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Abstract

Under the instrumental variable model of Imbens and Angrist (1994) and Angrist et al.
(1996), we can identify the local average treatment effect, also known as the complier av-
erage causal effect (CACE). In practice, however, the treatment and outcome are often
missing. When they are missing not at random (MNAR), the underlying data distribution
cannot be recovered, so the CACE is generally not identifiable without further assump-
tions. We study the conditions under which the CACE remains identifiable when data are
MNAR. Searching exhaustively over missingness mechanisms, we characterize those that
identify the CACE without auxiliary information in two settings: (1) missing data in the
treatment alone or the outcome alone, and (2) missing data in both the treatment and the
outcome under prospective data collection. We unify existing results and establish new
ones, giving a complete picture of identifiability in each setting. The results have two prac-
tical implications. First, before analyzing data under the instrumental variable model, one
should check whether the CACE is identifiable under the assumed missingness mechanism.
Second, because the true mechanism is usually unknown and untestable, it is more robust
to estimate the CACE under several plausible mechanisms and compare the results.
Keywords: causal inference, complier average causal effect, local average treatment
effect, nonignorable missing data, nonparametric identification, potential outcome
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ZU0, DING AND YANG

1. Introduction

Instrumental variable (IV) methods are widely used to study causal effects when the treat-
ment and outcome are confounded by unmeasured variables. An IV is a variable that meets
the following conditions: (i) it is associated with the treatment, (i7) it does not directly
affect the outcome except through the treatment, and (ii¢) it is uncorrelated with the un-
measured confounders given the observed covariates. An IV therefore isolates variation in
the treatment that is free of unmeasured confounding, and this variation identifies the causal
effect of the treatment on the outcome. Imbens and Angrist (1994) and Angrist et al. (1996)
added the monotonicity assumption that there are no defiers, that is, no units who take the
treatment only when not encouraged by the IV. Under this assumption, the two-stage least
squares estimator identifies the complier average causal effect (CACE), where compliers are
the units who take the treatment only when encouraged by the IV. A separate line of work
bounds effects rather than point-identifying them: Balke and Pearl (1997) established sharp
nonparametric bounds on the average treatment effect for the entire population. We follow
Imbens and Angrist (1994) and Angrist et al. (1996) and focus on point identification of
the CACE.

Missing data in the treatment and outcome are common in empirical IV studies (Mealli
et al., 2004; Lui and Chang, 2010; Eren and Ozbeklik, 2013; Frolich and Huber, 2014;
von Hinke et al., 2016; Huber, 2021; Rai, 2023). The difficulty of identification depends
on the missingness mechanism. When data are missing completely at random (MCAR),
so that missingness is independent of all variables, a complete-case analysis identifies the
CACE. When data are missing at random (MAR), so that missingness is independent of
the unobservables given the observables, standard approaches such as multiple imputation
or nonresponse weighting yield valid inference. When data are missing not at random
(MNAR), so that missingness depends on the unobservables even given the observables,
identifying the CACE generally requires additional assumptions. In the IV setting, MNAR
arises in two main ways. First, missingness may depend on the latent compliance status,
that is, on how the unit responds to the IV encouragement. For instance, individuals
who comply with the IV may be more willing to report their treatment and outcome than
those who do not. Second, missingness may depend on the missing values themselves. For
instance, individuals may be reluctant to disclose treatment or outcome values that are
private or sensitive. Section 3 gives empirical examples of both.

The IV literature has mostly studied identification of the CACE when the outcome is
MNAR, and the mechanisms it proposes fall into two groups. The first group lets miss-
ingness depend on the latent compliance status. Frangakis and Rubin (1999) established
nonparametric identification under one-sided noncompliance using two conditions: latent
ignorability, namely that outcome missingness is conditionally independent of the outcome
given the latent compliance status, treatment, and IV; and a response exclusion restriction,
namely that the IV affects missingness only through the treatment. Zhou and Li (2006) and
O’Malley and Normand (2005) extended these results to two-sided noncompliance for bi-
nary and continuous outcomes, respectively. Under the same mechanism, Peng et al. (2004)
used parametric models to estimate the CACE for continuous and categorical outcomes,
Taylor and Zhou (2009) proposed multiple imputation methods, and Frolich and Huber
(2014) extended the setting to multiple outcome periods. Departing from Frangakis and
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Rubin (1999), Mealli et al. (2004) and Mattei and Mealli (2007) obtained nonparametric
identification under one-sided noncompliance and latent ignorability using an alternative
response exclusion restriction, namely that for compliers the outcome missingness is unaf-
fected by the IV. Jo et al. (2010) provided parametric estimation strategies for both the
Frangakis and Rubin (1999) and Mealli et al. (2004) mechanisms, and Nguyen et al. (2024)
and Huber (2021) examined the role and plausibility of latent ignorability in practice.

The second group lets missingness depend on the outcome value itself. Chen et al.
(2009a) gave nonparametric identification results for discrete outcomes; Chen et al. (2015)
extended these to continuous outcomes whose distribution belongs to an exponential family.
By incorporating covariates that affect the outcome but not its missingness, Chen et al.
(2009a) further allowed missingness to depend on the latent compliance status and/or the
IV in addition to the outcome value. Imai (2009) provided nonparametric identification for
a binary outcome whose missingness depends on both the missing outcome value and the
treatment.

This paper studies nonparametric identification of the CACE without auxiliary informa-
tion. When missingness occurs only in the outcome, we unify existing results and provide
new findings for the MNAR case. Treatment MNAR has received less attention in the IV lit-
erature than outcome MNAR; an exception is Calvi et al. (2022), who studied identification
under treatment MNAR using two proxies. For missingness in the treatment alone, as for
missingness in the outcome alone, we search exhaustively over all missingness mechanisms.
We identify the most general ones that permit nonparametric identification under positivity
and conditional dependence conditions, and give counterexamples for the rest. We then ex-
tend the analysis to the case where both the treatment and outcome are missing. Because
the missingness mechanism is usually unknown and untestable, Huber (2021) recommends
comparing alternative mechanisms as a robustness check. We echo this recommendation
and supply the theoretical basis for such comparisons.

The rest of the paper is organized as follows. Section 2 introduces the notation and ba-
sic concepts for the IV model. Section 3 gives real-world IV examples where the treatment
and/or outcome may be MNAR. Sections 4, 5, and 6 present the nonparametric identifi-
cation results for missingness in the outcome alone, in the treatment alone, and in both.
Section 7 illustrates the practical implications through a simulation study, and Section 8
applies the framework to the National Job Corps Study. We conclude with a discussion and
present the proofs in the appendix.

2. Review of the IV Model without Missing Data

We focus on the setup with a binary IV and a binary treatment. Let Z denote the IV,
with Z = 1 encouraging receipt of the treatment and Z = 0 otherwise, and let D denote
the treatment received, with D = 1 and D = 0 for the treatment and control conditions.
Noncompliance arises when Z # D for some units. Let Y denote the outcome of interest.
To simplify the presentation, we suppress the pretreatment covariates from the notation
and condition on them implicitly, and we assume that Z is randomized within strata of
the covariates. All assumptions and identification results below hold conditional on the
covariates. We adopt the potential outcomes framework, defining the potential treatments
{D(1),D(0)} and potential outcomes {Y'(1),Y(0)} with respect to the IV. The observed
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values are D = ZD(1) + (1 — Z)D(0) and Y = ZY (1) + (1 — Z2)Y (0). We index potential
outcomes by the IV as Y(z); the alternative notations Y'(d) and Y (z,d) also appear in the
literature; see Chapter 21.6 of Ding (2024) for a discussion. Following Imbens and Angrist
(1994) and Angrist et al. (1996), we classify units into four latent compliance statuses,
denoted U, according to the joint potential treatments {D(1), D(0)}:

1 and D(0) = 1;
1 and D(0) = 0;
0 and D(0) = 1;
0

0) = 1;
and D(0) = 0,

a, if D(1
c, if D(1

d, if D(1)
n, if D(1)

)
)

U =

where a, ¢, d, and n denote always-taker, complier, defier, and never-taker, respectively.
Two-sided noncompliance refers to the situation in which some units in both the Z = 1 and
Z = 0 groups fail to comply with their IV encouragement. One-sided noncompliance refers
to the situation in which units in the Z = 0 group have no access to the treatment, so that
D(0) = 0 and only compliers and never-takers are present. Given U and Z, the treatment
D =ZD(1)+(1—2Z)D(0) is a deterministic function of Z, so that {Y(1),Y(0)} 1L D | U, Z.
Conditioning on U therefore removes all confounding between D and Y, and we use the
same U throughout the directed acyclic graphs (DAGs) and in P(Z,U, D,Y). The causal
effect of interest is the CACE,

CACE=E{Y(1)-Y(0) |U = c}.
We impose the following IV assumptions throughout the paper.

IV Assumptions

(1) Randomization: Z 1L {D(1),D(0),Y (1),Y(0)};

(2) Monotonicity: D(1) > D(0), which implies that there are no defiers;
(3) Nonzero average causal effect of Z on D: E{D(1) — D(0)} # 0;
(4)

4) Exclusion restriction: Y (1) = Y (0) for always-takers (U = a) and never-takers (U = n).

Under the IV assumptions, Imbens and Angrist (1994) and Angrist et al. (1996) showed
that the CACE is identified by

EY |Z=1)-EY|Z=0)

CACE:P(Dzl|Z:1)_p(D:1|Z:0)- (1)

The right-hand side of Equation (1) divides the difference in mean outcomes across the two
IV groups by the difference in mean treatment received, and both differences are estimable
from the sample moments of Y and D.

Equation (1) applies only when no data are missing; the rest of the paper addresses
identification when D, Y, or both are missing.

3. Examples of IV Studies with Missing Data

We review four empirical IV studies where the treatment and/or outcome may be MNAR.
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Example 1 (MNAR inY') Mealli et al. (2004) examined the effect of an enhanced training
course on the practice of breast self-examination (BSE) in Faenza, Italy. In their study,
657 women were randomly assigned to either the standard treatment of receiving only mailed
information about BSE (Z = 0) or the enhanced treatment of an additional training course
(Z =1). The binary indicator D records whether a woman received the enhanced treatment,
and the outcome Y records whether she practiced BSE one year later. Only 55% of the
women assigned to the enhanced treatment adhered to their assignment. Those assigned to
the standard treatment had no access to the enhanced treatment, so the noncompliance is
one-sided. The outcome is missing for 35% of the women. Mealli et al. (2004) suggested
that missingness may depend on the compliance status U and the treatment assignment Z.
For example, women who complied with their assigned treatment might be more likely to
respond to the survey. Beyond U and Z, Small and Cheng (2009) argued that missingness
in Y may also depend on Y itself, since women who practiced BSE might be more willing
to respond than those who did not.

Example 2 (MNAR in D and MAR in Y) Rai (2023) examined the effect of educational
attainment and IQ) scores on wages, using a second measure of ability as an IV to address
measurement error in the IQ scores. The data come from the 1976 National Longitudinal
Survey of Young Men in the United States (Card, 1993). Here Z measures scores on a
“Knowledge of the World of Work” test, D is the 1Q score, and Y 1is the hourly wage in
1976. About 58% of subjects have both D and Y observed, 26% have Y but not D, 11%
have D but not Y, and 5% have both missing. Rai (2023) argued that missingness in Y
stems from survey design rather than intentional nonresponse, so it is reasonable to model
Y as MAR. Missingness in D, in contrast, could be MNAR if it arises from individuals or
schools unwilling to report low IQ) scores.

Example 3 (MNAR in both D and Y') von Hinke Kessler Scholder et al. (2014) studied the
effect of prenatal alcohol exposure on children’s academic achievement for a cohort born in
the Avon area of England, using a validated genetic variant as the IV (Zuccolo et al., 2009).
Here Z = 1 when the mother carried the rare variant and Z = 0 otherwise. The treatment is
D =1 if the mother reported drinking any amount at any time during pregnancy and D = 0
if she reported not drinking in any of the three trimesters. The outcomes (Y') are several
measures of children’s academic achievement, namely scores on nationally set examinations
at different ages, drawn from the National Pupil Database in England. Depending on the
outcome measure, the fraction of subjects missing D and/or Y ranges from 40% to 53%.
Missingness in 'Y could arise from problems linking the data sets, from children not sitting
some or all of the exams, or from other factors (Jay et al., 2019). Linkage problems might
be MAR, but not sitting exams could be associated with lower achievement and thus be
MNAR. Similarly, because of the stigma around drinking during pregnancy, mothers who
drank might be less likely to report it, which could make D MNAR.

Example 4 (MNAR in both D and Y) Using the National Education Longitudinal Study
of 1988, Eren and Ozbeklik (2013) examined the effect of noncognitive ability on the earnings
of young men, using an earlier measure of the same ability as the IV to address measurement
error. Here Z is the standardized eighth-grade Rosenberg and Rotter scales, D 1is the tenth-
grade noncognitive ability (the standardized average of the Rosenberg and Rotter scales),
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and Y is log weekly earnings. About 18% of subjects are missing D and/orY . Because the
data were collected by survey, individuals with low noncognitive ability might be less willing
to report it, and those with high earnings might be less willing to disclose the amount. Both
patterns would make D and Y MNAR.

These examples show that the plausible missingness DAGs should be chosen using
subject-matter knowledge and the study design. The identification results then deter-
mine which of these plausible mechanisms permit recovery of the CACE. In Example 1,
the concern that response may depend on compliance status and on the unobserved out-
come suggests considering mechanisms in which R' depends on U and/or Y. In Example
2, reluctance to report low IQ scores suggests considering missingness mechanisms in the
treatment in which R” may depend on the missing treatment value D. In Example 3, the
stigma around drinking during pregnancy and the link between low achievement and not
sitting exams suggest combined mechanisms in which R” depends on D and RY on Y. In
Example 4, reluctance to report low noncognitive ability and high earnings points to the
same structures; both fall under the combined mechanisms of Section 6. This motivates the
strategy we adopt in the rest of the paper. Because the mechanism cannot be tested from
the observed data, we recommend using subject-matter knowledge and the data-collection
design to select a set of plausible mechanisms, estimating the CACE under each identifiable
one, and comparing the results. Agreement across mechanisms supports the stability of
the substantive conclusion, whereas large discrepancies signal sensitivity to the missing-
ness assumptions and should be reported. We illustrate this comparison across identifiable
mechanisms in Sections 7 and 8. When the plausible set also includes nonidentifiable mech-
anisms, the comparison can be further supplemented with a formal sensitivity analysis, such
as those of Small and Cheng (2009) and Zuo et al. (2025).

4. Missingness Only in the Outcome

This section considers missingness only in the outcome. Let RY be the response indicator
for Y, with RY = 1if Y is observed and RY = 0 otherwise. We describe missingness mech-
anisms with DAGs (Mohan and Pearl, 2021; Fay, 1986; Ma et al., 2003). The most general
mechanism lets RY depend on all of Z, U, D, and Y, and it does not permit nonparametric
identification of the CACE (see Section C.1 of the appendix for counterexamples). Figure
1 displays this most general mechanism along with MCAR, MAR, and four MNAR, mecha-
nisms that permit nonparametric identification of the CACE. We label each mechanism by
the prefix 1 followed by the variables that RY may depend on. For example, Assumption
1ZD is the mechanism in which RY depends on (Z,D) and is conditionally independent of
(U,Y).

When data are MCAR, i.e., RY 1L (Z,U,D,Y) and P(Z,D,Y)=P(Z,D,Y | RY =1),
a complete-case analysis gives a consistent estimate of the CACE. Besides MCAR, the
CACE is nonparametrically identifiable under the MAR mechanism and under each of
the four MNAR mechanisms in Figure 1 (d)—(g). Assumptions 1ZD and 1UD require
only positivity. The self-censoring mechanisms, in which R¥ may depend on the missing
outcome value Y itself (Li et al., 2023) (Assumptions 1DY, 1ZY, and 1UY), require a
binary outcome; Assumptions 1DY and 1ZY additionally require two-sided noncompliance
and a conditional dependence condition. Table 1 summarizes these conditions. These four
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RY RY RY
Z"Dj/y 4—D——Y L —D——Y
N /s N N
U U U
(a) Most general missing model (b) MCAR (¢) 1ZD (MAR)
RY RY RY RY
Z — D Y L —D——Y Z —D——Y 4z —D Y
N N N N /s
U U U U
(d) 1UD (e) 1DY (f) 12Y (9) 1UY

Figure 1: The DAGs in (a)—(g) describe the most general missingness mechanism, MCAR,
MAR, and four MNAR mechanisms, respectively, when missingness exists only
in the outcome.

Table 1: Summary of the mechanisms for missingness in the outcome, studied in Section 4.
Each row identifies the CACE under the listed conditions. A checkmark indicates
that a positivity condition is required; the exact positivity condition is stated in
Theorem 1. The symbol * means no restriction on that aspect.

Mechanism Missingness assumption Positivity Outcome Noncompliance  Dependence

12D RY 1L (U,Y) | (Z,D) v * * *

1UD RY 1L (Z,Y) | (U, D) v * * *

1DY RY 1 (Z,U)| (D,Y) v Binary Two-sided YU Z|D=d
ford =0,1

1ZY RY 1L (U,D)|(2,Y) v Binary Two-sided YUD|Z==z
for z=10,1

10Y RY 1L (Z,D) | (U,Y) v Binary * *

MNAR mechanisms are the most general that permit nonparametric identification: each
lets RY depend on two variables, and allowing R to depend on any further variable yields
a mechanism under which the CACE is no longer identifiable. We provide counterexamples
for the nonidentifiable mechanisms in Section C.1 of the appendix, namely the two-variable
mechanism 1ZU and the three-variable mechanisms. We now state the MAR and four
MNAR assumptions.

Assumption 1ZD RY 1L (U,Y) | (Z,D).

Assumption 17D is the MAR mechanism, since the probability of observing Y depends
only on the fully observed IV Z and treatment D.

Assumption 1UD RY 1l (Z,Y) | (U,D).
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Assumption 1UD allows the missingness in Y to depend on U and D. It corresponds to
latent ignorability together with the response exclusion restriction that Z affects RY only
through D (Frangakis and Rubin, 1999; Zhou and Li, 2006; O’Malley and Normand, 2005).

Assumption 1DY RY 1L (Z,U) | (D,Y).

Assumption 1DY is a self-censoring mechanism. It was introduced by Imai (2009),
who considered the setting of two-sided noncompliance and a binary outcome, and it also
appears as Assumption 9 of Chen et al. (2009b).

Assumption 1ZY RY 1L (U,D)|(Z,Y).

Assumption 1ZY allows both the IV and the outcome value to affect the probabil-
ity of observing Y. Small and Cheng (2009) studied parametric identification under this
mechanism, whereas we study its nonparametric identification.

Assumption 1UY RY 1L (Z,D) | (U,Y).

Assumption 1UY instead allows the latent compliance status and the outcome value to
affect the probability of observing Y. As with Assumption 17V, Small and Cheng (2009)
studied parametric identification, whereas we study its nonparametric identification.

The following theorem formalizes the identification results in Table 1.

Theorem 1 Suppose the IV assumptions hold. The CACE is nonparametrically identifi-
able in each of the following cases:

(1ZD) under Assumption 1ZD, if P(RY =1|Z = 2,D =d) > 0 for all z and d;

(1UD) under Assumption 1UD, if P(RY =1|U =¢,D=d) >0 ford=0,1;

(1DY) under Assumption 1DY , for a binary Y with two-sided noncompliance, if P(RY =
1|D=d,Y=y)>0foralldandy andY U Z | D =d for d =0,1;

(1ZY) under Assumption 1ZY, for a binary Y with two-sided noncompliance, if P(RY =
1/|Z=2Y=y)>0foralzandy andY UL D | Z =z for z=0,1;

(1UY) under Assumption 1UY, for a binary Y, if P(RY =1 | U = ¢, Y =1%) > 0 for
y=0,1.

In Theorem 1, part (1ZD) is the MAR case, and part (1UD) aligns with Frangakis
and Rubin (1999), Zhou and Li (2006), and O’Malley and Normand (2005). Part (1DY)
corresponds to Imai (2009) and Chen et al. (2009b), where we additionally highlight the role
of two-sided noncompliance. Parts (1ZY) and (1UY') are new nonparametric identification
results under outcome MNAR.

