance (ARI). Then, Theorem 6 provides a
stronger unconditional guarantee: even when the initial distribution is ARI, the
set of unidentifiable configurations has measure zero. Thus, linear additive noise
SDEs are generically identifiable.

(b) In Section 4, we connect parameter estimation to causal structure learning via
dynamic structural causal models (Boeken and Mooij, 2024). We show that the
causal graph of any additive noise model can be recovered from the identified
SDE parameters.

2. In Section 5, we introduce our algorithm: Alternating Projection Parameter Estima-
tion from Xy (APPEX). It is the first Schrodinger Bridge based method designed to
estimate drift and diffusion from temporal marginals of additive noise SDEs, without
prior knowledge.
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Figure 1: Outline of our theoretical (a) and algorithmic (b) contributions. In (b), our algo-
rithm Alternating Projection Parameter Estimation from X alternates between Anisotropic
Entropy-regularized Optimal Transport (AEOT) and Maximum Likelihood Estimation

(MLE).

(a)

(b)

()

APPEX alternates between a trajectory inference step, which is a Schrodinger
bridge problem, and a parameter estimation step, which is solved via maximum
likelihood estimation. With each iteration, APPEX decreases the KL divergence
between its inferred trajectories and the law of its estimated SDE.

To solve the Schrodinger Bridge problem for trajectory inference, we adapt en-
tropic optimal transport for parameter dependent transport costs, including ar-
bitrary anisotropic diffusion.

We test APPEX’s efficacy across a wide range of experiments in Section 6. We
first use APPEX to empirically demonstrate that classical non-identifiable linear
additive noise SDEs are resolved when X is initialized appropriately according
to Theorem 5. We then demonstrate APPEX’s effectiveness over a large-scale
experiment on higher dimensional SDEs with randomly generated parameter sets.
Our results demonstrate that APPEX identifies arbitrary linear additive noise
SDEs with significantly higher accuracy than the widely-used Waddington-OT
(WOT) method (Schiebinger et al., 2019). Our final experiments demonstrate
that APPEX can be used to identify the system’s causal graph, even in the
presence of correlated diffusion from latent confounders.

2. Background and Related Work

In this section, we first give an overview of SDEs and a discussion of some real-world
applications. We then review relevant literature and techniques for statistical inference



GUAN, JANSSEN, RAHMANI, WARREN, ZHANG, ROBEVA, AND SCHIEBINGER

from the “marginals-only” observational setting. Finally, we discuss the problem of non-
identifiability of SDEs under this setting.

2.1 Stochastic Differential Equations (SDEs) and Modeling Real-World
Systems

The mathematical framework of SDEs, or drift-diffusion processes, originates from statis-
tical mechanics. In such applications, the drift models the velocity of particles flowing
in a carrier fluid, while diffusion is driven by Brownian motion, and governs their dis-
persion due to random collisions (Einstein, 1956; Maclnnes and Bracco, 1992). Formally,
a d-dimensional time-homogeneous SDE is driven by an m-dimensional Brownian motion
W;, and is parameterized by a drift function b(x) : R? — R? and a diffusion function
o(x) : R* = R¥>™ gsuch that

dX; = b(Xt) dt + J(Xt) dWy, Xo ~ po, (1)

where b(z) and o(z) are Lipschitz to ensure the solution’s existence and uniqueness (Fang
and Giles, 2020).

By capturing deterministic and stochastic dynamics, SDEs provide a powerful framework
for modeling complex systems across a variety of fields. For example, SDEs have been
used to model cell differentiation in single-cell biology, where a stem cell changes into
another cell type, such as a blood cell or bone cell. The drift can be related to the set
of genes that directly regulate the expression of a gene of interest (Zhang, 2024; Aalto
et al., 2020; Atanackovic et al., 2024; Zhao et al., 2024; Tejada-Lapuerta et al., 2023), and
therefore provides insights into genetic diseases and gene therapies. Meanwhile, the diffusion
informs the extent to which cell fates are determined by initial conditions (Forrow, 2024). In
hydrological systems, drift is linked to important and unknown properties of the subsurface,
such as hydraulic conductivity through average flow velocity (Hazas et al., 2023; Beven et al.,
1993), while the diffusion usually describes material heterogeneity or turbulence (Beven
et al., 1993), and therefore informs the applicability of popular models, such as Darcy’s law
(Man and Tsai, 2007; Oh and Tsai, 2010; Lichtner et al., 2002). Together, these parameters
determine pollutant fates in hydrological systems, a key concern in safeguarding drinking
water sources (O’Connor et al., 2002; Frind et al., 2006; Locatelli et al., 2019; Chen et al.,
1999; Paulson, 1997; Cahill et al., 2019). In addition to applications to physical sciences,
SDEs have also been prominently used for pricing stocks and options in financial markets
(Black and Scholes, 1973) and for image generation in computer vision (Meng et al., 2021).

2.2 Linear Additive Noise SDEs

In this paper, we focus on time-homogeneous additive noise SDEs. These SDEs are char-
acterized by an arbitrary drift function b(X;) and a possibly anisotropic space-independent
diffusion G € R¥™ such that

dX; = b(X,) dt + G dW;, Xo ~ po. (2)

We also refer to H = GG € R%? as the (observational) diffusion, since it is only possible
to identify H (Wang et al., 2024; Pavliotis, 2014). Time-homogeneous linear additive noise



IDENTIFYING DRIFT, DIFFUSION, AND CAUSAL STRUCTURE FROM TEMPORAL SNAPSHOTS

SDEs are of particular interest (du Buisson and Touchette, 2023; Wang et al., 2024; Zhang,
2024), as they generalize the popular Ornstein-Uhlenbeck process. A time-homogeneous
linear additive noise SDE obeys the form:

dX, = AX, dt + GdW,, Xy~ py, A e R (3)

We overview important properties of this SDE in Section A of the appendix, including its
closed form solution and transition density.

2.3 Inference from Temporal Marginals

The marginals-only observational setting dates back to at least Aristotle, who dissected
bird eggs at various developmental stages, in order to infer the processes and mediators
(e.g., heat) behind embryogenesis (Waddington, 1935; Ogle et al., 1882; Aristotle, 1942). If
the underlying system is modeled by an SDE, then the evolution of its temporal marginals
p¢ is defined by its Fokker-Planck equation. For example, a straightforward computation
shows that the marginals of a linear additive noise SDE evolve according to the following
Fokker-Planck equation:
5P(@:t) = =V - ((Az)p(z, 1)) + %V (HVp(z,t)), p(x,0)=po(x). (4)
Contemporary research in statistical inference from temporal marginals largely comes
from single-cell biology. Many works focus on trajectory inference for cell fates (Schiebinger
et al., 2019; Lavenant et al., 2021; Yachimura et al., 2023; Chizat et al., 2022), while others
infer the causal graph (GRN) (Aalto et al., 2020; Brouillard et al., 2020; Tejada-Lapuerta
et al., 2023; Rohbeck et al., 2024), or perform parameter estimation (Chakraborty et al.,
2009; Shen et al., 2024). Recent works jointly estimate a subset of these quantities by
leveraging their intrinsic relationships. For instance, Vargas et al. (2021) and Shen et al.
(2025) are primarily interested in trajectory inference, and iteratively estimate drift and
trajectories. Meanwhile, Zhang (2024) iteratively estimates drift and trajectories, while
additionally applying permanent interventions on the drift dynamics for network inference.

2.4 Schrodinger Bridge Problem

Given a set of temporal marginals, trajectory inference is the task of estimating a law on
paths that obeys each marginal constraint while closely approximating desired reference
dynamics. This is commonly implemented by solving the Schrodinger Bridge (SB) problem
(Chizat et al., 2022; Shen et al., 2024), defined below for a pair of marginals. Given the
transition law C of a reference process, an initial distribution p, and a final distribution v,
the SB solution is the law of the stochastic process, which satisfies both marginal constraints,
while minimizing relative entropy to K:

Tt = Projg&’y)(lC) = argmin Dgr,(7||K). (5)

mell(p,v)

The SB problem has also gained interest in the machine learning community, due to its
connection to generative diffusion models. Score estimation of time-reversed SDEs is an
instance of the SB problem (De Bortoli et al., 2021), and SB solvers are now widely used in
generative modeling due to their flexibility (De Bortoli et al., 2021; Chen et al., 2021; Shi
et al., 2024; Huang, 2024).
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2.5 Identifiability of SDE Parameters

The problem of non-identifiability occurs if there exists an alternative drift-diffusion pair,
e.g. (A, H) # (A, H) for linear-additive noise SDEs, which shares the same marginals.
Equivalently, the same curve of marginals solves both Fokker-Planck equations across all
observed times, given initial distribution pg. Non-identifiability can occur due to many
factors. For example, distinct SDEs can share the same stationary distribution, and would
hence be non-identifiable from marginals if pg is initialized at equilibrium (Lavenant et al.,
2021; Shen et al., 2024). Also, if the initial distribution is standard normal pg ~ N(0, I,),
then it would be impossible to distinguish between a pure Brownian motion, and an SDE
with an additional rotational vector field (Shen et al., 2024). We overview three classical
examples of non-identifiability in Section B of the Appendix.

Because of non-identifiability, previous works require assumptions about the underlying
SDE to perform inference. The standard assumptions are that the drift is an irrotational
vector field Vi (Weinreb et al., 2018; Lavenant et al., 2021; Vargas et al., 2021; Chizat
et al., 2022; Terpin et al., 2024) and that the diffusion is both known and given by isotropic
Brownian motion odW; (Weinreb et al., 2018; Lavenant et al., 2021; Vargas et al., 2021;
Chizat et al., 2022; Shen et al., 2025; Zhang, 2024; Terpin et al., 2024). It is also common to
leverage additional perturbational data from interventions, and to impose regularization, to
better learn the system (Rohbeck et al., 2024; Zhang, 2024; Maddu et al., 2024). However,
these constraints impose unrealistic conditions on the data. An irrotational drift field cannot
model negative feedback loops or repressilator dynamics, which are common in biological
data (Weinreb et al., 2018). Similarly, isotropic diffusion cannot model variable noise scales
or correlated noise structures, which commonly arise in real data (Mogensen and Hansen,
2022; Rohbeck et al., 2024; Santos et al., 2024). While most works use a known diffusion
estimate to infer drift, Forrow (2024) infers diffusion, but requires a drift estimate. In both
cases, the accuracy of the prior estimate is crucial, because misspecified diffusion typically
leads to poor drift estimation and vice-versa (Beven et al., 1993; Guan et al., 2025). This is
problematic, since knowing an accurate estimate of drift or diffusion a prior: is unrealistic
in practice. Finally, we note that recent work estimates drift and diffusion, but does not
consider the uniqueness of learned parameters, due to non-identifiability (Terpin et al., 2024;
Brogat-Motte et al., 2024).

To advance the field of statistical inference from temporal marginals, we work to remove
previous assumptions by determining conditions for identifiability and designing a method
that leverages them. Wang et al. (2024) showed that identifiability of a linear additive
noise SDE from ground truth trajectories with fixed Xg € R? is equivalent to a non-
degenerate rank condition based jointly on X, the linear drift A and the observational
diffusion GG'". In contrast, our work studies identifiability of linear additive noise SDEs in
the more general “marginals-only” setting. We also demonstrate that identifiability from
continuous observation can be guaranteed across all linear additive noise SDEs solely by
checking the initial distribution. To the best of our knowledge, this has not been shown
even in the case of trajectory-based observations.
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3. Identification of Linear SDEs from Temporal Marginals

In this section, we prove three identifiability results of increasing generality, which provide
conditions for uniquely recovering the drift and diffusion of linear additive noise SDEs.
Our theory demonstrates that SDE non-identifiability is only possible when the observed
marginals share a generalized rotational symmetry. Furthermore, identifiability holds under
generic conditions, since the set of SDE parameters that can preserve these symmetries over
the course of the continuous evolution has Lebesgue measure 0.

3.1 SDE Identifiability Under Isotropic Diffusion

We first consider the case of SDEs with linear drift and isotropic diffusion:
dXt = AXtdt + Uth, (6)

and we consider the question of when we can jointly identify the drift A and diffusivity o2
from continuously observed marginals (p; : ¢ > 0). It turns out that non-identifiability is
intrinsically related to the marginals sharing a generalized rotational symmetry. We first
define what we mean by a generalized rotation.

Definition 1 (Generalized rotation) Let d > 2. We define a X-generalized rotation in
R? as a matriz exponential €%, such that 0 is the rotation angle and B € R¥™? is skew-
symmetric with respect to ¥ > 0, i.e. BL +XB' = 0.

Note that classical rotations correspond to the case where we restrict ¥ = I, since this
enforces that the matrix B is skew-symmetric. By allowing ¥ # I;, we enable rotations to
be defined over anisotropic geometries. If > > 0 is full rank, then Y-generalized rotations
are equivalent to classical rotations in a transformed space, after lengths are modified by
scaling (see Lemma 14 in appendix). Otherwise, if ¥ > 0 is rank-deficient, then the condition
BY + ¥B" =0 forces B to leave the range of ¥ invariant, and to be skew with respect to
3. there, while its action on the kernel of 3 is unconstrained. We now extend this notion
to random variables, by defining a distribution X to be auto-rotationally invariant (ARI)
if its law is invariant to the action eB? for some nonzero matrix B € R%*4,

Definition 2 (Auto-rotational invariance) Let d > 2. We define a d-dimensional ran-
dom variable X to be auto-rotationally invariant (ARI) if there exists some square matrix
B # 0, such that for all § € R, eB?X ~ X. For the case d = 1, we by convention consider
mean-zero Gaussians N'(0,02) as the only ARI distributions.

We use the term auto-rotational because it turns out that invariance of the law under the
transformation X — eB?X implies that e’ must be a generalized rotation (Definition
1), where the geometry X is the distribution’s second moment ¥ = E[X X "] (see Lemma
15). Auto-rotational invariance therefore requires that the law of the random variable
is rotationally symmetric with respect to the geometry imposed by its own covariance
structure. If ¥ = E[X X ] = 0 is full rank, then this is a highly restrictive property, since the
density must be constant along orbits of e?, which each lie within an ellipsoid determined
by ¥ (see Lemma 16). For example, all mean zero Gaussians are auto-rotationally invariant
(see Lemma 17). Otherwise, if ¥ = E[X X "] = 0 is rank-degenerate, then the distribution
also satisfies auto-rotational invariance (see Lemma 18).
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We now present our first identifiability result, which states that the SDE parameters
(A,0?) can be uniquely identified from continuously observed marginals X; ~ p;, unless

each marginal is auto-rotationally invariant with respect to the same generalized rotation
B6
e??,

Theorem 3 (Identifiability under isotropic diffusion) Suppose that the observed
marginals (py : t > 0) can be produced by multiple distinct parameter sets (A, 02) # (A, 52).
Then, each marginal X; ~ p; is auto-rotationally invariant with respect to the same gener-
alized rotational action €B?, i.e. for all X; ~ p;, we have that eP?X, ~ X, for all § € R.