All five parts of Theorem 1 include a positivity assumption, which ensures that observed
data on Y are available in all relevant strata. Identification of the CACE under MAR is
standard, and identification under Assumption 1UD has been discussed in the literature,
so we refer readers to the appendix for details. Below, we focus on parts (1DY) through
(1UY) and give the intuition behind the conditions required by the three mechanisms that
involve Y.

One-sided noncompliance is a special case of two-sided noncompliance with no always-
takers, so one might expect that identification under the latter implies identification under
the former. Parts (1DY) and (1ZY) of Theorem 1 show otherwise: in both, the CACE
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is identifiable under two-sided but not under one-sided noncompliance. We illustrate the
reason using (1DY'). Under Assumption 1DY,

D=dY =y,R =1|7Z=2)

P(RY =1|D=4d,Y =vy)

Therefore, the conditional distribution P(D,Y | Z) is identifiable, and so is the CACE if
P(RY | D,Y) is identifiable. Define

P
B(D=dY —y|Z=2) =

P(RY =0|D=4d,Y =y)
na(y) = orpy— — v
P(RY =1|D=4d,Y =y)

for all d and y. For each d = 0,1, we have the following system of linear equations with
{na(y) : y € Y} as the unknowns:

P(D=d,R" =0|Z=2)=Y P(D=dY =y,R =0|Z=2)
yey

=) P(D=dY =y, R =1|Z =2y
yey

for z = 0,1. The solutions 74(y) are unique if Y is binary and Y )L Z | D = d for d =0, 1.
Under one-sided noncompliance, however, D = 1 occurs only when Z = 1, so for d = 1 we
are left with the single equation

P(D=1,R"=0|Z=1)=) P(D=1Y =y, R =1|Z=1)m(y).
yey

With one equation and two unknowns 7;(0) and 7;(1), n1(y) is not identifiable without
further assumptions. In essence, under one-sided noncompliance there is no variation in Z
within the stratum D = 1, and the system needs that variation to pin down 71 (y). The same
reasoning applies to Theorem 1 (1ZY"). Equivalently, the conditional dependence conditions
themselves fail. Under one-sided noncompliance, D = 1 forces Z =1,s0Y Il Z | D =1
and the condition in part (1DY') fails. Likewise, Z = 0 forces D =0,s0Y 1L D |Z =0
and the condition in part (1ZY") fails. Section C.1 of the appendix gives explicit one-sided
counterexamples for both Assumptions 1DY and 12Y.

If Assumptions 1DY and 1ZY are strengthened to Assumption 1Y of Chen et al.
(2009a), namely RY 1L (Z,U,D) | Y, the CACE becomes identifiable for a binary Y under
both one-sided and two-sided noncompliance. Identification is then possible for a discrete Y
with up to three categories under one-sided noncompliance and up to four under two-sided
noncompliance; see Section B.1.6 of the appendix.

Theorem 1 (1UY') assumes a binary Y. We now explain where this condition is used.
Under Assumption 1UY,

P(U=nD=0,Y=y R =1|Z=0=PU=nD=0,Y=y,R =1|Z=1),

which lets us recover the complier quantities at z = d = 0 from the never-taker quantities.
Specifically,

P(U=¢D=0Y=y,R =1|2Z=0)
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=P(D=0,Y=y,RY =1|Z=0)-P(U=n,D=0Y =y,RY =1|Z=0).
Similarly, we identify P(U = ¢,D = 1,Y = y,R¥ = 1| Z = 1) from the always-taker
quantities. We can therefore identify the ratio

]P)(Y:y|U:C7D:0) P(U:C,DZO,Y:y,RY:1|Z:0)

PY=y|U=c¢,D=1) PU=c¢D=1Y=y R =1]|Z=1)
for all y. In the special case where this ratio equals 1 for all y, the CACE equals 0 and
is identified without recovering the individual probabilities P(Y =y | U = ¢,D = d). In
general, however, identifying the CACE requires P(Y =y | U = ¢, D = d) for all y and d,
which we can recover only when Y is binary.

Summary. We searched exhaustively over all missingness mechanisms in the outcome.
Theorem 1 gives the most general ones that identify the CACE, collected in Table 1, and
the counterexamples in Section C.1 of the appendix show that the rest are not identifiable.
Therefore, the classification in Theorem 1 is complete. Beyond the CACE, the proof of
Theorem 1 also settles the identifiability of the joint distribution P(Z, U, D,Y"). It is identi-
fiable under (1ZD), (1DY), and (12Y"), identifiable under (1UD) with additional positivity
conditions, and not generally identifiable under (1UY).

5. Missingness Only in the Treatment

This section considers missingness only in the treatment. Let R” be the response indicator
for D, with RP = 1if D is observed and R = 0 otherwise. The most general mechanism lets
RP depend on all of Z, U, D, and Y, and it does not permit nonparametric identification
of the CACE (see Section C.2 of the appendix for counterexamples). Figure 2 displays
this most general mechanism along with MCAR, MAR, and five MNAR mechanisms that
permit nonparametric identification of the CACE. We label each mechanism by the prefix
2 followed by the variables that R” may depend on. For example, Assumption 2ZY is the
mechanism in which R” depends on (Z,Y) and is conditionally independent of (U, D).

When data are MCAR, i.e., RP 1l (Z,U,D,Y) and P(Z,D,Y)=P(Z,D,Y | RP =1),
a complete-case analysis gives a consistent estimate of the CACE. Besides MCAR, the
CACE is nonparametrically identifiable under the MAR mechanism and under each of the
five MNAR mechanisms in Figure 2 (d)-(h). Assumptions 2ZY and 2UD require only
positivity. Beyond positivity, Assumption 2UY requires a binary outcome, Assumptions
2DY and 2ZD require a conditional dependence condition (for 2DY", only under two-sided
noncompliance), and Assumption 2ZU requires one-sided noncompliance. Table 2 summa-
rizes these conditions. These five MNAR mechanisms are the most general that permit
nonparametric identification: each lets R” depend on two variables, and allowing R” to
depend on any further variable yields a mechanism under which the CACE is no longer
identifiable. We provide counterexamples for the nonidentifiable mechanisms in Section C.2
of the appendix, namely the three-variable mechanisms. We now state the MAR and five
MNAR assumptions.

Assumption 27Y RP 1L (U,D)|(Z,Y).
Assumption 27Y is the MAR mechanism, since the probability of observing D depends

only on the fully observed IV Z and outcome Y. In retrospective studies, R” may depend

10



Figure 2: The DAGs in (a)—(h) describe the most general missingness mechanism, MCAR,
MAR, and five MNAR mechanisms, respectively, when missingness exists only in

Table 2: Summary of the mechanisms for missingness in the treatment, studied in Section 5.
Each row identifies the CACE under the listed conditions. A checkmark indicates
that a positivity condition is required; the exact positivity condition is stated in

IDENTIFIABILITY OF THE IV MODEL WITH DATA MNAR

the treatment.

RP RP RP
Z —D Y 4L —D——Y Z—D——Y
X\ N s N
U U U
(a) Most general missing model (b) MCAR (¢) 2ZY (MAR)
RP RD RP RP RP
D\ Y Z D Y Z D\ Y Z D Y Z D\ Y
X\ N ~\ N N\
U U U U
(d) 2UY (e) 2DY (f) 2UD (9) 22D (h) 22U

Theorem 2. The symbol * means no restriction on that aspect.

Mechanism  Missingness assumption  Positivity Outcome Noncompliance Dependence

27Y RP 1L (U,D)|(Z,Y) v * * *

2U0Y RP 1L (Z,D) | (U,Y) v Binary * *

2DY RP 1L (Z,U) | (D,Y) v * * One-sided:
*
Two-sided:
DY Z|Y=y
for all y

2UD RP 1 (Z,Y)| (U,D) v * * *

27D RP 1L (U,Y) | (Z,D) v * * One-sided:
YUD|Z=1
Two-sided:
YUD|Z==z
for z =0,1

272U RP 1L (D,Y) | (Z,U) v * One-sided *

on Y when D is collected after Y is measured. For example, researchers may ask patients
about their smoking history to study how smoking affects a health outcome of interest. If
patients in poorer health are less likely to participate in a survey than those in good health,

then RP depends on Y.

11
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Assumption 2UY RP 1l (Z,D) | (U,Y).

Assumption 2UY allows the treatment response indicator to depend on the latent com-
pliance status U and the fully observed outcome Y.

Assumption 2DY RP 1l (Z,U) | (D,Y).

Assumption 2DY allows the treatment response indicator to depend on the missing
treatment value D and the fully observed outcome Y.

Assumption 2UD RP 1l (Z,Y) | (U, D).

Assumption 2UD allows the treatment response indicator to depend on the latent com-
pliance status U and the missing treatment value D.

Assumption 2ZD RP 1 (U,Y) | (Z,D).

Assumption 27D allows the treatment response indicator to depend on the fully observed
IV Z and the missing treatment value D. It is analogous to Assumption 1 of Zuo et al.
(2025) in the mediation analysis setting, where the mediator is MNAR and its missingness
may depend on the fully observed treatment and on the incompletely observed mediator
value. Under that mapping, our Z is their treatment, our D their mediator, and our R”
their mediator response indicator.

Assumption 27U RP 1L (D,Y) | (Z,U).

Assumption 2ZU allows the treatment response indicator to depend on the fully observed
IV Z and the latent compliance status U. Because Z and U jointly determine D, this
mechanism is more general than Assumptions 2UD and 2ZD.

The following theorem formalizes the identification results in Table 2.

Theorem 2 Suppose the IV assumptions hold. The CACE is nonparametrically identifi-
able in each of the following cases:

(22Y) under Assumption 22Y , if P(RP =1|Z = 2,Y =y) > 0 for all z and y;

(2UY) under Assumption 2UY , for a binary Y, if P(RP =1 | U = ¢,Y = y) > 0 for
y=0,1;

(2DY) under Assumption 2DY, if P(RP = 1| D = d,Y =1y) > 0 for all d and y, and
either (i) one-sided noncompliance, or (ii) two-sided noncompliance with D L. Z | Y =y
for all y;

(2UD) under Assumption 2UD, if P(RP =1|U =¢,D=d) >0 ford=0,1;

(2ZD) under Assumption 2ZD, if P(RP =1|Z = z,D = d) > 0 for all z and d, and either
(i) one-sided noncompliance with Y . D | Z = 1, or (ii) two-sided noncompliance with
YUD|Z=zforz=0,1;

(2ZU) under Assumption 22U, with one-sided noncompliance, if P(RP = 1| Z = 1,U =
u) >0 foru=mn,c.

In Theorem 2, part (22Y) is the MAR case, and its identification is standard. Parts
(2UY) through (2ZU) are new nonparametric identification results under treatment MNAR.
We now give the intuition behind the conditions these MNAR mechanisms require.

12
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In Theorem 2 (2UY), the binary-Y condition parallels that in Theorem 1 (1UY"). Under
Assumption 2UY, we can identify the ratio

P(Y =y |U=c,D=0)
PY=y|U=¢D=1)

for all y. When this ratio equals 1 for all y, the CACE equals 0. Otherwise, identifying the
CACE requires the probabilities P(Y =y | U = ¢, D = d), which we can recover when Y is
binary.

In Theorem 2 (2DY'), we require D I Z | Y = y for all y under two-sided noncompliance
but not under one-sided noncompliance. To see this, note that under Assumption 2DY,

P(D=d,Y =y,R° =17 =2)

PD=dY =ylZ=2)=—Fmp 1| p=dv =y

Therefore, the conditional distribution P(D,Y | Z) is identifiable, and so is the CACE if
P(RP | D,Y) is identifiable. Define

_ P(RP=0|D=4dY =y)
Cy(d)_IED(RD:lyD:d,Y:y)

for all d and y. For each y € ), we have the following system of linear equations with
{¢y(d) : d = 0,1} as the unknowns:

1
P(Y=y,RP=0|Z=2)=) P(D=dY =y, R°=0|Z=2z)
d=0
1
=Y P(D=4d,Y =y,R” =1] 7 = 2){,(d)
d=0

for z =0, 1. Under two-sided noncompliance, the solutions ¢,(d) are unique if D Y Z | Y =
y for all y. This condition is not needed under one-sided noncompliance: when D(0) = 0,
we identify (,(0) as

P(Y =y,RP=0|2=0)
P(D=0,Y =y, RP=1|Z=0)’

¢y(0) =
and then (1) as

PY=y,RP=0|Z=1)-P(D=0,Y =y,RP =1|Z =1)(,(0)
P(D=1,Y=y,RP=1|Z=1)

Cy(l) =

Theorem 2 (2UD) requires no condition beyond positivity, because under Assumption
2UD,

P(U=u,D=dY =y, R°P=1|Z2=0)=PU =u,D=d,Y =y,R°P =12 =1)

for (u,d) = (n,0), (a,1), so we can recover the complier quantities at z = 0 and z = 1 from
the never-taker quantities at z = 1 and the always-taker quantities at z = 0, respectively.
Specifically,

P(U=¢,D=0Y=y,R’=1|2=0)

13
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=P(D=0,Y=y,RP=1|Z2=0-PU=n,D=0Y=y,R°=1]2Z=1).
Therefore, we can identify P(Y =y | U = ¢, D = 0) by

P(U=¢,D=0,Y=y,RP=1|2Z=0)
P(U=¢,D=0,RP=1|2=0)

PY=y|U=¢D=0)=

Similarly, we can identify P(Y =y | U = ¢, D = 1) and therefore the CACE.

In Theorem 2 (2ZD), we require Y . D | Z = z for z = 0,1 under two-sided noncom-
pliance, which reduces to Y . D | Z = 1 under one-sided noncompliance. To see this, note
that under Assumption 27D,

P(D=d,Y =y R°P=1|27=2)
P(RP =1|Z =2,D =d)

P(D=d,Y=y|Z=2)=

Therefore, the conditional distribution P(D,Y | Z) is identifiable, and so is the CACE if
P(RP | Z, D) is identifiable. Define

_ P(RP=0|Z=2D=4d)
Cz(d)_]P’(RD:HZ:z,D:d)

for all z and d. We then have the following system of linear equations with {(,(d) : d = 0,1}
as the unknowns:

1
P(Y =y R’ =0|Z=2)=Y P(D=dY =y,R” =1] Z = 2)¢:(d)
d=0

for each y € ). Under two-sided noncompliance, the solutions {(.(d) : z = 0,1,d = 0,1}
are unique if Y X D | Z = z for z = 0,1. Under one-sided noncompliance, the solutions
{¢i(d) : d = 0,1} are unique if Y £ D | Z = 1. For z = 0, we identify (o(0) as

P(Y =y,RP =0|Z=0)
P(D=0,Y =y,RP =1|2Z=0)

C(0) =

for any y.
In Theorem 2 (2ZU), identification under one-sided noncompliance relies on two facts:
Y is conditionally independent of RP given Z and U, and a unit’s compliance status in the
Z =1 group is known once its D is observed. We first identify P(Y =y | U = n, D = 0)
and P(Y =y |U=¢,D=1):
PY=y|U=nD=0)=PY =y|Z=1,U=n,D=0,R"=1),
P(Y=y|U=¢,D=1)=PY =y|Z=1,U=c¢,D=1,RP =1).

Since

PY=y|Z=1)=P(Y =y|U=nD=0PU=nD=0|Z=1)
YPY =y|U=c¢,D=1){1-PU=n,D=0|2=1)},

14
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we can identify P(U =n,D =0| Z =1). Since

PY=y|Z=0)=P(Y =y|U=nD=0PU=nD=0|2Z=1)
4PV =y|U=¢,D=0{1-PU=nD=0|2=1)},

we can identify P(Y =y | U = ¢,D = 0), and hence the CACE. Under two-sided non-
compliance, the CACE is not identifiable without further assumptions. Section C.2 of the
appendix gives a counterexample.

Summary. We searched exhaustively over all missingness mechanisms in the treatment.
Theorem 2 gives the most general ones that identify the CACE, collected in Table 2, and
the counterexamples in Section C.2 of the appendix show that the rest are not identifiable.
Therefore, the classification in Theorem 2 is complete. Beyond the CACE, the proof of The-
orem 2 also settles the identifiability of the joint distribution P(Z,U, D,Y). It is identifiable
under (27Y), (2DY), (2ZD), and (2ZU). Under (2UD) and (2UY), it is identifiable if a
linear system pins down the odds of nonresponse in D uniquely and additional positivity
conditions hold, with (2UY") also requiring one-sided noncompliance. Sections B.2.4 and
B.2.2 of the appendix give the exact conditions.

6. Missingness in Both the Treatment and Outcome

This section considers missingness in both the treatment and outcome. We focus on prospec-
tive studies in which D is collected before Y, so the future variables Y and RY do not affect
RP. Each combined mechanism pairs one missingness mechanism in the outcome from Sec-
tion 4 with one of Assumptions 2UD, 2ZD, and 2ZU from Section 5. These three are the
missingness mechanisms in the treatment compatible with the prospective design. The key
distinction is whether the direct path R” — RY may be included. It may be included un-
der 2UD, because RP remains conditionally independent of Z given (U, D). Under 2ZD or
27U, this path breaks identification; see Section C.3 of the appendix for counterexamples.
For the mechanisms that exclude the path, Section A of the appendix shows that removing
one of the other direct paths into RP or RY restores identification.

We label the combined mechanisms with both prefixes: the 1 label lists the variables
that RY may depend on, other than R”, and the 2 label lists the variables that R” may
depend on. We write @ when the direct path R — RY is allowed and + when it is not.
We write 1M for any of the five missingness mechanisms in the outcome 172D, 1UD, 1DY,
1ZY, and 1UY . For example, Assumption 1ZD @ 2UD allows RY to depend on (Z, D, RP)
and RP on (U, D), whereas Assumption 12D +2ZD excludes the path R? — RY and allows
both response indicators to depend on (Z, D).

Figure 3 shows the DAGs for the combined mechanisms, and Table 3 summarizes the
three classes studied in this section. The subsections below give the formal assumptions
and theorems, grouped by the mechanism for missingness in the treatment.

6.1 The Missing Outcome Models Combined with Assumption 2UD

The first class pairs 1M with Assumption 2UD. It is the only class that allows the direct
path RP — RY without removing any other direct path.

Assumption 1ZD @ 2UD RP 1L (Z,Y) | (U,D) and RY 1L (U,Y) | (Z, D, RP).
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Figure 3:

The DAGs illustrate the mechanisms obtained by combining Assumptions 12D,
1UD, 1DY,1ZY, and 1UY with Assumptions 2UD, 2ZD, and 2ZU. Panels (m)
and (n), corresponding to 1DY + 2ZU and 1ZY + 2ZU, are not included in the
identification results because the 1DY and 1ZY mechanisms require two-sided
noncompliance, whereas 2ZU requires one-sided.

Table 3: Summary of the combined mechanisms studied in Section 6. Here 1M denotes
any of 1ZD, 1UD, 1DY, 1ZY, and 1UY. A checkmark indicates that the direct
path RP? — RY is allowed, and a x indicates that it is excluded. Theorems 3-5
state the exact conditions.

Mechanism Missingness assumption RP — RY Conditions

IM®2UD RP 1 (Z,Y)| (U,D); v 1M condition 4+ 2UD condition.
RY follows 1M conditional on RP

1M +2ZD RP 1L (U,Y) | (Z,D); X 1M condition + 2ZD condition.
RY follows 1M

IM+22U RP 1L (D,Y) | (Z,U); X 1M condition + 2ZU condition. For
RY follows 1M 1DY and 1ZY, the outcome and

treatment mechanisms impose
conflicting noncompliance conditions,
so we obtain no identification result.

Assumption 1UD @ 2UD RP 1L (Z,Y) | (U,D) and RY 1L (Z,Y) | (U, D, RP).
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Assumption 1DY @ 2UD RP 1L (Z,Y) | (U, D) and RY 1 (Z,U) | (D,Y, RP).
Assumption 1ZY @ 2UD RP 1L (Z,Y) | (U,D) and RY 1L (U,D) | (Z,Y,RP).
Assumption 1UY ©2UD RP 1L (Z,Y) | (U,D) and RY 1L (Z,D) | (U,Y, RP).

The following theorem formalizes the identification results for this first class of mecha-
nisms.