Proof First, suppose that distinct parameter sets (A4,02) # (A4,52) produce the same
marginals (p; 1t > 0)4 52 = (pr 1t > 0) 5 52- Then, their Fokker-Planck evolution equations
are equal:

2

Bpe(z) = —V - (Aapy(z)) + %Apt(x)
=2

= —V - (Azpi(x)) + %Apt(w)-

Without loss of generality, we may define the residual diffusivity 7% =02 — 5% >0 and the
residual drift A = A — A. By subtracting the equations, we obtain a stationary Fokker-
Planck equation with the residual parameters

=2

0=V (Azp(z)) + %Apt(x). (7)
First, we note that if the residual diffusion > = 62 — &2 is nonzero, it follows from elliptic
PDE theory that the residual Fokker-Planck equation (7) has at most one stationary dis-
tribution (Bogachev et al., 2022, Theorem 4.1.6, Example 4.1.8). Since each marginal p;
solves (7), each marginal is in fact the stationary distribution pe, of a residual process with
drift A and diffusivity 2. Since the residual is a linear SDE, Deq is a Gaussian distribution
N(0,%) with ¥ satisfying the Lyapunov equation ZAT 4+ AX = —21, (Gajic and Qureshi,
2008, Section 6.2.1). Thus, if the diffusivities are unequal, then non-identifiability implies
that all marginals coincide at the same mean-zero Gaussian distribution. By Lemma 17,
all such distributions satisfy auto-rotational invariance.

From this analysis, we may also deduce that if the marginals (p;);>0 are not all the same
distribution, then non-identifiability is only possible if both SDEs share the same diffusivity
o2, and are thus only distinct in their drifts. In this case, the residual Fokker-Planck
equation reduces to the continuity equation:

0=—V-(Azp()). (8)

By Liouville’s theorem (see Neklyudov et al. (2021, Theorem 1)), each observed marginal
X; ~ p; is stationary under the linear ODE & = Az. Thus, for each marginal X;, we have

X, ~ X, V9eER. (9)

We conclude that each marginal X; ~ p; is auto-rotationally invariant with respect to the
same matrix B = A. |
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We make a couple of remarks about this result. First, we recall that observing marginals
at equilibrium is a well-documented source of non-identifiability, since equilibrium only
depends on the drift to diffusion ratio (see Lavenant et al. (2021) and Guan et al. (2025,
Proposition 4.1)). Our result shows that under isotropic diffusion, observing marginals
that vary in time is enough to determine the true diffusivity o2. This follows from the
same elliptic PDE argument underlying a recent identifiability result by Guan et al. (2025),
which showed that observation at equilibrium is the only source of non-identifiability of the
SDE parameters for gradient-flow SDEs, which are defined by conservative drift —VW¥ and
isotropic diffusivity o2.

However, in contrast to the gradient-flow setting, linear SDEs may have rotational drift,
which introduces undetectable rotation as a second source of non-identifiability. Indeed, a
classic non-identifiability example from the literature is given by the systems (Hashimoto
et al., 2016; Shen et al., 2024):

dX; =dW,, Xo ~ 9 (10)
ay; = [_01 (ﬂ Y, dt + AW, Yo ~ 0o, (11)
where the residual drift is the skew-symmetric matrix A = _01 ol which produces a

rotational action that is indistinguishable at the level of the marginals p; ~ N (0,tl;). We
present examples with more general rotational geometries in Section B. Our result shows
that this failure mode, characterized by shared invariance under a generalized rotational
action, is the only other source of non-identifiability besides observation at equilibrium, for
linear SDEs with isotropic diffusion.

3.2 SDE Identifiability Under Anisotropic Diffusion

We now consider the more general case of linear additive noise SDEs with possibly
anisotropic diffusion:

dX; = AXdt + GdW, (12)

and we derive identifiability conditions for determining the SDE parameters (A, H = GG")
from observed marginals (p; : ¢ > 0). We note that anisotropic diffusion significantly com-
plicates identifiability analysis, since the diffusion level can vary in each dimension. Indeed,
anisotropic diffusion can produce non-identifiability such that the distributions are station-
ary in a subset of components, while otherwise exhibiting transience. Since equilibrium
distributions for linear additive noise are mean-zero Gaussians (Pavliotis, 2014, Sections
4.2 and 4.4), we can illustrate this by considering a ‘Gaussian pancake’ initial distribution
Xo ~ po, where X(gl) ~ N(0,1) and the remaining components XéQZd) are initialized in-
dependently. To produce non-identifiability, we consider two different univariate dynamics
that preserve Xt(l) ~ N(0,1) and we decouple these first component dynamics from the rest
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of the system:

_1 9 1 0
— 2 ~
dx, = [ 0 A\l] X, dt + [0 G\J AWy, Xo ~ po (13)
-2 0 2 0
ay; = [ 0 A\l] Y, dt + [0 G\l] AWy, Yo ~ po. (14)

These SDEs are non-identifiable from marginals since they are both stationary in the first
component, while being trivially identical in other components since they share the same
independent complementary dynamics (A\1, G\1).

While we saw that Gaussianity is directly related to non-identifiability in the previous
setting with isotropic diffusion, the above construction shows that the addition of Gaus-
sian slices can lead to non-identifiability if we permit anisotropic diffusion. Thus, non-
identifiability is feasible even if a marginal X; ~ p; fails to be auto-rotationally invariant,
as defined in Definition 2. However, by recalling the classical fact that Gaussians are the
only random variables that have finitely many nonzero cumulants (Marcinkiewicz, 1939),
and moreover, that the only nonzero cumulant of a mean-zero Gaussian is its covariance,
we may consider a natural relaxation of auto-rotational invariance. Instead of defining the
invariance relation over the full law, we can define it on all cumulant orders, except n = 2.

Definition 4 (Weak auto-rotational invariance) Let X be a d-dimensional r.v, and
denote by T:X(v,...,v) the order-n tensor defining the nth cumulant of X, projected in the
direction of v € R%, i.e. the nth cumulant of the univariate r.v. v' X. Then, X is weakly
auto-rotationally invariant if there exists some nonzero matric B € R¥™ % such that the
mean and higher order cumulants n > 3 obey the invariance:

TX(eBTev, . .,eBTgv) =TX(v,...,v) VneN\{2},Vvec R VA cR. (15)

n n

For convenience, we sometimes drop the “weak” qualifier and simply refer to weak ARI as
ARI, but we make the distinction explicit in formal statements and proofs. Indeed, as shown
in Lemma 19, if the support of the random variable is bounded, then weak ARI (Definition
4) is in fact equivalent to full ARI (Definition 2). Intuitively, weak ARI omits the constraint
at order n = 2, which enables the addition of Gaussian slices. While we saw that degenerate
distributions, which are supported in a proper subspace of R? are always ARI (and hence
weakly ARI), weak ARI also encompasses random variables that are Gaussian in a proper
subspace of R%. In Figure 2, we visualize three ARI distributions as well as a Gaussian
pancake distribution, which is only weakly ARI.

We now present our second identifiability theorem, which proves that non-identifiability
from the marginals of a linear additive noise SDE is only possible if the initial marginal Xg ~
po is weakly auto-rotationally invariant, and furthermore, that there exist non-identifiable
systems for any weakly ARI initial distribution Xg. Intuitively, non-identifiability is only
feasible if there is a symmetry to exploit, and if the initial distribution has such a symmetry,
then it is susceptible to non-identifiability.

10
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(b) Xy is cylindrical (up to scaling), and
is invariant under rotation in the zy
plane after transformation.

(a) Xp is spherical and invariant under
all classical rotations.
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(¢) Xo is degenerate and its support lies (d) Xo is a Gaussian pancake, which is

in the nullspace of B = [é _01] mean 0 univariate Gaussian in x.
Figure 2: We visualize four distributions that satisfy auto-rotational invariance. The first
three distributions obey strong auto-rotational invariance (Definition 2), while the Gaussian
pancake is weakly auto-rotationally invariant (Definition 4).

Theorem 5 (Identifiability for linear additive noise SDEs) Let py be a probability
distribution on R* with a well-defined moment generating function, and let

O0={(AH): Ac R G ecR>™ H=GG"}

denote the set of drift-diffusion pairs under a linear additive noise model (3). It follows that
every parameter configuration (A, H) € © induces a unique set of marginals (ps : t > 0) 4. u
from initialization Xy ~ pg, if and only if Xo is not weakly auto-rotationally invariant
(Definition 4).

Proof We first prove that non-identifiability can only occur if X, is weakly ARIL Suppose
that two linear additive noise SDEs have distinct parameters (4, H = GG") # (A, H =

11
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GGT), yet equal marginals for all times ¢t > 0. We note that these have analytic solutions
(see Section A):

t
X, = eMX, + / A=) Gaw,
0

- t _
Y, = e X, + / A=) Gaw,,
0

where the initial distribution X is shared.
Then, since the m.g.f is well-defined, equality in distribution X; ~ Y; is equivalent to
equality in all cumulants between X; and Y;:

TX(v,...,v) =T (v,...,v)  YveR4 V>0, (16)

where TX (v,...,v) denotes the nth cumulant of X, projected onto v € R?. By matching
cumulants of all orders, non-identifiability requires that the following infinite system of
equations is satisfied for all v € R and ¢ > 0:

{Tifo (eATt’U, . 7€ATtU) = Tqi(o (GATtv7 SRR GATtU) n ?é 2’ (17)

T T AT AT ~
T (e o, e o) + 0 B =T50 (e o, e o) +0 Sw n=2,

Note that the Ito integral terms contribute only to the second order cumulant, since they
are mean zero Gaussians (Marcinkiewicz, 1939). We are also able to move the matrix
exponential into the arguments, due to the homogeneity of cumulant tensors. We first focus
on all cumulants of order n # 2 and note that they imply the identity:

TT‘LXO(eATtU,...,eATtv) = TX0(v,...,v) n # 2 (18)
Indeed, if we take the time derivative at t = 0, we obtain

d

T T d iT iT
p t:()Tj(O (eA ty, ... et ty) = p tZOT’i(O (eA ty,. .. eh ty)
= nT,f(O(ATv, Uy, V) = nTTf(O (ATU, Vyonoy )
— TX(ATv,0,...,0) =0

where A = A — A. Since the above holds for all v € R%, we can apply it to any vector in

the set {u(t) = ATyt > 0,0 € R4}, which yields

TXO(ATu(t), u(t), ..., ut)) =0
d

= %Tfo (u(t), ..., u(t)) = nTXO(ATu(t), u(t),...,u(t)) = 0.

Thus, along the trajectory u(t) = eATtv, for all n # 2, the nth cumulant of X, projected
onto u(t), is constant in time, so the equations for matching the higher order cumulants
reduce to

T:Xo (eATtv, e eATtv) = TX0(v,...,v) Vn # 2,

12
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which is precisely the condition for weak auto-rotational invariance (15) with B = A.

We now show that if X satisfies the weak ARI condition (15) for some matrix B # 0,
then there exist systems with distinct parameter sets (A, H = GG') # (A, H = GG"),
which produce the same marginals for each time, i.e. (pt:t = 0)an = (pr:1=0)4 5. We
denote the initial second moment ¥ = E[X( X ], and consider the rank-degenerate and full
rank cases separately.

First, suppose X is rank-degenerate, so that some v # 0 has Yu = 0 and hence
E[(u" X0)?] = u'Xu =0, giving u' X = 0 a.s. For our non-identifiable counterexample, we
consider base parameters A = —«al and H = 2a3. The idea is that since the initial distri-
bution and the noise are supported in the hyperplane u* (ranG = ranH = ran¥ C u"), the
marginals will always stay in this subspace. This allows us to alter the drift in the direction
of u, without changing the evolution.

In particular, we can pick any w # 0 and set the drift offset A = A — A = wu! # 0,
so that ker A = ul, and take the same diffusion G = G = H = H. Then AX, =
w(u'Xg) = 0 as. and AG = 0. Then, since —al commutes with A, expanding the
exponential e Xy gives e Xy = e X a.s. Similarly, eAt=9)G = ¢=*(=)G. Driven
by the same Brownian motion, the two systems therefore produce identical paths, despite
having a drift offset of A. We provide one such construction in Example 3.

To design a non-identifiable system in the non-degenerate case, where ¥ > 0 is full rank,
we consider an SDE with base parameters

A=—al
H =2aX

Then, to define the second system, we set the drift difference to be the matrix for which Xy
is weakly ARI, i.e. A=A — A = B, such that the second system has parameters

A—A=—-al-A

H—-—H=2X+AY +2A"

o
I

H

Note that since 3 > 0, then we can pick « arbitrarily large to ensure that H has positive
spectrum, and is a valid p.s.d diffusion matrix. Since A = —al is isotropic, it follows that
we have the analytic solutions

¢
X =e “Xo+N(0,%) st Xy = / eAlt=3) freAT (t=5) g
0

_ _ _ t L
Y, =e e Xy 4+ N(0,5) st B = / eAt=3) [TeAT (t=5) g
0

Then, note that non-identifiability holds if and only if X; ~ Y; for all ¢ > 0. Equivalently,
the cumulants of all orders n match for all times and projection vectors v € R%:

T (v, .. 0) =T (v,...,v)  VneNVoeRLVE>0 (19)

n

To show that the above holds, we consider the cases n # 2 and n = 2 separately. Matching
all cumulant orders n # 2 reduces to showing that e~**X, and e~ “*e~4* X, have the same

13
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higher order cumulants. This follows directly from X being weakly ARI with respect to A:

T Xo (v,...,v) = e "TX0(y, .. )

n
(15) . _ A _ A
e natTTi(()(e A tv,...,e A tv)

= Tf;ateiAtXU (v,...,0).