Theorem 3 Suppose the IV assumptions hold. The CACE is nonparametrically identifi-
able in each of the following cases:

(1ZD ©2UD) under Assumption 1ZD®2UD, if P(RP =1|U =¢,D =d) >0 ford = 0,1,
and P(RY =1|Z =2,D=d,RP =1) >0 for all z and d;

(1UD @ 2UD) under Assumption 1UD @ 2UD, if P(RP = 1| U = ¢,D = d) > 0 and
P(RY =1|U=¢,D=d,RP° =1)>0 ford=0,1;

(1DY @ 2UD) under Assumption 1DY @ 2UD, for a binary Y with two-sided noncompli-
ance, if P(RP =1 |U=¢,D=d) >0 ford=0,1, P(RY =1|D=d,Y =y,RP =1) >0
for alld and y, and Y Y. Z | (D =d,RP = 1) ford=0,1;

(1ZY ®2UD) under Assumption 1ZY ®2UD, for a binary Y with two-sided noncompliance,
ifP(RP =1|U=¢,D=d)>0ford=0,1,P(RY =1|Z=2Y =y,R° =1) >0 for
all z and y, and Y U D | (Z = z,RP =1) for z =0,1;

(1UY @ 2UD) under Assumption 1UY & 2UD, for a binary Y, if (R =1|U =¢,D =
d)>0ford=0,1, and P(R¥ =1|U=¢,Y =y,RP? =1) >0 fory=0,1.

The conditions in Theorem 3 inherit the corresponding conditions for missingness in
the outcome from Theorem 1, conditioning on RP” = 1 wherever RY depends on R, and
add the 2UD positivity condition from Theorem 2. Because R” 1L Z | (U, D), the direct
path RP? — RY does not disrupt the cross-Z comparisons used to isolate compliers. The
case-specific recovery formulas mirror those in Section 4; see the proof for details.

6.2 The Missing Outcome Models Combined with Assumption 27D

The second class pairs 1M with Assumption 2ZD. Here, the identification results do not

allow the direct path RP? — RY. Section C.3 of the appendix gives counterexamples.
Assumption 1ZD +2ZD RP 1 (U,Y)|(Z,D) and RY 1L (U,Y,RP) | (Z,D).

,D) and RY 1L (Z,Y,RP) | (U, D).
D)

Assumption 1UD +2ZD RP 1 (U, Y
Y

( (Z (
Assumption 1DY +27ZD RP 1L (U, (Z,D) and RY 1L (Z,U,RP) | (D,Y).
( (Z ( )

Assumption 1ZY +2ZD RP 1 (U, ,D) and RY 1L (U,D,RP) | (Z,Y).

Assumption 1UY +2ZD RP 1L (U,Y) | (Z,D) and RY 1L (Z,D,RP) | (U,Y).

Define the random vector YT = (Y-RY, RY), sothat P{YT = (y, 1)} = P(Y =y, RY =1)
for all y € Y and P{YT = (0,0)} = P(RY = 0). In words, YT records the outcome value
when Y is observed and records only the missingness otherwise. The following theorem
formalizes the identification results for this second class of mechanisms.
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Theorem 4 Suppose the IV assumptions hold. The CACE is nonparametrically identifi-
able in each of the following cases:

(1ZD + 2ZD) under Assumption 1ZD + 27D, if P(RP =1 | Z = 2,D = d) > 0 and
P(RY =1|Z=2,D=d) >0 for all z and d, and either (i) one-sided noncompliance with
Y'Y D | Z =1, or (i) two-sided noncompliance with YT . D | Z = z for z =0, 1;
(1UD+2ZD) under Assumption 1UD+2ZD, if P(RP =1|Z = 2,D = d) > 0 for all z and
dand P(RY =1|U =¢,D=d) >0 ford=0,1, and either (i) one-sided noncompliance
with Y'Y U D | Z =1, or (i) two-sided noncompliance with YT U D | Z = z for z =0, 1;
(1DY +2ZD) under Assumption 1DY +2ZD, for a binary Y with two-sided noncompliance,
ifP(RP =1|Z=2,D=d) >0 forall zandd, P(RY =1|D=d,Y =y) >0 for all d
andy, YT U D | Z =2 for 2=0,1, andY L Z | D =d for d=0,1;

(1ZY 4+2ZD) under Assumption 1ZY +2ZD, for a binary Y with two-sided noncompliance,
ifP(RP=1|Z=2D=4d)>0 forallzandd, P(RY =1|Z =2Y =y) >0 for all z
andy, andY Y D | Z =z for z=0,1;

(1UY + 2ZD) under Assumption 1UY +2ZD, for a binary Y, if P(RP =1|Z = 2,D =
d) > 0 for all z and d and P(RY =1 | U = ¢,Y = y) > 0 fory = 0,1, and either
(i) one-sided noncompliance with YT U D | Z = 1, or (ii) two-sided noncompliance with
Y'UD|Z=zforz=0,1.

The conditions in Theorem 4 combine the corresponding conditions for missingness in
the outcome from Theorem 1 with the 2ZD condition from Theorem 2. Where stated, the
dependence condition from Theorem 2 changes from Y . D | Z=zto YT Y D | Z = z, so
that dependence between D and either the observed outcome value or the outcome response
indicator can help recover P(R” = 1| Z = 2,D = d). Adding the direct path R? — RY
makes this recovery non-unique; see Section C.3 of the appendix for counterexamples.

6.3 The Missing Outcome Models Combined with Assumption 22U

The third class pairs 1M with Assumption 2ZU. Only Assumptions 1ZD 4+ 2ZU, 1UD +
27U, and 1UY 427U yield identification. Assumptions 1DY and 1ZY are excluded because
they require two-sided noncompliance, whereas 2ZU identifies the CACE only under one-
sided noncompliance. As in Section 6.2, the direct path R? — RY is not allowed.

Assumption 17D +2ZU RP 1L (D,Y)|(Z,U) and RY 1L (U,Y,RP) | (Z,D).

Assumption 1UD +2ZU RP 1L (D,Y)|(Z,U) and RY 1. (Z,Y,R") | (U, D).
Assumption 1DY +2ZU RP 1L (D,Y)|(Z,U) and RY 1L (Z,U,RP) | (D,Y).
Assumption 1ZY +2ZU RP 1L (D,Y)|(Z,U) and RY 1L (U,D,RP) | (Z,Y).

Assumption 1UY +2ZU RP 1 (D,Y)|(Z,U) and RY 1. (Z,D,RP) | (U,Y).

The following theorem formalizes the identification results for this third class of mech-
anisms.

Theorem 5 Suppose the IV assumptions hold. The CACE is nonparametrically identifi-
able in each of the following cases:
(1ZD +2ZU) under Assumption 1ZD +2ZU, with one-sided noncompliance, if P(RP =1 |
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Z=1U=u)>0 foru=mn,c,and P(RY =1|Z =2,D =d) >0 for all z and d;

(1UD + 2ZU) under Assumption 1UD + 2ZU, with one-sided noncompliance, if P(RP =
11Z=1,U=u)>0 foru=n,c, and P(R¥Y =1|U=c¢,D=d) >0 ford=0,1;

(1UY +2ZU) under Assumption LUY +2ZU, for a binary Y with one-sided noncompliance,
ifP(RP =11 Z =1,U=u) >0 foru=mn,c, and P(RY =1 |U =¢,Y =y) >0 for
y=0,1.

The conditions in Theorem 5 combine the 2ZU condition from Theorem 2 with the
conditions for missingness in the outcome from Theorem 1 that do not require two-sided
noncompliance. The CACE therefore remains identifiable under 1ZD, 1UD, and 1UY with
one-sided noncompliance, but not under 1DY and 1ZY. We refer readers to the proofs for
details.

7. Numerical Study

We illustrate the identification results for missingness in the outcome alone. The study
makes three points. First, an estimator that assumes the correct identifiable mechanism
recovers the CACE. Second, a nonidentifiable mechanism leaves an interval of CACE values
consistent with the observed data, so no estimator can recover the CACE. Third, an iden-
tifiable but incorrect mechanism can produce substantial bias. The first and third points
concern estimation, and we study them with simulated samples. The second concerns iden-
tification, which is a property of the observed-data distribution and not of any one sample.
We therefore study it with that distribution itself, computed from the data-generating pro-
cess rather than estimated from a sample.

7.1 Setup

The complete data follow the IV model of Section 2 with two-sided noncompliance and a
binary outcome:

Z ~Bernoulli(0.5),  (P(U = a), P(U = ¢), P(U = n)) = (0.25, 0.50, 0.25),

with D = 1 for always-takers, D = 0 for never-takers, and D = Z for compliers. Write
qua = P(Y = 1| U = u,D = d) for the outcome probabilities. We set g.o = 0.10,
ge1 = 0.65, go1 = 0.05, and g,0 = 0.65, so the true CACE is ¢.; — g0 = 0.55. We then
generate the outcome response indicator RY under each of nine mechanisms in turn. Under
a given mechanism, the response probability follows a logistic model in the variables that
mechanism allows, calibrated to an average response rate of about 65% and bounded away
from zero and one. By Theorem 1, the CACE is identifiable under five of the nine, 1ZD,
1UD, 1DY, 1ZY, and 1UY, and not under the remaining four, 12U, 1ZDY, 1UDY, and
1ZUY.

Each mechanism defines a model with three sets of parameters: the distribution of the
compliance status U, the outcome probabilities ¢,4, and one response probability for each
combination of the variables the mechanism allows. The model imposes no restrictions
beyond the conditional independences the mechanism encodes. For the first and third
points, we estimate the CACE with the closed-form estimator that the proof of Theorem
1 supplies for each identifiable mechanism, drawing 1000 Monte Carlo replications of size
n = 5000.
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(a) Estimated CACEs center at the true CACE
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Identifiability determines whether the CACE can be recovered. The complete
data are the same throughout, and the mechanisms differ only in how RY is
generated, so the true CACE is 0.55 in both panels (dashed line). (a) Sampling
distributions of the estimator that assumes the true mechanism, under each of
the five identifiable mechanisms (1000 replications, sample size n = 5000; bars:
interquartile range and 5th-95th percentiles, median and mean marked); all five
center at the true CACE. (b) Profile log-likelihoods computed from the true
observed-data distribution rather than from a sample, each shifted to peak at
zero. A curve touches zero at every CACE value consistent with that distribution:
the five identifiable mechanisms (dashed and dotted) touch zero only at the true
CACE, and the four nonidentifiable ones (solid) stay at zero across an interval.

7.2 Identifiable Mechanisms Recover the CACE

Panel (a) of Figure 4 shows the sampling distribution of the estimator that assumes the
true mechanism, under each of the five identifiable mechanisms. All five center at the true
CACE, as Theorem 1 implies, but they differ in spread. Assumptions 1ZD, 1UD, and
1UY require no dependence condition and give the most precise estimators. Assumptions
1DY and 1ZY require a conditional dependence condition and give less precise ones: their
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estimators solve a linear system whose determinant measures that dependence, so the weaker
the dependence, the more variable the estimate. Of the five, 1ZY is the most variable.

7.3 Which CACE Values the Observed Data Allow

The spread in panel (a) reflects sampling noise. We now set that aside and ask what the
observed-data distribution determines on its own. For each mechanism, we compute the ex-
act probabilities that the data-generating process assigns to the cells of (Z, D, RY, Y), with
Y recorded only when RY = 1. We then collect every parameter configuration that repro-
duces these probabilities and record the CACE each one gives. The mechanism identifies the
CACE if all of these values agree, and does not if any two disagree. The counterexamples
in Section C.1 of the appendix construct disagreeing pairs algebraically.

We carry this out with a profile likelihood. A sample log-likelihood weights each cell by
the number of observations that fall in it. Here we weight each cell by its exact probability,
so no sampling enters. For a candidate 19, we impose ¢.1 — g0 = 79 and maximize this
log-likelihood over the remaining parameters. It attains its largest possible value exactly
when the parameters reproduce the observed-data distribution, so the constrained maximum
reaches that value if and only if 79 is consistent with the distribution. Panel (b) of Figure
4 plots the constrained maximum against 7y, shifted so that the curve peaks at zero. The
CACE values consistent with the distribution are those where the curve touches zero.

Under the five identifiable mechanisms, the curve touches zero only at the true CACE
0.55, giving a single sharp peak. Under the four nonidentifiable mechanisms, it stays at zero
across a broad interval, and no amount of data can distinguish the values in that interval.

Table 4: Maximizing the log-likelihood of Section 7.3 without the constraint on the CACE,
from 100 random starting values. The last column gives the smallest and largest
CACE among the solutions that reach the maximum: a single value, the true
CACE 0.55, under the identifiable mechanisms, and a range of distinct values
under the nonidentifiable ones.

Mechanism Identifiable Range of CACE estimates

17D Yes (0.55, 0.55)
1UD Yes (0.55, 0.55)
1DY Yes (0.55, 0.55)
12Y Yes (0.55, 0.55)
1Y Yes (0.55, 0.55)
12U No (0.28, 0.71)
1ZDY No (0.23, 0.86)
LUDY No (0.30, 0.62)
1ZUY No (0.23, 0.75)

Table 4 makes the same point without the profile: maximizing that log-likelihood over
all parameters, from 100 random starting values, returns the true CACE every time under
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the identifiable mechanisms, and a range of values that all attain the maximum under the
nonidentifiable ones.

1zp{  0.00 0.18 0.13 -0.19
0.3
wp{ 002 0.00 -0.02 -0.11
0.2
10Y{ 0.03 0.01 -0.01 0.01
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c Ke]
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w
> 1zu{ o001 0.13 0.12 -0.11
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1ZDy 4 Wkl 0.33 0.33 0.21
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1zuy{ 0.09 0.17 0.26 -0.13 0.15
T T T T
12D 1UD 1DY 12y w0y

Fitted (identifiable) model

Figure 5: Excess bias, the average difference between the estimated CACE and the estimate
the same sample would give with no missing data, over 1000 replications of size
n = 5000, by true mechanism (rows) and fitted mechanism (columns). In the
outlined cells, the fitted mechanism is the true one.

7.4 Fitting the Wrong Mechanism Biases the CACE

The observed data cannot test the mechanism, so the one an analyst assumes may differ from
the truth. Figure 5 reports the cost of that mismatch, pairing each true mechanism (row)
with each fitted identifiable mechanism (column). Each cell gives the excess bias, measured
against the estimate the same sample would give with no missing data. In the outlined
cells, the two agree, and the excess bias is close to zero. Elsewhere, the excess bias can
exceed the true CACE of 0.55 several times over, reaching 2.55 when 12Y is fitted to data
generated under 1DY. The last four rows are the nonidentifiable mechanisms, for which
no fitted model is correct; a small entry in one of these rows reflects the particular design
rather than recovery of the CACE. This is why we recommend the strategy of Section 3:
estimate the CACE under every plausible identifiable mechanism and compare the results.
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8. Empirical Illustration: The National Job Corps Study

We illustrate the theory using the National Job Corps Study (Schochet et al., 2001, 2006),
a randomized evaluation of the Job Corps training program. Random assignment to Job
Corps is the instrument Z, actual enrollment status is the treatment D, and weekly earnings
in the fourth year after assignment are the outcome Y. We adjust for the baseline covariates
X, namely gender, age, race, education, baseline earnings, child status, and arrest history,
through parametric models, with details in the replication materials.! The study has one-
sided noncompliance because those assigned to control had no access to the program, so
D = 0 whenever Z = 0. The full sample has 8,707 subjects, of whom 5,084 were assigned to
Job Corps. Among those assigned, 19.7% are known not to have enrolled, and enrollment
is missing for a further 27.8%. The outcome is missing for 21.4% of the full sample.

1ZD @ 2UD

1UD @ 2UD

1UY ® 2UD

1ZD + 2ZD

1UD +2ZD

1UY + 22D

1ZD® 2Z

1lUDe®2Z

Wye2z

1Z® 22D

1D®2ZD

lY®2zD

lUe2zU

-10 0 10

20

30

40

CACE in weekly earnings (dollars)

Figure 6: Estimated CACE of Job Corps enrollment on weekly earnings, under each of the
13 identified missingness mechanisms in Section 6 and Appendix A. Points are
point estimates and bars are 95% percentile bootstrap confidence intervals.

1. Replication code and data for both the simulation study and this empirical application are available at

https://github.com/sushil133/IV_MNAR.
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We estimate the CACE under every mechanism in Section 6 and Appendix A that
identifies the effect when both D and Y are missing. We exclude two groups. First, the
mechanisms that require two-sided noncompliance, since the study is one-sided. Second,
the 2ZU mechanisms that duplicate a 2ZD counterpart under one-sided noncompliance,
since D determines U when Z =1 and D is known by design when Z = 0. This leaves 13
distinct mechanisms. Several of them require a binary outcome. For these, we assume that
any outcome-dependent missingness acts only through the indicator of positive earnings
H =1(Y > 0), a natural dichotomization here since 18.9% of observed outcomes are zero.
Figure 6 reports the resulting estimates and 95% percentile bootstrap confidence intervals
based on 500 resamples.

The estimated effect is positive under all 13 mechanisms, ranging from $19 to $29 per
week. Ten of the 13 confidence intervals exclude zero, and the remaining three extend
slightly below it. The sign of the effect is therefore stable across the identified mechanisms,
whereas its statistical significance depends on the mechanism.

9. Discussion

For missingness in the outcome alone and in the treatment alone, we searched exhaustively
over the missingness mechanisms and characterized the most general ones that permit non-
parametric identification of the CACE. The numerical study illustrates the practical value
of this classification. We then extended the results to the case where both the treatment
and outcome are missing, focusing on prospective studies in which the future variables Y
and RY do not affect RP.

Our central practical recommendation, developed in Section 3, is to estimate the CACE
under all plausible identifiable mechanisms and report how much it varies, rather than com-
mit to a single untestable mechanism. When nonidentifiable mechanisms are also plausible,
this comparison can be supplemented with a formal sensitivity analysis.

The instrument Z may itself be missing. Let R be the response indicator for Z, with
R? = 1 if Z is observed and R = 0 otherwise. Our analysis never uses the marginal
distribution of Z. Each identification result relies on only one of the two conditional laws
P(Y,D|Z)or P(Y |U =¢,Z). If R 1L (U,D,Y) | Z for the results based on P(Y, D | Z),
or R 1LY | (U/D,Z) for those based on P(Y | U = ¢, Z), then the relevant law is
unchanged on the units with Z observed. It can therefore be recovered from those units,
and the CACE remains identifiable. When these conditions fail, restricting to the units
with Z observed distorts the relevant law, and identification would require modeling the
missingness in Z jointly with that in D and Y. The same dichotomy applies to a missing
pretreatment covariate X when the target is the CACE within levels of X. A full treatment
of missingness in Z or X is left to future work.
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Figure 7: The DAGs illustrate the alternative combined mechanisms that retain identifica-
tion of the CACE while allowing the direct path R” — RY.

Appendix A. Alternative Missingness Mechanisms

Section 6 allows the direct path R — RY only under Assumption 2UD. This appendix
shows that the path can also be accommodated under the other missingness mechanisms
in the treatment, provided one of the remaining direct paths into R? or RY is removed in
exchange. Applying this trade-off to the eight combined mechanisms of Sections 6.2 and
6.3 yields eighteen alternative mechanisms that retain identification. Five of these reduce
to the more general mechanisms of Section 6.1 and are omitted. A further reduction comes
from noncompliance. Assumptions 1U ¢ 2ZU and 1U @ 2ZD both identify the CACE only
under one-sided noncompliance, so we keep the more general 1U 22U and omit 1U $2ZD.
Section C.3 below gives a counterexample for 1U @ 2ZD under two-sided noncompliance,
confirming that nothing is lost. The twelve remaining mechanisms are shown in Figure 7
and summarized in Table 5. They fall into two groups according to what R” may depend
on, covered in Sections A.1 and A.2.

A.1 The Outcome Models Combined with Treatment Missingness Depending
on 7

In the first group, R” depends only on the instrument Z, and RY follows one of the
mechanisms of Section 4 and may also depend on RP.

Assumption 17D ©2Z RP 1L (U,D,Y) | Z and RY 1L (U,Y) | (Z,D,RP).
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Table 5: Summary of the alternative combined mechanisms in Appendix A that allow the
direct path RP? — RY. Each row identifies the CACE under the listed condi-
tions. A checkmark in the positivity or dependence column indicates that the
corresponding condition is required; the exact conditions are stated in Theorems
6 and 7. The symbol *x means no restriction on that aspect.

Mechanism RP depends on  RY depends on  Positivity Outcome Noncompliance Dependence

Group 1: RP depends on Z only (Theorem 6)

1ZD & 2Z Z Z,D, RP v * * *
1UD @27 Z U,D,RP v * * *
10Y @27 Z U,Y,R" v Binary * *
1DY ¢ 272 Z D,Y,RP v Binary Two-sided v
12Y ® 22 Z Z,Y,RP v Binary Two-sided v
Group 2: RP depends on (Z,D) or (Z,U) (Theorem 7)

1Z ® 22D Z,D Z,R" v * * v
1D @ 2ZD Z,D D, RP v * * v
1Y @ 2ZD Z,D Y, RP v Binary s v
12 ® 22U Z,U Z,RP v * One-sided *
1U & 22U Z,U U, R" v * One-sided v
1D @ 22U Z,U D,RP v * One-sided v
1Y @ 22U Z,U Y, RP v Binary One-sided v

Assumption 1UD ©2Z RP 1L (U,D,Y) | Z and RY 1.(Z,Y) | (U,D, RP).
Assumption 1UY ©2Z RP 1L (U,D,Y) | Z and RY 1. (Z,D) | (U,Y,RP).
) (2,U)| (D,Y,RP).

Assumption 1DY @27 RP 1L (U,D,Y) | Z and RY 1L
Assumption 1Z2Y @27 RP 1L (U,D,Y) | Z and RY 1L (U,D) | (Z,Y, RP).
The following theorem formalizes the identification results for this group.

Theorem 6 Suppose the IV assumptions hold. The CACE is nonparametrically identifi-
able in each of the following cases:

(1ZD @ 2Z) under Assumption 1ZD @27, if P(RP = 1| Z = 2) > 0 for z = 0,1 and
P(RY =1|Z=2D=d,R° =1) >0 for all z and d;

(1UD @ 2Z) under Assumption 1UD ® 2Z, if P(RP = 1| Z = 2) > 0 for z = 0,1 and
P(RY =1|U=¢,D=d,RP =1)>0 ford=0,1;

(1UY @ 27) under Assumption 1UY @© 27, for a binary Y, if P(RP = 1| Z = 2) > 0 for
2=0,1and P(RY =1|U=¢,Y =y,RP? =1)>0 fory=0,1;

(1DY @ 2Z) under Assumption 1DY @ 2Z, for a binary Y with two-sided noncompliance,
ifP(RP=1|Z=2)>0forz=0,1,P(RY =1|D=d,Y =y,RP =1) > 0 for all d and
y,andY U Z | (D=d,RP =1) ford=0,1;

(1ZY @ 2Z) under Assumption 1Z2Y @ 2Z, for a binary Y with two-sided noncompliance,
ifP(RP=1|Z2=2)>0forz=0,1,P(RY =1|Z=2Y =y,RP =1) > 0 for all z and
y,andY L D | Z =z for z=0,1.
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A.2 The Outcome Models Combined with Treatment Missingness Depending
on (Z,D) or (Z,U)

In the second group, RP depends on (Z, D) or on (Z,U), and RY depends on one variable
and may also depend on RP.

Assumption 1Z © 27D RP 1L (U,Y) | (Z,D) and RY 1L (U,D,Y) | (Z, RP).
Assumption 1D ©2ZD RP 1L (U,Y) | (Z,D) and RY 1L (Z,U,Y) | (D, RP).
Assumption 1Y ®2ZD RP 1L (U,Y)|(Z,D) and RY 1L (Z,U,D) | (Y, RP).
(D,Y) | (2,V)

)
Assumption 1Z ¢ 22U RP 1 (D, and RY 1L (U,D,Y) | (Z,RP).

Assumption 1U ¢ 2ZU RP 1 (D, and RY 1L (Z,D,Y) | (U, RP).

(2,U) )
Assumption 1D @ 27U RP 1L (Z,U) and RY 1L (Z,U,Y) | (D, RP).
).

Assumption 1Y ®2ZU RP 1L (D,Y) | (Z,U) and RY 1 (Z,U,D) | (Y, RP
The following theorem formalizes the identification results for this group.

Theorem 7 Suppose the IV assumptions hold. The CACE is nonparametrically identifi-
able in each of the following cases:

(1Z @ 2ZD) under Assumption 1Z ®2ZD, if P(RP = 1| Z = 2,D = d) > 0 for all 2
and d and P(RY =1 | Z = 2, RP = rP) > 0 for all z and vP, and either (i) one-sided
noncompliance with Y U D | Z = 1, or (ii) two-sided noncompliance with Y U D | Z = z
for z=0,1;

(1D @ 2ZD) under Assumption 1D @ 2ZD, if P(RP =1|Z = 2,D =d) > 0 for all z and
d,P(RY =1|D=d,RP =vP) >0 for all d and r?, and D I Z, and either (i) one-sided
noncompliance with Y W D | Z = 1, or (ii) two-sided noncompliance with Y U D | Z = z
for z=0,1;

(1Y ©22D) under Assumption 1Y ©2ZD, for a binary Y, if P(RP = 1| Z = 2,D =d) > 0
forall z and d, P(RY =1|Y =y, RP =+P) >0 for ally and rP, Y U (Z,D) | (RP = 1),
and Y U Z | (RP = 0), and either (i) one-sided noncompliance with Y U D | Z =1, or
(i) two-sided noncompliance with Y U D | Z = z for z =0,1;

(1Z ®2ZU) under Assumption 1Z @ 2ZU, with one-sided noncompliance, if P(RP = 1 |
Z=1U=u)>0foru=mn,cand P(RY =1|Z =2 RP =rP) >0 for all z and r?;
(1U@2ZU) under Assumption 1US2ZU , with one-sided noncompliance, if P(RP =1 | Z =
LU=n)>0,P(RP=1|Z=2U=¢)>0forz=0,1,P(R¥ =1|U=¢,R” =1) >0,
and RY L U | (RP =1);

(1D @ 2ZU) under Assumption 1D @ 2ZU, with one-sided noncompliance, if P(RP = 1 |
Z =1,U =u) >0 foru=mnc, PR =1 | D =dR° =1) >0 ford = 0,1,
P(RY=1|D=0,RP=0)>0,andY Y U | (Z =1);

(1Y ®2ZU) under Assumption 1Y @ 2ZU, for a binary Y with one-sided noncompliance,
ifP(RP =1|Z=1,U=u) >0 foru=mn,c, (R =1|Y =5y, RP =rP) >0 for all y
and rP, Y U (Z,D) | (RP =1), and Y U Z | (RP =0).
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Appendix B. Proofs

The main paper focuses on binary Z and D. In this appendix, some arguments are stated
first for more general supports using a completeness condition. Let f(a | b) denote the
conditional density or probability mass function of A given B = b. We say that f(a | b) is
complete in B if

/g(a)f(a | b)dv(a) =0 for all b

implies g(a) = 0 almost surely for every square-integrable function g (Newey and Pow-
ell, 2003), where v(-) is the Lebesgue measure for a continuous variable and the counting
measure for a discrete variable.

For the binary variables in the main theorems, this completeness requirement reduces to
a finite-dimensional rank condition. To see this, suppose A is binary and write p, = P(A =
1| B =b). The display above then becomes

(1 —pp)g(0) + ppg(1) =0 for all b.

If B takes values by, ..., b,,, these equations can be written as
1-— Db pb1 0
S <9(0)> _
' -] \9(1)
1—pv,, Db, 0

The only solution is g(0) = g(1) = 0 exactly when this matrix has rank two. Since the two
columns are (1 —pjp) and pp, this holds if and only if pp is not constant in b. Thus, for binary
B, completeness is equivalent to

P(A=1|B=0)£P(A=1|B=1),

that is, A ' B. When B has more than two support points, the analogous condition is
that P(A = 1 | B = b) varies with b; and if A has K categories, completeness reduces
to the requirement that the matrix with entries P(A = a | B = b) has column rank K.
The nonindependence conditions in the main text should therefore be read as the finite-
support rank conditions arising in the binary cases, not as generic completeness conditions
for arbitrary continuous variables.

B.1 Proof of Theorem 1

We prove each case of Theorem 1 separately. We then prove the result for Assumption 1Y
of Chen et al. (2009a), discussed in Section 4.

B.1.1 AssumpTION 1ZD

The identification of P(D =d,Y =y | Z = z) follows from

P(D=d,Y=y,RY =1|2=2z2)
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In addition, since

PU=n,D=0,Y=y|Z=0=PU=n,D=0,Y=y|Z=1),
(U

) =P
PU=a,D=1Y=y|Z=1)=PU=a,D=1Y =y|Z=0),
P(U=¢,D=0Y=y|Z=0)=P(D=0Y=y|Z=0)—PU=nD=0,Y =y | Z=0),
P(U=¢,D=1Y=y|Z=1)=P(D=1,Y=y|Z=1)-PU=a,D=1,Y =y | Z=1),

we can identify P(Z = z,U = u, D = d,Y = y). Therefore, identifying P(D,Y | Z) implies
identifying P(Z,U, D,Y).

B.1.2 AssumpTION 1UD
We focus on the identification of P(Y =y | U = ¢, D = d) to identify the CACE. Note that

PY=y|U=¢D=0)
=P(Y=y|Z=0,U=¢,D=0,RY =1)
P(U=¢,D=0,Y =y,RY =1|Z=0)
T PU=¢D=0,R =1|Z=0)
P(D=0,Y=y,RY =1|Z=0)-PU=n,D=0,Y =y,RY =1|2Z=0)
P(D=0,RY =1]Z=0)—PU=n,D=0,RY =1|Z=0)

Since

P(U=n,D=0Y =y,RY =1|Z=0)

=P(Y=y,RY =1|Z=0,U=n,D=0PU=nD=0|2Z=0)
=P(Y=y,RY =1|Z=1,U=n,D=0PU=nD=0|2Z=1)
=P(U=n,D=0,Y =y, RY =1|Z=1),

we can identify both P(U = n,D = 0,Y = y,RY = 1| Z = 0) and P(U = n,D =
LR =1|2=0)= [ ,PU=nD=0Y =yR =1|Z2Z=0)dy. Therefore,
P(Y =y | U =¢,D =0) is identifiable. Similarly, we can identify P(Y =y | U =¢, D = 1).
Then, we identify CACE=E(Y |U=¢,D=1)—-E(Y |U =¢,D =0).

In addition, we can identify P(Z, U, D,Y) under additional positivity conditions. For z
that is consistent with the (u,d) combination,

P(RY =1|U=u,D=d)=P(RY =1|Z=2U=u,D =d)
P(U=u,D=d,RY =1|Z=2z)
PU=u,D=d| Z = 2z) '

IfP(RY =1|U =u,D =d) >0 for (u,d) = (a, 1), (n,0), (c, 1), (¢,0), the identification of
P(Z =2U=u,D=d,Y =y) follows from

P(Z=2U=uD=dY =y, R =1)
P(RY =1|U =u,D = d)

P(Z=2U=u,D=dY =y)=
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B.1.3 ASSUMPTION 1DY

We focus on the identification of P(D = d,Y =y | Z = 2) to identify the CACE. Define

de1|z = P(D =dY = y7RY =1 | Z = Z)a Pd-‘,—O\z = P(D = dvRY =0 | Z = Z)7
_ P(RY=0|D=d,Y =y

na(y) = P(RY =1|D=d,Y =y

; . Since

Py =P(D=d,Y =y | Z=2)P(R" =1|D=d,Y =y),

we have

Pasol, = / B(D=dY =y, R =0|Z=2)dy = / Py11.7a(y)dy
yey yey

for each z € Z. The solutions 74(y) are unique if P(D = d,Y,RY = 1| Z) is complete
in Z for all d. For binary Z and D, the solutions 7n4(y) are unique if Y is binary and
YU Z|D=dford=0,1 under two-sided noncompliance.

We can identify P(RY = 1| D = d,Y = y) once 14(y) is identified. Then, the identifi-
cation of P(D =d,Y =y | Z = z) follows from

de1|z

PD=dY =yl Z=2) = gqv T D=dv =9

B.1.4 ASSUMPTION 17Y

We focus on the identification of P(D = d,Y =y | Z = z) to identify the CACE. Define
Py1. = P(D = dY = y,RY =1| Z = 2), Pgug, = P(D = d,RY =0 | Z = 2),

P(RY =0|Z=2Y= .
772 (y) = PERY:1=Z:§7Y:z§ . Slnce

P =P(D=dY =y| Z=2)P(R =1 Z=2Y =),

we have

Piro). = / P(D=dY =y,R" =0|Z=z)dy= / Py112m2(y)dy
yey yey

for each d € D. The solutions 7.(y) are unique if P(D,Y,RY =1 | Z = 2) is complete
in D for all z. For binary Z and D, the solutions 7,(y) are unique if Y is binary and
YU D|Z==zfor z=0,1 under two-sided noncompliance.

We can identify P(RY = 1| Z = z,Y = y) once 1,(y) is identified. Then, the identifica-
tion of P(D =d,Y =y | Z = z) follows from

del|z

P(D:d,Y=y|Z:Z):P(RY:1|Z:z,Y=?/)'

B.1.5 ASSUMPTION 1UY
We focus on the identification of the CACE. Note that

P(U=¢D=0,Y=y,R =1|2Z=0)
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=P(D=0,Y=y,RY =1|Z=0)-P(U=n,D=0Y =y,RY =1|Z=0).
Since
P(U=n,D=0Y =y,RY =1|Z=0)
=P(Y=y,RY  =1|Z2=0,U=n,D=0PU =n,D=0]|2Z=0)
=P(Y=y,R  =1|Z=1,U=n,D=0PU=n,D=0]|2Z=1)
=P(U=n,D=0Y=y,RY =1|Z=1),

we can identify P(U = ¢,D = 0,Y = y,RY = 1| Z = 0). Similarly, we can identify
P(U=¢,D=1Y =y,RY =1|Z =1). Since

PY=1|U=¢D=0) PU=¢D=0,Y=1R"=1|Z=0)
PY=1|U=¢,D=1) PU=¢,D=1Y=1,R =1|Z=1)
1-PY=1|U=¢,D=0) PU=¢D=0Y=0R =1|Z=0)
1-PY=1|U=¢,D=1 PU=¢D=1Y=0,R =1|2Z=1)

we can identify the CACE.

However, P(Z,U, D,Y) is not identifiable under either two-sided or one-sided noncompli-
ance, because it has more unknown parameters than the observable data frequencies have de-
grees of freedom. Under two-sided noncompliance, the unknown parameters of P(Z, U, D,Y)
under Assumption 1UY are: P(Z =1); P(U =u) foru =a,n; P(Y =1 |U = u, D = d) for
(u,d) = (a,1),(n,0),(c,1),(c,0); and P(RY =1|U =u,Y =) for u=a,n,cand y =0, 1.
In total, there are 13 unknown parameters. In contrast, we have the following observable
data frequencies: P(Z = 2,D =d,Y = y,RY = 1) for 2 =0,1,d = 0,1, and y = 0,1; and
P(Z =2,D =d, RY = 0) for 2 = 0,1 and d = 0,1. There are 12 observable data frequen-
cies. Because they sum to 1, the degrees of freedom equal 11. Since 11 < 13, P(Z,U, D,Y")
is not identifiable. Under one-sided noncompliance, there are 9 unknown parameters and 8
degrees of freedom, so P(Z,U, D,Y) is again not identifiable.

B.1.6 ASSUMPTION 1Y

Under Assumption 1Y, we have

P(D=d,Y =y,RY =1| 7 =2z)

PD=dY =y|Z=2)= PR =1V =3

Therefore, the conditional distribution P(D,Y | Z) is identifiable, and so is the CACE if
P(RY | Y) is identifiable. Define

P(RY =0|Y =y)
"= BET=1]v =)

for all y. We then have the following system of linear equations with {n(y) : y € Y} as the
unknowns:

P(D=d,R" =0|Z=2)=Y P(D=dY =y, R =0|Z=2)
yey
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=Y P(D=d,Y =y, R =1|Z=2)(y)
yey

for all z and d. For a binary Y, the solutions 7(y) are unique if Y ) (Z, D). For a discrete Y,
let || denote the number of unique values that Y can take. With two-sided noncompliance,
we have (z,d) = (0,0),(0,1),(1,0),(1,1). The solutions n(y) are unique if the rank of the
4 x | Y| matrix with P(D = d,Y =y, RY = 1| Z = z) as the entries equals |)|, which means
that || < 4. With one-sided noncompliance, we have (z,d) = (0,0), (1,0), (1,1). Here, the
solutions 7(y) are unique if the rank of the 3 x || matrix with P(D =d,Y =y, RY =1 |
Z = z) as the entries equals ||, which means that |Y| < 3. [ |

B.2 Proof of Theorem 2

We prove each case of Theorem 2 separately.
B.2.1 ASSUMPTION 27Y
The identification of P(D =d,Y =y | Z = z) follows from

D=dY =y,RP=1|7Z=2)
P(RP=1|Z=2Y=y)

P
PBD=dY—y|Z=2) =1

B.2.2 AssumMPTION 2UY
We focus on the identification of the CACE. Note that

P(U=¢,D=0Y=y,R’=1|2=0)
=P(D=0,Y=y,RP=1|Z2=0-PU=n,D=0,Y =y, R =1|2Z=0).

Since
P(U=n,D=0Y=yRP=1|2Z=0)=P(U=n,D=0,Y =y,RP =12 =1),

we can identify P(U = ¢,D = 0,Y = y,RP = 1| Z = 0). Similarly, we can identify
P(U=c¢,D=1Y =y R’ =1|Z=1). Since

PY=1|U=¢D=0) PU=¢D=0,Y=1RP=1|Z=0)
PY=1|U=¢,D=1) PU=¢D=1Y=1,RP=1|2Z=1)
1-P(Y=1|U=¢,D=0) PU=¢D=0Y=0,R’=1|Z=0)
1-P(Y=1|U=¢,D=1) PU=¢,D=1Y=0,RP=1|Z=1)

we can identify the CACE.

Assumption 2UY differs from Assumption 1 UY here. Under Assumption 2UY, P(Z,U, D,Y)
is not identifiable with two-sided noncompliance, but it is identifiable with one-sided non-
compliance under a full rank condition and additional positivity conditions. Under two-sided
noncompliance, the counting argument of Section B.1.5 gives 13 unknown parameters and
11 degrees of freedom, so P(Z,U, D,Y) is not identifiable. Under one-sided noncompli-
ance, there are 9 unknown parameters and 9 degrees of freedom, which leaves identification
possible.
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We now show the identifiability of P(Z,U, D,Y’) with one-sided noncompliance. Define
Powiyt = P(Z = 2,U = u,D = d,Y = y,RP = 1), P,yry = P(Z = 2,Y = y,RP = 0),

Cy( ) P(RP=0|U=u,Y =y)

BRD=1|U=u.y=y)" Since

Powiy =P(Z =2,U=u,D=d,Y =y)P(RP =1 |U =u,Y =y),
we have

Piy+0 = Pinoy1Cy(n) + Preiyiy(c),
Poy+0 = Ponoy1Cy(n) + Pocoy1(y(c),

for y = 0,1. The solutions (y(u) are unique f P(Y =1 |U =¢,D =0)#PY =1|U =
c¢,D=1).

We can identify P(RP? =1 | U = u,Y = y) once (y(u) is identified. Then, if P(RP =
11U =u,Y =y)>0for u=mn,cand y =0, 1, the identification of P(Z = 2,U = u, D =
d,Y =y) follows from

) _ qudyl

P(Z=2U=uD=dY =y _]ID(RD:HU:u,Yzy).

B.2.3 AssumPTION 2DY
We focus on the identification of P(D = d,Y =y | Z = 2) to identify the CACE. Define
de1|z =PD =4dY = yaRD =1[2Z=2), Py—l—O\z =P = yaRD =0]2Z=2),

P(RP=0|D=d,Y =y
Gy(d) = RD 1=D —iv= ; Since

Py =P(D=d,Y =y | Z=2)P(R°=1|D=d,Y =y),

we have
P, .o, = / P(D=dY =y, R = 0| Z = 2)dd = / Pay11.Cy(d)dd
deD deD

for each z € Z. The solutions ¢,(d) are unique if P(D,Y =y, RP = 1| Z) is complete in Z
for all y. For binary Z and D, we can identify (,(d) directly under one-sided noncompliance,
and under two-sided noncompliance the solutions (,(d) are unique if D J{ Z | Y =y for all
Y.