Then, to show that the cumulants match for order n = 2, we note that this corresponds
to equality in covariance. Since the case n # 2 above includes n = 1, the two systems
already share the same mean at all times, so it suffices to show that their second moments
agree. We in fact constructed the systems so that the second moment is constant in time,
ie. E[X;X, ] =¥ =E[\;Y;'] for all t > 0. Indeed, the second moment of a linear additive
noise SDE solves the autonomous Lyapunov ODE M, = AM, + M, A" + H, so it suffices to
check that M; = 3 is an equilibrium solution. With A = —al, H = 2a2, we obtain

AN+ YA + H=—-2a2+2aX =0
AE+EAT+ﬁ:(AE+EAT+H)—<A2+2AT+H)
:—<AE+2AT+fI>:0'

Thus, all cumulants match between both SDEs at all times, and we conclude that they are
non-identifiable. [}

Theorem 5 shows that weak auto-rotational invariance of the initial distribution is a
necessary and sufficient condition for non-identifiability to be feasible. We note that by re-
indexing the index of the initial time, it follows that identifiability of the SDE parameters
is guaranteed if any of the marginals in the evolution is not weakly ARI. Furthermore, since
the SDE parameters are constant in time, non-identifiability not only implies that each
marginal is weakly ARI, but also that each marginal is weakly auto-rotationally invariant
with respect to the same matrix B in the condition (15). In other words, non-identifiability
requires that a symmetry invariance is shared across all marginals. We now determine the
prevalence of these shared symmetries, in order to quantify the risk of non-identifiability.
Below, we prove that the SDE parameters are generically identifiable, even if X is weakly
ARI. In particular, we show that the curve of covariances (Cov(X;) : ¢ > 0) uniquely
identifies the true SDE parameters (A, H) for almost every parameter configuration.

Theorem 6 (Generic identifiability for linear additive noise SDEs) Suppose Cy =
Cov(Xy) is the covariance of an initial distribution Xo ~ po. Then, for Lebesque-almost
every (A, G) € R4 x R*™ ynder the linear additive noise model, the covariance curve
(Cy : t > 0)ac uniquely determines the SDE parameters (A, H = GG"). Thus, the SDE
parameters (A, H) are generically identifiable under continuous observation.

Proof We wish to prove that the map (4,G) — (Cy : t > 0)4,¢ uniquely determines
(A,H = GGT) on (R4 x R™>*™)\ N, where N has Lebesgue measure 0. First, we note
that if two different parameter configurations trace out the same curve of covariances, i.e.

14
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(Cy:t>0)aa=(Cy:t>0); s, then by Lemma 21, their residual parameters A=A-A
and H = GG — GG satisfy the Lyapunov equation

AC, + C,AT = —H. (20)

Thus, if we consider a collection of D nonzero times {t,-}?:l, and define AC; = Cy, — Cy =
Cov(Xy,) — Cov(Xp), then we can subtract the above equation at times t = t; and ¢t = 0 to
obtain

ANC;+ AC,AT =0 Vi=1,...,D. (21)

The main fact that we would like to show is that up to a set A/ of measure 0, the condition
(Cr:t=0)ac = (Cp:t >0)g4 forces the residual drift A to be 0. From this, the drifts
would be equal, and it would follow that the corresponding diffusion matrices H = GG
and H = GG must also be equal, since otherwise, the curve of covariances would deviate
(see equations (50) and (51) in the proof of Lemma 21).

To prove the above fact, it suffices to show that the covariance differences {AC;}2,
span Sym,, since it would then follow that A = 0 is the only solution to (21). Indeed,
assume that the covariance differences span Sym,. Then, since I; € Sym,, there exists
a linear combination of (21), which produces A + AT = 0, ie., A is skew-symmetric.
Thus, we can rewrite (21) as AAC; = AC;A. Then, since by hypothesis, every diagonal
matrix is in the span of the covariance differences, it follows that A commutes with every
diagonal matrix. Taking A = diag(\1,...,\q) with distinct entries, the identity AA = AA
reads flij)\j = )\Z-Aij entrywise, forcing flij = 0 whenever i # j. Hence A is diagonal,
and therefore symmetric. However, A = 0 is the only matrix that is both symmetric and
skew-symmetric.

We now show that the covariance differences span Sym,. For this, note that Sym,
d(d+1)

is a =5 dimensional real subspace, since symmetric matrices are determined by the
upper triangular block (with main diagonal). We therefore consider D = % covariance

differences and apply the half-vectorization operator vech, which stacks the entries on and
below the main diagonal of a symmetric matrix. We then form the D x D matrix

vech(AC)) T
M(A7 G) - .
vech(ACp)"
Indeed, without loss of generality, we may regard the covariance differences with respect
to Cp as functions of (A4,G). To conclude the proof, we show that det(M(A,G)) # 0 for
Lebesgue-almost every (A4, G) € R4 x R¥™_ To do so, we use the fact that a real analytic

function is either identically zero or nonzero Lebesgue-almost everywhere (Mityagin, 2015,
Proposition 0), and apply this to det(M (A, G)). Indeed,

t
C, = eAtCoeATt + / eAGaTeA s ds
0

is analytic in (A, G), so it follows that the determinant of M (A, G) is also analytic. We
therefore just need to show that for a given initial covariance Cy, there exists a single
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parameter configuration (A, G) such that det(M(A,G)) # 0. We provide an example in
Proposition 22 of the Appendix.

To provide some intuition, we note that the converse direction of Theorem 5 was shown
by adversarially choosing SDE parameters that leave the covariance stationary, thus en-
abling non-identifiability by fixing the geometry across all marginals. However, even if the
initial distribution Xg is weakly ARI, Theorem 6 shows that almost every parameter config-
uration will produce an evolution that breaks the symmetries required for non-identifiability.

We conclude with a few remarks about the practical implications of our identifiability re-
sults and connections to related theory. First, we note the limitation that our identifiability
results assume continuous observation of the marginals X; ~ p;. We note that the assump-
tion of continuous observation cannot generally be relaxed, due to the aliasing problem. For
example, let pg = Unif[—1,1]? be a uniform square, which is clearly not auto-rotationally

—~ 0
and H = 0, and only sample the marginals at discrete times {0, At,--- , kAt,---}, then
it would be impossible to determine whether the square has rotated by # in between two
times, or by 27k + 6 for any k € N. This is precisely the Nyquist aliasing phenomenon in
signal processing: discrete sampling at rate ﬁ cannot resolve frequencies above X;. How-
ever, we note that aliasing counterexamples require a strict synchronicity, and moreover
that generic SDE parameter configurations will also alter the covariance geometry, as we
showed in Theorem 6. We therefore expect that identifiability results can be proven in the
finite-sample setting under certain assumptions, but note that new techniques must be used
to prove them, since we cannot directly leverage the differential structure of the evolution

equations.

invariant. If we consider a rotational action from the skew-symmetric drift A = [ 7]

Second, by proving that non-identifiability requires auto-rotational invariance, which de-
fines a shared invariance structure on the cumulants (15), our results show that higher order
cumulants provide crucial information for identifiability. This bears interesting parallels to
identifiability theory in causal discovery for linear non-Gaussian acyclic models (LINGAM)
on static data, where the presence of higher order cumulants from non-Gaussian noise en-
ables the causal graph to be identified in the absence of latent confounders (Shimizu et al.,
2006). In each of these settings, we seek identifiability from data composed of linear effects
with additive independent noise. In the static case, we are unable to resolve cycles in the
graph, and imposing non-Gaussianity in the independent noise provides sufficient cumulant
information to identify the DAG. Meanwhile, for linear SDEs, the temporal component
allows us to identify cycles in the graph. Indeed, as we will see in the next section, the
drift matrix (A) trivially determines all directed edges in the endogenous set. However,
the noise is necessarily Gaussian, since the diffusion is driven by Brownian motion. Thus,
identifiability in both settings is related to higher order cumulants. In the static setting,
the source of the higher order cumulants comes from non-Gaussian noise, whereas in the
SDE setting, the Brownian noise is Gaussian, and thus, the higher order cumulants come
from the initial distribution.
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4. Causal Graph Identification from SDE Parameters

In this section, we establish theory for recovering the causal graph of an additive noise
SDE from its identified drift and (observational) diffusion parameters. Thus, given our
identifiability results from the previous section, these insights demonstrate that under mild
conditions, we can theoretically identify the SDE and the causal graph of a system that is
governed by a linear additive noise SDE, directly from its temporal marginals (p;)¢>o0.

First, we review the definition of a dynamic structural causal model (DSCM), which we
adapt from Boeken and Mooij (2024, Definition 1).

Definition 7 (DSCM) Let V be a set of d endogenous variables {XM), ... XD} and let
W be a set of exogenous variables, {X(d+1), e ,X(d+m)}, e.g. noise sources that influence
the endogenous variables. Then, a DSCM is defined for each of the d endogenous variables,
such that

Xt(]) _ Xéa) +/ aj(s, X2 dhj(s, X)), (22)
0

where o(j) C VUW represents the variables used as arguments for the integrand a;(t, X),
and B(j) C V. UW represents the variables used as arguments for the integrator h;(t, Xy).
For a d-dimensional additive noise SDE (2) driven by an m-dimensional Brownian motion,
the exogenous set is simply W = {X (@1 x(d+m)y — @)WmL and the DSCM
is defined by

) . 3 ) m
Xﬁ>—axg>+:/‘@gxgwnds+-§:cakm4“. (23)

0 k=1
In particular, a(j) CV depends only on the endogenous variables, and 3(j) corresponds to
the components k of the Brownian motion (index k+d in the expanded vector X ), such that

Gk #0.

We can then define a causal graph G from the DSCM. We adapt (Boeken and Mooij, 2024,
Definition 2), with the only modification being that we permit self-edges j — j.

Definition 8 (Causal graph from DSCM) Given a DSCM (22), we define a causal
graph G with vertices VUW, and edges E ={i — j:j € Vi€ a(j)UpB(H)}.
)

Intuitively, an edge ¢ — j indicates that component Xt(i directly influences the evolution of

component Xt(] ), and we only include edges that point towards variables in the endogenous
set. Since the diffusion G is state-independent for additive noise SDEs, this means that
endogenous variables can only influence one another through the drift function b. However,
the diffusion still determines incoming edges to endogenous variables. In particular, latent
confounders are modeled by off-diagonal entries of the diffusion G, since multiple variables
would be correlated due to shared driving noise (see (Boeken and Mooij, 2024, Figure 1)).
This causal framework is well-defined given access to the drift b and diffusion G. How-
ever, due to the symmetry of Brownian motion, one can at best identify H = GG from
observational data. Given the parameters b and H = GG from an additive noise SDE,
we show that one can recover all endogenous edges from the drift b and also use non-zero
entries in the observational diffusion H = GG to determine pairwise latent confounders.
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Lemma 9 Let X; evolve according to a d-dimensional additive noise SDE: dX; = b(X;)dt+
GdWy, and let G = (VUW, E) be its causal graph.

a. There exists a directed edge i — j in G if and only if bj(X;) depends on Xt(i).

b. There exists a latent confounder W*) over (i, 5) in G, if H; j = (GGT); ; # 0.

Proof The first claim follows immediately from the definition of the dynamic structural
causal model (23). Then, to prove the second claim, we note that if H; ; = G;.. - GTJ #0,
then it follows that for some column k& € [m] in the diffusion matrix G, we have that
Gik, Gk # 0. From this, we conclude that X () and X both share a dependence on the

noise from the kth component of the Brownian motion, Wt(k).
|

Lemma 9 establishes a bridge between causal graph identification and SDE parameter
identification, where we can only hope to recover the observational diffusion. Indeed, by
combining Theorem 6 and Lemma 9, we see that we can almost always identify all directed
edges within the endogenous set (due to recovery of the drift A) from the marginals of a
linear additive noise SDE. Furthermore, the nonzero entries from the identified diffusion
matrix, H;;, ¢ # j, always identify pairwise latent confounding from shared noise. We
emphasize that even when the drift is assumed to be linear, additive noise SDEs can encode
arbitrary causal structures between endogenous variables (ex. via nonzero entries in the
drift A). This makes our identification theory particularly relevant for GRN inference, since
our setting can model cyclic behaviour, such as feedback loops and repressilator dynamics,
which are fundamentally excluded in common gradient-flow models (Weinreb et al., 2018;
Hashimoto et al., 2016; Lavenant et al., 2021; Terpin et al., 2024; Guan et al., 2025). We
however note that not all noise relations can be learned from the observational diffusion, as
we discuss in Examples 4 and 5 in Appendix D. We include additional details and discussion
about the causal interpretation of SDEs in Appendix D.

5. Our Parameter Estimation Method

In this section, we introduce our method, Alternating Projection Parameter Estimation from
Xo (APPEX), which estimates a process’ drift, diffusion, and causal graph from observed
temporal marginals. Figure 3 illustrates the general strategy of the APPEX algorithm.
We focus on linear additive noise SDEs, since Theorem 5 guarantees identifiability given
that X is not auto-rotationally invariant. However, our algorithm can be used to estimate
any additive noise SDE in the form of Equation 2. In this section, we give an intuitive
explanation at the population level, using the process’ true temporal marginals X;, ~ p;.
In Section 6, we perform experiments using empirical marginals p;, with finite samples per
marginal.