We can identify P(RP = 1| D = d,Y = y) once (,(d) is identified. Then, the identifi-
cation of P(D =d,Y =y | Z = z) follows from

I[Ddyl|z
P(RO=1|D=d,Y =y)

P(D=d,Y=y|Z=2)=

B.2.4 AssumpTION 2UD
We focus on the identification of P(Y =y | U = ¢, D = d) to identify the CACE. Note that

PY=y|U=¢D=0)
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PU=¢,D=0,Y =y,RP =1|Z=

P(U=¢,D=0,RP=1|2=0)

 PMD=0,Y=yRP=1|Z=0)-PU=n,D=0Y =y, R°=1[2Z=0)
P(D=0,RP=1|Z=0)-P(U=n,D=0,RP =1|Z=0)

0)

Since
P(U=n,D=0Y=yRP=1|2Z2=0)=PU=n,D=0,Y=y,RP=1|2Z2=1),

we can identify P(Y =y | U = ¢, D = 0). Similarly, we can identify P(Y =y |U =¢,D =
1), and therefore, the CACE.

In addition, we can identify P(Z,U, D,Y) under a full-rank condition and additional
positivity conditions. Define P,yqy1 = P(Z = 2,U = u,D = d,Y =y, RP =1), P.yt0 =

D_0|U=u.D= .
P(Z =2Y =y, RP =0), (u,d) = gg[,;ﬂg:u:g:jg. Since

Poay =P(Z=2U=u,D=d,Y =y)P(R° =1|U =u,D = d),
we have

Poy+0 = Ponoy1{(n,0) + Poq1y1¢(a, 1) + Pocoy1((c, 0),
IP>1y—‘,—0 = ]P)ln()yl((nv 0) + Plalle(aa 1) + IP)lclle(Ca 1)7

for each y € Y. The solutions ((u, d) are unique if the above system of linear equations has
full rank.

We can identify P(R? =1 | U = u, D = d) once ((u,d) is identified. Then, if P(RP =
11U =wu,D =4d) >0 for (u,d) = (a,1),(n,0),(c,1),(c,0), the identification of P(Z =
z,U=u,D =d,Y = y) follows from

qudyl

PZ=2U=uwD=dY =y)=gpp 1 [U-uD=d

B.2.5 ASSUMPTION 27D

We focus on the identification of P(D = d,Y =y | Z = 2) to identify the CACE. Define
Py = P(D = d,Y = y,RP = 1| Z = 2), Pyg. = P(Y = y,RP = 0| Z = 2),

_ P(RP=0|Z=2,D=d)
G(d) = P(RP=1|Z=z,D=d)"

Since

]P)dyl\z:P(D:d7Y:y|Z:Z)P(RD:1|Z:Z,D:d),

we have
P, tos = / P(D=dY =y,RP =0|Z = z2)dd = / Py11-C:(d)dd
deD deD

for each y € ). The solutions (,(d) are unique if P(D,Y,RP =1 | Z = z) is complete in
Y for all z. For binary Z and D, the solutions (,(d) are unique if Y U D | Z = 1 under
one-sided noncompliance, and if Y Y. D | Z = z for z = 0, 1 under two-sided noncompliance.

We can identify P(RP = 1| Z = 2, D = d) once (,(d) is identified. Then, the identifi-
cation of P(D =d,Y =y | Z = z) follows from

]P)dy1|z
P(RP=1|Z=2D=d)

P(D=d,Y=y|Z=2) =
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B.2.6 AssumPTION 27U
The identification of P(Y =y |U =n,D =0) and P(Y =y | U = ¢, D = 1) follows from

1),
1).

PY=y|U=nD=0)=P(Y =y|Z=1,U=n,D=0,R"
PY=y|U=¢D=1)=PY =y|Z=1,U=¢,D=1,RP

Since
PY=y|Z=1)=PU=n,D=0,Y=y|Z=1)+PU=¢,D=1,Y=y|Z=1)
—P(Y=y|U=nD=0PU=nD=0|27=1)
+PY =y|U=c,D=1){1-P(U=nD=0]|2Z=1)},
we can identify P(U =n,D =0| Z =1). Since
PY=y|Z=0)=PU=n,D=0,Y=y|Z=0)+PU=¢,D=0,Y=y]|Z=0)
—P(Y=y|U=nD=0PU=nD=0|7=1)
+PY =y|U=¢D=0){1-P(U=n,D=0|2Z=1)},
we can identify P(Y =y | U = ¢, D = 0). In addition, we can identify P(Z = z,U = u, D =
4,y =vy). [ |
B.3 Proof of Theorem 3

We prove each case of Theorem 3 separately.

B.3.1 ASSUMPTION 1ZD @ 2UD
Note that

PY=y|U=¢D=0)
PU=¢D=0Y=yR°P=1,RY=1|Z=0)
P(U=¢,D=0,RP=1,RY =1|2Z=0)
P(D=0,Y=y,RP=1,RY =1|Z2=0)-PU=n,D=0,Y =y, RP =1,RY =1|Z =0)
P(D=0,RP=1,RY =1|Z=0)-P(U=n,D=0,RP=1,RY =1|Z =0) '

Since

P(U=n,D=0,Y =y, RP=1,RY =1|Z=0)
P(RY=1|Z=0,D=0,RP =1)

=P(U=n,D=0,Y =y RP=1,RY =1|Z=1
( n, s Y, ) ‘ )P(RY:1’Z:1,D:0,RD:1)7

we can identify P(Y =y | U = ¢, D = 0), and similarly, P(Y =y |U =¢,D =1).

B.3.2 AssuMPTION 1UD & 2UD
Note that

P(Y=y|U=c,D=0)
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PU=¢,D=0,Y =y, RP=1,RY =1|2Z =

PU=¢D=0,RP=1,RY =1|Z=0)

PD=0,Y =y R°P=1,RY =1|Z=0)-P{U=n,D=0Y =y, RP=1,RY =1| 2 =0)
P(D=0,RP=1,RY =1|Z=0)-PU=n,D=0,RP=1,RY =1|Z=0)

0)

Since
P(U=nD=0Y=yRP=1,RY =1|Z2=0=PU=n,D=0,Y=y,RP=1,RY =1|2Z=1),
we can identify P(Y =y | U = ¢, D = 0), and similarly, P(Y =y |U =¢,D = 1).

B.3.3 ASSUMPTION 1DY ©2UD
Note that

P(Y =y,RY =1|U=¢,D=0RP =1)
PU=¢D=0Y=y RP=1,RY =1|2Z=0)
- P(U=c¢,D=0,R0=1|Z=0)
PD=0,Y =y R°P=1,RY=1|Z=0)-P(U=n,D=0Y =y, R°P=1,RY =1| 2 =0)
P(D=0,RP=1|Z=0)-P(U=n,D=0,RP =1|2Z=0) '

Since

P(U=nD=0Y =y RP=1,RY =1|Z=0)=P(U=n,D=0Y =y, RP=1,RY =1|2Z=1),
P(U=nD=0,RP=1|Z=0)=PU=n,D=0,R°=1|2Z=1),

we can identify P(Y =y, RY = 1| U = ¢,D = 0, RP = 1), and similarly, P(Y =y, RY =
1|U =c¢,D=1,RP =1). The identification of P(RY =1 | D =d,Y =y, RP = 1) follows
the same logic as in Assumption 1DY @27, as detailed in Section B.6.4. The identification
of P(Y =y | U = ¢, D = d) follows from

PY=y,RY=1|U=c¢,D=d,RP =1)
P(RY =1|D=d,Y =y,RP =1)

PY =y|U=c,D=d) =

B.3.4 ASSUMPTION 1ZY ©2UD
Note that

P(Y=y,RY =1|Z=0,U=¢,D=0,R" =1)
PU=¢D=0Y=y,RP=1,RY =1|Z
P(U=¢,D=0,RP=1|2Z=0)
PD=0,Y =y R°P=1,RY=1|Z=0-P{U=n,D=0Y =y, R°P=1,RY =1| 2 =0)
P(D=0,RP=1|Z=0)-P(U=n,D=0,RP =1|Z=0)

0)

Since

P(U=n,D=0Y =y, RP=1,RY =1|2=0)
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P(RY =1|Z=0,Y =y,RP =1)
P(RY =1|Z=1,Y =y,RP =1)’
P(U=nD=0,R’=1|Z=0)=P(U=n,D=0,RP =1|2Z=1),

=P(U=n,D=0Y =y RP=1,RY =1|2=1)

we can identify P(Y = y,RY = 1| Z = 0,U = ¢,D = 0, RP = 1), and similarly, P(Y =
y,RY =1|Z=1,U =c¢,D =1,R” =1). The identification of P(RY =1 | Z = 2,Y =
y, RP = 1) follows the same logic as in Assumption 1ZY @27, as detailed in Section B.6.5,
with a slightly modified conditional dependence condition, Y Y. D | (Z = z, RP = 1) for
z = 0,1, where Z and D are binary. The identification of P(Y =y | U = ¢, D = d) follows
from

P(Y:%Ryzl‘ZZZ,UIC,D:cLRDzl)
P(RYZI‘Z:z,Y:y’RD:U

P(Y=y|U=c¢,D=d) =

B.3.5 AssuMPTION 1UY @ 2UD
Note that

P(U=¢,D=0Y=y,R°P=1R =1|2Z=0)

=P(D=0Y=y,RP=1,RY =1|Z2=0)-PU=n,D=0,Y =y, RP=1RY =1|2Z=0),
P(U=¢,D=0,RP=1|2Z=0)
=P(D=0,RP=1|Z=0)-P(U=n,D=0,RP =1|2=0).

Since

P(U=n,D=0Y =y RP=1,RY =1|Z2=0)=P(U=n,D=0,Y =y, RP=1,RY =1|Z=1),
P(U=nD=0,RP=1[Z=0)=PU=nD=0,RP=1|2=1),
we can identify P(U = ¢,D = 0,Y = y,R°? = 1,RY = 1| Z = 0) and P(U = ¢,D =

0,RP =11 Z =0), and similarly, P(U = ¢,D =1,Y =y,RP = 1,RY = 1| Z =1) and
P(U=¢,D=1,RP =1|Z =1). Since

PY=1|U=¢,D=0) PU=¢,D=0Y=1R°P=1,RY=1|2Z=0)

PY=1|U=¢D=1) PU=¢D=1,Y=1,RP=1,RY =1|Z=1)
PU=c¢,D=1,RP=1|Z=1)
"PU=¢,D=0,RP =1|Z=0)’
1-P(Y=1|U=¢,D=0) PU=¢D=0Y=0RP=1,R"=1|Z=0)
1-P(Y=1|U=¢,D=1) PU=¢D=1Y=0RP=1,RY =1|Z=1)
PU=c¢,D=1,RP=1]Z=1)
"P(U=¢,D=0,RP =1|Z=0)

we can identify the CACE. [ |

B.4 Proof of Theorem 4

We prove each case of Theorem 4 separately.
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B.4.1 ASSUMPTION 1ZD + 27D
Define P11, = P(D =d,Y =y,RP = 1LRY = 1| Z = z), Pyyg, = P(Y = y,RP =
0,RY =1]Z=2), Py, =PD=dRP=1,R"=0]|2=2), Pygro. = P(R’ =

07RY -0 ‘ 7 — z)’ C(d) = P(RP=0|Z=2,D=d)

= FAP=1| 7= D=d)" Since

Pgi. =P(D=d,Y =y, R =1|Z=2)PR” =1|Z=2D =d),
Pgio, =P(D=d,R" =0|Z=2PR"=1|Z=2D=ad),

we have
Pyio1f: = / P(D=d,Y =y,RP=0,RY =1| Z = 2)dd = / Py11).¢-(d)dd
deD deD
for each y € Y, and

Pioto)s = /d DIP’(D =d,RP=0,RY =0| Z=2)dd = /d D}P’dHO‘ZCZ(d)dd.
€ S

The solutions ¢.(d) are unique if P(D, YT, RP = 1| Z = z) is complete in YT for all z.
For binary Z and D, the solutions ¢, (d) are unique if YT ) D | Z = 1 under one-sided
noncompliance, and if YT U D | Z = z for z = 0,1 under two-sided noncompliance.

We can identify P(R” = 1| Z = 2, D = d) once (,(d) is identified. The identification of
P(RY =1|Z = z,D = d) follows from

P(RY =1|Z=2D=d) =P(R¥ =1|Z=2D=d,RP =1).
The identification of P(D =d,Y =y | Z = z) follows from

]P)dyll\z
P(RP=1|Z=2D=d)P(RY =1|Z=2D=d)

P(D=d,Y=y|Z=2) =

B.4.2 AssuMPTION 1UD 4+ 2ZD

The identification of P(RP = 1| Z = 2z, D = d) follows the same logic as in Assumption
1ZD + 27D, as detailed in Section B.4.1. Note that

P(Y=y|U=c¢D=0)
P(U=¢,D=0,Y =y, RP=1,RY =1|2Z=0)
T PU=¢D=0RP=1,RY =1|Z=0)
PD=0,Y =y R°P=1,RY =1|Z=0-P{U=n,D=0Y =y, R°P=1,RY =1| 2 =0)
P(D=0,RP=1,RY =1|Z=0)-P(U=n,D=0,RP=1,RY =1|Z =0)

Since
P(U=n,D=0Y =y, RP=1,RY =1|2Z=0)

P(RP=1|Z=0,D=0)
P(RP=1|Z=1,D=0)’

=P(U=n,D=0,Y =y, RP=1,RY =1|2=1)
we can identify P(Y =y | U = ¢, D = 0), and similarly, P(Y =y |U =¢,D =1).
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B.4.3 AsSuMPTION 1DY + 27D

The identification of P(R” = 1| Z = 2, D = d) follows the same logic as in Assumption
1ZD + 2ZD, as detailed in Section B.4.1. Define Pyy11, = P(D =d,Y =y, RP = 1, RY =

P(RY =0|D=d,Y = .
1| Z = 2), Pdl-&-O\z =P(D =d, RP = 1aRY =0[Z==2),ny) = PERyzliD:d,Y:z;' Since

Py, =P(D=d,Y =y, RP =1|Z=2P(R" =1|D=d,Y =y),

we have

Pavoe = [ PD=dY =y R° =1B =0|Z=2)dy= | Paunly)dy
yey yey
for each z € Z. The solutions 74(y) are unique if P(D = d,Y,RP = 1,RY =1 2) is
complete in Z for all d. For binary Z and D, the solutions 74(y) are unique if Y is binary
and Y )L Z | D =d for d =0, 1 under two-sided noncompliance.
We can identify P(RY = 1| D = d,Y = y) once n4(y) is identified. The identification
of P(D=d,Y =y | Z = z) follows from

dell\z

PD=dY=y|Z=2) = ’
( Y=yl 2 =2 = 5 7 =2 D= P =1 D =d.¥ =)

B.4.4 ASSUMPTION 1ZY +2ZD
Define Pgy11. = P(D = d,Y = y,RP = 1,RY = 1| Z = 2), Pyior. = P(Y = v, RP =

0,RY = 1|2 =2), Pyryo. = P(D =d,RP = 1,RY = 0| Z = 2), (.(d) = B =0Z=2D=d)

~ P(RP=1|Z=z,D=d)’
_ P(RY=01Z=2Y=y) q:
n:(y) = BRY=1|Z=2 V=" Since

Po =P(D=d,Y =y | Z=2)P(R" =1|Z=2Y =y)P(RP =1|Z=2D =d),

we have
P, o1, = / P(D=dY =y, R? =0 R =1|% = 2)dd = / Pay1aCe(d)dd
deD deD
for each y € Y, and

Parroe = [ PD=dY =y B” =18 =0|Z=2)dy= [ Paupne)dy
yey yey

for each d € D. The solutions (,(d) are unique if P(D,Y,RP = 1,RY = 1| Z = z2) is
complete in Y for all z, and the solutions 7, (y) are unique if P(D,Y,RP = 1,RY =1| Z =
z) is complete in D for all z. For binary Z and D, the solutions (,(d) and 7,(y) are unique
if Y is binary and Y . D | Z = z for z = 0,1 under two-sided noncompliance.

We can identify P(RP = 1| Z =2,D =d) and P(RY = 1| Z = 2,Y = y) once (,(d)
and 7, (y) are identified. The identification of P(D =d,Y =y | Z = z) follows from

]P)dyll\z
P(RO=1|Z=2D=dP(RY =1|Z=2Y =y)

P(D=d,Y=y|Z=2)=
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B.4.5 AssumpTION 1UY +2ZD

The identification of P(R” =1 | Z = 2, D = d) follows the same logic as in Assumption

1ZD + 27D, as detailed in Section B.4.1. Note that
P(U=¢,D=0Y=y,R°P=1R =1|2Z=0)

=P(D=0,Y=y,RP=1,RY =1|Z=0)-P(U=n,D=0,Y =y, RP=1,RY =1|Z=0).

Since

P(U=n,D=0Y =y, RP=1,RY =1|2=0)
P(RP=1|Z=0,D=0)

(U =n, 0, y, R R | )p(RD:uZ:l,D:O)’

we can identify P(U = ¢,D = 0,Y = y,R? = 1,RY = 1| Z = 0), and similarly, P(U =
¢,D=1,Y =9y RP=1,RY =1|Z =1). Since

PY=1|U=¢,D=0) PU=¢,D=0Y=1R°P=1,RY=1|2Z=0)

P(Y=1|U=¢D=1) PU=¢D=1Y=1,RP=1RY =1|Z=1)
P(RP=1|Z=1,D=1)
"P(RP=1|Z=0,D=0)
1-P(Y=1|U=¢,D=0) PU=¢D=0,Y=0RP=1,RY =1|2Z=0)
1-P(Y=1|U=¢,D=1) PU=¢D=1Y=0RP=1,RY =1|Z=1)
P(RP=1|Z=1,D=1)
P(RP=1|2Z=0,D=0)’

we can identify the CACE. |

B.5 Proof of Theorem 5

We prove each case of Theorem 5 separately.

B.5.1 ASSUMPTION 1ZD + 22U
The identification of P(Y =y |U =n,D =0) and P(Y =y | U = ¢, D = 1) follows from

PY=y|U=n,D=0)=PY =y|Z=1,U=n,D=0,R’=1R"
PY=y|U=¢D=1)=PY =y|Z=1,U=¢,D=1,R? =1 R"

1),
1).

The identification of P(RY = 1| Z = 2, D = d) follows from
P(RY =1|Z=2D=d) =P(RY =1|Z=2D=d,R" =1).
Since
P(Y=y,RY  =1|Z=1)

=PU=n,D=0Y=y,R =1|Z=1)+PU=¢,D=1,Y =y,RY =1|Z=1)
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=PY =y|U=n,D=0PU=nD=0|Z=1PR" =1|Z=1,D=0)
+PY =y | U=, D=1D){1-P{U=n,D=0|Z=1}PRY =1|Z=1,D=1),
we can identify P(U =n,D =0| Z = 1). Since
P(Y =y, RY =1|Z=0)
=P(U=n,D=0Y=y,R =1|Z=0)+PU=¢,D=0,Y =y,RY =1|Z=0)
=P(Y=y|U=n,D=0PU=nD=0|Z=1)PRY =1|Z=0,D=0)
+PY =y|U=¢,D=0{1-P(U=n,D=0|Z=1)}P(RY =1|Z=0,D=0),

we can identify P(Y =y |U = ¢, D =0).

B.5.2 AssumMPTION 1UD +2ZU
The identification of P(Y =y, RY =1|U =n,D=0)and P(Y =y, RY =1|U =¢,D =
1) follows from
P(Y=y,RY =1|U=nD=0)=PY =y,RY =1|Z=1,U=n,D=0R" =1),
P(Y=y,RY =1|U=¢,D=1)=PY =y, R¥Y =1|Z=1,U=¢,D=1,RP =1).

Since
P(Y=y,RY =1|Z=1)
=P{U=n,D=0,Y=yR =1|Z=1)+PU=¢,D=1,Y =y, R =1|Z=1)
=P(Y=y,RY  =1|U=n,D=0PU=nD=0|Z=1)
+PY =y,R  =1|U=¢,D=1){1-PU=n,D=0|2Z=1)},

we can identify P(U =n,D =0| Z = 1). Since

P(Y =y,RY =1|Z=0)
=P(U=n,D=0,Y =y, R =1|Z=0+PU=¢,D=0,Y =y, RY =1|Z=0)
=P(Y=y,RY =1|U=n,D=0P{U=n,D=0]|Z=1)
+PY =y, R  =1|U=¢,D=0){1-PU=n,D=0|2Z=1)},
we can identify P(Y = y,RY =1 | U = ¢,D = 0). The identification of P(Y =y | U =
¢, D = d) follows from

P(Y=y,RY =1|U=c¢,D=d)

B.5.3 ASSUMPTION 1UY +2ZU

The identification of P(Y = y,RY = 1 | U = ¢,D = d) follows the same logic as in
Assumption 1UD + 2ZU, as detailed in Section B.5.2. Since

PY=1|U=¢,D=0) PY=1,R'=1|U=¢D=0)

Py =1|U=¢,D=1) PY =1R =1|U=¢,D=1)’
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1-PY=1|U=¢,D=0) PY=0,R =1|U=¢,D=0)

1-PY=1|U=¢,D=1) PY =0,RY=1|U=¢,D=1)
we can identify the CACE. [ ]

B.6 Proof of Theorem 6

We prove each case of Theorem 6 separately.