Let po, ..., py—1 denote a set of observed temporal marginals, and let (A©), H(©)) denote
initial guesses for the drift and diffusion. The idea is to use an alternating optimization algo-
rithm to obtain increasingly better estimates for the drift and diffusion matrices. Formally,
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Observational data APPEX iteration k

Trajectory inference of g given Obtain MLEs A'Y, H®) given g

Temporal marginals from underlying SDE reference SDE: paix-1, -1 and update reference SDE: paw, yx

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Time (t) Time (t)
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Figure 3: Visualization of our parameter estimation algorithm APPEX on a toy example.
Given observed temporal marginals from an underlying SDE (left), APPEX alternates be-
tween trajectory inference (middle) and MLE parameter estimation (right) in order to find
the SDE parameters that best represent the temporal marginal observations.

we consider the spaces

D ={q:q90 = po, -, qN-1 = pN-1} and (24)
At
A= {p c3 (A H) e R 8¢, st p(x,t + At | y,t) :N<6AAty, / eAs [ eA's ds)} .
- 0
(25)

D is the set of laws on paths, which coincide with the IV temporal marginals at their respec-
tive times. A is the set of laws given by linear additive noise SDEs. To find the underlying
linear additive noise SDE in the intersection A N D, our method alternates between infor-
mation projections, arg min cp Dk 1.(¢[lp) and moment projections, argmin,e 4 Dx1.(ql[p)-
The information projection step corresponds to trajectory inference, whose goal is to find
the law on paths ¢ € D, which best aligns with the reference measure p. The moment
projection then corresponds to maximum likelihood parameter estimation, since it amounts
to determining the law on paths p € A over linear additive noise SDEs, which best aligns
with the law of the estimated trajectories q. Indeed, in the infinite-data limit, MLE is
equivalent to minimizing relative entropy, i.e. KL divergence (Akaike, 1998; White, 1982).
At the population level, an iteration entails the updates:

g™ = arg min Drr(qllpae-—n go—) (26)
qeD
A% = arg min DKL(q(k)HpA D) (27)
AERdXd ’
H®) = arg min DKL(q(k)||pA(k)’H)~ (28)
Hesg,

At iteration k, we start by using the SDE parameters estimated from the previous
iteration to define a reference SDE p y-1) yr-1) € A. Using this reference SDE and the set
of observed temporal marginals, we perform trajectory inference (26), to estimate the path
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distribution ¢(¥) € D that minimizes relative entropy to the reference SDE, while satisfying
the marginal constraints (24) (see the middle plot of Figure 3). We then perform a two-
step maximum likelihood estimation, in order to estimate the drift and diffusion from the
estimated trajectories. This in turn updates the reference SDE p 4w gk € A for the next
iteration. To perform APPEX on a general additive noise SDE (2), the spaces A and the
drift maximum likelihood parameter estimation step (27) would be modified accordingly.
We show in Corollary 27 of the appendix that there is a closed form diffusion MLE for
general additive noise SDEs, once the drift has been estimated.

Previous works implement similar iterative schemes (Zhang, 2024; Shen et al., 2025;
Vargas et al., 2021), which alternate between trajectory inference and MLE parameter
estimation. In contrast to our method, each of these works assumes that the diffusion of
the process is known, and hence invariant across iterations. One reason for this assumption
is to ensure finite KL divergence between the estimated trajectories and estimated SDEs
for all iterations (Vargas et al., 2021). Given continuously observed marginals of a d-
dimensional process, the KL divergence between two laws on paths ¢, p is taken over the
path space Q = C([0, T],R?%), such that

Dicslally) = [ 1ox (2w ) aato).

Thus, Dxr,(q||p) will only be finite between two laws on paths if we can define the Radon-
Nikodym derivative g—g over path space 2. By Girsanov’s theorem, this is only ensured when
both processes share the same diffusion (Shen et al., 2025; Vargas et al., 2021). However,
if we only consider measurements from a finite number of observed marginals, the KL
divergence of the discretized processes ¢",p" over the path space projected on the N
measurement times, Yp = C’({tl}f\i _Ol,Rd), can be decomposed as follows, see Benamou
et al. (2019):

N—-2 N—-2
Drr(@Vllp™) = Y Drrlaiillpiic) — Y Drrlailpi), (29)
1=0 =1

where p; iy1,¢ii+1 are the joint probability measures of ¢, p, restricted to times ¢; and t;,1,
and similarly ¢;, p; are the marginals of ¢,p at time ¢;. We note that the above equality
holds since both p” and ¢V are Markovian. Then, since Dy (gi||p;) < Dk 1.(¢ii+1llpiji+1)
holds by the data-processing inequality, it follows that Dy (¢V|[p") will be finite as long
as Dir(giit1piiv1) = fRded log (%(l‘)) gii+1(z)dz < oo for each i = 0,...,N — 2.
In particular, if p and ¢ are the laws of two different drift-diffusion SDEs with distinct non-
degenerate diffusions, then the KL divergence Dg1,(¢V||pY) over the discretized path space
Yp will be finite. Since we consider a setting with a finite number of temporal marginal
observations in this work, we may consider laws on paths discretized over these observations.
This allows us to both consider diffusions which are not known in advance, and to improve
our diffusion estimates with respect to KL divergence after each iteration.
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5.1 Trajectory Inference Via Anisotropic Entropy-Regularized Optimal
Transport

To begin each iteration of APPEX, we infer trajectories given the set of temporal marginals
{pi z‘]\;_ol and a reference SDE pyx-1) gx-1) € A, by solving an associated Schrodinger
Bridge problem. Under certain conditions, the SB problem (5) can be solved using the
variational entropic optimal transport (EOT) formulation

" = arg min/c(w,y) dr(z,y) + €Dy (n||p @ v). (30)
well(p,v)

Intuitively, 7* transports the probability measure p to v while minimizing a total cost,
based on the function c(z,y) and the entropic regularization €2 > 0. Objectives (5) and
(30) are equivalent (Peyré et al., 2019; Zhang, 2024), under the reference measure diC(z,y) =

—c(z,y)

K(x,y)du(z)dv(y) with density K(z,y) o< e < . The convention in the literature is to
— lly—=|?
= 2

set c(x,y) , to define an isotropic Gaussian law K (Janati et al., 2020; Lavenant
et al., 2021; Chizat et al., 2022; Zhang, 2024). The EOT problem (30) can then be solved
via Sinkhorn’s algorithm.

However, the standard EOT problem (30) only considers a scalar regularization pa-
rameter €2, which means that it can only directly model reference SDEs with isotropic
diffusion (see Remark 26 in the appendix). To generalize trajectory inference for SDEs
with anisotropic diffusion, we formalize “anisotropic entropy-regularized optimal transport”
(AEOT), by considering transition kernels K with custom mean and covariance, e.g. pa-

rameterizing K with A and H = GG rather than the scalar €2 > 0. Indeed, we can con-
((y—u(wﬂ))TZ(@)’l(y—u(wﬂ))),

sider more general Gaussian transition kernels, Ky(x,y) = exp
in order to model a transition y|z ~ N (u(z,6),%(0)), whose covariance 3(f) is possibly
anisotropic. Under this formulation, the cost is given by the inner product cy(z,y) =
(y—u(wﬁ))TE(g)’l(y—u(wﬁ))

lem:

. (= p(,0)TE0) " (y — p(x,0))
= argmm/ 5

. Trajectory inference would amount to solving the AEOT prob-

dm(z,y) + Drr(rlp®v),  (31)
well(p,v)

where the entropic regularization is captured in the matrix ¥(6) and function u(x,#). The
AEQT problem over a pair of marginals (31) can be solved via Sinkhorn’s algorithm with
inputs u, v, Ky. Proposition 25 in the Appendix then shows that the solution to the multi-
marginal trajectory inference step (26) is the joint distribution given by the Markov con-
catenation of couplings (see Definition 24 in the Appendix)

*
™ =TN-2,N-1©°...070,1,

where 7; ;41 is the AEOT solution (31) with marginals u = p;, v = p;4+1 and a transition
kernel determined by the reference SDE.

Remark 10 (Application to empirical marginals) Proposition 25 is formalized for ex-
act temporal marginals p;. However, in practice, we observe empirical measures p;, which
converge in distribution to p;, in the limit of infinite data. It is for these empirical measures

21



GUAN, JANSSEN, RAHMANI, WARREN, ZHANG, ROBEVA, AND SCHIEBINGER

Di that we actually compute the estimated couplings 7; ;41 in practice. This corresponds to
numerically estimating the AEOT solution

dm(z,y) + Drr(7||pi ® Pit1)-

Tii+1 = argmin
m€I(Pispit1)

/ (y — p(z,0))'3(0) " (y — p(x,0))
2

(32)

By the main theorem in Ghosal et al. (2022), it holds that 7; ;41 converges in distribution
almost surely to the minimizer of (31) with u = p; and v = p;+1 as the number of samples
goes to infinity for each time i and i + 1. Combining this with the previous proposition, we
see that estimating (32) for each pair of times i and i+ 1 is asymptotically equivalent to the
KL minimization step in (26).

We also note that (32) is practically solved using Sinkhorn’s algorithm with empirical
marginals P;, pi+1 and the discretized transition kernel Ky of the reference SDE. For exam-
ple, if we have M samples per empirical marginal, then p; ~ Umf(xg) :j=1,...M) and
Dit1 ~ Um’f(xiﬁl cj = 1,...M) would both be discrete uniform distributions over their
samples, and Ky € RM*M would be a square matriz, such that entry Ky, , tis obtained by

(7) (k)

applying the given transition kernel on the data points x;’ and Ty -

5.2 Parameter Estimation Via MLE

To optimize objectives (27) and (28) for each iteration of APPEX, we require maximum
likelihood estimators for the SDE parameters, given multiple observed trajectories from
[0,7]. In the context of iteration k& of APPEX, these are the trajectories sampled from
the law on paths ¢®) obtained from the trajectory inference step. We derive closed-form
maximum likelihood estimators for the linear additive noise SDE from Equation 3, given
multiple trajectories in Proposition 11. Closed form drift MLE solutions are generally
unavailable for additive noise SDEs, however, we derive a closed form diffusion estimate
(which depends on the drift) for general additive noise SDEs in Corollary 27 of the appendix.

Proposition 11 (MLE estimators for drift and diffusion from trajectories) Given
M trajectories over N equally spaced times: {Xi(JA)t :1€0,..,N—-1, j€0,....M —1} sam-
pled from the linear additive noise SDE (3), the mazximum likelihood solution for linear drift
1 approzimated by

R 1 N—2M-1 ‘ - N—2M-1 ‘ - -1
A= (AXz'(]))Xi(J) Z Z XZ-(])X-(]) (33)
1

Mo N-2 . N-2 . -1
— 7 ( Epi,i+1[(AXi)Xi ]) <Z Epz[XZXz ]) ’ (34)
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where p; ;1 18 the joint measure over Xy, and Xy, . Similarly, the maximum likelihood
solution for diffusion is approzimated by

1 N=2M-1 ‘ ' ‘ '
H= ((AX.(” —AXYAnAxY - AX.(J)At)T) (35)
MT ¢ ¢ K2 (] K2 (]
=0 75=0
M 1 N-2
= D By [(AX — AXAY) (AX; — AXiAD) ], (36)
=0

Proof See Section F of the Appendix. We note that estimators A and H were derived
using the discretized transition kernel, X;1|X; ~ N (X; + AX;At, HAt). [ ]

We note that the MLE drift estimator for A does not depend on the diffusion H, but
the MLE estimator for H depends on A. We therefore estimate drift first in each iteration
of APPEX.

5.3 The APPEX Algorithm

We summarize APPEX’s implementation in Algorithm 1. In each iteration, trajectory
inference (26) is performed by solving the AEOT problem (31), and the drift and diffusion
estimates are updated via MLE. By default, we use Sinkhorn’s algorithm to solve AEOT
and we use closed form MLE solutions when available.

Algorithm 1 Parameter estimation for an additive noise SDE from temporal marginals
with APPEX

Input: Observed marginals p;, ¢ = 0,..., N — 1, number of iterations K, At

Result: Estimated drift function b and additive noise H

—_

2:

3. Initialize: b+ 0, H < 0214, k < 0

4: while k < K do

5: fori=0,...,N —2do

6: Miit1 Anisotropic—Entropy—Regularized—Optimal—Transport(l;, H s Dis Dit1, AL)
7: end for

8: Sample-Trajectories <= y_2 Ny—1 0 ... 0 7 1(Po)
9: b < MLEfit(Sample-Trajectories)

10: H «+ MLEfit(Sample-Trajectories, b)

11: E+—k+1

12: end while

13: G < Estimate-Causal-Graph(b, H, ¢)

Remark 12 (Application to causal discovery) By Lemma 9, we can estimate the causal
graph from the SDE parameters learned by APPEX. For nonlinear drift b(X;), we would
include the edge i — j if the jth component of the drift, b;, is a function of X@_ This
can for example be assessed by analyzing the Jacobian matriz of b. For linear drift, this
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simplifies to analyzing each entry A;; and choosing a threshold to determine the presence
of directed edges. For edges related to latent confounders (from shared diffusion), one can
choose a threshold for |H; ;| to determine whether there is an unobserved confounder causing
X and XU). While thresholding is one of the simplest methods to extract a causal graph
from learned SDE parameters, we note that many other methods can be used for this task,
and thus leave the implementation as general as possible.

Because the trajectory inference and parameter estimation subprocedures are optimal with
respect to minimizing KL divergence, we can show that APPEX’s estimates progressively
fit the data better with each iteration. Furthermore, this data-fitting objective is uniquely
minimized by the true parameters (A, H), if identifiability conditions hold.

Lemma 13 Suppose that A, H are the true parameters of a linear additive noise SDE with
temporal marginals pg, ...,pN—1. Let ¢®) € D be the law of the estimated trajectories at
iteration k of APPEX, and puk yr € A be the law of the estimated linear additive noise
SDE. Then, the relative entropy between the estimated law of the trajectories and the law
of the estimated linear additive noise SDE is decreasing with each iteration (Shen et al.,

2024):
Drr(@* ™ parer grr1) < Dicr(@W|[par ) ¥k > 0.

Furthermore, if pg is not weakly auto-rotationally invariant, then as we let the number of
observed marginals N — oo for any sampling scheme that would reduce the mazimum time
gap between marginals to 0, the relative entropy between the estimated law of the trajectories
and the law of the estimated SDE is uniquely minimized by the underlying SDE pa p:

inf D =0 & g=p= .
DA KL(CIHP) q=DPpP=DPAH

Proof Proposition 25 shows that ¢*+t1) minimizes relative entropy to p Ak k- Similarly,

(k+1).

any MLE solution P A(k+1) p(k+1) Minimizes relative entropy to ¢ Proposition 11 ap-

proximates the MLE parameters A**1 and H* 1. By construction of the iterative scheme,
Dkr (q(kﬂ) HPA<k+1>,H<k+1)) < Dkr (q(kH) HPAwH),H(k))
< Dkr, (q(kH) HPA<k>,H<k>) < Dkr <q(k) H pA<k),H<k>) ;
which proves the first claim of the lemma. If X is not weakly auto-rotationally invariant,
then p4 g is the law of the unique linear additive noise SDE, which obeys the marginal

constraints po,...pN—1 as N — oo (Theorem 5). Equivalently, we have AND = {pa u},

inf D =0 <« g=p= .
o xL(q|lp) ¢q=D=DpAH
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6. Experiments

In a wide range of experiments on simulated data from linear additive noise SDEs, we find
that APPEX accurately identifies the underlying SDE from its temporal marginals and
that it outperforms the popular Waddington-OT method (Schiebinger et al., 2019). In
Section 6.1, we assess the validity of Theorem 5 by showing that APPEX can learn the drift
and diffusion parameters of classical non-identifiable SDEs, if X is not auto-rotationally
invariant. We then demonstrate APPEX’s effectiveness on randomly generated higher-
dimensional SDEs in Section 6.2. Finally, in Section 6.3, we show that APPEX can use its
parameter estimates to recover the underlying causal graph, thus supporting Lemma 9. An
empirical experiment for consistency is also provided in Appendix G, which shows that as
the number of samples per time marginal increases, APPEX’s drift and diffusion estimates
converge to the true parameters.

For each experiment, we simulate data for linear additive noise SDEs using Euler-
Maruyama discretization with dtgys = 0.01, such that we generate M = 500 trajecto-
ries, each observed across 100 time steps. Each d-dimensional trajectory is initialized with
po ~ Unif{z;}¢ , where {z;}¢ , are random linearly independent vectors with each entry
having a magnitude uniformly sampled between 2 and 10. Since these are discrete random
variables whose support spans the full space, it follows from Proposition 20 and Theorem
5 that the drift and diffusion are theoretically identifiable from marginals. To model the
“marginals-only” setting, we subsample at the rate dt = 0.05 to produce N = 20 marginals
with M = 500 observations per time.

To perform parameter estimation, we use 30 iterations of our APPEX algorithm, such
that the first reference SDE is an isotropic Brownian motion dX; = cdW}, even when the
true process has anisotropic noise. To model the realistic setting where diffusion is not
precisely known, we assume that the initial guess of the diffusion’s trace is within an order
of magnitude of the ground truth trace tr(H). Specifically, we initialize A®) = 0, H©®) =
0%y s.t. 02 ~ (tr(H)/d)10"™ (=11 Because the first reference SDE is odW;, we note that
the first iteration of APPEX is equivalent to performing MLE on trajectories that were
inferred using the Waddington-OT (WOT) method from Schiebinger et al. (2019), based on
standard entropy regularized OT (30) with €2 = 0?At. APPEX and WOT are distinguished
by the fact that APPEX benefits from further iterations, and allows the reference SDE
to have anisotropic diffusion and non-zero drift. For each iteration of APPEX, we use
Sinkhorn’s algorithm to solve the anisotropic entropy-regularized optimal transport problem
for trajectory inference, and we use the closed form MLE solutions from Proposition 11.
Due to time complexity and numerical stability, we use linearized discretizations for the
Gaussian transition kernels. The Python code for reproducing the experimental results
and figures is available at https://github.com/guanton/APPEX. Analogous code in R is
available at https://github.com/HydroML/X0isAllYouNeed.

6.1 Revisiting Non-Identifiable SDEs

We consider three non-identifiable pairs of SDEs from the literature (summarized in Ap-
pendix B), but revise Xy to be non-auto-rotationally invariant, such that by Theorem 5, the
SDE parameters are now theoretically identifiable from observed marginals. 10 replicates
of each experiment were performed, such that the replicates featured data from different
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valid pg initializations and different initial diffusivities o?. We track the mean absolute

error (MAE), plotted in Figure 4, between the true drift/diffusion parameters and their
estimates.

05
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Figure 4: The mean absolute error for estimates of A and H using APPEX is shown per
iteration for all three pairs of SDEs from Section B.
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The results are consistent with Theorem 5 and Lemma 13. In each example, APPEX
is able to estimate the drift and diffusion by iteratively improving upon both estimates,
as evidenced by decreasing MAEs as the number of iterations increases. In particular, we
observe the worst performance from the first iteration, which is equivalent to performing
parameter estimation following trajectory inference by WOT. The most difficult SDE to
infer was dX; = —10X, dt + v/10dW;, due to the high noise scale. We also note that
APPEX succeeded in estimating the degenerate diffusion from the SDEs in Example 3,
despite the fact that degenerate diffusion can result in infinite KL divergence with respect
to a misspecified reference SDE.

We emphasize that if we observe marginals such that the SDE is non-identifiable, for
example, inferring the Ornstein-Uhlenbeck SDEs dX; = —X; dt + dW; from snapshots
sampled from its equilibrium distribution A/(0, %), then no method can recover the true
parameters. Indeed, in this example, an infinite number of linear additive noise SDEs share
the same equilibrium distribution (as long as the drift to diffusion ratio is 1), and are hence
consistent with the observed data. When using APPEX to estimate the SDE in this non-
identifiable setting, we indeed saw that it recovered different drift and diffusion estimates,
with ratio close to 1 (see Figure 8).

6.2 Higher Dimensional Randomly Generated Linear Additive Noise SDEs

We now consider parameter estimation on a broad range of higher dimensional random linear
additive noise SDEs. For each dimension d = 3,...,10, we generate 10 random SDEs. To
create each drift matrix A, we randomly sample each of its d? entries from Unif(—5,5),
and verify that its principal eigenvalue is less than 1. This allows us to consider non-
stationary processes, while obeying reasonable growth conditions. To create each diffusion
G, we randomly initialize each of its d? entries via Unif(—1,1) and then set H = GG". For
numerical stability, we perform Sinkhorn on the logarithmic scale for this experiment. We
evaluate each estimate’s performance using MAE and correlation with the true parameters,
where correlation is computed by vectorizing the corresponding matrices. We report the
mean and standard error of the MAE across the 10 runs.

d A Estimation GG' Estimation
WOT APPEX WOT APPEX

3 0.351 £0.04 0.237 £0.04 0.793 + 0.205 0.147 +£0.030
4 1 0.730 £ 0.067 | 0.328 + 0.041 1.549 £+ 0.439 0.415 + 0.070
5 10.912+0.060 | 0.602£0.195 | 2.174+0.702 | 0.362 +0.039
6 | 1.43£0.170 | 0.358 £0.020 | 18.010 +=8.636 | 0.256 + 0.046
7 | 1.480+0.132 | 0.360£0.015 | 6.807 +1.724 | 0.345 +0.037
8 | 1.862+0.137 | 0.460 = 0.015 5.472 + 1.266 0.359 +£0.019
9 | 1.803£0.222 | 0.487 +0.016 | 8.134£3.024 | 0.454 +0.122
10 | 1.670 £0.241 | 0.439 £ 0.019 | 35.122 +28.529 | 0.317 + 0.025

Table 1: Mean absolute error (MAE) of estimated drift and diffusion for dimensions d. Each

box reports the mean + the standard error.
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d A Estimation GG Estimation
woT APPEX woT APPEX

3 10.996 £0.001 | 0.998 £+ 0.001 | 0.837 + 0.048 | 0.985 + 0.005
4 10.943 £0.015 | 0.987 £ 0.005 | 0.729 + 0.039 | 0.865 + 0.031
5 1 0.921 £0.016 | 0.952 +0.030 | 0.728 £0.040 | 0.909 + 0.018
6 | 0.794 £0.040 | 0.986 + 0.001 | 0.530 =0.056 | 0.961 + 0.007
7 1 0.792 £0.029 | 0.988 +0.001 | 0.595 £ 0.037 | 0.946 + 0.012
8 10.699 £0.035 | 0.981 +0.002 | 0.611 £0.042 | 0.949 + 0.006
9 | 0.740 £0.033 | 0.978 £ 0.002 | 0.615+0.025 | 0.919 + 0.033
10 | 0.760 =0.049 | 0.983 £ 0.001 | 0.641 £ 0.041 | 0.960 + 0.006

Table 2: Correlation between estimated and true drift and diffusion for dimensions d. Each
box reports the mean + the standard error.
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Figure 5: The correlation between the estimated and true SDE parameters is plotted per
iteration across 10 random linear additive noise SDEs for dimensions 3 and 10. Each point
reports the mean of the 10 runs, while the bars represent the standard error.

The results, given in Tables 1 and 2, demonstrate that APPEX estimates both SDE
parameter sets robustly across all settings. Importantly, APPEX can handle arbitrary ad-
ditive noise structures H = GG, as evidenced by the fact that its drift and diffusion
estimates have low MAE and high correlation with respect to the true parameters. This
is significant because previous literature has focused on the setting of isotropic noise, but
in practice, we expect correlated noise structures, as well as unequal noise along the main
diagonal. In contrast, although WOT estimates the drift somewhat decently, it is unable to
estimate the diffusion accurately, particularly in higher dimensions, since it is constrained to
isotropic noise in its reference SDE. Figure 5 shows how APPEX is able to re-orient incorrect
diffusion priors to closely match the true diffusion of the underlying SDE. While running
increasing numbers of iterations within APPEX generally leads to monotonic increases in
parameter accuracy (as measured by correlation in Figure 5), we observe occasional insta-
bility due to the combination of finite observations, numerical limitations during trajectory
inference from capping the maximum number of iterations of Sinkhorn, and the fact that
the algorithm is building on previous (and wrong) estimates.
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6.3 Causal Discovery

We conclude with experiments that test our method’s ability to recover the underlying
causal graph. We first consider causal discovery from systems without latent confounders,
and then consider causal discovery from systems with latent pairwise confounders through
correlated diffusion.

In both settings, we generate random SDEs of dimension d = 3,5,10 whose causal
structure is determined by Erdos-Renyi graphs G(d,p), such that each of the d(d — 1)
possible directed edges are included with probability p. As in Section 6.2, we ensure that
the maximal eigenvalue of the randomly generated ground truth drift matrix is at most 1
to prevent unbounded growth. Lemma 9 states that directed edges e =i — j € F in the
causal graph G = ([d], E, E) are characterized by the condition A;; # 0. To simulate ground
truth edges, we follow standard convention, by simulating edge weights A;; uniformly via
Unif(—5, —0.5) U Unif(0.5,5) (Runge, 2021; Reisach et al., 2021). We infer the presence of
an edge ¢ — j, if in the estimated drift, AM > ¢ (corresponding to a positive edge weight)
or flﬂ < —e (corresponding to a negative edge weight). We choose our threshold € = 0.5
to match the minimum edge weight magnitude |A;;| > 0.5 in our simulations. Inference
accuracy of directed edges is then measured according to the structural Hamming distance
between G and the estimated graph G , which considers the classification of positive directed
edges, negative directed edges, and absent edges. The structural Hamming distance adds 1
for every misclassified edge:

d(g, Q) = Z 1 {sgn(Aj,i) #+ Sgn(Ajai)l\Aj,,-|>e} , (37)

(i,5)€ld]x[d]

where the sum ranges over all ordered pairs including 7 = j, so that self-regulatory edges
i — i are also included. If the observed system does not have any latent confounders
from correlated diffusion, we enforce this by setting the diffusion matrix G to be strictly
diagonal. This ensures that the only edges in G are uni-directional edges from the drift.
We set each of the d diagonal entries of G' via Unif(0.1,1). Conversely, when modeling
pairwise latent confounders, we introduce correlated diffusion by selecting a random subset
of columns in G to have precisely two nonzero entries. In particular, we first initialize all
entries along the main diagonal of G to be 1, and for each of the selected columns, we set
one non-diagonal entry G;; = 1, to model the pairwise latent confounder U; ;. All other
entries are set to 0. The number of selected columns with pairwise latent confounders is
sampled from Unif{1,---|2d/3]|}, e.g. we sample from Unif{1, 2} for d = 3, Unif{1, 2, 3} for
d =5, and Unif{1,...6} for d = 10. Lemma 9 states that the condition H;; = GZ-’.G;-'; # 0
identifies pairwise latent confounders U; ;. Since all entries of G are nonnegative in this
construction, no cancellation occurs in H = GG, and the confounded pairs are exactly
those with H; ; # 0, for which H; ; > 1. We read the ground-truth adjacency directly off the
construction, and infer the presence of U, ; if the estimated diffusion satisfies |fI”| > €p,
with e = 0.5. Inference of edges from pairwise latent confounders is measured according
to the structural Hamming distance, which adds 1 for every misclassified pairwise latent
confounder:

dent(G:9) = > 1{1{Hy; # 0} # || > en}} (38)

1<i<j<d
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Table 3 reports the mean structural Hamming distances for directed edges from causal
graphs estimated by WOT and APPEX, in the setting without latent confounders. APPEX
outperforms WOT across all tested dimensions d € {3,5,10} and edge probabilities p €
{0.1,0.25,0.5}, with the discrepancy becoming more pronounced as the causal structure
grows in complexity at higher dimensions and edge densities. We observe that APPEX can
consistently infer complex causal relationships, whereas WOT’s inference is often limited,
due to misspecified diffusion. For example, the first row in Figure 6 demonstrates that
APPEX recovers the system’s negative feedback structure, while WOT introduces additional
cycles in order to compensate for a poorly specified reference diffusion.

Table 4 reports the mean structural Hamming distances for drift-related edges and edges
from pairwise latent confounders from causal graphs estimated by WOT and APPEX, in
the setting with correlated diffusion. The probability p of connecting a directed edge i — j
was fixed at p = 0.25. As in the setting with uncorrelated diffusion, APPEX outperforms
WOT in all evaluated settings, particularly for higher-dimensional systems.

d p=0.1 p=0.25 p=0.5

WOT APPEX WOT APPEX WOT APPEX
3 ]10.404+0.40 | 0.00£0.00 | 1.80+0.76 | 0.30 £ 0.30 | 1.40 +0.65 | 0.00 = 0.00
5 13804+2.13 | 0.10+0.10 | 3.56 +1.70 | 0.00 £ 0.00 | 4.40+1.14 | 0.60 £ 0.22
10 | 38.3+8.53 | 0.504+0.40 | 48.6 £6.55 | 0.80£0.39 | 37.4+4.66 | 3.30+0.70

Table 3: Average Structural Hamming Distance (lower is better) with varying dimensions
d and random edge probabilities p. Each box reports the mean + the standard error.