B.6.1 ASSUMPTION 1ZD ®2Z
The identification of P(D =d,Y =y | Z = z) follows from

P(D=d,Y =y, RP=1,RY =1| 7 =2)
P(RP=1|Z=2)P(RY =1|Z=2D=d,RP =1)

P(D=d,Y=y|Z=2)=

B.6.2 AssuMmpPTION 1UD & 27
Note that
PY=y|U=¢D=0)
PU=¢,D=0,Y =y, RP=1,RY =1| 2 =0)
P(U=¢,D=0,RP=1,RY =1|Z=0)
P(D=0,Y =y, RP=1,RY =1|Z=0)-PU=n,D=0,Y =y, RP =1,RY =1|Z =0)

P(D=0,RP=1,RY =1|Z=0)-P(U=n,D=0,RP =1,RY =1|Z=0)
Since
P(U=n,D=0,Y=y,RP=1,RY =1|2Z=0)

P(RP=1|Z=0)
P(RP=1|Z=1)

we can identify P(Y =y | U = ¢, D = 0), and similarly, P(Y =y |U =¢,D = 1).

=P(U=n,D=0Y =y RP=1,RY =1|2=1)

B.6.3 ASSUMPTION 1UY @27
Note that
P(U=¢,D=0Y=y,R°P=1R =1|Z=0)
=P(D=0Y=y,RP=1,RY =1|Z2=0)-P(U=n,D=0,Y =y, RP=1,RY =1|Z=0).
Since
P(U=nD=0Y =y, RP=1,RY=1]2=0)

P(RP =1]Z=0)
P(RP =1]Z=1)

we can identify P(U = ¢,D = 0,Y = y,R? = 1,RY = 1| Z = 0), and similarly, P(U =
¢,D=1,Y =y RP=1,RY =1|Z =1). Since

PY=1|U=¢,D=0) PU=¢D=0,Y=1R°=1,RY=1|2Z=0)P(RP

=P(U=n,D=0Y =y RP=1,RY =1|2Z=1)

|
_

PY =1|U=¢,D=1) PU=¢,D=1,Y=1,RP=1,RY=1|Z=1)P(RP=1|2Z=
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1-PY=1|U=¢,D=0) PU=¢,D=0,Y=0,RP=1,RY=1|Z=0)P(RP=1|2=

1-PY=1|U=¢D=1) PU=¢D=1Y=0RP=1,R" =1|Z=1)PRP=1|2=

we can identify the CACE.

B.6.4 ASSUMPTION 1DY @27

Define Pyy11, = P(D = d,Y = y,RP? = 1LLRY =1 | Z = z2), Pgisq,, = P(D = d,RP =

P(RY =0|D=d,Y =y,RP=1 .
LRY =0|Z=2),n4y) = pERY:1iD:d,Y:§,RD:1§- Since

Py, =P(D=d,Y =y, R’ =1|Z=2P[R" =1|D=4d,Y =y,R" =1),
we have

Paisop, = / B(D=dY =y R° =1, =0|Z = 2)dy = / Payiaoma(y)dy
yey yey

for each z € Z. The solutions 74(y) are unique if P(D = d,Y,R? = 1,RY = 1| 2) is
complete in Z for all d. For binary Z and D, the solutions 74(y) are unique if Y is binary
and Y U Z | (D =d,RP =1) for d = 0,1 under two-sided noncompliance.

We can identify P(RY = 1 | D = d,Y = y, RP = 1) once n4(y) is identified. The
identification of P(D =d,Y =y | Z = z) follows from

dell\z
P(RO=1|Z=2)P(RY =1|D=d,Y =y, RD = 1)

PD=dY=y|Z=2)=

B.6.5 ASSUMPTION 1Y @27

Define Pyy1y, = P(D = d,Y = y,R? = 1,RY =1 | Z = 2), Pyr4o, = P(D = d,RP =

P(RY =0|Z=2,Y=y,RP=1 .
LRY =0|Z=2),n.(y) = PERY:JZ:;Y:ZRD:& Since

Py =P(D=d,Y =y, R” =1|Z=2PR" =1|Z=2Y =y, R" =1),
we have

Pa11op. = / P(D=dY =y, RP=1,RY =0|Z=2z)dy = / Pay11)2m:(y)dy
yey yey

for each d € D. The solutions 7.(y) are unique if P(D,Y,R” = 1,RY =1 | Z = 2) is
complete in D for all z. For binary Z and D, the solutions 7,(y) are unique if Y is binary
and Y )L D | Z = z for z =0, 1 under two-sided noncompliance.

We can identify P(RY = 1| Z = 2,Y = y, RP = 1) once 7.(y) is identified. The
identification of P(D = d,Y =y | Z = z) follows from

]P)dyll\z
P(RO=1[Z=2)P(RY =1|Z=2Y =y, RD = 1)’

PD=d,Y =y|Z=2)=
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B.7 Proof of Theorem 7

We prove each case of Theorem 7 separately.

B.7.1 ASSUMPTION 1Z & 2ZD
Define P11, = P(D =d,Y =y,RP = 1L,RY =1|Z = z), Py,p, = P(Y = y,RP =

D_0|Z=2 D— .
0,RY =1|2Z=2),(d)= gEgD;ﬂg:z:gzjg. Since

Py, =P(D=d,Y =y |Z=2PRP=1|Z=2D=dP[R" =1|Z=zR"=1),
we have
}P’y+01|z:/d D]P’(D:d,Y:y,RD:O,Ryzl | Z = z)dd
S

B P(RY =1|2Z =2 RP =0)

— P (d dd
/d@ ay1]Cz )P(RY =1|Z=2RD=1)

for each y € ). The solutions (,(d) are unique if P(D,Y,RP = 1,RY =1 | Z = 2) is
complete in Y for all z. For binary Z and D, the solutions (,(d) are unique if Y L D | Z =1
under one-sided noncompliance, and if Y . D | Z = z for z = 0,1 under two-sided
noncompliance.

We can identify P(R” = 1| Z = 2, D = d) once (,(d) is identified. The identification of
P(D=4d,Y =y | Z = z) follows from

dell\z

( Y=yl 2 =2 = g 7 =2 D= PR =1 Z= 2RO =1)

B.7.2 ASSUMPTION 1D & 27D
Define Pyy1y, = P(D = d,Y = y,R” = 1,RY = 1| Z = 2), Pyyo1) = P(Y =y, RP =

OjRY =1|Z=2),C(d) = P(RP=0|Z=2,D=d)

B(RD=1|7=- D=d)" Sice

Py =P(D=d,Y =y | Z=2)P(R° =1|Z=2D=dP(R" =1|D=d,R" =1),
we have
Py+01|2_/ P(D=d,Y =y,R” =0,R" =1|Z = z)dd
deD

P(RY =1|D =d,RP =0)

— | P,..C(d dd
/deD dy11|zC( )P(RY:1’D:d,RD:1>

for each y € Y, and

{C(dP(RY =1|D=d,RP =0)}P(D=d,RP =1|Z =

P(RP =0|2Z=2)= 2) 4
( |Z=2) /dep P(RY =1|D =d, RP = 0)

for each z € Z. The solutions {(,(d)P(RY =1 | D = d, RP = 0)} are unique if P(D, Y, RP =
1,RY =1|Z = 2) is complete in Y for all z, and the solutions P(RY = 1| D = d, RP =0)
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are unique if P(D,RP = 1 | Z) is complete in Z. For binary Z and D, the solutions
{¢.()P(RY =1 | D = d,RP = 0)} are unique if Y { D | Z = 1 under one-sided
noncompliance, and if Y U D | Z = z for z = 0,1 under two-sided noncompliance. The
solutions P(RY = 1| D = d, R = 0) are unique if D { Z.

We can identify P(RP? = 1| Z = 2,D = d) once P(RY =1 | D = d,RP = 0) is
identified. The identification of P(D =d,Y =y | Z = z) follows from

dell\z

]P)D: Y: Z: frd )
(D=dY =yl Z=2)=pmp 717 =2 D=dP(E =1|D=d R0 =1)

B.7.3 AsSuUMPTION 1Y @& 27D

Define Pyy1q, = P(D =d,Y = y,RP = 1LLRY = 1| Z = z), Pyigy), = P(Y = y,RP =
0,RY =1 Z = z2), Py, = P(D = d,RP = 1,RY =0 | Z = z), Pioyo, =

P(RY =0|Y =y, =0V =y,RD=
P(RP = 0,RY =0 | Z = 2), n(y) = IPERY (I)IY ZRD  §W) = ERY ?IY JR= 03
P(RP=0|Z=2,D=d) q:
C:(d) = prp=ij7=2.p=a)- Since

dell\z:]P)(D:CLYZy’Z:Z)P(RDzl | Z:Z,D:d)P(RY:1|Y:y,RD:1),
By = P(Y =y, R = 0| Z = 2)(RY = 1] Y =y, RP = 0),

we have
Paysops = / B(D=dY =y, RP = 1,RY = 0| Z = 2)dy / Pay11on(y)dy
yey yey

for each (z,d) € (Z,D),

Prowoe = | B =y B = 0.8 =0 Z=2)dy= [Py
yey yey
for each z € Z, and
Pyto12 Z/ P(D=d,Y =y,R° =0,RY =1|Z = z2)dd
deD

P(RY =1]Y =y,RP =0)
_ P ]
P(RY =1|Y =y, RP = 1) / dy11)2C:(d)dd

for each y € Y. The solutions 7(y) are unique if P(D,Y, RP = 1,RY = 1| Z) is complete
n (Z, D), the solutions &(y) are unique if P(Y, RP =0, RY =1 | Z) is complete in Z, and
the solutions ¢, (d) are unique if P(D,Y,RP = 1,RY = 1| Z = z) is complete in Y for all z.
Now take Z and D to be binary. The solutions 7(y) are unique if Y Y (Z, D) | (RP = 1),
and the solutions £(y) are unique if Y is binary and Y )L Z | (RP = 0). The solutions (. (d)
are unique if Y )L D | Z = 1 under one-sided noncompliance, and if Y U D | Z = z for
z = 0,1 under two-sided noncompliance.

We can identify P(RY =1 |Y =y, R = 1), P(RY =1|Y =y RP = 0), and
P(RP =1 | Z = z,D = d) once n(y), £(y), and (,(d) are identified. The identification of
P(D=d,Y =y | Z = z) follows from

]P)dyll\z
P(RO=1|Z=2D=dP[RY =1|Y =y,RD = 1)

PD=d,Y=y|Z=2) =
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B.7.4 AsSuMPTION 17 @ 2ZU
The identification of P(Y =y |U =n,D =0) and P(Y =y | U = ¢, D = 1) follows from

PY=y|U=n,D=0)=P(Y =y|Z=1,U=n,D=0,RP=1,R" =1),
P(Y=y|U=¢D=1)=PY =y|Z=1,U=¢,D=1,RP =1,RY =1).

The identification of P(Y =y | Z = z) follows from

PY=y,RP=0,RY =1|Z=2) PY=yRP=1,R"=1|2=2)

P(Y =9 | Z = 2) =
Y=ylz=2) P(RY =1|Z =z, RP = 0) P(RY =1|Z =z RP =1)

The identification of P(Y =y | U = ¢, D = 0) follows the same logic as in Assumption 22U,
as detailed in Section B.2.6.

B.7.5 AssumpTION 1U @ 22U
The identification of P(Y =y | U = ¢, D = 1) follows from

P(Y=y|U=¢D=1)=P(Y =y|Z=1,U=¢,D=1,RP =1,RY =1).
Define Py gy,v, = P(U = u,D = d,RP = 1,RY =¥ | Z = 2), Pyj,vp = P(D = 0, R =

P(RP=1|Z2=0,U=
LRY =Y | Z=0), ((u) = IPERD:HZ;;,U:Z;' We have

Poirvio = Protrvio + Peotrvjo = Protry1€(n) + Peygpvile)
for 7Y = 0,1. The solutions ¢(u) are unique if RY U U | (R” = 1). Note that

P(U=¢,D=0Y=y,R°P=1R =1|2Z=0)
=P(D=0Y=y,RP=1,RY =1|Z2=0)-P(U=n,D=0,Y =y, RP=1,RY =1|Z=0).

Since
P(U=n,D=0Y =y, RP=1,RY =1|2=0)
=P(U=n,D=0Y =y, R =1,RY =1| 2 =1)¢(n),

we can identify P(U = ¢,D = 0,Y =y, R® = 1,RY = 1| Z = 0). The identification of
P(Y =y |U = ¢, D =0) follows from

P(U=¢,D=0,Y =y, RP=1,RY =1|2Z=0)

P(Y =y |U=ecD=0)=
Y=y|U=c¢ ) PU=¢D=0,RP=1,RY =1] Z =0)

B.7.6 AssumpPTION 1D @ 2ZU
The identification of P(Y =y |U =n,D =0) and P(Y =y | U = ¢, D = 1) follows from

PY=y|U=n,D=0)=P(Y =y|Z=1,U=n,D=0,RP=1,RY =1),
P(Y=y|U=¢D=1)=PY =y|Z=1,U=¢,D=1,RP =1,RY =1).
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Define Pygyi1p = P(U = u,D =d,Y =y,RP = 1LLRY =1[Z=1), Pyroip = P(Y =

P(RP=0|Z=1,U=
y,RP=0,RY =1|Z=1),n(u) = PERDzliZ:LU:Zg' We have

P(RY =1|D =0,RP =0) P(R"=1|D=1,R” =0)
Pyto1)1 = PnOylllln(”)p(RY 1 D=0.RP=1) +Pc1y11\177(C)P<Ry —1|D=1,RP =1)

for y = 0,1. The solutions {n(u)P(RY =1| D =d, RP = 0)} are uniqueif Y { U | (Z = 1).

Since

P(D=0,R°=0,RY =1|Z=0)
P(D=0,RP=0|Z=0) ’

we can identify P(R” = 1| Z = 1,U = n). The identification of P(U =n,D =0 | Z = 1)

follows from

P(RY =1|D=0,R”=0)=

P(U=nD=0,R’=1|2Z=1)
P(RP=1|Z=1,U=n)

The identification of P(Y =y | Z = 0) follows from
P(Y =y| Z=0)
=P(D=0,Y=y,RP=1|Z2=0+P(D=0,Y =y,RP =0| Z=0)

P(D=0,Y =y, RP=1,RY =1|Z=0) PD=0,Y=y,R°=0,RY =1|2Z=0)
P(RY =1|D=0,RP =1) P(RY =1|D =0,RP =0) '

P(U=nD=0|Z=1)=

Since
PY=y|Z=0)=PU=n,D=0,Y=y|Z=0)+PU=¢,D=0,Y=y|Z=0)
—P(Y=y|U=nD=0PU=nD=0|2Z=1)
+PY =y|U=¢,D=0){1-PU=n,D=0|Z=1)},
we can identify P(Y =y | U = ¢, D = 0).

B.7.7 ASSUMPTION 1Y ® 22U

The identification of P(RY =1 |Y =y, RP = rP) follows the same logic as in Assumption
1Y @ 2ZD, as detailed in Section B.7.3. The identification of P(Y =y | U =n, D = 0) and
PY =y|U=¢D=1) follows from

PU=nD=0Y=yR°P=1,RY=1|2=1)
PU=n,D=0,RP=1|Z=1)P(RY =1|Y =y,RP =1)’

PU=¢,D=1,Y =y, RP=1,RY =1|2Z=1)
PU=c,D=1,RP=1|Z=1P(RY =1|Y =y,RP = 1)’
The identification of P(Y =y | Z = z) follows from

P(Y=y|U=n,D=0)=

PY=y|U=¢,D=1)=

P(Y = D — Y—=1|Z= P(Y = D_1RY=1|Z=
BY=y|Z=2)= X =y R =0R =1]7=2) PV =y R =LK =1]Z=z)

P(RY =1|Y =y, RD = 0) P(RY =1|Y =y, RD = 1)
The identification of P(Y =y | U = ¢, D = 0) follows the same logic as in Assumption 22U,
as detailed in Section B.2.6. [
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Figure 8: The DAGs for the mechanisms for missingness in the outcome that do not identify
the CACE. Section C.1 gives a counterexample for each.

Appendix C. Counterexamples

This appendix collects the counterexamples referenced in Sections 4, 5, and 6. In each case,
we exhibit two parameter configurations that induce the same observable data probabilities
but different values of the CACE. The CACE is therefore not identifiable under the stated
mechanism.

C.1 Counterexamples for the Missing Outcome Models

Figure 8 shows the DAGs. Assumptions 1DY and 1ZY identify the CACE under two-sided
noncompliance, so we give counterexamples under one-sided noncompliance. Assumption
1ZDY contains both 1DY and 1ZY, which already fail under one-sided noncompliance, so
we give a counterexample under two-sided noncompliance. Assumptions 1ZU and 1UDY
fail under both one-sided and two-sided noncompliance. For these, we give counterexamples
under one-sided noncompliance, which is the special case of two-sided noncompliance with
no always-takers. Define

]P)dy1|z :P(D =d,Y = yaRY =1 | Z = Z)?

Pyio. =P(D=d,R¥ =0|Z = 2).

C.1.1 ASSUMPTION 1DY

For a binary Y with one-sided noncompliance, we consider the following observable data
probabilities:

1111 1 1 7 5 19
(Po11/0, Poo1jos Po11)1> Poor1s Pri1j1s Pro1jrs Potojos Posoprs Piyopn) = <4, 61127 48°32° 127 12 96)

Define the parameters:

Ouy: =P(D=4d,Y =y | Z = z) for (2,d,y) = (0,0,1),(1,0,1),(1,0,0), (1,1,0),
@RY\dy:P(RY:1|D:d,Y:y) ford=0,1 and y =0, 1.

The observable data probabilities relate to the parameters as follows:

Po11j0 = O01/0O R |01
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Poo1jo = (1 = ©01)0)O |00

Po11)1 = ©011Orv |01,

Poo1j1 = ©o0|1©rY |00

Pri1jn = (1 = ©g1j1 — Opoj1 — O101)Orv 115

P1o11 = O101OrY |10

Poyo0 = Oo1j0(1 — Opvio1) + (1 = Op1)0) (1 — Oy o),

Poroj1 = Oo1j1(1 — Ogvio1) + Oooj1 (1 — Opv|oo),

Piyojn = O10n(1 = Opypg) + (1 = Op1j1 — Ogojr — O101) (1 — Opyi1r)-

These observable data probabilities are consistent with ©¢;g = %, Opo1 = i, Ooip = %,

O = %, Opy |00 = %, Opvio = %, Opvii0 = %, Opvii1 = %, and the CACE = % They are
also consistent with ©¢;y = %, Ooo1 = i, O = %, O = %, @RY|00 = %, @RY|01 = %,

Opv|i0 = %, Opvin = %, and the CACE = % Therefore, the CACE cannot be uniquely
identified.

C.1.2 AssumMPTION 1Z2Y
For a binary Y with one-sided noncompliance, we consider the following observable data

probabilities:

111 1 1 1 7 2919

(P011|07 IP>001|07IP)011|17 II;DOOHla ]P)111|1> H:Dl()l\lv IP)O—‘,—O\Ov]P)O—‘,—OH’IP)l—I—O|1) = <47 67 ﬁa E? 4787 372> Ea 4787 96> .