7. Discussion

Many recent works have focused on inferring the drift or diffusion from an SDE’s temporal
marginals, yet the problem of non-identifiability remained largely unaddressed (Weinreb
et al., 2018; Lavenant et al., 2021; Chizat et al., 2022; Shen et al., 2024; Zhang, 2024; Terpin
et al., 2024; Brogat-Motte et al., 2024). To resolve this issue, we first provide necessary
and sufficient identifiability conditions for linear additive noise SDEs in Theorem 5, which
shows that non-identifiability of the drift and diffusion parameters is feasible if and only if
the initial distribution Xy is weakly auto-rotationally invariant. Building off Theorem 5,
we introduce Theorem 6, which proves that the set of drift and diffusion parameters that

d | Hamming distance for drift edges | Hamming distance for latent confounders
WOT APPEX WOT APPEX

3 1.20 £ 0.51 0.7+ 040 1.00 £0.30 0.00 £0.00

5 | 4.80+£1.47 1.60 £ 0.87 3.50 £ 0.64 0.10£0.10

10 | 38.00 £6.30 3.00 £0.77 23.80 + 3.86 2.90 +£1.39

Table 4: Average Structural Hamming Distance for directed edges, and latent confounders
(lower is better) with varying dimensions d and random edge probability p = 0.25. Each
box reports the mean 4 the standard error.
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True Causal Graph Estimated Causal Graph by WOT Estimated Causal Graph by APPEX
~
2 /— 2 2
[ _/
3 3 3
~
1 1 1
¢ \ . : \
5 5 5
True Causal Graph Estimated Causal Graph by WOT Estimated Causal Graph by APPEX

True Causal Graph Estimated Causal Graph by WOT Estimated Causal Graph by APPEX

True Causal Graph Estimated Causal Graph by WOT Estimated Causal Graph by APPEX

Figure 6: The true and estimated causal graphs by WOT and APPEX for four random SDEs
of varying dimensions are illustrated. Red edges i — j represent negative edge weights, such
that X () negatively regulates X9). Green edges i — j represent positive edge weights, such
that X positively regulates X ). Dashed edges represent the effect of a latent confounder
U;,; on observed variables 7, j through correlated diffusion.
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produce non-identifiable observations has measure zero, even if the initial distribution obeys
auto-rotational invariance. Our theory therefore clarifies that non-identifiability of linear
drift and diffusion from the process’s marginals can only be produced under exceedingly
rare circumstances. We complement our identifiability theory by showing that directed
edges and latent confounders in the system’s causal graph can be recovered from the drift
and diffusion parameters, for both linear and nonlinear additive noise SDEs. This provides
a theoretical foundation for learning the precise dynamics and causal structure of a linear
additive noise process, solely from its temporal marginals, without relying on the usual
prior knowledge assumptions and model restrictions.

To build on our theoretical contributions, we also introduce APPEX, a method that
simultaneously learns drift and diffusion from temporal marginals. APPEX iterates to-
wards the optimal parameter set by alternating between trajectory inference, via anisotropic
entropy-regularized optimal transport, and MLE parameter estimation. Since each of these
subprocedures are asymptotically optimal (Lemma 13), given a finite set of the process’s
true marginals, APPEX improves its estimates with each iteration. When tested on hun-
dreds of randomly generated linear additive noise SDEs between dimensions 3 to 10, APPEX
is able to effectively recover the process’s drift, diffusion, and causal graph, while signifi-
cantly outperforming Waddington-OT, which is one of the most popular inference methods
in single-cell biology.

Our theoretical and algorithmic contributions offer a number of insights to advance sta-
tistical inference methods from temporal marginals. First, our framework removes common
model restrictions to expand the set of dynamics that can be inferred from marginals. This
includes negative feedback loops and repressilator dynamics, which both arise from rota-
tional drift, and correlated noise, which arises from anisotropic diffusion. These features
are common in real-world datasets, and are especially relevant for accurate trajectory and
GRN inference from single-cell data (Weinreb et al., 2018; Santos et al., 2024). Second, we
demonstrate that joint identification of the unique drift and diffusion parameters is theo-
retically and practically possible in the “marginals-only” setting. Previous and concurrent
works either estimate only one parameter given the other (Weinreb et al., 2018; Lavenant
et al., 2021; Chizat et al., 2022; Shen et al., 2024; Zhang, 2024; Forrow, 2024) or estimate
both without establishing identifiability (Terpin et al., 2024; Brogat-Motte et al., 2024).
We note that even if a user is only interested in one parameter, APPEX offers the ability
to estimate it, regardless of how the other parameter is initialized. This is particularly
significant given that a misspecified diffusion typically leads to a misidentified drift, and
vice-versa. Importantly, the identifiability conditions for linear additive noise SDEs are
generic, since non-identifiability requires both a pathological initial distribution, which sat-
isfies (weak) auto-rotational invariance, as well as pathologically aligned SDE parameters,
which preserve the symmetry invariance across observed marginals. These theoretical in-
sights provide a principled path for developing new and improved methods that can learn
the full SDE purely from observational snapshots.

7.1 Limitations and Future Work

Although this paper presents several breakthroughs for the identification of SDEs from
marginal snapshots, we acknowledge several limitations and opportunities for future work.
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First, our identifiability result is restricted to time homogeneous linear additive noise
SDEs. Although this is a popular model for real-world processes, including for GRN infer-
ence (Rohbeck et al., 2024; Zhang, 2024), it would be beneficial to characterize identifiability
conditions under more general models. We note that characterizing identifiability is par-
ticularly challenging for non-additive noise models, where the noise depends on the process
X, since the same marginal observations can be explained by a nonlinear additive noise
SDE and a linear multiplicative noise SDE (Coomer et al., 2022). For this reason, it may be
easier to consider identifiability for parametric families of nonlinear drift under the additive
noise model. We note that we have already proven results about causal discovery for addi-
tive noise SDEs in Section 4 and that APPEX is also formulated for general additive noise
SDEs. Although the MLE for nonlinear drift may not have a closed form solution, opti-
mizers like BFGS (Lavenant et al., 2021; Chizat et al., 2022; Wang et al., 2024) and neural
networks (Shen et al., 2024) have been successfully used for SDE parameter estimation on
real and synthetic data.

Second, our theory considers the infinite data setting, given the process’s true marginals
{pl}f\i 61, and we have not studied asymptotic convergence rates. In particular, our iden-
tifiability result was established given continuously observed marginals, which corresponds
to obtaining infinite samples from infinite marginals. Similarly, the theory surrounding the
optimality of APPEX assumes that we have infinite samples from a finite set of marginals.
We leave the asymptotic analysis of APPEX for future work. Directions for future work
include the sample complexity of entropic optimal transport for trajectory inference, which
requires asymptotically more samples per marginal as we decrease the entropic regulariza-
tion (decreasing time granularity in the SDE setting) (Genevay et al., 2019, Theorem 3),
and the fact that the MLE of the AR(1) process from multiple trajectories is slightly biased
(Ledolter, 2009). We note that APPEX could be combined with previous methods that
relax the marginal constraints (see Lavenant et al. (2021)). This could improve estimates in
low data settings, particularly in the biological setting where taking measurements destroys
samples.

Third, even in the asymptotic setting, the nonconvex nature of APPEX’s alternat-
ing projection optimization problem makes the prospect of proving convergence difficult.
Although our experiments indicate that APPEX’s estimates approach the true solution,
regardless of the initial guesses for the drift A and observational diffusion H, we have not
yet proved convergence due to the non-convexity of the optimization space. A formal proof
of convergence and consistency would further strengthen APPEX’s theoretical foundation.

Finally, we note that the trajectory inference step of APPEX, which we solve using
Sinkhorn’s algorithm, is computationally intensive. For M samples per marginal, each
iteration of the standard dense Sinkhorn algorithm requires O(M?) arithmetic operations
once the transport kernel has been constructed. Consequently, J iterations require O(JM?)
operations. The required number of iterations depends on the stopping tolerance, the cost
matrix, and the entropy regularization parameter (Dvurechensky et al., 2018). We note
that accurate trajectory inference relies on a large number of samples (M), a small entropic
regularization €2 ~ §t, and potentially high-dimensional data. Our method is therefore
impractical on very large datasets, which are prevalent in biological applications. It would
therefore be advantageous to solve the associated Schrodinger bridge problem using more
efficient methods. We note that recent work makes use of closed form solutions to the SB
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problem when Xj is a degenerate Dirac distribution, to increase computational efficiency
(Huang, 2024). We also note that the SB problem can be expressed via forwards and
backwards drifts (Vargas et al., 2021), and can therefore be solved via generative diffusion
models (De Bortoli et al., 2021; Shi et al., 2024). Thus, when a closed form solution is
not known, generative diffusion models may be more efficient solvers for the trajectory
inference problem. Concurrent work estimates drift and diffusion using other methods,
including JKO energy minimization (Terpin et al., 2024) and reproducing kernel Hilbert
spaces to minimize distance to the Fokker-Planck solution (Brogat-Motte et al., 2024). We
have not yet compared the accuracy and computational efficiency of these methods against
APPEX, and a systematic comparative analysis would be an interesting direction for future
research.
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Appendix A. Properties of the Linear Additive Noise SDE

Let X evolve according to a linear additive noise SDE (3). Then its solution can be obtained
using the integrating factor e~ and is given by (Sirkké and Solin, 2019, Sec 4.3):

t
X, = e X0 + / A= Gdw,. (39)
0

By the independent increments of W, we may interpret X; as being composed of two
independent r.v.’s. The first term amounts to a transformation of the initial distribution
Xo — e X under the noiseless linear ODE. The second term is an Ito integral, which is in
fact a mean-0 Gaussian with time-dependent variance ¥; = fg eAlt=s) [TeAT (t=5) g Indeed,
since the integrand is deterministic, Gaussianity follows from (Oksendal, 2013, Theorem
A.7), and the mean and covariance respectively follow from the non-anticipating property
and Ito’s isometry.

Appendix B. Non-Identifiable Linear Additive Noise SDEs

We summarize three classical examples of non-identifiability from the literature (Lavenant
et al., 2021; Shen et al., 2025; Wang et al., 2024; Hashimoto et al., 2016; Weinreb et al.,
2018). In all examples, the processes X; and Y; share the same time marginals. In Figure 7,
we visualize how changing the initial distribution Xy to be non auto-rotationally invariant
resolves the non-identifiability.

Example 1 (Starting at stationary distribution (Lavenant et al., 2021)) This ez-
ample is motivated by the fact that multiple SDEs share the same stationary distribution.
Hence, if po is initialized at the stationary distribution, then these SDEs will be non-
identifiable from their marginals. We provide a simple example.

1

dX, = —X, dt + dW,, Xo~N(0,3) (40)
1

dY; = —10Y; dt + V10dW,, Yo~ N(0,3) (41)

Here, both SDEs have the same stationary distribution N (0, %) despite having significantly
different individual trajectories. Indeed, the stationary distribution of a 1-dimensional O-
mean Ornstein-Uhlenbeck (OU) process with drift —\X; and diffusion o is N'(0, %), which
depends only on the drift:diffusivity ratio \/o? (Lavenant et al., 2021). For multivariate
OU processes with drift A and observational diffusion H, the stationary distribution N'(0,X)
depends only on the relationship SAT + AX = —H (Mandt et al., 2016). We note that this
example also generalizes easily to the case where one component of Xg is a mean-0 Gaussian.

Example 2 (Rotation around process mean (Shen et al., 2025)) In this example,
the first SDE governing X; is 2-dimensional Brownian motion and the second SDE gov-
erning Y; adds a divergence-free rotational vector field (z,y) — (y, —x) about (0,0), which
1s undetectable if the initial distribution py is rotationally invariant.

dX; = AW, Xo ~ N(0,I,) (42)

0 1

¥ = [—1 0

] Y, dt +dw, Yo ~ N (0, I,) (43)
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Marginal at time 0.2

1o A= 14|[A=10 (a) This corresponds to Example 1 with

12 12 Xo ~ 61. The SDE with A = —10,H =

Lo 10 10 (right) has converged to the station-
-‘g 0s ‘g 0s ary distribution (red) at time ¢t = 0.2,
8. g, while the SDE with A = —1,H = 1

0a 0s (left) has not yet sufficiently drifted or

02 o diffused.

-2 -1 )0( 1 2 =2 -1 )0( 1 2

Marginal at time 1.5

. Gl O, e ) (b) This corresponds to Example 2, with

J - . Xo ~ Unif{(2,0),(2,0.1)}. The first
SDE is irrotational and maintains mean
(2,0.05). The second SDE (right) ro-
tates about the origin. At time ¢t = 1.5,
the mean has shifted to approximately
(0,-2).

IS

Marginal at time 0.8

1. onlff 1,211 ({0767 %05551) .20 | (¢) This corresponds to Example 3, with

! TN Xo ~ Unif{(1,0)7,(0,1)T}. The first
, , SDE (left) has eigenvalue 2 for (2,1),
e s while the second (right) has eigenvalue
g ) 1, leading to more extreme intercepts in
. N . \ the left plot at ¢ = 0.8.
- ° : X ! ¢ ’ - ° ’ X ! ¢ ’

Figure 7: Marginals are plotted at various times for SDE pairs following various non-
auto-rotationally invariant initial distributions. Importantly, these initializations enable
previously non-identifiable systems to be distinguished.

Hence, if po is an isotropic distribution with mean (0,0), then X; and Y; are non-identifiable
from one another (Shen et al., 2025). This can also be shown directly with the Fokker-Planck
equation (4), since V - ((Al‘)p($,t)) = Vp(x,t) - Ax + p(z,t)V - (Ax) = Vp(zx,t) - Az = 0,
since V - (Az) = tr(A) = 0 and the level sets of p are parallel to the rotational vector field

0 1
Az = [_1 0] x.

Example 3 (Degenerate rank (Wang et al., 2024)) In this ezample motivated by Wang
et al. (2024), trajectories (and therefore temporal marginals) of distinct SDEs are non-
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identifiable if the process is degenerate, limiting observations to a strict subspace of R?.

1 2 1 2 [ 1]
dX; = |:1 0:| X dt + |:_1 _2:| dWy, Xo = __1_ (44)
_[1/3 4/3 1 2 _ [ 1
dY; = {2/3 _1/3} Y, dt + [_1 _2] dW4, Yy = 1] (45)
The drift tri 12 1/3 4/3 h h ] t X—_l_ ith ei
e drift matrices 10|23 —1/3 each have eigenvector Xy = 1 with eigen-

value —1. Moreover, the diffusion is rank-degenerate with column space span( [_11] ). Thus,
both SDEs will have identical behaviour along span( [_11]) and are only differentiated by

1
their behaviour elsewhere. Given Xg = the processes will stay within span( {1])

1

)
and evolve identically. We note that this non-identifiability holds even when we observe
trajectories (Wang et al., 2024), whereas the first two examples are identifiable from trajec-

tories but not identifiable from marginals.

B.1 Properties of Auto-Rotationally Invariant Random Variables

In this section, we present additional theory related to Y-generalized rotations and auto-
rotational invariance. The first result that we present provides intuition about the action
of a Y-generalized rotation, and how it relates to classical rotations.

Lemma 14 Let ¥ > 0 and B € R¥*? be such that
BY +¥B' =0.
Then, R = ©71/2B 12 s skew-symmetric, and for all 6 € R,
eBO — 01/2 JRO—1/2

In other words, the X-generalized rotation eB? acts as a classical rotation €™ after the

change of variables y = Y2z, which rescales RY along the principal azes of 3.

Proof Since X > 0, there exists a unique and invertible symmetric positive definite square
root $1/2. We then define

R:Z_1/2321/27 RT221/23T2_1/2.

Then, since BY+YXB" = 0, we can multiply on the left by £~1/2 and on the right by $~1/2
to yield
0=x"12By2 4 $12BT V2 =-R4+ RT,

which proves that R is skew-symmetric, and therefore ef®¥ defines a classical rotation in R¢,
such that

—1/2 py1/2 _
eR@ — 62 BX1'/=0 .S 1/263921/2,
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where the last equality can be seen by writing e = Yomto 9”% and noting that R" =
(2-1/2Bx1/2)n = u=1/2B"y1/2 . Rearranging yields ¢ = $1/2 9 $-1/2 a5 desired.

To see that the change of variables y = £~1/22 amounts to an anisotropic scaling, write
the eigendecomposition ¥ = QDQT with @ orthogonal and D diagonal with positive en-
tries. Then ¥~%2 = QD~/2QT, i.e. the map rescales R¢ by D~1/2 along the principal axes
of ¥, sending the covariance ellipsoid {z : "X 7'z = 1} to the unit sphere. |

We now show that under auto-rotational invariance (Definition 2), the corresponding
> that describes the geometry of the »-generalized rotations naturally corresponds to the
distribution’s second moment.

Lemma 15 Let X be a r.v. with second moment ¥ = E[XX '] and suppose that eP?X ~ X
for all ® € R. Then, B +%B" =0.

Proof Let C(0) = E[(ePX)(eP?X)T]. eP?X ~ X implies that for all §# € R, C(f) stays
constant, such that C(f) = E[X X '] = ¥. Directly computing C(6) and its derivative yields

C(0) = ePneB? =%
C'(0) = BePixeB 0 4 BINpTeB™ —

and we plug in 8 = 0 to obtain
C'(0)=BY +¥B' =0.

We note that the above derivation also follows through when we let ¥ = Cov(X) and
redefine C(#) accordingly. It is however often more convenient to work with the non-centered
geometry ¥ = E[X X ']. For example, we can show that if ¥ = E[X X "] = 0, the invariance
confines the orbits of e?? to the ellipsoids determined by ¥, and forces the density to be
constant on these orbits.

Lemma 16 Let X be a random variable with ¥ = E[XX "] = 0 and continuous density p,
and suppose eB?X ~ X for all @ € R. Then p is constant along each orbit O, = {eBeac :
6 € R}, and O, lies inside the ellipsoid {y : y' X1y =z T¥ 12},

Proof First, we show that the orbit O, lies inside the ellipsoid. As established in the proof
of Lemma 15, we have eBI%eBT0 = % for every 6 € R. Inverting and replacing 6 by —6
yields eBTO¥—1B0 — ¥ ~! hence

(eB2)To =1 (eP%) =2 Tn 1 vz € RY, 0 €R,

so O, is contained in the ellipsoid {y : y = 7ly = 2 "T¥ 12}
Then, to show that p is constant on O,, we take determinants in eBOY B = >,
which gives (det 639)2 = 1. Hence eBY preserves Lebesgue measure, so eB?X has density

poe B9 Since eBYX ~ X, and both densities are continuous, they agree everywhere, i.e.
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p(eB%2) = p(x) for every x € R? and 0 € R. [ |

We now classify select random variables that satisfy auto-rotational invariance. This
includes all mean zero Gaussians and all random variables with degenerate second moment.

Lemma 17 Let X ~ N(0,X) with ¥ = 0. Then X is auto-rotationally invariant.

Proof It suffices to consider d > 2, since all mean-zero Gaussians are auto-rotationally
invariant in d = 1.
If ¥ is rank-deficient, the claim follows from Lemma 18. Otherwise ¥ > 0, and since
d > 2 we may pick a nonzero skew-symmetric C' € R4 and set B = 21/20%-1/2 +£ 0.
Then
BY +xBT =x12(c+CcTnl/2 =,

SO d%(eBeZeBTe) — 0 and hence eB%eB' 0 — 3 for all . Since eBYX is Gaussian with

. T
mean 0 and covariance eP?Yef ¢ = ¥, we conclude eBYX ~ X for all 6. |

Lemma 18 Let X be a d-dimensional r.v. with rank-degenerate second moment ¥ =
E[XXT]. Then
P'X~X VheR

admits a non-trivial solution B # 0.

Proof Since ¥ is rank-degenerate, it has a non-trivial kernel, and thus some u # 0 with
Yu = 0. Then, it follows that E[(u' X)?] = u'Xu = 0, from which we conclude that
uw' X =0 as.

To design our non-trivial solution B, we then pick B = wu' for any w # 0. Then
BX =w(u"X) =0 as., so eP?X = X as. for every 6, and in particular e??X ~ X. [ ]

The following result demonstrates the connection between weak auto-rotational invari-
ance (Definition 4) and full auto-rotational invariance (Definition 2).

Lemma 19 Let X be a d-dimensional random variable with bounded support. Then X is
weakly auto-rotationally invariant if and only if it is auto-rotationally invariant.

Proof Full ARI (Definition 2) implies weak ARI (Definition 4) since equality of the law of
eBYX to the law of X, implies that all their cumulants agree.

To prove the converse, suppose X is weakly ARI with matrix B # 0. Since the sup-
port is bounded, the moment generating function M (v) = E[e”TX] is entire and posi-
tive, so the cumulant generating function K = log M is real-analytic on R? with K (v) =
D>t %Tg (v,...,v) near the origin. By the definition of weak ARI, every cumulant of

order n # 2 is invariant under the map v — eB 0. Since the cumulant generating function
. T . . .

of ePX evaluated at v is K(e? %v), it follows that the cumulant generating functions of

X and eB?X differ only in their quadratic terms, i.e., their covariances:

K(eP %) — K(v) = 10"Qov, Qg = eP?Cov(X)el"? — Cov(X). (46)
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This equality holds not just near the origin, but actually on all of R? since both sides are
real-analytic. We now show that the quadratic difference @y is in fact 0.

Let h(v) = sup{v 'z : z € supp(X)}, which is finite since the support is bounded. Then
K(sv) < sh(v) for s > 0, while K (sv) > svE[X] by Jensen’s inequality, so K (sv) = O(s)
along every ray. Applying this to both terms on the left of (46) gives %vTng = O(s).
Thus, if we divide by s? and let s — oo, then v Qgv = 0 for all v, i.e. Qp = 0. From
this, we conclude that K (eBTev) = K(v) for all v and 6, so we have full auto-rotational

invariance: eP?X ~ X. [ |

A simple class of random variables that fail weak auto-rotational invariance (which we use

in our numerical experiments) are discrete random variables, whose support spans the full
d

space R®.

Proposition 20 Let Xg ~ pg be a discrete random wvariable with bounded support. Then
X is weakly auto-rotationally invariant if and only if the support of po fail to span RY.

Proof If support fails to span R, then some u # 0 satisfies u' Xy = 0 a.s., s0 3 = IE[XOXOT]
is rank-degenerate and by Lemma 18, X is auto-rotationally invariant, and hence weakly
auto-rotationally invariant.

Conversely, suppose for contradiction that the support spans R? and that X is weakly
ARI with matrix B # 0. We note that since the support is bounded, then, by Lemma 19, it
suffices to derive a contradiction from the fact that X satisfies full ARI while also having a
support that spans R?. Since eB? Xy ~ X, for all 8, the map ¢?? must permute the atoms
of po. For any atom z, the orbit {eB%z : § € R} must therefore consist of atoms. But
the orbit is a connected set, since it is a continuous image of R. Since the set of atoms is
countable, and a connected subset of R? with more than one point is uncountable, it follows
that the orbit is a single point, i.e. eP?z = z for all §. Differentiating at § = 0 then gives
Bz = 0. Since this holds for every atom and the atoms span R?, we conclude B = 0, which
contradicts the ARI assumption that B # 0. [ |

Appendix C. Additional Proofs

Lemma 21 If the covariances of two linear additive noise SDEs match for all times, i.e.
Cov(Xy) = Cov(Yy) V t > 0, such that X; evolves with parameters (A, H) and Y; evolves
with parameters (121, IEI), then their residual parameters A = A — A and H = H — H obey
the Lyapunov equation

AC,+C,AT + H=0. (47)

Thus, for any distinct times t1 # to, we have

A(Ct, — Cyy) + (Cy, — Ciy)AT = 0. (48)
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Proof Recall that given SDE parameters (A, H), the covariance C; = Cov(X;) obeys

t
Cy = eMCped 't + /0 A=) FreAT (=9) g, (49)

Differentiating (49) shows that the covariance of each system obeys its Lyapunov ODE, so
for every t > 0:

%Ct = AC+CiAT + H (50)
d - - -
- Ce=AC, + CiAT + H. (51)

Since the covariances of X; and Y; are equal at all time points, so are their derivatives.
Subtracting yields the desired equation (47) at every ¢ > 0. |

Proposition 22 For any initial covariance Cy € Symy, any m > 1, and any distinct times
ti,...,tp >0 (where D = @), there exist parameters (A*, G*) such that det(M (A*, G*)) #
0.

Proof Let A* = diag(—2',—22,...,—2%). Since A* is diagonal, the covariance ODE
decouples entry-by-entry:

Cij = wij Cij + (GG T)ijy iy =N+ Aj = —20 — 27

The rates {u;;}i<; are all distinct, since distinct subsets of {2!,...,2¢} have distinct sums.
The scalar solution gives

MG = Cylt) — C3y(0) = ayg (e — 1),

where a;; = C;;(0) + (GG");;/pij. Ordering the D pairs (4,5) withi < jas £ =1,...,D,
the matrix M factors as
M = F - diag(ag){,,

where Fjy = ettt — 1. Therefore,

D
det(M) = det(F) - [ ] e (52)
/=1

We show that both factors are nonzero. For the first factor, consider the D+ 1 functions
{1,eMt ... etPt} evaluated at the D+1 distinct points {0,t1,...,tp}. Since the exponents
0, pt1, - - ., up are all distinct, these functions form a Chebyshev system (Karlin and Studden,
1966, Ch. 1), meaning that their evaluation matrix at any set of distinct points is non-
singular. In particular, the (D+1) x (D+1) matrix

1 1 - 1
_ 1 eMttn ... kDT
V=

1 e/"thD . e:u'DtD
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is non-singular. Subtracting the first row from each subsequent row gives

1 1 . 1
0 ettt 1 ... eHtpt1 ]
6 elu'ltD‘ -1 ... e“Dtg —1

whose determinant equals det(F') by cofactor expansion along the first column. Since row
operations preserve non-singularity, det(F') # 0 for any choice of distinct ¢ > 0.

Then, to ensure that the second factor is nonzero, we take G* = ﬁlelT, where 1 € R?
is the vector of all 1’s, e; € R™ is the first standard basis vector, and ¢ > 0. Since every
entry of G*(G*)T equals ¢, we have a;; = C;;(0) — ¢/(2° + 27), which vanishes for at most
one value of ¢ for each of the D pairs (4,5). Choosing ¢ > 0 outside these finitely many
values gives ay # 0 for all £. Thus, by (52), det(M (A*,G*)) # 0, as desired.

|

Appendix D. SDEs and Causality

Although nonzero entries in the observational diffusion H = GG inform the presence of
latent confounders between pairs of variables, we note that it is impossible for H alone to
determine latent confounders over p > 2 endogenous variables, Xt(il), e ,Xt(ip ), Indeed,
given only H = GG ", multiple causal interpretations may be possible, because structurally
different matrices G, G can obey H = GG = GG'.

Example 4 (Non-identifiability of higher order latent confounders) Consider two
matrices G1,Ga, which share the same observational diffusion H :

01 1 %%% 2 1 1
Gi= |1 0 1], G2:§§§, H=GG] =G.G) = |1 2 1
110 3 3 3 11 2

Given G1 as the additive noise of an SDFE, each pair of variables shares a noise source, since
each row shares a monzero column entry with another row. However, there is no driving
noise source that is shared among all three variables, since each column contains a 0. In
contrast, the causal interpretation under Go represents driving moise shared by all three
variables.

Since G1 and Go admit different causal graphs, despite having the same observational
diffusion H, this shows that H provides information about the existence of unobserved con-
founders between pairs of variables, but cannot provide further causal structure about the
confounder with respect to the other endogenous variables [d] \ {i,j}.

Similarly, we can have H; ; = 0, while variables X () and X share a noise source Wt(k).

Example 5 (Zeros in diffusion H can result from pairwise latent confounders)
1 -1 2 0
e=l )=l
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From G, X® and X@ both depend on W) and WP, however, this cannot be determined
from the observational diffusion H, due to cancellations.

We note that if the noise is not additive, then this further complicates the causal in-
terpretation. In this case, the driving noise o(X;) may be a function of the endogenous
variables, i.e. 3(j) NV # (. Thus, unlike the additive noise setting in Lemma 9, directed
edges i — j may be informed by the driving noise, via §(j), rather than just the drift, via
a(j). However, since only o(X;)o(X;)" is observable rather than o(X;) itself, observational
data under such a model would lend itself to multiple interpretations of the causal graph.
The idea is similar to Example 4, where we saw one interpretation feature three pairwise
latent confounders and another feature a single confounder over all variables, but under
non-additive noise, the ambiguity extends to edges ¢ — j within the endogenous set. This
is illustrated in Example 5.5 in Hansen and Sokol (2014).