Define the parameters:

Ouyl- = P(D=d,Y =y | Z = z) for (z,d,y) = (0,0,1),(1,0,1),(1,0,0),(1,1,0),

The observable data probabilities relate to the parameters as follows:

Po11j0 = ©01/0O R |01

Poo1jo = (1 — ©0110)O |00

Po11j1 = ©011Orv 115

Poo111 = ©00/1©rv|10-

Pr11jp = (1 = ©g1j1 — Opoj1 — O101)Orv 115

P1o1j1 = ©101Orv 10-

Poyo0 = Oo1j0(1 — Opvio1) + (1 — Op1)0) (1 — Ogro0);

Poyopn = Oo11(1 — Opyi11) + Opoi (1 — Oy o),

P11 = O101(1 = Opvio) + (1 = Oo1j1 — Ogojr — O101) (1 — Opv11)-

These observable data probabilities are consistent with ©g;g = %, Ogoj1 = i, Ooin = %,
1 1 1 1 1 1
@10‘1 =3 @RY|OO =3 @RY‘Ol = 3, @RYHO = 1 @RY|11 =& and the CACE =3 They are
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. - _ 2 _ 1 _ 1 _ 1 _1 _3
also consistent with ©g1j9 = 5, Qo1 = 7, Oo1j1 = 35 O101 = 5> Orvj00 = 75 ORY|01 = %>

Opviio = %, Opvi = %, and the CACE = —%. Therefore, the CACE cannot be uniquely
identified.

C.1.3 ASSUMPTION 1ZU

For a binary Y with one-sided noncompliance, we consider the following observable data
probabilities:

1 3 1.1 3 9 111 9
(]P)011|07 P001|07]P)011|15 ]P)O()l\la ]P)111|1> ]P)l[)l\lv IP>O—‘,—O\07]P)O—‘,—OH)]P>1—|—0|1) = (8’ E: T67 Ev 6747 av TG’ ga 16> .

Define the parameters:

O, =PU =n),
Oyjug =P =1|U =u,D =d) for (u,d) = (n,0),(c, 1), (c,0),
@RY|Zu:IP’(RY:1|Z:z,U:u) for z=10,1 and u = n,c.

The observable data probabilities relate to the parameters as follows:

Po11j0 = Oy [n0© v 0nOn + Oy1c0© gy 0c(1 — On),

Pootjo = (1 = Oy1n0)O gy (0nOn + (1 = Oye0)O gy oc(1 — On),
Po11)1 = Oy}n0O Ry (17,On;

Poo1j1 = (1 = Oy1n0)ORY|1,On;

P111j1 = Oy Ogy|1c(l — On),

Pioip = (1 = Oye1)Opy(1c(l — On),

Porojo = (1 = Orvi0,)On + (1 — Opyioc) (1 — Oy),

Potopr = (1 = Ogy1,)On,

Piiop = (1= Opvpe)(1 — On).

)

These observable data probabilities are consistent with ©,, = i, Oyino = %, Oyl =

Opv|1. = 1> and the CACE = — ;.

ool

@Y\cl - %7 @RY|0n - %7 ®Ry|1n - %7 @RY\OC = %7

They are also consistent with ©,, = %, Oyino = 1, Oyl = 3, Oyl = 1, ORvion = 1,
@RY\ln = %, Oprv|oc = %, @RY\lc = %, and the CACE = —%. Therefore, the CACE cannot
be uniquely identified.

C.1.4 ASSUMPTION 1ZDY

For a binary Y with two-sided noncompliance, we consider the following observable data
probabilities:

(Po1110> Poo1jo» P111]0s P1o1]0> Por1)1> Poot1s Piiijis Pioijis Potojos Pi+ojos Posojis Piop1)
_(11111111135171)

8712716732747487 167167 247 327 48’ 4
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Define the parameters:

Ouy: =P(D=4d,Y =y | Z = z) for (2,d,y) = (0,0,0),(0,1,1),(0,1,0),(1,0,1),(1,0,0), (1,1,0),
Opviogy =P(RY =1|Z=2D=dY =y) for 2=0,1, d=0,1, and y =0, 1.
The observable data probabilities relate to the parameters as follows:

Po11j0 = (1 = Ogojo — O11/0 — ©10/0)O R |01
Poo1jo = ©00j0© rY 000
P111j0 = ©11j0Orv 011
P101j0 = ©10j0O rY 010
Po111 = ©01)1Orv 101
Poo1j1 = Oo00j1© rY 100
P11 = (1 = Og1j1 — Oooj1 — O1011)Opv 111>

P1o1j1 = ©101OrY 110

Po0j0 = (1 = Ogojo — O11j0 — O10/0) (1 — ORrv|001) + O00j0(1 — O g j000):
P10j0 = O110(1 = Opvo11) + O10/0(1 — Ogvip10),
Poroit = Oo11(1 — Opvii01) + Oooi (1 — Orvii00);
P1on = (1 = Og1j1 — Opojr — O1011) (1 — Opvi111) + O101 (1 — Opv|110)-

)

These observable data probabilities are consistent with ©1g;g = é, O11)0 = é, Ooojo =

L

_ 1 _ 1 _ 1 _ 1 _ 1 _ 1 —
G001 = 5 Qo1p = 37 O101 = 5> OrYj000 = 32 ORY|001 = 7> ORY|010 = 7> ORY|011 = 3>
1 1 1 _ 1 _
@RY‘IOO = & ®RY|101 = 39 @RY\HO = 3 @RY|111 = D and the CACE = 1. They are
: . _ 1 _ 1 _ 1 _ 1 _ 3 _ 1
also consistent with @10|0 =3 @11|0 =3 @00‘0 = 3 @00|1 = I @01|1 =3 @10|1 = &

1 3 1 1 1 2
Orviooo = 1> Orvioor = 15 Orvjoro = 1> OrVjo11 = 32 Orvji0 = 130 OrYjI1 = 3
Opvi0 = %, Opvii1 = %, and the CACE = % Therefore, the CACE cannot be uniquely
identified.

C.1.5 ASSUMPTION 1UDY

For a binary Y with one-sided noncompliance, we consider the following observable data
probabilities:

3 311 1 15 5 13
P P P P P P P P P ==, ==, =, —, —, =, —,— | .
(Po11/0, Poo1jos Po11)1> Poor1s Pri1j1s Prorjrs Potojos Posoprs Pisop) <16’16’8’16’18’12’8’16’36)
Define the parameters:

0, =PU =n),
Ovjua =PY =1|U =u,D =d) for (u,d) = (n,0),(c, 1), (c,0),
Onv gy = P(RY =1|U =u,D =d,Y =y) for (u,d) = (n,0),(c,1),(c,0) and y =0, 1.

The observable data probabilities relate to the parameters as follows:

Po1110 = Oy1n0© rY [n01On + Oy1c0O pv |01 (1 — On),
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Figure 9: The DAGs for the mechanisms for missingness in the treatment that do not
identify the CACE. Section C.2 gives a counterexample for each.

Poo1jo = (1 = Oy1n0)OrY n00On + (1 = Oy0) O gy oo (1 — On),
Po1111 = Oy}n0©O R [n01On:
Poo1j1 = (1 = Oy}n0)O R n00On;
P11t = Oy Opvie1 (1 — On),
Pio1j1 = (1 = Oye1)Ogvc10(1 — On),
Po10j0 = Oy(no(1 — Oy n01)On + Oy eo(l — Opr1)(1 — Oy)
+ (1 = Oyn0)(1 = Opvine)On + (1 — Oy ) (1 — Opy o) (1 — On),
Poroj1 = Oyino(1 = Opyn01)On + (1 = Oyno) (1 — ORyn00)Ons
Piyop = Oy (1 = Opyie1)(1 = On) + (1 = Oy ) (1 — Opyieio) (1 — On).

These observable data probabilities are consistent with 6,, = %, Oyino = %, Oyl =
%7 @Y\cl = %a ®Ry|n00 - %7 @RY\nOI = %7 GRY|COO = %7 @RY\COI - %7 @RY|010 = 3
Opv|cn1 = %, and the CACE = % They are also consistent with ©,, = %, Oyino =
Oyl = 5 Oyle1 = %a ORY |noo = %7 ORY|no1 = %7 ORrv |00 = %, Orv |1 = %7 Opv |10 =
ORpY|c11 = %, and the CACE = —%. Therefore, the CACE cannot be uniquely identified.

4
3
4
3
10°

C.2 Counterexamples for the Missing Treatment Models

Figure 9 shows the DAGs. Assumption 2ZU identifies the CACE under one-sided non-
compliance, so we give a counterexample under two-sided noncompliance. Assumptions
2ZDY and 2UDY fail under both one-sided and two-sided noncompliance. For these, we
give counterexamples under one-sided noncompliance, which is the special case of two-sided
noncompliance with no always-takers. Define

de”Z:]P)(D:d’Y:y’RD:]_ | Z:z)7
Pyio =PY =y, RP =0| Z =2).

C.2.1 ASSUMPTION 2ZU

For a binary Y with two-sided noncompliance, we consider the following observable data
probabilities:

(Po1110, Poo1jo Po11|1, Poorj1> P111j0s P1o1j0s Pri1jts Prorjrs Pitojos Posojos Pisojrs Posopn)
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(5 5 1 1 1 1 7 11 112911
©\487487127 12716716796 96" 373796732 )

Define the parameters:

0, =P(U = u) for u = a,n,
Oyjua =PY =1|U =u,D =d) for (u,d) = (a,1),(n,0),(c, 1), (c,0),
ORD|2u =P(RP=1|Z=2U=u) for z=0,1 and v = a,n, c.

The observable data probabilities relate to the parameters as follows:

Po1110 = Oy [n0©OnOrp|on + Oyeo(1l — On — ©4)Opp|q.,
Poo1jo = (1 = Oy1n0)©nO oo, + (1 = Oy o) (1 — On — O)O o).,
Po11)1 = Oyn0OnORrD 15,
Poo1j1 = (1 = Oy1n0)©nO o)1y,
P111j0 = ©y[019aORo|04>
P1o1j0 = (1 = ©y141)©aO gp 00>
P11 = 0y1a19aOgp |14 + Oy (1 — On — Og)Opp .,
Pio1j1 = (1 = ©y141)0aOppj1a + (1 = Oyja) (1 — On — ©4)Opp |1,
P110/0 = Oy noOn(l — Oppjon) + Oyeo(l — On — Og)(1 — Oppoe) + Oya1Oa(l — Orp|oa);
Poroj0 = (1 = Oyn0)On(l = Opppg,) + (1 = Oy ) (1 — On — O4)(1 — Oppyo,)
+ (1 = Oy141)Oa(l = Opp|oq),
P11 = OynoOn(l — Oppj1y) + Oy1a1Oa(l — Opp|1y) + Oyer(l — ©n — O4)(1 — Oppyy,),
Poyop = (1 = Oyn0)On(l = Opopy) + (1 = Oy1a1)Oa(l — Ogp1,)
+ (1= Oye1)(1 = On — Og)(1 = Oppye).

These observable data probabilities are consistent with ©, = %, 0, = %, Oyino =

= ol S [ = N =

1 1 1 1 1 1
@Y\CO = 2 @Y|a1 = 2 @Y\cl = 3 @RD\On = I @RD\ITL = 3 @RD|0a = 2 @RD|1a
Oprpjoe = %, Opp|1c = %, and the CACE = —%. They are also consistent with O,

_ 1 _ 1 _ 1 _ 1
Ou = 3 @Y|n0 - 2 @Y|CO - @Y|a1 - 32

[\

, and the CACE = —%. Therefore, the

3 1 3
@RD|0a -8 G)RD|1a - 16 @RD|OC a-3) @RD\lc
CACE cannot be uniquely identified.

_ 3 _ 1 —
@Y\cl = 3 GRD|On = D 6RD|1n -
1
2

C.2.2 ASSUMPTION 2ZDY

For a binary Y with one-sided noncompliance, we consider the following observable data
probabilities:

(Po11]0, Poo1(os Po11)1> Poot)1> P1111> Pro1j1s Pi40j0s Potojos Pitoprs Posop)
<111111312313>
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Define the parameters:

O4y» =P(D=d,Y =y | Z =2) for (z,d,y) = (0,0,1),(1,0,1),(1,0,0), (1,1,0),
Oppay =P(R” =1|Z =2,D=d,Y =y) for (z,d) = (0,0),(1,0),(1,1) and y = 0, 1.

The observable data probabilities relate to the parameters as follows:

Po11j0 = O01j0OrP 001+

Poo1jo = (1 = ©o0110)© rp 000

Po11jp = ©011©9ro 1015

Poo1j1 = Oo00j1OrP 100

Pri1j1 = (1 = Og1j1 — Opoj1 — O1011)O o115

P1o111 = ©1019RP|110

P110/0 = Oo1j0(1 — Ogpj901),

Poo/0 = (1 = Og10) (1 — Ogp|000);

P01 = Oo11(1 = Oppjigr) + (1 = Op1j1 — Ogopr — O101)(1 — Opoj111),
Poyoir = Ooo1 (1 — Oppji00) + O101(1 — Opp|110)-

©)
o
—
=

|

These observable data probabilities are consistent with Ogg = %, Oooj1 =
1 1 1 1 1 1
20 G101 = 35 Oroj000 = 3> OrPp01 = 72 OrPj100 = §5 OrPNI = 32 ORrRPj1I0 =
Oprpji11 = %, and the CACE = They are also consistent with ©¢yg = %, Ogoj1 =

—
[ = 00| = N[ =

5.
3 1 1 1 1 2
Oo111 = 5> ©101 = 1> OrPp00 = 35 OrPj001 = 7> ORPJ100 = 3> ORPj101 = 35 ORD|110 =
Oppji11 = %, and the CACE = %. Therefore, the CACE cannot be uniquely identified.

C.2.3 ASSUMPTION 2UDY

For a binary Y with one-sided noncompliance, we consider the following observable data

probabilities:

(Po1110s Poo1jos Por1j1s Poorjrs P11t Protjis Pitojos Po+ojos Piopts Potolt)
_(3311 113 717 7
- \16716°87167 1812716716’ 7216 ) °

Define the parameters:

0, =PU =n),
Ovjua =PY =1|U =u, D =d) for (u,d) = (n,0),(c, 1), (c,0),
ORD|udy = P(RP =1|U=u,D=4d,Y =y) for (u,d) = (n,0),(c,1),(c,0) and y = 0, 1.

The observable data probabilities relate to the parameters as follows:

Po1110 = Oy 1n0©nOro o1 + Oy |eo(1 — On)Ogo) 1,
Poo1jo = (1 = Oy1n0)OnOR0jnoo + (1 = Oyeo) (1 — On)O g0,
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RD — RY RD — RY RD — RY RD — RY RD — RY
\ v
U U U U
1ZD & 2ZD 1UD @ 2ZD 1DY ©2ZD 12Y @ 272D 1UY ®2ZD

RDHRY

/]

1U®2ZD

Figure 10: The DAGs for the combined mechanisms that do not identify the CACE. Section

eY\cl

C.3 gives a counterexample for each.

Po111 = Oy n0©nO R0 |01
Poo1j1 = (1 = Oy}n0)OnO gonoo
P11 = Oyer(l = ©n)Opp a1,

Pio1j1 = (1 = Oyer)(1 — ©4)O gD 10,
P110/0 = Oy noOn(l — Ogpip01) + Oyeo(1 — O2)(1 — Ogpp1)s
Poro/0 = (1 = Oyn0)On(l = Opppgo) + (1 — @Y\co)(l ©,)(1 — ORpjeno):
P10 = Oy(noOn(l — Oppjpo1) + Oyler(l — ©5)(1 — Oppierr)s
Poroi = (1 = Oyn0)On(l = Orpjpno0) + (1 = Oy 1) (1 — O4)(1 — Ogpicip)-
These oblservable data probabilities are consistent with ©, = %, Oyino = %, Oyleo = i,
3 ORrbI00 = 1> ORrDI01 = 3> ORDI00 = 5> ORDI01 = 3) ORD|c10 = i» ORrD|c11 =
5, and the CACE = 1—12 They are also consistent with ©, = %, Oyino = 2, ®y|co = %,
g 9RD|noo = 2, Opopmo1 = 3, OrD|co0 = 155 ORDI01 = 155 ORD|e10 = 5> ORD|c11 =

@Y\cl =
%, and the CACE =

1. Therefore, the CACE cannot be uniquely identified.

C.3 Counterexamples for the Missing Treatment and Outcome Models

Figure 10 shows the DAGs. Assumptions 1ZD®27ZD, 1UD®2ZD, and 1UY 27D fail under
both one-sided and two-sided noncompliance. For these, we give counterexamples under one-
sided noncompliance, which is the special case of two-sided noncompliance with no always-
takers. Assumptions 1DY @ 27D and 1ZY & 2ZD contain Assumptions 1DY and 17Y,
respectively, which already fail under one-sided noncompliance, so we give counterexamples
under two-sided noncompliance. Assumption 1U @ 2ZD identifies the CACE under one-
sided noncompliance, so we give a counterexample under two-sided noncompliance. Define

]P)dy11|z:]P)(D:dayzy7RD:1,RY:1‘Z:Z),
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Py+01|z = IP)(Y = yaRD == O,RY =1 ‘ 7 = Z),
Paiso. =P(D=d,R” =1,R" =0|Z = z),
IED+0+0|z = ]P)(RD = O,RY =0 | 7 = z).

C.3.1 ASSUMPTION 1ZD & 2ZD

For a binary Y with one-sided noncompliance, we consider the following observable data
probabilities:

(Po11110, Poo11]0> Por11)1> Poor11s Priiijts Proifs

P110110s Po+o1)0s P1401/15 Poro1j15 Por+0j0s Por+oj1: P114015 Po+oj0s Poto/1)
(1 1.1 1 1 1 1113 17 1 9 1 1 13
- \167167327 16796’ 96’ 878719271927 873272472732 )"

Define the parameters:

Ouy. =P(D=d,Y =y | Z =z) for (z,d,y) = (0,0,1),(1,0,1),(1,0,0), (1,1,0),
Oppj.a =P(R” =1|Z =2,D =d) for (z,d) = (0,0),(1,0), (1,1),
Opy a0 =P(RY =1|Z =2D =d,R” =rP) for (z,d) = (0,0),(1,0),(1,1) and r” =0, 1.

The observable data probabilities relate to the parameters as follows:

Po111j0 = ©0110© 00O R 001
Poo11j0 = (1 = ©0110) O rp100© rY 001
Po11111 = ©011©rp 109 RY 101>
Poo11)1 = ©00/1OrP|10ORY 101>
Pri1ip = (1 = 11 — Ogor — ©1011)OrP111ORY 1115
P1o111 = ©101Orr11ORY 111,
P1 0110 = Oo1/0(1 — O rp|00) O RY 000>
Poro1j0 = (1 = ©p1/0) (1 = Orp00)© £ |05
P1yo1)1 = Oo11(1 = Ogp)19)O gy 100 + (1 = Op11 — Ogopt — O1011) (1 — Ogp(11)ORY |10
Poro111 = ©o0j1(1 = Orp)10)Opv 100 + O1011(1 — OrD|11)ORY 1105
Po1+0/0 = (1 = ©01)0)Orpj00 (1 — ORvi001) + O01j0O R 00(1 — ORY|001);
Porvoi = ©00/1Orp10(1 = Orv|101) + ©011Oro10(1 — ORy|101);
Prito = ©101O9rp)11(1 = Ogyii11) + (1 = Op1j1 — Ogopt — O1011)Orp11(1 — Opyi111),
Pioro/0 = (1 = Og1)0)(1 = Oppoo) (1 — Orvig00) + Oo1j0(1 — O pig0) (1 — ORrv|000);
Proroi1 = Oooj1(1 = Ogpj10)(1 — Oryi100) + Oo1)1(1 — Ogpj10) (1 — ORy|100)
+ O101(1 = Ogpj11)(1 = Opvi119) + (1 = Ot — Ogojr — O101)(1 — Ogpj11) (1 — Opyii10)-
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O Ry 000 = % GRY‘IOO = % Opv 110 = , and the CACE = —%. They are also consistent
with ©g1)9 = zv Ooo)1 = %7 Ooij1 = %, @10|1 = 1» ORrpj00 = %a Orpj19 = %7 Oproj11 = %,
1 1 1 1 3
Oprv 001 = 3 eRY\101 I Orvii11 = 35 Orvi000 = 32 OrY|100 = 3> ORY|110 = 77, and the

CACE = —=. Therefore, the CACE cannot be uniquely identified.

C.3.2 AssumPTION 1UD & 27D
For a binary Y with one-sided noncompliance, we consider the following observable data
probabilities:

(Po111]0s Poor1j0s Por11j1s Poortjrs Priaijrs Protijis

P110110s Poro10s P14o1)15 Pororjrs Por+ojos Por+ojrs Pritoj1s Prorojos Proton)
_<11191111515511318317>

192719271287 128716716 1927 24° 64° 64° 32° 64 87 192 32
Define the parameters:
©, =P(U = n),
Oyua = P(Y —1|U—uD—d)for(u d) = (n,0),(c,1),(c,0),
ORD|2q =P(RP =1|Z =2 D =d) for (z,d) = (0,0),(1,0),(1,1),
Ory o = P(RY =1|U =u,D =d,R” =rP) for (u,d) = (n,0),(c,1),(c,0) and r” = 0,1.