The causal framework also highlights the impracticality of common model assumptions
within the scRNA-seq literature, namely isotropic diffusion H = ¢?I; and gradient-field drift
V1. Except in exceedingly rare cases of complete cancellations when taking H = GG (see
Example 5), isotropic diffusion cannot model latent confounders from shared noise. More-
over, while we expect GRNs to contain feedback loops, i.e. cycles in G, imposing irrotational
drift prevents most cycles from being considered. Lemma 23 shows that imposing irrota-
tionality on a linear model is equivalent to imposing a symmetric drift, which determines
a symmetric causal graph. However, as illustrated in Weinreb et al. (2018, Fig. 6), sym-
metric GRNs cannot capture important relationships, such as negative feedback loops or
repressilator dynamics. Indeed, consider the 2-cycle 7 <+ j. By Lemma 9, ¢ — j if A;; # 0
and j — 4 if A; ; # 0. However, if the model is irrotational, then by Lemma 23, A; ; = A;;,
which can only model a positive feedback loop.

Lemma 23 Let X; evolve according to a linear additive noise SDE (3). Then, the drift
AX, is irrotational if and only if A is symmetric, i.e. A= AT.

Proof First, we note that for any symmetric matrix A, the vector field Az can be expressed
as the gradient of the scalar potential given by the quadratic form ¢(x) = x " Az /2 (Petersen
et al., 2008, (96)-(97)). Hence, Ax is irrotational if A = AT.

For the opposite direction, we recall the fact that any gradient field from R™ — R™ has
a symmetric Jacobian (Williamson and Trotter, 1974; Campbell, 2014). Since the Jacobian
of a linear vector field Az : R™ — R” is A, we conclude that all irrotational linear vector
fields from R™ — R™ are given by symmetric matrices. |

Appendix E. Entropy-Regularized Optimal Transport

The entropy-regularized optimal transport problem also admits a dual formulation, in terms
of finding a pair of potentials (f, g) with respect to the Gaussian transition kernel K (z,y) o
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—c(z,y) —lly—=|2 )
e & e 22 (Janati, 2021; Nutz, 2021):
w(2,y) = e K (2,y) du(e)dv(y) (53)

fgt =  argmax Eu(f)JrEu(g)—( / ef@*g(wmx,y)du(m)du(y)—1).
feLt(n),geLt(v) R4 x R4

(54)

In particular, given marginals u, v and the transition kernel K, Sinkhorn’s algorithm uses
the dual formulation (54) to find the e-entropy regularized optimal transport solution 7*,
by solving for f* g* via iterative projections (Peyré et al., 2019).

Definition 24 (Markov concatenation of couplings) Given Polish spaces X1, X2, X3
and couplings w1 2 € P(X1 x X2) and ma3 € P(Xa x X3) with identical marginals p12 on Xo,
the Markov concatenation g 3 0 w1 2 is a multi-coupling in P(X; x X x X3) given by

(71'273 e} leg)(dxl,dl?,dl'g) = 7'&'1,2((11'1 ‘ l’g),&g(dl’g)ﬁg}g(dl‘g | ZL'Q).

Here my o(dzy | x2) is the disintegration of w12 with respect to pa and wo3(dxs | x2) is the
disintegration of mo 3 with respect to pis.

The interpretation of the Markov concatenation is as follows: a random “trajectory”
according to ma3 o w19 corresponds to taking the first two steps distributed according to 712,
then the third step distributed according to “ma3 conditional on the second marginal of w157
The existence of the Markov concatenation is guaranteed by the disintegration theorem,
and Markov concatenations appear naturally in the time-discretized version of trajectory
inference via Schrodinger bridges (Lavenant et al., 2021). In particular, given Polish spaces
X1,...,X4 and couplings 719, o3, T34, it holds that Markov concatenation is associative,
and so we can unambiguously define the iterated Markov concatenation ms4 o ma3 0 T2 (see
Benamou et al. (2019) Section 3.2).

Proposition 25 (Optimality of anisotropic entropic optimal transport) Let the ref-
erence SDE be a linear additive noise SDE with drift A and diffusion H (3). Given a set
of marginals pg,...,pN_1 over times {ti}i]\;f)l (not necessarily coming from the reference
SDE) for which Dy (p; | Leb) < oo for all1 < i < N —1, and Dgr(p; | (pam)i) < oo
for all1 <i < N —2, suppose there exists m; ;+1, the anisotropic entropic OT solution (31)
obtained by Sinkhorn’s algorithm with marginals p = p;,v = p;+1 and transition kernel

; 1 s _ s
K m(2,y) ocexp(=5(y — A=t p) T(5) 7 (y — A tilg)) (55)

where >; = j;ii“ eAlti+1=9) oA (tiv1=9) ds. Let 7 denote the joint distribution given by the
Markov concatenation of couplings (see Definition 24):

m=TN-2N-19...07Q,1.
Then, T minimizes relative entropy to the law of the reference SDE among Markov couplings:

™= arg min Dicr(xllp 1),
w€ll(po,....oN—1), ™ Markov

where p]X,H 1s the law of the reference SDE, discretized over time points tg, ..., tN_1.
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Proof Foreachi=0,...,N—2, by (5), we have m; ;11 = arg min cry(p, p, ) DKL(TFHKA’H).
Since K,iax,H ~ N (eAti+1=t) X, %) is the transition kernel of the SDE at time t; (Sarkki and
Solin, 2019, Sec 6.1), this implies that

Tiit1 = argmin Dy (7]|(paw)iit1),
m€l(p;i,pi+1)
where (pa p)ii+1 denotes the joint distribution of the marginals of ps m at the two time
points ¢;, t;+1. The details are as follows. Let K;;1(z,y) denote the transition kernel from
time t; to time t;y; for the SDE dX; = AX; dt + GdW;. In particular, if (pa g); is the
marginal of this SDE at time ¢;, then we have that K; ;11(z,y)d(pa,m)i(z)dy is equal to the
joint distribution (pa )i i+1. Hence

Drr(m | (pam)ii+1) = Drr(m | Kau(w,y)d(pa,n)i(z)dy).
We claim that for any 7 € I(p;, pi+1),

Dip(m | Kau(w,y)d(pa,n)idy) = | log (d pA )@ Leh) (, y)> dm

o y)d(K - (pa,i)i ® Leb) (@.y) ) dr
dp; dpit1

1

* ( d(K - pi ® dpl+1) (= y)d@A,H)i (z) dLeb (y)) drm

= Dgr(m | Kau(z,y)dpi(x)dpitv1(y)) + Drr(pi | (pa,H)i)

+ Drr(pit1 | Leb).

lo
& <d K- pz 02y dpz—i—l)

Note that (pa,m)o = po. Hence, under the assumption that foralli =1,...,N—1, Dgr(p; |
Leb) < oo, the minimizers for the following two minimization problems are identical:

min  Dgp (7| (pan)iiv1) and  min - Dgp (7| Kau(z,y)dpi(z)dpiii(y)).
m€l(pipi+1) m€(pipit+1)

Since 7 is constructed as a Markov concatenation, the conclusion follows from Lemma
3.4 of Benamou et al. (2019), which in this case tells us that: if p%H is the projection of
the law of the SDE onto the set of times {tg,...,tny_1}, then for any 7N—coupling m which is
constructed as a Markovian concatenation my_o y—1 ©...7g 1, and has ¢th marginal equal
to p;, we have

N-2 N-2
Drr(m | ph ) =D Drr(mi | (pam)iirt) — Y Drr(pi| (pan)i).
=0 =1

Hence minimizing over each Dgr,(mii+1 | (pa,#)iit1) (for m € I(ps, pi+1)) is equivalent to
minimizing over Markovian n’s with th marginal p;.
|

The previous proposition assumes that Dgr (p; | Leb) < oo for all i # 0. The following
computation shows that this assumption is satisfied if the diffusion matrix is non-degenerate.
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We note that X; ~ et Xy + fot A=) GdW,. As X is independent from the noise Wi,
and [} eACS)GAW, ~ N(0,%), where X, = [1 A=) HeAT(=9)ds, it follows that

pe = epo x N(0, ).

Thus, we may compute (Cover and Thomas, 1991, Theorem 9.4.1)
1
Dk (N(0,%;) | Leb) = —ilog((Qﬂe)ddet(Et)).

From the definition of X, det(%;) # 0 as long as H = GG is full rank. Then, we use the
fact that the Dy (- | Leb) is convex, and apply Jensen’s inequality for measures, to deduce
that

Dicr(po « N(0,50) | Leb) < / Dir(N (2, %) | Leb)dpo(x) = Dicr(N(0,54) | Leb).

This shows directly that p; has finite entropy whenever ¢ > 0 as desired.

Remark 26 (Applying EOT for SDE trajectory inference) In the standard entropic
OT problem (30), the cost is the squared Euclidean distance, and K ~ N(z,e?13) is an
isotropic Gaussian kernel. As noted in Lavenant et al. (2021), this implies that entropy
reqularized OT can be leveraged for trajectory inference from observed marginals, given a
reference SDE. For example, to find the discretized law on paths 7 € Il(u,v) satisfying
P(X; = p, Xiyar = v), which minimizes relative entropy to the law of a pure diffusion

process dX; = odW;, one should set the entropic reqularization €2 = o?At. This would
_ly==?
correspond to minimizing the KL divergence to K(z,y) =e 20750 ~ N (x,02At), which is

the approximate transition kernel of the reference SDE.

Appendix F. Maximum Likelihood Estimation

Proof [Proof of Proposition 11] We follow the standard procedure for deriving maximum
likelihood estimators (Peiris et al., 2003; Pavliotis, 2014). Our likelihood function is given
by

£ =T (mgtp(x 2 x 7)),

where we have denoted X; = Xy, for shorthand. As in Pavliotis (2014), we consider the
discretized law X; 1| X; ~ N (X; + AX;At, HAt), which implies

p( 1+1| 7 ) (2 ﬁt)d/z ]et(H)1/2 p ( 2( 7 7 ) ( ) ( 7 7 )> ’
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where AX Z-( D= x Z(i)l X Z»(j ), Plugging this back into the likelihood expression yields

L=

(27TA ) d ( )]\/I(N 1)
2M Ly A
xexp< AX(] —AXDANT(HA) H(AXY) - Ax Y )At)>
7=0
log(£) = —]\4(2)(d log(2mAt) + log(det(H)))
N-2M-1
% ( — AXD AT (HAt)—l(AX}”—Axfj)At)).
=0 7=0

We then derive the maximum likelihood estimators through matrix calculus (Petersen et al.
2008):

dlog(£) 1N~ x~ 4 ((AX.(j) — AXDAH)T(HA)HAXD — AXY )At))
dA 2L 22 dA i i i
_ NSRS ol ((AXU'))T(HAt)*lAX@) +ard (X(”TAT(HAt)*lAXU))
R dA i i dA i i
N-2M-1

| =

—2At(HAt)_1(AXZ(j))Xi(j)T L oAR(HAY T AXD XD

<.
Il
o

J Xi(j)T _ At(H)_lAXi(j)Xi(j)T.

Il
o

2 I
m [\
“MilM

i
We can solve for the MLE linear drift A by setting dlog(ﬁ) =0:

N-2M-1 N-2M-1

>_1A Z Z Xi(j)Xi(j)T _ (H)—l Z AXZ-(j)XZ-(j)T
i=0 j=0 i=0 j=0
N—2M-1 N—2M-1 - !
=0 j=0 1=0 j=0

We now estimate the diffusion H. For simplicity, we work with H ! (GGT)
dlog(£) d <M(N -

Y Jog(det (H1))

dH-1 — dH-! 2
N—-2 M-
Z Z ( AXD — AXDANTHHAXD — AXY )At))>
=0 j5=0
—2M-1
M(N -1 1
- (2 )H—2At ( AXDAAXY — AxXD AT )
i=0 75=0
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We can solve for the MLE of H by setting 2126(%) —

dH-1 —
N—-2M-1
Fp——— ((ax? - axPanax? - axPanT)
M(N —1)At & ' ' ' '
N—-2M-1
L () () () ()
=37 2 ; ((ax? - axPan@ax? - axPanT)

Corollary 27 Let X; evolve according to a general additive noise SDE (2). Then the
Euler-approximated likelihood function is given by

L= M(N 1)
(27rAt) 0 det ( )
N—2 M- ' '
x exp< Z Z —b(xXNanT(HAY H(AXY —b(Xff))At)).
=0 5=0
Taking the logarithm gives
M(N -1
log(L) = —(2) (dlog(2mAt) + log(det(H)))
| N2 M-l ‘ ' ' ‘
-5 ((AXi(]) —o(xIAanT(HA)H(AXY - b(Xf”)At)) .
i=0 j=0

(k

Hence, given that the drift function b is parameterized by values c, ), the maximum likelihood
solution for the drift function b obeys

=53 > — i (X b anTranaxy —ux)an)

The MLE for the diffusion H admits the closed solution

—2M-1

J\T Z 3 ( AXY —p(xD)atyaxY —b(XZ.(j))At)T).

=0 7=0

Remark 28 Previous works have predominantly focused on the case of observing a single
long trajectory rather than a collection of short trajectories. Suppose that one observes a
set of M observed trajectories, then drift estimation may also be performed by averaging the
classical MLE estimator for a single trajectory across observations. In dimension 1, this is

[Fx@axi) o .
Z 0 . Note that this is distinct from the MLE estimator that

X(J) 24t
we derived for multzple trajectories in (34). Indeed, we observe that the latter estimator
converges at a much faster rate than the averaged classical estimator.

given by Ap =
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Appendix G. Additional Experiments

a=1

non-identifiable locus H= —-A
QO APPEX estimates (10 seeds)
Y true (A H)=(-a. @)

estimated H
w S w
[e]

N
L

o
19

5 4 -3 2 1 0
estimated A
Figure 8: We plot APPEX’s drift and diffusion estimates across 10 random seeds for the
Ornstein—Uhlenbeck SDE dX; = —X;dt + dW; from the non-identifiable setting, where
marginals are sampled from peq = N'(0, 3).
We also present the results of additional experiments verifying the consistency of our
method, as we increase the number of samples per marginal M (Figures 9 and 10).

4 /
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AMSE
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| 1
AMSE
0.90 0.95 1.00
1 1 1

0.85
1

40 60 80 100 120 140 40 60 80 100 120 140
Observations per marginal Observations per marginal
(a) WOT (b) APPEX

Figure 9: Average mean squared error (MSE) of A and GG as the number of observations
per marginal increases across 50 random 2d systems. Note that this is a log-log plot and the
dotted line in the APPEX plot shows that the convergence follows a power law relationship
with exponent —0.125. The number of observed marginals is fixed at 20.
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