The observable data probabilities relate to the parameters as follows:

Po111j0 = Oy 100920 gp 00O rY o1 + Oy|c0(1 — On)ORp100O Y |01

Poo11j0 = (1 = Oyn0)OnO g 00O Ry o1 + (1 — Oy o) (1 — ©n)O g0 00O RY |01
IP)0111|1 = @Y|n0@n@RD\10@RY|no1a

Poor1j1 = (1 = Oy n0)OnOR0|10O RY |no15

Pi111j1 = Oy (1 — ©4)Og0 11Oy a1,

Pio1ip = (1 = Oyja) (1 — On)Orp11ORY|c115

P110110 = Oy [n0©n(l — ©Ogpi90)O R oo + Oyjeo(l — On)(1 — @RD|00)®RY\CO()7
Poro1j0 = (1 = Oy}n0)On(1 = Ogpi00)ORY oo + (1 = Oyeo) (1 = 1) (1 = O gpi9g) O RY 005
P1yo1)1 = Oy1n0On(1 — Oppj10)O Ry inoo + Over (1 — O,)(1 — GRD|11)@RY\C10,
Poro1j1 = (1 = Oy}n0)On(l — Ogp|10)ORY oo + (1 — Oyjer)(1 — ©4)(1 — Ogpj11)ORy|c10,

Po110/0 = ©nOrpjoo(1 — Opyino1) + (1 — On)Orn|0o(1 — Opyc1);

Po11oj1 = ©nOpp|10(1 — ORy|no1);

Piiron = (1 = On)Ogo)11(1 = Opyie11),

Piotoj0 = On(1 = Oppip0) (1 — Opvinoo) + (1 — On)(1 — Oppigo) (1 — O gy a0);
Pioron = On(l = Opop1o)(1 — Opyineo) + (1 — On)(1 = Ogoj11)(1 — Opyicip)-

These observable data probabilities are consistent with ©,, = i, Oyino = %, Oyleo =

PNV

_ 1 _ 1 _1 _ 1 _ 1 _1 _
Oyle1 = 32 Orpj00 = 35 OrP0 = 72 ORI = 35 ORY |00 = 5> ORY |00 = §> ORY|c10 =
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1

ORY no1 = %, Opvi1 = %, Opv|ci1 = %, and the CACE = They are also consistent

: _ 23 1 4 1 1 _ 15 _ 15
with ©, = &5, Oyjno = 3, Ovieo = 13> Ovier = 3 OrPj00 = 3, OrPJ10 = 530 OrP|11 = 375

ol

13 39 2449 1 13
Orvnoo = 53> OrY |00 = 3550 ORY|c10 = Fo960 ORY[no1 = 1+ ORY|co1 = 37, ORY|el1 = 3
and the CACE = %. Therefore, the CACE cannot be uniquely identified.

C.3.3 ASSuMPTION 1UY @ 27D

For a binary Y with one-sided noncompliance, we consider the following observable data
probabilities:

(Po111]0> Poo110s Por11j1s Poor1jrs Priiijrs Protijis

P1010> Po-+o1)0> P1+01115 Po+o1)1> Po+0j0s Por+opts Pri+opts Proojos Prosopn)
<131111113411979174167185>

24764796 1287487647 1927 327 3847 1927 1927 3847 192" 192 384
Define the parameters:

©, =P(U =n),

Oy =PY =1|U =u,D =d) for (u,d) = (n,0),(c, 1), (c,0),

Oppj.a =P(R” =1|Z =2,D =d) for (z,d) = (0,0),(1,0), (1,1),
P(

ORY juyrp = RY—1|U—u Y =y,RP = )foru:n,c, y=0,1, and r” =0, 1.

The observable data probabilities relate to the parameters as follows:

Po111j0 = Oy noOnOrp100O v 11 + Ovieo(1 — ©1)Orp|00O Y |a115

Poo11j0 = (1 = Oy n0)OnOrp|00ORY [no1 + (1 — Oye0) (1 — On)O 0100 gy |01
Po111)1 = Oy 1n0OnOrp|10ORY |11+

Poo11)1 = (1 = Oy n0)OnORp|10O RY no1 5

Pii1ip = Oyja(l — ©4)Or0111Opv a1,

Pio11p = (1 = Oyja) (1 = On)Orp11ORY|co15
P110110 = Oy n0©n(l — Ogpi00)O Ry 10 + Oy|eo
Poo10 = (1 = Oy}n0)On(1 — O pio0) O gy oo + (1

(1-6,)(1- 9RD|00 ORY |c105

(
Piyo1)1 = Oy n0On(l — Oppj10)Opy 1o + Oy (1

(

(

)
= Oy10)(1 = O,)(1 = Orp|00)ORY |00
—0,)(1 — Ogp|11)ORY|c10;
Poro1j1 = (1 = Oy1n0)On(l — Ogpj10)O Ry oo + (1 = Oy ) (1 — On)(1 — Ogp|11)ORY |00;
Po110/0 = Ov[n0©nOrpj00(1 — Opv|n11) + Oyleo(l — On)Oppioo(1 — Opyici1)

+ (1 = Oy110)©02Orp|00(1 — Opy|no1) + (1 = Oy o) (1 — On)Opp|0o(1 — Opy|cn )
Por4oin = Oy noOnOrp10(1 = Opyin11) + (1 = Oy}nu0)OnOpgo10(1 — Ory|no1),
P10 = Oylea(1 = On)Opo)11(1 = Opyicir) + (1 = Oyer)(1 — On)Ogo |11 (1 — Opyco1),
P1or0/0 = OvjnoOn(l — Ogpig)(1 — Opvini0) + Oyleo(l — On)(1 — Ogpig) (1 — Opyicio)

+ (1 = Oy}10)On(1 = Ogpi0) (1 = Opyin00) + (1 = Oyeo) (1 — On)(1 = Ogpio) (1 — Opv|cno):
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Pioto)1 = Oy noOn(l — Oppp1o)(1 = Opyinig) + (1 = Oyno)On(1 — Oppj10) (1 — O gy ine0)
+ Oyl (1 = On)(1 = Oppp1)(1 = Opyicig) + (1 = Oyer)(1 — On)(1 = Oppj11)(1 — Opy o)

These observable data probabilities are consistent with ©,, = i, Oyino = %, Oyleo =

_1 _ 1 _1 _1 _ 1 _1 _
Oyl = 3, Orpjoo = 35 OrPj10 = 15 ORP|11 = 35 ORY|n00 = 5 ORY 010 = 7> ORY |00 =
1 _ 1 1 1 _ 1 _
ORrY|c10 = 32 OrY o1 = 1> ORY|n11 = 3+ OrY|c01 = 5 OrY|c11 = §, and the CACE =
They are also consistent with ©,, = %, Oyino = %, Oylco = %, Oyl = %, Oppjoo =

W= O Wl = Lol =

_ 1 _ 2 _ 1 _ 25 _ 11 _ 1
Orppo = 5 Oropt = 5 Orvjoo = 130 OrYIno = 8> Orvico = 350 OrY|e10 = 18>

@RY‘n01 = %, @Ry\nll = %, @RY‘COl = TIZ’ GRY|011 = %, and the CACE = % Therefore,
the CACE cannot be uniquely identified.

C.3.4 ASSUMPTION 1DY @& 2ZD

For a binary Y with two-sided noncompliance, we consider the following observable data
probabilities:

(Po111105 Poo11]0s P1111/05 101105 Por11)1s Poorijrs Priii, Protijis

P1101/0s Poo110s P1401/15 Pororj1s Por+0j0, Pri40j0s Por+o1, Pr1+0j1: Pro+00s Paosof1)
_(15111111171911197717529>

32764°64°8 48732732767 1927 1927967 12764’ 64 96" 96" 16 96
Define the parameters:

@dy|z =P(D=4d,Y=y|Z=2) for (z,d,y) = (0,0,0),(0,1,1),(0,1,0),(1,0,1),(1,0,0), (1, 1,0),
@RD|Zd:P(RD:1|Z:z,D:d) for z=0,1 and d =0, 1,
ORY |ayrp =P(RY =1|D=d,Y =y,R° =rP) ford=0,1, y=0,1, and 7” = 0, 1.

The observable data probabilities relate to the parameters as follows:

Po111j0 = (1 = Ogojo — O110 — ©10/0) O rP 00O RY 0115

Poo110 = ©00j0© rP 00O RY |01

P1111j0 = ©1110ORP|01ORY 111>

P1o110 = ©10/0OrP 01O RY 101>

Po111)1 = ©0111Orp10O R 011>

Poo11)1 = ©0011©rP|10© RY |01

Pri1ip = (1 = Oo1;1 — Ogopr — O1011)OrP|11ORY 1115

IP)1011|1 = @10\1@RD|11@RY|1017

P14 0110 = (1 = Ogojo — O11j0 — O10/0) (1 = ORp100)O R p10 + O11)0(1 — ORD|01)ORY 1105
Poro1j0 = ©oojo(1 — O rp|00)O ¥ 000 + O10/0(1 — OrP|01)O RY 1005

P1 o111 = O011(1 = Orp}10)Opv 010 + (1 — Op1j1 — Ogopr — O1011) (1 — Orp)11)ORY |10
Poo111 = ©o01(1 — Opp10)O v 000 + O10/1(1 — OrD|11)ORY 1005
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Po140j0 = ©00/0OrP|00(1 — ORvig01) + (1 = Opojo — O11j0 — O1010)OrP|00(1 — ORY(011),
P1110/0 = ©10/0Orp|01(1 = ORv|101) + O110O kP01 (1 — Opy|111);
Po11o;1 = ©0011Orr|10(1 = Orvi001) + O011Orp10(1 — Opy|011);
Pritopn = ©1019rp)11(1 = Opviio1) + (1 = Op1j1 — Ogopt — O1011)Orp11(1 — Opyii11),
P o10j0 = Ooojo(1 = Ogpio) (1 — Opvioe0) + (1 = Onojo — O11)0 — O10j0) (1 = Op|00) (1 — ORv|010)
+ ©10/0(1 = Oppjo1)(1 = Opvj100) + O11j0(1 — Ogpi1)(1 — Opv|110);
P1oroi1 = Oooj1(1 = Oppj10)(1 — Orvigo0) + Oo1)1(1 — Ogpj10) (1 — Ory|010)
+ O101(1 = Ogp11)(1 = Opvii0) + (1 = Op11 — Ogojr — O1011)(1 — Ogpj11)(1 — Opyii19)-

These observable data probabilities are consistent with ©¢;g = %, O11p0 = %, Ooojo = %,
@00\1 = %a @01\1 = %, @10|1 = %» @RD|00 = %» @RD|01 = %» @RD|10 = %7 @RD|11 = %7
@RY\001 - %7 GRY|011 - %7 @RY|101 - %a 6RY|111 - %; 6RY|000 - %7 GRY|010 = %7
@RYHUO = %, @RY\HO = %, and the CACE = %. They are also consistent with @10|0 = %,

_1 _ 5 _1 _1 _ 4 _1 _1
O1110 = 3> Ooojo = 15> Qooj1 = 5> Q011 = 5> O10)1 = 3> @RD|OO =3 @RD|01 =3 eRD|10 =

3 _ 9 _ 1 _ 1 _ 2 _ 1 _
R @RD\H = 16° @RY|001 = @RY|011 = 3 @RY|101 = 3 @RY|111 = 1 @RY|000 = 3
eRY‘OIO = %, @RY‘IOO = i, @Ry‘llo = 112, and the CACE = % Therefore, the CACE
cannot be uniquely identified.

C.3.5 ASSUMPTION 1ZY @ 2ZD
For a binary Y with two-sided noncompliance, we consider the following observable data
probabilities:

(Po111105 Poo11]0> P1111j0s P1o110> Por11)1, Poorijrs Priiis Protifis

P1101/0s Poo1105 P1401115 Poror15 Por+0jo, Pr140j0s Por+o|1> Pr1+0j15 Po+00s Po+of1)
_(53131111111729 13 13 17379>

Define the parameters:

Ody|. = P(D=d,Y =y|Z=z) for (2,d,y) = (0,0,0),(0,1,1),(0,1,0),(1,0,1),(1,0,0), (1,1,0),
Oppg=PRP =1|Z=2D=d)for 2=0,1and d=0,1,
ORY |2yrD =P(RY =1|Z=2Y =y,RP =+P) for 2=0,1, y=0,1, and v =0, 1.

The observable data probabilities relate to the parameters as follows:

Po111j0 = (1 = ©goj0 — O11)0 — ©1010)OrP|00ORY 0115
Poo11j0 = ©00/0© rP00© RY |01
P1111j0 = ©1110ORP|01ORY 011>
P1o11j0 = ©10/0OrP01O RY 001>
Por111)1 = ©0111Orp10O Ry 111>

Poo11)1 = ©0011OrP|10ORY 101>
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Pri1p = (1 = 11 — Ogopr — ©1011)OrP111ORY 1115

P1o111 = ©101Orp11ORY 101>

P110110 = (1 = Ogoj0 — O11/0 — O100) (1 = OrP|00)ORY 010 + O11)0(1 — ORD|01)ORY 010,

Po01j0 = Ooojo(1 — Orp100)O Y 000 + O10/0(1 — ORP|01)O RY 0005

P1io11 = ©0111(1 = Ogpp10)Opv 110 + (1 — Op111 — Oooj1 — O101) (1 — Orp(11)ORY 1105

Poo111 = ©00j1(1 = Opp[10)O v 100 + O10/1(1 — OrD|11)ORY 1005

Po1+0/0 = ©00/0Orrj00(1 — ORvi001) + (1 — Ogoj0 — O1110 — ©10/0)Orr 00 (1 — OpY011);

P1140j0 = 010109 rP|01(1 = ORvig01) + O11/0Orp 01 (1 — Oy |011);

Po11o;1 = ©00)1Orp|10(1 — Orvi101) + O011Orp10(1 — Oy 111);

P10 = ©101O9rp11(1 = Opyj101) + (1 = Op1j1 — Opoj1 — ©1011)O o1 (1 — Opyr11)s

P1o+0/0 = ©00jo(1 — Orpjo0) (1 — Orvig00) + (1 = Onojo — O11j0 — O10/0) (1 — Orp|00) (1 — OpY|010)
+ ©1010(1 = Ogpjo1)(1 — Ogvigeo) + O110(1 — Orp|01)(1 — Opv|010);

Pioroir = Oooj1(1 = Opop10) (1 — Oryii00) + Oo1)1(1 — Ogpj10) (1 — Opyi10)
+ ©10/1(1 = Opop11)(1 = Opvii0) + (1 = Oo1j1 — Opojr — O1011)(1 — Opp)11)(1 — Oy 10)-

These observable data probabilities are consistent with ©¢;g = %, Oq1p0 = % Ooojo = %
@00\1 é @01\1 = %, @10|1 = %» @RD|00 = §7 @RD|01 = 4117 @RD|10 = §7 @RD|11 = i,
@RY\001 = 27 9RY|011 = éa @RY|101 = 2 @RY|111 = 4; G)RY|000 = 37 6RY|010 = %7
@RYHOO = % ®RY|110 = 3, and the CACE = —= They are also conswtent Wlth O1gp0 = i
O110 = 15+ Q00/0 = 1> Ooo;1 = 5> Oo1)1 = 3 @10\1 = 3, Oroj00 = 3, Oroj01 = 5, OrD|10 2_

1 1 _ 1 _ 1 _ 2 _ 1

2 @RD\H = D @RY|001 = 2 @RY|011 = 3 @RY|101 = 3 @RY|111 = @RY|000 = B
GRY‘OIO = %, @RY|1OO = i, @Ry‘llo = %7 and the CACE = —1% Therefore, the CACE
cannot be uniquely identified.

C.3.6 ASSUMPTION 1U @ 27D

For a binary Y with two-sided noncompliance, we consider the following observable data
probabilities:

(Po111105 Poo11]0, Pr111j0s P1o11]0> Por11j1s Poorjrs Priiajr, Proip

P1101/0s Poso110s 140115 Poror)1s Por+ojos Pri40j0s Por+o1, Pritoprs Pro+oos Potopn)
<1 5 1 1 1 1 5 5 47 7 59 59 1 1 1 13 143 157>

327967967967 327 327 2887 288’ 576 64’ 576’ 576’ 6’ 24’ 16 144’ 288’ 288

Define the parameters:

O, =P(U =u) for u=a,n,
Oyjua =PY =1|U =u,D =d) for (u,d) = (a,1),(n,0),(c, 1), (c,0),
Oppjea =P(R" =1|Z=2D=d)for z=0,1and d=0,1,
GRYWD:P(Ryzl|U:u,RD:rD)foru:a,n,canerzo,l.
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The observable data probabilities relate to the parameters as follows:

Po111j0 = Oy n0O®n©gpi00© py jn1 + Oyjeo(l — On — ©a)O o 00O RY|c1,
Poo11j0 = (1 = Oyn0)OnOrp|00ORv n1 + (1 — Oyeo) (1 — O — ©4)ORp|00O R |15
Pnn\o = ®Y|a1®a@RD\01@RY\alv
P1011\0 =(1- ®Y|a1)®a®RD|01@Ry|a17
Pot11)1 = Oy 1n0OnO g0 10O RY n1>
Poo11)1 = (1 = Oyn0)OnOrp|10O Y |n1;
P11111 = 0y1110aOpp 11Oy o1 + Oy (1 — On — O4)Ogp 11O gy |1,
Pro111 = (1 = Oy1a1)©aOk0111Ogv |01 + (1 = Oy 1) (1 = On — ©0)Opp 11Oy |01,
P1y0110 = Oy noOn(1 = Orpi00)ORY o + Oy (a1Oa(l — ORpi01)O Y |00
+ Oyeo(1 = On — O4)(1 — Op00) O Y |0
Poyo110 = (1 = Oy10)On(1 = Ogpi00)O Ry o + (1 = Oy1a1)Oa(l — Orpi91)O Ry |40
+ (1 = Oye0)(1 = On — O4)(1 — Opp|00) ORY|c0:
Piyo111 = Oy no©On(l = Orpj10)ORY o + Oy(a1Oa(l — ORp|11)O Ry |00
+ Oyle1(1 = On — 04)(1 — Opp|11)O gy |0
Potorp = (1 = Oyn0)On(l = Orp110)ORY |no + (1 = Oya1)Oa(l = Ogp|11)ORY |40
+ (1 = Oye1)(1 = On — Og)(1 — Opp|11)ORY|0s
Po110j0 = ©nORp|00(1 = Opyin1) + (1 = On — O4)Oppioo(1 — Oy 1),
P1140j0 = ©aOppjo1(1 — Opy|a1);
Poi4oj1 = OnOpp|19(1 — Opyin1),
P11 = ©aOpop1(1 = Opria1) + (1 — 0 — Og)Opp|11(1 — Opy|c),
P oto0 = On(1 - @RD|00)(1 — Opv|no) T Oa(l — Opp|1)(1 — Opy|q0)
+(1— ©a)(1 = Opgpjp)(1 — Opr|w),
Poyon = On(l - @RD|1O)(1 = Opvino) T Oa(l = Opp)11)(1 — Opvia)
+ (1 =00 —64)(1 —Opp|11)(1 — Opvy)-

These observable data probabilities are consistent with @n = 4, O, = i Oyino =

\»—twh—t

Ovieo = 1> Ovjal = 3> Oyjer = 3. Oppjoo = 5, Orpj = 4: Ogpji0 = 3 Opoj1 =
eRY\nO: %, @Ry|a0:%’@RY\COZ%’@RY\n1 = %, eRy\al 3,@RY|01 = 4,and the CACE
= i. They are also consistent with ©,, = %, 0, = 1—76, Oyino = 2, @y|co 8, Oyial = 3,
@Y\cl = %7 GRD|00 = %7 GRD|01 = %7 @RD|10 = %, GRD\H = %7 @Ry|n0 6RY|aO ?8,
Opvin = %, ORpyin = %, ORY|a1 = %, Opvia = %, and the CACE = Therefore, the

CACE cannot be uniquely identified.

,_.,_.

oo\ww
: ‘H
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